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Preface

The LAMSADEL! was established in 1976 as a research laboratory jointly funded by
Paris-Dauphine University and the CNRS (the French National Science Foundation)
oriented to decision aiding, mainly in the areas of multiple criteria decision aiding and
linear programming.

It very soon aggregated the research activities on computer science conducted
within Paris-Dauphine University. In 30 years the LAMSADE gained a world-wide
reputation in operations research and decision aiding, while developing and strength-
ening a specific vision of computer science, that is management and decision ori-
ented computer science (from the French term “informatique décisionnelle”). Today
the LAMSADE is one of the very few research laboratories showing such originality
in its research orientation.

During these years new specific research subjects came to enrich those already
existing: multi-agent systems, distributed computing and databases. In this effort, the
LAMSADE had to put together different interdisciplinary competencies: decision the-
ory, operations research, mathematics, social sciences and several fields of computer
science. At the turning point of its 30 years the LAMSADE is organizing its research
activities around four principal areas:

1) decision aiding;

2) optimization and its applications;

3) multi-agent and distributed systems;

4) database systems, information systems and knowledge management.

Under such perspective, the laboratory’s scientific project mainly aims to:

1. Laboratoire d’Analyse et Modélisation de Systémes pour I'Aide a la DEcision (Laboratory
of Analysis and Modeling of Decision Support Systems).
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— consolidate and extend our international leadership in operations research and
decision aiding;

— strengthen and promote our vision of management and decision-oriented com-
puter science;

— create new large interfaces between operations research and theoretical computer
science.

In particular, research in the intersection of combinatorial optimization and theo-
retical computer science always remains a central key-point of LAMSADE's research
activity.

Combinatorial optimization and theoretical computer science have been, and still
are, considered as two subjects different from each other. If the difference is quite
evident for some areas of both subjects, it becomes much less so if we think of areas
such as complexity theory, theory of algorithms, solving hard combinatorial problems,
graph theory and, more generally, discrete mathematics, etc. All these matters form a
very large interface between combinatorial optimization and theoretical computer sci-
ence. Historically, researchers in the areas mentioned above have been members of
two distinct major scientific communities, namely theoretical computer science and
operations research. They have addressed almost the same problems, worked under
the same paradigms, used parallel formalisms, tools and methods and developed ei-
ther parallel or complementary approaches. The fruits of this “separate research” have
impregnated the entire field of information technology and industry and almost the
whole of what is considered today as management sciences. Moreover, they have been
widespread over numerous scientific disciplines, initially orthogonal to both computer
science and combinatorial optimization, giving rise to new areas of research. However,
if from this “separate attack” we withessed the emergence of practically all of the tra-
ditional concepts dealing with complexity theory, discrete mathematical modeling and
polynomial approximation of discrete optimization problems, numerous problems and
challenges remain open and without satisfying answers, thus the need for intensive re-
search in the interface of combinatorial optimization and theoretical computer science
becomes not only clear but also extremely challenging. This kind of research is one of
the major directions in the scientific project of the LAMSADE.

With such studies, we expect to advance in the research for new paradigms, get-
ting an insight mainly from the complex system sciences. | strongly believe that in the
near future, the themes of our research will be central to operational research and will
reshape the research landscape in combinatorial optimization. | also believe that they
will influence all the active research for new calculating machine paradigms based
upon properties of natural and human systems that are not exploited by conventional
computers, by providing them with new problems to deal with and new solutions to try
out. Our scientific project can thus be seen as an initiative to drastically renovate the re-
search agenda in combinatorial optimization, by addressing open and novel problems
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arising from complex human systems. In order to achieve this objective, we have first
to support a research environment that overcomes traditional cluster barriers among
communities historically defined as “operations research” and “theoretical computer
science”. We have also to work over the common basis of established theories and
expertise for studying decidability, complexity, structure and solutions of hard opti-
mization problems, which will definitely serve as the framework for validation of any
advances in new research topics.

As stated above, bringing together operations research and theoretical computer
science can be the first step in developing close synergies between all the complex
systems disciplines, mainly those based upon the study of human systems. Research
in the interface of these subjects is the main attempt to build such a broad alliance
and to give it a clear scientific status. Moreover, by handling novel problems issued by
still unexploited models and working hypotheses, we aim to strongly contribute to the
emergence of a new paradigm for both combinatorial optimization, and algorithmic
and complexity theory aspects of theoretical computer science.

The main objective of the book is to bear witness to the quality and the depth of the
work conducted in the laboratory along the epistemological lines just outlined. In the
chapters, the reader will find all the ingredients of a successful matching between com-
binatorial optimization and theoretical computer science, with interesting results car-
rying over a large number of their common subjects and going from “pure” complexity
theoretical approaches dealing with concepts Nike andPSPACE-completeness to
“oldies but goodies” and always essential and vital operational research subjects such
as flows, scheduling, or linear and mathematical programming, passing from poly-
nomial approximation, online calculation, multicriteria combinatorial optimization,
game theory, design of algorithms for multi-agent systems, etc. All of the chapters
make a valuable contribution to both the two main topics of the book and any of the
areas dealt.

In Chapter 1, Aloulou and Della Croce deal with single machine scheduling. They
consider scheduling environments where some job characteristics are uncertain, this
uncertainty being modeled through a finite set of well-defined scenarios. They search
for a solution that is acceptable for any considered scenario using the “absolute ro-
bustness” criterion and present algorithmic and computational complexity results for
several single machine scheduling problems.

Although the approximability of multi-criteria combinatorial problems has been
the inspiration for numerous articles, the non-approximability of these problems seems
to have never been investigated until now. Anggehl. in Chapter 2 propose a way to
get some results of this kind that work for several problems. Then, they apply their
method on a multi-criteria version of the traveling salesman problem in graphs with
edge-distances one and two. Furthermore, they extend existing approximation results
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for the bi-criteria traveling salesman problem in graphs with edge-weights 1 or 2 to
any numbetl of criteria.

In Chapter 3, Ausiellet al. study online models for minimum set cover problem
and minimum dominating set problem. For the former problem, the basic model im-
plies that the elements of a ground set of sizarrive one-by-one; we assume that
with any such element, arrives also the name of some set containing it and covering
most of the still uncovered ground set-elements. For this model they analyze a simple
greedy algorithm and prove that its competitive rati®is,/n) and that it is asymp-
totically optimal for the model dealt. They finally deal with a new way to tackle online
problems by using what they call “budget models”. For the case of the minimum set
cover problem the model considered generates the so-called maximum budget saving
problem, where an initial budget is allotted that is destined to cover the cost of an
algorithm for solving set-covering and the objective is to maximize the savings on the
initial budget.

In Chapter 4 by Bérarét al, Merlin-like time Petri nets (TPN) and timed au-
tomata (TA) are considered. The authors investigate questions related to expressive-
ness for these models: they study the impact of slight variations of semantics on TPN
and compare the expressive power of TA and TPN with respect to both time lan-
guage acceptance and weak time bisimilarity. On the one hand, they prove that TA and
bounded TPNs (enlarged with strict constraints) are equivalent w.r.t. timed language
equivalence, by providing an efficient construction of a TPN equivalentto a TA. On the
other hand, they exhibit a TA such that no TPN (even unbounded) is weakly bisimilar
to it. Motivated from this latter result, they characterize the subclassaiAA that is
equivalent to the original model of Merlin-like TPN and show that both the associated
membership problem and the reachability problem for ke PSPACEcomplete.

Carelloet al, in Chapter 5, introduce a graph problem which is called maximum
node clustering. They prove that it is stron@jl{?-hard, but it can be approximated, in
polynomial time, within a ratio arbitrarily close to 2. For the special case where the
graphis a tree, they prove that the associated decision problem is vikRkdgmplete
as it generalizes the 0-1 knapsack problem and is solvable in pseudo-polynomial time
by a dynamic programming approach. For this case they devise a fully polynomial
time approximation schema for the original (optimization) problem.

In Chapter 6, Chevaleyre tackles the problem of multi-agent patrolling dealt with
as a combinatorial optimization problem. More precisely, territory (one of the inputs
of the problem) is modeled by means of a suitable edge-weighted gfdghe) and
then the exploration strategies for this graph are based upon particular solutions of the
traveling salesman problem. With this method, when the graph is metric, he obtains,
in polynomial time, an exploration strategy with value bounded abows»py(G) +
dmax{w(i,j) : (i,5) € E}, whereopt(G) is the value of the optimal exploration
strategy andu(i, 7) is the weight of the edgg, j) € E. Itis also proved that, using
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another approach for the patrolling problem, based on a particular graph-partitioning
problem, the multi-agent patrolling problem is approximable within approximation
ratio 15, even in the case where the underlying graph is not metric.

In Chapter 7, Chevaleywt al.investigate the properties of an abstract negotiation
framework where, on the one hand, agents autonomously negotiate over allocations of
discrete resources and, on the other hand, reaching an optimal allocation potentially
requires very complex multilateral deals. Therefore, they are interested in identifying
classes of utility functions such that, whenever all agents model their preferences using
them, any negotiation conducted by means of deals involving only a single resource
at a time is bound to converge to an optimal allocation. They show that the class of
modular utility functions is not only sufficient (when side-payments are allowed) but
is also maximal in this sense. A similar result is proved in the context of negotiation
without money.

In Chapter 8, Della Crocet al. study two very well-known hard combinato-
rial problems, the maximum cut problem and the minimum dominating set restricted
to graphs of maximum degree 3 (minimum 3-dominating set). For the former, they
mainly focus on sparse graphs, i.e., on graphs having bounded maximum degree. They
first use a technique based upon enumeration of cuts in a properly chosen subgraph of
the input graph and then an extension of them in an optimal way to produce a cut for
the whole instance. By means of this method they produce an exact algorithm for the
weighted maximum cut problem with improved upper complexity bound in the case
of sparse graphs. Next, they restrict themselves to the unweighted maximum cut prob-
lem in graphs of maximum degree 3 and devise a tree-search based exact algorithm.
Exploiting some simple and intuitive dominance conditions that efficiently prune the
search-tree, they provide a fairly competitive upper complexity bound for the case
settled. Finally, they refine the search tree’s pruning by introducing a counting proce-
dure, based upon the introduction of weights for the fixed data, which allows them to
measure in a more precise way the progress made by the algorithm when it fixes them.
They apply this method to min 3-dominating set.

In Chapter 9, Demanggt al. study the computational complexity of online shunt-
ing problems. They consider a depot consisting of a set of parallel tracks. Each track
can be approached from one side only and the number of trains per track is limited.
The departure times of the trains are fixed according to a given timetable. The problem
is to assign a track to each train as soon as it arrives to the depot and such that it can
leave the depot on time without being blocked by any other train. They show how to
solve this problem as an online bounded coloring problem on special graph classes.
They also study the competitiveness of the first fit algorithm and show that it matches
the competitive ratio of the problem.

Chapter 10, by Demangs al.,, surveys complexity and approximation results for
the minimum weighted vertex coloring problem. This is a hatural generalization of the
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traditional minimum graph coloring problem obtained by assigning a strictly positive
integer weight for any vertex of the input graph, and defining the weight of a color
(independent set) as the maximum of the weights of its vertices. Then, the objective is
to determine vertex coloring for the input graph minimizing the sum of the weights of
the colors used. Complexity and approximation issues for this problem are presented
for both general graphs and for graphs where the traditional minimum graph coloring
problem is polynomial.

Chapter 11 is a complement of Chapter 10 where, along the same lines, complex-
ity and approximation issues are addressed for the minimum weighted edge coloring
problem where, instead of vertices, edges are now to be legally colored.

In Chapter 12, Gabrel considers the Dantzig-Wolfe decomposition for 0-1 lin-
ear programming when a subset of constraints defines a independent set polytope.
She compares linear relaxations of both the initial and master program (obtained
by decomposing on independent set constraints) with respect to various independent
set polytope representations. For perfect graphs (in particular for co-comparability
graphs), the linear relaxation of the master program is easy to solve while for general
graphs its optimal value cannot be calculated in polynomial time. Consequently, she
proposes to decompose only on a subset of the independent set constraints (those asso-
ciated with “polynomial” independent set problems) in order to define another master
program for which the LP-relaxation is easy to solve and remains stronger than the
traditional LP-relaxation of the initial program.

In Chapter 13, Gabrel compares several 0-1 linear programs for solving the satel-
lite mission planning problem. She considers two models and explains why one of
them systematically calculates lower upper bounds. Her explanation is based upon in-
dependent set polytope formulations for perfect graphs. Then, she proposes new upper
bounds for some large-size benchmark instances.

Chapter 14, by Giannakea al, is a survey on some of the main results dealing
with the problem of finding a Nash equilibrium in a game. After reporting several
guestions concerning complexity of general games (how many equilibria exist?, what
are the conditions of the existence of an equilibrium verifying some given property?),
the authors focus on games having pure Nash equilibria, as potential games and con-
gestion games, for which they present several models.

In Chapter 15, entitled “Flows!”, Koskas and Murat give another novel interface
between operational research and theoretical computer science by showing how tools
from combinatorics of words can be very efficiently used in order to devise “divide and
conquer” algorithms in a number of operational research and computer science fields,
like database management, automatic translation, image pattern recognition, flow or
shortest path problems, etc. The current contribution details one of them, dealing with
maximum flow in a network.
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Milani¢ and Monnot, in Chapter 16, introduce the exact weighted independent set
problem, consisting of determining whether a weighted graph contains an indepen-
dent set of a given weight. They determine the complexity of this problem as well as
the complexity of its restricted version, where the independent set is required to be
of maximum size, for several graph-classes. Furthermore, they show that these prob-
lems can be solved in pseudo-polynomial time for chordal graphs, AT-free graphs,
distance-hereditary graphs, circle graphs, graphs of bounded clique-width, and sev-
eral subclasses dPs-free and fork-free graphs. Monnot, in Chapter 17, deals with
complexity and approximability of the labeled perfect matching problem in bipartite
graphs, as well as with minimum labeled matching and maximum labeled matching in
2-regular bipartite graphs, i.e., in collections of pairwise disjoint cycles of even length.

In Chapter 18, Monnot and Toulouse present several standard- and differential-
approximation results for thé,-partition problem for both minimization and maxi-
mization versions.

Finally, in Chapter 19, Quadet al. present an improvement of a well-known
method, based upon surrogate relaxation and linearization of the objective function,
for calculating an upper bound of integer separable quadratic multi-knapsack and re-
port computational experiments that seem to confirm the efficiency of their approach.

| think that all these contributions show the vitality and the originality of the re-
search carried out by the LAMSADE. | do hope that the reader will really appreciate
the depth and the richness of all the presented contributions.

To conclude, let me say once more that it is always a pleasure for me to work with
Chantal, Sami and Raphael Menasce, Jon Lloyd and their colleagues at ISTE Ltd.
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Chapter 1

The Complexity of Single Machine Scheduling
Problems under Scenario-based Uncertainty

1.1. Introduction

This chapter deals with single machine scheduling problems where some job char-
acteristics are uncertain. This uncertainty is described through a finife cfetvell-
defined scenarios. We denote gy d; andw?, respectively, the processing time, the
release date, the due date and the weight ofijobder scenarie € S.

Consider a scheduling problem, denotedildy|~ according to Graharet al. no-
tation [GRA 79]. LetII be the set of feasible schedules with respect to the problem
constraints. For each scenakioc S, we denote by OP(x|3|v, s) the problem of
finding an optimal schedule satisfying:

F(ri,s) = mill_% F(m,s). [1.1]

TE

When problem parameters are uncertain, it is appropriate to search for a solution
that is acceptable for any considered scenario. For this purpose, several criteria can be
applied in order to select among solutions. In [KOU 97], Kouvelis and Yu proposed
three different robustness criteria: the absolute robustness or maximal cost, the maxi-
mal regret or robust deviation and the relative robustness. In this chapter, we focus on
theabsolute robustnessiterion.

Chapter written by Mohamed Ali fouLou and Federico BLLA CROCE
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To the best of our knowledge, the absolute robustness in single machine schedul-
ing problems has only been considered in [DAN 95] and [YAN 02] where, for the
1]|>° C; problem with uncertain processing times, two distinct proofs of Nifee
hardness even fdiS| = 2 were provided (notice that the corresponding determin-
istic version is well known to be polynomially solvable [SMI 56]). The maximal re-
gret criterion was instead much more studied (see, for instance, [YAN 02] but also
[AVE 00, KAS 05, KOU 00]).

The absolute robustness of schedutever all scenarios € S is denoted by*().
We have:

F(r) = max F(m, s) [1.2]

ses

We denote by\inMazx (|3, 0) the problem of finding a schedute' minimiz-
ing the absolute robustneBgw) among all schedules € T1. Field§ indicates the set
of uncertain problem parameters. For the problems consideredtherép,, d;, w;}.

Sequence“ is called in [KOU 97]absolute robust sequendts costF(74) satisfies:

F(m*) = min F(7) = min max F(, s) [1.3]

mell well seS

Notice that if problema|S|y is NP-hard, then, in the presence of uncer-
tainty, the corresponding problem¥inMax(«|5]y,6) are alsoNP-hard. How-
ever, if problemals|y is polynomially solvable, then, the corresponding problems
MinMax(c|B|7,0) are not necessarily polynomially solvable. In this chapter we
establish the complexity status for the absolute robustness versions of the most
well known non-preemptive polynomial-time single machine scheduling problems,
namely problems |prec| fmax (With fmax € {Cmax; Imax; Tmax}) » 1]| > w;C; and
1||>- U;. Notice that all these problems present regular cost functions which are non-
decreasing in the job completion times. In this context any schedwlell is com-
pletely characterized by the corresponding job sequence. Given a schedulethe
completion time of jolyj under scenaris, denoted byC;(w,s), j =1,...,n,s € S,
can easily be determined and the quality of the schedueIl under scenaria is
then evaluated using the regular cost functitfa, s). We consider the following cost
functions:

—the general maximum cost functiofi.ax = max;{f;(C;)} With frax €
{Chax, Lmax, Tmax }: hence we deal with the maximum completion time (makespan)
Cmax = max;{C};}, the maximum lateness,,.x = max;{L;} with L; = C; — d;
and the maximum tardine§$,.x = max;{7};} with T; = max{0, L;},

— the total weighted completion tinje, ; w; C;;
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— the number of late jobEj U; with U; = 0, if job j is on-time(C; < d;) and
U; =1if jislate(C; > dj)

Using the setS of scenarios, we construct a scenatfoin which parameters;
take their worst case value, denotedAdy. In our case, we havgy = max,es p;,
d;“ = mingeg dj and w = maxXses wj. Notice that in the context of a discrete
set of scenarios, the constructed scenario is not necessarily feasible, i.e. we can have
sv ¢ S: s is calledworst-case artificial scenario

REMARK 1.1.— When parameters are interval-uncertgithis a feasible scenario. In
this case, an absolute robust solutiohof problemA/inMax(1|8|7, §) is such that:

F(r™) = min F — i F 1.4
=P = nhna ) 4l
= ErnElEF(w,s ) [1.5]

Hence* is also optimal for problem ORT| 3|y, s*). This means that the prob-
lem of finding an absolute robust sequence can be solved straightforwardly by the
algorithm solving the problem without uncertainty applied to the worst-case artificial
scenario.

When uncertainty is scenario-based, we cannot apply the same reasoning because
scenarios® is not necessarily feasible. Nevertheless, we show in this chapter that
problemMinMax(1|prec|Lmaqq, d;) can be solved by Lawler’s algorithm applied to
the worst case artificial scenario. We also prove that an extension of Lawler’s algo-
rithm, called hereMinMax-Lawler, solves problemMinM az(1|prec| fmaz, Pj, d;)
in polynomial time. On the other hand, problems&inM az(1|| > w;C;,w;) and
MinMaz(1|| X" Uj,p;) are proved to beNP-hard even whenS| = 2. However,
problemMinMax(1]| Y U;, d;) is still open.

Table 1.1 summarizes the above results presenting the complexity status for the
absolute robustness versions of the most well known non-preemptive polynomial-time
single machine scheduling problems, where an entry “-” indicates that the considered
case does not apply (for instance, problgi) " w;C; cannot have uncertainty on due
dates as due dates are not present in the problem).

1.2. ProblemMinMax(1|prec| fmax, 0)
1.2.1. Uncertainty on due dates

We consider problem/inM az(1|prec| fmax, dj) Where processing times are de-
terministic and due dates are uncertain (h&rgx € {Lmax; Tmax} @S forCryax NO
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Uncertain Deterministic problem
parametef 1> w;C 1|prec| fmax 1> U;
d; - O(n? 4+ n|S]) (Theor. 1.1 open

Dj NP-hard (see [DAN 95, YAN 02]) O(n?*|S|) (Corol. 1.2) |[NP-hard (Theor. 1.4)

w; NP-hard (Theor. 1.3) -
p; andd; - O(n?|S]) (Theor. 1.2) |NP-hard (Corol. 1.3
p; andw; [NP-hard (see [DAN 95, YAN 02] - -

Table 1.1. Summary of the obtained results

uncertainty holds). In this case the worst-case artificial scerdrie such that, for all
J € N,dy = minseg dj.

We recall that problent|prec| fmax can be solved iD(n?) time by Lawler’s al-
gorithm [LAW 73]. This algorithm constructs an optimal schedule backwards. At the
points in time where the unscheduled jobs should be completed, starting with point
t=P= Zjeij, Lawler’s algorithm chooses among the unscheduled jobs having
no successors a job with minimum cost to be completedidtice that as processing
times are deterministic, we have:

Vr eIl,Vs € S,V¥j € N,C;(m, s) = Cj(nm) [1.6]

The following theorem holds.

THEOREM 1.1.— Problem MinMax(1|prec|fmax, d;) can be optimally solved in
O(n? +n|S|) time by means of Lawler’s algorithm applied to the worst-case artificial
scenarios®™.

Proof. For the sake of clarity we consider thdt,.x = Lmumax, but the same
analysis holds forfum.x = Tmax. An absolute robust solutiom? of problem
MinMaz(1|prec|Lmax, d;) is such that:

L(r%) = 216111:11 max Liax(m, 8) [1.7]
= G - 4) 18]
= minmaxmax(C;(m) — d) [1.9]
= Iﬁnellr_ll max I?Eag(C’j(ﬂ) —d3) [1.10]
= minmax(C;(m) — dj’) [1.11]
L(m%) = il Ly (7, %) [1.12]
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Hencer is also an optimal solution for problem OPTprec| Liax, s*). For the
complexity, the construction of the worst-case scenario reqdifesS|) time and the
application of Lawler’s algorithm require3(n?) time, hence the overall complexity
is O(n? +n|S|). |

We observe that the proof of Theorem 1.1 can be applied, as it is, to any scheduling
problema| | fmax. HeNce, we have the following result.

COROLLARY 1.1.— Any algorithm optimally solving problema| 3| fuax provides an
absolute robust solution for proble in M ax (|5 fmax, d;), When applied to the
worst-case artificial scenarid’.

1.2.2. Uncertainty on processing times and due dates

We consider problem{inM axz(1|prec| fmax, Pj, d;) Where we suppose now that
both processing times and due dates are uncertain. A robust satttisnsuch that:

F(nt) = Inelll_} max Frax (7, s) [1.13]
us S
= minmaxmax f;(C;(m,s)) [1.14]

well s€S jEN

We propose an algorithm, calledlinMax-Lawler which is an extension of
Lawler's algorithm. This algorithm constructs a sequenda reverse order. Lel/
be the set of unscheduled jobs. Defif¢l) = ., p; for all s € S. The rule is
the following: schedule last the jop € U, which has no successor i and such
that max,es f7(p*(U)) is minimal. It is immediately clear that the complexity of
MinMax-Lawleris O(n?|S|).

We have the following result.

THEOREM 1.2.— ProblemMinM ax(1|prec| fmax, pj, d;) is optimally solved by al-
gorithm MinMax-Lawler.

Proof. The proof is very similar to the proof of Lawler’s algorithm optimality for
probleml |prec| fmax-

Enumerate the jobs in such a way tliat2, ..., n) is the sequence constructed
by the proposed algorithm. Let4 be an absolute robust sequence for problem
MinMazx(1|prec| fmax, pj, dj) With 74(i) = i fori =n,n — 1,...,r andr?(r) =
<.
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Notice that it is possible to schedute- 1 immediately before. Hence, we can
construct a sequeneé in which we shift to the left the block between jobs- 1 and
r and process — 1 immediately before. Clearly:

Vie N —{r—1},Vs € S, Ci(r',s) < Ci(n?,s) [1.15]
Hence:
F(n') = max F(r',s) = maX{F(W"‘Lmeag fia(Croa(n’,s))b [1.16]

= max{F() max £, (Ci(x4 )} [1.47]

[1.18]

N
=
®
i
—~—
]
S
=
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N
Py
N
S
. hS
=
=

N
ST
3
=

[1.19]

Consequentlyy’ is also an absolute robust sequence.

We can reiterate the same reasoning and transform sequéha®o sequence
(1,2, ...,n) without increasing the objective function value. |

Correspondingly, the following corollary also holds.

COROLLARY 1.2.— ProblemMinM ax(1|prec|fmax, pj) iS optimally solved by al-
gorithmMinMax-Lawler.

1.3. ProblemMinMax(1|| > w;C;, w;)

We consider problem{inMazx(1|| > w;C;,w;) where processing times are de-
terministic and weights are uncertain. We prove that this probleNPidard even
when|S| = 2 andp; = 1 Vj. To this extent we need to prove the following instru-
mental lemma.

LEMMA 1.1.—Thel||)_ C; problem and thd |p; = 1|} w;C; problem are equiv-
alent.

Proof. Given any instance of thg|| >~ C; problem where each jophas processing
time p}, generate an instance of they; = 1| w;C; problem where each jop
has weightw = p;,_. . Consider a generic sequendez2, ...,n — 1,n). For the
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n

1{| = C; problem the corresponding cost function valugis= > _7_, (n — j + 1)p;.
For thellp; = 1| w;C; problem the corresponding cost function valueZis =
Y5y jwf. We show thalZy = Z;. Indeed,Zy = Y7, jw} = 37, jpl, ;11 =
Z?’:l(n —j+1Upi = 2. |

THEOREM1.3.—ProblemMinMax(1|| > w;C;, w;) isNP-hard even whefs| = 2
andp; =1 Vj.

Proof. Due to Lemma 1.1 and théP-hardness of problem/inMaz(1|| > C;, p;)
from [DAN 95, YAN 02], the proof immediately holds. |

1.4. ProblemMinMax(1||> U;,0)

We consider problendinMax (1] U;,0) with 8 C {p;,d;}. For problem
MinMaz(1|| " Uj,d;), we did not find any result. We only show that it cannot be
solved by the well-known Moore’s algorithm [MOO 68] applied to the worst-case
artificial scenario. However, we prove that probléfinMax(1|| > U;, p;) is NP-
hard.

1.4.1. Uncertainty on due dates

Consider the following example: two jobs 1 and 2 such that= 2, p, = 3,
dl =1,d? =10,d} = 4andd} = 2.

Consider sequendg, 2). Both jobs are late for scenario 1 and job 1 is on-time for
scenario 2. The maximum cost is 2. For sequeiice), there is one on-time job for
each scenario: job 1 is on-time in scenario 2 and job 2 is on-time for scenario 1. The
maximum cost is equal to 1. Hende, 1) is the optimal solution.

In the worst case scenario, the jobs are both late in any solution. Hence, Moore’s
algorithm applied to the worst case scenario would sequence 1 and 2 in any order,
which is not always optimal. Hence, it does not solve the considered problem.

1.4.2. Uncertainty on processing times

We prove that problem/inMaz(1|| > Uj, p;) is NP-hard even whehS| = 2 by
constructing a reduction from titNP-complete even-odd partition problem [GAR 79].
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Even-odd partition problem

Given2n positive integers; < as < ... < asp whereziz1 a; = 2B, isthere a
partition of the integers into two subsets and A, such that:

> aj=> a;=B [1.20]

JEAL JEA2

and A; and A, each contains exactly one element of each paif_1,a;), i =
1,...,n?

Given an instance of the even-odd partition problem, we construct the following
instance of problem/{inMax(1]| Y U;, p;).
Instance of problemfinMax(1|| > U;, p;)

We have2n jobs and two scenarios 1 and 2. Job processing times and due dates
are such that:

p% Zpg = a1
s .21
dl = dQ = a2
p§¢_1 = pi; =ag;—1+ a2+ ...+ a2
31 ,
Vi=2,..,n{ P2i-1 = P2 =02t 02zt a [1.22]

doi—1 = dg; = a9; + 2a9;_o + ...+ 1a9,i <n
don = don—1 = B +dan—2

Jobs2i — 1 and2i are calleday; — jobs. Notice that with this construction, the
following lemmata hold.

LEMMA 1.2.— Any sequence in which each positign = 1,...,n, is occupied by
anag; — job admits at least, — 1 on-time jobs.

Proof.We can prove straightforwardly that in such a sequence theifirsi jobs are
on-time. I

LEMMA 1.3.—Iftwo jobs2i and2i—1 are both on-time, then there exigtd < j < 1,
such that job2j and2;j — 1 are both late.

Proof. Suppose by contradiction that there exists a sequence in which faa
J <1, atleast one joRj or2j — 1, denotedu;;-job, is on time and that jobi and
2i¢ — 1 are both on-time.
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It is clear that resequencing these on-time jobs in a non-decreasing order of their
due dates does not increase the number of late jobs.

In this new sequence, jotZs and2i — 1 are sequenced last with respect to the
considered on-time jobs. The completion time of the last julo( 2: — 1) is greater
than or equal to the sum of:

1) the sum of the minimal processing timesagf-jobs scheduled before jok2s
and2i — 1,0 < j < i, denoted byA;

2) the processing times of joR$ and2:i — 1, denoted byB.

We have:
a1+
az + as+
A = | wtatat [1.23]
a2i-3 t+ a2i—4 + - +aqg+ a2
= a;+taz+---+ag-3+aga+-+(i—2)*a
and
B = py+Dpyi_1 =D + P [1.24]
= Q9+ agi_1+2%asi_o+---+2%xa4+2%*as [125]
The completion time of the last job is greater than or equal to:
A+B = air+az+---+ag-3+az+2a_2+...+ia [1.26]
= artaz+---+az-3+dy [1.27]
> dy; [1.28]

Hence at least one job among jahsand2i — 1 is late. This contradicts the con-
sidered hypothesis. |

LEMMA 1.4.— Every schedule admits at mosbn-time jobs.

Proof. Suppose by contradiction that there exists a sequence such that the number of
on-time jobs is greater than or equalitot+ 1. Resequencing the on-time jobs in a
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non-decreasing order of their due dates and sequencing late jobs last does not increase
the number of late jobs. Let be such a sequence.

Since we haves + 1 on-time jobs, then there exists at least one intégeich that
jobs2i and2i — 1 are both on-time. Let* be the smallestsuch thai and2i — 1 are
both on-time andr;- be the subsequence of on-time jobs among jolis< & < 2¢*.
We haver = (m;~,7mr). Notice that in subsequencee- there are at most* jobs,
which are all on-time.

Due to Lemma 1.3, there exists an integier < j < 7*, such that neither job;
nor job2j — 1 is on-time. We construct a new subsequence sequehda which
we exchange one job amog¢g* and2:* — 1 (which are on-time inr) with job 2; or
27 — 1 (which are late inr). For example, we exchange jobps and2;j — 1. Then,
we reorder the jobs of.. in a non-decreasing order of their due dates. Due to Lemma
1.2, all jobs ofr;. are on-time. Sinc€¥s € S,p3;_; < p3;., then sequencer;.,7r)
has at least the same number of jobs on-time.as

We can reiterate the same reasoning until we get a sequence in which we have at
mostn — 1 jobs on-time among jobs, . .., 2n — 2. Since we have at least+ 1 jobs
on-time, then job&n and2n — 1 are both on-time but this cannot occur due to Lemma
1.3. |

The following theorem holds.
THEOREM 1.4.— Problem MinMax(|| > U;, p;) is NP-hard even whenS| = 2.

Proof. We first prove that, if the even-odd partition problem has a solution, then the
constructed instance admits a solution witon-time jobs.

Let A; be a solution of the even-odd partition problem. Consider a sequerce
(m1,m2) such that:

—forallj < 2n,if a; € Ay then jobj € my;
— the jobs ofr; are ordered in non-decreasing order of their due dates.

Suppose thatr = ([1],[2],...,[n],[n + 1],;[n + 2],...[2n]) and m =
([ 2], -+ [n])

Due to Lemma 1.2, the first — 1 jobs in7; are on-time. We prove that the last
jobin 7y is also on-time.
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The completion time of the last jdl] in scenarios, is:

C[n] (7Ta 51) = P11] + P[lg] + - 'p[ln]
ap)+
_ ajg] + as+
a[n] + A9p—2 + ce. _|_ a4 _|_ a9 [129]

= apt+apg +-+ap +am—2
+- -+ (n—1)*aq

= B+dam2

don = dop—1 = d[n]

The completion time of the last jdla] in scenarios; is:

Cry(mys2) = Py +phy + Py
a['n+1]+
A[p42) T G2+

f2n] + G2n—2 + -+ as + az [1.30]
= Q[p41] T Qg2 + 0+ Af2n] T G202
+--+n—1)xas
= B+ d2n72
dop = dop—1 = d[n]

Consequently, joln] is on-time for the two scenarios and the number of on-time
jobs in is at least: and cannot be greater thardue to Lemma 1.4.

We prove now that if the constructed instance admits a solution avitin-time
jobs, then the even-odd partition problem admits a solution.

Let 7 be a sequence in which the number of on-time jobs is equal 8uppose
that in7, there exist two on-time job& and2:i — 1. Then, due to Lemma 1.3, there
exists anindey, 1 < j < i, such that job&j and2;j — 1 are both late. Using the same
technique as in Lemma 1.4, we transform sequenicea new sequence in which job
2j or2j — 1 is on-time and jol2i or 2i — 1 is late. We reiterate the same reasoning
until we get a sequence in which, for allk, 1 < k& < n, only one job among job&k
and2k — 1 is on-time.

Resequencing the on-time jobs in a non-decreasing order of their due dates and
sequencing the late jobs last we do not increase the number of late jobs. We have
7 = ([1],[2],...,[n], [n + 1], [n + 2],...[2n]) and jobdi], 1 < i < n are on-time.



34  Optimization and Computer Science
The completion time of joln] in scenarios; is:

Chn) (r',81) = p[ll] + p[12] 4. .p[ln]
= aptap +- -+ ap +azm-2
+- 4+ (n—1)xas
= aptapg +- - +ap +dam—2

The completion time of joln] in scenarios, is:

Cho(n',52) = Pl +Ploy + -+ Py
= Qp+1] T Ant2] T+ Q[2n) + A2n—2
+- -+ (n—1)*a
= Qp+1] T Qnt2) T F Ap2p) + don—2

Since job[n] is on-time then:
Vs € {Sla 52}7 C’[n] (7T,a S) < d[n] = d2n = d2n71 =B+ d2n72
Consequently, we have:

ay + a9 —+ -+ Qn]
Ant+1] T O[n+2] + 00+ AJ2n)
ap) +ap + -+ apn)

1IN/
Svleey

This proves that:

ap) +aj) -+ G = Afnat) + Oz oo 0y = B

which means that the even-odd partition problem has a solution.
Correspondingly, the following corollary also holds.

COROLLARY 1.3.— MinMax(|| > Uj, pj, d;) is NP-hard even whefS| = 2.

[1.31]

[1.32]
[1.33]

[1.34]
[1.35]
[1.36]
[1.37]

[1.38]

[1.39]

[1.40]
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Chapter 2

Approximation of Multi-criteria Min and Max
TSP(1,2)

2.1. Introduction

This chapter presents some recent results obtained by the authors (JANG 04,
ANG 05, ANG 05b]) about the inapproximation and the approximation properties of
the multi-criteria traveling salesman problem with distances one and two. These re-
sults concern the minimization version of the problem. We also present some new
results for the maximization variant.

2.1.1. The traveling salesman problem

The traveling salesman probleffi§ P) is one of the most studied problems in the
operations research community (see for instance [JOH 85]). Given a complete graph
where the edges are associated with a positive distance, we search for a cycle visit-
ing each vertex of the graph exactly once and minimizing the total distance. It is well
known that thel"'S P problem isNP-hard, and that it cannot be approximated within a
constant approximation ratio, unleBs NP. However, for the metri@ S P (i.e., when
the distances satisfy the triangle inequality), Christofides proposed an algorithm with
performance ratio 3/2 [CHR 76]. For more than 25 years, many researchers attempted
to improve this bound but with no success. In [PAP 93], the authors studied a more
restrictive version of the metri¢’S P, in which all distances are either one or two
(denoted byI'SP(1, 2)), and they proposed a 7/6 approximation algorithm. Recently,

Chapter written by Eric AGEL, Evripidis BAMPIS, Laurent G@URVESand Jérdme MNNOT.
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Berman and Karpinski proposedsd7-approximation algorithm for th&SP(1,2)
problem [BER 06] and some inapproximability results are presented in [ENG 01].
TheTSP(1,2) problem is a generalization of the Hamiltonian cycle problem since
we are asking for the tour of the graph that contains the fewest possible non-edges
(edges of distance 2). In [MON 02, MON 03], some results forfhgP (1, 2) with
respect to thdifferentialapproximation ratio are obtained. Finally, there is the max-
imization version of the problem, denoted by M&% P, where the goal is to find a
tour maximizing the total distance. MakS P is also known to béAPX-complete,
even if the edge distances are either 1 or 2 (denoted by M&R(1, 2)), [PAP 93]

and it is approximable with expected performance rafig33 — ¢ for alle > 0in the
general case [HAS 00], arid'8 in the metric case [HAS 02].

In this chapter, we deal with a multi-criteria version of the problem#tusiteria
TSP(1,2). The distance between any pair of vertices is a vector of lehgtistead
of a scalar.

2.1.2. Multi-criteria optimization

Multi-criteria optimization refers to problems with two or more objective functions
which are in conflict. Vilfredo Pareto introduced in 1896 a concept —known today as
Pareto optimality- that constitutes the origin of the research in this area. According to
this concept, the goal in a multi-criteria optimization problem is normally not a single
solution, but instead a set ofon-dominatedsolutions, the so-calleBareto curve
From a calculational point of view, the notion of Pareto curve is problematic. Two of
the main reasons are:

— the size of a Pareto curve which is often exponential with respect to the size of
the corresponding instance, [PAP 00, VAS 05];

— calculating one Pareto optimal solution of a multi-criteria optimization problem
is often anNP-hard problem, [EHR 00].

Approximating it with a performance guarantée, designing polynomial-time
algorithms which returm-approximate Pareto curvess a motivating challenge. In-
approximability results are also needed. However, inapproximability results are not
numerous in other works on multi-criteria optimization.

In this chapter, we provide approximation and inapproximation results for sev-
eral versions of the multi-criteria traveling salesman with distances one and two. In
particular, we propose a way to get some negative results which works for several
multi-criteria problems and we put it into practice on the multi-critérislP (1, 2).

To our knowledge, existing multi-criteria inapproximation results have been investi-
gated only from the point of view diiP-hardness [DEN 02, PAP 00, VAS 05]. Our
method is based on the following observation: in multi-criteria optimization, we try
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to approximate a set of solutions (the Pareto curve) with another set of solutions (the
e-approximate Pareto curve) and the more dkepproximate Pareto curve contains
solutions, the more accurate the approximation can be. Then, the best approximation
ratio that could be achieved can be related to the size of the approximate Pareto curve.

2.1.3. Organization of the chapter

The chapter is organized as follows: in section 2.2, we give some definitions con-
cerning exact and approximate Pareto curves. Section 2.3 is devoted to a method used
to derive some negative results (section 2.3.1) for the bicrifE6#(1,2) and two
polynomial time algorithms providing constant approximation of the Pareto curve.
More precisely, in section 2.3.2, we proposéoeal searchalgorithm called BLS
which, with only two solutions generated@(n?), returns al /2-approximate Pareto
curve and in section 2.3.3, we proposgraedyalgorithm inspired by the traditional
nearest neighboheuristic. This algorithm, called 2NN, returns two solutions gen-
erated inO(n?) which constitute a /2-approximation of the Pareto curve. We also
give in section 2.3.4, some approximation results for a restriction of the bicriteria
Max T'SP(1,2) problem. In section 2.4, we study thkecriteria7'SP(1,2) problem.

More precisely, in section 2.4.1, we propose several negative resultsdoteria
TSP(1,2). Our method is applied in the caseletriteriaT’S P(1, 2) but it works for
several other problems. In section 2.4.2, we study the approximability &t tihieria
TSP(1,2) by giving a generalized version of 2NN. This multi-criteria nearest neigh-
bor heuristic, called&k NN, works for anyk > 3 and produces & — 1)/(k + 1)-
approximate Pareto curve. Finally, some concluding remarks are given in section 2.5.

2.2. Overview

The traveling salesman problem consists of finding in a weighted complete graph
G = (V, E) onn vertices, a Hamiltonian cycle whose total distance is minimal. For
the k-criteria TSP , each edge has adistanced(e) = (di(e), ..., dx(e)) which
is a vector of lengthk (instead of a scalar). Thetal distanceof a tourT is also a
vectorD(T) whereD;(T) = 3 ., d;(e) andj = 1,..., k. In fact, a tour is evalu-
ated withk objective functions. Given this, the goal of the optimization problem could
be the following: generating a feasible solution which simultaneously minimizes (or
maximizes) each co-ordinate. Unfortunately, such an ideal solution rarely exists since
objective functions are, in general, in conflict. However, a set of solutions representing
all best possible trade-offs always exists: the so-c&tbrdto curveFormally, a Pareto
curve is a set of feasible solutions, each of them optimal in the sense of Pareto, which
dominates all the other solutions outside this set. If the problem is a minimization
problem, a toufl” dominates another toG¥ iff D;(T) < D;(T")forallj =1,...,k
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and, for at least one co-ordinate 5j, (T) < 5j/ (T"). When the problem is a max-
imization problem, we just reverse the previous inequalities. A solution is optimal in
the sense of Pareto if no solution dominates it.

Since calculating Pareto curves is problematic, getting an approximation of it is
more reasonable and often sufficient. For a minimization (resp. maximization) prob-
lem, anc-approximate Pareto curve is a set of solutions such that, for every solu-
tion s of the instance there is ahin P. which satisfiesﬁj(s ) < (14+¢€)D;(s) (resp.

Dj(s') = (1 —e)Dj(s))forallj =1,..., kL

Interestingly, Papadimitriou and Yannakakis [PAP 00] prove that every multi-
criteria problem has as-approximate Pareto curve that is polynomial in the size of
the input andl /e, but exponential in the numbérof criteria. However, calculating
such an approximate Pareto curve cannot always be done within polynomial-time. The
design of polynomial time algorithms which generate approximate Pareto curves with
performance guarantee motivated a lot of recent papers.

2.3. The bicriteria TSP(1,2)

We consider the bicriteri@S P(1, 2) with n cities. In this case, we recall that for
an edge, d(e) = (dy(e),dz(e)) € {(1,1),(1,2),(2,1),(2,2)} and the objective for
the minimization version, called bicriteria MIiSP(1,2) (resp., for the maximiza-
tion version, called bicriteria MaTSP(l, 2)) is to find a tourT” minimizing (resp.,
maximizing) D, (T') = 3. o di(e) and Do (T) = 3,y d2(e). We mainly propose
two different algorithms leading to the same approximation of the Pareto curve for
the bicriteriaMin T'SP(1, 2): alocal searctprocedure using th2-opt neighborhood
and anearest neighbaneuristic which calculatesly/ 2-approximate Pareto curve. Al-
though these two algorithms provide the same performance guarantee, it is interesting
to present them since they are adaptations of well known heuristics previously used
for the mono-criterio¥’S P [JOH 85, ROS 77].

For the bicriteridl’S P(1, 2) (minimization and maximization versions), it is easy
to observe that the Pareto curve is composed of at mestsolutions where we recall
thatn is the number of vertices; the worst case appears when thé toursT; with
vector distancd (T}) = (D, (T;), Do(T3)) = (n+1i,2n—i)fori =0,- - -, n, belong
to the instance. Moreover, notice that a 1-approximate Pareto curve can be trivially
constructed, just pick any tour.

1. Here,e is the error whilel + ¢ (resp.1 — €) is the approximation ratio for a minimization
(resp., maximization) problem. In the chapter, we equivalently use the error and its associated
approximation ratio.
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We now prove that the approximability of the Pareto curve for bicriteria Min
TSP(1,2) and the approximability of the Pareto curve for bicriteria Ma%P(1, 2)
are linked by an approximation preserving reduction. The idea is to modify the in-
stance by replacing each edge (2,2) by an edge (1,1), each edge (1,1) by an edge (2,2),
and each edge (1,2) by an edge (2,1) and vice versa. It can be shown that obtaining a
g-approximate Pareto curve for the bicriteria Mii$ P(1, 2) on this modified instance
yields a2¢ /(3¢ + 1)-approximate Pareto curve for the bicriteria MBS P(1, 2) prob-
lem on the original instance.

THEOREM 2.1.— Anye-approximate Pareto curve for the bicriteria MifiSP(1, 2)
problem can be polynomially transformed intos—é%j—l-approximate Pareto curve for
the bicriteria MaxT'S P(1, 2) problem.

Proof. We only prove the result for the mono-criterion problems, i.e., any
approximation for MinT'SP(1,2) can be polynomially transformed into gai—l
approximation for Maxl’'SP(1, 2). LetI = (G, d) be an instance of MaX'SP(1, 2)
whereG = (V,E) is a complete graph on vertices and consider the instance
I' = (G,d") of Min TSP(1,2) with d'(e) = 3—d(e) forall e € E. Finally, letT™* be
an optimal solution of for Max T'SP(1,2) and assume thdt is ans-approximation
for Min T'SP(1,2) on I'. Obviously, T is also a solution od and consider the two
following cases:

oif d(T*) < 3;:'1171, then sincel(T) > n, we have:

dT) el | 2

d(T*) ~ 3e+1 = 3e+1

. 9 L
thus,T" is a 3= -approximation for Max’SP(1,2).

o Otherwise,d(T*) > 35tln. By construction, any touf” verifiesd'(T") =
3n — d(T"). In particular, this is true fof * andT". Hence, we deduce th#t is also

an optimal solution of’ for Min T'SP(1, 2) and we have:

) (o 2
< —— :
d(T) < [2.1]
Since by hypothesié' (T') < (1 + ¢)d'(T*), we obtain:
a(T) 3n —d'(T) d'(T*)
pr—y > — B ] .
AT " 3n—d (@) > TBa—a(r) [2:2]

Using inequality [2.1] and since the right side of inequality [2.2] is increasing with

d'(T™), we deducel(T') > (1 — 325)d(T).

This completes the proof. |
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2.3.1. Simple examples of the non-approximability

Usually, non-approximability results for mono-criteria problems bring thresholds
of performance guarantee under which no polynomial time algorithm is likely to ex-
ist. Given a result of that kind for a mono-criterion probléi we directly get a
negative result for a multi-criteria version & Indeed, the multi-criteria version of
IT generalize$I. The non-approximability of the mono-criteri@S P(1, 2) has been
studied in [ENG 01, PAP 93] and the best known lower bounid§s1/740 — ¢ (for
all § > 0). Consequently, for every > 0, no polynomial time algorithm can generate
a(1/740 — §)-approximate Pareto curve unlé€3s= NP.

As indicated previously, in multi-criteria optimization, we try to approximate a
set of solutions (the Pareto curve) with another set of solutionseftggproximate
Pareto curve) and the more theapproximate Pareto curve contains solutions, the
more accurate the approximation can be. As a consequence, the best approximation
ratio that could be achieved can be related to the size of the approximate Pareto curve.
Formally,e is a function of| P;|. If we consider instances for which the whole (or a
large part of the) Pareto cun/e is known and if we suppose that we approximate it
with a setP’ C P such thafP’| = x, then the best approximation raticsuch that
P’ is anc-approximate Pareto curve is relateditolndeed, there must be a solution
in P’ which approximates at least two (or more) solution®in

The question asked here Isvhat is the best approximation ratio an algorithm
A can achieve if it outputs solutions?” (wherer is supposed to be between 1 and
n+1).

In order to obtain an upper bound of this approximation ratio, we consider a partic-
ular class of instances for which the distances on the edges éfe @), (2,1)}. This
subclass is very interesting since each tour is Pareto optimal. Actually, et an
nodes graph of this class; each feasible tour has a total distance whichds2n —q)
whereq is the number of2, 1) edges contained in the tour. Thus, no feasible tour can
be dominated by another one.

THEOREM 2.2.— Any e-approximate Pareto curveP. for the bicriteria Min
T'SP(1,2) problem composed of at mostours is such that > 1.

Proof. In what follows, we consider an instance of the subclass described above and
assume that is a multiple ofr and all solutionsl* with distanceﬁ(Ti*) = (n+
in,2n— in) are feasible fof = 0, ,r. A formal proof of this claim will be given

in section 2.4.1 when we generalize this result to any number of criteaatually,

the goal of this proof is just to give an intuition of the method used. Now, assume that
A outputsr toursT; withi = 1, - - -, r, which approximates the Pareto curve within a
ratio (1 + «) on both criteria. Since there aret- 1 Pareto optimal tourg;*, at least
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one tourT; € P. must approximate two toufE* for i = z andi = y with z < y. In
particular, we havg > z + 1, and thus, ifD(T}) = (n + ¢, 2n — ¢), we deduce:

r+x

n+q < (1+4+a) n

2r—x—1
n—q < (1+Q)Ln
r

From the first inequality we derive that:

q < an

x r+x
—n—+

r

and from the second we get that:

1 2r—xz—1
>x—|— n— r—x
T r

an

In fact 41 5 . .
X rTr—r — X T X
n— an < g¢g< —n+——
T r T
can only be possible if: > 1. |

When the goal is the maximization of both criteria (i.e., the bicriteria Max
TSP(1,2) problem), we obtain a threshold of inapproximation2gf3r — 2) us-
ing the approximation curve preserving the reduction given in Theorem 2.1. However,
applying the same proof of Theorem 2.2 in the context of bicriteria M&P(1, 2),
we can improve this ratio tg-1.

COROLLARY 2.1.— Any ec-approximate Pareto curv®. of the bicriteria Max

TSP(1,2) composed of at mosttours is such that > 1.

2.3.2. Alocal search heuristic for the bicriteridl’S P(1, 2)

In [KHA 98] and [MON 02b], the authors have shown separately that a simple
local search algorithm using the well known 2-opt neighborhood [CRO 58] returns
a 3/2-approximate tour for the mono-criterion MIfiSP(1,2). To the best of our
knowledge, no result was known about the ability of local search algorithms to pro-
vide solutions with performance guarantee in multi-criteria optimization. Here, we
present an algorithm of this type which returns /&2-approximate Pareto curve for
the bicriterial’S P(1, 2) problem using the same neighborhood.



44  Optimization and Computer Science

Xay X
2-opt

vbu vV u

Tour T Tour T’

Figure 2.1. The 2-opt move depicted here consists of replacing edgesi b
by c andd. We havel” € N (T)

Given a tourT', its 2-opt neighborhood/(T) is the set of all Hamiltonian cycles
which can be obtained by removing two non-adjacent edges and inserting two new
edges (see Figure 2.1).

If only one criterion is considered, a simple local search algorithm consists of
starting with a feasible solution and iteratively replacing it with a neighboring solution
which is better with respect to the criterion. The algorithm stops when the current
solution, alocal optimum has no better neighbor.

If we say that a toufl” is a local optimum tour with respect to the 2-opt neigh-
borhood when no touf’ € N(T') dominates’, then there exist instances for which
a locally optimal tour gives a poor performance guarantee for at least one criterion.
Then, we introduce two symmetric preference relations defining potentially two dif-
ferent local optima. These preference relations, denoted;bgnd <., are depicted
in Figures 2.2 and 2.3. Note that we define them considering the fact that we deal
with 2-opt moves, which are exchanges of couples of edges. The set of the 10 possible
couples of distance-vectors of the edges has been partitioned into threg s&ts
and Ss, and for anyc; € Sy, co € S, c3 € S3, we havec; <1 co <1 c3 (resp.
c1 <2 co <2 c3). Intuitively, the preference relatior; (resp.<-) leads to solutions
which are good for the first (resp. second) criterion.

DEFINITION 2.1.— We say that the touf is a local optimum tour with respect to the
2-opt neighborhood and the preference relatian (resp.<-) if there does not exist
atourT’ € N(T), obtained fromI" by removing edges, b and inserting edges, d,

- - - - - -

such that(d(c), d(d)) <1 (d(a),d(b)) (resp.(d(c),d(d)) <2 (d(a), d(b))).

We consider the following algorithm:

BICRITERIA LOCAL SEARCH (BLS):
1) LetT} be a 2-opt local optimum tour with the preference relation
2) LetTy be a 2-opt local optimum tour with the preference relatign
3) Return{Ty, T>}.
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Figure 2.3. The preference relatior»

Analysis of BLS. In what follows, we assume thatis any 2-opt local optimal tour
with respect to the preference relatien. The tourO is any fixed tour. We denote by
z (resp.y,z andt) the number of edges with distance vector (1,1) (resp. (1,2), (2,1)
and (2,2)) inT". We denote by’ (resp.y’,z’ andt’) the number of edges with distance
vector (1,1) (resp. (1,2), (2,1) and (2,2))(h
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( )

Figure 2.4. The local optimal toufl” (arbitrarily oriented)

LEMMA 2.1.— With the preference relatior; we haver > z//2.

Proof. Let Uy (resp.Ur) be the set of1, 1) edges inO (resp. inT). We define a
function f : Up — Ur as follows: fore € Uy, f(e) = e if e € Ur. Otherwise, let

¢’ ande” be the two edges adjacentdan 7' as depicted in Figure 2.4 (we assume an
arbitrary orientation of” and consider that the edges adjacentdoec’ ande” but not

e* ande®). Lete’”’ be the edge forming a cycle of length 4 withe’ ande” (see Figure
2.4). We claim that there is at least one edge amdrande” with a distance1, 1)
and definef (e) to be one of those edges (possibly chosen arbitrarily). Otherwise, we
have{e, e’} € S; and{e’,e”} € Sy U S5 (see Figures 2.2 and 2.3), contradicting the
fact thatT is a local optimum with respect to the preference relatignNow observe
that for a given edge’ € Ur, there can be at most two edgeande’ in Uy such that
f(e) = f(¢’) = €” sinceO is a tour. Therefore, we hay&'r| > |Uo|/2. |

LEMMA 2.2.— With the preference relatior; we haver +y > (2' +y')/2.

Proof. The proof is similar to that of Lemma 2.1. Hel€p (resp.Ur) is the set of
(1,1) and(1, 2) edges oD (resp.T). |

LEMMA 2.3~ If D1(0) < Dy(0) thenD:(T) < 2D (0) and Do(T) < 2 D1 (0).

Proof.We haveD, (T) = 2n—xz—y, D1(0) = 2n—2'—y' andDy(T) = 2n—z — 2,
Dy(0) = 2n — 2’ — 2. Let us consider the first co-ordinate. We want to show that

’

Di(T) _ 2n—z—y 3 i afn—z—y - -4
5r(0) = 2na < 5. Using Lemma 2.2 we g8 —— < e Now we
have

m—z L 3

— 2 2 < = dn—-2a —y <6n-32" -3y

2n —x’ — vy’ 2

<~ 2 +y <n
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which is true since’ + y' + 2’ + ' = nandz’, ¢’ > 0. Now, we consider the second
co-ordinate and use the fact tha{ (O) < D»2(0) < 2/ <y’

%\; & 4n—2x-22<6n— 32" 37
& 32’ —204+37 —22<2n
= 8- 20437 -2 <A HY 2+
= 22042 -2:<2 +2¢
which is true since’’ — 2z < 0 according to Lemma 2.2/ < ¢y’ and—z < t'. I

Now, we suppose th&t is a 2-opt local optimal tour with respect to the preference
relation<,. The tourO is any fixed tour. In a similar way to the case-of, we can
prove:

LEMMA 2.4.— With the preference relatior, we haver > % andz + z > (' +

2" /2.
LEMMA 2.5~ If D1(0) > D5(0), thenD:(T) < 2D1(0) and Do(T) < 2 D1 (0).
Now, we are ready to prove the main result.

THEOREM 2.3.— The set of tours returned by BLS is a 1/2-approximate Pareto curve
for the bicriteria Min T'SP(1,2) problem. Moreover, this bound is asymptotically
sharp.

Proof. Using Lemma 2.3 and Lemma 2.5, we know that given a Pareto optimal tour
O, if D1(0) < D3(0), thenD(T1) < $D(O), otherwiseD(T3) < 3D(O).

In order to see that this bound is asymptotically sharp, consider the instance de-
picted in Figure 2.5. The towf s2 . . . s2,,51 is a local optimum with respect te; and
<9, and it has a total distance vect@rn, 3n), whereas the optimal tour:

515352n5482n—1 - - - Sn—15n+45nSn+35n+15n+25251
has a total distance vect{®n + 1,2n + 1). |

Concerning the time complexity, we can show that BLS runs in tine?) since
searching the 2-opt neighborhood of a tour is don@in?) and at most(n) 2-opt
moves are done to reach a local optimum.
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S1 S2

S2n S3

Sap—1 -

(1,1)

Sn44

Sn43

Sntz  Sntl

Figure 2.5. The edges represented have a distance veatar), whereas
non-represented edges have a distance vg@dr)

The result given in Theorem 2.3 can also be applied to the bicriteria version of the
Max T'SP(1,2) problem. We recall that in this problem, the objective is the maxi-
mization of the length of the tour. For the mono-criterion case, the best approximation
algorithm known has a performance ratio of 7/8 [MON 02, MON 03]. Using Theo-
rems 2.1 and 2.3, we obtain a 2/5-approximate Pareto curve for the bicriteria Max
TSP(1,2) problem. However, if we call BMXLS the algorithm which consists of
using modified preference relatiorg and</, obtained from<; and~ by replacing
each edgéa, b) by an edg€3 — a, 3 — b), we can show that the inequalities obtained
in Theorem 2.3 allow us to obtain a 1/3-approximate Pareto curve.

COROLLARY 2.2.— The set of solutions returned by BMLS is a 1/3-approximate
Pareto curve for the bicriteria MaX'SP(1,2) problem. Moreover, this bound is
asymptotically sharp.

2.3.3. A nearest neighbor heuristic for the bicriterid SP(1,2)

We now propose aearest neighboheuristic which calculates i®(n?) a1/2-
approximate Pareto curve for the bicritefidin T'SP(1,2). The idea of this tradi-
tional heuristic, applied to a mono-criteridhS P instance, consists of starting from
a randomly chosen node and greedily inserting non-visited vertices, which are chosen
as those closest to the last inserted vertex [ROS 77]. We adapt this algorithm to the
bicriteria Min TSP(1,2). As done before with BLS, we build two solutions using
two symmetric preference relations denotedyand <.
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2NN Bicriteria Nearest Neighbor
Input: I = (G, d) instance of the bicriterid S P(1, 2);
Output: Two toursp; andps of I;

Take arbitrarilyv* € V;

Setv, = v*
SetS = {vs} andu = vg;
Until S # V Do

- -

Taker € V—Ssuchthatdt € V-5 s.t.d([u, t]) <1 d([w,7]);
Setp;(u) = r andu = r;

End Until;

Setpl (7") = Vs,

Take arbitrarilyv** € V;

Setv, = v**
SetS = {vs} andu = vg;
Until S # V Do

—

Taker € V—S suchthatdt € V —S s.t.d([u,t]) <2 d([u,7]);
Setpe(u) = r andu = r;

End Until;

Seth(r) = Vs,

Return{p1,p2};

Table 2.1. 2NN algorithm

—

di(e) = di(¢') andds(e) < da(e). Symmetrlcallyd( ) <2 d(e) if da(e) < dy
or, dy(e) = dy(e’) anddy(e) < dy(e'). Whend(e) £ d(e’) andd(e) £, d(e'), we
say thatd(e) are d(e’) incomparable.

DEFINITION 2.2.— For two edges: and ¢/, d(e) <y d(e') if di(e) <
(

S~—
AN

The algorithm proposed is called 2NBi¢riteria Nearest Neighbgrand is given
in Table 2.1. This algorithm returns two touss andp,. We assume that for each
nodev € V, p1(v) (resp.p2(v)) represents the node which immediately follows

in p; (resp.p2). Here,p* denotes a Pareto optimal tour. Before proving that the two

tours returned by 2NN constitutelg2-approximate Pareto curve for the bicriteria
TSP(1,2), we introduce some notations. Lef (resp.y1, z1, t1) be the number of
edges with distanc@, 1) (resp.(1,2), (2,1), (2,2)) of p1. Letzs (resp.ys, 22, t2) be
the number of edges with distange 1) (resp.(1,2), (2, 1), (2,2)) of p,. Letx™* (resp.
y*, 2%, t*) be the number of edges with distandel) (resp.(1,2), (2,1), (2,2)) of
p*.
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d([p*(v), p1 0 p" (v)])

Figure 2.6. Case 1

/ di([v, p1 (v)])
p1(v)

Vs

p*(v)

Figure 2.7. Case 2

Since a tour has exactlyedges, we know that:
n=x+yt+ant+ti=x2+ys+zot+to=a"+y +2"+¢t*

LEMMA 2.6.— For p; andp*, we haver; > z*/2.

Proof.LetU,, (resp.U,~) be the set of1, 1) edges op, (resp.p*). We define a func-
tion f : Uy« — U, in the following way. Lefv, v'] be an edge i, If [v,v'] € Uy,
then f([v,v']) = [v,v']. Otherwise, we claim that amorig, p; (v)] and[v’, p1 (v')],
there is at least one edge with distaritel ). Thus, f([v,v']) = [v, p1(v)] if the dis-
tance vector ofv, p1 (v)] is (1, 1), otherwisef ([v,v']) = [v/, p1(v")]. To see that, we
consider two possibilities:
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- -

—pi(v) = p*(v): if d([v,p*(v)]) = (1,1), thend([v,p1(v)]) = (1,1) and
[l p*(@)]) = [v,p1(v)].
B —pi(v) # p*(v): in case 1 (see Figure 2.6), if([v,p*(v)]) = (1,1), then
d([p* (), pr(p*(v)]) = (1,1) and f([v, p*(v)]) = [p"(v), p1(p*(v))]. In case 2 (see
Figure 2.7), ifd([v, p*(v)]) = (1,1), thend([v, p1 (v)]) = (1,1) and f([v, p*(v)]) =
[v, p1(v)]

Thus, each{1, 1) edge ofp; has at most two antecedents of distaficed ). |

LEMMA 2.7.— For p» andp*, we havers > z*/2.
Proof. See the proof of Lemma 2.6 and replageby p. |
LEMMA 2.8.— For p; andp*, we haver; + 41 > (z* 4 y*)/2.

Proof. Let U, (resp.U,~) be the set of1, 1) and(1,2) edges ofp; (resp.p*). We
define a functiory : U,- — U, in the following way. Letv, v’] be an edge it/,,- . If
[v,v'] € Up, thenf([v,v]) = [v,v’]. Otherwise, we claim that amorg, p; (v)] and
[v',p1(v")], there is at least one edge with distafitel) or (1,2). Thus,f([v,v']) =
[v, p1(v)] if the distance ofv, p; (v)] is (1, 1), otherwisef ([v,v']) = [/, p1(v)]. TO
see that, we consider two possibilities:
=) = pr) it d(fv,p*()]) = (11), thend([v,pi(v)]) = (1,1) or
d([v,p1(v)]) = (1,2) and f([v, p* (v)]) = [v,p1(v)].
p*(v): in case 1 (see Figure 2.6), if([v,p*(v)]) = (1,1) or
1,2), thend([p* (v), p1 (p* (v))]) = (1, 1) ord([p*(v), p1(p*(v))]) =
2) and f([v,p*(v)]) = [p*(v), p1(p*(v))]. In case 2 (see Figure 2.7),
(1.1) or d{v,p*(v)]) = (1,2), thend([v,pr(v)]) = (1,1) or
v)]) = (1,2) and f([v, p* (v)]) = [v, pr(v)].

if

Thus, each edge of distancefifl, 1), (1,2)} of p; has at most two antecedents of
distance(1,1) or (1,2). 1

LEMMA 2.9.— For p, andp*, we havers + 2o > (z* + 2*)/2.
Proof. See the proof of Lemma 2.8. |

THEOREM2.4.— The two tours returned by 2NN constituté &2-approximate Pareto
curve for the bicriterial S P(1, 2). Moreover, this bound is asymptotically sharp.

Proof. The proof is completely similar to that given in Theorem 2.3. Moreover, this
bound is asymptotically attained for the particular instance given in Figure 2.5. Indeed,
2NN can produce two identical tougs so ... sa,—1 2, Of total distance3n, 3n)
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while toursy s3 s2, 84 - . . Snt3 Snt1 Snt2 S2 has a total distance ¢n + 1,2n + 1).

In the next section, we deal with a subcase of the bicriteria M8 (1, 2) prob-
lem.

2.3.4. On the bicriteria MaxT'SP(1, 2)

In Corollary 2.2, we saw that BMX LS gives a 1/3-approximate Pareto curve for
the bicriteria MaxT"SP(1, 2) problem. In this section we improve this performance
ratio, but only when we restrict the distances vector to edges with distance vectors
(1,2) and(2,1). Actually, using Corollary 2.1, we observe that this restriction is al-
ready hard to approximate with < ﬁ if we use at most- tours. In particular, a
single tour never provides(d/4 + €)-approximation of this restriction, for ary> 0.

We now prove how we can reach this performance ratio using only 3 tours. The al-
gorithm presented below, starts with the two solutions produced by a maximization
version of 2NN together with a third solution based on matchings.

ALIL:

Input: I = (G, d) instance of the bicriteria MaX'SP(1, 2)
whered(e) € {(1,2),(2,1)};

Output: Three toursly, T andT5 of I

1. Produce a touf’; using the nearest neighbor algorithm where edges
(1,2) are preferred to edgé€s, 1);
2. Produce a tourf; using the nearest neighbor algorithm where edges
(2,1) are preferred to edg€s, 2);
3. Find a third tourTs in the following way
3.1 Find a maximum matchind/; in the subgraph induced by the
(1,2) edges;
3.2 Find a maximum matching/s in the subgraph induced by the
(2,1) edges;
3.3Ch,...,CqandPy,. .., P, respectively, denote the cycles
and the paths in the graph induceddly U Mo;
3.4 For eachCsy; with 1 < 2i < ¢, delete one edge with distance vector
(1,2) and letPy, denote this path ;
3.5 For eachCy; 1 with 1 < 2i + 1 < ¢, delete one edge
with distance vectof2, 1) and letP;, , , denote this path ;
3.6 Build T3 by adding arbitrarily chosen edges(tb);_, P;) U (Uj_, P/);
4. ReturnTy, Ty andT3;

Table 2.2. AL1 algorithm
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THEOREM2.5.— AL1 algorithm (see Table 2.2) returnsiaapproximate Pareto curve
for the bicriteria MaxT'S P (1, 2) when we restrict the distance vectors(ig2) and
(2,1).

Proof.We start with the notations introduced in section 2.3.3. The following equalities
can be easily proved:

yitz = Yetn=y +2"=n [2.3]
D(Ty) = (n+2z1,n+y1)
D(Ty) = (n+2,n+1ys)

D(T*) = (n+z5n+y")

According to Lemma 2.8, we have the following property 16t
21 >y [2.4]

Thus, using [2.3] and [2.4], we get:

—

Dy(Th) =n+y1 =2 n+y"/2
= 3n/4+3y*/4+n/d—y*/4

3
= Lty e

Y
|
!
oy
g

According to Lemma 2.9, we have the following propertyTor
229 = 2* [2.5]

Thus, using [2.3] and [2.5], we get:

—

Di(Te)=n+2z2 =2 n+2z"/2
= 3n/4+32"/4+n/4—2"/4
3
= Sty

3.
—-D{(T*
1 1(T7)

WV
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(i) Assume that, > n/4. If 2n > 32*, thenD, (T}) > 3D:(T*) andT; approx-
imates the whole Pareto curve. Indeed, we have:

z1 = n/d
n+z = 3n/d+n/2
n+z = 3n/4+32"/4
3. .
D\(Ty) > ZDl(T )

In the case wheren < 3z*, we have2y* < z* andn > 3y* sincen = y* + z*.
Moreover,3n + 4y, > 3n is always true sincgy > 0. If we addn > 3y* to
3n + 4y, > 3n, we get:

dn+4y, > 3n+ 3y*

. 3.
Dy (Tz) > ZDQ(T)

As a consequencgy approximates the whole Pareto curve.

(i) Assumeys > n/4. If 2n > 3y*, thenDy(Ts) > 3 Do(T*) and T, approxi-
mates the whole Pareto curve. Indeed, we have:

n/4
3n/d+n/2
3n/4+3y*/4

3
— Dy (T*
1 2(T)

S
+
<
V]
A\ VARV

S
-y
&
WV

In the case whergn < 3y*, we have2z* < y* andn > 3z2* sincen = y* + z*.
Moreover3n+4z, > 3nis always true since, > 0. Ifwe addn > 3z*t03n+4z; >
3n, we get:

dn+4z1 > 3n+3zF

Di(Ty) > ZDy(T%)
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As a consequencg; approximates the whole Pareto curve.

(7i7) Now assume that we simultaneously have< n/4 andys < n/4. In this
case,T; has at leas8n/4 (1,2) edges and: has at leas8n/4 (2,1) edges. We
deduce thal/; (resp.M-) has at leastn /8 edges of distancé, 2) (resp.(2,1)). On
the other hand, when we add, to M>, there is at most/4 cycles and then, we delete
at mostn/8 edges of distance vectfr, 2) andn /8 edges of distance vect(2, 1). In
conclusion, ifz3 (resp.,ys) denotes the set @2, 1)-edges (resp(l, 2)-edges) ofl3,
we deduce that; > 3n/8 — n/8 = n/4 andys > 3n/8 — n/8 = n/4. Hence, we
get:

—

D(T3) > (n+ z3,n+ys) = (5n/4,5n/4) [2.6]

We also assume that < 2y* andy™ < 2z*. Indeed, when* > 2y*, we deduce
thaty* < n/3 sincez* + y* = n. ThusDy(T*) < 4n/3. On the other hand, trivially
Dy(T») = nand thenDy(T3) > 2 Do(T™). In conclusion, since previously we proved
that Dy (T3) > %ﬁl(T*) always holds, we geb(T3) > %5(T*). Wheny* > 2z%,
the same inequality holds f@,. Hence, in conclusion we can assume thak{ 2y*
andy* < 2z*. Then,2n > 32* and2n > 3y*. We derive from these two inequalities
that:

n/3< y* <2n/3
n/3< 2z <2n/3
So, we obtain:
D(T*) < (5n/3,5n/3) [2.7]

Thus, in the worst casd,; approximates the whole Pareto curve within a ratio
3/4. |

2.4. k-criteria TSP(1,2)

In this section, we present a generalization of the previous results kvhen, the
number of criteria, is larger than 2. We first give some non-approximability results
related to the number of generated solutions forktheiteria7 S P(1, 2). Afterwards,

a generalization of 2NN, which has a better complexity than BLS, is proposed. This
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generalization, calle&NN, calculates inO(n2k!) time am—approxmate Pareto
curve for thek-criteriaT SP(1,2) whenk > 3.

Let us observe here that the dependence of the time complexiy ismot sur-
prising since the size of the approximat®areto curve is not necessarily polynomial
on the number of the optimization criteria [PAP 00].

2.4.1. Non-approximability related to the number of generated solutions

We give in this section a non-trivial generalization of the results given in section
2.3.1. Thus, we propose a way to get some negative results which works for several
multi-criteria problems and we put it into practice on theriteriaT SP(1,2).

In what follows, we explicitly give a family of instances (denotedlhy.) of the k-
criteriaT’ S P(1, 2) for which we know a lot of different Pareto optimal tours covering
a large spectrum of the possible values.

We first consider an instandg, with n > 2k + 1 vertices where distances be-
long to {(1,2,...,2), (2,1,2,...,2),...,(2,...,2,1)}. We suppose that for any
i =1,...,k, the subgraph of,, induced by the edges whose distancé @nly on
co-ordinate is Hamiltonian {; denotes this tour). Using an old result [LUC 92], we
know thatk,, is Hamiltonian cycles decomposable irtdisjoint tours ifn > 2k + 1
and then/,, exists.

We duplicate the instandg, r times to getl,, .. We denote by¢ the vertexy, of
the c-th copy ofI,,. Between two copies with < ¢; < ¢, < 7, we setd([vS* 7)) =
d([va,vy)) if a # bandd([v,ve2]) = (1,2, ...,2).

a7a

LEMMA 2.10.— There are ("**~!) Pareto optimal tours inl,, (denoted by
Te,,...co_, Wheree; for1 <i < k—1larek — lindicesin{0,...,r}) satisfying:

(i)Vi:l,...,k—l,ciE{O,...,r}andzl LG ST
(i) Vi=1,....k =1, Di(Te,,..c,_,) = 2rn — cin and Dy(Toy,..c,_,) = 10+
k—1
n(}oiy i)

Proof. Let ¢y, ..., ckx—1 be integers satisfyingi). We build the tourT,, ., , by
applying the following process: on thg first copies, we take the toai‘l, on thecy
second copies, we take the tdlyrand so on. Finally, for the — Z 1 ¢; last copies,
we takeTy. For anyl < I; < Iy < r, and any tour§” andT”, we patchl’ on copy
I, with 7" on copyl, by replacing the edgds!*,v''] € T and[vl,2 v2] € T’ by

i Yj Jjoom
the edgegv and[v!z, vél] Observe that the resulting tour has a total distance

D(T") + D(T). So, by applying: times this process, we can obtain a tduy,._ .,

Z’]]
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satisfying(i7). Moreover, the number of tours is equal to the number of choices of
k — 1 elements among+ (k — 1). |

THEOREM 2.6.— For anyk > 2, anye-approximate Pareto curve for thie-criteria
TSP(1,2)containing at most solutions satisfies:

1
(2 — Dr(i,z) — 1

wherer(i,z) = min{r|z < () -1}

e = mazi—s,. . ki

}

Proof.Letr(k,x) = r be the smallest integer such tha& (~**~1) — 1 and consider
the instancd,, ,.. Sincex < (“+k~1) — 1, there exists two distinct tourE,, . .
andTy; .  andatoutl in the approximate Pareto curve such that:

k—1

D(T) < (1+&)D(Te,....c,_,) andD(T) < (1 +€)D(Tes..cr ) [2.8]

S

Letl; = max{¢;,c}} fori =1,...,k —1andl, = mm{zl 1 cl,zl 1 L
By construction, we havg, < Zf 111 — 1. Moreover, the total distance Gt can

be Writtenﬁi(T) =2m—gq fori=1,....,k—1andDy(T) = rn + ZZ 1 G

for any value ofg; (¢; is the number of edges & where the distance has a 1 on
co-ordinatei and 2 on the others). Thus, using inequalities [2.8], we deduce that for

i=1,....,k—1,wehavenr — ¢; < (1 +¢)(2rn — l;n), which is equivalent to:
gi =2 lin(l+¢e)—2rne [2.9]

Using inequalities [2.8], we also have + Z, 1 ¢ < (14+¢)(rn+ lgn), which
is equivalent to:

qu ern + Lpn(1 + ¢) [2.10]

Adding inequalities [2.9] foi = 1,...,k — 1 and by using inequality [2.10] and
e <11 — 1, we deduce:

1
>
°Z 0k —Dr(k,z) 1

[2.11]
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N 1 2 3 4 5 6 7 8 9
2 ]0.500 0.200 0.125 0.090 0.071 0.058 0.050 0.043 0.038
3 |0.500 0.250 0.125 0.111 0.111 0.071 0.071 0.071 0.071

4 10.500 0.250 0.166 0.111 0.111 0.076 0.076 0.076 Q.076

Table 2.3.Numerical values of according to Theorem 2.6

Finally, since ar-approximation for thé-criteriaT' S P(1, 2) is also are-approxi-
mation for thei-criteriaT’SP(1,2) with i = 2,...,k — 1, we can applys — 1 times
the inequality [2.11] and the result follows. |

Table 2.3 illustrates Theorem 2.6 for some values ahdz. From Theorem 2.6,
we are able to give a more explicit but less powerful result.

COROLLARY 2.3.— For anyk > 2, anye-approximate Pareto curve for thecriteria
TS P(1,2)containing at most solutions satisfies:
1

°Z 2k — 1) (z(k — 1)HY*E=D g

Proof. By construction of-(k, z) = r, we haver > (;*"~'"*~1)_ since:

. _ T
G hH >

we deduce:
r < (x(k — HnY k=D

Thus, using the inequality [2.11], we obtain the expected result. |

More generally, if we writeRy (z) = ((2k — 1)(z(k — 1)1)1/+=1 — 1)_1, then
we observe that the following property hold$/k > 2,dxq,Vx > z, we have
Ri+1(z) > Ri(z). In other words, between two different versions of theriteria
TSP(1,2),the negative bound increases witl50, these bounds are interesting when
k is a fixed constant andis an arbitrarily large integer (indeed, whenr= o(z)).

On the other hand, we can also obtain other bounds whefixed andk grows to
infinity (z = o(k)). In particular, when the-approximate Pareto curve contains just
solutions, we obtaia > 1/(2z— 1) — ¢ for thek-criteriaT S P(1, 2) with k arbitrarily
large.



Approximation of Multi-criteria Min and Max"SP(1,2) 59

THEOREM 2.7.—For any k > 2, anye-approximate Pareto curve for thie-criteria
TSP(1,2) containing at most: < k solutions satisfies:

1

21 T

Proof. Let = be an integer smaller than or equalit@nd consider the instandg .
used in Lemma 2.10 with > 2k + 1 andr = 1. The instancd,, , admits (at least}
Pareto optimal tours denoted By (the tourZ’; only uses edges with a 1 on co-ordinate
j and a 2 on the others). By the constructiod,pf., we know thatﬁ,»(Tj) = 2n when

i # j andD;(T;) = n otherwise.

Now, consider arz-approximate Pareto curve that contains at mosblutions.
One of these solutions, denoted by, approximates at leagt= (%1 Pareto optimal
tours. Without loss of generality, we suppose that-approximates the touf, 7>,

T

Di(T")
1+e> max =
i=1,....,k andj=1,...p Di(Tj)

SinceD;(Tj) = 2n whenj € {1,...,p} andp < i < k, we get:

Dy(T") Dy(T")
max pre = max pre
i=1,....,k andj=1,...p Di,(Tj) i=1,...,p andj=1,...p Di(Tj)

SinceD;(T;) = nwhenj € {1,...,p}, we get:

Dy(T") 1 q
max = T _1 ( max DZ-(T’)>
i=1,...,p andj=1,...p DZ(TJ) n \i=1,...,p

Then, we have:
1 =
1+e> - max D;(T") [2.12]
n \iz

We know that any feasible todr of I,, , satisfies:

k
> Di(T) = n(2k — 1)
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Indeed, the distance of each edge of the instance has exactly one co-ordinate equal
to 1. Thus, any touf” satisfies:

> Di(T)

=1 =1

Mw

)—2n(k—p)=n2p—1)

In particular, we can observe that:

= D(T’ 1
max D;(T') > Q >n(2--) [2.13]
i=1,...,p p p

Thus, mequahtles [2.12] and [2.13] gide+ € > 2 — 1/p which means that >
= ([k/x])~". i

The method presented in this section can be applied to several other multi-criteria
problems. For instance, it works with problems where all feasible solutions have the
same size|{/| for a Hamiltonian cycle}V| — 1 for a spanning tree, etc).

2.4.2. A nearest neighbor heuristic for thé-criteria T'SP(1, 2)

Adapting the nearest neighbor heuristic to theriteriaT.SP(1, 2) gives rise to
two questions: how can we translate the notion of closeness when multiple objectives
are considered? How many solutions must be generated to get an approximation of
the Pareto curve? In what follows, we propose a way which simultaneously brings an
answer to both questions. Given the problem, the total distance of a Pareto optimal tour
T* is enclosed in &-dimensional distance space. The way to generate &tehich
approximated™ and also the notion of closeness depends on V\zﬁéﬁé*) is located
in the distance space. The idea is to partition the distance space into a fixed number
of parts. Then, with each part we associate an appropriate notion of closeness. Given
a part and its proper notion of closeness, we can generate with the nearest neighbor
rule a tour which approximates any Pareto optimal solution whose total distance is
in this part. For any instance of thiecriteria T SP(1,2), we propose to divide the
distance space int! parts as follows: each part is identified by a permutation of
{1,...,k}. Given a permutatiorl of {1,...,k}, a tourT is in the part identified
by L if Dy (T) < ... < Dy (T). For the notion of closeness, we introduce a
preference relation over all possible distance vectors, which looks like a lexicographic
order. This preference relation which dependsio(denoted by<;) is defined by
usingk + 1 setsSy, ..., Sk+1:

S, {@e{1,2}f |Vi<k+1—q dp =1}, forl<g<k
S = {1,2}F



Approximation of Multi-criteria Min and Max"SP(1,2) 61

KNN: k-criteria Nearest Neighbor
P:=0;
For each permutatioh of {1,2,...,k} do
Take arbitrarilyv € V' ;
W= {v},u:=wv;
While W # V do
Taker € V\W s.t.r is the closest vertex to by <. ;

W.=Wu{r};
plu):=r;u:=r;
End While ;
p(r):=v;
P:=PU{p};
End do;
ReturnP ;
Table 2.4.For v € V andp a tour, p(v) denotes the node which immediately
followswv in p

-

COROLLARY 2.4.— For any edge, we say that is S,-preferred(for <) if d(e) €
Sq¢\Sq—1 (WhereS, = (). For two edges ande’ such that is S,-preferred and’ is

Sy -preferred, we say thazf(e) is preferred (resp., weakly preferred)cf@’) and we

- - - -

noted(e) <, d(e’) (resp.d(e) <1 d(e’)) ifand only if ¢ < ¢’ (resp.g < ¢').

An example wheré = 3 andL is the identity permutation is given in Figure 2.8.

S1 So §3 Sa

| |

\ L 211

121 | 212

112 | oo | o)
292

Figure 2.8. An example witlk = 3

The algorithm that we propose for thecriteria7' SP(1,2) is given in Table 2.4.
CalledkNN for k-criteria Nearest Neighbor, it is composedkdfsteps. A permuta-
tion L of {1,2,...,k} is determined at each step. With a permutafigrve build a
preference relatiorc;, and finally, a solution is greedily generated with the nearest
neighbor rule.
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Analysis of KNN. We prove thakNN returns a(k — 1)/(k + 1)-approximate
Pareto curve for thk-criteriaTl’ SP(1, 2) whenk > 3. The proof of this result requires
some notations and intermediate lemmata.

In what follows, we consider two particular toyssand p*. We assume that is
the tour generated byNN with the preference relatior;, and thatp* is a Pareto
optimal tour satisfying:

—

Dray(p") < l_jL(2)(p*) <...< l_jL(k) (r") [2.14]

The set of all possible distance vectQﬂs_?}’C is denoted by). For every; < k,
we introducel; = {@ € Q | d; =1} andU; = {d € Q| a; = 2}. Ford € Q,

we noteXz = {v € V | d([v,p(v)]) = @} andX: = {v € V | d([v,p*(v)]) = a}.
Finally, zz (resp.z% ) denotes the cardinality of ; (resp.X}).

If n is the number of vertices, then by construction we hdve ., zz =

gea Tz =M Dj(p) = 2n =3 5y, wa @andD;(p*) = 2n = 3 qey, 05

LEMMA 2.11.—The following holds for any < &:

2 Z Tz = Z Th

k- k1
aeﬂjil “ULg) aErLL UL

—

Proof. We definer;, = {v € V | d([v,p(v)]) € S;} andFy = {v € V |

—

d([v,p*(v)]) € Sy}. Then, we have to prove thatF,| > |F;|. The key result is

to see thap*[Fy\F,] C F, wherep*[W] = (i {p*(v)}. Take a vertex in
FX\F, (see Figure 2.9). Thenl([v, p*(v)]) € Sy, d([v,p(v)]) € Sy andq’ > gq.
During the calculation of, suppose that is the current node and that (v) is

not already visited. We get a contradiction (the nearest neighbor rule is violated)
sincep(v) immediately followsy in p andd([v, p*(v)]) <1 d{([v,p(v)]). Now, sup-
pose thatp*(v) was already visited. It directly precedgép*(v)) in p and then

- - -

d([p*(v),p(p*(v))]) < d([v,p"(v)]). As aconsequence([p" (v), p(p*(v))]) € Sq
such thay” < ¢ andp*(v) € F, sinceS,» C S,.
sincelp* [F;\Fyl| = |F;\Ey|, [F;| = |[F;\Fy| +|F; N Fy and|F,| > |Fy N Fyl,

we deduceF;| = [p*[F;\F,]| + |F; N Fy| < 2|F,|. Finally, since;*{ ¢ U (;) =

Sqs |Fyl = YXges, ra and|F;| = 35 5 o7, the result follows. |

The following inequality is equivalent to [2.14]:

Z T > Z e 2 Z Zr

(_I:EUL(l) anL(Q) EEUL(;C)
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p(v) p*(v)

Figure 2.9. The tourp generated bxNN. The edgdv, p* (v)] belongs top*

We easily deduce that for any couple j» such thatj; < j, we have:

Z zE < Z e [2.19]

a€UL (5 \UL(i1) a€UL;1)H\ULG2)

Let by, b2, j andm be such thab, € {1,2}, b, € {1,2},1 < j < k and
1 <m < j.LetR(by,j,m,b2) be the set of alli € 2 such thati;,;) = b, and there
exists exactlyn distinct co-ordinates of among{dy,y, @), - - -, dr(j—1)} which
are equal td,. Note thatR(by, j,m, ba) = R(b1, j, j — 1 —m, by) whereby = 3 — by.

LEMMA 2.12.—For anyj < k, we have:

j—1 j—1
> e ) Gl <G-DX | X 7
q=1 \ d@eR(1,5,q,2)UR(2,5,9,2) q=0 \@cR(2,j,9,1)

Proof. We sum up inequality [2.15] withy € {1,...,5 — 1} andj» = j. We get the
following inequality:

j—1

Z zp | < Z x5 [2.16]

1 \@eUr;»\Ur(q) 9=1 \@eUrq)\UL(y

<.
|
—

y

q
We also have the following equality:

Jj—1 Jj—1

Vi<k Y oo oap] = q Tk [2.17]

g=1 \@eUy;\UL(q) q=1 a€R(1,5,9,2)
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Leta be a distance vector iR(1, j, ¢, 2). By definition,dy,;y = 1 and there exists
aset{iy,...,igf with 1 <i; < iy < ... < iy < jsuchthatiy;) = drg,) =
. = dr(,) = 2- Moreover, for allj < j — 1 suchthati’ ¢ {ii,...,i,}, we have
dL(j/) =1.Thus,d € UL(j)\UL(g) iff g € {il,ig, .. .,iq}.

Using a similar argument, we obtain:

Jj—1 j—1
Vi <k, Z zx | = Z q Z Th [2.18]
g=1 \@eUy 4 \UL(y) g=1 \ @€R(2,,q,1)

Then, using [2.16], [2.17] and [2.18] we get:

<
|
-
<
|
—

q Z 25| < q Z xh [2.19]

ac€R(1,5,q,2) q acR(2,j,q,1)

=)
Il
_
Il
_

SinceR(2,j,q,2) = R(2,7,5 — 1 — ¢, 1), the following equality holds:

j—1 j—1
g Y, =z o= (G-1) >
g=1 @eR(2,5,q,1) =0 \@€R(2,5,9,1)
j—1
> e > = [2.20]
gq=1 aeR(2,5,9,2)
So, Lemma 2.12 follows from [2.19] and [2.20]. |

THEOREM 2.8.— KNN returns a(k — 1)/(k + 1)-approximate Pareto curve for the
k-criteria T'SP(1,2) whenk > 3.

Proof. In what follows, we consider that is any permutation of1,...,k}, p* is a
Pareto optimal tour satisfying [2.14] apds built with the nearest neighbor rule and
the preference relatior .. Then, we have to show thatjf> 3, thenD;(p) <

(1+ %)5L(j)(p*)'
The previous inequality holds if we have the following inequality:

—(j+1) Z xz <2(j—1) Z Th—2 Z Th [2.21]

acUL) acUr(j acUL)
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— 2] =4 *
DL(])(p)<?DL(j)(p) A (J+1) 2n — Z Tg
J a€lr()
2j | 2n — Z xE
acUr ;)
< -0+ Z Tg
aEUL(j)
2(j—)n—2j Z TE
aGUL(j)
& -+ Z T
EEUL(J-)

i _ * . *
usingn = ZanLm i+ Zder) Tk

Let us denote byl andB the following quantities:

SR S D MR

acUp EGUL(j)\(ﬂn,,<J_1 UL(m)) deﬂ,,,,<J UL (m)
E Ty = E g+ E Te=
aclr) a€UL(H\ M1 ULem)) €M< ULim)

Then, inequality [2.21] becomes:

—(+1DA<L2(—-1) Z xgs — 2B

anL(J)

In order to prove [2.22], we propose the following decomposition:

C = 2(j-1) Z xE—2 Z e

aeUr) G€UL(H\ Npgj—1 Ur(m)

—4 Z Tg

€N ULm)

[2.22]

[2.23]
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-(G+DA<C

C<23j—1) xh — 2B

thus, [2.24] becomes:

—(+1) > za—(i—-3) Y.  3a<

@€UL(;)\ Ningj—1 UL(m) @€Nmg; ULm)

2(j—-1) Z Th—2 Z TE

anL(J) anL(J')\mmgj_1 Ur(m)

[2.24]

[2.25]

Since the left part of this inequality is negative, we want to prove that the right part

is positive:
0<2(j—1) zh—2 > Tk
acUL aG€UL(;H\ Ningj—1 UL(m)
>k *
Z g < (j—1) T
EGUL(j)\ﬂn,,<J_1 UL(m) EG?L(J-)
We also have:
j—1
Z Ty = zz | and
G€UL(H\ Nygj—1 ULm) q=1 \@€R(1,5,q,2)
j—1
G-1) > ap = (-1 rg
aeU ) q=0 \@€R(2,j,9,1)

The first equality follows fron/ ;)\ ﬂmgjq UL(m

[2.26]

[2.27]

y =21 R(1, j,q,2) since

ac UL(j)\ﬂméj_l Urm) ifand only if @;;y = 1 and there are exactlyindices
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{i1,...ig} such thatl < ¢ < j — L anddrg,) = dray, = .- = dre,) = 2
which is equivalent tai € R(1, 7, ¢,2). The second equality follows froﬁL(j) =
2o R(2,j,q, 1) becaus@ € Uy, ;) meansiy ;) = 2.

As a consequence, [2.27] becomes:

1 -1

o <u-nX | Y W

1 \@eR(1,5,q,2) q=0 \aeR(2,j,q,1)

J

q

With Lemma 2.12, we have:

j—1 j—1
a ) <=3 | > 7
=1 aeRr(1,5,9,2)UR(2,5,9,2) q=0 \@€R(2,j,9,1)

and [2.27] follows from

-1 -1

* *
> ¢ ) 7| = >
q=1 \ deR(1,5,q,2)UR(2,5,q,2) 9=1 \@cR(1,5,9,2)

By Lemma 2.11 withy = k£ + 1 — j we have:

2 j{: Ts = j{: e

€My UL(m) €M gy UL(m)

which is exactly [2.25]. |

2.5. Conclusion

Negative results for multi-criteria optimization problems were not extensively in-
vestigated though their approximability motivated a lot of articles. By connecting the
size of the approximate Pareto curve and the best approximation ratio which can be
achieved, we present a way to get negative results which do not rélfPdrardness.

We applied the method to thecriteriaT'SP(1,2) but it also works with problems
where all feasible solutions have the same size.

The approximability of thek-criteriaT'SP(1,2) is also investigated with multi-
criteria versions of the traditional local search and the nearest neighbor heuristics.
However, as the number of criteria grows, and even though the number of solutions is
large §!), the approximation ratio NN tends to 2. Then, it would be interesting to
reduce the gap between positive and negative results. Following this direction, Man-
theyet al.[MAN 06] recently considered randomized algorithms for several particular
cases of the multi-criteria traveling salesman problem.
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Chapter 3

Online Models for Set-covering: the Flaw of
Greediness

3.1. Introduction

Let C' be a ground set of elements and a family of m subsets ofC such
thatUgcsS = C. The set-covering problem consists of finding a fandilyC S, of
minimum cardinality, such thatscs/.S = C. In what follows, for an element; € C,
we setF; = {S} € S : 0, € S]} andf; = |F}]; also, we seff = max{f; : i =
1,...,n}.

The set-covering problem has been extensively studied over the past decades. It
has been shown to ¢P-hard in Karp’s seminal paper ([KAR 72]) ar@(logn)-
approximable for both weighted and unweighted cases (see [CHV 79] for the former
and [JOH 74, LOV 75, SLA 96] for the latter; see also [PAS 97] for a comprehensive
survey on the subject). This approximation ratio is the best achievable, dhless
NP ([RAZ 97]).

In onlinecalculation, we can assume that the instance is not known in advance but
it is revealed step-by-step. Upon arrival of new data, we have to decide irrevocably
which of these data are to be included in the solution under construction. The fact
that the instance is not known in advance, gives rise to several online models specified
by the ways in which the final instance is revealed, or by the amount of information
that is achieved by the online algorithm at each step. In any of these models, we have
to devise algorithms, called online algorithms, constructing feasible solutions whose
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values are as close as possible to optimal offline values, i.e., to values of optimal solu-
tions assuming that the final instance is completely known in advance. The closeness
of an online solution to an optimal offline one is measured by the so-called competi-
tive ratiom(z, y)/ opt(z), wherex is an instance of the problem dealtthe solution
calculated by the online algorithm deailt,(z, y) its value andopt(x) the value of

an optimal offline solution. This measure for online calculation has been introduced
in [SLE 85].

Informally, the basic online set-covering model adopted here is the following: el-
ements of a ground set of sizearrive one-by-one and, with any such element
(arriving during step), arrives also something about some of the sets containing
This “something” can be either the names of sets containjngr more information
related to their cardinalities, or their covering potential, etc. At each stepas to
be processed immediately, i.e., it has either to be covered by some of the sets whose
names have arrived with it, or to be left uncovered thus risking infeasibility of the final
solution.

We first assume that, together with an element, the names of the sets containing it
in the final instance are revealed. We show that if no further information is given, then
the competitive ratio of any algorithm §3(n).

Next, we handle several algorithms dealing with the online model just sketched.
The first one, calledAKE-ALL, includes at each step in the solution all the sets con-
taining the element just revealed, if it is still uncovered. We show that this algorithm
has tight competitive rati®(f), wheref is the maximum number of sets & that
contain a ground element. The second algorithm, callgd- AT-RANDQY, is a ran-
domized algorithm that at each step picks a set at random among those whose names
are revealed and includes it in the solution, if it is still uncovered. For this algorithm we
provide an upper bound @?(n) for its competitiveness, as well as an asymptotically
matching expected lower bound.

We then assume that, together with the names of the sets covering a revealed ele-
ment, information concerning their covering potential is also communicated. We show
that, in this case, the competitive ratio of any algorithm that, for any arriving uncov-
ered element, includes in the cover at least one set containing it is bounded below
by Q(y/n). Assuming that the covering potential information given with any element
is the name of the larger set containing it (in the final instance), we show that the com-
petitive ratio of the greedy algorithm, call@dKE-LARGEST, consisting of including
this set in the solution i®(n).

We next address the following question: “what must an online algorithm know
about sets in order to guarantee an upper competitive boudghgh ) ?” We show that
such a bound can be attained at least by an algorithm, celiel- LARGEST-0N-FU-
TURE-ITEMS, which at any stepincludes some set containiagcovering most of the
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ground set-elements that have not been yet covered (clearly, any uncovered element
is yet unrevealed). This assumption can be seen as the online counterpart of the natu-
ral greedy (offline) set-covering algorithm, calleREEDY in what follows. We recall

that this algorithm includes in the solution a set covering most of the still uncovered
elements.

Finally, we address a budget variant of set-covering. We assume that two algo-
rithms collaborate to solve the problem. The application cost of the former is just the
cardinality of the solution it finally calculates, while, for the latter, its application cost
is the cardinality of its solutions augmented by an overhead due, for example, to the
fact that it is allowed to wait before making its decisions. We can see the application
cost of the former algorithm as a kind of budget allotted to them that is not allowed to
be exceeded. The objective is to perform the maximum possible saving upon the initial
budget. We show that there exists a natural algorithm-cost model SUGGREETLY is
asymptotically optimal for maximum budget saving when the budget allotted is the
application cost of AKE-LARGEST-0N-FUTURE- ITEMS.

3.2. Description of the main results and related work

In [ALO 03], the following online set-covering model has been studied. We sup-
pose that we are given an instar(¢ C) that is known in advance, but it is possible
that only a part of it, i.e., a subinstan¢§,, C,) of (S, C) will finally arrive; this
subinstance is not known in advance. A picturesque way of understanding the model
is to think of the elements af’ as lights initially switched off. Elements switch on
(get activated) one-by-one. Any time an elemeigets activated, the algorithm has
to decide which among the sets $fcontaininge has to be included in the solution
under construction (since we assume ff&tC') is known in advance, all these sets
are also known). In other words, the algorithm has to keep an online cover for the
activated elements. The algorithm proposed for this model achieves competitive ra-
tio O(lognlogm) (even if less tham elements of” will be finally switched on and
less thann subsets of include these elements).

The online model dealt with here is inspired (yet quite different since it does not
allow an element to disappear once arrived) from that in [ALO 03]. Moreover, and
most importantly, the instancgs, C') is not known in advance. In our model, we
are given an arrival sequenge= (o4,...,0,) of the elements o’ (i.e., elements
of C' are switched on following the order,...,o,), the objective is to find, for
anyi € {1,...,n}, afamilyS; C S such that{oy,...,0:} C Uses:S. Recall that
forany o, i = 1,...,n, we denote byF; = {S7 : 8/ € S,0; € S/} the sets
of S containingo;, by f; the cardinality ofF;, usually called frequency, and we set
f = max,,ex{fi}. We denote byS/ the subset of the elements 8f € F; still
remaining uncovered and By the cardinality ofS? .
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Wheno; switches on, something about the set&jnj = 1,. .., f; isrevealed. We
first assume that this “something” is the names of the sets covering., the names
in F;. We show that, if no further information is supplied, then no online algorithm
can achieve competitive ratio better th@fn).

We then study the competitiveness of two algorithms dealing with this model,
namelyTAKE-ALL andTAKE-AT-RANDOM.

The former, whenever sonae arrives, if it is still uncovered (i.e., if none of the sets
included in the solution up-to-date does belondih then includes all the sets i
in the solution under construction. We show that the competitive ratidKif - ALL is
bounded above by, i.e., the maximum frequency of the final instance, and that this
ratio is tight and can even be exponential with

In the case ofAKE-AT-RANDOM, any time some; arrives, if it is still uncovered,
the algorithm picks at random a setf#and puts it in the solution. We show that its
competitive ratio is bounded above B)(n). We also prove that its expected compet-
itive ratio cannot be better than(n'~¢), for anye > 0. We so have a lower bound
that asymptotically matches its competitive ratio.

We next assume that together wikh, some more information is revealed about
the covering potential of some of the setfin We show that under this assumption,
no online algorithm that, upon the arrival of an uncovered element, processes it by
adding to the cover at least one set containing it can guarantee competitive ratio better

thany/n/2.
Furthermore, we show that if together with the name of some set:
Sf 7j = ]-7)f’b}

S’i S argmax{

is revealed, then the greedy rule (calleAKE-LARGEST later on) that ifo; is still
uncovered, includes; in the solution, achieves competitive ra€ign).

The two results mentioned above show that there is an important gap between the
general lower bound of/n/2 and the ratio achieved BJAKE-LARGEST. Hence, a
question arises naturally: “what is sufficient for an online algorithm to know in order
to achieve a ratio closer to this bound, for examg@é¢,/n), respecting always the
given online model?”. We show that there exists at least one implementation doing
this, if it possesses some look-ahead information.

We show that if together with; and F;, the name of some set:

S; €argmax{5{,j:17...,fi}
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i.e., the name of a set ifi; covering most of the still uncovered elements is revealed,
then the greedy ruleTKE-LARGEST- ON- FUTURE- ITEMS) that addsS; in the cover,

if o; remains still uncovered, achieves tight competitive réiq/»). Let us note that
TAKE-LARGEST-0ON-FUTURE-ITEMS is a kind of online analog oGREEDY. Hence,
analysis of its competitiveness is interesting by itself.

Note also that a basic and very interesting feature of the introduced models is
their small memory requirements, since the only information needed is the binary
encoding of the names of the sets. This is a major difference between our approach
and that of [ALO 03]. There, anytime an element gets activated, the algorithm needs
to calculate the value of a potential function using an updated weight parameter for
each element and then chooses covering sets in a suitable way so that this potential
is always non-increasing. The greedy online algorithm in our model needs only a
constant number of memory places, making it more appropriate for handling very
large instances with very few hardware resources. For instance, the rules used here
use at mosf)(m) space.

We are therefore faced with the power (rather the weakness) of greediness. Let us
recall that the online models that we consider assume no knowledge of the topology
of the final instancéS, C') and immediate processing of any arriving elemgnOb-
viously, the rules that we consider are the only ones to feasibly solve the problem in
such situations. Furthermore, they are very efficient in time and in memory require-
ments, hence well adapted to really face online practical situations. On the other hand,
since no a priori knowledge of the instance’s topology is admitted, no algorithm can do
complex preliminary calculations (as the potential calculations in [ALO 03]) in order
to judiciously choose the set to be included in the cover under construction.

In many real-life problems, it is necessary to relax the main specification of the
online setting, i.e., to keep a solution for any partially revealed instance, in order to
achieve a better solution quality. In this sense, a possible relaxation is to consider
that several algorithms collaborate in order to return the final solution. The costs of
using these algorithms can be different from one another, depending upon the sizes
of the solutions calculated, the time overheads they take in order to produce them,
etc. Moreover, we can assume that an initial common budget is allotted to all these
algorithms and that this budget is large enough to allow use of at least one of the
algorithms at hand to solve the problem without exceeding it. A nice objective could
be in this case, to use these algorithms in such a way that a maximum of the initial
budget is saved.

For the case of set-covering, the following budget-model, giving rise to what we
call maximum budget saving problesconsidered in section 3.7. We assume that two
algorithms collaborate to solve it: for exampKE-LARGEST-0ON-FUTURE - ITEMS
and the greedy (offline) algorithm. The application-cost of the former is just the car-
dinality of the solution it finally calculates, while, for the latter, its application cost
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is the cardinality of its solutions augmented by an overhead due, for example, to
the fact that it is allowed to wait before making its decisions. For an instarafe
set-covering, the initial budget consideredA$z) = \/nopt(z) (this is so that at
leastTAKE-LARGEST-0N-FUTURE- ITEMS is able to calculate a solution aefwithout
exceeding the budget for amy. Denote byc(x, y) the cost of usingt in order to
calculate a covey for x. The objective is to maximize the quantiB(z) — c¢(z,y)

and, obviously, the maximum possible economyzois B(z) — opt(z). We show

in section 3.7 that there exists a natural algorithm-cost model suclGREEDY is
asymptotically optimal for maximum budget saving.

Before closing this section, let us quote another approach that could be consid-
ered to be at midway between semi-online and reoptimization approaches, developed
in [GAM 97]. There, the problem tackled is the maintenance of the approximation
ratio achieved by an algorithm while the set-covering instance undergoes limited
changes. More precisely, assume that a set-covering inst&n€g and a solutiors’
for it are given. How many insertions of some of the ground elements in subsets that
did not previously contain these elements produce an instance for which the solu-
tion S’ of the initial instance guarantees the same approximation ratio in both of them?
In [GAM 97] it is shown that if solutionS’ has been produced by application of the
natural greedy algorithm achieving approximation rafilog n) ([CHV 79]), then
afterO(logn) such insertions the initial solutio$f still guarantees the same approx-
imation ratio. In the same spirit lies also the similar set-covering model in [TEL 04].

3.3. The price of ignorance

In this section we consider the first version of the online model sketched in

section 3.2. Assume an arrival sequente= (o1,...,0,) Of the elements of”,
and the objective is to find, for any € {1,...,n}, a family S C S such that
{o1,...,0i} € Uses;S. Once an element;, i = 1,...,n switches on, only the

encodings of the members 6f are also revealed.

For this case we first prove that when no additional information is given, any rule
that has to cover a new element without any look-ahead behaves rather badly. In this
sense strategies that choose elements either randomly or based upon observations of
the past (for instance include the subset that has appeared the most frequently or the
most rarely until now) are highly inefficient.

PrRopPOSITION3.1.— If no information other than their encodings is given about the
sets revealed with an arriving, not yet covered ground element, then the competitive
ratio of implementation of any greedy principlefi$n).
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Proof. The adversary reveals a first uncovered element along with the encodings of
sets, sayv1, . .., SN, covering it in the final instance. He then keeps revealing uncov-
ered elements along with all sets frdh, . . ., Sy which are not already included into
the cover, until the algorithm has included Allsets into the cover.

Suppose without loss of generality that the algorithm has inclded. ., S;, at
the first stepS;, 11, - - ., Si, atthe second step, andso on, S;,, ,+1,...,5, = SN
at thekth and final step.

The adversary can give the following interpretation to the instance:

— the family of ground subsets&= {S1,...,Sn};

—there existu = log N + k ground elements, namefy, ..., 01og N, 1,.. ., k}
(notice also that < N);

— the setS; included at steg contains the elements,, for all placegp where the
binary expression afhas a 1, plus elements {1, ..., j};

— the arrival sequenceis. . ., k.

In this interpretation, the séty, included at the last step, is the ground set itself;
thus, in such a setting, the competitive ratio of the algorithm woul&bee.,2(n). Il

It can be immediately seen that under the given model, any deterministic algorithm
that includes a specific set containing a new (uncovered) eleméiar example, the
set of F; that comes first in lexicographic order) achieves competitive r@tio).
Indeed, it chooses at mastsets for an optimum greater than, or equal to 1.

3.4. Competitiveness of AKE-ALL and TAKE-AT-RANDOM
3.4.1. TAKE-ALL algorithm

Recall that theTAKE-ALL algorithm, whenever a newly revealed elemepts
not already covered by sets already included in the solution due to former arrivals,
includes in the solution the whole family; the names of the members of which have
been revealed together with.

PROPOSITION3.2.— The competitive ratio of AXE- ALL is bounded above by. This
ratio is tight.

Proof. Denote byoy, . .., o the critical elements of, i.e., the elements having en-
tailed the introduction of5y, ..., S in §’. Denote also byS* an optimum offline
solution. Obviously, for any of the critical elements, a distinct set is needed to cover
it, in any feasible cover fo€’; hence:

IS*| > k [3.1]
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On the other hand, since, foe=1,...,k, f; < f:
S’ < kf [3.2]

By combining [3.1] and [3.2], the competitive ratio is immediately derived.

In order to show tightness, consider an instance with groun@'set{1,...,n}
and the family of all2”~! sets formed byl union any other set ia®\{}, With an
arrival sequence starting with the competitive ratio of rul@AKE-ALL would be
anl — Jl I

Note thatTAKE-ALL is similar to the approximation algorithm for minimum set-
covering presented in [HOC 82] and, furthermore, it guarantees the same approxima-
tion ratio.

Note also that, according to Proposition 3T2KE- ALL gives a much worse com-
petitiveness than.

3.4.2. TAKE-AT-RANDOM algorithm

Recall thatTAKE- AT-RANDOM chooses at random one setfih per revealed un-
covered element; and puts it in the solution. It can be immediately seen that, with
the same arguments as those at the end of sectiorT 8&8-AT-RANDOM achieves
competitive ratioO(n). In the following proposition, we show that even its expected
competitive ratio, if it chooses one of the sets coverngvith uniform probability,
cannot be much better th&n(n).

THEOREM 3.1.— For anye > 0, there exists an instance of the online set-covering
with n ground elements such that the expected competitive ratt@x¥f- AT- RANDOM
is Q(n'~c).

Proof. For anye > 0, fix an integerk > 1/¢ and letV > 2*. Consider the instance
with ground seC' = {1,...,n = N*}. Family S contains the following sets:

— a partition of the ground set intasssetsS(i) = {j e C : (j — 1)+ N =
(i — 1)}; clearly,|S(i)| = N and there exisN*~! class sets;

—forany;j € S(i) for somei, there exis2™ ~! internalsets, each one containirig
plus the elements of one of all possible subsetS (@} (including the empty set);

— the ground sef’ itself.

Consider now an arbitrary arrival sequence and calculate the expected value of
the cover, which will be equal to the expected competitive ratiDAfE - AT-RANDOM
(equality holds, since the optimum for this instancé€’)s
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Every element belongs to one class set an@o’! internal sets. We denote
by E(q) the expected size of the solution provided TWKE-AT-RANDOM on the in-
stance of; elements defined as before. Then:

E(N*) = 2N1+1< NZ( >1+E(N’“—l—1))>

=0

1

> o (142Nt +2V1E (N* — N))

Q

1+E (N"-N)

The recursive relation yields then directB(N*) > N*-! ie., E(n) =
Q(nt=e). |

ExampPLE 3.1.— We now give an example of construction of Theorem 3.1. Consider
N = 3 andk = 3 (these values oV andk do not conform to their definition but, at
first, we use them for simplicity). Thefi = {1,2,...,27} and we have:

—class sets{1, 2,3}, {4,5,6}, {7,8,9}, {10, 11, 12}, {13, 14, 15}, {16, 17,18},
{19,20,21}, {22,23,24} and{25, 26, 27};

—for any class sefa, b, c}, there exist the internal setéu}, {b}, {c}, {a,b},
{a,c} and{b, c};

—finally C = {1,2,...,27} € S.

Let us assume that; = 17. With it will be revealed the followin@? +1 = 5
sets:{17}, {16,17},{17,18}, {17,18,19} and{1, 2, ...,27}. The average cover for
the whole instance will be of size 9, independently on the arrival sequence.

Fork = 3, N > 8. Taking N = 8, n = 512. In this case, the class sets would
be the partition of 1,2, ...,512} into 64 subsequent 8-tuples. For any class set there
would be 254 internal sets. With any element of the arrival sequence there would
arrive 1 class set, plus 63 internal sets plus thg €, . .., 512}, i.e.,83" 1 +1 = 65
sets. The average cover size would be in this case 64.

3.5. The nasty flaw of greediness

In this section, we consider a slightly enriched model for online set-covering by
assuming that, together with any elementof the arrival sequence, arrive not only
the names of the sets containing them in the final instance but also some information
about the covering potential of some of these sets.
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In what follows, we show that, even for this revised model, no online algorithm
can achieve competitive ratio better thafn/2, even if it is allowed to choose at any
step more than one set to be introduced in the solution.

THEOREM 3.2.— Consider an online model for set-covering where, together with any
elements; of the arrival sequence, arrive not only the names of the sets containing
them in the final instance but also some information about the covering potential of
some of these sets. Then, no online algorithm for this model such that, at any step, it
includes in the cover at least one set containing some not yet covered arriving element
can achieve competitive ratio less thgm /2, even if we assume that with amy, S

is also revealed.

Proof. Consider the following set-covering instance built, for any inteyemupon a
groundsetC = {z;; : 1 < j <1 < N}; obviously,|C| =n = N(N +1)/2. A path-

set of orderi is defined as a set containidg— i + 1 elementyz;;,, ..., xnj, }. The
set-systend of the instance contains all possible path-sets of each grtleg ¢ < N.
Clearly, there existV!/0! path-sets of order 1y!/1! path-sets of order 2, and so on
and, finally,N!/(N — 1)! path-sets of ordeW, i.e.,inallN!(14...+1/(N - 1)!) =

eN! path-sets. Finally, the set-systehis completed with an additional sgtcontain-

ing all elements of” except those of some path-set of order 1, that will be specified
later (hencelY'| = n — N).

As long as there exist uncovered elements, the adversary may choose to have an
uncovered element;; of the lowest possibléarriving, which will be contained only
in all path-sets of order less than or equal.tdlotice that as long as algorithinhas
r < N sets inserted in the cover, there will be at least one element) ; for somey,
1 < 7 < k+ 1, not yet covered. Suppose that after the arrivakgfthe size of the
cover calculated by becomes equal to, or greater than, Clearly,1 < t < N.
At time ¢t + 1, a new element arrives, contained in some path-sets aid ihich
can be now specified as consisting of all element€’iexcept for the elements of
some path-se$* of order 1 containingry, ..., oy; the rest of the arrival sequence is
indifferent.

Clearly the optimum cover in this case would have been patlstigether with
setY’; hencek,/k* > N/2, with N tending tov/2n asn increases.

It is easy to see that the above construction can be directly generalized so that
the same result also holds in the case that the online algorithm is allowed to include
more than one set at a time in the coverrif = z11, then as long as the size of the
online cover is less thaiV, there always exists somige ; < iy < N and somej;,
for whichz;, ;, is yet uncovered. Hence,df; is this element, then the algorithm will
have to put some sets in the cover. Finally, the algorithm will have\psets in the
cover, while the optimum will always be of size 2. |
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Figure 3.1. The counter-example of Theorem 3.2 fér= 3

EXAMPLE 3.2.— In order to illustrate the construction in Theorem 3.2, consider the
instance of Figure 3.1, witiv = 3 (the elements ot are depicted as circles la-
beled by(i,j) for 1 < j < ¢ < 3). TheS; sets can be thought of as paths ter-
minating to a sink on the directed graph of Figure 3.1(a). Assume(thaj arrives

and algorithmA chooses set$(1,1), (2,1),(3,1)},{(1,1),(2,2),(3,2)} for cover-

ing it; the uncovered elemer(8, 3) arrives next, sa has to cover it by, for exam-
ple, the set{(2,1),(3,3)} (Figure 3.1(b)). The optimal cover might consist of set
{(1,1),(2,2), (3, 3)} together with a big set consisting of the rest of the elements, that
could not have been revealedtapon arrival of(1, 1), or of (3, 3) (Figure 3.1(c)).

Let us now see what theAsituation is if we assume that together it also
revealed the name of some sgte argmax{|S/|,j = 1,..., f;} and we implement
TAKE-LARGEST that consists of including; in the solution.

Observe first that the discussion about the competitiveness of deterministic algo-
rithms that include a specific set containing a new (uncovered) element, holds also for
TAKE-LARGEST. Hence, its competitive ratio is bounded aboverbyWe now show
that this ratio is asymptotically tight.

Consider the following set-covering instance: a ground(et {1,...,2N},
a family of setsS = {Sp,...,Sn} with S; = {i,..., N + i}. Assume an arrival
sequence starting with/, N 4+ 1,...,2N. Then,TAKE-LARGEST might include into
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the cover sets, ..., Sy, while the optimum cover would consist of on8g, Sy,
thus yielding a competitive ratio of at least/2.

3.6. The power of look-ahead

The discussion in section 3.5 shows a large gap between the lower bound provided
for any algorithm for this model in Theorem 3.2 and the (tight) competitiveness of
TAKE-LARGEST, which is one of the most natural rules one could think about. So, an
immediate question can be addressed: “what must an online algorithm know in order
to achieve a competitive rati@(/n)? Is it possible to devise such an algorithm?” The
following result tackles these questions.

THEOREM3.3.—Consider an instancgS, C') of minimum set-covering witl’| = n.
Assume an arrival sequenge= (o4,...,0,) and suppose that once an element

i = 1,...,n, switches on, the encodlng fo, argmax{(sj,j =1,...,fi}is
revealed togetherwnh Consider an implementation G#KE-LARGEST-0N-FUTU-
RE-ITEMSwhere, ifo; is not already covered in one of the previous steps, it incligges
in the solution. Denote bg* = {S7, ..., S}. } an optimal offline solution ogS, C).
The competitive ratio ofAXKE-LARGEST-0N-FUTURE-ITENS is bounded above by

min{+/2n/k*, /n}. Furthermore, there exist large enough instances for which this

ratio is equal toy/n /2.

Proof.Fix an arrival sequence = (o4, ...,0,) and denote by, ..., ¢, its critical
elementsi.e., the elements having entailed introduction of a s&irin other words,
critical elements ok are all elements; such that; was not yet covered by the cover
under construction upon its arrival. Assume also that the final c8veonsists ofk
sets, namelySy, . .., Sk, whereS; has been introduced i due toc;, S, due tocs
and so on.

Let §(S;) be the increase of the number of covered elements just after having
includeds; in the greedy cover (let us recall thatSf has been added i§’ for the

critical element; = o5, §(S;) = max{é}, .. ,6? 1). We have:
6(51) = |5 [3.3]
5(S;) = 2<i<k [3.4]

Now fix an optimal offline solutiors* of cardinality £*. Any of the critical el-
ementscy, ..., ¢, can be associated with the smallest-index sef*ircontaining it.
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For anyS; € S, we denote bys* the set of the critical elements associated vith
(obviously,S; C S¥). Thecritical contenth(S;) of any S} € S* is defined as the
number of critical elements associated with it as described beforéy (%) = |S7|.

Let S,..., Sy be the sets ir5* of positive critical content&(S7), ..., h(S})),
respectively. Clearly:

S h(SH) = k [3.5]
=1
r < kF [3.6]
For anyS7, letcl,.. ., c?(s’j) be the elements of its critical content ordered ac-
cording to their position in the arrival sequencgin other words, following our as-
sumptions 37 = {c},..., !} (let us recall tha; C S7).

Suppose, without loss of generality, that, for 1, ..., h(S}), the setS;, € S has
been introduced i5’ when the critical element has been activated. At the moment
of the arrival ofc;, the setS; is also a candidate set f6. The fact thatS;, has been
chosen instead & means tha# (S}, ) > §(S;); hence, since, as noticed just above,
Sy C S, the following holds immediatelyi(S;,) > 6(S;) > |SF| = h(S;).

When¢? gets activated, the sét; has lost some of its elements that have been
covered by some sets already chosen by the algorithm. In any case, it has lost
(covered byS;,). So, following the arguments developed just abovesir 6(.S;,) >
h(S})—1and so on (quantitie¥-) are defined either by [3.3], or by [3.4]). So, when
dealing withc!, the following holds:

h(S7) —£+1<5(S5) [3.7]

For example, consider the illustration of Figure 3.2. E&tbe a set of the fixed op-
timal coverS* and denote by the set of its critical elements!, ¢2 andc? (ranged in
the order they have been activated). Bete the set chosen to coweér The shadowed
parts ofS*, S andS correspond to elements already covered at the moment of arrival
of c2. At this momentS must contain at least as many uncovered elemerfs dses
anda fortiori at least one uncovered element for any yet uncovered critical element of
S* (two uncovered elements férappear below the dashed line férandc?).

Summing up inequalities [3.7], fdr= 1, ..., h(S}), and setting:

h(s;)

> 6(S,) =n
=1
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Figure 3.2. An example for [3.7]

we finally get forS;:

h(s;)
1) (sz) =n;, = h (S;k) < V2ny [38]

(=1

BSH (h(S7) +1) _
2 X

Set, forl <i < r, n; = a;n, for somen; € [0,1]. Then,Y>"!_, o; = 1 and:
Yova < [3.9]
Using [3.5], [3.6], [3.8] and [3.9], we get:

k:ih(s:)<mi@<ﬁ\/%<\/k_*\/% [3.10]
i=1

i=1
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By dividing the first and the last members of [3.10] by, we get:

k 2n
<o /= A1
k* k* [3.11]

On the other hand, note that, A& = 1, i.e., if there exists5* € S such that
§* = {S*}, thenTAKE-LARGEST-0ON-FUTURE- ITEMS would have chosen it from
the beginning of its running in order to cover; next, no additional set would have
entered thes’. Consequently, we can assume thiat> 2 and, using [3.11]:

L <n [3.12]

Combination of [3.11] and [3.12] concludes the competitive ratio claimed by the
statement of the theorem.

Fix an integerN and consider the following instande, C) of minimum set-
covering:

S, = {1,...,N}
Sy = {N+1,....2N—1}

S : {N(N+1)}

2
SNy1 = {(i—l)N—l(Z;B):i:l,...,N}
Sny2 = C\Sn41

Consider the arrival sequencg, ..., N(N + 1)/2). The algorithm might cal-
culate the coverS” = {S;,1 < i < N}, while the optimal one isS* =
{SNn+1,SNn+2}. Hence, the competitive ratio in this case would¥g2, with N =
(=14 +/1+ 8n)/2, which is asymptotically equal t¢/n/2 as claimed.
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Figure 3.3. The ratio/n /2 for TAKE-LARGEST-ON-FUTURE-ITENS is
asymptotically attained

For example, consider Figure 3.3.3f starts with 1, 6, 10, 13, 15 AKE-LAR-
GEST-ON-FUTURE-ITEMS may have chosefl,2,3,4,5}, {6,7,8,9}, {10,11,12}
and{13,14}, {15}, respectively, while the optimal cover would consist of two sets,
namely{1,6,10,13,15} and{2,3,4,5,7,8,9,11,12,14}. The proof of the theorem
is now complete. |

Revisit [3.11], se\ = maxg,es{|5;|} and take into account the obvious inequal-
ity: k* > n/A. Then, the following result is immediately derived from Theorem 3.3.

COROLLARY 3.1.— The competitive ratio GfAKE- LARGEST-0N-FUTURE-ITEMS is
bounded above by 2A.

It can be easily seen from the proof of Theorem 3.3 that it also works even if we
assume that the arrival sequence does not contain all the elemaftbwfonly a
part of them. In this case, the competitive ratio achieved¢/&:/k* < v/2n, since
the hypothesis on the size &f (discussed at the end of the proof of Theorem 3.3)
is no longer valid. This is important f@AKE- LARGEST - ON- FUTURE- ITEMS because
it can be seen as an algorithm working also for the online model in [ALO 03] with
non-trivial upper competitive bound.

COROLLARY 3.2.— Assuming that only a subset 6f will finally be revealed, the
competitive ratio o' AKE- LARGEST- ON-FUTURE- ITEMS is bounded above by2n.
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The counter-example instance given in the proof of Theorem 3.3 can be slightly
modified to fit the case where, at each step, whenever a yet uncovered element arrives,
the algorithm is allowed to include in the cover a constant number of sets containing
it and such that the number of elements yet switched off that belong to these sets is
maximized.

Consider a modification afAKE-LARGEST-0N-FUTURE-ITEMS where, for a fixed
numberp, when a new ground elemeant arrives, thep sets inF; covering most of
the still uncovered elements are included in the solution. Then, the following holds.

PRoPOSITION3.3.—The modified version A4KE-LARGEST-0N-FUTURE-ITEMShas
competitive ratio bounded below RQypn /2.

Proof. For somep > 1 and for some integeW, consider the following instance:

S = {X,Y,Sg:1<i<N,1<j<p}
N p
» N(N -1
o= U0 (=M )
i=1j5=1
X = {x,...,an}
S/ = N—itifori=1,...,N

SIO\SE = 0, ifi#l
SIO\SE = Aa}, ifj#k
Y = C\X

Consider the arrival sequence whetg. . . , x v are firstly revealedrAKE-LARG-
EST-ON-FUTURE-ITEMS mightinclude in the cover all the!, while the optimal cover
is {X,Y}. In this case, the competitive ratioggv /2, with:

i.e., the value of the ratio is asymptotical ypn/z

For example, sep = 2 and N = 5 and consider the instance of Figure 3.4.
For X starting withzq, x2, z3, 24, x5, the algorithm may insert into the cover the
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Figure 3.4. A counter-example for the case where the algorithm is allowed to
include a constant number of sets containing a recently arrived element

sets depicted as “rows”, while the optimal cover would consist of the “column”-set
{z1, z2, x5, 24, x5} together with the “big” set containing the rest of the elements
(drawn with diagonal lines in Figure 3.4). |

In the weighted version of set-covering, any sebf S is assigned with a non-
negative weightv(S), and a covesS’ of the least possible total-weight ;. 5, w(S)
has to be calculated. A natural modificatiorT@KE- LARGEST- ON-FUTURE-ITEMSIin
order to deal with weighted set-covering is to put in the cover, whenever a still uncov-
ered element arrives, a s§t containing it that minimizes the quantity(S;)/d(.S;).
Unfortunately, this modification cannot perform satisfactorily. Consider, for example,
an instance of weighted set-covering consisting of a ground@’'set {z1,...,z,}
and three set§ = C' with w(S) = n, X = {z;} withw(X) = 1andY = C\ {z1}
with w(Y") = 0. If 2 arrives first, the algorithm could have choseto cover it, thus
yielding a cover for the overall instance of total weightwhile the optimal cover
would be{ X, Y} of total weight 1.

3.7. The maximum budget saving problem

In this section, we study a kind of dual version of the minimum set-covering:
the maximum budget saving problem. Here, we are allotted an initial bi$igetC)
destined to cover the cost of an algorithm that solves minimum set-coverii&) 61).

Any such algorithm has its own cost that is a function of the size of the solution

produced, of the time overheads it takes in order to calculate it, etc. Our objective is
to maximize our savings, i.e., the difference between the initial budget and the cost
of the algorithm. For simplicity, we assume that the maximum saving ever possible
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to be performed iB(S, C) — k*, where, as previously;* is the size of an optimum
set-cover of S, C).

We consider here that the set-covering instance arrives online. If a purely online
algorithm is used to solve it, then its cost equals the size of the solution calculated;
otherwise, if the algorithm allows itself to wait in order to solve the instance (partly
or totally) offline, then its cost is the sum of the size of the solution calculated plus
a fine that is equal to some root, of order strictly smaller than 1, of the solution that
would be calculated by a purely online algorithm. We suppose that the budget allotted
is equal tok*\/n, wheren = |C|. This assumption oB(S, C) is quite natural. It
corresponds to a kind of feasible cost for an algorithm; we assume that this algorithm
is TAKE-LARGEST-0ON-FUTURE-ITEMS, which is the best among the ones seen in the
chapter.

The interpretation of this model is the following. We are allotted a budget corre-
sponding to the cost of an algorithm always solving set-covering. In this way, we are
sure that we can always construct a feasible solution for it. Furthermore, by the sec-
ond part of Theorem 3.3, it is very risky to be allotted less thayn since there are
instances where the bourdh is attained. On the other hand, we can have at our dis-
posal a bunch of online or offline set-covering algorithms, any one having its proper
cost as described just above, from which we have to choose the one whose use will
allow us to perform the maximum possible economy with respect to our initial bud-
get. The fact that the measure of the optimum solution for maximum budget saving
is B(S,C) — k*, has also a natural interpretation: we can assume that there exists an
arrival sequenc& for C such that, for any; € X, an oracle can always choose to
covero; with the same set with which; is covered in an optimum offline solution,
for instance(S, C). Under this assumption for the measure of the optimum budget
saving solution, this problem is cleaiNP-hard since it implies the calculation of an
optimum solution for minimum set-covering. Finally, denotingh®gS, C) the cost of
algorithma when solving minimum set-covering d&, C'), the approximation ratio
of maximum set saving is equal to:

B(S,C) — ex(S, C)
B(S,C) — k*

[3.13]

Obviously this ratio is smaller than 1 and, furthermore, the closer the ratio is to 1,
the better the algorithm achieving it.

THEOREM 3.4.— Under the model adoptedREEDY is asymptotically optimum for
maximum budget saving.
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Proof. Consider an instancgS, C') of minimum set-covering problem and denote
by k. and kr the sizes of the solutions calculated BYKE-LARGEST-0N-FUTU-
RE-ITEMS andGREEDY, respectively. According to what has been assumed just above,
when denoting by the cost of usinGREEDY, there exists some> 0 such that:

cr(S,C) = kg + ki ~° [3.14]

Moreover, the following inequalities hold, the first one from [SLA 96] and the
second one from Theorem 3.3:

k*logn [3.19]
k*v/n [3.16]

Using [3.14], [3.15] and [3.16], we get the following inequality fe(S, C):
(S, C) < K0T + K logn < (n; + logn) K [3.17]
On the other hand, as assumed above:
B(S,C) =k*\/n [3.18]

Using [3.13], [3.17] and [3.18], we obtain:

B(S,C) — (S, C) - k*y/n — (n% +logn) k*
Vi — (n% —|—10gn>
- [3.19]
vn—1

It is easy to see that, for large enough, the last term of [3.19] tends to 1 and the
statement claimed by the theorem is true. |
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3.8. Discussion

We have introduced several simple online models for set-covering and analyzed
greedy rules for them. Many of these rules are strongly competitive since no online al-
gorithm for the models that they treat can achieve better ratios than they do. One of the
features of the models studied here is that they are very economic and thus suitable to
solve very large instances. Indeed, their memory requirements are extremely reduced
since the only information needed are the namesifets. Note that this is not the
case for the intensive calculations implied by the very interesting model of [ALO 03].

Next, we have introduced and studied the maximum budget saving problem. Here,
we have relaxed irrevocability in the solution construction by allowing the algorithm
to delay its decisions modulo some fine to be paid. For such a model we have shown
that the natural greedy offline algorithm is asymptotically optimum.

Finally, let us note that the online models described in the chapter can be extended
to apply to a different but related problem: the minimum dominatint €insistently
with the model that we have adopted for the set-covering problem, our model for this
latter problem is as follows. Given a grapgh(V, E) with |V| = n, assume that its
vertices switch on one-by-one. Any time a vertgxswitches on, the names of its
neighbors are announced.

Consider the following traditional reduction from minimum dominating set to set-
covering:

-S§=C=V,
—the setS; € S, corresponding to the vertey; € V, contains elements
Ciy 5 Ciy, - - -» Of C' corresponding to the neighbars, v;,, . .., of v; in G.

The set-covering instan¢é, C') so constructed, has| = |C| = n. Furthermore,
it is easy to see that any set cover of sizen (S, C) corresponds to a dominating
set of the same size i@ and vice versa. Also note that the dominating set model
just assumed ot is exactly, with respect t@S, C), the set-covering model which is
tackled in the chapter.
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Chapter 4

Comparison of Expressiveness for Timed
Automata and Time Petri Nets

4.1. Introduction

Petri nets with time. The two main extensions of Petri Nets with time are Time
Petri Nets (TPNs) [MER 74] and Timed Petri Nets [RAM 74]. For TPNs a transi-
tion can fire within a time interval, whereas for Timed Petri Nets it fires as soon
as possible. Among Timed Petri Nets, time can be considered relative to places or
transitions [SIF 80, PEZ 99]. The two corresponding subclasses, i.e., P-Timed Petri
Nets and T-Timed Petri Nets, are expressively equivalent [SIF 80, PEZ 99]. The same
classes are defined for TPNs, i.e., T-TPNs and P-TPNs, but both classes of Timed
Petri Nets are included in both P-TPNs and T-TPNs [PEZ 99]. P-TPNs and T-TPNs
are proved to be incomparable in [KHA 96]. Finally TPNs form a subclass of Time
Stream Petri Nets [DIA 94] which were introduced to model multimedia applications.
Timed Arc Petri Nets are also studied in more recent works [ABD 01, FRU 00].

Timed automata. Timed automata (TA) were introduced by Alur & Dill [ALU 94]
and have since been extensively studied. This model is an extension of finite automata
with (dense timelocksand makes it possible to specify real-time systems. Theoret-
ical properties of various classes of TA have been considered in the last decade. For
instance, a class of determinizable TA sucleasnt Clock Automatare investigated

Chapter written by Béatrice BRARD, Franck Q\ssez, Serge HDDAD, Didier LIME and
Olivier-Henri Roux.
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in [ALU 99] and form a strict subclass of TA. More general models of TA kect-
angular Automateor Linear Hybrid Automatehave also been considered and their
expressive power compared.

However, not much is known about the expressive power of TPN compared to TA.

Related work. In a previous work [CAS 04] we have proved that TPN forms a
subclass of TA in the sense that every TPN can be simulated by a TA (weak timed
bisimilarity). A similar result can be found in [LIM 03] with a completely different
approach.

In another line of work [HAA 02], Haar, Kaiser, Simonot & Toussaint compare
Timed State Machines and Time Petri Nets. They give a translation from one model
to another that preserves timed languages. Nevertheless, in the translation from TSM
to TPN they use aveaksemantics for TPN and consider only the constraints with
bounded and closed intervals.

Our contribution. In this article, we compare precisely the expressive power of
TA vs. TPN using the notions dfimed Language AcceptanaedTimed Bisimilarity
This extends previous results in this area in the following directignse consider
general types of constraints (strict, large, bounded, unbounidedk then show that
there is a TAA such that no TPN is (even weakly) timed bisimilar g iii) this
leads us to consider weaker notions of equivalence and we focus on timed language
acceptance. We prove that TA (with general types of constraints) and TPN are equally
expressive with respect to timed language acceptavidae; conclude we characterize
the subclass of TA that is equally expressive to TPN without strict constraints with
respect to timed bisimilarity, and show that the membership problem for this class is
PSPACE-complete as well as the reachability problem. The results of the chapter are
summarized in Table 4.1: all the results are new except the one on the first line obtained
in [CAS 04]. We use the following notations: BPN . for the set of bounded TPNs
with e-transitions;1-B-7 PN/ . for the subset of BEPA . with at most one token in
each place (one safe TPN); BPA(<, >) for the subset of BEPA . where only
closed intervals are usef;A. for TA with e-transitions;7 A~ for the class of TA (to
be defined precisely in section 4.6) that is equivalent B BA/ (<, >).

Outline on the chapter. Section 4.2 introduces the semantics of TPNs and TA,
timed languages and timed bisimilarity and section 4.3 is devoted to the comparison
between various semantics for TPNs. In section 4.4, we prove negative results: we
exhibit some timed automata for which there exist no (weakly) timed bisimilar TPN.
In section 4.5 we focus on timed language acceptance and prove that TA and TPNs
are equally expressive with respect to this equivalence. Section 4.6 is devoted to a
characterization of the subclass of TA that is equivalent to TPN with respect to timed
bisimilarity. Finally we give some hints on further work in section 4.7.
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I [timed language acceptancle timed bisimilarity ||

<z TA. ([CAS 04]) <w T A: ([CAS 04])
B-TPN. =, 1-B-TPN. =, TA. <w T A
B-TPN (<, >) — ~w TA™
Emptiness Problem Universal Problem
B-TPN. Decidable Undecidable

Membership Problem [[Reachability Problem
TA™ PSPACE-complete

Table 4.1. Summary of the results
4.2. Time Petri nets and timed automata

Notations.Let Y. be a set (or alphabeb).* (resp.X*) denotes the set of finite (resp.
infinite) sequences of elements (or wordsPbandX>° = ¥* U X¢. By convention
if w € X then thelengthof w denoted bylw| is w; otherwise, ifw = ay - - - an,
|w| = n. We also us&. = X U {e} with ¢ ¢ %, wheree is the empty word B4
stands for the set of mappings frafto B. If A is finite and|A| = n, an element of
B4 is also a vector irB™. The usual operators, —, < and= are used on vectors of
A™with A = N, Q, R and are the point-wise extensions of their counterpatts ifhe
setB denotes the Boolean valugt, ff} andR>( denotes the set of positive reals. A
valuationv over a set of variableX is an element 0R§O Forv € R oandd € Ry,
v + d denotes the valuation defined by + d)(z) = v(z) + d, and forX’ C X,
v[X' — 0] denotes the valuation’ with v/(z) = 0 for z € X’ andv/(z) = v(x)
otherwise 0 denotes the valuation such that € X, v(x) = 0. An atomic constraint
is a formula of the forme > ¢ for z € X, ¢ € Q3 ande {<,<,>,>}. We
denote byC(X) the set ofconstraintsover a set of variableX which consists of
the conjunctions of atomic constraints. Given a constraigt C(X ) and a valuation
v € R;‘O, we denote byp(r) € B the truth value obtained by substituting each
occurrence of in ¢ by v(x). Accordingly, each constraigt € C(X) defines a set of
valuationsfy] defined byfg]= {v € R | ¢(v) = tt}.

Asetl is aQxp-intervalof R if there is a constrainp of the forma <; « <2 b
with a € Qx0, b € Qx0 U {0} and<1,<2€ {<, < }, such thatl =[¢]. We let
I' =[0 < 2 <2 b] be thedownward closuref I andI' =[a <; 2] be theupward
closureof I. We denote by (Qx) the set ofQ-intervals ofR>. Letg € N, we
write Ny = {é |7 € N}. Avectorv € Q" belongs to the-grid if v(k) € N, for all
1<k <n.
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4.2.1. Timed transition systems and equivalence relations
Let X be a fixed finite alphabet such thag 3.

DEFINITION 4.1.—[Timed Words] A timed wordv over X, is a finite or infinite se-
quencew = (ag,dp)(a1,d1) - (an,dy)--- such that for each > 0, a; € %,
di S R>0 andd7;+1 > d7

A timed wordw over ¥, can be viewed as a paiv, 7) € X° x R, such that
|v| = |7|. The valuel), gives the absolute time (from the initial instan)of actionay.
We writeUntimedw) = v for the untimed part ofv, andDuration(w) = sup,, ., dx
for the duration of the timed word. For a timed word(a;,d;);>o we define the
relative time stamp Rstarp) of a; asRstamga;) = d; — d,—1 with the conven-
tion thatd_; = 0 and extend this notion to timed words by definRgtamgw) =
(a;, Rstamga;));>0. Note that, conversely, from such a sequence, we can retrieve a
timed word withabsolute time stamgsy cumulating the successive delays.

Sincee-transitions correspond to the empty word and are not visible, we can re-
move from each timed word € ¥2° x RS, all thes-actions and obtain a timed word
in 3% x Ry,

DEFINITION 4.2.—[Timed Languages] We denote ByV* (X) (resp.7 W* (X)) the
set of finite (resp. infinite) timed words oveand7 W™ (X) = TW*(L)uT W= (%).
Atimed languagéd. overX is any subset af W™ ().

Timed transition systems describe systems which combine discrete and continuous
evolutions.

DEFINITION 4.3.—[Timed Transition Systems] A timed transition system (TTS) over
the set of action¥. is a tupleS = (Q, Qo, 2., —, F, R) where(Q is a set of states,

Qo C @ is the set of initial states. is a finite set of actions disjoint frofR>, and
—C Q% (2. URx0) x Qisasetofedges. [, ¢,¢") €—, we also writeg = ¢’.

For a transitiong % ¢’ with d € R, the valued represents a relative time stamp.
The set¢" C Q and R C () are respectively the sets of final and repeated states.

We make the following common assumptions about TTS:

—0-DELAY: ¢ % ¢’ ifand only ifg = ¢/;

— ADDITIVITY : if ¢ % ¢ andg’ % ¢’ with d, d’ € R, theng "= ¢”;

— CONTINUITY: if ¢ % ¢/, then for every!’ andd” in R, such thatl = d’ + d”,
there existg” such thay % ¢ % ¢/;

— TIME-DETERMINISM: if ¢ % ¢’ andg % ¢” with d € R, theng’ = ¢”.
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A run p of lengthn > 0 is a finite or infinite & = w) sequence of transitions of
the form:
do 1 ag dy y ay dn
P=4q — 4o — q1 — 41 — 4n — 4y
where discrete actions alternate with durations. We wfiit€(p) = ¢o and if p is
finite, we assume that it ends with an action transition and wéus&lp) = ¢,,. We
write ¢ = ¢’ if there is a rurp such thaffirst(p) = q, last(p) = ¢'.

A run isinitial if first(p) € Qo. A run p is acceptingif: i) either p is a finite
initial run andlast(p) € F orii) p is infinite and there is a statee R that appears
infinitely often onp. From the sequencg, dy)(a1,d;) ... associated withp, we
obtain a timed wordv by considering the absolute time stamps of actions =
(ao,do)(a1,do + dy) ... This word isacceptedy S if p is an accepting run.

Thetimed language(.S) accepted bys is the set of timed words accepted By

DEFINITION 4.4.—[Strong Timed Similarity] LetS; = (Q1, Q4, 2, —1, F1, R1)
and Sy = (Q2,Q3, %, —2, Fs, R2) be two TTS andk be a binary relation over
Q1 X Q2. We writes < s’ for (s, s") € <. The relation= is a strong (timed) simulation
relation of S, by Ss:

1) if s; € Fy (resp.s1 € Ry) ands; =< so, thenss € F; (resp.ss € Ry);

2) if 57 € @ there is some, € Q3 such thats; < so;

3)if s1 51 sy withd € Ry ands; < sq, thensy %o s, for somes), and
sh = sh;

4) if 51 %1 s witha € 3. ands; =< sq, thenss 29 s, ands) < s.

A TTSS; strongly simulatess if there is a strong (timed) simulation relation 6f
by S>. We writeS; <s Ss in this case.

When there is a strong simulation relatisrof S; by S, and<~" is also a strong
simulation relatioh of S; by S, we say that< is astrong (timed) bisimultion relation
betweenS; andS; and usex instead of<. Two TTS.S; andS; arestrongly (timed)
bisimilar if there exists a strong (timed) bisimulation relation betwsemandS.. We
write S; ~g 57 in this case.

Let S = (Q,Qo,2:,—, F, R) be a TTS. We define the-abstract TTSS® =
(Q,Q5, %, —., F, R) (which is not time-deterministic and has adransitions) by:

-5 %, s'iffthereisarurp = s = s’ with Untimedp) = ¢ andDuration(p) = d;

—s 5. s’ with a € X if and only if there is a rups = s’ with Untimedp) = a
andDuration(p) = 0;

1. 59 j_l S] <= 81 X Sa.
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—-Qf ={s|3s' € Qo| s’ = sand Duratior{w) = 0 A Untimedw) = ¢}.

DEFINITION 4.5.—[Weak Timed Similarity] LetS; = (Q1,Q}, %, —1, F1, R1)
and Sy = (Q2,Q3%, %, —2, Fy, R2) be two TTS andk be a binary relation over
Q1 x Q2. < is a weak (timed) simulation relation &f by S if it is a strong timed
simulation relation ofS§ by S5. A TTSS; weakly simulatesy; if there is a weak
(timed) simulation relation of; by S,. We writeS; <y Ss in this case.

When there is a weak simulation relatiehof S; by S, and=<~"! is also a weak
simulation relation of5; by S, we say that< is aweak (timed) bisimulation relation
betweenS; andS; and usex instead of<. Two TTSS; and.S; areweakly (timed)
bisimilar if there exists a weak (timed) bisimulation relation betwégrand S,. We
write S7 &~y S in this case.

Note that if S1 <s S2 thenS; =)y Sy and if S1 <y Sz thenL(S1) C L£(S2).
Moreover, proving thab; =<y, Sy usually amounts to proving thatdfi < ¢», then
each move; <1 ¢} can be simulated by a set of movgs=, . ¢5 suchthats < g5.

LetS = (Q, Qo, X, —, F, R) be a TTS. We define thiéne-abstracT TS S2 =
(Q,Q0,3: U{6} —n, F, R)with§ ¢ ¥ by:

—s 5 s'iff s % s’ for somed € R,

—s5 5 s’ witha € Xiff s = s’ for somea € 2.

Notice thatS® has no transitios % s’ with d € Rxy.

4.2.2. Time Petri Nets

Time Petri Nets (TPN) were introduced in [MER 74] and extend Petri Nets with
timing constraints on the firings of transitions. In TPN, a time interval is associated
with each transition. An implicit clock can then be associated with each enabled tran-
sition, and gives the elapsed time since it was last enabled. An enabled transition can
be fired if its clock value belongs to the interval of the transition. Furthermore, time
cannot progress beyond any upper bound of an interval associated with a transition.
The following definitions formalize these principles. We consider here a generalized
versior? of TPN with accepting and repeated markings and prove our results for this
general model.

DEFINITION 4.6.— [Labeled Time Petri Nets] A Labeled Time Petri Nétis a tuple
(P,T,%:,%(.), ()%, Mo, A, I, F, R) where: P is a finite set of places arifl is a finite

2. This is required to be able to define Biichi timed languages, which is not possible in the
original version of TPN of [MER 74].
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set of transitions withtP N T = §; 3. = X U {} is a finite set of actions andthe
empty word i.e. the silent actiof(.) € (N*)T is the backward incidence mapping;
()* € (NP)T is the forward incidence mappind/, € N¥ is the initial marking;
A : T — ¥, isthelabeling function] : T — Z(Q,) associates with each transition
a firing interval; R C N7 is the set of final markings and C N’ is the set of
repeated markings. An unlabeled TPN is a TPN suchX¥hatT andA(t) = ¢ for all
teT.

ATPN N is ag-TPNif forall t € T, I(t) is an interval with bounds itN,. We
also use*t (resp.t®) to denote the set of placés = {p € P|*t(p) > 0} (resp.
t* = {p € P|t*(p) > 0}) as itis common in other worRs

Semantics of Time Petri NetsThe semantics of TPNs is given in terms of timed
Transition Systems. Anarking M of a TPN is a mapping itN” and M (p) is the
number of tokens in plage A transitiont is enabledn a markingM iff M > *t. We
denote byENn(M) the set of enabled transitionsid. To decide whether a transition
can be fired, we need to know for how long it has been enabled: if this amount of time
lies within the intervall (¢), ¢ can actually be fired, otherwise it cannot. On the other
hand time can progress only if the enabling duration still belongs to the downward
closure of the interval associated with an enabled transition IEE(R>O)E”(W be
a valuationsuch that each value(t) is the time elapsed since transitionwas last
enabled. Aconfigurationof the TPNA is a pair(M, v). An admissible configuration
of a TPN is a configuratioiM, v) such thatvt € En(M),v(t) € I(t)'. We let
ADM(N) be the set of admissible markings.

When defining the semantics of a TPN, three kinds of policies must be fixed.

— The choice policyconcerns the choice of the next event to be fired (scheduled).
For TPNs (and also timed automata), this choice is non-deterministic (possible alter-
natives use priorities, probabilities, etc.).

— The service policyconcerns the possibility of simultaneous instances of a same
event to occur. In the context of Petri nets, this is formalized by the enatiigeee
of a transition. Here we adopt tsengle-server policyat most one instance of a firing
per transition in every state). The results presented are also valid for the other standard
policies (multiple or infinite server), at least for the important case of bounded Petri
nets. However, taking them explicitely into account would lead to intricate notations.

—The memory policy concerns the updating of timing information when a dis-
crete step occurs. The key iséue the semantics is to define when we reset the clock

3. Whether*t (resp.t*®) stands for a vector ofN”)7 or a subset of? will be unambiguously
defined by the context.

4. The new marking obtained after firing a transitiofrom a marking)M is given by the un-
timed semantics of Petri Nets, i.®l’ = M — *t + t°.
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measuring the time since a transition was last enabled. This can only happen when
we fire a transition. We letenabled(t’, M, t) € B be true ift’ is newly enabledy

the firing of transitiont from markingM and false otherwise. Le/ be a marking

andt € En(M). The firing of¢ leads to a new marking/’ = M — *t + ¢*. Three
semantics are possible:

I: The intermediatesemantics {) considers that the firing of a transition is
performed in two steps: consuming the input token%iand then producing output
tokens int®. The fact that a transitiot! is newly enabled on the firing of a transi-
tiont # t' is determined with respect to the intermediate markifig- *¢. When a
transitiont is fired it is newly enabled irrespective of the intermediate marking. We
denote byfenabled;(t', M, t) the newly enabled predicate in this case. This mapping
is defined by:

lenabledr(t',M,t) = (' € En(M — *t+t°*)
At €ENM —*t)V (t=t"))

A: Theatomic semanticeonsiders that the firing of a transition is obtained by
an atomic step. The corresponding mappliagabled 4(t', M, t) is defined by:

lenableda(t', M,t) = (' € EN(M —°*t+1*))
At ENM)V (t=1"))

P A: The persistent atomic semanticensiders that the firing of a transition is
also obtained by an atomic step. The difference withAhgemantics in only on the
value of T enabled s(t', M, t) whent = t’. The transition being fired is not always
newly enabled:

Tenabledpa(t', M,t) =t € EN(M — *t +t*) A (t' & En(M))

Note that we have the relation:

Tenabledpa(t, M,t") = Tenableda(t, M,t") = Tenabled(t, M,t’)

The intermediate semantié¢s based on [BER 91, AUR 00] is the most common.
However, depending on the systems to be modeled, another semantics may be more
appropriate. The relative expressive power of the three semantics has not been inves-
tigated so far: we address this problem in section 4.3.

We now define the semantics of a TPN: this is a parameterized semantics that
depends on the choice of the semantics for{thexbled predicate.

DEFINITION 4.7.— [Semantics of TPN] Let € {I, A PA}. The s-semantics of a
TPNN = (P, T,%.,°(.),(.)*, My,A, I, F,R) is a timed transition systerfiys =
(Q.{a0}, T, —, F', R') where:Q = ADM(N), qo = (Mp,0), F' = {(M,v)| M €
F}andR = {(M,v)| M € R}, and—€ Q x (T'UR>) x Q consists of the
discrete and continuous transition relations:

A(t)

— the discrete transition relation is defingd € T by: (M,v) — (M',v') iff
et c EN(M)ANM =M —"°t+1t°
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o u(t) € I(t);

Enmvy ,,.,_ | O if Tenabledy(t', M,t),
eVEERS, L V(1Y) = { v(t) otherwise
— the continuous transition relation is definéd € R by:

(M,v) % (M,V)iff v/ = v+ dandVt € En(M),/(t) € I(t)

Arun p of A is an initial run of Sy,. The timed language accepted Nyis £(7) =
L(Sx). Anunlabeled TPN accepts a timed languagélinx R>)>.

We simply write (M, ) “ to emphasize that a sequence of transitiensan
be fired in Sy from (M,v). If Duration(w) = 0 we say thatw is aninstanta-
neous firing sequenc&he set ofreachable markingsf A is Reach(NV) = {M €
N[ 3(M,v)| (Mo,0) = (M,v)}.

4.2.3. Timed automata
We first define the notion of timed automata.

DEFINITION 4.8.— [Timed automata] A timed automatomd is a tuple

(L, 4y, X, X, E, Inv, F, R) where: L is a finite set of locations}, € L is the initial
location; X is a finite set of non-negative real-valued clocks;= ¥ U {¢} is a finite

set of actions and is the silent action C L x C(X) x . x 2% x L is a finite set of
edgese = (¢,v,a, R, ¢’y € E represents an edge from the locatibio the location

¢" with the guardy, the labela and the reset sek C X; Inv € C(X)* assigns an
invariant to any location. We restrict the invariants to conjuncts of terms of the form
x = rforz e X andr € Nand=<e {<,<}. F' C Lis the set of final locations and

R C L is the set of repeated locations.

DEFINITION 4.9.—[Semantic of timed automata] The semantics of a timed automaton
A= (L6, X,%., E,Inv, F, R) is a timed transition systetfi4 = (@, ¢, ¢, —,,
F'R'ywithQ = L x (R<o)*X, g0 = (£o, 0) is the initial state, [ = {(¢,v) | ¢ € F}
andR' = {(¢,v) | ¢ € R}, and— is defined by:

v(v) = tt,
(£,v) = (¢,0") ifand only if 3(¢,~,a, R,¢') € E such that o' =v[R ~ 0]
Inv(l)(v') =tt

L= v =v+d and

Ao(ph oY i ;
(6,1}) (6,1}) if and on|YIf{ V()gd'éd, Inv(@)(v—kd’):tt

A run p of A is an initial run of S 4. The timed language accepted Hyis £(A) =
L(S4).
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Recall [ALU 94] that, ifm is the maximal constant appearing in atomic formulae
x 1 ¢ of A, an equivalence relation with finite index can be defined on clock valu-
ations, leading to a partition ¢R~)*, with the following property: two equivalent
valuations have the same behavior under progress of time and reset operations, with
respect to the constraints. Note that a partition usingfény m would have the same
property. Also, the construction can be extended tegaid, by taking all constants
of the formé, 0 < 7 < K-ginstead of{0,1,..., K'}. Finally, takingK = +oco (as
depicted in Figure 4.1 on the left) leads to a similar structure except for the fact that
the partition is infinite. When it is possible, we will sometimes use such a partition in
order to simplify some proofs. Indeed, with this partition, the extremal case where
is greater thark is not to be distinguished from the standard case.

In this chapter, the elements of the partition are cadlesmentary zoneand we
consider a slight variation for the definition of elementary zones: we take the constant
K = m+1and with each clock € X, we associate an interval in the $¢0}, ]0, 1],
{1},...,{K—-1},]K—-1, K[, [K, +o0o[},instead of keepin§ K } separately. As usual,
we also specify the ordering on the fractional parts for all clacksich thatr < K.

Such a partition is represented in Figure 4.1 (on the right) for the set of two clocks
X ={z,y} andK = 3. For this example, elementary zongsand Z, are described

by the constraintsZ; : (2 <z <3)A (1 <y <2)A (0 < frac(y) < frac(x))
andZ; : (x = 3) A (1 < y < 2). When considering diagonal constraints (also with
constants up td(), another partition (Figure 4.1 in the middle, with = 2) must be
considered.

y | . y

S 7 |

T T T

Figure 4.1. Partitions of(R™)? with K = +oco, K = 2 (with diagonal
constraints) and<” = 3 (no diagonal constraints)

The future of a zon€ is defined byfut(Z) = {v+d | v € Z,d € Ryo}. If Z
andZ’ are elementary zoneg&] is a time successor &f, written Z < Z’, if for each
valuationv € Z, there is somé € R such thaw + d € Z’. For each elementary
zoneZ, there is at most one elementary zone such(that’ is a time successor &f,
(i1) Z # Z' and(iii) there is no time success@t’ such thatZ < Z” < Z’. When
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it exists, this elementary zone is called the immediate successbaofl is denoted
by suce(Z). Note thatfut(Z) C U, 5 Z', with a strict inclusion when no diagonal
constraints are permitted.

Finally recall that a finite automataR(.A), called theregion automatoncan be
built from A. This automaton is time abstract bisimilar to the original automaton
Its states, called hemegions are of the form(¢, Z), where/ is a location of4 and
Z an elementary zone @fR()*. They are built from the initial regio/o, 0) by
transitions of the fornt¢, Z) = (¢, Z') for a time successat’ of Z, if Inv(¢)(Z) =
ttor(¢,2) = (¢, Z') if there is a transitior{¢, v, a, R, ¢') € E such thaty(Z) = tt
andZ’ = Z|[R + 0], with Inv(¢')(Z') = tt. Aregion(¢, Z) is said to be maximal in
R(A) with respect t if no é-transition is possible fron(i, Z). The automatori(.A)
is restricted to the regions reachable from the initial redi@n0), and accepts the
language:

Untime(L(A)) =
{alag - I (al, dl)(ag, dg) T L(.A) for Somedl, dg, A R)o}

We also consider another automaton, catibs automatorin which the states,
calledclassesare of the form(l, fut(Z) N Inv(¢)), whereZ is a zone. In this case,
the second component is not an elementary zone anymore (but a general zone) and
the automaton is built from the initial clagé,, fut(0) N Inv({y)) by the following
transitions(¢, Z1) = (¢, Z») ifthere exist{l, v, a, R,!") € E suchthatZiN [y]# 0,
andZ; = fut((Zin [¥])[R — 0]) N Inv(¢').

Note that the class automaton also accéptgime(L(.A)). Moreover, since a
class can be represented by a Difference Bounded Matrix [DIL 89, its size is at most
(4K + 2)(IXI+D* 'which is exponential in the size of, as for the region automaton.

4.2.4. Expressiveness and equivalence problems

If B, B’ are either TPN or TA, we writd3 ~s B’ (resp.B ~,y B’) for Sg ~s
Spr (resp.Sg ~yy Sp/). LetC andC’ be two classes of TPNs or TA.

DEFINITION 4.10.—[Expressiveness with respect to timed language acceptance] The
classC is more expressive thaH with respect to timed language acceptance if for all
B’ € C' thereis aB € C such thatl(B) = L(B’). We writeC’ <. C in this case.

If moreover there is somB € C such that there is n®’ € C’ with £L(B) = L(B’),
thenC’ <. C (read “strictly more expressive”). If botl’ <, C andC <. C’, then
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C and(C’ are equally expressive with respect to timed language acceptance, and we
writeC =, C’.

DEFINITION 4.11.{Expressiveness with respect to timed bisimilarity] The class
more expressive thaf with respect to strong (resp. weak) timed bisimilarity if for all
B’ € C' there is aB € C such thatB ~s B’ (resp.B =~y B’). We writeC’ <s C
(resp.C’ <y C) in this case. If moreover there is B € C such that there is no
B’ € C' with B ~s B’ (resp.B =~y B’), thenC’ <s C (resp.C’ <y C). If both
C' <s CandC <s C’ (resp.<y), thenC and(C’ are equally expressive with respect
to strong (resp. weak) timed bisimilarity and we wiltezs C’ (resp.C =y C’).

Later on we will compare various subclasses of TPNs and TA. We den@t@y
the class of TPNs and % 4 the class of TA, according to definitions 4.6 and 4.8. We
recall the following theorem adapted from [CAS 04]:

THEOREM4.1.— For any N € B-T PN, there is a TAA such that\V =,y A, hence
B-TPN: <w T A..

4.3. Comparison of semanticd, A and PA

In section 4.3.1, we establish two relations between these semantics for TPN,
which hold in the general case. In section 4.3.2, we complete these results with a third
one, restricted to bounded time Petri nets, with only closed intervals for transitions.
Since we prove results concerning weak timed bisimulation, we consider unlabeled
TPN, where all states are final and repeated states. For all figures in this section, a
transition is filled in black when its firing interval |8, 0].

4.3.1. A first comparison between the different semantics of TPNs
We first show the following result.

PROPOSITIO£4.1.—Let./\/ be a time Petri net with intermediate semantics. There
exists a TPNV with atomic semantics which is (weakly timed) bisimilanfo

Proof. The construction is quite easy. The set of place&/ds obtained by adding to
the set of places of a new place for each transitiefrom N: P = PU{p;,t € T'}.
The transitionsT” of A/ are duplicated inV: T = T+ U T~ and the construction
follows Figure 4.2, from left to right.

We consider the equivalence relati@which contains all pair§(M, v), (M, 7))
such that:

—forallp € P, M(p) = M(p) + Seert®(p). M(py);
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t, I(t)

Figure 4.2. From | to A

—forallt € En(M), v(t) = v(t") if t~ is enabled inM and0 otherwise. The
latter case corresponds.vi to a newly enabled transition.

To prove thatR is a bisimulation, we first note that, with the definition above for
markings, from any configuratiof\/, 7), we can reach instantaneously a configura-
tion (M1, 7,) such thatM(p;) = 0 for all , with the firing of a (possibly empty)
sequence of transitions iA™. Moreover, the relation between valuations implies that
(My,7,) is still equivalent toq M, v).

Consider now a paif(M, v), (M,7)) € R:
_ —if (M,v) = (M',v'), then from the remark above, we first fire a sequence from
M to empty all placeg,, leading instantaneously (/1,71 ), which is equivalent
to (M, v). Then transitiont— can be fired from(A,7; ), immediately followed by
t+, leading to(ﬁ’, 7'), where all placep; are empty again. Moreover, the transitions
newly enabled by™ in NV are exactly those which were newly enabledtliy \V, so
that(M', v \R(M , 7).

— Conversely, suppose that a transition is fired f(dth 7) in \V. If the transition is
somet™, then the new configuratio\/ 1, 71 ) is still equivalent to( M, v) (as above),



106 Optimization and Computer Science

Enf

En,

Figure 4.3. From A to PA

thus no move at all is necessaryf If (M,7) = (M ,7'), thent can be fired from
(M, v) and the resulting marking i$)M’, v'), equivalent tqﬁl,v’).

—if (M,v) % (M, v +d), for some delay/, then again we have to apply the emp-
tying sequence fromiM, 7), to reach a configuratiofi/ 1, 7;) which is still equiva-
lent to (M, v), where time can elapse. The relation betwe@mdz, implies that this
is possible, leading toM 1,71 + d).

— Conversely, if M,7) % (M,7 + d), then all placeg; are empty inM, so that
the move(M,v) % (M, v + d) is also possible itV

ThusR is a bisimulation. |

PROP_OSITION4.2.—LetN be a time Petri net with atomic semantics. There exists a
TPNN with persistent atomic semantics which is (weakly timed) bisimilav'to

Proof.Here again, the constructionis simple. Note that the only difference between the
two semantics concerns the question of whether a trangitan newly enable itself.

With atomic semantics, this is the case as soon iasenabled in the new marking
while with persistent atomic semantics, this is never possible. In order to ensure that
a transitiont will be newly enabled if it is enabled in the new marking, we add an
input placeEn;” and an output plac&n; to the transition, with an instantaneous
loop b, leading back tan;", once the transition has been fired. The construction is
represented in Figure 4.3, again from left to right.

We consider the equivalence relati®which contains all pair§(M, v), (M, 7))
such that:

— M(p) = M(p) for all placesp in P;

— for a transitiont € En(M), v(t) = v(t) if ¢ is enabled inM and0 otherwise.
Again the latter case correspondshinto a newly enabled transition.
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start; n end;

[b—a,b— al

fe

Figure 4.4. Time subnet for transitiohwith interval [a, b]

Like in the previous proposition, the proof is mostly based on the fact that from
any configurationiM/, 7), we can reach instantaneously a configuratith , 7; ) such
thatM (En;) = 1 for all ¢, with the firing of a (possibly empty) sequence of transi-
tionsb,, with again(M 1, 7) still equivalent to( M, v). 1

4.3.2. A second comparison for standard bounded TPN

We now restrict ourselves to bounded TPNs, with the standard defiriitowjth
closed intervals|g, b] or [a, oc[) for the transitions. Thus, this third result holds only
for the subclass BFPN (<, >).

PROPOSITION4.3.~Let A/ be a TPN in BT PN(<, >) with persistent atomic se-
mantics. There exists a TPN with intermediate semantics which is (weakly timed)
bisimilar to \V.

In this case, the construction &f is more involved. Like above, we show how to
simulate a transition equipped with intervala, b], for a < b, or [a, +o00[. We first
build a time subnet fot (Figure 4.4), in order to simulate time elapsing since a re-
set operation until reaching (and staying inside) intefwab]. The token is in place
start, if the transition is enabled in the initial marking. The double arrow at the end
indicates that the pladerm; is both an input and an output place for the correspond-
ing transition: time cannot progress. Of course, the time subnet for a transition with
interval[a, +oo[ is reduced by removing;, end; and f;.

Now, using the fact that the TPN is bounded, we consider its upper b8t
we associate with each plapea complementary plagesuch that for any reachable
markingM, M (p) = B — M (p). Figure 4.5 represents a part of the subnet (on the
right) for transitiont (on the left), whereest, is the beginning of the test step for what
timing updates are required by the firingtoind M utex ensures that the updates are
done (instantaneously) before anything else, as explained further on.
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b1 D2

testy

Figure 4.5. From PA to |

The remaining part ofV is devoted to the test of the other transitions from the
original TPN, includingt itself. Consider a given transition (for exampig), with
again two input placeg? andp’. The corresponding subnet consiststahodules,
one for each case, depending on whethean be fired or not before and aftef~or
this, two additional places are associated withE;,, which contains a token if;
was enabled before the firing bAnd N E;, which is its complementary place.#fis
initially enabled, ther;, is initially marked otherwiseV E,, is marked. This group of
4 modules has a common input plaest; and a common output plac¢est; 1, which
means that the tests are to be executed sequentially (and instantaneously), except for
the last one where all outgoing transitions are linked4atex. These places are not
shown in the following figures.

Case 1:transitiont; is enabled both before and afteifo test this case, we use the
simple module on the left of Figure 4.6, whelfe, (test beforet) andp? andpi (test
aftert) are input and output places.

Case 2:; is not enabled before but it is enabled afteFhe module is very similar
to the previous one and is on the right of Figure 4.6. Note that, in this case only and
because of the PA semantics, there must be a reset on the valuation of the transition,
which explains why the initial placetart,, of the time module for; is an output
place.

Case 3:t; is enabled neither before nor afterTo test this, we must find an input
place oft;, where the current number of tokens disalpldere is the point where the
boundedness hypothesis is required. In order to perform this test, we check whether
B —*t;(p) + 1 tokens can be removed from a complementary piace

Case 4:t; is enabled before but not aftériIn this case, we have a module (see
Figure 4.8) similar to the one above, except that we must also test for all the different
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%)

Figure 4.6. Testing transitiort;: cases 1 and 2

NE;,

7

=1

]_9?1 P2

B —*t;(p3) + 1 B —*t;(p}) + 1

Figure 4.7. Testing transitiort;: case 3

configurations of the time subnet corresponding o order to disable the transitions
by removing the tokens.

It can be seen in Figure 4.8 that there is a transition for each{paitate), where
p is an input place of; andstate may be either the placgart;,, the pair of places
(ing;, truep, p,)) Or the pair(endy,, truey, s,1). Like above, an edge fromto a
transition must be labeled witB — *¢;(p) + 1 (which is omitted in the figure).

We consider the equivalence relati@ncontaining all pairg(M, v), (M, 7)) such
that:

— M in NV is obtained by projectiomt/ (p) = M (p) for each place € P;
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Figure 4.8. Testing transitiort;: case 4

— for a transitiory in T" enabled byM: v(t) = 0 if the time subnet of is empty,
v(t) = v(l;) if the placestart; contains a tokerny(t) = a + 7(u.) if the placein,
contains a token and(t) = b if the placeend; contains a token. Note that in both
latter casestruey, ) also contains a token and the transitiaran be fired inv.

Also note that ifM (start;) = 1 and7(u;) = a, then with instantaneously firing
uy, transitiont can also be fired. By a development similar to the previous ones, we
can show thaR is a bisimulation relation.

More precisely, the proof is mainly based on emptying sequences from a con-
figuration (M, ) of NV it is always possible to reach instantaneously a configura-
tion (M, 71) such that the testing subnet is empty, wifff,, 7;) still equivalent to
(M,v). The details are omitted.

We can conclude this section with:



Comparison of Expressiveness for TAand TPNs 111

THEOREM 4.2.— For the class BT PA/ (<, >), the three semantics A and PA are
equally expressive with respect to weak time bisimulation.

4.4, Strict ordering results
In this section, we establish results proving tHaPA are strictly less expres-

sive with respect to weak timed bisimilarity than various classes of TA. For this, we
consider the two automaté, € 7.A(<) and.A; € TA(<) in Figure 4.9.

Ao

A
@a,$<l=@ @a,x§1=@

Figure 4.9. Timed automata4, and.4,

We will prove that no TPN can be weakly timed bisimilar to eitb&y or A;.
The proof relies on the following lemma, which states that in a TPN, waiting in some
marking cannot disable transitions. The proof is easy and is thus omitted. Note that
the results holds without modification for any semantic$eafabled;(t', M, t).

LEMMA 4.1.— Let (M, v) be an admissible configuration of a TP R and let
w = t1ty - - - t, be an instantaneous firing sequencé M, v) -, then(M, v+ d) .

THEOREM4.3.— There is no TPN weakly timed bisimilar #y,.

Proof. Assume that there is a TPN that is weakly timed bisimilar toly and let~ be
aweak timed bisimulation betweéi, andsS 4,. Let (M, 0) be the initial state 0§
and (4o, v(z) = 0) the initial state of5 4,. In S 4, there is a run of duratioh leading

to configuration(¢y, 1) and thus there is a rufio, 0) = “25° " (M, 1)
inN,withi, >1forl<k<n—-1,i0>0,4, > Oandzlgkgndk = 1. We can
further assumel;, > 0 for all £ and alsoi,, = 0 because the configuration reached
afterd,, is also bisimilar ta(¢, 1).

et il ei2.. n— Ei"Lil . .. .
Then (M, 0) = "2 2y (M’,v"), where(M’, ') is bisimilar to a
configuration(¢y, d’) with d’ = 1 — d,, < 1. This entails thatM’,v") <.

Since(M’, ') 5 (M, 1), if follows from Lemma 4.1 thatM;,v;) ¢, thus
contradicting the fact that\y,v1) =~ (¢, 1) from which noa can be fired. |

The result is also true with large constraints:
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THEOREM4.4.— There is no TPN weakly timed bisimilar i .

Proof. Again assume that there is a TRW that is weakly timed bisimilar to4;.
Since(4y,0) = ({o,1), we have(My,0) . (My, 1), where(4y, 1) and (M, 1)
are weakly timed bisimilar. Since can be fired from¢,, 1), a transition labeled
can also be fired from all the configuratiofd!;, v;) reachable from(M;,v4) in
null duration € transitions). Also there must be one such configuratiat, ') such
that some duratiod > 0 can elapse fronfM’,v’) reaching(M"”,v"). According
to Lemma 4.1, some can be fired from M",v"). However,(M",v") is weakly
timed bisimilar to the configuratioffy, 1 + d) which prevents, being fired. Hence, a
contradiction. |

From Theorems 4.1, 4.3 and 4.4 we immediately obtain:
THEOREM4.5.— TPN <)y TA(<) andTPN <y TA(K).

The next theorem shows that the expressive power of TPNs depends on the chosen
semantic even in the bounded case.

THEOREM 4.6.—There exists a bounded TPN with persistent atomic semantics
such that no TPN (even unbounded) with atomic semantics is bisimildr to

Proof. Consider the following (Zeno) timed automatds:

It is bisimilar to the TPN with PA semantics composed by a single transition
labeled bye with firing interval[0, 1] (or any intervala, 1] or [a, 1]).

Suppose that there is a TPW with atomic semantics bisimilar td; and letd,,.;,,
be the minimum of the non-zero upper bounds occuring in the intervals associated
with the transitions of\V" and0.5 (in fact any value less thahwould be convenient).

There must be a sequen@ely, vo) " =" (M, v) with S5_ d; = 1 — dpin /2
and(M, v) bisimilar to (£y, 1 — dpin/2).

From(M, v), we fire or disable the transitions enabled at this configuration, which
leads to a new configuratigqd/’, v') bisimilar to some(¢y,1 — §’) with 0 < ¢" <
dmin /2.

Now, since (M’,v') is bisimilar to (49,1 — ¢’), there must be a sequence

dapth...t! ,dl, A ’
(M’ V) " with0 < XF d) < 6.

Choose the firstl, > 0 and let(M*,v*) be the state reached before the dura-
tion d.. Since time may elapse in this state, all enabled transitions have non-zero up-
per bounds for their interval, hence these bounds are greater than or eqyg), to
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Since the transitions have been enabled at or after configur@tibn’), we have
VE U5 (1) < dmin/2 — 8 < dmin /2, thus(M*,v*) “™3"* However,(M*, v*) is
bisimilar to (¢y, 1 — §") which cannot let time elapse for a durationdf;,, /2. This is
a contradiction. |

Following this negative result, we compare the expressiveness of TPNs and TA
with respect to to timed language acceptance and exhibit a subclass of TA that admits
bisimilar TPNs.

4.5. Equivalence with respect to timed language acceptance

In this section, we prove that TA and labeled TPNs are equally expressive with
respect to timed languages acceptance and give an effective syntactical translation
from TA to TPNs.

Let A= (L,lg, X, %, E, Inv, F, R) be a TA. Since we are concerned in this sec-
tion with the language accepted Bywe assume the invariant function is uniformly
true. LetC, be the set of atomic constraints on clockhat are used ipd. The Time
Petri Net resulting from our translation will be built from “elementary blocks” model-
ing the truth value of the constraints@p. We next link them with blocks for resetting
clocks. In the next section we show how to encode atomic constraints into TPNs.

As a consequence of Corollary 4.2, the semantjcs andPAfor TPNs are equiv-
alent with respect to language acceptance. In this section, we ugsdmeantics.

4.5.1. Encoding atomic constraints

Lety € C, be an atomic constraint an Frome, we define the TPIW,, given by
the widgets of Figure 4.10 ((a) and (b)) and Figure 4.11. In the figures, a transition is
writtent(¢, I) wheret is the name of the transitiof,c 3. andI € Z(Qxo).

To avoid drawing too many arcs, we have adopted the following semantics: the
grey box is seen as a macro place; an arc from this grey box means that there are
as many copies of the transition as places in the grey box. For instance, the TPN of
Figure 4.10(b) has 2 copies of the target transitioane with input place®, andr,
and output places. and P, and another fresh copy ofwith input places, and-;
and output places. andP,.. Note that in the widgets of Figure 4.11 we put a token in
~¢+ when firingr only on the copy of- with input placeP; (otherwise the number of
tokens in placey; could be unbounded). Also, we assume that the autométoas
no constraint: > 0 (as it evaluates to true they can be safely removed) and thus that
the widget of Figure 4.10(b) only appears with> 0.
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Tb O Py
tz(e, [a, a])
r(€[0,0]) 3
#'(,]0, 00))
Te O Vit
(a) WidgetT,>q (b) WidgetT, , (assumes > 0)

Figure 4.10. Widgets for7,~, and 7, >,

er

t(€,[0,al)
(resp.[0, al)

r(€,10,0]) = P,

Figure 4.11. WidgetT, <., (resp.,7z<a)
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Each of these TPNs basically consists of a “constraint” subpart (in the grey boxes
for Figure 4.10 and in the dashed box for Figure 4.11) that models the truth value of
the atomic constraint, and another “reset” subpart that will be used to update the truth
value of the constraint when the cloakis reset. The “constraint” subpart features
the placey;;: the intended meaning is that when a token is available in this place, the
corresponding atomic constraiptis true.

When a clocke is reset, all the grey blocks modeling arconstraint must be set
to theirinitial marking which has one token iR, for Figure 4.10 and one token i,
and~,; for Figure 4.11. Our strategy to reset a block modeling a constraint is to put a
token in ther, place (, stands for “reset begin”). Time cannot elapse from there on
(strong semantics for TPNs), as there will be a token in one of the places of the grey
block and thus transition will be enabled.

We first prove three useful lemmas, the first one providing a structural invariant for
the grey boxes of the widgets:

LEMMA 4.2.— For each widget of Figure 4.10, each reachable configurafibh v/)
(from the initial marking) has exactly one token in one of the places of the grey box.

LEMMA 4.3.— For the widgets of Figure 4.11, each reachable configurafibh v/)
(from the initial marking) satisfies either )/ (P,) = 1, M () = 1and M (P;) =0
orii) M(P,) =1andM (y) = 1 oriii) M(P,) =0, M(v) =0andM(F;) = 1.

Proof. The proof is easy for the widgets of Figure 4.10. For the widgets of Figure 4.11,
just notice that as soon ag s fired, the output transition is enabled (there must be

a token iny,; as it can only be removed by the firing @f. Later on, either the token
remains inP; forever or, if the copy of from P; is fired, a token is putin;; andP,.

From Lemmas 4.2 and 4.3 we obtain the following:

LEMMA 4.4 —If there is a token in,, exactly one (instance of a) copyrois fireable
and due to the time constraift, 0], time cannot progress until it is fired.

4.5.2. Resetting clocks

Assume thatR C X is a non-empty subset of clocks. LEX R) be the set of
atomic constraints that are in the scopeffthe clock of the constraint is if).
We write D(R) = {¢1,¢1,-- -, ¢n}. To update all the widgetd/,,,, we connect the
placesr, andr. of each widgetV,, as described on Figure 4.12. The picture inside
the dashed box denotes the widdgkesgtr)- We denote by} (R) the first place of
this widget and by}’ (R) the last one. To update the (truth value of the) widgéts
it then suffices to put a token irf (R). In zero duration it will go ta-’(R) and have
the effect of updating each widgaf,, on its way.
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Figure 4.12. WidgetNVResegr) t0 reset the widgetd/,,,, 1 <i < n

4.5.3. The complete construction

First we create fresh placd’ for each? € L and another placEiring just for
convenience: it will allow us to define a simulation relation more succintly. Then we
build the widgetsV,,, for each atomic constraigtthat appears id. Finally, for each
R C X such that there is an edge= (¢,~,a, R,¢') € E, we build a reset widget

M Resetr)-

Then, for each edg€, v, a, R, ¢') € E with y = Aj=1 »,¢; @andn > 0 we proceed
as follows:

1) we assume = A;=1 »p; andn > 0;
2) we create a transitiofi(a, [0, oo[) and, ifn > 1, another one (s, [0, 0]);

3) we connect them to the places of the widgkts a”dNRese(tR) as described
on Figure 4.13. In the case wheye= tt (or n = 0) there is only one input place to
f(a, [0, 00[) which is P,. In the case wher& = () there is no transitiom(e, [0, 0])
and the output place gf(a, [0, >o]) is Py instead ofFiring.

The placeFiring is just added for convenience: it has a token only during the reset
phase of the TPNV, and thus means “we are firing transitions in the reset widget

NResetr) -

To complete the construction we just need to put a token in the plgdé/, is the
initial location of the automaton and set each widggto its initial marking, for each
atomic constraing that appears i, and this defines the initial marking. The set
of final markings is defined by the set of markingssuch thatV/ (P,) = 1for ¢ € F
and the set of repeated markings by the set of markidgsuch thatV (P,) = 1 for
¢ € R. We denote byA(.A) the TPN obtained as described previously. Notice that by
constructionA(A) is 1-safe and, moreover, in each reachable marRifigf A(A)
(Yver, M(Py)) + M(Firing) = 1.
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T?(R) T<67 [07 0])P£,

Firing

f(a, [0, 00])
Ne, ()it

Figure 4.13.Widget\. of an edge: = (¢,v,a, R, ¢')

4.5.4. A(A) and A accept the same timed language
We now prove the following theorem:
THEOREM4.7.— If A(A) is defined as above, thet{A) = L(A(A)).

Proof. The proof works as follows: we first show thAt(.4) weakly simulatesA,
which implies£(A) C L(A(A)). Then we show that we can define a PAsuch that
L(A) = L(A") and A" weakly simulates\ (A), which entailsC(A(A)) C L(A') =
L(A). It is sufficient to give the proof for the case whefehas nos transitions. In
caseA hase transitions we rename them with a fresh letieez >. and obtain an
automatonA,, with no ¢ transitions. We apply our construction #, and obtain a
TPN in which we replace every labglby «.

Recall thatd = (L, 4y, X, %, E,Inv, F,R) andA(A) = (P, T,%.,°(.),(.)°,
MO,A,I,FA,RA) and write X = {x1,---, 2}, P = {p1, - ,pm} @andT =
{t1, -+, tn}. We assume that the set of atomic constraintsiof C 4. The place
~¢¢ Of @ W|dget/\/’:,[;l>qc (for x <1 ¢ an atomic constraint oft) is written~y;;>.

e Proof thatA (A4) simulatesA.

We define the relatior C (L x RY;) x (NP x RY) by:

) =X (M,v) if and only if [4.1]

(1) M(Pp) =1V M(Firing) =1
(2) for eachy = z ¢, <€ {<,

<}, : [4.2]
(3)foreachy € Ca, v €]y] — M(y) = 1
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Now we prove thats is a weak simulation relation oft by A(A), and this by
checking the 4 conditions of Definition 4.4:

1) final and repeated states: by definition/®fA) and Lemmas 4.2 and 4.3 and
the definition of<;

2) initial states: it is clear thdty, 0) < (M, 0);

3) continuous transitions: l€t, v) % (¢,v + d). Take(M, v) such that(¢,v) <
(M, v). Asthe widgetsV,,, are non-blocking, time can elapse frori}/, v) and there
isarun(M,v) = (M’', ') with Duration(trace(p)) = d andUntimedtrace(p)) = .
We can choosg without any transitiong (a, [0, co[) so that a token remains i and
M'(P;) = 1. Thus in order to prové&/, v +t) < (M’,v') itremains to prove items (2)
and (3) of equation [4.1].

Letp = z a1 c with e {<, <}:

- if p(v) =ttandp(v + d) = ff, then there is som& < d such that transition
t, of widget\,, is enabled and it must be fired befapebecomes false. Thus, is
fired atd’ (which is possible as there is no tokenfp and thus the token is iR,) and
subsequently. in the same widget, thus transfering the tokens figm;; to P;,

- if o(v) = ttandp(v + d) = tt, it is possible to do nothing in widge¥,, and
let the token inP,, and~7,

- if p(v) = ff theny(v + d) = ff, then there must be a token i and we let
time elapse without firing any transition.

Letp = x a1 c with e {>, >}

- if p(v) = ttthenp(v + d) = ttand M (v4;) = 1. We just let time elapse in

23]

-if p(v) = ffandp(v + d) = tt, there aret’ < ¢ such that transitions,
which must be fired (ant can be fired at’ + £ with £ > 0 for M,;~.). We fire those
transitions at!’ and letd — d’ elapse,

- if p(v) = ffandp(v+d) = ff we also let time elapse and leave a toke®jn

This way for each constraipt = x i ¢, thereis arup, = (M, v) 4. (M, v,)
such that(M.,,, v,,) satisfies requirements (2) and (3) of equation [4.1]. Taken sepa-
rately we have for each constraiit v) < (M,,v,). It is not difficult> to build a run
p with an interleaving of the previous rups such thap = (M,v) -. (M’,v') and
(M’, V") satisfies requirements (2) and (3) of equation [4.1] for each cons{raint
thus(4,v) < (M',v');

4) discrete transitions: lé¢,v) = (¢,v') and(¢,v) < (M, v). Then there is an
edgee = (¢,7,a, R,l') € E suchthaty = Aj=1 »p:, n = 0andyp; is an atomic con-
straint. According to Definition 4.9; €[y;] for 1 < i < n. ThisimpliesM (v{;') = 1
(definition of <). Thus, the transitioif (a, [0, oo) is fireable in the widgel, leading

5. Just find an ordering for all the dat® at which a transition must be fired and fire those
transitions in this order with time elapsing between them.
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(/\cpeK_j 90) A <7 A ¢>7 a, R> Q<R>

YA, a, R @ @
) @

bch == tt, 9 byjc = tt, 9
by = ff by<c = ff

(a) Edge(t,y A, a, R, ') in A (b) Extended edge inl'.

Figure 4.14.From A to A’

to (M’,v"). From there on we do not change the marking of widgéts for the con-
straintsyp; that do not need to be reset (the clockgmgfis not in R). We also use the
widget 7, to reset the constraints; with a clock in R and finally put a token irPy:.
The new staté ", ") obtained this way satisfigg’, v') < (M",v").

This completes the proof that(.A) simulates4 and thusC(A) C L(A(A)).
e Proof of L(A(A)) C L(A).

To prove this, we cannot easily exhibit a simulatiomqt4) by A. Indeed A(A),
because of the widgef¥,.. with e {<, <}, has to make a decision at some point
to fire transitiont,, and immedialty aftet, i.e. it is as if it decides that > ¢ is
now false and the transitions with this guard cannot be fired anymore (until they are
reset). To use the simulation framework, we build first a AAthat accepts the same
language asA but has the capability to sometimes (non-deterministically) decide it
will not use a transition with a guatd< ¢ until it is reset. It is then possible to build
a simulation relation ofA(.A) by A’.

We denotex for either{<, <} and> for {>, >}. Let K< be the set of contraints
x = cin A. For eachr < ¢ € K< we introduce a Boolean variablg<.. Eachb, <.
is initially true.

We start with.A’ = A. The construction of the new features.f is depicted on
Figure 4.14. Le(¢,y A ¢,a, R, ¢') be an edge ofA’ with v = Ay<cex_ v < cand
Y = Az»cek, * = c. Forsuch an edge we strengtAdine guardy A v to obtainy’ as

6. We need an extended type of TA with Boolean variables; this does not add any expressive
power to the model.
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follows: v =y A Y A Amjc€K< bz <c. This way the transitio¢, ¥ A ¢, a, R, ¢') can
be fired in.A’ only if the corresponding guard i and the conjunction of thig, <. is
true as well. We also reset to true all the variables. such that: € R on a transition
4,y AN, a, R, ") andQ(R) corresponds to the reset of &ll<. such thatr € R,
Q(R) = /\mEszjc =1t

Now let ¢ be the location ofd’. For each variablé,<. we add a loop edge
(lyby=<c = tte by<. = ff £) in A, i.e. the automatond’ can decide non-
deterministically to setb, <. to false if it is true (see Figure 4.14). There are as many
loops on each location as the number of variables.. The new non-deterministic
TA A’ accepts exactly the same languagelase. £(A") = L(A).

We can now build a simulation relation d&(.4) by A’. We denote by(¢,v,b)
a configuration ofA’ with b the vector ofb,, variables. We define the relation C
(NP x RZ,) x (L x R%, x B¥) by:

(M,v) < (¢,v,b) if and only if [4.3]
(1) M(FPp) =1V M(Firing) =1
2Q)Vp=z>ce K., vefp] <= M(vf;) =1
B)Wo=z>2ceKs,ve[p] <= M) =1 [4.4]
V(M(P#) =1 A v(t2) = o)

(Ve € K<, M(Pf) =1 < (b, = Vv ¢[e])

Now we prove thak is a weak simulation relation @k (.A) by .A:
— the property on final and repeated states is satisfied by the definitidh of

— for the initial configuration, it is clear thaf\/y, 0) =< (I, 0,bo) (in by all the
variables are true);

— continuous time transitions: €0/, v) % (M’ ") with d > 0. Let (M,v) <
(¢,v,b). As there are no invariants id’, time d can elapse fron{,v,b). If no ¢
transition fires in the TPN, then all the truth values of the constraints stay unchanged.
Thus(4,v,b) % (¢,v +d,b) and inA’ such tha{ M’, ") < (¢,v + d, b);

— discrete transitions: 1M, v) % (M’,v"). We distinguish the cases= ¢ and
a € . If a € %, then we must fire a transitiofi(a, [0, oo[) of some widget\, for
e = (¢,7,a, R, (). After firing f we end up inFiring and have left the input places
~¢+ unchanged. According to equation [4.3] and the definitiondafwe can fire a

7. This means that we addtransitions ta4’; nevertheless the restriction we made at the be-
ginning thatA has noe transitions is useful when proving that(.A) simulatesA and is not
required to prove thatl’ weakly simulateg\(.A).
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matching transition ind’ leading to a stat¢/’,v’,b’) and (M’, ') < (¢, v, b). If

a = ¢, then we are either updating some widgfs or doing a reset. Assume that
we fire ae transition that is not a reset transitioh/( ;) = 1). We split the cases
according to the different types of widgets:

- update of a widgetV,.~..: eithert, or ¢’ is fired. If ¢, is fired then the time
elapsed since the was last reset is equal to Thus,M (y:) = 0 andv(z) < cand
v €z > . Thisimplies(M’, ") < (¢,v). If t’ is fired on the contrary/(z) > ¢ but
again(M’,v") < (¢,v,b);

- update of a widgel,,>.: the same reasoning as before can be used and leads
to (M',v") < (¢,v,b);

- update of a widgetV,, . in this case eithet, or u is fired. Assumé,, is
fired. Thus,M'(P;) = 0. The time elapsed sincewas last reset is strictly less than
candv €[¢]. b, is true in(¢,v,b) asM(P;) = 0. Thus,(M’,v") < (¢,v,b). Now
assume that is fired. Againi/ (P;) = 0 and thusy(z) < ¢ andb,, are true. This time
M'(P;) = 1. In the automatord’ we fire the transition setting, to false and we end
up in a statel¢, v, b') such that M’,v’) < (¢,v,’). The same reasoning applies for
Nese.

For the reset transitions and the last transition putting a tokd?. imwe can proceed
similarly.

This completes the proof that’ simulatesA(.A) and thusC(A(A)) € L(A’) and
L(A(A)) € L(A).

We can thus conclude th&{A(A)) = £(A), which concludes the proof of The-
orem4.7. ]

4.5.5. Consequences of the previous results

Letk-7 PN be the set ok-bounded TPNs (note that boundedness is not decidable
for TPNs). LetB-TPN = {T|3k > 0|T € k-TPN}, i.e. the set of bounded TPNs.
From the previous proposition we can state the following corollaries:

THEOREM 4.8.— The classe®$3-7PN and 7 A are equally expressive with respect
to timed language acceptance, ile&-7 PN =, T A.

Proof. From Theorem 4.1, we know th&-7 PN <, T A. Theorem 4.7 proves that
TA < TPN and henceB-T PN =, T A. ]

COROLLARY 4.1.-k-TPN =, 1-TPN.
Proof. Let T € k-TPN. We use Theorem 4.1 and thus there is aAA such that

L(T) = L(Ar). From A1 we use Theorem 4.7 and obtalk{ Ar) which is al-safe
TPN. 1
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4.6. Bisimulation of TA by TPNs

We now focus on the expressiveness of the models with respect to weak time bisim-
ilarity. In what follows, we often abbreviate weak timed bisimilarity by bisimilarity.

First, we recall two related results:

— There are unbounded TPNs which do not admit a bisimilar TA. This is a direct
consequence of the following observation: the untimed language of a TA is regular
which is not necessarily the case for PNs (and thus for TPNSs).

— For any bounded TPN, there is a TA which is bisimilar to it (see Theorem 4.1
from [CAS 04]).

This last result was proved by the construction of a synchronized product of au-
tomata enlarged with a vector of bounded integers (a model equivalent to standard
automata). The proposed construction is structural and linear with respect to to the
size of the PN. It has the additional advantage that the available tools exploit the prod-
uct in order to reduce the complexity of verification. Here we are mainly concerned
with expressivity. So we can also give a straightforward construction based on the
reachability space:

— With each transitiom, we associate a clock;.

— With each reachable markiny, we associate a locatiofy;. The invariant of
Car is given byA,c g, ) 2t € I(t), (recall that/(t) is the interval associated with
t).

— With each firingM - M’ (in the untimed PN), we associate an edge-
(bary 7y, t, R, £ay) with v = 24 € I(t) and R defined according to the chosen seman-
tic. For instance, ifPA semantics is chosen, théh = {zy |t ¢ En(M) At €
En(M")}.

In this section, we consider the TPNs originally defined by Merlin (i.e. without
strict constraints) and labeled-free TA (i.e. where two different edges have different la-
bels and no label is) and we develop the main result of the chapter: a characterization
of the subclass of TA which admits a bisimilar TPN. From this characterization, we
will deduce that given a TA, the problem of deciding whether there is a TPN bisimilar
to it, is PSPACE-complete. Furthermore, we will provide two effective constructions
for such a TPN: the first one with rational constants has a size linear with respect to
the TA, while the other, which uses only integer constants, has an exponential size.

4.6.1. Regions of a timed automaton

Since our proofs are based on the regions of a timed automaton, we detail their
definition. Recall that aegionis a pair composed by a location and elementary
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time zoneof the grid defined by the clocks and the granularityn what follows,

the topology of the regions is implicitly derived from that of its associated zone. We
now formally define the particular case of regions for a maximal congtant co.
Obviously it may lead to an infinite region automaton but will be a helpful tool for
proving our characterization. Note also that the following definition is equivalent to
the original one but is more appropriate for our theoretical developments.

DEeFINITION 4.12.-{Regions of an automaton with respect to thgrid and constant
K = oo] A time-closed regiom is given by:

— /¢, the location ofr;

—min, € fo the minimal vector of the topological closurerof

—the numbegize, of different fractional parts of clock values in the grﬁﬁgf,

with 1 < size, < |X|and the onto mappingrd, : X — {1, ..., size,} which gives
the relative positions of these fractional parts.

The region is them = {(£,,min, +6)|d € RSy A Va,y € X[ord,(z) =1 &
d(x)=0]Ad(x) <1/g A [ord,(z) < ord,(y) < §(z) < I(y)]}.

A time-open regiom is defined with the same attributes as the time-closed region by:
r={{,min, +3+d)|d€Rso ANVz € X, 0(z)+d<1/g}.

The sefX], is the set of equivalence classes of clocks with respect to their fractional
parts, i.e.z andy are equivalent ifbord,. () = ord, (y).

This definition needs to be slightly modified when dealing with a condtant
oo, by introducing a subset atlevantclocks, for which the value is less thdi
(recall thatK' > m wherem is the maximal constant in the constraints of the timed
automaton).

DEFINITION 4.13.—[Regions of an automaton with respect to thgrid and finite
constantK’] A time-closed regiom is given by:

—/,. the location ofr;

—min, € Nj‘ with Vz, min,.(z) < K the minimal vector of the topological
closure ofr;

— ActX, = {z € X |min,(z) < K} the subset of relevant clocks;

— the numbegkize, of different fractional parts for the values of relevant clocks in
the N/*X+ grid, with 1 < size, < Max(|ActX,|,1) and the onto mappingrd, :
X —{1,...,size,} giving the ordering of the fractional parts. By conventivm, €
X\ ActX,,ord,(z) = 1.

Thenr = {(¢,,min, +0)|6 € RS, A Va,y € ActX,[ord.(z) =1 & d(z) =
0] A d(z) <1/g A [ord,(x) < ord,(y) < é(z) < d(y)]}.
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A time-open description of a regionis given by the same attributes (and condi-
tions) as a time-closed region with: = {(¢,,min, + 6 + d)|d € Rsg A Vz €
ActX,, 0(z) +d < 1/g}.

Note that letting time elapse leads to an alternation of time-open regions (where
time can elapse) and time-closed ones (where no time can elapse). We also note that
min, ¢ r except if there is a single class of clocks relative {dor instance ifr is a
singleton). More generally, irrespective of the grid and the maximal constant, we note
by 7 the topological closure of. it is a finite union of regions and from the definition,
min,. is the minimum vector of.

Reachability. Recall that a region iseachableif it belongs to the region automa-
ton. However it does not mean that all the configurations of the region are reachable.
Nevertheless, by induction on the reachability relation inside the region automaton it
can be shown that every configuration is “quasi-reachable” in the following sense. For
each reachable regionthere is a regiomeach(r) with respect to the 1-grid and the
constanto such that:

—reach(r) C r;
— each configuration ofeach(r) is reachable;

—if reach(r) is a time-open region thenadmits a time-open description or else
r admits a time-closed description.

Note that consequentlyz € ActX,, min,cqen(ry () = min,(z) andVz €
X\ Act X, mingeqen(ry () = K and thatord, restricted toAct X, is identical to

Ordreach(r) .

Let us definéR by (I, v)R(l,v") iff Vo € X, v'(z) = v(z)V (v(z) = KAV () >
K). ThenR is a strong time bisimulation relation. From the previous observations,
we note that each configuration of a reachable region is strongly time bisimilar to a
reachable configuration of this region. Thus speaking about reachability of regions is
a slight abuse of notations.

4.6.2. From bisimulation to uniform bisimulation

As a first step towards our characterization, we prove that when a TPN and a
TA are bisimilar, the condition can in fact be strengthened in what we call uniform
bisimulation.

We first prove a lemma which is also a strengthened version of Lemma 4.1. It
points out the effect of time granularity on the behavior of TPN when strict constraints
are excluded.
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LEMMA 4.5.—Let(M,v)and(M, v+4) be two admissible configurations ofalr PN

withv, 6 € ]Rig’(M). Letw be an instantaneous firing sequence, then:

(@) (M,v) == (M,v+6) =
(b) If v € N,Z") ands € [0,1/g[FM) then(M, v + §) = (M, v)

Proof. There are two kinds of transitions firing in: those corresponding to a firing
of a transition (for example) still enabled from the beginning of the firing sequence
and those corresponding to a newly enabled transition (for example,

Proof of (a) Sincet is fireable from(M,v), v(t) € I(t) C I(t)!, sov(t) +
§(t) > v(t) also belongs td (¢)". Sincet € En(M) and(M, v + §) are reachable,
v(t) +4(t) € I(t)'. Thusv(t) + §(t) € I(t) andt is also fireable fron{M, v + §).
Sincet’ is newly enabled) € I(t') andt’ is also fireable when it occurs starting from
(M,v +9).

Proof of (b) The case of newly enabled transitiongins handled as before. Now
let ¢ be fireable in(M, v + ¢). Sincet € En(M) and (M, v) is reachabley(t) €
I(t)+. Sincev(t) +6(t) € I(t)! (denoting bye ft(¢) the minimum of(¢)T), we have
eft(t) < v(t) + 4(t) buteft(t) belongs to the-grid, thuseft(t) < v(t) < v(t) €
I(t)!. Sot is fireable from( M, v). |

LEMMA 4.6.— [From bisimulation to uniform bisimulation] Consider a timed au-
tomatonA bisimilar to somey-TPNA via some relatiorR. The semantics considered
for A is PA as it gives the maximal expressivity. We consider the region automaton
of A with respect to the grimf and the constank” = oo. Then:

— if a regionr belongs taR(A) then7 also belongs taz(A);

— with each reachable regionis associated a configuration of the nét/,., v,
with v, € N7 and a mappingp, : En(M,) — [X], which fulfill
- if r is time-closed, theN(¢,., min, + 0) € 7, ({;,min, + )R(M,,v, +
proj.(0)) whereproj, (0)(t) = 0(¢(t));
- if r is time-open, theW(¢,., min,.+0+d) € T, (£, min, +0+d)R(M,, v, +
projr(0) + d).

Proof. We prove this uniform version of the bisimulation by induction on the reacha-
bility relation between regions. First note that the choice of a particular alackhe
classy, (t) is irrelevant when considering the valdier). Thus, the definition ofroj,

is sound.

We prove our assertion by induction on the transition relation in the region automa-
ton. The basic case is straightforward wittiy, 0)} and{ (M, 0)}. For the induction
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part, we considet cases, according to the incoming or target region and to the nature
of the step.

1. A time step from a time-closed regionlLet r be a time-closed region which
is not maximal and let us denote by= succ(r) the immediate time successorsof
Let (£, min, + dg) be some item of. (£,., min, + do) = for somed > 0. Thus (by
induction hypothesis), iV there is a step sequence(df,., v, +projy, (5)) ="
with all transitions labeled by and>" d, = d. Letdy, be the first non-zero elapsing
of time. By application of Lemma 4.5(b), the firing sequence . ¢, is fireable from
(M, v,.).

Let us choosé M, ,v,/) as the configuration reached by this sequence. By ap-
plication of Lemma 4.5(a), this firing sequence is also fireable from(ady, v, +
projr(9)) bisimilar to (¢, min, + ¢) € 7 and it leads td M, v, + proj,(9)) (still
bisimilar to (¢,., min,. + §)) whereg, (resp.,v,) is equal tog, (resp.,v,.) for tran-
sitions always enabled during the firing sequence @gndresp.v,) is obtained by
associating the class of index 1 (resp. by associating the value 0) with the newly en-
abled transitions. Sinaé\,, v,+) let the time elapse and singéis ag-TPN, we note
thatvt € En(M,.), v (t)+1/g € I(t)!. Now let(£,, min, + § + d) € 7/, and we
haveVz € X, §(x) +d < 1/g. ThusVt € En(M,.), proj.(6(x)) +d < 1/g, which
implies (M, vyr + proj..(8)) = (M, v + proj..(8) + d); this last configuration
is necessarily bisimilar t¢/,., min,. + § + d).

2. A time step from a time-open region.Let r be a time-open region and let us
denoter’ = succ(r). Let us define byX*** the clasqz], with maximal index. We
note thatmin,. = min, + do where, ifz € X%, thendo(z) = 1/g, otherwise
do(x) = 0. We choos€M,,v,1) = (My, v, + projr-(do)). Lett € En(M,) and
x € ¢,(t) theng,. (t) = [z],~ (letting time elapse does not split the classes)pSyg,
andproj,. are identical.

Now let (., min,.. + &) € . (L, min.: + &) = (b, min, + dg + 6).

Now letd = §(x) for = belonging to the class of index 1 X ,.]. Then(¢,., min, +
do +96) = (b, min, + 0’ + d) where, ifx € X** thend’(z) = 1/g — d, otherwise
§(z) = 6(x) — d. (b, min, + &' + d) is bisimilar to (M., v, + proj.(§') + d) =
(My, v + proj. (&' + d)) = (My,vr + proj.-(61 + 6)) = (M, vr + proj-(d1) +
proj-(6)) = (M, v + proj(6))).

For this step, we have not used the characteristics of time Petri nets.

3. A discrete step into a time-closed regioriVe have two cases, hamely a and b.

—Case a.We first consider the case whereis a time-closed region. Let
(4, min, +d¢) be some element of. Suppose tha{l,, min, +dg) = (I',v" + d5)
with Vz € R(e),v'(z) = §p(z) = 0,Vz ¢ R(e),v'(z) = min,(z) A () = do(x).
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Then in N\ there is a firing sequend@,, v, + proj.(do)) - labeled bye. Due

to Lemma 4.5, this firing sequence is also fireable from @&y, v, + proj,(9))
bisimilar to (¢,., min,. + §) € 7. According to bisimilarity,(¢,., min,. +46) - for any
(¢.,min, + 6) € 7. Letr’ be the region including?’, v’ + d5), then any configu-
ration of 7/ is reachable by this discrete step. Note that= [’ andmin,. = v'.
From (M,,v, + proj.(9)), the sequencev leads to somgM’, ') bisimilar to
4y, min,. + ¢")). We now show how to defing/,., v,» and¢,.. First M,, = M’.
Secondy,- (t) = v,.(t) for transitionst which are always enabled during the firing
sequence and.. = 0 otherwise. At lastgp,. is obtained fromyp,. as follows. Lett be

a newly enabled transition during the firing sequence, the(t) is associated with
the class of index 1. Letbe a transition always enabled during the firing sequence.
There are three cases to considerdpi(t): either there is & € ¢,.(t) not reset, then

¢ (t) = |z],» otherwiseg,.(t) is the class of maximal index which precedgst)

and contains a clock not reset or else the class of index 1. The two last affectations
are sound since it means that whatever the valug©ffulfilling the order between
classes, the firing sequeneeleads to bisimilar configurations (as being bisimilar to
the same configuration of the automaton).

—Case b.The case where is a time-open region is handled in a similar way.
Let (¢,-, min, +0g + doy) be some element af Suppose tha¥/,., min, +d¢ + do) =
(', v 4 ) with Vo € R(e),v'(z) = dg(x) = 0, Vo ¢ R(e),v'(z) = min,(z) A
dp(z) = do(z) + do. Then, inN there is a firing sequend@/,., v, + proj,(do) +
dp) = labeled bye. Due to Lemma 4.5, this firing sequence is also fireable from any
(M, v +proj-(6)+d) bisimilar to(¢,., min,+d+d) € 7. According to bisimilarity,

(¢, min, +§ + d) = for any (¢,, min, + § + d) € 7. Lets’ be the region including
(I',v" + 64), then any configuration of is reachable by this discrete step. Note that
l» =1 andmin,. = v'. From(M,, v+ proj,(5) +d), the sequence leads to some
(M’, V") bisimilar to({,», min,. +§")). We now show how to defin&f,, v,» and¢,..
First M, = M’. Secondy,-(t) = v,(t) for transitionst always enabled during the
firing sequence and.. = 0 otherwise. At lastg, is obtained fromp, as follows. Let

t be a newly enabled transition during the firing sequence, ¢he(t) is associated
with the class of index 1. There are three cases to consider.fan: either there is a

x € ¢,(t) notreset, thew,- (¢t) = |z],» otherwisep,.(t) is the class of maximal index
which preceedes, (t) and contains a clock not reset or else the class of index 1. The
two last assignments are sound since it means that whatever the valugfaffilling

the order between classes, the firing sequenésads to bisimilar configurations (as
being bisimilar to the same configuration of the automaton).

4. A discrete step into a time-open regionln order to reach a time-open region
by a discrete step, the corresponding transition must start from a time-open region
and must not reset any clock. Lé&t., min, + 6 + d) € r and (¢,,min, + § +
d) = (I';min, + 0 + d). Here we have used the hypothesis that no clock is reset.

Then there is a firing sequen¢@/,., v, + proj.(6) + d) - labeled bye. Due to
Lemmad4.5(M,, v, + proj-(6)) =. (r, v, +0) is bisimilar to(M,, v, + proj(9)).
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B()Z leu ba {y}

2

x <1, a, >1Ay<0,¢ 0
£y {y} 4y € Y c Iy
r <1 rz <1

Figure 4.15. Two automata with different behavior with respect to
bisimulation with a TPN

Thus(¢,., min, + 8) = (I',min, + &) % (I',min, + & + d). Then this region can
be reached via a discrete step into a time-closed region followed by a time step. So we
do not need to examine this case. |

4.6.3. A characterization of bisimilarity

The characterization of TA bisimilar to some TPN is closely related to the topolog-
ical closure of reachable regions: it states that any region intersecting the topological
closure of a reachable region is also reachable and that a discrete step either from a
region or from the minimal vector of its topological closure is possible in the whole
topological closure. The two automdsg andf3; in Figure 4.15 will illustrate our re-
sults: the automatoi; admits a bisimilar TPN, whered&s does not. In what follows,
we suppose that any atomic constraint related to a ctookcurring in the invariant
of a location is added to the guard of each incoming transition which does notreset

THEOREM 4.9.— [Characterization of TA bisimilar to some TPN] L&t be a (label-
free) timed automaton, IR (A) be its region automaton with respect to theyrid

and a constanK strictly greater than any constant occurring in the automaton, then
A is weakly timed bisimilar to a time Petri net iffr € R(A), Ve an edge ofA:

(a) Every region’ such that’ N7 # § is reachable; (bW (¢, v) € r, (b, v) ==

Ly, min,) =; (C)Y(lr,v) €T, ({r,min,) 5= (br,v) 5.

Furthermore, if these conditions are satisfied then we can build a 1-bounded 2-TPN
bisimilar to A whose size is linear with respect to the sizedfind a 1-bounded
1-TPN bisimilar to.A whose size is exponential with respect to the sizé.of
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We note byZ A™ this class of automata. Using the theorem, we justify why the
automator3; does not admit a bisimilar TPN. The regior= {({1,2 = 1A A0 <y <
1} is reachable. The guard of edgés true inmin, = (41, (1,0)), whereas it is false
inr.

We prove Theorem 4.9 in three steps in the next sections.

4.6.4. Proof of necessity

The fact that condition&), (b), and(c) are satisfied with respect to thegrid and
the constanK = oo is straightforward:

— (@) This assertion is included in the inductive assertions.

— (b) Let r be a reachable region, I&t., min, + 6) € r be a configuration with
5 € 10,1/g[X, then3(M,v) v € NZ" pisimilar to (¢,, min,) and (M, v + &)
with &’ € [0, 1/g[®(M) bisimilar to (£,, v 4 §). Suppose that/,., min,. + §) <, then
(M,v + ¢") % with w as an instantaneous firing sequence &bdl(w) = e. Now
according to Lemma 4.5(b)M, v) =, thus(¢,., min,.) <.

—(c) Let r be a region and?,,min, + &) € T with 6 € [0,1/g]* thus
3(M, v) bisimilar to (¢,., min,.) and(M, v + §') with &’ € [0, 1/g]Z™M) bisimilar to
(4., min,.+9). Suppose that,., min,.) -, then(M, v) = with w as an instantaneous

firing sequence anthbel (w) = e. Now according to Lemma 4.5(&)M, v + §') =,
thus(¢,., min, + §) .

In order to complete the proof, we successively show that if the conditions are sat-
isfied with respect to thg-grid and infinite constant, they are satisfied with respect to
thel-grid and infinite constant and when satisfied w.r.tithgrid and infinite constant,
they are satisfied w.r.t thiegrid and the usual finite constant. This is done by the next
two lemmas.

LEMMA 4.7.— [About the conditions and the grid] Led be a timed automaton and

g € N5 . If the conditions (a),(b),(c) are satisfied by the region automaton associated
with the g-grid, then they are satisfied by the region automaton associated with the
1-grid (where in both cases the constdiit= o).

Proof. Let us denote by?(.4)9 the region automaton oA with respect to the-grid.
By definition of regions, we note that which is a region oR(.A), is a finite union of
regions ofR(.A)? (for example; = (J,_, , 7i). Thus,7 = |J,_, , 73 which proves
the implication for(a).

Assume thatb) is satisfied byR(A)?. Let (¢,.,min, + § + d) € r be a region
of R(A) and assumé/,., min, + § + d) . We defined’ by ¢’(z) = é(z)/g . Then
sinceA has integer constraintd,., min, +4¢’+d/g) <. Moreover, this configuration
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belongs tor and then to a region’ € R(.A)? whose minimal vector isin,.. Then,
by applying(b), we obtain(¢,., min,.) .

Assume thafc) is satisfied by2(A4)9. Let (¢,,v) € T wherer is a region ofR(.A)
and assumég’,., min,.) . Then there is an increasing path among the minimum vec-
tors of regions ofR(.A)? all included in7. This path is such that any two consecutive
elements belong to the closure of some region; it start§,ainin,.) and finishes at
(4., min,.,) such thatl¢,,v) € 7 (with r, as a region ofR(.4)9). Thus, by applying
iteratively(c) yields (¢,., v) <. |

LEMMA 4.8.— [About the conditions and the constaiii Let A be a timed automa-

ton. If the conditions (a),(b),(c) are satisfied by the region automaton associated with
the 1-grid and constantX’ = oo, then they are satisfied by the region automaton
associated with theé-grid and a finite constant.

Proof. Let us denote by?(.A)> the region automaton of with respect toK' = oc.
Let r be a reachable region iR(.A) andreach(r) the associated region @f(.A)*°.
Note thatl,c,cn) = ¢» and thatVe € ActX,, min,cocnry = min, andvr €
X, MiNyeqen(ry = min,. SUuppose thateach(r) is time-closed (resp. time-open) then
r admits a time-closed (resp. time-open) description whereitlle andord,.cqcn ()
mappings are identical for clocks it X,.. Thus,V(¢,,v) € r,3(¢,,v") € reach(r)
such thatz € ActX,,v'(z) = v(x).

Now take a convergent sequenee; oo (¢, v;) = (¢, v) With (¢,,v;) € SO
that(¢,.,v) € 7. Then the corresponding sequer¢é., v})} being bounded admits an
accumulation point/,., v’) € 7. Itis routine to show that¢,., v) and(¢,.,v") belong to
the same region iR (.A). This proves that conditiofa) for R(.A)> implies condition
(a)for R(A).

Assume thaib) is satisfied byR(A4)>. Let (¢,,v) € r be a reachable region
of R(A) and(4,,v) . Letreach(r) be the associated reachable regiorRgf4)>°
then3(¢,,v") € reach(r) strongly time bisimilar to(¢,., v), thus(¢,,v") <. Using
condition(b), (£, MiNreach(r)) —. SINCE(Ly, MiNyeqen(r)) IS Strongly time bisimilar
to (¢, min,.), we have(l,., min,.) <.

Assume thai(c) is satisfied byR(A)> and conside(’,,v) € 7 wherer is a
region of R(A) and (¢, min,) <. Let reach(r) be the associated reachable re-
gion of R(A)*°, then3(¢,.,v") € reach(r) strongly time bisimilar to(¢,., v). Since
(€r, MiNyeqen(ry) IS strongly time bisimilar tg4,., min,.), (£, Min eqcn(r)) —- ThUs,
using conditior(c), (¢,,v") . By bisimilarity, we obtain¢,., v) .

We now give the proof that the condition is sufficient. The proof is split into two
parts, corresponding respectively to the constructionff@N and the construction
of al-TPN.
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Rtodof Rtodof

changeg>y,

resety>q reselysaq

(a) Widget for conditionz > a (assumer > 0) (b) Widget for conditionz > a

Figure 4.16. Widgets for conditiong > a andz > a

Rtodo?

resetz<a

(a) Widget for conditionz < a (b) Widget for conditionz < a (assumer >
0)

Figure 4.17. Widgets for conditions < ¢ andz < a

4.6.5. First construction

Proof for the first construction of sufficiency. We first describe the construction of a
2-TPN bisimilar to.A. The principles of this construction are similar to those used
for the language equivalence. We build a subnet per elementary condition (including
the part associated with the clock resetting). However, except for the conditipns

and the resetting part, all the constructions are different. We first notertkata
occurring in an invariant may be safely omitted. Indeed (see the assumptions on timed
automata), it never forbids the state to be entered. If it did forbid the progress of time in
some configuration, then the associated region would be a maximal time-open region
r. Due to condition(a), T is reachable but sinceis time-open7 N succ(r) # 0, SO
thatsucc(r) is reachable which contradicts the maximality-of

All edges of N are weighted byi. Unless explicitly stated, the transitions are
labeled bye.

— With each locatiod of the automaton, we associate an eponymous glatke
place/ is initially marked iff the locatior? is the initial one.
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Rtodo} Reachy<q

resety<aq

Rtodo} Reachz<q

=/

Figure 4.18. Widget for invariantr < a

— The conditions associated with a clackre arbitrarily numbered fromto n(z),
wheren(z) is the number of such conditions. We consider that whet a (a # 0)
occurs in at least one transition and in at least one invariant, it is associated with two
different conditions. Then we add placgBtodof };<,(x)+1 for the management of
the resets.

— With each condition: > a (a # 0) occurring in a transition of the automa-
ton, we associate a widget (see Figure 4.16 (a)) composed by two filacesF, >,
and three transitionshange,q, reset, ,, reset’ .. The placeF,, is initially

r>a’

: Tr(e)
]—Et()dOZELle)HRtodoﬁmz)+1 RtOdOn(z,,L(e))+1

T (e)
Rtodo; O

Rtodo}! O Rtodo??

We"(e) v

Figure 4.19. Widget of an edge
(l,’y = {Cl, ey Cm(e)}, e, R = {$1, ey azn(e)},l')
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marked whileT, >, is unmarked. The interval associated wiflunge, >, is [a, al;
*changey>qa = {Fy>q} andchange,>," = {Tu>q}. The interval associated with

reset), andreset?, is [0,0]. Let i be the number of the conditon > a.
*reset)s, = {Fuza, Rtodo}} andreset}@a' = {Fyxa, Rtodo}, | }. *reset?, =

{T_'[->(l7 Rtodox} andTesetz>a. = {Fx>a7 Rtodof+1}_

— With each conditiorx > a occurring in a transition of the automaton, we as-
sociate a widget (Figure 4.16 (b)) composed by two plaEgs,, F,~, and three
transitionschange, q, resetl . ., reset?. ,. The place, -, is initially marked while
T.>q is unmarked. The interval associated withange,~, is [a + 1,a + 1];

*changezsq = {Fy>a} andchange,~.® = {T,>q}. The interval associated with

resetl., andreset., is [0,0]. Let i be the number of the condition > a.
*resetl_, = {Fy>q, Rtodo?} andresetl.,” = {Fy>q, Rtodo? . }. *reset?., =

{Ty>q, Rtodo?} andreset?_ ,* = {Fysq, Rtodo?, }.

— With each conditiorx < a occurring in a transition of the automaton, we as-
sociate a widget (Figure 4.17 (a)) composed by two plaes,, Fr<. and three
transitionschangeg<a, resetﬂw resetm<a The plac€el’, <, is initially marked while
F,<q is unmarked. The interval associated withungez <, is [a + 1/2,a + 1/2];

chcmgex<a = {Tl<a} andchcmgexga = {Fy<.}. The interval associated with

reset), andreset?, is [0,0]. Let i be the number of the condition < a.
*resety <, = {Tu<a, Rtodof} andresetl<a = {Ty<a, Rtodo} , }. 'resetfc<a =

{Fr<a, Rtodo? } andresetx<a' = {Tr<a, Rtodo},  }.

— With each condition: < a (a # 0) occurring in a transition of the automaton,
we associate a widget (Figure 4.17 (b)) composed by two plages, F.-, and
three transitionshange, ., resetl _ ., reset? _,. The placel, -, is initially marked
while F,.., is unmarked. The interval associated wiflunge, <, is [a — 1/2,a —
1/2]; *changer<q = {Ty<q} andchange,<,* = {F.<q}. The interval associated

with resetl_, andreset?_, is [0,0]. Leti be the number of the condition < a.
*resetl_, = {Ty<q, Rtodo?} andresetl_,* = {Ty<q, Rtodo?, | }. *reset?_, =

{F,<q, Rtodo?} andreset?_,* = {Ty<a, Rtodof, , }.

— With each conditiont < a (a # 0) in an invariant, we associate a wid-
get (Figure 4.18) composed by two placéReach,<,, F'Reachz<, and three
tranSItlonSTeachx<a,resetRaKa,TesetRiq The place F Reach,<, is initially
marked wh|IeTReachx<a is unmarked. The interval associated withacha<q
is [a,a]; *changez<q {FReachyq} and chcmgey<a {TReachy<q}-
The intervals assomated WlthesetRw< and resetR2 [0,0]. Let ¢ be the

a r<a

number of the condition: < a. *resetRl_, = {FReaChxga,RtOdOf} and
resetR! = {FReach;<q, Rtodof, , }. resetR2 = {TReachy<q, Rtodo?}

r<a r<a
andresetRx\a' = {FReachy<q, Rtodo} , }.

— With each edgél,y = {c1,...,cme)}, &, R = {z1,..., 2,0}, 1), We as-
sociate a widget (Figure 4.19) composed by pIa{:Hég’}i@(e) and transitions
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firee, {nextl};<n(e). The transitionfire. has the labek; its interval is [0, oof;
*firee = {l,Te,-.,Te, .} and fire.* = {W}, Rtodo{*, T,,, . .. 7Tc@(e)}'
The interval associated with transitiomgzt’ is [0,0]. Vi < n(e),*next!, =

{W¢, Rtodoyy,. ,} and next!® = {Witl, Rtodoy™'}. *nextt'® = (W',

Rtodoi’(f)( )41} and next™®" = {£}. When R = 0, the widget is re-

duced to the transitiorfire, with ®fire, = {{,T,,,... ,Tcm(e)} and fire.,* =
W, Tey o Tep )

— If a conditionz < 0 occurs in the invariant of, then we add a transitiostop,
with interval [0, 0], ®*stop, = stop,* = {¢}. If a conditionz < a (a # 0) occurs in

r<a r<a

the invariant ofl, then we add a transitiostop, ~“ with interval [0, 0], *stop, ~“ =
stopfsa. = {¢, TReachy<,}-

We decompose the reachable configurations (and markings)intéomediate
(someW¢ is marked) ancpermanentones (some is marked). An easy induction
shows that in permanent configuratiqidd, ) the enabled timed transitions relative
to a clock are “synchronized’:(change.) = v(change.) = v(reach.:) as soon
asc,c,c’ relate to the same clock. We definev(x) as this common value if at
least one such transition is enabled and otherwisg = K (x) whereK (z) is the
maximal value relative to clock occuring in the nefV. Furthermore, from any in-
termediate configuratiofi\/, v), the behavior of the net is quasi-deterministic until it
reaches a permanent configuration: there are only firing sequences (i.e. no time step)
and some of them lead to permanent configurations. Furthermore, these permanent
configurations (for exampléM,,c..t, vnert)) have the same marked pla¢and the
same values;,c.:(z).

It is also obvious that once sonfére. is fired, the construction ensures the ex-
istence of a “resetting” sequence which reinitializes the widgets associated with the
clocks to be reset.

Bisimulation relationWe now define the relatioR between reachable configura-
tions of the automatosl and the netV. Let us defind?, v)R (M, v) iff:

— eitherM is a permanent marking ardd (¢) is marked and i/(z) < K (x) then
v(z) = v(z), otherwisev(z) > K (x);

— or M is an intermediate marking leading to some permat®fy..+, Vne.t) @and
(6, v)R(Myext, Vnest)- This definition is sound due to the common features of the
different(Mext, Vnext)-

It remains to prove thaR is a bisimulation, which is done in the next lemma.
LEMMA 4.9.—The relationR defined above is a weak timed bisimulation.

Proof. We first consider moves frord.



Comparison of Expressiveness for TAand TPNs 135

Case 1:(¢,v) = (¢/,0")

First, let us prove thatM,r) = with o labeled bye. At first, o begins by
¢’ which consists of firing all thehange, fireable leading to some\’, v’) (with
(4,v)R(M’,1)). Now we prove thatM’,v') '“5°. By definition of R, M (/) is
marked. Let be a condition occuring in the guard@flf ¢ = [z > o] thenv(z) > a
which implies that/(x) > a and thatl,>, is marked (eventually with the help of).

If ¢ = [x > a] then letr be the region to whicl/, v) belongsmin,(z) = |v(x)].
Using condition(b), (I, min,) . Thus,v(z) > min,.(z) > a + 1, which implies
v(z) 2 a+ 1 and thatl,~ , is marked (eventually with the help of). If ¢ = [z < q]
thenv(z) < @ which impliesv(z) < a and thatT,«, is marked (remember that
changez<, fires whenv(z) = a 4+ 1/2). If ¢ = [z < q] then letr be the region
to which (¢, v) belongs. Then there exist$, v;) € 7 with vy (x) = [v(z)]. Using
condition (b) and then(c), (I,v1) . Thus,v(z) < vi(z) < a — 1, which im-
pliesv(z) < a — 1 and thatT, ., is marked (remember thabange,, fires when
v(z) = a — 1/2). Thusfire, is fireable from(M’,v'). We completer by the “reset-
ting” sequence leading to a configuration bisimila(tgv’). If M is an intermediate
marking, we fire a sequence leading to SqM&, ¢+, Vne.:) @and perform the previous
simulation.

Case 2:({,v) % (£,v +d)

Suppose that < a belongs to the invariant &f This means that(z) + d < a.
Thus, from(M, v), we let a timed elapse interleaved with possible firingsfunge
transitions. Thetop transitions associated withwill be possibly fireable but only at
the end of this step sequence.

If M is an intermediate marking, we fire a sequence leading to some
(Mpext, Vnest) @and perform the previous simulation.

Conversely, we consider moves froki

Case 3:(M,v) = (M', V)

If t is labeled by, then by constructiof¥, v)R(M', ).

Thus, we only need to examine the casg¢ofk,. (M is then a permanent marking).
Letr be the region to whicl, v) belongs. We will show that/, min,.) <. Then by
condition(c), we will obtain that(¢, v) <.

Letc be a condition occuring in the guardefif ¢ = [z > a] thenT, >, is marked,
which implies that/(x) > a and therv(z) > a, thusmin,.(z) = [v(z)| = a. If ¢ =

[z > a] thenT,, is marked, which implies that(x) > a + 1 and therv(z) > a+1
thusmin,(z) = |[v(z)] 2 a+1 > a. If ¢ = [z < a] thenT,«, is marked, which
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(L] Tysy

Figure 4.20. The TPN bisimilar tdy

implies thatv(z) < a 4+ 1/2 and therv(z) < a + 1/2 thusmin,.(z) = |v(z)] < a.
If ¢ = [x < a] thenT,, is marked, which implies thai(z) < a — 1/2 and then
v(z) < a —1/2thusmin,(z) = |v(z)] <a—1<a.

So(¢,v) = (¢',v") for some(¢',v"). By construction of\" and definition ofR,
(0 YR(M' V).

Case 4:(M,v) % (M,v + d)

An intermediate marking cannot let time elapse. Thidgs a permanent marking.
Consider anr < « that belongs to the invariant éf Thena # 0, otherwise, from
state(M, v), stop; must be fired and, in this case, time may not elapse. Similarly,
sincestop] <" is only possibly fireable fromiM, v + d), it follows thatv () +d < a,
thusv(z) + d < a.

Consequently/, v) % (¢,v + d) and obviously(¢, v + d)R(M, v + d). |

We finally illustrate this construction on the timed automasgin Figure 4.15 and
its translation given below (with some simplifications related to this particlildy.
For readability,immediate transitions (where inteffgaD] is represented in black and
¢ labels) are not shown.
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First, note that the subnet associated with the constgaint0 switches the con-
dition to false (firing oftoF, <o) when the implicit value ofy maintained in the net
reached /2. Seemingly, this translation appears to be less constrained than the orig-
inal condition. We explain how we prove that this translation is nevertheless sound.
Let r be the region corresponding to the current configuratfon) of the automaton
simulated by the net. If the net is able to simulate a discrete step of the automaton,
we prove that in the configuratiqd, min,.) of the automaton this step is also possi-
ble. Thus, by conditiorfc), the step is also possible frof4, v). On the other hand,
if a discrete step is possible f¢f, v) in the automaton, we show that this step is
also simulatable in the net using both conditighsand(c) and the following fact:

Ve € X,3(4, ), (¢r,v") € T such that'(x) = |v(z)| andv”(x) = [v(z)]. We

also need to handle the invariants. First it is straightforward to observe that, due to con-
dition (a), an atomic constraint < ¢ occuring in an invariant may be safely deleted
since its effectiveness leads to the existence of a regidmse time-successor (which
intersects’) would not be reachable. The subnet associated with the atomic constraint
x < 1 occuring in the invariant ofy leads to transitiomnvy (not modifying the mark-

ing) which is fireable as soon as the simulated value iifached and the placé, is
marked. Thus, time cannot progress except if the location is left.

4.6.6. Second construction

Proof for the second construction of sufficiencyWhen the conditions on the unla-
beled timed automatod are satisfied, we build &TPN A with atomic semantics
which is weakly timed bisimilar tod. We suppose that all invariant conditions of a
location are added to the guard of each ingoing transition. Recallithat m + 1,
wherem is the maximal constant fod. The construction of the TPN is a partial repli-
cation of both the region automaton.dfand the class automaton, as explained later.
There is first a subnet for each clogkin which only the integral parts af appear in
the places (but with a fractional part that can re&ch

T
z h
1 tK—l K

[1,1] L.1] L.1]

Then we add one plagg for each clas€’ = (¢, Z) of the class automaton, with
the initial class marked. Now let = (¢, g,a, R, ¢') be a transition ofAd. For each
pair (v,v’) of clock valuations inN*, with v,v" < K, we build a subnet which
simulates the transitiof¥,v) = (¢,v’), where we have/(z) = 0if x € R and
v'(x) = v(x) otherwise. LeC, = (¢, Z3),...,Cx = (¢, Zi) be the subset of classes
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such thaBiv” € Z; AVz € X, v"(z) = v(z) V (v"(z) > K Av(z) = K)) for1 <

i < kandCy,...,C}, be the classes obtained by applying transiéida C1, ..., Cy
respectively. We have a transition with laleior eachC; (with £ = 2 in the figure
below), all with interval[0, +oo[. Note that all reset operations for clocks ihare
executed successively with instantaneous transitions. Moreover, the upper part of the
net ensures that the invariant conditions of locatieme satisfied (this part has been
omitted for?’).

hZ, z < ceInv()

Figure 4.21. Simulation of a transition

Like in the previous proof, we say that a configuration (and the corresponding
marking)(M, v) of the TPN is permanent i/ (¢) = 1 for somel. Otherwise, it is an
intermediate configuration (and marking), whégreset?) = 1 for some (exactly
one of each) ande, meaning that some reset operations are in progress. Here again,
a permanent configuration is reached instantaneously from such an intermediate con-
figuration, with only firing sequences completing the reset operations for transition
(interleaved with possibly transitions firings of sonfg.

Furthermore, for a configuratidid/, v), there is exactly one non-empty plakcg
for each clocks. By writing c, for the constant, such that/ (h ) = 1, we have
eitherc, = K or0 < v(tZ ) < 1, wherey(tZ) is the time elapsed since the arrival
of the token in the placg? . This means that the value of clogks eitherv(z) > K
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orv(r) = c, + v(tf ) with |v(z)| equal to either, or ¢, + 1. In the latter case,
transitiont? can be fired instantaneously, leading to the configurdtian, »') with
one token in placé? ., and either, +1 = K orv/(tf ,,) = 0. We can thus reach
a configuration where = (¢, )ex IS maximal.

Bisimulation relation. The relationR is defined as the set of paif6M, v), (¢,v))
such that:

— either(M, v) is a permanent configuration wiff (¢) = 1, the relation between
v andv is the one described above, and there exists exactly one(¢las§/, Z) such
thatM (C) =1 andv € Z;

—or (M, v) is an intermediate configuration leading to some permanent configu-
ration(M’,v’) such tha{(M',v'), (¢,v)) € R.

We end the proof with an auxiliary lemma and the fact tRats a weak time
bisimulation.

The following lemma, which relates regions and classes, shows how the class au-
tomaton will be used to control the firing of a transition when the minimal poist
not in the same region as

LEMMA 4.10.— Let A be an automaton satisfying the conditions of Theorem 4.9, let
C = (¢, Z) be aclass of the class automaton aridv) € C. Let(¢,v) € r wherer

is a region with respect to to the choiéé = oo (which means that there is an infinite
number of regions). The(¢,v') € 7, (¢,v') € C. In particular, (¢, |v]) € C.

Proof. The proof is obtained by induction on the reachability relation between regions.
The case of a discrete step follows from conditigpsand(c) of Theorem 4.9. The
case of a time step follows from the choice léf = oo which implies that, given a
regionr, every item ofsucc(r) is reached by a time step from an itenyrof |

LEMMA 4.11.—The relationR defined above is a weak time bisimulation.
Proof. Assume that M, v)R (¢, v) and consider a move id.

Case 1:(¢,v) % (£,v + d) (with d # 0). In this case, we must consider different
subcases, according to the regions that can be reached by elapsing time. We consider
only moves in which at most one different region is reached, whereas the general
case would be a combination of those elementary moves. First note thatSiace

v + d can be reached, no invariant condition needs to be activatdd Moreover, if

(M, v) is an intermediate configuration, we first apply the sequence described above
and reach the equivalent configuratighl1,v1). Also in this case, since classes are
unchanged by elapsing time, if we prove that a delay move is possible(fvbn; ),

we immediately obtain that the class is the same in the resulting configuration. Thus,
the resulting configuration will be equivalent(tf v + d):
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— if v belongs to a time-open region, the case whéigelongs to the same time-
open region is easy, since it simply corresponds to a delay transitionfrfimv, ) in
N, each clock being in sonm€ and staying inside (no token move), with/y, v +d)
equivalentta ¢, v + d). If v" has reached an integer value, we consider a cloekh
the greatest integral part, so thdfz) = |v(z)] + 1 = v(z) + d with v(y) + d <
|v(y)] + 1 for all other clocks. In this case also, we obtain a delay mov¥ ifrom
(Mla Vl);

— if there are some clocks for which v(z) has an integer value, then elapsing
time leads to the successor region, which is time-open. Riafn 14 ), it is possible
to reach with instantaneous transitions a configuratidh, v») where for all clocks
with integer valuesMs(h%) = 1 with ¢ maximal, and Ms, v») is still equivalent to
(L, v). Now from(Ms, v2), a delay move can be applied so thaf, v) = (M, 1) =
(MQ,VQ) (MQ,Z/Q—Fd) with (MQ,Z/Q—Fd) (K,v—&—d)

Case 2:If (¢,v) = (¢,v) for somee = (¢, g,a, R,l’), then condition(b) implies
that a transitior{¢, |v]) = (¢, |v']) is also possible itd. Here again we may have to
apply from(M, v) a sequence of instantaneous transitions, leadifg#tg v+ ) where
placel is marked and from there we can reach an equivalent configurgtion.- )
with ¢ = (¢z)zex maximal. LetC = (¢, Z) be the class for whicd/(C) = 1,
with v € Z. From lemma 4.10¢/, |v|) also belongs t&”, andVz € X, |v]|(x) =
eV (|v](x) = K Aep = K) so that the transitioa (corresponding to this vector and
this class) can be fired iV, immediately followed according to the corresponding
reset sequence, leading(td/’, v’). Since exactly one class’ is marked aftee, we
have(M',v")YR(¢',v") according to the definition dR.

For the converse, we consider a move\in

Case 3:(M,v) % (M,v + d) (with d # 0). Then, neither reset transitions nor
transitions of the form? can be fired inV. Thus, the places? which contain a token
are such thav(t%) < 1 andv(t%) + d < 1. For the staté/, v), we haveM (¢) = 1
andv(z) = ¢ + v(t¥). The move(¢,v) % (¢, v + d) is possible ind since(?, v + d)
belongs either to the region ¢f, v) or to its time successor which is reachable by
condition(a). Therefore(¢,v) = (¢,v +d) in Awith (M, v + d)R({,v + d).

Case 4:(M,v) - (M’,v"). For any transition of\V/, which is not associated with
some transitiore = (¢, g,a, R,l") in A, no time can elapse so there is no need for a
move inA becauséM’, ') is still equivalent to(¢, v). Suppose now thdtis associ-
ated with an edge, so we havel/ (¢) = 1, M (C') = 1 for some clas§’ = (¢, Z) with

v € Z. Sincet is fireable, considering the valuatior= (¢, ).cx the constructionim-
pliesthatdv” € Z suchthavz € X, v"(z) = ¢, V(v"(z) > K Ac, = K), whichim-
plies that the segmeht”, v] C Z, from the convexity o7, with 0 < v(z) —v" (z) =
v(x) — ¢ < 1 for eachx such that, < K. Thus,[(¢,v"), (¢,v)] is contained in the
topological closure of some reachable region such thatn, = ¢ andl = I,.. Since



Comparison of Expressiveness for TAand TPNs 141

(¢,e) = (¢',c) is possible in4, and(¢,v") is strongly time bisimilar tq¢, ¢), we
have(¢,v") = (¢',v""). Now condition(c) implies that a mové/(,v) = (¢',v') is
also possible ind. From the definition(M’, v )YR(¢',v"). |

For instance, for the automatdty from Figure 4.15, we have four classé€g; =
{l,0<Le=y<1},C={l1,0< 2=y <1}, C] ={l1,z =1Ay =0} and
Cy ={l2,0 < y =  — 1}. We show below the subnet corresponding to the transition
c at point(l1, (1,0)) and class”].

ll l2

0, 400

Consider the following run iBy: (lo, (0,0)) = (I1,(0,0)) = (I1,(1,1)). The
simulation of this run byV" may lead to the following configuratiok:, h{, h§ andC
are marked antf; andt$ have been enabled fatime unit. Suppose that the sequence
téty is fired by marking the placg, then without the input plac€’ the transition
labeledc could be erroneously fired. Sin€& is unmarked this firing is disabled.

4.6.7. Complexity results
This characterization leads to the following complexity results.

THEOREM4.10.— [Complexity results] Given a (label-free) timed automaténde-
ciding whether there is a TPN weakly timed bisimilat4as PSPACEcomplete. The
reachability problem for the class. A~ is PSPACEcomplete.

Proof. The reachability problem for regions isRSPACE In order to check whether
the condition(a) is false wenon-deterministicallypick a regionr and a region’
which intersects and check whether is reachable and’ is not reachable. In or-
der to check whether the conditigh) is false wenon-deterministicallypick a re-
gionr and a edge and check whether is reachable and is fireable fromr and
not fireable from(l,., min,.). In order to check whether the conditi¢s) is false we
non-deterministicallypick a regionr, a regionr’ which intersects and an edge
and check whether is reachable and is not fireable fromr or »/ and fireable
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from (I, min,.). By Savitch’s construction, we obtain a deterministic algorithm in
PSPACE

In order to show thed®?SPACE-hardness, we use the construction in [ACE 02]
which reduces the acceptation problem for linear bounded Turing machine (LBTM)
to the reachability problem for TA with restricted guards. The calculated TA (called
Am.u,) satisfies the conditiong:) and (b) but does not satisfy the conditiqa).
However, it can be safely transformed in order to satisfy this condition by adding the
invariantt < 1 to any statgq, ) and the invariant < 0 to any state(i, 6, 7). This
intermediate automaton is now bisimilar to a TPN.

Then we transform the edges entering ¢hel state by resetting and at last we
add an edgéend,t = 0, ¢, 0, end).

If the LBTM M does not accept the word,, then the statend is not reachable
andA ., satisfies the conditions),(b),(c).

If the LBTM M accepts the wordy, then the statend is reachable and s,
does not satisfy the conditidi) (the additional edge is fireable when enteringl
but not after letting the time elapse). The fact that the reachability problem for the
class7 A~ is PSPACEcomplete was proved implicitly within the proof above. 1

At last, we complete these results by adapting them to other modéld oA sim-
pler characterization holds far A without strict (and diagonal) constraints. Despite
the fact that excluding strict constraints simplifies the characterization, the complexity
of the membership problem remains the same.

THEOREM 4.11.—[TA without strict constraints] Let4 be an unlabeled timed au-
tomaton without strict constraints, 1dt(.4) be its region with respect to thiegrid,
then.A is weakly timed bisimilar to a time Petri net iffr € R(A), Ve an edge of4,
V(,.,v) € r, (b, min,) == ({.,v) <. Furthermore, deciding whether there is a
TPN weakly time bisimilar tod is PSPACEcomplete.

Proof. It is straightforward to show that conditiois) and(b) are satisfied by an au-
tomaton without strict constraints. Similarly the conditi@n is easily deduced from
the current condition when the automaton does not include strict constraints.

The PSPACE membership is obviously true. We note that although the net
of [ACE 02] contains contraints; > 1, they can be safely changeditp > 2. Thus,
the PSPACE hardness follows. |

4.7. Conclusion

In this chapter, we have investigated different questions relative to the expressive-
ness of TPNs. At first, we have shown that TAs and bounded TPNs (enlarged with
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strict constraints) are equivalent with respect to the timed language equivalence. We
have also provided a more general and efficient construction of a TPN equivalent to
a TA than the previous ones. Then we have focused on the weak time bisimilarity
equivalence and we have developed our main contribution: a characterization of TAs
time bisimulatable by a TPN. From this characterization, we have proved that de-
ciding whether a TA admits a time bisimilar TPN isP&SPACE-complete problem.
Furthermore, the reachability problem is sRIBPACE-complete for this subclass of
TAs. Finally, we have proved that for bounded TPNs the different semantics lead to
equivalent models with respect to the time bisimilarity but that this is no longer true
with strict constraints.

We are now looking for similar (multiple) characterizations for TPNs enlarged
with strict constraints since in this context the choice of the semantics is relevant. We
will also try to apply the same techniques to compare the different models of Petri nets
with time.
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Chapter 5

A “Maximum Node Clustering” Problem

5.1. Introduction

We consider the following problem: given an undirected gr@pi, ), with V' =
{1,2,...,n}, E C {{i,j}:4,j € V}, non-negative node profits;, i € V, edge
weightsw;;, {i,j} € E, and a given capacit > 0, determine a subs&t* C V

such that the total profit(S*) = >, 5. m; is maximum and:

w(S* )= > w; <B [5.1]
{i.j}€b(5%)

whered (S*) is the set of all edges having at least one endpoistinn what follows

itis also assumed that({i}) < B, Vi € V, otherwise nodécould not be part of any
feasible solution and could be discarded in advance. We call such problem Maximum
Node Clustering (MNC). This problem generalizes(lie Knapsack problem (see the
reduction of Figure 5.1 in section 5.3) and is strictly related to the D&r&ubgraph
problem [FEI 01, BIL 05].

The problem models also a class of knapsack-like problems with quadratic ca-
pacity constraint, arising in some telecommunications network design problems
[CAR 04, YAM 05]. In telecommunications networks with hierarchical architecture,
terminal nodes —terminalsin what follows — representing origins and destinations

Chapter written by Giuliana &RELLO, Federico EELLA CROCE, Andrea QRossoand Marco
LOCATELLI.
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of traffic demands are connected to hub nodes in charge of aggregating small flows
into larger ones and routing them on intra-hub backbone links. Usually hubs have a
limit, B, on the amount of traffic they can handle — i.e. the amount of traffic they
can aggregate/disaggregate and route. The amount of traffic to be faced by a given
hub is the sum of the traffic related to terminals connected to it. Consider a set of
terminalsV, a subsetS C V connected to the considered hub and a traffic matrix
tij, (4,7) € V x V. The amount of traffic to be faced by the hub is:

Zztiﬂ'+z Z tji:z Z(tij+tji)_ztji

ie€S jev i€S jeV\S ieS |jev jes

In certain environments we can specify meaningful “profits” coming from con-
necting a terminal to the hub; this leads to a knapsack-like quadratic model:

maXme [52]

eV

subject to:

Z Z (tij +tji) xi — Z tjizix; | < B [5.3]

i€V [jeV JjeEV
z; €{0,1}, VieV [5.4]

wherez; = 1 iff the terminali is connected to the considered hub.

The profits assigned to the terminals may be different. With all equal profits we aim
to maximize the number of connected terminals. In another situation, suppose that a
terminali* is considered and that the goal is to minimize the total amount of traffic
that it sends on the intra-hubs links — this helps in reducing network costs, since a
flow depending cost is usually given between every pair of hubs. Thus, the aim is to
minimize_ g (tivj + tji-). Since)_ .y (ti+; +t5:+) is a constant, this is equiv-
alent to maximize) ;¢ (ti+; + t;;-). This leads to a quadratic knapsack problem in
which the profit of an iteny is given byt; ; +t ;- . Finally, [5.2] to [5.4] is the pricing
problem in a column generation approach for a class of Bin Packing Problems with
guadratic formulation of the capacity constraint [CAR 04]. In this case, completely
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general profits are defined by the simplex multipliers at each iteration. Model [5.2]-
[5.4] defines a special case of MNC, where terminals are mapped on graph nodes
and weightsw;; = t;; + t;; are associated with edgés j}: equation [5.1] enforces
constraint [5.3].

In this chapter, we first show that the problem is stroniyli>-complete (even
for bipartite graphs) and that approximation ratios arbitrarily closeace attainable
in polynomial time. Then, we consider the special case wii¢iie a tree (which
remainsNP-complete due to a straightforward reduction from thd@ Knapsack
problem) and show that it is solvable in pseudo-polynomial time by a dynamic pro-
gramming approach. For this latter case we also develop an FPTAS based on the dy-
namic programming recursion and an exact exponential algorithm that runs in time
0(23VIpoly([V])).

5.2. Approximation algorithm for the general problem

We first recall the following problems which are instrumental for the results.

KNAPSACK (or 0/1-knapsack problem). Givenitemd = {1,2,...,n}, item profits
P1,.-.,pn and weightd¥y, ... W, andb > 0 determineS C N such thatV (S) =
Y ics Wi <band) ¢ p; is maximum (decision versiol., ¢ p; > K for a given
K).

DENSE K-SUBGRAPH (DK'S). Given a grapltz’(V’, E’), with edge weightsv;;,
K > 0and@ > 0, determine ar$” C V' such thatS’| = K and:

Z Wi; 2 @ [5.5]

{i.7}reE(S")

whereE’(S") = {{i,j} € E:i,j € S’}

The KNAPSACK problem isNP-complete in the ordinary sense [GAR 79], while
the DK'S problem isNP-complete in the strong sense even for unweighted bipartite
graphs [COR 84].

The decision version of MNC calls for finding & C V such thatw(S) < B
andr=(S) > R for a givenR. The following proposition establishes the complexity of
MNC even for the special case of bipartite graphs.

PROPOSITION5S.1.—MNC is stronglyNP-complete.

Proof. Feasibility of anyS C V' can be checked i®(|E|) time, hence MNC= NP.
A reduction DK'S o« MNC is immediate: seV = V', E = E', w;; = W;; for all
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{i,j}eEBm=1forallie V,B=3 1cpWij— Q. R=|V|-K.AnSCV

exists such that(S) = |S| = R andw(S) < Biff S’ =V \ S is aK-nodes subset

satisfying [5.5]. |
We now discuss approximate algorithms for MNC on arbitrary graphs.

PROPOSITION5.2.— An approximate solutio'4 such that:

<2+¢

is computable in polynomial time (inand1/¢) for anye > 0 and this bound is tight.

Proof.Let I be an instance of MNC with a gragh(V, E), profitsw;, i € V, weights
w;j, {i,7} € E and capacityB. We definen instances of KAPSACK I, k € V, as

follows:
N={1,2,....0}\ {k} =V \ {k}
p; =mi,t €N
(L) : W; = Zj:{’f‘,;’i‘EE wij,i € N

b=DB =3 (kjter Wkj
As already noticed, we assufié < B for all i (if not, nodei cannot be part of the

solution and can be eliminated). A (non-polynomial, at the moment) approximation
algorithm is defined as follows:

1. Sa = 0;

2. forall k=1,...,ndo

3. Solvely, letS;; be the optimal solution;

4, if m +w(SE) > m(Sa) then Sy .= Sf U {k};
5. end for;

6. return Su;

Note that allS}; U {k} are feasible fof.
From now on we consider an indésuch that € S* andnr, > 7; for all i € S*,
and denotéVy, = > ;. . wk;. We first prove that:

w(S*) < 2[mg + 7(S})] [5.6]

(note thatr (Sa) > m + 7(S))).
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Let I, be an instance of KaPsAck defined like, but restricted only to the
(unknown) items appearing i§i* and letS* be its optimal solution. Clearly;(S;) >

We first observe that, fo$™* to be feasible for, we must have:

W(S*\{k}) = > Wi<2(B-Wy) [5.7]
i€S*\{k}

since eachv;; is counted at most twice i/ (S;). Consider & € S* \ (5* U {k}).
If such at does not exist, thes™ U {k} = S* and the algorithm finds the optimal
solution; otherwise, according to the optimality$f we have:

W(S*) +W; > B — W, [5.8]
By combining [5.7] and [5.8], we get:
W[S™\ (8" U{k,t})] < B~ Wi
i.e.5*\ (S* U {k,t}) is feasible forl;. Then, by optimality of5*:
[S*\ (8% U {k.t})] < m(S7)
Finally, 7(S*) can be written as:

7(S*) = mp+m +7[S*\ (S*U{k,t})] +7(S¥)
< 2[m +7(SY)]
< 2[m + 7(Sy)]

thus establishing equation [5.6].

In order to get a polynomial algorithm, we simply require that on line 3 of the
algorithm the instances, are approximately solved by means of an FPTAS, with
relative error bounded by. Then:

m(sY) __w(§Y)  me+7(SE)
m(Sa)  me+7(Sy)  m(Sa)

<2<1+%):2+5




150 Optimization and Computer Science

For the bound tightness, consider an instahcEMNC on a complete graph where
V ={1,2,3,4}, E = {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}, m = 1 for all
i € V,w;; = ¢Bforall {i,j} € E. Eachl} has capacity; B, and optimal value,
hence we get a heuristic solution with valiavhile S* = {1, 2, 3,4}, n(5*) = 4. 1

ReEMARK 5.1.— If the underlying graph is bipartite, for exam@lgl; UVs, E), an even
simpler algorithm giving an approximation ratio arbitrarily close to 2 is the following
(the proof is straightforward). Solve two instandes, Iy, of KNAPSACKwhereN =

Vi andN = V5 respectively, and:

bi =T
W; = Z w;;, foreachie N
j{ij}EE
b=B

then pick the best between the two solutions.

5.3. The tree case

In what follows we consider instances of MNC where the underlying graph is a tree
T(V,E) (Tree-MNC, TMNC). TMNC is easily seen to ®dP-complete: Figure 5.1
sketches a simple reductiomiKPSACK o« TMNC whereT is a star.

Without loss of generality, we introduce the following notation and assumptions,
in use throughout this section. The nodes in the f¢¥, £') are numbered” =
{1,2,...,n}; we assume that nodes are numbered so that:

—each nod& < V is connected to a set @bnsecutively numbereghildren”
nodesl'y, = {jk,jx + 1,...,mg}; jx IS the leftmost child andny, is the rightmost
child of nodek;

—if k € V\ {1}, ¥ < k is the unique “parent” node df; nodel is considered
the root of the tree.

The set of leaves df is denoted by/. If £ € V is a node[} is the subtree of”
rooted at nodé and for anyS C V we will denote byS N T}, the set of all nodes of
T}, contained inS. Finally, we will denotdl =}, _, 7, Tmax = max {m;:i € V'}.

5.3.1. Dynamic programming

We develop a dynamic programming recursion for TMNC, which is in the spirit
of those used for KAPSACK [MAR 90]. Particularly, we note that the recursion pa-
rameter could be: (I) the maximum total weight allowed for a partial solution, or (II)
the total profitz associated with a partial solution. We analyze in detail approach (11),
which leads to an algorithm instrumental for further approximation results.
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vV ={0,1,2,...,n}
E=1{(0,i):i=1,2,...,n}

Wh' 7W7l . w()i:Wia i:l,?,...,n
é’lw'wpn mo=0,m=p;, t=1,2,...,n
B=b

K R=K

Figure 5.1. KNAPSACK o« TMNC

The goal of the recursion is to build subsétsC V, each one having a certain
assigned profit(S) € {0,...,II} and whose weighi)(S) is minimum.

In our approach, weight is attributed mmdesinstead of directly to edges; the
crucial issue, which affects the design of the recursion, is that the weight of each edge
must be properly “charged” on one of its end nodes. Specifically, if both end nodes of
an edge(i, j } belong toS, we chargew;; on the end node with the smallest index. If
a nodek is to be broughtint®, and its parent’ € .S, we make the weight calculated
for S increase by a quantity:

ajp = E WE4

JETK

in this case, we consider the weight{df , k£ } already “charged” on nod€. If ¥’ ¢ S
andk is brought into the solution, we make the calculatéd) increase by:

b = Wik + ak

aswy additional units are to be charged bnin both casesy;. . is counted exactly
once inw(S).

We formally state the recursion for TMNC by using four functidng z), ¥ (z),
¢j(z) andy,;(z). First we define function®,(z) for k € V and ¥y (z) for k €
V'\ {1}. Let S be a subset of nodes with assigned profit and minimum weight. Then:
(i) ®x(z) is defined as the minimum possible weight for a suliset T}, with
7©(S NTg) = z, assuming the parent nodée S, ork = 1;
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(i) ¥,(z) is defined as the minimum possible weight for a sulfset Tj, with
7w (S NTy) = z, assuming the parent nodé¢ S.

We also need additional functiods(z) and;(z), defined for node indiceg €
I'x, £ € V. Recall that the children nodgs, ..., m; are numbered consecutively.
Then:

(iii) ¢;(2) is defined as the minimum possible weight for a sUSsaZ;U. . .UT5,,, )
with 7#[S N (T; U...UT,,)] = z, assuming the common parent ndde S;

(iv) ©;(2) is defined as the minimum possible weight for a SUSS®I;U. . .UT,,, )
with 7[S N (T; U ... U Ty, )] = z, assuming the common paréntt S.

The functions described above can be written recursively as:

Pp(2) = min{¢;, (z — m) + ar, ¥, (2)} ke V\U [5.9]
Up(2) = min{e;, (z — m) + bp, ¥y, (2)}  keV\Uk#1 [5.10]
¢j(2) = min {®;(u) +¢j(z—w)}  JELu\{mp}. keV [5.11]
O (2) = B () kEV\U [5.12]

i(z) = min {¥;(u) + vz —w)}  jelp\{m},keV [5.13]
Uy (2) = U () keV\U [5.14]

with initial conditions on leaves € U':

ar, =0 if z=my

Dr(z)=4¢ 0 if z=0 [5.15]
0 otherwise
bk = Wk'k if z= Tk

Up(z)=4 0 if z=0 [5.16]
00 otherwise

The maximum profit for the instance at hand is given by:

m(S*) = max {z: ®,(z) < B} [5.17]

the optimal solutiort™ can be recovered by backtracking.
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PROPOSITION5.3.—Recursion [5.9]-[5.16] optimally solves TMNC @(n372,,.).

Proof.For the correctness of the recursion, we only need to verify that equations [5.9]—
[5.16] correctly define function®, (z), U« (2), ¢;(2), ¥;(z) accordingly with (i)—(iv).
As above, letS C V' be a subset with assigned profit and minimum weight.

For a nodek € U, [5.15] and [5.16] trivially give the correct value fdr;(2)
and ¥ (z). Also, for a rightmost child noder, € Ty, ¢m, (2) = P, (2) and
Ym, (2) = U, (2), accordingly with equations [5.12] and [5.14], are easily seen to
hold.

If & ¢ U, it has children nodegy, ..., my; the minimum possible weight for
S N Ty, with (S N Ty) = zandk’ € S is either, using definitions (i)—(iv):

¢j. (2 — ) + ax, it k€ SNTy, or
¥ (2), ik & SNTy;

this establishes equation [5.9]. Similarly for equation [5.10]: the minimum weight for
S N Ty, under the hypothesegS N T;) = z andk’ ¢ S, is eitherg;, (= — ) + by
if ke SNTy, ory,, (2)if k¢ SNT.

Equation [5.11] deals with a fore§t}, ..., T,,, }, wherej,...,m; € T’y are
consecutive children (left to right) of a node The minimum weight fois” = S N
(T; U...UT,,) is obtained as follows: sincg;, ..., T;,, are separate components
of the forestw(S") = w(SNTj) + ...+ w(SNTy,). Suppose that(SNT;) = u;
then the minimum weight fo§’, with #(S N T}) = u, 7(S’) = zandk € S'is

P (u) + ¢jt1(z —u)

and minimizing over € {0, ..., z} we get equation [5.11]. We proceed similarly for
equation [5.13].

Finally, note that eack® (=) (respectively¥(z)) and¢;(z) (resp.y;(z)) only
depends on thé, ¥, ¢ andy values calculated for all on nodes with higher index.
Hence all the left-hand sides of equations [5.9]—-[5.16] can be consistently calculated
by scanning the nodes in reverse orden — 1, ..., 1.

For the time bound: for each there are no more tham values for®(z) and
U (z) respectively to calculate, each computable in constant time by [5.9] or [5.11];
foreachk € V there are exactlil’'; | pairs of values); (=) andy; (=) to calculate, each
requiring timeO(z). Hence, for a fixed a time proportionalte +z- >, ., |T'x| =
O(n + nz) = O(nz) is required. There arH relevant values foe, hence the total
time is proportional ta - 25:1 z=0(nll?) = O(n®r2,,). |

max
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[= [0] 1] 2] 3] 4] 5] 6] 7] 8] o101t [ 12 [ 13 [ 14 ]
k=1 0 2 1 3 5 4 6 5 4 6 5 7 9 9 9

k=2 0 oo =) 3 oo 3 =) =) 3 =) oo oo oo oo oo

P (2) k=3 | 0 2 1 3 3 3 | o0 | o0 [ 00 [ o0 | o0 [ o0 [[o0 | o0 | o0
k=4 0 oo oo 0 oo oo oo oo oo o) oo oo o o =)

k=35 0 el 0 el oo oo oo oo oo oo oo S S =) =)

k=6 0 0 el o] oo oo oo oo oo oo =) S S S =)
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J
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j=6 0 0 oo =) oo oo oo oo oo oo oo =3 =3 oo oo
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Figure 5.2. Example of recursion for TMNC (data in the text). The states
involved in backtracking are in boldface

Consider the example illustrated in Figure 5.2, wiith= {1,...,6},T'; = {2, 3},
Iy ={4},Ts = {5,6}, B=5and:

w2 =1, wiz =2, way =3, w3 =1 w3 =2
m =1 m=5wm3=2 m=3, 7w5=2 m=1

We haveay,...,a6 = 3,3,3,0,0,0,andbs, ..., bg = 4,5, 3,1, 2. By processing
the nodes according to the sequef&e, 4, 3,2, 1), we calculate the values:

(I)G(Z)a \I’G(z)7 ¢6(Z)»¢6(3)7 (1)5(2)7 EERR QZ(Z)a \II2(Z)7 ¢2(Z)’ 77/12(2’)7 ‘I)l(Z)

forall z € {0,...,II = 14} respectively. This gives the tables enclosed in Figure 5.2.
According to [5.17] the optimal solution has prafitS*) = 10. By backtracking, we
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get:

®1(10) = 1p2(10) =5 — 1¢5%,4»(10) = ¥a(8) + 3(2)
=4+1=5

Up(8) = pa(3) +ba=0+4=4 —2€ 5% ¢s(3) = P4(3)

Py(3) =as =0 —4e85,Y3(2) =V3(2)=1

U3(2) =15(2) =1 —3&57,45(2) = Vs(2) + (0)
=140=1

U5(2) =b; =1 —5€5%,¢6(0) =¥(0)

We(0) = 0 L 6¢ S

HenceS* = {2,4,5}.

REMARK 5.2.— We could design the recursion with the total weight as parameter; then
@ (z) would be the maximum profit attainable by a partial solutfom T}, having

w(S NTy) < z, assuming:’ € S or k = 1. The other definitions should be modified
similarly. Along the same lines as above, we can prove that such recursion solves
TMNC in time O (nB?).

REMARK 5.3.— If node profits and/or edge weights are unitary,.f = 1 and/or

B < @) the complexity becomes polynomial. This induces, as a byproduct,
that DK'S on trees is polynomially solvable [COR 84]. We show this fdt ® with
unitary weights, i.e., the so-callddensestK-Subgraph problem in [BIL 05], but
through dicothomic search also the case with arbitrary weights, cakbediestK -
Subgraph problem in [BIL 05] is polynomially solvable. Indeed, given an instance
on a treeT' of DK, it is sufficient to optimally solve the corresponding TMNC
instances for all values aB € {1,...,|E|} — call TMNC(B) such instances —
and check the corresponding solution values. This can be done in polynomial time as
|E| < @ The valueB* such that its optimal valu@PT[TMNC(B*)] = n — K
andOPT[TMNC(B* — 1)] =n — K — 1, gives the optimal solution value of/oS.

5.3.2. A fully polynomial time approximation scheme

Given the dynamic programming recursion [5.9]-[5.16], an FPTAS for MNC on
trees is defined as follows. Létbe an instance of TMNC with a tré&(V, E), profits
m;, © € V, weightsw;;, {i,j} € E andB; let ¢ be the desired bound on the relative
error, mmax = max {m;:i € V}, as previously defined, and= [1/¢], M = nley
We construct a scaled instanfewith the same tree, capacify/ = B and weights
wj; = wq;, and scaled profits; = |m;/M]. Each solution feasible fof’ is also
feasible forl. ThenI’ is solved by the) (n®z2,.) dynamic programming recursion,

max

and the optimal solutios” for I’ is returned as heuristic solution fér
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w(S*)

PROPOSITIONS.4.—
m(S")

< 1+ ¢,andS’ can be calculated in tim& (2—25) .

Proof. The proof exactly mimics that given forMaPSACK [GAR 79]. ForS* andS’,

we have:

Domiz Y Mz Mr> Y (mi— M)

22777;—711\_4

€S’ €S’ i€S* i€S* i€S*
hences(S") > 7(S*) — nM. Then:
w(S*) nM niM nM 1
< 1 <1 — < — =14 -
W(S/) - ﬂ-(S/) * W(S*) - nM Tmax — MM * q
< 1+e¢
The time bound follows from’ .. = [mmax/M | = |n(1 + q)], hence the recur-

sion takes time:

that completes the proof.

5.4. Exponential algorithms for special cases

In this section we consider exact algorithms for (special cases of) MNC having run-
ning time bounded from above by functions liX&™ poly(n), wherepoly(n) is any
polynomial andp(n) grows no faster tha®(n). The interest for the formal analysis
of such super-polynomial algorithms has been growing in the last years. Accordingly
with [WEG 03] we adopt the modified big-oh notation by writifign) = ©* (27(%))

if f(n) = 02" poly(n)).
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The tree case

Consider TMNC formulated on a tréB(V, E) as in section 5.3. We present an
algorithm structured in three steps.

Step 1. Problem decompositio@iven the tred’, removing a nodé € V" and the
set of its incident edges splifsinto a forest:

F = {TI(V17 El);TQ(‘/Qv E2)7 oo 7Tm(Vm> Em)}

(m depending ork).

The set of subtreed” can be partitioned into two subforesfp (P, Ep),
Fo(Q, Eq).

We assign subtrees #6p or Fy in order to getP and@ as balanced as possible,
i.e. with number of nodefP| as close as possible tg/'2; for each fixed nodé, this
can be done irO(n?) time by dynamic programming. We repeat the latter for all
k € V in order to get the most balanced patrtition.

Step 1 can be implemented@(n?) time.

Step 2. EnumerationFrom now on, consider the “best’c V found in Step 1 and
the associate® and(Q as balanced as possible and assURje> |Q|. We enumerate
all subsets of” and(@. This step has exponential complexity, bounded from above by
O* (217,

Step 3. Merge Step 2 gives two lists witB! I and2!<! partial solutions. We com-
pose pairs of partial solutions as follows.

Step 3a.First we consider solutions where nddis taken; each partial solution
S is given weight:

WS = Z Wi

{i,53€3(HN\6({k})

and profitps = m(5). We then choosé€p C P, So C Q such thatpg +

pg, + Tk is maximum andVs,, + W5, < B — w({k}). By the techniques
illustrated in [WEG 03] and [HOR 74? for the knapsack problem, this can be
done in timeO* (2171,

Step 3bThen we consider solutions where nddis not taken; we give to each
S weight:
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Ws = w(S) = Z Wi

{i.7}ed(S)

and profitps = 7(S); we then apply the same techniques to cha$iseC P,
So C @ with maximumpép +Pg, andwgp + Wg@ < B.

The optimal solution for TMNC is that with the highest profit between:
{k}uSpUSy and SpUSg

PROPOSITION5.5.—Steps 1-3 solve TMNC in tin@* (2:7) ~ O*(1.5874™).

Proof. The correctness of the algorithm is trivial to establish. For the time bound, it is
sufficient to prove that there existse V for which in Step 1 we can always find a
partitionV = P U @ such thatin < |P|,|Q| < Zn.

First recall that for somé& < V, T' can be partitioned in a forest where each
componentT; has |V;| < %: indeed for a giverk € V, at most one among
Vil,[Val,...,|Vin| can be> 3. W.l.o.g. assuméVy| > %; then letl € Vi with
(k,1) € E and split the tred” on the new nodé Componentdy, ..., T,, will merge
into a single component with no more thgmodes, and’; will split in one or more
components with strictly less thai | nodes. We can repeat this until @[ < 7 in

the resulting forest.

Now assumeg > |Vi| > Vo] = ... = [Vi,|. If [Vi] = % we setP = Vi,
Q = V2 U... UV, and the result is proved, sin¢&;| < 2 < 2n and|Q| < 2n.
Otherwise, let be the smallest index such that:

w| 3

S
Vil =
=1

andsetP = ViU...UV,,Q = Vi1 U...UV, As|V,| < V1| < 2,2 < |P| < 2n
holds, and the same f@y. |

The (’)*(2%”) time bound is the best we can hope for this algorithm; Figure 5.3
sketches a tree with = 3p+ 1 nodes where splitting the tree on any node cannot give
a partition better thatP| = [ 2n|, Q = |in].
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p nodes p nodes
—_—— —_——
p nodes

Figure 5.3. Example of “bad"tree. Heren = 3p + 1; decomposition on node
k can give|P| = | 2n], |Q| = | 3n], but no partition is more “balanced”

Bipartite graphs

Consider MNC formulated on a bipartite gra@fiV; U 14, E). Itis quite straight-
forward to show that MNC on a bipartite graph can be solved wiﬂ’ﬁ(ﬂ%") running
time. AssumgV; | < |V4]; enumerating the subsets 6f takesO* (2/"11) < 0*(2%)
time. Then we consider eachy C V4 with w(S;) < B, complete it with the best
possibleS; C V5, and pick the bes$; U Ss. For eachSy, finding the besf, amounts
to solving an instancés, of KNAPSACK where:

N = {i:ieVy}
b = B- ’U)(Sl)
pi = Ty, 1€ ‘/2
W, = Z Wij i€ Vy
ji{i,j}E€E
JEVI\S]

[Va|

From [HOR 74] it is known that eacls, can be solved in tim&*(272"). The
overall procedure takes tim@* (21! - 2"3—2‘) where the worst case scenario occurs
for [Vi| = [Va| = 2, i.e.,0%(2%") ~ O*(1.6818").
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Chapter 6

The Patrolling Problem: Theoretical and
Experimental Results

6.1. Introduction

A group of agents can be used to perform patrolling tasks in a variety of domains
ranging from computer network administration to computer wargame simulations. The
multi-agent patrolling problem has recently received growing attention from the multi-
agent community, due to the wide range of potential applications. Many algorithms
based on reactive and cognitive architectures have been developed, giving encouraging
results. However, no theoretical analysis of this problem has been conducted. In this
chapter, various classes of patrolling strategies are proposed and compared. The most
important class of strategies presented here is the clasgch€ strategieswhich is
shown to have many nice theoretical properties. Also, various experiments show that
this class yields better results than all previous approaches to the patrolling problem.

To patrol is literally the act of walking or traveling around an area, at regular inter-
vals, in order to protect or supervise it. This task is by nature a multi-agent task and
there are a wide variety of problems that can be reformulated as particular patrolling
tasks. As a concrete example, during the development of the Artificial Intelligent com-
ponent of an interactive computer wargame, we may face the problem of coordinating
a group of units to patrol a given rough terrain in order to detect the presence of “ene-
mies”. The quality of the strategies used for patrolling may be evaluated using differ-
ent measures. Informally, a good strategy is one that minimizes the time lag between
two passages to the same place and for all places. Beyond simulators and computer

Chapter written by Yann BEVALEYRE.
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games, performing this patrolling task efficiently can be useful for various application
domains where distributed surveillance, inspection or control are required. An exam-
ple of such a task is the identification of objects or people in dangerous situations that
should be rescued by robots [RES 07].

Recently, many different architectures of multi-agent systems have been proposed
and evaluated on the patrolling problem [MAC 00], giving encouraging results. In
particular, it was shown in [MAC 00] that very simple strategies implemented through
reactive agents with nearly no communication ability could achieve impressive results.
Also, some authors of these papers suggested that an approach based on partitioning
the territory such that each agent patrols in its own region could also work well.

This chapter proposes a theoretical analysis of the patrolling problem addressing
the following issues: do the existing algorithms generate optimal strategies? Are there
efficient algorithms generating near-optimal strategies? Are patrolling strategies based
on partitioning the territory good? What if the agents all follow the same circuit one
behind another? To answer these questions, strategies are proposed in this paper which
are close to strategies humans could build to patrol over a territory. They need a cer-
tain amount of communication/synchronization between agents. Which multi-agent
architecture should be chosen and how to implement the algorithms will not be our
purpose here (see [SEM 04]). Our primary purpose is to understand more deeply the
patrolling problem.

To carry out this study, we will use the formal definition of the patrolling prob-
lem introduced in [MAC 00], which represents territories as graphs. A first class of
strategies referred to as “cyclic strategies” is introduced in section 6.3, and it is shown
that there exists am(n?) algorithm generating such a strategy close to optimality.

In section 6.4, strategies based on partitioning will be analyzed and compared to the
previous ones. In section 6.5, the results obtained in [MAC 00] will be compared to
ours. Finally, section 6.6 draws some conclusions and indicates directions for future
work.

6.2. The patrolling task

Many tasks (such as rescuing, tracking, detecting, etc.) can involve some sort of
patrolling, which may exhibit slightly different characteristics according to the domain
and circumstances. It is then necessary for our study to have a more precise definition
of patrolling.

In [MAC 00], it was shown that in many applications of the patrolling problem,
the territory could be represented by an undirected graph. Given such a graph, the
patrolling task refers to continuously visiting all the graph nodes so as to minimize the
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time lag between two visits. The edges may have different associated lengths (weights)
corresponding to the real distance between the nodes.

From now on, the graph representing the territory will be referred 8@5 E),
whereV = {1...n} is the set of nodes and C V? the set of edges ofi. To
each edgéi, j) will correspond a weight;; representing the distance between nodes.
Note that the graph will be assumed to be métrihe time taken by an agent to move
across an edgg, j) will be exactlyc;;. At time 0, r agents will be positioned on the
nodes ofGG. When the patrolling task starts, agents will move simultaneously around
the nodes and edges of the graph according to a predetermined strategy.

DEFINITION 6.1.—The strategy of an agent is a functian: N — V" such thatr(5)
is the j** node visited by the agent. A multi-agent stratéby= {r;...m, }is simply
defined as a set ofsingle-agent strategies.

Knowing the strategy of agemt, we can now predict at what time a given node
will be visited. For example, agerit will visit node 7, (0) at time 0. It will also
visit node(j) at a time equal to the weight of the path(0) ... (j), which is
S 90 Crp(iym (i1 - FOT the sake of clarity, the weight of a path..s,, will be from
now on noted by:(so...s.,). Also, the weight of a set of edgds’ will be noted by
c(E").

Our main goal is to find good patrolling strategies. We thus need an evaluation
criterion. We will usedlenes<riteria introduced in [MAC 00].

DEFINITION 6.2.—Letr agents patrol a grapldz according to a multi-agent strategy

I1. The idleness of a nodeat timet is the amount of time elapsed since that node
has received the visit of an agent. The idleness of all nodes at the beginning of the
patrolling task is set t®. The worst idleness is the biggest value of the idleness which
occurred during the entire patrolling process for all nodes. It is notedbit; (G) or

just W Iy when there is no ambiguity.

Figure 6.1 illustrates the calculation of the idleness and worst idleness for a single
agent and a very simple graph. Notice that strategies are not necessarily finite over
time and that agents can patrol forever on the graph. Of course, if strategies are tested
in a simulator, the patrolling task will have to be stopped at once. Thus, the worst
idleness measured during a simulation will be an approximation of the true value.

In this chapter, we chose the worst idleness criterion among the various criteria
defined in [MAC 00] mainly for simplicity reasons: compared to the average idleness

1. Graphs in which the triangular inequality is not violated, i.e., given three ngges con-
nected by edges, we havg + c;r > cik
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criterion, which is the other main criterion defined in [MAC 00], the theoretical anal-
ysis will be easier than with our criterion. In addition, the former is upper bounded by
the latter. Thus, minimizing worst idleness will also lead to a small average idleness.
More formally, the problem can be stated the following way:

DEFINITION 6.3.—Given a connected grap = (V, F) and a number- of agents,
the patrolling problem consists of finding a multi-agent strat€hy= {m ... 7}
which minimizes$V It (G).

6.3. Previous work

Most work on the patrolling problem as formulated above has been done by
Machadcet al.in [MAC 00]. In their article, they proposed several multi-agent archi-
tectures varying parameters such as agent type (reactive vs. cognitive), agent commu-
nication (allowed vs. forbidden), coordination scheme (central and explicit vs. emer-
gent), agent perception (local vs. global), decision-making (random selection vs. goal-
oriented selection). For each agent, the choice of the next node to visit is basically
influenced by two factors: (1) node idleness, which can be shared (generated by all
agents) vs. individual (corresponding to a single agent visits); (2) field of vision, which
can be local (agent’s neighborhood) or global (entire graph). The experiments they

1dl (2)=0.9

1dli(1)=1.8 t=1.8 1dl (2)=0.8

1dl (1)=0.2 t=2.3 1dl(2)=1.3

Figure 6.1. Agent patrolling on a graph made of two nodes and an edge of
weight 1. Its strategy is = 1,2,1,2,1,... The idleness of the nodes is shown
at various moments. Heré/ I, = 2
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conducted showed two interesting facts: first, agents moving randomly achieved very
bad results. Second, agents with absolutely no communication ability whose strategies
consisted of moving towards the node with the highest idleness performed nearly as
well as the most complex algorithm they implemented. In the experiments section, we
will compare our approach to the two most efficient strategies of [MAC 00]: (a) the
conscientious reactive strategy, in which the next node an agent visits is that with the
highest individual idleness from its local neighborhood; (b) the cognitive coordinated
strategy, in which the next node an agent chooses to visit is that with the highest idle-
ness from the whole graph, according to the suggestions given by a central coordinator
agent. To reach the chosen node, agents move through the shortest path leading to this
node. The coordinator is responsible for avoiding that more than one agent chooses
the same next node. More recently, a new approach based on reinforcement learning
(RL) techniques was developped in [SAN 04]. In their paper, Sardaah showed

that a simple Q-learning algorithm could be used to train agents to solve the patrolling
problem efficiently. The results of their algorithm will also be compared to ours in the
experiments section.

The strategies proposed in this paper are very different from those proposed in pre-
vious work. They have not been developped out of a specific architecture, or a commu-
nication scheme between agents. In fact, the implementation issues of our strategies
will not be tackled here. However, important work has been done concerning the im-
plementation of the cyclic strategies in a multi-robot environment [SEM 04].

The next section proposes a new class of strategies which we called “cyclic strate-
gies”.

6.4. The cyclic strategies

In this section, we will first show how cycles and closed paths can be used to create
efficient single-agent patrolling strategies. Then, an extension to the multi-agent case
will be proposed, and the resulting strategies will be shown to be near-optimal.

6.4.1. Patrolling with a single-agent

Consider a single agent patrolling over an area. The simplest strategy which comes
to mind would be to find a cycle covering all the area, and then to make the agent travel
around this cycle over and over. Applied to our case in which areas are represented
by nodes in a graph, the notion of cycle is too restrictive. In fact, in the graph-theory
terminology, a cycle is a path starting and ending on the same node and covering
each edge at most once. However, for some graphs such as that in Figure 6.2, there
is not a cycle covering all nodes. Instead of using cycles, we will have to use closed
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Figure 6.2. Example of multi-agent cyclic-based strategy. The strategies of
these agents are; = 2,1,4,5,6,4,1,3,2,1,4...aswellas
M =6,4,1,3,2,1,4,5,6, ...

paths, which are paths starting and ending on the same node and covering edges pos-
sibly more than once. A closed path is usually represented by a list of nodes, be-
ginning and ending with the same node. In Figure 6.2, for example, the closed path
s=1,3,2,1,4,5,6,4,1 covers all nodes, and turning oveindefinitely seems to be

a good strategy for a single-patrolling problem. Single-agent strategies consisting of
traveling along a closed path indefinitely will be callgdgle-agent cyclic strategies

The strategy of the agent in Figure 6.1 is a single-agent cyclic strategy based on the
closed pathl, 2, 1. The bottom agent on the right of Figure 6.3 is also following a
cyclic strategy based on the closed pé&th, 6, 5, 4.

Before extending this idea to the multi-agent case, let us concentrate on two ques-
tions: 1) which closed path should be chosen in a single-agent patrolling problem? 2)
are strategies based on closed paths optimal with a single-agent? To answer the first
guestion, let us note that the time taken for a single agent patrolling around a closed
path to visit a node twice is at most equal to the length of this closed path. Therefore,
with a single agent patrolling around a closed patthe worst idleness will be equal
to the length of. Finding the smallest closed path covering all nodes will thus result
in the best possible strategynong all single-agent cyclic strategiest us show how
this problem relates to the well knowinaveling Salesman Problem (TSP)

The traveling salesman problem is a combinatorial optimization problem which
was originally formulated as follows: given a set of cities on a map, find the shortest
cycle such that each city is visitexzkactly onceThis problem was soon extended to
metric graphs and became: given a metric gréfff, £') with edges weighted ac-
cording toc;;, find the shortest closed path such that each node is vistitewst once
[REI 94]. Christofides [CHR 76] proposed an algorithm which generatéy(ir?) a
cycle (or a closed path for the metric graphs case) whose length is Ies§nimms the
shortest cycle (or closed path). From now Sis p will denote the closed path being
the optimal solution to the TSP, whereés;,,. will denote the closed path obtained
by the algorithm of Christofides. The following holds (for which we can find a formal
proof in [CHE 05]).
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THEOREM 6.1.—For a single agent, the optimal strategy in terms of worst idleness is
the cyclic-based strategy based 8psp.

We already knew that the cyclic strategy basedSgn » was the best possible
strategyamong all single-agent cyclic strategidsote that this theorem states that
it is also the best strategymong all possible single-agent strategidiote that this
result will only be needed to demonstrate Theorem 6.2. An immediate corrolary of
this theorem is that the worst idleness of a single-agent cyclic strategy baseg,on
will be at most% times the worst idleness of the optimal strategy. In additionSthe.
closed path is calculable i2(n?), whereas the calculation &frsp is NP-complete.
In practice, there exists many efficient algorithms which can efficiently build closed
paths very close t87sp using heuristic algorithms.

6.4.2. Extending to multi-agent case

One way to extend single-agent cyclic strategies to the multi-agent case is to ar-
range agents on the same closed path such that when they start moving through that
path all in the same direction, they keep an approximately constant gap between them.
This leads to the following definition:

DEFINITION 6.4.—LetS = sq...s,, be a closed path visiting all nodes of a gragh
The strategyll = {m...7,} is a multi-agent cyclic strategy based 6hif and only
if there ared, ...d, € N such thatr;(k) = S(14d,) mod m- The set of all multi-agent
cyclic strategies will be referred to &8y cijc.

Figure 6.2 illustrates this with a 2-agent cyclic strategy based on the closed path
2,1,4,5,6,4,1, 3,2, such thatl; = 0 andd, = 4.

How does the worst idleness evolve when the number of agents grows? The fol-
lowing lemma shows that if agents follow a multi-agent cyclic stratedy and if
d;...d, are well chosen, then the worst idleness will be approximativéiyes lower
than the worst idleness obtained by a single agent patrolling around the same closed
path.

LEMMA 6.1.-LetS = s¢... s, be a closed path covering each nodeb$uch that
there exists a node € V' covered exactly once [y, Let! = ¢(S) be the length of the
closed path. There exists a multi-agent cyclic stratdgy {m; ..., } based on this
closed path such thdt — max{c;; | (i,5) € Es} < Win < L +max{c;; | (4,5) €
Es}.

Here, Eg refers to the set of edges presentdnNote thatl is also the worst
idleness of the single-agent cyclic strategy based.on
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Proof.Let S = sq...s,n, be the closed path coveririg Consider two agents moving
aroundS such that at timé@, agentl is positioned on node, and ageng is on node
sq. Leti(i,j) = {;} Cspsnei- THUS,I(0, d) is the time taken by agentstarting at
sp to reach node,. Note that at any time, the node visited by agegtwill also be
visited by agentl at timet + (0, d). Of course, a node visited at tinieby agent
1 will be visited by agen® at timet + I(d, m). Therefore, we havéV I, .3 <
max{l(0,d),1(d,m)}. In addition, if agen® visits noder at timet,, because node
is present only once i, the next visit of the agent to nodewill occur exactly at

ty +1(0,d). Thus,W I, -,y = max{l(0,d),(d,m)}. |

Let us generalize this te agents. We getV Iy = max{l(0,d1), I(d1,d2), ...,
I(d-—1,m)}. We will now have to choose the values @f such that the worst
idleness is as low as possible. By setting edghto the greatest integer verify-
ing 1(0,dr) < k X M, we getdy = 0 andd, = m. We can now write

T

WIn = maxg—o. -1 0(dg, dr+1). Let us now calculate upper and lower bounds to
I(dg, dy+1) = 1(0,dj11) — 1(0, di) by showing thak x “%™) — max{c;; | (4,5) €
Es} < 1(0,dy) < kx M2 thus(k + 1) x 12— max{e;; | (4,5) € Es} <
10,dit+1) < (k+1) x M Combining these two equations, we get for /all

L —max{c;; | (i,§) € Es} < U(dk,dpt1) < L +max{c;; | (i,j) € Es}. Because
Wi = maxg—o..m—11(dk, drt1), the lemma follows.

6.4.3. Optimality of cyclic strategies

We have shown previously that cyclic strategies basef @5 were optimal for
single agents. We will now show a similar result for the multi-agent case. From now
on, opt will refer to the worst idleness of the optimal strategy.

THEOREM 6.2.—Let G=(V,E) be a connected metric graph and #ebbe the agents
patrolling on it. Letlls, be the multi-agent cyclic strategy based&#,,-. We have
Wi, <3 x opt+4 x max;;{c;;}.

Note that if all edges of have the same length, thept > max;;{c;;} and
thereforeW Ir;.,,. < 7 x opt. To prove this theorem, we first need to demonstrate the
following lemma.

LEMMA 6.2.—For any multi-agent strateg, there exists a multi-agent strateffyy =
{m,...,m.} such that, for eactt € 1..r, each strategyr;. consists of moving through
a pathsy ... sk —of m; nodes forwards and backwards indefinitely and such that

Win < 2maxy c(sésﬁu) <2 x Wi.

Proof. Consider the multi-agent stratefly= {r1...m;.}. Letsy ... sk, be the list of
nodes visited by agerit according to strategy; between time = 0 and timet =
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k k _ I ok k k k
W . Clearly,Up—1.-{s1,...,s5, } = V.Letm, = s{...85 .55, _1,..-,80,...

be the strategy consisting of moving forward and backwards threfigh s, . Time

mg*

taken by agent using strategyr;, to visit a node twice is at mogtx c(s}y ... sk, ).

S

Thus,W I (G) < 2maxy c(s’f .. sfnk) <2 x WIn(G). |

Now the theorem can be proven. The preceding lemma will be used on the optimal
strategy to build a set of paths, which will be combined to form a closed path leading
to a near-optimal strategy.

Proof of the theorenConsider an optimal stratedy. We can tell with Lemma 6.2
that there exists a stratedy = {=1,..., 7.} in which each strategy;, consists of

ey T

moving through a patkf ... s*, and such that"" < max; {c(sf...s%,, )} < opt.

mp

Let us first show that there exists a closed psithovering all nodes and such that
% < maxk{c(sg...sﬁ%)} + max;;{c;; }- |

LetU be the set of edges present in these paths; because these paths cover all nodes
of G, by adding at most — 1 edges tdJ, we obtain a set/’ of edges such that the
graph(V,U’) is connected. Clearly, there exists a tfée_ U covering all nodes. In
addition,c(T) < c¢(U’) < Yj_; c(sf...sk, ) + (r — 1) x maxy;{c;;}. There exists
a closed pathb' covering all nodes obtained by exploring the tfén a depth-first

C

manner (thus twice for each edge), such 8t = 0 < max; {c(sh ... s%, )} +
max;;{c;; }. Letus recall that the closed path . obtained by Christofides algorithm
is at most% times longer than the shortest closed path cove@ing hus, we have:
c(Scnr) < 3¢(S) < 3r x maxgp{c(sf...ck, )} + 3r x max;;{c;;} < 3r x opt +
3r X maxij{cq;j}.

With Lemma 6.1, we can generate fra#py,,- a multi-agent cyclic-based strategy
epy such thatV I, < % + max;;{c;;} < 3.opt + 4. max;;{c;;}.

It is clear that because of theax;;{c;;} in the theorem, cyclic strategies will
not be suited for graphs containing long edges. For this reason, let us study different
strategies, which we will cappartition-based strategies.

6.5. Partition-based strategies

Another very intuitive way to make agents patrol over a territory would be to
make a partition of this territory inte disjoint regions and to have each agent pa-
trolling inside a single region.

From now onP = { P...P, } will denote a partition o¥/. Thus,P,U...UP, =V
andP,NP; = (. Also,{G ... G, } will refer to the subgraphs induced by the partition.
Thus,G; = (VN P, EN(P; x P)).
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:
=

Figure 6.3. On the left: cyclic strateg¥l.,. = {mcyc1, Teye2} @and to the
right: partition based strateg¥lp = {7 p, , wp, } With two agents. We have
Teyer = 1,2,3,4,5,6,1,2,3. .. andmeye2 = 4,5,6,1,2,3,4,5,6,1....

Also,mp, =1,2,3,2,1,2,...andwp, =4,5,6,5,4,5,.... Thus,
Win,, =3andWlin, =4

DEFINITION 6.5.—A multi-agent strategyl = {7, ... 7} is said to be based on a
partition P iff each agentk following strategyr, visits the nodes of a single region of
P. The class of all strategies based on partitiBris referred to adlp.

The previous definition does not specify what moves agents should make in their
own region. Given a partitio®?, how should agents behave inside their region? The
following lemma brings an answer.

LEMMA 6.3.—For k € 1..r, let ;, be the single-agent cyclic strategy based on the
TSP ofGy. ThenII = {;...7,.} is the optimal strategy based on partitiéh

Proof. For any strategyl = {m;...7w,.} based on partitio?, each node of7 will

not be visited by more than one agent. TH#&; (G) = max,{W I, (Gi)}. There-

fore, a set ofr optimal single-agent strategies i ... P, is an optimal multi-agent
partition-based strategy. Theorem 6.1 stated that single-agent cyclic strategies based
on TSP were optimal. Thus, by combining such single-agent strategies, we will obtain
an optimal partition-based strategy. |

Figure 6.3 illustrates how both strategies perform on a circular graph with two
agents. In this example, the cyclic strategy wins. Consider now Figure 6.2. On this
figure, if the distance between notlend4 was huge, the cyclic strategy would be
disastrous, as both agents would spend most time crossing the ledgeHowever,

a strategy based on the partitigfil, 2,3}, {4,5,6}} would not have this problem.
Thus, it seems that on graphs having “long corridors” connecting two subgraphs as on
Figure 6.2, partition-based strategies could be better.

The following theorem compares the values of the worst idleness of the optimal
cyclic strategy and the optimal partition-based strategy. Hgte.., ,. andoptr,
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refer to the worst idleness of the optimal cyclic strategy and of the strategies based on
partition P. The complete proof of this theorem can be found in [CHE 05].
THEOREM 6.3.~opl11,, .. < optrre + 3 X max;;{ci;}.

Sketch of proofThe previous lemma showed that the optimal partition-based
strategy was composed ofsingle-agent cyclic strategies based on TSP. 3kt
denote the closed path being the solution to the TSP on subdraplBy join-
ing together these closed paths, it is possible to build a closed$atvering all
nodes such that(S) < Y, _, c(Skgp) + 2r x max;;{c;;}. Therefore, we have
c(S) < Ypoy e(SFsp) + 2r x mazij{c;} < v x mazker.{c(Stsp)} + 2 X
mazi;{ci;} < r X optrie + 2r x max;j{c;;}. From closed patty, we can build
a multi-agent cyclic strategils using Lemma 6.1W I, < C(f) + max;;{c;;} <
optme + 3 X max;;{c;;}. Thus, given any partitio®, there exists a cyclic strategy
T verifying the previous equation. |

To conclude this section, we can say that cyclic strategies are to be preferred when
graphs do not have long edges connecting far regions. Otherwise, building a partition
of the graph and making agents follow cyclic strategies based on the TSP of the regions
is a good solution. The following corollary is a “computable” version of the main
theorem.

COROLLARY 6.1.—LetP = { P, ..., P} be a partition of/. Itis possible to calculate
in O(n?) a cyclic strategylcy, such thatV I, < Soptm, + 4 x max;;{c;;}.

6.6. Experiments

Six different graphs (Figure 6.4) were proposed in [DEL 04] as a benchmark for
the patrolling problem. To evaluate the cyclic strategy on these graphs, the TSP of
each graph was calculated using the open-source software “Conéevligh con-
tains efficient heuristic algorithms which are in practice much faster tha®thé)
Christofides algorithm [CHR 76], and often come much closer to the optimum. Then,
the simulator described in [MAC 00] was used to measure the idleness of agents pa-
trolling around the obtained closed paths.

The graphs in Figures 6.5 and 6.6 show the performance of the strategies described
in [MAC 00] and in [SAN 04] on the six graphs for 5 and 15 agents per graph. On each
graph, the cyclic strategy obtains the best results. When the number of agents increases
largely above 15, all strategies become equivalent.

2. Available atwww.math.princeton.edu/tsp/concorde.html.
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Circular Grid

=558
Figure 6.4. Graphs used during experiments

6.7. Conclusion

We have shown various theoretical results for the patrolling problem. First, we
have shown that the single-agent patrolling problem could be solved with a TSP ap-
proach. Then, we defined the class of cyclic strategies, based on an extension of this
approach to more than one agent. An approximation result was obtained for this class,
showing that inD(n?), a strategy close to the optimum could be obtained.

The strategies based on a partitioning of the graph were also studied. A surprising
result was obtained: except whetnx;;{c;;} is big, the cyclic strategies based on
TSP were shown to be better than any partition-based strategy. However, when graphs
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Figure 6.5. Idleness on different graphs with 5 agents. The strategies
compared here are the Conscientious Reactive (CR), the Cognitive
Coordinated (CC), the reinforcement learning (RL) and the cyclic strategy (CS)
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Figure 6.6. Idleness on different graphs with 15 agents

have long “tunnels” separating regions, the cyclic strategies are not well suited. Fi-
nally, some experiments were conducted to compare the state-of-the-art patrolling al-
gorithms to the cyclic strategy based on TSP. The results are encouraging, but would
need to be pursued on more graphs.

Many other interesting theoretical results have been obtained, in particular con-
cerning other kinds of strategies offering a good compromise between cyclic strategies
and partition-based strategies.
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The cyclic strategy based on TSP has already been implemented in a multi-robot
patrolling problem with a noisy environment [SEM 04]. Many modifications had to
be brought to the algorithm in order to synchronize the robots. It was shown that the
cyclic strategy still performs better when the noise level is low.
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Chapter 7

Restricted Classes of Utility Functions for
Simple Negotiation Schemes: Sufficiency,
Necessity and Maximality

7.1. Introduction

The problem of allocating a set of indivisible resources to a set of self-interested
agents has recently received much attention from the Artificial Intelligence commu-
nity [CHE 06, KRA 01, ROS 94] and has important applications ranging from elec-
tronic commerce and industrial procurement [GIO 04], over the joint exploitation of
Earth observation satellites [LEM 99], to Grid computing [GAL 05]. Much work in
this area has focused on combinatorial auctions [CRA 06]. In this case, the allocation
procedure ixentralizedand the so-called winner determination problem is the prob-
lem of determining the allocation of resources maximizing the auctioneer’s revenue.

A different perspective is taken when we assume that the allocation process is
truly distributed in the sense that agents autonomously negotiate over the bundles
of resources they hold and that allocations emerge over time, as a consequence of a
sequence of local deals agreed upon by the agents in the system. This assumption is
justified in many applications where no central authority can be relied upon to decide
on the allocation of resources. This may, for instance, be the case in view of calcu-
lational limitations of any potential center, or in view of its trustworthiness. In this
case, the system designer will typically seek to set up the system in such way that

Chapter written by Yann @eVALEYRE, Ulle ENDRISSand Nicolas M\UDET.
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it nevertheless guarantees certain desirable properties, but without directly interfer-
ing in the negotiation process itself. Similar considerations have led to research areas
such as distributed constraint optimization [FAL 05] or distributed mechanism de-
sign [PAR 04, PET 06]. In this chapter we further analyze a framework for distributed
negotiation over indivisible resources which was recently investigated by a number of
authors [SAN 98, END 06, DUN 05b].

We assume a set of negotiating agents populating the system, and we model their
preferences (over different bundles of resources) by means of utility functions. In or-
der to pursue their own interests, agents agree on deals benefitting themselves but
without planning ahead (i.e. they are both rational and myopic [SAN 98]), thereby
modifying the allocation of resources. Negotiation is thusaal process; groups of
individual agents come together to exchange resources in view of their individual in-
terests, without regard for the system as a whole. From a global point of view, on the
other hand, a system designer may seek to ensure that negotiation converges towards
an allocation that is “optimal” according to a suitable metric. This would typically
be some form of aggregation of the individual agent preferences, i.e. we can employ
well-known formal tools from welfare economics and social choice theory to charac-
terize optimal allocations. Standard examples are the notions of Pareto optimality and
social welfare [ARR 02, MOU 88]. In this paper, we are going to be interested in ne-
gotiating allocations of resources that maximigiitarian social welfare i.e. the sum
of individual agent utilities. The work described here is complementary to the large
body of literature on mechanism design and game-theoretical models of negotiation
in multi-agent systems (see e.g. [KRA 01, ROS 94, PAR 04]). Rather than analyzing
the incentives of individual agents in detail, here we simply assume that agents are
rational in the sense of never accepting a disadvantageous deal, but we do not assume
that they will necessarily attempt to negotiate the very best outcome for themselves in
every single step of a negotiation process. Our interests concentrate on the interplay of
the local and the global level: assuming that agents only negotiate mutually beneficial
deals, how does this affect social welfare for the system as a whole?

Section 7.2 introduces the negotiation framework used in this paper. We are go-
ing to distinguish two variants of the framework. In the first one, agents may enhance
deals with monetary side paymentsafmework with mongyto make them more at-
tractive to agents who would otherwise have no incentive to agree to a particular deal.
In the second variant of the negotiation framework, agents are assumed not to have
the option of using side paymenfsgmework without mongyAs we shall recall in
section 7.3, it is known that very complex multi-lateral deals are potentially required
to reach an optimal allocation [SAN 98, END 06]. When deals are restricted (e.g. to
a limited number of resources), it is only possible to guarantee an optimal outcome
by also restricting the problem space to agents whose preferences have certain prop-
erties. These properties are modeled as restrictions to the class of utility functions that
agents may use to model their preferences over alternative bundles of resources. Sec-
tion 7.4 defines two such restrictions. The first is the well-known classaxfular
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utility functions. The second is a further restriction on modular functions, where the
utility an agent may assign to any one resource is limited to a choice between three
given values (representing positive preference, negative preference and indifference).
Each choice of values for positive and negative preference gives rise to a different
class of restricted utility functions (the value for indifference is 0 in all cases).

In this chapter, we study the conditions under which negotiation conducted by
means of the simplest deals, involving one item at a timel{deal negotiatiorfor
short) still allows us to reach an optimal allocation. Section 7.5 generalizes a result
from other works and shows that modeling preferences with modular utility functions
is asufficientcondition. This applies to the framework with money, and a similar re-
sult is proved for negotiation without money. However, modularity is noéeessary
condition. This is demonstrated in section 7.6 by means of a counterexample. We also
show that there can o condition on utility functions that would be both necessary
and sulfficient for optimal allocations to be negotiable by means of rational 1-deals.
These results pertain to conditions on single utility functions, to be met by the utility
functions of all the agents in the system. Section 7.6 concludes by showing that de-
scribing such a necessary and sufficient condition oveptbfile of utility functions
of an entire agent society would be possible in theory, but that it would be computa-
tionally intractable to evaluate any such condition in practice. This result is obtained
as a by-product of aoNP-completeness proof for the problem of checking whether,
for a given profile of utility functions, any sequence of rational 1-deals is bound to re-
sult in an allocation with maximal social welfare, for a whole range of representation
languages for encoding utility functions.

The main contribution of this chaptéas far as the framework with money is con-
cerned, is to show that the class of modular utility functionm&ximal in the sense
that no class strictly including the modular utility functions would still be sufficient
for 1-deal negotiation. The proof detailed in section 7.7 shows that, given any non-
modular utility function, it is always possible to construct a modular utility function
for a second agent and select a scenario where the optimal allocation cannot be reached
by rational 1-deals. This is followed up by a similar result for the framework without
money, where each of the aforementioned restrictions on the class of modular utility
functions turns out to be both sufficient and maximal for 1-deal negotiation without
side payments. Finally, section 7.8 concludes the chapter.

7.2. Myopic negotiation over indivisible resources

In this section, we introduce the decentralized negotiation framework used
throughout this paper and report a number of known technical results [END 06].

1. Part of the work reported here has previously been presented at IJCAI-2005 [CHE 05] and
we would like to thank the IJCAI reviewers and several colleagues for their helpful comments.
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7.2.1. Negotiation problems and deals

In this framework, a finite set of agents negotiate over a finite set of indivisible
resources. A resour@dlocationis a partitioning of the resources amongst the agents
(i.e., every resource has to be allocated to one and only one agent). As an example, the
allocation A defined byA(i) = {r1} and A(j) = {r2,r3} would allocate resource
r1 to agenti, while resources, andrs would be owned by agent We are going
to model the preferences of agents by meanstitify functionsmapping bundles of
resources to real numbers. The parameters of a negotiation problem are summarized
in the following definition:

DEFINITION 7.1.—A negotiation problem is a tupl® = (A, R, U, Ay), where:
-A=/{1,...,n}is afinite set of agents:(> 2);
— R is a finite set of indivisible resources;

—U = (ua,...,uy) is a profile of utility functions, such that for alle A, u; is a
mapping from2” to R;
— Ay : A — 2% is an (initial) allocation.

Observe that the value of a utility function only depends on the resources held by
the agentin question, i.e. agents are not concerned with resources held by other agents
or any other external factors. We are frequently going to use the abbreviatidn
for u;(A(4)), representing the utility value assigned by agetat the bundle it holds
in allocationA.

Agents may agree ondgealto exchange some of the resources they possess. Such
a deal transforms the current allocation of resoutdédsto a new allocatiord’; we
can define a deal as a péie= (A4, A') of allocations (withA # A’).

We should stress that this isnaulti-lateral negotiation framework. A single deal
may involve the displacement of any number of resources between any number of
agents. An actual implementation of this abstract framework may, however, not allow
the same level of generality. Sandholm [SAN 98] has proposed a typology of different
types of deals, such asvap dealsnvolving an exchange of single resources between
two agents ocluster dealsnvolving the transfer of a set of items from one agent to
another. The simplest type of deals are those involving only a single resource (and
thereby only two agents).

DEFINITION 7.2.—A 1-deal is a deab = (A, A’) resulting in the reallocation of
exactly one resource.

The above is a condition on tleructureof a deal. Other conditions relate to the
acceptabilityof a deal to a given agent. We assume that agentatiomaliin the sense
of aiming at maximizing their individual welfare (utility). Furthermore, agents are
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assumed to bmyopic This means that agents will not accept deals that would reduce
their level of welfare, not even temporarily, because they are either not sufficiently
able to plan ahead or not willing to take the associated risk (see also Sandholm’s
work [SAN 98] for a justification of such an agent model in the context of multi-agent
resource allocation).

7.2.2. Negotiating with money

In the first variant of this framework, we will allow agents to enhance deals with
monetary side payments order to compensate other agents for a possible loss in
utility. This can be modeled usinggayment functiop : A — R. Such a function
has to satisfy the side constrai,_ , p(i) = 0, i.e. the overall amount of money
in the system remains constantpifi) > 0, then agent paysthe amount of(7),
while p(i) < 0 means that iteceivesghe amount of-p(¢). The following rationality
criterion will define the acceptability of deals:

DEFINITION 7.3.— A deald = (A, A’) is individually rational iff there exists a pay-
ment functionp such thatu;(A’) — u;(4) > p(i) for all i € A, except possibly
p(i) = 0 for agents with A(i) = A’(3).

From a system designer’s perspective, we are interested in assessing the well-being
of the whole society, osocial welfareARR 02, MOU 88], which is often defined as
the sum of utilities of all the agents.

DEFINITION 7.4.— The social welfarew(A) of an allocationA is defined as follows:

sw(d) = > ui(A)

€A

This is theutilitarian definition of social welfare. While this is the definition usu-
ally adopted in the multi-agent systems [SAN 99, WOO 02], we should stress that
also several of the other notions of social welfare developed in the social sciences
(e.g. egalitarian social welfare [ARR 02, MOU 88]) do have potential applications in
the context of multi-agent resource allocation [CHE 06].

We now recall two important known results. The first one makes the connec-
tion between the local decisions of agents and the global behavior of the system ex-
plicit [END 06].
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LEMMA 7.1.— Adeal§ = (A, 4') is individually rational iff sw(A4) < sw(A’).

In other words, side payments can be arranged in such a way that a given deal
is beneficial for all the agents involved if and only if that deal increases social wel-
fare. The second result is the fundamental convergence theorem for this negotiation
framework [SAN 98]:

THEOREM 7.1.— Any sequence of individually rational deals will eventually result in
an allocation of resources with maximal social welfare.

The main significance of this latter result, beyond the equivalence of rational deals
and social welfare-increasing deals stated in Lemma 7.1, isittyatequence of deals
satisfying the rationality criterion will eventually converge to an allocation that is so-
cially optimal. There is no need for agents to consider anything but their individual
interests. Every single deal is bound to increase social welfare and there are no local
optima.

7.2.3. Negotiating without money

What happens if we doot allow agents to enhance deals with monetary side pay-
ments (orexplicit utility transfer$, in order to compensate other agents for a possible
loss in utility? In this context, we shall assume that agents@operatively rationain
the sense of accepting deals that may not resulsiniet increase in personal welfare,
with the further condition that at least one agent will strictly benefit from the deal.

DEFINITION 7.5.— Adealé = (A, A’) is called cooperatively rational iffi;(A4) <
u;(A’) for all i € A and there exists an agejte A such thatu;(A) < u;(A’).

Note that we havew(A) < sw(A’) for any deab = (A, A’) that is cooperatively
rational, buthotvice versa. Clearly, in this general setting, it is not possible to guaran-
tee that agents will eventually reach an allocation with maximal social welfare, in the
sense previously defined. A result similar to Theorem 7.1 can be exhibited, though,
if we consider the Pareto optimality criterion instead (an allocation is Pareto optimal
when no other allocation is strictly better for one agent without being worse for any
other agent)anysequence of deals satisfying the cooperative rationality criterion will
eventually converge to a Pareto optimal allocation [END 06].

7.3. Convergence for restricted classes of utility functions
While Theorem 7.1 (like the corresponding result for negotiation without money)

shows that, in principle, it is always possible to negotiate an allocation of resources
that is optimal from a social point of view, deals involving any number of agents and
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resources may be required to do so [SAN 98, END 06]. In particular, the most basic
type of deal, which involves moving a single resource from one agent to another and
which is the type of deal implemented in most systems realising a ki@bofract-

Net protocol [SMI 80], is certainlynot sufficient for negotiation between agents that
are not only rational but also myopic.

This has first been shown by Sandholm [SAN 98] and is best explained by means
of an example. Led = {1,2,3} andR = {r1,r2,r3}. Suppose the utility functions
of these agents are defined as follows (over singleton sets):

ui({ri}) =5 wi({r2}) =4 wi({rs})=0
uz({r1}) =0 ua({r2}) =5 wa({rs}) =4
us({ri}) =4  us({r2}) =0 us({rs}) =5

Furthermore, for any bundI& not listed above, supposg(R) = 0 for all i €
A. Let Ag with Ag(1) = {ra}, Ao(2) = {rs} and Ayp(3) = {r1} be the initial
allocationj.e.sw(Ag) = 12. The optimal allocation would bé* with A*(1) = {r1},
A*(2) = {ro} and A*(3) = {r3}, which yields a social welfare af5. All other
allocations have lower social welfare than betfand A*. Hence, starting froml,,
the deald = (4, A*) would be the only deal increasing social welfare. According
to Lemma 7.1¢ would also be the only deal that is individually rational. This deal,
however, involves all three resources and affects all three agents. In particidar,
not a 1-deal. Hence, if we choose to restrict ourselves to rational deals, then 1-deals
are not sufficient to negotiate allocations of resources with maximal social welfare. Of
course, for some particular negotiation problems, rational 1-dedlide sufficient.
The difficulty lies in recognising the problems where this is so.

The structural complexity of deals required to be able to guarantee socially opti-
mal outcomes partly stems from the generality of the framework. In particular, so far
we have made no assumptions on the structure of utility functions used by the agents
to model their preferences. By introducing restrictions on the class of admissible util-
ity functions, it may be possible to ensure convergence to an allocation with maximal
social welfare by means of simpler deals. In this paper, we are interested in charac-
terizing those classes of utility functions that allow successful 1-deal negotiation. To
this end, we first define what it means for a class of utility functions to guarantee
convergence to an optimum for a restricted class of deals:

DEFINITION 7.6.—Let ® be a class of deals and It be a class of utility functions.
ThenF is said to guarante@-convergence iff any sequence of deals belonging to
® will eventually result in an allocation of resources with maximal social welfare
whenever the utility functions of all the agents belongto
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Theorem 7.1, for instance, says that the full class of utility functions guarantees
convergence for the class of individually rational deals (without any structural restric-
tions). We are going to be interested in two concrete classes of deals:

— If @ is the class of individually rational 1-deals agtdis a class of utility func-
tions that guaranteds-convergence, then we also say tiadllows 1-deal negotiation
with money

— If @ is the class of cooperatively rational 1-deals @i a class of utility func-
tions that guaranteds-convergence, then we also say tiadllows 1-deal negotiation
without money

For instance, a recent result shows that the clasglditive utility functions per-
mits 1-deal negotiation with money [END 08]n the next section, we are going to
introduce a number of similar restrictions on utility functions, for which we are later
going to investigate under what circumstances they may guarantee convergence.

7.4. Modular utility functions and variants

In this section, we are going to introduce several classes of restricted utility func-
tions. We are first going to define the classneddular utility functions. This is an
important (see e.g. [ROS 94]), albeit simple, class of functions that can be used in
negotiation domains where there are no synergies (either complementaries or substi-
tutables) between different resources.

DEFINITION 7.7.—A utility functionu is modular iff the following holds for all bundles
Ri, Ry CR:

U(Rl U RQ) = U(Rl) + U(Rg) — U(Rl n RQ) [71]

The class of modular functions includes the aforementioned additive functions.
This may be seen as follows. L& be any non-empty bundle of resources and let
r € R. Then equation [7.1] implies(R) = w(R \ {r}) + [u({r}) — u({ })]. If we
apply this step recursively for every resourcdinthen we end up with the following
equation:

u®) = u({ )+ Y [u({r}) —u({})] [7.2]

reR

2. A utility function is additive iff the utility assigned to a set of resources is always the sum of
utilities assigned to its members.
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In other words, in case({ }) = 0, the utility assigned to a set will be the sum of
utilities assigned to its memberise( v will be additive). Clearly, equation [7.2] also
implies equation [7.1]i.e. the two characterizations of the class of modular utility
functions are equivalent.

We now introduce a restriction on the class of modular utility functions, namely
the classes ofodular functions with shared, 5-values(or M, s for short). Intu-
itively, M,, g classes are suitable in domains where agents can only like, dislike, or
possibly be indifferent towards any given resource in the system. The key point is that
agents all agree on the intensities used to indicate positive and negative preferences for
each single resourcé,, s functions hence define a set of classes, each class being
parameterized by the range of possible values assigned to each resource.

DEFINITION 7.8.—A profile of utility functions(us, ..., u,) is called modular with
sharedqo, -values iff:
— there exists a list of coefficients= (ar,, ..., ar 5 ) € (RT)IF,

— there exists a list of coefficients= (8,,, ..., Br ) € (R7)"I, and

— for each utility function;, there exist two sets;", 5; € Rwith S;"nS;” = {},
such that for all bundle® C R, u,;(R) can be calculated as follows:

w® = w{H+ Y et Y8

r€RNS; rERNS;

Given two lists of coefficients € (R*)I®l, 3 € (R™)IRI, the classM,, s is defined
as the largest set of modular functions with shate@-values.

Consider, for example, the clagd 1) (_20,—7) Over resourceéry, ro } and letu;
andusy be two utility functions drawn from this class such that{ }) = u2({ }) =0,
S = {r}, Sy = {r2}, S = {r}, andS, = {}. Then, the values af; andus
are as shown in the following table:

{} 0 0
{7“1} 2 0
{ra} | 20| 1

{7‘17 7‘2} -18 1

Observe that the union of all classes of modular functions with shargesalues
is the class of modular functions.
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7.5. Sufficient classes of utility functions

If a class of utility functions allows 1-deal negotiation (with or without money),
then all utility functions belonging to that class constitutsudficientcondition for
convergence by means of rational 1-deals. In this section, we are going to establish
two such results for modular utility functions.

7.5.1. Framework with money

It turns out that in domains where all utility functions are modular, it is always
possible to reach a socially optimal allocation by means of a sequence of rational
deals involving only a single resource each. This is a slight generalization of a result
originally proved for the case of additive utilities [END 06] and our proof closely
follows that original proof.

THEOREM 7.2.— The classM of modular utility functions allows 1-deal negotiation
with money.

Proof. According to Lemma 7.1, any individually rational deal results in a strict in-
crease in social welfare. Together with the fact that the number of distinct allocations
is finite, this ensures that there can be no infinite sequence of rational deals (termina-
tion). It therefore suffices to show that for any allocation that does not have maximal
social welfare there still exists a rational 1-deal that would be applicable.

We are going to use the alternative characterization of modular utility functions
given by equation [7.2]. For any allocatioh let f4 be the function mapping each
resource- to the agent that holdsr in situation A. Then, for modular domains, the
formula for social welfare (see Definition 7.4) can be rewritten as follows:

swd) = Y wl{ )+ D uf, i {r))

i€ A reR

with v, (R) = u;(R) — u;({ }). Now assume that we have reached an allocation of
resourcesA that does not have maximal social welfare, there exists another al-
location A’ with sw(A4) < sw(A’). Considering the above definition of social wel-
fare and observing that_,_ , u;({ }) is a constant that is independent of the cur-
rent allocation, this implies that at least one resourcaust satisfy the inequality
uy, iy ({r}) < v} y({r}), i.e.the agent owning in allocationA values that re-
source less than the agent owning it in allocatidnBut then the 1-deal consisting of
passing from agentf 4 (r) to agentf 4. (r) would already increase social welfare and
thereby be rational. |
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Like Theorem 7.1, the above establishes an important convergence result towards a
global optimum by means of decentralized negotiation between self-interested agents.
In addition, provided all utility functions are modular, convergence can be guaran-
teed by means of a much simpler negotiation protocol, which only needs to cater for
agreements on 1-deals (rather than multilateral deals over sets of resources).

7.5.2. Framework without money

We are now going to prove a similar result for the variant of our framework that
does not allow monetary side payments.

THEOREM 7.3.— Given two vectorsy € (R1)I®l and3 € (R™)I®I, the class
M, 3 of modular functions with shared, 3-values allows 1-deal negotiation without
money.

Proof. According to Definition 7.5, any cooperatively rational deal results in a strict
increase in social welfare. Together with the fact that the number of distinct allo-
cations is finite, this ensures that there can be no infinite sequence of rational deals
(termination). It therefore suffices to show that for any allocation that does not have
maximal social welfare there still exists a cooperatively rational 1-deal that would
be applicable. If an allocatioAd does not have maximal social welfare then it must
be the case that some agerttolds a resource and that there is another agent

in the system such that;({r}) < w;({r}). In other words, eithef;) some agent

holds a resource with u;({r}) — u;({}) = 0, and there is another agenin the
system withu; ({r}) — v;({ }) = a,, or (i) some agent holds a resource with
u;({r}) —w;({ }) = B, and there is another agehtn the system such that either
(i) wj ({r}) —u;({ }) = 0, or (iip) u;({r}) — w;({ }) = o > wi({r}). In every
case, passingfromi to j would be a cooperatively rational deal, so either negotiation
has not yet terminated or we are in a situation with maximal social welfare. 1

Theorem 7.3 generalizes a previous result stating that any sequence of cooper-
atively rational 1-deal will eventually result in an allocation with maximal social
welfare in case all agents are using so-called 0-1 functions to model their prefer-
ences [END 06]. A utility functionu; is a 0-1 function if and only if it is additive
andu;({r}) = 0 oru;({r}) = 1 forall » € R. In other words, the class of 0-1 func-
tions is like the clasd1(; 1. (0,0....), €xcept that the former does not allow non-zero
utility values to be assigned to the empty set.

7.6. Necessity issues

As explained earlier, the convergence results of the previous section may be con-
sidered results oaufficientconditions on utility functions for convergence by means
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of rational 1-deals. This naturally raises the question of whether there may be a corre-
sponding set ofiecessargonditions on utility functions. In this section, we are going

to give a negative answer to this question. We are first going to show that all utility
functions belonging to the class of modular functions (which we have shown to be a
sufficient condition for convergence by means of 1-deals) is not a necessary condition.
Then we are going to show that, in fact, there camdeondition on individual utility
functions that would be both necessary and sufficient in this sense. Of cousse, it
possible to formulate a necessary and sufficient condition for convergence by means
of 1-deals fomprofilesof utility functions (i.e. if we are allowed to give conditions on
how the utilities of different agents should relate to each other). However, as we are
going to show, evaluating such a condition would be computationally intraétable

7.6.1. Modularity is not necessary

Modularity is not a necessary condition for convergence by means of individually
rational 1-deals. We demonstrate this by means of the following example. Suppose
thatR = {r1, 2} and there are two agents with utility functiomsandu. defined as
follows:

ui({}) =0 uz({}) =0
ul({rl}) = 10 UQ({Tl}) = 10
ug({rz2}) = 10 ua({r2}) = 10
ui({r1,72}) = 0 us({r1,72}) = 0

These functions are not modular. The situation is as follows: each agent is will-
ing to hold a single resource and has no preference as to which resource it actually
holds. The optimal allocations are those where each agent holds exactly one resource.
Furthermore, as may easily be checked, individually ratiordéals are sufficient to
move to the optimal allocation for this scenario, despite the functions not being mod-
ular. Hence, modularity cannot be a necessary condition for convergence.

7.6.2. There is no sufficient and necessary class

It is possible to show that there can be no class of utility functions that would be
both sufficient and necessary. It suffices to produce two concrete utility funations
andusy such that:(i) both of them would guarantee convergence if all agents were
to use them andi7) there is a scenario where some agents are usirand others

3. While the analysis in this section applies to the framework of negotiation with money, a
similar case may be made for negotiation without money.
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uo and convergence is not guaranteed. This is so because assuming that a necessary
and sufficient class exists;) would imply that bothu; andwus belong to that class,

while (i7) would entail the contrary. We give two such functions for the case of two
agents and two resources (the argument is easily augmented to the general case; simply
assume;(R) = 0 fori > 2):

ur({}) = 0 w({}) =0
ui({r1}) = 1  u({r}) =5
ur({r2}) = 2 u({r2}) =5
ul({T‘l,T‘g}) = 3 UQ({Tl,TQ}) = 5

The functionu; is modular, i.e. all agents using that function is a sufficient con-
dition for guaranteed convergence to an optimal allocation by means of individually
rational 1-deals (Theorem 7.2). Clearly, convergence is also guaranteed if all agents
are usingus. However, if the first agent uses and the second,, then the alloca-
tion A with A(1) = {r1} andA(2) = {r2} is not socially optimal and the only deal
increasing social welfare (and thereby, the only rational deal) would be to swap the
two resources simultaneously. Hence, no condition on all agents’ utility functions can
be both sufficient and necessary to guarantee convergence to an optimal allocation by
means of individually rational 1-deals alone.

7.6.3. Evaluating conditions on profiles of utility functions is intractable

Our argument for the inexistence of any necessary and sufficient condition for
guaranteed convergence has directly exploited the fact that we were looking for a
singlecondition to be met by the utility functions afl agents. The problem could be
circumvented by looking for suitable conditions on negotiation problems as a whole,
where different utility functions may meet different such conditions. In other words,
we could try to formulate a condition faurofiles (u, ..., w,) of utility functions.
Clearly, such a conditiodoesexist: trivially, (u1,...,u,) meets that condition iff
convergence to an optimal allocation is guaranteed for any initial allocation when
agents are using the utility functions, ..., u,). Of course, phrased like this, this
condition is of no practical use. What we would require is a “simple” condition on
utility profiles. The condition of modularity (for single utilities), for instance, clearly
is such a simple condition.

To make this notion of simplicity precise, we first need to fixepresentation
languagefor utility functions. Then we can check whether or not it is the case that
checking a particular condition for utilities represented in this language is a tractable
decision problem. As we are going to argue in this section, for a wide range of repre-
sentation languages, there can be no condition on utility profiles that would be simple
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in this sense. We first note that checking whether a given utility profile satisfies the
necessary and sufficient condition for 1-deal negotiation is equivalent to a decision
problem that has been referred to as 1-convergence(ly) in [CHE 06, DUN 05a]:

DEFINITION 7.9.—Given (A, R,U), the 1-convergence probleni-Conv) is the
problem of checking whether any sequence of individually rational 1-deals (origi-
nating from any initial allocation) will result in an allocation with maximal social
welfare.

1-coNv has been shown to m®NP-complete in the case where utility functions
are represented using the so-called SLP form, which encodes utilitsaaght-line
programs[DUN 05a]. This means that checking whether a profile of utility functions
given in SLP form satisfies the necessary and sufficient condition for 1-deal negotia-
tion is alsacoNP-complete, hence computationally intractable. In what follows, we are
going to extend this complexity result to a whole range of representation languages,
which only have to meet very weak conditions for the hardness result to apply.

We are going to establistoNP-hardness via a reduction from the so-called welfare
improvement (WI) problem, which is closely related to the problem of finding the
maximum of a utility function and which is known to I&P-hard for a wide range of
representation languages for utility functions.

DEFINITION 7.10.-Given a utility function in a particular representation language
and a bundl&) C R, the welfare improvement (WI) problem is the problem of check-
ing whether there exists a bundl¥ € R such that.(Q) < u(Q’).

Our proof applies to utility representation languages that-aemposable:

DEFINITION 7.11.—Let REP andREP’ be two representation languages for utility

functions. Letr € R be a resource. TherREP is said to be an-composition over

REP' iff Vu € REP', Vo € {u(R) | R C R}, the utilitiesv and v defined below

belong toREP and the number of bits needed to represent both utilities is polyno-

mial in |u| (the number of bits needed to encagdeand in the number of resources
JuR)—x frerR _ . [ ulR)—xz ifré¢R

v(R) = { 0 otherwise (R)= { 0 otherwise

4. Note that encoding the utility function (resp.v) as a sequence of bits requires encoding

r, andz. Unfortunately,z may be a huge fractional number. Thus, if we choose to encode
straightforwardly as a sequence of bits, the total number of bits may not be polynoriél in
and|R|. To overcome this, instead of encodimgwe may encode the bundiR whose value
underv is z. This way, the size ofv| remains polynomial ir| and|R|. This will be of some
importance in the main proof of this section, as we will use a reduction to a decision problem
in which the size of instances will also be polynomialdfiand|R|.
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For the sake of simplicity, we will say that a representaf®fiP is r-composed
iff there exists a representati@®< P’ over whichREP is anr-composition.

As many interesting representation languagesratemposed, the results pre-
sented here are quite general. Let us briefly mention some of the representation lan-
guages commonly used in multiagent resource allocation [CHE 06]. In what follows,

r IS any resource chosen amoRg

— The k-additive representatiofGRA 97] for £ > 3 is anr-composition over
the (k — 1)-additive representation. Intuitively;additive utilities can be represented
by a multi-nomial of degre& [BOR 02]. Note that fork > 2, the WI problem with
k-additive utilities iSNP-hard [CHE 04].

— Posiforms of degrek [BOR 02] fork > 3 arer-compositions over posiforms of
degreek — 1. This is a generalization of theadditive forms and thus, fdr > 2, the
WI problem here is alsblP-hard [CHE 04].

— Thebundle formrepresentation [CHE 04] is also arcomposition over itself.
It consists of simply enumerating all bundles of resources for which the utility is not
zero. Again, the associated WI problem is known toN\Behard [CHE 04] .

— The SLP (straight-line programs) representation [DUN 05b] iseomposition
over itself. Intuitively, SLPs are computer programs without loops, taking a bundle of
resources as input and returning the associated utility value as output. Here, Wl is also
NP-hard [DUN 05b].

— The XOR bidding language [SAN 02, NIS 06], developed in the combinatorial
auction community, is also ancomposition over itself and has &hP-hard WI prob-
lem.

We can now present the main theorem of this section.

THEOREM 7.4.—Let REP be a representation language. If the following conditions
hold, then the 1-convergence problem oR#P is coNP-complete under Turing re-
duction, even with only two agents:

— there exists a representatiG P’ over whichREP is anr-composition;
— the WI problem with this representati®€P’ is NP-hard; and
— there exists a zero-valued utility functiopin REP.

Proof. Membership of 1eoNv to coNP may be shown as in [DUN 05a]. In what
follows, we will showcoNP-hardness using a Turing reduction from the WI problem.
To achieve this, we will show that, given an oracle solving thednv problem in

a single time unit, we can build a deterministic algorithm solving the WI problem in
polynomial time. The proof is constructive, i.e. the algorithm will be given below.

First, let us recall some preliminary definitions. Ligt Q) be an instance of the
WI problem over theREP’ representation. Note that the number of bits required to
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encode such an instance is boundedddy+ |R|. Let vy be the zero-valued utility
function, and let the set of agents He= {1, 2}. We now introduce two utility func-
tions:

'U(R)—{ u(R) —u(Q) ifreR _(R)—{ u(R)—u(Q) if r¢R

0 otherwise * 0 otherwise

Clearly, these two functions belong ToEP because of the-composition prop-
erty. Based on these functions, we can now define two instances of\i~as follows:
let Z (resp.Z) be the 1eoNv instances for two agents with utilitiesandv, (resp.v
anduvg). We will show next that deciding whether these instances are 1-convergent or
not will eventually give us the answer to the WI probleém Q).

First of all, note that if the answer to the WI problem oyer@) is NO (i.e. ifQ is
an optimal bundle), then bothandZ are 1-convergent. In fadd,will be in this case
the highest value which the functiong@ndv can take and moving resourcérom an
agent to another i or Z will lead to an optimal allocation if the current allocation is
not already optimal. Due to the converse, we can deduce the following:

—if Z or Z is not 1-convergent, then the answer to the WI problem is YES.

Consider now the case where both problems are 1-convergent. Clearly, the answer
to the WI problem is YES and only if there exists an allocatio#’ such that(A") >
0 or there exists an allocatiod’ such thats(A’) > 0. Because both instances are
known to be 1-convergent, checking if there are allocations valued moreé)than
be done in the following way: given an allocatign(resp.A) valued0 in Z (resp.Z),
check whether or not there exists an individually rational 1-deal. If so, the WI problem
will be answered YES. For our 0-valued allocation, it suffices to chabse({ }, R)
(resp.A = (R,{})). These allocations have a social welfareZifresp.Z) whose

values are(A) 4+ vo(A) = v(A) + vo(A) = 0. To summarize:

_ —IfbothZ andZ are 1-convergent, then consider allocation= ({ }, R) (resp.
A = (R,{}))- If there exists any individually rational 1-deal= (A, A") overZ or
0 = (A, A’) overZ, then the answer to the WI problem is YES, otherwise it is NO.

This covers all possible cases. Hence, given our oracle foodv, we can al-
ways derive an answer to WI in polynomial time. Our reduction is summarized by the
algorithm shown in Figure 7.1. |

To conclude this section, we recall that dteNP-completeness result for Gonyv
entails that, for many common representation languages, checking whether profiles of
utilities enable 1-deal negotiation is intractable. Therefore, searching for a condition
over profiles of utility functions is unrealistic. As we have shown that no condition on
singleutility functions is both sufficient and necessary, and as, on top of that, we have
just argued that checking conditions profiles of utility functions is intractable in
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Algorithm: deciding WI with the help of an oracle for ¢onv
Input : utility function u, bundleQ C R
Output: YES or NO

1) if {v,v9} is not 1-CONV or {7, vy } is not 1-cONvV then return YES;

2) if there exists an individually rational 1-deal improving allocatid}, R)
within (v, vo) then return YES;

3) if there exists an individually rational 1-deal improving allocatigR, {})
within (7, vo) then return YES;

4) return NO

Figure 7.1. Algorithm summarizing the reduction frolacoNnv to WI

most cases, the best thing we can do is to investigate whether some restricted classes
of utility can be identified as beingaximal This is what we shall do in the next
section.

7.7. Maximal classes of utility functions

We are now going to prove the main results of this chapter, namely the surprising
fact that the classes of utility functions shown to allow 1-deal negotiation (with money
and without money) are not only sufficient, but aleaximalin the sense that no class
of utility functions strictly including this class of functions would still be sufficient for
1-deal negotiation. The significance of this result can only be fully appreciated when
considered together with the “negative” result on necessary and sufficient conditions
discussed in the previous section.

Before stating the main result, we prove the following auxiliary lemma:

LEMMA 7.2.— A utility functionw is modular iff the following holds for alR C R
and a||7‘1, ro € R with r1,7T2 % R andrq 7& T2

w(RU{ri,ra}) = w(RU{ri})+u(RU{r2}) —u(R) [7.3]

Proof. To show this, let us recall elementary facts about submodular functions. A
functionv : R — Ris submodularif¥ Ry, Ry C R, v(R1)+v(R2) = v(R1URs)+

v(R1 N Ry). Itis also known that is submodular iffo(R U {r1}) + v(RU {r2}) >
v(RU{ry,r}) —v(R) forany R C R, r1,r2 € R\R, with r; # ro [NEM 88,
p.662]. Because a functianis modular iff bothu and—u are submodular, the lemma
holds. |
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7.7.1. Framework with money

We are now in a position to prove our theorem on the maximality of the class of
modular utility functions with respect to rational 1-deal negotiation with money:

THEOREM 7.5.— Let M be the class of modular utility functions. Then for any class
of utility functionsF such thatM C F, F does not allow 1-deal negotiation with
money.

Proof. First observe that fofR| < 1, any utility function is modularj.e. the theorem
holds vacuously in these cases. Therefore, without loss of generality, from now on we
assume that there are at least two distinct resources in the system.

The proof is constructive. We will show that for any non-modular utility function
u1 ONm resources, itis possible to construct a modular utility functigfwith u; = 0
for all other agent$) and an initial allocation such that no optimal allocation can be
reached by means of 1-deals. This implies thétJ {u,} does not allow 1-deals.

Because.; is non-modular, Lemma 7.2 can be applied in the following way: there
is a bundleX and distinct resources, 2 ¢ X such that, defined as follows, is not
equal to0:

e=u(XU{r}) +w(XU{rh) —u(X)—w(XUfr,rm)) 7.4

From now on,A;5, Aj12, Ay)2 and Ay, will refer to allocations in which; and
ro belong to one of the first two agents, resourceXiare owned byl and resources
iNY = R\(X U {r,r2}) by 2, as shown in the following table.

| | Agentl | Agent2 |
Al?\ {7’177'2} U X Y

AHQ X {7’177'2} uY
A1|2 {Tl}UX {TQ}UY
A2|1 {T‘Q}UX {Tl}UY

Let us build a modular utility functiom, defined as followsvVR € R.:

ug(R) = Z ar + Z w— Z w [7.5]

re{ri,r2}NR reRNY re RNX
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SMA}L(A) (opt alloc)
(init alloc)
X
XxxXxX | —— A
o An A Ay
allocations 121

Figure 7.2. Values ofsw for the four allocations (case > 0)

with w = 14 x max |u1| + 1. Let Q = ua(Y) = |Y| x w. As the rest of the proof
shall reveal, the value a@f has been chosen such that the social welfare of each of
these four allocations is greater than that of any other allocation. Of course, this will
imply that the optimal allocation has to be among these four. The values, aind

ar, Will be chosen later. The social welfare of each of these four allocations can then
be written as follows:

sw(Ajz) = Q+ap, +oap, +ui(X)
sw(Aig) = Q+wur(XU{ry,r})

sw(Ay2) = Q4+, +ur(X U{r})
sw(Az) = Q4 ap, +ur(X U{rs})

It remains to be shown that depending on the valug afe can always choose an
initial allocation among these four and values@f anda,., such that: (1) this initial
allocation does not have optimal social welfare, (2) there is only one rational deal
from this allocation, (3) this deal leads to the optimal allocation, but (4) this rational
deal would involve more than one resource. We will have to consider two cases for
equation [7.4]: the case ef> 0 and the case af < 0.

(1st case)Suppose that > 0. Let us choosey,, = ui (X U{r1}) —ui(X) — §
ando,, = uy (X U{ry,m2}) —ui (X U{r}) + §.

Let us first show that the four allocations have a greater social welfare than any
other. With the help of equation [7.4], observe that beth | and|«.., | are less than
3 x max |u1]. Thus, all four allocations have a social welfare of at I¢ast |« | —
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lovr, | — max|ui| > Q — 7 x max|u;| > Q — 4. All other allocations have a social
welfare lower tham) —w+|a, |+ | o, [ +max Ju | < Q—w+T7xmax Ju| < Q—%.

Thus, the social welfare of each of the four allocations is greater than that of any other
allocation.

Now let us show thatl,; is the optimal allocation, as illustrated in Figure 7.2.
More precisely, let us show thatv(A|12) < sw(Ay)2), thatsw(A;g) < sw(Aq)2)
and thatsw(A;2) < sw(Ag1). By substituting the values af,, anda,., and using
equation [7.4], the social welfare of each allocation can be written as follows:

sw(Ajz) = Q4w (X U{r,r})

sw(Aig) = Q+u(XU{ry,ma})

sw(Ayp) = Q+u1(Xu{r1,r2})+§
sw(Ag)) = Q+ur(XU{ri}) +u (X U{r})

—Ul(X) —

1 m

3
= Q-+ ul(X U {Tl,T‘g}) + ZG

Here, Ay, is clearly the optimal allocation. If we choosk |, as the initial al-
location, then the only 1-deals involving resouragsor r; are §(A;z, Ai)) and
d(Aqj2, Ap12). These deals decrease social welfare, and thus are not individually ra-
tional according to Lemma 7.1. Thus, it is not possible to reach the optimal allocation
Ay starting fromA, |, using only 1-deals.

(2nd case)Suppose that < 0. Let us chooser; = u1(X U {r1}) —ui(X) — §
anday = u1 (X U{ra}) —u1(X) — §.

Note that again, botfw,., | and|«,., | are less thaf x max |u;|. Thus, by the same
argument as in the first case, the four allocations all have greater social welfare than
any other allocation.

The optimal allocation is nowd,,|. To see this, let us show thatv(A;) <
sw(A2), thatsw(Asg);) < sw(Aj2) and thatsw(A|;2) < sw(A)) asillustrated in
Figure 7.3:

sw(Ajz) = Q+ur(XU{r}) +u(XU{ra})

—ui(X) -
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SMA}A(A) (opt alloc)
(init alloc)
X
XxxXxX | —— A
omer An Ap A 121
allocations 211

Figure 7.3. Values ofsw for the four allocations (case < 0)

sw(Aig) = Q+wur(XU{ry,r})
= Q+u(XU{r})+u(XU{rs})
—u1(X) —e€
sw(Ayg) = Q+u(XU{r}) +u(XU{ra})
—u(X) - 5
sw(Agp) = Q+u(XU{r}) +ui(XU{r})

—Ul(X) —

1 m

Here, A, is clearly the optimal allocation. If we choosk;, as the initial allo-
cation, then the only 1-deals involving or r; are§( A2, Aqj2) and (A2, Agjr).
These deals decrease social welfare, and thus are not individually rational according
to Lemma 7.1. Thus, it is not possible to reach the optimal allocatipy starting
from A, using only 1-deals. |

Why is this result significant? As argued earlier, while the full abstract negotiation
framework introduced at the beginning of this paper would be difficult to implement,
designing a system that only allows pairs of agents to agree on deals over one resource
at atime is entirely feasible. As we would like to be able to guarantee socially optimal
outcomes in as many cases as possible, also for such a restricted negotiation system,
we would like to be able to identify the largest possible class of utility functions for
which such a guarantee can be given. However, our discussion in section 7.6 has shown
that there can be no class of utility functions tleatictlycharacterizes the class of
negotiation problems for which negotiating socially optimal allocations by means of
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rational 1-deals is always possible. Still, thareclasses of utility functions that allow
1-deal negotiation. As shown by Theorem 7.2, the class of modular functions is such
a class and it is certainly a very natural class to consider. An obvious question to ask
is therefore whether this class can be enlarged in any way without losing the desired
convergence property.

Our proof of Theorem 7.5 settles this question by giving a negative answer: for any
agent with a non-modular utility function there are modular utility functions (for the
other agents) and an initial allocation such that rational 1-deals alone do not suffice
to negotiate an allocation of resources with maximal social welfare. Of course, there
may well be further such classes (that are both sufficient and maximal), but we have
not been able to identify any such class that would alsofegesting An example for
a class of utility functions that is sufficient bobt interesting is the class giseudo-
constantfunctions. A utility functionu; is pseudo-constant iff there exists:a> 0
such thatu;(R) = cforall R # { } andu;({ }) = 0. Clearly, if all agents use such
a function, then individually rational 1-deals will be possible until an allocation with
maximal social welfare has been reached; but this is of course a very limited model of
agent preferences.

7.7.2. Framework without money

Can the result of the framework with money be translated into our framework
without money? We are now going to show that this is the case: any class of modular
utility functions with o, 8-shared values is not only sufficient for 1-deal negotiation,
but alsomaximalin the sense that no class of utility functions strictly including that
class would still be sufficient.

THEOREM7.6.— Let M, g be a class of modular functions with shared3-values.
Then for any class of utility functiong such thatM, s C F, F does not allow
1-deal negotiation without money.

Proof. The proof is constructive and involves two agents. We will show thaafgr
functionu; not belonging to the class of modular functions with shareé-values, it

is possible to construct a modular utility functiepand to choose an initial allocation
such that the optimal allocation cannot be reached by means of cooperatively rational
1-deals. This will imply thaiM, g U {u, } does not allow 1-deal negotiation.

First note that for any modular function with shareds-values, anyX C R and
anyr € R\X we haveu(X U {r}) = u(X) + v, withv € {«,,0,5,}. Letu; be
an arbitrary functionpot belonging to the clasd, g; in other words, there exist a
setX C R and a resource; € R\X such thatu(X U {r;}) = u(X) + v, with
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v & {ay, 0,06, }. We are going to define a second utility functienin terms of X
andr;. Namely, letus € M, 3 be defined as follows (foralk € R) :

wR=3 4+ S e+ Y -

reRNX reR\(XU{r:1}) reRN{r1}

with z to be chosen ida,.,, G;, }.
Observe that we have choses({ }) = 0.

We now consider the two allocations where agent 1 owns all resourcésaind
agent 2 owns all resources®\ (X U{r; }). Amongst these allocations, ldt. | (resp.
Aj,,) be the one where agent 1 (resp. agent 2) owns in addition resouréée are
going to show that we can always choose a non-optimal initial allocation amongst
these two such that no cooperatively rational 1-deal is possible. First observe that
agentl cannot pass a single resource X to agent 2 (because, would decrease
by |5,]) and that agent 2 cannot pass a single resoureeR\ (X U {r,}) to agent
1, because in this case would decrease by the valug.. Let us now consider the
case of 1-deals involving resource We are going to distinguish four different cases,
depending on the value of Note thatsw(A,,|) — sw(4,,) = v — z and recall that
ar, > 0andg,, <O0.

1) Suppose that > «.,. By choosingz = «,,, we prevent agent 2 from passing
r1 on to agent 1 (because would decrease by, ), but still we havesw(A,.,|) >
sw(A),,) (because — z > 0). Hence,A|,, is a non-optimal allocation from which
there are no cooperatively rational 1-deals.

2) Suppose that < ,,. By choosing: = 3,,, we prevent agent 1 from passing
r1 on to agent 2 (because would decrease by, [), but still we havesw(A,.,|) <
sw(Aj,,) (because — z < 0). So in this casel,, | is a non-optimal allocation from
which there are no cooperatively rational 1-deals.

3) Suppose thah < v < «,,. By choosingz = «;,, we havesw(4,,|) <
sw(Aj,, ) (because — z < 0), but still agent 1 cannot give to agent 2 (becausg
would decrease by).

4) Suppose thag,, < v < 0. By choosingz = f,,, we havesw(4,,|) >
sw(Aj,,) (because — z > 0), but still agent 2 cannot give to agent 1 (because
would decrease bly|).

This covers all possible cases. As we have seen, for any choice®iM,, g we
can construct a functiom, € M, g and choose an initial allocation of resources such
that negotiation conducted solely by means of cooperatively rational 1-deals will get
stuck in a final allocation that does not have maximal social welfare. |
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7.8. Conclusion

This paper makes a contribution to the theoretical analysis of a negotiation frame-
work where rational but myopic agents agree on a sequence of deals regarding the re-
allocation of a number of indivisible resources. We have shown that the nsedaflar
utility functions to model agent preferences isudficientcondition, if side payments
are allowed, to guarantee final allocations with maximal social welfare in the case
where agents only negotiatedeals(involving one resource each). When no side pay-
ments are permitted, any class.bf,, s-functions would be sufficient. We have then
seen that this is, however, nohacessargondition for optimal outcomes and indeed,
there can be no condition on (individual) utility functions that would be both neces-
sary and sufficient in this sense. Furthermore, we have shown that, while a necessary
and sufficient condition on profiles of utility functions obviously does exist, checking
such a condition is intractable for most representations commonly used in multiagent
resource allocation settings. We have therefore concentrated on showing that the class
of modular (resp. the class of modular functions with sharg@values) functions is
maximalin the framework with money (resp. without money), i.e. no strictly larger
class of functions would still allow an optimal allocation to be found by means of
rational 1-deals in all cases.

We consider these not only surprising results, but also useful characterizations of
negotiation domains that can be handled reliably using simple negotiation protocols,
catering only forContract-Netlike deals over single items between pairs of agents,
rather than the full range of multilateral deals foreseen in the abstract framework. Such
theoretical results affect both the design of agents and of negotiation mechanisms. For
instance, if a given mechanism can only handle 1-deals, then it may be inappropriate
to design myopic agents with very rich preference structures to use such a mechanism.

In the introduction, we have argued fdistributed approaches to resource allo-
cation. Of course it would be over-simplistic to merely distinguish a centralized ap-
proach,a la combinatorial auction, versus a purely distributed approach. The truth is
that there exists an entire spectrum of approaches between these two extremes. Very
often, for instance, even if an auctioneer is available, it is desirable anyway to reduce
part of the burden of the calculational task usually assigned to it. One way to do so is
to delegate it to the bidders instead. This distribution ofdaleulationof the winner
determination problem has been studied by some authors [NAR 05, VID 06]. What re-
mains centralized in these approaches, however, is the fact that agents must be aware
of the bids placed by other agents during the process to calculate their new bid. In
other words, while the calculation of the solution is indeed distributed, the process
itself remains centralized. In our approach, on the other hand, we assume that agents
agreelocally on beneficial deals, without requiring any sort of global perception of
the situation. Also, while the actual allocation is modified once and for all in the case
of combinatorial auctions, our setting regards negotiation as a continuously evolving
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process with a sequence of local steps incrementally modifying the allocation of re-
sources within the system.

This chapter continues recent work on convergence properties for distributed ne-
gotiation schemes [SAN 98, END 06]. Related work, notably [DUN 05b, DUN 053],
has concentrated on the computational complexity of decision problems arising in
the context of such negotiation frameworks. The complexity of the most fundamental
problem in resource allocation, namely social welfare optimization, has been known
for some time. The underlying decision problem, i.e. checking whether a given ne-
gotiation problem admits a solution where the sum of utilities exceeds a given value,
is NP-complete [ROT 98} This can be shown, for instance, via a reduction from
the well-known &T PACKING problem [GAR 79]. Dunnet al.[DUN 05b] have in-
troduced the 1rPATH problem and analysed its complexity: given two allocatigns
and A" with sw(A) < sw(A’), check whether it is possible to readh from A by
means of a sequence of rational 1-deals. Dugtrad. [DUN 05b] have shown that 1-
PATH is NP-hard. Recent results have further strengthened this complexity bound and
established that the problem is in f&&$PACE-complete [DUN 05a]. The closely re-
lated problem 1leonv [CHE 06, DUN 05a], discussed earlier in the context of check-
ing conditions for guaranteed convergence with respect to full utility profiles, asks
whether any sequence of individually rational 1-deals would culminate in an alloca-
tion with maximal social welfare. As we have seeng@NvV is coNP-complete. This
has been a known result for the case where utility functions are represented as straight-
line programs [DUN 05a], which we have extended here to a wider class of preference
representation languages.
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Chapter 8

Worst-case Complexity of Exact Algorithms
for NP-hard Problems

There has recently been a growing interest in the analysis of the worst-case com-
plexity of manyNP-hard problems. Unled # NP, solving such problems requires
super-polynomial time. Each problemMNP can be solved by a naive algorithm that
exhaustively searches the solution space. However, for most of the problems, more
refined algorithms with better, but still exponential-time complexity, are known.

Development of exact algorithms is mainly of theoretical interest but the existence
of fast exponential procedures may also have practical importance. Today’s computers
are able to handle very efficiently moderate size instancB§dfard problems. How-
ever, even though we can afford to run an exponential-time algorithm, polynomial-
space complexity is a must.

Satisfiability, minimum graph coloring, maximum independent set and minimum
vertex covering, minimum dominating set, etc., are among the problems that have
received much attention in the context of exact algorithms. In this paper we study
two very well-known hard combinatorial problems: the maximum ousX-cuT)
and the minimum dominating set restricted to graphs of maximum degnean33-
DOMINATING SET). For the former, we mainly focus ourselves on sparse graphs, i.e.,
on graphs having bounded maximum degree. We first use a technique based upon
enumeration of cuts in a properly chosen subgraph of the input graph and then an
extension of them in an optimal way to produce a cut for the whole instance. By

Chapter written by Federico2LA CROCE, Bruno ESCOFFIER Marcin Kami NsKI and Van-
gelis Th. AscHOs
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means of this method we produce an exact algorithm for weighted-cuT with
improved upper complexity bound in the case of sparse graphs (section 8.1). Next,
in section 8.2, we restrict ourselves to unweightedk -CcUT in graphs of maximum
degree 3. In this case we devise a search tree based exact algorithm. We exploit some
simple and intuitive dominance conditions that efficiently prune the search-tree thus
producing a fairly competitive upper complexity bound for the case settled. Finally,

in section 8.3, we refine search tree’s pruning by introducing a counting procedure,
based upon the introduction of weights for the fixed data, which allows us to measure
in a more precise way the progress made by the algorithm when it fixes them. We
apply this method teIN 3-DOMINATING SET.

Let T'(-) be a super-polynomial ang(-) be a polynomial, both on integers. In
what follows, using notations in [WEG 03], for an integerwe express running-
time bounds of the formp(n) - T'(n) as O*(T'(n)), the asterisk meaning that we
ignore polynomial factors. We denote fy(n) the worst-case time required to ex-
actly solve the considered combinatorial optimization problem witkariables.
We recall (see, for instance, [EPP 01]) that, if it is possible to bound abgug
by a recurrence expression of the typén) < > T(n — r;) + O(p(n)), we
haved T (n—r;)+O0(p(n)) = O*(a(r1, re,...)") wherea(r1, re, .. .) is the largest
zero of the functiory (z) =1 - Y o~ ™.

8.1. MAX -CUT

Given an arbitrary graph with non-negative weights assigned to its edgesyxhe
cuT problem consists of finding a partition of vertices into two subsets such that the
sum of the weights of all the edges that have endpoints in two different parts of the
partition is maximized. In the unweighted case (i.e., all weights are positive and equal)
the problem is often referred to asiWEIGHTED MAX-CUT.

In what follows, we consider weighted, undirected, loopless graphs without multi-
ple edges. In a grapi = (V, E, w), V is the vertex set of cardinality| = n, E is
the edge set of cardinalityy| = m andw : £ — R U {0} is a weight function that
assigns a non-negative numhes; to each edgej of G.

The number of edges incident to a vertex in a graph is callediégeeeof the
vertex. The maximum degree of all the vertices of a graph is calledndgpeémum
degreeof the graph and denoted ky. Theaverage degreef a graph is the sum of
degrees of all vertices of the graph divided by the number of its vertices. The average
degree is denoted h¥, notice thatd = 2m/n. Given a subsel/ of vertices ofV, the
subgraph induced by the verticedlinis denoted by=[U].

A cutC = (Vp, V1) in a graph is a partition of its vertex skt into two disjoint
subsetd/}, andV;. The weightw(C) of cut C is the sum of weights of all the edges
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that have their endpoints in two different parts of the cut. Notice that the characteristic
vector of one of the parts, for examglg, uniquely determines the partition.

UNWEIGHTED MAX-CUT was one of the first problems whoBE>-hardness was
established. However, there are classes of graphs such as planar graphs, graphs with
large girth [POL 95], cographs and graphs with bounded treewidth [BOD 00] that
admit polynomial-time solution of this problem.

On the other handyNwWEIGHTED MAX-cUT (and thereforemAX-cuT) re-
mains NP-hard even if restricted to such classes as chordal, splig-aolorable
graphs [BOD 00]. As shown in [YAN 78], the problemN8>-hard also for the class of
graphs with bounded maximum dege&eif A > 3 (for A < 2 the problem becomes
trivial).

The worst-case complexity of the maximum cut problem has been studied in a few
papers, some of them dealing with the weighted and some with the unweighted case.
The fastest algorithm fouUNWEIGHTED MAX-CUT in arbitrary graphs was proposed
by Williams in [WIL 04]. In fact, the algorithm calculates the number of solutions to
an instance of the Zspproblem and employs interesting, non-standard techniques
(2-cspis the constraint satisfaction problem with two variables per clause). Used
as aUNWEIGHTED MAX-CUT solver, the algorithm runs in tim@*(2<"/3) but, un-
fortunately, requires exponential space®f(2+"/?), wherew < 2.376 is the ma-
trix multiplication exponent (the product of twio x k& matrices can be calculated in
time O(k“)). Whether there exists a polynomial-space algorithm that calculates
WEIGHTED MAX-CUT and runs faster than the naive one of time comple&ity2™)
is an open question listed in [WEG 04].

More algorithms have been developed for sparse graphs. The upper bounds on
their running times are given as linear functions of the numbef edges in the input
graph. It makes them faster than the algorithms whose running time is bounded by a
linear function of the number of vertices (like [WIL 04] or the naive algorithm) only
if m is linearly bounded by..

In [GRA 03] an algorithm solvingUNWEIGHTED MAX-CUT (Via MAX -2-SAT)
in time O*(2™/3) was proposed by Grammt al. The bound was then improved
to O*(2™/*) by Fedin and Kulikov in [FED 06]. Their algorithm solves the maxi-
mum cut problem in a graph with integer weights on its edges. In a paper by Scott
and Sorkin [SCO 03] (see also [SCO 04]), a faster algorithnviex -cuT, running
in time O*(2mir{(m—n)/2,m/5}) "was described. A recent paper by Kneis and Ross-
manith [KNE 05b] offers aruNWEIGHTED MAX-CUT algorithm with running time
O*(2m/5:217) All of those algorithms use polynomial space.

In this chapter, we develop a technique that seems to be a new approach to the
MAX -cUT problem. The method consists of enumerating cuts in a subdiaphG
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and then extending them in an optimal way to cuts:inThe technique is applied to
graphs with bounded maximum degree and to general graphs. In both cases, we obtain
an exponential-time algorithm that uses polynomial space.

For some classes of graphs our algorithms offer the best running time known. In
particular, we obtain the fastest known algorithm solving re<-cuT problem in
the class of graphs with bounded maximum degieef A = 8,9. We also pro-
vide a polynomial-spaceAax -cuT algorithm and a polynomial-spac@WEIGHTED
MAX -CUT algorithm, that are the fastest known in the class of graphs with bounded
maximum degreé\, for A > 8.

For weighted graphs with bounded maximum degfeewe present an algo-
rithmic scheme that calculates a maximum cut. For fixedthe algorithm runs in
time O*(2(1=(2/2)7) and polynomial space. Fax > 8, our algorithm is faster than
the MAX -cuT algorithm from [SCO 04] and theNWEIGHTED MAX-CUT algorithm
from [KNE 05b]. It is slower than the exponential-spaceWEIGHTED MAX-CUT
algorithm from [WIL 04] forA > 10.

For general weighted graphs, we obtain an algorithm that calculates a maximum
cut and runs in tim@™"/(™+7)_Qur algorithm is faster than theax -cuT algorithm
from [SCO 04] form > 4n and faster than theNWEIGHTED MAX-CUT algorithm
from [KNE 05b] for m > 4.217n. It is slower than the&JNWEIGHTED MAX-CUT
exponential-space algorithm in [WIL 04] for > wn/(3 — w) > 3.808n.

8.1.1. Extending a partial partition of vertices

In what follows, we will think of a partition as an assignmentlof 1 values to
the vertices of the graph. Let be a Boolean variable which takes valyéf v; € 14,
andl, if v; € V. The weight of a cutin a grapfi = (V, E, w) can be expressed as a
pseudo-Boolean function,

’LU(C) = Z Wij (Z}@—‘rl‘_ﬂb) = Zwm -2 Z Wi Ty, [81]

ij€EE eV ijeE

wherew,; = Z{i’j}eE w;;. A maximum cuin a graphG is a cut of maximum weight.

Given a graplG as an input, thenaX -cuT problem consists of calculating a cut
in G that maximizes [8.1].

Notice that it is enough to consider only connected graphs since if the graph is not
connected, th®ax -cuT problem can be solved for each of its connected components
separately.
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It is easy to see that if the weights are restricted to be non-negative real numbers,
the MAX -cUT problem can be solved in polynomial time for the class of bipartite
graphs.

In this section we consider a modification of thex -cuT problem. Suppose
that some of the vertices have already been partitioned into two subsets and now the
problem is to find an optimal cut in the graph with respect to that pre-partition. We
prove that if the graph induced by the vertices that have not yet been partitioned is
bipartite, then the problem of finding an optimal extension of the partial partition can
be solved in polynomial time. The algorithms presented in the following sections are
based on this result.

LetU C V be asubset of vertices 6f such that the subgraghl = G[U’] induced
by the vertices iV’ = V' \ U is bipartite. Also, le{U,, U;) be a partition ofU into
two subsets. Consider the problem of finding a partitigh V1) of V with Uy C V4
andU; C V4 that maximizes [8.1].

The vertices inJ have already been assigned to some parts of the cut, thus vari-
ablesz;, fori € U, have their values fixed. There are four possible types of edges in
the cut: edges with both endpointsiify from U, to U’, from U; to U’ and with both
endpoints inU’. The problem of finding an optimal extension of the pre-partition is
now equivalent to maximizing the following pseudo-Boolean function:

Do wig Y wigmi+ Y wiT + Y wiy (@ + Tixg)
i€l i€UQ i€U ieu’
jeUy jeu’ jeu’ jeu’
where all sums are taken over edgg¢s F of the graphGG. Setting:
¢ =) wig = ) wig Y w
1€Uyp €Uy eU’

where all sums are again taken over edges F, and omitting the constant term, the
problem is equivalent to finding a maximum of the function:

Do =2 Y wyw; [8.2]

jeu’ ijeE’

where E’ is the edge set of the bipartite grapi. In other words, the problem of
finding an optimal extension of the pre-partition can be stated as the following integer
quadratic program:

max Z cjT; — 2 Z Wi Ti T [8.3]
jeu’ ijEE
st. x; €{0,1}
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The standard linearization technique applied to [8.3] by introduging= z;z;,
yields the following integer linear program:

max Z CiT; — 2 Z WijYij [84]
jeu’ ijeR’

s.t. Yij 2 x; + Ty — 1
xr; € {O, ].}
vi; € {0,1}

It is easy to see that [8.3] and [8.4] are equivalent. They have the same op-
timal value and there is an easy correspondence between their optimal solutions,
namelyyij = T;Tj.

Having modeled the original quadratic problem [8.3] as an integer linear program,
let us study the continuous relaxation of [8.4]:

max Z cjT; — 2 Z Wi Yij [8.5]
jeu ijeE

s.t. Yy T + x5 — 1
T 0
Ty
Yij
Yij

V/A\YAV/ANAYAA\Y

1
0
1

LEMMA 8.1.—The constraint matrix of the linear program [8.5] is totally unimodular,
i.e., the determinant of every square submatrix of it eqOa@s+1.

Proof. Let A be the constraint matrix of [8.5]. It hg&’| + |E’| columns an@|U’| +

3|E’| rows and all its entries are eitheror £1. Let B be an edge-vertex incidence
matrix of G/, with rows corresponding to edges and columns corresponding to ver-
tices. Notice thaf3 is a submatrix ofA. Moreover, any submatrix ofl that has two
non-zero entries in every row and every column has to be a submatfix of

Take any squark x k submatrix ofA. We will prove the lemma by induction dn
Clearly, the result holds for = 1.

Now assume that allk — 1) x (k — 1) submatrices ofd are totally unimodular
and consider a matri®/ which is ak x k submatrix ofA.

If all entries of any row or column a#/ are0, thendet(M) = 0 and M is totally
unimodular. If any row or column a¥/ has a single non-zero elemetitl(), then using
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the expansion method for calculating determinants and the induction hypothesis, it is
easy to see thalet(M ) is either0 or +1, andA is totally unimodular.

Suppose that each row and each columibhas at least two non-zero entries.
Hence,M must be a submatrix a8 but, sinceB is an incidence matrix of a bipartite
graph, so isM. It is possible to partition the columns 81 into two parts, according
to the partition of vertices of a bipartite graph. The sum of the columns in each part
yields a unit vector (each edge of the bipartite subgraph has one endpointin each part)
and that implies linear dependence df, thereforedet(M) = 0 and M is totally
unimodular. |

THEOREM8.1.— LetU C V be such that the subgrapgh’ = G[U’] induced by the
vertices inU’ = V' \ U is bipartite and(Up, U; ) be a partition ofU into two subsets,
then the problem of finding a partitiofvy, V1) of V with Uy C Vp andU; C V; that
maximizes [8.1] is polynomial-time solvable.

Proof. The problem of finding a partitiotV;, V1) of V with Uy C V, andU; C V4

that maximizes [8.1] can be modeled as the integer quadratic program [8.3] which is
equivalent to [8.4]. Total unimodularity of the constraint matrix of [8.5] (according
to Lemma 8.1) implies the existence of an optirdal 1 solution of [8.5] and such

a solution can be found in polynomial time (see for example [SCH 86]). Since the
relaxation [8.5] of [8.4] has an optim@i-1 solution, [8.3] can be solved in polynomial
time. |

Before we proceed to the next section, let us briefly describe the algorithmic tech-
nique we are going to apply. Given an induced bipartite subg€gtj of G, we can
enumerate all partitions &f \ B and find an optimal extension of each in polynomial
time (according to Theorem 8.1). The complexity of such a techniqa 8V \B1)
and it strongly depends on the size of the bipartite subgraph that has to be constructed.

8.1.2. An algorithm for graphs with bounded maximum degree

In this section we present and analyze an algorithmic schiime For a fixed
integer A (A > 3), the scheme yields an algorithm whose input is a weighted
graphG = (V, E,w) of maximum degree\ and whose output is a maximum cut
in G with respect to the weight functian.

Step 1. If G is isomorphic to the complete graph dn+ 1 vertices, then leB be
any pair of vertices and go &tep 3.

Step 2. A-colorG. Let B be the union of the largest color classes of the coloring.

Step 3. Enumerate all partitions of elementséf\ B into two subsets (ab — 1
assignments) and for each find an optimal extension of the partial partition.
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Step 4. Find a cutC that has the largest weight among all those checked ép
3. Return the cuC'.

THEOREM8.2.— For a fixed integeA (A > 3), algorithma(a) calculatesvAx -cuT
in a graphG in time O* (21~ (2/2))7) and polynomial space.

Proof. Let us first note that the algorithm indeed finds a maximum cut. It is clear that
the induced subgrapgh[B] is bipartite. Therefore, any partition &f\ B into two sub-

sets can be extended to an optimal partitiofvdh polynomial time by Theorem 8.1.
Clearly, by enumerating all partitions &\ B and then extending each in an optimal
way, a maximum cut i is found.

The enumeration of partitions8tep 3 is the bottleneck of the algorithm; it needs
exponential timeD* (2!V\B1), Other steps can be performed in linear time. It is clear
for Steps 1 and4, and the linear time algorithm f&tep 2 is given in [LOV 75].

Note that the algorithm can be implemented in such a way that each step uses only
polynomial space. In particular, iBtep 3 we need to store only the current best
solution.

Suppose that the input graph is isomorphic to the complete grafghionvertices.
The number of partitions that are enumeratestiap 3 is 2”2 but sinceA = O(n)
the claimed running time follows.

Now suppose that the input gragh is not isomorphic to the complete graph
on A + 1 vertices. Then, according to Brooks’ theoréhis A colorable [LOV 75].
Clearly, the union of two largest color classes has size at ast\ and |V \
B| < n(1 — (2/A)). The number of partitions that are enumeratecStrep 3
is O* (21~ (2/2))n) and the claimed running time follows. 1

8.1.3. An algorithm for general graphs

Let us note that in the algorithm presented in the previous section, the assumption
of bounded maximum degree is needed only to obtain an induced bipartite graph.
Now we relax this assumption and study the complexity of the method in general
graphs. Let us formalize that as AlgorittBnThe input ofB is a weighted grapliy =
(V, E,w) and the output is a maximum cutdnwith respect to the weight functian.

Step 1. Find a maximal independent sktin G.

Step 2. Find a maximal independent sitin G[V \ I]. Let B be the union of
andl;.
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Step 3. Enumerate all partitions of elementséf\ B into two subsets (ab — 1
assignments) and for each find an optimal extension of the partial partition.

Step 4. Find a cutC that has the largest weight among those checket ép 3.
Return the cuC.

To complete the description of the algorithm, we need to provide a procedure that
finds an induced bipartite subgraphSiteps 1 and2.

From Turan’s theorem follows that the size of a maximum independent set is at
leastn/(d + 1) and as shown in [SAK 03], there is a linear-time algorithm that con-
structs an independent set of at least that size. As the time complexatdeends
on|B|, we need to give a lower bound on the size of the bipartite subgBaph

CLAIM . The setB of vertices constructed iatep 2 of algorithmB has size at
least2/(d + 2).

Proof. Leti = |Iy| andm’ be the number of edges of the subgragli, U I]. If i >
2n/(d+2),then|B| > 2n/(d+2) and the claim follows. Suppose that 2n/(d+2).
The average degre€ in the graphG[V — Iy] isd’ = 2(m — m/)/(n — i). Note
thatm’ > n — 14, sincely is an independent set. Hene®,< 2n/(n — i) — 2 and
sincei < 2n/(d + 2), we haved’ < d. It follows that|B| =i + (n —4)/(d' + 1) >
2n/(d + 2). 1

Having established the lower bound on the sizeéBofwe can claim the running
time of AlgorithmB. Notice thaR/(d+2) = n/(n+m) andn—|B| < mn/(m-+n).

THEOREM 8.3.—Algorithm B calculatesmAx -cuT in a graph G with n vertices
andm edges in time)* (27"/(m+n)) "and polynomial space.

The proof of this theorem is similar to the proof of Theorem 8.2 and will be omit-
ted.

8.2. Pruning the search tree by dominance conditions: the case wfax -cuT-3

Among the existing exact methods for solviNg-hard problems, search tree al-
gorithms and in particular branch-and-bound approaches have been widely applied. A
branch-and-bound algorithm builds and explores a search tree, thus enumerating the
solution space. In order to reduce the calculational burden, several techniques can be
applied to prune some branches of the search tree and to avoid the enumeration of
known non-optimal solutions. A usual technique is to consider dominance conditions
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while branching from a node. Dominance conditions can be typically derived by com-
paring two nodes of the search tree, namely two partial solutions of the given problem
where the two nodes share some common features.

In this section, we revisimAx -cuT and study the application of dominance con-
ditions within exact search tree algorithms for this problem. We show that taking into
account such conditions in the study of the complexity of exact algorithms leads to
generally fine combinatorial analyses deriving non-trivial upper complexity bounds
for simple and intuitive search tree optimal algorithms. Another advantage of the
methods described in this section is that the presented algorithms have polynomial
space-complexities.

Here, we consider the restricted case where all vertices have maximum de-
greedm.x = 3 (hencemn < 3n/2).

We denote byi; the degree of vertex; and by N (v;) the set of vertices (neigh-
borhood) adjacent to; (in other wordsd; = | N (v;)]).

The best known and most recent upper time-boundvfax -cuT-3 is, to our
knowledge, that of [KNE 05a] o©*(1.123™) but the corresponding algorithm uses
exponential space. A polynomial space exact algorithmviex -cuT-3 is presented
in [KNE 05a] providing a time-bound a®*(1.221™). In what follows, we propose
a search tree-based algorithm with running tioxg(1.2920™) which, even though
dominated by the bound in [KNE 05a], already dominates the bounds, for instance,
of [FED 06] and [GRA 03] when applied taAx -cuT-3.

8.2.1. Dominance conditions

We assume, without loss of generality, that vertexs assigned td/; . Also, with
respect to the worst-case analysis, we assume without loss of generality that the input-
graphG is connected. The following straightforward lemma holds.

LEMMA 8.2.— There exists at least one optimal solutionnofx -cuT where, for any
vertexv; # vy assigned td/; (resp.,Vs), at least(d; + 1)/2 verticesv; € N(v;),
for d; odd, and at leastl; /2 verticesv; € N(v;), for d; even, are assigned B,
(resp.,V4).

Proof.Ford; odd, if less thar{d; + 1)/2 vertices are assigned ¥ (resp.,V1), then
movingj to Vs (resp.,V1), would improve the solution. On the other hand,dpeven,
if less thand; /2 vertices are assigned 16 (resp.,V1), then movingj to V5 (resp.,V1)
would again improve (or at least not worsen) the solution. |

REMARK 8.1.— Ford; even and the vertices, € N(v;) equally distributed be-
tweenV; andVa, it is immaterial to assign; to V; or Va.
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Consider solvinguax -cUT by means of a search tree approach. Suppose that at
some point a branching is considered related to a vertexd that all (nearly all) of
its adjacent vertices; (v; € N(v;)) have already been assigned. We denot& }{¥})
the set of vertices adjacent to vertgxand assignedto séf,, j = 1,...,n,k =1,2;
namely,S; (Vi) = {i : v; € N(v;) N Vi}. Then, using Lemma 8.2, the following
lemma holds.

LEMMA 8.3.— Consider any vertex; such that:
1) all v; € N(v;) have already been assigned aggis odd,;
2) allv; € N(v;) have already been assigned adidis even;
3) all but onev; € N(v;) have already been assigned adidis even.

For all of the cases above, there exists at least one optimal solution with the assignment
of v; uniquely determined as follows:

1) (Condition 1 holds) if.S;(V1)| > (d; + 1)/2, thenw; is assigned td%, other-
wise it is assigned to7;

2) (Condition 2 holds):
a) if [5;(V1)| > d;/2, thenv; is assigned td%,
b) if |S;(V1)| < d;/2, thenv; is assigned td/,
c) if |S;(Va)| = |S;(Ve)| = d;/2, it is immaterial to assign; to V4 or V5;
3) (Condition 3 holds) if.S;(V1)| > d;/2, thenv; is assigned td/, otherwise it
is assigned td/;.

Proof. Due to Lemma 8.2 and Remark 8.1, the proof of items 1 and 2 above, is im-
mediate. For item 3, let;, € N(v;) be the unassigned vertex.|§;(V1)| > d;/2,
whatever the assignment of, either the condition of item 2a, or the condition of
item 2c hold and hence there exists at least an optimal solutionyvéhsigned td%.
Analogously, if|S;(V1)| < d;/2 — 1, whatever the assignment of, either the con-

dition of case 2b, or the condition of case 2¢ hold and hence there exists at least an
optimal solution withv; assigned td/;. |

REMARK 8.2.— Since the graph is connected, it is always possible to devise a search
tree algorithm in which we always branch on a vertgxhat is adjacent to at least
another vertexy; which has already been assigned to one of the sets of the parti-
tion (1, V2).

Consider the following search tree algorithm forax-cuT, denoted by
SOLVE-MAX-CUT where, at any node of the tree, a decision is taken on the assignment
of a vertex either td/; or to V5:

— select arbitrarily vertex; and assign it td/;;

— apply a search tree algorithm to assign the remaining vertices according to the
following rule: select for branching the unassigned vertex whose branching induces
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the minimum worst-case complexity and, in case of a tie, the unassigned vertex with
minimum degree (in the case of a further tie select the vertex with smallest index).

When we consider for branching3@LVE-MAX-CUT a given vertex; anddmax =
3, eitherd; < 2 and, due to Lemma 8.3 and Remark &:2can be assigned without
branching, okl; = 3. The following dominance condition holds.

v1(V1) vy (V1)

v2(V1) v2(V2)

v4(V2) v4(V2)

vs (V1) ve(V2) vs(V1) ve(V2)
@) (b)

Figure 8.1. Comparing two configurations with six vertices

LEMMA 8.4.— Consider six vertices,, ..., vg connected as in figure 8.1(a). Then,
swapping the assignment of verticesand vs leads to an equivalent solution, i.e.,
configuration 8.1(a) can be substituted by configuration 8.1(b).

Proof. It is immediate to see that for both configurations exactly three edges belong to
the cut. |

8.2.2. The worst-case upper-time bound farax -cuT-3
We now prove the following result dealing withax -cuT-3.

PROPOSITION8.1.— Algorithm SOLVE-MAX-CUT optimally solvesvax -cuT-3 with
worst-case time-complexity*(1.2920™).

Proof. The relevant branching cases for a given vertgxin the application of
SOLVE-MAX-CUT are those withd; = 3, otherwise no branching occurs. L&t vy,

andv; be the corresponding adjacent vertices. Recall that, from Remark 8.2, at least
one vertexv; has already been assigned. Also, from Lemma 8.3, no branching oc-
curs if all adjacent vertices;, v, andv; have already been assigned. Finally, from
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Lemma 8.2, no branching occurs if two of the adjacent vertices have already been
assigned to the same set of the partitidh, V2). Then, the following relevant cases
may occur:

1) d; = 3, two verticesv;, v, adjacent ta; have already been assigned to differ-
ent sets of the partitiofiV;, V), while the third adjacent vertex has not yet been
assigned. Then, the following exhaustive subcases may hold:

v
v; k

Ul

Um, Vq

Figure 8.2. Case l1a of Proposition 8.1

a)d; = 3, v is adjacent to vertex; and to other two vertices,,, v, both
unassigned (see Figure 8.2, where black circles represent vertices assignduaok
rectangles represent vertices assignddtand white circles represent yet unassigned
vertices). Due to Lemma 8.2, if at least onewf, v, is assigned td/; (resp.,V2),
we can arbitrarily assign; to V, (resp.,V1) andv; to Vi (resp.,Vs). Alternatively,
both verticesv,,,, v, are assigned td, (resp.,V;) and hence we can assignto V;
(resp.,V2) andwv; to V, (resp.,V1). This can be seen as a binary branching where
either2 vertices ¢;,v;), or 4 vertices {;, v;, vm,v,) are assigned. Therd;(n) <
T(n—2)4+T(n—4)+O(p(n)), where the term%'(n — 2) andT'(n — 4) measure the
time for solving the same case with— 2 andn — 4 unassigned vertices, respectively.
Correspondingly, we havB(n) = O*(1.2721™).

b) d, = 3, v; is adjacent to vertex; and to other two vertices,,, v,, where
at least one of them (for examplg,, wherev,,, may possibly coincide with; or vy)
has already been assigned (Figure 8.3). Then, whatever the assignmgrit of,, is
assigned td’ (resp.,V1), v; can be assigned g, (resp.,V2) andv; to V5 (resp.,V;)
without branching.

c)d; = 2 (Figure 8.4). Theny, is adjacent to vertex; and to another ver-
tex v,,, which has not yet been assigned (or elsevould have already been assigned
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Um Vq

Figure 8.3. Case 1b of Proposition 8.1

Ul

Um

Figure 8.4. Case 1c of Proposition 8.1

earlier without branching). If we assigm,, to V- (resp.,V1), thenv; must be as-
signed toV; (resp.,V2) andwv; to V> (resp.,V1). In other words, we can branch
on vertexwv,, and, for both branches, correspondingly, fix the assignment of ver-
ticeswv;, v;, vy, all together. This can be seen as a binary branching where, in both
cases, three vertices;( v;, v,,) are assigned and hen€én) < 2T'(n—3)+0(p(n)),
i.e., T(n) = O*(1.2599"™).

d)d; = 1 (Figure 8.5). Theny; can be assigned t&; andv; to V» with-
out branching (actually, it is immaterial to assignto V7 or V5, provided that; is
assigned to the opposite set of the partition).

2)d; = 3, a vertexv; adjacent taw; has already been assignedifo(resp.,V2),
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U

Figure 8.5. Case 1d of Proposition 8.1

while the other two adjacent verticesandv; have not yet been assigned. We assume,
without loss of generality, that, < d;. The following subcases must be considered:

v;

Uj

Uk Ut

Figure 8.6. Case 2a of Proposition 8.1

a)l < di < d; < 2 (Figure 8.6). A branching on vertax can be applied.
Eitherv; is assigned td/; (resp.,V») and, correspondingly, verticeg andwv; must
be assigned, due to Lemma 8.2, Up (resp.,V1), or v; is assigned td, (resp.,V1)
and, correspondingly, verticeg andv; must be assigned, due to Lemma 8.2J%0
(resp.,V%). This can be seen as a binary branching where, in both casestices
(v, vk, vy) are fixed and the same time-complex@y(1.2599™) of case 1c holds.

b)1 < dx < 2,d; = 3, vy, andwv; are not adjacent and one of the vertices
(vm, vq) adjacent to vertex; has already been assigned while the other has not yet
been assigned (Figure 8.7). We assume, without loss of generality, tHets already
been assigned. Notice that,:f, has been assigned ¢ (resp.,V1), no branching
occurs, due to Lemma 8.4. We assume thenthahas already been assignedifo
(resp.,V2). A branching on vertex; can be applied. Ib; is assigned td; (resp.,l2),
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Vg

Um Vg

Figure 8.7. Case 2b of Proposition 8.1

verticesv,, andv; must be assigned (due to Lemma 8.2)4o(resp.,V1), while ver-
texv, must be assigned (due to Lemma 8.4)1qresp.,V2). Otherwisey; is assigned
to V5 (resp.,V1) and, correspondinglyy, can be assigned tg;. This can be seen as
a branching where, eith@rvertices ¢;, vy), or 4 vertices ¢;, vi, vi, v4) are assigned
and the same time-complexi€y*(1.2721™) of case 1a holds.

Vg

Vg Ul

Uy Vs Upm Uq

Figure 8.8. Case 2c of Proposition 8.1

¢) dr, = d; = 3, v, andy; are not adjacent and one of the verticeg (v,) ad-
jacent to vertex; has already been assigned, while the other has not yet been assigned
(Figure 8.8). Also, the vertices)(, vs) adjacent to vertex; have not yet been as-
signed. We assume, without loss of generality, thahas already been assigned. Note
that, ifv,, has been assigned g (resp.,V1), no branching occurs due to Lemma 8.4.
We assume, then, that, has already been assignedfo(resp.,l:). A branching on
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vertexv; can be applied. Ib; is assigned td/; (resp.,Vs), verticesvy, v; must be
assigned (due to Lemma 8.2)¥g (resp.,V1) and vertices,, v, vs must be assigned
(due to Lemma 8.4) td/; (resp.,V1). Otherwisew; is assigned td’ (resp.,V1).
This can be seen as a branching where, eithegrtex ;) is assigned, 06 vertices
(vj, vk, vi, vg, Uy, vs) are assigned. Theff,(n) < T'(n — 1) + T'(n — 6) + O(p(n)),
i.e.,T(n) = O*(1.2852").

U;

Vg U

’UT US ,UTYL Uq

Figure 8.9. Case 2d of Proposition 8.1

d)d, = d; = 3, v, andy; are not adjacent and one of the vertices (v,)
adjacent to vertex; has already been assigned while the other has not yet been as-
signed (Figure 8.9). We assume, without loss of generality,:thétas already been
assigned. Notice that, if,, has been assigned 13 (resp.,V1), no branching oc-
curs, due to Lemma 8.4. We assume, then, thahas already been assignedifp
(resp.,V2). Also, vy, is adjacent (apart from;) to two verticesv, andvs where ver-
texv, has already been assigned, whiléhas not yet been assigned. Notice that,.if
has been assigned % (resp.,V1), no branching occurs, due to Lemma 8.4. We as-
sume, then, that, has already been assignedfo(resp.,V:). Finally, notice that,,
andv, may well coincide. A composite branching can be applied, Ifs assigned
to V4 (resp.,V»), thenwv, v; must be assigned (due to Lemma 8.2)to(resp.,V1)
andv,, v, must be assigned (due to Lemma 8.4 o(resp.,V>). Otherwisey; is
assigned td; (resp.,V1): then, eithew, is assigned t¢; (resp.,V>) and, correspond-
ingly, v; is assigned td; (resp.,V1), vi, to Vi (resp.,V2) andu, to V5 (resp. ,Vi); or v,
is assigned td5 (resp.,V1) andv, is assigned td; (resp.,V2). However, for this latter
case a branching on vertéxcan be applied where two of its adjacent vertiags ;)
have already been assigned and, in the worst case, subcase 1a holds. To conclude, this
can be seen as a composite branching where ejtvertices ¢, vy, v, vq, vs) are
assigned ob vertices ¢;, v, v, vs, vq) are assigned or three vertices (v;, v,) are
assigned and a branching of type 1a on vettexvith n’ = n — 3 variables holds.
Then,T'(n) < 2T (n—5)+2T(n'—3)+O0(p(n)) = 3T (n—5)+T(n—7)+O0(p(n)).
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Correspondingly, we havE(n) = O*(a"), i.e.,« = 1.2886, implying a time com-
plexity of O*(1.2920™).

(%

Vg U

(%3 Vq Um

Figure 8.10. Case 2e of Proposition 8.1

e)d, = d; = 3, v, andv; are not adjacent and one of the vertices (v,)
adjacent to vertex; has already been assigned while the other has not yet been as-
signed (Figure 8.10). We assume, without loss of generality;thdtas already been
assigned. Notice that, if,,, has been assigned 14 (resp.,V1), no branching oc-
curs, due to Lemma 8.4. We assume then thathas already been assignedip
(resp.,V2). Also, vy, is adjacent (apart fromy;) to v, and to another unassigned
vertexv,. A composite branch, first on vertex and then on vertex, can be ap-
plied. If v; is assigned td/; (resp.,V>), verticesv;, andv; must be assigned (due to
Lemma 8.2) td; (resp.,V;) and verticesy,, v, must be assigned (due to Lemma 8.4)
to Vi (resp.,V2). Otherwisey; is assigned td; (resp.,V1) and, ifv, is assigned td>
(resp.,V1), thenv, andv; must be assigned 5, (resp.,l2), otherwisey, is assigned
to V1 (resp.,V:) and, consequently; must be assigned t, (resp.,V1), vi to V3
(resp.,V2) andw,. to V5 (resp.,V1). This can be seen as a branching with three children
nodes where, eithérvertices ¢, vy, vy, vq, vr), Or 4 vertices ¢;, vk, vi, vy), Or 5 ver-
tices @;, vk, v1, vq, v,y) are assigned. Thef(n) < T'(n—4)+2T(n—5)+O(p(n)),
i.e.,T(n) = O*(1.2672").

f) dr = d; = 3, v;, andv; are not adjacent and one of the vertices (v,)
adjacent to vertex; has already been assigned while the other has not yet been as-
signed (Figure 8.11). We assume, without loss of generality;thdtas already been
assigned. Notice that, if,,, has been assigned i3 (resp.,V1), no branching oc-
curs, due to Lemma 8.4. We assume, then, thahas already been assignedifp
(resp.,V2). Also, v, is adjacent (apart from;) to v, and to another vertex, that
has already been assigned. Notice that,.ihas been assigned 1@ (resp.,V1), no
branching occurs, due to Lemma 8.4. We assume, thenytheds already been as-
signed tol; (resp.,V2). Finally, notice that,,, andv,. may well coincide. We observe
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Uy Vg Um

Figure 8.11. Case 2f of Proposition 8.1

thatv;, v, must be assigned to the same set of the partition. Indeeg jsfassigned
to Vi (resp.,V2), v, cannot be assigned 6, (resp.,V;) due to Lemma 8.4; on the
other hand, i, is assigned td/; (resp.,V2), thenv;, andv; must be assigned ti;
(resp.,V1) and, correspondingly,; cannot be assigned 16 (resp.,V:1). Summariz-
ing, eitherv; andv, are assigned to; and, correspondinglyy., v; are assigned toy,
or v; andv, are assigned td, and, correspondingly;,, v; are assigned td;. This
can be seen as a binary branching where, in both cdsestices ¢;, vy, v, v,) are
fixed. ThenT'(n) < 2T(n —4) + O(p(n)), i.e.,T(n) = O*(1.1892™).

(%

U

U77L

Figure 8.12. Case 2g of Proposition 8.1

0)1 < di < d; = 3, v is adjacent tov;, and to another vertey,, (that
may eventually coincide with;) that has already been assigned (Figure 8.12),,If
has been assigned & (resp.,V1), no branching occurs, ag must be assigned 6
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(resp.,V1), otherwisevy, v; andv,,, would all be assigned t@, (resp.,V1), thus violat-
ing Lemma 8.2. We assume, then, thathas already been assignedto(resp.,1%5).
But then a branching on, can be applied. Ity is assigned td; (resp.,Vs), ver-
ticesv; andv; must be assigned (due to Lemma 8.2)Wto(resp.,V1). If vy is as-
signed tol% (resp.,V1), then vertices;, v; must be assigned to different sets of the
partition (V1, V2) but it is immaterial to assign; to V; andv; to V; or vice versa.
To conclude, this can be seen as a binary branching where, in both 8asetices
(vj, vk, v;) are assigned and the same time-compleXity1.2599™) of case 1c holds.

Um Vg

Figure 8.13. Case 2h of Proposition 8.1

h)1 < dip < 2,d; = 3, vertexy; is not adjacent tay, but is adjacent to
verticesv,, andv, which are both unassigned (Figure 8.13). A branching on ver-
tex v; can be applied. I, is assigned td/; (resp.,Vs), verticesv;, andwv; must
be assigned (due to Lemma 8.2)Wp (resp.,V:), and verticesy,,, andv, must be
assigned tdl; (resp.,V») as they cannot be assigned to different sets of the par-
tition (due to Lemma 8.4), nor can they both be assignetztgresp.,V;) due to
Lemma 8.2 applied to vertex. Otherwisey; is assigned td (resp.,V1) and, cor-
respondinglyy;, can be assigned t; (resp.,V2). This can be seen as a branching
where either2 vertices ¢;, v;) or 5 vertices ¢;, vk, vi, vm, vq) are assigned. Then,
T(n)<T(n—-2)+T(n—->5)+0(pn)),ie,T(n)=0%(1.1939").

i) dp = d; = 3, vertexy; is not adjacent toy, but is adjacent to vertices,,
andv, which are both unassigned (Figure 8.14). Vetigis adjacent to other two ver-
ticesv,, vs which are both unassigned. A branching on vettggan be applied. If;
is assigned td/; (resp.,Vs), verticesv, andv; must be assigned (due to Lemma 8.2)
to V, (resp.,V1), and vertices,,,, vq, v, vs Must be assigned g, (resp.,V2) due to
Lemma 8.4. Otherwisey; is assigned td5 (resp.,Vi1). This can be seen as a branch-
ing where, eithet vertex ;) is assigned, of vertices ¢;, v, vy, Um, Vg, Ur, V) are
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Uy Vs Upm Uq

Figure 8.14.Case 2i of Proposition 8.1

assigned. Thelf)(n) < T(n—1)+T(n—"T7)+ O(p(n)),i.e.,T(n) = O*(1.2555™).

(%

Uk U

(%3 Vq Um

Figure 8.15. Case 2j of Proposition 8.1

) dr = d; = 3, vertexy; is not adjacent toy, but is adjacent to vertices,,
andwv, which are both unassigned (Figure 8.15). Verigxis adjacent to vertex,
and to another vertex. which are also unassigned. A branching on vettegan be
applied. Ifv; is assigned td/; (resp. V), verticesy,, andv; must be assigned (due to
Lemma 8.2) td; (resp.,V1), and vertice®,,, vq, v must be assigned 16, (resp.,V%)
due to Lemma 8.4. Otherwise; is assigned td/; (resp.,V1). This can be seen as a
branching where, eithdrvertex (;) is assigned, 06 vertices ¢;, v, v, Uy, Vg, Ur)
are assigned. Thefl;(n) < T(n — 1) + T(n — 6) + O(p(n)) and the same time-
complexityO*(1.2852™) of case 2c holds.
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Vg

Um Vg

Figure 8.16. Case 2k of Proposition 8.1

K) dr. = d; = 3, vertexy; is not adjacent tay, but is adjacent to vertices,
andv, which are both unassigned (Figure 8.16). Verigxis also adjacent to ver-
tices v, andwv,. Notice thatv; and v, cannot be assigned to the same set of the
partition, otherwisey;, v,,,, v, would all be assigned to the other set of the partition,
thus violating Lemma 8.2. Analogously; andv; cannot be assigned to the same set
of the partition. But then, ib; is assigned td/; (resp.,V2), correspondinglyy, v;
are assigned tb; (resp.,V1) andv,,, v, are assigned tb; (resp.,V). Otherwisey;
is assigned td’; (resp.,V1), vi, v; are assigned td; (resp.,V2) andv,,, v, are as-
signed tol; (resp.,V1). This can be seen as a binary branching where, in both cases,
vertices {;, vk, vy, Um, vq) are assigned. Theff;(n) < 2T (n — 5) + O(p(n)), i.e.,
T(n) = O*(1.1487").

Vg

Vg Ul

Um

Figure 8.17.Case 2| of Proposition 8.1
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l) dp = 2,d; = 3, v is adjacent tay, and to another vertei,, that has not
yet been assigned (Figure 8.17)vifis assigned td/; (resp.,V»), verticesy, andy;
must be assigned (due to Lemma 8.2)idresp.,V;) and, correspondingly, vertex,
must be assigned tg; (resp.,l:). But an equivalent solution is obtained by simply
swapping the assignment of vertiagsvy,. Hence, for this subcase; can be assigned
to V, (resp.,V;) without branching.

(%

Uk U

Vq Um

Figure 8.18.Case 2m of Proposition 8.1

m)d, = d; = 3, v is adjacent tay; and to an unassigned vertey, v; is
adjacent toy;, and to an unassigned vertey,, v,, # v, (Figure 8.18). Ifv; is as-
signed tol; (resp.,V3), verticesv, andv; must be assigned (due to Lemma 8.2)
to V5 (resp.,V1) and, correspondingly, vertices, and v, must be assigned to;
(resp.,V2). But an equivalent solution is obtained by simply swapping the assignment
of verticesv;, v;,. Hence, for this subcase; can be assigned 3, (resp.,V1) without
branching.

n) di, = d; = 3, vy is adjacent ta; and bothv, andv; are adjacent to another
unassigned vertey,, (Figure 8.19). Ifv; is assigned td/; (resp.,V2), verticesyy
andv; must be assigned (due to Lemma 8.2)%o(resp.,V1), and, correspondingly,
vertexv,, must be assigned tg; (resp.,l2). But an equivalent solution is obtained
by simply swapping the assignment of vertiegsv;,. Hence, for this subcase; can
be assigned td, (resp.,V1) without branching.

To conclude, the global worst-case complexity foxx -cuT-3 with maximum
degree three i©*(1.2920™). |
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(%

Uk U

Um,

Figure 8.19. Case 2n of Proposition 8.1

8.3. A more careful analysis for pruning: the case ofMIN 3-DOMINATING SET

We consider in this section theiN 3-DOMINATING SET problem. Given a graph
G = [V, E], adominating set off is a subseV’’ C V such that, for any € V, either
v € V' or there exists’ € V’ such tha{v,v’') € E. In theMIN 3-DOMINATING SET
problem, the input graph has degree 3, and the goal is to find a dominating set of min-
imum size. While the case of a graph of degree 2 is polynomial,3-DOMINATING
SETis NP-hard [GAR 79].

Recently, a lot of exponential algorithms have been proposed for dominating prob-
lems. For the general case (no restriction on the degree), the first algorithm leading
to a non-trivial worst case bound has been given in [FOM 04]. Further improve-
ments have been obtained; the best actual bour*{g.5137") [FOM 05]. Con-
sidering the restriction to graphs of degree 3, algorithms with worst case complexity
of O*(1.5144™) [FOM 04] andO*(1.4143™) [KNE 05a] have been devised. Very re-
cently, Fomin and Hoie largely improved this resuli26(1.2010™) [FOM 086].

Our purpose is to devise an exact (optimal) algorithmMon 3-DOMINATING
SET. We propose a search tree-based algorithm with running @{é.344™). This
result, although dominated by that of Fomin and Hoie, improves the complexity of
search-tree based algorithms for this problem (the algorithm of Fomin is based on
a graph-theoretic result). Moreover, it is to our knowledge the best known bound
achieved by a polynomial space algorithm.

This result is achieved thanks to a counting procedure, based upon the introduction
of weights, which allows us to measure in a more precise way the progress made by the
algorithm. Such an approach has already been used in [BEI O} f0B-COLORING,
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in [DEL 07] for MIN 3-SET coVvERand in [FOM 05] for domination and covering
problems.

8.3.1. Analysis

Our algorithm is a search-tree based algorithm. More precisely, at each step, we
will consider 5 different types of vertices (types 1, 2 and 3 correspond to vertices the
status (in/out of the dominating set) of which has already been decided):

1) Already dominating vertices

2) Already dominated but non-dominating vertices

3) Non-dominating vertices not yet dominated

4) Vertices non-fixed yet, but already dominated (by a type 1 vertex)

5) Vertices non-fixed yet, but not already dominated.

At each step, the current graph is the graph induced by vertices of type 3, 4 and 5.
Indeed, vertices of type 1 and 2 have already been settled. For vertices of type 3, even
if we have decided that we do not take them, they are not yet dominated, so we have
to keep them in the current graph.

Now, let us consider the following easy cases, where we can reduce the graph
without branching:

1) If a vertexi has degree 1, we can delete it from the graph and take its neighbor
4 if 7 hastype 4 or 5, and we have to také j has type 3.

2) An edge between two type 4 vertices can be deleted.

3) Consider Figure 8.20, where vertex 1 has type 4 or 5, vertices 2 and 3 have

any degree, and at least one of these two vertices does not have type 3. Then we can
assume that we do not take vertex 1. Indeed, instead we can take vertex 2 (or vertex

3).

Figure 8.20. Reducing the graph without branching: case 3

Then at each step our algorithm either reduces the graph according to one of the
three previous cases, or applies a branching on a verfeXowing the different cases
given below.

For the analysis of this branching, we will distinguish the 3 following cases:
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— Case 1 (section 8.3.3): the graph contains only vertices of type 5;
— Case 2 (section 8.3.4): the graph contains only vertices of type 4 and 5;
— Case 3 (section 8.3.5): the graph contains vertices of type 3 (and 4 and 5).

Our analysis is based on the following properties:

— Type 3 vertices have degree 2 at most (hence exactly 2). This is recursively ver-
ified;
— Type 4 vertices have degree 2 at most (hence exactly 2).

Dominance conditiorin cases 1 and 2, if we branch on a vertex of degree 2 and if this
vertex is taken in the solution, we can assume that the children and the grandchildren
of this vertex are not taken in the solution. Indeed assume that we branch on a vertex
with two children; andk. If we take; or a child ofj, then we can takg instead ofi.

8.3.2. Counting

A usual way to measure the complexity of the algorithm is to count, at each step,
the number of vertices (or the number of edges) of the current graph. The number of
vertices (or edges) settled at each step leads to a recursive expression of the complexity
that gives the final bound. This is the way the complexity is analyzed in section 8.2
for instance.

Here, we propose a more careful analysis of the complexity. The counting analysis
will be done according to the edges in the current graphs. More precisely, we will
consider that:

— edges that disappear from the current graph are completely settled;

— edges that remain in the current graph but that are adjacent to a type 3 vertex
are partially settled. We will say that they are settled with a proportiao, 1 (the
analysis will lead to fixx = 0.456). As a consequence, when such an edge disappears,
the gain associated will not be 1 but- «.

In other words, the current graph is a graph where edges are weighted: a weight
1 — o for edges adjacent to a type 3 vertex, a weight 1 for the other edges. This weight
corresponds the amount of missing knowledge for this edge.

8.3.3. Case n’1

Let us begin with the simplest case, i.e., the case where the graph contains only
type 5 vertices. In this case, all edges have weight 1.


fitz5
Inserted Text
to
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Let us note that there is always a vertex of degree 2 (even possibly at the first step
of the algorithm). On the other hand, if all vertices have degree 2, then we can solve
the problem in polynomial time. Hence, we branch on a vertex of degree 2 adjacent to
(at least) one vertex of degree 3.

More precisely, we will consider 5 different configurations: configurations 1 and 2
when the branching vertex is adjacent to a vertex of degree 2 and a vertex of degree 3,
configurations 3, 4 and 5 when the branching vertex is adjacent to two vertices of
degree 3.

REMARK 8.3.— When we branch on a vertéxf a grandchild ofi is adjacent only
to children or grandchildren aof, the solution given by the dominance condition is
not feasible. In this case, we can assume that we do not take veltexhis case,
T(m) < T(m — 2a) + O(p(m)) (for some polynomiap).

e Configuration n°1 (Figure 8.21):
1

5

Figure 8.21. Configuration 1 of case 1

Thanks to Remark 8.3, we can assume that at least 3 edges (different from those
depicted in the figure) are adjacent to vertices 4, 5 and 6.

If we take vertex 1, using the dominance condition, we do not take vertices from 2
to 5 and we settls + 3« edges: edged, 2), (1, 3), (2,4), (3,5), (3,6) counted 1 and
the 3 non-depicted edges in the figure, counteasince vertices 4, 5 and 6 are not yet
dominated (they will be type 3 vertices).

If we do not take either vertex 1 or vertex 2, we have to take vertices 3 and 4. We
settle 6 edges: the 5 edges depicted in the figure (counted 1) and the non-depicted edge
adjacent to 4, which is counted 1 also.

If we do not take vertex 1 but vertex 2, we can assume that we do not take either
vertex 3 or vertex 4. In this case, we settle 2 edges: edged., 2), (1, 3) and(2,4)
counted 1, edge$, 5) and(3, 6) countedw (since vertex 3 is not yet dominated) and
the non-depicted edge adjacentitoounted 1.

Then,T'(m) <T(m—4—2a)+T(m—6)+T(m—5—3a)+ O(p(m)).
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e Configuration n°2 (Figure 8.22):
1

4

Figure 8.22. Configuration 2 of case 1

Thanks to Remark 8.3, we can assume that at least 2 edges (different from those
depicted in the figure) are adjacent to vertices 4 and 5.

If we take vertex 1, using the dominance condition, we do not take vertices from 2
to 5 and we settlé + 2« edges.

If we take neither vertex 1 nor vertex 2, we have to take vertices 3 and 4. We settle
6 edges.

If we do not take vertex 1 but vertex 2, we can assume that we take neither vertex
3 nor vertex 4. In this case, we have to take vertex 5 and we Fedtlges.

Then,T'(m) < T(m—5—2a)+T(m—6)+T(m—"7)+ O(p(m)).

e Configuration n°3 (Figure 8.23):
1

5 6

Figure 8.23. Configuration 3 of case 1

If we take vertex 1: using the dominance condition, none of the vertices from 2
to 7 are taken in the solution. We can assume that at least one edge links each of the
vertices 4, 5, 6 and 7 to the remainder of the graph. We settlda edges.

Otherwise, if we take vertex 2, we settle 4 edges.

Finally, if we take neither vertex 1 nor vertex 2, we have to take vertex 3, and we
settle4 4+ 2« edges.
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Then,T(m) < T(m—4)+T(m —4—2a)+T(m — 6 — 4a) + O(p(m)).

Let us note that in the case where we settle 4 edges, the following branching will
be done on a dominated vertex.

e Configuration n°4 (Figure 8.24):
1

5

Figure 8.24. Configuration 4 of case 1

Thanks to Remark 8.3, we can consider that at least 3 edges link vertices 4, 5 and
6 to the remainder of the graph (one for each vertex).

If we take vertex 1: using the dominance condition, we can assume that we do not
take vertices from 2 to 6. Then we have to take the last neighbor of 5 and we settle
7+ 2« edges.

If we do not take vertex 1, we can do the same analysis as in the previous case.

ThenT'(m) <T(m—4)+T(m—4—2a)+T(m—7—2a)+ O(p(m)).

Let us note that in the case where we settle 4 edges, the following branching will
be done on a dominated vertex.

e Configuration n°5 (Figure 8.25):
1

4 5

Figure 8.25. Configuration 5 of case 1

We can assume that we never take vertex 2. Indeed, either vertex 1 is in the solution
and it is the dominance condition, or vertex 3 is in the solution and we can take vertex
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4 or 5 instead of vertex 2, or one of the vertices 4 and 5 is in the solution (to dominate
3 which is non-dominated) and in this case we can take both vertices (4 and 5).

Then,T'(m) < T(m — 2a) + O(p(m)).

8.3.4. Case n°2

The branching is done on a type 4 vertex (of degree 2). Configuration 1 corre-
sponds to the case where at least one neighbor of the branching vertex has degree 2.
Configurations 2, 3 and 4 correspond to the case where both neighbors of the branch-
ing vertex have degree 3.

e Configuration n°1 (Figure 8.26):
1

4

Figure 8.26. Configuration 1 of case 2

Vertex 3 has any degree. In this case, we can assume that we do not take vertex 2
(instead, we can take vertex 4).

Then,T'(m) < T(m — 2a) + O(p(m)) (since vertex 2 is not dominated).

e Configuration n°2 (Figure 8.27):
1

5 6

Figure 8.27.Configuration 2 of case 2

Assume first that at least 4 edges which are not depicted in the figure are adjacent
to vertices 4, 5, 6 and 7.

— If we take vertex 1: using the dominance condition, none of the vertices from 2
to 7 is in the solution. We settlé+ 4« edges.
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— If we do not take vertex 1: we settle 2 edges.
Inall, 7(m) < T(m —2) + T(m — 6 — 4a)) + O(p(m)).

If at most 3 edges link vertices 4, 5, 6 and 7 to the remainder of the graph, then:

— either a vertex, for example 4, is linked only to his brother, 5 in this case. This is
a preprocessed case of Figure 8.20;

— or two cousin vertices, for example 5 and 6, are not linked to vertices which are
not depicted in Figure 8.27. In this case, at least one of the two vertices, for example
5, is not dominated (otherwise ed¢® 6) would have been deleted). In this case,
the solution given by the dominance condition when we take vertex 1 is not feasible,
hence we can assume that we do not take it. We settle 2 edges.

e Configuration n°3 (Figure 8.28):
1

5

Figure 8.28. Configuration 3 of case 2

We can assume that we do not take vertex 1. Instead, we can take vertex 5.
Then,T'(m) < T(m — 2) + O(p(m)).

e Configuration n°4 (Figure 8.29):
1

4 5

Figure 8.29. Configuration 4 of case 2

As in the case of a branching of a non-dominated vertex, we can assume that we
do not take vertex 2.

Then,T'(m) < T'(m — 3a) + O(p(m)).
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8.3.5. Case n°3

Now, we consider the most delicate case, where the graph contains type 3 vertices.
Configuration n°1 corresponds to the case where there is a triangle (not considered in
the preprocessed cases). Configurations 2 and 3 correspond to the (remaining) cases
where there are two type 3 vertices at distance 2 from each other (let us recall that we
can assume that two type 3 vertices are not adjacent). In configurations 4, 5, 6 and 7,
we assume that between any two type 3 vertices the distance is at least 3.

Let us note that if a vertex is linked to three type 3 vertices, then it has type 5 and
we have to take it (we settle (more tha) 3« edges). Finally, recall that all vertices
of degree 3 have type 5.

On the figures, white vertices are type 3 vertices.

REMARK 8.4.— Assume that we are in the configuration of Figure 8.30. When we
determine the status of vertex 1, either we take it, or we do not and we have to take
vertex 3. In both cases, we settle the two edges of the grapl?,+&q. Fora < 1/2,
2—2a2>212a.

2
1 e O ® 3

Figure 8.30. Case of Remark 8.4

e Configuration n°1 (Figure 8.31):
1

4 5

Figure 8.31. Configuration 1 of case 3

Vertices 2 and 3 must have type 5.

Suppose that we take vertex 2. Then, we can assume that we do not take vertex 3;
therefore, we must take vertex 5. We seltle 2« edges. The other case is symmetric.

Then,T'(m) < 2T (m — 5 + 2a) + O(p(m)).
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Let us note that this is valid also if vertex 4 and/or vertex 5 has (have) type 3.
Indeed, in this case, thanks to Remark 8.4, when we settle vertex 2 and/or 3, we settle
the2 — 2o > 1 edges adjacent to vertex 4 and/or 5.

Finally, note that the case where vertices 4 and 5 are the same vertex is trivial (take
one vertex among 2 and 3 (the choice does not matter), there is no need to branch).

o Configuration n°2 (Figure 8.32):
1

5 6

Figure 8.32. Configuration 2 of case 3

In this case, vertex 1 has type 5.

Either we take vertex 1 and we setile- 4« edges, or we do not take vertex 1 and
we have to take vertices 3, 5 and 6. Since vertices 3, 5 and 6 have degree of at most
2, we can assume that we settle the edge adjacent to vertex 3 for instance (then, this
edge is definitely settled and counts 1) (even if it is adjacent to a type 3 vertex, thanks
to Remark 8.4). We settlé— 4« edges (we can do even better).

Then,T'(m) < T(m — 5+ 4a) + T(m — 6 + 4o) + O(p(m)).

e Configuration n°3 (Figure 8.33):
1

4 5

Figure 8.33. Configuration 3 of case 3

First note the following. If vertices 4 and 5 are not adjacent to any vertex which
is not depicted in the figure (only the edgk 5) is missing), then the graph of Fig-
ure 8.33 is isolated from the remainder of the graph. In this case, there is no need to
branch, we just have to solve optimally the problem on this subgraph. The situation is
analog when 4 and 5 are both linked to the same type 3 vertex.
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Now, we consider that we are not in one of the two previous situations.

If vertex 1 has type 5, we have to take it. Otherwise, vertex 1 has type 4. In this
case we do not take it and we have to take vertices 4 and 5. In this case, we settle
6 — 4o edges. Indeed, thanks to Remark 8.4, we can consider that taking vertices 4
and 5 makes it possible to settle edges of total weight of at least 2, even if they are
adjacent to type 3 vertices (we have already considered the two cases where the total
weight would have been smaller than 2).

On the other hand, if we take vertex 1, we can assume that we do not take either 4
or 5. In this case, we settle— 4o + 2a = 4 — 2a edges. Indeed, settling vertices 4
and 5 makes it possible to setfle edges which are not depicted in the graph.

Then,T'(m) < T(m — 4+ 2a) + T(m — 6 + 4a) + O(p(m)).

REMARK 8.5.— As we said previously, from now we can assume that the distance
between any two type 3 vertices is at least 3.

e Configuration n°4 (Figure 8.34):
1

5 6

Figure 8.34. Configuration 4 of case 3

Vertices 4, 5, 6 and/or 7 may be the same vertex.

If we take vertex 2, then we settle— 2« edges, otherwise, we have to take vertex
3 and we settlé2 — 2a) + 2a + 2 = 4 edges.

Inall, T(m) < T(m—442a) + T(m —4) + O(p(m)).
e Configuration n°5 (Figure 8.35):

If we take vertex 2, then we can assume that we do not take either vertex 3 or
vertex 4. Then we settle at led@t— 2a) + 1 + 2o+ a = 3 + a edges.

Configuration 5.1: vertex 2 has type 5. If we do not take it, we have to take vertices
3 and 4. We settle (at leagt}- 2o + 3 = 5 — 2« edges.
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5

Figure 8.35. Configuration 5 of case 3

Configuration 5.2: vertex 2 has type 4. If we do not take it, we have to take vertex 3.
We settle2 — 2. + 3 = 5 — 2« edges.

In both configurationsl'(m) < T(m — 3 —a) + T'(m — 5 + 2a) + O(p(m)).

e Configuration n°6 (Figure 8.36):
1

4 5

Figure 8.36. Configuration 6 of case 3

Configuration 6.1: vertices 2 and 3 have type 5. If we take vertex 2, we can assume
that we do not take either 3 or 4, and we have to take 5. We dettligies. Otherwise,
we have to take vertices 3 and 4. We settle o edges.

Configuration 6.2: vertices 2 and 3 have type 4. If we take vertex 2, we can assume
that we do not take either 3 or 4. We settle 2« + 2a. = 4 edges. If we do not take
vertex 2, we have to take vertex 3. We settle 2« edges.

Configuration 6.3: vertex 2 has type 4, vertex 3 has type 5. If we take vertex 2, we
can assume that we do not take either 3 or 4, and we have to take 5. Wée seljles.
If we do not take vertex 2, we have to take vertex 3. We séttie2a edges.

In the worst case, we hav&(m) < T'(m — 4 — 2a) + T'(m — 4) + O(p(m)).

8.3.6. Complexity analysis

The complexity analysis shows that the biggeis, the better cases 1 and 2 are,
but the worse case 3 is. An optimal valuevs= 0.456.
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For this value, we get the following:

—in case n°1, the configurations give:
)T (m) <T(m—4.912)+ T(m — 6) + T(m — 6.368) + O(p(m));
2) always better than configuration 1 fer< 1/2;
3)T(m) < T(m—4)+T(m—4912) + T(m — 7.824) + O(p(m)) but we
can improve it, thanks to the fact that in one case the next branching is on a dominated
vertex;
4) always better than 3 fer < 1/2;
5) no branching;

—in case n°2, the configurations give:
1) T(m) < T'(m — 0.912) + O(p(m));
2)T(m) <T(m—2)+T(m—17.824) + O(p(m));
3) always better than 2 fer < 1/2;
4) always better than 1,
The worst configuration (configuration 2) gived'(m) = O*(1.178™) <
O*(1.279™)
—in case n°3, the configurations give:
1) always better than 4 fer < 1/2;
2) always better than 4 fer < 1/2;
3) always better than 4 fer < 1/2;
4)T(m) < T(m — 3.088) +T(m —4) + O(p(m));
5)T'(m) < T(m — 3.456) + T'(m — 4.088) + O(p(m));
6) same as 4;
The worst configuration (configuration 4) givdym) = O0*(1.2174™) <
O*(1.344™).

Let us now conclude this analysis in case 1.

For configuration 3, when we are in the case- 4, we branch on a dominated
vertex (case 2). Inthis case, either we sétti€preprocessing case or configuration 1),
orwe are in case 2. Thus, we repldtgn—4) by T'(m—4—2«) in the first case and by
T(m—6)+T(m—10—4«) in the second case. The worst complexity is obtained in the
second casé€’(m) < T'(m—4—2a)+T(m—6)+T(m—6—4a)+T(m—10—4a)+
O(p(m)), which leads to a complexity @f (m) = O*(1.2174™) < O*(1.344™).

Thus, we obtain a worst case complexity@f(1.344™).

1. Note that since the input graph has degree35 3n/2.
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Chapter 9

The Online Track Assignment Problem

9.1. Introduction

This chapter aims to start an analytical study of the computational complexity of
some online shunting problems. We start our analysis with the following problem. We
consider a depot consisting of a set of parallel tracks. Each track can be approached
from one side only and the number of trains per track is limited. The departure times of
the trains are fixed according to a given timetable. The problem is to assign a track to
each train as soon as it arrives at the depot and such that it can leave the depot on time
without being blocked by any other train. We show how to solve this problem as an
online bounded coloring problem on special graph classes. For this problem we study
the competitiveness of the First Fit algorithm and we show it matches the competitive
ratio of the problem.

In a train depot, trains must be stored during the night on tracks. Each track has
a finite capacity and may contain only a bounded number of trains. Throughout this
chapter, we consider that this bound is fixed to an integefhe tracks are organized
as stacks, such that the last train to enter must be the first to leave on the next morning.
In order to save upkeep costs, we want to use as few tracks as possible. Meanwhile, in
order to save time and energy, we want to make sure that, when a train departs the next
morning, it is always at the top of the stack. Since the trains have accumulated delays
during the day, the time of arrival of each train is unpredictable. The tracks must thus
be assigned online, as the trains arrive, on the basis of departure times and previous
assignments.

Chapter written by Marc BMANGE, Gabriele D STEFANOand Benjamin [EROY-BEAULIEU.
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We can represent on a time-axis the intervals during which each train must be
stored in the depot. Two trains may be on the same track if their intervals are com-
pletely disjoint or if the interval of one train is contained in the interval of the other
train (the first train arrives before and leaves after the second). We can make a graph
where each vertex represents an interval and two vertices are joined by an edge if and
only if the two intervals overlap but have no containment relationship. Such a graph
is called arpverlap grapHGOL 04]. To model our track assignment problem, we can
thus use online coloring of overlap graphs with the constraint that each color may not
contain more tham elements. However, as we only know the time of arrival when the
train arrives at the station, the online model must state that the vertices of the overlap
graph are presented in the order of the left extremity of their corresponding intervals
along the time axis.

Itis natural to consider that there is a time in the night at which all trains are in the

depot. This is called theidnight conditiorand it means that the intervals of the trains

all share at least one point. It has been proved [GAV 73] that in this particular case, the
overlap graph is @ermutation graphit is thus natural to study the problem on online
bounded coloring of permutation graphs. Here, since we know the time of arrival and
of departure of our train, we consider that the permutation graph is given on a lattice
plan, which is equivalent to consider that we receive the permutation online and which
is more informative than receiving just the corresponding graph online [DEM 07].

9.1.1. Related works

The track assignment problem is closely related to the more general shunting prob-
lem, that concerns the rolling stock allocation on a railway infrastructure under time,
space and operational constraints. The shunting problem occurs in practical optimiza-
tion problems like, e.g., the storage of trams or buses in a depot outside the rush hours,
the rearrangement of railroad cars among different trains, the freight car distribution,
and also the assignment of trains to platforms in a station [BLA 99, DAH 00, DIS 04,
FRE 05, GAL 01, HAM 05a, HAM 05b, HE 00, ROS 03, WIN 00, ZWA 96].

However, appropriate mathematical models which take into account all the opera-
tion restrictions, capacity limits, and also time and operating constraints that arise in
this context are quite complex. In [COR 07] the authors, motivated by the purpose of
analyzing the abstract background of the track-assignment problem, studied the fol-
lowing problem: a set of trains and a set of parallel tracks are given. Each train might
approach the depot from the left-hand side or from the right-hand side and might leave
the depot to the left-hand side or to the right-hand side. The direction from which it
enters or from which it leaves the depot, however, is fixed. Also the arrival time and
departure time are fixed. The problemis to assign tracks to the trains such that they can
enter and leave the station on time without being blocked by any other train. The main
difference with our model is that capacity constraints are not considered: the tracks
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have infinite length. The authors consider some variations of the offline problem on
linear timetables as well as on cyclic timetables. They also analyze the online version
of one variant of the assignment problem: when a linear timetable and the midnight
condition are assumed.

9.1.2. Results

We carefully analyze the competitive ratio of the track-assignment problem when
the number of tracks and their capacityn are known.

We prove that a lower bound for the competitive ratio of the track-assignment
problemis2 — 1/1, wherel = min{m, k}.

Under the midnight condition, we show an online algorithm which is optimal.
Thus, in this case, the competitive ratio of the track-assignment probiem is/!.

All the results are achieved by transforming the track-assignment problem into a
bounded coloring problem on permutations.

9.2. Definitions and notations
Any term related to graph theory not defined here can be found in [BER 76].

A graph G consists of a finite set” and an irreflexive binary relation ovi. V/
is called the set ofrertices The binary relation is represented by a collectiorof
unordered pairs, which are calledgesWe denotes = (V, E). If (v,w) € E, then
v andw are said to badjacent

A stable sebf a given graplG = (V, E) is a setS C V such that for each pair of
verticesv andw in S, (v,w) ¢ E. A cliqueis a setK’ C V such that for each pair of
verticesv andw in S, (v,w) € E.

A proper coloringof a graph, which is sometimes simply called@oring, con-
sists of a partition oft into stable sets. Each stable set is associated with a color.
When talking about graph coloring, the terms “stable set” and “color” are often used
as equivalents. &-coloring is a coloring that uses at maésstable sets. Thehromatic
numbery(G) of a graphG is the smallest numbér such thatG admits ak-coloring.
A k-mb-coloring is a coloring that uses at masstable sets and where each set has
a size smaller tham. The bounded chromatic numbey,,,(G) of a graphG is the
smallest numbek such thatz admits ak-mb-coloring.

In this chapter, we consider online versions of the problems of coloring graphs. An
online problem can be seen as a two player game involving an adversary and an algo-
rithm. The adversary presents the instance and the algorithm gives the solution. The
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online problem is generally characterized by the underlying offline problem and two
sets of rules that have to be respected by the adversary and the algorithm, respectively.

Online algorithms are traditionally evaluated according to tbempetitive ratio
Let A be an online algorithm ang a minimization problem. Thep4 (1) denotes the
maximum score thatl achieves forP over the online presentation of the instarce
respecting the given rules. An online algorithm is said to guarantee a competitive ratio
of ¢ (or to bec-competitive) if, for every instancg pa(I) < ¢ - p(I), wherep(I) is
the offline optimal solution foi® on I. An online algorithm is calle@xact(or solves
the problem exactly) if it calculates the optimal offline solution for any online instance
(it has a competitive ratio of 1). It is callemptimalif its competitive ratio cannot be
improved by any other online algorithm. Tltempetitive ratio of a problens the
competitive ratio of an optimal algorithm for the problem.

A permutation graphs an undirected graph for which there exists a permutation
such that every vertex of the graph corresponds to an element in the permutation and
two vertices are adjacent if and only if the corresponding elements appear in reverse
order in the permutation.

In this chapter, we will use a very common representation of permutation graphs,
called thdattice representatioriThe permutation is represented on a two-dimensional
plan: they-axis represents the values of the elements of the permutation and the
axis represents the position of these elements. A goint) on the plan means that an
element of valuey is at positionz in the permutation. For example, the permutation
[3,4,1,2] can be represented by the set of poifi(s, 3), (2,4), (3,1), (4,2)}. We
consider set§ of points that can have values irfand such that, ifz, ) and(2’, ')
are two points of, thenz # 2’ andy # 3’. For these kinds of sets itis straightforward
to find the associated permutation: it is sufficient to number the points following the
decreasing order of thevalues and to present the numbers following the increasing
order of thex values.

Given a set of points in the plan as above, the corresponding permutation
graph is such that the points are the vertices and two pdintg) and («/,y’)
are adjacent ifr < 2z’ andy > y’. Coloring a permutation graph is equivalent
to partitioning a permutation into increasing subsequences [DIS 06]. For example,
[3,6,5,10,7,1,11,8,2,12,9, 4] can be decomposed int, 6, 10, 11, 12], [5,7, 8, 9]
and[1, 2, 4]. The equivalence with a partition into stable sets is due to the fact that two
points(x,y) and(2’,y’) form a stable set ift < 2’ andy < y’. Thus, abounded
coloring of a permutations a decomposition of the permutation into increasing se-
guences, each with a limited number of elements.

In the online version of the bounded coloring of a permutation, the rules we will
use are the following: the adversary has to present an element of the permutation as
a point in the plan and the algorithm has to permanently assign it to a stable set.
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The adversary presents the elements following the order in which they appear in the
permutation: from the left to the right.

A very common algorithm for coloring graphs is the greedy algoritfirat-Fit,
denoted by FF. It considers the vertices one after the other following a given order.
It assigns to vertex the first color that was not assigned to an adjacent vertex of
Chvatal [CHV 84] characterized thperfect orderingshat are such that FF solves the
graph coloring problem on the graph and all its induced subgraphs optimally. This
is, for example, true, if the vertices are ordered according to a transitive orientation
of the arcs in the graph and, for permutation graphs, when the vertices are presented
following the order in the permutation from the left to the right. Then FF, used as
an online algorithm, is an exact algorithm for the coloring of a permutation. Note,
however, that for arbitrary vertex-orderings the FF algorithm can behave arbitrarily
bad even on permutation graphs [NIK 00].

In this chapter we also consider thebounded First-Fit algorithrmg-FF): it col-
ors a new vertex with the smallest possible color used lessithéimes.

9.3. Bounds for the permutation graph in a left-to-right model

We start by studying the particular case which respects the midnight condition. In
order to stick to our practical problem, we consider that the permutation is delivered
from left to right on a lattice representation.

Let us suppose that the permutation is delivered from left to right.

LEMMA 9.1.— A lower bound for the online bounded coloring of a permutation is
2 —1/1, wherel = min{m, k}.

Proof.Suppose that is known and fixeé priori. We prove Lemma 9.1 with a permu-
tation presented on its lattice representation. The zbdenotes the admissible zone
where any element in the future will be presented. At the beginaingthe complete
plan.

1) Present a stable s&t(an increasing sequence) of sizein A.

2) If the elements of are colored with two or more different colors, defideas
the part of the plan which is below and to the rightfsuch that every element oh
will be in a clique with every element ifi. S is said to be of type.. If all the elements
of S are colored with the same color, defideas the part of the plan which is above
and to the right of5, such that every element ohwill be in a stable set with every
elementinS. S is said to be of typg. Figure 9.1 represents zoreafter presenting
onef sequence and onresequence.

3) Repeat steps 1 and 2 urti- 1 sequences have been presented.
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Figure 9.1. Zone A after presenting ong increasing sequence and one
increasing sequence

4) Let N be the number of sequencgf type 5. Present a cliqu€’, of size
Ng +1in A.

Let A, be the number of colors used in all sequences of type; be the number
of colors used in all sequences of typ@nd ., be the number of colors used 6h.
Finally, let X be the total number of colors used by the algorithm. Clearly:

A=Aa+As+ A [9.1]

The definition ofA after a sequencg of type« allows us to say that every vertex
presented aftes will form a clique with any element of. Thus, any color used i
will never be used again on this instance. Besides that, since the sequences have size
m, a color used on a sequengef type 3 is saturated and may therefore not be used
on any element which is not ifi. Thus, no color is used in two different sequences.
Therefore, if we callV,, the number of sequences of typewe have:

Aa = 2N, ;/\5:Nﬂ ;/\’Y:Nﬂ+1 [9.2]
and thus:

A > 2N, + 2N + 1 [9.3]
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Since the algorithm presents exadtly 1 sequences of typesandg:

2Ny +2Ng+1=2(Ny+Ng)+1=2(I-1)+1=2/—-1 [9.4]

A>20—1 [9.5]

Let us now calculate the bounded chromatic numggrof the instance presented
above. Each sequence of typecontainsm elements and can thus be colored with
exactly one color. Thus, it is possible to use exadfly colors on these sequences.
Consider now the subpermutation induced by the elements of the sequences®f type
and~. By construction, we have that the sequences of tfyfierm a long stable set
Sp of size Ngm and each element @f,, is stable with all the elements &fs. It is
possible to cover this subpermutation with stable sets each containing atmmest
elements ofSz and 1 element of’,. Since|Sz| < (I — 1)m and since < m, at
most|C,| = Ng + 1 such stable sets will be needed. Thus, this subpermutation can
be colored withVg + 1 colors. Therefore:

Xm S Na+ Ng+1<1 [9.6]

From equations [9.5] and [9.6], we can deduce that the competitivecafithe
online bounded coloring problem of permutations delivered from left to right is:

c> >2-— [9.7]

~] =

A
Xm
that completes the proof. |
REMARK 9.1.— If k is unknown in advance, we can consider the same instance as
above witht > m and thus have > 2 — 1/m.

Remark 9.1 and equation [9.7] end the proof of Lemma 9.1.

LEMMA 9.2.— The performance ratio of First-Fit for the online bounded coloring of
a k-mb-colorable permutation delivered from left to right is at m@st 1/1, where
[ = min{m, k}.

Proof.Let A\ _pp(m) be the number of colors used by First-Fit for the online bounded-
coloring of the permutation presented from left to rightn is the bound imposed by
the problem.
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Let Ng be the number of colors which are saturated at the end of the execution, i.e.,
the colors which contain exactly, vertices. LetNg be the number of colors which
are not saturated. |

REMARK 9.2.— If we consider only the permutatiahinduced by elements colored

by colors inNg, we have\ _pp(7’) = Agp(n’) = x ('), whereAgg(-) denotes the
number of colors used by the First-Fit algorithm for usual coloring and where the last
equality holds since the permutation is presented from left to right (a perfect order).

Let x,,, be the exact bounded-chromatic number of the permutatfonthe bound

m.
Am-FF(T) = Ns + Ng
Since colors inVg are non-empty, we have:
n > mNg+ Ng [9.8]
Ng + Ng Ng
o> [ 2] [msiw] ~ Ngs [_s} 9.9]
m m m
N_
Ns < Xm — ’V_S—‘ [910]
m
We deduce from remark 9.2 thaty < x,,,. Thus:
Xm
< — | &2 .
A () < 2xm — [ A2 [9.11]
We consider now two cases:
1) If K < m, then:
Ap-FE(T) < 2xm — 1 [9.12]
and thus the performance ratig g of the First Fit algorithm is:
,,-FE(T) 1 1 1
<P <2 - —<2—-—-<2— = 1
Cn-FF S o 2 ; [9.13]
2) If £ > m, then:
Ao FE(T) < 20 — A [9.14]
and:
A _|:|:(7T) 1 1
LB o L2—-—<2— -~ 9.15
Cn-FF o - i [9.15]
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This ends the proof of Lemma 9.2.

THEOREM 9.1.—The performance ratie of the problem of online coloring &-mb-
colorable permutationis = 2 — 1/1, wherel = min{m, k}, and m-First Fit achieves
this ratio.

Proof. The proof is immediate from Lemmas 9.1 and 9.2. |

9.4. Bounds for overlap graphs

Our first generalization is a move towards the original track-assignment problem.
We analyze here the online bounded-coloring of overlap graphs.

CLAIM 9.1.— For any algorithm, it is possible to force a stable sebf size at least
three on a bipartite overlap graph such that the corresponding intervals are included
in each other and there exists a lindit situated to the left of the right-end of every
interval in S, such that no interval other than those$nappear on the right of. and

such that each element of the stable set has a different color.

N\

Figure 9.2. lllustration of claim 9.1: on the left of the limit, there can be
anything. On the right side, there is nothing but the three represented intervals.
All have a different color and the complete graph is bipartite

Proof. We give here an instance which forces the result described in claim 9.1. For
every intervall; of this instance, we will call; the left bound of this interval and
the right bound of this interval.
1) (See Figure 9.3) Present an interyal Then, present an intervé} such that
Iy <l < re < ry.If Iy is colored with color 2, defing* := I5; otherwise, present
I3 such thats < I3 < ro andry < r3 < 1 and defind™ := [rq, r3].
2) (See Figure 9.4) Left* be the left bound of * andr* be the right bound of
I*. Then, present the following sequence and stop as soon as one interval is colored
with color 3: present, such that* < I, < r4 < r* and leta be the color ofi,
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I

I

I*

Figure 9.3. This figure illustrates step 1. At the end of this step"inthere are
exactly two intervals, which form a stable set but are colored with two different
colors

(a € {1,2}); presentl; such thaty < I5 < r4 andry < r5 < r* and letb be the
color of I5s (b € {1,2},b # a); presentls such thaty < lg < 15 < r5; if Ig is
colored witha, presentl7, such thals < I/ < rg andrs < r7 < r*; if Ig is colored
with b, then present;, such thats < l7» < rg andrg < l7» < r5 andlg such that
reg < lg < rprandry < rg < r*.

I*
14
e
. Is .
Ig
—
. Iz .
I 72
—

Iy

Figure 9.4. This figure illustrates step 2. At the end of this stepinthere are
three intervals colored with three different coloi&:, I or Is and one element
of {Ii}iza

Note that the given overlap graph is bipartite. At the end of step 1, we have a stable
set of size two, colored with two different colors, and the limis eitherl,, if I was
colored 2, orrs if I was colored 1. At the end of step 2, at least one interval must
have been colored with color 3. L&t be this interval. Since we do not present any
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| >Sl

| >SQ

Figure 9.5. lllustration of the proof of Theorem 9.2

intervall; such that > i3, we have a stable set of size at least three colored with three
different colors. Note that, if; is colored 3, we have a stable set of size 4 colored
with three different colors. Thus, the size of the stable set is at least 3 and at most 4.
Let S be the considered stable set; we must/set max {max;,¢g r;, maxr,cs l; }

to have the arrangement described in claim 9.1. |

THEOREM9.2.— For any online coloring algorithm, it is possible to force any positive
number of colors on a bipartite overlap graph.

Proof. We prove this by induction. Suppose that it is possible to fércelors on a
stable sefS; as in claim 9.1. We construct such an instance.llebe the interval of
S1 such that;, = ming,es, {r;} and letL; be the limit ofS; as in claim 9.1. In the
interval[L1, r;, ], build a second stable s&4 of the same size &$; and with the same
number of colors on it. Lef;, be the interval ofS; such thatr;, = minz,eg,{r;}
and letL, be the limit of S5. Also, let .. 2 be the interval of5; such thatr,.xo =

maxy;es, {7}

If the colors used to colof, are different from those used to col§t, define
S =5, USyandL = L, and S is now a stable set of the form of claim 9.1 and
colored with at least + 1 colors. If all the colors used to coléh, have been already
used to colorS;, we present a new intervdhew such thatL, < Inew < r;, and
Tmax2 < 'new < r;, and defineS = S; U {Inew} andL = ry.x2. S is a stable set
of the form of claim 9.1 and colored with exacttyt 1 colors.

Since it is possible fok = 3 (see claim 9.1), Theorem 9.2 holds. |
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9.5. Bounds for permutation graphs in a more general model

Our second generalization does not make sense for the application of the track-
assignement. However, it is natural in the problem of the steel industry [SPI 06]. We
consider here that the permutation is not delivered from left-to-right, but may be de-
livered in any order.

THEOREM 9.3.— Them-First Fit algorithm has a performance ratio betweéh +-
—— and 2 + 1 for any naturalk > 2 andm > 2
2k—1 2 2 = = =

Proof. The upper bound is given by Plumettaz and Bouille [PLU 06]. For the lower
bound, consider the instance given by algorithm 1. |

Algorithm 1
Input: A natural numbey
Output: A permutation graph delivered online such that=irst Fit will have a per-

. n 1
formance ratio ofy + T

1: Let p be a real number such thai< < i

2: Lete + ﬁ

3: Write “The bound isn”, wherem = QXT*I andp is an arbitrary natural number.

4: for inti =0..(x — 2) do

5. forintj=0..(x—2-—1¢)do

6: Presentaverteu%i’j) =(x—i+ip+2je,1+1ip+ 2je)

7: Presentaverteu%i,j) =(x—i+ip+2jete,x—i—j+ip+2je+e)

8 end for

9: end for

10: for inti =0..(x — 2) do

1. forintj=0..(x —2—1)do

12: Presentavertex, . = (x—i+xp+(i+1)p—2je, L+xp+(i+1)p—2je)

13: Present averteu(gi’j) =G +1+xp+GE+1D)p—2je+e,1+xp+(i+
1)p — 2je +¢)

14:  end for

15: end for

16: for inti =0..(x — 1) do
17.  Presentavertew, = (x —i+xp+ip+e,1+xp+ip+e)
18: end for

Note that:

X—i—j>2 () [0.16]
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For an easier understanding of the equations herafter, assume that teraa®in
neglectable compared to termsgnwhich are themselves neglectable compared to
terms in natural numbers.

Clearly, for every pair(i, j), u%m.) and u%i’j) are in a stable set. Since they are
presented consecutively, they are colored with the same color. Simﬂy@gl}x, and

(7 ;) are also in a stable set and are also colored with the same color.

Let us now prove that verticeéi k) wherek is a strictly positive natural number

such that the verteul( exists and € {1,2} are all linked by an edge tmf7 i)
Indeed:

J+k)

Ui jamyle = X—iFip+2(j+k)e = x—itip+2je+e+(2k—1)e = uf; ;)| +(2k—1)e

Uy jimle > Ul )l [9.17]
Wl ply =X —i—j+ip+2jete >pie 2+ip+2jete
u(”)|y 1+ip+2je+e+1>1+1ip+2je+ ke
(i,9) 1y (i,5+k) 1Y :
Equations [9.17] and [9.18] tell us tha? andu( form a clique:
Ul amyle = UGyl + 2ke >l e [9.19]

Ul iamly = X—i—(+k) +ip+2(j+k)ete=x —i—j+ip+ 2je + e —k+2ke

i lv
2 2
Ui gk by < Wi ly [9.20]

Equations [9.19] and [9.20] tell us thaﬁ ) andu(l k) form a clique. Thus, for
a givens, each time the algorithm enters the loop startmg at step 1, a new color is
opened.
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We now want to prove that the elemen§§+k ;.) are always linked to the elements
“(1¢,jb) for all natgral numbers, j,, j, such that the verticasl(i+k7ja) andugi,jb) exist
and! € {0, 1}. First, note that:

2j1e — k — kp < 2joe VEk, ja, jb [9.21]

ubJr,w»a)hc =x—t+ip+2je—k+kp
s jyle = X =i+ ip+ 2jpe
Thus, according to equation [9.2].4%”,c iole < u%l juy |z Note now that, for all
ja andjy, kx > j» — jo. Thus,2kxe > 2(jp — ja)e andkp > 2jpe — 2j,€. Besides

that:
Wiskgoly = 1+ 0+ 2jac +kp

Uy jyly = 1+ip + 2ne

Thus,uf; ;3 ly > uf; )y @ndug;,, . andug, ;  are always linked by an edge

for all &, jq, js. Let us now look au%i+k’ja):

Wisrgly =X — (i + k) = ja+ (i + k)p + 2jac + €

Sincex — (i + k) — jo = 2
Wisrgoly = 1+ ip+2jac + 14+ kp+e > 1+ip+ 2jpe

2 1
Wirtkga)ly > Wi ) ly

and:
Uik jole =X —i+ip+2jac —k—kp+e < x—i+ip+2je
2 1
Ulitkgo) e < Uil
l H . .
Thus,u(Hk’ja) andu(liyjb) form a clique for all natural numbets j,, 7, such that

the verticeméwC i) andug; W) exist. Each time the algorithm passes through step 1,
a new set of colors must be opened.

Similarly, it can be proved that each time the algorithm goes through step 1, a new
color must be opened. In addition, the same reasoning can be used to prove that:
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. 1 . . .
— All vertlceSU(%’ja’) share an edge with the vertloegjb) forall : < 7g
—All verticeSU(lv ) share an edge with the vertice§ . foralli > 1.
— All Vel’tICES’U( share an edge with the verﬂceé foralli < x —jo—1.
—All Vel’tICES’U( share an edge with the vert|ce§ foralli > x —jo—1.

Thus, the vertices may not have the same colors as the verticeBinally, all
verticesw;, share an edge with:

— All vertlce5u( forall 7o < 3.
— All vertlceSu( for all g > 3.
— All vertlceSU( forall 79 <

— All VertICGS’U( for all ig > 1.

The total number of colors used by First-Fit on this instance is mﬁilﬁ) for the

loop starting at step 1@ for the loop starting at step 1 andfor the loop starting
at step 1, for a total of? colors.

Let us now look for an optimal coloring of this instance. First, dsastraight lines
on the plane with coordinates : y =« —4,¢ € [0..(x — 1)].

It is easy to verify that the vertevx( ) is on the lined,_;_; and that the vertex
u(w) is on the lined;. Thus, on each line, there axe- 2 vertices of typeu.

Similarly, the vertem(1 is on the lined,_;_; and that the vertex( i) is on the
line d;. Thus, on each line, there age— 2 vertices of typev.

Finally, the vertexw; is on the lined,—;_1. Thus, on each line, there is 1 vertex
of typew.

On each linel; there are thugy — 1 vertices. In an optimal unbounded coloring,
each line could be used as one color and all colors would have the same size. Since
m = 2X L (see step 1), we have an evident solution for the bounded colormg which

is Xm =

This ends the proof of Theorem 9.3.
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9.6. Conclusion

The competitive analysis of the bounded coloring of permutations showed that
the m-FF algorithm is optimal for this problem. However, the bounded coloring of
permutations corresponds to a specific track-assignment problem under the midnight
condition. If we remove this condition we have to analyze the online bounded-coloring
of circle graphs. We do not know if the-FF algorithm is optimal for this problem:
we can only say that the— 1/1, 1 = min{m, k} is a lower bound since permutation
graphs are included in circle graphs.

The work reported in this paper should be seen as a first contribution to the compet-
itive analysis of online problems arising in the area of rolling stock allocation: further
analysis should be carried out for more general instances of this problem.
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Chapter 10

Complexity and Approximation Results for the
Min Weighted Node Coloring Problem

10.1. Introduction

This chapter presents some recent works accomplished by the authors ((WER 02,
DEM 04, DEM 04, ESC 06]) about the complexity and the approximation properties
of the MIN WEIGHTED NODE COLORING problem, which was originally studied in
Guan and Zhu [GUA 97] and more recently in [PEM 04, PEM 05] under the name
MAX COLORING.

A k-coloring of G = (V, E) is a partitionS = (54, ..., Sk) of the node seV’
of GG into stable setsS; (a stable set is a set of pairwise non-adjacent nodes). In
the usual case, the objective is to determine a node coloring minimizidgnatu-
ral generalization of this problem is obtained by assigning a strictly positive integer
weight w(v) for any nodev € V and defining the weight of stable s&tof G as
w(S) = max{w(v) : v € S}. Then, the objective is to determine a node coloring
S = (51,...,Sk) of G minimizing the quantityw(S) = Zle w(S;). This problem
is easily shown to b&lP-hard; it suffices to considen(v) = 1, Vo € V andMIN
WEIGHTED NODE COLORINGbecomes the traditional node coloring problem. Other
versions of weighted colorings have been studied in Hassin and Monnot [HAS 05].

Chapter written by Marc BMANGE, Bruno ESCOFFIER Jérdme MNNOT, Vangelis Th.
PascHosand DominiqueDE WERRA.
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MIN WEIGHTED NODE COLORINGarises in some types of scheduling problems.
Consider that each nodeof a graphG corresponds to some operation to be pro-
cessed. The weight of a node corresponds to the processing time of the job associated
with the node. We have to assign each operation to one time slot in such a way that
for each time slot all operations assigned to this slot are compatible. As usual these in-
compatibility constraints are represented by the edges of the gtalhother words,

a slot corresponds to an independent set in the graph. In our situation, the lengths of
the time slotd, 2, .. ., k are not given in advance; assuming that the jobs scheduled in
time sloti may be processed simultaneously, the amount of time needed will be given
by w(S;) = max{w(v) : v € S;}. As a consequence, the total amount of time needed
to complete all jobs will bew(S) = max{w(v) : v € S} whereS = (S1,..., Sk).

As we shall see, the numbkiof time slots is not always given in advance; it may
turn out that ify (G) is the chromatic number @f, we may have to use > x(G) time
slots. So we shall admit in our formulation that some of the sub$etse possibly
empty. We shall furthermore assume that all weights are positive integer numbers.

Our weighted coloring problem is related to tha&tch schedulingroblem which
has been studied by several authors (see for instance Potts and Kovalyov [POT 00] for
asurvey, or Pottst al.[POT 01] for a specific case). In the papers on batch scheduling,
there are usually incompatibility constraints between operations belonging to a same
job, or precedence constraints. The general case of incompatibility requirements rep-
resented by an arbitrary graph is formulated in Boudhar and Finke [BOU 00], where
they consider the complement of our graph: edges indicate compatibilities and they
partition the node set into cliqgues. On the other hand, several types of requirements
are introduced, like sequencing constraints or limitations in the size of a batch. Our
approach is characterized by the underlying graph theoretical formulation. Finally, in
the special case where the gra@his the line graphL(H) of a complete bipartite
graphH = K, , we have a known problem of decomposition of traffic matrices
which arises in satellite communication (see Burkard [BUR 85] and Rendl [REN 85]
for more references). In the case whéte= L(H) is the line graph of an arbitrary
multi-graph H and where all weights are equal, the problem WEIGHTED NODE
COLORING amounts to finding thehromatic indeyof H, i.e., the smallest number of
edges in an edge coloring éf; this problem is difficult (see Holyer [HOL 81]).

Consider an instance= (G, w) of MIN WEIGHTED NODE COLORINGand a poly-
nomial time algorithmA calculating feasible coloring for MIN WEIGHTED NODE
COLORING. Denote byw(S) the value of the solutios calculated byA on I and
by opt(I) the value of an optimal solution faf. The quality ofA is expressed by
the ratio (called approximation ratio in what follows)(I) = w(S)/opt(I), and the
quantitypy, = sup{pa(I)}. A very favorable situation for polynomial approximation
occurs when for any > 0 there exists an algorithm that achieves a ratio bounded
above byl + . We call such algorithms polynomial time approximation scheme
(PTAS) . The complexity of such schemes may be polynomial or exponentigkin
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(they are always polynomial in the size of the instances). A polynomial time approxi-
mation scheme with complexity polynomial alsolife is calledfully polynomial time
approximation schem@PTAS) .

In this chapter, we survey the complexity and the approximability properties of
MIN WEIGHTED NODE COLORING in different classes of graphs. Of course, com-
plexity issues only occur in classes of graphs where the usual coloring problem is
polynomial.

In section 10.2, we present some general structural properties of optimum solution.
We also give an approximation result in general graphs. Finally, we present some gen-
eral links betweemIN WEIGHTED NODE COLORING and other coloring problems,
leading to interesting approximation ratios in some traditional classes of graphs.

In section 10.3, we deal with triangle free planar graphs and we show that, for this
family, the problem studied iP-hard, even if we further restrict ourselves to graphs
with node-degree not exceeding 4.

Then, we deal with bipartite graphs. We show tkiatt WEIGHTED NODE COL-
ORING is NP-hard in bipartite graphs, even if we restrict ourselves to planar bipartite
graphs or taP; -free bipartite graphs. It is interesting to observe that these results are
obtained as corollaries of a kind of generic reduction from the precoloring extension
problem shown to b&lP-complete in Bodlaendest al. [BOD 94], Hujter and Tuza
[HUJ 93, HUJ 96], Kratochvil [KRA 93]. Then, we slightly improve the last result to
Ps-free bipartite graphs and show that the problem becomes polynomitHiree
bipartite graphs. Finally, we note that, in general bipartite graphs, the upper bound of
8/7 given in section 10.2.2 matches a lower boung8/af— ¢.

Subsequently, in section 10.5, we deal with the approximationfwEIGHTED
NODE COLORINGIn split graphs. We prove thatiIN WEIGHTED NODE COLORING
is stronglyNP-hard in such graphs, even if the nodes of the input graph receive only
one of the two distinct weights. It follows that this problem cannot be solved by fully
polynomial time approximation schemes. Then, we shownNinatwEIGHTED NODE
COLORINGIn split graphs can be solved by a polynomial time approximation scheme.

Section 10.6 is devoted to cographs, or equivaleftpfree graphs. While the
problem isNP-hard in Ps-free graphs (since split graphs dfefree), it is polynomial
in cographs.

Then, in section 10.7, we answer a question raised in [GUA 97] by proving that
MIN WEIGHTED NODE COLORINGiIs (strongly)NP-hard in interval graphs.

The main results of the chapter are summarized in Table 10.1
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Class of graphs Status Approximability | Inapproximability
General NP-hard O (log(n)/n) O(n'/7==)
K3-free planar NP-hard 27/19 7/6 —¢
Complement of3-free|  Polynomial
Bipartite NP-hard 8/7 8/7—¢
Py-free Bipartite | NP-hard ifk > 8 8/7 32/31—cif k>21
Ps-free Bipartite Polynomial
k-Tree ? (evenfork = 1) PTAS
Split NP-hard PTAS no FPTAS
Interval NP-hard 2 [PEM 05] no FPTAS
Cographs Polynomial

Table 10.1.Summary of main results

In the remainder of the chapter, we shall assume that for any weighted node or edge
coloringS = (S1,...,S¢) considered, we will have)(S1) > ... > w(S,). More-
over, without specification, we assume thiate V, w(v) > 0. For graph theoretical
terms which are not defined here, see [BER 73].

10.2. General results
10.2.1. Structural properties

Before examining the variations omN WEIGHTED NODE COLORING we shall
give a general property which will be needed later. Let us recall that a s6ibSel’
is maximumwith respect to a propertyred if its cardinality is maximum among
all subsets which have propemyed. We shall say thab is maximalwith respect
to Pred if S has propertyred but any subset of which properly contain$ does
not have propertyred. A maximum subse$' is maximal but the opposite is not true.
Now consider an instance efiN WEIGHTED NODE COLORING(given by a weighted
graphl = (G,w) with G = (V, E); we want to find &-coloringS = (S, ..., Sk)
of (the nodes off7 such thatw(S) is minimum.k is not given in advance; we may
choosek = |V| and accept to have some subsgts= { }. For practical purposes it
will be convenient to use the following.
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THEOREM 10.1.— GivenI = (G, w), there exists &-coloringS = (S,...,Sk)
with w(S) = min{w(S) : S is a coloring of G} where fori =1, ..., k we have:

(i) Si #{}
(#4) S; is a maximal stable set i@ \ (S1 U...US;_1);
(#31) w(S1) = w(S2) = ... = w(Sk).

Proof. Assume that we have obtainedvecoloringS = (51, ...,.S,) which mini-
mizesw(S) over all possible colorings @¥. By reordering the subsefs and remov-
ing the empty sets we getiacoloringS satisfying(i) and(ziz). If Sy is not maximal
we may find in some; (I > 2) some elements which can be addedtdn order to
make it maximal; this will not increase(S; ) becauséiii) holds. We may repeat this
for Ss, ..., Sp—1 and obtain the requireftcoloring. |

Let us denote byA(G) the maximum degree of the nodes(n

COROLLARY 10.1.— Forl = (G, w), there always exists an optimal weighted color-
ingS = (51, ..., Sk) which satisfies: < A(G) + 1.

Proof. Assume that we have/acoloringS which minimizesw(S) and where each;

is maximal inG \ S; \ ...\ S;—1. Suppose thaf; # {} (with! > A(G) + 1).
Then letv € S;; sincev has at mosf\(G) neighbors inG there is at least one stable
setS, (r < A(G) + 1) containing no neighbor af. HenceS, U {v} is a stable set of
G\ 51\ ...\ S,_1; this contradicts the fact th&. was maximal in this graph. 1

COROLLARY 10.2.— If] = (G,w) whereG = (V, E) is the line-graphL(G) of a
graphH, then there always exists an optimal weightecbloringS of the nodes o7
which satisfies < 2A(H) — 1.

Proof. Each edge = [u, v] of H corresponds to a nodeof L(H) which belongs to
two maximal cliqued<,,, K,, whose nodes correspond to the edgeH @fdjacent ta:
(for K,) and tov (for K,).

Sincemax{|K,|,|K,|} < A(H), the degree ot in L(H) satisfiesdq)(e) =
(IKu| = 1)+ (|Ky| — 1) < 2A(H) — 2 < A(L(H)). The result follows from Corol-
lary 10.1. |

Note that if G = L(H) for someH, then the node coloring problem i@ is
equivalent to an edge coloring problem th where the weights are assigned to the
edges ofH. The stable set§; in G become matching8/; in H. We shall consider
later the case whetH is bipartite. We can easily show that in Corollary 10.1 we have
k < p(w(G)—1)+1wherew(G) is the maximum cardinality of a clique i andp is
the maximum number of (maximal) cliqgues in which one nod& & contained. I{7
is a line-graphL(H ), thenp = 2 andw(G) = A(G), so Corollary 10.2 follows. In
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fact, it follows from Theorem 10.1 that the numleof colors in an optimal weighted
k-coloring can be bounded above by any bound on the chromatic number which is
derived by a sequential coloring algorithm which gives maximal stable sets in the
subgraph generated by the colored nodes. In particular, the bounds of Welsh-Powell
and of Matula are valid fok (see for instance de Werra [WER 90]).

We can also establish the following property of the size of any optimal
coloringssS for MIN WEIGHTED NODE COLORING

LEMMA 10.1.—Let] = (G, w) be an instance of1IN WEIGHTED NODE COLORING
and letqg = x(G) be the chromatic number @f. Assume thatv(v) € {t1,...,%}
with t; > ... > ¢, for each node. Then every-coloringS = (51, .., Sk) which
minimizesw(S) satisfies:w(S;) > w(S;+q—1), for anyi < k — ¢. In particular,
E<14+r(x(G)-1).

Proof.Assume thak (G) > 2 and there is an optimuicoloring which does not have
the property; letS = (54, ..., Sk) be this coloring and choose the smallestuch
thatw(S;) = ... = w(Siyq—1) = w(Sk). We havei < k — g by assumption. Now
S;US;+1U...US}, generates a subgraph of G; we have thereforg(G’) < x(G) =
q, o there exists g-coloring(S;, ..., S{, ;) of G’ (with i + ¢ — 1 < k). Assuming
thatw(S}) > w(Si, ) = ... = w(Si, 1) we havew(S}) = w(S;) andw (S, ;) <
w(S]) = w(Sits) fors =1,...,q — 1. SettingS’ = 5; for j = 1,...,i — 1 we get

an (i +q — 1)-coloringS’ = (Sy,..., 57, 1) of G with w(S") < w(S) which is a
contradiction. |
For instance, ifG is a bipartite graph, then any colorigy= (51, ..., S;) min-

imizing w(S) satisfiesw(S1) > w(S2) > ... > w(Sk—1) = w(Sk). In particular,
k<14

10.2.2. Approximation results

10.2.2.1.General graphs

The approximation result presented in this section is based upon the so-called
master-slave approximation strategyonsider arNP-hard covering problem which
consists of covering the nodes of the input gréptof ordern, by the minimum num-
ber of subgraphé& satisfying a certain properBred. Most of these problems can
be approximated by the following strategy:

1) find a maximum subgrapH’ of G verifying Pred;

2) deleteV (G’) from V;

3) repeat steps 1 and 2 in the remaining graph Gnti { }.

The maximization problem solved at step 1 is calleddlase while the original
minimization problem is called themaster These terms are due to Simon [SIM 90]
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who points out the fact that if the slave problem is polynomial then the master problem
is approximable withirO(log n). A standard example of master-slave approximation

is given by Johnson (in [JOH 74], algorithm D3 at the end of section 7 devoted to

graph coloring). At each iteration this algorithm calculates a maximum stable set of
the remaining graph, it colors its nodes with a new color and removes them from the
graph. The master problemin this case is the minimum graph coloring, while the slave
problem is the maximum stable set. The following result will be used later on.

THEOREM 10.2.—[ALF 00] Let G’ be a class of graphs. In the master-slave approxi-
mation strategy for weighted problems, if the weighted slave problem is approximable
within ratio p in G’, then the weighted master problem is approximable within ra-
tiolnn/pin G'.

For our problem, the (maximization) slave problem, denoted by SLAVE_WC, con-
sists ofdetermining a stable se&f* maximizing the quantitys|/w(.S), over all sta-
ble setsS, wherew(S) = max{w(v) : v € S}. Consequently, the overall algo-
rithm wW_COLOR which we devise for weighted coloring can be outlined as follows:

W_COLOR

1) solve SLAVE_WC inG; let S” be the solution obtained; sét = V \ S,
G =G[V];

2) color the nodes of with a new color;

3) repeat steps 1 and 2 until all the nodes of the input graph are colored.

LEMMA 10.2.—SLAVE_WC is approximable withid(log? n,/n) in polynomial time.

Proof.We show in what follows that SLAVE_WC is equi-approximable with the max-
imum stable set problem. Consider the following algorithm, caliegiVE_WC in what
follows:

SLAVE_WC

1) for everyv € V do:
a) letG, be the subgraph d@F induced by all nodes with weight not exceeding
w(v);
b) run the algorithm4 of [BOP 92] onG,, and store the output stable sgt;
2) among the sets stored in step 1b, chapseximizing |S?|/w (7).

It is easy to see that since the algorithm of [BOP 92] runs in polynomial time,
algorithmSLAVE_WC does so. On the other hand, for any ned#g” is indeed a stable
set containing); moreoverw(S?) = w(v) since all the nodes heavier tharhave
been removed from.
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Denote byS* an optimal solution of SLAVE_WC iifz, and set:
v* = argmax {w(v) : v € S*}

If there exists more than oné, fix one of them. Of course* has been considered in
step 1 of algorithn8LAVE_WC and setS”™ has been calculated and stored in step 1b.
Consequently (we recall that(S*) = w(v*)):

R I o I
w(S?) T w(vt)  w(S¥)

[10.1]

On the other hand, whesi"" was calculated, the whole s&t was present in the
current graph. Denote it bg*, denote byS(G*) a maximum stable set @¥* and
by ps the approximation ratio of a maximum stable set algorithm. Then:

|SU* < |SU* [10.2]
ps = - S . .
[S(G*)] 197
By combining [10.1] and [10.2], we obtain:
Sv 5v" |S .
w(S7?) w(S*) v o
w(S*) w(S*)

Taking into account that, in terms of the best known approximation ratio for the
maximum stable set problem@@(log® n/n) [BOP 92], [10.3] concludes the proof of
the lemma. |

Using Theorem 10.2 and Lemma 10.2, the following holds for algorith@dLOR
and the weighted coloring problem.

THEOREM 10.3.—MIN WEIGHTED NODE COLORINGcan be approximately solved in
polynomial time within approximation rati®(n/ logn).

10.2.2.2.k-colorable graphs

We study in this section the approximability of tkeeN WEIGHTED NODE COL-
ORING problem in natural classes of graphs which are colorable with a few number
of colors. We first focus on subfamilies &tcolorable graphs where the minimum
coloring problem is polynomial. Note that it is proved in [PEM 05] that if the usual
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min coloring problem is polynomial in a class of graphs, tlveR WEIGHTED NODE
COLORING is approximable within ratid — 3/k in this class of graphs.

Let us prove the following theorem.

THEOREM 10.4.— Let G be a class oft-colorable graphs, where &-coloring is
computable in polynomial time. Then, §h MIN WEIGHTED NODE COLORING IS
approximable within ratidi® /(3k2 — 3k + 1).

Proof. Consider any grapty = (V, E) € G of ordern and assume that any € V
has weightw; = w(v;). Suppose that, > ws > -+ > w,. Consider an optimal
weighted coloringS* = (S7,---,.S), with w(S}) > --- > w(S]) and denote by
ix, the index of the heaviest node in colsf (hencew(Sy) = w;:), by V; the set
of nodes{vy, - --,v;} (henceV,, = V) and byG[V’] the subgraph of7 induced by
V' CV.

We calculate several colorings@fand choose as final solution the best one among
the colorings calculated. We first calculaté-aoloringS° of G. Clearly:

w (8Y) < kwy = kw (S}) [10.4]

Then, forj =2,--- ,n+ 1, we do the following:
—if G[V;_1] is bipartite then:
- consider the best weighted 2—co|orir(1§{,5§) among the 2-colorings of
G[V;_1] (S may be empty);
- color the remaining nodes, - - -, v,, with k colors(S3, 57, - -+, Si_,), thus
obtaining a colorings’ = (57, 53,---,S1_,) of G.

Note that the first step is polynomially computable (merge optimally the unique
2-colorings of any connected component).

Consider now the iterations wheje= i35 andj = 3. Forj = 43, V;_; is an
independent set; henc®] = V,_;. We get in this case:

w(S7) < wy + kwj = w (ST + kw (S3) [10.5]

On the other hand, foj = %, G[V;_1] is bipartite; hencew(S?) + w(S]) <
w(ST) +w(S3). In this case:

w(87) < w (S7) +w (S3) + kw (S3) [10.6]
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Recall that the algorithm returns the best coloring among those calculated. Note
also that if the numbel of colors inS* is smaller than 2, then this algorithm cal-
culates an optimal coloring. Combination of equations [10.4], [10.5] and [10.6] with
coefficients(k — 1)2/k3, k(k — 1)/k3 andk?/k® = 1/k, respectively, concludes that
the output colorings is such thatw(S) < (k3/(3k% — 3k + 1))w(S*) and the result
follows. |

Note that this improves th@ — 3/k)-approximation algorithm given in [PEM 05]
for £ < 10. Moreover, it can be applied also in classes:afolorable graphs where
the problem remains hard (such as planar graphs)

COROLLARY 10.3.—MIN WEIGHTED NODE COLORINGis approximable within ratio
8/7 in bipartite graphs.

COROLLARY 10.4.—MIN WEIGHTED NODE COLORINGIs approximable within ratio
27/19 < 1.42 in polynomially 3-colorable graphs.

It is well known that the coloring problem is polynomial in planar triangle-free
graphs ([GRO 59]) and that the chromatic number in these graphs is bounded by 3.
Moreover, as we will see in section 10.3, on the one handithewEIGHTED NODE
COLORING problem is strongl\NP-hard and, on the other hand, thieN WEIGHTED
NODE COLORINGproblem cannot be approximated with performance ratio better than
% —e foranye > 0 unlessP#£NP, in planar triangle-free graphs, even if the maximum
degree is bounded by 4. Using Theorem 10.4, we obtain:

COROLLARY 10.5.—MIN WEIGHTED NODE COLORING is 27/19-approximable in
planar triangle-free graphs.

As another corollary of Theorem 10.¥jN WEIGHTED NODE COLORINGIS ap-
proximable within ratics4,/37 in polynomially 4-colorable graphs.

On the other hand, note that minimum coloring is (6t3 — =)-approximable
in planar graphs, that these graphs are polynomially 4-colorable and thatithe
WEIGHTED NODE COLORINGproblem is a generalization of the coloring problem.
Putting all this together, we obtain:

THEOREM 10.5.— MIN WEIGHTED NODE COLORINGIs approximable within ratio
64/37 < 1.73 in planar graphs, but it is nof4/3 — ¢)-approximable in these graphs.

10.2.2.3.When list coloring is easy

Let us define the List Coloring problem, where we want to answer the following
question: given a grapf = (V, E) with, for anyv € V, a setL(v) of admissible
colors, does there exists a (proper) coloring:okith colors fromL (V) = U,ey L(v)
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such that any node is colored with a color fronL(v)? The complexity of List Col-
oring has been widely studied (see for instance [KRA 94, JAN 97]).

THEOREM 10.6.—If G is a class oft-colorable graphs (whereis a constant) where
List Coloring is polynomial, themIN WEIGHTED NODE COLORINGadmits a PTAS
ing.

Proof. Let G be such a class of graphs, consider a gr@ph G and lete > 0. Set
k=[t-1)01+ D]

Consider the following algorithm. For ay < k:

— consider any/-tuple (z1, - - -, ) € W* wherelV denotes the set of different
weights used in the instance, i.8/, = {w(v) : v € V'};

—find ak’-coloring (S, - - -, Sk/) of G such thatw(S;) < x;,¢ = 1,---, K, if
such a coloring exists;

— output the best coloring among those found in the previous step.

To achieve the second step, we use the fact that List Coloring is polynongial in
Indeed, giver(z1, - - -, zr) € W*', we can define an instance of List Coloring@n
v; can be colored with cola$; for all j € {1,---,k’'} such thatw(v;) < z;. We can
easily see that a coloring is valid for this instance of List Coloring, if and only if this
coloring is such that(S;) < z;,i = 1,--- k.

We claim that the solution calculated by this algorithm is e-approximate, for
anye > 0.

Indeed, consider an optimal solutigit = (S3,---,5/), with w(S}) > --- >
w(S}). If I < k, then we have found, by our exhaustive search, a col¢fing - -, .S;)
such thatw(S;) < w(S}) for all 4, hence an optimal solution.

If I > k, then consider thé-tuple (w1, - --,wx) Wherew, = w(SF) for i <
k+1—tandw; = w(S;,,_,)fori > k+1—t.If we consider thé& —t colorsS}, i =
1,---,k —t,and anyt-coloringS;,j = k+1 —t,- - -, k of the remaining nodes (the
graph is polynomially-colorable), thenw(S;) < w(S;,,_,)forj =k+1—t,--- k.
So, the algorithm finds a coloring for this particular tuflg, - - - , wy, ). Consequently,
the solutionS given by the algorithm is such that:

w®) X w(S) 4 (= Dw(Sia )
w(s) - Sima w(SY)
(t_l)w(511<,+1—t) < t—1

—— — <
= k+1—t S _
Zi; fw(gi) k+1—t

1+¢
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Since we use less thaW*+1| < n*+! times the algorithm for List Coloring as a
subroutine, our algorithm is polynomial, hence we get the expected result. 1

A k-tree is a graph that can be reduced to a clique of/siag deleting iteratively
some nodes the neighborhood of which is a clique of &izA partial k-tree is a
subgraph of &-tree. There are several characterizations of paktimbes. One of
them is the following(G is a partialk-tree iff G is a subgraph of a chordal graph
with a clique number equal to+ 1 (i.e.,w(G’) = k + 1). k-trees are (polynomially)
k + 1-colorable, and we can gelsa 1 -approximation, but we can improve this result
since List Coloring is polynomial in partittrees ([JAN 97]).

COROLLARY 10.6.—MIN WEIGHTED NODE COLORINGadmits a PTAS in partiat-
trees (hence, in particular, in trees).

Although we have proposed an approximation scheme in partiges, the com-
plexity of the MIN WEIGHTED NODE COLORING problem remains open for these
graphs, even fok = 1. A partial answer is given when we consider the case where
or the number of different weights is bounded by a constant. Hence, using Corollary
10.1 orLemma10.1, we deduce tivatti WEIGHTED NODE COLORINGIs polynomial
in G if G is a class ok-colorable graphs (whereis a constant) where List Coloring
is polynomial and ifA or the number of different weights is bounded by a constant.

10.3. Weighted node coloring in triangle-free planar graphs

A planar graph is a graph which can be embedded in the plane such that no cross
occurs between two edges. The node coloring problem in planar graphs has been
shown to beNP-hard by Garey and Johnson [GAR 79], even if the maximum de-
gree does not exceed 4. On the other hand, this problem becomes easy in triangle-free
planar graphs (see Grotzsch [GRO 59]). A graph is triangle-free if it does not con-
tain a triangle as induced subgraph. Note that we have proved in section 10.2.2 that
MIN WEIGHTED NODE COLORINGIS approximable within rati@7/19 in triangle-free
planar graphs.

Here, we show that theIN WEIGHTED NODE COLORINGproblem isNP-hard in
triangle-free planar graphs with maximum degree 4 by using a reduction frear 3-
PLANAR, which is proved to b&lP-complete in Lichtenstein [LIC 82]. This problem
is defined as follows: Given a collectigh= (C4,...,C,,) of clauses over the set
X = {x1,...,z,} of Boolean variables such that each clat§ehas at most three
literals (and at least two), is there a truth assignmesatisfyingC ? Moreover, the
bipartite graphBP = (L, R; E) is planar wheréL| = n, |R| = m and|[z;,¢;] € E
if and only if the variabler; (or z;) appears in the clausg;.
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THEOREM 10.7.— MIN WEIGHTED NODE COLORING is NP-hard in triangle-free
planar graphs with maximum degree 4. MoreoveR3#NP, it is not approximable
within ratio 7/6 — ¢, for anye > 0, in this class of graphs.

Proof. Let BP = (L, R; E) be the bipartite graph representing an instafi€eC)
of 3-SAT PLANAR whereL = {z1,...,z,}, R = {c1,...,cm}. We construct an
instancel = (G, w) of MIN WEIGHTED NODE COLORINGby using two gadgets:

— The gadgets claude(C}) are given in Figure 10.1 for claugg of size 3 and in
Figure 10.2 for claus€’; of size 2. The nodes] are those that will be linked to the
rest of the graph.

¢ c ¢
3T—T 3 3
ZO_T 2 2 2T—03
O O O—CO 3

Figure 10.1.Graph F'(C;) representing a claus€’; of size 3

¢ c
3 3
3
2 T 2 2T—O 3

2

w
@)
N O
O

Figure 10.2. Graph F'(C;) representing a claus€’; of size 2

— The gadgets variablE (z;) is given in Figure 10.3 for variable;. Assume that
x; appeard; times positively ang, times negatively ifX,C), then inH (x;) there
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are2p = 2(p; + p2) special nodes”, 2%, k = 1,...,p. These nodes form a path

[ A

which meets node’, z* alternatively.

3 3 3 3 3 3
Oo—=o0O O i
al a2l a? 22 AP

Figure 10.3. Graph H (z;) representing variable:;

— The weights of nodes which are not given in Figures 10.1, 10.2 and 10.3 are 1.

— These gadgets are linked together by the following process. If vatiabfgpears
positively (resp. negatively) in claugg;, we link one of the variables? (resp.z¥),
with a differentk for eachC;, to one of the three node$ of gadgetr'(C;). This can
be done in a way which preserves the planarity of the graph. Indeed, for each node
v of degree’(v) in the planar grapiB P, let us callel, - - -, ef](“) the endpoints om
of the edges adjacent toconsidered in a circular order. Then, for each edg8in
which joins noder; in endpointe};, to nodeC; in endpointe, , we put an edge from

¥ (if z; appears negatively i@}, =¥ otherwise) tach.

Observe tha is triangle-free and planar with maximum degree 4. Moreover, we
assume thaf is not bipartite (otherwise, we add a disjoint cy€lavith |T'| = 7 and
Yo e V(I),w() =1).

It is then not difficult to check thgtX, C) is satisfiable iffopt(I) < 6.

Let g be a truth assignment satisfyilig’, C). We setS] = {v : w(v) = 3} and
Sh={v: ww) =2y uU{zr: g(z;) = 1} U {zF : g(z;) = 0}. Sinceg satisfies
the formula, we can color at least one nmgewith color 2 and then easily extend
(51, 5%) to a coloringS = (S1,52,53) of G with S, C S; fori = 1,2. We have
w(S1) = 3,w(S2) = 2,w(S3) = 1 and thenw(S) < 6.

Conversely, letS = (S1,...,S;) be a coloring ofG with w(S) < 6. Assume
w(S1) = ... = w(S¢). We have/ > 3 since@ is not bipartite ando(S;) = 3. We
deducew(Sz) < 3 (otherwisew(S) > 3 + 3 + 1). Moreover, since each node of
weight 2 is adjacent to a node of weight 3, we ha&s) = 2. For the same reasons
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as previously, we dedude= 3 andw(Sg) =1.We claimthat forany = 1,...,m,
Sgﬂ{cj,cj,cj} #{ }wherecjl, cj,c are the nodes af'(C;) (with maybecf {})
Otherwise, we must hav{e:l, f, ]} C S5 but in this case, we cannot have colored
F(C;) with 3 colors. Thus, setting(x;) = 1 iff ¥ € S5, we deduce thaj is a truth

assignment satisfyingX, C). |

To conclude this section, let us note thaiN WEIGHTED NODE COLORING iS
polynomial in complements of triangle free graphs (i.e. gra@tsr which o(G) <
2). The algorithm is similar in spirit to that given in Garey and Johnson [GAR 75] for
solving a two-processor problem with unit processing times and resource constraints:
a matching in an auxiliary graph (where nodes are operations) gives the pairs of op-
erations to be processed simultaneously (the algorithm and the correctness are given
in [WER 02, DEM 07]). In addition, it is shown in Boudhar and Finke [BOU 00] that
the problem becomes difficult as soon as there are release dates (even if all weights
w(v) equal 1).

10.4. Weighted node coloring in bipartite graphs

A graph is bipartite if it is 2-colorable. We proved in Corollary 10.3 that the prob-
lem is approximable within ratio 8/7 in bipartite graphs. Now, we mainly show that
on the one handyIN WEIGHTED NODE COLORINGis stronglyNP-hard in bipartite
graphs and, on the other hand, the bound of Corollary 10.3 is tight, since the problem
in bipartite graphs is not approximable within ra8g7 — ¢, for anye > 0. We also
show that some more restrictive versions are &lgshard, namely bipartite planar
graphs andP,;-free bipartite graphs, i.e. bipartite graphs which do not contain in-
duced chains of length 21 or more. We use a generic reduction from the precoloring
extension node coloring problem (in sho®EXT NODE COLORING). Then, using
another reduction we improve this resultRe-free bipartite graphs. Finally, we show
that the problem becomes polynomialiip-free bipartite graphs.

10.4.1. Hardness results

PREXT NODE COLORINGcan be described as follows. Given a positive intdger
agraphG = (V, E) andk subsetd/, ..., Vi of V that are pairwise disjoint, we want
to decide if there exists a node colorifg= (51, . .., Sk) of G such that/; C S;, for
alli=1,... k.

Moreover, we restrict ourselves to some class of graphse assume thaf is
closed when we add a pending edge with a new node (i.€,4 (V, F) € G and
xzeV,y ¢V, thenG + [z,y] € G).
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THEOREM 10.8.—LetG be a class of graphs which is closed when we add a pending
edge with a new node. PREXT NODE COLORINGis NP-hard for graphs inG, then
MIN WEIGHTED NODE COLORINGis NP-hard for graphs inG.

Proof. Let G be such a class of graphs. We shall redue&®r NODE COLORING
in G graphs toMIN WEIGHTED NODE COLORING in G graphs. Consider a graph
G = (V,E) € G andk pairwise disjoint subset¥, ...,V of V. We build in-
stancel = (G’,w) of MIN WEIGHTED NODE COLORING using several gadgefs,

fori =1,...,k. The construction of; is given by induction as follows:
— Ty is simply a rooty; with weightw(v; ) = 2F~1.
— GivenTy,...,T;_1, T; is a tree with a root; of weightw(v;) = 2*~ that we
link to treeT,, via edg€fv;, v,] foreachp =1,...,i — 1.
Ty Ts
T
2k71 219—2 //27C:1 \
/
O O————O |
\
U1 V2 N v/

Figure 10.4. Gadgets fofT;, T> and T5

Figure 10.4 illustrates the gadgefs, 7o, 75. Now, I = (G',w) whereG' =
(V', E') is constructed in the following way:

— G containgG.

—Foralli = 1,...,k, we replace each nodec V; by a copy of the gadgéf;
where we identify with rootwv;.

—Forallv € V'\ (UF_,V;) we setw(v) = 1.

Note that, by hypothesig;’ € G. We prove that the precoloring ¢f (given by
Vi,..., Vi) can be extended to a proper node coloring-aising at mosk colors iff
opt(I) < 2F — 1.

LetS = (S1,...,,Sk) with V; C S; be a node coloring ofi. We getS’ =
(S1,...,,5},) where each stablg; is given byS; = (S; \ V;) U{v: 3j <k, v e
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T; andw(v) = 2F~%}. It is easy to check tha’ is a coloring ofG’ andopt(I) <
w(8') =S8 ok—i = ok _q,

Conversely, letS’ = (57,...,5)) with w(S7) > ... > w(S)) be a weighted
node coloring ofG” with costw(S’) < 2F — 1. First, we prove by induction that
V! ={v: 3p <k, v €T, wh)=2""}is a subset of5}, for all i < k. For
i = 1, the result is true since otherwise we havgs]) = w(S5) = 28~1 and then,
w(8') = w(S]) + w(S3) = 2*. Now, assume thal; C S/ for j < i and let us
prove thatV; = {v: 3p < k, v € T), w(v) = 2¥~¢} C S!. By construction of
gadgetT;, j > 4, each node of weight2*~* is adjacent to a node of weight—»
forallp < i. Thus,v ¢ S;. Now, if V' ¢ 5], thenw(S}) = w(S],,) = 2¢~* and we
deduce that(S') > w(S7) + ... +w(Si,) = Y5, 2877 + 2% = 2%, whichis a
contradiction. Sinc& # { } for i < k, we deduce that > k. Consequently, = k,
sinceVv € V', w(v) > 1. Now, gettingS = (51, ..., Sk) whereS; = (S \ V/) UV,
foreachi = 1,..., k, we obtain a node coloring @¥. |

By using the results of Kratochvil [KRA 93] on théP-completeness of REXT
NODE COLORINGIn bipartite planar graphs anfé| ;-free bipartite graphs, we deduce:

COROLLARY 10.7.— In bipartite planar graphg|N WEIGHTED NODE COLORINGIS
stronglyNP-hard and it is noé — ¢-approximable for alt > 0 unlessP=NP.

Proof. PREXT NODE COLORING with £k = 3 has been provetP-complete in
[KRA 93] for bipartite planar graphs. Since these graphs are closed when we add a
pending edge with a new node, the result follows. Moreover, from the proof of The-
orem 10.8 withk = 3, we deduce that it ilNP-complete to distinguish whenever
opt(I) < 7andopt(I) > 8. |

As a consequenc@|IN WEIGHTED NODE COLORINGIis alsoNP-hard if G is a
comparability graph (i.e., a graph whose edges can be transitively oriented). The above
proof also shows that the problem @fN WEIGHTED NODE COLORINGis NP-hard
for a bipartite graplG as soon as the weights(v) can take three different values.
Finally, note that in [WER 02, DEM 07], it is also proved that on the one hamd,
WEIGHTED NODE COLORINGremainsNP-hard in bipartite graphs with a maximum
degree at most 14 and, on the other hamd, WEIGHTED NODE COLORINGIS poly-
nomial in bipartite graphs when the weights take at most two distinct values.

COROLLARY 10.8.— InPy;-free bipartite graphs4IN WEIGHTED NODE COLORING
is stronglyNP-hard and it is no% — g-approximable for alk > 0 unlessP=NP.

Proof. PREXT NODE COLORING with & = 5 has been provedlP-complete in
[KRA 93] for P3-free bipartite graphs. When, we add gaddgEtwith : < 5, G’
becomesP;; -free bipartite graphs. Moreover, from the proof of Theorem 10.8 with
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k = 5, we deduce that it iBlP-complete to distinguish whenevept(I) < 31 and
opt(l) > 32. |

In Hujter and Tuza [HUJ 96], it is shown thaREXT NODE COLORING is NP-
complete inPs-free bipartite chordal graphs for unboundeda bipartite graph is
chordal if the induced cycles of length at least 5 have a chord). Unfortunately, we
cannot use this result in Theorem 10.8 since the resulting graph has an induced chain
with arbitrarily large length. However, we can adapt their reduction to our problem.

THEOREM10.9.—MIN WEIGHTED NODE COLORINGis NP-hard in Ps-free bipartite
graphs.

Proof. We shall reduce ZAT-3, proved to beNP-complete in Papadimitriou
[PAP 94], to our problem. Given a collectigh= (C4,...,C,,) of clauses over the
setX = {x1,...,z,} of Boolean variables such that each claG$éas at most three
literals and each variable appears twice positively and once negatively, we construct
an instancd = (BP,w) in the following way:

— we start fromBP, = (L1, R1; F1), which is a complete bipartite gragk,, .,
whereL; = {z1,...,2,} andRy = {c1, ..., ¢ }. Moreover, each node @ P; has
weight 1;

—there is also another bipartite grapiP, isomorphic toK, 2, where a per-
fect matching has been deleted. More formaly>» = (Lo, Ra; E2) where Ly =
{li,...,lon}, Ro = {r1,...,m2n} @and[l;,r;] € Ey if and only if i # j. Finally,
w(lq) = w(rq) = 22n~ifor{ = 1,...,2n. Indeed, Set$lgi_1,7"gi_1} and{lg,-, TQi}
will correspond to variable; andz; respectively;

— betweernBP, andBP, there is a seE; of edges|z;,r;] ¢ Esiff j =2i—1or
j=2iand[l;,c;] ¢ Esiff i =2k — 1 andzy, is in C; ori = 2k andzy, is in C;.

Figure 10.5 illustrates the construction of the complemer fwith the clause
Cm =21V IV Ty

Letus show thaB P is Ps-free. We represent in Figure 10.6 the possible subgraphs
on BP; (configurationd;, A; andA3) and onB P, (configurationB; to By) induced
by a chain omB P. In configurationsis and By, the number of nodes is arbitrary. Note
that the upper line may correspond eitheitoor R; for the left part (and., or Rs
for the right part). Now we look at the possible ways to link a configuratigiio a
configurationB; to obtain a chain of length (at least) 8:

— if we choosed, we easily see that it is impossible;

— if we chooseAs,, the only way to have a chain of length at least 8 is to choose
Bs and link a node ofd; to a node ofBs. In this case, we can see that the upper
line corresponds t&; (left part) andL, (right part), and that there is a clause which
contains a variable and its negation;
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C1 C2 Cm ll 12 ZS l4 l2n71 l2n

Figure 10.5. Complement of grapiB P with the clause:,, = T7V 22 VT,

7T P Iy

Ai- Ay - Az B1 Bz By ' Bs B7; - Bg

Figure 10.6. Subgraphs orBP; and BP; induced by a chain

— if we chooseAs, the only possibility to have a chain of length at least 8 is to
chooseBy. But in this case, the chain simply alternates a nod&pofnd a node of
Lo. Then, at least one node &f, is not linked to at least 3 nodes &%, i.e. a literal
appears in at least 3 clauses.

We claim that( X, C) is satisfiable if and only ibpt(I) < 22" — 1.

Let g be a truth assignment satisfyiri(, C). We build inductively the colors.
Sy = {} and for: = 1,...,n, Sg;_1 = {l2i71,7’21‘,1} @] {Cj PG §é Sp,p <
21 — 1,g(:1’,‘1') =1 andxi isin Cj}, So; = {lgi,rgi} U {Cj 1Cj ¢ Swp < Zi,g(xi) =
0 andz; isin C;}. Finally, if g(z;) = 1 then we add:; to S;; otherwise, we add;
to Sa;—1. We can easily see th& = (54,...,52,) is a node coloring ofB P with
w(8) =22 — 1.

Conversely, les = (S, ..., S¢) be a node coloring aB P with w(S) = 22" — 1.
An inductive proof oni shows that/;,r;} C S; (otherwise, we have)(S) > 22");
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consequently/ = 2n. Thus, by settingy(x;) = 1 if x; € Sz; andg(z;) = 0 if
x; € Sa;—1, We obtain a truth assignment satisfyif§, C). |

10.4.2. Ps-free bipartite graphs

We now prove thaMIN WEIGHTED NODE COLORINGIs polynomial for Ps-free
bipartite graphs, i.e., without induced chain on 5 nodes. Notice that in gehefade
graphsMIN WEIGHTED NODE COLORINGIs NP-hard since on the one hand, the split
graphs arePs-free and on the other handjN WEIGHTED NODE COLORINGIis NP-
hard in split graphs (see section 10.5). There are several characterizatiBpfreé
bipartite graphs (see, for example, Hamratal. [HAM 90], Chunget al. [CHU 90]
and Hujter and Tuza [HUJ 93)). In particuld,P is a Ps-free bipartite graph ifBP
is bipartite and each connected componenBéfis 2K»-free, i.e., its complement is
Cy-free.

LEMMA 10.3.—In Ps-free bipartite graph, any optimal weighted node coloring uses
at most 3 colors.

Proof.Let BP = (L, R; E) be aPs-free bipartite graph with connected components
BP,...,BP,. Assume the reverse and let us consider an optimal soldtion=
(ST,...,S;) with ¢ > 4 andw(S}) > ... > w(S;). Observe that, without loss
of generality, we can assume that there exists a connected compg@Rgntolored
with ¢ colors and any connected compon@&d®; using; colors is colored with colors
1,...,j. Moreover, we also suppose that in any connected compdh@nteach node
colored with colori > 2 is adjacent to nodes with colots. .., — 1 (by applying a
greedy rule ors*, see Theorem 10.1).

We claim that there exists< ¢ < j < £suchthatS; NL # {} andS; NR # {}
fork =1,j.

Otherwise, sincé > 4, we must haves; C L (resp.,S; C R)andS; C L
(resp.,S;, C R) for someig < jo. In this case, by merging;, with S’ , we obtain a
better node coloring thaf*, which is a contradiction.

So, consider the connected componBii,, and let/; € S7 N L andr; € S;NL
be two nodes ofBP;,. From this claim, we deduce that there exist 2 other nodes
li,’l“z' of BPk:g such thaTlZ S Sz* NL,r € Sz* N R and [liﬂ“j] € F, [lj,’f‘i} € FE.
Since BP is bipartite, these 2 edges are independent, which is a contradiction with
the characterization a?;-free bipartite graphs. |

Let BPy,...,BP, be the connected components &P where BP;, =
(Li, Ri; E;). Let S* = (S5, 55,5%) (with maybe somes; = {}) be an optimal
solution withw(S}) > w(S3) > w(S3) and denote bys; = (577, 557", S5') the re-
striction of S* to the subgraplB P;. Note that we may assume(S;"") > w(S3") >
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w(sg’i) (otherwise, we can flip the color without increasing the weight). Moreover,
we have:

LEMMA 10.4.— We can always assume that one of these situations occurs, for any
i=1,...,p:

(i) S7* = L; (resp.,S;"" = R;), S5 = R; (resp.,S3" = L;) and S5 = { }.

(i) Sy"NLi #{}andS; ' NR; #{}, 95" C R; (resp.,S;" C L;)andS;" C L;
(resp.,S3"" C R;).

Proof.Let BP = (L, R; E) be aPs-free bipartite graph with connected components
BPy,...,BP,. Assumethas;" N L; = { } or S;""NR; = { }. Inthis case, itis clear
that we are in the first itenti) (since we have assumed thatS;") > w(S3") >
w(S5")). Now, suppose that;" N L; # {} andS;" N R; # { }; from the proof of
Lemma 10.3, the result follows. |

The algorithm calculating an optimal solution is described in the following way:

P5-FREEBIPARTITECOLOR
1) For allky, ke € {w(v) : v € V}, k1 > ko, do: for all connected component
BR = (L“RI,EI),Z: 1,...7]9, do
a) IfL;UR; \ (L} U R}) is an independent set wheké = {v € L; : w(v) <
kil andR; = {v € R; : w(v) < ky} then setSy"* = L7, S{* = R! and
Syy* = LiU B\ (L U R));
b) Otherwise, ifL; U R; \ (L} U RY) is an independent set whelé = {v €
Li : w(v) < ko}andR, = {v € Ry : w(v) < ki} then setsiy* = R,
Syt = LiandSy™ = L; U R; \ (L} U RY);
c¢) Otherwise go to step 1;
d)Set sfb= = U Sh* for j o= 1,2,3 and Shik: =
(57", 557", 55" (with possiblysy™ ™ = { });
2) OutputS = argmin{w(S*:*2) 1 ky < ky}.

This algorithm has a complexity(n|w|?) where|w| = [{w(v) : v € V}|. By
applying a dichotomy technique @gn, we can improve it t@(n|w|log|w|). Note that
this algorithm also calculates the best node 2-coloring among the colorings using at
most 2 colors (Whef; = wyqz)-

THEOREM 10.10.— MIN WEIGHTED NODE COLORINGIs polynomial inPs-free bi-
partite graphs.

Proof. Let §* = (S7,55,5%) (with possibly S; = {}) be an optimal solution
satisfying Lemmas 10.3 and 10.4. We assume ih@f;) > w(S;) and if S*
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is a node 3-coloring, then we have(S;) = wmas; Otherwisew(S}) = 0. Let

ki = w(S3) andks = w(S%); consider the step of algorithm corresponding to
k1, ko. If S* is a node 2-coloring, then the result is true. So, assumeSthat { };

by constructionP;-FREEBIPARTITECOLOR calculates a feasible solutigif* *2 with
w(ST™) < Wiaw, w(SE™) <k andw(S5*2) < ky. Thus, we deduce the
expected result. |

Let us finish this section by mentioning thatfif= (G,w) whereG = (V, E)
is the complement of a bipartite graph, them WEIGHTED NODE COLORING S
polynomial. Indeed, this is a particular case of the result for complements of triangle-
free graphs.

10.5. Split graphs

In this section, we examine the situation gplit graphs, i.e., graph&’ =
(K1, V3; E) in which the node seV can be partitioned into a stable g6t and a
clique K. These graphs can be considered as intermediate between bipartite graphs
and complements of bipartite graphs. We mainly prove that WEIGHTED NODE
COLORING s stronglyNP-hard and admits a PTAS in this class of graphs.

10.5.1. Complexity result

The following theorem, characterizes the complexityvoli WEIGHTED NODE
COLORING in split graphs.

THEOREM10.11.—MIN WEIGHTED NODE COLORINGis stronglyNP-hard for split
graphs.

Proof. We shall use a reduction from the following problem cali@d SET COVER

given a collectiorC = {C, : j € J} of subsets of a seX and a positive integey

(¢ < |J|), does there exisf’ C J such that the subcollectia®l = {C; : j € J'}

satisfiedJ’| < g andU;e 5»C; = X?MIN SET COVERWas shown to b&lP-complete
in [KAR 72].

We shall transform an instan¢¢C; : j € J},X) of MIN SET COVERInto an
instancel = (G, w) of MIN WEIGHTED NODE COLORING WhereG = (V, E) is a
split graph. Let us construct the graphas follows. Each element of X becomes
a nodev, of the stable sel;; each subsef’; in C corresponds to a nodg of the
cligue K; of G. The setN(c;) of neighbors of node; is given by:N(c¢;) = {v, :
xz € X\ {v; : x € C;}. The weights are given by(c;) = |J|, for j € J, and
w(vg) = |J| + 1, forv, € Vs.
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Then there exists a set cov@r= {C; : j € J'} with U, C; = X and|J'| < ¢
if and only if there exists if; ak-coloringS = (54, . .., Sk) with w(S) < |J|? + ¢.
This can be seen as follows. Assume that we have a set€bvef{C; : j € J'} with
|J'| < g and for eachr € X letj(z) = min{j € J' : x € C;};forj =1,...,|J]|
let.S; = {c;} U {v, : j(x) = i}. This gives d.J|-coloringS of G: sinceC’ is a set
cover, every node, € V5 is introduced into a sef;. Furthermoregz € C; implies
that nodes), andc; of G are not linked by an edge and hence e&cls a stable set.

Now w(S) = Y171, w(S;) and we haveu(S;) = || if j ¢ J' andw(S;) < |J| +1
if j € J'. Hencew(S) < |J|? + ¢. Conversely, leS = (S1,. .., Sk) be ak-coloring

of G with w(S) < |J|? + q. We haveg < |J| and hence < |J| + 1. SinceG has a
clique K on|J| nodesc; satisfyingw(c;) = |J| and since all nodes, € V» have
w(v,) = |J| +1, the coloringS is a|.J|-coloring. This means that we can assume that
cj € S;forj=1,...,]J|. Sincew(S) < |J|>+ ¢, there are at mostsubsetsS; in S
with w(S;) = |J| + 1. For every node, € V, there exists a stable séf,, which
containsv,.. This implies that for each, € V», there exists a subsé}, in C which
containse. LetJ’ = {j : j = i(x) for someuv, € V3}; it follows thatU,c ;. C; = X.
Furthermore, since/(S;(,)) = |.J|+1 for anyv, and sincev(S) < |J|?+ ¢, we have

|J'] < ¢. Hencel' = {C; : j € J'} is the required set cover. |

The proof of Theorem 10.11 shows that the probleMRshard even if the weights
can take only two values. As observed in [BOU 00], the problem is easy if all weights
are 1; it amounts to finding the chromatic number of a split g@phk (K1, Va; E).

We havex(G) = |K;| whereK; is the maximum clique. More generally, when all
weights are 1, the problem is just graph coloring, which is polynomial for perfect
graphs and some other classes (see for instance BrandstidBRA 99]).

It also follows from the proof of Theorem 10.11 thatN WEIGHTED NODE COL-
ORING is NP-hard for chordal graphs (i.e., graphs where every cycle of length at least
four has a chord), since a split graph is a chordal graph.

10.5.2. Approximation result

From Theorem 10.11 we deduce that there is no fully polynomial time approxi-
mation scheme in this class of graphs. Here, we propose a polynomial time approxi-
mation scheme using structural properties of optimal solutions. An immediate obser-
vation of split graphs is that any optimal node colorifiy = (57, ..., S;) satisfies
|K1] < £ < |K1]+1and any colofS} is a subset oF, with possibly one node ok’

In particular, for any optimal node colorir§* = (S5,...,S;) , there exists at most
one index(S*) such thatS} ., N K1 = { }.

LEMMA 10.5.—There is an optimal weighted node colorifg = (ST, ..., S;) with
w(ST) = ... > w(S;) and an index, < ¢+ 1 such that:
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—Vj <o Sf = {v;} U{v € Vo : v ¢ U_|S;and[v,v;] ¢ E} for some
v € K.

—S: =Va\(S;U...USE ).

=Vj >io S} = {v;} for somev; € K;.

Proof.LetG = (K, V»; E) be asplitgraph and let* = (ST, ..., .S;) with w(ST) >
... = w(S;) be an optimal weighted node coloring Gf If £ = n; (we recall that
ny = |K1]), then we sety = ¢+1, otherwise lef, be the uniqué such thatSNK; =
{ }. We build setS;” in the following way:

—fori=1,...,i0— 1,57 = {v;}U{v € Va: v ¢ U_.S; and[v,v;] ¢ E}
where we assume thaf N Ky = {v;};

—- S =V \ (S U...US:_,);

ig—1

—fori=ig+1,...,0, 8 =S NK.

Thus, wheniy = /+1, the sets resulting from the second and third steps are empty.
Let us prove that:

Vi=1,....0, w(S) <w(S)) [10.7]

Sincew(ST) > ... > w(S}), we havew(S}) = max{w(v) : v € K1 UV, \
]SSE U...US; )} Moreover, by construction):_} S; € UiZ} S¥'. Thus, the result
ollows.

Using inequality [10.7], we deduce that node colori$ig = (S; ,...,S;") has
a costw(S*) < Y'_, w(S;) = opt(I) and thens* is an optimal weighted node

coloring satisfying Lemma 10.5. ]

SPLITNODECOLORy
1) For all subsetk; C K; with |K{|] = p < k do: for all bijectionsf:
{1,...,p} — K do
ajFori = 1 top setSZ.Ki’f = {fO)rufv € Vo + v ¢
Ui S andp, £(0)] ¢ EY;
b) Sets™l, , = Vo \ (5{T UL U,
c) Fori = p+2tong +1 (assumek \ K| = {vpt2,. .-, VUn,+1) setSiKi’f =
{vi}:
d) SetsKi/ = (sff . gEudy;
2 OutputS = argmin{w(S¥1-1)}.
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This algorithm has a time complexity(k!n*+1).

THEOREM10.12.—Forall e > 0, SPLITNDDECDLDRM produces g1 + ¢)-approx-
imation forMIN WEIGHTED NODE COLORINGIn split graphs.

Proof. Let G = (K, Vs; E) be a split graph and les* = (S7,...,S;) with

w(ST) = ... = w(S}) be an optimal weighted node coloring 6f satisfying

Lemma 10.5. Lekt = [1]. If iy < k, then by construction the solutighreturned by

g

SPLITNODECOLOR;, is optimal. So, assume that > k and letK? = (UE_ S5\ Va.
Obviously,|K;'| = k and letf*(i) = S N K, fori =1,... k.

Let us examine the solutioXi -/~ corresponding to the steff] = Kf' and
f = f* of SPLITNODECOLOR,. By construction, we have:
Vi=1,... .k S5 =g [10.8]

(3

Moreover, sinces; \ Ki' C S;,, U...US; andK1 \ K{ is a clique, we obtain:

ST owsf T < S w(sy) [10.9]
Thus, combining [10.8] and [10.9], we deduce:
w(SKT Y Zw(SETL Y < opt(D) [10.10]

k+1

Moreover, by constructionu(S,ﬁl’f*) < w(SE) < ... < w(SY) and then:

s 1
w(Sph ) < - < opt(D) [10.11]

Finally, using these two last inequalities with< e, we obtain the expected result.
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10.6. Cographs

The case ofP,-free graphs (or, equivalently, graphs containing no induced
chain P, on four nodes) has to be mentioned. These graphs, also called cographs,
are a subclass of the perfectly ordered graphs introduced in Chvatal [CHV 84]. For
the perfectly ordered graphs, an ordeon the node set” can be defined in such a
way that for any induced subgrapgh of the original grapltz thegreedy sequential al-
gorithm(GSC) based on the ordéf induced byl on the nodes ofr’ gives a minimum
coloring of G’ (i.e., a coloring in exactly (G’) colors). Here th&sc algorithm based
on an orde® consists of examining consecutively the nodes as they ocaiaimd
coloring them with the smallest possible color. As observed in [WER 90], a graph
is a cograph if and only if for all induced subgrap@i§of G the GSC based on any
orderf gives a coloring of5’ in x(G’) colors.

LEMMA 10.6.—If T = (G,w) whereG = (V, E) is a cograph, then alk-colorings
S =(51,...,Sk) minimizingw(S) satisfyk = x(G).

Proof. Assume that there is &-coloring S* = (S7,...,S;,) which is an optimal
solution of MIN WEIGHTED NODE COLORINGON I = (G, w), whereG is a cograph
and for whichk’ > x(G). As before, we assume that(S}) > w(S;) > ... >
w(S},). We can order the nodes 6f by taking consecutively the nodes 8f, those
of S5 and so on. Using the resulting order we can applyabe algorithm which
will produce ak-coloring withk = x(G). Each node» with color 5 will have after
recoloring a colot < j.

Let us examine what happens when some noiéially with color j gets a color
1< j.LetS = (S1,...,Sk) be the resulting coloring; we hav. = S for r # i, 5.
Also, S; = 57\ {v}, S; = 57 U{v}. Sow(S;) < w(S;) and sincav(v) < w(S5) <
w(S}), we also havev(S;) < w(S}) and hencev(S,) < w(S}) forr =1,... k.
So,w(S) < opt(I).

Now, if we callS’ = (57, . .., S},) thek-coloring resulting from th&sc algorithm
with the order described above, we will havgS’) < w(S*). ButnowsS;  ; = { },s0
0 = w(S;41) < w(S;,) because all weights are positive. Heneg¢s’) < w(S*),
which is a contradiction. |

We can now show that there is a polynomial algorithm which construdts a
coloringS which is an optimal solution afiiN WEIGHTED NODE COLORING such a
result can be expected from graphs like cographs for which several generally difficult
coloring problems are easier (see Jansen and Scheffler [JAN 97] for example).

THEOREM10.13.—LetG = (V, E, w) be a a weighted cograph. Then the colorifig
constructed by th&sc algorithm based on any ordet whereu < v (u beforev
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in 0) implies thatw(u) > w(v) is an optimal coloring ofMIN WEIGHTED NODE
COLORING.

Proof.Lett; > t3 > ... > t, be the values taken by the weight$v) in G. Everyk-
coloringS = (S1,...,Sk) of G with k = x(G) andw(S1) = w(S2) = ... = w(Sk)
satisfies:

w(S;) > max {ts : w(G(s)) > i}.

wherew(H) denotes the maximum size of a clique in a grdphand G(s) is the
subgraph generated by all nodewith w(v) > t,. Indeed, any such-coloring will
have the firsto(G(1)) setsS; with w(S;) = t;; also the firsto(G(2)) setssS; will
havew(S;) > t2 and generally the first(G(s)) setsS; will have w(S;) > t;. Now
consider thek-coloringS” = (57, ...,.5;) obtained by applying thesc algorithm
based on any ordérwith non-increasing weights. Le{s) be the largest color given
to a nodev with w(v) = t,; letvy be such a node. Since cographs are perfectly ordered
graphs (with respect to our ordey, it follows by considering the subgraghl of G
generated by, and all its predecessors fhthat there is inG’ a cliqueK > vy with
KnS#{}fori=1,...,p(s). Clearly,w(v) > t, for every nodev € K. This
means thap(s) < w(G(s)). NowS’ (where we haver(S7) > ... > w(S},)) satisfies
w(S!) = max{t, : p(s) > i}; butthenw(S)) < max{ts : w(G(s)) > i} and we have
w(S!) = max{ts : w(G(s)) =i} fori =1,... k. SoS’ is an optimum coloring of
MIN WEIGHTED NODE COLORING |

The above proof shows in fact that if we are given a perfectly ordered graph
and if the ordei® of non-increasing weights is such that th&C algorithm gives a
minimum coloring (i.e., &-coloring withk = x(G)), then we can find an optimum
coloring of MIN WEIGHTED NODE COLORING For cographs, this condition was sat-
isfied since any ordet could be chosen to construct a minimum coloring.

10.7. Interval graphs

Interval graphs are frequently used in practice, in particular when dealing with
scheduling problems. An interval graph is the intersection graph of a set of intervals.
A well known characterization of interval graphs is the followirdg:s an interval
graph iff G is a chordal graph an@' is a co-comparability graph. Although the col-
oring problem is polynomial in interval graphs (since an interval graph is a chordal
graph), in this section, we prove that tieN WEIGHTED NODE COLORINGproblem s
stronglyNP-hard in interval graphs. The statusmifN WEIGHTED NODE COLORING
in interval graphs was an open question raised in [GUA 97]. From the approximation
viewpoint, a2-approximate algorithm is provided in [PEM 05].

Note that the result given in Theorem 10.11 does not allow us to concludeithat
WEIGHTED NODE COLORINGIis NP-hard in interval graphs since this class is strictly
included in the class of chordal graphs.
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THEOREM 10.14.—MIN WEIGHTED NODE COLORINGiIs stronglyNP-hard in inter-
val graphs.

Proof. We reduce the Circular Arc Coloring problem to our problem. A circular arc
graph is the intersection graph of the arcs of a circle. Gatal. [GAR 80] proved
that the Circular Arc Coloring problem, i.e., the problem of finding a minimum size
coloring in circular arc graphs, NP-hard. LetG be the intersection graph of the
tuple of circular arcsd = (4;)eq1,....ny and letk € {1,---,n}. Assume, without
loss of generality, that the intervalls are open. We transform this instance of Circular
Arc Coloring in an instancé’ = (G’, w) of MIN WEIGHTED NODE COLORING as
follows. Leta be any point on the circle, andh, = {j : a € A;}. For simplicity,
assume wlog. that point belongs to some arcs and thgt= {1,-- -, jo}, for some

Jo = 1. Foranyj < jo, we splitintervalA; = (c;,d;) in A} = (cj,a) and A} =
(a,d;). Forj > jo, we defined’ = A;. Let A’ be the(n + jo)—tuple of intervals
(A%)jeq1,..ny and (A7);<j,- Let G’ be the intersection graphs of'. We set the
weightsw of G" in the following way:w (v}) = w(v}) = 2k(jo+1—j)if j < jo and
w(v}) = 1for j > jo. The description of instancE = (G’,w’) of MIN WEIGHTED
NODE COLORINGIiS now complete.

Note that{v;, j < jo} is a clique in G. We can suppose that> j, (otherwise
G is trivially not k-colorable). We claim thak(G) < k (wherex(G) denotes the
chromatic number of) if and only if opt(G’) < kjo(jo + 1) + k — jo = B.

Suppose thaf = (S, ---,Si) is a coloring ofG. Then, setS” = (S1,---,S})
whereS; = S;\{v; : j < jo}U{v}, v} : v; € 5,7 < jo}. We can easily see that is
a coloring ofG’. Furthermore, we havept(G') < w(S') = 2k 272, j + (k —jo) =
B.

Conversely, leS” = (57, - --,5]) be a coloring ofz’ with opt(I") = w(S’) < B.
Assume thato(S;) > w(S;) for anyj > ¢ and note tha{v{,v{} € S, otherwise
opt(I') = w(S') > 2kjo + 2kjo + 2k Y1257 j = kjo(jo + 1) + 2kjo > B. With
a similar argument, we can show that;, v} € S’ for any;j < jo. Consequently,
w(S") = kjo(jo + 1)+ (I — jo) and therl < k. SetS; = S{\ {v}, v/} Uv,; fori < jo

andsS; = S/ fori > jo.S = (Sy;---,5;) is al-coloring of G, andx(G) < I < k. 1

Using Theorem 10.14 and the characterization of interval graphs, we deduce
that the MIN WEIGHTED NODE COLORING problem is stronglyNP-hard in co-
comparability graphs.
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Chapter 11

Weighted Edge Coloring

11.1. Introduction

In several communication systems [INU 79, BON 81, GOP 85, REN 85, RIB 89,
PRA 00, KES 04] messages are to be transmitted in a single hop from senders to re-
ceivers through direct connections established by an underlying switching network.
In such a system, a sender (resp. receiver) cannot send (resp. receive) more than one
message at a time, while the transmission of messages between different senders and
receivers can take place simultaneously. The scheduler of such a system establishes
successive configurations of the switching network, each one routing a non-conflicting
subset of the messages from senders to receivers. Given the transmission time of each
message, the transmission time of each configuration equals to that of the heaviest
message transmitted. Moreover, in practice there is a significant set-up delay to estab-
lish each configuration. Note, for example, that in optical switches this overhead may
dominate the transmission time. The aim of the scheduler is to find a sequence of con-
figurations such that all the messages are finally transmitted and the total transmission
time (including set-up delays) is minimized.

This problem can be formulated in graph-theoretic terms as following: senders and
receivers can be considered as the vertices a weighted grapli = (V, E), whose
edgesE correspond to messages and their weights), e € F, to the lengths (trans-
mission times) of messages. Although the grépbbtained is originally a weighted
directed one, it can be considered as an undirected one, since the directions of its edges
do not play any role in the objective function we study here. Clearly, a configuration

Chapter written by Marc EMANGE, Bruno ESCOFFIER Giorgio LUCARELLI, loannis MLIS,
Jérébme MONNOT, Vangelis Th. RscHosand DominiqueDe WERRA.
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corresponds to a matching or a color (in terms of edge coloring) of the graji
this context, we ask for a partitial = {M;, Mo, ..., M} of the set of edge&’ of
the graphG into matchings (colors), each one of weight = max{w(e)|e € M;},
such thatV = "7 | w; is minimized.

Due to the fact that the weight; of each color is defined as the maximum weight
of the edges coloredl/;, in what follows we shall refer to this problem as Max-weight
Edge Coloring (MEC) problem. Clearly, if all the edges@®fhave the same weight
then the MEC problem amounts to the traditioedbe coloringproblem, where the
objective is to minimize the number of colors (matchings) required in order to assign
different colors to neighboring edges.

An alternative way to represent the input as well as the solution is by using a
traffic matrix A = (a.y), Where every element,, is equal to the transmission time
from senderz to receivery. The goal is to find a collection of switching matrices
(i.e., with at most one non-zero entry in each row and in each columnls, ..., A,
such that: ()A4; + A2 + ... + A, = A and (i) >°)_, w(A4;) is minimized, where
w(A;) = max{aqzy| azy € Ai}.

The MEC problem is equivalent to the parallel batch scheduling problem with
(in)compatibilities between jobs. According to the standard notation for scheduling
problems we denote this variant 8$p — batch, graph | Cpq.. In this variant jobs
are no longer independent but they correspond to the edges of a weigliefd
Edge weights correspond to processing times of jobs and the gragbscribes
(in)compatibilities between jobs, i.e. jobs corresponding to adjacent edges cannot be
scheduled in the same batch (color).

During the last years, several complexity and approximability results for the MEC
problem have been presented. Table 11.1 summarizes all the existing and known re-
sults for the MEC problem.

In this chapter, which is an extension of Chapter 10 to edge coloring, we review the
known complexity and approximability results for the MEC problem. In the next sec-
tion we present briefly some related problems, while in section 11.3 we give the nota-
tion we use and some preliminaries. In section 11.4 the most rbif&nbmpleteness
proof for the MEC problem on cubic planar bipartite graphs is presented, while in
section 11.5 a polynomial algorithm for graphs of maximum degree two is shown.
Then, a2-approximation algorithm for general graphs is presented in section 11.6. In
section 11.7 three approximation algorithms for some special cases of bipartite graphs
are presented. Finally, in section 11.8 we present two polynomial algorithms for trees:
the first one for trees of bounded degree and the second one for stars of chains. We
conclude in section 11.9.
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Class of grapht7 || Known results |

A=2 Polynomially solvable [ESC 06]

Stars of chains ||Polynomially solvable [LUC 07]

Polynomially solvable for boundefi [LUC 07]
OpenifA is part of the instance

NP-hard andr/6-inapproximable, even if7 is cubic
and planar [WER 04]

Bipartite (2A — 1)/3 approximation [DEM 02]

A = 3:7/6 approximation [WER 04]

A < 7:p(A) < 2 approximation [LUC 07]

2 approximation [KES 04]

A < 4:p(A) < 2 approximation [ESC 06, LUC 0f

Trees

General

—_—

Table 11.1.Known results for the MEC problem

11.2. Related problems

A natural idea to decrease the cost of a solution to such a weighted edge col-
oring problem is to allow the division of each edgeof G into parallel edges
of weights adding up tau(e). In fact, this idea corresponds to the notion of pre-
emption in scheduling problems: interrupt the execution of a job (the transmission
of a message) and complete it later. The weight of each ddlois now defined as
w; = max{w;(e)le € M;}, wherew;(e) is the portion of the’’s weight belonging to
matching);, and we ask for a partitiod/ such thaty";_, w;(e) = w(e),Ve € E,
andW = >"7_, w; is minimized. We shall refer to this variant as pre-emptive MEC
(p-MEC) problem.

The existence of a set-up deldyencountered in practical applications to establish
each matching (configuration), does not make any difference for the MEC problem:
this can be taken into account by increasing the weight of all edgéshyfd. Thus,
the weight of each matching it¥ will be also increased by, incorporating the set-up
delay for this matching.

On the contrary, the presence of such a parameter affects crucially the complex-
ity of the p-MEC problem. In the absence éfthe p-MEC problem is equivalent
to the pre-emptive open shop scheduling problem which can be solved optimally in
polynomial time [LAW 78]. However, in the presence éthe p-MEC problem be-
comes stronglNP-hard [GOP 85] and non-approximable within a factor less fty@n
[CRE 01]. Approximation algorithms of factogsand2 — %H have been presented in
[CRE 01] and [AFR 05], respectively.
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Max-weight Vertex Coloring (MVC) problem, the analog to the MEC problem,
has been studied more extensively in other works during the last years [BRU 98,
FIN 04, DEM 02, WER 04, ESC 06, PEM 04, PEM 05]. In the MV C problem we ask
for a partition of the vertices afr into independent sets (colors), each one of weight
equal to the maximum weight of its vertices, so that the total weight of the partition is
minimized.

Note that the MEC problem, on a general graghis equivalent to the MVC
problem on the line grapt,(G), of G and thus any algorithm for the MVC problem
applies also to the MEC problem. However, this is not true for special graph classes,
since the line graph of a special graph (e.g. bipartite or tree) is no longer in the same
special class.

11.3. Preliminaries and notation

In what follows, we consider the MEC problem on a weighted gi@ph (V, E).
By d(v), v € V, we denote the degree of vertexand byA(G) (or simply A) the
maximum vertex degree af. We define the degree of each edde,v) € F as
d(u,v) = d(u) + d(v) andA’(G) (or simply A’) denotes the maximum edge degree.

It is well known that the traditiona¢édge coloringproblem, isNP-hard even in
cubic graphs [HOL 81], although its optimal solution is eitienr A + 1 [VIZ 64].
On the other hand, it is solvable in polynomial time for bipartite graphs [KON 16].
Obviously, by applying such an algorithm on a weighted bipartite graph we obtain a
A-colors solution, in general non-optimal, to the MEC problem. For the number of
matchings in an optimal solution of the MEC problem the following bound holds.

PrROPOSITION11.1.—For the number of matchings?, in an optimal solution it holds
thatA <s* <A’ —1<2A - 1.

Proof. Any solution consists of at leagk matchings, since there is a vertex with
exactlyA adjacent edges which belong in different matchings.

Assume that an optimal solution consistsdfor more matchings. Consider those
matchings sorted in non-increasing order of their weights. Each edgda$ at most
A’ — 2 neighboring edges. So, for each edga any (A’ + i)-th matching;i > 0,
there is one of the firs\’ — 1 matchings where can be moved without increasing
the weight of this matching.

The last part of the inequality follows directly from the definitionof. |

Henceforth, we consider the edges@®@fsorted in non-increasing order of their
weights,w(e1) > w(ez2) > ... > w(en). Thus,e; denotes the heaviest edge@f
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By opt we denote the cost of an optimal solution to the MEC problem. We also
assume that in such an optimal solution the graph is decomposestintatchings,
each one of weighw;. Without loss of generality we consider the matchings of any
solution in non-increasing order of their weights, ug. > ws > ... > w,, and for
the optimal solutionv; > w3 > ... > wi..

11.4. Complexity and (in)approximability

Kesselman and Kogan [KES 04], by extending the results of the p-MEC problem
given in [GOP 85, CRE 01], prove that the MEC problenNB-hard and7/6 inap-
proximable even in bipartite graphs of maximum degree three and the edge weights
restricted to bd, 2 or 3. AnotherNP-hardness proof for the equivalent formulation
of the MEC problem on bipartite graphs in terms of matrix decomposition has been
proposed in [REN 85].

Demangeet al.[DEM 02] prove that the MEC problem is strong§P-complete
for k-regular bipartite graphs fot > 3. They, also, prove that it iSlP-complete to
approximate the MEC problem for these graphs within a ratio Iess%ﬁi&n which
for k = 3 becomes/7.

Here, we present a proof for the stronglfP-completeness of the MEC problem
in cubic bipartite planar graphs proposed in [WER 04]. This proof also yields to an
7/6 inapproximability result.

THEOREM11.1.— TheMEC problem is strongl\NP-complete in cubic bipartite pla-
nar graphs even if the edge weights are restricted,t® or 3.

Proof. In [MAR 05] it has been shown that the followirtedge Precoloring Exten-
sion (PREXT) problem, in cubic bipartite planar graphs, is stronijli-complete:
given a cubic bipartite planar gragh = (V, E') and3 pairwise disjoint matchings
E,,Es, E5 C E, we ask if it is possible to extend the edge precolodifigEs, F5 to
a proper edg8é-coloring of G.

An instancel = (G’,w) of the MEC problem will be constructed such that the
answer to an instancg~, E1, E», F5) of the RREXT problem is yes if and only if
there exists a solution for the MEC problem bwith costiV’ < 6. The construction
of instancel is the following:

— Each edge i’; receives weighs.

— Each edgdzx,y) € E, is replaced by a gadgé®, described in Figure 11.1,
wherezx andy correspond tay anduvg, respectively.

— Each edge irt; is replaced by a gadgét which is the same as the gaddet
except that the weightisand2 have been exchanged.
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— The remaining edges ¢f receive weight..

Figure 11.1. GadgetF; for e € E»

Note thatG’ is still a bipartite cubic planar graph.

Assume, first, thar admits an edg8-coloring M = { My, My, M3} whereE; C
M;, foranyi = 1,2,3. We get a coloring\{’ = {M7, M}, M3} of G', whereM;| =
M1U{€ e FhUF5: w(e) = 3} and, fori = 273’M7,/ = (Mz 7EZ')U{€ e FhUF5:
w(e) =4 —i}. ltis easy to check thdaV’ < 3+2+1=6.

Conversely, consider an edge colorivly = { M7, M}, ..., M.} of G’ with W’ <
6 and w.l.0.g. assume that; > w} > ... > wl. It holds thats > 3, sinceA(G’) = 3
(Proposition 11.1). All the edges of weighimust be in the matchingy/], and no edge
of weight2 is in M, with p > 3, since otherwis&/’ > 7 (3 + 3 + 1 in the first case
and3 + 2 + 2 in the second case). Moreover, each edge of weghtidjacent to an
edge of weighB and, then, these edges are necessarily/in Finally, note that the
edges of the gadgets of weightare neighbors to an edge of weightind an edge
of weight3 and must be inV, with p > 3. Therefore, it holds that = p = 3,
sinceW’ < 6. Thus, consider the edge coloridg = {M;, M2, Ms} of G, where
M;=(M]—-{eec F,UF3:w(e) =4—1i})UE;, foranyi = 1,2,3. Itis easy to see
that{ M, M>, M3} is a solution for the REXT problem. |

THEOREM11.2.— For all ¢ > 0, the MEC problem is not7/6 — ¢ approximable in
bipartite cubic planar graphs, unless= NP.

11.5. Graphs ofA =2

A graphG with A(G) = 2 is a collection of chains and cycles. We will call such
a chain or cycle a component &f. According to Proposition 11.1, the number of
matchings in an optimal solution of the MEC problem in graphs wliz) = 2 is
either two or three. Specifically, & does not contain an odd cycle, then the optimal
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solution for the MEC problem could have two or three matchings. Otherwise, the op-
timal solution has exactly three matchings, since an odd cycle cannot be decomposed
into less than three matchings.

The MEC problem is polynomial for graphs of maximum degfee= 2. This
result follows from the same variant of the MVC problem. In [ESC 06] has been
presented an)(|V|?) algorithm for the MV C problem on chains, which can be easily
adapted for the MVC problem on graphs of maximum degkee 2 (collections of
chains and cycles). Moreoverfis a graph of maximum degree 2, then its line graph
L(G) is also a graph witi\ (L(G)) = 2.

The algorithm which is presented in [ESC 06], denote@B§REE_2 and adapted
for the MEC problem is as follows:

- DEGREE_2
1. for each edge weight ¢ =w(e1),w(ez),... do
2 Insert into M; each edge e € E with w(e) > ¢
3. If My <s a matching then
4 For each pair of edges x,y € E with w(x),w(y) > c
in the same connected component in G,
without any other edge e € E with w(e) > ¢ between them

5. If the number of edges between x and y %s even then
6. Insert into M3 the minimum-weight edge
between x and y
7. Insert alternately in M; and M the (remaining) edges

between x and y
8. Return the best solution found

Algorithm DEGREE_2 creates at mosf| different solutions and returns the mini-
mum of them. For each possible weight of the second matehihg algorithm finds
the minimum weight of the third one, while the weight of the first one is known and
equal to the heaviest edge of the graph, it = w(e1) = max{w(e),e € E}. Thus,
in the iteration where = w; DEGREE_2 finds the optimal. Note that can find the op-
timal solution with two matchings, if such a solution exists and it is optimal, since in
the iteration where = w; the third matching may not contain any edge,ivg.= 0.
Finally, observe that algorithDEGREE_2 can be applied in graphs with cycles. In this
case, edges may exist both betweeandy and between andx (see Linet), but this
fact does not affect the algorithm.

THEOREM 11.3.— An optimal solution to the MEC problem for graphs of maximum
degreeA = 2 consists of at most three (i.e., two or three) matchings and can be found
in O(|E|?) time.
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11.6. A2-approximation algorithm for general graphs

Since the weightv; of the matchingM; is equal to the weight of its maximum
edge, a greedy algorithm must group in the same matching edges whose weights are
close to one another. Kesselmainal. in [KES 04] used this intuition and presented
an algorithm with a tight approximation ratio ®f Note that in [KES 04] it is proved
that this approximation ratio holds for bipartite graphs; however, it is easy to see that
this result also holds for general graphs.

The greedy approximation algorithm, denotedd®EEDY, proposed in [KES 04]
for the MEC problem for any graph follows.

- GREEDY
1. Sort the edges of G in non-increasing order of their weight
2. Using this order find greedily successive

mazimal matchings My, Ms, ..., M,

THEOREM 11.4.— Algorithm GRREDY is a tight 2-approximation algorithm for the
MEC problem.

Proof.Let M = {M;, M>, ..., M} be the coloring constructed by the greedy algo-
rithm. Obviously, it holds thatv; > ws > ... > w,. Consider the-th matching and
lete = (u,v) be the heaviest edge in tligh matching, i.e.w; = w(e). Let, also,

x andy be the number of edges of weight at leage) that are incident ta: and

v, respectively. Since the edgéhas not been selected by the algorithm until ik
matching, it follows that at least one of these y edges has been selected in each one
of the matchingd\/,, My, ..., M;_4; otherwise, the edgewould have been already
selected. Therefore,+ y > i. Hence, we can assume w.l.0.g. that [i/2].

Let us now assume an optimal solution to the MEC problem with weight=
wi +ws + ... + wi, wherew] > w; > ... > wi.. In order for this solution to
cover all the heaviest edges incidenttd must contain at least > [i/2] matchings
of weight greater than or equal i0(¢). Therefore, the weight of theth matching
in M is at most the weight of th¢i/2]-th matching in the optimal solution, i.e.,
Wi S Wi/

Moreover, observe that > A andA < s < 2A — 1. Thus, it holds thas* >

[s/2].

Summing overalf = 1,..., s, we obtain:

s s [s/2] s*
W= w <Y wisy <2 wi <2) w <2-opt
=1 =1

=1 =1
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In order to show the tightness of the algorithm, consider a bipartite instanee
(U,V; E),wherelU| =n — 1and|V| = n. Foreachy; € Uandv; € V,1 < 14,j <
n—1, there is an edge = (u;,v;) € E with weightw(e) = a+ ¢, ¢ > 0. Moreover,
for eachu; € U, 1 < i < n— 1, there is an edge = (u;, v,,) that connects it with
v, With weightw(e) = a.

Algorithm GREEDY, taking for input the above instance, returns a solution that
consists o2(n — 1) matchings. In the first — 1 matchings all thén — 1) edges of
weighta + € are selected. Nex6REEDY creates: — 1 matchings each one containing
an edge of weight adjacent to the vertex,.

On the other hand, the optimal solution contains amlynatchings: in the-th
matching are selected — 2 edges of weight + ¢ from all theu € U, butu,, to all
thev € V, butv; andv,, plus the edgéu;, v,,) of weighta. Thus, it holds that:

opt (at¢€)-n

W (a+e)-(n—1)+a-(n—1) _(2_ € )_n—l
a—+e n

which asymptotically matches ti2eapproximation ratio. |

11.7. Bipartite graphs

Yu [YU 06] shows that the line graph of a bipartite planar graph is an interval
graph. Thus, taking into account that [PEM 04] presentédagproximation algo-
rithm for the MV C problem in interval graphs, Yu proved that the MEC problet is
approximable in bipartite planar graphs. Nevertheless, this result is dominated by the
more general algorithm given in [KES 04] (see section 11.6).

In this section, three algorithms that improve the two approximation ratio given in

[KES 04] (see section 11.6) in some special cases in bipartite graphs are presented.

11.7.1.A 2A3*1-approximation algorithm

Observe that, according to Kénig’'s theorem [KON 16] in bipartite graphs, the
optimal solution of the (unweighted) edge coloring problem consists of exactly
matchings. Thus, an algorithm that just created-aoloring for the bipartite graph
G has an approximation ratid, for any A > 3, for the MEC problem, since
W <A-wi <A -opt.

Demangeet al.[DEM 02] presented a tight approximation algorithm for the MEC
problem in bipartite graphs. This algorithm has an unbounded ratio eqy2/\te-
1)/3, foranyA > 3. The algorithm, denoted IHEC_ALGO_1, follows.
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- MEC_ALGO_1
1. For each weight ¢ = w(e1),w(ez),... do
2. Split G into two edge induced subgraphs:
- G1 = {e|w(e) > ¢}
- G2 ={elw(e) < ¢}
3. If A(G1) <2 then
4. Find the optimal solution of at most 2 colors for Gi
5. Use algorithm GREEDY for Go, completing the above
solution
6. Return the best solution found

THEOREM 11.5.— Algorithm ¥EC_4LG0_1is a tight(2A — 1)/3-approximation al-
gorithm for the MEC problem in bipartite graphs.

Proof. Algorithm MEC_ALGO_1 returns the best solution found with weight =
min{w; + we + w3 + ... + w,} (the weightawa 41, . . ., w,, May be equal to zero)

for different values ot = w3. Note that the algorithm does not create a solution with
more tharRA — 1 matchings, i.es < 2A — 1. Consider the cost of the solution found

by the algorithm in the iteration for whictas = wj. In this iteration the edges @f;

are a subset of the edges in the two heaviest matchings of the optimal solution. There-
fore, for this iteration it holds thal’ < w} + w3 + (2A — 3) - w3, sinceA(G;) < 2

and thus an optimal solution of at ma@stolors can be found for it. The edges added in

My andMs in line 5 of the algorithm do not increase the weights of these matchings.
Therefore, observing thabt > wj + w3 + w3 > 3 - w3, it holds that:

W < wi+ws + (2A —3) - wj
< opt+(2A —4) - wj
<opt+(2A —4) - 2t

3
< 2A371 . Opt

Next, the tightness of this approximation ratio wh&n= 3 is shown. In this case
the ratio of algorithnMEC_ALGO_1 becomes /3.

Consider a graply = (V, E) with A(G) = 3, whereV = {v1,vq,...,vs} and
E = {(vi,v5) : j =2,3,4}U{(v2,v;) : j =5,6}U{(v3,v;) : j =6, 7T}U{(v4,v5) :
7 =57U{(vi,vs) : i =5,6,7} (see Figure 11.2.a). Set(vs, vs) = w(vs, vg) =
w(vy,v7) = nandw(u,v) = n — 1 for the remaining edges.

In any iteration algorithhrMEC_ALGO_1 finds a solution containing exactly
matchings. For example, the solutiod = {M;,..., M5} found by the algo-
rithm in the case where = wj is M; = {(ve,vs), (v3,v6), (va,v7)}, My =
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Figure 11.2. The graph illustrating the tightness of the ratio of algorithm
MEC_ALGO_1

{(v2,v6), (v3,v7), (va,v5)}, M3 = {(v1,v2), (vs,v8)}, My = {(v1,v3), (v6,vs)}
and M5 = {(v1,v4), (v7,vs)} (See Figure 11.2.b). On the other hand, the optimal
solution has exactly three matchings. Thus, the tightness is proved by considering
tending toco. |

11.7.2.A %-approximation algorithm forA =3

In order to improve the result given in [DEM 02] (see section 11.7.1), de Vé¢rra
al. [WER 04] presented an approximation algorithm for the MEC problem in bipartite
graphs with maximum degree three. This algorithm achieves an approximation ratio
equal to the knowri /6 inapproximability result for bipartite graphs with = 3.

The proposed algorithm consists of three subroutines and selects the minimum
solution found by them. Each subroutine creates iteratively a different partition of
the edges of grapti in such a way that the degree and the ranges of edge weights
of each partition are known. A bound to the cost of the solution found, with respect
to the optimal solution, is proved for each subroutine. Combining these bounds the
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7/6-approximability result is obtained. In this section, the three subroutines and the
complete proof are presented.

Recall that the edges of the grapgh= (V, F) are sorted in non-increasing order
of their weights, i.ew(e1) > w(ez) > ... > w(ey). Denote byG[V’], V' C V, and
G[FE'], E' C E, the subgraph off induced byV’ and the partial graph a¥ induced
by E’, respectively. For any < m, consider the subsét; = {e;,es,...,e;} C E of
thei heaviest edge of andE; = E — E;. Finally, V; denotes the set of vertices Gf
incident to an edge i;, i.e., the subset of non-isolated verticesHE;].

Consider the following algorithm, denoted ByBRID_MEC.

- HYBRID_MEC

1. For i=m downto 1 do

2. Apply algorithm SOL1 on G[E;]

3. If SOL1 returns a non-empty set of solutions

4. Greedily complete these solutions with the edges of E;

and find the best of them, let M,

5. For j =1 downto 1 do

6. Apply algorithm SOL2 on G[E|]

7. If SOL2 returns a non-empty set of solutions

8. Greedily complete these solutions with the edges of E_j
and find the best of them, let Mo ;;

9. Apply algorithm SOL3 on G|Ej]

10. If SOL3 returns a non-empty set of solutions

11. Greedily complete these solutions with the edges of E_j
and find the best of them, let Ms;;

12. Return M = argmin{w;;, wo j;, w3 j;:7=1,2,...,4,i=1,2,...,m}

The greedy step4, 8 and11 can be described as follows: for each edge which
is not yet colored, try to color it with an existing color, and otherwise take a new
color. A simple argument shows that these edge colorings do not use morg than
colors. Indeed, assume the reverse and consider an edge withA¢gldBince the
maximum degree dff is 3, this edge is adjacent to at mdstdges and then to at most
4 colors. Thus, this edge can be recolored with a missing colphn, M, ..., Ms}.
Obviously, this result also holds for an optimal solution (see Proposition 11.1).

The three algorithms used are applied on several partial gi@phs (V', E’) of
G,whereE’ = {e;,e,...,em}. LetV/ =V’ —V/ andE] = E' — E! be the com-
plements of the sefg/ and E/, respectively. Moreover, le¥/ = {M;, Mo, ..., M;}
be an edge coloring off’. Define the index; = min{k : e, € M;}, for any
j=1,2,...,1. Assume, for reasons of readability, that some caldrsnay be empty
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(in this case; = m’ + 1). So, the principle of these three algorithms consists of find-
ing a decomposition of’ into two subgraph&| and G, having each a maximum
degree two. If such a decomposition exigt$,andG’, can be colored with at mo8t
colors each, since bothi andG’ are bipartite graphs.

- SO0L1
1. For j=m' downto 1 do
2. If the degree of G'[E}] is at most two then
3. Consider the graph B:
- induced by the wvertices of G' incident to
at least two edges of F;

; T
- restricted to the edges of E}

4. If there exists a matchz'ng_Aj of B
such that every vertezx of Vj' 1s saturated
5. Consider the decomposition G ; and G5, of G’ induced
by EUA) and B — (B U A7), respectively
6. Find an optimal edge coloring {Mi MJ} among the edge
, 20-color7;ngs ‘of G, /
. olor greedily the _edge}s of GQ’j
with two colors {Mj,M]}
8. Set M7 = {M], M}, M], M]} the edge coloring found

9. Return {M’, j=1,2,...,m' —1}

Note that the liner of algorithm SOL1 runs in polynomial time. Indeed, more
generally, given a grapff = (V, E) and a seV’ C V, itis polynomial to determine
if there exists a matching such that each vertek bfs saturated. Consider the graph
G’ where all missing edges between vertice¥'of V'’ have been added @. If |V is
odd, then a vertex to the cliqdé — V' is added. It is easy to see thGit has a perfect
matching if and only ifG has a matching such that each verteX¢fs saturated.

LEMMA 11.1— If M = {My, My, M3, My} with wy > we > w3 > wy IS an
edge coloring of5’, then algorithmsoL 1 produces a solutiod/’ satisfyingiV’/ <
wy + wo + 2 - ws.

Proof. Consider the iteration of algorith80L1 corresponding tg = i3 — 1. By con-
struction,G'[E;, ] is 2 edge colorable, since it holds thaf, , C M; U M. More-
over, inthe subgraphinduced By, ,, each vertex of degrekehas at least one edge of

M7 UM, incident to it. Thus, inB, there exists a matching where each verte@
is saturated. The subgraphj ;. _, has a maximum degreeand contains by construc-
tion the subgrapli’[E;, _]. Moreover, any two connected component&:ofE;. |
have not been merged @, ,. ,, since each edge= (z,y) € A*~! has atleast one
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vertex (for exampleyg) satisfyingdG,[Egs_l](x) = 0. Thus, any edgeé-coloring of
G'|E;;, 1] can be extended to an edgeoloring of G} ;. , . So, sinceve € A1,
Ve' € El_, w(e) < w(e'), and{M{*~", Mz*~"} is an optimal weighte@ edge
coloring ofGLZrl, it holds that:

w4 wB T < wy 4wy [11.1]

By construction(= ;. _; has no vertex with degrel and therz;, ;. has a max-
imum degree2. Moreover,Ve ¢ (A*~! U E] _,) and we haveu(e) < w(e;,) =
ws. Thus, any edge coloring af, , _; using at most colors and in particular
{Mi~t M~} satisfies:

wE BT <2 ws [11.2]

Combining [11.1] and [11.2], we obtain:

Wi <We™l Cwyp +we +2-ws i
- SoL2

1. For k=m' downto 1 do
2. If E; is a matching then
3. If there exzists a matching Ay of G'[Vk’] such that

each vertez of G'[V/] having a degree 3 in G’ is saturated
4. Consider the decomposition le and G4, of G’

induced by E; UA, and E' — (Ek UAy), respectively

5. Color G, with one color MF
6. Color greedily G’M with two colors M} and M¥
7. Set M* = {MF M}, M¥) the edge coloring found
8. Return {MF*: k=1,2,...,m'}

LEMMA 11.2—If M = {My, My, M3} withw; > we > ws is an edge coloring of
G, then algorithmsoL 2 produces a solutiod/* satisfyingW* < wy + 2 - wo.

Proof. Consider the iteration of algorithi®0L2 corresponding té: = iz — 1. By
constructionf;, _; € M; and amongVl; — E;, _, there is a matching cﬂ;"[V’ 1]
where each vertex of degréeis saturated (othermsé\d = {My, My, M3} is not
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feasible). Thus(z| ;, ; can be considered and colored with one calbr—, and it
holds that:

w? ™ =w [11.3]

Itis also deduced that; ;, , has a maximum degree Then, it can be edge col-
ored with2 colorsM;> " andM32~". Moreover, sinc&e ¢ E! |, w(e) < w(e;,) =
wo, it is obtained that:

w4 w2 < 2wy [11.4]

Using [11.3] and [11.4], it holds that:

Wk W=l Cwy 4+ 2w |

- SO0L3
1. For k=m' downto 1 do
If there is a matching Ay in G'[E}] such that
each vertez of degree 3 in G’ is saturated
3. Consider the decomposition G, and Gy, of G’

induced by Ap and E' — A, respectively

4 Color G, with one color Mk

5. Color greedily Gy, with two colors MF and M¥
6
”

[\

. Set M* = {MF M} MK} the edge coloring found
. Return {M*: k=1,2,....m' —1}

LEMMA 11.3.—If M = {M;, Ma, M3} withw; > wa > ws is an edge coloring of
G, then algorithmsoL 3 produces a solutiod/* satisfyingiV’* < 2 - w; + ws.

Proof. As previously, consider one particular iteration of algorit8oL3. In this
lemma, consider the case whére- i3 — 1. By construction, it holds that/; C Ej

and M3 contains a matching where each vertexc?ofE;, ] having a degreg in G

is saturated. Thugy; ;. exists. Moreover, sincée € £, |, w(e) < w(e;;) = ws,
it is obtained that:

i3—1

ws " < ws [11.5]
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As previously, it is deduced that; ;. _, can be edge colored withcolors M3~ !
andM:*~" and it holds that:

wB ™ 4wt < 2wy [11.6]
Combining [11.5] and [11.6], it is obtained that:

Wk<Wi3‘1<2-w1+w3 |

REMARK 11.1.— Observe that ifacol(zlr:/']’?‘1 is empty, then the bound for algorithm
SOL3 can be improved: in this cas#/*~! < 2 - w. This is also valid for algorithms
SOL1 andSO0L2 and if several colors are empty. For algoritls@iL1 for instance, if
M~ and M2~ are empty, thedV s =1 < w; 4 ws.

THEOREM 11.6.— Algorithm #YBRID_MEC produces & approximation for the MEC
problem in bipartite graphs with maximum degtee

Proof. Let {M;, M5,..., MX} with wi > w5 ... > wi be an optimal solution for
the MEC problem for the grap. Denote byi;; the smallest index of an edge M
(i3 = m + 1if the color is empty).

Consider the iteration of algoritheiyBRID_MEC corresponding to the casés=
if —landj =i} — 1. Then:

— by applying Lemma 11.1, an edge coloring of weight at mgst- w3 + 2 - w3
is produced oz’ = G[FE;]. Then, the greedy coloring of the edgesifproduces a
coloring of weight at most:

wl +wy + 2 wi +wk [11.7]
— by applying Lemma 11.2, an edge coloring of weight at mostt- 2 - w3 is
produced o’ = G[E;]. Then, the greedy coloring of the edgesif produces a
coloring of weight at most:

wi +2-w; +2-wy [11.8]
— by applying Lemma 11.3, an edge coloring of weight at n¥ostv] + wj is
produced on?’ = G[E;]. Then, the greedy coloring of the edgesif produces a
coloring of weight at most:

2w +ws + 2wy [11.9]

Note that if there is an empty color or several empty colors produced by one of the
algorithmsSOL1, SOL2, SOL3, then the bounds are still valid. Indeed, for algorithm
S0L3 for instance, according to Remark 11.1, the value of the coloring calculated at
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stepj = i3 — 1 has a weight at mo&t - wj, and the greedy step produces a coloring
of value at mos® - wi + 3 - wj < 2 wi +wj + 2 - wj.

By using [11.7],[11.8] and [11.9], it is deduced that the coloridgcalculated by
algorithmHYBRID_MEC satisfies:

W < min{w] +wi+2-wi +wi,wi +2-wi +2-wj,

2-wi+wi+2-wi} [11.10]

The convex combination of the8evalues with coeﬁicienté, % and% respectively
and the inequality [11.10] give the expected result, i.e.:

W < 2wt + Zws + Twj +wi + Jwi < Zopt i

11.7.3. An approximation algorithm forA < 7

In [LUC 07] is presented an algorithm, denoted A¢G), that improves th@ ap-
proximation ratio given in [KES 04] for the MEC problem in bipartite graphs of max-
imum degree\ < 7. The main idea of this algorithm is the following: for a given bi-
partite graphG, of maximum degreé, runA —1 algorithms,Aa, Aa+1, ..., Aoa_1
and select the best solution found. Eatkx, 0 < k < A — 1, algorithm splits the
graphG into two subgraphé;; andG, such that the grap&’; contains heavy edges
and has maximum degre®(G,) < k. Note that, in general\(G2) < A(G). Given
this splitting of G, each algorithmA 1 returns a solution of codt/a ,x, by con-
catenating the following solutions of the MEC problem @a and G: (i) for the
graphGs the algorithm finds &\ -matchings solution by solving the traditional edge
coloring problem or., (ii) for the graphGz; the algorithm finds a solution of at most
2A(G1) — 1 matchings using (recursively) algorithad (G ).

For k = 0, G, coincides withG and therefore algorithmi returns aA-
matchings solution found as in point (i) above. For the weight of such a solution it
holds thatiVa < A - w7, since for the weightyw;, of any matching of this solution it
holds thatw; < w(e1) = wi.

Fork = 1, G is a maximal matching afr created by examining its edges in non-
increasing order of their weights. This matching is of weight= w(e;). Algorithm
Aa+1 also uses algorithmia (G2). The cost of the solution that algorithaia 1
returns isWa11 < wi + A - w3, since no edge of weightw(e) > w3 belongs to
G- (if such an edge belongs 1@, then it is not inM; because a heavier one of its
adjacent edges is if/1, which is a contradiction).
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In general, algorithmiax, k > 2, repeatedly splits the gragh into graphsz,
and G, with G; containing edges which are heavier than a parameteking as
values the weights of the edges of the graphThe algorithm returns the best of the
solutions found in these iterations.

- Antk

1. For each weight ¢ = w(e1),w(ez),... do

2. Split G into edge induced subgraphs:
- G ={elw(e) > ¢} and
- Gy ={e|w(e) < ¢}

3. If A(G1) <k then

4. If A(G1) =2 then find an optimal solution
for the graph G

5 Else run A(G1)

6. Use Apn for Go

7. Return the best solution found

The case ok = 2 is analyzed in a different way than the case# of 3, since in
this caseA(G1) = 2 and an optimal solution fof; can be found by Theorem 11.3.
Thus, fork = 2 we obtain:

LEMMA 11.4.—Algorithm Aa 4o returns a solution of codt/a 2 < wi+ws+A-wj.

Proof. Aa o returns the best solution found with weighta o = min{w; + ws +

ws + A -wy } for different values of = w,. Consider the cost of the solution found by

the algorithm in the iteration for whicly, = w3. In this iteration the edges ¢f; are

a subset of the edges in the two heaviest matchings of the optimal solution. Therefore
for this iteration it holds thatVa 12 < wi + wi + A - w3, sinceA(G;) = 2 and thus

the optimal solution fot7; can be found by Theorem 11.3. |

Using algorithmsAa, Aat1 andAa 2, algorithmA(G) returns a solution of cost
W = min{Wa, Wat1, Wata},i.€.

W <A -wj
W< wi +A-w
W < wi +ws +A-wj

By multiplying these inequalities by, z» andzs, respectively, and adding them
we obtain:

W-(z1+2z2+23) Swf-(21- A+ 22+ 23) +wh - (22- A+ 2z3) +wh - (23-A)
W
opt 21+ 29 + 23
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wheret = 21 - A+ 20+ 23 = 29 - A+ 23 = 23 - A. Thus, the best approximation ratio
is achieved when the quantit;g#m is minimized. Therefore, the object is to:

t
min ———
{Z1+22+23}

such that
21~A+22+23):t

ZgA) =t
21,22,23 2 0

By solving this problem, a new approximation ratio for the MEC problem in bi-
partite graphs with\ > 3 is obtained, which is:

W o A3 B
opt = 3A2—-3A+1 0A+2

This ratio is unbounded, but gives better results than the approximatioii2Atie
1)/3 given in [DEM 02], for anyA, as well as than the 2-approximation algorithm
given in [KES 04], forA = 3 andA = 4. In fact, pa+2 become7/19 ~ 1.42 for
A = 3 and64/37 ~ 1.73 for A = 4. Note, however, that an 1.17-approximation
algorithm is known [WER 04] for bipartite graphs with = 3.

The behavior of algorithrod(G) for bipartite graphs of\ > 4, is improved if we
allow the use of algorithmd a 13, Aa+4 and so on. In fact, fok = 3 we have:

LEMMA 11.5.-Algorithm A3 returns a solution of costVa 3 < oa+2 - (Wi +
wy +wi) + A - wj.

Proof. Similarly to the proof of Lemma 11.4, in some iteration of algorittRr 3,
the maximum edge i, is equal tow} and the edges @, are a subset of the edges
in the three heaviest matchings of the optimal solutionMé&1) = 3, the algorithm
A(G1) returns aoa 2 approximate solution for the graygh . |

Working as above, algorithmd(G), for bipartite graphs witt\ > 4, leads to an

approximation ratio:

19A*
T6A3 — 138A2% 4 100A — 27

OA+3 =
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This ratio improves the result fak = 4, where the ratio becoméss1 from 1.73.
Moreover, forA = 5 this ratio become$.82.

In general, the algorithrid(G) gives a better approximation ratio tharfor bi-
partite graphs witlA(G) < 7. An explicit formula for the ratios achieved by algo-
rithm A(G) for any A can be found in [ESC 06]. The following table summarizes the
best approximation ratio achieved by this algorithm and the previous best known ratio
for different values ofA.

A |3 4 5 6 7 8
ourratio |1.42 1.61 1.75 1.86 1.95 2.03
previousratiol.17 2 2 2 2 2

In general, the complexity of algorithmd(G) is dominated by the complexity
of Asn(g)—1, Which recursively runs at mosE| times algorithmA(G1), where
A(G1) < A(G) — 1. The recursion depth is at ma&t— 2, since the recursion stops
in Aa2. Eachiteration of eacAa ;1 algorithm,0 < k£ < A—1, runs algorithmda,
which runs in polynomial time. Thus, algorithAn is calledO(|E\A(G)*2) times, in
total, by algorithmA(G).

RemARK 11.2.— Concerning general graphs, note that an edge coloring(usitd )
matchings can be found in polynomial time. Thus, by modifying algorithunto find
such a coloring ofA + 1 (instead ofA) matchings, algorithrd(G) works also for
general graphs. Furthermore, it beats 2kh@pproximation algorithm in [KES 04] for
graphs ofA = 3 andA = 4, achieving ratios 1.73 and 1.93, respectively.

11.8. Trees

As the complexity of the MEC problem on trees remains open, in this section is
presented first a polynomial algorithm for a related decision problem called Feasible
k-Coloring, given in [LUC 07]. This algorithm is then used to derive a polynomial
algorithm for the MEC problem on trees of bounded degree. Then, a polynomial al-
gorithm for stars of chains is presented [LUC 07].

11.8.1. Feasiblek-Coloring and bounded degree trees

The Feasiblé-Coloring problem is formally defined as follows. An analog prob-
lem is also defined and solved in [PEM 05] for the MV C problem on trees.

Feasiblek-Coloring:
Instance: A tree T'(V, E), a weight functionw(e) : £ — N and a sequence df
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integer weightsiy, as, . . ., ag, suchthati; > as > ... > ak.
Question: Does there exist a partition df into exactlyk matchingsM,, Mo, ...
My, such thaw; < aj, 1 <j<k?

Consider the tre rooted at an arbitrary vertex, For each edge = (v, u) we
defineu to be the most distant fromendpoint ofe andT'(e) to be the subtree df
rooted atu. Denote byS(e) C {M1, Mo, ..., My} to be the set of matchings in which
edgee can belong in order the subtr&&e) U {e} to be feasibly colorable.

The algorithm presented in [LUC 07] initializes the s8{g) for each leaf edge
to contain the matchings that are heavier than its weigl). Moreover, a fictitious
edgee, of weightw(ep) = 0 is connected to the root of the tree, as in Figure 11.3a,
in order to treat the root of the tree as the remaining vertices. The feasdukring
algorithm, denoted bykc, follows.

- FKC

1. Initialization:
Leaf edges: S(e) ={M;|1 <j<k and w(e) < a;}
Rest edges: S(e) ={}
4dd a fictitious vertez 1/,
a fictitious edge eg = (r',r) with w(eg) =0
and a fictitious matching My with wy =ap =0

. For each e € EU{ep} in post-order do

For each matching M; such that w(e) < a; do

If there is coloring of T(e)U{e} such that e € M; then

S(e) = S(e) U {M;)

If S(e)={} then return

. Create a feasible coloring using the S(e)’s

XD O WD

(a) (b)

Figure 11.3.(a) The fictitious edgey; (b) an instance of the graph in lin¢ of
algorithm Fx¢; (c) the flow network constructed in linkeof algorithm Fxc. All
edges have weight equal to
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In line 4, algorithmFKC decides if a feasible coloring for the subtrBé) U {e}
exists (see Figure 11.3b). For each edge (v, u), we defineE, = {e,e¥,..., ey}
to be the set of edges fromto its children (recall that is the most distant from the
root of the tree endpoint @f). Each edge;' can belong in one of the matchings in its
S(e¥). Let @ be the union of the setS(el), but the matching/; edgee is assigned

d
to,i.e.Q = U S(ej') —{M;}. Abipartite graphB(E,, ); S) is created, where there

=1
is an edge betwees}' € E, andM, € Q iff M, € S(e}'). Then, a flow networl”
is created by joining a source vertexo each vertex irZ,, and a terminal vertexto
each vertex inQ, as in Figure 11.3c. A weight equal tais assigned to all the edges
in F'. Then, it follows that there is coloring @ (e) U {e} such that € M; iff there
isin F" ans — t flow of valued.

In line 7, algorithmFKC creates a partition of the edges®finto matchings. This
can be done by considering the edgeg’ah pre-order and assigning an edgm an
arbitrary matching in its sef(e).

Algorithm FKC performsk - | E| iterations and in each one of them runs a maximum
flow algorithm of O(poly) time. Thus, the next theorem follows.

THEOREM11.7.— There is a polynomial time algorithm for the Feasikl€oloring
problem.

Algorithm FKC can be used to solve the MEC problem on trees, as following.

- BOUNDED_DEGREE
1. For k=A to A" -1 do

2. For all (Igl) combinations of edge weights,

such that wy > ws > ... 2w, and wy = max{w(e)le € E}) do
3. Run algorithm FKC
4. Return the best of the solutions found

Line 3 of algorithmBOUNDED_DEGREEis repeated)(A-|E|*) times, and therefore
it is polynomial only for trees of polynomially bounded degree.

THEOREM11.8.—There is a polynomial time algorithm for the MEC problem in trees
with polynomially bounded degree.
11.8.2. Stars of chains

A star consists ofn edges, es, . . ., e, Sharing a common endpoint. Obviously,
the optimal solution to the MEC problem for such a weighted star is of gaist=
> w(e;) and consists of exactlx = m matchings.



Weighted Edge Coloring 313

A star of chains consists @f chainsCy, Cs, . . ., C, all starting from a common
vertex, for example:.. Consider each chaifi;, 1 < i < p, starting fromu with an
edgee which we call start edge. Assume, also, w.l.0.g. th&t}’) > w(ey) > ... >
w(e, ). In this section we present a polynomial algorithm for the MEC problem in
stars of chains, given in [LUC 07].

LEMMA 11.6.— For an optimal solution of the MEC problem on a star of chains the
following hold:

i) The number of matchings is equal to eithep or p + 1.

ii) Only £ < 3 matchings have cardinaliy)/;| > 1.

iii) At least thek — 1 heaviest start edges appear in thésmatchings.

Proof.i) According to Proposition 11.1A < s* < A’ — 1. Here,A = pandA’ =
p+2.

i) Assume that an optimal solution has more than three matchings of cardinality
|M;| > 1. Consider those matchings sorted in non-increasing order of their weights.
Each non-start edge has at most 2 neighboring edges. So, such an edgm be
moved in one of the three first heaviest matchings, since its neighboring edges can
belong in at most two different matchings.

iif) Consider first that: = 2. Assume that in the optimal solution the heaviest start
edgee} does not belong to either of two matchings of cardingli;| > 1. Theney
can be either inserted in one of those two matchings (if this does not contain another
start edge) o¢} can replace an existing start edge. In both cases the cost of the optimal
solution decreases or remains the same.

Assume next that = 3. As in the previous casej can be inserted in one of the
three matchings of cardinality)/;| > 1. Similarly, e4 can be inserted in one of the
remaining two of those matchings. |

The following two cases which depend on the possible number of matchings in an
optimal solution, i.ep 4+ 1 or p, are distinguished.

If an optimal solution consists gf + 1 matchings, then it contains exactly one
matching without any start edge. Algorith8TAR, given in what follows, finds such
an optimal schedule with + 1 matchings.

Note that it is possible that algorithATAR returnsp — 1 matchings of M;| = 1,
in the case where one of the three matchings"afff) found in line 2 consists of a
single edge. Taking into account Lemma 11.6, it follows that algoriaR returns
the optimal solution of+1 matchings since: (i) the— (k—1) matchings of cardinality
|M;| = 1 contain they — (k — 1) lightest start edges (one per each matching) and (ii)
the cost oft matchings is optimal.
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- STAR
1. Remove from the star the p—2 lightest start edges
(this creates a graph H consisting of p— 1 chains)
2. Find an optimal solution S*(H) for the graph H,
using Theorem 11.3
3. If there are 3 non-empty matchings in S*(H) then
4. Return the solution consisting of these 3 matchings of
S*(H)
plus p—2 matchings each one containing one of
the removed p —2 lightest start edges

The complexity of algorithn$TAR is dominated by line 2 and by Theorem 11.3.
Therefore, itisO(|E|?).

If an optimal solution consists gf matchings, then each of them contains a start
edge. AlgorithnBTAR2 returns such an optimal schedule wjitimatchings.

- STAR2
. For i =3 to p do
Remove p — 3 start edges e3, ey, ....,€/" q,€/'q,...,€,
(this creates a star T of 3 chains and a graph H
of p—3 chains)
Find the optimal solution S*(T) using Theorem 11.8
If there are ezactly 3 matchings in S*(T) then
Find the optimal solution S*(H) using Theorem 11.3
Combine the solutions S*(T) and S*(H) into ezactly
3 matchings
7. Find a solution for the initial star consisting of these
3 matchings plus p —3 matchings each one containing
one of the removed p— 3 start edges
8. Return the best solution found

DD~

DN G W

Algorithm BOUNDED_DEGREE is used in line 3 sinc& is a bounded degree tree
with A = 3 and it returns an optimal solutia$t*(7") of at least three matchings. In
line 6, a3-matchings optimal solution for the edgesiinand H can be obtained by
considering the matchings in both solutions in non-increasing order of their weights
and merging the matchings of each solution having the same rank,Biacd H are
vertex-disjoint. The optimality of the solution calculated by algoritimaRr2 follows
from Lemma 11.6 using the same arguments as for algodthuAa.

The complexity of the algorithm is dominated by lifevhich takes polynomial
time (see section 11.8.1) and is execufed 2 times.
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The optimal solution to the MEC problem on stars of chains is the best between
the solution found by algorithr8TAR (optimal withp 4+ 1 matchings) and that found
by algorithmSTAR2 (optimal withp matchings), since, according to Lemma 11.6, the
optimal solution consists of either+ 1 or p matchings. Thus, the following theorem
holds.

THEOREM 11.9.— The MEC problem on stars of chains can be solved optimally in
polynomial time.

11.9. Conclusions

The recent activity on the MEC problem has led to significant progress in under-
standing its complexity and approximability though we are still far from resolving the
issue. Many open questions can be picked up by looking at the entries of Table 11.1.
These questions can be classified into two directions:

(i) further identification of the boundary between polynomial Aidhard variants
of the problems with respect to the underlying graph. For example, the complexity of
the MEC problem on trees is an open question. Moreover, we do not know anything
about the complexity of the MEC problem on interval graphs. However, the MEC
problem on interval graphs includes the question for complete graphs as well as the
open question about the complexity of the edge coloring problem on interval graphs
of even maximum degree [BOJ 01];

(ii) decrease (or closing) the gap between the best known approximation ratios and
inapproximability results, either by obtaining new approximation algorithms of lower
approximation ratios or by showing higher inapproximability results. For example, a
2-approximation algorithm and a 7/6-inapproximability result is known for the MEC
problem on bipartite graphs. It would be nice to decrease this gap by improving either
of these results.
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Chapter 12

An Extensive Comparison of 0-1 Linear
Programs for the Daily Satellite Mission
Planning

12.1. Introduction

The mission planning problem of a low Earth orbit satellite is the problem
of choosing a set of photographs to be taken by the satellite during a planning
horizon in order to satisfy a maximal part of the requested images. The mis-
sion planning problem of SPOT5 satellite has been the subject of numerous stud-
ies [BEN 96, BEN 99, VAS 01, GAB 03, VAS 03]. Different approximate methods
[BEN 96, VAS 01] have been proposed and applied to the set of instances proposed in
[BEN 99]. To assess the quality of the obtained approximate solutions, we need to cal-
culate tight upper bounds: in [BEN 96], the planning problem is formulated like a 0-1
linear program; we have proposed in [GAB 03] another 0-1 linear formulation, using
decomposition and flow formulation. In [VAS 03], a specific algorithm is proposed
to calculate very good upper bounds. In this chapter, we explain why our 0-1 linear
formulation presents a much smaller integrality gap than the formulation proposed
in [BEN 96]. We calculate upper bounds for all the instances proposed in [BEN 99].
These bounds are greater than those found in [VAS 03] but our results can easily be
strengthened with some additional improvements.

Chapter written by Virginie GBREL.
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12.2. Different formulations for the daily satellite mission planning problem

12.2.1. The daily satellite mission planning problem

The SPOT satellite constitutes a family of Earth observation satellites, which are
developped by the CNES (Centre National d’Etudes Spatiales).

SPOT5 was launched in 2002. It is equipped with three viewing instruments (front,
middle and rear) which can take two types of images: the monoimages need one of
the three instruments and the stereo images need the front and the rear instruments.

The daily satellite mission planning problem of the SPOT5 satellite consists of de-
ciding each day which images will be taken the next day in order to satisfy a maximal
number of clients.

The problem can be described as follows:

— The set of candidate images is known.

— A weight is associated with each image.

— The starting time and the completion time for taking each image are known.

— On an instrument, the main constraints concern the non-overlapping and the re-
spect of a minimal transition time between two successive images.

— The total number of images is limited (due to limitations of the on-board record-
ing capacity).

— Some images cannot be taken simultaneously on different instruments (this is
due to limitation of the instantaneous data flow through the satellite telemetry).

Each day, a set of images to be taken must be chosen in order to maximize the sum
of the weights of selected images and to satisfy all constraints.

12.2.2. The “natural” model

In [BEN 96], a 0-1 linear program is proposed to modelize the daily mission plan-
ning problem of SPOT5. The model is quite natural: each imigge- 1,...,n) that
can be taken by an instrumen(with ¢ € {1, 2, 3}) is represented in the model by a
0-1 variablexs.
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The proposed linear program, denoted by S5:

max Z Wi xs
(i,c)eS

Y o<1l VieM (1n)
c:(i,c)€S

F—a?=0 VieT (2n)

(Sbn) { f a5 <1 H{(i,0), (G, 0)} €2 (3w)

o<t k=1, K (4x)
(i,c)EAF

Z zixl < z (5n)
(i,c)€S
xzf € {0,1} Y(i,c) € S

where
— S denotes the set of all feasible coup(és:), andw; the weight of the imagé

— linear inequalitie$1 ) correspond to the fact that each monoima@¥ denotes
the monoset) must be taken by at most one camera,

— linear equalitie$2y) correspond to the fact that each stereo imagfe denotes
the stereo set) must either be simultaneously taken by the front camera (numbered by
1) and the rear one (numbered by 3) or not be taken,

— linear inequalitieg3y) correspond to constraints induced by non-overlapping
and minimal transition time between two images taken on a same instrument, where
Q) denotes the set of two couplég, ¢), (4, ¢)} linked by these constraints,

— constraintg4y) correspond to the constraints induced by limitation between
several instruments, where® denotes the set of two or three couples linked by con-
straintk andé* equals A | —1,

— constrain{5y) corresponds the limitation on recording capacity whets the
memory size necessary for recording on board imiaigé&en by camera andz the
total memory size available.

The optimal solution value of the linear relaxationSsfy, denoted byv(S5y),
is an obvious upper bound fofS5y). But, as shown in section 12.4, the integrality
gap betwees5y andS5y is huge. Thus, we propose another strengthened 0-1 linear
formulation.

12.2.3. The flow formulation

In [GAB 03], we propose another model based on a decomposition of the ini-
tial problem into three subproblems, one per camera. Sub-problem on camera
(¢ = 1,2, 3) concerns the choice of images to be taken by cameomsidering only
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constraints related to non-overlapping and respect of a minimal transition time be-
tween two successive photographs. We denot&bthe set of images that can be
taken by cameraand we define two binary relations 6ff x S°.

DEFINITION 12.1.or (i,5) € S°x S¢, (i, j) belongs to the incompatibility relation,
denoted byZ¢, if and only ifi and j cannot be taken together because they use the
camerac at the same moment or the transition time between the two shots is not
sufficient.

Let us note that constrainds in S5x describe the incompatibility relation on each
setSe.

DEFINITION 12.2.—For (i, j) € S°x S¢, (i, j) belongs to the enchainability relation,
denoted by, if and only ifj is taken after with the instrument.

The incompatibility relation is symmetric while the enchainability relation is
clearly antisymmetric. Moreover, the enchainability relation is not necessarily tran-
sitive (it depends on satellite capacities).

Considering the enchainability relation, the sub-problem of choosing a set of im-
ages to be taken by an instrumerntan be represented by a directed graph, namely
the enchainability graph denoted 6§ = (V'¢, E°), which is defined as follows:

— Ve represents the st (with | S¢ |= n¢) ofimages that can be taken by camera
¢ (with the following convention: a couplg, c) is represented by a vertex numbered
by i in V), plus two fictitious vertices numbered byandn® + 1 respectively the root
and the anti-root of+¢,

— each vertex in V¢ is associated with the weight; of imagei (wo andwpec41
are equal to 0),

— E* represents the enchainability relation defined6rx S¢, plus arcg0, 7) and
(t,nc+1)foralli=1,...,n° and(0,n® + 1).

It appears thaGs¢ is circuit-free since any arbitrary circuity, iz, . . ., 4, 41) In
G¢ leads to the following contradictio; is taken before;, andsy, is taken before; .

Any feasible sequence of images taken on cameem be represented by vertices
belonging to a patu[0,n° 4+ 1] = {i1 = 0,42,...,iq = n°+ 1} from0 ton® + 1
in G¢. Respectively, any path from 0 to n¢ + 1 in G§ represents a sequence of
images taken on cameraThis sequence respects all the constraints related to non-
overlapping and respect of a minimal transition time between images if and only if
£¢ is transitive, otherwise some of these binary constraints may be violated. Indeed,
if £¢ is transitive, all vertices; andi;,; belonging toy, with k£ a strictly positive
integer, are such thdt;,i,1,) € £°. Otherwise, there may be some verti¢esind
ij4+% belonging tou (with k& > 2) such that(i;, i;4%) ¢ £°. Consequently, associated
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constramt&c +af,, < larenot respected by the sequence of images corresponding
to u. In fact, the part oBN constraints excluded frofi¢ is represented by arcs not in

E* but belonging to the transitivity closure 6%, which is denoted bgxe = (V¢, E°)
(obviouslyE¢ = E° whenG¢ is transitive).

So, the daily mission planning problem can be rewritten in terms of pathsftom
n®+1in G¢, with ¢ = 1, 2, 3, using the traditional vertex-arc formulation as follows:

n 3
Yy ow Y

i=le=1  jelgg (i)

3
SN en<1vieMm (1va)
c=1 jEFGg (2)
S owh— Y wh=0vierT (2va)
jEFGé (%) jergg (%)
(SSVA) Acgpc = b¢ Ve = 1’ 27 3 (3VA)

Zjel“cp () Pis + Zkercp Gy Pk S 1Y) € EC\E° (374)
o> i<t VE=1,... K (4va)

(i,c) EAK €T ge (i)

3 n
DD E D, #<e (5va)

c=1i=1 jEFGg (3)
¢f; € {0,1} V(i,j) € E° Ve=1,2,3.

where each binary variablg; is associated with ar@, j) € E¢, I'c¢ (i) is the set of
nodes adjacent toin G, A¢ is the vertex-arc incidence matrix 6, b¢ is ann® + 2
vector with all coefficients equal to 0 except the first which is equal to 1 and the last
which is equal to-1.

Shva is defined fromS5y by replacing variables$ by Zjel“cc (i) i) in all in-
teger linear program excepted 8k constraints corresponding to arcsiii. Con-
straints3y corresponding to arcs ifi¢ are translated in terms of paths with constraints
3VA-

The optimal solution value of the linear relaxationSsfya , denoted by (S5va ),
is an upper bound far(S5va ) which is equal ta(S5y). In the next section, we show
thatv(S5va) < v(S5x).
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12.3. Model comparison

In [VAS 01], the daily mission planning problem is seen as a knapsack problem
with a huge number of additional logic constraints on variables. In order to compare
S5va andSh5y, we prefer to consider this problem as a maximum weighted stable set
problem with additional linear constraints. Indeed, on each cameraet of images
that can be taken together can be represented by a stable set in a graph, namely the
incompatibility graph, denoted by5 = (X ¢, I°) which is defined as follows:

— X< represents the st (with | S¢ |= n°) of images that can be taken by camera
¢ (with the same convention: a cougilec) is represented by a vertex numbered by
in X°),

— each vertex in X ¢ is associated with the weight; of images,

— I¢ represents the incompatibility relation defined$shx S¢.

Any set of images that can be taken on camecarresponds to a set of vertices
belonging to a stable set i7;. Respectively, any stable set @ represents a set
of images that can be taken on camerdn the following section, we recall some
well-known results about stable set polytope formulations.

12.3.1. About the stable set polytope

Let us consider the stable set problem in an arbitrary géaph(V, E). The stable
set polytope, usually denoted BYAB(G), can be written as:

STAB(G) = conv(z® € {0,1}!V!: § C V is a stable set i)
wherez?® is the incidence vector of.

The stable set polytope and its LP-relaxation have been the subject of numerous
studies (see, for instance, [GRO 88]).

Theedge constraintsof the form:
are facet-defining inequalities 8TAB(G). And we have:

STAB(G) = conv(z € {0,1}!V: z satisfies all edge constraiits

In general cases, thexlge polytopedefined as follows:

ESTAB(G) = {x € R‘f' : x < 1 and satisfies all edge constraihts
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is not equal to the stable set polytope (except for bipartite graphs; see, for instance,
[GRO 88]). In other words, all edge constraints are not sufficient to describe the stable
set polytope, additional facet-defining inequalities must be introduced.

Obviously,maximal clique constraintsof the form:

d oz <LwithQCV

1€Q
where( is a maximal clique i, generalize edge constraints. T¢lue polytope
(also called fractional stable set polytope) is defined as follows:

QSTAB(G) = {z € R‘f' : « satisfies all maximal clique constraifts

For an arbitrary graph, we hag@AB(G) C QSTAB(G) C ESTAB(G). But, if G is
a perfect graph, it appears tistAB(G) = QSTAB(G).

12.3.2. Stable set polytope and daily mission planning problem formulations

For a givere, constraintsey + 2§ < 1 Y(i,7) € I° are edge constraints @ =
(X¢,I°) and, the polytopeonv{z® € {0,1}" : z¢ + z§ < 1V(i, ) € I°} defines
the stable set polytopgTAB(GS). Consequently, ifs5x, this stable set polytope is
replaced by the corresponding edge polyt8s8AB(GS) = {z¢ € [0,1]" : x§ +
z§ < 1 V{(i,7)} € Z¢} which does not correspond BTAB(G%) since there is
no reason folG5 to be a bipartite graph. This difference between the two polytopes
partially explains the huge integrality gap betw&&r andS5yx. In fact, the difference
betweerB5y andS5y, is related taSTAB(GS) formulations.

THEOREM12.1.—v(S5va) < v(S5n).

Proof. Let us first consider the transitivity of the enchainability relation. In this case,
any stable set 7 corresponds to a path frointo n¢ + 1 in G¢ and conversely. In
fact,G¢ can be easily deduced frof¥f; as follows: define the complementary graph of
G%, replace each edge betweesnd;j by an arc from to j if imagei is taken before
image;j and by an arc fromj to 7 otherwise. The obtained directed graph is exaGtly

Let us note that a graph such that its complementary graph has a transitive orientation
is a well-known perfect graph, namely a co-comparability graph. In [BAR 03], it is
shown that the stable set polytope in co-comparability graph can be exactly described
by the path-based formulation. Consequently, the polytbpe {45, € [0, 1E

A%p¢ = b°} is equal toSTAB(G%) for all ¢ = {1,2,3}, and included in the edge
polytopeESTAB(G%). Thus,v(S5va) < v(Shn).

In the non-transitivity case, any path franto n¢ +1in Gg corresponds to a stable
setin a subgrap@¥ of G5. G5 is obtained fromG4 by removing all edgeg, j) such
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that either(i, j) or (j, i) belongs toE¢ \ E*. GS is a co-comparability graph and the
polytope® corresponds to the stable set pontop(SDtB(G‘g) which is included in
ESTAB(GY%). SinceSTAB(GS) = STAB(GS \ G%) NSTAB(GS) and, inS5y, STAB(G%)

is replaced byESTAB(GY) while, in S5va, STAB(GS) is exactly described b, we
havev(S5va) < v(Shy). 1

We calculater(S5x) andv(S5va) on a set of realistic benchmark instances. Re-
sults are presented in the following section.

12.4. Experiments and results

Experiments are carried out on a set of realistic instances described in [BEN 99].
There are two classes of instances:

— the first class includes small size instances without recording capacity constraint,

—the second class includes bigger size instances with recording capacity con-
straint.

For the first class instances, optimal solution values are known. For the second
class instances, approximate solutions have been determined using tabu search (for
details see [VAS 01]) and, for some of them, optimality has been proved in [VAS 03].

Each instance is only described by a list of all binary and ternary constraints. So,
when two images and; are not linked by a constraint, we do not know i taken
beforej or j beforei. Thus, we are not able to defitk: from the instance description.
Consequently, we propose to constratt with the polynomial time algorithm pre-
sented in [GIL 64] for determining a transitive orientation of a comparability graph.
When this algorithm is applied on an arbitrary graph, it defines a circuit-free orienta-
tion of edges. Thus, applied to the complementary gragkothis algorithm defines
a circuit-free directed graph (transitive wh@# is a co-comparability graph) that can
be used instead a@fg.

For each instance, we calculate with Cplex 8.0 the optimal solution valggxof
andS5vya. Tables 12.1 and 12.2 present the obtained results.

Upper bounds provided 5y are logically closer to the optimal solution value
of S5y than those provided by5y. Let us note tha€rs is a co-comparability graph
only for instances 54, 42, 1502 and, in these casgva ) is very close to optimal

solution value. Moreover, upper bounds provided33dy;4, are more interesting for
difficult big size instances with one knapsack constrajnt

Some improvements would be possible with another instance description. First of
all, the algorithm we use to define an orientation of the complementary gra@h of
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InstanceNumber of images(S5x) |v(Son ) [v(S5va) “(55§<)S;§(>55N)% ”<SSZE*S)5;“A(>S5N>%
54 67 70 83 71 15 1
42 190 108067 190567 108067 43 0
28 230 56053|22109Q0 67053 74 16
5 309 114 315 151 63 24
404 100 49 96 49 48 0
408 200 3082 | 5188 | 3094 40 0.3
412 300 16102 | 31323| 23580 48 31
503 143 9096 | 12637| 9601 28 5
505 240 13100| 22236| 15803 41 17
507 311 15137 27361 | 25278 44 40
509 348 19125| 36394 | 25684 47 25

Table 12.1.Integrality gaps for small size SPOTS5 instances

InstanceNumber ofimages&(SSN)‘v(ﬁ) v(Shva) “(552’<)S;§(>55N)% ”<SSZE*S)5;“A(>S5N>%
1401 488 176056 300000 188370 41 6
1403 665 176140 300149 188467 41 6
1405 855 176179 300207 188551 41 6
1502 209 61158 | 64160| 64155 4 4
1504 605 124243191279 139585 35 11
1506 940 168247 276863 183978 39 8

Table 12.2.Integrality gaps for big size SPOT5 instances

selects in an arbitrary way a co-comparability subgraplgfit is obvious thatS5ya
would be strengthened if it was based upon the real enchainability gigph

MoreoverS5ya can be strengthened in rewriting contraithis. These constraints
are due to the limitation of the instantaneous data flow through the satellite telemetry.
A much better formulation is to write cumulative constraints of that type: at each time,
the sum of the data flows used by images must be lower or equal to a certain limit.

12.5. Conclusion

The daily satellite mission planning problem can be seen as a stable set problem
with additional linear constraints. In this chapter, we compare linear relaxations of
two 0-1 linear formulations. In the first one, stable set polytope is represented by edge
polytope while, in the second one, stable set polytope is exactly described. The the-
oretical differences between these two formulations are also illustrated by numerical
experiments on benchmark instances. It is shown that the 0-1 linear programming is
of real interest for modeling and solving satellite mission planning.
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Chapter 13

Dantzig-Wolfe Decomposition for Linearly
Constrained Stable Set Problem

13.1. Introduction

Large-scale 0-1 linear programs often present a strong structure on which a de-
composition scheme can be applied. One of the most famous decomposition schemes
in linear programming is the Dantzig-Wolfe decomposition proposed in [DAN 60].
This decomposition scheme can be applied to 0-1 linear programs [BAR 98]. It leads
us to reformulate the initial program into another one, called the master program, only
containing a subset of constraints on some original variables plus additional variables
representing all the 0-1 solutions of the decomposed constraints. When the polytope
defined by the decomposed constraints does not present the integrality property, it is
well-known that the LP-relaxation of the master program is a strengthened formula-
tion of the initial program continuous relaxation. But, in this case, the LP-relaxation
of the master program is difficult to solve since the variables involved in an optimal
solution, which represent some 0-1 solutions of the decomposed constraints, cannot be
determined in polynomial time (the problem of determining a particular 0-1 solution
of the decomposed constraints is called the auxiliary problem).

In this chapter, we focus on a particular class of 0-1 linear programs in which a
subset of constraints defines a stable set polytope. We study the difficulty and the inter-
est of applying the Dantzig-Wolfe decomposition scheme on the stable set constraints.
When the decomposed constraints represent a stable set problem in a perfect graph,
the auxiliary problem can be solved in polynomial time and the optimal solution value

Chapter written by Virginie GBREL.
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of the master program LP-relaxation can be obtained by column generation proce-
dure. For some particular classes of perfect graphs (like interval or co-comparability
graphs), another formulation — more compact — of the master program can be proposed
and directly solved without using column generation procedure. For general graphs,
the auxiliary problem islP-hard. In this case, an alternative approach is to select some
stable set constraints which define a stable set problem in a perfect subgraph and, to
decompose only on these selected constraints. In this way, the master program can be
solved in polynomial time whereas it is a strengthened formulation of the traditional
continuous relaxation. The selection of a subset of constraints may be difficult but,
for mathematical programs associated with some particular application, the structure
induced by the application itself may be a sufficient guide.

In section 13.2, we recall the Dantzig-Wolfe decomposition scheme in 0-1 linear
programming. Then, in section 13.3, we present the considered problem, namely the
stable set problem with additional linear constraints. In section 13.4, we study the gap
between the traditional continuous relaxation and the linear relaxation of the master
problem, obtained by decomposing on stable set constraints with regards to various
stable set polytope representations for general and perfect graphs. For general graphs,
an alternative approach based on the decomposition on some subsets of the stable set
constraints is briefly introduced.

13.2. The Dantzig-Wolfe decomposition in 0-1 linear programming

Consider the 0-1 linear prografm of the form:

maxcxr

(P) Az <a my constraints
Bx <) mso constraints
z € {0,1}"

whereA € N™*" and B € N™2*X" gre integer matriceg, € N”, a € N™ and
b € N™2 are integer vectors. The s&” = X¥ N {0,1}", with X = {z € R} :

Bz < b,z < 1}, contains a finite set of vectors, denoted{by, 22, . .., 9}, and any
pointz € X £ can be represented as:

q
T = E zF g
k=1

with >°7_, Ay, =landX, € {0,1}Vk=1,...,q.
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The main idea of the Dantzig-Wolfe decomposition in integer programming
[BAR 98] is to rewrite P using the fact that any solution d? is necessarily a so-
lution of X 2, as follows:

max Y ¢_, k)
§=1 AzFM < a
k=1 Ak =1
A €{0,1}VE=1,...,q

M is called the master problem.

If we now consider the linear relaxations Bfand M, denoted byP and M re-
spectively, it is well known that (see, for example, [BAR 98]):

v(P) = v(M) = v(M) = v(P)
Indeed, it is easy to see that:

max Y g_, cxF A
7_ Azt <a

Do M =1

A =20Vk=1,...,q

(M)

is equivalent to:

max cx
Ar <a
z € conv(XP)

whereconv(XP) denotes the convex hull f Z. Thus,v(P) > v(M) sincev(P) =
{maxcz : Az < a, € X8} andconv(XPB) C X 5.

Consequently, when the polybedrﬁ'nB presents the integrality property{,? =
conv(X ), we havew(P) = v(M). Moreover, wherconv(X) = {Az < a} N

conv(X P), whereX is the set of allP feasible solutions, we have({P) = v(M).

These two previous cases are particular and, in general, we have:

v(P) > v(M) > v(M) = v(P)
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These inequalities are very important since we need to calculate a tight upper
bound either for exactly solving a large-scale linear integer program in a branch-and-
bound scheme, or for evaluating the quality of approximate solutions. In this context,
the M formulation and the calculation @{ A1) can be really interesting.

Since the number of variables M can be huge (because it is equal to the car-
dinality of X7), a column generation procedure must be applied to calcu(d®).
It consists of generating only a subset of variables: those which may participate to an
optimal solution. Starting from a subsétof some initial variables (completed with
some artificial variables if necessary), we have to solve at each iteration of the column
generation procedure the following linear problem:

max Y, ; ezt Ay
- Se  ATEN <a (1)
Wi keJ
WO Son=1 @

and to determine among all remaining variables that which has the greatest reduced
cost. The reduced cost of a variablés defined as follows:

Cr = ¢ — mAxy — o

wherer denotes the dual variables associated with constfainand =, the dual
variable associated with constra{2f). The variable with the greatest strictly positive
reduced cost (or several variables with strictly positive reduced cost; see [BAR 98] for
details concerning column generation procedures) must be includeakid ) ; must

be reoptimized. The procedure stops when all the remaining variables have negative
or zero reduced cost and the optimal solutiodff is thus an optimal solution a¥/.

The problem of determining a variable, or equivalently a solutioX §f with the
greatest reduced cost, called the auxiliary problem denotefdyy can be formulated
as follows:

max(c — wA)x — g
(Auz)q{ Bz <b
z €{0,1}"

In what follows, we focus on a particular class-ofiv (X Z) polyhedron: the stable
set polytope.
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13.3. The stable set problem with additional linear constraints
In this section, we suppose that the constraintsBx < b are of the form:

> @ <1with Qp C{1,...,n}and|Qx| > 2Vk =1,...,m;
I€EQK

These constraints can also be represented by a gragh(V, E) defined as fol-
lows:

—eachvariable;,i = 1,...,n, is represented by a vertéxc V' (thus|V| = n),

—each constrairit, k = 1,..., mq is represented by one or several ed@g$ of
E for all i andj (with ¢ < j) belonging toQy.

A solutionz belonging toX Z can be seen as the incidence vector of aSset V/
of vertices (withz; = 1if i € S and 0 otherwise) such that{i, j) € Sx S, (ij) ¢ E.
Consequentlys is a stable set i andconv(X £) is exactly the stable set polytope,
which is usually denoted b§TAB(G):
STAB(G) = conv(z® € {0,1}!V!: § C V is a stable set i)
In this context, the considered progrdhcorresponds to the maximum weighted

stable set problem with additional linear constraints (thefirstonstraints).

The stable set polytope and its LP-relaxation has been the subject of numerous
studies (see, for instance, [GRO 88]).

Considering an arbitrary gragh = (V, E), theedge constraintsof the form:
T; + T < 1V(7/j) ek
are facet-defining inequalities 8TAB(G). And we have:

STAB(G) = conw(z € {0,1}V! : z satisfies all edge constraifts

In general cases, ttexlge polytopedefined as follows:

ESTAB(G) = {x € R‘f' : z < 1 and satisfies all edge constraihts

is not equal to the stable set polytope (except for bipartite graphs, see, for instance,
[GRO 88)). In other words, all edge constraints are not sufficient to describe the stable
set polytope and additional facet-defining inequalities must be introduced.
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Obviously,maximal clique constraintsof the form:

Zmi <1l,withQCcVv
i€EQ

where( is a maximal clique i, generalize edge constraints. T¢lgue polytope
(also called fractional stable set polytope) is defined as follows:

QSTAB(G) = {z € R‘f' : x satisfies all maximal clique constraifts

For an arbitrary graph, we hagdAB(G) C QSTAB(G) C ESTAB(G) (see, for in-
stance, [GRO 88)). But, if7 is a perfect graph, it appears ti$aAB(G') = QSTAB(G).

In the next section, we apply the Dantzig-Wolfe decomposition scheme on stable
set constraints and we compare linear relaxations of master and initial programs with
regards to various stable set polytope representations.

13.4. Dantzig-Wolfe decomposition on stable set constraints: strengthening the
LP-relaxation

13.4.1. Gap between LP-relaxations of master and initial problems

In section 13.2, we recalled that the LP-relaxation of the master problem in a
Dantzig-Wolfe decomposition scheme is equivalent to:

max cz
Ar <a
x € conv(XP)

Whenconv(X P) exactly corresponds to a stable set polytapecan be reformu-
lated as follows:

max cx
Ar <a
= € STAB(G)

Consequently, i is an arbitrary graphy(M) < v(P) sinceSTAB(G) C X 5.
Otherwise, ifG is a perfect graph or the complementary graph of a perfect graph,
STAB(G) can be replaced b§STAB(G) (since in this cas€TAB(G) = QSTAB(G))
and we have:
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—if QSTAB(G) € X B, v(M) < v
y v

—if QSTAB(G) = X B, v(M)

N

(P
(P)

Consequently, wheiX ? does not exactly describe the clique polytope, the LP-
relaxation of the master problem in a Dantzig-Wolfe decomposition scheme may give
a tighter upper bound than the LP-relaxation of the initial problem. The gap comes
from the difference between the two polytope§ andQSTAB(G).

Moreover, the auxiliairy problemua can be reformulated as follows:

max(c — mA)x — g
x € STAB(G)

Thus, Auz is the maximal weight stable set problemdfis an arbitrary graph,
the problem idNP-hard ; otherwise, it7 is a perfect graph, this problem can be solved
in polynomial time.

In this context, whersTAB(G) C X2, an obvious way for strengthening is
to add inX? some additional facet-defining inequalities &TAB(G) (this is done
by a solver like Cplex when it determines the so-called clique cut; see [ILO 02]).
When G is a perfect graph, replacing ® by QSTAB(G), the calculation ofv(M)
remains hard. In this case, the difficulty comes from the possibly huge number of
maximal clique constraints. Indeed, except for some particular graphs (interval graph
for example) for which the number of maximal cliques is boundegh( for interval
graph, see for example [GIL 64]), there are perfect graphs with an exponential number
of maximal cliques. However, this problem can be avoided using either constraint
generation techniques or, if possible, a more compact reformulation. In the following
section, we focus on a particular class of graphs, namely co-comparability graphs, and
we show how to obtain a more compact formulationfér

13.4.2. The case of co-comparability graphs

A simple graph is a comparability graph if it has a transitive orientation, i.e., an
orientation of edges such thét j) and (4, k) implies (¢, k). In [GIL 64, PNU 71],
polynomial time algorithms are proposed for determining if a graph is a compara-
bility graph, and for such graphs, for defining a transitive orientation in polynomial
time. A co-comparability graph is the complement of a comparability graph. A co-
comparability graph is a perfect graph but it can have an exponential number of max-
imal cliques. However, there is a more compact formulation of the stable set polytope
using flow variables (as also suggested in [BAR 03]).
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Let us consideZ = (X,U) a co-comparability graph. A stable set@hcorre-
sponds to a clique in its complement graph, which is denote@by= (X, Uc) with
|Uc| = m. SinceG¢ is a comparability graph, we can defiﬁTg = (X, UZ) as a
digraph obtained by choosing a transitive orientatiogf Let us add into:Té two
fictitious verticese ands and the following arcs it/¢: (e, s), (e,i) and(i, s) for all
i =1,...,n. Thus, any stable set id defines a path betweerands in G_cf and con-
versely. Consequently, it is possible to represaB(G), or equivalenthQSTAB(G),
by a traditional vertex-arc formulation of paths.

In the vertex-arc formulation of the stable set polytope, each varighleepre-

sents an ar¢j, k) in Ue and¢ = (¢>jk)(,k)eU—> is an incidence vector of a path
Ji C

betweere ands in CTC: if it satisfies the following constraints:

> ker+(j) Pik = 2oker-() Phi =0 Vi={l,...,n}
per+(e) Pek = 1
ker—(s) Pks = —1

¢ e {0,1}™

The number of variables is equal to the number of ardgani.e.m + 2n + 1
or equivalentlyO(n?), while the number of contraints equaist 2 + m; or equiva-
lently O(n?). Moreover, it is well-known that this polyhedron presents the integrality
property (since the constraint matrix is a vertex-arcs incidence matrix).

As we showed in the previous section, a way to strengtRefand for perfect
graph to reach the bound provided by the Dantzig-Wolfe decomposition scheme) is to
replaceX ® by QSTAB(G). For a co-comparability graph, a way to desciiis&AB(G)
with a polynomial number of variables and constraints is to use the vertex-arc formu-
lation as follows:

max 23;1 Cj Zkel"+(j) Pk

Z?:l Qg Zkew Pjk < Gi Vi=1,.

ZkeF+(j) Pjk — Zker‘ ¢k3 =0 Vj= {1 }
kel (e) ¢ek =1

ker—(s) Phs = _1_>
< ¢ < 1VY(j, k) € Uc

wherez and¢ variables are linked that way:

= > onVi=1,.

keT*(5)

Consequently, this new formulation must be used to calculaté).
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13.4.3. A decomposition scheme for general graphs

For a general grap@, the LP-relaxation of the master program obtained by apply-
ing the Dantzig-Wolfe decomposition scheme on all the stable set constraints cannot
be solved in polynomial time because the auxiliary probletd®shard. An alterna-
tive approach is to identify one or several perfect subgraplis ahd to decompose
only on the constraints describing these subgraphs as follows:

1) determine one or several perfect subgra@ghs= (V* U*)withk =1,..., K
(K > 1) of G,

2) separate the constraints §¢t < b into K + 1 subsets: foke = 1,..., K,
B*z < b* are all the stable set constraints represente@’in Bz < b are all the
remaining constraints,

3) apply the Dantzig-Wolfe decomposition &tz < b*, withk =1,..., K.

The obtained master program denoted\yis equivalent to:

max cx
Ar <a
Bx<5
r € STAB(G*) Vk=1,...,K

Thus,v(M’) is tractable and we havev(P) > v(M') > v(M). In order to cal-
culatev(M"), several identical methods can be used: a direct calculation with column
generation procedure, a constraint generation procedure applied to the clique polytope
formulation of STAB(G*) and, whenQSTAB(G*) can be described with a “polyno-
mial” number of clique constraints for all = 1,..., K, a direct resolution of the
cligue polytope formulation.

In this approach, the determination of one or several perfect subgraphs may be
very difficult for a general graph. But, for a graph associated with a real application,
the structure of the problem may be a powerful guide for identifying some subgraphs
with “nice” properties.

13.5. Conclusion

When solving exactly or approximately large-scale integer linear prografbi3)(
very important information comes from the calculation of the linear relaxation of
1L P.Itis well-known that, when applying the Dantzig-Wolfe decompositiod ¢,
the linear relaxation of the master probléif may present a smaller integrality gap.
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We consider here a particular classldfP, i.e., those which contain a subset of con-
straints defining a stable set polytope. In this case, when the decomposition is per-
formed on the stable set constraints, the difference between LP-relaxatidfig of
and M can be partially explained by the gap between the stable set polytope and
its corresponding LP-relaxation. In the case of a perfect graph, we show that the LP-
relaxation ofM is equivalent to another formulation obtained by replacinblu#® the
inequalities defining the stable set polytope by the constraints defining the clique poly-
tope. A more compact formulation is then given for co-comparability graphs, based
on vertex-arc formulation of paths. In the case of a general gdaphannot be cal-
culated in polynomial time. Thus, an alternative approach is possible in which stable
set constraints are separated in order to determine some subsets with “nice” property.
This is the subject of further research.
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Chapter 14

Algorithmic Games

The origins of the concepts related to game theory go back to the Babyltairand
where we can find problems like the followihg

If a man was married to three women and died, and if the amount of the Ke-
tubal? was 100 zuz for the first, 200 zuz for the second, and 300 zuz for the
third, and if his estate only contains 100 zuz, they divide it equally. If the estate
contains 200 zuz, the one with the 100-zuz Ketubah gets 50, and the other two
get 75 each. If the estate contains 300 zuz, the one with the 100-zuz Ketubah
gets 50, the one with the 200-zuz Ketubah gets 100, and the one with the 300-
zuz Ketubah gets 150. And if three people [similarly] contributed to a fund, and
it is lost or gained, this is how they divide things.

In modern terms, this problem can be modeled as a cooperative game and the
suggested solution corresponds to the optimality concepdiolus

In contrast with this, no reference of any concept related to games can be found
in the part of Greek or Arab literature known to date; in newer times, the origins of
development of game theory’s basic notions can be found iRtbklémes plaisants
et délectables, qui se font par des nombestited in1612 by Claude Casper Bachet
de Mezirac, but also in a letter from Pascal to Pierre de Fermat (in this letter, Pascal
deals with the problem of the fair partition of the stakes in a card game between two

Chapter written by Aristotelis @BNNAKOS, Vangelis Th. RscHosand Olivier FOTTIE.
1. Mishnah (Ketubot, Chapter 10, Mishnah 3).

2. Amount of money specified in the marriage contract (Ketubah), that can be collected by the
widow from her husband’s estate after his death or after a divorce has been pronounced.



340 Optimization and Computer Science

equivalent adversaries, whenever the game is not yet finished but one player has got
some advantage over the otBjeand in the book of R. Monmatbn games of chance.

Being nourished by various sources like the first attempts in the 19th century -
by Pierre Laplace - of establishing a theory of probabilities deserving that name, the
works of A. Cournot in mathematical economics [COU 1838] and the systematiza-
tion of the war theory by Clausewfzthe idea of creating a mathematical theory
of conflicts was in the air at the beginning of the 20th century, as it can be attested
from the papers [BOR 21, BOR 24, BOR 27, BOU 02, MOO 09, STE 60], and above
all [ZER 13]. We should also mention [LAS 19] which is considered as a philosopical
forerunner of game theory.

This period ends with the seminal talk of J. von Neumann at the Mathematical
Society of Gottingen, published in [NEU 28], that sets the foundations of a formal
treatment of game theory (for the diverse “paternity” issues that have been raised,
see [KUH 58] and for von Neumann'’s contribution to the formalization of game the-
ory, see [KUH 58]). It has been followed by the classic monography by von Neumann
and Morgenstern [NEU 53b], published 1844, with which game theory has defini-
tively entered to its modern era.

14.1. Preliminaries
14.1.1. Basic notions on games

Throughout this chapter, we focus on algorithmic aspects of non-cooperative game
theory. The presentation of the basic notions and the notation follow in rough lines the
exposé of [VOR 98].

DEFINITION 14.1.—Let] be a set{ X, },c; a set system indexed Byand{R;}ics a
system of binary relation®; C [[,.; Xi x [[;c; Xi. The triplet:

T = (I {Xi}ic; {Ri}tics) [14.1]

is called a non-cooperative game of playdrsvith strategy setX; and preference
relation R; for every player € I. RelationP;, = R; \ R;l is called strict preference

3. CEuvres de Fermat, ed. P. Tannery, C. Henri, vol. I, Paris, 1894; the problem has been re-
ported to young Pascal by the Chevalier de Méré.

4. R. Monmort,Essai d’'analyse sur les jeux de hasd&hd revised edition, completed with
several unpublished letters), Quillan, Parid 3 (reedited by Chelsea, New York, 1980).

5. C. von Clausewitz, Vom Kriege, Dummlers Verlag, Berlin, 1832.
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relation of playeri. The elements of a set of strate§y are called the choices af
in the gamel’ and the combinations of choicase X = Hiej X; are called the
situations ofl".

In what follows, we deal exclusively with non-cooperative games of a finite num-
ber of players, each one having a finite strategy set.

It is often the case that preference relatidtysof Definition 14.1 are represented
by payofffunctionsH; : X — R, such that:

xRy & H;(x) > H;(y)

In this case, a gamie will be defined by its player sdtand, for each player, his
strategiesX; and his payoff functiorf;:

r'= <Iv {Xi}ieja{Hi}j,e[> [142]

The modeling of preferences by using functions is the object of study aftilitg
theory, that goes beyond the scope of this chapter. However, it can be noted that if
preferencest; are partial orders, then there is a “fine” representation of them in terms
of H;s, i.e., such that:

xPyy < H;(x) > H;(y)

The definition of non-cooperative games introduces in a natural manner the issue
of a relation of “collective” preference over a game’s situations. Indeed, every attempt
to interpret the latter as decisions of the players raises the question of the existence
of situations that could be considered as better than others, or even optimal. If, in the
case of a traditional optimization problem — that can also be considered as a degen-
erated game of one player — an optimal solution is usually the value (the choice of
strategy/situation) minimizing or maximizing a real function (the payoff function), in
the case of a hon-cooperative game of more than one player, an optimality concept
ceases to be that evident. More generally, this concept can be defined as follows:

DEFINITION 14.2.— An optimality concept is a functiop associating with every
game a subset of its situations sef’ C X.

However, Definition 14.2 is quite general such that “intuitive” optimality concepts
as well as “artificial” or trivial ones can be understood. So, it is rather better to follow
a reverse approach: define a preference relation over the situations of a game and then
determinepI” to be the set of situations such that there is no situation preferable to any
of them. Thus, an important class of optimality concepts can be formulated as follows.
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Let KX C I be acoalitionandx = (z;);cs a situation of". A situationy = (y;):cr
is attainablefromx for K ifand only ifVi € I,y; # x; = i € K.Itis easy to see that
this attainability relation is an equivalence relation; the equivalence class of situations
which are attainable from for K will be denoted byt (x, K).

For any K C I and a set of indice$x, a family of couples of subsets d@f
indexed bySk can be chosen:

L(K) = {(Lp,LR) : s € Sk}

Then, a preference relation ovkr(denoted?; k), can be defined:

xRoyy & \/ /\ xPy /\ /\ xR,y

s€Sx \ \i€Lj €Ly,

Provided tha P;y impliesxR;y, it can be considered without loss of generality
thatLy, N Ly, ={}.

A situationx of T" is called £L(K)-optimal whenever there is no situatign €
(gr‘(X7 K) such thatyRC(K)x.

Finally, let/C(K') be a set of coalition& C I and let£(K) = {L(K) : K € K}
be the set of families of couples corresponding to the coalitiois iA situation(x)
of I is then calledC(/C)-optimal if it is L(K)-optimal for all K € K. The optimality
concepty .k associating withl™ the sety ) I" of its L(K)-optimal situations is
calledC-optimality concept

The gquasi-totality of the optimality concepts explored in non-cooperative game
theory argC-optimality concepts. Among the most studied, we can find the following:

- Pareto K-optimality. for all K € K, itis Sx = K, L, = {i : i € K},
Lhy=K\{i:ie K}
- if IC consists of a single coalitioR’, the concept is calleHareto K -stability;
- if K = {I}, the concept is called simpRareto stability;
- Pareta2’-optimality is also calledtability in the strong sense
- K-equilibrium forall K € K, itis S = {a}, L} = K, L% ={ }
- 21-equilibrium is also calleéquilibrium in the strong sense
-if K = {{i} : i € I}, the correspondinff-equilibrium is calledNash equi-
librium.

6. Many authors still use for this concept the tePareto optimalityinstead of “Pareto stability”.



Algorithmic Games 343

ExAMPLE 14.1.—Prisoner’s dilemmaConsider the game:
<{A7 B}v XA = XB = {dv n}a HA; HB>

with:
Ha(d,d) = Hp(d,d) = -8
Hi(n,n) = Hp(n,n) = -1
Ha(d,n) = Hp(n,d) = 0
Ha(n,d) = Hp(d,n) = —-10

To put a narrative on this game, imagine tAaand B are jailed and isolated from
each other. They are accused of the same crime but no solid proof can yet be estab-
lished for the charges. Both and B can either admit the charge and denounce the
other for complicity (choicel), or deny any implication to the crime (choigg. If A
and B denounce each other, then they will be both sentenc8d/ears in prison. If
both of them deny the charge, then they will be judged on the basis of existing proofs,
and (probably) they will be condemned to a sentencé péar in prison for minor
crimes. If one confesses/denounces the other, while the latter denies his participation
in the crime, then the one who confessed will be released, but the other will be desig-
nated as the sole guilty, and consequently he will be sentenciilytears in prison.
It is easy to see that in this game, situatighd) is a Nash equilibrium, while the
remaining thre€d, n), (n, d), (n,n) are Pareto stable (optinfa)

14.1.2. Complexity classes mentioned throughout the chapter

For the sake of completeness of presentation, we give in this section some short
definitions of complexity classes that will be mentioned later on. For more details,
see [PAP 94a] and also [ANG 05, GAR 79, PAS 04, PAS 06]. For basic notions of
formal language theory like “alphabet”, “Turing machine”, etc., see [LEW 81].

Let X be a finite alphabet. We note NP (resp.NEXP) the class of languages
L C ¥* (whereX* is the Kleene’s star closure &f) for which, given a stringe of
characters fronx, it can be checked in polynomial time whethee L. We note byP
(resp.EXP) the class of languagdsfor which anz € L (or the confirmation thak
is empty) can be calculated in polynomial (resp., exponential) time.

Let R C ¥* x ¥* be a binary relation over the strings of characterXZinR is
calledpolynomial-time decidabliéthere is a deterministic Turing machine which can

7. The first detailed analysis of this type of games is published in [LUC 57]; the monogra-
phy [RAP 65] is devoted to Prisoner’s dilemma.
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decide in polynomial timeR is called polynomially balanced if there iss< 1 such
that, for all(z,y) € R: |y| < |z|*.

For R polynomial-time decidable and polynomially balanced, ¢banting prob-
lemassociated witlR is the following: “givenz € X*, calculate the number gfsuch
that(z,y) € R". ClasstP is the set of counting problems associated with relati®ns
of this type.

A necessary and sufficient condition for a language X~* to belong toNP is the
existence of a polynomial-time decidable and polynomially balanced rel&ticover
strings, such that. = {z : 3y, (z,y) € Rr} [PAP 94a]. We can define then, for all
languaged. in NP, afunction problem associated with as the following problem.
“Let Ry, be arelation satisfying the previous condition. Giwea ~*, find y such that
(z,y) € Ry, orreturn “no” if there is no such”. Whenever it can be shown that,
is such that, for all: € ¥*, there is always g such that(z,y) € Ry, the associated
function problem is then calletbtal function problem associated with. The class
of all function problems associated with some languagifhis denoted byFNP.
The class of total function problems is denotedTtsy. The subclass of total function
problems associated with some languagihis denoted byfFNP.

An important class of “total” problems, for which we search for a solution but the
existence of at least one is guaranteed, is the class of total problems that can be reduced
to the following problem, calle@ND OF LINE and defined as follows: “leP andC
be two logic circuits withn input bits andr. output bits, such thaP(0,...,0) =
0,...,0) # C(0,...,0); find an inputz € {0,1}" such thatP(C(z)) # x or
C(P(x)) £z #(0,...,0)".

Intuitively, the problemeND OF LINE is illustrated by a directed graph(V, A)
whose vertex set i¥ = {0,1}" and directed edge seti$ = {(z,y) : P(y =
C(z)) = z}. The in- and out-degree @ is at most one, and’ has at least one
source(0, ...,0). We search for another source or a sink. CRBAD includes then
all total problems whose totality can be established by the combinatorial argument:
“if a directed graph has a vertex with non-zero difference between in- and out-degree,
then it must have another one” [DAS 05].

Given an optimization problerii, a problem of searching fdéocal optima can be
defined by associating with the set of feasible solutiori$ ameighborhood structure,
and then searching for a solution which is optimal in comparison with its neighbors
(see also [MON 03]). The cla$aLS is the set of local research problems for which
there exist three polynomial algorithmg, By andCy such that:

- given an inpute, algorithmAy decides whether is an instance ofl and, if this
is the case, calculates a feasible solution for this instance;

- given an instance of IT and a candidate solutionfor x, algorithmBy decides
if sis a feasible solution far and, if this is the case, calculates its value;
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- given an instance of IT and a feasible solutionfor z, algorithmcy decides if
s is alocal optimum (under the neighborhood structure associatediyititherwise,
calculates a neighbor solutighof strictly better value than the value of

14.2. Nash equilibria

A. Cournot, in Chaptel of his famousRechercheshad already formulated an
equilibrium concept for some specific two-player games, the direct generalisation of
which is the Nash equilibrium [LEO 94]. A major part of contemporary research on
the theory of non-cooperative games, above all on algorithmics of non-cooperative
games, is devoted to this optimality concept and its variants. Most of the results pre-
sented in the present chapter deal with Nash equilibria.

In its current form, this concept has been introduced by J. Nash in [NAS 50b]. In
this note, the author shows that, for a quite broad family of games, the set of Nash
equilibria is guaranteed to be non-empty. Based on this fundamental propriety, he
outlines later [NAS 50a] a vast program of reduction of cooperative to hon-cooperative
games.

Intuitively, a situation is a Nash equilibrium if no player can get profit if he mod-
ifies in a “unilateral” fashion his choice (i.e., while the other players stay in their
choices that define this situation).

In order to introduce the principal results of Nash, let us recall some mathematical
definitions.

DEFINITION 14.3.—LetZ be alinear space. A set C Z is convexif, forall 2/, 2" €
Zand\ € [0,1],itis Az’ + (1 —N)z" € Z.

DEFINITION 14.4.— Let Z be a linear space. A functiofi : Z — R is called
concave (resp., conveif) for all 2/, 2" € Z andX € [0,1], itis:

M () + (L= NF (") < (resp., 2)f (A2 + (1= N)2") [14.3]

Functionf is strictly concave (strictly convex) if inequality [14.3] is strict fgr£ 2"
and0 < A < 1. Function f is quasi-concave (resp., quasi-convex) if the {set
f(z) = (resp., <)a} is convex for alky € R.

A game in form [14.2] is calledoncaveresp.,quasi-concavgif, for each player
1, his set of strategieX; is a convex subset of a linear space and if, whenever we
fix the choice of the other players\ {i} in an arbitrary way, his payoff functiof;
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becomes a concave (resp., quasi-concave) funéfion— R. We must note here that
it is not necessary to have all of tii& s concave or quasi-concave.

Now Theorem 14.1 can be stated.

THEOREM 14.1.— Let a gamel (in form [14.2]) be quasi-concave. If strategy sets
X, of all players are compact (in some topology) and if payoff functi@pare con-
tinuous (in the corresponding topology) over the situations, fhéms a Nash equi-
librium.

Proof. Let x be an arbitrary situation. The situation obtained ikithe choice of is
replaced byz; will be denoted byk||z;. Letc;(x) = argmax,. H;(x|z;), i.e., the set
of choices of playef for which:

H; (x||=7) = max {H; (x||z:)}

i

Because of the compacity df; and the continuity ofH;, c;(x) is non-empty;
moreover, because of the quasi-concavityfpfoverz;, c;(x) is convex (and closed,
by continuity of H;).

The correspondence betweeandc; (x) is also closed, i.e., for all converging se-

quences of situations(, ..., x(™) — x(©) and all converging sequences of choice
of iy, .. y™ — y!% suchthat, forn = 1,.. .
g™ e ¢ (x<m>) [14.4]

the following inclusion holds:
s e ¢ (x<0>) [14.5]

[14.5] can be shown by selecting an arbitrary expression [14.4] means that for all

m.
H; (x g™ ) > Hi (x0):)

and hence, passing to the limit:
H; (xOly™) = H (x O

which implies the validity of [14.5] because the latter holds for any
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Now consider the application : X — 2% establishing the correspondence
between each situatian and the set of situationgx) = [[,.; ci(x). Sete(x) is a
Cartesian product of non-empty, compact and convex sets - thus it is also non-empty,
compact and convex; let us recall thaicifix) are closed, we get tha{z) is also
closed.

Thus, applicatiore satisfies the conditions of the Kakutani Theorem [BOR 85],
according to whicle has a fixpoint, i.e., there is* € X such that* € c(x*). Bult,
for all choice ofz; component ofk*, there will be alsar € c;(x*), i.e., for all
playersi:
Va; € X;, H; (X*) > H; (X*Hl‘l)

Hence, the Nash equilibria set for a game as those of Theorem 14.1, are non-empty.
|

This result can still be obtained if the concavity conditionfois relaxed and if
the continuity condition for the payoff functions is slightly modified, as stated in the
following theorem, that we mention without the proof.

THEOREM 14.2.— LetI" be a concave game (in form [14.2]). If the set of players’
strategiesX; are compact (in some topology) and if the payoff functions are continu-
ous (in the correponding topology) whenever the choice of all other players except
is fixed in an arbitrary fashion and the choiceiofaries freely, and i, ; H;(x) is
continuous ovexk, thenI” has a Nash equilibrium.

14.3. Mixed extension of a game and Nash equilibria

For every optimality concepp, an interesting question is whether it is possible
to transform a gamé' into a game7 (T"), in such a way thapI’ C 7 (I'). The
importance of Nash equilibria comes precisely from the fact that there is an intuitive
transformatiori transforming every game of finite player set and strategies into a
game that satisfies the conditions of Theorem 14.1, i.e. into a game having (at least)
one Nash equilibrium.

DEFINITION 14.5.— LetD’ = (I, {X,}icr, { Hi }icr) be a game with finité and X;.
We call mixed extension &f a gameG = (I, {X/}icr, {H;}ier) in which the X!
are independent probability measures, each one defined by takgebra2*: over
X, and H; are expectancies df;. X/ are called mixed strategies setsloand their
elements are called mixed choices.

Intuitively, a mixed extension df is the game that yields when players play proba-
bilities distributions over their strategies sets rather than choices themselves; “classic”
situations appear whenever every playetays a degenerate probability distribution
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over X;, with 2 chosen with probability one and every other choicé ofiosen with
zero probability.

Thus, every situation df is also a situation ofr and for these situations the payoff
values are the same (Has inI". It is easy to see that thE/ and theH; all satisfy the
conditions of Theorem 14.1 (in fact, evel/ is a simplex).

Theorem 14.3 expresses some basic proprieties of mixed extensions of games,
related to Nash equilibria.

THEOREM 14.3.— Every mixed extension of a game la®f definition has a Nash
equilibrium, and all Nash equilibria of are also Nash equilibria of its mixed exten-
sion.

Proof. According to the previous comment and Definition 14.%:0the sets:

X! = {pi tpi () > 0forz; € X;and Y p; (a) = 1}

T, €X;

are simplices in Euclidean spaces of finite dimension and the topologies in such spaces
are compact. In this case, spaces are linear and henc¥ sate convex.

For all mixed situations’, it is:

E(X/): Z Z Hq;(xl,...,xm)pl(xl)...pm(l‘m)

r1€X1 meXm

Hence, functiondd; : X’ — R are linear in every one of their arguments and
consequently they are concave functions. |

Nash equilibria of the mixed extension of a galhare often calletNash equilibria
of I in mixed strategiesthose which are not Nash equilibria Bfare calledmixed
Nash equilibriaof ", while those which are Nash equilibriaDBfare calledpoure Nash
equilibria of T.

Equilibria sets of games of Definition 14.5 in mixed strategies contain a finite
number of connected components.
14.4. Algorithmic problems

Finding an equilibrium in mixed strategies is a total problem: there is always one,

no matter what the game is. However, in the existence proof no constructive arguments
are used, at least in the “polynomial” sense of this term. It should also be mentioned
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that Nash had already given an example of a three-player game whose only equilib-
rium is in irrationals (at the same time, no irrational numbers enter the description
of this game). Therefore, any algorithm calculating Nash equilibria for general games
would rather have to calculate a finite-description, ratierabproximate equilibrium,

that is a situation such that no player can improve his payoff more tharadditive
factor, being part of the algorithm’s input.

The complexity of an algorithm for the problem formulated in this way would then
be stated in terms of order of magnitude of a function of the game’s description size
and of the precision parameter

14.4.1. Games of succinct description

In order to specify a game = (I, { X, }icr, { Hi }icr) With finite player and strat-
egy sets|I|[[,c; |Xi| values are needed for describing the payoffs, plus ; | X;|
values for the strategy sets, plus the number of play/ér$n order to further specify
an instance of the problem of searching a mixed equilibriuin, ia value for the pre-
cision factore is also needed. In this representation form, the lengthier part is in fact
the payoff description.

However, it is often possible to obtain a succinct representation affthéor in-
stance, whenever every payoff function can be expressed by a short and polynomially
computable formula, or in the case where the payoffs are in fact independent of the
choice of the whole set of players except for a small part of it.

In such cases, a direct@afluence graptGr(V, E) [KEA 01] (with V(Gr) = I
and E(Gr) = {(i,j) : H; depends on the strategy chosenjby can be associated
with I". Then,I" is calleda game defined on the grajgi-.

In general, we can always define a game on a complete directed graph; but, for
the games for which a low connectivity graph is enough, this representation can be
seen as a kind of factorization in smaller “local’” games. If the graph is of bounded
degreeA, then, for the description aff;, no more thanl|m~+! values are needed,
with m = max;e;{| X;|}.

14.4.2. Results related to the computational complexity of a mixed equilibrium

It is well-known that a Nash equilibrium for a game can be represented as the solu-
tion of a system of polynomial inequalities [VOR 98]. There exist algorithms solving
such systems in time that is polynomial bt andlog(M)(mn)™ ™", M being the
absolute maximum of the players’ payoffs,the maximum number of choices for all
players anch = |I| [GRI 88].
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The question of the existence of a polynomial time algorithm for calculating a
mixed Nash equilibrium remains open to this day (see [PAP 05] for some recent de-
velopments on this issue). In most of the works dealing with the subject, this question
is addressed in the following form: given a succinct description of a game, find an al-
gorithm which calculates a mixed Nastequilibrium of the game and is polynomial
on 1/¢, on the number of players and on the maximum number of choices for any
player.

[BUB 79, VOR 98] show a transformation of any gamengflayers to some game
of 3 players, such that there is a bijection between the equilibria of the transformed
and the equilibria of the initial games, which make it possible to find the latter from
the former in polynomial time. In this transformation, the sets of strategies of the
three-player game are of exponential size with respect to the size of those of the initial
general game.

Two other equilibria-preserving transformations of general games into three-player
games have been presented in [CHE 05, DAS 05]. They are based on that shown
in [GOL 05]. In this paper, it is first shown how to transform a game defined on a graph
of n vertices and degree boundedfyyinto a game ofA? players (a “special” player
plus A% — 1 players corresponding to chromatic classes of the graph obtained after
having put over the original graph one directed e@igé) for every path(i, ), (4, k)
in the original graph). It is then shown how to obtain, from a general game, a game
defined on a graph of degr8ewhere every vertex-player has two choices. Combin-
ing these reductions yields that the problem of finding an equilibrium in a three-player
game is, like in the general casePAD-complet8. Thus, the existence of a polyno-
mial algorithn® for this problem seems highly improbable.

In [KEA 01], the authors present an algorithm that finds a mixed equilibrium of a
game defined on a tree where every player is given two choices (“zero” and “one”).
The algorithm makes two searches of the tree’s nodes, one from the leaves to the
root, and a second from the root towards the leaves. During the first search, every
vertex transfer to its father a sequence of numbers defining a partition of the inter-
val [0, 1], which determines its choice for each choice of the father in every part of
the patrtition, in order to attain a Nash equilibrium given the father’s choice. This se-
guence of numbers — the “breakpoints” — of fel] has been calculated from the
data transferred by the children of the vertex. When the root is reached, it determines
a choice that is transfered to the root'’s children; during the search towards the leaves,
the vertices determine their choice depending on their sequence of numbers and the

8. This is the class of problems ifiF that can be shown to belong to the latter by a parity
argument (of the kind: if a directed graph has a vertex with a non-zero difference between its
in- and out-degree, then it must have another such vertex).

9. In the sense discussed above.
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choice announced by their fathers. The authors claim that this algorithm is polynomial
for bounded degree tre¥s In [VIC 02] the algorithm is generalized for other graph
classes.

In the case of zero sum, two-player games (i.e., whenever féralls) € X,
Hy(z1,z2) + Ha(x1,22) = 0), the problem of searching a mixed Nash equilibrium
can be formulated as a linear program, hence it is polynomial-time solvable.

The question of general two-player games remains open [KOL 92]. A solution
method has been proposed in [LEM 64]; however, this method can be exponential
even for some zero-sum games [SAV 04].

Quite recently, Chen and Deng [CHE 05B] have shown the searching of Nash equi-
libria in general two-player games to B¥AD-complete, as for the case of general
games. In [SIN 00], some steepest-descent heuristics are also proposed for this prob-
lem.

As for negative results on the complexity issue, [GIL 89] shows some in this vein.
In fact, the central part of the assertions shown in this paper is that searching a mixed
Nash equilibrium with specified properties often becoBscomplete, even for sym-
metrical two-player gamés

In order to obtain these results, the authors of the paper have built a reduction
of a CNF formula to a symmetrical two-player game, i.e., such that in any situa-
tion (z1, z2), the payoff of one of the players is equal to the payoff of the other in
situation(zo, x1).

In what follows, we present the reduction given in [CON 03] which is based on
that in [GIL 89].

Let ¢ be a Boolean formula in conjunctive normal form. léte its set of vari-
ables (with|V| = n), L the set of literals corresponding to element¥adnd letC be
the set of its clauses. The function L — V returns the variable that corresponds
to a literal, i.e.v(z;) = v(—z;) = z;. I'(¢) is defined as the following symmetrical
game of two playersl(= {1,2}): X = X; = X3 = LUV UC U{f} ; the payoff

10. However, a more careful analysis in [ELK 06] shows that this algorithm becomes polyno-
mial under more powerful constraints.
11. Games for whichH 1 (z1, 22) = Ha(x2,21), forallz1 € X1, 22 € Xo.
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functionsH, H, are defined as:

Hy (18,02) = Hy (12,11) =1 WIY,12 € Lwith [} # —[2
Hy(l,-1)=Hy(-1,l)=-2 VielL
Hy(l,z) = Ha(z,l)=—-2 VieL,ze X\L
Hy(v,l) = Ha(l,2) =2 YveV,leLwitho(l)#v
Hy(v,l) =Ha(l,v)=2—n YveV,leLwithv()=v
Hy(v,z) = Ha(z,v) = -2 Yveze X\L
Hy(c,l) = Hy(l,¢) =2 VeeC,le Lwithl¢c
Hi(c,l) = Ha(l,c)=2—n VeeC,leLwithlec
Hy(c,z) = Ha(z,c) = =2 Vee(C,ze X\ L
Hl(faf) :HQ(fvf) =0
Hy(f,2) = (s ) =1 W€ X\ {f}

Now the main theorem can be stated as follows:

THEOREM 14.4.— The gamd’(¢) has a mixed Nash equilibrium in which both play-
ers playl; with probability 1 /n of getting payoft if and only if (i1, lo, ..., 1) (with
v(l;) = z;) satisfiesp. Moreover, there is only one more Nash equilibrium (in mixed
strategies), when both players plgyeach one receiving paydff

Proof. We start by showing that the situations mentioned in the theorem are indeed
Nash equilibria. If (withv(1;) = z;) satisfiesp and player2 playsi; with probability
1/n, then playen can choose one of theseand be paid. Notice also that:

- if 1 plays the negation of one of thekethen he gets as payoff:

x1l<1

% x (=2) +

- given that for some of thg that2 plays sometimes, it is(l;) = v, if 1 plays a
variablev he will be given:
1 n—1

Ex(?—n)—k

x2=1

- if 1 plays a clause he will get a payoff at most:

1
x2=1

1 n —
- 9 _
~ % (2=n)+

because one of thig played sometimes b¥ is in clauser, according to the fact that
l; satisfiesp;
- finally, if 1 plays f he will be handed.

It follows that playing any of thé; played sometimes b¥is an optimal response
for 1; hence if both players play each one of théseith probability 1/n, a Nash
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equilibrium is reached. Clearly, the situation where both players playalso a Nash
equilibrium, given the situation with one of the players playing anythingfbuhen-
ever the other playg, will give him a payoff equal te-2.

It remains to show that there is no other Nash equilibrium: if the other player
plays alwaysf, the only “best response” for the player is to plapecause any other
choice would give payoff-2. In the opposite case, given a mixed strategy of the other
player with zero probability of playing, we consider the payoff of the first player.

If this payoff is less thari, then he should rather plgy(which gives a payoff equal
to 1 when the other does not play at dll which is a choice that is better than his
former choice whenever the first player plags Hence, these situations cannot be
Nash equilibria.

In the case where a player playswhile the other does not play, there is no
Nash equilibrium; so, suppose that both players glayith probability less than.
Let us consider the “expected social welfaié; + H, when no player playg. It is
easy to see that no such situation can give a social welfare greate. tNatice also
that every situation in which one of the players plays an elementaf C' implies a
social welfare which is strictly less th&nlt follows that if one of the players plays an
element ofl” or C, and no player play$, then the expected social welfare is strictly
less tharp.

By linearity of expectancy, it follows that the expected payoff of at least one of the
players is strictly less thah when no player playg and, according to the previous
reasoning, this player could improve his payoff by playfnigther than any probabil-
ity distribution over choices which are different frofn This suffices to conclude that
no element ol or C'is played in a Nash equilibrium.

Thus, we can suppose that both players put non-zero probabilities only over ele-
ments ofLU{ f}. If the other player puts positive probabilities oyeithen it is better
for the first player to choosg¢ than any element of (because both players will be
given payoffl if the other player plays an element 6f while playing f is a best
response if the other playd. It follows that the only equilibrium in which one of the
players plays is the situation in which both players pldy

Now we can suppose that both players put positive probabilities over elements of
L exclusively. Suppose that, for a particular player, the probability of playorg-{
is less tharl /n. In that case the expected payoff of the other player when he plays
v(l) is strictly less than:
1 n—1

Ex(Q—n)—&-

x2=1

so this cannot be a Nash equilibrium, yielding that in a Nash equilibrium, forall,
the probability for a player to playor —I is exactlyl /n.
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If player 1 puts positive probabilities over an element/oénd player puts posi-
tive probabilities over the negation of the same element, both players get an expected
payoff less tharl and they would be better off by playing Thus, in a Nash equilib-
rium, if player1 plays! with some probability, then play@rhas to playi with prob-
ability 1/n. This implies that for each variable there exists exactly one of its literals
which is played by both players with probabilityn. It follows that, in every Nash
equilibrium (other than the situation where both players piaythe literals played
sometimes correspond to a truth assignment.

Finally, we show that if this assignment does not satisfthen the corresponding
situation is not a Nash equilibrium. Let € C be a clause that is not satisfied by
the assignment, i.e., none of its literals is ever played. Then, playinauld yield a
payoff equal t® and both players should play it. |

According to Theorem 14.4 shown above, there is a Nash equilibriub{dn
in which every player get$ as payoff if and only if¢ is satisfiable; the only other
equilibrium is when both players plaf and they get) as payoff. However, every
“sensible” definition of “welfare optimization” should rather push to prefer equilibria
of the first type. In this sense, deciding if there is a “good” equilibrium is a hard prob-
lem. The following corollaries develop a spectrum of similar aspects of the problem
(each corollary is directly deduced by Theorem 14.4).

COROLLARY 14.1.— Even in symmetrical two-player games, iNB-hard to de-
cide the existence of a Nash equilibriurnyielding an expected social welfare
Dl H;(x) which is at least equal th, even ifk is the maximum attainable value
for the social welfare in the game.

COROLLARY 14.2.— Even in symmetrical two-player games, iNiB-hard to decide
if:
1) there is a Nash equilibrium in which all players get payoffs at lkasven ifk
is the greatest value for which there is a probability distribution over the situations of
the game such that all players have a total expected payoff of atdeast

2) there is a Nash equilibrium that is also Pareto-stable;
3) there is a Nash equilibrium where one of the players gets a payoff of akleast
4) there is more than one Nash equilibrium;

5) there is a Nash equilibrium in which one of the players sometimes plays a par-
ticular choicer € Xi;

6) there is a Nash equilibrium in which one player never plays a particular choice
T € X;.

Corollary 14.2 shows that it is hard to obtain specific information about Nash
equilibria in a game. Point 4 and softer versions of 1, 5 and 6 have been first shown
in [GIL 89].
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As a conclusion to this section, we mention a remarkable result of [DAS 05] con-
cerning Nash equilibria in mixed strategies for games definedddimensional grid.
It is shown that it can be decided in polynomial time whether a game defined-on a
dimensional grid has a pure equilibrium, while the same problend for2 becomes
NEXP-complete.

14.4.3. Counting the number of equilibria in a mixed strategies game

As it is already shown (page 348), the number of connected compdAerfts
the Nash equilibria set in a mixed game is finite. The question of enumerating
these components was first studied from the algorithmic complexity point of view
in [MCL 97, MCL 02]. Theorem 14.4 can be directly used to show that deciding this
number for a given game is hard.

PROPOSITION14.1.— Even in symmetrical two-player games, counting the number
of Nash equilibria isiP-hard.

Proof. The number of Nash equilibria in the gaiiés) of Theorem 14.4 is the number
of satisfying assignments gfplus one. But it is well-known that counting the number
of satisfying assignments of a formula in CNRR-hard [VOR 98]. |

Every Nash equilibrium oF (¢) is a connected set, hence the number of connected
components is equal to the number of satisfying assignmentphfs one. Thus, the
following Corollary 14.3 holds:

COROLLARY 14.3.— Even in symmetrical two-player games, counting the number of
maximal connected subsets of the Nash equilibria sf-isard.

It is worth mentioning here that the most interesting resultg@hardness are
those whose corresponding decision and searching questions are easy (such as, for
instance, thgP-hardness of counting perfect matchings in a bipartite graph, which is
reduced to the calculation of the permanent of a matrix).

14.5. Potential games
The representation problem discussed in section 14.4 is simplified to a great extent
in the case opotential game#troduced in this section. This class of games models

a broad spectrum of optimization problems; they have always pure Nash equilibria
coinciding with the local optima of their potential function.

12. Of the maximal connected subsets.
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14.5.1. Definitions

LetD’ = (I,{X.}icr, {Hi}icr) be a game of finite sets of players and strategies.
For asetk C I, we denote by- K the complementary set & with respect ta and
by X the Cartesian produdt], , X;. For singletongi}, X;_;; will be denoted
by X_;. Let us assume a situation= (x1, . .., x,). The situation:

(xh sy Li—1, 2, Ty - - - 71‘71/) = X”Z
is noted by(z_;, 2).

A function P : X — R is anordinal potentialfor T if, for all i € I and for all
r_; € X_;:

H;(r—i,x) — H;j (x—;,2) >0 <= P(a_;,z) — P(a—;,2) >0, Vo,2 € X,
DEFINITION 14.6.—I" is an ordinal potential game if it admits an ordinal potential
(i.e., it is possible to define an ordinal potential fio).

Letw = (w;)ier be a vector of positive numbers that will be called wegghts A
functionP : X — R is aw-potentialfor I" if, forall s € T and alls_; € X_;, itis

H;(s_j,x)— H; (s—i,2) = w; (P (s—4,2) — P(s-4,2))
forall z, z € X;.

DEFINITION 14.7.- is aw-potential game if it admits a-potential. P is also called
aweighted potentiahndI" a weighted potential game

A function P : X — R is anexact potentialor, simply, apotentia) if it is a
weighted potential fof' with w; = 1, foralli € I.

DEFINITION 14.8.—T" is an exact potential gaméor, simply apotential gamgif it
admits a potential.
14.5.2. Properties

The existence of an ordinal potential for a game makes it possible to transform
it into an equivalent “simplified” game, with the same equilibria set as the original
game.

LEMMA 14.1.—Let P be an ordinal potential for the game:

D=(={1,. .. 0} {X1, ... X}, {H1,..., H,})
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The equilibria set of' concides with the equilibria set of:
G={1,...,n},{X1,...,Xn},{Hi=H>... = H, = P})

i.e., the game obtained if the payoff functiong'afre replaced by the potential func-
tion.

In other wordss € X is a Nash equilibrium fof" if and only if, for alli € I such
thatx € X;:

P(s) > P(s—i,x) [14.6]

Consequently, if” admits a maximal value ové, thenG has an equilibrium in
pure strategies. But this is the case, according to the constructiBn Bifius, Theo-
rem 14.5 can be stated.

THEOREM 14.5.— Every ordinal potential game has a pure Nash equilibrium.

Theorem 14.5 can be further generalized, in order to completely characterize the
class of games with pure Nash equilibria.

Starting from a finite gamg&, we can build a directed graph having as vertex set
the situationX of " and all the directed edgés, s’) for situationss ands’ differing
only in one componeritand such thatl;(s") > H;(s). If the graph has no circuit, we
say that théNash dynamicsonverge forl".

ProrPoOsITION14.2.—If the Nash dynamics converge fBr thenI” has a pure Nash
equilibrium.

Proof. The sinks of the graph are the Nash equilibria of the game. |

A pathin this graph is the sequenge= (y°,y!,...) such that, for allk > 1,
there is a unique playeérsuch thay* = (y*;', z) for z # ' in X;; y° is called
theorigin pointof v and if v is finite, then its last element is called tte@minal point
of v. A pathy = (y°,4',...) is animprovement patlior T if, for all k¥ > 1, it is
H;(y*) > H;(y*—1) with i being the only player changing strategy at stepVe say
thatI" has the finite improvement property (FIP) if every improvement path is finite.

LEMMA 14.2.—In every ordinal potential game the FIP holds.
Proof. For all improvement pathsy = (3% y!,...), we have, according to

Lemma14.1:
P(yo) <P(y1) <...
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X being a finite set, the sequengenust be also finite. |

Clearly, saying that a game has the FIP and saying that the Nash dynamics con-
verge for this game, are equivalent statements. In other words, every maximal im-
provement path must terminate to a Nash equilibrium.

At this point, an interesting comment is that having the FIP is not equivalent to
admitting an ordinal potential.

A function P : X — R is ageneralized ordinal potentidbr I if, for all 7 € I,
foralls_; € X_; and allz, z € X, itis:

H;(s_j,x)— H; (s_i,2) >0 = P(s_j,x) — P(s_;,2) >0

THEOREM 14.6.— A finite gamd" has the FIP if and only if* admits a generalized
ordinal potential.

Proof. Let " be a game with the FIP. Define the binary relatieron X as follows:
x > y ifand only ifx # y and there is no finite improvement pathwith initial point
x and terminal poiny. The FIP implies transitivity of the relation.

LetZ C X. We say that is representedf there is a functior) : Z — R such
that, for allx,y € Z, x > y implies thatQ (x) > Q(y). Let Z be a represented and
maximal subset oK. We are going to show tha = X.

Suppose thak ¢ Z. If x = z for all, then@ can be extended t&@ U {x}, by
defining@(x) = 1 + max,cz Q(z), which contradicts the maximality &. If z > x
forallz € Z, then@ can be extended BU{x} by definingQ (x) = min,cz Q(z)—1,
which also contradicts the maximality @f

Finally, if neitherx >~ z norz >~ x, then@ can be extended and the maximality
of Z is contradicted by definin@ (x) = (a+b)/2 with o = max{Q(z) : z € Z,x >
z} andb = min{Q(z) € Z,z > x}. Thus X is represented (so it admits a generalized
ordinal potential)). |

COROLLARY 14.4.— Letl’ be a finite game with the FIP. Suppose also that, for all
telTandforalls_; € X_;, Hi(s—i,x) # H;(s_;,2),Vo # z € X;. ThenI has an
ordinal potential.

Indeed, it is enough to notice that the supplementary conditiof forplies that
every generalized ordinal potential fBris also an ordinal potential fdr. Hence, the
corollary is straightforward from Lemma 14.6.
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The rest of this section is devoted to a remarkable propriety of exact potential
games, i.e., they can be “decomposed” with respect to a “basis” of even simpler games.

DEFINITION 14.9.-A gameG = (I, { X, }ier, {Hi}ier) IS:

- a coordination gamé there is a functiori/ : X — R such thatH; = U, for
alli eI

- afictitious gamef, for all i € I and everyx_; € X_;, there is ak € R such
thatHi(xj,, .’L‘_q;) = kforall z; € X;.

In a coordination game, the players seek the same aim and this is modeled by the
fact that all the payoff functions are identical. In a fictitious game, the payoff of a
player does not depend on its own strategy.

THEOREM 14.7.— Agamel’ = (I,{X,}icr, {H;}:ic1) is an exact potential game if
and only if there exist two families of functiof§; };c; and{D,};c such that:

-H,=C; + D, foralli e I;
- (I,{X,}ic1,{Ci}icr) is a coordination game;
- (I,{X.}ier1,{Di}icr) is afictitious game.

Proof. The direct part is trivial: the payoff function of the coordination game is an
exact potential function for.

In order to show the reverse, we defiReas an exact potential fat. Then, for all
i€l H; =P+ (H; — P).Clearly,(I,{X;}icr, {P: = P}icr) is a coordination
game. Let € I,x_; € X_; andx;, x; € X;. Then:

H; (2, X—) — Hi (i, X—i) = P (23, X—i) = P (xi, X—i)
implies that:
H; (2, X ;) — P (2, X ) = Hy (xs, X—i) — P (xa, X4)

whence it is directly deduced thét, { X;}icr, {H; — P}icr) is indeed a fictitious
game. |

The ordinal potential games may admit multiple ordinal potentials. In the exact
potential games, all the possible potentials are related according to proposition 14.3.

PROPOSITION14.3.— Let P, and P, be two potentials for the ganié Then there is
a constant such thatP; (x) — Py(x) = cforall x € X.

Proposition 14.3 implies that the set of strategies maximizing a potential func-
tion of an exact potential game does not depend on any particular potential function.
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Maximizing potential strategies has been used for proving the existence of pure Nash
equilibria in the ordinal potential games.

The “potential maximizer” defined formally for a potential gaimas:
PM(T) = {x € X : x € argmax{P(x)} for a potentialP ofl“}
xeX

can then be used as an “equilibria refinement tool” as suggested in [MON 96].

14.6. Congestion games
14.6.1. Rosenthal's model

In a congestion model, players use multiple resources selected from a common
“pool”. The costs or benefits that a player gets by using a resource are determined by
the number of players using the same resource. This section aims at defining Rosen-
thal’'s congestion model.

In this model, every player selects a subset of resources. The allocation function
associated with every resource is a function depending only on the number of players
using the resource. In a situation, a player’s payoff is the sum of the allocation values
associated with the resources he selects.

The existence of a pure Nash equilibrium can be established for this kind of game,
by constructing an exact potential function (see below for a formal definition of games
derived from Rosenthal’s model).

In [MON 96] it is shown that every exact potential game is isomorphic to a con-
gestion game. Their proof is somewhat complicated, but in [VOO 99] a shorter and
more intuitive proof is given, based on Theorem 14.7.

A congestion modes defined by:

- afinite set of playerg;

- a finite set of resources;

- for every playeti € 1, its strategiesX; is a set of subsets df;

- for every resourc¢ € F,wy : {1,...,n} — Ris the allocation function of the
resources, withws(r),r € {1,...,n} as the allocation function value for each user
of resourcef and the total number of its users being

This model makes it possible to defineangestion gamwhere! is the player
set, X; the set of choices of playére [ andi € [ andH; : X — R is defined as
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follows; for allx = (z1,...,2,) € X and everyf € F:
ng(x)={tel: feua}

is the number of users of resourgeif the players choos&. Then, H;(x) =

2 rew, Wi (nf(X))-

This definition implies that every player's payoff depends only on the resources
he uses and the number of the players using the resources. Notice that the allocation
functions can yield negative values, thus representing the cost of using a resource.

The main result of [ROS 73], stated in terms of exact potential, is given in Propo-
sition 14.4. The trivial proof is omitted.

PROPOSITION14.4.— LetT be a congestion game defined as described above. Then
T" is an exact potential game. A potential function is giverbyX — R defined for
all x = (z;);er € X as follows:

ng(x)

P =Y > wll)

feU,er Xi 1=1

Given thatX is a finite set, the game has a Nash equilibrium in pure strategies.

LetT' = (I,{X;}icr, {Hi}icr) andA = (I, (x:)icr, (Ui)icr) be two games with
the same player set. GamiésindA areisomorphidf, for all 7 € I, there is a bijection
vi + X; — x; such that for al(z4, ..., z,) € X:

Hi(z1,...,an) = Ui (p1(21) ..., n (¥n))
Clearly, any congestion game whose resources have non-zero allocations only in

the case where all its players use them, is a coordination game. Furthermore, every
coordination game can be formulated this way, as shown in the proof of Theorem 14.8.

THEOREM 14.8.— Every coordination game is isomorphic to some congestion game.

Proof.LetT" = (I, {X,}ic1, {H:; = U}icr) be a coordination game af players (in
which every player has the same payoff functioh

For eachx € X, there is a distinct resourcg(x). Let us define the following
congestion modell, F, {Z; }icr, {Wy}rer):
- F = Uxex{f(x)};
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-forall: € I, 2, = {gi(z:) : x; € X,}, where functiony;(z;) is defined by
gi(zi) = Ug_ex_{flzi,z_i)};
-forall f(x) € F:

_J Ux) ifr=|I|
Wi (r) = { 0 otherwise

- for all (xl,...,xm) =xeX: ﬂielgi(xi) ={f(x)}.

Thus, the game corresponding to this congestion model is isomorpliidttoe
isomorphism relates; to g;(x;)). |

Now, let us consider a congestion game wherein the allocations for some resource
are non-zero only in the case where this resource is used by exactly one player.

If for each player, given the strategy choice of the others, one resource is chosen
and kept without bothering for the player’'s own choice, then a fictitious game results.

THEOREM 14.9.— Every fictitious game is isomorphic to some congestion game.

Proof. LetT' = (I,{X,}icr, {Hi}icr) be a fictitious game. For eache I and
eachz_; € X_;, we have a distinct resourc&z_;). We define a congestion
model <I7M7{Ei}7;e[, {Wf}j€F> with F' = Ujer Uz ,ex_; {f(l',l)} and for all
iel:=Z; ={hi(x;): z; € X;}: where:

hi (1’1) = {f (sz) Tx_; € X,Z}
U{f (x—;):jeI\{i}andx_; € X_;issuchtha; # z;}

and forallf(x_;) € M:

H; (z;,x_;) if r=1(witharbitraryz; € X;
Wi (r) = { ( ) ( y )

otherwise

Foralli € I,z_; € X_, andz; € X;: i is the unique user of (Z_;) in
h;(z;));er and all the remaining resourcesfinz;) have more than one user.
I\*3)73

Indeed, let € I,z_; € X_, andZ; € X,. Thenf(z_;) € h;(Z;) and, for all
jeI\{i}: f(z—:) ¢ hj(Z;); thusi is the only user off (z_;) in (h;(Z;)),ecr. Let
fehi(z), f# f(z_;). Then:

-if f = f(x=:) for x—; € X_;, thenx_; # z_; implies thaty, # z; for
j €I\ {i}tand hence = f(x-:) € h;(z;);

-if f = f(x—)forj € I\{i}andx_; € X_;with x; # &, thenf = f(x_;) €
hi(Z5)-
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In both casesf has more than one user. Thus, the game that corresponds to this
congestion model is isomorphic Io(the isomorphism associateswith h;(x;)). 1

In the two preceding theorems, it is shown that fictitious games and coordination
games are congestion games. By using the decomposition of Theorem 14.7, Theo-
rem 14.10 yields.

THEOREM 14.10.—Every exact potential game is isomorphic to a congestion game.

Proof. LetT" = (I, {X,}ic1,{H:}ics) be an exact potential game.can be decom-
posed into a coordination game and a fictitious game as shown in Theorem 14.7 and
their corresponding isomorphic congestion games can be obtained as shown in Theo-
rems 14.8 and 14.9, respectively. Without loss of generality, we can take their resource
sets to be disjoint. Then a congestion game isomorpHiadan be constructed by tak-

ing the union of the resource sets of the previous games, the allocation functions as in
Theorems 14.8 and 14.9 and the strateflies {g;(x;) U hi(z;) : z; € X;}. |

In anetwork congestion gamihe strategieX; are implicitly identified to pathsin
a network. Consider a netwotk(v, F)13two nodesu;, b; € V for each playei € I
and an allocation function, with the edges in the role of resources. The set of subsets
of F' — the strategies far—, is the set of edges of all paths framto b;.

A network congestion game symmetridf all the players have the same starting
and terminal points andb. Usually the allocation functions on such congestion games
are calleddelay functionsin what follows, we mention the complexity results for
network congestion games obtained in [FAB 04].

14.6.2. Complexity of congestion games (Rosenthal’s model)

The following result characterizes the complexity of congestion games of Rosen-
thal's model.

THEOREM 14.11.—There is a polynomial algorithm finding a pure Nash equilibrium
in symmetric network congestion games.

Proof. The algorithm calculates an optimum of the functibfix) given by Theo-
rem14.4.

Provided that the optimum is also a local optimum, the situatibattained is
a pure Nash equilibrium. The algorithm is in fact a reduction to the problem of
minimum-cost flow.

13. This network is in fact a graph; the term “network” is used to avoid confusion with the
games defined on graphs that have been presented above.
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Given a networkV = (V, E, a, b) and a delay functiofw,).c g, every edge in
N is replaced by: = |I| parallel edges between the same nodes, each one of capacity
equal tol and of costw.(1),...,w.(n), respectively.

It is easy to verify that every (integer) min-cost flow of the new network corre-
sponds to a situation minimizing(x). |

Theorem 14.12 is about the complexity of searching a pure Nash equilibrium in
congestion games.

THEOREM 14.12.—Finding a pure Nash equilibrium iBLS-complete for congestion
games of the following types:

1) general congestion games;
2) symmetric congestion games;
3) asymmetric network congestion games.

The complete and rather technical proof of Theorem 14.12 can be found
in [FAB 04]. We give here an outline:

- to show 1), the authors of [FAB 04] build from an instanceeofsNAE3FLIP14 a
congestion game such that its Nash equilibria are the local optima of the instance;

- the proof 2) is a reduction from the non-symmetric to the symmetric case;

- finally, to show 3), which is more complicated, the authors modify the problem
POSNAE3FLIP and get a new one that they callTNESSED XPNAE3FLIP; then they
show that:

- there is @PLS-reduction fromwITNESSED XPNAE3FLIP towardSNETWORK
CONGESTION GAME
- WITNESSED XPNAE3FLIP is PLS-complete.

14.6.3. Other models

The games introduced in [KON 97, MIL 04, QUI 94] are similar to those seen pre-
viously, in the sense that the players’ payoffs are characterized by a congestion effect.
The diverse game classes we deal with in this section are identified by properties that

14. POSNAE3FLIP denotes the following problem: “given an instance NabT-ALL -EQUAL-

3sAT (i.e., a CNF formula for which we search for an 0-1 assignment to its variables satisfying
it and such that every clause in the formula has at least one literal $etrid at least a literal

set to0) with weights over the clauses and containing only positive literals, find an assign-
ment with satisfied clauses whose total weight cannot increase by flipping one variable”; it is
known [SHA 91] that this problem iBLS-complete.
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have to do with “strategies interaction”. In particular, the authors of [KON 97] make
the following assumptions, for a gabe= (I, { X, }icr, { Hi }ic1)-

HYPOTHESIS14.1.— There is a finite sét such thatX; = F for every playeli € I.

This setF is called “resource set” and a choice for a playisrto select an element
of F.

HYPOTHESIS14.2.— For all situationg € X and all couples of playeris; € I : if
Z; 74— T andl’;— € Xj is such thatr; # 1’;—, thenH,-(xj,x,j) = Hi(l';-,l',j).

The authors of [KON 97] call this hypothesiglependence of irrelevant choices
for every player € I and every situation, the payoff othall not change if the set of
players choosing the same resource issnot modified.

Letx € X, f € F. We note byn;(X) the number of players having selected
resourcef in the situationk. The third assumption is then formulated as follows.

HYPOTHESIS14.3.— For all players € I and all situations, y € X with z; = x;:
if ny(x) =ns(x)forall f € F,thenH;(x) = H;(x).

Hypothesis 14.3 can be seen as a kind of “anonymity condition”. It reflects the
idea that the payoff for playerdepends rather on the number of the players that have
selected the same resource as him than on their identity.

A fourth hypothesis, callegartial rivalry, establishes that any playgdoes not
regret that other players have selected the same resource with him, by selecting a
different resource.

HYPOTHESIS14.4.— For all players € I, all situationsx € X, all players;j # i
such tha.tl'j = z; and a”l’; ;é Xt Hi(l'jﬂl',j) < Hi(l';-7l',j).

Although in [MIL 04] this model is introduced in a slightly different manner,
the class of games obtained is the same. More precisely, [MIL 04] makes Hypothe-
ses 14.1, 14.4 and also 14.5.

HYPOTHESIS14.5.— For all players € I and all couple of situationgx, x) with
z; = xi = [, if ng(x) =ns(x), thenH;(x) = H;(x).

In other words, the payoff for playéidepends only on the number of players hav-
ing selected the same resource as him. It can be shown that making Hypothesis 14.1
implies directly Hypotheses 14.2 and 14.3. The reverse also holds.

LEMMA 14.3.—Every gamda' = (I, {X, }icr, { H: }ic1) satisfying Hypotheses 14.1,
14.2 and 14.3 also satisfies Hypothesis 14.5.
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Proof.LetT' = (I,{X;}icr, {H:}ic1) be a game satisfying Hypotheses 14.1, 14.2
and 14.3. Leti € I, x,x € X such thatz; = x; = f; suppose also that
ng(x) = ns(x). Clearly, if |[F| = 1, then Hypothesis 14.5 holds. Otherwise, by
using repeatedly Hypothesis 14.2, we can assert that for a{ixeath thaty # z;,
relationsH;(z;, x—;) = H;(z;,z_;) hold, where, for every € I\ {i} :

/ { ZT; if Tj =T

YiT\1 v otherwise

and relationdd; (z;, x—;) = H;(x;, x_;) also hold, wherej € I\ {i} :

r_ T if Xj = T4
Xj ~  otherwise

Notice that, for allh € F, ny(z;, ;) = nn(zi, x_;)- Thus Hypothesis 14.3 im-
plies that:H; (x;, z’_;) = H;(x;,x_;). Consequentlyf; (z;,z_;) = H;(x;, 2" ;) =
Hi(zi, X";) = Hi(Xi, X—i)- 1

The authors of [KON 97, MIL 04] have shown independently the following theo-
rem.

THEOREM 14.13.—Every gamel’ = (I,{X,}ier, {Hi}icr) Statisfying Hypothe-
ses 14.1, 14.2, 14.3 and 14.4 has a Nash equilibrium.

According to the preceding definitions, a situatierof I" is an equilibrium in
the strong sense (or a strong equilibrium) if, for &ll C I and all choices(x €
Xk, there is at least one playere K such thatH, (yx, X—x) < H;(X). We note
by SET') the set of equilibria in the strong sense of gdm&enerally, the existence
of a strong equilibrium is not guaranteed; however, the authors of [KON 97] show
Theorem 14.14.

THEOREM 14.14.— Every game satisfying Hypotheses 14.1, 14.2, 14.3 and 14.4 has
non-empty strong equilibria set.

The authors of [QUI 94] propose a model in which the assumption that all play-
ers have the same resource set (formulated by Hypothesis 14.1) is replaced by the
following hypothesis.

HYPOTHESIS14.6.— Thereis a finite sét such thatforalf € I, X; C F.
Assuming Hypothesis 14.6, it is simple to verify that Hypothesis 14.5 implies

Hypotheses 14.2 and 14.3. However, the reverse does not hold, unlike the case in
Lemma 14.3.
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ExAMPLE 14.2.— Let] = {1,2,3}, FF = {a,b,c} and the strategy set¥; =
{a,b}, Xo = {a}, X3 = {a, c}. This game satisfies Hypothesis 14.6. Hypothesis 14.3
does not impose any more constraints and to meet HypothesisiHh4i2a,a) =
Hy(b,a,c) and Hs(a,a,c) = Hs(b,a,c) must hold. But this does not imply that
Hs(a,a,c) = Ha(b, a,a), which is required by Hypothesis 14.5.

THEOREM 14.15.{QUI 94] Every game satisfying Hypotheses 14.6, 14.5 and 14.4
has a pure Nash equilibrium.

The games that belong to the above-defined classes may not admit a potential
function. Let us consider a “cross symmetry” condition, establishing the fact that the
payoffs over some resources are independent of players’ identities, provided that their
number does not change. This condition is formulated as follows.

HYPOTHESIS14.7.— For all couples of situatiorig, y) € X2 and all couples of
players(i, j) € I?:if x; = x; = f andng(x) = ns(x), thenH;(x) = H;(x).

Notice that Hypotheses 14.1 and 14.7 imply Hypothesis 14.5 and thus also Hy-
potheses 14.2 and 14.3. Moreover, Hypotheses 14.1 and 14.7 do guarantee the exis-
tence of an exact potential.

THEOREM 14.16.— Every game satisfying Hypotheses 14.1 and 14.7 is an exact po-
tential game.

Proof.LetI" = (I, {X,}ic1, { Hi}ic1) be agame satisfying Hypotheses 14.1 and 14.7.
Forall f € F andx, x € X such thatus(x) = ns(x), according to Hypothesis 14.7

if there existi, j € I such thatz; = x; = f, thenH;(x) = H;(x). This shows
that for all f € F, there is an allocation functio’; : {1,...,n} — R such that,
forallx € X, if z; = f, thenH;(x) = W(ny(x)). Thus,I' becomes a congestion
game like those defined in section 143.Hence, the result is directly derived from
Proposition 14.4. |

Theorem 14.16 also holds if Hypothesis 14.1 is replaced by Hypothesis 14.6.
Proposition 14.4 means also that the allocation functiéf}) s induces the po-

tential: P : X — > e ixy Zln:fix) Wi (D).

The authors of [VOO 99] define a claG®f congestion games satisfying Hypothe-
ses 14.1,14.7 but also 14.4, i.e.:

C={T={,{X;},c; . {Hi},c;) : I satisfies Hypotheses 14.1, 14.4 and }4.7

15. Where the choice of a resourdec F is associated with the choice of a set of resources

{frcr.
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THEOREM 14.17.—For every game that belongs to cla&sSE = NE = PM,

Indeed, for every gamg, SET') C NE(T") and for every exact potential game,
PM(T") € NE(T"). In order to show Theorem 14.17, it suffices to show the following
result.

PROPOSITION14.5.—For every gamé’ € C:
- NE(T") € PM(T);
- NE(I") C SHT).

Finally, we note that the largest family of games, for which the existence of pure
Nash equilibria has been established, is the family of congestion games. Moreover, the
games of the model presented in [KON 97, MIL 04] have at least one pure Nash equi-
librium; despite this, we know of no potential function making it possible to establish
this result.

14.7. Final note

The concept of non-cooperative games as formulated by Definition 14.1 is gen-
eral enough to represent a really vast family of games which, at first sight, do not
enter in this formulation. Indeed, several game models, like repeated games, multiple
step games, games played by automata or games with incomplete information, can be
reduced to this form with suitable definitions of player set, strategies and preferences.

Non-cooperative game theory has been developed in most cases through the study
of games of special forms; for instance, there are humerous works on two-player
games or on repeated games, to name a few such forms. Among them, only families
for which advances in algorithmic questions are most significant have been discussed
here.

Finally, we have not dealt with “inverse” problems, namely mechanism design
problems and auctions; this category constitutes by itself too broad a subject, with its
own algorithmic issues, that go beyond the scope of this chapter.
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Chapter 15

Flows!

15.1. Introduction

Some problems are simplified by a “divide and conquer” approach, which usually
leads to efficient algorithms (even often optimal). For instance, to sort an array, we
may split it into two parts, sort the left part, then the right part and merge the two
sorted parts. Some other problems do not seem to naturally allow such an approach:
for instance, when searching for the shortest path between two vertices of a graph,
it is not clear at all that it may be obtained in such a way. Neither the image pattern
recognition nor problems like automatic translation, database management or flow
problems seem to allow a natural “divide and conquer” approach.

Actually these problems can be solved thanks to a “divide and conquer” approach.
The goal of this chapter is to fully detail one of them, namely the flowing problem.

In order to solve a problem thanks to a “divide and conquer” algorithm, the data is
usually split into smaller parts (usually halved) whose solutions are merged together.

Let us return to the example of sorting an array. It is possible to use a quicksort,
a mergesort, a heapsort, etc. The heapsort, which is not a “divide and conquer” algo-
rithm, is optimal in the average and worst case but is averagely less efficient than the
quicksort. The quicksort proceeds by choosing an element of the array (for example,
the middle one called “pivot”), puts at its right the elements that are greater than or
equal to the pivot, at its left the elements that are lower than or equal to the pivot,
and sorts the left and right parts. The step of dealing with the two parts is performed

Chapter written by Michel Kskasand Cécile MURAT.
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at first and then the independent calculations are performed. The mergesort consists
of sorting the left and right halves of the array and then deals with the two parts by
merging two sorted subarrays. A dichotomic search has at each step only to deal with
one half of the array and therefore does not necessitate a “deal with two parts” step.
The algorithm presented in this paper uses an algorithm to find the shortest paths in
an unweighed graph that performs several times the “deal with two parts” step and the
“merge” (or “check solutions”) part.

We use an extra data structure where the method applies. This means that the first
step of these algorithms consists of building the extra data structure and, fortunately,
this step is performed only once and may be considered as part of the data repre-
sentation. For instance, when dealing with graphs for the shortest path problem, for
example, the extra data structure is calculated only once and is used for any couple of
vertices.

All these algorithms lie on the use of radix trees, which are an efficient structure
for storing data and for performing hierarchical calculations on it.

The chapter is organized as follows. After giving the basic definitions and notation,
we present the common knowledge about radix trees followed by some applications
in various domains. Section 15.4 is devoted to the study of the shortest path problem
and its refinements, which in turn leads to an efficient improvement of the well known
Ford-Fulkerson Algorithm for flows.

15.2. Definitions and notations

A graphG is a triple(V, A, C') whereV is a finite set ofvertices A is a subset of
V x V (thearcsof the graph) and” a function fromA to R* (thecapacitie$.

The sets4 andC' may be considered as an adjacency matfix= (1 j)1<i,j<n
wherev = # (V') and:

o fo iagga
VZ7.]7 m;; = { C((Z,])) otherwise

For any vertices andj, the arc(i, j) is an outgoing arc of and an incoming arc
of 5. For any vertex, we denote byOut(7) the set of its outgoing arcs ardidc(¢) its
incoming vertices.

The flow problem is the following. Among the vertices@f we choose a vertex
called Source (denoted I%from now on), and another one called Well (denotediiby
from now on). The goal is to find a functignover A such that'a € A p(a) < C(a)
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and for all vertices (excet andW) of G, the Kirchhoff’s laws apply, which means

that:
Y owl@)= Y )

a€lnc(v) a€Out(v)

The value of the flowp is:

Yo opl@= > )

acOut(S) a€lnc(W)

The problemis to find a flow maximizing this value.

The algorithm usually used to solve this problem is the well known Ford-Fulkerson
algorithm, which is explained in section 15.5.

15.3. Presentation of radix trees

Radix trees are trees which make it possible to store data in a hierarchical way. Let
us suppose for instance that we want to store a set of words over an alphgbet .
Then the edges are labeled with the letters of the alphabet (or an empty letter) and
the words are obtained by reading the path between the root of the tree and any of its
leaves. For instance, the sgt, ab, aba, abc, bab, bac} may be stored as (see Figure
15.1):

a b a c b c

Figure 15.1. The sef{a, ab, aba, abc, bab, bac} stored in a radix tree

The efficiency of the radix tree structure is revealed by the calculations it allows.
For instance, a set of integers may be stored as a set of words by writing them in
a given basis (and adding O at the left of shorter integers). Then a set of couples of
integers may also be stored in the same way. Let us take an example: thie=set
{(0,1),(0,2),(1,3),(0,4),(3,1),(2,2)} it may be written in base 2 as:

S = {(000,001), (000, 010), (001, 011), (000, 100), (011, 001), (010, 010)}
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and, using the alphabd00, 01, 10,11} it may be rewritten asS = {00.00.01,-
00.01.00,00.01.11,01.00.00,00.10.11,00.11.00} (the i-th digit of an element is
made up of the catenation of theh digits of the corresponding couple). This may
finally be stored in the set (see Figure 15.2):

00 01

00 0y 10 11 00

o1 y/}x\ 10 a0 00

Figure 15.2. The setS = {(0, 1), (0,2), (1, 3), (0,4), (3,1), (2,2) } stored in
a radix tree

These sets allow efficient operations such as intersection, union, complementation
(for set operations) and when the elements stored are integers or couples of integers we
may also perform a translation of the whole set asymptotically faster than by adding
the constant to all the elements of the set. Let us furthermore notice that the elements
are stored sorted.

Itis also possible to advantageously store a graph in a radix tree, by thickening the
graph.

DEFINITION 15.1.-Let G = (V, A) be a graph wherd/ = {vo,...,v,_1}. Let
G' = (V', A’) be an unweighed graph whel¢ = {v(,...,v, ,}is a setof’ =
[ 5] vertices and such that:

Vi, j <o, (vj,v}) € A" & 3a € {2i,2i + 1},0 € {25,2) + 1}, (va,vp) € A

Such a graphG’ is said to be a thickening d@¥ or, equivalentlyG is a refinement of
G'.
REMARK 15.1.— Any equivalence relation may be used to define the thickening of a

graph (in the definition two vertices are in the same equivalence class if and only if
they have the same quotient of 2).

In other words, the vertices df are grouped by two and there exists an arc be-
tween any two couples if and only if there exists an arc between an element of the
first couple and an element of the second couple. A graph may be recursively thick-
ened as long as the obtained graph has a number ofianed of vertices verifying
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P(%) > L whereP(X) =1- 32X + X% — 1 X3 Finally, a graph may be stored in
aradix tree. Let us consider for instance an unweighed graph by its adjacency matrix.
The adjacency matrix is then “summarized” as in Figure 15.3.

Figure 15.3. A graph thickened

In the next sections we shall explain how this data structure may be used to profile
“divide and conquer” algorithms on a number of problems.

15.3.1. Database management

A relational database is made up of several relations linked by sets of primary keys
and foreign keys. A primary key of a relati@his an attribute or a set of attributes such
thatT" may not contain two lines whose values are equal on these attributes. Another
way to say itis that the value of a primary key identifies a single lifE.&ny relation
has at least a primary key.

A foreign key of a relatio” is an attribute or a set of attributes targeting a primary
key of a relationT”. In other words, a foreign key is a recall of a primary key. A
foreign key replaces all the attributes 6f for the line identified by its value. It is
a cheap storage of all the values®f (only the values of the primary key @’ are
stored instead of all its attributes). For instance, if a relation contains the data of a
set of clients, each command should not contain all the data of the client but only the
value of the primary key of the relation storing the client data.

Given a relatiorl’, we build the matching “expansion relation”, the thesauruses
and radix trees and answer SQL queries (see below). For a full description of this
algorithm, see [KOS 04]

Expansion relations

We give a recursive definition of an expansion relation. It is a denormalized version
of the database. The foreign keys are replaced by the attributes of the targeted relations.
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DEeFINITION 15.2.—-The expansion of a foreign key belonging to a relation is the re-
placement of the attributes of this foreign key by the attributes of the targeted relation.
LetT be a relation. The related expansion relatiéi{T") is the relation obtained by
expanding recursively all its foreign keys.

Building indexes

Once the expansion tables are built, the database is made up of relations which are
no longer linked because the jointures have been formally expanded in each relation.
Then we build the thesaurus of each attribute and store for each element of the the-
saurus the set of the line indices it appears at. For example, let us consider the attribute
in Table 15.1.

0 1 2 3 4 5 6 7 8 9 10
Male| Femalg Femalg Male| Femalg Male | Male | Femalg Femalg Male | Male

Table 15.1. An example of simple relation

Then its thesaurus ig=emale, Mal¢ and the indices where Female appears (resp.,
Male) are{1,2,4,7,8} (resp.{0,3,5,6,9,10}). The radix trees associated with the
words of the thesaurus are shown in Figure 15.4).

Female

Male

Figure 15.4. The indices of an attribute

Solving SQL requests
We briefly give indications on how to solve SQL requests. For more details see
[KOS 04].

The main part of this work is to solve thénere clause, which is composed of
equalities or inequalities separated by logical operators (and, or) and joint clauses etc.
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Thiswhere clause returns a radix tree, which contains the line indexes answering the
clause. The joint clauses are irrelevant here because of the use of expansion relations.

An equality between an attribute and a constant is the simplest case because we
simply have to read the corresponding radix tree. An inequality may be calculated by
several readings of radix trees and the calculation of an “or”. An “and” (resp., “or”)
clause is calculated by performing the “and” (resp., “or”) of the corresponding radix
trees.

All the other operations may be performed in a similar way.

15.3.2. Image pattern recognition

An image may be considered as a mapping ffimZ. — 1] x [0, H — 1] to a
finite set (of colors), withl being the width and. the height of the image. Each
color appears at a set of coordinates that we may store in a radix tree. For instance,
the picture (see Figure 15.5) contains three colors: black, grey and white. The black
pixels are at indexe® = {(3,0),(4,0),(2,1),(3,1),(5,1),(6,1),(2,2),(6,2),-

(0,3),(3,3),(4,3), (7, )(,),( )( )(74)( 5),(6,5),(2,6),(3,6),-
(5,6),(6,6),(3,7), (4, 7)}, the Whlte ones at mdexd&V {(1,0),(2,0), (5,0),-
(6,0),(0,1),(7,1),(0,2),(3,2),(4,2),(7,2),(2,3),(5,3),(2,4), (5,4), (0,5),-
(3,5),(4,5),(7,5),(0,6),(7,6),(1,7),(2,7),(5,7),(6,7)} and the grey ones at
IndexesCé = é{)(0,40),)(7,0),)(3,1),( :1),(2,2),(5,2),(2,3),(6,3),(2,4), (6,4),-

Figure 15.5. The pixels of an image

The set of appearance of the black pixels may be rewritten, in base 2, as
B = {(011,000), (100, 000), (010,001), (011,001), (101,001), (110, 001),-
(010,010), (110,010), (000,011), (011,011), (100,011),(111,011), (000, 100),-
(011,100), (100, 100), (111, 100), (010, 101), (110, 101), (010, 110), (011, 110),-
(101,110),(110,110),(011,111),(100,111)} and the three sets may be stored in
radix trees as in Figure 15.6.
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n ol 0o 10 il 00 " 10 0 00 n o0 n o o o0 n o 0o 000

Figure 15.6. The radix tree of the black pixels

Such a radix tree may be translated by any vector (the calculation is easy and
asymptotically faster than the translation of a whole set stored in an array, for in-
stance). Then, by calculatii@ + (a, b)) N W we obtain the set of coordinates of the
white pixels having a black pixel at relative coordinates, —b).

By iterating this process we find any pattern in an image (for more details on this
algorithm see [KOS 01]).

15.3.3. Automatic translation

This section describes a work in progress. One of the problems arising to an auto-
mated translation process comes from the fact that a word has usually several senses
and each of these senses has a different translation in the target language. The Pro-
phyre tree is a tree in which all the meanings of all the words are put together (this
tree is actually unachieved whatever the language) in a way which makes it possible to
calculate the semantic distance between two meanings of two words. Let a sentence be
made up of words,m, ma, ..., m, and letm, ; be the vertices of a graph represent-
ing the j-th meaning ofn;. Then we may build the arcs of this graph by linking,;
andm;4  for anys, j, k with an arc whose weight is the semantic distance between
the two involved meanings. Then, we add two vertiegdinked to any meaning of
my (with a weight 0) anc. linked to any meaning afs,, (with a weight 0).

Then the problem of finding a pertinent sense to the sentence is to find a shortest
path betweem;, ande.. Furthermore, if there are several shortest paths between these
two vertices, then there are several meaningful choices for the senses of the words of
the sentence (which makes it possible to find automatically ambiguous sentences).

15.4. Shortest path problem

The shortest path problem is one of the oldest and more studied of the graph area.
A lot of papers have been written on this subject (see [BER 87, FLO 62, GIB 89,
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WAX 88, WID 94] for instance). Some algorithms span graphs with trees or use span-
ning trees (see [GIL 68] for instance) and the multi-cast problem is also widely studied
(see for instance [CHO 02, CRA 97, KOM 93, MOY 94, SAL 95, SAL 97, WAT 96]).

The best algorithm known up to now to solve the shortest path problem is the
Dijkstra’s algorithm. It runs in time)(V In E) whereV is the number of vertices of
the graph and’ the number of edges (see [DI1J 59, JOH 77, WEI 77]). This algorithm
has been improved by many authors since 1959.

DEFINITION 15.3.-LetG = (V, A) be an unweighted graph. L&be an equivalence
relation among the vertices @f. We shall call thickening off the graphG’(V’, A")
for the relationR whereV”’ is the set of equivalence relations fBrandvV;, Vs € V7,
(V1,V2) € A’ & Juvy € Vi,v9 € Vi such that(vy,v2) € A. In such a case we shall
say thatG’ is a thickening of7 or, equivalently, that? is a refinement of’'.

Let us denote by the application which maps a vertexof V onto the vertex’
of G’ such thatv € v’. Letwvi,v2 € V and let us suppose that there exist an integer
k and a path fromy; to v, of lengthk. Then there exists a path of lengttbetween
m(v1) andm(vs). Indeed, ifp = (vg, v1, ..., vk) is @ path inG of lengthk betweeny
andvy, thenp’ = (m(vo), m(v1), ..., m(vg)) is a path of lengtlk in G’ betweenr(vy)
andr (v ). Then, we shall calp a refinement of or, equivalentlyp’ a thickening of
p. The problem is then to find a path of minimal lengttGhwhich may be refined in
G.

LetGy = G,Gy,...,Gy be a sequence of graphs such thatl ¢t — 1, G414 is
a thickening ofG;. If we call v; the number of vertices af; anda; its number of
arcs, we suppose thdd <i <t¢, P(%) > % An algorithm to find the shortest path
between two vertices af, for exampled anda is the following.

ShortestPath(G]])
Input: a sequence GJ| of thickenings of Gj,
two vertices of Gg, d and a
Output: the shortest paths between d and a.
Variables: 1, th: integer
1«0
While no path is found between d and a Do
P[t] «— all the paths of length 1 in G[t] between d[t] and a[t]
th «— t
While (th >0 And P[th] is not empty) Do
Foreach path p in P[th| Do
refine p and if it may be refined
store its refinement in P[th — 1]
EndForEach
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th < th - 1
EndWhile
if P[0] is not empty
Then the shortest paths are found: output them and exit
Else | —[+1
EndIf
EndWhile End

In G[t] the shortest paths are calculated thanks to a refinement of the BFS algo-
rithm. Let us detail this part.

15.4.1. Finding paths in Gt]

Let G = (V, A) be an unweighed graph such that%) < 1 with P(X) =
1-3X + X? - 1X3 Letd anda be two of its vertices and let us calculate the
shortest paths betweehanda. We suppose furthermore that the adjacency vertices
of any given vertex are given through a sorted list of vertices.

LetS c V be a non-empty subset &f. The cost of the calculation of the sgt=
{v/ eV, 3w e S, (v,0) € A} is averagely majored by the cardinality 8f. Indeed,
the setS’” may be stored in a bit vectors in which we add the vertices linked to the ele-
ments ofS by a bit-or. In a similar way, the s&’ = {v" € V, Jv € S, (v",v) € A}
is averagely majored by the cardinality $f (same reason). The operation consisting
of calculatingS’ (resp.S”) knowing.S will be called an increment (resp. decrement).
Furthermore, the cost of the intersection of two sorted sets is majored by the sum of
their cardinals.

Let us consider the following algorithm, consisting of incrementdg, decre-
menting{a} and intersect them until there exists a non-empty intersection. Then the
shortest paths betwedranda may be read.

This algorithm may be written in the following way:

ShortestPath(G)
Input: a graph G, two vertices of GG, d and a
Output: the shortest paths between d and a.
Variables Increments[], Decrements[], inc=0, dec=0, Parity = 0, Paths[]
Increments[Inc] = {d}
Decrements[Dec] = {a}
While (Increments[Inc] N Decrements[Dec] = {})
if (Parity = 0)
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Inc = Inc + 1
Increments[Inc] = Increment(Increments[Inc - 1])
Else
Dec = Dec + 1
Decrements[Dec] = Decrement(Decrements[Dec - 1])
EndIf
EndWhile
Paths[Inc] = Increments[Inc] N Decrements[Dec]
For I = Inc - 1 Downto O Do
Paths[I] = Decrement(Paths[I + 1]) N Increments[I]
EndFor
For I = Dec - 1 Downto O Do
Paths[Inc + Dec - I] = Increment(Paths[Inc + Dec - I - 1])
N Decrements[I]
EndFor
ReadPaths (Paths)
End

After this treatment, the variable Paths contains sets of vertices and a véigex
on a shortest path betwedranda, i arcs away froml (and! — ¢ arcs away from!
wherel is the length of the path) if and onlyifbelongs toPaths]i].

The ReadPaths algorithm consists of reading the shortest paths through a deep first
journey of paths. This last algorithm may be written as:

ReadPaths (Paths[], 1, Current = 0, Res[] = 0)
Input: The shortest paths given in an array of sets of vertices,
[ the paths lengths
Output: the shortest paths between Paths[0] and Pathsl].
If (Current = 1)
Output (Res[])
Else
Foreach vertex v in Paths[Current] Do
Res[Current] = v
Memory[Current + 1] = Paths[Current + 1]
Paths[Current + 1] = Paths[Current + 1] N Increment ({v})
ReadPaths(Paths, 1, Current + 1, Res[])
Paths[Current + 1] = Memory[Current + 1]
EndForeach
End
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The complexity of the algorithm is bounded above t6Y(v) wherew is the num-
ber of vertices of the graph because the first steps, consisting of calcufatirhg]
are bounded above 9 (v) and the ReadPaths algorithm is also bounded above by
the number of vertices involved in the shortest paths,

As an example, let us calculate all the shortest paths bet®&e@adw in the fol-
lowing graph (see Figure 15.7).

Figure 15.7. The graphGy itself

Then the vertices are gathered, for instance, two by two and we obtain the graph

§
o | e

Figure 15.8. A thickeningG: of Go

By grouping again the vertices two by two we obtain the graph in Figure 15.9.

We stop here becauge < 3.
X

— The first step is to look for a path of length 0, which does not exi&ibecause
it does not exist iIrGs.

— Now there is a path of length 1 betweSrand W, which isS — W. This path
may not be refined iG7; because there is no path@h betweenS andWV.
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S,ab,c deW

Figure 15.9. A thickeningGz of G

— Let us look for paths of length 2 betwesnand 1V in G,. There are two such
paths,P, =S — S — W andP, = S — W — W. The first of these two paths may
be refined inGy in P| =S — b — W and P, may be refined i, in'S — d — W.
Now neither the patt®/ nor P, may be refined irGGy.

— Let us look for paths of length 3. There are three paths of lengtlt:3 inetween
SandW: P, =S -8 -8 W, =85S -8 >W — WandP; =
S — W — W — W. The pathP, may be refined i’} = S — S — b — W.
The pathP, may be refined in three different patti%a1 =S >b—->W —>W,

=S —b—d— W,andPj =S — S — d — W. The pathP; may be refined
in G1 in P, =S —d— W — W. Now let us refine these pathsd. The pathP]
may be refined inP]’ = S — a — ¢ — W. The pathP; may not be refined id.
The pathP? may be refined it — b — d — W andinS — b — e — W. The path
P3 may be refined il — a — d — W. The pathP; may not be refined id.

So we find the shortest paths betweeand W, which are:S — a — ¢ — W,
S—-b—-d—-W,S—>b—e—WandS - a—d— W.

Itis clear that this algorithm can be used to find the paths of a given length between
two vertices of a graph.

15.4.2. Complexity

In [KOS 02], the author calculates the complexity of the algorithm presented
roughly in the preceding section. This complexity(gv) wherev is the number
of vertices of the graph. We give here the proof of this complexity in the particular
case that is useful in the context of flows calculations, i.e. the unweighted graphs.

Let Go = (V, A) be an unweighted graph and let us denotesbis number of
vertices andu its number of arcs. We suppose in this section that the equivalence
classes are sets of two vertices (and at most a class made of a single vertex).

LEMMA 15.1.—Let G; be a thickening of7y. Then the number of vertices 6 is
[£] and its number of arcs is averagely’(%) with P(X) =1 — 32X + X2 — 1 X3,
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Proof. The number of vertices of a thickening@f, in which the vertices are grouped

by two is obviously,” = [3]. There is no arc between two verticésandw’ of G

if and only if there is no arc between four pairs of vertices (i (v1,v2) andw =

(w1, w2), the four pairs arév;, w;) 1<i,j<2) and we may suppose that the probability

of any of these pairs to be an arc does not depend on the probability of the others).
The number of arcs is hened = [3]%(1 — (1 — %)*). Sod’ = aP(%) with

2 v2

P(X)=1-3X+X?*-1X5 |
REMARK 15.2.—The ratio; increases in refinements.

Let us prove this remark. L& be a graph and?’ be one of its refinements in
which the vertices have been gathered by two. Let us denote bya’ andv’ the
number of arcs and vertices 6fandG’.

We haveva%2 = 4P(%)%. SinceP(x) decreases from 1 towargswhenz raises
from O to 1, the remark is proved.

LEMMA 15.2.-The average number of paths of length N between two vertices in

Gy is N(Go, l) = %(%)l

Proof. By induction on the length of the paths. The graph contaiascs and ver-

tices. The formula is correct for paths of length 0 (the average number of paths of
length O between two verticesggs. The average number of paths of length 1 between
two vertices is hence. If we suppose that the average number of paths of lehgth
between two vertices i%(%)l, then each of these paths may averagely be prolonged
in ¢ different arcs and the number of paths of length 1 between two vertices is
averagely: ()1, 1

We now discuss some refinements. An algorithm to refine a path@gm to G,
is the following:

RefinePath(Graph G411, Graph Gj, Path P)
Input: a graph Gy, a refinement of Gj, Giy1, a path P in Gy
Output: All the refinements of P in Gp4
If the first arc of P is refinable
Truncate P by its first arc (a,b)
Foreach refinement (c,d) of (a,b)
Answer .FirstElement =(c,d)
Answer.Catenate(Refine(Gy41, Gk, P)
EndForEach
Put back its first arc to P
EndIf
End
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LEMMA 15.3.-LetG be a graph containing vertices and: arcs, and=’ be one of its
thickenings in which the vertices are gathered two by twovlanhdwv; be two vertices
of G and let us suppose that there exists a path- (wj = vi,w],...,w, = vy) of
lengthl (we denote as usually by, resp.v}, the equivalence class of, resp.vq, in
G’). Then there are averagely?)'~!(%)" paths of lengthi in G betweerv; and v,
which are refinements of the path

Proof. The number of possible refinementswis 2! ~!. Each of these possible paths
has a probabilityv,%l(%)l to exist. So the number of refinementswfis averagely

(2)1(8) = 33 '

The most expansive operation while refining a path frl@mto G is to check
whether a given arc exists . The complexity of the refinement is hence majored
by this number of checks.

LEMMA 15.4.-The number of checks while refining a path of lengftom G to G’

H l v a\i v 17(12,4)l+1

is> 00 5(3%) = §ﬁ

Proof. When we have refined paths of length 1, we have only to extend the found
paths by one arc. The number of checks is hence the sum of the number of paths of all
the lengths from O ta. |

Let us detail an hierarchical algorithrif¢algorithm):

ShortestPath(Graph G[0..M], int o, int e)
Input: a sequence of graphs, one being a thickening
of the preceding, all verifying P(%) > 3,
an origin vertex index o
an extremity vertex index e
Output: the shortest paths between v, and v..
Variables:
1: Path’s length
l—0
While the shortest paths qre not found Do
Find the shortest paths P, in G); thanks to the refined BFS
Foreach shortest path P
For k = M - 1 Downto O
P[i, k-1] = Refine(G[k+1], G[K], P[i, k1)
EndFor
If there exists a path in G[0] output the paths and exit
EndIf
EndForEach
EndWhile
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THEOREM15.1.-The mean complexity of the calculation of the shortest path between
two vertices of a graph by using tté-algorithm isC(G) < v.

Proof. The mean complexity of the refinements of paths of lei@tbm a graph made
of a single vertex to the initial grapf is:

c) = 53
< Z%‘;%
nuv
S 2uiz=0 7T
< Vo

< S s

The complexity of the shortest path calculation is majored by the complexity of
the calculations of the refinements of paths of lerigth |

15.5. The flow problem

We now present a new algorithm for maximizing the flow over a network.

15.5.1. The Ford-Fulkerson algorithm

The celebrated Ford-Fulkerson algorithm can be specified as follows:

MaximumFlow (G)

input: a graph GG, two vertices s and ¢
output: a flow ® = (Pay,---,Pas)

(0) Imitialisation: ) =0, Va € A

v(®)=0
i=0
G% =G

(1) Find a shortest path from s to ¢ in the residual graph G
(2) If there is no such path then END
3 Else p «—a shortest path
(consisting of the fewest number of arcs)
from s to t in G

4 cap(p)= the minimum capacity of residual
capacities of u in G

(5) v(®) — v(P)+ cap(u)

(6) Va € pNA, o) P + cap(p)

(N Va€ (pgnnA), ¢ua — @) —cap(p)

(8) ie—i+4+1

(9) Build the new residual graph G%
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The initial algorithm of Ford and Fulkerson, in [FOR 56], runs in pseudo-
polynomial time. The implementation proposed here is due to Edmonds and Karp,
[EDM 72] and runs irO(|V'|?| A|) time. There are other implementations of the Ford-
Fulkerson algorithm, which are detailed in [AHU 93].

Radix trees and shortest paths

The main step of the preceding algorithm is step 1, which may be performed thanks
to the H-algorithm. The complexity of the Ford-Fulkerson algorithn©i&®) when
this step is done by the use of the Dijkstra’s algorithm, whose complexi(ig).
the use of theZ-algorithm allows a mean complexity (n?).

As an example, let us consider the graph of Figure 15.10 in which we wish to
optimize the flow between the sourSeand the welllV.

Figure 15.10.An optimization problem

The shortest paths in terms of number of arcsfdre= S — a — ¢ —» W,
PbP=S—a—d—-W,Ps=S—b—-d—WandP, =S —b—ec— W.

After the pathP; (of flow 6) is considered as a part of the flow, the residual graph
is that of Figure 15.11.

After that pathsP, (capacity 1),P; (capacity 5) and®; (capacity 3) are included
in the flow, the residual graph is given in Figure 15.12.

Since in this last residual graph the source and the well are no longer connected,
the maximal flow is reached, with a full capacity®f- 1 + 5 + 4 = 16.
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Figure 15.11. After a first path part of the flow

[9]

Figure 15.12.The residual graph after the shortest paths are included in the
flow

15.6. Conclusion

The flow problem has important applications: transportation of energy or water,
schedule of network tasks, etc. The algorithm presented in this chapter makes it pos-
sible to calculate the optimal flow over a network in a mean tim&gf?) while
the Ford-Fulkerson algorithm has a complexity(rin?) wheren is the number of
vertices of the graph.
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Chapter 16

The Complexity of the Exact Weighted
Independent Set Problem

16.1. Introduction

Suppose that we have a well-solved optimization problem, such as minimum span-
ning tree, maximum cut in planar graphs, minimum weight perfect matching or maxi-
mum weight independent set in a bipartite graph. How hard is it to determine whether
there exists a solution with a given weight? Papadimitriou and Yannakakis showed
in [PAP 82] that these so-callegkactversions of the above optimization problems
areNP-complete when the weights are encoded in binary. The question is then, what
happens if the weights are “small”, i.e., encoded in unary? Contrary to the binary case,
the answer to this question depends on the problem.

— Theexact spanning tre@roblem and, more generally, tlexact arborescence
problem are solvable in pseudo-polynomial time [BAR 87].

— The exact cutproblem is solvable in pseudo-polynomial time for planar and
toroidal graphs [BAR 87].

— Theexact perfect matchingroblem is solvable in pseudo-polynomial time for
planar graphs [BAR 87] and, more generally, for graphs that have a Pfaffian orienta-
tionl (provided one is given). We recall thain@atchingof a graphG = (V, E) is a
setE’ of pairwise non-adjacent edges@f If |E'| = |V|/2, thenE’ is said to be a
perfect matchingf G. Karzanov [KAR 87] gives a polynomial-time algorithm for the

Chapter written by Martin MLANI € and Jérdbme MNNOT.
1. Bipartite graphs with a Pfaffian orientation have been characterized in [THO 06], where a
polynomial-time recognition algorithm is also presented.
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special case of the exact perfect matching problem, when the graph is either complete
or complete bipartite, and the weights are restricted to 0 and 1. Papadimitriou and
Yannakakis show in [PAP 82] that the problem for general (or bipartite) graphs with
weights encoded in unary is polynomially reducible to that with 0-1 weights. Mulmu-
ley, Vazirani and Vazirani [MUL 87] show that the exact perfect matching problem
has a randomized pseudo-polynomial-time algorithm.

The exact perfect matching problem is of great practical importance. It has
applications in such diverse areas as bus-driver scheduling, statistical mechan-
ics (see [LEC 86]), DNA sequencing [BLA 06], and robust assignment prob-
lems [DH 06]. The problem consists of determining whether a given edge-weighted
graph contains a perfect matching of a given weight. Despite polynomial results for
special cases, the deterministic complexity of the exact perfect matching problem re-
mains unsettled for general graphs and even for bipartite graphs. Papadimitriou and
Yannakakis conjectured that the problenNiB-complete [PAP 82].

This open problem motivates us to introduce and studyeiaet weighted inde-
pendent sgbroblem and a restricted version of it, which are both closely related to the
exact perfect matching problem.

An independent sgisometimes calledtable sétin a graph is a set of pairwise
non-adjacent vertices. Theeighted independent s@/IS) problem consists of de-
termining an independent set of maximum weight in a given weighted d¢i@pd).

If all weights are the same, we speak aboutitidependent sgliS) problem. The
optimal values of these problems are denoted:hyG) anda(G), respectively.

The exact weighted independent g&WIS) problem consists of determining
whether a given weighted gragty, w) with G = (V, E) andw : V — Z contains
an independent set whose total weight (i.e., the sum of the weights of its members)
equals a given integér Formally, the solution to the EWIS problem, give#, w, b),
is yesif and only if there is an independent sebf G with w(I) = b. The restric-
tion where we require the independent set to be of a maximum independent set of the
graph will be called theexact weighted maximum independent set proldaech de-
noted by EWIS.. Thus, EWIS, (G, w,b) consists of deciding upon the existence of
an independent sétof G with |I| = «(G) andw(I) = b.

The connection between the exact perfect matching problem and the exact
weighted independent set problem is best understood through line graphn&he
graph L(G) of a graphG = (V, E) is the graph whose vertex setis and whose
two vertices are adjacent if and only if they share a common vertex as edgés of
Clearly, there is a one-to-one correspondence between the matchings of a graph and
the independent sets of its line graph. Tdect matchingroblem, i.e., the prob-
lem of determining whether a given edge-weighted graph contains a matching of a
given weight, is then precisely the exact weighted independent set problem, which
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is restricted to the class of line graphs. Similarly, under the (polynomially verifiable)
assumption that the input graph has a perfect matching, the exact perfect matching
problem is precisely the exact weighted maximum independent set problem, which is
restricted to the class of the line graphs of graphs with a perfect matching.

In this chapter, we focus on the problem of determining the complexities of the
EWIS and EWIS, problems for particular graph classes. On the one hand, we present
the first non-trivial strondNP-completeness result for these problems. On the other
hand, we distinguish several classes of graphs where the problems can be solved in
pseudo-polynomial time.

More specifically, we can summarize the main results of this chapter in the spirit
of the above list of complexity results on exact problems:

— Theexact weighted independent setd theexact weighted maximum indepen-
dent seproblems are strongMP-complete for cubic bipartite grapRs

— Theexact weighted independent setd theexact weighted maximum indepen-
dent setproblems are solvable in pseudo-polynomial time in each of the following
graph classes:

- mK,-free graphs

- interval graphsand their generalizatioristhin graphs
- circle graphs

- chordal graphs

- AT-free graphs

- (claw, net)-free graphs

- distance-hereditary graphs

- graphs of bounded treewidth

- graphs of bounded clique-width

- certainsubclasses aP;-free and fork-free graphs

The results for subclasses B%-free and fork-free graphs are derived by means
of modular decomposition. The application of modular decomposition to the EWIS
problem is described in section 16.4.2 and may be of independent interest.

In view of the relation between the exact perfect matching problem and the exact
weighted maximum independent set problem, each of the above polynomial results
also gives a polynomial result for the exact perfect matching problem. Whenever the
EWIS, problem is (pseudo-) polynomially solvable for a class of grapfhbe exact
perfect matching problem is (pseudo-) polynomially solvable for graphs in the set
{G : L(G) € G}. For example:

2. We also strengthen this result considerably, however, we postpone the detailed formulation
until section 16.3.2.
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— Theexact perfect matchingroblem is solvable in pseudo-polynomial time for
graphs of bounded treewidth.

Notation and organization. All graphs considered are finite, simple and undi-
rected. Unless otherwise statecandm will denote the number of vertices and edges,
respectively, of the graph considered. As usitalandC;, denote the chordless path
and the chordless cycle anvertices. For a graply, we will denote byl (G) and
E(G) the vertex-set and the edge-set@frespectively. Individual edges will be de-
noted by square brackets: an edge with endpeirdadv will be denoted byf«, v].
For a vertexz in a graphG, we denote byV¢ (x) the neighborhood of in G, i.e.,
the set of vertices adjacent g and byN[x] the closed neighborhood of i.e., the
setNg(z) U {z}. We will write N (x) and N [z] instead ofN¢g(x) and N¢[z] if no
confusion can arise.

We say that a grapH is aninduced subgrapbf G if H can be obtained fror@ by
deletion of some (possibly none) vertices; the subgrapgh ofduced byU C V(G)
is the graph obtained fror@ by deleting the vertices frorlr (G)\U and it will be
denoted byG[U]. For a graphG, we denote by cd- (alsoG) the edge-complement
of G. By K,, we denote the complete graph arvertices, and by« ; the complete
bipartite graph with parts of sizeandt. By component we will always mean a con-
nected component. For graph-theoretical terms not defined here, see [BER 73]. For a
subset of vertice¥” C V, we letw(V') = 3 . w(v). For a positive integek, we
write [k] for the set{1, ..., k}.

The triple(G, w, b) will always represent an instance of the EWIS (or EWJS
problem, i.e.G = (V, E) is a graphw : V — Z are vertex weights, antl € Z is
the target weight. I#{ is an induced subgraph &f, we will also consider triple of the
form (H, w, b) as instances of EWIS, with the weightsrepresenting the restriction
of wto V(H). We will denote by EWI$G, w, b) the solution to the instandé&r, w, b)
of the EWIS problem, i.e., EWI&, w, b) is yesif there is an independent sétin
G with w(I) = b, andno otherwise. Similarly, EWIS(G, w, b) is yesif there is a
maximum independent sétin G with w(I) = b, andno otherwise.

The chapter is organized as follows. In section 16.2, we continue the introductory
discussion and present some polynomial preprocessing steps that simplify the input
and which we will later on assume as performed. We also discuss some relations be-
tween the complexities of the problems WIS, EWIS and EWISection 16.3 is
devoted to the stronblP-completeness results. In section 16.4, pseudo-polynomial
time solutions to the exact weighted independent set problem are presented. We con-
clude the chapter with a short discussion in section 16.5 that places the class of line
graphs of bipartite graphs between two graph classes with known complexities of the
EWIS problem.
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16.2. Preliminary observations

The exact weighted independent set problem is (wedkBjcomplete for any
class of graphs containing the edgeless grdghs: n > 0}. There is a direct equiv-
alence between the exact weighted independent set probléif,onn > 0} and the
subset sum problem, which is known to i€-complete (see [GAR 79]). Theubset
sumproblem is the following: givem integersay, ..., a, and a bound, determine
whether there is a subsétC [n] suchthab _,;a; = b.

Therefore, for a given class of grapfs the question of interest is whether the
EWIS problem is strongiNP-complete for graphs ig, or is it solvable in pseudo-
polynomial time.

First, let us observe that in any class of graghsve may restrict our attention to
instances with positive weights only.

REMARK 16.1.— The EWIS problem with arbitrary integer weights is polynomially
equivalent to the EWIS problem, which is restricted to instar{¢&sv, b) such that

b < w(V(G)) andl < w(v) < b, forall v € V. The same equivalence holds true for
the EWIS, problem.

Proof. Solving the EWIS problem for any particular instance amounts to solwing
problems EWIS, in which the independent sets are restricted to be ofisifer all

k € [n] (unlessb = 0, in which case the solution is trivial, as the empty set is an
independent set of weight 0). The weights in EWI&n be assumed to be positive:
otherwise, we can add a suitably large consfénib each vertex weight and replace

by b + kN to get an equivalent EWI|;Sproblem with positive weights only. Finally,
applying the same transformation again with= w(V') + 1 reduces the problem
EWIS; to a single EWIS problem with positive weights. Repeating this for all values
of k& € [n], the result follows.

Finally, if all vertex weights are positive, we can delete from the graph all vertices
whose weight exceeds as they will never appear in a solution. Furthermore, the
solution is clearlynoif b > w(V).

The same assumption on vertex weights as for the EWIS problem can also be
made for the instance$r, w, b) of its restricted counterpart EWS Again, if some
of the weights are negative, we can modify the weights and the target value as we did
above for EWIS. Now we only do it fork = «(G). Note that we can calculatgG)
as that only € [n] such that the value of EWI3G, 1, p) is yes wherel denotes the
unit vertex weights. |

We now discuss some relations between the complexities of the problems WIS,
EWIS and EWIS, when restricted to particular graph classes.
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LEMMA 16.1.—LetG be a class of graphs. The following statements are true:

(i) if the EWIS,, problem is solvable in pseudo-polynomial time for graphg ithen
the WIS problem is solvable in pseudo-polynomial time for graph§;in

(i) if the EWIS problem is solvable in pseudo-polynomial time for graph§ithen
the EWIS,, problem is solvable in pseudo-polynomial time for graph§;in

(i) let ¢ = {G’ : G € G} whereG' = (V’, E’) is the graph, obtained from a graph
G = (V, E) € G, by adding pendant vertices, as follows: = V U {v' : v € V'},

E' = FEU{[v,v'] : v € V}. Ifthe EWIS, problem is solvable in pseudo-polynomial
time for graphs ing’, then theEWIS problem is solvable in pseudo-polynomial time
for graphsing.

Proof. (i) Let (G, w, k) be an instance of the decision version of the weighted inde-
pendent set problem. As we can assume positive weightgntains an independent
set of total weight which is at leastif and only if G contains a maximum independent
set of total weight which is at least By testing values fob from w(V") down tok and
using an algorithm for the EW|Sproblem on the instancg~, w, b), we can decide
whetherG contains a maximum independent set of total weight which is at keast

(#9) Let (G, w, b) be an instance of the EW)Sroblem. It is easy to see that the
following algorithm solves EWIS.

Step 1Calculaten(G), which is equal to the maximui € [n] such that the value
of EWIS(G, 1, k) is yes wherel denotes the unit vertex weights.

Step 2Let N = w(V)+1. For every vertex € V(G), letw'(v) = w(v)+ N. Let
b =b+ a(G)N. Thenitis easy to verify that EWISG, w, b) = EWIS(G,w', V).

(7i1) Let (G,w,b) with G = (V, E) € G be an instance of the exact weighted
independent set problem. L&t be the graph, which is defined as in the lemma. Let
n = |V(G)| and letw’(v) = (n + 1)w(v) forallv € V andw’(v) = 1 forv € V.
Then, itis easy to verify that the value of EWIS, w, b) is yesif and only if the value
of EWIS, (G, w', V') isyesfor someb’ € {(n+ 1)b,...,(n+1)b+n —1}. |

The problem EWIS is clearly ilNP and so is EWIg for any class of graphs
G where IS is polynomially solvable. Therefore, Lemma 16.1 implies the following
result.

COROLLARY 16.1.— LetG be a class of graphs. The following statements are true.
(i) If the WIS problem is strongl\NP-complete for graphs i, then the EWIg
problem is strongl\NP-hard for graphs irg. If, in addition, the IS problem is poly-
nomial for graphs irg, then the EWI§ problem is strongl\NP-complete for graphs
ing.

(ii) If the EWIS,, problem is strongl\NP-hard for graphs iigj, then the EWIS prob-
lem is stronglyNP-complete for graphs ig.
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(iii) Let G’ be as in Lemma 16.1. If the EWIS problem is stroniyly-complete for
graphs ing, then the EWIS problem is stronglyNP-hard for graphs irG’. If, in
addition, the IS problem is polynomial for graphsgh then the EWIS problem is
stronglyNP-complete for graphs ig’.

Thus, we are mainly interested in determining the complexity (stikirgomplete
or pseudo-polynomial results) of the exact weighted independent set problem in those
classes of graphs where the weighted independent set problem is solvable in pseudo-
polynomial time. Moreover, combining part&) and(iii) of the lemma shows that
when G € {forests, bipartite graphs, chordal graphthe problems EWIS and
EWIS, are equivalent (in the sense that, when restricted to the grapfistimey
are either both solvable in pseudo-polynomial time, or they are both stroxfly
complete). Recall that a graghis aforestif it is acyclic, bipartite if any cycle ofG
has even length, archordalif any cycle of G with size of at least 4 has a chord (i.e.,
an edge connecting two non-consecutive vertices of the cycle).

We conclude this section by showing that a similar equivalence remains valid for
the class of line graphs. More precisely/if L(Bip), L(K2,) and L(K, ,) denote
the classes of line graphs, line graphs of bipartite graphs, line graphs of complete
graphs with an even number of vertices and line graphs of complete balanced bipartite
graphs, respectively, we have the following result.

LEMMA 16.2.— TheEWIS problem is stronglyNP-complete for graphs it (resp.,
L(Bip)) if and only if theEWIS, problem is stronglyNP-complete for graphs in
L(Kay,) (resp.,.L(Ky.»)).

Proof. The backward implication is given by pdit) of Lemma 16.1. The forward
implication follows from a reduction of the exact matching problem to the exact per-
fect matching problem which we show now. Given an instafice= (V, E) with
edge weightsv and a targeb for the exact matching problem, construct an instance
(K, ,w,b") for the exact perfect matching problem as follows: K= |V] is odd, we
add a new vertex and we complete the gr&pFor an edge of G, letw’(e) = Nw(e)
whereN = w(E) +1, foran edge ¢ E letw’(e) = 1. The transformation is clearly
polynomial and5 has a matching of weiglitif and only if K,,- has a perfect match-
ing of weight Nb + k for some value ok € {0,...,n — 1}. Also, it is easy to see
that in the case of bipartite grap&is= (L, R; E) with |L| < |R|, we can addR \ L|
vertices toL to balance the bipartition. |

16.3. Hardness results
The weighted independent set problem is solvable in polynomial time for bipartite

graphs by network flow techniques. However, as we show in this section, the exact
version of the problem is strongiyP-complete even for cubic bipartite graphs.
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16.3.1. Bipartite graphs

A bipartite graph is a grapf = (V, E) whose vertex set admits a partitibh=
L U R into the left setl and the right sef? such that any edge af connects a
vertex of L to a vertex ofR. In general, a bipartite graph may admit several such
partitions. Since we only consider connected bipartite graphs (which have a unique
such partition, up to switching the parts), we will also wiite= (L, R; E).

The strongNP-completeness of the EWIS problem in bipartite graphs follows
from a straightforward reduction from the balanced biclique problem which is known
to beNP-complete [GAR 79]. Théalanced bicliqugroblem consists of determining
whether, given a bipartite grapii = (L, R; E') and an integek, there are subsets
L' C LandR’ C Rwith |L'| = |R'| = k such that the subgraph inducedbyU R’ is
a complete bipartite subgraph (also cakecliqueof sizek). In [DAW 01], a variation
of this latter problem is introduced where we must hgvé = a and|R’'| = b (called
the biclique problem). From an instana& andk of balanced biclique, we introduce
weight 1 on each vertex df, weightB = max{|L|, |R|} + 1 on each vertex oR and
we seth = k + Bk. Itis clear that there is an independent setlinR; (L x R) \ E)
with weightb if and only if there is a balanced biclique (&, R; F) of sizek.

We now strengthen this result by proving that the EW[#oblem is strongIyNP-
complete for cubic bipartite graphs. By contrast, for graphs of maximum degree 2,
EWIS and EWIS, are pseudo-polynomially solvable problems. Every connected
graph in this class is either a cycle or a path, and the treewidth of such graphs is
at most 2. According to Corollary 16.3 and Theorem 16.14 from section 16.4, the
problem is solvable in pseudo-polynomial time in this class.

THEOREM 16.1.— TheEWIS,, problem is stronglyNP-complete in cubic bipartite
graphs.

Proof. The problem is clearly ilNP, as the IS problem is solvable in polynomial time
for bipartite graphs. The hardness reduction is made from the decision version of the
clique problem in regular graphs which is known toNiie-complete (see [GAR 79]).

A cliqueV* is a subset of vertices @f such that the subgraph induced By is
complete. LetG, k) be an input to the clique problem, whefe= (V. E) is a A-
regular graph om vertices and lek be an integer. Without loss of generality, assume
that0 < £ < A < n — 1, since otherwise the problem is easy.

We build the instancé = (G’, w) of the EWIS, problem where>’ = (L, R; E’)
is a bipartite graph as follows:

3. For the definition of treewidth, see section 16.4.1.8.



The Complexity of the Exact Weighted Independent Set Problem 401

Figure 16.1. The gadgef{ (v)

T1,e

Figure 16.2. The gadget (e)

e For each vertex € V, we construct a gadgéf (v) which is a cycle of length
2A. Thus, itis a bipartite graph where the left sekLis= {l ., ...,la » } and the right
setisR, = {ri,y,...,7a,}. The weights ares(l; ,) = 1 andw(r;,,) = nA(Z22)
fori e [A].

The gadgefd (v) is illustrated in Figure 16.1.

e For each edge € E, we construct a gadgéf (e) which is a cycle of length 4.

Thus, it is a bipartite graph where the left seflis = {l1.c, 2.} and the right set is

Re = {r1.¢,7m2..}. The weights arev(l; o) = (”Q—A) andw(r;.) = #(%) for

1t =1,2.

The gadgefd (¢) is illustrated in Figure 16.2.

¢ We interconnect these gadgets by iteratively applying the following procedure.

For each edge = [u,v] € E, we add two edge$§r; ., li.] and [l; u, 71 ¢]
wherel; ,, is a neighbor of-; ,, in H(u) between gadgetd (u), H(e) and two edges
[0, l2,e] @and[l; ., r2.c] Wherel;, is a neighbor ofr;, in H(v) between gadgets
H(v), H(e) such that the vertices ., l; .., ;,, andi; ,, have degree 3.

Itis clear thatG’ is bipartite and the weights are polynomially bounded. Moreover,
sinceG is aA-regular graph, we conclude th@t is 3-regular.
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We claim that there is a cliqug* of G with size of at leask if and only if the
value of EWIS, (G’, w, b) is yes where:

bk=1) , \2+nA nA  k(k—1)

b= kA +nA nA(—5—) ((n—k)A+(7 T)m)

Let I be a maximum independent set @f with w(I) = b. SinceG’ is cubic
and bipartite(G’ has a perfect matching (for instance, take a perfect matching in each
gadgetH (v) and H (e)) and we conclude thai(G) = |I| = |R| = |L|. This implies
in particular that for any vertex € V, eitherL, or R, is a subset of . Moreover,
the same property holds for amyc FE (i.e., eitherL. or R, is a subset of ). By
construction of the weights, the quantitA of b must come from verticels ,,, 7, Or
l; ¢. Sincek < n, this quantity cannot come from ,,. Moreover, sincé; . € I if and
only if L. C I, the contribution ofL. in I isnA. In this case, the contribution &fA
must come froni; ,,. Thus, we obtain:

INLy|=kA, |INRy|=(n—-kA [16.1]

whereLy = Uyev L, andRy = Uyev R,,. Thus, using [16.1] we must obtain:

w(IN(LgUREg)) = nA@
NG 2”%(% - @)m [16.2]

whereLgp = UecgL. and Rg = U.cgR.. Now, we prove that there are exactly
k(%51) gadgetsH (e) with L. C I. Assume the converse; thed,N Lg| = k(k —

1) —2pand|I N Rg| = nA — k(k — 1) + 2p for somep # 0 (p can be negative).
Combining these equalities with equality [16.2], we deduce ghat 0, which is a
contradiction.

Thus, if we setV* = {v € V : L, C I}, we deduce from above thgt*| = k
and we will necessarily obtain th&t* is a clique ofG.

Conversely, leV’ be a clique ofZ with |V’| > k and consider a subcliqué* C
V' of size exactlyk. We setS = Sp, U Sg With S, = Uyev+Ly Uecg(v+) Lo and
Sk = Upev\v+Ry Ueep\g(v+) Re. We can easily verify thatw(/) = b and that/
is a maximum independent set @f. Indeed, let us assume the converse; thus, there
existr;, € I (and thusRk, C I),l;. € I (with j = 1,2) and[r; ,,l;.] € E'. By
construction off, we deduce that = [u,v] € E(V*) and thenL, C I, whichis a
contradiction. The proof is complete. |
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As corollary of Theorem 16.1, we can derive that the biclique problem remains
NP-complete when the minimum degree @f= (L, R; E) isn — 3 where|L| =
|R| = n. In this case, we replace any gaddéte) of Theorem 16.1 by a cycle of
length2nA and we delete edgek .., 71 ,.] and ([l », 2 c].

We also note that Theorem 16.1 implies the strdyig-completeness of the
EWIS,, problem for perfect graphs, which are a well-known class where the weighted
independent set problem is solvable in polynomial time [GRO 84].

16.3.2. A more general hardness result

Let us now strengthen the main result of the previous section. To this end, we first
introduce some notations. L&t be a set of graphs. We denote the class of graphs
containing no induced subgraphs from the Bdty Free(F). Any graph inFree(F)
will be called F-free. Our hardness results will be expressed in terms of a parameter
related to the set of forbidden induced subgraphs

Let C; and H; denote the cycle of lengthand the graph in Figure 16.3, respec-
tively.

O O
1 2 i
) Oi o o 70—97
O O

Figure 16.3.Graph H;

We associate with every gragha parametek(G), which is the minimum value
of i > 1 such thatG contains an induced copy of eith€t or H;. If G is an acyclic
graph with no induced graphs of the forfy, we letx(G) = oo. For a (possibly
infinite) non-empty set of graphs, we define:

K(F) =sup{k(G) : Ge F}

Finally, for a set of graph&’, let X5 denote the set of graphs of degree at most 3
in X.
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With these definitions in mind, we can use the strdfig-completeness of the
EWIS, problem for bipartite graphs of degree at most 3 (which is an immediate
corollary of Theorem 16.1), and the reduction typically used for the IS problem (see
e.g. [MUR 92, POL 74]) to derive the following hardness result.

THEOREM 16.2.— Let G be the class ofF-free bipartite graphs of maximum degree
at most 3. Ifk(F3) < oo, then theEWIS,, problem is stronglyNP-complete in the
classgs.

Proof. The problem is clearly itNP. We show completeness in two steps. First, for
k > 3, let Sy be the class of all bipartiteCss, ..., Cy, Hy, ..., Hi)-free graphs of
vertex degree at mo8t and let us show that for any fixéd the problem is strongly
NP-complete for graphs i®5;. Let (G, w, b) be an instance of the EW)Sproblem
whered is a bipartite graph of maximum degree at most 3.

We can transform the grapH in polynomial time into a weighted grapH’, as
follows. Letk’ = [£7. We replace each edgeof G by a pathP(e) on 2k’ + 2
vertices. LetN = w(V') + 1. We set the weights/’ of the endpoints oP(e) equal
to the weights of the corresponding endpoints,ofhile each internal vertex dp(e)
gets weightNV. Itis easy to verify tha&?’ belongs taSy.

We claim that the value of EWISG, w,b) is yesif and only if the value of
EWIS, (G, w', b+ mk'N) isyes wherem = |E(G)].

One direction is immediate, as each maximum independent s&taain be ex-
tended to a maximum independent setbfby simply addingk’ internal vertices of
each newly added path. By doing so, the weight increasesiyv .

Suppose now that the value of EWIRY ,w',b + mk’N) is yes Let I’ be a
maximum independent set 6 of weightb + mk’N. Sincel’ is independent, it
can contain at mogt’ internal vertices of each newly added path. Therefore, for each
e € E(G), the setl’” must contairexactlyk’ internal vertices ofP(e), otherwise its
weight would be at most(V') 4+ (mk’ — 1) N, thus contradicting our choice &f.

Let I denote the set obtained from by deleting the internal vertices of newly
added paths. Thed, is an independent set @f. Indeed, ife = [u,v] € E(G) for
someu, v € I, thenI’ would contain at most’ — 1 internal vertices ofP(e), thus
contradicting the above observation. Also, it is easy to seeltllaad maximum inde-
pendent set of;. Finally, as the weight of is exactlyb, we conclude that the value
of EWIS, (G, w,b) isyes

This shows that the EWI|Sproblem is stronglyNP-complete in the classy.
To prove strongNP-completeness of the problem in the cl&ss we now show that
the classGs contains all graphs iS, for k£ := max{3,x(F)}. Let G be a graph
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from S;.. Assume thatiy does not belong tgs. ThenG contains a grapi € F3 as
an induced subgraph. From the choicebive know thatA belongs taSy, but then
k < k(A) < k(F3) < k, which is a contradiction. Therefor@, € G5 and the theorem
is proved. |

16.4. Polynomial results

In this section, we present pseudo-polynomial solutions to the exact weighted in-
dependent set problem, when the input graphs are restricted to particular él@bses.
algorithms resemble those for the WIS problem in respective graph classes, and are
based either on a dynamic programming approach (section 16.4.1), or on the modular
decomposition (section 16.4.2).

First, we observe that when developing polynomial-time solutions to the EWIS
problem, we may restrict our attention to connected graphs.

LEMMA 16.3.—Let(G,w, b) be an instance of thEWIS problem and leC1, . .., C,

be the connected componentsbfSuppose that for eache [r], the set of solutions
(EWIS(C;, w, k) : k € [b]) for C; is given. Then, we can calculate the set of solutions
(EWIS(G, w, k) : k € [b]) for G in time O(rb?).

In order to show Lemma 16.3, we consider the following generalization of the
subset sum problem.

GENERALIZED SUBSET SUM (GSS)

Instance Non-empty sets of positive intege#s, ..., A,, and a positive integér.
Question Is there a non-empty subsébf [n] and a mapping : J — UjcsA; such
thata(j) € A; forallj € J,and}_, ;a(j) = b?

By generalizing the dynamic programming solution to the subset sum problem, it
is easy to show the following.

LEMMA 16.4.—GSS can be solved in tini&nb?) by dynamic programming.

In fact, in the stated time, not only we can verify if there if & [r] and a mapping
a as above such that,_ ; a(j) = b for the givenb, but we can answer this question
for all valuesd’ € [b).

Proof.Let B denote the set ddll values)’ € [b] such that there is a non-empty subset
S of [n] and a mapping : S — U,esA; such thata(i) € A; forall i € S, and

Yiegali) =1

4. For a comprehensive survey on graph classes, see [BRA 99].
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Let us show by induction on that we can generate the gein time O(nb?). The
statement is trivial fon = 1.

Suppose now that > 1. Let] = (A44,...,A4,;b) be an instance of the GSS
problem. LetB’ be the inductively constructed set of all possible values' af [b]
such that the solution to the GSS problem on the instédge. .., A,_1; ') is yes
By induction, the seB’ was constructed in tim&((n — 1)b2).

Let 8 € [b]. Then, will belong to B, i.e., the solution to the GSS problem,
given(A4y, ..., A,; 8), will be yes if and only if eithers € B’, or we can write3 as
8 ="b"+a, forsomeb’ € B’ anda,, € A,,. In other wordsB = B’ U B”, whereB”
denotes the set of all such suni®’ = {t/ + a,, : V/ € B',a, € A,, b + a, < b}

The setB” can be constructed in tim@(b?). Adding this time complexity to the
time O((n — 1)b?) needed to construdd’ proves the above statement and hence the
lemma. |

Lemma 16.3 now follows immediately.

Proof. [Lemma 16.3] It is enough to observe that for evérye [b], the value of
EWIS(G,w, k) is yesif and only if the solution to the GSS problem on the in-
stance(Ay, ..., 4,; k) is yes where A; denotes the set of all valué$ € [b] such
that EWISC;, w, k') isyes |

16.4.1. Dynamic programming solutions
We can summarize the results of this section in the following theorem.

THEOREM 16.3.— The exact weighted independent set and the exact weighted maxi-
mum independent set problems admit pseudo-polynomial-time solutions in each of the
following graph classesn Ks-free graphs, interval graphs and their generalizations
k-thin graphs, circle graphs, chordal graphs, AT-free graghigqw, net)-free graphs,
distance-hereditary graphs, graphs of treewidth at mgstnd graphs of clique-width

at mostk.

The rest of this section is devoted to proving this result. According to (part
of Lemma 16.1, it suffices to develop pseudo-polynomial solutions for the EWIS
problem. Most of the algorithms resemble those for the WIS problem and exploit the
special structure of graphs in the classes.

16.4.1.1.mK,-free graphs

Our first example deals with graphs with no large induced matchings.
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Recall thatK'> denotes the graph consisting of two adjacent vertices. The disjoint
union of m copies of K5 is denoted bynK,. Thus, graphs whose largest induced
matching consists of less thanedges are precisely theK,-free graphs.

THEOREM 16.4.— For every positive integet, theEWIS problem admits a pseudo-
polynomial algorithm fomm K»-free graphs.

Proof. An mKs-free graph contains only polynomially many maximal independent
sets (see [ALE 91, BAL 89, PRI 95]). Tsukiyanea al. describe in [TSU 77] an al-
gorithm that generates all the maximal independent sets of a graph with polynomial
delay. This implies that we can enumerate all maximal independent;sets, Iy of

a givenmK»-free graphz in polynomial time.

For each vertex of G and for eachk € [b], the value of EWISG[{z}], w, k) is
yesif and only if ¥ = w(x). Therefore, we can apply Corollary 16.3 to each maximal
independent sett of G in order to calculate the set of solutions to EMES! |, w, k)
for all £ € [b] in pseudo-polynomial time.

As each independent set Gfis contained in some maximal independent/setf
G, the value of EWISG, w, k) is yesif and only if there is art € [IV] such that the
value of EWISI;, w, k) is yes This shows that the EWIS problem can be solved in
pseudo-polynomial time fan K>-free graphs. |

16.4.1.2.Interval graphs

Interval graphs are one of the most natural and well-understood classes of inter-
section graphs. They are intersection graphs of intervals on the real line, and many
optimization problems can be solved by dynamic programming on these graphs.

Formally, given a collectioff of intervals on the real line, itsitersection graph
G(Z) is defined by (G(Z)) = Z and there is an edge connecting two intervals if and
only if their intersection is nonempty. The collectidrs said to be ainterval model
of G(Z). Finally, a graphG is said to be arnterval graphif it admits an interval
model, i.e., if there is a collectidh of intervals on the real line such th@t= G(Z).

A representation of interval graphs that is particularly suitable for the EWIS prob-
lem is the following. It has been shown by Ramalingam and Pandu Rangan [RAM 88]
that a graphG = (V,E) is interval if and only if it admits a vertex ordering
(v1,...,vy,) such that for all triple(r, s,t) with 1 < r < s < ¢t < n, the follow-
ing implication is true:

if [vp,v] € E then [vs,1¢] € E

Moreover, such an ordering of an interval graph can be found in @re+ m).
Based on this ordering, we can prove the following statement.
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THEOREM 16.5.— TheEWIS problem admits am® (bn + m) algorithm for interval
graphs.

Proof.Let (v1,...,v,) be avertex ordering such that, v;] € E, whenevefv,, v;] €
E, forall triples(r, s,t)with1 <r < s <t < n.

For everyi € [n], let G; denote the subgraph &f induced by{vy, ..., v;} (also,
let Gy be the empty graph). Then, for evene [n], either there is @ = j(i) such
that Ng, (v;) = {j,7 +1,...,4— 1}, or Ng,(v;) = { } (in which case let us define
j(i) = 7). Now, if I is an independent set @;, then either; € I (in which case
I\{v;} is anindependentset 6f;;)_1), orv; ¢ I (in which casd is an independent
set ofG;_1). This observation is the key to the following sim@hk¢bn + m) dynamic
programming solution to the EWIS problem on interval graphs.

Step 1Find a vertex orderin@us, . . ., v,) as above.
Step 2Set EWISGy, w, k) tonofor all k£ € [b].
Step 3Fori =1,...,n, do the following:
3.1.Findj € [i] such thatNg, (v;) = {4, 5 + 1,...,i — 1}.
3.2.Fork € [b], do the following:
If & = w(v;), set EWISG;, w, k) toyes
If £ < w(v;), set EWISG;, w, k) to EWIS(G;_1,w, k).
If & > w(v;), set EWISG;, w, k) to yesif at least one of the solutions to
EWIS(G)i)—1,w, k — w(v;)) and EWIG; 1, w, k) is yes and tono otherwise.

Step 4Output the value of EWI&,,, w, b). |

16.4.1.3. k-thin graphs

The property used in the above characterization of interval graphs has been gener-
alized by Mannineet al.in [MAN 07], where they define the class kfthin graphs. A
graphG = (V, E) is said to bek-thin if there is an orderinguy, . ..,v,) of V and a
partition of VV into k classes such that, for each trigles, t) with 1 <r < s <t < n,
if v,., vs belong to the same class apg, v;] € E, then[vg, v;] € E.

Let us mention at this point that finding a feasible frequency assignment of a given
cost can be modeled as the EWIS problem ok-thin graph, where the parame-
ter k£ depends on the input to the frequency assignment problem. For further details,
see [MAN 07].

Based on the same idea as for interval graphs, a dynamic programming solution
for k-thin graphs can be obtained, if we are given an ordering and a partition of the
vertex set.

THEOREM 16.6.— Suppose that for &-thin graphG = (V, E), k > 2, an ordering
(v1,...,v,) Of V and a partition ofV into k classes are given such that, for each
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triple (r,s,t) with1 < r < s < t < n, if v, vs belong to the same class and
[v, 1] € E, then[vs,v;] € E. Then, theEWIS problem admits a®)(bn*) algorithm
for G.

Proof. The proof is a straightforward extension of the proof of Theorem 16.5. Let
Vi,..., Vi be the classes of the partition. Instead of the gra&phsvhich are induced

by the first; vertices, we now consider all grapfi$i1, . . . , i), which are induced by
the “first” 7, vertices of each class (according to the ordering/orestricted to the
class), forallr € {1, ..., k} and for allO(n*) choices of suctk-tuples(is, ... ,ix) €

[IVl] % .o [V, i

16.4.1.4.Circle graphs

Besides intervals on the real line, chords on a circle provide another popular inter-
section model. The intersection graphs of chords on a circle are ciitdel graphs
In this section, we will present af(b*n?) dynamic-programming algorithm for the
EWIS problem in circle graphs.

Our algorithm for the EWIS problem on circle graphs is based on the dynamic pro-
gramming solution for the IS problem, which is developed by Supowit in [SUP 87].

THEOREM 16.7.— The EWIS problem admits anO(b*n?) algorithm for circle
graphs.

Proof. Consider a finite set oV chords on a circle. We may assume without loss of
generality that no two chords share an endpoint. Number the endpoints of the chords
from 1to2N in the order as they appear as we move clockwise around the circle (from
an arbitrary but fixed starting point).

The idea is simple. For < i < j < 2N, let G(4, j) denote the subgraph ¢}
induced by chords whose both endpoints belong to théiset-1, . .., j}. Obviously
G = G(1,2N).

Letl <4 < j < 2N.If j =i+ 1, then the value of EWI&Z(:, j), w, k) is yesif
and only if eitherk = 0, or (i,¢ + 1) is a chord and = w((é,7 + 1)).

Otherwise, let be the other endpoint of the chord whose one endpojntis- < i
orr > j, then no independent set of the gragfi, j) contains the chord-, ), so the
value of EWISG(3, j), w, k) equals the value of EWI& (i, 7 — 1), w, k). Suppose
now that; < » < j—1andlet/ be anindependent set@f:, j). The setl may or may
not contain the chordr, j). If I does not contaifr, j), then! is an independent set
of of G(4,j — 1) as well. If I containg(r, j), then no other chord i can intersect the
chord(r, 7). In particular, this implies that is of the formI = {(r, )} UI; UI; where
I, is an independent set 6f(:, r — 1) andI; is an independent set 6f(r + 1,5 — 1).
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Therefore, the value of EWI®(i,j),w,k) is yes if and only if either
EWIS(G(i,j—1),w, k) isyesor EWIS(G’, w, k) isyes whereG’ is the graph whose
connected components a&#{ (r, j)}], G(i,r— 1) andG(r +1, j — 1). Assuming that
the solutions foG (4, —1) andG(r+1, j—1) have already been obtained recursively,
we can apply Corollary 16.3 in this case.

The above discussion implies an obvia&?n?) algorithm that correctly solves
the problem. |

16.4.1.5.Chordal graphs

Chordal (or triangulated) graphare graphs in which every cycle of length at least
four has a chord. They strictly generalize interval graphs and provide another class
where the WIS problem is polynomially solvable. Unfortunately for our purpose, the
usual approaches for the WIS problem in chordal graphs ([FRA 76, TAR 85]) heavily
rely on the maximization nature of the problem and generally do not preserve the over-
all structure of independent sets. As such, they do not seem to be directly extendable
to the exact version of the problem. Instead, we develop a pseudo-polynomial time
solution to the EWIS problem in chordal graphs by using one of the many character-
izations of chordal graphs: thaitique-tree representation

THEOREM 16.8.— The EWIS problem admits arO(b?n(n + m)) algorithm for
chordal graphs.

Proof. Given a chordal grap&¥, we first calculate alique treeof G. This can be done
in time O(n + m) [HSU 99]. A clique tree of a chordal graghi is a treeT" whose
nodes are the maximal cliques @f such that for every vertex of G, the subgraph
T, of T induced by the maximal cliques containings a tree. Furthermore, we fix
an arbitrary nodés,. in the clique tree in order to obtainraoted clique treeFor a
maximal cliqueK, we denote by(K) the subgraph ofr induced by the vertices of
K and all vertices contained in some descendarit af 7.

The algorithm is based on a set of identities developed by Okamoto, Uno and
Uehara in [OKA 05], where a clique tree representation was used to develop linear-
time algorithms to countindependent sets in a chordal grapiz.&&%) be the family
of independent sets i&v. For a vertexv, let ZS(G, v) be the family of independent
sets inG that containv. For a vertex s/, letZS (G, U) be the family of independent
sets inG that contain no vertex of/. Consider a maximal cliqu&” of G, and let
K, ..., K; bethe children of< in T (if K is a leaf of the clique tree, we skt 0).

Then, as shown in [OKA 05], for every distingtj € [I], the setd/(G(K;))\K and
V(G(K;))\K are disjoint. Moreover, ifJ denotes the disjoint union, the following
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relations hold:

IS(G(K)) = TS(G(K), K) UL,k IS(G(K),v)
IS(G(K),v) = {Iu{v} 1=U_, 1,

I IS(G(KJ,U), |f'U€K2,
i € { 7S(G(K;), KN K;), otherwise.
TS(G(K),K) = {1 ’ I=|[_ I I e IS(G(K:), K ﬂKi)}
IS(G(K:), KN K;) = IS(G(K:),Ky))

Uluerx ZS(G(K;),u) foreachi € [I]

We extend our usual Boolean predicate E\ASw, k) to the following two: for
a vertexv of a weighted grapliH, w) and an integek;, let EWIS(H, w, k, v) denote
the Boolean predicate whose valugésif and only if in H there is an independent set
T of total weightk that containg. Also, for a set of vertice¥ let EWIS(H, w, k,U)
take the valueyesif and only if in H there is an independent set of total weight
that contains no vertex froy. Based on the above equations, we can develop the
following recursive relations for EWIS:

EWIS(G(K),w,k) = EWIS(G(K),w,k, K)

16.3
v\/veK:w(v)gk EWIS(G(K)vkaaU) [ ]

where v denotes the usudoolean OR functiorfwith the obvious identification
yes < 1, no « 0). That is, its value ig/esif at least one of its arguments y&s
andno otherwise.

EWIS(G(K),w, k,v) = GSS(A4,..., A,k —w(v)) [16.4]
whereGSS(Ay, ..., A;, k) denotes the solution to the generalized subset sum prob-
lem on the input instancéA, ..., 4;, k), where the setsi; for i € [I] are given

by:

A = {K' —w) : ww) <k <k, EWIS(G(K;),w, k' ,v) = yes}, ifveK;
LK 1<K <k, EWIS(G(K;),w, k', K N K;) = yes}, otherwise

Note that ifI; € ZS(G(K;),v) andI; € ZS(G(K;),v) for some distinct in-
dicesi, j € [l], then we havd; N I; = {v}. Moreover, since this is the only possi-
ble nonempty intersection of two independent sets ftgjgl I; in the equation for
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IS(G(K),v), it follows that the sum of the weights of the séts{v} (overalli € [I])
equals the weight O(Uizl Ii) \{v}, thus justifying equation [16.4].

Similarly, we have:
EWIS(G(K),w, k, K) = GSS(A44,..., A k) [16.5]

where, for eachi € [[], the setA; is given by:
A ={K 1<K <k, EWIS(G(K;),w, k', K N K;) = yes}

and, finally, for eachi € [I], we have:

EWIS(G(K,),w, k, K N K;) = EWIS(G(K;, w, k, K;))

v\ EWIS(G(K)), w,k,u) [16.6]
u€K;\K

Given the above equations, it is now easy to develop a pseudo-polynomial dynamic
programming algorithm. Having constructed a rooted esf G, we traverse it in a
bottom-up manner. For a le&f, we have:

es, ifk=0
EWlS(G(K)7 w, k, K) = { :;/1,0 otherwise

and

es, ifw() =k
EWIS(G(K),IU, kyv) = { :;/1,0 othe(rv)vise

For every other nodg{, we calculate the values EWIS(G(K),w,k, K)
and EWISG(K),w, k,v) by referring to the recursive relatior$6.6], [16.5] and
[16.4] in this order. Finally, the value of EWI®&, w,k) equals the value of
EWIS(G(K,),w, k), which can be calculated using equatjo6.3].

The correctness of the procedure follows immediately from the above discussion.
To justify the time complexity, observe that in a noffeof the tree with children
Ki,..., K;, the number of operations performed@$2i:1 |K;| + 16> + |K|1b?).
Summing up over all the nodes of the clique tree, and using the fact that a chordal
graph has at most maximal cliques, which satisf} .y (7 |K| = O(n +
m) [OKA 05], the claimed complexity bound follows. |
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16.4.1.6.AT-free graphs

Another generalization of interval graphs is given by the so-c#liedtee graphs
Besides interval graphs, the family of AT-free graphs contains other well-known sub-
classes of perfect graphs, for instangetrmutation graphsnd their superclass, i.e.,
the class oto-comparability graphs

A triple {z,y, z} of pairwise non-adjacent vertices in a gra@hs anasteroidal
triple if for every two of these vertices there is a path between them avoiding the
closed neighborhood of the third. Formallyandy are in the same component of
G — N|[z], x andz are in the same component@f— N[y|, andy andz are in the
same component & — N [y]5. A graph is calledAT-freeif it has no asteroidal triples.

Our dynamic programming algorithm that solves the EWIS problem for AT-free
graphs is based on the dynamic programming solution to the WIS problem in AT-free
graphs, developed by Broersma, Kloks, Kratsch and Mdiller in [BRO 99].

Let us start with a definition.

DEFINITION 16.1.—Letz andy be two distinct non-adjacent vertices of an AT-free
graph G. The intervall(z,y) is the set of all vertices of V(G)\{x, y} such that

x and z are in one component ¥ — N[y], andz andy are in one component of
G — NJz].

Now, we recall some structural results from [BRO 99].

THEOREM 16.9.—[BRO 99] Let] = I(z,y) be a nonempty interval of an AT-free
graphG, and lets € I. Then there are componertds, . . ., C;7 of G — N|s] such that
the components df\ N [s] are preciselyl (z, s), I(s,y) andCj,...,C;.

THEOREM 16.10.-[{BRO 99] LetG be an AT-free graph, lef’ be a component of
G — Niz], lety € C and letD be a component of the gragh— N[y]. ThenN [D] N
(N[z]\Ny]) = { } ifand only if D is a component off — Ny].

THEOREM 16.11.-{BRO 99] LetG be an AT-free graph, lef’ be a component of
G — NJz], lety € C, and letC’ be the component &f — N|[y] that containse. Let
By, ..., B; denote the components of the graph- N|y] that are contained irC".
Thenl(z,y) = U'_, B;.

The following general lemma is obvious.

5. Recall that the closed neighborhoodzois defined asV{z] = N(z) U {z}.
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LEMMA 16.5.— Let (G, w) be a weighted graph. Then, the valueBWIS(G, w, k)
is yes if and only if there is a vertex € V(@) such that the value cEWIS(G —
N(x),w, k) is yes.

Combining Lemma 16.5 with Theorems 16.10 and 16.11, we obtain the following
result.

LEMMA 16.6.—Let (G, w) be a weighted AT-free grapty, = (V, E). Letz € V and
let C' be a component af — N|z]. For a vertexy of C, let C,, denote the subgraph
of G induced byC — N(y). Then, the value oEWIS(C, w, k) is yes if and only if
there is a verteyy € C such that the value cEWIS(C, w, k) is yes. Moreover, the
connected components of suctaare precisely{y}, I(x,y), and the components of
G — NJy] contained inC.

Combining Lemma 16.5 with Theorem 16.9, we obtain the following result.

LEMMA 16.7.—Let(G, w) be a weighted AT-free grapty, = (V, E). Let] = I(x,y)

be aninterval ofG. If I = { }, then the value oEWIS(G[I], w, k) is yes if and only

if £ = 0. Otherwise, let us denote by the subgraph ofs induced byl — N (s), for

all s € I. Then, the value oEWIS(I, w, k) is yes if and only if there is a vertexc T
such that the value cEWIS(I, w, k) is yes. Moreover, the connected components
of such anl; are precisely{s}, I(x,s), I(s,y), and the components ¢f — N|s]
contained in/.

THEOREM 16.12.— The EWIS problem admits a pseudo-polynomial algorithm for
AT-free graphs.

Proof. It follows from the above discussion that the following pseudo-polynomial al-
gorithm correctly solves the problem.

Step 1For everyz € V, calculate the components 6f— N|[z].

Step 2.For every pair of nonadjacent verticesy € V(G), calculate the interval
I(z,y).

Step 3.Sort all the components and intervals according to non-increasing number of
vertices.

Step 41n the order of Step 3, calculate the solutions to EXWISw, k), for each com-
ponentC (for all k£ € [w(C)]}) and the solutions to EWIS, w, k) for each interval
I (for all & € [w([)]). To calculate the solutions to EWIS, w, k) for a component
C, first calculate the solutions to EWMIS — N (y), w, k), for ally € C, by applying
Lemma 16.6 and Corollary 16.3. Similarly, to calculate the solutions to EWI18 k)
for an intervall, first calculate the solutions to EWIB— N (s), w, k), forall s € I,
by applying Lemma 16.7 and Corollary 16.3.

Step 5.Compute EWISG, w, b) using Lemma 16.5 and Corollary 16.3. |
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A clawis the graphi; 5. A netis the graph obtained from a triangle by attaching
one pendant edge to each vertex. The following result is an immediate consequence
of Theorem 16.12.

COROLLARY 16.2.— The EWIS problem admits a pseudo-polynomial algorithm for
(claw, net)-free graphs.

Proof. In [BRA 03], it is shown that for every vertex of a (claw, net)-free graph

G, the non-neighborhood efin G is AT-free. Thus, the problem amounts to solving
O(nb) subproblems i T'-free graphs, which can be done in pseudo-polynomial time
by Theorem 16.12. |

16.4.1.7.Distance-hereditary graphs

Distance-hereditary graphare graphs such that the distance between any two
connected vertices is the same in every induced subgraph in which they remain con-
nected® Bandelt and Mulder provided in [BAN 86] pruning sequenceharacteriza-
tion of distance-hereditary graphs: whenever a graph contains a vertex of degree one,
or a vertex with a twin (another vertex sharing the same neighbors), remove such a
vertex. A graph is distance-hereditary if and only if it the application of such vertex
removals results in a single-vertex graph.

More formally, apruning sequencef a distance-hereditary graghis a sequence

of the formo = (x1R1y1,x2R2y2, ..., Tn—1Rpn_1yn—1) Where(zq,...,z,) is a
total ordering ofV’ (G) such that for ali € [n — 1], the following holds:
—R; € {P,T, F}.

— If we denote byG; the subgraph ofr induced by{x;, ..., x,}, then:
- If R; = P thenx; is apendantvertex.e., a vertex of degree one in the graph
Gi, with NG,L (l’l) = {yz}
- If R; = T thenz; andy; aretrue twinsin G;, i.e., Ng, [zi] = Ng;[vi]-
- If R; = F thenz; andy; arefalse twinsn G;, i.e.,Ng, (z;) = Ng, (v:).

A pruning sequence of a distance-hereditary graph can be calculated in linear
time [DAM 01]. Our algorithm for the EWIS problem on distance-hereditary graphs
is based on the dynamic programming solution for the WIS problem, which was de-
veloped by Cogis and Thierry in [COG 05].

We note that that every distance-hereditary graph is a circle graph. However, the
algorithm developed here for distance-hereditary graphs is faster than that for general
circle graphs given by Theorem 16.7.

6. The distance between two verticesand v in a connected grapty is the length (i.e., the
number of edges) of a shortest path connecting them.
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THEOREM 16.13.—The EWIS problem admits &(b?n+m) algorithm for distance-
hereditary graphs.

Proof. We first define an auxiliary problem:

P1@G,b,p.q)
Instance: a graph, a positive integeb, and two functions:

p,q:V x{0,1,...,b} — {0,1}

Question: is there an independent sebf G, and a mapping : V — {0,1,...,b}
such that the following holds:

- Z:EEV w(l‘) = b’
—p(xz,w(x)) =1 whenever: € I,
—gq(z,w(x)) = 1 whenever: ¢ I?

Let us show that the EWIS problem is reducible to the P1 problei® (imb)
time. Let (G, w,b) be an instance of the EWIS problem. Defipgy,: V(G) x
{0,1,...,b} — {0,1} as follows. For each € V(G) and eachk € {0,1,...,b},
let:

1, ifk=wx)
pla k) = { 0, otherwise

and:
1, ifk=0
q(@, k) = { 0, otherwise

Then, it is easy to see that the value of EWES(, b) is yesif and only if
P1@G,b,p,q)isyes

In what follows, we present ad(b*n +m) to solve the problem P1 on an instance
(G,b,p,q), if G is a distance-hereditary graph. This will in turn imply the statement
of the theorem. For two functionf ¢ : {0,1,...,N} — {0,1}, we denote their
convolutionf x g as the functiorf x g : {0,1,..., N} — {0, 1}, which is given by
the following rule: for everyt € {0,1,..., N}, we have:

| 1, ifthereisak’ € {0,1,...,k} suchthap(k’) = g(k — k') =1
(fxg)(k) = { 0, otherwise

ProcedureP1-DH.

Input: A distance-hereditary graph, a positive integeb, and two functions
p,q:V x{0,1,...,b} — {0,1}.

Output: The answer to the question in RL(, p, q).
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Step 1Calculate the pruning sequenge= (21 R1y1, 22Ray2, - - -, Tn—1 Rpn—1Yn—1)
for G. Associate each vertex € V(G) with a pair of functionsp®, ¢*
{Oa ..., b} - {Oa 1}! given bypm<) = p(1’7 ) andqz(') = Q(l'7 )

Step 2Check if the pruning sequence is empty. If yes, there is only one verefk

If max{p*(b),¢"(b)} = 1, then outpuyes Otherwise, output no.

Otherwise, letr Ry be the head of the pruning sequence. Update the pruning sequence
by removingz Ry from it. Updatep? andg? as follows:

— If R = P then let:
pU(k) — (0¥ =*q")(k)
¢ (k) — max{(p®*q¢¥)(k), (¢" * ¢¥)(k)}
foreachk € {0,1,...,b}.
—If R =T then let:
pU(k) — max{(p¥*q")(k), (p* = ¢")(k)}
q’(k) — (¢ xq")(k)
foreachk € {0,1,...,b}.
—If R = F'then let:

pY(k) « max{(p® = q¢¥)(k), (p” * p¥)(k), (¢° * p¥)(k)}
(k) — (¢ *q")(k)

foreachk € {0,1,...,b}.

GotoStep 2

The correctness of the algorithm can be easily proved by inductien /e leave
this routine proof to the reader. Clearly, the algorithm can be implemented so that it
runs in timeO(b*n + m). 1

16.4.1.8.Graphs of treewidth at mogt

Graphs of treewidth at most, also known agartial k-trees generalize trees
and are very important from an algorithmic viewpoint: many graph problems that
areNP-hard for general graphs are solvable in linear time when restricted to graphs
of treewidth at mosk [ARN 89]. It is easy to see that on trees, the EWIS problem
admits a simple dynamic programming solution. With some care, the same approach
can be generalized to graphs of bounded treewidth.

Let us first recall the definition of treewidth, and some related basic facts.

A tree-decompositionf a graphG = (V, E) is a treeT = (Z, F) where each
vertexi € 7 has a labelX; C V such that:
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(1) Uiez Xi =V,
(#4) For every edgéu, v] € E, there exists an € 7 such that, v € X,

(7i1) For everyv € V, the vertices ofl’ whose label contains induce a connected
subtree off".

Thewidth of such a decomposition iaaIx | X;|. Thetreewidthof a graphG is the
1€
minimumk such thatz has a tree-decomposition of widkh

Any graph of treewidttk has a tree-decompositidh= (Z, F') such that:
— all the setsX; in the decomposition have size+ 1,
—if [¢,7] € Fthen|X; N X;| = k.

Such a decomposition can be obtained in linear time from any tree-decomposition
of G of width k. Also, given a graph of treewidth, a tree-decomposition @& of
width & can be obtained in linear time [BOD 96].

THEOREM 16.14.—For every fixed:, the EWIS problem admits &(nb?) algorithm
for graphs of treewidth at moét

Proof. Let G = (V, E) be a weighted graph of treewidfh First, we construct a
special decompositiof = (Z, F') of width & as mentioned above. We further refine
this composition by subdividing each eddgj] of 7' and labeling the new node with
the setX; N X;. Now, every edge connects a set of siz&ith one of its supersets of
sizek + 1.

We root the decomposition tree at an arbitrary ned€he new, rooted decompo-
sition tree has the following properties:

— any node corresponding to a set of sizeas exactly one child,

— for a node corresponding to a €t of sizek, its child corresponds to a superset
of X, of sizek + 1,

— every child of a node corresponding to a 3gtof sizek + 1 corresponds to a
subset ofX; of sizek.

For a node of the decomposition tree, |1&f denote the set of all vertices 6f
which appear either iX;, or in any of the sets corresponding to the descendarits of

For any node, any subsef of X;, and any integep € {0,1,...,b}, define the
{0, 1}-valued function:

1, ifthereis anindependent skin G[Y;] of weightp
ewis(i, Z,w) = withINnX, =2
0, otherwise
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Clearly, the value of EWI&=, w, b) is yesif and only if there is a subsef of the
setX, corresponding to the roetsuch thatwis(r, Z,b) = 1.

If X, is a leaf of the decomposition tree, then it is easy to calculate the values
ewis (i, Z, p). Indeed, in this cask; = X;, so we can set:

1 if Zis anindependent set @& of weightp

ewis (i, Z,p) _{ 0 otherwise

For the internal vertices, we consider two cases.

Case 1. The size of; is k. This implies that has only one child, for example
The setX; is a superset ak; of sizek + 1, soX; = X, \{v} for some vertex. Also,
Y; =Y, sinceX, does not add any new vertices. We can calcuat® (i, Z, p) by
the following formula:

ewis(i, Z,p) = ewis(j, Z,p) V ewis(j, Z U {v},p)
whereV denotes the Boolean OR function.

Case 2. The size of; isk + 1. Let {1, ..., j:} be the children of in the decom-
position tree. We would like to calculatevis(i, Z, p), whereZ is a subset of;, and
w € {0,1,...,b}. If Zis notindependent, then we setis(i, Z, p) to O.

From now on, assume thatis independent. Recall that each of the sg}s, for
se{l,...,t}, isasubset ok;,.

LetI be an independent set@Y;] with TN X, = Z. ThenI N X;, = Z N X;,.
Fors € [t], let us denote by, that part of the sef which belongs td’;, but nottoZ,
i.e., I, = IN(Y;,\Z). In particular, this implies thaf, N X; = { }, and consequently
LNX;, ={}.

Note that the sef equals to the disjoint union of the sBtand the set$,, ..., I;.
Therefore, if the weight of is p, then:

Thus:
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which implies:
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In particular,ewis (i, Z, p) will take the value 1 if and only if there are non-negative
integerspy, . .., p; such that:

- (@) w(ZNX;,) <ps <pforalls e [t],
— (i) Y ps =p—w(Z)+ Y., w(ZNX,,),and
— (i) ewis(js, Z N X;,,ps) = 1forall s € [t].

One direction is immediate: ifwis(i, Z, p) takes value 1, then there is dnas
above, and we can takg = w(I NYj},), fors € [t].

On the other hand, the existence of such integers. ., p; implies that there are
setsly, ..., I] such that, for alk € [¢], I] is an independent set #[Y}, ] of weightp,
with I; N st =N st.

We claim that the sef = U!_, I, U Z is an independent set {@[Y;] of weightp
with I N X; = Z. To see this, let us writé, = I, N (Y;,\Z). Then, eacl equals
the disjoint union of the sets, andI, N X;, = Z N X, . Moreover, the sef equals

the disjoint union of the sef and the setg,, ..., I;. Therefore:
t t
p = Zps+w(Z)—Zw(Zﬂst) [16.7]
s=1 s=1
t
= w(Z)+ ) (wI) - w(ZNX;,)) [16.8]
s=1
t
= w(Z)+> w(l) [16.9]
s=1
= w(l) [16.10]

To see thaf intersectsX; in Z, we just need to observe that:

INX;=U_LuZ)nX;=U_I,NnX)u(ZNnX;,)=ZNX; =2
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asl,N X, ={}forall s € [t].

Finally, we need to show thdtis independent. By contradiction, suppose that there
are verticeas, v € I such thafu,v] € E(G). As Z is independent by assumption,
at most one of; andv is contained inZ. We may therefore assume without loss of
generality that, € I;. AsI; C I; and!] is independent, this implies that# 1.

According to the tree decomposition properties, there is A sesuch thafu, v] C
X;-. Also, the sefS,, = {j : u € X;} forms a subtree of our decomposition tree.

Sinceu is not contained ir¥ andl N X; = Z, the vertex: is not contained in;
either. Howevery is an element of; and is therefore contained Iy, .

These observations imply that the $gtis contained in the subtree rootedjatin
particular, the nodé" is a descendant gf in our decomposition tree. Next, it follows
fromwv € I\I] thatv is also contained in som&; such thatj is a (not necessarily
proper) descendant éfvhich isnotcontained in the subtree rootedjat Asv € X+
and as the sef, = {j : v € X, } also forms a connected subgraph, we conclude that
v € Xj,. However, together with N X;, = ZN X;, =I] N X,, C Ij, thisleadsto
a contradicting € I].

The existence of such; can be determined in tim@(tb?) by dynamic program-
ming. Indeed, finding suchy; is equivalent to the following restricted version of the
GENERALIZED SUBSET SUM problem defined as follows

Instance: Nonempty sets of positive intege#s, ..., A,, and a positive integér.
Question: Are therea(i) € A; foralli € [n] suchtha® "} | a(i) = b?

The correspondence is given by setting:

-n==t,

—As ={ps :w(ZnX,,) <ps <p,ewis(js, ZN X;,,ps) = 1} forall s € [t],
and

-b=p—w(Z)+ Zizl w(ZNX;,).

A slight modification of the proof of Lemma 16.4 shows that this problem can be
solved in timeO(tv?).

Summing up over all internal nodes and taking into account|figf)| = O(n)
(when viewingk as a constant), the total complexity of solving the EWIS problem for
graphs of treewidtt is O(nb?). |

Note that the same algorithm runs in pseudo-polynomial time whenever the
treewidth of the input graph is of the ord@(log n).
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16.4.1.9.Graphs of clique-width at mogt

Theclique-widthof a graphG is defined as the minimum number of labels needed
to construct, using the following four graph operations:

(¢) Create a new vertexwith label: (denoted by (v)).
(7i) Take the disjoint union of two labeled grapfisand H (denoted byG & H).

(#i7) Join by an edge each vertex with lakielo each vertex with labej (i # j,
denoted byy; ;).

(iv) Rename label to j (denoted by, ;).

An expression built from the above four operations is calledigue-width ex-
pression A clique-width expression using labels is called &-expressionEachk-
expression: uniquely defines a labeled graptb(t), where the labels are integers
{1,...,k} associated with the vertices and each vertex has exactly one label. We say
that ak-expressiont defines a graply’ if G is equal to the graph obtained from the
labeled graphiab(t) after removing its labels. The clique-width of a gra@lis equal
to the minimumé such that there existskaexpression definingr.

As shown by Corneil and Rotics in [COR 05], the clique-width of a graph of
treewidthk is bounded above by - 2~1. This implies that a class of graphs with
uniformly bounded treewidth is also of bounded clique-width. The converse is gener-
ally not true, as the complete graphs show: for every 2, the clique-width ofK,, is
2, while its treewidth i — 1. In this sense, showing that a problem can be efficiently
solved for graphs of bounded clique-width is more general than showing the same
statement for graphs of bounded treewidth.

Many graph problems that atéP-hard for general graphs are solvable in linear
time when restricted to graphs of clique-width at miosf a k-expression is given as
part of the input (see e.g. [COU 97])The EWIS problem is no exception.

THEOREM 16.15.—For every fixed:, the EWIS problem admits ai(b?!) algorithm
for graphs of clique-width at modt, wherel is the number of operations in a given
k-expression for=.

Proof. Suppose that the labels are integfrs. . ., k} = [k]. For every subset of labels
S C [k], let EWIS(G, w, S, m) denote the answer to the following question: “is there
an independent set 6f with total weighti that contains exactly the labels frosf?”

Given ak-expressiont defining the input grapliz, we can determine the value
of EWIS(G, w, b) by first calculating all the values for EW(&, w, S, m), for every

7. If only a graphG of clique-width at mosk is given, then arD(2°%) expression defining’
can be calculated i®(n?) time, as shown by Oum in [OUM 05].
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subset of labels' C [k], and everyn € [b]. Itis easy to see that this can be performed
in time O(b?1) by the following dynamic programming algorithm.

If V| =1,thenletv € V. ForallS C [k], and for allm € [b], let:

| yes, if S ={label(v)} andm = w(v)
EWIS(G, w, 5,m) = { no, otherwise

If G =G @ Ga, then let for allS C [k], and for allm € [b]:

yes, If EWIS(G1,w, S, m) =yes

yes, If EWIS(G2,w, S, m) =yes

yes, Iifthereisanm’ € [m — 1] such that
EWIS(G1,w, S,m’) =EWIS(G2,w, S,m —m’)
=yes

no, otherwise

EWIS(G,w,S,m) =

This can be calculated in tim@(»?), similarly as in Corollary 16.3.
If G =n;,;(G1) then let for allS C [k], and for allm € [b]:

EWIS(Gy,w, S,m), if{i,j} €S

EWIS(G,w, S,m) = { no. otherwise

If G = p,—;(G1) thenletfor allS C [k], and for allm € [b]:

EWIS(Gy,w, S,m), if Sn{i,j}=1{}
EWIS(G,w,S,m) = EWIS(Gy,w,SU{i},m), if SNn{i,j}={j}
no, otherwise

Having calculated all the values EWIS, w, S, m), the solution to EWISG, w, b)
is clearly given by:

_ | wyes, ifthereisanS C [k] such that EWISG, w, S, b) =yes
EWIS(Gawab) - { no, OtherWise

The same algorithm runs in pseudo-polynomial time whenever the clique-width of
the input graph is of the ordé€?(log n).

Due to the unknown complexity of the exact perfect matching problem, the prob-
lem of determining the complexity of EWIS is of particular interest for line graphs of
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bipartite graphs, and their subclasses and superclasses. Line graphs of bipartite graphs
form a hereditary class of graphs. Their characterization in terms of forbidden induced
subgraphs has been obtained in [STA 98], as follows. A gtajshthe line graph of a
bipartite graph if and only ity is F-free, whereF = {claw, diamond, C5,Cz, .. .}.

A diamondis the graph obtained by deleting a single edge from a complete graph on

4 vertices.

Keeping in mind this characterization of line graphs of bipartite graphs, it is inter-
esting to consider the following immediate consequence of Theorem 16.15.

COROLLARY 16.3.— The EWIS problem admits a pseudo-polynomial solution in
each of the following graph classes:

— (claw, co-claw)-free graphs,

— (gem, fork, co-P)-free  graphs (Figure 16.4) and their subclass
(claw, diamond, co-P)-free graphs,

— (Ps, diamond)-free graphs.

Proof. Each of the above subclasses is of bounded clique-width (see [BRA 02,
BRA 03a, BRA 04]). |

Also, we can derive from Theorem 16.15 a particular complexity result for the
exact perfect matching problem.

COROLLARY 16.4.— For every fixed, the exact perfect matching problem admits a
pseudo-polynomial algorithm for graphs of treewidth at miost

Proof. As shown by Gurski and Wanke [GUR 07], a $etof graphs has bounded
treewidth if and only if the sef.(G) = {L(G) : G € G} has bounded clique-
width. Since the exact perfect matching problengims polynomially equivalent to
the EWIS, problem in the seL(G), the statement follows from Theorem 16.15 and
part(ii) of Lemma 16.1. |

16.4.2. Modular decomposition

The idea ofmodular decompositiomnvas first described in the 1960s by Gal-
lai [GAL 67], and also appeared in other works under various other names such as
prime tree decompositidiEHR 90], X -join decompositiofHAB 79], or substitution
decompositiofMOH 85]. This technique makes it possible to reduce many graph
problems from arbitrary graphs to so-callpdme graphs. In this section, we show
how to apply modular decomposition to the EWIS problem.

Let G = (V, E) be a graphlJ a subset o} andx a vertex ofG outsideU. We
say thate distinguished/ if = has both a neighbor and a non-neighbdrinA subset
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U C V(G) is called amodulein G if it is indistinguishable for the vertices outside
U. A moduleU is non-trivial if 1 < |U| < |V, otherwise it igrivial. A graph whose
every module is trivial is callegrime

An important property of maximal modules is thatGf and co& are both con-
nected, then the maximal modules Gfare pairwise disjoint. Moreover, from the
above definition it follows that it/ andU’ are maximal modules, then either there are
all possible edges betweé&handU’, or there are no edges between them. This prop-
erty is crucial for the modular decomposition, which provides a reduction of many
graph problems from a gragfito the graphG® obtained fromG by contracting each
maximal module to a single vertex.

We formally describe this reduction for the EWIS problem in the recursive proce-
dure MODULAR_EWIS(G, W, b) below. It turns out that in order to apply this decom-
position to the EWIS problem, we need to relax the problem so that each vertex of
the input graph is equipped with a nonempty set of possible weights (instead of just
a single weight). For simplicity, we still name this problem EWIS. When all sets are
singletons, the problem coincides with the original EWIS problem.

EXACT WEIGHTED INDEPENDENTSET (EWIS)

Instance: an ordered tripléG, W, b), whereG = (V, E) is a graph} is a positive
integer andV = (W, : v € V) with W, C [b] for all v € V is the collection of
possible weights for each vertex 6f
Question: is there an independent sebf G and a mappingy : I — [b] such that
w(v) € W, forallv € Tand)_, ., w(v) = b?

In graph classes that are closed under duplicating vertices, this extended version

is pseudo-polynomially equivalent to the original one: given an ifgutiv, b) to

the extended version, we can construct a weighted gt&phw’) from (G, W) by
replacing each vertex of G with a clique K, on |W,| vertices, assigning different
weights fromW,, to different vertices ofi(,,, and joining a vertex front’,, with a

vertex fromK, by an edge if and only ifu, v] was an edge af. Then, itis clear that
EWIS(G, W, b) = yes if and only if EWISG’, w’, b) = yes. However, working with

the extended version enables us to apply modular decompositembiteary graph
classes.

AlgorithmMoODULAR_EWIS(G, W, b)
Input: An ordered triple(G, W, b), whereG = (V, E) is a graphp is a positive
integer andV = (W, : v € V) with W, C [b] for all v € V is the collection of

possible weights for each vertex Gf

Output: (EWIS(G, W, k) : k € [b])
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1. If |V| =1, for exampleV = {v}, set, for eaclt € [b]:

B yes, if k e Wy
EWIS(G, W, k) = { no, otherwise

and stop.

2. If G is disconnected, partition it into connected componegwts ..., M, and
go to step 5.

3. If co-G is disconnected, partitiofd into co-componentd;, ..., M, andgoto
step 5.
4. If G and co& are connected, partitio into maximal modules\y, ..., M.

5. Construct a grapti® from G by contracting eactM; (for j € [r]) to a single
vertex and assign to that vertex the set of weights:

W, = {k € [b] : EWIS(G[M;], W, k) = yes}
6. For eachk € [b], let:
EWIS(G, W, k) = EWIS(G®, (W, : j € [1]), k)

and stop.

We note that for each input graph, at most one of the steps 2-4 is performed (at most
one amond G, co-G} is disconnected; moreover,@ and co& are both connected,
then the maximal modules @ are pairwise disjoint). Observe that the gra@h
constructed in step 5 of the algorithm is either an edgeless graph, a complete graph, or
a prime graph. Therefore, the modular decomposition approach reduces the problem
from a graph to its prime induced subgraphs.

The correctness of the procedure is straightforward: every independehb$et
G consists of pairwise disjoint independent sets in the subgrapbisintiuced by
My, ..., M,; moreover, thosg@1; that contain a vertex fromi form an independent
set inG°. And conversely, for every independent ¢étin G° and every choice of
independent setél; : j € I°} with I; independent irG[M;], the setU;¢|,1; is
independent ir.

The following theorem answers the question on the complexity of such a reduction.

THEOREM 16.16.—LetG be a class of graphs ang* the class of all prime induced
subgraphs of the graphs i@. If there is ap > 1 and aq > 2 such that the EWIS
problem can be solved for graphsdi in time O(b7n?), then the EWIS problem can
be solved for graphs ig in time O (b2nP + m).

Proof.Let G be a graph i with n vertices andn edges. The recursive decomposition
of G produced by the algorithm can be implemented in e +m) [McC 99]. This
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decomposition associates witha treeT (G) whose leaves correspond to the vertices
of G, while the internal nodes & (G) representinduced subgraphgfvith at least
two vertices.

Consider an internal nodé of T'(G) and letGy denote the induced subgraph
of G corresponding tdJ. Then the children of7;; correspond to the subgraphs
G[M4],...,GIM,], where{M;,..., M.} is the partition ofGy defined in steps
2-4 of the algorithm.

If Gy is disconnected, thex?, is an empty graph, and the problem can be
solved forGY; in time O(b?|V (GY,)]), since it is a generalized subset sum problem
(cf. Lemma 16.4). I{Gy is disconnected, the@Y; is a complete graph, and the prob-
lem can be solved trivially fo&?; in time O(b|V (GY,))).

If both G and coé& are connected, the@?; is a prime induced subgraph 6f,
and the problem can be solved f6f; in time O(b9|V (GY,)|P) by our assumption.
Summing up over all internal nodes @fG), we conclude that the total time com-
plexity of the problem orG:' is bounded byO (b9 3 |V (GY)|P). Itis not difficult to

U

see that the total number of vertices in all grapi{s corresponding to internal nodes
U € V(T(G)) equals the number of edgesB{G), i.e.,|V(T(G))| — 1. Since the
number of leaves df'(G) is n and the number of internal nodes is at most 1, we
conclude that:

WS VGHP <0 (L IVIEH) ) < v1(n -2 = Ot
U U

By adding the tern(n + m) needed to obtain the decomposition tree, we obtain
the desired time complexity. The theorem is proved. |

Just like for the weighted independent set problem, modular decomposition is the
key to pseudo-polynomial-time solutions to the EWIS problem in several subclasses
of Ps-free andork-free graphs. The results are summarized in the following theorem;
all graphs mentioned in the theorem or its proof are depicted in Figure 16.4.

THEOREM 16.17.— The EWIS problem is solvable in pseudo-polynomial time for
each of the following classes:

— (Ps, double-gem, co-domindree graphs (and their subclasgPs, co-P)-free
graphs),

— (bull, fork)-free graphs,

— (co-P, fork-free graphs,

— (Ps, fork)-free graphs.
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e A

P gem co-gem double-gem

AL

co-domino co-P bull fork

Figure 16.4. Some 5- and 6-vertex graphs

Proof. This theorem gssentially follows from Theorem 16.16 and the results
in [BRA 04a] and [HOA 89] (see also [BRA 04b] for some applications of modular
decomposition to the WIS problem). We briefly summarize the main ideas.

Every prime {5, double-gem, co-domindree graph is2K,-free (the comple-
mentary version of this statement is proved in [HOA 89]). Since we can easily extend
Theorem 16.4 to the extended version of the EWIS problem, this implies the result
for (Ps, double-gem, co-domiidree graphs.

The (extended) EWIS problem can be solved in pseudo-polynomial time for
co-gemfree graphs. Indeed, for every vertexof a co-gemfree graphG, the non-
neighborhood ob in G is P,-free. So the problem amounts to solvio§nb) sub-
problems inP,-free graphs, which can be done by modular decomposition. It is well
known (see, for example, [COR 81]) that evdry-free graph is either disconnected,
or its complement is disconnected. Thus, the only pritpdree graph is the graph on
a single vertex.

In [BRA 04a], it is shown that prime graphs that contaic@gemand are ei-
ther (bull, fork)-free, (co-P, fork)-free or(Ps, fork)-free have a very simple struc-
ture. The (extended) EWIS problem can be solved in pseudo-polynomial time for
such graphs. Together with the above observation atigemfree graphs and The-
orem 16.16, this concludes the proof. |

16.5. Conclusion

As we saw in the introduction, the motivation for studying the exact weighted in-
dependent set problem comes from the fact that the complexity of the exact matching
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problem is still unknown, even for bipartite graphs. As the exact matching problem
for bipartite graphs is the same as the exact weighted independent set problem for line
graphs of bipartite graphs, the problem of determining the complexity of the EWIS
problem is of particular interest for line graphs of bipartite graphs, and their sub-
classes and superclasses. We will now show that the €lgB#) of line graphs of
bipartite graphs is sandwiched between two graph classes for which the complexity of
the EWIS problem is known, and whose sets of forbidden induced subgraphs differ
only in two graphs.

Let us recall that the line graphs of bipartite graphs are precisely the
(claw, diamond, Cs, Cy, .. .)-free graphs. Replacing the diamond in the above char-
acterization by its subgra; results in a smaller class K 3, Cs, Cs, C7, . . .)-free
graphs. Itis easy to see that this is precisely the class of bipartite graphs of maximum
degree 2. Every connected graph in this class is either an even cycle or a path, and the
treewidth of such graphs is at most 2. According to Corollary 16.3 and Theorem 16.14,
the problem is solvable in pseudo-polynomial time in this class.

On the other hand, if we repladé, 3 with K 4 in the above characterization
of L(Bip), we obtain a class of graphs that strictly contains line graphs of bipartite
graphs. This class dfK; 4, diamond, Cs, C7, . . .)-free graphs contains the class of
(K1.4,C3,C5,Cx,...)-free graphs, which is precisely the class of bipartite graphs
of maximum degree at most 3. The results of section 16.3.1 imply that the prob-
lem is stronglyNP-complete for this class, and hence also for the larger class of
(K14, diamond, Cs, C7, . . .)-free graphs.

To summarize, the clags(Bip) of line graphs of bipartite graphs is sandwiched
between two graph classes for which the complexity of the EWIS problem is known,
as the following diagram shows:

Free({K1,3,Cs5,C5,C7,...}) pseudo-polynomial
C L(Bip) 777
C  Free({K1,4, diamond,Cs,Cr,...}) stronglyNP-complete
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Chapter 17

The Labeled Perfect Matching in Bipartite
Graphs: Complexity and (in)Approximability

17.1. Introduction

This chapter presents some recent works accomplished by the author ((MON 05,
MON 06]) about the complexity and the approximation properties of theeLED
perfect matching problems.

Let IT be aNPO problem accepting simple graplis = (V, E) as instances,
edge-subset&’ C F satisfying a given polynomial-time decidable propeRyed
as solutions, and the solutions cardinality as objective function. The labeled problem
associated witfiI, denoted by IABELED II, consists, given an instande= (G, L)
whereG = (V, E) is a simple graph and is a mapping from¥ to {cy, ..., ¢}, of
determining a subset’ satisfying Pred that optimizes the size of the sE{F’) =
{L(e) : e € E'}. Note that two versions of ABELED II may be considered accord-
ing to the optimization goal: ABELED Min II that consists of minimizingZ(E")|
and LABELED Max II that consists of maximizing.(E’)|. Roughly speaking, the
mappingL corresponds to assigning a color (or a label) to each edge and the goal of
LABELED MinII (resp.,Max IT) is to find an edge subset using the fewest (resp., the
most) number of colors. If a giveNPO problemII is NP-hard, then the associated
labeled problem kBeLED II is clearlyNP-hard (consider a distinct color per edge).
For instance, the ABELED longest path problem or theABELED maximum induced
matching problem are botiiP-hard. Moreover, if the decision problem (derived from
II ) where we aim at deciding if a grafgh contains an edge subset satisfyifiged,

Chapter written by Jérome dNNOT.
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or not, isNP-complete, then RBELED Mn II cannot be approximated within per-
formance ratio better thad — ¢ for all ¢ > 0 unlessP=NP, even if the graph is
complete. Indeed, if we color the edges froim= (V, E) with a color per edge and
then we complete the graph, adding a new color per edge, theNR-isomplete to
decide betweenpt(I) = 1 andopt(I) > 2, whereopt(I) is the value of an optimal
solution. Notably, it is the case of theaABELED traveling salesman problem or the
LABELED minimum partition problem into paths of lengttfor anyk > 2.

Thus, labeled problems have been mainly studied, from a complexity and an ap-
proximability point of view, whenll is polynomial, [BRO 97, BRO 05, BRU 03,
CHA 97, KRU 98, WAN 02, XIO 05]. For example, the first labeled problem in-
troduced in other works is theABELED minimum spanning tree problem, which
has several applications in communication network design. This problaxPis
hard and many complexity and approximability results have been proposed in
[BRO 97, BRU 03, CHA 97, KRU 98, WAN 02, XIO 05]. On the other hand, the L
BELED maximum spanning tree problem has been shown polynomial in [BRO 97].
Very recently, the ABELED path and the BRBELED cycle problems have been stud-
ied in [BRO 05, HAS 06]; in particular, in [BRO 05] authors prove that the-L
BELED minimum path problem idlP-hard and give some exact algorithms, whereas
in [HAS 06] several approximation algorithms with performance guarantee are pre-
sented. Note that tHdP-completeness also appears in [CAR 00] since thB#LED
path problem is a special case of the red-blue set cover problem. Some other results
can be found in [HAS 07] when the objective labeled function is of type bottleneck.

In this chapter, we go thoroughly into the investigation of the complexity and the
approximability of labeled problems, with the analysis of the matching problem in
bipartite graphs. The maximum matching problem is one of the most known combina-
torial optimization problems and arises in several applications such as image analysis,
artificial intelligence or scheduling. It turns out that a problem very closed to it has
been studied in other works and is called in [ITA 78] the restricted perfect match-
ing problem. This latter aims at determining, given a grépk- (V, E), a partition
Ey, ..., E, of E andk positive integers-, ..., r,, whether there exists a perfect
matching)M on G satisfying for allj =1, ..., k the restriction$M N E;| < r;. This
problem has some relationship with the timetable problem, since a solution may be
seen as a matching between classes and teachers that satisfies additional restrictions
(for instance, no more that laboratories at the same time). The restricted perfect
matching problem is proved to béP-complete in [ITA 78], even i{3) |E;| < 2, (44)

r; = 1, and(zi¢) G is a bipartite graph. On the other hand, it is shown in [YI 02] that
the restricted perfect matching problem is polynomial wbkis a complete bipartite
graph andc = 2; some others results of this problem can be found in [COS 07]. A per-
fect matchingM only satisfying conditior{ii) (i.e.,|M N E;| < 1) is called good in
[CAM 97]. Thus, we deduce that theaBELED maximum perfect matching problem

is NP-hard in bipartite graph sinagpt(7) = n iff G contains a good matching.
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In section 17.2, we analyze both the complexity and the approximability of the
LABELED minimum perfect matching problem and thadELED maximum perfect
matching problem in 2-regular bipartite graphs. In particular, we deduce that both
these problems are BPX when the graph has a maximum degree 2. Then, in section
17.3, we propose some inapproximation results when the bipartite graphs have a max-
imum degree at least 3 or are 3-regular. Actually, we prove first thaELED mini-
mum perfect matching is not iIlPX whenever the bipartite graphs have a maximum
degree of 3. Hence, there is a gap of approximability between graphs of maximum
degree 2 and 3. Using a weaker complexity hypothesis, we can even obtaimthat L
BELED minimum perfect matching is n@f’es'~“»)-approximable in bipartite graphs

of maximum degree 3 on vertices, unlesflP C DTIME 20(“’91/5”)). Dealing

with the unbounded degree case, this yields to the fact thaELED minimum per-

fect matching is not ipolyLog-APX, unlessP = NP. Finally, section 17.4 focuses

on the case of complete bipartite graphs. In particular, it is shown that a greedy algo-
rithm picking at each iteration a monocolored matching of maximum size provides a
%H*'—approximation in bipartite complete graphs wheig the maximum number of
times that a color appears in the graph @&hdis ther-th harmonic number.

Now, we introduce some terminology and notations that will be used in the chap-
ter. A matchingM on a graphG = (V, E) is a subset of edges that are pairwise
non-adjacent}/ is said to be gerfect matchingf it covers the vertex set of7. A
graphG = (V, E) is bipartite if the vertex set can be partitioned into two sets, the left
setL and the right seR such that every edge ¢f has an endpoint ik and the other
in R. In the labeled perfect matching problema®@ELED P M in short), we are given
a simple graplG = (V, E) on |V | = 2n vertices which contains a perfect matching
together with a color (or label) functioh : E — {ci1,...,¢c,} on the edge set of
G.Fori =1,...,q, we denote by.!({¢;}) C E the set of edges of coles. The
goal of LABELED Min PM (resp.,Max PM) is to find a perfect matching of¥
using a minimum (resp., a maximum) number of colors. An equivalent formulation of
LABELED Min PM could be the following: ifG|C] denotes the subgraph induced
by the edges of color§ C {ci,...,cq}, then LABELED Min PM aims at finding a
subset of minimum size such tha¥|C] contains a perfect matching. The restriction
of LABELED P M to the case where each color occurs at mdsnes in/ = (G, L)

(i.e., |L7*({c;})| < rfori=1,...,q) will be denoted by LBELED PM,.. The LA-

BELED Min PM problem has some relationship with the timetable problem, since a
solution may be seen as a matching between classes and teachers that satisfies addi-
tional restrictions (for instance, a color corresponds to a school where we assume that
a professor may teach in several schools). An inspector would like to assess all teach-
ers during one lecture of each one of them and it would be desirable that he does not
visit the same class twice. Hence, the lectures to be attended would form a maximum
matching. For convenience, the inspector would like these lectures to take place in the
smallest possible number of schools. Then clearly the inspector has to construct a max-
imum matching meeting a minimum number of colors in the graph associated with the
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lectures. In [RIC 92], a generalization, called perfect matching under categorization,
has been studied. In this framework, each edgas also a hon-negative weighte),

and the colors are called categories (thusdicates the number of categories). The
goal is to find a perfect matchin/ of £ minimizing >°¢ ; maxcez,nar w(e). In

[RIC 92], it is shown that, on the one hand, the problem is polynomial when the num-
ber of categories (i.e., colors) is fixed and, on the other hand, the probleRisrd
when the weights take values 0 or 1 and the graph is a collection of disjoint 4-cycles.
Note that the case(e) = 1,Ve € E corresponds to hBELED Min PM.

We denote byopt(I) andapx(I) the value of an optimal and an approximate
solution, respectively. We say that an algorithhis ans-approximation of lABELED
Min PM with e > 1 (resp.,Max PM with e < 1) if apx(I) < € x opt(J) (resp.,
apx(Il) > € x opt([)) for any instancd = (G, L).

17.2. The 2-regular bipartite case

In this section, we deal with a particular class of graphs that consist of a collection
of pairwise disjoint cycles of even length; note that such graphs are 2-regular bipartite
graphs.

THEOREM 17.1.— LABELED Min PM, is APX-complete in 2-regular bipartite
graphs for anyr > 2.

Proof. Observe that any solution ofABELED Min P M, is anr-approximation. The
rest of the proof will be done via an approximation preserving reduction from the min-
imum balanced satisfiability problem with clauses of size at molstiN BALANCED
r-SAT for short. An instancd = (C, X) of MIN BALANCED r-SAT consists of a
collectionC = (C4,...,Cy,) of clauses over the séf = {xz4,...,x,} of Boolean
variables, such that each clauSge has at most- literals and each variable appears
positively as many times as negatively; denotes this number for any= 1, ..., n.

The goal is to find a truth assignmehsatisfying a minimum number of clausesimM
BALANCED 2-SAT where2 < B; < 3 has been showAPX-complete by the way of

an L-reduction from MAX BALANCED 2-SAT whereB; = 3 [BER 98, KAR 05].

We only prove the case = 2. Let I = (C,X) be an instance of M BAL-
ANCED 2-SAT onm clause< = {C4,...,C,,} andn variablesX = {z1,...,z,}
such that each variable; has either 2 positive occurrences and 2 negative occur-
rences, or 3 positive occurrences and 3 negative occurrences. We build the instance
I' = (H,L) of LABELED Min PM, whereH is a collection of pairwise disjoint
cycles{H(x1),...,H(x,)} andL is a function which colors edges &F with colors
€1,---,¢,- .., Cm, Dy applying the following process:

e For each variable;, create th& B;-long cycle

H(J,}) = {67;71, e ,€i7k, ceey eivgBi}
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L(e"v2Bi) = chi

Lej2p;—1) = cj%
i

Figure 17.1. The gadget{ (z;) and the color of its edges

e Color the edges ofH(z;) as follows: if x; appears positively in clauses
Cj,, ..., Cjp, and negatively in clauses;, ..., Cj, , then setl(e;2x) = ¢;, and
L(eiﬁgkfl) = ¢y fork = 1,..., B;.

Figure 17.1 provides an illustration of the gadd&tz;). Clearly, H is made of
n disjoint cycles and is painted withy colors. Moreover, each color appears at most
twice.

Let f* be an optimal truth assignment érsatisfyingm™* clauses and consider the

perfect matchind/ = U}, M; whereM; = {e;ox|k = 1,..., B;} if f(x;) = true,
M; ={eix-1lk =1,..., B;} otherwise;M uses exactlyn* colors and thus:

opt(I) < m* [17.1]

Conversely, letV’ be a perfect matching oH usingapx(I) = m/ colors; if we
setf'(x;) = trueif e; o € M’, f'(x;) = false otherwise, we can easily observe that
the truth assignment’ satisfiesn’ clauses:

apx(l) = val(f’) [17.2]

Hence, using inequalities [17.1] and [17.2] the result follows. |
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Trivially, the problem becomes obvious when each color is used exactly once. We
now show that we have a 2-approximation in 2-regular bipartite graphs, thus showing
that the restriction of RBELED Min PM to 2-regular bipartite graphs is as easy to
approximate as MISAT.

THEOREM 17.2.— There exists an approximation preserving reduction from-
BELED Min PM in 2-regular bipartite graphs tdM N SAT of expansion(c) = e.

Proof. The result comes from the reciprocal of the previous transformation/ ket
(G, L) be an instance of ABELED Min PM whereG = (V,E) is a collection
{Hu, ..., H,} of disjoint cycles of even length anbl(E) = {c1,...,cn} defines
the label set. We describe every cyéfe as the union of two matching¥/; and ;.
We construct an instanc€ = (C, X) of the satisfiability problem, MiSAT where
C={C,...,C,}isasetoin clauses an& = {z1,...,x,} is aset of variables,
as follows. The clause sétis in one-to-one correspondence with the color/sgr)
and the variable sée¥ is in one-to-one correspondence with the connected components
of G; a literalz; (resp.,z;) appears irC; iff ¢; € L(M;) (resp.,c; € L(M;)). We
easily deduce that any truth assignmgion I’ that satisfieg clauses can be converted
into a perfect matching/; on I that uses: colors. |

Using the 2-approximation of M SAT [MAR 96] and Theorem 17.2, we deduce:

COROLLARY 17.1.— LABELED Min PM in 2-regular bipartite graphs is 2-
approximable.

When dealing with IABELED M ax P M,., the result of [ITA 78] shows that calcu-
lating agood matchings NP-hard even if the graph is bipartite and each color appears
at most twice; a good matchiny is a perfect matching using/| colors. Thus, we
deduce from this result thatABELED Max PM, is NP-hard for anyr > 2. We
strengthen this result using a reduction fromANMBALANCED 2-SAT.

THEOREM17.3.— Max PM, is APX-complete in 2-regular bipartite graphs for any
r > 2.

In the same way, using the approximate result forMBAT [ASA 02], we obtain:
COROLLARY 17.2.— LABELED Max PM in 2-regular bipartite graphs is 0.7846-
approximable.

17.3. Some inapproximation results

In order to simplify the proofs exposed in the rest of the section, the results con-
cern a variation of BBELED Min PM, where the value of each perfect match-
ing M is given byval;(M) = val(M) — 1. This problem is denoted by A-
BELED Min PPM and we have for any instande apx, (I) = apx(I/) — 1 and
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opt, (I) = opt(I) — 1. Itis important to note that a(n)-approximation of LABELED
Min PM becomes &p(n)-approximation of lABELED Min PP M and conversely

a p(n)-approximation of IABELED Min PPM remains ap(n)-approximation of
LABELED Min PM. Actually, since lABELED Min PM is simple [PAZ 81] (i.e.,
the restriction taopt(I) < k is polynomial), we can see thatABELED Min PM

and LABELED Min PP M are asymptotically equivalent to approximate. Hence, the
proposed results forABELED Min PP M also hold LABELED Min PM.

We now propose a self-improving operation for some classes of inst@&hces-
scribed as follows! = (H, L) € P, whereH = (V, E) if and only if the following
properties are satisfied:

(i) H is planar of maximum degrédeand connected.

(#4) Ju,v € V such thafu, u,] and|v, v1] for someu;, v, € V are the only edges
incident tow and v. Moreover, these two edges have colgr i.e., L([u,u1]) =
L([v,v1]) = co.

(#i7) H is bipartite and admits a perfect matching.

(iv) H[{co}], the subgraph induced by edges of calgprdoes not have any perfect
matching and the subgragh{L(E) \ {co}] induced by edges of colors different from
co is acyclic.

(v) If H' = H \ {u,v} denotes the subgraph inducedWy, {u, v}, thenH'[{co}]
has a perfect matching denoted k., .

We haveP; = { } andP; is the set of odd paths fromto v alternating matchings
M and M., wherel,, is only colored by color,. Finally, we define the clasB by
P = U Pp.

Restricted label squaring operation.Given an instancé = (H, L) € Pj, of LA-
BELED Min PM, itslabel squaring instancis I? = (H?, £?) with H? = (V?, E?),
where:

1) The graphH? is created by removing each edge= [z, 3] of H with color
different frome¢, and placing instead of it a copi/ (e) of H, such thatc andy are
now identified withu andv of H, respectively.

2) For each copy (e¢) of H and for an edge’ in H(e) with color different from
co, the new color o’ is £L2(e’) = (L(e), L(¢')). The remaining edges of cogy (e)
keep their colory, i.e., if L(e’) = co, thenL?(e) = cp.

Let us prove that classé®, are closed under the restricted label squaring opera-
tion.

LEMMA 17.1.—1If I € Py, thenI? € P,.

Proof.Let I € Pj. The proofs of(:) and(i:) are obvious.
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For (¢i%), sinceH andH \ {u, v} admit a perfect matching, we deduce that L
andv € R where(L, R) is the bipartition of. Thus, we can extend the bipartition to
H? by taking for eachH (e) a copy of the bipartition. Finally, it is easy to verify that
H? admits a perfect matching ff does.

For (iv) assume the reverse, i.e., ttat[{co }| admits a perfect matchinty/ and
H[{co}] does not. By hypothesis, in each cofiy[z, y]), the vertices: andy are not
saturated byl and then the edges @ which do not traverse copied (e) form
a perfect matching off [{c}], which is a contradiction. Moreover, using property
(i1), it is easy to verify that the subgrapgh?[£2(E?) \ {co}] is acyclic whenever
H[L(E) \ {co}] is acyclic.

For (v) let M., be a perfect matching @i’ = H \ {u, v} only using color. We
completeM., by taking for each copyd (e) a copy ofM,,. In this way, we obtain a
perfect matching of7? \ {u, v} that uses only colof,. |

We now propose an approximation preserving reduction using the label squaring
operation orPy.

THEOREM 17.4— Let I = (H,L) € Py. If there exists a (polynomialy-
approximation off > for LABELED Min PP M, then there exists g/p-approximation
of I for LABELED Min PPM.

Proof. Let M* be an optimal perfect matching éf € P usingopt(I) colors and
letey,---,e, be the edges off using colors which are different fromy. For each
copy H (e;) we take a copy of\f* using colorg(L(e;), L(e;)) forj = 1,---,p and
color ¢y. For the remaining copies, we take a copyidf, (a perfect matching on
H\ {u,v}[{co}]) and we complete this matching into a perfect matching éfusing
the remaining edges @/ *. This matching use®pt(I) — 1)? + 1 colors and thus:

opt(1%) < opt(I) [17.3]
1 1

Now, consider an approximate perfect matching of H? with value apx(7?)
and letH (e1), - - -, H(e,) be the copies off such that the restriction df/2 to H (e;)
is a perfect matching. Hence, we may always assumeltat (UY_; H(e;)) only
uses colofey. Therefore, if we denot€’ = {L(e;) : i = 1,---,p}, then for any
c; € L' there exists a perfect matchidg., , C M? in copy H (ey) such that edge
ex has colorc;. Let M., be a matching of7 minimizing |£(M., )| for anyc; € L'
and let)M, be a perfect matching df containing edgesge, . . ., e, } and some other
edges of colory.

The approximate perfect matchidg of 7 will be given by one of the matchings
M., or My with valueapx(l) = min{|L(Mo)|,|L(M.,)| : ¢; € L'}. Thus, we
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deduce thatpx; (I) = apx({) — 1 = min{|L(Mo)| — 1, \/;(Mcj)\ —1l:¢; €L}
and hence:

apj)x(f) < (|£(Mo)| — 1) minf{|L(M,)| —1:¢; € L'}

< Z (1£(Me,)] = 1) < apx(1?) [17.4]
c; €L’

By applying inequality [17.4] with an optimal perfect matching? of H?, we
obtainopt?(I) < opt, (1?). Using inequality [17.3], we deduest?(I) = opt, (I?)
and the expected result follows. |

THEOREM 17.5.— LABELED Min PPM is notclogn approximable for some con-
stantc > 0 for instances irP having2n vertices, unlesB=NP.

Proof. Given a familyS = {Si,...,Sn,} of subsets of a ground set =
{z1,...,2m,} (We assume thav?®,S; = X), a set cover ofX is a subfamily
S" = {Ssuys---»Srp} € S such that?_, S;;) = X. Theset cover problem
denoted by MNSC is the problem of determining a minimum-size set caver=
{S¢e1ys- -, Sp (g} Of X. Given an instancé, = (S, X) of MINSC, itscharacter-
istic graphG, = (Lo, Ro; EJ,) is a bipartite graph with aleft séty = {l1, ..., 1., }
that represents the members of the fansilgnd a right seRy = {r1,...,7m, } that
represents the elements of the ground_Sethe edge-sek;, of the characteristic
graph is defined by;, = {[l;,7;] : ; € S;}.

FromI,, we construct the instande= (H, £) of LABELED Min PPM contain-
ing (no + 1) colors{co, c1,- - -, cn, }, described as follows:

¢ For each element; € X, we build a gadgef (x;) that consists of a bipartite
graph of2(dg,, (r;) + 3) vertices anddg, (r;) + 4 edges, wherdg, (r;) denotes
the degree of vertex; € Rin Gp,. The graphH (z;) is illustrated in Figure 17.2.

e Assume that vertice§ (1), ..., s, } are the neighbors of; in G, then color
H(x;) as follows: foranyk = 1,...,p, L(vs;,1; s(x)) = crx) and the other edges
receive coloiy.

— We complete] = U, cx H(x;) by adding edgep, ;, v1 j41] with color ¢, for
j=1,---,mo— 1.

— Finally, we setu = vy 1 andv = vg . .

Clearly,I € Pandhagn =23 . p(dg,,(r;) +3) = 2|E,| + 6mg vertices.

Let S* be an optimal set cover ay. FromS*, we can easily construct a perfect
matchingM * of I = (H, £) that uses exactl{{S*| + 1) colors. Conversely, et/ be
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v1,j

Figure 17.2. The gadget{ ()

a perfect matching of; by construction, the subsst = {Sy, : ¢, € L(M)} of S'is
a set cover ofX using(|£(M)| — 1) sets.

Now, it is well known that the set cover problenN®-hard to approximate within
factor clog ng for some constant > 0. This result also applies to instanges, S)
when|X| and|S| are polynomially related (i.e}X|? < |S| < |X|? for some con-
stantsp, q).

Hence, given such an instanég = (X, S), from any algorithmA solving LA-
BELED Min PP M within a performance ratip (/) < 7 x log(n) for a bipartite
graph oren vertices, we can deduce an algorithm fom\b C that guarantees the per-
;ormance ratioc 17 log(n) < ety log(nd*") = clog(no), which is a contradiction.

Starting from theAPX-completeness result for the vertex cover problem in cubic
graphs, [ALI 00], we are able to obtain the following result.

COROLLARY 17.3.— LABELED Min PPM for instances irPs is not inPTAS.

Proof. Starting from the restriction of set cover where each elemeig covered by
exactly two sets (this case is usually called Wieetex cover problerand denoted by
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MINVC), we apply the same proof as in Theorem 17.5. The instérmecomes an
element ofP; and by using, for instance, the hardness result of [ALI 00], the expected
result follows. |

By applying the well known self-improving method, we obtain the two following
results:

THEOREM17.6.— LABELED Min PP M for instances irPs is not inAPX, unlessP
= NP.

Proof. Assume the reverse and latbe a polynomial algorithm solving ABELED
Min PP M within a constant performance ratioLete > 0 (withe < p — 1) and
choose the smallest integgesuch that:

q = loglog p — loglog(1 +¢) [17.5]

Consider now an instancé = (H,L) € P; and use the restricted label
squaring operation o. We produce the instancE = (H?, £?) and by repeat-
ing ¢ times this operation od?, we obtain, thanks to Lemma 17.1, the instance
I?" = (H*,£?) € Ps, intime P(|I|) for some polynomialP since on the one
hand,? is obtained from/ in time O(|I|?) (we have|V (H?)| = O(|V(H)|?) and
|L2(E(H?))| = O(|L(E(H))|?)) and on the other hand, we repeat this operation
a constant number of times. Using Theorem 17.4, fromptia@proximation on/2’
given by A , we obtain a* “-approximation or/. Thanks to inequality [17.5], we
deducep? * < 1+ ¢. Hence, we obtain a polynomial time approximation scheme for
instances irPs, which is a contradiction to Corollary 17.3. |

1—€n)_

THEOREM 17.7.— For anye > 0 LABELED Min PPM is not 20009
approximable for instances iRs; onn vertices, unlesslP C DTIME (20“091“”)).

Proof.Lete > 0 and! = (H, £) € P3; whereH hasn vertices. Choose the smallest

integerp such than?” > 218"/“n_ Thus,22" xlogn > 9log"“n and then:

2P%E > logl ™ [17.6]

Using the restricted label squaring operation/omve produce the instandé’ =
(H?,£?). By repeating times this operation ofi?, we obtain the instancg” =
(H*,£?") € P3. SinceH hasn vertices, we derive from propertyv) of Lemma
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17.1 that the number’ of vertices of 72" and the numbe2?” (E(H?"))| of colors
of H?" satisfy:

n' < n? and|L? (E(H?))| < |L(EH)[* [17.7]

Now, assume that we have A(n’)-approximation onI?" where f(n') <
—P

9exlog’“n" for some ¢ > 0. Using Theorem 17.4, we obtain #(n')?
approximation onl. Using inequalities [17.6] and [17.7], we deduce:

allox(I) < f)r” ollat(I)

1-e n

< 9eX loa_ Py Opt([)
1

logl=¢n

< QX —oexp Opt([)
1

< 2%opt(])
1

Thus, using inequality [17.7], we obtain a constant approximation in time
poly(n') = 200e"“n) and thus, a contradiction with Theorem 17.6. |

It is natural to wonder whether the problem is easier in 3-regular bipartite graphs
(also called cubic bipartite graphs) or not. Here, we prove that the answer is negative.

THEOREM 17.8.— LABELED Min PPM is not in APX in connected planar cubic
bipartite graphs, unlesB = NP.

Proof. The proof consists of two steps. First, using a quite similar reduction to that
of Corollary 17.3, we prove that Theorem 17.7 also holds for the subfa®jilyf P;
where each vertex has a degree 3, exeeotdv. Then, we transform any instance of
P4 into a connected planar cubic bipartite graph.

LetG = (V,E)withV = {vy,---,v,} andE = {ey,---,e,} be an instance
of vertex cover. We transform any edgg = [z, y] into gadgetH (e;) described in
Figure 17.3. All edges ofi (e;), exceptlvs ;,l; -] and[vs ;,(; ], have colorcy. We
havel([vs ;,1j]) = ce andL([vs ;,1;4]) = ¢y Finally, H(e;) is linked toH (e;11)
using the graph depicted in Figure 17.4 where each edge is coloredywith

Clearly, LABELED Min PPM is APX-hard in clas$P. Since the restricted label
squaring operation also preserves the membershi) jirve deduce that ABELED
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Figure 17.3. The gadget{ (e;) for e; = [, y]

Figure 17.4. The gadget linkingZ (e;) to H(ej+1)

Min PPM is notinAPX when the instances are restrictedf Finally, givenI €
PL with I = (G, £), we consider the instandé whereG is duplicated 3 times into
G1,Gs, Gs. If u;,v; denote the extreme vertices Gf, we shrink verticesi,, us, us
into v andwv1, v2, v3 into v. Clearly, this new grapl’’ is connected, bipartite, planar
and cubic. Finally, since we can restrict ourselves to perfect matchifigs G’ that
use only coloky for exactly two copies of7, the result follows. |

Dealing with the unbounded degree case (i.e., instancE3,afie can deduce the
following stronger result:

THEOREM17.9.— LABELED Min PP M for instances irP is not inpolyLog-APX
unlessP = NP.
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151 52,5, (1)
51,5,/ (2)

V1,5 2
51,5, f (p—1)
1 p) 92,5, (p)

Figure 17.5. The gadget{ ()

Proof. Assume the reverse, i.e. ABELED Min PPM is f(n)-approximable with
f(n) < clog®n for some constants > 0 andk > 1. Let] = (H,L) € P
where H has2n vertices. Letp = [logk] + 1. Using as previous|@? times the
restricted label squaring operation dnwe produce in polynomial-time the instance
I*" = (H%,£?") € P. The same arguments as in Theorem 17.7 allow us to obtain a
contradiction with Theorem 17.5. ]

17.4. The complete bipartite case
When considering complete bipartite graphs, we obtain several results:

THEOREM 17.10.— LABELED Min PM, is APX-complete in complete bipartite
graphsk, ,, foranyr > 6.

Proof. We give an approximation preservingreduction (see Papadimitriou and
Yannakakis [PAP 91]) from a restriction of the set cover problem, which is called
MINSG;. In this restriction each set is of size at most 3 and each elemeaypears

in at most 3 and at least 2 different setsINEC; has been provedPX-complete

in [PAP 91].

Let Gy, be the characteristic graph corresponding to an instdpce (S, X)
of MINSG; (see the proof of Theorem 17.5 for a formal definition ofN&C and
G1,). Note thatG;, has a maximum degree 3. Frafy, we construct the instance
I = (Kyn, L) of LABELED Min PM;g using a slight modification of the construc-
tion given in Theorem 17.5). First, we start from a bipartite graph hawiggcon-
nected componenig (z;) andng + mg colors{ci, . .., cny+m, }, Which is described
as follows:
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¢ For each element; € X, we build a gadgeH (x;) that consists of a bipartite
graph of2(dg,, (r;) + 1) vertices anddg, (r;) edges, wherdg, (r;) denotes the
degree of vertex; € R in Gy,. The graphH (z;) is illustrated in Figure 17.5.

e Assume that verticef (1), ...,/ } are the neighbors of; in G, then color
H(l'j) as follows: for anyc = ]., oDy L(Ul’j, Sl,j,f(k:)) = L('Ug’j, SZ,j,f(k-)) = Cf(k)
andL(s1,j. (k) 52,5, (k)) = Cno+j-

— We completd? = U, e x H(z;) into K, ,, by adding a new color per edge.

Clearly, K, ,, is complete bipartite and has: = 23, x(dg, (r;) + 1) =
2|E, | + 2my vertices. Moreover, each color is used at most 6 times.

Let S* be an optimal set cover ag. FromS™*, we can easily construct a perfect
matchingM * on I using exactly{S*| +my colors (since we assume that each element
appears in at least 2 sets) and thus:

opt (I) < opt (Ip)+mo [17.8]
LABELED Min PMg MINSGC;

Conversely, we show that any perfect matchilgmay be transformed into a
perfect matching/” using the edges off and satisfying{L(M”)| < |L(M)]|. Let
M be a perfect matching chand conside/; the subset of edges frod that link
two different gadget#/ (z;). We denote by~ the multi-graph of vertex set; Vi,
(each vertexw; of G corresponds to the gadgBt(z;)) and of edge set/;. So,G is
obtained fromk’, ,, where the vertices in each gaddétz;) is shrunk into a vertex of
G. Note that each connected componentzaé Eulerian. Each cycl€’ on G may be
completed into |C|-long cycleC’ on K5, in such a way that the two endpoints of
each edge frond” \ C do belong to the same gadgé{z;). Here, for purely formal
reasons of the proof, we assume that each gadgej) is a complete graph by adding
a new color per missing edge. Thus, there are edges linking any two vertices.)
andsy j ¢(xr) (OF 82,5, r(k) @Ndsy 5 r(xr))- If we swap the edges from each cycleby
the edges front’ \ C, we obtain a new perfect matchidg’ whose every edge has
its two endpoints in a same gadgé{x;) and satisfiesL(M')| = |L(M)|. For the
moment, note that as indicated previously, the perfect matchihig not necessarily
a matching ofk, ,, since some edges linking 2 vertices of the same part of gadget
H(x;) may exist. Now consider for any the set)M; of edges fromM' N H(z;),
we setM”; = {[v1,j, 51,700 (V2,55 52,5000} UAIs1,5.06) 82,50 0)]lE = 1, p}
for somek such thatv ;, sy j sk € Mj Or [vz,5, 52 5 r(k)] € M (if such ak does
not exist, set: = 1). In any caseM” = (M’ \ M;) U M”; is a perfect matching
of K,, ,, that uses no more colors thad’ does. By applying this procedure for any
j=1,...,mp, we obtain the expected matchifg’ with valueapx(I). From such a
matching, we may obtain a set cov&t = {Si|c, € L(M”)} on I, satisfying:

|S”| = apx(I) —mg [17.9]
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Using [17.8] and [17.9], we deduceopt| AgeeD arin pass (L) =

optminsc, (o) + mo and |57 — optynsc,(fo) < [LIM))] -
oPt| ABELED win pas, (). Finally, since optyysc,(lo) > %5 the result
follows. 1

By applying the same kind of proof to the vertex cover problem in cubic graphs
[ALI 00], we obtain that LABELED Min PM, in K, ,, is APX-complete for any >
3. In order to establish this fact and starting from a cubic gi@ph (V, E), we asso-
ciate with each edge= [z,y] € E a4-longcycle€{a; ¢, az e, a3 e, a4, } together with
acolorationZ given by:L(a1,c) = ¢g, L(az,c) = ¢y andL(as,) = L(as,c) = c.. We
complete this graph into a complete bipartite graph, adding a new color per edge. Each
colore, (Vx € V) appears 3timeg, (Ve € F)twice and any other color once. Hence,
the application of the proof that was made in Theorem 17.10 leads to the announced
result. Unfortunately, we cannot apply the proof of Theorem 17.2 since in this latter,
on the one hand, we have some cycles of size 6 and, on the other hand, a color may
occur in different gadgets. One open question concerns the complexityseLED
Min P M5 in bipartite complete graphs. Moreover, from Theorem 17.10, we can also
obtain a stronger inapproximability result concerning the general probkesgLED
Min PM: we cannot calculate in polynomial-time an approximate solutionf L
BELED Min PM that uses less tha /2 — ¢)In(opt| aAgeLED aprax pas (L)) COlOrS
in complete bipartite graphs wheset| agg( Ep 1raz pas (L) 1S the value of an opti-
mal solution of LABELED Max PM, i.e., the maximum number of colors used by a
perfect matching.

COROLLARY 17.4.— For any > 0, LABELED Min PM is not(3 —¢) x In(n)
approximable in complete bipartite grapks ,,, unlesSNPCDTIME (n!o9tosn),

Proof. First, we apply the construction made in Theorem 17.10, except/that
(8, X) is an instance of MiSC such that the number of elementig s strictly larger

than the number of sets,. From I, we construct, instancedj, ..., I;m of LA-
BELED Min PM wherel! = (H, L;). The colors;(F) are the same d5(F), except
that we replace colors, 11, - . -, cno+me DY c;. Finally, as previously, we complete

each instancé/ into a complete bipartite grapii,, ,, by adding a new color by edge.

Let S* be an optimal set cover afy and, assuming tha; € S*, we consider the
instancel; of LABELED Min PM.FromS*, we can easily construct a perfect match-
ing M of I; that uses exactlyS*| colors. Conversely, Ie¥/; be a perfect matching on
I;; by construction, the subs&t = {S;, : ¢, € L(M;)} of S is a set cover o using
|L(M;)| sets. Finally, leA be an approximate algorithm fordBeLED Min PM and
we calculatery perfect matchingd/; by applyingA on instances;. Thus, if we pick
the matching that uses the minimum numbeuf colors, then we can polynomially
construct a set cover afy of cardinalityz.
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Sinceny < mg — 1, the sizen of a perfect matching ok, ,, satisfiesn = |Ej, |+
mo < nogxXmo+mo < mo(mo—1)+mg = mg. Hence, from any algorithm solving
LABELED Min PM within a performance ratips () < 3 x In(n), we can deduce
an algorithm for MNSC that guarantees the performance ratia(n) < $In(m3) =
In(my). Since the negative result of [FEI 98] holds when< mg — 1, i.e., MINSC
is not(1 — €) x In(mg) approximable for any > 0, unlessNPCDTIME (n!o9e9n),
we obtain a contradiction. |

On the other hand, dealing withABELED Max PM, in K, ,, the result of
[CAM 97] shows that the case = 2 is polynomial, whereas it becom&i-hard
whenr = Q(n?). Indeed, it is proved in [CAM 97] that, on the one hand, we can
calculate a good matching ii,, ,, within polynomial-time when each color appears
at most twice and, on the other hand, there always exists a good matching in such a
graphifn > 3. Aninteresting question is to determine the complexity and the approx-
imability of LABELED Max PM, whenr is a constant greater than 2.

We now study the approximation ofABELED Min PM,..

Let us consider the greedy algorithm forRELED Min PM, in complete bipar-
tite graphs that iteratively picks the color that induces the maximum-size matching in
the current graph and deletes the corresponding vertices. FormdllG) denotes
the colors that are still available in the gra@hat a given iteration and i’ [c] (resp.,
G'[V"]) denotes the subgraph 6f that is induced by the edges of colofresp., by
the verticed’’), then the greedy algorithm consists of the following process:

Greedy
1SetC’' ={},V' =V andG' = G;
2 WhileV’ £ { } do
2.1 For any € L(G"), calculate a maximum matching, in G'[¢];
2.2 Select a colot* maximizing|M.|;
23C —CU{c}, V' <« V'\ V(M) andG' = G[V'];
3 output’’;

THEOREM 17.11.— Greedy is an Z=t-approximation ofLABELED Min PM, in
complete bipartite graphs whei, is ther-th harmonic numbeH, = >"._, % and
this ratio is tight.

Proof.Let I = (G, L) be an instance of ABELED Min PM,. We denote by’; for

i = 1,...,r the set of colors of the approximate solution which appears exactly
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times inC’ and byp; its cardinality (thusyc € C! we have M, | = i in G'[c]); finally,
let M; denote the matching with colo€s. If apx(I) = |C’|, then we have:

apx(I) = Z i [17.10]

Let C* be an optimal solution corresponding to the perfect matclniﬁ‘gof size
opt(I) = |C*|; we denote byE; the set of edges aff * that belong ta>[U}, _, V (Mj)],
the subgraph induced hy,_, V' (M;) and we set; = |E; \ E;_1| (Where we assume
thatEy = { }). Foranyi=1,...,r — 1, we get:

1 K3
opt(I) > = ax [17.11]

Indeed,zﬁ;=1 qr = |E;| and, by construction, each color appears at mtistes
in G[UL_, V (My)].

We also have the following inequality for amy=1,...,r — 1:

opt(I <2 > kxpr— qu> [17.12]

Since M* is a perfect matching, the quant@y_":_, k x pr — >_1_, & counts
the edges of/* of which at least one endpoint belongs(aJ; _, V (Mj,)]. Because
each color appears on at mestdges, the result follows.

Finally, since}_;_, k x pi is the size of a perfect matching 6f, the following
inequality holds:

opt(I) > %Z k X pi [17.13]

Using equality [17.10] and adding inequality [17.11] with coefficiept= 5 (
fori =1,...,r—1,inequality [17.12] with coefficient; =
1 and inequality [17.13], we obtain:

1+1)

21(1+1) fori=1,...,r—

H.+r

apx(I) < ( ) opt(I) [17.14]
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c1,5
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@1 g 1,1 PY b1,1
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Figure 17.6. The instancd whenr = 2

Indeed,zz;1 o =+H,—1 andzgl1 Bi=1-1 Thus,zgl1 (i +8i)+1=
H,.+r
Hotr

The quantityp; appears in inequality [17.13] and inequality [17.12] for=
jy-..,m — 1. Its total contribution is:tj x p; + 2 (Z;‘; ﬁ,-)j X p; = pj. The
quantityg; appears in inequality [17.11] far= j,...,r — 1 and inequality [17.12]
fori = j,...,r — 1. We have:(z;_j1 (’7) -1 (Z::_jl B,-) g; = 0. Thus, using
equality [17.10], inequality [17.14] holds.

In order to show the tightness of this bound, consider the instare€ K, ,,, L)
where the left setl and the right seB of vertices of the complete bipartite graph are
givenbyA ={a;;:i=1,...,r,j=1,...,n;;andB ={b;;: ¢ =1,...,r, j =
1,...,n;}, withny = (r + 1)l andn; = r! fori = 2,...,r. Moreover, the edge
coloration satisfies:

eForanyi=1,...,randforanyj =1,...,n;, L(a;  , b, ;) = Cirin-

e Foranyi=2,...,randforanyj = 1,...,7!, L(a j, b1 i—14(r—1)(j—1)) = €1,
andL(b; j, a1 ;—14(r—1)(j—1)) = C;j'
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eForanyj =1,...,rl,

L(bl,j+(r71)><r!7 al,(r+1)!fj+1) = CT,j
and
L(al,j+(r71)><r!7 bl,(r+1)lfj+1) = 03,]'
e We associate a new color with each missing edge.

I is clearly an instance of ABELED Min PM,. The set of colorg’ = {Cz',[iﬂ :

i1=1,...,m, j =1,...,n;} is the approximate solution outputted Gyeedy and it
useSapx(I) (H, + r) x r! colors, wherea€™ = {c;;:i=1,2, j=1,...,rl}
is the set of colors that are used by an optimal solutlon this Iatter satn@ﬁés)

2 x rl. The Figure 17.6 describes the instaider r = 2. |
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Chapter 18

Bounded-size Path Packing Problems

18.1. Introduction

This chapter presents some recent works given by the authors ([MON 07a,
MON 07b]) about the complexity and the approximation of several problems on cal-
culating collections of (vertex)-disjoint paths of bounded size.

18.1.1. Bounded-size path packing problems

A P, partition of the vertex set of a simple graph= (V, E) is a partition ofV/
into ¢ subsetd/, - - -, V,, each of sizéV;| = k, such that the subgragk[V;] induced
by anyV; contains a Hamiltonian path. In other words, the partifip, ..., V,) de-
scribes a collection off’|/k vertex-disjoint simple paths of length— 1 (or, equiva-
lently, simple paths ok vertices) onz. The decision problem calléd;, partitioning
problem ®,PARTITION in short) consists, given a simple graph= (V, E) on
k x n vertices, of deciding whethe&® admits or not such a partition. The analog
problem where the subgraghV;] induced byV; is isomorphic taP;, (the chordless
path onk vertices) will be denoted byNDUCED P PARTITION. These two problems
are NP-complete for anyk > 3, and polynomial otherwise, [GAR 79, KIR 78]. In
fact, they both are a particular case of a more general problem gadigition into
isomorphic subgraph$GAR 79]. In [KIR 78], Kirkpatrick and Hell give a necessary
and sufficient condition for theP-completeness of the partition into isomorphic sub-
graphs problem in general grapf3;PARTITION has been widely studied in other
works, mainly because of its closeness to two famous optimization problems, namely:

Chapter written by Jérdme &NNOT and Sophie DULOUSE
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the minimumék-path partition problem (denoted byINk-PATHPARTITION) and the
maximumP, packing problem (denoted by AX P PACKING).

On the one hand, Mik-PATHPARTITION can be viewed as an optimization ver-

sion of P, PARTITION where the constrainst on the exact length of the pathsis relaxed.
MINk-PATHPARTITION consists of partitioning the vertex set of a gr&ph- (V, E)
into the smallest number of paths so that each pathahasostk vertices (for in-
stance, MN2-PATHPARTITION is equivalent to the maximum matching problem).
The optimal value is usually denoted py_1(G) for anyk > 2 and byp(G) when
no constraint occurs on the length of the paths (in particul@) = 1 if and only if
G has a Hamiltonian path). Mk-PATHPARTITION has been extensively studied in
other works, [STE 03, STE 00, YAN 97], and has applications in broadcasting prob-
lems (see, for example, [YAN 97]).

On the other hand, if we relax the exact covering constraint, then we ob-
tain the optimization problems M«P;PACKING and MAXINDUCEDP;PACKING
which consist, given a simple gragh = (V, E), of finding a maximum num-
ber of vertex-disjoint (induced;. When considering the weighted case (denoted
by MAXWPPACKING and MAXWINDUCEDP;PACKING, respectively), the input
graphG = (V, E) is given together with a weight function on its edges, and the
goal is to find a collectio? = {Pi,..., P,} of vertex-disjoint (inducedp;, that

maximizesw(P) = Y27, > cp wle).

The special case of MKWP;, PACKING where the graph is complete énx n
vertices is called the weightdd,, partition problem PP in short). In this case,
each solution contains exactly vertex-disjoint paths of lengtk — 1. If the goal
is to maximize (MXPP), then we seek ®,, partition of maximum weight, and
if the goal is to minimize (MNP;P), then we seek ®; partition of minimum
weight. When considering the minimization version, it is more often assumed that
the instance is metric, i.e., that the weight function satisfies the triangle inequality:
w(z,y) < w(x, z) +w(z,y),Ve,y, z; MINMETRICP P will refer to this restriction.
Note that this latter version of the problem is closely related to the vehicle routing
problem when restricting the route of each vehicle to at nkoisitermediate stops,
[ARK 06, FRE 78]. Finally, we also will consider the special case of metric instances
where the weight function is either 1 or 2; the corresponding problems will be de-
noted by MaxPP; o and MINP P, » (P;P; 2 when the goal is not specified). Such
a restriction makes sense, since it provides an alternative relaxation of the initial de-
cision problemP ;Partition; moreover, WP P; 5 and MiNk-PATHPARTITION are
strongly connected.

All these problems are very close to each other. In particlafPARTITION
NP-completeness implies théP-hardness of both Mik-PATHPARTITION andP P
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(even when restricting t®,P; 2); converselyP; PARTITION is polynomial-time de-
cidable on instance families wherelVk-PATHPARTITION or MAX P, PACKING are
polynomial-time calculable.

18.1.2. Complexity and approximability status

The minimum k-path partition problem is obviousl{P-complete in general
graphs [GAR 79], and remains intractable in comparability graphs, [STE 03], in
cographs, [STE 00], and in bipartite chordal graphs, [STE 03] (whisnpart of the
input). Note that most of the proofs dfP-completeness actually establish {RE-
completeness d?; PARTITION. Nevertheless, the problem turns out to be polynomial-
time solvable in trees, [YAN 97], in cographs wheiis fixed, [STE 00] and in bipar-
tite permutation graphs, [STE 03]. Note that we can also find in other works sev-
eral results dealing with partitioning a graph into disjoint paths of length at least 2,
[WAN 94, KAN 03].

This chapter proposes new complexity and inapproximability re-
sults  for (NDUCED) P PARTITION, MINk-PATHPARTITION and
MAX(W)(INDUCED)PPACKING, mostly in the case of bipartite graphs, dis-
cussing the graph maximum degree. Namely, we study the case of bipartite graphs
of maximum degree 3: first, these problems &B-complete for anyk > 3
(and this even if the graph is planar, fér = 3); second, there is n@TAS for
MAX (INDUCED)PPACKING or, more precisely, there is a constapt> 0 such that
it is NP-hard to decide whether a maximum (induc@&lj)}packing is of size: or of
a size upper bounded iy — €x)n. On the other hand, all these problems trivially
become polynomial-time calculable both in graphs of maximum degree 2 and in
forests.

Where these problems are intractable, what about their approximation level? We
recall that a given problem is said to bepproximable if it admits an algorithm that
polynomially calculates on any instance a solution that is at least (if maximizing, at
most if minimizing)e times the optimum value. To our knowledge, there is no spe-
cific approximation result for either M k-PATHPARTITION, or MAX WP, PACKING,
in general graphs. Nevertheless, we can find some approximation results for the
path partition problem where the objective consists of maximizing the number of
edges of the paths that participate in the solution (see [VIS 92] for the general case,
[CSA 02] for dense graphs). Concerningabl WP, PACKING, using approximation
results for the maximum weightddpacking problem (mainly based on local search
techniques), [ARK 98], we can obtain @1 — ¢)-approximation; in particular,
MAXWP3PACKING is (3 — ¢)-approximable.

In the case of complete graphs,AMP P is standard-approximable for any
k, [HAS 97]. In particular, MxP3sP and MaxP,P are respectivelg5/67 — ¢,
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[HAS 06] and3/4, [HAS 97] approximable. Note that fdr = 2, a R-partition is a
perfect matching and hence,iNMP;P and Max P, P are both polynomial-time calcu-
lable. The minimum case is trickier: from the fact ti3tPARTITION is NP-complete

in general graphs, it iBIP-hard to approximate MiP;,P within 27" for any poly-
nomialp, for anyk > 3. Nevertheless, we could expect that the metric instances are
constant-approximable, even though no approximation rate (to our knowledge) has
been established so far forINMETRICP, P.

Here, we provide new approximation results fomM-PATHPARTITION, MAX W-
PsPackiNG and P, P. Concerning the two former problems, we proposg/2-
approximation for MN3-PATHPARTITION in general graphs andla 3 (resp., al /2)-
approximation for M\xWP3PACKING in general (resp., bipartite) graphs of maxi-
mum degree 3. But we focus more &P and more specifically oR 4P, by an-
alyzing the performance of a specific algorithm proposed by Hassin and Rubinstein,
[HAS 97], under different assumptions on the input. By doing so, we put to the fore the
effectiveness of this algorithm by proving that it provides new approximation ratios
for both standard and differential measures, for both maximization and minimization
versions of the problem. But, before going so far, we briefly recall the basis of approx-
imation theory, introduce some notations and then give this outline of the chapter.

18.1.3. Theoretical framework, notations and organization

Consider an instanckEof anNP-hard optimization probleril and a polynomial-
time algorithma that calculates feasible solutions f@r Denote byapx; (1) the value
of a solution calculated by on I, by opty; (1) the value of an optimal solution and
by worp () the value of a worst solution (that corresponds to the optimum value
when reversing the optimization goal). The qualityfofs expressed by means of
approximation ratios that somehow compare the approximate value to the optimum
one. So far, two measures stand out from other workssthedardratio [AUS 99]
(the most widely used) and tléfferentialratio [AUS 80, BEL 95, DEM 96, HAS 01].
The standard ratio is defined by (I, A) = apx(I)/opt (1) if IT is a maximization
problem and bypri(I,4) = opty(I)/apx;(I) otherwise, whereas the differential
ratio is defined by (7, A)= (worn (1) — apxy(I))/(worn(I) — optr(1)). In other
words, the standard ratio divides the approximate value by the optimum one, whereas
the differential ratio divides the distance from a worst solution to the approximate
value by the instance diameter.

Within the worst case analysis framework and given a universal constant
(resp.,e > 1), an algorithmA is said to be ar-standard approximation for a max-
imization (resp., a minimization) problef if p;a, (1) > € VI (resp.,oa,(I) < €
vI). With respect to differential approximatiof,is said to be:-differential approx-
imate forII if §,,(I) > e, VI, for a universal constant < 1. Equivalently, seeing
any solution value as a convex combination of the two vatugs; (/) andopt (1),
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an approximate solution valugx; (1) will be e-differential approximate if for any
instancel, apxp (1) > € x opt(I) + (1 —€) x worpr(Z) (for the maximization case;
reverse the sense of the inequality when minimizing). For both measures, a given prob-
lem1II is said to be constant approximable if there exists a polynomial-time algorithm
A and a universal constanatsuch thath is ane- approximation fofl. The class of
problems that are standard- (resp., differential-) constant-approximable is denoted by
APX (resp., byDAPX). If IT admits a polynomial-time approximation scheme, i.e., a
whole algorithm family(AE)(E) such that, is e-approximate for any (note that the
time-complexity ofA. may be exponential in/|1 — ¢|), thenII belongs to the class
PTAS (resp.,DPTAS).

The notations that will be used are the usual ones according to graph theory. More-
over, we exclusively work in undirected simple graphs. In this chapter, we often iden-
tify a path P of lengthkt — 1 with Py, even if P contains a chord. However, when
dealing withiNDUCED P;PARTITION, the paths that are considered are chordless. Fi-
nally, when no ambiguity occurs on the problem that is concerned, we will omit the
reference tdI to denote the valuespx(I), opt(I) andwor(I). For a better under-
standing of what follows, we recall some basic concepts of graph theory: a simple
graphG = (V, E) is said to be bipartite (or, equivalently, 2-colorable) if there ex-
ists a partitionL, R of its vertex set such thdl is contained inL x R. A graph is
planar if it can be drawn in the plane so that no edges intersect. A path (resp., a cy-
cle)T' = {v;,,...,v;,} € Ein G of length at least 2 (resp., of length at least 4) is
chordless if there is it no other edge than those Bflinking two vertices ofl". G is
chordal if none of its cycle of length at least 4 is chordl€sss an interval graph if
we can associate with each verigxc V' an intervalia;, b;] on the real line such that
two intervalsja;, b;] and[ag, b¢] intersect if and only if the edgle;, v¢] belongs taZ;
note that interval graphs are special cases of chordal graphs.

This chapter is organized as follows: the next two sections are dedicated to
the study of (N\NDUCED) P;PARTITION, MAX(INDUCED)P;PACKING and MiNk-
PATHPARTITION. Section 18.2 focuses on the complexity status of those problems
in bipartite graphs, whereas section 18.3 proposes some approximation results for
MAXWP3PACKING and MIN3-PATHPARTITION. The fourth section is then dedi-
cated to both standard and differential approximatiod®,d?. Section 18.4.1 provides
a differential approximation foP ;P while bridging some gap between differential
approximation of TSP and differential approximatior®fP. Finally, section 18.4.2,
which constitutes the main part of section 18.4, leads a complete analysis of the ap-
proximation level of an algorithm proposed by Hassin and Rubinstein [HAS 97], de-
pending on the approximation measure that is considered and the characteristics of the
input weight function.

The two main points of the chapter are, on the one hand, the establishment of new
complexity results concernirig; PARTITION and related problems in bipartite graphs
by means of reductions (section 18.2) and, on the other hand, the way the algorithm
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Figure 18.1. The gadget (c;) wheng; is a 3-tuple

that is addressed in section 18.4.2 appears to be robust, in the sense that this latter
provides good quality solutions (the best known so far) irrespective of the version of
the problem we deal with and irrespective of the approximation framework within
which we estimate the approximate solutions.

18.2. Complexity of P, PARTITION and related problems in bipartite graphs
18.2.1. Negative results from thé&-dimensional matching problem

18.2.1.1. k-dimensional matching problem

The negative results we present are all based on a transformation froin the
dimensional matching problerhDM, which is known to beNP-complete [GAR 79].

An instance oftDM consists of a subsét = {c;,...,cn} C X1 X ... X X},
of k-tuples, whereX;, ..., X; arek pairwise disjoint sets of size. A matching is
a subsetM C C such that no two elements i agree in any coordinate and the
purpose ofkDM is to answer the question: does there exist a perfect matcHirg
C,i.e., amatching of size? In its optimization version, the maximukadimensional
matching problem (Mx kDM) addresses the question of calculating a matching that
is of maximal size.

18.2.1.2. Transforming an instance d§DM into an instance ofP; PACKING

Let] = (X,...,Xy;C) be an instance ofDM, where|X,| = n, Vg and|C| =
m. We denote byX the union of the element sels,, .. ., X;.. Furthermore, for each
elemente; € X, we denote byl its degree, where the degree of an elemgnt
is defined as the number éftuplesc; € C that containe;. We build an instance
G = (V,E) of INDUCED P, PACKING, whereG is a bipartite graph of maximum
degree 3, by associatingkatuple gadget (¢;) with eachk-tuplec; € C, an element
gadgetH (e;) to each element; € X and then by linking the two gadget families by
some edges. Our construction (more precisely, the element gadgets) depends on the
parity of k.

1) The element gadgé{ (¢;). For anyk-tuplec; € C, the gadget (¢;) consists
of a collection{ P*', ..., P** of k vertex-disjoinP, with P = {aﬁ’ﬂ e azjq}
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Figure 18.2. The gadgetd (e;) for k = 3 andd’ = 2

for g = 1,...,k, plus the edge§:’?,a’*"] for ¢ = 1to k — 1. Hence,H (c;)
contains thek initial paths P!, ..., P“*, plus the additional pat}{ai’l, ... ,aﬁ’k}.
Figure 18.1 proposes an illustration of theuple gadget wheh = 3.

2) The element gadgei (¢;). Lete; € X be an element, with degres. We
distinguish two cases according to the parity:of

— Odd values ok. H(e;) is defined as a cycl%vﬂ T v{} onNJ + 1
vertices, whereV/ = k(2d’ — 1). Moreover, forp = 1 to d’, we denote by/ the
vertex of index2k(p — 1) + 1. Thus, the element gadget is a cycle on a number of

vertices that is a multiple df plus 1, withd’ remarkable verticel% that will be linked
to thek-tuple gadgets.

— Evenvalues of. In this case]N’ is also even and thus, a cycle dH +1 vertices
may not be part of a bipartite graph. In order to fix that problem, we défifg) as
a cycle{u{, T v{} on N7 vertices, plus an additional edge,,, vy, . ,]. The

special verticeg) are still defined ag, = U;k(p—l)-&-l forp=1,---,d (note that?,

never matchesfvj). Figures 18.2 and 18.3 illustrafé(e;) for the couple of values
k=3, & =2andk = 4, d’ = 2, respectively.

3) Linking element gadgets totuple gadgetskor any couplge;, ¢;) such that
e; is the value ofc; on theg-th coordinate, the two gadget$(c;) and H (e;) are
connected using one of the edde$?,1 ], p; € {1,...,d’}. The verticed}  that
will be linked to a given gadget (c;) must be chosen so that each vertgfrom any
gadgetH (e;) will be connected to exactly one gadgéfc;).

The described construction obviously leads to a gi@ph (V, E) that is bipartite,
of maximum degree 3 and such that each of the subg®plitscontains is chordless.
Its number of vertices i§/| = 3k?m+ (1 —k)kn: consider, on the one hand, that each
gadgetH (c;) is a graph ork? vertices and, on the other hand, t@fﬁl &l = km
(without loss of generality, we may assume that each elemeaqipears at least once
inC).
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Figure 18.3. The gadgef (¢;) for k = 4 andd’ = 2

18.2.1.3.Analyzing the obtained instance B, PACKING

Let us define oy some remarkablP;, packings on the vertex subsét$H (¢;))
andV (H(e;)):

P packings orV/ (H (c )) fori=1,...,m:
Pi = Uk_ Pl u{ @it a?, .. agk} with Pid = {ab9, . o} ,z“,} Vg
Q= Uk oLl with Q49 = Jali, ... d¥ ,alq}Vq
(wherel; , denotes the vertex from sont&(e;) that is linked toa’ )

P packings oV (H(e;)), forj=1,...,kn:
Vp=1,...,d’, Pjis defined as the only possitiy, partition of V(H (e;))\ {7}

Note that these collections are of si#| = k + 1 Vi, |Q| = k Vi and|P]| =
2d7 — 15 Vp € {1,...,d’}. With the help of these packings, we now put to the fore
three properties that will be key to our further argumentation.

PROPERTY18.1.—-
(i) For anyi, P* and Q' are the only two possiblE}, partitions ofV(H(c;)).

(1) Within a Pj, partition of V' and for anyj = 1,...,kn, the collections
Py, .. Pfij are the only possibl®;, partitions ofV (H (e )).

(i4i) Let P* be a maximunP,, packing onG; we can always assume the following:
(#i1.a) for anyi, P* contains either the packing’, or the packing’;
(#i3.b) for anyj, P* contains one of the packing%pf, for somep.

Proof. For the sake of simplicity, we assume tldt odd, even though the arguments
also hold for even values @f

For (7). Quite immediate, from the observation that a given vemfg&may only
be covered by eitheP*? or Q*1.
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For (i7). Let P be aPy, partition of V' and consider an elemeat; since H (e;)
containsN? = k(2d’ — 1) + 1 vertices, at least one edgeof someP; in P links
H(e;) to a givenH (c;), using anl), vertex. We deduce from the previous point that
P, is someP*? path and thus thdg is the only vertex ofP; that intersectdd (e, ).
Consider now any two verticdg andlg,, p < p', from H(e;); the2k(p’ —p) — 1
vertices that separatg andli, might not be covered by any collection Bf,. Hence,
exactly onel), vertex of H(e;) is covered by some”>*¢ and thus,P contains the
correspondind ;. packingP;.

For (7ii.a). Any maximal sizeP;, packing must use (at least) one of the two ver-
ticesay? andl; 4, for any coupldi, ¢), wherel; , denotes the vertex from sonfig(e;)
that is linked tm;’q. Suppose the reverse, for soifieg): then, none of the vertices
lig,ab? a5, ... ay? may be part of a path fro®* and thus,P*¢ or Q"% could
be added taP*, WhICh Would contradlct the optimality oP*. If the edge[a’?, a’]
(resp.,la¥%,1; 4] and not[a}?, a%9)) is used by some patR € P*, then P can be
replaced inP* by the pathQ® (resp., byP"9). If none of the edgef:’, a;%] and
[ag% l; ;] are used byP*, replace byP"? (resp., byQ") the path fronP* that uses
lig (resp.,a’fq and not; ;). At that point, the collectio®* contains for any;-tuplec;
at leastk pathsP"? and@*? (one for each coordinate= 1, ..., k). Now, each time
P* does not contain the packirfgf, we replace these paths by the whole collection
Q.

For (iii.b). Assume the reverse, for some elemeptthat means that at least 2
verticesl) andl/  of H (e;) are used irP* by pathsP"4 andPi-¢", with p; < pis (or
P Would not be of maximal size). Choose two such consecutlve vertices, in the sense
thatP* does not use any of the patké”7" for lJ , such thap, < p;» < p;r. Since

there ar&k(p;s — p;) — 1 vertices ofH (e;) betweeriJ andl;) ., we can replac@®?,

P"+4" and the paths oP* between veruce@i andlgw by P“9 and2(p;; — p;) paths
using vertices betwedp), andi} , pluslj . Observe that, in such a case, the packing
P will be replaced inP* by the packingQ’, according to the previous property.
By repeating this procedure, we obtain a maximal $zepacking that fulfills the
requirements of item@&ii.a) and(iii.b). |

18.2.1.4.NP-completeness andPX-hardness

The following theorem holds.

THEOREM 18.1.—P;PARTITION and INDUCED P;PARTITION are NP-complete
in bipartite graphs of maximum degree 3, for aky > 3. As a consequence,
MAX(INDUCED)PPACKING and MINk-PATHPARTITION are NP-hard in bipartite
graphs with maximum degree 3, for ahy> 3.



464  Optimization and Computer Science
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Figure 18.4. A vertex partition of aH (c;) gadget into 2-edge paths

Proof.Let I = (X1,...,Xy;C) andG = (V, E) be an instance otDM and the
graph produced by construction described is section 18.2.1.2, respectively. First, we
recall that any path of length — 1 in G is chordless; thus, the result holds for both
P;PARTITION and INDUCED P;PARTITION. We claim that there exists a perfect
matchingM C C on [ iff there exists a partitio® of G into Py.

Let P be such a partition or; from Property 18.1 itenf:), we know that each
gadgetH (c;) is covered by eitheP? or Q°. Moreover, Property 18.1 iterfii) in-
dicates that every gadgéi(e;) is covered by somé collection; those two facts
ensure that exactly on® (c;) gadget for somé-tuple that contains; is covered by
a P’ collection and therefore the s¢f = {¢; | P* C P} defines a perfect matching
onl.

Conversely, letM be a perfect matching aiy we build a packing® by applying
the following rule: if a given element; belongs toM, then useP’ to coverH (c;)
and useQ’ otherwise (Figure 18.4 illustrates this construction for 3DM). Sihtés
a perfect matching, exactly one verﬂgxper gadgetd (e;) is covered by som@?1.
Thus, on a given cyclé] (e;), the N7 = k(247 — 1) vertices that remain uncovered
can be covered using the corresponding collecign |

Thus, the construction is a Karp reduction and, from Kfecompleteness of
kDM, [GAR 79], we deduce th&lP-completeness ofiDUCED) P;PARTITION in
bipartite graphs of maximum degree 3. However, by a more accurate observation, we
actually may obtain a stronger result, for= 3; namely, (N\DUCED) P3PARTITION
NP-completeness still holds when restricting ourselves to planar instances. Indeed, on
the one hand, the restrictiorLRNAR 3DM of 3-dimensional matching to planar
instances is stilNP-complete [DYE 86]; on the other hand, if the initial instarcef
kDM is planar, then the grapfi is also planar for an appropriate choice of the linking
edgesay?, l; 4]



Bounded-size Path Packing Problems 465

THEOREM 18.2.— P3PARTITION and INDUCED P3PARTITION are NP-complete
in planar bipartite graphs with maximum degree 3. As a consequéviee (IN-

DUCED)P3PACKING and MIN3-PATHPARTITION are NP-hard in planar bipartite
graphs with maximum degree 3.

If we now turn to the optimization problems, we can observe that the con-
struction described in section 18.2.1.2 also makes it possible to establisR>an
hardness result for the maximization problemax\P; PACKING and MaX (IN-
DUCED) P;PACKING. We consider the optimization version 8DM, denoted by
Max kDM, and the following inapproximability result: for arty> 3, there is a con-
stante), > 0 such thatvl = (X,..., Xy;C) instance ofcDM with | X;| = --- =
|X«| = n and it isNP-hard to decide betweept(I) = n andopt(l) < (1 — &},)n,
whereopt(I) is the value of a maximum matching ¢h This result also holds if
we restrict ourselves to instances with bounded degree, i.e., to instaratsfying:
Vj=1,...,kn, & < f(k), wheref (k) is a constant; we refer to [PET 94] fér= 3
(where the result is proved with(3) = 3), to [KAR 06] for other values ok.

THEOREM 18.3.— For anyk > 3, there is a constard;, > 0, such thatvG = (V, E)
instance ofMAX (INDUCED)PPACKING where( is a bipartite graph of maximum
degree 3 and it iNP-hard to decide betweespt(G) = ‘—‘;' andopt(G) < (1 —
sk)%, whereopt(G) is the value of a maximum (inducdl).-Packing onG.

Proof.LetI = (X1,...,X,;C) be an instance dfDM, with | X,| = n Vg and|C| =
m, such that the degre# of any element; is bounded above by (k). Consider
the graphz = (V, E) produced by the construction described in section 18.2.1.2; we
recall that|V| = 3k?m — k*n + kn. Let (M*, P*) be a couple of optimal solutions
on I andG, with valuesopt(I) andopt(G), respectively. From Property 18.1 items
(#91.a) and(4i3.b), we can assume th&t* satisfies the following:

— for anyi, P* contains either the packirf@’, or the packingQ?;

— for any;, P* contains one of the packing, ..., P7,.

Hence, the seM = {c; € C: P! € P*} of k-tuplese; such thatP* containsP!
defines a matching ofi moreover, the valuept(G) of P* can be expressed as:

kn
opt(G) = (km + [M]) + > (2d7 — 1) = 3km — kn + | M|

j=1

From|M| < |M*|, we then deduceipt(G) < opt(I) + 3km — kn.

If opt(I) = n: we know from Theorem 18.1 thdthas a perfect matching if and
only if G admits aPPartition, i.e.opt(l) = n iif opt(G) = ‘—‘,f‘ = 3km — kn + n.
Suppose now thaipt (1) < (1—¢})n. Then, necessarilypt(G) < 3km—kn+(1—
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grn = (3km — kn +n) — en. By settingek = srm T Sk WE obtainopt(G) <
(1—ek)(8km —kn+n). Finally, sinced’ < f(k), we deduce thatm < kf(k)n and
then, thatey, > m% = O(1). In conclusion, deciding betweemt(G) =
[V|/nandopt(G) < (1 —ex)[V|/n (0ropt(G) < (1 — sygmp—grrer)[VI/n) onG
would make it possible to decide betwesgst(l) = n andopt(l) < (1 — e}, )nonl.
1

18.2.2. Positive results from the maximum independent set problem

If we decrease the maximum degree of the graph down to 2, we can easily prove
that P, PARTITION, INDUCED P, PARTITION, MAXP,PACKING and MINk-PATH-
PARTITION are polynomial-time calculable. The same fact holds ferdWVP;, PAc-

KING (what remains true in forests), although it is a little bit complicated: the proof
consists of a reduction from MKWP; PACKING in graphs with maximum degree 2
(resp., in a forest) to the problem of calculating a maximum weight independent set in
an interval (resp., a chordal) graph, which is known to be polynomial, [FRA 76].

PROPOSITION18.1.— MaXWP,PACKING is polynomial in graphs with maximum
degree 2 and in forests, for ary> 3.

Proof. Let I = (G,w) be an instance of MxWP;PACKING whereG = (V, E)

is a graph with maximum degree 2. Hencg,is a collection of disjoint paths or
cycles and thus, each connected component may be separately solved. Moreover,
without loss of generality, we may assume that each connected compGharit

G is a path. Otherwise, a given cyct&’ = {vi,...,vn,,v1} might be solved

by picking the best solution among the solutions calculated onkthistances

G\ {[vr, val} -, GO\ vk, vesa ]}

Thus, letG* = {v{,...,v%. } be such a path; we build the instandé’, w*) of
MAXWIS where the vertex set df¢ corresponds to the paths of length- 1 in G*:
a vertexv is associated with each path, with weightw?(v) = w(P,). Moreover,
two verticesu # v are linked inH* if and only if the corresponding pattiy, and P,
share at least one common vertex in the initial graph.

We deduce that the set of independent setdl frcorresponds to the set 8%, in
G*. Observe thatf’ is an interval graph (even a unit interval graph), since each path
can be viewed as an interval of the lifig, - - -, N*}; hence,H* is chordal. IfG is a
forest, then any of the graplig’ that correspond to a tree 6fare chordal graphsll

18.3. Approximating MAXWP3PACKING and MIN3-PATH PARTITION

We present some approximation results fox MVP 3 PACKING and MIN3-PATH-
PARTITION, that are mainly based on matching and spanning tree heuristics.
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18.3.1. MaxWP3PACKING in graphs of maximum degree 3

For this problem, the best approximate algorithm known so far provides a ratio of
(% —e), within high (but polynomial) time complexity. This algorithm is deduced from
that proposed in [ARK 98] to approximate the weighkeset packing problem for sets
of size 3. Furthermore, a simple greetljk-approximation of MX WP PACKING
consists of iteratively picking a path of length- 1 that is of maximum weight.

For k = 3 and in graphs of maximum degree 3, the time complexity of this al-
gorithm is betweerO(nlogn) and O(n?) (depending on the encoding structure).
Actually, in such graphs, we may reachl @3-approximate solution, even in time
O(a(n, m)n), wherea is the inverse Ackerman’s function and < 3n/2.

THEOREM 18.4.— MAXWP3PACKING is 1/3 approximable withi©(«(n, 3n/2)n)
time complexity in graphs of maximum degree 3; this ratio is tight for the algorithm
we analyze.

Proof. The argument uses the following observation: for any spanning tree of maxi-
mum degree 3 containing at least 3 vertices, we can build a cover of its edge set into 3
packings ofP 5 within linear time. Hence, by calculating a maximum-weight spanning
treeT = (V, Er) on G in O(a(n,3n/2)n) time [CHA 00] and by picking the best
P3-packing among the cover, we obtain a 1/3 approximate solution within an overall
time complexity dominated b§)(«(n, 3n/2)n).

T T ./m‘\.
y{ o T U{a) e e
z z t e Ty N T, ~
/

AN VAN VAN
/TZ\ /Tz\ v N

Steps3.1 and3.2  Steps3.1, 3.2 and3.3.1 Stepst.1t04.3

Figure 18.5. The main configurations of the algorithsabProcess

The construction of the 3 packing®', P2, P3 is done in the following way: we
start with three empty collectior®!, P2, P2 and a treel’ rooted atr; according
to the degree of and to the degree of its children, we add soRg path P that
containsr to the packingP!, remove the edges d? from T and then recursively
repeat this process on the remaining subtrees, alternatively inv@KimgndP!. This
procedure is formally described in the algorith®a®Process (the recursive process)
andTree-PsPackingCover (the whole process).

Algorithm Tree-P3zPackingCover makes an initial call t®ubProcess, on the
whole treeT’, rooted on a vertex that is of degree at most 2 ifi. The stopping
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criteria of the recursive procedusebProcess are the following: the current tree has

no edge (then stop), or the current tree is a lonely ddgg; then add{r,, z,y} to

P3, wherer, denotes the father af in 7. Concerning the three main configurations

of SubProcess, they are illustrated in Figure 18.5, whéerg denotes the subtree of

T rooted atv; the edges in rigid lines represent the path that is added to the current
packing, and the subtrees that are invoked by the recursive calls are indicated.

Tree-P3PackingCover

Input: T = (Vp, Er) spanning tree of maximum degree 3 containing at least 3
vertices and rooted atsuch thatlr(r) < 2.

1SetP! =P2=P3={};
2 CallsubProcess(T,, P!, P2, P3 1),
3 Repair (P!, P2, P3);

Output(P?!, P2, P3).

SubProcess(T,, PL,P2,P3, i)
1If By, = { } thenexit;
Picky a child ofx in T;
21 Er, = {{z,y}}
Pickr, the father ofr in T;;
21 P3— P3U {{ry,z,y}}; exit;
3 If zis of degree 1Y,
Pick z a child ofy in T,;
31 P e— P U{z,y,2}};
3.2 CallsubProcess(T,, P',P2,P3,34);
3.3 Ifyisof degree 37,
Pickt the second child of in T;
3.3.1 CallsubProcess({{y, t}} U T;, P, P%,P3, 34);
4 Else Ifx is of degree 2 ir{},
Pick z the second child of in T;
41 P e— P U{{y,z,2}};
4.2 CallSubProcess(Ty, PLP2,P3,34);
4.3 CallsubProcess(T,, P, P2,P3,34);
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At the end of the initial call t@ubProcess (i.e., when the step 2 @free-P3Pac-
kingCover has been achievedy,' andP? both are packings: we can easily see that
the paths that are added ® (wherei = 1 ori = 2) at a given timet and those
that are added again B’ at timet + 2 do not share any common vertex. On the
other hand?? might not be a packing. Letr., z,y} and{r,,,2’,y'} be two paths
from P3 such tha{r,, z,y} N {r.,2’,y'} # {}; then, either, = r,,, orr, = 2’

If the first case occurd,z, ., z’'} has been added $®* (for i = 1 ori = 2), then
set.: P’ = P\{{z,7s,2'}} U {{rs, z,y}} andP? = P3\{{r,,z,y}}. Otherwise,
r. is the father ofr, in T, and we have{r,:,r,,z} € P (fori = 1 ori = 2);

then setP? = PN\ {{ry,re, 2t} U {re, 2/ ¢/} andP3 = P3I\{{ry,2',y'}}.

These repairing operations are made by the algoritepair, during step 3 of
Tree-P3PackingCover.

Figure 18.6 provides two examples of the constructiorPdf P2 and P3. The
overall time complexity ofTree-PsPackingCover is linear: first, the number of
recursive calls tSubProcess may not excee@/3n and second|P3| is at most
O(logn).

Repair (P!, P%,P?)
1 Forany(P = {ry,z,y} # P' = {ro,2',y'}) € PP sitry = 1y
Seti € {1,2} s.t.{x, 7., 2"} € P}
11P — PNz, 10, 2"} U {{re, 2,9y} ) P2 e— PIN\{{re, 2,9} )
2 Forany(P = {ry,z,y} # P' = {ry,2',y'}) € P3stor, =2’
Seti € {1,2} s.t.{ry,rs, 2} € PY
24P — P\{{ror,ra, }} U {{r, o’ 3/} PP P {{r o/ 0/}
Output(P!, P2, P3).

We can now deduce an approximate algorittemWwP;Packing that consists of
calculating aP3-packing cove(P!, P2, P3) of a maximum spanning tree 6f, and
then picking the best collection amo(iB!, P2, P3). This algorithm provides a 1/3-
approximation withirO(«(n, 3n/2)n) time complexity (the overall complexity of the
algorithm is dominated by that of calculating the initial spanning tree). Concerning the
approximation level, consider that the weightl") of a maximum spanning treg is
at least the weight of an optimRi3-packing, since an¥3 packing can be completed
into a spanning tree (if the input graph is connected). Then the result is trivi&{let
denote an optimal solution):

w(P) = 1/3 (w(P") +w(P?) + w(P?)) > 1/3w(T) > 1/3w(P*)

The proof of tightness is omitted. |



470 Optimization and Computer Science

Pl P2 p3 repair

Tl A
R A
A I\{} 1

iteration 1 iteration 2 iteration 3

P2

p3

remaining subtrees  remaining subtrees  remaining subtrees

repair

A
A

iteration 1 iteration 2 iteration 3

pl P2 p3

P3

Figure 18.6. Two examples of the construction of the 3 packiRgsor
i=1,2,3

18.3.2. MaXxWP3PACKING in bipartite graphs of maximum degree 3

If we restrict ourselves to bipartite graphs, we slightly improve the rati%’) ofe,
[ARK 98] up to 3. We then show that, in the unweighted case, this result holds with-
out any constraint on the graph maximum degree. The key idea here is to transform
the problem of finding @sPacking in the initial bipartite grapty = (L, R; E)
into the problem of finding a maximum matching in two graghs andGg, where
G (resp.,Gr) contains the representative edge of e of the initial graph with
their two extremities in. (resp., inR). Formally, from an instancé = (G, w) of
MAXWP3PACKING, whereG = (L, R; E) is a bipartite graph of maximum degree
3, we build two weighted graph&=;,w;) and (Ggr,wgr), whereG, = (L, Ey)
andGr = (R, ER). Two verticesz # y from L are linked inGy, if and only
if there exists inG a pathP, , of length 2 fromz to y: [x,y] € Ep if and only
if 32 € R st [x,z],[2,y] € E. The weightwy,(z,y) is defined asw(x,y) =
max{w(x, 2) + w(z,y)|[z, 2], [7,y] € E}. The weighted graptG r, wg) is defined
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Figure 18.7.Tightness oWeighted Ps-Packing analysis.

by consideringR instead ofL. If G is of maximum degree 3, then the following fact
holds:

PROPERTY18.2.— From any matchiny/ on G, (resp., onGr), we can deduceRB;
packingP,, of weightw(Py) = wr (M) (resp.;w(Par) = wr(M)), whereG is of
degree at most 3.

Proof. Let M be a matching o7, andP,, the correspondin®s collection onG.
Suppose that two patii3, , # P,/ ,» € Pa share a common vertéxBecausél/ is
a matching, we havéz, y} N {z',y’'} = { }; hence, the vertexbelongs toR and is
the internal vertex of bot#®, ,» and P, ,», which contradicts the assumption on the
graph maximum degree. |

In light of this fact, we propose the algorithieighted P3-Packing that con-
sists of calculating two maximum matchings@n andG g, and then picking the best
corresponding packing i@. The time complexity of this algorithm is mainly the time
complexity of calculating a maximum weight matching in graphs of maximum degree
9,i.e.,O(|V|*log|V]), [LOV 86].

Weighted P3-Packing

1 Build the weighted graph&7.,, wr) and(Gr, wr);

2 Calculate a maximum weight matchidg; (resp.,M};) on(Gpr,wr) (resp., on
(Gr,wR));

3 Deduce fromM; (resp., fromM ;) aP3 packingP;, (resp.,Pr) according to
Property 18.2;

4 Output the best packing amongP, andPg.

THEOREM 18.5.— Weighted P3-Packing provides al/2-approximation for
MAaXWP3PACKING in bipartite graphs with maximum degree 3 and this ratio is tight.

Proof.Let P* be an optimunPs-packing on/ = (G, w) we denote byP; (resp., by
Pj,) the paths ofP* whose two endpoints belong o (resp., toR); thus,opt(I) =
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w(P;) +w(P;). Forany path? = P, , € P;, [x,y] is an edge fronE,, of weight
wr(z,y) = w(Py,y). Hence, My = {[z,y]|Ps,y € P;}is a matching orG, that
satisfies:

wr(My) > w(P;) [18.1]

Moreover, sincél/; is a maximum weight matching @i, we havewr, (M1) <
wr,(MF). Thus, using inequality [18.1] and Property 18.2 (and by applying the same
arguments oii i), we deduce:

w(Pr) = w(Pr), w(Pr) = w(Pg) [18.2]

Finally, the solution output by the algorithm satisfie$P) > 1/2(w(Pr) +
w(Pgr)) and we directly deduce from inequalities [18.2] the expected result. The in-
stancel = (G, w) that provides the tightness is depicted in Figure 18.7. It consists
of a graph onl2n vertices on which we can easily observe th@P;) = w(Pgr) =
2n(n + 2) andw(P*) = 2n(2n + 2). |

Concerning the unweighted case, we may obtain the same performance ratio with-
out the restriction on the graph maximum degree. The main differences compared to
the previous algorithm lie in the construction of the two gra@ghs G r: starting from
G, we duplicate each vertex € R by adding a new vertex, with the same neigh-
borhood as; (this operation, often callethultiplication of verticesn other works,
is used in the characterization of perfect graphs). We then add theeddé If Ry,
denotes the vertex sét;, r;|r; € R}, the following properties hold:

PROPERTY18.3.—

(1) From any matching/ on G, we can deduce a matching’ of cardinality
|M'| > |M| onGy, that saturate® ;..

(#4) From any matching/ on G, (resp., onGr) that saturate®;, (resp.,Lgr), we
can deduce ®3 packingPy; onG of size|Py,| = |M| — |R|.

Proof. For (i). Let M be a matching or7;, and consider a given vertex € R.
If M contains no edge incident {o;, 7} }, then addr;, ;] to M; if M contains an
edgee incident tor; (resp., tor}), but no edge incident te, (resp., tor;), then set
M = M\{e} U{[ri,r]}.

For (i7). Let M be a matching o7}, that saturates;. We respectively denote
by .J the set of vertices; € R such thafr;,r}] € M and byp = |J| its cardinality.
We consider the matchinty/’ deduced from\/ by deleting the edgels;, r}]; hence,
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|M'| = |M| — p. From the fact thaf\/ saturatesR;,, we first deduce thath| =
|Rr| — p = 2|R| — p; we then observe that, for any vertex¢ .J, there are two edges
(1}, 7;] and[iZ,7/i] in M, that define théP3 P, = {i},r;,1?} of the initial graphG.
The collectionPy; = U, ¢ ;{P;} obviously is aP3 packing of sizgM'|/2 onG. We
just have to obverse th&¥/’| = 2|R| — 2p = 2(|M| — | R|) in order to conclude. 1

P3-Packing

1 Build the graphiz;, (resp.,Gr) obtained fromG by multiplication of vertices
on R (resp., onl);

2 Compute a maximum size matchidd; (resp.,Mg) on G (resp., onGg);
According to Property 18.3 iterfi), deduce from\/;, (resp., from)M ) a maximum
size matchingV/; (resp.,M},) that saturate®y, (resp.,Lr);

3 According to Property 18.3 iterfii), deduce fromM; (resp., fromi/};) aPs
packingP;, (resp.,Pr) of size| M} | — |R| (resp.,| M| — |L|);

4 Output the best packing amongP;, andPx.

The approximate algorithi; -Packing works as previously, except that we cal-
culate a maximum (size) matchidd; (resp..M%) on G, (resp.,G r) that saturates
Ry (resp..Lg) in step 2, and that thB; packingP,, (resp.,Pr) is obtained from\/;
(resp.,M};) by deleting the edgds;, r;] (resp.,[l;,}]) in step 3.

THEOREM18.6.—P3-Packing provides al /2-approximation fotM AX P 3 PACKING
in bipartite graphs and this ratio is tight. The time complexity of this algorithm is

O(m/n).

Proof. Let P} = {Pi,---, P,} be the set of paths from the optimal solution having
their two endpoints in_; P; can easily be converted dr; into a matching)/ of
size|M| = 2q¢ + (|R| — q) = |P;| + |R|. From the optimality ofA/; on G, we
deduce thatM}| > |M| and hence, thgPr| > | P} |. The same obviously holds for
P and the result is immediate. The time complexity of the unweighted version of the
algorithm is still dominated by that of calculating a maximum (size) matching, i.e.,
O(m+/n), [LOV 86]. The proof of tightness is omitted. |

18.3.3. MN3-PATHPARTITION in general graphs

To our knowledge, the approximability of Mk-PATHPARTITION (or MINPATH-
PARTITION) has not been studied so far. Here, we propo8¢2aapproximation for
MIN3-PATHPARTITION. Although this problem can be viewed as an instance of 3-
set cover (view the set of all paths of length 0, 1 or Zdras sets o), MIN3-
PATHPARTITION and the minimum 3-set cover problem are different. For instance,
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consider a stak 2,; the optimum value of the corresponding 3-set cover instance is
n, whereas the optimum value of the 3-path partitiofris— 1.

Note that, concerning MiPATHPARTITION (i.e., the approximation g§(G)), we
can trivially see that it is nd2 — ¢)-approximable, from the fact that deciding whether
p(G) =1orp(G) > 2isNP-complete. Actually, we can more generally establish that
p(G) is not in APX: otherwise, we could obtain RTAS for the traveling salesman
problem with weight 1 and 2 whespt(I) = n, which is not possible, unle§=NP.

The algorithmMinimum 3Path Partition we propose runs intwo phases: first,
it calculates a maximum matchiny/; on the input graptG = (V| E); then, it
matches through/; a maximum number of edges fraid;" to vertices fromi/\ M.
Those two matchings define ti and theP, of the approximate solution.

THEOREM 18.7.— Minimum 3Path Partition provides a3/2-approximation for
MIN3-PATHPARTITION in general graphs withirO(nm + n?logn) time and this
ratio is tight.

Proof. Let G = (V,E) be an instance of Mi3-PATHPARTITION. Let P* =
(P35, Py, Py) andP’ = (P}, P, Py) respectively be an optimal solution and the ap-
proximate3-path partition on&, whereP; andP; denote fori = 0, 1,2 the set of
paths of length. By construction of the approximate solution, we have:

apx(I) = |V| = [M7] — |M;]| [18.3]

Let Vo = (VA\V(M7))\Pg, we consider a subgragh, = (L, R'; E}) of Ga,
whereR’ and £}, are defined ask’ = {r, € Rv € V,} and E}, contains the edge

[le, 7] € EY if and only if there is an edge @* that linksv to an endpoint oé. By
definition of 1y, we deduce thatGé (ry) = 1foranyv € V; (Vo is an independent set

of G). Moreover, we havég, (I.) < 2 for anye € M7 (M7 is an optimal matching).
Thus, we get:

[M3| > 1/2|R'| = 1/2([V| = 2|M7| - |P5]) [18.4]
From relations [18.3] and [18.4], we deduce:
apx(l) = |V| = [M{] — [Mz]| < 1/2 (V] +|P5]) [18.5]

Now, consider the optimal solution. Frai¥i| = 3|P;|+2|P;|+ |Pg|, we trivially
have:

opt(I) = [P3| + [Pi[ + [Pg| = 1/3 (V| + [P5]) [18.6]
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Thus, we obtain the expected result. The proof of tightness is omitted. Concerning
the time complexity, we refer again to [LOV 86]. |

Minimum 3Path Partition

1 Calculate a maximum matching; onG;

2 Build a bipartite graphGs = (L, R; E3) whereL = {l.le € M}, R =
{rylv € V\V(M)}, and[l.,r,] € E if and only if the corresponding isolated
vertexv ¢ V(M7) is adjacent irGG to the edge: € M7,

3 Calculate a maximum matchingy on Ga;

4 OutputP’ the 3-paths partition deduced frabd;, M5, andV \ V(M U M3).
Precisely, ifM] C M; is the set of edges adjacentié;, then the paths of length 2
are given byM; U M3, the paths of length 1 are given By; \ M/, and the paths of
length O (i.e., the isolated vertices) are giveniby V (M; U My).

18.4. Standard and differential approximation of PP

From now, we will exclusively deal with the approximability of M PP and
MINP,P, from both standard and differential points of view. We recall PPglP is
the special case of MKWPPACKING where the graph is complete émn vertices.
We first discuss the differential approximability Bf, P, for any constant value, by
connection to the differential approximability of the traveling salesman problem. The
second part of this section then focuses on the special case iwhete in the aim of
extensively analyzing the approximate algorithm proposed by Hassin and Rubinstein,
which is described in section 18.4.2.1. We first considerer, on the one hand, general
and metric instances for the standard ratio (section 18.4.2.2) and, on the other hand,
general instances for the differential ratio (section 18.4.2.3). We then switch to bi-
valuated instances, i.e(1, 2}-instances for the standard ratio (section 18.4.2.4) and
{a, b}-instances for the differential ratio (section 18.4.2.5).

18.4.1. Differential approximation of P, P from the traveling salesman problem

A common technique in order to obtain an approximate solution fax ;P
from a Hamiltonian cycle is called thaeleting and turning aroundhethod (see for
instance [HAS 97, HAS 06, FRE 78]). Starting from a tour, this method béiktsu-
tions of Max PP and picks the best among them, whereithesolution is obtained
by deleting every:th edge from the input cycle, starting from itk edge. The quality
of the outputP’ obviously depends on the quality of the initial tour; in this way, it is
proven in [HAS 97, HAS 06], that any-standard approximation for Nk TSP pro-
vides a’“,%la—standard approximation for Mk P P. From a differential point of view,
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things are less optimistic: even fbr= 4, there exists an instance famly, ),>1 that
verifiesapx(1,) = $0ptyaxp,p(In) + 3Wormaxp,p(I,). This instance family is de-
fined asl,, = (Ks,,w) forn > 1, where the vertex sét (K3, ) may be partitioned
into two setsL = {¢1,...,¢4,} andR = {ry, ..., r4,} SO that the associated weight
functionw isOonL x L,20onR x R and 1 onL x R. Thus, for anyn > 1, the
following property holds:

PROPERTY18.4.—apx([,,) = 61, optyaxp,p(In) = 8n, wormaxp,p(In) = 4n.

Proof. If the initial tour is described aB = {ey,...,en, €1}, then thedeleting and
turning aroundmethod produces 4 solutiof®, ..., Py whereP; = U;.‘;(}{{ej+i7
€j+i+1,€j4it2t} fori = 1,...,4 (indices are considered med. Figure 18.8 pro-
vides an illustration of this process (the dashed lines correspond to the edges from
T\ P).

Observe that any optimal toliron 7,, has total weighgn (consider that any tour
contains as many edges with their two endpoints &s edges with their two endpoints
in R). Hence, starting from the optimal cyd& = [r1,...,74n, 11, ..., lan, 1], QNY
of the four solutionsPy, ..., P, output by the algorithm (see Figure 18.8) has value
w(P;) = 6n, while an optimal solutioP* and a worst solutiof?, are of total weight
respectively8n and4n (see Figure 18.9). Indeed, because ByypartitionP is a2n
edge cut down tour, we get, on the one hamehy, ., rsp(ln) = w(P) and, on the
other handw(P) > 8n — 4n = 4n, which concludes this argument. |
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Nevertheless, the deleting and turning around method leads to the following
weaker differential approximation relation:

LEMMA 18.1.— From ane-differential approximation ofMAX TSP, we can poly-
nomially calculate an-differential approximation ofMAXPP. In particular, we
deduce from [HAS 01, MON 02b] thMAX PP is %—differential approximable.

Proof. Let us show that the following inequality holds for any instafice (K, w)
of MAXP,P:

1
optyaxTsp(l) = mOPtMAkaP(I) + wormaxp,p(1) [18.7]

Let P* be an optimal solution of Mx PP, then arbitrarily add some edges to
P* in order to obtain a toul'. From this latter, we can deduge- 1 solutionsP; for
i =1,...,k— 1, by applying the deleting and turning around method in such a way
that any of the solution®; contain(T" \ P*). Thus, we getk — 1)wormaxp,p(I) <
Zf;ll w(P;) = (k — H)w(l') — optyaxp,p(I). Hence, consider that we also have
w(T") < optyaxtsp(Z) and the result follows. By applying again the deleting and
turning around method, but this time from a worst tour, we may obit@ipproximate
solutions of Max P P, which allows us to deduce:

wormaxTsp(1) = wormaxp,p(/) [18.8]

k-1

Finally, letI” be are-differential approximation of Mx TSP and we deduce from
I k approximate solutions of MxPP. If P’ is set to the best one, we getP’) >

= w(I") and thus:

-1 (coptmaxtsp(I)+(1—¢)wormaxtsp(1))[18.9]

Using inequalities [18.7], [18.8] and [18.9], we ggix(I) > foptyaxp,p(l) +

(1 — £)wormaxp,p({) and the proof is complete. |

To conclude with the relationship betwe®h.P and TSP with respect to their
approximability, observe that the minimization case with respect to standard approx-
imation is also trickier. Notably, if we considerIMMETRICP4P, then the instance
family I/, = (Ks,,w’) built as the same ak, with a distinct weight function defined
asw'(4;,0;) = w'(r;,r;) = 1 andw’(¢;,r;) = n* + 1 for anyi, j, then we have:
optrsp(1},) = 2n? + 8n whereasptp, p(I},) = 6n.
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18.4.2. Approximating P4 P by means of optimal matchings

Here starts the analysis, from both a standard and a differential point of view,
of an algorithm proposed by Hassin and Rubinstein in [HAS 97], where the authors
show that the approximate solution is a 3/4-standard approximation4oti P. We
prove that, with respect to the standard ratio, this algorithm provides new approxima-
tion ratios for METRICP 4P, namely: the approximate solution respectively achieves
a 3/2,a7/6 and a 9/10-standard approximation fox METRICP 4P, MINP,P; » and
MAXP4P; 2. As a corollary of a more general result, we also obtain an alternative
proof of the result of [HAS 97]. We then prove that, under differential ratio, the ap-
proximate solution is a 1/2-approximation for gendPalP and a 2/3-approximation
for P4P, ;. In addition to the new approximation bounds that they provide, the ob-
tained results establish the robustness of the algorithm that is addressed here, since
this latter provides good quality solutions irrespective of the version of the problem
we deal with and irrespective of the approximation framework within which we esti-
mate the approximate solutions.

Note that the gap between differential and standard approximation levels that
might be reached for a maximization problem comes from the fact that, within the
differential framework, the approximate value is located within the tighter interval
[wor(I),opt([)], instead of|0, opt(7)] for the standard measure. That is the aim of
differential approximation: the reference t@r(I) makes this measure both more
precise (relevant with respect to the notion of guaranteed performance) and more ro-
bust (in the sense that minimizing and maximizing tend to be equivalent and, more
generally, differential ratio is invariant under affine transformation of the objective
function).

18.4.2.1.Description of the algorithm

The algorithm proposed in [HAS 97] runs in two stages: first, it calculates an op-
timum weight perfect matching/ on I = (K4, w); then, it builds on the edges of
M a second optimum weight perfect matchiRgin order to complete the solution
(note that “optimum weight” signifiesmiaximum weiglitif the goal is to maximize
and ‘minimum weighitif the goal is to minimize). Precisely, we define the instance
I' = (Ka,,w") (having a vertex, in K», for each edge € M), where the weight
functionw’ is defined as follows: for any edde.,, ve,] onI’, w'(ve, , ve,) IS Set tO
the weight of the heaviest edge that linksandes in I, i.e., ife; = [z1,31] and
€2 = [va yQ]* thenw/(vel ) U€2) = max {w(xla xQ)’ w(xlv yQ)’ w(y17 1'2), w(yla yQ)}
(when dealing with the minimization version of the problem, set the weight to the
lightest). We thus build oiiK»,,, w’) an optimum weight matching, which is then
transposed to the initial gragl,,,, w) by selecting or4,, the edges that realizes the
same weight. Since the calculation of an optimum weight perfect matching is polyno-
mial, the whole algorithm runs in polynomial time, whether the goal is to minimize or
to maximize.
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18.4.2.2.GeneralP 4P within the standard framework

For any solutioniP, we denote respectively by/» and R the set of the end
edges and the set of the middle edges of its paths. Furthermore, we consider for any
pathP = {z,y, z,t} of the solution the edgg, x| that completes” into a cycle. If
Rp denotes the set of these edges, we observetpatR» forms a perfect matching.
Finally, for any edge: € P, we will denote byPp(e) the P4 from the solution that
contains and byC'p (e) the 4-edge cycle that contaif® (e).

LEMMA 18.2.—For any instancd = (K4, w) with optimal solutiori?* and for any
perfect matching\/, there are four pairwise disjoint edge sets B, C' and D that
verify:

(i) AUB =P*andC U D = Rp-.

(#9) AU C and B U D both are perfect matchings dn

(ii1) AU C U M is a perfect 2-matching of whose cycles are of length a multiple
of 4.

Proof. Let P* = Mp+ U Rp- be an optimal solution, we apply tt&mbining
perfect matchings process. At the initialization stage, the connected components
of the partial graph induced YA UC'U M) are either cycles that alternate edges from
(AU C) andM, or isolated edges from/p- N M. During step2, at each iteration,

the process merges together two connected componeé6tsiofo a single cycle that

still alternates edges frofd U C') and M (an illustration of this merging process is
provided in Figure 18.10). Note that all along the process, the4efs, C and D
define a partition oP* U Rp~ and thus remain pairwise disjoint.

Combining perfect matchings
1A<—M7>*,B<—R7>*,C<—{},D<—R»p*;
SetG’ = (V, AU M) (consider the simple graph);
2 While 3 ¢ € Rp~ that links two connected components@f do:
A— A\ (Cp+(e) N Mp+), B+«— BU(Cp«(e) N Mp~);
2.1/B+«— B\ (Cp«(e)NRp+), A— AU (Cp+(e) N Rp+);
D «—— D\ (C’p*(e) ﬁﬁfp*), cC—Cu (C’p*(e) ﬂﬁfp*);
22G — (V;AUCUM);
3 OutputA4, B, C'andD.

e For (i): immediate from definition of the process (edges fré¥h are moved
from A to B, from B to A, but never out ofA U B; the same holds foRkRp- and the
two setsC' and D).
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Figure 18.10.The construction of setd andC'

e For (i7): at the initialization stage4 U C andB U D respectively coincide with
Mp. and Rp- U Rp-, which are each a perfect matching. More precisely, for any
path P € P*, if C(P) denotes the associated 4-edge cycle, thenC andB U D
respectively contain the perfect matchiigP) N Mp- andC(P) N (Rp- U Rp+) On
V(P). Now, at each iteration, the algorithm swaps the perfect matchings that are used
in AU C orin B U D in order to cover the vertices of a given pdthand thus, both
AU C andB U D remain perfect matchings.

e For (iii): at the end of the process, the stopping criterion ensureq that
C)Nn M = {} and thus, as the union of two perfect matchinds,) C U M is a
perfect 2-matching. Now, consider a cyéleof G’ = (V, AU C U M); by definition
of step2, any edge: from Rp- that is incident td" has its two endpoints i (T'),
which means thdf contains either the two edges©f- (e) N Mp-, or the two edges
of Cp-(e) N (Rp~ U Rp-). In other words, if any vertex from any pathP ¢ P*
belongs toV(T'), then the whole vertex séf(P) is actually a subset of (I') and
therefore, we deduce thgt (I")| = 4¢, whereg is the number of path® € P* such
thatT" containsV/ (P). |

THEOREM 18.8.— The solutior?’ provided by the algorithm achieves a 3/2-standard
approximation forMINMETRICP 4P and this ratio is tight.

Proof. Let P* be an optimal solution ofi = (K4, w). Using Lemma 18.2 with the
perfect matching/p, of the solutiorP’, we obtain four pairwise disjoint set§, B,

C and D. According to propertyiii), we can splitA U C' into two setsA; and As
so that4; U Mp: (i = 1,2) is aPy4-partition (see Figure 18.11 for an illustration).
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Figure 18.11.Two possiblé?, partitions deduced froml U C U My,

Hence A; constitutes an alternative solution f8t: and because this latter is optimal
onl’ = (Ks,,w'), we obtain:

2w(Rp) < w(A) +w(C) [18.10]

Moreover, item(ii) of Lemma 18.2 states th& U D is a perfect matching; since
Mp, is a minimum weight perfect matching, we deduce:

Hence, by combining inequalities [18.10] and [18.11] (and also considering item
(i) of Lemma 18.2), we get:

’U}(Mp/) + 2w(R73/) < w(P*) + w(ﬁp*) [18.12]

Inequality [18.12], combined with the observation thg - ) < w(P*) (which
is true from the assumption thasatisfies the triangle inequality), leads to the follow-
ing new inequality:

w(Mp:) + 2w(Rp:) < 20ptywmerricp, p({) [18.13]

Relation [18.13] together withy(Mp/) < w(Mp+) < w(P*) complete the proof.
Finally, the tightness is provided by the instance fandjly= (Ks,,, w) that has been
described in Property 18.4. |
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Concerning the maximization case and using Lemma 18.2, we can also obtain an
alternative proof of the result given in [HAS 97].

THEOREM 18.9.-The solutior?’ provided by the algorithm achieves a 3/4-standard
approximation foMAXP4P.

Proof. The inequality [18.12] becomes:
w(Mp:) + 2w(Rpr) = optyaxp,p(l) + w(Rp-) [18.14]

Since Mp is a maximum weight perfect matching, the approximate value ob-
viously satisfies2 x w(Mp:) > optyaxp,p(I) + w(Rp~); hence, we deduce

apXpaxp,p(l) = % (optmaxp,p(1) + W(RP*))- 1

18.4.2.3.GeneralP 4P within the differential framework

When dealing with the differential ratio, MP,P, MINMETRICP,P and
MaxP4P are equivalent to approximate, sinPgP problems belong to the class
FGNPQ [MON 02a]. Note that such an equivalence is more generally true for any
couple of problems that only differ by an affine transformation of their objective func-
tion.

THEOREM 18.10.—The solution’?’ provided by the algorithm achieves a 1/2-
differential approximation folP,P and this ratio is tight.

Proof. We consider the maximization version. First, observe tRat is an n-

cardinality matching. Lef/ be any perfect matching dfsuch that\ U Rp- forms
aP,-partition we have:

w(M) + U)(Rp*) > WOTMAXp4p(I) [1815]
Adding inequalities [18.14] and [18.15], and sine¢Mp.) > w(M), we con-
clude that:
2apxyaxp,p(l) = 2 (W(Mpr) + w(Rpr)) = wormaxp,p(I) + oPtpaxp,p(f)

apXMAXP4P(I) — wormaxp,P(/)
optmaxp,p(1) — Wormaxpe,p(I)

>1/2

In order to establish the tightness of this ratio, we refer again to Property 1B.4.
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18.4.2.4.Bi-valued metridP, P with weights 1 and 2 within the standard framework

As it has been recently done forINITSP in [BER 06, BLA 05] and because such
an analysis enables a keener comprehension of a given algorithm, we now focus on
instances where any edge weight is either 1 or 2. Note that, sincB ghpartition
problem isNP-complete, the problems MP4P; o and MINP4P; » are still NP-
hard.

Let us first introduce some more notation. For a given instdnee(Ky,,, w) of
P4P; 2 with w(e) € {1,2}, we denote byMp. ; (resp., byRp: ;) the set of edges
from Mp: (resp., fromRp/) that are of weight. If we aim at maximizing, themp
(resp. g) indicates the cardinality a¥/» 5 (resp., ofRp- 2); otherwise, it indicates the
quantity| Mp: 1| (resp.,|Rp- 1]). In any casep andq respectively count the number
of “optimum weight edgésén the setsMp, and Rp/. With respect to the optimal
solution, we define the set¥/p- ;, Rp-; for i = 1,2 and the cardinalitieg*, ¢*
as the same. Without loss of generality, we may assume that the following property
always holds foP*;

PROPERTY18.5.— For any 3-edge path € P*,
|P N Mp- 2| = |PnN Rp« 2| ifthe goal is to maximize,
|P N Mp-« 1| = |P N Rp-« 1| if the goal is to minimize.

Proof. Assume that the goal is to maximize.|lP N Mp- 2| < |P N Rp~ 2|, then
P* would contain a patP® = {[z,y], [y, 2], [z, t]} with w(z,y) = w(z,t) = 1 and
w(y, z) = 2; thus, by swappind for P’ = {[y, z], [z, t], [t, «] } within P*, we could
generate an alternative optimal solution. |

LEMMA 18.3.—For any instancd = (K4,,w), if P’ is a feasible solution an®* is
an optimal solution, then there exists an edgeAd#at verifies:

(i) A C Mp+ 2 URp~ o (resp.,A C Mp- 1 URp- 1) and|A| = ¢* if the goal is to
maximize (resp., to minimize);

(ii) G' = (V, Mp: U A) is a simple graph made of pairwise disjoint paths.

Proof. We only prove the maximization case. We now consideas the multi-graph
induced byMp: U Rp- o (the edges fromi{p N Rp- o appear twice). This graph con-
sists of elementary cycles and paths: its cycles alternate edges\irenand Rp- o
(in particular, the 2-edge cycles correspond to the edgesftpry, N Mp/); its paths
(that may be of length 1) also alternate edges fidm and Rp- 2, with the particu-
larity that their end edges all belong 3dp.

LetI be a cycle or?’ ande be an edge from' N Rp+« o. If Pp«(e) = {x,y, z,t}
denotes the path from the optimal solution that contajiikene = [y, z]. The initial
vertexz of the pathPp- (e) is necessarily the endpoint of some path fr6fn other-
wise, the edgér, y] from Pp-(e) N Mp- would be incident to 2 distinct edges from
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Figure 18.12.The construction of sed

Rp~, which would contradict the fact th&* is aP, partition. The same obviously
holds fort. W.l.0.g., we may assume from Property 18.5 thay] € Mp- 2. In light
of these comments and in order to build an edgeisiiat fulfills the requirements)
and(ii), we proceed as follows:

Combining matchings
1 SetA = Rp- o; SetG’ = (V, AU Mp/) (consider the multi-graph);
2 While there exists a cyclE in G, do:
Picke fromI' N Rp-~ o;
2.1 |Pick f from Pp«(e) N Mpx o;
A— A\{ep U{S};
226G — (V,AU Mp);
3 OutputA.

By construction, the set output by the algorithm is of cardinality and contains
exclusively edges of weight 2. Furthermore, each iteration of 3tey@rges a cycle
and a path oA U Mp into a path (an illustration of this merging operation is provided
by Figure 18.12). Hence, the stopping criterion ensures that, at the end of this step,
G' = (V,AU Mp) is a simple graph whose connected components are elementary
paths. Finally, the existence of edfiat step2.1 directly comes from Property 185.

THEOREM 18.11.— The solution?’ provided by the algorithm achieves a 9/10-
standard approximation foMAXP,P;, and a 7/6-standard approximation for
MINP4P; 2. These ratios are tight.

Proof. Let us conside as the edge subset of the optimal solution that may be de-
duced from the application of Lemma 18.3 to the approximate solution. We arbitrarily
completeA by means of an edge sé& so thatA U B U Mp, constitutes a perfect
2-matching. As we did while proving Theorem 18.8, we split the edgel sei3 into
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two setsA; and As in order to obtain twd ,-partitionsMp U A; andMp: U Ay of
V(K4,). As bothA; and A, completeMp: into aP4-partition and becausBp: is
optimal, we deduce that; does not contain moreoptimum weight edgéshan Rp/,
i.e.,q > |{e € A; : w(e) = 2}| ifthe goal is to maximizeg > |[{e € A; : w(e) = 1}|
otherwise. Sincel C A; U A, and|A| = ¢*, we immediately deduce:
q=q"/2 [18.16]
On the other hand, by the optimality 8f5/:
p = max{p*,q"} [18.17]
Moreover, the quantities* andg™* structurally verify:
n > max{p*/2,q¢"} [18.18]
Finally, we can express the value of any solutidas:

w(P) =3n+ (p+ ¢q) (if goal = max), 6n — (p + q) (if goal = min) [18.19]

The claimed results can now be obtained from inequalities [18.16],[18.17], [18.18]
and [18.19]:

10apXyaxp,p, . (1) = 10@n+p+q)
= 93n) + 3n + 9 + p + 10q
> 93n) + 3¢ + 9p* + ¢ + 5¢*
= 93n+p*+q*) = Yoptmaxp,p, . (1)
6apXynp,p, ,(1) = 6(6n—p—q)
= 6(6n) — 6p — 6q
< 6(6n) — 6p* — 3¢*
< 6(6n) — 6p* — 3¢° + (2n—p*)+4(n—q")
< 7(6n—p* —q") = Toptywp,p, , (1)

The tightness for MxP4P;  is established in the instanée= (K, w) depicted
in Figure 18.13, where the edges of weight 2 are drawn in continuous lines, and the
edges of weight 1 oP* andP’ are drawn in dotted lines (the other edges are not
drawn). We can easily seeptyaxp,p, , (1) = 10 andapxyaxp,p, , (1) = 9.

Concerning the minimization case, the ratio is tight on the instanee (K, w)
that verifies:opt(J) = w(P*) = 6 andapx(J) = w(P’) = 7. J = (Ks,w) is
depicted in Figure 18.14 (the 1-weight edges are drawn in continuous lines and the
2-weight edges o®* andP’ are drawn in dotted lines). |
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.
8

I=(Ks,w) P P’

Figure 18.13.Instancel = (K3, w) that establishes the tightness for
MAXP4P1,2

J = (Ks,w) P> P’

Figure 18.14.Instancel = (K3, w) that establishes the tightness for
MINP4P1,2

18.4.2.5.Bi-valued metrid®,P with weightse andb in the differential framework

As we have already mentioned, the differential measure is invariant under affine
transformation; now, any instance fromaMP4P,; or from MINP4P,; can be
mapped into an instance of AP 4P; 5 by way of such a transformation. Thus, prov-
ing MAXP 4P » is e-differential approximable actually establishes than® 4P, ;
and MaxP4P, ;, arec-differential approximable for any couple of real values b.

We demonstrate here that Hassin and Rubinstein algorithm achieves a 2/3-differential
approximation fol®4P; » and hence, foP4P, ;, for any couple of read < b.

Let] = (K4, w) be aninstance of MxP4P; ». We recall the notation introduced
while proving Theorem 18.1%1 = |Mp: o|, p* = |Mp+ 2|, ¢ = |Rp/ 2| @andg* =
|Rp+ o|. Furthermore, fori = 1,2, F* will refer to the set of paths fror®’ whose
central edge is of weight Note that the paths frof&! may be of total weight 3, 4 or
5, whereas the paths froff may be of total weight 5 or 6 (at least one extremal edge
must be of weight 2, oMp/ is not an optimum weight matching). We will denote by
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Figure 18.15.1-weight edges ol (M, )

F2 and 72 the paths fromF? that are of total weight 5 and 6, respectively. Finally,
fori = 1,2, M}, will refer to the set of edges€ Mp: such thatPp (e) € F' (i.e.,e

is element of a path fror®’ whose central edge has weight According to [18.16]
and [18.17], we get:

OPtmaxp,P, » (1) < min {31 + p + 2q, 3n + 2p} [18.20]

To obtain a differential approximation, we also have to produce an efficient bound
for wormaxp,p, , (1). To do so, we exploit the optimality af/» and Rp: in order to
exhibit some edges of weight 1 that will enable us to approximate the worst solution.
We first consider the vertices froli(F!): they are ®asy to cover by means of 3-
edge paths of total weight 3, since we may immediately deduce from the optimality of
Rp: the following property (an illustration is provided by Figure 18.15, where dotted
lines indicate edges of weight 1 and dashed lines indicate unspecified weight edges):

PROPERTY 18.6.— [z,y] # [2/,y] € Mgz, implies thatV(u,v) € {z,y} x
{z',y'}, w(u,v) =1.

We now consider the vertices fromi(F2). Let P = {z,vy,2,t} with [z,y] €
Mp: 5 be a path fron#2 and we deduce from the optimality 815, thatw(t, z) = 1;
hence, the 3-edge paf? = {y, z,t, 2} covers the vertice$x, y, z,t} with a total
weight4. Let us assume tha&? = { }, then we are able to build B4 partition of
V(K4,) using3n — |F2| edges of weight 1 andF2| edges of weight 2 (one edge of
weight 2 is used for each path frafZ). Hence, a worst solution costs at mdst+ ¢,
while the approximate solution is of total weight + p + ¢. Thus, using relation
[18.20], we would be able to conclude tHat is a (2/3)-approximation. Of course,
there is no reason foFZ = { }; nevertheless, this discussion has brought to the fore
the following fact: the difficult point of the proof lies in the partitioning Bi(F2)
into “light” 3-edge paths. In order to deal with these vertices, we first state two more
properties that are immediate from the optimalityldés, and Rp., respectively.

[l‘,y] S Mp/,l and[x’,y’] S Mp/g

PROPERTY18'7"{ = min{w(z,2'), w(y,y')} = min {w(z,y), w(y,a)} =1

PROPERTY 18.8.— If[z,y] # [2/,y] € M}, and Ppr = {a, 3,7,0} € F2, then:

{ max {w(u, v)|(u,v) € {a, B} x {z,y}} =2
= max{w(u,v)|(u,v) € {7,5} x {«/,y'}} = 1
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Figure 18.17.A P partition of (P, e1, e2) € Fa x (Mp,)? of total weight at
most 7

Anillustration of this latter property is proposed in Figure 18.16, where continuous
and dotted lines respectively indicate 2- and 1-weight edges, whereas dashed lines
indicate unspecified weight edges. Properties 18.7 and 18.8 give the clue on how to
incorporate the vertices ¢fZ into a packing of light” P,4. The construction of these
paths is formalized in the following property and illustrated in Figure 18.17.

PROPERTY 18.9.— Given a patt? € FZ and two edges$e, y| # [2/,y'] € M},
there exists &, partition 7 = {Py, P2} of (V(P) U {z,y,2’,y'}) that is of total
weight at mos8. Furthermore, ifx, y] and[z’, y'] both belong ta\/»: 1, then we can
decrease this weight to (at mogt)

Proof. ConsiderP = {«a, 8,v,8} € F¢ and[z,y] # [2,y'] € Mp,. We setP; =
{a,z,2',6} and P, = {3,y,y’,7}. We know from Property 18.6 that(x,z’) =
w(y,y’) = 1. Thus, if every edge frofe, 8, v, 0} x {z, 2',y,y'} is of weight 1, then

Py U P, has a total weight 6. Conversely, if there exists a 2-weight edge that links
a vertex from{a, 83,7, 6} to a vertex from{z, 2, y,y’}, we may assume th@s, y|

is such an edge; we then deduce from Property 18.8uli&tz’) = w(v,y’) = 1

and hence, thaP, U P, is of total weight at most 8. Finally, ifv(x,y) = 1, then
w(a, x) = 1 from Property 18.7 and thus,(P;) + w(P) = 7. |

We are now able to calculate an approximate worst solution that provides an effi-
cient upper bound fowormaxp,p, » ().
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Figure 18.18.A partition of P’

LEMMA 18.4.— LetI = (K4,,w) be an instance oMINP4P; 2 and letP’ be the
solution provided by Hassin and Rubinstein algorithm/oiVe can calculate ol a
solutionP,. that verifies:

petax <+ (17 = p1/2))" + (FEl —n+a)F

wherep,., ¢. andp] are defined ag, = |Mp,_ 2|, ¢ = |Rp, 2| andp = |M4, N
Mp 1| (and expressioX T is equivalent tanax { X, 0}).

Proof. The proof is algorithmic, based on algorittipproximate Worst P4P. Note
that, even though this has no impact on the rightness of the proof, the calculation of
‘P.. has a polynomial runtime.

This means that the good properties of the approximate solfitionake it possi-
ble to really exhibit an approximate worst solution (and not only to provide an evalu-
ation of such a solution, as it is often the case while stating differential approximation
results).

In order to estimate the value of the approximate worst solufipnwe have to
count the numbep, + ¢. of 2-weight edges it contains. Lg} refer to| M4, N Mp 4|
for i = 1,2 (the cardinalityp} enables the expression of the number of iterations
during stepl). Stepsl, 2 and3 respectively put intdP, at most one, two and three
2-weight edges per iteration.

Any path fromFZ is treated by one of the three step<2 and3. If 2|F2| > pi,
only | 72| — |p}/2] paths fromZZ are treated by one of the stepand3. Finally, if
| F2| = |F1, only | FZ| — | F}| paths fromFZ are treated during step 3. Furthermore,
step4 puts at mostF2| 2-weight edges int®, (at most one per iteration), while steps
0 and5 do not incorporate any 2-weight edges witfit.

Thus, considering = |F?| + |FZ| and|F!| = n — ¢, we obtain the announced
result. |

Let us introduce some more notation. Analogouslyto= F2 U FZ, we define a
partition of £ into three subset&:, F} andF2 according to the path total weight.

Note that, since the subsef§ define a partition o', we haver = | F3|+|F}|+
| F3| + | F2| + | F2| (see Figure 18.18 for an illustration of this partition; the edges of
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weight 2 are drawn in continuous lines whereas the edges of weight 1 are drawn in
dotted lines).

Approximate Worst P4P
0SetP =P, P.={};
1 While 3{P,e1,e2} C P s.t. (P,e1,ez) € F x M},,J X Ml,’1
1.1 CalculateF = {P, P} onV(P) U V(e1) UV (ez) with w(F) < 7
according to Property 18.9;
1.2P «— P \ {P,el,eg} y P, «— P, U {Pl,PQ};
2 While 3{P,e1,e2} C P s.t. (P er,e2) € FE x Mp, x M3,
2.1 CalculateF = {Py, P} onV(P)U V(e1) U V(eq) with w(F) < 8
according to Property 18.9;
22P «— P \ {P,el,eg} s P, «— P, U {Pl,PQ};
3While3P C Pst. PeF?
31P«—P\P, P.— P, U{P};
4 While3P C P s.t. P € F2
4.1 CalculateF = {P; } onV(P) with w(F) < 4;
42P «— P\ P, P, +— P, U{P};
5 While 3 {e1, e} C P s.t. (e1,€2) € Mp, x Mp,
5.1 CalculateF = {P1} onV(e1) U V(e2) with w(F) = 3;
52P «— P\ey,eq, Po— P.U{P};
6 OutputP,.

The following lemma states three relations between the couples of quaftitigs
(p*, ¢*) and(p«, g«) that determine the value of the approximate solution, the consid-
ered optimal solution and the approximate worst solution, respectively.

LEMMA 18.5.—
p > ¢ +(F|-[pi/2D)* [18.21]
2¢ > ¢ +(F|+q-n)" [18.22]
q > peta— (7 - p1/2)" = (1F|+q—n)* [18.23]

Proof.Inequality [18.21]: obvious ifFZ| < |pi/2], sincep > ¢* (inequality [18.17]).
Otherwise, we can writp as the sunp = n + | 72| + | F2| — | F4|. Then observe that

| F2| —|F4|is precisely the half of the difference between the number of 2-weight and
of 1-weight edges in\/},: indeed,p} = |F}| + 2|F2| andp} = |F}| + 2|F1| and
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thuspl — pt = 2(|]F2| — |F4]). From this latter equality, we deduce thdtandpi
have the same parity, or, equivalently, thiat2)(pi — pi) = [p3/2] — |pi/2]. We
deducep = n + |FE| + |p3/2] — |pi/2] = n+ |FE| — |pl/2]. Just observe that
n > ¢* (inequality [18.18]) in order to conclude.

Inequality [18.22]: obvious if 72| < n — ¢, from inequality [18.16]. Otherwise,
consider thay > |F2| (by definition ofq and F2) andn > ¢* (inequality [18.18]);
thereforeg > | 72| > |F2| + (¢* — n).

Inequality [18.23]: immediate from Lemma 18.5. |

THEOREM 18.12.— The solution?’ provided by the algorithm achieves a 2/3-
differential approximation fol4 P, ; and this ratio is tight.

Proof. By combining inequalities [18.21] to [18.23], together with > 2p*, we
obtain the expected result:

3(3n+p+q)
2(3n+p* +¢*) + (3n + pe + qu)
20ptMAXP4P1,2 (I) + WOIMaxP4P; o (I)

3apXyaxp,p(l)

IR

The tightness is provided by the instante= (Kjg,w) that is shown on Figure
18.13; since this instance contains some vettesuch that any edge from is of
weight 2, the result follows. |

18.5. Conclusion

Whereas both the complexity and the approximation status of bounded-size path
packing problems in bipartite graphs with maximum degree 3 have been decided here,
there remain some open questions: notably, the complexitynafUCED) Py PAR-

TITION for k& > 4 and theAPX-hardness of MX (INDUCED)P;PACKING for k > 4

in planar bipartite graphs with maximum degree 3. Those questions matter because, by
drawing the precise frontier between “easy” and “hard” instances of those problems,
they participate in a better understanding of what makes the problems tractable or
intractable. However, it is also important to obtain better approximation bounds; in
particular, concerning Mx WP PACKING and MiINk-PATHPARTITION: as we have
already mentioned, there are no specific approximation results that exploit the specific
structure of these problems. Even the results we propose here are obtained by means of
guite naive algorithms; thus, we could expect better bounds using more sophisticated
algorithms. Finally, an important question concerns the approximatidh,&f, and

may be more specifically that of MMETRICP P, because of its relations to the
minimum vehicle routing problem. We were here interested in the analysis of a given
algorithm, but not really in the improvement of the approximation bound®f{d?.
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However, we could expect better and, moreover, the following question remains open:
does the problem admitRTAS?
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Chapter 19

An Upper Bound for the Integer Quadratic
Multi-knapsack Problem

19.1. Introduction

This chapter presents a method to calculate a good upper bound for the separa-
ble quadratic multi-knapsack problei@ M K P), which is derived from the solution
method developed by Djerdjoat al.[DJE 88]. The problem we examine is a general-
ization of the integer quadratic knapsack problgpd P) which consists of maximiz-
ing a concave separable quadratic integer function subject to a single linear capacity
constraint. Although there is a paucity of solution method$@d< P), significant
contributions may be found in other works. Among these, Mattual. [MAT 83]
solve (QK P) to optimality by applying a piecewise linearization to the objective
function to obtain an equivalent 0-1 linear problem. Bretthauer and Shetty suggest sev-
eral effective methods, such as pegging algorithms [BRE 02b] and projection methods
[BRE 96, BRE 023] to solve the LP-relaxation(@) K P) so as to calculate an upper
bound of the optimal value in a fast CPU time. The main applicatiofCX P) is
in finance [MAT 83], [BRE 97] for the portfolio management problem can be formu-
lated as a mathematical program with a quadratic objective function under a knapsack
constraint [MAR 52]. The quadratic function measures both the expected return and
the risk and the single knapsack constraint represents the budget constraint. The as-
sumption of a single knapsack constraint does not allow the possibility of investing
into assets of different risk levels. This can be formulated by means of several knap-
sack constraints, each representing a budget allocated to assets of a given risk level.
We therefore face an integer quadratic multi-knapsack probigid K P) which is a

Chapter written by Dominique QDRI Eric SOuTIF and Pierre DLLA.
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generalization of @ K P). This capital budgeting model is discussed in [DJE 88] and
[FAA 74].

Formally, the integer (non-pure binary) quadratic multi-dimensional knapsack
problem(QM K P) can be written as:

. _ n 2 n .
max f(x) =3 5 cixy —djzy =35 fi(z;)
n .
Zj:l AT < bi,Z = ]., ey
st.| 0<z;<wu;,j=1,...,n
xjintegerj =1,...n

(QMKP)

where the coefficients;, d;, a;;, b; are non-negative. The bounds of variables
x; are integers such that; < ;T] indeed, the separable objective function is con-
Cj

cave which implies that for alf;, =7 < 5, wherez] is the optimal solution of the
J
programmaxo<z; <u; f(7;)-

The integer quadratic multi-dimensional knapsack probl€m/ K P) has re-
ceived less attention in other works th&@ K P). To the best of our knowledge,
Djerdjouret al. [DJE 88] are the only authors to propose a specific solution method
to solve(QM K P). As such, their method is more effective than more general tech-
niques that have been primarily developed to solve general integer quadratic programs
(see [COO 81] and [KOR 85, KOR 90]). The method of Djerdjetial. first consists
of a piecewise linearization of the objective function which consequently converts
(QM K P) into an equivalent 0-1 multi-dimensional knapsack problemi < P), for
which a wide range of methods exists (see for instance [FRE 86] and [CHU 98]).
These methods are presented and analyzed in the recent survey of Fréville and Hanafi
[FRE 05]. Djerdjouret al. then apply a surrogate relaxation to the m constraints of
(M K P) in order to calculate an upper bound of the objective functioft¥/ K P).

In this chapter we propose an upper bound that improves the surrogate relaxation
originally proposed by Djerdjouet al. [DJE 88]. The bound is improved from both
a gualitative and a calculational standpoint. We also develop a heuristic method to
get a feasible solution t6Q M K P). As no numerical evaluation of the quality of
the bounds fo@M K P) is available in other works, we provide a theoretical and
experimental comparison of the different bounds described in this chapter. We will
compare the LP relaxation, a linearization, the surrogate relaxation [DJE 88] as well
as the upper and lower bounds we propose. The objective of the calculational study
we conduct in this chapter is to determine which bound is finally the most appropriate
to be used in a branch-and-bound procedure to efficiently solve the problem. To this
purpose we consider instances up to 2,000 variables and 2,000 constraints. Simula-
tion results show that our method provides an upper bound of good quality in most
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cases and is always better than the surrogate relaxation [DJE 88], while requiring a
significantly less calculation time.

The chapter is organized as follows. Section 19.2 summarizes the algorithm pro-
posed in [DJE 88] to calculate an upper bound(@M K P). In section 19.3, we
present two improvements of this algorithm. The first improvement is meant to speed
up the calculation of the bound and the second one increases the quality of the bound.
A feasible solution is proposed in section 19.4. The calculational results are reported
in section 19.5. In section 19.6 we summarize the main results of this chapter and we
point out some directions for further research.

In the remainder of this chapter, we adopt the following notations: leftitgbe
an integer or a 0-1 program, we will denote [dy) the continuous relaxation problem

of (P). We letZ[P] be the optimal value of the proble(®) and Z[P] the optimal
value of(P).

19.2. The algorithm of Djerdjour et al.

The method proposed by Djerdjoat al. [DJE 88] is an exact method to solve
(QM K P). At each node of the search tree, an upper bound is calculated by solving
a polynomial problem derived frorfQ M K P). First, an equivalent formulation of
(QM K P) is obtained by using a direct expansion of the integer variables orig-
inally proposed by Glover [GLO 75] and by applying a piecewise linear interpolation
to the initial objective function as discussed by Matbtal.[MAT 83]. Consequently,
(QM K P) is equivalent to the 0-1 piecewise linear progr@m i P):

max Y7 (3L, Sgkyjk) =(y)
" D (@ig Dokl k) <bi, i=1,...m
Yk € {07 1}

(MK P)

Wherey = (yjk) (J = ].7 R ) andk = ].7 ...7Uj), Zz;l Yjk = Tj, Sjk = fjk —fj’kfl
andfjk = Cjk - djk2.

In the second step of the algorithm, a surrogate relaxation is applied to the
LP-relaxation of(M K P). The surrogate relaxation initially introduced by Glover
[GLO 65] consists of aggregating the m initial linear constraints into a single con-
straint, namely a surrogate constraint, by replacing the set of constrdints b
by a unique constrainb Ay < wb, where A stands for the matrix of constraints of
(M KP). The vectorw = (wy, ..., w, ..., wy,) iS non-negative and is called the sur-
rogate multiplier. The resultant formulatidi P, w) is the surrogate relaxation of
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(MK P) and is written as:

max Y7 (37,1 sjkyjk) .
n m j m
(KP, w) 5.t Zj:l [Zi:l wiaij] ZkJ:1 Yik < 21:1 w;b;
oy €40,1}

The above probleriK P, w) is a knapsack problem whose LP relaxation may ef-
ficiently be solved inO(n'log2(n’)) operations, where' stands for the number of
variables of( K P,w). The knapsack problerf¥{ P, w) is one of the most common
problems examined in the operations research works (see [MAR 90]). As proved by
Glover [GLO 65],(K P, w) is arelaxation of M K P). The proof relies on the fact that
an optimal solution of M K P) is feasible fo K P, w). For any value ofv > 0 the op-
timal valueZ[ K P, w] of (K P, w) is an upper bound of the optimal valgéM K P)| of
(M K P). Solving the dual surrogate problemin,, > Z[K P, w|, denoted by.SD),
leads to find the best upper bou#di P, w*|. Since the objective function 66 D) is
guasi-convex the authors use a local descent method that provides a global minimum

*

w".

For each value ofv > 0 the authors solve the problefi P, w) using a quick-
sort algorithm whose complexity i8(n' log(n')), wheren' stands for the number of
variables of( K P, w). However, a more efficient method exists whose complexity is
O(n'). This method was proposed by Fayard and Plateau [FAY 79] and is the one we
finally adopted in the experiments instead of the quicksort algorithm.

19.3. Improving the upper bound

We present two improvements of the method in section 19.2 to calculate an upper
bound for(QM K P). We chose to keep the surrogate relaxatioQdfK P) initially
used by the authors although a Lagrangean relaxation could have been implemented.
The rationale for using a surrogate relaxation rather than a Lagrangean relaxation
stems from theoretical results which show the superiority of the former over the latter
[FRE 05].

First, the local search descent method originally used by Djerdjoail: to calcu-
late the optimal surrogate multiplier is abandoned for a global method which is proved
to be faster as evidenced by the calculational results presented in section 19.5. The sec-
ond improvement proceeds from an additional stage in which we $6iV& wx) in
0-1 variables rather than in continuous variables. We finally establish an order relation
between all the upper bounds included in the experiment for the sake of comparison.

The first improvement is derived from the following proposition.
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PrRoOPOSITION19.1.—If w* > 0 is the dual optimal solution ofM K P) then the
optimal value of M K P) is equal to the optimal value ¢K P, w*) i.e.:

ZIMKP)| = Z[K P, w"] [19.1]

andw* is an optimal surrogate multiplier fofSD) = min, > Z[K P, w].

The proof of Proposition 19.1 is given in Appendix A and relies on the fact that the
optimal value of the dual problem ¢f\/ K P) is an upper bound foZ [K P, w*]. In
this special case there is therefore no (surrogate) duality gap beffj@é« P] and
Z|KP,w).

From Proposition 19.1 an optimal vector can be obtained by solving the dual
of (M K P) instead of using the local descent method suggested by Djereljalr
The numerical results presented in section 19.5 assess the calculational efficiency of
this alternative way for calculating™*.

To improve the upper bound|K P, w*| we propose an additional stage in which
we usew* calculated as previously described. This stage consists of s@lkifyw™)
in 0-1 variables rather than in continuous variables. In other words we calculate the
optimal valueZ[K P, w*| instead ofZ[K P, w*]. The surrogate multipliew* we cal-
culate is not the optimal surrogate multiplier for the integer prob{é®, w*). We
could have searched for this optimal vector using the method of Fréville and Plateau
[FRE 93] but the resultant additional quality would not have been offset by the time
required.

ReEmMARK 19.1.— If the optimal solution of K P, wx) is feasible for(QM K P) then
the valueZ|K P, w*] is the optimal value ofQ M K P).

It follows from Remark 19.1 that the value of the bound will actually be the op-
timal value of several instances in our experiments. Traditionally the optimal value
Z|QM K P] of the continuous relaxation ¢€) M K P) is used as an upper bound for
(QMKP). This valueZ[QM K P] can easily be calculated by using a commercial
software, since it is a concave problem (the quadratic and separable objective func-
tion is positive semi-definite and the feasible set is convex). The following proposition
shows that the upper bound of Djerdjairal.[DJE 88] and our improved upper bound

are always better thaijQ M K P] .

PROPOSITION 19.2.—The optimal value of the continuous relaxation of (MKP) is
never worse than the optimal value of the continuous relaxation of (QMKP), i.e.:
ZIMKP] < Z[QMK P]

A proof of Proposition 19.2 is straightforwardly obtained by noting that the op-
timal solution of the continuous relaxation ¥/ K P) is feasible for the continuous
relaxation of( QM K P).
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19.4. An efficient heuristic to calculate a feasible solution

The lower bound we propose is based on the fact that we know from Remark 19.1
that Z[M K P] is tighter thanZ[QM K P]. Consequently, we suggest to use as a
starting point the optimal solution dfA/ K P) to construct a feasible solution for

(QMKP).

The main idea of the proposed heuristic is the following. We first consider the opti-
mal solutiony™ of (M K P). Letting}, v7, = o, for each variable; of (QM K P),
we add to(QM K P) the constrainte; | < z; < |a;]| + 1, where|«; | denotes the
greatest integer smaller than or equaldtp Thus, each variable becomes bivalent
and, since the objective function is separable, it can straightforwardly be shown that
the resulting problem is a 0-1 linear multi-dimensional knapsack problem. Obviously,
solving this knapsack problem yields a feasible solution(i/ K P) which is not
necessarily optimal fofQ M K P).

19.5. Computational results

In this section we report the calculational results of comparing the performance of
each upper bounds 6€) M K P) described in this chapter to that of the lower bound
proposed in section 19.4. Since no benchmark 3 K P) is available nowadays,
we consider three types of randomly generated instances endowing each a particular
structure: squared problems (n=m), rectangular problems (m=0.05n) and correlated
problemse; = >~ | a;; andd; = ¢pmin/2 Wherec,,;,, is the minimum of alk; val-
ues. The rationale for using correlated problems stems from the fact that they are diffi-
cult to solve in practice for 0-1 linear multi-dimensional knapsack problei& P),
which are a special case @M K P).

Asin [DJE 88] integer coefficientsy;, c; andd; were uniformly drawn at random
inthe rangg1, ..., 100}. Coefficientd; andu; are integers uniformly distributed such
thatd; € [50, 31", a;;u; u; € [1,[c¢;/2d,]], where[z] denotes the smallest integer
greater than or equal te. For the correlated problems; andd; are derived from
a;;, whereas they are randomly generated according to a uniform law in the range
{1, ...,100} for squared and rectangular problems.

To assess the quality of the four upper bounds we used our lower bound to cal-
culate the relative gap (Gap = (upper bound - lower bound)/(lower bound)) since this
lower bound was near optimal in most of the instances considered by Djeetjour
al. [DJE 88]. Our lower bound is actually the value of the best known feasible solution.
The simulation results show that our feasible solution was better than the 3 feasible
solutions provided by Djerdjowat al.[DJE 88] in66% of the instances, equal 88%
of them and worse in%. Our lower bound is on averag&; higher than the best of
the three feasible solutions which are already closed to the optimum (see [DJE 88] for
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Instances Z[QMKP]| ZMKP| = Z[KP, w*| [KP, w”]
Cplex9.0 Cplex9.0 or [DMS88] Our approach
nb var,nb const Gap (%) Gap (%) Gap (%)
Rectangular
100,5 2.6 0.5 0.3
500,25 2.8 04 0.3
1000,50 3.8 0.6 0.5
1500,75 5.5 1.6 15
2000,100 5.3 1.0 0.9
Correlated
100,100 56.3 14.8 11.2
500,500 81.5 20.9 17.3
1000,1000 80.2 19.0 14.9
1500,1500 111.3 31.9 23.1
2000,2000 128.8 37.6 334
Squared
100,100 16.9 9.5 8.2
500,500 12.9 7.9 7.5
1000,1000 32.2 23.0 21.7
1500,1500 37.8 24.6 23.9
2000,2000 53.0 36.9 36.2

Table 19.1.Comparison of the quality of the upper bounds

more details). Our lower and upper bounds as well as the upper bound of Djegtljour
al. were coded in C language. The two other upper boufid$ K P] andZ[Q) M K P]

were obtained using the commercial software ILOG-Cplex9.0. Simulations were run
on a bi-xeon 3.4 Ghz with 4Go of main memory.

Table 19.1 displays the average deviation of each upper bound to the feasible so-
lution over 10 replications of each type of instances. For exandfil@ M K P] is on
average56.3% higher than our feasible solution over 10 replications of correlated
problems with 100 variables and 100 constraints. The last column provides the per-
centage of instances for which our upper bound corresponds to the optimum value
(see Remark 19.1). It appears that our bound behaves quite well for the rectangular
problems for which the overall gap is less tha6%.

The quality of the upper bound is lower for squared and correlated problems with a
gap ranging fron7% to 33%. However, our upper bound significantly outperforms the
continuous relaxation df M K P) in all cases. Our upper bound is also better than
the upper boun@ K P, w*] with a maximum improvement of.2% for the squared
problems (1,000,1,000).
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Instances Z[QMKP]| ZMKP]| Z[KP, w*| [KP, w”]
nb var,nb const Cplex9.0 Cplex9.0 [DMS88] Our approach
Rectangular
100,5 0.0 0.0 0.3 0.0
500,25 7.5 0.1 10.1 0.1
1000,50 55.3 0.3 41.7 0.4
1500,75 193.1 0.8 100.3 0.8
2000,100 437.9 1.6 183.3 1.8
Correlated
100,100 0.0 0.0 0.0 0.0
500,500 0.0 0.0 0.5 0.0
1000,1000 0.2 0.0 15 0.1
1500,1500 0.8 0.1 3.7 0.2
2000,2000 2.2 0.2 7.6 0.4
Squared
100,100 0.0 0.0 0.3 0.0
500,500 7.3 0.1 9.0 0.2
1000,1000 58.2 0.5 37.9 0.5
1500,1500 184.5 1.5 86.6 1.6
2000,2000 421.3 3.4 157.8 3.6

Table 19.2.Comparison of the CPU times (s) required for each upper bound

The lowest gap is obtained for rectangular problems which suggests that our
method performs best for this type of instances. We strongly believe that this good
performance is more the result of an increased quality of our upper bound than that of
an improvement of the quality of the lower bound. Indeed, as previously mentioned,
simulations results showed that the lower bound is always near optimal for any of the
three types of instances. Moreover, fewer constraints are aggregated in this type of
instances so less information is lost. This could explain an improvement of the quality
of our upper bound in this context.

Table 19.2 displays the CPU time in seconds required to calculate the four upper
bounds. The most time-consuming bound is the continuous relaxation with a maxi-
mum of about 8 minutes to solve one of the largest correlated problems. The fastest
bound isZ[M K P] with almost instantaneous results for rectangular problems and an
average of 3.4 seconds for the largest squared problems.

The time to calculate our upper bound deviates at most 0.2 seconds from the time
to obtainZ[M K P]. Our method can therefore be considered as fast as the previous
one. The advantage of calculating w* by solving the dudl\dfK P) rather than using
a descent local method as suggested by Djerdivat. [DIE 88] strikingly appears:

CPU times are sometimes divided by 100.
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19.6. Conclusion

In this chapter we have designed a method to calculate a good upper bound for
(QM K P) and we have compared this bound to three other bounds over a large num-
ber of instances. The numerical results clearly show that our method provides the
best upper bound in a very competitive calculation time compared to the lineariza-
tion which is the quickest method. The proposed upper bound could therefore be used
in an exact solution method. The calculational study also evidenced the good quality
of our feasible solution which could consequently be used as an initial solution in a
branch-and-bound method. It is worth mentioning that the continuous relaxation of
(QM K P), although widely used in practice, is not an efficient method from either a
gualitatively or a calculational standpoint. A possible way to get a further improve-
ment of the upper bound would be to use a composite relaxation including both a
Lagrangean and a surrogate relaxation of the initial problem as suggested by Fréville
and Hanafi [FRE 05], who present several methods to solve the 0-1 multi-dimensional
knapsack problem.

Appendix A: proof of Proposition 19.1
Let ¢ and A respectively denote the cost vector and the constraints matrix of

(MK P). Let us also respectively denote byndI the unit vector{e = (1,...,1))
and the identity matrix(M K P) and its dual problemiD M K P) can be written as:

max cy

5 Ay < b (— dualvaru)

(MEP) st.| y < e (—dualvarv)
y=0

min g(u,v) = ub + ve
(DMKP) ; uA+Iv > ¢
S w000

Let us recall the dual surrogate problefD) : min,>o Z(K P, w) where
(K P, w) is the following knapsack problem:

max h(y) = cy
I wAy < wb
(KPw) st.] 0<y<e
with

We first prove the following statement{u, v) feasible for( DM K P), g(u,v) >
Z(KP,u).
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Let (u,v) be a feasible solution fofDM K P) andy,, the optimal solution for
(KP,u):

glu,v) =ub+ve = wuAy,+ve

(y. feasible for(K P, u) = ub > uAy,,)

CYy — VYy + veE

((u,v) feasible fo DM K P) = uA > ¢ — v andy,, > 0)
cYu + v(€ = Yu)

CYu = Z(KP, 'LL)

(0O<yu<e)

WV

VWV

Now let (u*, v*) andw™* respectively be the optimal solution foP M K P) and
for (SD). By duality in linear programming, we knowZ (DM KP) = Z(M K P).
So the following inequality holds :

Z(MKP) = 2z(DMEKP)=g(u*,v*)> Z(KPu")
> Ini%Z(KP,w) = Z(KP,w*)

Since(K P, w*) is a (surrogate) relaxation 63 K P), we know thatZ (M K P) <
Z(KP,w*). This yields the following resultZ(MKP) = Z(DMKP) =
Z(KP,w*). Moreover:Z(DMKP) = g(u*,v*) > Z(KPu*) > Z(KPw*).
Since we know thaZ (DM K P) = Z(K P, w*), it follows thatu* is an optimal mul-
tiplier for the surrogate dual proble(§ D).
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