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Preface

The LAMSADE1 was established in 1976 as a research laboratory jointly funded by
Paris-Dauphine University and the CNRS (the French National Science Foundation)
oriented to decision aiding, mainly in the areas of multiple criteria decision aiding and
linear programming.

It very soon aggregated the research activities on computer science conducted
within Paris-Dauphine University. In 30 years the LAMSADE gained a world-wide
reputation in operations research and decision aiding, while developing and strength-
ening a specific vision of computer science, that is management and decision ori-
ented computer science (from the French term “informatique décisionnelle”). Today
the LAMSADE is one of the very few research laboratories showing such originality
in its research orientation.

During these years new specific research subjects came to enrich those already
existing: multi-agent systems, distributed computing and databases. In this effort, the
LAMSADE had to put together different interdisciplinary competencies: decision the-
ory, operations research, mathematics, social sciences and several fields of computer
science. At the turning point of its 30 years the LAMSADE is organizing its research
activities around four principal areas:

1) decision aiding;

2) optimization and its applications;

3) multi-agent and distributed systems;

4) database systems, information systems and knowledge management.

Under such perspective, the laboratory’s scientific project mainly aims to:

1. Laboratoire d’Analyse et Modélisation de Systèmes pour l’Aide à la DEcision (Laboratory
of Analysis and Modeling of Decision Support Systems).

15



16 Optimization and Computer Science

– consolidate and extend our international leadership in operations research and
decision aiding;

– strengthen and promote our vision of management and decision-oriented com-
puter science;

– create new large interfaces between operations research and theoretical computer
science.

In particular, research in the intersection of combinatorial optimization and theo-
retical computer science always remains a central key-point of LAMSADE’s research
activity.

Combinatorial optimization and theoretical computer science have been, and still
are, considered as two subjects different from each other. If the difference is quite
evident for some areas of both subjects, it becomes much less so if we think of areas
such as complexity theory, theory of algorithms, solving hard combinatorial problems,
graph theory and, more generally, discrete mathematics, etc. All these matters form a
very large interface between combinatorial optimization and theoretical computer sci-
ence. Historically, researchers in the areas mentioned above have been members of
two distinct major scientific communities, namely theoretical computer science and
operations research. They have addressed almost the same problems, worked under
the same paradigms, used parallel formalisms, tools and methods and developed ei-
ther parallel or complementary approaches. The fruits of this “separate research” have
impregnated the entire field of information technology and industry and almost the
whole of what is considered today as management sciences. Moreover, they have been
widespread over numerous scientific disciplines, initially orthogonal to both computer
science and combinatorial optimization, giving rise to new areas of research. However,
if from this “separate attack” we witnessed the emergence of practically all of the tra-
ditional concepts dealing with complexity theory, discrete mathematical modeling and
polynomial approximation of discrete optimization problems, numerous problems and
challenges remain open and without satisfying answers, thus the need for intensive re-
search in the interface of combinatorial optimization and theoretical computer science
becomes not only clear but also extremely challenging. This kind of research is one of
the major directions in the scientific project of the LAMSADE.

With such studies, we expect to advance in the research for new paradigms, get-
ting an insight mainly from the complex system sciences. I strongly believe that in the
near future, the themes of our research will be central to operational research and will
reshape the research landscape in combinatorial optimization. I also believe that they
will influence all the active research for new calculating machine paradigms based
upon properties of natural and human systems that are not exploited by conventional
computers, by providing them with new problems to deal with and new solutions to try
out. Our scientific project can thus be seen as an initiative to drastically renovate the re-
search agenda in combinatorial optimization, by addressing open and novel problems
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arising from complex human systems. In order to achieve this objective, we have first
to support a research environment that overcomes traditional cluster barriers among
communities historically defined as “operations research” and “theoretical computer
science”. We have also to work over the common basis of established theories and
expertise for studying decidability, complexity, structure and solutions of hard opti-
mization problems, which will definitely serve as the framework for validation of any
advances in new research topics.

As stated above, bringing together operations research and theoretical computer
science can be the first step in developing close synergies between all the complex
systems disciplines, mainly those based upon the study of human systems. Research
in the interface of these subjects is the main attempt to build such a broad alliance
and to give it a clear scientific status. Moreover, by handling novel problems issued by
still unexploited models and working hypotheses, we aim to strongly contribute to the
emergence of a new paradigm for both combinatorial optimization, and algorithmic
and complexity theory aspects of theoretical computer science.

The main objective of the book is to bear witness to the quality and the depth of the
work conducted in the laboratory along the epistemological lines just outlined. In the
chapters, the reader will find all the ingredients of a successful matching between com-
binatorial optimization and theoretical computer science, with interesting results car-
rying over a large number of their common subjects and going from “pure” complexity
theoretical approaches dealing with concepts likeNP- andPSPACE-completeness to
“oldies but goodies” and always essential and vital operational research subjects such
as flows, scheduling, or linear and mathematical programming, passing from poly-
nomial approximation, online calculation, multicriteria combinatorial optimization,
game theory, design of algorithms for multi-agent systems, etc. All of the chapters
make a valuable contribution to both the two main topics of the book and any of the
areas dealt.

In Chapter 1, Aloulou and Della Croce deal with single machine scheduling. They
consider scheduling environments where some job characteristics are uncertain, this
uncertainty being modeled through a finite set of well-defined scenarios. They search
for a solution that is acceptable for any considered scenario using the “absolute ro-
bustness” criterion and present algorithmic and computational complexity results for
several single machine scheduling problems.

Although the approximability of multi-criteria combinatorial problems has been
the inspiration for numerous articles, the non-approximabilityof these problems seems
to have never been investigated until now. Angelet al. in Chapter 2 propose a way to
get some results of this kind that work for several problems. Then, they apply their
method on a multi-criteria version of the traveling salesman problem in graphs with
edge-distances one and two. Furthermore, they extend existing approximation results
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for the bi-criteria traveling salesman problem in graphs with edge-weights 1 or 2 to
any numberk of criteria.

In Chapter 3, Ausielloet al.study online models for minimum set cover problem
and minimum dominating set problem. For the former problem, the basic model im-
plies that the elements of a ground set of sizen arrive one-by-one; we assume that
with any such element, arrives also the name of some set containing it and covering
most of the still uncovered ground set-elements. For this model they analyze a simple
greedy algorithm and prove that its competitive ratio isO(

√
n) and that it is asymp-

totically optimal for the model dealt. They finally deal with a new way to tackle online
problems by using what they call “budget models”. For the case of the minimum set
cover problem the model considered generates the so-called maximum budget saving
problem, where an initial budget is allotted that is destined to cover the cost of an
algorithm for solving set-covering and the objective is to maximize the savings on the
initial budget.

In Chapter 4 by Bérardet al., Merlin-like time Petri nets (TPN) and timed au-
tomata (TA) are considered. The authors investigate questions related to expressive-
ness for these models: they study the impact of slight variations of semantics on TPN
and compare the expressive power of TA and TPN with respect to both time lan-
guage acceptance and weak time bisimilarity. On the one hand, they prove that TA and
bounded TPNs (enlarged with strict constraints) are equivalent w.r.t. timed language
equivalence, by providing an efficient construction of a TPN equivalent to a TA. On the
other hand, they exhibit a TA such that no TPN (even unbounded) is weakly bisimilar
to it. Motivated from this latter result, they characterize the subclass TA− of TA that is
equivalent to the original model of Merlin-like TPN and show that both the associated
membership problem and the reachability problem for TA− arePSPACE-complete.

Carelloet al., in Chapter 5, introduce a graph problem which is called maximum
node clustering. They prove that it is stronglyNP-hard, but it can be approximated, in
polynomial time, within a ratio arbitrarily close to 2. For the special case where the
graph is a tree, they prove that the associated decision problem is weaklyNP-complete
as it generalizes the 0-1 knapsack problem and is solvable in pseudo-polynomial time
by a dynamic programming approach. For this case they devise a fully polynomial
time approximation schema for the original (optimization) problem.

In Chapter 6, Chevaleyre tackles the problem of multi-agent patrolling dealt with
as a combinatorial optimization problem. More precisely, territory (one of the inputs
of the problem) is modeled by means of a suitable edge-weighted graphG(V,E) and
then the exploration strategies for this graph are based upon particular solutions of the
traveling salesman problem. With this method, when the graph is metric, he obtains,
in polynomial time, an exploration strategy with value bounded above by3opt(G) +
4 max{w(i, j) : (i, j) ∈ E}, whereopt(G) is the value of the optimal exploration
strategy andw(i, j) is the weight of the edge(i, j) ∈ E. It is also proved that, using
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another approach for the patrolling problem, based on a particular graph-partitioning
problem, the multi-agent patrolling problem is approximable within approximation
ratio 15, even in the case where the underlying graph is not metric.

In Chapter 7, Chevaleyreet al. investigate the properties of an abstract negotiation
framework where, on the one hand, agents autonomously negotiate over allocations of
discrete resources and, on the other hand, reaching an optimal allocation potentially
requires very complex multilateral deals. Therefore, they are interested in identifying
classes of utility functions such that, whenever all agents model their preferences using
them, any negotiation conducted by means of deals involving only a single resource
at a time is bound to converge to an optimal allocation. They show that the class of
modular utility functions is not only sufficient (when side-payments are allowed) but
is also maximal in this sense. A similar result is proved in the context of negotiation
without money.

In Chapter 8, Della Croceet al. study two very well-known hard combinato-
rial problems, the maximum cut problem and the minimum dominating set restricted
to graphs of maximum degree 3 (minimum 3-dominating set). For the former, they
mainly focus on sparse graphs, i.e., on graphs having bounded maximum degree. They
first use a technique based upon enumeration of cuts in a properly chosen subgraph of
the input graph and then an extension of them in an optimal way to produce a cut for
the whole instance. By means of this method they produce an exact algorithm for the
weighted maximum cut problem with improved upper complexity bound in the case
of sparse graphs. Next, they restrict themselves to the unweighted maximum cut prob-
lem in graphs of maximum degree 3 and devise a tree-search based exact algorithm.
Exploiting some simple and intuitive dominance conditions that efficiently prune the
search-tree, they provide a fairly competitive upper complexity bound for the case
settled. Finally, they refine the search tree’s pruning by introducing a counting proce-
dure, based upon the introduction of weights for the fixed data, which allows them to
measure in a more precise way the progress made by the algorithm when it fixes them.
They apply this method to min 3-dominating set.

In Chapter 9, Demangeet al.study the computational complexity of online shunt-
ing problems. They consider a depot consisting of a set of parallel tracks. Each track
can be approached from one side only and the number of trains per track is limited.
The departure times of the trains are fixed according to a given timetable. The problem
is to assign a track to each train as soon as it arrives to the depot and such that it can
leave the depot on time without being blocked by any other train. They show how to
solve this problem as an online bounded coloring problem on special graph classes.
They also study the competitiveness of the first fit algorithm and show that it matches
the competitive ratio of the problem.

Chapter 10, by Demangeet al., surveys complexity and approximation results for
the minimum weighted vertex coloring problem. This is a natural generalization of the
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traditional minimum graph coloring problem obtained by assigning a strictly positive
integer weight for any vertex of the input graph, and defining the weight of a color
(independent set) as the maximum of the weights of its vertices. Then, the objective is
to determine vertex coloring for the input graph minimizing the sum of the weights of
the colors used. Complexity and approximation issues for this problem are presented
for both general graphs and for graphs where the traditional minimum graph coloring
problem is polynomial.

Chapter 11 is a complement of Chapter 10 where, along the same lines, complex-
ity and approximation issues are addressed for the minimum weighted edge coloring
problem where, instead of vertices, edges are now to be legally colored.

In Chapter 12, Gabrel considers the Dantzig-Wolfe decomposition for 0-1 lin-
ear programming when a subset of constraints defines a independent set polytope.
She compares linear relaxations of both the initial and master program (obtained
by decomposing on independent set constraints) with respect to various independent
set polytope representations. For perfect graphs (in particular for co-comparability
graphs), the linear relaxation of the master program is easy to solve while for general
graphs its optimal value cannot be calculated in polynomial time. Consequently, she
proposes to decompose only on a subset of the independent set constraints (those asso-
ciated with “polynomial” independent set problems) in order to define another master
program for which the LP-relaxation is easy to solve and remains stronger than the
traditional LP-relaxation of the initial program.

In Chapter 13, Gabrel compares several 0-1 linear programs for solving the satel-
lite mission planning problem. She considers two models and explains why one of
them systematically calculates lower upper bounds. Her explanation is based upon in-
dependent set polytope formulations for perfect graphs. Then, she proposes new upper
bounds for some large-size benchmark instances.

Chapter 14, by Giannakoset al., is a survey on some of the main results dealing
with the problem of finding a Nash equilibrium in a game. After reporting several
questions concerning complexity of general games (how many equilibria exist?, what
are the conditions of the existence of an equilibrium verifying some given property?),
the authors focus on games having pure Nash equilibria, as potential games and con-
gestion games, for which they present several models.

In Chapter 15, entitled “Flows!”, Koskas and Murat give another novel interface
between operational research and theoretical computer science by showing how tools
from combinatorics of words can be very efficiently used in order to devise “divide and
conquer” algorithms in a number of operational research and computer science fields,
like database management, automatic translation, image pattern recognition, flow or
shortest path problems, etc. The current contribution details one of them, dealing with
maximum flow in a network.
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Milanič and Monnot, in Chapter 16, introduce the exact weighted independent set
problem, consisting of determining whether a weighted graph contains an indepen-
dent set of a given weight. They determine the complexity of this problem as well as
the complexity of its restricted version, where the independent set is required to be
of maximum size, for several graph-classes. Furthermore, they show that these prob-
lems can be solved in pseudo-polynomial time for chordal graphs, AT-free graphs,
distance-hereditary graphs, circle graphs, graphs of bounded clique-width, and sev-
eral subclasses ofP5-free and fork-free graphs. Monnot, in Chapter 17, deals with
complexity and approximability of the labeled perfect matching problem in bipartite
graphs, as well as with minimum labeled matching and maximum labeled matching in
2-regular bipartite graphs, i.e., in collections of pairwise disjoint cycles of even length.

In Chapter 18, Monnot and Toulouse present several standard- and differential-
approximation results for theP4-partition problem for both minimization and maxi-
mization versions.

Finally, in Chapter 19, Quadriet al. present an improvement of a well-known
method, based upon surrogate relaxation and linearization of the objective function,
for calculating an upper bound of integer separable quadratic multi-knapsack and re-
port computational experiments that seem to confirm the efficiency of their approach.

I think that all these contributions show the vitality and the originality of the re-
search carried out by the LAMSADE. I do hope that the reader will really appreciate
the depth and the richness of all the presented contributions.

To conclude, let me say once more that it is always a pleasure for me to work with
Chantal, Sami and Raphael Menasce, Jon Lloyd and their colleagues at ISTE Ltd.





Chapter 1

The Complexity of Single Machine Scheduling
Problems under Scenario-based Uncertainty

1.1. Introduction

This chapter deals with single machine scheduling problems where some job char-
acteristics are uncertain. This uncertainty is described through a finite setS of well-
defined scenarios. We denote byps

j , ds
j andws

j , respectively, the processing time, the
release date, the due date and the weight of jobj under scenarios ∈ S.

Consider a scheduling problem, denoted byα|β|γ according to Grahamet al.no-
tation [GRA 79]. LetΠ be the set of feasible schedules with respect to the problem
constraints. For each scenarios ∈ S, we denote by OPT(α|β|γ, s) the problem of
finding an optimal scheduleπ∗

s satisfying:

F (π∗
s , s) = min

π∈Π
F (π, s). [1.1]

When problem parameters are uncertain, it is appropriate to search for a solution
that is acceptable for any considered scenario. For this purpose, several criteria can be
applied in order to select among solutions. In [KOU 97], Kouvelis and Yu proposed
three different robustness criteria: the absolute robustness or maximal cost, the maxi-
mal regret or robust deviation and the relative robustness. In this chapter, we focus on
theabsolute robustnesscriterion.
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To the best of our knowledge, the absolute robustness in single machine schedul-
ing problems has only been considered in [DAN 95] and [YAN 02] where, for the
1||∑Cj problem with uncertain processing times, two distinct proofs of theNP-
hardness even for|S| = 2 were provided (notice that the corresponding determin-
istic version is well known to be polynomially solvable [SMI 56]). The maximal re-
gret criterion was instead much more studied (see, for instance, [YAN 02] but also
[AVE 00, KAS 05, KOU 00]).

The absolute robustness of scheduleπ over all scenarioss ∈ S is denoted bȳF (π).
We have:

F̄ (π) = max
s∈S

F (π, s) [1.2]

We denote byMinMax(α|β|γ, θ) the problem of finding a scheduleπA minimiz-
ing the absolute robustness̄F (π) among all schedulesπ ∈ Π. Fieldθ indicates the set
of uncertain problem parameters. For the problems considered here,θ ⊆ {pj, dj , wj}.
SequenceπA is called in [KOU 97]absolute robust sequence. Its costF̄ (πA) satisfies:

F̄ (πA) = min
π∈Π

F̄ (π) = min
π∈Π

max
s∈S

F (π, s) [1.3]

Notice that if problemα|β|γ is NP-hard, then, in the presence of uncer-
tainty, the corresponding problemsMinMax(α|β|γ, θ) are alsoNP-hard. How-
ever, if problemα|β|γ is polynomially solvable, then, the corresponding problems
MinMax(α|β|γ, θ) are not necessarily polynomially solvable. In this chapter we
establish the complexity status for the absolute robustness versions of the most
well known non-preemptive polynomial-time single machine scheduling problems,
namely problems1|prec|fmax (with fmax ∈ {Cmax, Lmax, Tmax}) , 1||∑wjCj and
1||∑Uj . Notice that all these problems present regular cost functions which are non-
decreasing in the job completion times. In this context any scheduleπ ∈ Π is com-
pletely characterized by the corresponding job sequence. Given a scheduleπ ∈ Π, the
completion time of jobj under scenarios, denoted byCj(π, s), j = 1, . . . , n, s ∈ S,
can easily be determined and the quality of the scheduleπ ∈ Π under scenarios is
then evaluated using the regular cost functionF (π, s). We consider the following cost
functions:

– the general maximum cost functionfmax = maxj{fj(Cj)} with fmax ∈
{Cmax, Lmax, Tmax}: hence we deal with the maximum completion time (makespan)
Cmax = maxj{Cj}, the maximum latenessLmax = maxj{Lj} with Lj = Cj − dj

and the maximum tardinessTmax = maxj{Tj} with Tj = max{0, Lj};
– the total weighted completion time

∑

j wjCj ;
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– the number of late jobs
∑

j Uj with Uj = 0, if job j is on-time(Cj 6 dj) and
Uj = 1 if j is late (Cj > dj)

Using the setS of scenarios, we construct a scenariosw in which parameterskj

take their worst case value, denoted bykw
j . In our case, we havepw

j = maxs∈S p
s
j ,

dw
j = mins∈S d

s
j andww

j = maxs∈S w
s
j . Notice that in the context of a discrete

set of scenarios, the constructed scenario is not necessarily feasible, i.e. we can have
sw /∈ S: sw is calledworst-case artificial scenario.

REMARK 1.1.– When parameters are interval-uncertain,sw is a feasible scenario. In
this case, an absolute robust solutionπA of problemMinMax(1|β|γ, θ) is such that:

F̄ (πA) = min
π∈Π

F̄ (π) = min
π∈Π

max
s∈S

F (π, s) [1.4]

= min
π∈Π

F (π, sw) [1.5]

Hence,πA is also optimal for problem OPT(1|β|γ, sw). This means that the prob-
lem of finding an absolute robust sequence can be solved straightforwardly by the
algorithm solving the problem without uncertainty applied to the worst-case artificial
scenario.

When uncertainty is scenario-based, we cannot apply the same reasoning because
scenariosw is not necessarily feasible. Nevertheless, we show in this chapter that
problemMinMax(1|prec|Lmax, dj) can be solved by Lawler’s algorithm applied to
the worst case artificial scenario. We also prove that an extension of Lawler’s algo-
rithm, called hereMinMax-Lawler, solves problemMinMax(1|prec|fmax, pj, dj)
in polynomial time. On the other hand, problemsMinMax(1||∑wjCj , wj) and
MinMax(1||∑Uj , pj) are proved to beNP-hard even when|S| = 2. However,
problemMinMax(1||∑Uj, dj) is still open.

Table 1.1 summarizes the above results presenting the complexity status for the
absolute robustness versions of the most well known non-preemptive polynomial-time
single machine scheduling problems, where an entry “-” indicates that the considered
case does not apply (for instance, problem1||∑wjCj cannot have uncertainty on due
dates as due dates are not present in the problem).

1.2. ProblemMinMax(1|prec|fmax, θ)

1.2.1. Uncertainty on due dates

We consider problemMinMax(1|prec|fmax, dj) where processing times are de-
terministic and due dates are uncertain (herefmax ∈ {Lmax, Tmax} as forCmax no
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Uncertain Deterministic problem
parameter 1||

P

wjCj 1|prec|fmax 1||
P

Uj

dj – O(n2 + n|S|) (Theor. 1.1) open
pj NP-hard (see [DAN 95, YAN 02]) O(n2|S|) (Corol. 1.2) NP-hard (Theor. 1.4)
wj NP-hard (Theor. 1.3) – –

pj anddj – O(n2|S|) (Theor. 1.2) NP-hard (Corol. 1.3)
pj andwj NP-hard (see [DAN 95, YAN 02]) – –

Table 1.1.Summary of the obtained results

uncertainty holds). In this case the worst-case artificial scenariosw is such that, for all
j ∈ N , dw

j = mins∈S d
s
j .

We recall that problem1|prec|fmax can be solved inO(n2) time by Lawler’s al-
gorithm [LAW 73]. This algorithm constructs an optimal schedule backwards. At the
points in time where the unscheduled jobs should be completed, starting with point
t = P =

∑

j∈N pj , Lawler’s algorithm chooses among the unscheduled jobs having
no successors a job with minimum cost to be completed att. Notice that as processing
times are deterministic, we have:

∀π ∈ Π, ∀s ∈ S, ∀j ∈ N,Cj(π, s) = Cj(π) [1.6]

The following theorem holds.

THEOREM 1.1.– ProblemMinMax(1|prec|fmax, dj) can be optimally solved in
O(n2 +n|S|) time by means of Lawler’s algorithm applied to the worst-case artificial
scenariosw.

Proof. For the sake of clarity we consider thatfmax = Lmax, but the same
analysis holds forfmax = Tmax. An absolute robust solutionπA of problem
MinMax(1|prec|Lmax, dj) is such that:

L̄(πA) = min
π∈Π

max
s∈S

Lmax(π, s) [1.7]

= min
π∈Π

max
s∈S

max
j∈N

(Cj(π, s)− ds
j) [1.8]

= min
π∈Π

max
s∈S

max
j∈N

(Cj(π)− ds
j) [1.9]

= min
π∈Π

max
j∈N

max
s∈S

(Cj(π)− ds
j) [1.10]

= min
π∈Π

max
j∈N

(Cj(π)− dw
j ) [1.11]

L̄(πA) = min
π∈Π

Lmax(π, s
w) [1.12]
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Hence,πA is also an optimal solution for problem OPT(1|prec|Lmax, s
w). For the

complexity, the construction of the worst-case scenario requiresO(n|S|) time and the
application of Lawler’s algorithm requiresO(n2) time, hence the overall complexity
isO(n2 + n|S|).

We observe that the proof of Theorem 1.1 can be applied, as it is, to any scheduling
problemα|β|fmax. Hence, we have the following result.

COROLLARY 1.1.– Any algorithm optimally solving problemα|β|fmax provides an
absolute robust solution for problemMinMax(α|β|fmax, dj), when applied to the
worst-case artificial scenariosw.

1.2.2. Uncertainty on processing times and due dates

We consider problemMinMax(1|prec|fmax, pj, dj) where we suppose now that
both processing times and due dates are uncertain. A robust solutionπA is such that:

F̄ (πA) = min
π∈Π

max
s∈S

Fmax(π, s) [1.13]

= min
π∈Π

max
s∈S

max
j∈N

fj(Cj(π, s)) [1.14]

We propose an algorithm, calledMinMax-Lawler, which is an extension of
Lawler’s algorithm. This algorithm constructs a sequenceπ in reverse order. LetU
be the set of unscheduled jobs. Defineps(U) =

∑

j∈U p
s
j for all s ∈ S. The rule is

the following: schedule last the jobj ∈ U , which has no successor inU and such
that maxs∈S f

s
j (ps(U)) is minimal. It is immediately clear that the complexity of

MinMax-LawlerisO(n2|S|).

We have the following result.

THEOREM 1.2.– ProblemMinMax(1|prec|fmax, pj, dj) is optimally solved by al-
gorithm MinMax-Lawler.

Proof. The proof is very similar to the proof of Lawler’s algorithm optimality for
problem1|prec|fmax.

Enumerate the jobs in such a way that(1, 2, . . . , n) is the sequence constructed
by the proposed algorithm. LetπA be an absolute robust sequence for problem
MinMax(1|prec|fmax, pj , dj) with πA(i) = i for i = n, n− 1, . . . , r andπA(r) =
j < r.
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Notice that it is possible to scheduler − 1 immediately beforer. Hence, we can
construct a sequenceπ′ in which we shift to the left the block between jobsr − 1 and
r and processr − 1 immediately beforer. Clearly:

∀i ∈ N − {r − 1}, ∀s ∈ S,Ci(π
′, s) 6 Ci(π

A, s) [1.15]

Hence:

F̄ (π′) = max
s∈S

F (π′, s) = max{F̄ (πA),max
s∈S

fs
r−1(Cr−1(π

′, s))} [1.16]

= max{F̄ (πA),max
s∈S

fs
r−1(Cj(π

A, s))} [1.17]

6 max{F̄ (πA),max
s∈S

fs
j (Cj(π

A, s))} [1.18]

6 F̄ (πA) [1.19]

Consequently,π′ is also an absolute robust sequence.

We can reiterate the same reasoning and transform sequenceπA into sequence
(1, 2, ..., n) without increasing the objective function value.

Correspondingly, the following corollary also holds.

COROLLARY 1.2.– ProblemMinMax(1|prec|fmax, pj) is optimally solved by al-
gorithmMinMax-Lawler.

1.3. ProblemMinMax(1||∑wjCj , wj)

We consider problemMinMax(1||∑wjCj , wj) where processing times are de-
terministic and weights are uncertain. We prove that this problem isNP-hard even
when|S| = 2 andpj = 1 ∀j. To this extent we need to prove the following instru-
mental lemma.

LEMMA 1.1.– The1||∑Cj problem and the1|pj = 1|∑wjCj problem are equiv-
alent.

Proof. Given any instance of the1||∑Cj problem where each jobj has processing
time p′j , generate an instance of the1|pj = 1|∑wjCj problem where each jobj
has weightw′′

j = p′n−j+1. Consider a generic sequence(1, 2, ..., n − 1, n). For the
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1||∑Cj problem the corresponding cost function value isZ1 =
∑n

j=1(n− j+1)p′j .
For the1|pj = 1|∑wjCj problem the corresponding cost function value isZ2 =
∑n

j=1 jw
′′
j . We show thatZ2 = Z1. Indeed,Z2 =

∑n
j=1 jw

′′
j =

∑n
j=1 jp

′
n−j+1 =

∑n
j=1(n− j + 1)p′j = Z1.

THEOREM1.3.– ProblemMinMax(1||∑wjCj , wj) is NP-hard even when|S| = 2
andpj = 1 ∀j.

Proof. Due to Lemma 1.1 and theNP-hardness of problemMinMax(1||∑Cj , pj)
from [DAN 95, YAN 02], the proof immediately holds.

1.4. ProblemMinMax(1||∑Uj , θ)

We consider problemMinMax(1||∑Uj , θ) with θ ⊆ {pj, dj}. For problem
MinMax(1||∑Uj , dj), we did not find any result. We only show that it cannot be
solved by the well-known Moore’s algorithm [MOO 68] applied to the worst-case
artificial scenario. However, we prove that problemMinMax(1||∑Uj , pj) is NP-
hard.

1.4.1. Uncertainty on due dates

Consider the following example: two jobs 1 and 2 such thatp1 = 2, p2 = 3,
d1
1 = 1, d2

1 = 10, d1
2 = 4 andd2

2 = 2.

Consider sequence(1, 2). Both jobs are late for scenario 1 and job 1 is on-time for
scenario 2. The maximum cost is 2. For sequence(2, 1), there is one on-time job for
each scenario: job 1 is on-time in scenario 2 and job 2 is on-time for scenario 1. The
maximum cost is equal to 1. Hence,(2, 1) is the optimal solution.

In the worst case scenario, the jobs are both late in any solution. Hence, Moore’s
algorithm applied to the worst case scenario would sequence 1 and 2 in any order,
which is not always optimal. Hence, it does not solve the considered problem.

1.4.2. Uncertainty on processing times

We prove that problemMinMax(1||∑Uj , pj) is NP-hard even when|S| = 2 by
constructing a reduction from theNP-complete even-odd partition problem [GAR 79].
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Even-odd partition problem

Given2n positive integersa1 < a2 < . . . < a2n where
∑2n

j=1 aj = 2B, is there a
partition of the integers into two subsetsA1 andA2 such that:

∑

j∈A1

aj =
∑

j∈A2

aj = B [1.20]

andA1 andA2 each contains exactly one element of each pair(a2i−1, a2i), i =
1, . . . , n ?

Given an instance of the even-odd partition problem, we construct the following
instance of problemMinMax(1||∑Uj , pj).

Instance of problemMinMax(1||∑Uj , pj)

We have2n jobs and two scenarios 1 and 2. Job processing times and due dates
are such that:







p1
1 = p2

2 = a1

p2
1 = p1

2 = a2

d1 = d2 = a2

[1.21]

∀i = 2, ..., n







p1
2i−1 = p2

2i = a2i−1 + a2i−2 + . . .+ a2

p2
2i−1 = p1

2i = a2i + a2i−2 + . . .+ a2

d2i−1 = d2i = a2i + 2a2i−2 + . . .+ ia2, i < n
d2n = d2n−1 = B + d2n−2

[1.22]

Jobs2i − 1 and2i are calleda[i] − jobs. Notice that with this construction, the
following lemmata hold.

LEMMA 1.2.– Any sequence in which each positioni, i = 1, . . . , n, is occupied by
ana[i] − job admits at leastn− 1 on-time jobs.

Proof.We can prove straightforwardly that in such a sequence the firstn− 1 jobs are
on-time.

LEMMA 1.3.– If two jobs2i and2i−1 are both on-time, then there existsj, 1 6 j < i,
such that jobs2j and2j − 1 are both late.

Proof. Suppose by contradiction that there exists a sequence in which for allj, 0 6

j < i, at least one job2j or 2j − 1, denoteda[j]-job, is on time and that jobs2i and
2i− 1 are both on-time.
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It is clear that resequencing these on-time jobs in a non-decreasing order of their
due dates does not increase the number of late jobs.

In this new sequence, jobs2i and2i − 1 are sequenced last with respect to the
considered on-time jobs. The completion time of the last job (2i or 2i− 1) is greater
than or equal to the sum of:

1) the sum of the minimal processing times ofa[j]-jobs scheduled before jobs2i
and2i− 1, 0 6 j < i, denoted byA;

2) the processing times of jobs2i and2i− 1, denoted byB.

We have:

A =







a1+
a3 + a2+
a5 + a4 + a2+
...
a2i−3 + a2i−4 + · · ·+ a4 + a2

= a1 + a3 + · · ·+ a2i−3 + a2i−4 + · · ·+ (i− 2) ∗ a2

[1.23]

and

B = p1
2i + p1

2i−1 = p2
2i + p2

2i [1.24]

= a2i + a2i−1 + 2 ∗ a2i−2 + · · ·+ 2 ∗ a4 + 2 ∗ a2 [1.25]

The completion time of the last job is greater than or equal to:

A+B = a1 + a3 + · · ·+ a2i−3 + a2i + 2a2i−2 + . . .+ ia2 [1.26]

= a1 + a3 + · · ·+ a2i−3 + d2i [1.27]

> d2i [1.28]

Hence at least one job among jobs2i and2i− 1 is late. This contradicts the con-
sidered hypothesis.

LEMMA 1.4.– Every schedule admits at mostn on-time jobs.

Proof.Suppose by contradiction that there exists a sequence such that the number of
on-time jobs is greater than or equal ton + 1. Resequencing the on-time jobs in a
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non-decreasing order of their due dates and sequencing late jobs last does not increase
the number of late jobs. Letπ be such a sequence.

Since we haven+ 1 on-time jobs, then there exists at least one integeri such that
jobs2i and2i− 1 are both on-time. Leti∗ be the smallesti such that2i and2i− 1 are
both on-time andπi∗ be the subsequence of on-time jobs among jobsk, 1 6 k 6 2i∗.
We haveπ = (πi∗ , πR). Notice that in subsequenceπi∗ there are at mosti∗ jobs,
which are all on-time.

Due to Lemma 1.3, there exists an integerj, 1 6 j < i∗, such that neither job2j
nor job 2j − 1 is on-time. We construct a new subsequence sequenceπ′

i∗ in which
we exchange one job among2i∗ and2i∗ − 1 (which are on-time inπ) with job 2j or
2j − 1 (which are late inπ). For example, we exchange jobs2i∗ and2j − 1. Then,
we reorder the jobs ofπ′

i∗ in a non-decreasing order of their due dates. Due to Lemma
1.2, all jobs ofπ′

i∗ are on-time. Since∀s ∈ S, ps
2j−1 < ps

2i∗ , then sequence(π′
i∗ , πR)

has at least the same number of jobs on-time asπ.

We can reiterate the same reasoning until we get a sequence in which we have at
mostn− 1 jobs on-time among jobs1, . . . , 2n− 2. Since we have at leastn+ 1 jobs
on-time, then jobs2n and2n−1 are both on-time but this cannot occur due to Lemma
1.3.

The following theorem holds.

THEOREM 1.4.– Problem MinMax(1||∑Uj , pj) is NP-hard even when|S| = 2.

Proof. We first prove that, if the even-odd partition problem has a solution, then the
constructed instance admits a solution withn on-time jobs.

LetA1 be a solution of the even-odd partition problem. Consider a sequenceπ =
(π1, π2) such that:

– for all j 6 2n, if aj ∈ A1 then jobj ∈ π1;

– the jobs ofπ1 are ordered in non-decreasing order of their due dates.

Suppose thatπ = ([1], [2], . . . , [n], [n + 1], [n + 2], . . . [2n]) and π1 =
([1], [2], . . . , [n])

Due to Lemma 1.2, the firstn − 1 jobs inπ1 are on-time. We prove that the last
job in π1 is also on-time.
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The completion time of the last job[n] in scenarios1 is:

C[n](π, s1) = p1
[1] + p1

[2] + · · · p1
[n]

=







a[1]+
a[2] + a2+
...
a[n] + a2n−2 + · · ·+ a4 + a2

= a[1] + a[2] + · · ·+ a[n] + a2n−2

+ · · ·+ (n− 1) ∗ a2

= B + d2n−2

= d2n = d2n−1 = d[n]

[1.29]

The completion time of the last job[n] in scenarios2 is:

C[n](π, s2) = p2
[1] + p2

[2] + · · · p2
[n]

=







a[n+1]+
a[n+2] + a2+
...
a[2n] + a2n−2 + · · ·+ a4 + a2

= a[n+1] + a[n+2] + · · ·+ a[2n] + a2n−2

+ · · ·+ (n− 1) ∗ a2

= B + d2n−2

= d2n = d2n−1 = d[n]

[1.30]

Consequently, job[n] is on-time for the two scenarios and the number of on-time
jobs inπ is at leastn and cannot be greater thann due to Lemma 1.4.

We prove now that if the constructed instance admits a solution withn on-time
jobs, then the even-odd partition problem admits a solution.

Let π be a sequence in which the number of on-time jobs is equal ton. Suppose
that inπ, there exist two on-time jobs2i and2i − 1. Then, due to Lemma 1.3, there
exists an indexj, 1 6 j < i, such that jobs2j and2j−1 are both late. Using the same
technique as in Lemma 1.4, we transform sequenceπ in a new sequence in which job
2j or 2j − 1 is on-time and job2i or 2i − 1 is late. We reiterate the same reasoning
until we get a sequenceπ′ in which, for allk, 1 6 k 6 n, only one job among jobs2k
and2k − 1 is on-time.

Resequencing the on-time jobs in a non-decreasing order of their due dates and
sequencing the late jobs last we do not increase the number of late jobs. We have
π′ = ([1], [2], . . . , [n], [n+ 1], [n+ 2], . . . [2n]) and jobs[i], 1 6 i 6 n are on-time.



34 Optimization and Computer Science

The completion time of job[n] in scenarios1 is:

C[n](π
′, s1) = p1

[1] + p1
[2] + · · · p1

[n] [1.31]

= a[1] + a[2] + · · ·+ a[n] + a2n−2

+ · · ·+ (n− 1) ∗ a2 [1.32]

= a[1] + a[2] + · · ·+ a[n] + d2n−2 [1.33]

The completion time of job[n] in scenarios2 is:

C[n](π
′, s2) = p2

[1] + p2
[2] + · · · p2

[n] [1.34]

= a[n+1] + a[n+2] + · · ·+ a[2n] + a2n−2 [1.35]

+ · · ·+ (n− 1) ∗ a2 [1.36]

= a[n+1] + a[n+2] + · · ·+ a[2n] + d2n−2 [1.37]

Since job[n] is on-time then:

∀s ∈ {s1, s2}, C[n](π
′, s) 6 d[n] = d2n = d2n−1 = B + d2n−2 [1.38]

Consequently, we have:







a[1] + a[2] + · · ·+ a[n] 6 B
a[n+1] + a[n+2] + · · ·+ a[2n] 6 B

a[1] + a[2] + · · ·+ a[2n] = B
[1.39]

This proves that:

a[1] + a[2] + · · ·+ a[n] = a[n+1] + a[n+2] + · · ·+ a[2n] = B [1.40]

which means that the even-odd partition problem has a solution.

Correspondingly, the following corollary also holds.

COROLLARY 1.3.– MinMax(1||∑Uj, pj , dj) is NP-hard even when|S| = 2.
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Chapter 2

Approximation of Multi-criteria Min and Max
TSP (1, 2)

2.1. Introduction

This chapter presents some recent results obtained by the authors ([ANG 04,
ANG 05, ANG 05b]) about the inapproximation and the approximation properties of
the multi-criteria traveling salesman problem with distances one and two. These re-
sults concern the minimization version of the problem. We also present some new
results for the maximization variant.

2.1.1. The traveling salesman problem

The traveling salesman problem (TSP ) is one of the most studied problems in the
operations research community (see for instance [JOH 85]). Given a complete graph
where the edges are associated with a positive distance, we search for a cycle visit-
ing each vertex of the graph exactly once and minimizing the total distance. It is well
known that theTSP problem isNP-hard, and that it cannot be approximated within a
constant approximation ratio, unlessP=NP. However, for the metricTSP (i.e., when
the distances satisfy the triangle inequality), Christofides proposed an algorithm with
performance ratio 3/2 [CHR 76]. For more than 25 years, many researchers attempted
to improve this bound but with no success. In [PAP 93], the authors studied a more
restrictive version of the metricTSP , in which all distances are either one or two
(denoted byTSP (1, 2)), and they proposed a 7/6 approximation algorithm. Recently,
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Berman and Karpinski proposed a8/7-approximation algorithm for theTSP (1, 2)
problem [BER 06] and some inapproximability results are presented in [ENG 01].
TheTSP (1, 2) problem is a generalization of the Hamiltonian cycle problem since
we are asking for the tour of the graph that contains the fewest possible non-edges
(edges of distance 2). In [MON 02, MON 03], some results for theTSP (1, 2) with
respect to thedifferentialapproximation ratio are obtained. Finally, there is the max-
imization version of the problem, denoted by MaxTSP , where the goal is to find a
tour maximizing the total distance. MaxTSP is also known to beAPX-complete,
even if the edge distances are either 1 or 2 (denoted by MaxTSP (1, 2)), [PAP 93]
and it is approximable with expected performance ratio25/33− ε for all ε > 0 in the
general case [HAS 00], and7/8 in the metric case [HAS 02].

In this chapter, we deal with a multi-criteria version of the problem: thek-criteria
TSP (1, 2). The distance between any pair of vertices is a vector of lengthk instead
of a scalar.

2.1.2. Multi-criteria optimization

Multi-criteria optimization refers to problems with two or more objective functions
which are in conflict. Vilfredo Pareto introduced in 1896 a concept –known today as
Pareto optimality– that constitutes the origin of the research in this area. According to
this concept, the goal in a multi-criteria optimization problem is normally not a single
solution, but instead a set ofnon-dominatedsolutions, the so-calledPareto curve.
From a calculational point of view, the notion of Pareto curve is problematic. Two of
the main reasons are:

– the size of a Pareto curve which is often exponential with respect to the size of
the corresponding instance, [PAP 00, VAS 05];

– calculating one Pareto optimal solution of a multi-criteria optimization problem
is often anNP-hard problem, [EHR 00].

Approximating it with a performance guarantee,i.e. designing polynomial-time
algorithms which returnε-approximate Pareto curves, is a motivating challenge. In-
approximability results are also needed. However, inapproximability results are not
numerous in other works on multi-criteria optimization.

In this chapter, we provide approximation and inapproximation results for sev-
eral versions of the multi-criteria traveling salesman with distances one and two. In
particular, we propose a way to get some negative results which works for several
multi-criteria problems and we put it into practice on the multi-criteriaTSP (1, 2).
To our knowledge, existing multi-criteria inapproximation results have been investi-
gated only from the point of view ofNP-hardness [DEN 02, PAP 00, VAS 05]. Our
method is based on the following observation: in multi-criteria optimization, we try
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to approximate a set of solutions (the Pareto curve) with another set of solutions (the
ε-approximate Pareto curve) and the more theε-approximate Pareto curve contains
solutions, the more accurate the approximation can be. Then, the best approximation
ratio that could be achieved can be related to the size of the approximate Pareto curve.

2.1.3. Organization of the chapter

The chapter is organized as follows: in section 2.2, we give some definitions con-
cerning exact and approximate Pareto curves. Section 2.3 is devoted to a method used
to derive some negative results (section 2.3.1) for the bicriteriaTSP (1, 2) and two
polynomial time algorithms providing constant approximation of the Pareto curve.
More precisely, in section 2.3.2, we propose alocal searchalgorithm called BLS
which, with only two solutions generated inO(n3), returns a1/2-approximate Pareto
curve and in section 2.3.3, we propose agreedyalgorithm inspired by the traditional
nearest neighborheuristic. This algorithm, called 2NN, returns two solutions gen-
erated inO(n2) which constitute a1/2-approximation of the Pareto curve. We also
give in section 2.3.4, some approximation results for a restriction of the bicriteria
Max TSP (1, 2) problem. In section 2.4, we study thek-criteriaTSP (1, 2) problem.
More precisely, in section 2.4.1, we propose several negative results fork-criteria
TSP (1, 2). Our method is applied in the case ofk-criteriaTSP (1, 2) but it works for
several other problems. In section 2.4.2, we study the approximability of thek-criteria
TSP (1, 2) by giving a generalized version of 2NN. This multi-criteria nearest neigh-
bor heuristic, calledKNN, works for anyk > 3 and produces a(k − 1)/(k + 1)-
approximate Pareto curve. Finally, some concluding remarks are given in section 2.5.

2.2. Overview

The traveling salesman problem consists of finding in a weighted complete graph
G = (V,E) on n vertices, a Hamiltonian cycle whose total distance is minimal. For
the k-criteria TSP , each edgee has adistance~d(e) = (~d1(e), . . . , ~dk(e)) which
is a vector of lengthk (instead of a scalar). Thetotal distanceof a tourT is also a
vector ~D(T ) where~Dj(T ) =

∑

e∈T
~dj(e) andj = 1, . . . , k. In fact, a tour is evalu-

ated withk objective functions. Given this, the goal of the optimization problem could
be the following: generating a feasible solution which simultaneously minimizes (or
maximizes) each co-ordinate. Unfortunately, such an ideal solution rarely exists since
objective functions are, in general, in conflict. However, a set of solutions representing
all best possible trade-offs always exists: the so-calledPareto curve. Formally, a Pareto
curve is a set of feasible solutions, each of them optimal in the sense of Pareto, which
dominates all the other solutions outside this set. If the problem is a minimization
problem, a tourT dominates another tourT ′ iff ~Dj(T ) 6 ~Dj(T

′) for all j = 1, . . . , k
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and, for at least one co-ordinatej′, ~Dj′(T ) < ~Dj′(T
′). When the problem is a max-

imization problem, we just reverse the previous inequalities. A solution is optimal in
the sense of Pareto if no solution dominates it.

Since calculating Pareto curves is problematic, getting an approximation of it is
more reasonable and often sufficient. For a minimization (resp. maximization) prob-
lem, anε-approximate Pareto curvePε is a set of solutions such that, for every solu-
tion s of the instance, there is ans′ in Pε which satisfies~Dj(s

′) 6 (1+ε) ~Dj(s) (resp.
~Dj(s

′) > (1− ε) ~Dj(s)) for all j = 1, . . . , k1.

Interestingly, Papadimitriou and Yannakakis [PAP 00] prove that every multi-
criteria problem has anε-approximate Pareto curve that is polynomial in the size of
the input and1/ε, but exponential in the numberk of criteria. However, calculating
such an approximate Pareto curve cannot always be done within polynomial-time. The
design of polynomial time algorithms which generate approximate Pareto curves with
performance guarantee motivated a lot of recent papers.

2.3. The bicriteria TSP (1, 2)

We consider the bicriteriaTSP (1, 2) with n cities. In this case, we recall that for
an edgee, ~d(e) = (~d1(e), ~d2(e)) ∈ {(1, 1), (1, 2), (2, 1), (2, 2)} and the objective for
the minimization version, called bicriteria MinTSP (1, 2) (resp., for the maximiza-
tion version, called bicriteria MaxTSP (1, 2)) is to find a tourT minimizing (resp.,
maximizing) ~D1(T ) =

∑

e∈T
~d1(e) and ~D2(T ) =

∑

e∈T
~d2(e). We mainly propose

two different algorithms leading to the same approximation of the Pareto curve for
the bicriteriaMin TSP (1, 2): a local searchprocedure using the2-opt neighborhood
and anearest neighborheuristic which calculates a1/2-approximate Pareto curve. Al-
though these two algorithms provide the same performance guarantee, it is interesting
to present them since they are adaptations of well known heuristics previously used
for the mono-criterionTSP [JOH 85, ROS 77].

For the bicriteriaTSP (1, 2) (minimization and maximization versions), it is easy
to observe that the Pareto curve is composed of at mostn+1 solutions where we recall
thatn is the number of vertices; the worst case appears when then+ 1 toursTi with
vector distance~D(Ti) = ( ~D1(Ti), ~D2(Ti)) = (n+ i, 2n− i) for i = 0, · · · , n, belong
to the instance. Moreover, notice that a 1-approximate Pareto curve can be trivially
constructed, just pick any tour.

1. Here,ε is the error while1 + ε (resp.1 − ε) is the approximation ratio for a minimization
(resp., maximization) problem. In the chapter, we equivalently use the error and its associated
approximation ratio.
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We now prove that the approximability of the Pareto curve for bicriteria Min
TSP (1, 2) and the approximability of the Pareto curve for bicriteria MaxTSP (1, 2)
are linked by an approximation preserving reduction. The idea is to modify the in-
stance by replacing each edge (2,2) by an edge (1,1), each edge (1,1) by an edge (2,2),
and each edge (1,2) by an edge (2,1) and vice versa. It can be shown that obtaining a
ε-approximate Pareto curve for the bicriteria MinTSP (1, 2) on this modified instance
yields a2ε/(3ε+1)-approximate Pareto curve for the bicriteria MaxTSP (1, 2) prob-
lem on the original instance.

THEOREM 2.1.– Anyε-approximate Pareto curve for the bicriteria MinTSP (1, 2)
problem can be polynomially transformed into a2ε

3ε+1 -approximate Pareto curve for
the bicriteria MaxTSP (1, 2) problem.

Proof. We only prove the result for the mono-criterion problems, i.e., anyε-
approximation for MinTSP (1, 2) can be polynomially transformed into a2ε

3ε+1 -
approximation for MaxTSP (1, 2). Let I = (G, d) be an instance of MaxTSP (1, 2)
whereG = (V,E) is a complete graph onn vertices and consider the instance
I ′ = (G, d′) of Min TSP (1, 2) with d′(e) = 3−d(e) for all e ∈ E. Finally, letT ∗ be
an optimal solution ofI for Max TSP (1, 2) and assume thatT is anε-approximation
for Min TSP (1, 2) on I ′. Obviously,T is also a solution onI and consider the two
following cases:

• if d(T ∗) 6 3ε+1
ε+1 n, then sinced(T ) > n, we have:

d(T )

d(T ∗)
>

ε+ 1

3ε+ 1
= 1− 2ε

3ε+ 1

thus,T is a 2ε
3ε+1 -approximation for MaxTSP (1, 2).

• Otherwise,d(T ∗) >
3ε+1
ε+1 n. By construction, any tourT ′ verifies d′(T ′) =

3n− d(T ′). In particular, this is true forT ∗ andT . Hence, we deduce thatT ∗ is also
an optimal solution ofI ′ for Min TSP (1, 2) and we have:

d′(T ∗) 6
2

ε+ 1
n [2.1]

Since by hypothesisd′(T ) 6 (1 + ε)d′(T ∗), we obtain:

d(T )

d(T ∗)
=

3n− d′(T )

3n− d′(T ∗)
> 1− ε d′(T ∗)

3n− d′(T ∗)
[2.2]

Using inequality [2.1] and since the right side of inequality [2.2] is increasing with
d′(T ∗), we deduced(T ) > (1− 2ε

3ε+1 )d(T ∗).

This completes the proof.
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2.3.1. Simple examples of the non-approximability

Usually, non-approximability results for mono-criteria problems bring thresholds
of performance guarantee under which no polynomial time algorithm is likely to ex-
ist. Given a result of that kind for a mono-criterion problemΠ, we directly get a
negative result for a multi-criteria version ofΠ. Indeed, the multi-criteria version of
Π generalizesΠ. The non-approximability of the mono-criterionTSP (1, 2) has been
studied in [ENG 01, PAP 93] and the best known lower bound is1 + 1/740− δ (for
all δ > 0). Consequently, for everyδ > 0, no polynomial time algorithm can generate
a (1/740− δ)-approximate Pareto curve unlessP = NP.

As indicated previously, in multi-criteria optimization, we try to approximate a
set of solutions (the Pareto curve) with another set of solutions (theε-approximate
Pareto curve) and the more theε-approximate Pareto curve contains solutions, the
more accurate the approximation can be. As a consequence, the best approximation
ratio that could be achieved can be related to the size of the approximate Pareto curve.
Formally,ε is a function of|Pε|. If we consider instances for which the whole (or a
large part of the) Pareto curveP is known and if we suppose that we approximate it
with a setP ′ ⊂ P such that|P ′| = x, then the best approximation ratioε such that
P ′ is anε-approximate Pareto curve is related tox. Indeed, there must be a solution
in P ′ which approximates at least two (or more) solutions inP .

The question asked here is:“what is the best approximation ratio an algorithm
A can achieve if it outputsr solutions?” (wherer is supposed to be between 1 and
n+ 1).

In order to obtain an upper bound of this approximation ratio, we consider a partic-
ular class of instances for which the distances on the edges are in{(1, 2), (2, 1)}. This
subclass is very interesting since each tour is Pareto optimal. Actually, letG be an
nodes graph of this class; each feasible tour has a total distance which is(n+q, 2n−q)
whereq is the number of(2, 1) edges contained in the tour. Thus, no feasible tour can
be dominated by another one.

THEOREM 2.2.– Any ε-approximate Pareto curvePε for the bicriteria Min
TSP (1, 2) problem composed of at mostr tours is such thatε >

1
3r−1 .

Proof. In what follows, we consider an instance of the subclass described above and
assume thatn is a multiple ofr and all solutionsT ∗

i with distance~D(T ∗
i ) =

(
n +

i
rn, 2n− i

rn
)

are feasible fori = 0, · · · , r. A formal proof of this claim will be given
in section 2.4.1 when we generalize this result to any number of criteriak; actually,
the goal of this proof is just to give an intuition of the method used. Now, assume that
A outputsr toursTi with i = 1, · · · , r, which approximates the Pareto curve within a
ratio (1 + α) on both criteria. Since there arer + 1 Pareto optimal toursT ∗

i , at least
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one tourTi ∈ Pε must approximate two toursT ∗
i for i = x andi = y with x < y. In

particular, we havey > x+ 1, and thus, if~D(Ti) =
(
n+ q, 2n− q

)
, we deduce:

n+ q 6 (1 + α)
r + x

r
n

2n− q 6 (1 + α)
2r − x− 1

r
n

From the first inequality we derive that:

q 6
x

r
n+

r + x

r
αn

and from the second we get that:

q >
x+ 1

r
n− 2r − x− 1

r
αn

In fact
x+ 1

r
n− 2r − x− 1

r
αn 6 q 6

x

r
n+

r + x

r
αn

can only be possible ifα >
1

3r−1 .

When the goal is the maximization of both criteria (i.e., the bicriteria Max
TSP (1, 2) problem), we obtain a threshold of inapproximation of2/(3r − 2) us-
ing the approximation curve preserving the reduction given in Theorem 2.1. However,
applying the same proof of Theorem 2.2 in the context of bicriteria MaxTSP (1, 2),
we can improve this ratio to 1

3r+1 .

COROLLARY 2.1.– Any ε-approximate Pareto curvePε of the bicriteria Max
TSP (1, 2) composed of at mostr tours is such thatε >

1
3r+1 .

2.3.2. A local search heuristic for the bicriteriaTSP (1, 2)

In [KHA 98] and [MON 02b], the authors have shown separately that a simple
local search algorithm using the well known 2-opt neighborhood [CRO 58] returns
a 3/2-approximate tour for the mono-criterion MinTSP (1, 2). To the best of our
knowledge, no result was known about the ability of local search algorithms to pro-
vide solutions with performance guarantee in multi-criteria optimization. Here, we
present an algorithm of this type which returns a1/2-approximate Pareto curve for
the bicriteriaTSP (1, 2) problem using the same neighborhood.
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Tour T Tour T’

x

v u uv

xya

dc

b

c d

y

2-opt

Figure 2.1. The 2-opt move depicted here consists of replacing edgesa andb
by c andd. We haveT ′ ∈ N (T )

Given a tourT , its 2-opt neighborhoodN (T ) is the set of all Hamiltonian cycles
which can be obtained by removing two non-adjacent edges and inserting two new
edges (see Figure 2.1).

If only one criterion is considered, a simple local search algorithm consists of
starting with a feasible solution and iteratively replacing it with a neighboring solution
which is better with respect to the criterion. The algorithm stops when the current
solution, alocal optimum, has no better neighbor.

If we say that a tourT is a local optimum tour with respect to the 2-opt neigh-
borhood when no tourT ′ ∈ N (T ) dominatesT , then there exist instances for which
a locally optimal tour gives a poor performance guarantee for at least one criterion.
Then, we introduce two symmetric preference relations defining potentially two dif-
ferent local optima. These preference relations, denoted by≺1 and≺2, are depicted
in Figures 2.2 and 2.3. Note that we define them considering the fact that we deal
with 2-opt moves, which are exchanges of couples of edges. The set of the 10 possible
couples of distance-vectors of the edges has been partitioned into three setsS1, S2

andS3, and for anyc1 ∈ S1, c2 ∈ S2, c3 ∈ S3, we havec1 ≺1 c2 ≺1 c3 (resp.
c1 ≺2 c2 ≺2 c3). Intuitively, the preference relation≺1 (resp.≺2) leads to solutions
which are good for the first (resp. second) criterion.

DEFINITION 2.1.– We say that the tourT is a local optimum tour with respect to the
2-opt neighborhood and the preference relation≺1 (resp.≺2) if there does not exist
a tourT ′ ∈ N (T ), obtained fromT by removing edgesa, b and inserting edgesc, d,
such that(~d(c), ~d(d)) ≺1 (~d(a), ~d(b)) (resp.(~d(c), ~d(d)) ≺2 (~d(a), ~d(b))).

We consider the following algorithm:

BICRITERIA LOCAL SEARCH (BLS):

1) LetT1 be a 2-opt local optimum tour with the preference relation≺1.

2) LetT2 be a 2-opt local optimum tour with the preference relation≺2.

3) Return{T1, T2}.
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S1

S2 S3

(1, 1)

(1, 1)

(1, 1)

(1, 1)

(1, 1)

(1, 2)

(1, 2)

(1, 2)

(1, 2)

(1, 2)

(2, 1)

(2, 1)

(2, 1)

(2, 1)

(2, 1)

(2, 2)

(2, 2)

(2, 2)

(2, 2)

(2, 2)

Figure 2.2. The preference relation≺1

S1

S2 S3

(1, 1)

(1, 1)

(1, 1)

(1, 1)

(1, 1)

(2, 1)

(2, 1)

(2, 1)

(2, 1)

(2, 1)

(1, 2)

(1, 2)

(1, 2)

(1, 2)

(1, 2)

(2, 2)

(2, 2)

(2, 2)

(2, 2)

(2, 2)

Figure 2.3. The preference relation≺2

Analysis of BLS.In what follows, we assume thatT is any 2-opt local optimal tour
with respect to the preference relation≺1. The tourO is any fixed tour. We denote by
x (resp.y,z andt) the number of edges with distance vector (1,1) (resp. (1,2), (2,1)
and (2,2)) inT . We denote byx′ (resp.y′,z′ andt′) the number of edges with distance
vector (1,1) (resp. (1,2), (2,1) and (2,2)) inO.
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e

e′′

e′

e′′′

e4

e5

Figure 2.4. The local optimal tourT (arbitrarily oriented)

LEMMA 2.1.– With the preference relation≺1 we havex > x′/2.

Proof. Let UO (resp.UT ) be the set of(1, 1) edges inO (resp. inT ). We define a
functionf : UO → UT as follows: fore ∈ UO, f(e) = e if e ∈ UT . Otherwise, let
e′ ande′′ be the two edges adjacent toe in T as depicted in Figure 2.4 (we assume an
arbitrary orientation ofT and consider that the edges adjacent toe aree′ ande′′ but not
e4 ande5). Lete′′′ be the edge forming a cycle of length 4 withe, e′ ande′′ (see Figure
2.4). We claim that there is at least one edge amonge′ ande′′ with a distance(1, 1)
and definef(e) to be one of those edges (possibly chosen arbitrarily). Otherwise, we
have{e, e′′′} ∈ S1 and{e′, e′′} ∈ S2 ∪S3 (see Figures 2.2 and 2.3), contradicting the
fact thatT is a local optimum with respect to the preference relation≺1. Now observe
that for a given edgee′′ ∈ UT , there can be at most two edgese ande′ in UO such that
f(e) = f(e′) = e′′ sinceO is a tour. Therefore, we have|UT | > |UO|/2.

LEMMA 2.2.– With the preference relation≺1 we havex+ y > (x′ + y′)/2.

Proof. The proof is similar to that of Lemma 2.1. Here,UO (resp.UT ) is the set of
(1, 1) and(1, 2) edges ofO (resp.T ).

LEMMA 2.3.– If ~D1(O) 6 ~D2(O) then ~D1(T ) 6
3
2
~D1(O) and ~D2(T ) 6

3
2
~D2(O).

Proof.We have~D1(T ) = 2n−x−y, ~D1(O) = 2n−x′−y′ and~D2(T ) = 2n−x−z,
~D2(O) = 2n − x′ − z′. Let us consider the first co-ordinate. We want to show that
~D1(T )
~D1(O)

= 2n−x−y
2n−x′−y′ 6

3
2 . Using Lemma 2.2 we get2n−x−y

2n−x′−y′ 6
2n− x′

2 − y′

2

2n−x′−y′ . Now we

have

2n− x′

2 −
y′

2

2n− x′ − y′ 6
3

2
⇐⇒ 4n− x′ − y′ 6 6n− 3x′ − 3y′

⇐⇒ x′ + y′ 6 n
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which is true sincex′ + y′ + z′ + t′ = n andz′, t′ > 0. Now, we consider the second
co-ordinate and use the fact that~D1(O) 6 ~D2(O) ⇐⇒ z′ 6 y′.

2n− x− z
2n− x′ − z′ 6

3

2
⇐⇒ 4n− 2x− 2z 6 6n− 3x′ − 3z′

⇐⇒ 3x′ − 2x+ 3z′ − 2z 6 2n

⇐⇒ 3x′ − 2x+ 3z′ − 2z 6 2(x′ + y′ + z′ + t′)

⇐⇒ x′ − 2x+ z′ − 2z 6 2y′ + 2t′

which is true sincex′ − 2x 6 0 according to Lemma 2.1,z′ 6 y′ and−z 6 t′.

Now, we suppose thatT is a 2-opt local optimal tour with respect to the preference
relation≺2. The tourO is any fixed tour. In a similar way to the case of≺1, we can
prove:

LEMMA 2.4.– With the preference relation≺2 we havex >
x′

2 andx + z > (x′ +
z′)/2.

LEMMA 2.5.– If ~D1(O) > ~D2(O), then~D1(T ) 6
3
2
~D1(O) and ~D2(T ) 6

3
2
~D2(O).

Now, we are ready to prove the main result.

THEOREM 2.3.– The set of tours returned by BLS is a 1/2-approximate Pareto curve
for the bicriteria Min TSP (1, 2) problem. Moreover, this bound is asymptotically
sharp.

Proof. Using Lemma 2.3 and Lemma 2.5, we know that given a Pareto optimal tour
O, if ~D1(O) 6 ~D2(O), then ~D(T1) 6 3

2
~D(O), otherwise~D(T2) 6 3

2
~D(O).

In order to see that this bound is asymptotically sharp, consider the instance de-
picted in Figure 2.5. The tours1s2 . . . s2ns1 is a local optimum with respect to≺1 and
≺2, and it has a total distance vector(3n, 3n), whereas the optimal tour:

s1s3s2ns4s2n−1 . . . sn−1sn+4snsn+3sn+1sn+2s2s1

has a total distance vector(2n+ 1, 2n+ 1).

Concerning the time complexity, we can show that BLS runs in timeO(n3) since
searching the 2-opt neighborhood of a tour is done inO(n2) and at mostO(n) 2-opt
moves are done to reach a local optimum.
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(1, 1)

s1 s2

s3

s4

sn−1

sn

sn+1sn+2

sn+3

sn+4

s2n−1

s2n

Figure 2.5. The edges represented have a distance vector(1, 1), whereas
non-represented edges have a distance vector(2, 2)

The result given in Theorem 2.3 can also be applied to the bicriteria version of the
Max TSP (1, 2) problem. We recall that in this problem, the objective is the maxi-
mization of the length of the tour. For the mono-criterion case, the best approximation
algorithm known has a performance ratio of 7/8 [MON 02, MON 03]. Using Theo-
rems 2.1 and 2.3, we obtain a 2/5-approximate Pareto curve for the bicriteria Max
TSP (1, 2) problem. However, if we call BMAX LS the algorithm which consists of
using modified preference relations≺′

1 and≺′
2 obtained from≺1 and≺2 by replacing

each edge(a, b) by an edge(3− a, 3− b), we can show that the inequalities obtained
in Theorem 2.3 allow us to obtain a 1/3-approximate Pareto curve.

COROLLARY 2.2.– The set of solutions returned by BMAX LS is a 1/3-approximate
Pareto curve for the bicriteria MaxTSP (1, 2) problem. Moreover, this bound is
asymptotically sharp.

2.3.3. A nearest neighbor heuristic for the bicriteriaTSP (1, 2)

We now propose anearest neighborheuristic which calculates inO(n2) a 1/2-
approximate Pareto curve for the bicriteriaMin TSP (1, 2). The idea of this tradi-
tional heuristic, applied to a mono-criterionTSP instance, consists of starting from
a randomly chosen node and greedily inserting non-visited vertices, which are chosen
as those closest to the last inserted vertex [ROS 77]. We adapt this algorithm to the
bicriteria Min TSP (1, 2). As done before with BLS, we build two solutions using
two symmetric preference relations denoted by≺1 and≺2.
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2NN: Bicriteria Nearest Neighbor
Input: I = (G, ~d) instance of the bicriteriaTSP (1, 2);
Output: Two toursp1 andp2 of I;

Take arbitrarilyv⋆ ∈ V ;
Setvs = v⋆

SetS = {vs} andu = vs;
Until S 6= V Do

Taker ∈ V −S such that6 ∃t ∈ V −S s.t.~d([u, t]) ≺1
~d([u, r]);

Setp1(u) = r andu = r;
End Until;
Setp1(r) = vs;

Take arbitrarilyv⋆⋆ ∈ V ;
Setvs = v⋆⋆

SetS = {vs} andu = vs;
Until S 6= V Do

Taker ∈ V −S such that6 ∃t ∈ V −S s.t.~d([u, t]) ≺2
~d([u, r]);

Setp2(u) = r andu = r;
End Until;
Setp2(r) = vs;

Return{p1, p2};

Table 2.1. 2NN algorithm

DEFINITION 2.2.– For two edgese and e′, ~d(e) ≺1
~d(e′) if ~d1(e) < ~d1(e

′) or,
~d1(e) = ~d1(e

′) and ~d2(e) < ~d2(e
′). Symmetrically,~d(e) ≺2

~d(e′) if ~d2(e) < ~d2(e
′)

or, ~d2(e) = ~d2(e
′) and ~d1(e) < ~d1(e

′). When~d(e) 6≺1
~d(e′) and ~d(e) 6≺2

~d(e′), we
say that~d(e) are ~d(e′) incomparable.

The algorithm proposed is called 2NN (Bicriteria Nearest Neighbor) and is given
in Table 2.1. This algorithm returns two toursp1 andp2. We assume that for each
nodev ∈ V , p1(v) (resp.p2(v)) represents the node which immediately followsv
in p1 (resp.p2). Here,p∗ denotes a Pareto optimal tour. Before proving that the two
tours returned by 2NN constitute a1/2-approximate Pareto curve for the bicriteria
TSP (1, 2), we introduce some notations. Letx1 (resp.y1, z1, t1) be the number of
edges with distance(1, 1) (resp.(1, 2), (2, 1), (2, 2)) of p1. Letx2 (resp.y2, z2, t2) be
the number of edges with distance(1, 1) (resp.(1, 2), (2, 1), (2, 2)) of p2. Letx∗ (resp.
y∗, z∗, t∗) be the number of edges with distance(1, 1) (resp.(1, 2), (2, 1), (2, 2)) of
p∗.



50 Optimization and Computer Science

v
p1(v)

vs

~d([v, p∗(v)])

p∗(v)
~d([p∗(v), p1 ◦ p∗(v)])

p1 ◦ p∗(v)

Figure 2.6. Case 1

v

p1(v)
vs

~d([v, p∗(v)])

p∗(v)

~d([v, p1(v)])

p1 ◦ p∗(v)

Figure 2.7. Case 2

Since a tour has exactlyn edges, we know that:

n = x1 + y1 + z1 + t1 = x2 + y2 + z2 + t2 = x∗ + y∗ + z∗ + t∗

LEMMA 2.6.– For p1 andp∗, we havex1 > x∗/2.

Proof.LetUp1 (resp.Up∗) be the set of(1, 1) edges ofp1 (resp.p∗). We define a func-
tion f : Up∗ → Up1 in the following way. Let[v, v′] be an edge inUp∗ . If [v, v′] ∈ Up1

thenf([v, v′]) = [v, v′]. Otherwise, we claim that among[v, p1(v)] and[v′, p1(v
′)],

there is at least one edge with distance(1, 1). Thus,f([v, v′]) = [v, p1(v)] if the dis-
tance vector of[v, p1(v)] is (1, 1), otherwisef([v, v′]) = [v′, p1(v

′)]. To see that, we
consider two possibilities:
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– p1(v) = p∗(v): if ~d([v, p∗(v)]) = (1, 1), then ~d([v, p1(v)]) = (1, 1) and
f([v, p∗(v)]) = [v, p1(v)].

– p1(v) 6= p∗(v): in case 1 (see Figure 2.6), if~d([v, p∗(v)]) = (1, 1), then
~d([p∗(v), p1(p

∗(v))]) = (1, 1) andf([v, p∗(v)]) = [p∗(v), p1(p
∗(v))]. In case 2 (see

Figure 2.7), if~d([v, p∗(v)]) = (1, 1), then~d([v, p1(v)]) = (1, 1) andf([v, p∗(v)]) =
[v, p1(v)].

Thus, each(1, 1) edge ofp1 has at most two antecedents of distance(1, 1).

LEMMA 2.7.– For p2 andp∗, we havex2 > x∗/2.

Proof.See the proof of Lemma 2.6 and replacep1 by p2.

LEMMA 2.8.– For p1 andp∗, we havex1 + y1 > (x∗ + y∗)/2.

Proof. Let Up1 (resp.Up∗ ) be the set of(1, 1) and(1, 2) edges ofp1 (resp.p∗). We
define a functionf : Up∗ → Up1 in the following way. Let[v, v′] be an edge inUp∗ . If
[v, v′] ∈ Up1 thenf([v, v′]) = [v, v′]. Otherwise, we claim that among[v, p1(v)] and
[v′, p1(v

′)], there is at least one edge with distance(1, 1) or (1, 2). Thus,f([v, v′]) =
[v, p1(v)] if the distance of[v, p1(v)] is (1, 1), otherwisef([v, v′]) = [v′, p1(v

′)]. To
see that, we consider two possibilities:

– p1(v) = p∗(v): if ~d([v, p∗(v)]) = (1, 1), then ~d([v, p1(v)]) = (1, 1) or
~d([v, p1(v)]) = (1, 2) andf([v, p∗(v)]) = [v, p1(v)].

– p1(v) 6= p∗(v): in case 1 (see Figure 2.6), if~d([v, p∗(v)]) = (1, 1) or
~d([v, p∗(v)]) = (1, 2), then~d([p∗(v), p1(p

∗(v))]) = (1, 1) or ~d([p∗(v), p1(p
∗(v))]) =

(1, 2) and f([v, p∗(v)]) = [p∗(v), p1(p
∗(v))]. In case 2 (see Figure 2.7), if

~d([v, p∗(v)]) = (1, 1) or ~d([v, p∗(v)]) = (1, 2), then ~d([v, p1(v)]) = (1, 1) or
~d([v, p1(v)]) = (1, 2) andf([v, p∗(v)]) = [v, p1(v)].

Thus, each edge of distance in{(1, 1), (1, 2)} of p1 has at most two antecedents of
distance(1, 1) or (1, 2).

LEMMA 2.9.– For p2 andp∗, we havex2 + z2 > (x∗ + z∗)/2.

Proof.See the proof of Lemma 2.8.

THEOREM 2.4.– The two tours returned by 2NN constitute a1/2-approximate Pareto
curve for the bicriteriaTSP (1, 2). Moreover, this bound is asymptotically sharp.

Proof. The proof is completely similar to that given in Theorem 2.3. Moreover, this
bound is asymptotically attained for the particular instance given in Figure 2.5. Indeed,
2NN can produce two identical tourss1 s2 . . . s2n−1 s2n of total distance(3n, 3n)
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while tours1 s3 s2n s4 . . . sn+3 sn+1 sn+2 s2 has a total distance of(2n+ 1, 2n+ 1).

In the next section, we deal with a subcase of the bicriteria MaxTSP (1, 2) prob-
lem.

2.3.4. On the bicriteria MaxTSP (1, 2)

In Corollary 2.2, we saw that BMAX LS gives a 1/3-approximate Pareto curve for
the bicriteria MaxTSP (1, 2) problem. In this section we improve this performance
ratio, but only when we restrict the distances vector to edges with distance vectors
(1, 2) and(2, 1). Actually, using Corollary 2.1, we observe that this restriction is al-
ready hard to approximate withε < 1

3r+1 if we use at mostr tours. In particular, a
single tour never provides a(1/4+ε)-approximation of this restriction, for anyε > 0.
We now prove how we can reach this performance ratio using only 3 tours. The al-
gorithm presented below, starts with the two solutions produced by a maximization
version of 2NN together with a third solution based on matchings.

AL1:
Input: I = (G, d) instance of the bicriteria MaxTSP (1, 2)
whered(e) ∈ {(1, 2), (2, 1)};
Output: Three toursT1, T2 andT3 of I ;

1. Produce a tourT1 using the nearest neighbor algorithm where edges
(1, 2) are preferred to edges(2, 1);

2. Produce a tourT2 using the nearest neighbor algorithm where edges
(2, 1) are preferred to edges(1, 2);

3. Find a third tourT3 in the following way
3.1 Find a maximum matchingM1 in the subgraph induced by the

(1, 2) edges;
3.2 Find a maximum matchingM2 in the subgraph induced by the

(2, 1) edges;
3.3 C1, . . . , Cq andP1, . . . , Pr, respectively, denote the cycles

and the paths in the graph induced byM1 ∪M2;
3.4 For eachC2i with 1 6 2i 6 q, delete one edge with distance vector

(1, 2) and letP ′
2i denote this path ;

3.5 For eachC2i+1 with 1 6 2i+ 1 6 q, delete one edge
with distance vector(2, 1) and letP ′

2i+1 denote this path ;
3.6 Build T3 by adding arbitrarily chosen edges to

(⋃r
i=1 Pi

)
∪
(⋃q

i=1 P
′
i

)
;

4. ReturnT1, T2 andT3;

Table 2.2. AL1 algorithm
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THEOREM2.5.– AL1 algorithm (see Table 2.2) returns a14 -approximate Pareto curve
for the bicriteria MaxTSP (1, 2) when we restrict the distance vectors to(1, 2) and
(2, 1).

Proof.We start with the notations introduced in section 2.3.3. The following equalities
can be easily proved:

y1 + z1 = y2 + z2 = y∗ + z∗ = n [2.3]

~D(T1) = (n+ z1, n+ y1)

~D(T2) = (n+ z2, n+ y2)

~D(T ∗) = (n+ z∗, n+ y∗)

According to Lemma 2.8, we have the following property forT1:

2y1 > y∗ [2.4]

Thus, using [2.3] and [2.4], we get:

~D2(T1) = n+ y1 > n+ y∗/2

= 3n/4 + 3y∗/4 + n/4− y∗/4

=
3

4
(n+ y∗) + z∗/4

>
3

4
~D2(T

∗)

According to Lemma 2.9, we have the following property forT2:

2z2 > z∗ [2.5]

Thus, using [2.3] and [2.5], we get:

~D1(T2) = n+ z2 > n+ z∗/2

= 3n/4 + 3z∗/4 + n/4− z∗/4

=
3

4
(n+ z∗) + y∗/4

>
3

4
~D1(T

∗)
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(i) Assume thatz1 > n/4. If 2n > 3z∗, then~D1(T1) >
3
4
~D1(T

∗) andT1 approx-
imates the whole Pareto curve. Indeed, we have:

z1 > n/4

n+ z1 > 3n/4 + n/2

n+ z1 > 3n/4 + 3z∗/4

~D1(T1) >
3

4
~D1(T

∗)

In the case where2n 6 3z∗, we have2y∗ 6 z∗ andn > 3y∗ sincen = y∗ + z∗.
Moreover,3n + 4y2 > 3n is always true sincey2 > 0. If we addn > 3y∗ to
3n+ 4y2 > 3n, we get:

4n+ 4y2 > 3n+ 3y∗

~D2(T2) >
3

4
~D2(T

∗)

As a consequence,T2 approximates the whole Pareto curve.

(ii) Assumey2 > n/4. If 2n > 3y∗, then ~D2(T2) >
3
4
~D2(T

∗) andT2 approxi-
mates the whole Pareto curve. Indeed, we have:

y2 > n/4

n+ y2 > 3n/4 + n/2

n+ y2 > 3n/4 + 3y∗/4

~D2(T2) >
3

4
~D2(T

∗)

In the case where2n 6 3y∗, we have2z∗ 6 y∗ andn > 3z∗ sincen = y∗ + z∗.
Moreover,3n+4z1 > 3n is always true sincez1 > 0. If we addn > 3z∗ to3n+4z1 >

3n, we get:

4n+ 4z1 > 3n+ 3z∗

~D1(T1) >
3

4
~D1(T

∗)
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As a consequence,T1 approximates the whole Pareto curve.

(iii) Now assume that we simultaneously havez1 6 n/4 andy2 6 n/4. In this
case,T1 has at least3n/4 (1, 2) edges andT2 has at least3n/4 (2, 1) edges. We
deduce thatM1 (resp.M2) has at least3n/8 edges of distance(1, 2) (resp.(2, 1)). On
the other hand, when we addM1 toM2, there is at mostn/4 cycles and then, we delete
at mostn/8 edges of distance vector(1, 2) andn/8 edges of distance vector(2, 1). In
conclusion, ifz3 (resp.,y3) denotes the set of(2, 1)-edges (resp.,(1, 2)-edges) ofT3,
we deduce thatz3 > 3n/8 − n/8 = n/4 andy3 > 3n/8 − n/8 = n/4. Hence, we
get:

~D(T3) > (n+ z3, n+ y3) > (5n/4, 5n/4) [2.6]

We also assume thatz∗ 6 2y∗ andy∗ 6 2z∗. Indeed, whenz∗ > 2y∗, we deduce
thaty∗ 6 n/3 sincez∗ + y∗ = n. Thus~D2(T

∗) 6 4n/3. On the other hand, trivially
~D2(T2) > n and then~D2(T2) > 3

4
~D2(T

∗). In conclusion, since previously we proved

that ~D1(T2) >
3
4
~D1(T

∗) always holds, we get~D(T2) >
3
4
~D(T ∗). Wheny∗ > 2z∗,

the same inequality holds forT1. Hence, in conclusion we can assume thatz∗ 6 2y∗

andy∗ 6 2z∗. Then,2n > 3z∗ and2n > 3y∗. We derive from these two inequalities
that:

n/3 6 y∗ 6 2n/3

n/3 6 z∗ 6 2n/3

So, we obtain:

~D(T ∗) 6 (5n/3, 5n/3) [2.7]

Thus, in the worst case,T3 approximates the whole Pareto curve within a ratio
3/4.

2.4. k-criteria TSP (1, 2)

In this section, we present a generalization of the previous results whenk, i.e., the
number of criteria, is larger than 2. We first give some non-approximability results
related to the number of generated solutions for thek-criteriaTSP (1, 2). Afterwards,
a generalization of 2NN, which has a better complexity than BLS, is proposed. This
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generalization, calledKNN, calculates inO(n2k!) time a k−1
k+1 -approximate Pareto

curve for thek-criteriaTSP (1, 2) whenk > 3.

Let us observe here that the dependence of the time complexity onk! is not sur-
prising since the size of the approximateε-Pareto curve is not necessarily polynomial
on the number of the optimization criteria [PAP 00].

2.4.1. Non-approximability related to the number of generated solutions

We give in this section a non-trivial generalization of the results given in section
2.3.1. Thus, we propose a way to get some negative results which works for several
multi-criteria problems and we put it into practice on thek-criteriaTSP (1, 2).

In what follows, we explicitly give a family of instances (denoted byIn,r) of thek-
criteriaTSP (1, 2) for which we know a lot of different Pareto optimal tours covering
a large spectrum of the possible values.

We first consider an instanceIn with n > 2k + 1 vertices where distances be-
long to {(1, 2, . . . , 2), (2, 1, 2, . . . , 2), . . . , (2, . . . , 2, 1)}. We suppose that for any
i = 1, . . . , k, the subgraph ofIn induced by the edges whose distance is1 only on
co-ordinatei is Hamiltonian (Ti denotes this tour). Using an old result [LUC 92], we
know thatKn is Hamiltonian cycles decomposable intok disjoint tours ifn > 2k+ 1
and then,In exists.

We duplicate the instanceIn r times to getIn,r. We denote byvc
a the vertexva of

thec-th copy ofIn. Between two copies with1 6 c1 < c2 6 r, we set~d([vc1
a , v

c2

b ]) =
~d([va, vb]) if a 6= b and~d([vc1

a , v
c2
a ]) = (1, 2, . . . , 2).

LEMMA 2.10.– There are (r+k−1
r ) Pareto optimal tours inIn,r (denoted by

Tc1,...,ck−1
whereci for 1 6 i 6 k − 1 arek − 1 indices in{0, . . . , r}) satisfying:

(i) ∀i = 1, . . . , k − 1, ci ∈ {0, . . . , r} and
∑k−1

i=1 ci 6 r.

(ii) ∀i = 1, . . . , k − 1, ~Di(Tc1,...,ck−1
) = 2rn − cin and ~Dk(Tc1,...,ck−1

) = rn +

n(
∑k−1

i=1 ci).

Proof. Let c1, . . . , ck−1 be integers satisfying(i). We build the tourTc1,...,ck−1
by

applying the following process: on thec1 first copies, we take the tourT1, on thec2
second copies, we take the tourT2 and so on. Finally, for ther−∑k−1

i=1 ci last copies,
we takeTk. For any1 6 l1 < l2 6 r, and any toursT andT ′, we patchT on copy
l1 with T ′ on copyl2 by replacing the edges[vl1

i , v
l1
j ] ∈ T and [vl2

j , v
l2
m] ∈ T ′ by

the edges[vl1
i , v

l2
j ] and[vl2

m, v
l1
j ]. Observe that the resulting tour has a total distance

~D(T ′) + ~D(T ). So, by applyingr times this process, we can obtain a tourTc1,...,ck−1
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satisfying(ii). Moreover, the number of tours is equal to the number of choices of
k − 1 elements amongr + (k − 1).

THEOREM 2.6.– For anyk > 2, anyε-approximate Pareto curve for thek-criteria
TSP (1, 2) containing at mostx solutions satisfies:

ε > maxi=2,...,k{
1

(2i− 1)r(i, x) − 1
}

wherer(i, x) = min{r| x 6 (r+i−1
r )− 1}

Proof.Let r(k, x) = r be the smallest integer such thatx 6 (r+k−1
r )− 1 and consider

the instanceIn,r. Sincex 6 (r+k−1
r ) − 1, there exists two distinct toursTc1,...,ck−1

andTc′1,...,c′
k−1

and a tourT in the approximate Pareto curve such that:

~D(T ) 6 (1 + ε) ~D(Tc1,...,ck−1
) and ~D(T ) 6 (1 + ε) ~D(Tc′1,...,c′k−1

) [2.8]

Let li = max{ci, c′i} for i = 1, . . . , k − 1 and lk = min{∑k−1
i=1 ci,

∑k−1
i=1 c

′
i}.

By construction, we havelk 6
∑k−1

i=1 li − 1. Moreover, the total distance ofT can
be written ~Di(T ) = 2rn − qi for i = 1, . . . , k − 1 and ~Dk(T ) = rn +

∑k−1
i=1 qi

for any value ofqi (qi is the number of edges ofT where the distance has a 1 on
co-ordinatei and 2 on the others). Thus, using inequalities [2.8], we deduce that for
i = 1, . . . , k − 1, we have2nr − qi 6 (1 + ε)(2rn− lin), which is equivalent to:

qi > lin(1 + ε)− 2rnε [2.9]

Using inequalities [2.8], we also havern+
∑k−1

i=1 qi 6 (1 + ε)(rn+ lkn), which
is equivalent to:

k−1∑

i=1

qi 6 εrn+ lkn(1 + ε) [2.10]

Adding inequalities [2.9] fori = 1, . . . , k − 1 and by using inequality [2.10] and
lk 6

∑k−1
i=1 li − 1, we deduce:

ε >
1

(2k − 1)r(k, x)− 1
[2.11]
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@
@@k
x

1 2 3 4 5 6 7 8 9

2 0.500 0.200 0.125 0.090 0.071 0.058 0.050 0.043 0.038
3 0.500 0.250 0.125 0.111 0.111 0.071 0.071 0.071 0.071
4 0.500 0.250 0.166 0.111 0.111 0.076 0.076 0.076 0.076

Table 2.3.Numerical values ofε according to Theorem 2.6

Finally, since anε-approximation for thek-criteriaTSP (1, 2) is also anε-approxi-
mation for thei-criteriaTSP (1, 2) with i = 2, . . . , k − 1, we can applyk − 1 times
the inequality [2.11] and the result follows.

Table 2.3 illustrates Theorem 2.6 for some values ofk andx. From Theorem 2.6,
we are able to give a more explicit but less powerful result.

COROLLARY 2.3.– For anyk > 2, anyε-approximate Pareto curve for thek-criteria
TSP (1, 2) containing at mostx solutions satisfies:

ε >
1

(2k − 1) (x(k − 1)!)
1/(k−1) − 1

Proof.By construction ofr(k, x) = r, we havex > (
r(k,x)−1+k−1
k−1 ). Since:

(r−1+k−1
k−1 ) >

rk−1

(k − 1)!

we deduce:
r 6 (x(k − 1)!)

1/(k−1)

Thus, using the inequality [2.11], we obtain the expected result.

More generally, if we writeRk(x) =
(
(2k − 1)(x(k − 1)!)1/(k−1) − 1

)−1
, then

we observe that the following property holds :∀k > 2, ∃x0, ∀x > x0 we have
Rk+1(x) > Rk(x). In other words, between two different versions of thek-criteria
TSP (1, 2), the negative bound increases withk. So, these bounds are interesting when
k is a fixed constant andx is an arbitrarily large integer (indeed, whenk = o(x)).

On the other hand, we can also obtain other bounds whenx is fixed andk grows to
infinity (x = o(k)). In particular, when theε-approximate Pareto curve contains justx
solutions, we obtainε > 1/(2x−1)−δ for thek-criteriaTSP (1, 2) with k arbitrarily
large.
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THEOREM 2.7.–For anyk > 2, anyε-approximate Pareto curve for thek-criteria
TSP (1, 2) containing at mostx 6 k solutions satisfies:

ε > 1− 1

⌈k/x⌉

Proof. Let x be an integer smaller than or equal tok and consider the instanceIn,r

used in Lemma 2.10 withn > 2k+ 1 andr = 1. The instanceIn,r admits (at least)k
Pareto optimal tours denoted byTj (the tourTj only uses edges with a 1 on co-ordinate
j and a 2 on the others). By the construction ofIn,r, we know that~Di(Tj) = 2n when
i 6= j and ~Di(Tj) = n otherwise.

Now, consider anε-approximate Pareto curve that contains at mostx solutions.
One of thesex solutions, denoted byT ′, approximates at leastp = ⌈k

x⌉ Pareto optimal
tours. Without loss of generality, we suppose thatT ′ ε-approximates the toursT1, T2,
. . .Tp:

1 + ε > max
i=1,...,k andj=1,...p

~Di(T
′)

~Di(Tj)

Since~Di(Tj) = 2n whenj ∈ {1, . . . , p} andp < i 6 k, we get:

max
i=1,...,k andj=1,...p

~Di(T
′)

~Di(Tj)
= max

i=1,...,p andj=1,...p

~Di(T
′)

~Di(Tj)

Since~Dj(Tj) = n whenj ∈ {1, . . . , p}, we get:

max
i=1,...,p andj=1,...p

~Di(T
′)

~Di(Tj)
=

1

n

(

max
i=1,...,p

~Di(T
′)

)

Then, we have:

1 + ε >
1

n

(

max
i=1,...,p

~Di(T
′)

)

[2.12]

We know that any feasible tourT of In,r satisfies:

k∑

i=1

~Di(T ) = n(2k − 1)
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Indeed, the distance of each edge of the instance has exactly one co-ordinate equal
to 1. Thus, any tourT satisfies:

p
∑

i=1

~Di(T ) >

k∑

i=1

~Di(T )− 2n(k − p) = n(2p− 1)

In particular, we can observe that:

max
i=1,...,p

~Di(T
′) >

∑p
i=1

~Di(T
′)

p
> n(2 − 1

p
) [2.13]

Thus, inequalities [2.12] and [2.13] give1 + ε > 2 − 1/p which means thatε >

1− (⌈k/x⌉)−1.

The method presented in this section can be applied to several other multi-criteria
problems. For instance, it works with problems where all feasible solutions have the
same size (|V | for a Hamiltonian cycle,|V | − 1 for a spanning tree, etc).

2.4.2. A nearest neighbor heuristic for thek-criteria TSP (1, 2)

Adapting the nearest neighbor heuristic to thek-criteriaTSP (1, 2) gives rise to
two questions: how can we translate the notion of closeness when multiple objectives
are considered? How many solutions must be generated to get an approximation of
the Pareto curve? In what follows, we propose a way which simultaneously brings an
answer to both questions. Given the problem, the total distance of a Pareto optimal tour
T ∗ is enclosed in ak-dimensional distance space. The way to generate a tourT which
approximatesT ∗ and also the notion of closeness depends on where~D(T ∗) is located
in the distance space. The idea is to partition the distance space into a fixed number
of parts. Then, with each part we associate an appropriate notion of closeness. Given
a part and its proper notion of closeness, we can generate with the nearest neighbor
rule a tour which approximates any Pareto optimal solution whose total distance is
in this part. For any instance of thek-criteriaTSP (1, 2), we propose to divide the
distance space intok! parts as follows: each part is identified by a permutation of
{1, . . . , k}. Given a permutationL of {1, . . . , k}, a tourT is in the part identified
by L if ~DL(1)(T ) 6 . . . 6 ~DL(k)(T ). For the notion of closeness, we introduce a
preference relation over all possible distance vectors, which looks like a lexicographic
order. This preference relation which depends onL (denoted by≺L) is defined by
usingk + 1 setsS1, . . . , Sk+1:

Sq = {~a ∈ {1, 2}k | ∀j 6 k + 1− q ~aL(j) = 1}, for 1 6 q 6 k

Sk+1 = {1, 2}k
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KNN: k-criteria Nearest Neighbor
P := ∅;
For each permutationL of {1, 2, . . . , k} do

Take arbitrarilyv ∈ V ;
W := {v} ; u := v ;
WhileW 6= V do

Taker ∈ V \W s.t.r is the closest vertex tou by 4L ;
W := W ∪ {r} ;
p(u) := r ; u := r ;

End While ;
p(r) := v ;
P := P ∪ {p};

End do ;
ReturnP ;

Table 2.4.For v ∈ V andp a tour,p(v) denotes the node which immediately
followsv in p

COROLLARY 2.4.– For any edgee, we say thate is Sq-preferred(for ≺L) if ~d(e) ∈
Sq\Sq−1 (whereS0 = ∅). For two edgese ande′ such thate is Sq-preferred ande′ is
Sq′ -preferred, we say that~d(e) is preferred (resp., weakly preferred) to~d(e′) and we
note~d(e) ≺L

~d(e′) (resp.,~d(e) 4L
~d(e′)) if and only if q < q′ (resp.,q 6 q′).

An example wherek = 3 andL is the identity permutation is given in Figure 2.8.

111 112
121

122

211
212

221
222

S1 S2 S3 S4

Figure 2.8. An example withk = 3

The algorithm that we propose for thek-criteriaTSP (1, 2) is given in Table 2.4.
CalledKNN for k-criteria Nearest Neighbor, it is composed ofk! steps. A permuta-
tion L of {1, 2, . . . , k} is determined at each step. With a permutationL, we build a
preference relation≺L and finally, a solution is greedily generated with the nearest
neighbor rule.
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Analysis of KNN. We prove thatKNN returns a(k − 1)/(k + 1)-approximate
Pareto curve for thek-criteriaTSP (1, 2) whenk > 3. The proof of this result requires
some notations and intermediate lemmata.

In what follows, we consider two particular toursp andp∗. We assume thatp is
the tour generated byKNN with the preference relation≺L and thatp∗ is a Pareto
optimal tour satisfying:

~DL(1)(p
∗) 6 ~DL(2)(p

∗) 6 . . . 6 ~DL(k)(p
∗) [2.14]

The set of all possible distance vectors{1, 2}k is denoted byΩ. For everyj 6 k,
we introduceUj = {~a ∈ Ω | ~aj = 1} andU j = {~a ∈ Ω | ~aj = 2}. For~a ∈ Ω,
we noteX~a = {v ∈ V | ~d([v, p(v)]) = ~a} andX∗

~a = {v ∈ V | ~d([v, p∗(v)]) = ~a}.
Finally,x~a (resp.x∗~a ) denotes the cardinality ofX~a (resp.X∗

~a).

If n is the number of vertices, then by construction we have
∑

~a∈Ω x~a =
∑

~a∈Ω x
∗
~a = n, ~Dj(p) = 2n−∑~a∈Uj

x~a and ~Dj(p
∗) = 2n−∑~a∈Uj

x∗~a.

LEMMA 2.11.– The following holds for anyq 6 k:

2
∑

~a∈
Tk+1−q
j=1 UL(j)

x~a >
∑

~a∈
Tk+1−q
j=1 UL(j)

x∗~a

Proof. We defineFq = {v ∈ V | ~d([v, p(v)]) ∈ Sq} and F ∗
q = {v ∈ V |

~d([v, p∗(v)]) ∈ Sq}. Then, we have to prove that2|Fq| > |F ∗
q |. The key result is

to see thatp∗[F ∗
q \Fq] ⊆ Fq wherep∗[W ] =

⋃

v∈W {p∗(v)}. Take a vertexv in

F ∗
q \Fq (see Figure 2.9). Then,~d([v, p∗(v)]) ∈ Sq, ~d([v, p(v)]) ∈ Sq′ andq′ > q.

During the calculation ofp, suppose thatv is the current node and thatp∗(v) is
not already visited. We get a contradiction (the nearest neighbor rule is violated)
sincep(v) immediately followsv in p and ~d([v, p∗(v)]) ≺L

~d([v, p(v)]). Now, sup-
pose thatp∗(v) was already visited. It directly precedesp(p∗(v)) in p and then
~d([p∗(v), p(p∗(v))]) 4L

~d([v, p∗(v)]). As a consequence,~d([p∗(v), p(p∗(v))]) ∈ Sq′′

such thatq′′ 6 q andp∗(v) ∈ Fq sinceSq′′ ⊆ Sq.

Since|p∗[F ∗
q \Fq]| = |F ∗

q \Fq|, |F ∗
q | = |F ∗

q \Fq|+ |F ∗
q ∩Fq| and|Fq| > |F ∗

q ∩Fq|,
we deduce|F ∗

q | = |p∗[F ∗
q \Fq]|+ |F ∗

q ∩ Fq| 6 2|Fq|. Finally, since
⋂k+1−q

j=1 UL(j) =
Sq, |Fq| =

∑

~a∈Sq
x~a and|F ∗

q | =
∑

~a∈Sq
x∗~a, the result follows.

The following inequality is equivalent to [2.14]:
∑

~a∈UL(1)

x∗~a >
∑

~a∈UL(2)

x∗~a > . . . >
∑

~a∈UL(k)

x∗~a
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v

p(v) p∗(v)

p ◦ p∗(v)

Figure 2.9. The tourp generated byKNN. The edge[v, p∗(v)] belongs top∗

We easily deduce that for any couplej1, j2 such thatj1 < j2 we have:

∑

~a∈UL(j2)\UL(j1)

x∗~a 6
∑

~a∈UL(j1)\UL(j2)

x∗~a [2.15]

Let b1, b2, j andm be such thatb1 ∈ {1, 2}, b2 ∈ {1, 2}, 1 6 j 6 k and
1 6 m < j. LetR(b1, j,m, b2) be the set of all~a ∈ Ω such that~aL(j) = b1 and there
exists exactlym distinct co-ordinates of~a among{~aL(1),~aL(2), . . . ,~aL(j−1)} which
are equal tob2. Note thatR(b1, j,m, b2) = R(b1, j, j−1−m, b2) whereb2 = 3− b2.

LEMMA 2.12.– For anyj 6 k, we have:

j−1
∑

q=1



q
∑

~a∈R(1,j,q,2)∪R(2,j,q,2)

x∗~a



 6 (j − 1)

j−1
∑

q=0




∑

~a∈R(2,j,q,1)

x∗~a





Proof.We sum up inequality [2.15] withj1 ∈ {1, . . . , j − 1} andj2 = j. We get the
following inequality:

j−1
∑

q=1




∑

~a∈UL(j)\UL(q)

x∗~a



 6

j−1
∑

q=1




∑

~a∈UL(q)\UL(j)

x∗~a



 [2.16]

We also have the following equality:

∀j 6 k,

j−1
∑

q=1




∑

~a∈UL(j)\UL(q)

x∗~a



 =

j−1
∑

q=1



q
∑

~a∈R(1,j,q,2)

x∗~a



 [2.17]
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Let~a be a distance vector inR(1, j, q, 2). By definition,~aL(j) = 1 and there exists
a set{i1, . . . , iq} with 1 6 i1 < i2 < . . . < iq < j such that~aL(i1) = ~aL(i2) =
. . . = ~aL(iq) = 2. Moreover, for allj′ 6 j − 1 such thatj′ /∈ {i1, . . . , iq}, we have
~aL(j′) = 1. Thus,~a ∈ UL(j)\UL(g) iff g ∈ {i1, i2, . . . , iq}.

Using a similar argument, we obtain:

∀j 6 k,

j−1
∑

q=1




∑

~a∈UL(q)\UL(j)

x∗~a



 =

j−1
∑

q=1



q
∑

~a∈R(2,j,q,1)

x∗~a



 [2.18]

Then, using [2.16], [2.17] and [2.18] we get:

j−1
∑

q=1



q
∑

~a∈R(1,j,q,2)

x∗~a



 6

j−1
∑

q=1



q
∑

~a∈R(2,j,q,1)

x∗~a



 [2.19]

SinceR(2, j, q, 2) = R(2, j, j − 1− q, 1), the following equality holds:

j−1
∑

q=1



q
∑

~a∈R(2,j,q,1)

x∗~a



 = (j − 1)

j−1
∑

q=0




∑

~a∈R(2,j,q,1)

x∗~a





−
j−1
∑

q=1



q
∑

~a∈R(2,j,q,2)

x∗~a



 [2.20]

So, Lemma 2.12 follows from [2.19] and [2.20].

THEOREM 2.8.– KNN returns a(k − 1)/(k + 1)-approximate Pareto curve for the
k-criteria TSP (1, 2) whenk > 3.

Proof. In what follows, we consider thatL is any permutation of{1, . . . , k}, p∗ is a
Pareto optimal tour satisfying [2.14] andp is built with the nearest neighbor rule and
the preference relation≺L. Then, we have to show that ifj > 3, then ~DL(j)(p) 6

(1 + j−1
j+1 ) ~DL(j)(p

∗).

The previous inequality holds if we have the following inequality:

−(j + 1)
∑

~a∈UL(j)

x~a 6 2(j − 1)
∑

~a∈UL(j)

x∗~a − 2
∑

~a∈UL(j)

x∗~a [2.21]
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~DL(j)(p) 6
2j

j + 1
~DL(j)(p

∗) ⇔ (j + 1)



2n−
∑

~a∈UL(j)

x~a





6 2j



2n−
∑

~a∈UL(j)

x∗~a





⇔ −(j + 1)
∑

~a∈UL(j)

x~a

6 2(j − 1)n− 2j
∑

~a∈UL(j)

x∗~a

⇔ −(j + 1)
∑

~a∈UL(j)

x~a

6 2(j − 1)
∑

~a∈UL(j)

x∗~a − 2
∑

~a∈UL(j)

x∗~a

usingn =
∑

~a∈UL(j)
x∗~a +

∑

~a∈UL(j)
x∗~a.

Let us denote byA andB the following quantities:

∑

~a∈UL(j)

x~a =
∑

~a∈UL(j)\(
T

m6j−1 UL(m))

x~a +
∑

~a∈
T

m6j UL(m)

x~a = A

∑

~a∈UL(j)

x∗~a =
∑

~a∈UL(j)\(
T

m6j−1 UL(m))

x∗~a +
∑

~a∈
T

m6j UL(m)

x∗~a = B

Then, inequality [2.21] becomes:

− (j + 1)A 6 2(j − 1)
∑

~a∈UL(j)

x∗~a − 2B [2.22]

In order to prove [2.22], we propose the following decomposition:

C = 2(j − 1)
∑

~a∈UL(j)

x∗~a − 2
∑

~a∈UL(j)\
T

m6j−1 UL(m)

x∗~a

− 4
∑

~a∈
T

m6j UL(m)

x~a [2.23]
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−(j + 1)A 6 C [2.24]

C 6 2(j − 1)
∑

~a∈UL(j)

x∗~a − 2B [2.25]

thus, [2.24] becomes:

−(j + 1)
∑

~a∈UL(j)\
T

m6j−1 UL(m)

x~a − (j − 3)
∑

~a∈
T

m6j UL(m)

x~a 6

6 2(j − 1)
∑

~a∈UL(j)

x∗~a − 2
∑

~a∈UL(j)\
T

m6j−1 UL(m)

x∗~a

Since the left part of this inequality is negative, we want to prove that the right part
is positive:

0 6 2(j − 1)
∑

~a∈UL(j)

x∗~a − 2
∑

~a∈UL(j)\
T

m6j−1 UL(m)

x∗~a [2.26]

∑

~a∈UL(j)\
T

m6j−1 UL(m)

x∗~a 6 (j − 1)
∑

~a∈UL(j)

x∗~a [2.27]

We also have:

∑

~a∈UL(j)\
T

m6j−1 UL(m)

x∗~a =

j−1
∑

q=1




∑

~a∈R(1,j,q,2)

x∗~a



 and

(j − 1)
∑

~a∈UL(j)

x∗~a = (j − 1)

j−1
∑

q=0




∑

~a∈R(2,j,q,1)

x∗~a





The first equality follows fromUL(j)\
⋂

m6j−1 UL(m) =
⋃j−1

q=1 R(1, j, q, 2) since
~a ∈ UL(j)\

⋂

m6j−1 UL(m) if and only if ~aL(j) = 1 and there are exactlyq indices
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{i1, . . . iq} such that1 6 q 6 j − 1 and~aL(i1) = ~aL(i2) = . . . = ~aL(iq) = 2,
which is equivalent to~a ∈ R(1, j, q, 2). The second equality follows fromUL(j) =
⋃j−1

q=0 R(2, j, q, 1) because~a ∈ UL(j) means~aL(j) = 2.

As a consequence, [2.27] becomes:

j−1
∑

q=1




∑

~a∈R(1,j,q,2)

x∗~a



 6 (j − 1)

j−1
∑

q=0




∑

~a∈R(2,j,q,1)

x∗~a





With Lemma 2.12, we have:

j−1
∑

q=1



q
∑

~a∈R(1,j,q,2)∪R(2,j,q,2)

x∗~a



 6 (j − 1)

j−1
∑

q=0




∑

~a∈R(2,j,q,1)

x∗~a





and [2.27] follows from

j−1
∑

q=1



q
∑

~a∈R(1,j,q,2)∪R(2,j,q,2)

x∗~a



 >

j−1
∑

q=1




∑

~a∈R(1,j,q,2)

x∗~a





By Lemma 2.11 withq = k + 1− j we have:

2
∑

~a∈
T

m6j UL(m)

x~a >
∑

~a∈
T

m6j UL(m)

x∗~a

which is exactly [2.25].

2.5. Conclusion

Negative results for multi-criteria optimization problems were not extensively in-
vestigated though their approximability motivated a lot of articles. By connecting the
size of the approximate Pareto curve and the best approximation ratio which can be
achieved, we present a way to get negative results which do not rely onNP-hardness.
We applied the method to thek-criteriaTSP (1, 2) but it also works with problems
where all feasible solutions have the same size.

The approximability of thek-criteriaTSP (1, 2) is also investigated with multi-
criteria versions of the traditional local search and the nearest neighbor heuristics.
However, as the number of criteria grows, and even though the number of solutions is
large (k!), the approximation ratio ofKNN tends to 2. Then, it would be interesting to
reduce the gap between positive and negative results. Following this direction, Man-
theyet al.[MAN 06] recently considered randomized algorithms for several particular
cases of the multi-criteria traveling salesman problem.
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Chapter 3

Online Models for Set-covering: the Flaw of
Greediness

3.1. Introduction

Let C be a ground set ofn elements andS a family of m subsets ofC such
that∪S∈SS = C. The set-covering problem consists of finding a familyS ′ ⊆ S, of
minimum cardinality, such that∪S∈S′S = C. In what follows, for an elementσi ∈ C,
we setFi = {Sj

i ∈ S : σi ∈ Sj
i } andfi = |Fi|; also, we setf = max{fi : i =

1, . . . , n}.

The set-covering problem has been extensively studied over the past decades. It
has been shown to beNP-hard in Karp’s seminal paper ([KAR 72]) andO(log n)-
approximable for both weighted and unweighted cases (see [CHV 79] for the former
and [JOH 74, LOV 75, SLA 96] for the latter; see also [PAS 97] for a comprehensive
survey on the subject). This approximation ratio is the best achievable, unlessP =
NP ([RAZ 97]).

In onlinecalculation, we can assume that the instance is not known in advance but
it is revealed step-by-step. Upon arrival of new data, we have to decide irrevocably
which of these data are to be included in the solution under construction. The fact
that the instance is not known in advance, gives rise to several online models specified
by the ways in which the final instance is revealed, or by the amount of information
that is achieved by the online algorithm at each step. In any of these models, we have
to devise algorithms, called online algorithms, constructing feasible solutions whose
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values are as close as possible to optimal offline values, i.e., to values of optimal solu-
tions assuming that the final instance is completely known in advance. The closeness
of an online solution to an optimal offline one is measured by the so-called competi-
tive ratiom(x, y)/ opt(x), wherex is an instance of the problem dealt,y the solution
calculated by the online algorithm dealt,m(x, y) its value andopt(x) the value of
an optimal offline solution. This measure for online calculation has been introduced
in [SLE 85].

Informally, the basic online set-covering model adopted here is the following: el-
ements of a ground set of sizen arrive one-by-one and, with any such elementσi

(arriving during stepi), arrives also something about some of the sets containingσi.
This “something” can be either the names of sets containingσi or more information
related to their cardinalities, or their covering potential, etc. At each step,σi has to
be processed immediately, i.e., it has either to be covered by some of the sets whose
names have arrived with it, or to be left uncovered thus risking infeasibility of the final
solution.

We first assume that, together with an element, the names of the sets containing it
in the final instance are revealed. We show that if no further information is given, then
the competitive ratio of any algorithm isΩ(n).

Next, we handle several algorithms dealing with the online model just sketched.
The first one, calledTAKE-ALL, includes at each step in the solution all the sets con-
taining the element just revealed, if it is still uncovered. We show that this algorithm
has tight competitive ratioO(f), wheref is the maximum number of sets inS that
contain a ground element. The second algorithm, calledTAKE-AT-RANDOM, is a ran-
domized algorithm that at each step picks a set at random among those whose names
are revealed and includes it in the solution, if it is still uncovered. For this algorithm we
provide an upper bound ofO(n) for its competitiveness, as well as an asymptotically
matching expected lower bound.

We then assume that, together with the names of the sets covering a revealed ele-
ment, information concerning their covering potential is also communicated. We show
that, in this case, the competitive ratio of any algorithm that, for any arriving uncov-
ered element, includes in the cover at least one set containing it is bounded below
by Ω(

√
n). Assuming that the covering potential information given with any element

is the name of the larger set containing it (in the final instance), we show that the com-
petitive ratio of the greedy algorithm, calledTAKE-LARGEST, consisting of including
this set in the solution isO(n).

We next address the following question: “what must an online algorithm know
about sets in order to guarantee an upper competitive bound ofO(

√
n)?” We show that

such a bound can be attained at least by an algorithm, calledTAKE-LARGEST-ON-FU-

TURE-ITEMS, which at any stepi includes some set containingσi covering most of the
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ground set-elements that have not been yet covered (clearly, any uncovered element
is yet unrevealed). This assumption can be seen as the online counterpart of the natu-
ral greedy (offline) set-covering algorithm, calledGREEDY in what follows. We recall
that this algorithm includes in the solution a set covering most of the still uncovered
elements.

Finally, we address a budget variant of set-covering. We assume that two algo-
rithms collaborate to solve the problem. The application cost of the former is just the
cardinality of the solution it finally calculates, while, for the latter, its application cost
is the cardinality of its solutions augmented by an overhead due, for example, to the
fact that it is allowed to wait before making its decisions. We can see the application
cost of the former algorithm as a kind of budget allotted to them that is not allowed to
be exceeded. The objective is to perform the maximum possible saving upon the initial
budget. We show that there exists a natural algorithm-cost model such thatGREEDY is
asymptotically optimal for maximum budget saving when the budget allotted is the
application cost ofTAKE-LARGEST-ON-FUTURE-ITEMS.

3.2. Description of the main results and related work

In [ALO 03], the following online set-covering model has been studied. We sup-
pose that we are given an instance(S, C) that is known in advance, but it is possible
that only a part of it, i.e., a subinstance(Sp, Cp) of (S, C) will finally arrive; this
subinstance is not known in advance. A picturesque way of understanding the model
is to think of the elements ofC as lights initially switched off. Elements switch on
(get activated) one-by-one. Any time an elementc gets activated, the algorithm has
to decide which among the sets ofS containingc has to be included in the solution
under construction (since we assume that(S, C) is known in advance, all these sets
are also known). In other words, the algorithm has to keep an online cover for the
activated elements. The algorithm proposed for this model achieves competitive ra-
tio O(log n logm) (even if less thann elements ofC will be finally switched on and
less thanm subsets ofS include these elements).

The online model dealt with here is inspired (yet quite different since it does not
allow an element to disappear once arrived) from that in [ALO 03]. Moreover, and
most importantly, the instance(S, C) is not known in advance. In our model, we
are given an arrival sequenceΣ = (σ1, . . . , σn) of the elements ofC (i.e., elements
of C are switched on following the orderσ1, . . . , σn), the objective is to find, for
any i ∈ {1, . . . , n}, a familyS ′i ⊆ S such that{σ1, . . . , σi} ⊆ ∪S∈S′

i
S. Recall that

for any σi, i = 1, . . . , n, we denote byFi = {Sj
i : Sj

i ∈ S, σi ∈ Sj
i } the sets

of S containingσi, by fi the cardinality ofFi, usually called frequency, and we set
f = maxσi∈Σ{fi}. We denote byS̄j

i the subset of the elements ofSj
i ∈ Fi still

remaining uncovered and byδj
i the cardinality ofS̄j

i .
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Whenσi switches on, something about the sets inFi, j = 1, . . . , fi is revealed. We
first assume that this “something” is the names of the sets coveringσi, i.e., the names
in Fi. We show that, if no further information is supplied, then no online algorithm
can achieve competitive ratio better thanO(n).

We then study the competitiveness of two algorithms dealing with this model,
namelyTAKE-ALL andTAKE-AT-RANDOM.

The former, whenever someσi arrives, if it is still uncovered (i.e., if none of the sets
included in the solution up-to-date does belong toFi), then includes all the sets inFi

in the solution under construction. We show that the competitive ratio ofTAKE-ALL is
bounded above byf , i.e., the maximum frequency of the final instance, and that this
ratio is tight and can even be exponential withn.

In the case ofTAKE-AT-RANDOM, any time someσi arrives, if it is still uncovered,
the algorithm picks at random a set inFi and puts it in the solution. We show that its
competitive ratio is bounded above byO(n). We also prove that its expected compet-
itive ratio cannot be better thanO(n1−ǫ), for anyǫ > 0. We so have a lower bound
that asymptotically matches its competitive ratio.

We next assume that together withFi, some more information is revealed about
the covering potential of some of the sets inFi. We show that under this assumption,
no online algorithm that, upon the arrival of an uncovered element, processes it by
adding to the cover at least one set containing it can guarantee competitive ratio better
than

√

n/2.

Furthermore, we show that if together withFi the name of some set:

Ŝi ∈ argmax
{∣
∣
∣S

j
i

∣
∣
∣ , j = 1, . . . , fi

}

is revealed, then the greedy rule (calledTAKE-LARGEST later on) that ifσi is still
uncovered, includeŝSi in the solution, achieves competitive ratioO(n).

The two results mentioned above show that there is an important gap between the
general lower bound of

√

n/2 and the ratio achieved byTAKE-LARGEST. Hence, a
question arises naturally: “what is sufficient for an online algorithm to know in order
to achieve a ratio closer to this bound, for example,O(

√
n), respecting always the

given online model?”. We show that there exists at least one implementation doing
this, if it possesses some look-ahead information.

We show that if together withσi andFi, the name of some set:

S̃i ∈ argmax
{

δj
i , j = 1, . . . , fi

}
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i.e., the name of a set inFi covering most of the still uncovered elements is revealed,
then the greedy rule (TAKE-LARGEST-ON-FUTURE-ITEMS) that adds̃Si in the cover,
if σi remains still uncovered, achieves tight competitive ratioO(

√
n). Let us note that

TAKE-LARGEST-ON-FUTURE-ITEMS is a kind of online analog ofGREEDY. Hence,
analysis of its competitiveness is interesting by itself.

Note also that a basic and very interesting feature of the introduced models is
their small memory requirements, since the only information needed is the binary
encoding of the names of the sets. This is a major difference between our approach
and that of [ALO 03]. There, anytime an element gets activated, the algorithm needs
to calculate the value of a potential function using an updated weight parameter for
each element and then chooses covering sets in a suitable way so that this potential
is always non-increasing. The greedy online algorithm in our model needs only a
constant number of memory places, making it more appropriate for handling very
large instances with very few hardware resources. For instance, the rules used here
use at mostO(m) space.

We are therefore faced with the power (rather the weakness) of greediness. Let us
recall that the online models that we consider assume no knowledge of the topology
of the final instance(S, C) and immediate processing of any arriving elementσi. Ob-
viously, the rules that we consider are the only ones to feasibly solve the problem in
such situations. Furthermore, they are very efficient in time and in memory require-
ments, hence well adapted to really face online practical situations. On the other hand,
since no a priori knowledge of the instance’s topology is admitted, no algorithm can do
complex preliminary calculations (as the potential calculations in [ALO 03]) in order
to judiciously choose the set to be included in the cover under construction.

In many real-life problems, it is necessary to relax the main specification of the
online setting, i.e., to keep a solution for any partially revealed instance, in order to
achieve a better solution quality. In this sense, a possible relaxation is to consider
that several algorithms collaborate in order to return the final solution. The costs of
using these algorithms can be different from one another, depending upon the sizes
of the solutions calculated, the time overheads they take in order to produce them,
etc. Moreover, we can assume that an initial common budget is allotted to all these
algorithms and that this budget is large enough to allow use of at least one of the
algorithms at hand to solve the problem without exceeding it. A nice objective could
be in this case, to use these algorithms in such a way that a maximum of the initial
budget is saved.

For the case of set-covering, the following budget-model, giving rise to what we
call maximum budget saving problemis considered in section 3.7. We assume that two
algorithms collaborate to solve it: for example,TAKE-LARGEST-ON-FUTURE-ITEMS

and the greedy (offline) algorithm. The application-cost of the former is just the car-
dinality of the solution it finally calculates, while, for the latter, its application cost
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is the cardinality of its solutions augmented by an overhead due, for example, to
the fact that it is allowed to wait before making its decisions. For an instancex of
set-covering, the initial budget considered isB(x) =

√
n opt(x) (this is so that at

leastTAKE-LARGEST-ON-FUTURE-ITEMS is able to calculate a solution ofx without
exceeding the budget for anyx). Denote byc(x, y) the cost of usingA in order to
calculate a covery for x. The objective is to maximize the quantityB(x) − c(x, y)
and, obviously, the maximum possible economy onx is B(x) − opt(x). We show
in section 3.7 that there exists a natural algorithm-cost model such thatGREEDY is
asymptotically optimal for maximum budget saving.

Before closing this section, let us quote another approach that could be consid-
ered to be at midway between semi-online and reoptimization approaches, developed
in [GAM 97]. There, the problem tackled is the maintenance of the approximation
ratio achieved by an algorithm while the set-covering instance undergoes limited
changes. More precisely, assume that a set-covering instance(S, C) and a solutionS′
for it are given. How many insertions of some of the ground elements in subsets that
did not previously contain these elements produce an instance for which the solu-
tionS′ of the initial instance guarantees the same approximation ratio in both of them?
In [GAM 97] it is shown that if solutionS′ has been produced by application of the
natural greedy algorithm achieving approximation ratioO(log n) ([CHV 79]), then
afterO(log n) such insertions the initial solutionS ′ still guarantees the same approx-
imation ratio. In the same spirit lies also the similar set-covering model in [TEL 04].

3.3. The price of ignorance

In this section we consider the first version of the online model sketched in
section 3.2. Assume an arrival sequenceΣ = (σ1, . . . , σn) of the elements ofC,
and the objective is to find, for anyi ∈ {1, . . . , n}, a family S ′i ⊆ S such that
{σ1, . . . , σi} ⊆ ∪S∈S′

i
S. Once an elementσi, i = 1, . . . , n switches on, only the

encodings of the members ofFi are also revealed.

For this case we first prove that when no additional information is given, any rule
that has to cover a new element without any look-ahead behaves rather badly. In this
sense strategies that choose elements either randomly or based upon observations of
the past (for instance include the subset that has appeared the most frequently or the
most rarely until now) are highly inefficient.

PROPOSITION3.1.– If no information other than their encodings is given about the
sets revealed with an arriving, not yet covered ground element, then the competitive
ratio of implementation of any greedy principle isΩ(n).
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Proof.The adversary reveals a first uncovered element along with the encodings ofN
sets, sayS1, . . . , SN , covering it in the final instance. He then keeps revealing uncov-
ered elements along with all sets fromS1, . . . , SN which are not already included into
the cover, until the algorithm has included allN sets into the cover.

Suppose without loss of generality that the algorithm has includedS1, . . . , Sl1 at
the first step,Sl1+1, . . . , Sl2 at the second step, and so on, . . . ,Slk−1+1, . . . , Slk = SN

at thekth and final step.

The adversary can give the following interpretation to the instance:

– the family of ground subsets isS = {S1, . . . , SN};
– there existn = logN + k ground elements, namely{σ1, . . . , σlog N , 1, . . . , k}

(notice also thatk 6 N );

– the setSi included at stepj contains the elementsσp, for all placesp where the
binary expression ofi has a 1, plus elements in{1, . . . , j};

– the arrival sequence is1, . . . , k.

In this interpretation, the setSN , included at the last step, is the ground set itself;
thus, in such a setting, the competitive ratio of the algorithm would beN , i.e.,Ω(n).

It can be immediately seen that under the given model, any deterministic algorithm
that includes a specific set containing a new (uncovered) elementσi (for example, the
set ofFi that comes first in lexicographic order) achieves competitive ratioO(n).
Indeed, it chooses at mostn sets for an optimum greater than, or equal to 1.

3.4. Competitiveness ofTAKE-ALL and TAKE-AT-RANDOM

3.4.1. TAKE-ALL algorithm

Recall that theTAKE-ALL algorithm, whenever a newly revealed elementσi is
not already covered by sets already included in the solution due to former arrivals,
includes in the solution the whole familyFi the names of the members of which have
been revealed together withσi.

PROPOSITION3.2.– The competitive ratio ofTAKE-ALL is bounded above byf . This
ratio is tight.

Proof. Denote byσ1, . . . , σk the critical elements ofΣ, i.e., the elements having en-
tailed the introduction ofS1, . . . , Sk in S′. Denote also byS∗ an optimum offline
solution. Obviously, for any of the critical elements, a distinct set is needed to cover
it, in any feasible cover forC; hence:

|S∗| > k [3.1]
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On the other hand, since, fori = 1, . . . , k, fi 6 f :

|S′| 6 kf [3.2]

By combining [3.1] and [3.2], the competitive ratio is immediately derived.

In order to show tightness, consider an instance with ground setC = {1, . . . , n}
and the family of all2n−1 sets formed by1 union any other set in2C\{1}. With an
arrival sequence starting with1, the competitive ratio of ruleTAKE-ALL would be
2n−1 = f .

Note thatTAKE-ALL is similar to the approximation algorithm for minimum set-
covering presented in [HOC 82] and, furthermore, it guarantees the same approxima-
tion ratio.

Note also that, according to Proposition 3.2,TAKE-ALL gives a much worse com-
petitiveness thann.

3.4.2. TAKE-AT-RANDOM algorithm

Recall thatTAKE-AT-RANDOM chooses at random one set inFi per revealed un-
covered elementσi and puts it in the solution. It can be immediately seen that, with
the same arguments as those at the end of section 3.3,TAKE-AT-RANDOM achieves
competitive ratioO(n). In the following proposition, we show that even its expected
competitive ratio, if it chooses one of the sets coveringσi with uniform probability,
cannot be much better thanO(n).

THEOREM 3.1.– For any ǫ > 0, there exists an instance of the online set-covering
withn ground elements such that the expected competitive ratio ofTAKE-AT-RANDOM

is Ω(n1−ǫ).

Proof. For anyǫ > 0, fix an integerk > 1/ǫ and letN > 2k. Consider the instance
with ground setC = {1, . . . , n = Nk}. FamilyS contains the following sets:

– a partition of the ground set intoclasssetsS(i) = {j ∈ C : (j − 1) ÷ N =
(i− 1)}; clearly,|S(i)| = N and there existNk−1 class sets;

– for anyj ∈ S(i) for somei, there exist2N−1 internalsets, each one containingj
plus the elements of one of all possible subsets ofS(i) (including the empty set);

– the ground setC itself.

Consider now an arbitrary arrival sequence and calculate the expected value of
the cover, which will be equal to the expected competitive ratio ofTAKE-AT-RANDOM

(equality holds, since the optimum for this instance isC).
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Every element belongs to one class set and to2N−1 internal sets. We denote
by E(q) the expected size of the solution provided byTAKE-AT-RANDOM on the in-
stance ofq elements defined as before. Then:

E
(
Nk
)

=
1

2N−1 + 1

(

1 +

N−1∑

l=0

(
N − 1

l

)
(
1 + E

(
Nk − l − 1

))

)

>
1

2N−1 + 1

(
1 + 2N−1 + 2N−1E

(
Nk −N

))

≈ 1 + E
(
Nk −N

)

The recursive relation yields then directlyE(Nk) > Nk−1, i.e., E(n) =
Ω(n1−ǫ).

EXAMPLE 3.1.– We now give an example of construction of Theorem 3.1. Consider
N = 3 andk = 3 (these values ofN andk do not conform to their definition but, at
first, we use them for simplicity). ThenC = {1, 2, . . . , 27} and we have:

– class sets:{1, 2, 3}, {4, 5, 6}, {7, 8, 9}, {10, 11, 12}, {13, 14, 15}, {16, 17, 18},
{19, 20, 21}, {22, 23, 24} and{25, 26, 27};

– for any class set{a, b, c}, there exist the internal sets:{a}, {b}, {c}, {a, b},
{a, c} and{b, c};

– finallyC = {1, 2, . . . , 27} ∈ S.

Let us assume thatσ1 = 17. With it will be revealed the following22 + 1 = 5
sets:{17}, {16, 17}, {17, 18}, {17, 18, 19} and{1, 2, . . . , 27}. The average cover for
the whole instance will be of size 9, independently on the arrival sequence.

For k = 3, N > 8. TakingN = 8, n = 512. In this case, the class sets would
be the partition of{1, 2, . . . , 512} into 64 subsequent 8-tuples. For any class set there
would be 254 internal sets. With any element of the arrival sequence there would
arrive 1 class set, plus 63 internal sets plus the set{1, 2, . . . , 512}, i.e.,83−1 +1 = 65
sets. The average cover size would be in this case 64.

3.5. The nasty flaw of greediness

In this section, we consider a slightly enriched model for online set-covering by
assuming that, together with any elementσi of the arrival sequence, arrive not only
the names of the sets containing them in the final instance but also some information
about the covering potential of some of these sets.
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In what follows, we show that, even for this revised model, no online algorithm
can achieve competitive ratio better than

√

n/2, even if it is allowed to choose at any
step more than one set to be introduced in the solution.

THEOREM 3.2.– Consider an online model for set-covering where, together with any
elementσi of the arrival sequence, arrive not only the names of the sets containing
them in the final instance but also some information about the covering potential of
some of these sets. Then, no online algorithm for this model such that, at any step, it
includes in the cover at least one set containing some not yet covered arriving element
can achieve competitive ratio less than

√

n/2, even if we assume that with anyσi, S̃i

is also revealed.

Proof. Consider the following set-covering instance built, for any integerN , upon a
ground setC = {xij : 1 6 j 6 i 6 N}; obviously,|C| = n = N(N + 1)/2. A path-
set of orderi is defined as a set containingN − i+ 1 elements{xiji , . . . , xNjN }. The
set-systemS of the instance contains all possible path-sets of each orderi, 1 6 i 6 N .
Clearly, there existN !/0! path-sets of order 1,N !/1! path-sets of order 2, and so on
and, finally,N !/(N−1)! path-sets of orderN , i.e., in allN !(1+ . . .+1/(N − 1)!) ≈
eN ! path-sets. Finally, the set-systemS is completed with an additional setY contain-
ing all elements ofC except those of some path-set of order 1, that will be specified
later (hence,|Y | = n−N ).

As long as there exist uncovered elements, the adversary may choose to have an
uncovered elementxij of the lowest possiblei arriving, which will be contained only
in all path-sets of order less than or equal toi. Notice that as long as algorithmA has
r < N sets inserted in the cover, there will be at least one elementx(r+1)j for somej,
1 6 j 6 k + 1, not yet covered. Suppose that after the arrival ofσt, the size of the
cover calculated byA becomes equal to, or greater than,N . Clearly,1 6 t 6 N .
At time t + 1, a new element arrives, contained in some path-sets and inY , which
can be now specified as consisting of all elements inC except for the elements of
some path-setS∗ of order 1 containingσ1, . . . , σt; the rest of the arrival sequence is
indifferent.

Clearly the optimum cover in this case would have been path-setS∗ together with
setY ; hence,kA/k∗ > N/2, withN tending to

√
2n asn increases.

It is easy to see that the above construction can be directly generalized so that
the same result also holds in the case that the online algorithm is allowed to include
more than one set at a time in the cover: ifσ1 = x11, then as long as the size of the
online cover is less thanN , there always exists someiℓ−1 < iℓ 6 N and somejiℓ
for whichxiℓjiℓ

is yet uncovered. Hence, ifσℓ is this element, then the algorithm will
have to put some sets in the cover. Finally, the algorithm will have putN sets in the
cover, while the optimum will always be of size 2.
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Figure 3.1. The counter-example of Theorem 3.2 forN = 3

EXAMPLE 3.2.– In order to illustrate the construction in Theorem 3.2, consider the
instance of Figure 3.1, withN = 3 (the elements ofC are depicted as circles la-
beled by(i, j) for 1 6 j 6 i 6 3). TheSi sets can be thought of as paths ter-
minating to a sink on the directed graph of Figure 3.1(a). Assume that(1, 1) arrives
and algorithmA chooses sets{(1, 1), (2, 1), (3, 1)}, {(1, 1), (2, 2), (3, 2)} for cover-
ing it; the uncovered element(3, 3) arrives next, soA has to cover it by, for exam-
ple, the set{(2, 1), (3, 3)} (Figure 3.1(b)). The optimal cover might consist of set
{(1, 1), (2, 2), (3, 3)} together with a big set consisting of the rest of the elements, that
could not have been revealed toA upon arrival of(1, 1), or of (3, 3) (Figure 3.1(c)).

Let us now see what the situation is if we assume that together withFi is also
revealed the name of some setŜi ∈ argmax{|Sj

i |, j = 1, . . . , fi} and we implement
TAKE-LARGEST that consists of includinĝSi in the solution.

Observe first that the discussion about the competitiveness of deterministic algo-
rithms that include a specific set containing a new (uncovered) element, holds also for
TAKE-LARGEST. Hence, its competitive ratio is bounded above byn. We now show
that this ratio is asymptotically tight.

Consider the following set-covering instance: a ground setC = {1, . . . , 2N},
a family of setsS = {S0, . . . , SN} with Si = {i, . . . , N + i}. Assume an arrival
sequence starting withN,N + 1, . . . , 2N . Then,TAKE-LARGEST might include into
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the cover setsS1, . . . , SN , while the optimum cover would consist of onlyS0, SN ,
thus yielding a competitive ratio of at leastN/2.

3.6. The power of look-ahead

The discussion in section 3.5 shows a large gap between the lower bound provided
for any algorithm for this model in Theorem 3.2 and the (tight) competitiveness of
TAKE-LARGEST, which is one of the most natural rules one could think about. So, an
immediate question can be addressed: “what must an online algorithm know in order
to achieve a competitive ratioO(

√
n)? Is it possible to devise such an algorithm?” The

following result tackles these questions.

THEOREM3.3.– Consider an instance(S, C) of minimum set-covering with|C| = n.
Assume an arrival sequenceΣ = (σ1, . . . , σn) and suppose that once an elementσi,
i = 1, . . . , n, switches on, the encoding for̃Si ∈ argmax{δj

i , j = 1, . . . , fi} is
revealed together withσi. Consider an implementation ofTAKE-LARGEST-ON-FUTU-
RE-ITEMSwhere, ifσi is not already covered in one of the previous steps, it includesS̃i

in the solution. Denote byS∗ = {S∗
1 , . . . , S

∗
k∗} an optimal offline solution on(S, C).

The competitive ratio ofTAKE-LARGEST-ON-FUTURE-ITEMS is bounded above by
min{

√

2n/k∗,
√
n}. Furthermore, there exist large enough instances for which this

ratio is equal to
√

n/2.

Proof.Fix an arrival sequenceΣ = (σ1, . . . , σn) and denote byc1, . . . , ck, its critical
elements, i.e., the elements having entailed introduction of a set inS′. In other words,
critical elements ofΣ are all elementsci such thatci was not yet covered by the cover
under construction upon its arrival. Assume also that the final coverS′ consists ofk
sets, namely,S1, . . . , Sk, whereS1 has been introduced inS′ due toc1, S2 due toc2
and so on.

Let δ(Si) be the increase of the number of covered elements just after having
includedSi in the greedy cover (let us recall that ifSi has been added inS′ for the
critical elementci = σj , δ(Si) = max{δ1j , . . . , δ

fj
j }). We have:

δ (S1) = |S1| [3.3]

δ (Si) =

∣
∣
∣
∣
∣

i⋃

ℓ=1

Sℓ

∣
∣
∣
∣
∣
−
∣
∣
∣
∣
∣

i−1⋃

ℓ=1

Sℓ

∣
∣
∣
∣
∣
, 2 6 i 6 k [3.4]

Now fix an optimal offline solutionS∗ of cardinalityk∗. Any of the critical el-
ementsc1, . . . , ck can be associated with the smallest-index set inS∗ containing it.
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For anyS∗
i ∈ S, we denote bŷS∗

i the set of the critical elements associated withS∗
i

(obviously,Ŝ∗
i ⊆ S∗

i ). Thecritical contenth(S∗
i ) of anyS∗

i ∈ S∗ is defined as the
number of critical elements associated with it as described before, i.e.,h(S∗

i ) = |Ŝ∗
i |.

Let S∗
1 , . . . , S

∗
r be the sets inS∗ of positive critical contentsh(S∗

1 ), . . . , h(S∗
r ),

respectively. Clearly:

r∑

i=1

h (S∗
i ) = k [3.5]

r 6 k∗ [3.6]

For anyS∗
i , let c1i , . . . , c

h(S∗
i )

i be the elements of its critical content ordered ac-
cording to their position in the arrival sequenceΣ; in other words, following our as-

sumptions,̂S∗
i = {c1i , . . . , c

h(S∗
i )

i } (let us recall that̂S∗
i ⊆ S∗

i ).

Suppose, without loss of generality, that, forℓ = 1, . . . , h(S∗
i ), the setSjℓ ∈ S has

been introduced inS′ when the critical elementcℓi has been activated. At the moment
of the arrival ofc1i , the setS∗

i is also a candidate set forS′. The fact thatSj1 has been
chosen instead ofS∗

i means thatδ(Sj1) > δ(S∗
i ); hence, since, as noticed just above,

Ŝ∗
i ⊆ S∗

i , the following holds immediately:δ(Sj1 ) > δ(S∗
i ) > |Ŝ∗

i | = h(S∗
i ).

Whenc2i gets activated, the setS∗
i has lost some of its elements that have been

covered by some sets already chosen by the algorithm. In any case, it has lostc1i
(covered bySj1 ). So, following the arguments developed just above forSj1 , δ(Sj2 ) >

h(S∗
i )− 1 and so on (quantitiesδ(·) are defined either by [3.3], or by [3.4]). So, when

dealing withcℓi , the following holds:

h (S∗
i )− ℓ+ 1 6 δ (Sjℓ) [3.7]

For example, consider the illustration of Figure 3.2. LetS∗ be a set of the fixed op-
timal coverS∗ and denote bŷS the set of its critical elements,c1, c2 andc3 (ranged in
the order they have been activated). LetS be the set chosen to coverc2. The shadowed
parts ofS∗, Ŝ andS correspond to elements already covered at the moment of arrival
of c2. At this moment,S must contain at least as many uncovered elements asS∗ does
anda fortiori at least one uncovered element for any yet uncovered critical element of
S∗ (two uncovered elements forS appear below the dashed line forc3 andc4).

Summing up inequalities [3.7], forℓ = 1, . . . , h(S∗
i ), and setting:

h(S∗
i )

∑

ℓ=1

δ (Sjℓ) = ni
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S

Ŝ

S∗

c1 c2 c3 c4

Figure 3.2. An example for [3.7]

we finally get forSi:

h (S∗
i ) (h (S∗

i ) + 1)

2
6

h(S∗
i )

∑

ℓ=1

δ (Sjℓ) = ni =⇒ h (S∗
i ) 6

√
2ni [3.8]

Set, for1 6 i 6 r, ni = αin, for someαi ∈ [0, 1]. Then,
∑r

i=1 αi = 1 and:

r∑

i=1

√
αi 6

√
r [3.9]

Using [3.5], [3.6], [3.8] and [3.9], we get:

k =

r∑

i=1

h (S∗
i ) 6

√
2n

r∑

i=1

√
αi 6

√
r
√

2n 6
√
k∗
√

2n [3.10]
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By dividing the first and the last members of [3.10] byk∗, we get:

k

k∗
6

√

2n

k∗
[3.11]

On the other hand, note that, ifk∗ = 1, i.e., if there existsS∗ ∈ S such that
S∗ = {S∗}, thenTAKE-LARGEST-ON-FUTURE-ITEMS would have chosen it from
the beginning of its running in order to coverσ1; next, no additional set would have
entered theS′. Consequently, we can assume thatk∗ > 2 and, using [3.11]:

k

k∗
6
√
n [3.12]

Combination of [3.11] and [3.12] concludes the competitive ratio claimed by the
statement of the theorem.

Fix an integerN and consider the following instance(S, C) of minimum set-
covering:

C =

{

1, . . . ,
N(N + 1)

2

}

S1 = {1, . . . , N}
S2 = {N + 1, . . . , 2N − 1}

...

SN =

{
N(N + 1)

2

}

SN+1 =

{

(i− 1)N − i(i− 3)

2
: i = 1, . . . , N

}

SN+2 = C \ SN+1

Consider the arrival sequence(1, . . . , N(N + 1)/2). The algorithm might cal-
culate the coverS′ = {Si, 1 6 i 6 N}, while the optimal one isS∗ =
{SN+1, SN+2}. Hence, the competitive ratio in this case would beN/2, with N =
(−1 +

√
1 + 8n)/2, which is asymptotically equal to

√

n/2 as claimed.
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Figure 3.3. The ratio
p

n/2 for TAKE-LARGEST-ON-FUTURE-ITEMS is
asymptotically attained

For example, consider Figure 3.3. IfΣ starts with 1, 6, 10, 13, 15,TAKE-LAR-
GEST-ON-FUTURE-ITEMS may have chosen{1, 2, 3, 4, 5}, {6, 7, 8, 9}, {10, 11, 12}
and{13, 14}, {15}, respectively, while the optimal cover would consist of two sets,
namely,{1, 6, 10, 13, 15} and{2, 3, 4, 5, 7, 8, 9, 11, 12, 14}. The proof of the theorem
is now complete.

Revisit [3.11], set∆ = maxSi∈S{|Si|} and take into account the obvious inequal-
ity: k∗ > n/∆. Then, the following result is immediately derived from Theorem 3.3.

COROLLARY 3.1.– The competitive ratio ofTAKE-LARGEST-ON-FUTURE-ITEMS is
bounded above by

√
2∆.

It can be easily seen from the proof of Theorem 3.3 that it also works even if we
assume that the arrival sequence does not contain all the elements ofC but only a
part of them. In this case, the competitive ratio achieved is

√

2n/k∗ 6
√

2n, since
the hypothesis on the size ofk∗ (discussed at the end of the proof of Theorem 3.3)
is no longer valid. This is important forTAKE-LARGEST-ON-FUTURE-ITEMSbecause
it can be seen as an algorithm working also for the online model in [ALO 03] with
non-trivial upper competitive bound.

COROLLARY 3.2.– Assuming that only a subset ofC will finally be revealed, the
competitive ratio ofTAKE-LARGEST-ON-FUTURE-ITEMS is bounded above by

√
2n.
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The counter-example instance given in the proof of Theorem 3.3 can be slightly
modified to fit the case where, at each step, whenever a yet uncovered element arrives,
the algorithm is allowed to include in the cover a constant number of sets containing
it and such that the number of elements yet switched off that belong to these sets is
maximized.

Consider a modification ofTAKE-LARGEST-ON-FUTURE-ITEMSwhere, for a fixed
numberρ, when a new ground elementσi arrives, theρ sets inFi covering most of
the still uncovered elements are included in the solution. Then, the following holds.

PROPOSITION3.3.–The modified version ofTAKE-LARGEST-ON-FUTURE-ITEMShas
competitive ratio bounded below by

√
ρn/2.

Proof.For someρ > 1 and for some integerN , consider the following instance:

S =
{

X,Y, Sj
i : 1 6 i 6 N, 1 6 j 6 ρ

}

C =

N⋃

i=1

ρ
⋃

j=1

Sj
i

(

|C| = ρ
N(N − 1)

2
+N = n

)

X = {x1, . . . , xN}
∣
∣
∣S

j
i

∣
∣
∣ = N − i+ 1 for i = 1, . . . , N

Sj
i

⋂

Sk
l = ∅, if i 6= l

Sj
i

⋂

Sk
i = {xi} , if j 6= k

Y = C \X

Consider the arrival sequence wherex1, . . . , xN are firstly revealed.TAKE-LARG-
EST-ON-FUTURE-ITEMSmight include in the cover all theSj

i , while the optimal cover
is {X,Y }. In this case, the competitive ratio isρN/2, with:

N =
ρ− 2

2ρ
+

√
(
ρ− 2

2ρ

)2

+ 2
n

ρ

i.e., the value of the ratio is asymptotically
√

ρn/2.

For example, setρ = 2 andN = 5 and consider the instance of Figure 3.4.
For Σ starting withx1, x2, x3, x4, x5, the algorithm may insert into the cover the
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Figure 3.4. A counter-example for the case where the algorithm is allowed to
include a constant number of sets containing a recently arrived element

sets depicted as “rows”, while the optimal cover would consist of the “column”-set
{x1, x2, x3, x4, x5} together with the “big” set containing the rest of the elements
(drawn with diagonal lines in Figure 3.4).

In the weighted version of set-covering, any setS of S is assigned with a non-
negative weightw(S), and a coverS′ of the least possible total-weight

∑

S∈S′ w(S)
has to be calculated. A natural modification ofTAKE-LARGEST-ON-FUTURE-ITEMS in
order to deal with weighted set-covering is to put in the cover, whenever a still uncov-
ered element arrives, a setSi containing it that minimizes the quantityw(Si)/δ(Si).
Unfortunately, this modification cannot perform satisfactorily. Consider, for example,
an instance of weighted set-covering consisting of a ground setC = {x1, . . . , xn}
and three setsS = C with w(S) = n,X = {x1} with w(X) = 1 andY = C \ {x1}
with w(Y ) = 0. If x1 arrives first, the algorithm could have chosenS to cover it, thus
yielding a cover for the overall instance of total weightn, while the optimal cover
would be{X,Y } of total weight 1.

3.7. The maximum budget saving problem

In this section, we study a kind of dual version of the minimum set-covering:
the maximum budget saving problem. Here, we are allotted an initial budgetB(S, C)
destined to cover the cost of an algorithm that solves minimum set-covering on(S, C).
Any such algorithm has its own cost that is a function of the size of the solution
produced, of the time overheads it takes in order to calculate it, etc. Our objective is
to maximize our savings, i.e., the difference between the initial budget and the cost
of the algorithm. For simplicity, we assume that the maximum saving ever possible
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to be performed isB(S, C) − k∗, where, as previously,k∗ is the size of an optimum
set-cover of(S, C).

We consider here that the set-covering instance arrives online. If a purely online
algorithm is used to solve it, then its cost equals the size of the solution calculated;
otherwise, if the algorithm allows itself to wait in order to solve the instance (partly
or totally) offline, then its cost is the sum of the size of the solution calculated plus
a fine that is equal to some root, of order strictly smaller than 1, of the solution that
would be calculated by a purely online algorithm. We suppose that the budget allotted
is equal tok∗

√
n, wheren = |C|. This assumption onB(S, C) is quite natural. It

corresponds to a kind of feasible cost for an algorithm; we assume that this algorithm
is TAKE-LARGEST-ON-FUTURE-ITEMS, which is the best among the ones seen in the
chapter.

The interpretation of this model is the following. We are allotted a budget corre-
sponding to the cost of an algorithm always solving set-covering. In this way, we are
sure that we can always construct a feasible solution for it. Furthermore, by the sec-
ond part of Theorem 3.3, it is very risky to be allotted less thank∗

√
n since there are

instances where the bound
√
n is attained. On the other hand, we can have at our dis-

posal a bunch of online or offline set-covering algorithms, any one having its proper
cost as described just above, from which we have to choose the one whose use will
allow us to perform the maximum possible economy with respect to our initial bud-
get. The fact that the measure of the optimum solution for maximum budget saving
isB(S, C) − k∗, has also a natural interpretation: we can assume that there exists an
arrival sequenceΣ for C such that, for anyσi ∈ Σ, an oracle can always choose to
coverσi with the same set with whichσi is covered in an optimum offline solution,
for instance(S, C). Under this assumption for the measure of the optimum budget
saving solution, this problem is clearlyNP-hard since it implies the calculation of an
optimum solution for minimum set-covering. Finally, denoting bycA(S, C) the cost of
algorithmA when solving minimum set-covering on(S, C), the approximation ratio
of maximum set saving is equal to:

B(S, C) − cA(S, C)

B(S, C) − k∗ [3.13]

Obviously this ratio is smaller than 1 and, furthermore, the closer the ratio is to 1,
the better the algorithm achieving it.

THEOREM 3.4.– Under the model adopted,GREEDY is asymptotically optimum for
maximum budget saving.
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Proof. Consider an instance(S, C) of minimum set-covering problem and denote
by kL and kF the sizes of the solutions calculated byTAKE-LARGEST-ON-FUTU-
RE-ITEMS andGREEDY, respectively. According to what has been assumed just above,
when denoting bycF the cost of usingGREEDY, there exists someǫ > 0 such that:

cF(S, C) = kF + k1−ǫ
L

[3.14]

Moreover, the following inequalities hold, the first one from [SLA 96] and the
second one from Theorem 3.3:

kF 6 k∗ logn [3.15]

kL 6 k∗
√
n [3.16]

Using [3.14], [3.15] and [3.16], we get the following inequality forcF(S, C):

cF(S, C) 6 k∗1−ǫn
1−ǫ
2 + k∗ logn 6

(

n
1−ǫ
2 + logn

)

k∗ [3.17]

On the other hand, as assumed above:

B(S, C) = k∗
√
n [3.18]

Using [3.13], [3.17] and [3.18], we obtain:

B(S, C) − cF(S, C)

B(S, C) − k∗ >

k∗
√
n−

(

n
1−ǫ
2 + logn

)

k∗

k∗
√
n− k∗

=

√
n−

(

n
1−ǫ
2 + logn

)

√
n− 1

[3.19]

It is easy to see that, forn large enough, the last term of [3.19] tends to 1 and the
statement claimed by the theorem is true.
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3.8. Discussion

We have introduced several simple online models for set-covering and analyzed
greedy rules for them. Many of these rules are strongly competitive since no online al-
gorithm for the models that they treat can achieve better ratios than they do. One of the
features of the models studied here is that they are very economic and thus suitable to
solve very large instances. Indeed, their memory requirements are extremely reduced
since the only information needed are the names ofm sets. Note that this is not the
case for the intensive calculations implied by the very interesting model of [ALO 03].

Next, we have introduced and studied the maximum budget saving problem. Here,
we have relaxed irrevocability in the solution construction by allowing the algorithm
to delay its decisions modulo some fine to be paid. For such a model we have shown
that the natural greedy offline algorithm is asymptotically optimum.

Finally, let us note that the online models described in the chapter can be extended
to apply to a different but related problem: the minimum dominating set1. Consistently
with the model that we have adopted for the set-covering problem, our model for this
latter problem is as follows. Given a graphG(V,E) with |V | = n, assume that its
vertices switch on one-by-one. Any time a vertexσi switches on, the names of its
neighbors are announced.

Consider the following traditional reduction from minimum dominating set to set-
covering:

– S = C = V ;

– the setSi ∈ S, corresponding to the vertexvi ∈ V , contains elements
ci1 , ci2 , . . ., of C corresponding to the neighborsvi1 , vi2 , . . ., of vi in G.

The set-covering instance(S, C) so constructed, has|S| = |C| = n. Furthermore,
it is easy to see that any set cover of sizek in (S, C) corresponds to a dominating
set of the same size inG and vice versa. Also note that the dominating set model
just assumed onG is exactly, with respect to(S, C), the set-covering model which is
tackled in the chapter.
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Chapter 4

Comparison of Expressiveness for Timed
Automata and Time Petri Nets

4.1. Introduction

Petri nets with time. The two main extensions of Petri Nets with time are Time
Petri Nets (TPNs) [MER 74] and Timed Petri Nets [RAM 74]. For TPNs a transi-
tion can fire within a time interval, whereas for Timed Petri Nets it fires as soon
as possible. Among Timed Petri Nets, time can be considered relative to places or
transitions [SIF 80, PEZ 99]. The two corresponding subclasses, i.e., P-Timed Petri
Nets and T-Timed Petri Nets, are expressively equivalent [SIF 80, PEZ 99]. The same
classes are defined for TPNs, i.e., T-TPNs and P-TPNs, but both classes of Timed
Petri Nets are included in both P-TPNs and T-TPNs [PEZ 99]. P-TPNs and T-TPNs
are proved to be incomparable in [KHA 96]. Finally TPNs form a subclass of Time
Stream Petri Nets [DIA 94] which were introduced to model multimedia applications.
Timed Arc Petri Nets are also studied in more recent works [ABD 01, FRU 00].

Timed automata.Timed automata (TA) were introduced by Alur & Dill [ALU 94]
and have since been extensively studied. This model is an extension of finite automata
with (dense time)clocksand makes it possible to specify real-time systems. Theoret-
ical properties of various classes of TA have been considered in the last decade. For
instance, a class of determinizable TA such asEvent Clock Automataare investigated
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in [ALU 99] and form a strict subclass of TA. More general models of TA likeRect-
angular Automataor Linear Hybrid Automatahave also been considered and their
expressive power compared.

However, not much is known about the expressive power of TPN compared to TA.

Related work. In a previous work [CAS 04] we have proved that TPN forms a
subclass of TA in the sense that every TPN can be simulated by a TA (weak timed
bisimilarity). A similar result can be found in [LIM 03] with a completely different
approach.

In another line of work [HAA 02], Haar, Kaiser, Simonot & Toussaint compare
Timed State Machines and Time Petri Nets. They give a translation from one model
to another that preserves timed languages. Nevertheless, in the translation from TSM
to TPN they use aweaksemantics for TPN and consider only the constraints with
bounded and closed intervals.

Our contribution. In this article, we compare precisely the expressive power of
TA vs. TPN using the notions ofTimed Language AcceptanceandTimed Bisimilarity.
This extends previous results in this area in the following directions:i) we consider
general types of constraints (strict, large, bounded, unbounded);ii) we then show that
there is a TAA such that no TPN is (even weakly) timed bisimilar toA; iii) this
leads us to consider weaker notions of equivalence and we focus on timed language
acceptance. We prove that TA (with general types of constraints) and TPN are equally
expressive with respect to timed language acceptance;iv) to conclude we characterize
the subclass of TA that is equally expressive to TPN without strict constraints with
respect to timed bisimilarity, and show that the membership problem for this class is
PSPACE-complete as well as the reachability problem. The results of the chapter are
summarized in Table 4.1: all the results are new except the one on the first line obtained
in [CAS 04]. We use the following notations: B-T PN ε for the set of bounded TPNs
with ε-transitions;1-B-T PN ε for the subset of B-T PN ε with at most one token in
each place (one safe TPN); B-T PN (6,>) for the subset of B-T PN ε where only
closed intervals are used;T Aε for TA with ε-transitions;T A− for the class of TA (to
be defined precisely in section 4.6) that is equivalent to B-T PN (6,>).

Outline on the chapter. Section 4.2 introduces the semantics of TPNs and TA,
timed languages and timed bisimilarity and section 4.3 is devoted to the comparison
between various semantics for TPNs. In section 4.4, we prove negative results: we
exhibit some timed automata for which there exist no (weakly) timed bisimilar TPN.
In section 4.5 we focus on timed language acceptance and prove that TA and TPNs
are equally expressive with respect to this equivalence. Section 4.6 is devoted to a
characterization of the subclass of TA that is equivalent to TPN with respect to timed
bisimilarity. Finally we give some hints on further work in section 4.7.
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timed language acceptance timed bisimilarity

6L T Aε ([CAS 04]) 6W T Aε ([CAS 04])
B-T PN ε =L 1-B-T PN ε =L T Aε <W T Aε

B-T PN (6,>) — ≈W T A−

Emptiness Problem Universal Problem
B-T PN ε Decidable Undecidable

Membership Problem Reachability Problem
T A− PSPACE-complete

Table 4.1.Summary of the results

4.2. Time Petri nets and timed automata

Notations.LetΣ be a set (or alphabet).Σ∗ (resp.Σω) denotes the set of finite (resp.
infinite) sequences of elements (or words) ofΣ andΣ∞ = Σ∗ ∪ Σω. By convention
if w ∈ Σω then thelengthof w denoted by|w| is ω; otherwise, ifw = a1 · · · an,
|w| = n. We also useΣε = Σ ∪ {ε} with ε 6∈ Σ, whereε is the empty word.BA

stands for the set of mappings fromA toB. If A is finite and|A| = n, an element of
BA is also a vector inBn. The usual operators+,−, < and= are used on vectors of
An withA = N,Q,R and are the point-wise extensions of their counterparts inA. The
setB denotes the Boolean values{tt, ff} andR>0 denotes the set of positive reals. A
valuationν over a set of variablesX is an element ofRX

>0. Forν ∈ RX
>0 andd ∈ R>0,

ν + d denotes the valuation defined by(ν + d)(x) = ν(x) + d, and forX ′ ⊆ X ,
ν[X ′ 7→ 0] denotes the valuationν′ with ν′(x) = 0 for x ∈ X ′ andν′(x) = ν(x)
otherwise.0 denotes the valuation such that∀x ∈ X, ν(x) = 0. An atomic constraint
is a formula of the formx ⊲⊳ c for x ∈ X , c ∈ Q>0 and⊲⊳∈ {<,6,>, >}. We
denote byC(X) the set ofconstraintsover a set of variablesX which consists of
the conjunctions of atomic constraints. Given a constraintϕ ∈ C(X) and a valuation
ν ∈ RX

>0, we denote byϕ(ν) ∈ B the truth value obtained by substituting each
occurrence ofx in ϕ by ν(x). Accordingly, each constraintϕ ∈ C(X) defines a set of
valuations[[ϕ]] defined by[[ϕ]]= {ν ∈ RX

>0 | ϕ(ν) = tt}.

A setI is aQ>0-intervalof R>0 if there is a constraintϕ of the forma ≺1 x ≺2 b
with a ∈ Q>0, b ∈ Q>0 ∪ {∞} and≺1,≺2∈ {<,6 }, such thatI =[[ϕ ]]. We let
I↓ =[[0 6 x ≺2 b]] be thedownward closureof I andI↑ =[[a ≺1 x]] be theupward
closureof I. We denote byI(Q>0) the set ofQ>0-intervals ofR>0. Letg ∈ N>0, we
write Ng = { i

g | i ∈ N}. A vectorv ∈ Qn belongs to theg-grid if v(k) ∈ Ng for all
1 6 k 6 n.
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4.2.1. Timed transition systems and equivalence relations

Let Σ be a fixed finite alphabet such thatε 6∈ Σ.

DEFINITION 4.1.–[Timed Words] A timed wordw overΣε is a finite or infinite se-
quencew = (a0, d0)(a1, d1) · · · (an, dn) · · · such that for eachi > 0, ai ∈ Σε,
di ∈ R>0 anddi+1 > di.

A timed wordw overΣε can be viewed as a pair(v, τ) ∈ Σ∞
ε × R∞

>0 such that
|v| = |τ |. The valuedk gives the absolute time (from the initial instant0) of actionak.
We writeUntimed(w) = v for the untimed part ofw, andDuration(w) = supdk∈τ dk

for the duration of the timed wordw. For a timed word(ai, di)i>0 we define the
relative time stamp Rstamp(ai) of ai asRstamp(ai) = di − di−1 with the conven-
tion thatd−1 = 0 and extend this notion to timed words by definingRstamp(w) =
(ai,Rstamp(ai))i>0. Note that, conversely, from such a sequence, we can retrieve a
timed word withabsolute time stampsby cumulating the successive delays.

Sinceε-transitions correspond to the empty word and are not visible, we can re-
move from each timed wordw ∈ Σ∞

ε ×R∞
>0 all theε-actions and obtain a timed word

in Σ∞ × R∞
>0.

DEFINITION 4.2.–[Timed Languages] We denote byT W∗(Σ) (resp.T Wω(Σ)) the
set of finite (resp. infinite) timed words overΣ andT W∞(Σ) = T W∗(Σ)∪T Wω(Σ).
A timed languageL overΣ is any subset ofT W∞(Σ).

Timed transition systems describe systems which combine discrete and continuous
evolutions.

DEFINITION 4.3.–[Timed Transition Systems] A timed transition system (TTS) over
the set of actionsΣε is a tupleS = (Q,Q0,Σε,−→, F,R) whereQ is a set of states,
Q0 ⊆ Q is the set of initial states,Σε is a finite set of actions disjoint fromR>0 and
−→⊆ Q× (Σε ∪R>0)×Q is a set of edges. If(q, e, q′) ∈−→, we also writeq e→ q′.
For a transitionq d→ q′ with d ∈ R>0, the valued represents a relative time stamp.
The setsF ⊆ Q andR ⊆ Q are respectively the sets of final and repeated states.

We make the following common assumptions about TTS:

– 0-DELAY: q 0→ q′ if and only if q = q′;

– ADDITIVITY : if q d→ q′ andq′ d′→ q′′ with d, d′ ∈ R>0, thenq d+d′→ q′′;

– CONTINUITY: if q d→ q′, then for everyd′ andd′′ in R>0 such thatd = d′ + d′′,
there existsq′′ such thatq d′→ q′′ d′′→ q′;

– TIME-DETERMINISM: if q d→ q′ andq d→ q′′ with d ∈ R>0, thenq′ = q′′.
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A run ρ of lengthn > 0 is a finite or infinite (n = ω) sequence of transitions of
the form:

ρ = q0
d0→ q′0

a0→ q1
d1→ q′1

a1→ · · · qn dn→ q′n . . .

where discrete actions alternate with durations. We writefirst(ρ) = q0 and if ρ is
finite, we assume that it ends with an action transition and we setlast(ρ) = qn. We
write q ∗→ q′ if there is a runρ such thatfirst(ρ) = q, last(ρ) = q′.

A run is initial if first(ρ) ∈ Q0. A run ρ is acceptingif: i) either ρ is a finite
initial run andlast(ρ) ∈ F or ii) ρ is infinite and there is a stateq ∈ R that appears
infinitely often onρ. From the sequence(a0, d0)(a1, d1) . . . associated withρ, we
obtain a timed wordw by considering the absolute time stamps of actions :w =
(a0, d0)(a1, d0 + d1) . . . This word isacceptedbyS if ρ is an accepting run.

Thetimed languageL(S) accepted byS is the set of timed words accepted byS.

DEFINITION 4.4.– [Strong Timed Similarity] LetS1 = (Q1, Q
1
0,Σε,−→1, F1, R1)

andS2 = (Q2, Q
2
0,Σε,−→2, F2, R2) be two TTS and� be a binary relation over

Q1×Q2. We writes � s′ for (s, s′) ∈�. The relation� is a strong (timed) simulation
relation ofS1 byS2:

1) if s1 ∈ F1 (resp.s1 ∈ R1) ands1 � s2, thens2 ∈ F2 (resp.s2 ∈ R2);

2) if s1 ∈ Q1
0 there is somes2 ∈ Q2

0 such thats1 � s2;

3) if s1
d→1 s′1 with d ∈ R>0 and s1 � s2, thens2

d→2 s′2 for somes′2, and
s′1 � s′2;

4) if s1
a→1 s

′
1 with a ∈ Σε ands1 � s2, thens2

a→2 s
′
2 ands′1 � s′2.

A TTSS2 strongly simulatesS1 if there is a strong (timed) simulation relation ofS1

byS2. We writeS1 �S S2 in this case.

When there is a strong simulation relation� of S1 byS2 and�−1 is also a strong
simulation relation1 of S2 byS1, we say that� is astrong (timed) bisimultion relation
betweenS1 andS2 and use≈ instead of�. Two TTSS1 andS2 arestrongly (timed)
bisimilar if there exists a strong (timed) bisimulation relation betweenS1 andS2. We
write S1 ≈S S2 in this case.

Let S = (Q,Q0,Σε,−→, F,R) be a TTS. We define theε-abstract TTSSε =
(Q,Qε

0,Σ, −→ε, F,R) (which is not time-deterministic and has noε-transitions) by:

– s d→ε s
′ iff there is a runρ = s ∗→ s′ with Untimed(ρ) = ε andDuration(ρ) = d;

– s a→ε s
′ with a ∈ Σ if and only if there is a runρs ∗→ s′ with Untimed(ρ) = a

andDuration(ρ) = 0;

1. s2 �−1 s1 ⇐⇒ s1 � s2.
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–Qε
0 = {s | ∃s′ ∈ Q0 | s′ w→ s and Duration(w) = 0 ∧ Untimed(w) = ε}.

DEFINITION 4.5.– [Weak Timed Similarity] LetS1 = (Q1, Q
1
0,Σε,−→1, F1, R1)

andS2 = (Q2, Q
2
0,Σε,−→2, F2, R2) be two TTS and� be a binary relation over

Q1 × Q2. � is a weak (timed) simulation relation ofS1 byS2 if it is a strong timed
simulation relation ofSε

1 by Sε
2 . A TTSS2 weakly simulatesS1 if there is a weak

(timed) simulation relation ofS1 byS2. We writeS1 �W S2 in this case.

When there is a weak simulation relation� of S1 by S2 and�−1 is also a weak
simulation relation ofS2 by S1, we say that� is aweak (timed) bisimulation relation
betweenS1 andS2 and use≈ instead of�. Two TTSS1 andS2 areweakly (timed)
bisimilar if there exists a weak (timed) bisimulation relation betweenS1 andS2. We
write S1 ≈W S2 in this case.

Note that ifS1 �S S2 thenS1 �W S2 and ifS1 �W S2 thenL(S1) ⊆ L(S2).
Moreover, proving thatS1 �W S2 usually amounts to proving that ifq1 � q2, then
each moveq1

e→1 q
′
1 can be simulated by a set of movesq2

e→2,ε q
′
2 such thatq2 � q′2.

LetS = (Q,Q0,Σε,−→, F,R) be a TTS. We define thetime-abstractTTSS∆ =
(Q,Q0,Σε ∪ {δ} −→∆, F,R) with δ 6∈ Σε by:

– s δ→∆ s′ iff s d→ s′ for somed ∈ R>0,

– s a→∆ s′ with a ∈ Σ iff s a→ s′ for somea ∈ Σε.

Notice thatS∆ has no transitions d→ s′ with d ∈ R>0.

4.2.2. Time Petri Nets

Time Petri Nets (TPN) were introduced in [MER 74] and extend Petri Nets with
timing constraints on the firings of transitions. In TPN, a time interval is associated
with each transition. An implicit clock can then be associated with each enabled tran-
sition, and gives the elapsed time since it was last enabled. An enabled transition can
be fired if its clock value belongs to the interval of the transition. Furthermore, time
cannot progress beyond any upper bound of an interval associated with a transition.
The following definitions formalize these principles. We consider here a generalized
version2 of TPN with accepting and repeated markings and prove our results for this
general model.

DEFINITION 4.6.– [Labeled Time Petri Nets] A Labeled Time Petri NetN is a tuple
(P, T,Σε,

•(.), (.)•,M0,Λ, I, F,R) where:P is a finite set of places andT is a finite

2. This is required to be able to define Büchi timed languages, which is not possible in the
original version of TPN of [MER 74].
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set of transitions withP ∩ T = ∅; Σε = Σ ∪ {ε} is a finite set of actions andε the
empty word i.e. the silent action;•(.) ∈ (NP )T is the backward incidence mapping;
(.)

• ∈ (NP )T is the forward incidence mapping;M0 ∈ NP is the initial marking;
Λ : T → Σε is the labeling function;I : T → I(Q>0) associates with each transition
a firing interval; R ⊆ NP is the set of final markings andF ⊆ NP is the set of
repeated markings. An unlabeled TPN is a TPN such thatΣ = T andΛ(t) = t for all
t ∈ T .

A TPNN is ag-TPN if for all t ∈ T , I(t) is an interval with bounds inNg. We
also use•t (resp.t•) to denote the set of places•t = {p ∈ P | •t(p) > 0} (resp.
t• = {p ∈ P | t•(p) > 0}) as it is common in other works3.

Semantics of Time Petri Nets.The semantics of TPNs is given in terms of timed
Transition Systems. AmarkingM of a TPN is a mapping inNP andM(p) is the
number of tokens in placep. A transitiont is enabledin a markingM iff M > •t. We
denote byEn(M) the set of enabled transitions inM . To decide whether a transitiont
can be fired, we need to know for how long it has been enabled: if this amount of time
lies within the intervalI(t), t can actually be fired, otherwise it cannot. On the other
hand time can progress only if the enabling duration still belongs to the downward
closure of the interval associated with an enabled transition. Letν ∈ (R>0)

En(M) be
a valuationsuch that each valueν(t) is the time elapsed since transitiont was last
enabled. Aconfigurationof the TPNN is a pair(M, ν). An admissible configuration
of a TPN is a configuration(M, ν) such that∀t ∈ En(M), ν(t) ∈ I(t)↓. We let
ADM(N ) be the set of admissible markings.

When defining the semantics of a TPN, three kinds of policies must be fixed.

– The choice policyconcerns the choice of the next event to be fired (scheduled).
For TPNs (and also timed automata), this choice is non-deterministic (possible alter-
natives use priorities, probabilities, etc.).

– The service policyconcerns the possibility of simultaneous instances of a same
event to occur. In the context of Petri nets, this is formalized by the enablingdegree
of a transition. Here we adopt thesingle-server policy(at most one instance of a firing
per transition in every state). The results presented are also valid for the other standard
policies (multiple or infinite server), at least for the important case of bounded Petri
nets. However, taking them explicitely into account would lead to intricate notations.

– The memory policy concerns the updating of timing information when a dis-
crete step occurs. The key issue4 in the semantics is to define when we reset the clock

3. Whether•t (resp.t•) stands for a vector of(NP )T or a subset ofP will be unambiguously
defined by the context.
4. The new marking obtained after firing a transitiont from a markingM is given by the un-
timed semantics of Petri Nets, i.e.M ′ = M − •t + t•.
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measuring the time since a transition was last enabled. This can only happen when
we fire a transition. We let↑enabled(t′,M, t) ∈ B be true ift′ is newly enabledby
the firing of transitiont from markingM and false otherwise. LetM be a marking
andt ∈ En(M). The firing oft leads to a new markingM ′ = M − •t + t•. Three
semantics are possible:

I: The intermediatesemantics (I) considers that the firing of a transition is
performed in two steps: consuming the input tokens in•t and then producing output
tokens int•. The fact that a transitiont′ is newly enabled on the firing of a transi-
tion t 6= t′ is determined with respect to the intermediate markingM − •t. When a
transitiont is fired it is newly enabled irrespective of the intermediate marking. We
denote by↑enabledI(t

′,M, t) the newly enabled predicate in this case. This mapping
is defined by:

↑enabledI(t
′,M, t) = (t′ ∈ En(M − •t+ t•)

∧
(
t′ 6∈ En(M − •t) ∨ (t = t′)

)

A: Theatomic semanticsconsiders that the firing of a transition is obtained by
an atomic step. The corresponding mapping↑enabledA(t′,M, t) is defined by:

↑enabledA(t′,M, t) = (t′ ∈ En(M − •t+ t•))
∧
(
t′ 6∈ En(M) ∨ (t = t′)

)

PA: The persistent atomic semanticsconsiders that the firing of a transition is
also obtained by an atomic step. The difference with theA semantics in only on the
value of↑enabledA(t′,M, t) whent = t′. The transition being fired is not always
newly enabled:

↑enabledPA(t′,M, t) = t′ ∈ En(M − •t+ t•) ∧ (t′ 6∈ En(M))

Note that we have the relation:

↑enabledPA(t,M, t′) ⇒ ↑enabledA(t,M, t′) ⇒ ↑enabledI(t,M, t′)

The intermediate semanticsI, based on [BER 91, AUR 00] is the most common.
However, depending on the systems to be modeled, another semantics may be more
appropriate. The relative expressive power of the three semantics has not been inves-
tigated so far: we address this problem in section 4.3.

We now define the semantics of a TPN: this is a parameterized semantics that
depends on the choice of the semantics for the↑enabled predicate.

DEFINITION 4.7.– [Semantics of TPN] Lets ∈ {I,A,PA}. Thes-semantics of a
TPNN = (P, T,Σε,

•(.), (.)•,M0,Λ, I, F,R) is a timed transition systemSN =
(Q, {q0}, T,→, F ′, R′) where:Q = ADM(N ), q0 = (M0,0), F ′ = {(M, ν) | M ∈
F} andR′ = {(M, ν) | M ∈ R}, and−→∈ Q × (T ∪ R>0) × Q consists of the
discrete and continuous transition relations:

– the discrete transition relation is defined∀t ∈ T by: (M, ν)
Λ(t)→ (M ′, ν′) iff

• t ∈ En(M) ∧M ′ = M − •t+ t•;
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• ν(t) ∈ I(t);
• ∀t ∈ REn(M ′)

>0 , ν′(t) =

{
0 if ↑enableds(t

′,M, t),
ν(t) otherwise.

– the continuous transition relation is defined∀d ∈ R>0 by:

(M, ν) d→ (M, ν′) iff ν′ = ν + d and∀t ∈ En(M), ν′(t) ∈ I(t)↓

A run ρ ofN is an initial run ofSN . The timed language accepted byN is L(T ) =
L(SN ). An unlabeled TPN accepts a timed language in(T × R>0)

∞.

We simply write(M, ν) w→ to emphasize that a sequence of transitionsw can
be fired inSN from (M, ν). If Duration(w) = 0 we say thatw is an instanta-
neous firing sequence. The set ofreachable markingsof N is Reach(N ) = {M ∈
NP | ∃(M, ν) | (M0,0) w→ (M, ν)}.

4.2.3. Timed automata

We first define the notion of timed automata.

DEFINITION 4.8.– [Timed automata] A timed automatonA is a tuple
(L, ℓ0, X,Σε, E, Inv, F,R) where:L is a finite set of locations;ℓ0 ∈ L is the initial
location;X is a finite set of non-negative real-valued clocks;Σε = Σ∪ {ε} is a finite
set of actions andε is the silent action;E ⊆ L×C(X)×Σε×2X×L is a finite set of
edges,e = 〈ℓ, γ, a, R, ℓ′〉 ∈ E represents an edge from the locationℓ to the location
ℓ′ with the guardγ, the labela and the reset setR ⊆ X ; Inv ∈ C(X)L assigns an
invariant to any location. We restrict the invariants to conjuncts of terms of the form
x � r for x ∈ X andr ∈ N and�∈ {<,6}. F ⊆ L is the set of final locations and
R ⊆ L is the set of repeated locations.

DEFINITION 4.9.– [Semantic of timed automata] The semantics of a timed automaton
A = (L, ℓ0, X,Σε, E, Inv, F,R) is a timed transition systemSA = (Q, q0,Σε,→,,
F ′, R′) withQ = L× (R60)

X , q0 = (ℓ0,0) is the initial state,F ′ = {(ℓ, v) | ℓ ∈ F}
andR′ = {(ℓ, v) | ℓ ∈ R}, and→ is defined by:

(ℓ, v) a→ (ℓ′, v′) if and only if ∃ (ℓ, γ, a, R, ℓ′) ∈ E such that







γ(v) = tt,
v′ = v[R 7→ 0]
Inv(ℓ′)(v′) = tt

(ℓ, v) d→ (ℓ′, v′) if and only if

{
ℓ = ℓ′ v′ = v + d and
∀ 0 6 d′ 6 d, Inv(ℓ)(v + d′) = tt

A run ρ ofA is an initial run ofSA. The timed language accepted byA is L(A) =
L(SA).
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Recall [ALU 94] that, ifm is the maximal constant appearing in atomic formulae
x ⊲⊳ c of A, an equivalence relation with finite index can be defined on clock valu-
ations, leading to a partition of(R>0)

X , with the following property: two equivalent
valuations have the same behavior under progress of time and reset operations, with
respect to the constraints. Note that a partition using anyK > m would have the same
property. Also, the construction can be extended to ag-grid, by taking all constants
of the form i

g , 0 6 i 6 K·g instead of{0, 1, . . . ,K}. Finally, takingK = +∞ (as
depicted in Figure 4.1 on the left) leads to a similar structure except for the fact that
the partition is infinite. When it is possible, we will sometimes use such a partition in
order to simplify some proofs. Indeed, with this partition, the extremal case wherex
is greater thanK is not to be distinguished from the standard case.

In this chapter, the elements of the partition are calledelementary zonesand we
consider a slight variation for the definition of elementary zones: we take the constant
K = m+1 and with each clockx ∈ X , we associate an interval in the set{{0}, ]0, 1[,
{1}, . . . , {K−1}, ]K−1,K[, [K,+∞[}, instead of keeping{K} separately. As usual,
we also specify the ordering on the fractional parts for all clocksx such thatx < K.
Such a partition is represented in Figure 4.1 (on the right) for the set of two clocks
X = {x, y} andK = 3. For this example, elementary zonesZ1 andZ2 are described
by the constraints:Z1 : (2 < x < 3) ∧ (1 < y < 2) ∧ (0 < frac(y) < frac(x))
andZ2 : (x > 3) ∧ (1 < y < 2). When considering diagonal constraints (also with
constants up toK), another partition (Figure 4.1 in the middle, withK = 2) must be
considered.

x

y

x

y

x

y

Z1 Z2

Figure 1.1. Partitions of with , (with diagonal
Figure 4.1. Partitions of(R+)2 with K = +∞, K = 2 (with diagonal

constraints) andK = 3 (no diagonal constraints)

The future of a zoneZ is defined byfut(Z) = {v + d | v ∈ Z, d ∈ R>0}. If Z
andZ ′ are elementary zones,Z ′ is a time successor ofZ, writtenZ 6 Z ′, if for each
valuationv ∈ Z, there is somed ∈ R>0 such thatv + d ∈ Z ′. For each elementary
zoneZ, there is at most one elementary zone such that(i) Z ′ is a time successor ofZ,
(ii) Z 6= Z ′ and(iii) there is no time successorZ ′′ such thatZ 6 Z ′′ 6 Z ′. When
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it exists, this elementary zone is called the immediate successor ofZ and is denoted
by succ(Z). Note thatfut(Z) ⊆ ∪Z6Z′Z ′, with a strict inclusion when no diagonal
constraints are permitted.

Finally recall that a finite automatonR(A), called theregion automaton, can be
built fromA. This automaton is time abstract bisimilar to the original automatonA.
Its states, called hereregions, are of the form(ℓ, Z), whereℓ is a location ofA and
Z an elementary zone of(R>0)

X . They are built from the initial region(ℓ0,0) by
transitions of the form(ℓ, Z) δ→ (ℓ, Z ′) for a time successorZ ′ of Z, if Inv(ℓ)(Z) =
tt or (ℓ, Z) a→ (ℓ′, Z ′) if there is a transition(ℓ, γ, a, R, ℓ′) ∈ E such thatγ(Z) = tt
andZ ′ = Z[R 7→ 0], with Inv(ℓ′)(Z ′) = tt. A region(ℓ, Z) is said to be maximal in
R(A) with respect toℓ if no δ-transition is possible from(l, Z). The automatonR(A)
is restricted to the regions reachable from the initial region(ℓ0,0), and accepts the
language:

Untime(L(A)) =

{a1a2 . . . | (a1, d1)(a2, d2) . . . ∈ L(A) for somed1, d2, . . . ∈ R>0}

We also consider another automaton, calledclass automaton, in which the states,
calledclasses, are of the form(l, fut(Z) ∩ Inv(ℓ)), whereZ is a zone. In this case,
the second component is not an elementary zone anymore (but a general zone) and
the automaton is built from the initial class(ℓ0, fut(0) ∩ Inv(ℓ0)) by the following
transitions:(ℓ, Z1)

a→ (ℓ′, Z2) if there exists(l, γ, a, R, l′) ∈ E such thatZ1∩ [[γ]]6= ∅,
andZ2 = fut((Z1∩ [[γ]])[R 7→ 0]) ∩ Inv(ℓ′).

Note that the class automaton also acceptsUntime(L(A)). Moreover, since a
class can be represented by a Difference Bounded Matrix [DIL 89], its size is at most
(4K + 2)(|X|+1)2, which is exponential in the size ofA, as for the region automaton.

4.2.4. Expressiveness and equivalence problems

If B,B′ are either TPN or TA, we writeB ≈S B′ (resp.B ≈W B′) for SB ≈S

SB′ (resp.SB ≈W SB′ ). Let C andC′ be two classes of TPNs or TA.

DEFINITION 4.10.–[Expressiveness with respect to timed language acceptance] The
classC is more expressive thanC′ with respect to timed language acceptance if for all
B′ ∈ C′ there is aB ∈ C such thatL(B) = L(B′). We writeC′ 6L C in this case.
If moreover there is someB ∈ C such that there is noB′ ∈ C′ with L(B) = L(B′),
thenC′ <L C (read “strictly more expressive”). If bothC′ 6L C andC 6L C′, then
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C andC′ are equally expressive with respect to timed language acceptance, and we
write C =L C′.

DEFINITION 4.11.–[Expressiveness with respect to timed bisimilarity] The classC is
more expressive thanC′ with respect to strong (resp. weak) timed bisimilarity if for all
B′ ∈ C′ there is aB ∈ C such thatB ≈S B′ (resp.B ≈W B′). We writeC′ 6S C
(resp.C′ 6W C) in this case. If moreover there is aB ∈ C such that there is no
B′ ∈ C′ with B ≈S B′ (resp.B ≈W B′), thenC′ <S C (resp.C′ <W C). If both
C′ <S C andC <S C′ (resp.<W ), thenC andC′ are equally expressive with respect
to strong (resp. weak) timed bisimilarity and we writeC ≈S C′ (resp.C ≈W C′).

Later on we will compare various subclasses of TPNs and TA. We denote byT PN
the class of TPNs and byT A the class of TA, according to definitions 4.6 and 4.8. We
recall the following theorem adapted from [CAS 04]:

THEOREM 4.1.– For anyN ∈ B-T PN ε there is a TAA such thatN ≈W A, hence
B-T PN ε 6W T Aε.

4.3. Comparison of semanticsI,A and PA

In section 4.3.1, we establish two relations between these semantics for TPN,
which hold in the general case. In section 4.3.2, we complete these results with a third
one, restricted to bounded time Petri nets, with only closed intervals for transitions.
Since we prove results concerning weak timed bisimulation, we consider unlabeled
TPN, where all states are final and repeated states. For all figures in this section, a
transition is filled in black when its firing interval is[0, 0].

4.3.1. A first comparison between the different semantics of TPNs

We first show the following result.

PROPOSITION 4.1.–Let N be a time Petri net with intermediate semantics. There
exists a TPNN with atomic semantics which is (weakly timed) bisimilar toN .

Proof.The construction is quite easy. The set of places ofN is obtained by adding to
the set of places ofN a new place for each transitiont fromN : P = P ∪{pt, t ∈ T }.
The transitionsT of N are duplicated inN : T = T+ ∪ T− and the construction
follows Figure 4.2, from left to right.

We consider the equivalence relationR which contains all pairs((M, ν), (M,ν))
such that:

– for all p ∈ P ,M(p) = M(p) + Σt∈T t
•(p).M(pt);
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t, I(t)

t−, I(t)

pt

t+

Figure 4.2. From I to A

– for all t ∈ En(M), ν(t) = ν(t−) if t− is enabled inM and0 otherwise. The
latter case corresponds inN to a newly enabled transition.

To prove thatR is a bisimulation, we first note that, with the definition above for
markings, from any configuration(M,ν), we can reach instantaneously a configura-
tion (M1, ν1) such thatM1(pt) = 0 for all t, with the firing of a (possibly empty)
sequence of transitions inT+. Moreover, the relation between valuations implies that
(M1, ν1) is still equivalent to(M, ν).

Consider now a pair((M, ν), (M, ν)) ∈ R:

– if (M, ν) t→ (M ′, ν′), then from the remark above, we first fire a sequence from
M to empty all placespt, leading instantaneously to(M1, ν1), which is equivalent
to (M, ν). Then transitiont− can be fired from(M1, ν1), immediately followed by
t+, leading to(M

′
, ν′), where all placespt are empty again. Moreover, the transitions

newly enabled byt+ in N are exactly those which were newly enabled byt in N , so
that(M ′, ν′)R(M

′
, ν′).

– Conversely, suppose that a transition is fired from(M,ν) inN . If the transition is
somet+, then the new configuration(M1, ν1) is still equivalent to(M, ν) (as above),
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•
t, I(t) t, I(t)

En+
t

En−
t

bt

Figure 4.3. From A to PA

thus no move at all is necessary inN . If (M,ν) t−→ (M
′
, ν′), thent can be fired from

(M, ν) and the resulting marking is,(M ′, ν′), equivalent to(M
′
, ν ′).

– if (M, ν) d→ (M, ν+d), for some delayd, then again we have to apply the emp-
tying sequence from(M,ν), to reach a configuration(M1, ν1) which is still equiva-
lent to(M, ν), where time can elapse. The relation betweenν andν1 implies that this
is possible, leading to(M1, ν1 + d).

– Conversely, if(M,ν) d→ (M,ν + d), then all placespt are empty inM , so that
the move(M, ν) d→ (M, ν + d) is also possible inN .

ThusR is a bisimulation.

PROPOSITION4.2.–LetN be a time Petri net with atomic semantics. There exists a
TPNN with persistent atomic semantics which is (weakly timed) bisimilar toN .

Proof.Here again, the construction is simple. Note that the only difference between the
two semantics concerns the question of whether a transitiont can newly enable itself.
With atomic semantics, this is the case as soon ast is enabled in the new marking
while with persistent atomic semantics, this is never possible. In order to ensure that
a transitiont will be newly enabled if it is enabled in the new marking, we add an
input placeEn+

t and an output placeEn−
t to the transition, with an instantaneous

loop bt leading back toEn+
t , once the transition has been fired. The construction is

represented in Figure 4.3, again from left to right.

We consider the equivalence relationR which contains all pairs((M, ν), (M,ν))
such that:

–M(p) = M(p) for all placesp in P ;

– for a transitiont ∈ En(M), ν(t) = ν(t) if t is enabled inM and0 otherwise.
Again the latter case corresponds inN to a newly enabled transition.
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•

startt
[a, a]

lt

int
[b − a, b − a]

ut

endt

ft

true[a,b]

Figure 4.4. Time subnet for transitiont with interval [a, b]

Like in the previous proposition, the proof is mostly based on the fact that from
any configuration(M, ν), we can reach instantaneously a configuration(M1, ν1) such
thatM1(En

+
t ) = 1 for all t, with the firing of a (possibly empty) sequence of transi-

tionsbt, with again(M1, ν1) still equivalent to(M, ν).

4.3.2. A second comparison for standard bounded TPN

We now restrict ourselves to bounded TPNs, with the standard definition,i.e.with
closed intervals ([a, b] or [a,∞[) for the transitions. Thus, this third result holds only
for the subclass B-T PN (6,>).

PROPOSITION 4.3.–LetN be a TPN in B-T PN (6,>) with persistent atomic se-
mantics. There exists a TPNN with intermediate semantics which is (weakly timed)
bisimilar toN .

In this case, the construction ofN is more involved. Like above, we show how to
simulate a transitiont equipped with interval[a, b], for a 6 b, or [a,+∞[. We first
build a time subnet fort (Figure 4.4), in order to simulate time elapsing since a re-
set operation until reaching (and staying inside) interval[a, b]. The token is in place
startt if the transition is enabled in the initial marking. The double arrow at the end
indicates that the placetermt is both an input and an output place for the correspond-
ing transition: time cannot progress. Of course, the time subnet for a transition with
interval[a,+∞[ is reduced by removingut, endt andft.

Now, using the fact that the TPN is bounded, we consider its upper boundB and
we associate with each placep a complementary placep such that for any reachable
markingM , M(p) = B −M(p). Figure 4.5 represents a part of the subnet (on the
right) for transitiont (on the left), wheretest1 is the beginning of the test step for what
timing updates are required by the firing oft, andMutex ensures that the updates are
done (instantaneously) before anything else, as explained further on.
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•
· · ·· · ·

p1 p2

t [a, b] t, [0, +∞[

p1

p2 p2
p1

true[a,b]

Mutex
test1

Figure 4.5. From PA to I

The remaining part ofN is devoted to the test of the other transitions from the
original TPN, includingt itself. Consider a given transition (for example,ti), with
again two input placespi

1 andpi
2. The corresponding subnet consists of4 modules,

one for each case, depending on whetherti can be fired or not before and aftert. For
this, two additional places are associated withti: Eti , which contains a token ifti
was enabled before the firing oft andNEti which is its complementary place. Ifti is
initially enabled, thenEti is initially marked otherwiseNEti is marked. This group of
4 modules has a common input placetesti and a common output placetesti+1, which
means that the tests are to be executed sequentially (and instantaneously), except for
the last one where all outgoing transitions are linked toMutex. These places are not
shown in the following figures.

Case 1:transitionti is enabled both before and aftert. To test this case, we use the
simple module on the left of Figure 4.6, whereEti (test beforet) andpi

1 andpi
2 (test

aftert) are input and output places.

Case 2:ti is not enabled before but it is enabled aftert. The module is very similar
to the previous one and is on the right of Figure 4.6. Note that, in this case only and
because of the PA semantics, there must be a reset on the valuation of the transition,
which explains why the initial placestartti of the time module forti is an output
place.

Case 3:ti is enabled neither before nor aftert. To test this, we must find an input
place ofti, where the current number of tokens disableti. Here is the point where the
boundedness hypothesis is required. In order to perform this test, we check whether
B − •ti(p) + 1 tokens can be removed from a complementary placep.

Case 4:ti is enabled before but not aftert. In this case, we have a module (see
Figure 4.8) similar to the one above, except that we must also test for all the different
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pi

1

pi

2Eti

pi

1

pi

2NEti

Eti
startti

Figure 4.6. Testing transitionti: cases 1 and 2

pi

1

NEti

pi

2

B − •ti(p
i

1
) + 1B − •ti(p

i

2
) + 1

Figure 4.7. Testing transitionti: case 3

configurations of the time subnet corresponding toti in order to disable the transitions
by removing the tokens.

It can be seen in Figure 4.8 that there is a transition for each pair(p, state), where
p is an input place ofti andstate may be either the placestartti , the pair of places
(inti , true[ai,bi]) or the pair(endti , true[ai,bi]). Like above, an edge fromp to a
transition must be labeled withB − •ti(p) + 1 (which is omitted in the figure).

We consider the equivalence relationR containing all pairs((M, ν), (M, ν)) such
that:

–M in N is obtained by projection:M(p) = M(p) for each placep ∈ P ;
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· · ·

· · ·

NEti

Eti

startti

pi

1

inti

true[ai,bi]

endti

pi

2

Figure 4.8. Testing transitionti: case 4

– for a transitiont in T enabled byM : ν(t) = 0 if the time subnet oft is empty,
ν(t) = ν(lt) if the placestartt contains a token,ν(t) = a + ν(ut) if the placeint

contains a token andν(t) = b if the placeendt contains a token. Note that in both
latter cases,true[a,b] also contains a token and the transitiont can be fired inN .

Also note that ifM(startt) = 1 andν(ut) = a, then with instantaneously firing
ut, transitiont can also be fired. By a development similar to the previous ones, we
can show thatR is a bisimulation relation.

More precisely, the proof is mainly based on emptying sequences from a con-
figuration (M,ν) of N : it is always possible to reach instantaneously a configura-
tion (M1, ν1) such that the testing subnet is empty, with(M1, ν1) still equivalent to
(M, ν). The details are omitted.

We can conclude this section with:
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THEOREM 4.2.– For the class B-T PN (6,>), the three semanticsI, A and PA are
equally expressive with respect to weak time bisimulation.

4.4. Strict ordering results

In this section, we establish results proving thatT PN are strictly less expres-
sive with respect to weak timed bisimilarity than various classes of TA. For this, we
consider the two automataA0 ∈ T A(<) andA1 ∈ T A(6) in Figure 4.9.A ∈ T A ≤

ℓ0 ℓ1

a, x < 1
A0

ℓ0 ℓ1

a, x ≤ 1
A1

Figure 4.9. Timed automataA0 andA1

We will prove that no TPN can be weakly timed bisimilar to eitherA0 or A1.
The proof relies on the following lemma, which states that in a TPN, waiting in some
marking cannot disable transitions. The proof is easy and is thus omitted. Note that
the results holds without modification for any semantics of↑enableds(t

′,M, t).

LEMMA 4.1.– Let (M, ν) be an admissible configuration of a TPN,d ∈ R>0 and let
w = t1t2 · · · tk be an instantaneous firing sequence. If(M, ν) w→, then(M, ν+d) w→.

THEOREM 4.3.– There is no TPN weakly timed bisimilar toA0.

Proof.Assume that there is a TPNN that is weakly timed bisimilar toA0 and let≈ be
a weak timed bisimulation betweenSN andSA0 . Let(M0,0) be the initial state ofSN

and(ℓ0, v(x) = 0) the initial state ofSA0 . In SA0 there is a run of duration1 leading

to configuration(ℓ0, 1) and thus there is a run(M0,0)
εi0d1ε

i1d2ε
i2 ···dnε

in→ (M1, ν1)
in N , with ik > 1 for 1 6 k 6 n − 1, i0 > 0, in > 0 and

∑

16k6n dk = 1. We can
further assumedk > 0 for all k and alsoin = 0 because the configuration reached
afterdn is also bisimilar to(ℓ0, 1).

Then(M0,0)
εi0d1ε

i1d2ε
i2 ···dn−1ε

in−1

→ (M ′, ν′), where(M ′, ν′) is bisimilar to a
configuration(ℓ0, d′) with d′ = 1− dn < 1. This entails that(M ′, ν′) ε∗a→ .

Since(M ′, ν′)
dn→ (M1, ν1), if follows from Lemma 4.1 that(M1, ν1)

ε∗a→ , thus
contradicting the fact that(M1, ν1) ≈ (ℓ0, 1) from which noa can be fired.

The result is also true with large constraints:
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THEOREM 4.4.– There is no TPN weakly timed bisimilar toA1.

Proof. Again assume that there is a TPNN that is weakly timed bisimilar toA1.
Since(ℓ0, 0) 1→ (ℓ0, 1), we have(M0,0) 1→ε (M1, ν1), where(ℓ0, 1) and(M1, ν1)
are weakly timed bisimilar. Sincea can be fired from(ℓ0, 1), a transition labeleda
can also be fired from all the configurations(M ′

1, ν
′
1) reachable from(M1, ν1) in

null duration (ε transitions). Also there must be one such configuration(M ′, ν′) such
that some durationd > 0 can elapse from(M ′, ν′) reaching(M ′′, ν′′). According
to Lemma 4.1, somea can be fired from(M ′′, ν′′). However,(M ′′, ν′′) is weakly
timed bisimilar to the configuration(ℓ0, 1 + d) which preventsa being fired. Hence, a
contradiction.

From Theorems 4.1, 4.3 and 4.4 we immediately obtain:

THEOREM 4.5.– T PN <W T A(<) andT PN <W T A(6).

The next theorem shows that the expressive power of TPNs depends on the chosen
semantic even in the bounded case.

THEOREM 4.6.– There exists a bounded TPNN with persistent atomic semantics
such that no TPN (even unbounded) with atomic semantics is bisimilar toN .

Proof.Consider the following (Zeno) timed automatonA3: ℓ0, x < 1

It is bisimilar to the TPN with PA semantics composed by a single transitiont
labeled byε with firing interval[0, 1[ (or any interval]a, 1[ or [a, 1[).

Suppose that there is a TPNN with atomic semantics bisimilar toA3 and letdmin

be the minimum of the non-zero upper bounds occuring in the intervals associated
with the transitions ofN and0.5 (in fact any value less than1 would be convenient).

There must be a sequence(M0, ν0)
d0t1...tkdk→ (M, ν) with Σk

i=0di = 1− dmin/2
and(M, ν) bisimilar to(ℓ0, 1− dmin/2).

From(M, ν), we fire or disable the transitions enabled at this configuration, which
leads to a new configuration(M ′, ν′) bisimilar to some(ℓ0, 1 − δ′) with 0 < δ′ 6

dmin/2.

Now, since (M ′, ν′) is bisimilar to (ℓ0, 1 − δ′), there must be a sequence

(M ′, ν′)
d′0t

′
1...t

′
k′
d′
k′→ with 0 < Σk′

i=0d
′
i < δ′.

Choose the firstd′i > 0 and let(M∗, ν∗) be the state reached before the dura-
tion d′i. Since time may elapse in this state, all enabled transitions have non-zero up-
per bounds for their interval, hence these bounds are greater than or equal todmin.
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Since the transitions have been enabled at or after configuration(M ′, ν′), we have

∀t, ν∗(t) 6 dmin/2 − δ′ < dmin/2, thus(M∗, ν∗)
dmin/2→ . However,(M∗, ν∗) is

bisimilar to(ℓ0, 1− δ′) which cannot let time elapse for a duration ofdmin/2. This is
a contradiction.

Following this negative result, we compare the expressiveness of TPNs and TA
with respect to to timed language acceptance and exhibit a subclass of TA that admits
bisimilar TPNs.

4.5. Equivalence with respect to timed language acceptance

In this section, we prove that TA and labeled TPNs are equally expressive with
respect to timed languages acceptance and give an effective syntactical translation
from TA to TPNs.

LetA = (L, l0, X,Σε, E, Inv, F,R) be a TA. Since we are concerned in this sec-
tion with the language accepted byA we assume the invariant function is uniformly
true. LetCx be the set of atomic constraints on clockx that are used inA. The Time
Petri Net resulting from our translation will be built from “elementary blocks” model-
ing the truth value of the constraints inCx. We next link them with blocks for resetting
clocks. In the next section we show how to encode atomic constraints into TPNs.

As a consequence of Corollary 4.2, the semanticsI,A andPA for TPNs are equiv-
alent with respect to language acceptance. In this section, we use theI semantics.

4.5.1. Encoding atomic constraints

Letϕ ∈ Cx be an atomic constraint onx. Fromϕ, we define the TPNNϕ given by
the widgets of Figure 4.10 ((a) and (b)) and Figure 4.11. In the figures, a transition is
written t(ℓ, I) wheret is the name of the transition,ℓ ∈ Σε andI ∈ I(Q>0).

To avoid drawing too many arcs, we have adopted the following semantics: the
grey box is seen as a macro place; an arc from this grey box means that there are
as many copies of the transition as places in the grey box. For instance, the TPN of
Figure 4.10(b) has 2 copies of the target transitionr: one with input placesPx andrb
and output placesre andPx and another fresh copy ofr with input placesrb andγtt

and output placesre andPx. Note that in the widgets of Figure 4.11 we put a token in
γtt when firingr only on the copy ofr with input placePi (otherwise the number of
tokens in placeγtt could be unbounded). Also, we assume that the automatonA has
no constraintx > 0 (as it evaluates to true they can be safely removed) and thus that
the widget of Figure 4.10(b) only appears witha > 0.
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Each of these TPNs basically consists of a “constraint” subpart (in the grey boxes
for Figure 4.10 and in the dashed box for Figure 4.11) that models the truth value of
the atomic constraint, and another “reset” subpart that will be used to update the truth
value of the constraint when the clockx is reset. The “constraint” subpart features
the placeγtt: the intended meaning is that when a token is available in this place, the
corresponding atomic constraintϕ is true.

When a clockx is reset, all the grey blocks modeling anx-constraint must be set
to theirinitial marking which has one token inPx for Figure 4.10 and one token inPx

andγtt for Figure 4.11. Our strategy to reset a block modeling a constraint is to put a
token in therb place (rb stands for “reset begin”). Time cannot elapse from there on
(strong semantics for TPNs), as there will be a token in one of the places of the grey
block and thus transitionr will be enabled.

We first prove three useful lemmas, the first one providing a structural invariant for
the grey boxes of the widgets:

LEMMA 4.2.– For each widget of Figure 4.10, each reachable configuration(M, ν)
(from the initial marking) has exactly one token in one of the places of the grey box.

LEMMA 4.3.– For the widgets of Figure 4.11, each reachable configuration(M, ν)
(from the initial marking) satisfies either i)M(Px) = 1,M(γtt) = 1 andM(Pi) = 0
or ii) M(Pu) = 1 andM(γtt) = 1 or iii) M(Px) = 0,M(γtt) = 0 andM(Pi) = 1.

Proof.The proof is easy for the widgets of Figure 4.10. For the widgets of Figure 4.11,
just notice that as soon astx is fired, the output transitionu is enabled (there must be
a token inγtt as it can only be removed by the firing ofu). Later on, either the token
remains inPi forever or, if the copy ofr fromPi is fired, a token is put inγtt andPx.

From Lemmas 4.2 and 4.3 we obtain the following:

LEMMA 4.4.–If there is a token inrb, exactly one (instance of a) copy ofr is fireable
and due to the time constraint[0, 0], time cannot progress until it is fired.

4.5.2. Resetting clocks

Assume thatR ⊆ X is a non-empty subset of clocks. LetD(R) be the set of
atomic constraints that are in the scope ofR (the clock of the constraint is inR).
We writeD(R) = {ϕ1, ϕ1, · · · , ϕn}. To update all the widgetsNϕi , we connect the
placesrb andre of each widgetNϕ as described on Figure 4.12. The picture inside
the dashed box denotes the widgetNReset(R). We denote byr1b (R) the first place of
this widget and byrn

b (R) the last one. To update the (truth value of the) widgetsNϕi

it then suffices to put a token inr1b (R). In zero duration it will go torn
b (R) and have

the effect of updating each widgetNϕi on its way.
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Figure 4.12.WidgetNReset(R) to reset the widgetsNϕi , 1 6 i 6 n

4.5.3. The complete construction

First we create fresh placesPℓ for eachℓ ∈ L and another placeFiring just for
convenience: it will allow us to define a simulation relation more succintly. Then we
build the widgetsNϕ, for each atomic constraintϕ that appears inA. Finally, for each
R ⊆ X such that there is an edgee = (ℓ, γ, a, R, ℓ′) ∈ E, we build a reset widget
NReset(R).

Then, for each edge(ℓ, γ, a, R, ℓ′) ∈ E with γ = ∧i=1,nϕi andn > 0 we proceed
as follows:

1) we assumeγ = ∧i=1,nϕi andn > 0;

2) we create a transitionf(a, [0,∞[) and, ifn > 1, another oner(ε, [0, 0]);

3) we connect them to the places of the widgetsNϕi andNReset(R) as described
on Figure 4.13. In the case whereγ = tt (or n = 0) there is only one input place to
f(a, [0,∞[) which isPℓ. In the case whereR = ∅ there is no transitionr(ε, [0, 0])
and the output place off(a, [0,∞[) is Pℓ′ instead ofFiring.

The placeFiring is just added for convenience: it has a token only during the reset
phase of the TPNNe and thus means “we are firing transitions in the reset widget
NReset(R)”.

To complete the construction we just need to put a token in the placePℓ0 if ℓ0 is the
initial location of the automaton and set each widgetTϕ to its initial marking, for each
atomic constraintϕ that appears inA, and this defines the initial markingM0. The set
of final markings is defined by the set of markingsM such thatM(Pℓ) = 1 for ℓ ∈ F
and the set of repeated markings by the set of markingsM such thatM(Pℓ) = 1 for
ℓ ∈ R. We denote by∆(A) the TPN obtained as described previously. Notice that by
construction∆(A) is 1-safe and, moreover, in each reachable markingM of ∆(A)
(∑

ℓ∈LM(Pℓ)
)

+M(Firing) = 1.
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f(a, [0,∞[)

r(ǫ, [0, 0])

Figure 4.13.WidgetNe of an edgee = (ℓ, γ, a, R, ℓ′)

4.5.4. ∆(A) andA accept the same timed language

We now prove the following theorem:

THEOREM 4.7.– If ∆(A) is defined as above, thenL(A) = L(∆(A)).

Proof. The proof works as follows: we first show that∆(A) weakly simulatesA,
which impliesL(A) ⊆ L(∆(A)). Then we show that we can define a TAA′ such that
L(A) = L(A′) andA′ weakly simulates∆(A), which entailsL(∆(A)) ⊆ L(A′) =
L(A). It is sufficient to give the proof for the case whereA has noε transitions. In
caseA hasε transitions we rename them with a fresh letterµ 6∈ Σε and obtain an
automatonAµ with no ε transitions. We apply our construction toAµ and obtain a
TPN in which we replace every labelµ by ε.

Recall thatA = (L, ℓ0, X,Σε, E, Inv, F,R) and∆(A) = (P, T,Σε,
•(.), (.)•,

M0,Λ, I, F∆, R∆) and writeX = {x1, · · · , xk}, P = {p1, · · · , pm} and T =
{t1, · · · , tn}. We assume that the set of atomic constraints ofA is CA. The place
γtt of a widgetNx⊲⊳c (for x ⊲⊳ c an atomic constraint ofA) is writtenγx⊲⊳c

tt .

• Proof that∆(A) simulatesA.

We define the relation� ⊆ (L× Rn
>0)× (Np × Rm

>0) by:

(ℓ, v) � (M, ν) if and only if [4.1]






(1)M(Pℓ) = 1 ∨M(Firing) = 1
(2) for eachϕ = x ⊲⊳ c, ⊲⊳∈ {<,6}, M(Pu) = 0
(3) for eachϕ ∈ CA, v ∈[[ϕ]]⇐⇒ M(γϕ

tt) = 1
[4.2]
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Now we prove that� is a weak simulation relation ofA by ∆(A), and this by
checking the 4 conditions of Definition 4.4:

1) final and repeated states: by definition of∆(A) and Lemmas 4.2 and 4.3 and
the definition of�;

2) initial states: it is clear that(l0,0) � (M0,0);

3) continuous transitions: let(ℓ, v) d→ (ℓ, v + d). Take(M, ν) such that(ℓ, v) �
(M, ν). As the widgetsNϕi are non-blocking, timed can elapse from(M, ν) and there
is a run(M, ν)

ρ→ (M ′, ν′) with Duration(trace(ρ)) = d andUntimed(trace(ρ)) = ε.
We can chooseρ without any transitionsf(a, [0,∞[) so that a token remains inPℓ and
M ′(Pℓ) = 1. Thus in order to prove(ℓ, v+ t) � (M ′, ν′) it remains to prove items (2)
and (3) of equation [4.1].

Letϕ = x ⊲⊳ c with ⊲⊳∈ {<,6}:
- if ϕ(v) = tt andϕ(v + d) = ff, then there is somed′ 6 d such that transition

tx of widgetNϕ is enabled and it must be fired beforeϕ becomes false. Thus,tx is
fired atd′ (which is possible as there is no token inPu and thus the token is inPx) and
subsequentlyu in the same widget, thus transfering the tokens fromPx, γ

ϕ
tt toPi,

- if ϕ(v) = tt andϕ(v + d) = tt, it is possible to do nothing in widgetNϕ and
let the token inPx andγϕ

tt,
- if ϕ(v) = ff thenϕ(v + d) = ff, then there must be a token inPi and we let

time elapse without firing any transition.
Letϕ = x ⊲⊳ c with ⊲⊳∈ {>,>}:

- if ϕ(v) = tt thenϕ(v + d) = tt andM(γϕ
tt) = 1. We just let time elapse in

Nϕ,
- if ϕ(v) = ff andϕ(v + d) = tt, there aret′ 6 t such that transitionstx

which must be fired (andt′ can be fired atd′ + ξ with ξ > 0 forNx>c). We fire those
transitions atd′ and letd− d′ elapse,

- if ϕ(v) = ff andϕ(v+d) = ff we also let time elapse and leave a token inPx.
This way for each constraintϕ = x ⊲⊳ c, there is a runρϕ = (M, ν) d→ε (Mϕ, νϕ)

such that(Mϕ, νϕ) satisfies requirements (2) and (3) of equation [4.1]. Taken sepa-
rately we have for each constraint(ℓ, v) � (Mϕ, νϕ). It is not difficult5 to build a run
ρ with an interleaving of the previous runsρϕ such thatρ = (M, ν) t→ε (M ′, ν′) and
(M ′, ν′) satisfies requirements (2) and (3) of equation [4.1] for each constraintϕ and
thus(ℓ, v) � (M ′, ν′);

4) discrete transitions: let(ℓ, v) a→ (ℓ′, v′) and(ℓ, v) � (M, ν). Then there is an
edgee = (ℓ, γ, a, R, ℓ′) ∈ E such thatγ = ∧i=1,nϕi, n > 0 andϕi is an atomic con-
straint. According to Definition 4.9,v ∈[[ϕi]] for 1 6 i 6 n. This impliesM(γϕi

tt ) = 1
(definition of�). Thus, the transitionf(a, [0,∞[) is fireable in the widgetNe leading

5. Just find an ordering for all the dated′ at which a transition must be fired and fire those
transitions in this order with time elapsing between them.
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ℓ ℓ′

γ ∧ ψ, a,R

(a) Edge(ℓ, γ ∧ ψ, a,R, ℓ′) in A

ℓ ℓ′

(
∧

ϕ∈K�
ϕ) ∧ (γ ∧ ψ), a, R, Ω(R)

bx	c = tt, ε
bx	c := ff

by	c = tt, ε
by	c := ff

(b) Extended edge inA′.

Figure 4.14.FromA toA′

to (M ′, ν′). From there on we do not change the marking of widgetsNϕi for the con-
straintsϕi that do not need to be reset (the clock ofϕi is not inR). We also use the
widgetTe to reset the constraintsϕi with a clock inR and finally put a token inPℓ′ .
The new state(M ′′, ν′′) obtained this way satisfies(ℓ′, v′) � (M ′′, ν′′).

This completes the proof that∆(A) simulatesA and thusL(A) ⊆ L(∆(A)).

• Proof ofL(∆(A)) ⊆ L(A).

To prove this, we cannot easily exhibit a simulation of∆(A) byA. Indeed,∆(A),
because of the widgetsNx⊲⊳c with ⊲⊳∈ {<,6}, has to make a decision at some point
to fire transitiontx and immedialty afteru, i.e. it is as if it decides thatx ⊲⊳ c is
now false and the transitions with this guard cannot be fired anymore (until they are
reset). To use the simulation framework, we build first a TAA′ that accepts the same
language asA but has the capability to sometimes (non-deterministically) decide it
will not use a transition with a guardx ⊲⊳ c until it is reset. It is then possible to build
a simulation relation of∆(A) byA′.

We denote� for either{<,6} and� for {>,>}. LetK� be the set of contraints
x � c in A. For eachx � c ∈ K� we introduce a Boolean variablebx�c. Eachbx�c

is initially true.

We start withA′ = A. The construction of the new features ofA′ is depicted on
Figure 4.14. Let(ℓ, γ ∧ ψ, a,R, ℓ′) be an edge ofA′ with γ = ∧x�c∈K�

x � c and
ψ = ∧x�c∈K�

x � c. For such an edge we strengthen6 the guardγ ∧ψ to obtainγ′ as

6. We need an extended type of TA with Boolean variables; this does not add any expressive
power to the model.
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follows: γ′ = γ ∧ ψ ∧∧x�c∈K�
bx�c. This way the transition(ℓ, γ ∧ ψ, a,R, ℓ′) can

be fired inA′ only if the corresponding guard inA and the conjunction of thebx�c is
true as well. We also reset to true all the variablesbx�c such thatx ∈ R on a transition
(ℓ, γ ∧ ψ, a,R, ℓ′) andΩ(R) corresponds to the reset of allbx�c such thatx ∈ R,
Ω(R) = ∧x∈Rbx�c := tt.

Now let ℓ be the location ofA′. For each variablebx�c we add a loop edge
(ℓ, bx�c = tt, ε, bx�c := ff, ℓ) in A′, i.e. the automatonA′ can decide non-
deterministically7 to setbx�c to false if it is true (see Figure 4.14). There are as many
loops on each location as the number of variablesbx�c. The new non-deterministic
TA A′ accepts exactly the same language asA, i.e.L(A′) = L(A).

We can now build a simulation relation of∆(A) by A′. We denote by(ℓ, v, b)
a configuration ofA′ with b the vector ofbϕ variables. We define the relation� ⊆
(Np × Rm

>0)× (L × Rn
>0 × Bk) by:

(M, ν) � (ℓ, v, b) if and only if [4.3]






(1)M(Pℓ) = 1 ∨M(Firing) = 1
(2)∀ϕ = x > c ∈ K>, v ∈[[ϕ]]⇐⇒ M(γϕ

tt) = 1
(3)∀ϕ = x > c ∈ K>, v ∈[[ϕ]]⇐⇒ M(γϕ

tt) = 1
∨ (M(Pϕ

x ) = 1 ∧ ν(tϕx ) = c)
(4)∀ϕ ∈ K�,M(Pϕ

i ) = 1 ⇐⇒ (bϕ = ff ∨ v 6∈[[ϕ]])

[4.4]

Now we prove that� is a weak simulation relation of∆(A) byA:

– the property on final and repeated states is satisfied by the definition ofA′;

– for the initial configuration, it is clear that(M0,0) � (l0,0, b0) (in b0 all the
variablesb are true);

– continuous time transitions: let(M, ν) d→ (M ′, ν′) with d > 0. Let (M, ν) �
(ℓ, v, b). As there are no invariants inA′, time d can elapse from(ℓ, v, b). If no ε
transition fires in the TPN, then all the truth values of the constraints stay unchanged.
Thus(ℓ, v, b) d→ (ℓ, v + d, b) and inA′ such that(M ′, ν′) � (ℓ, v + d, b);

– discrete transitions: let(M, ν) a→ (M ′, ν′). We distinguish the casesa = ε and
a ∈ Σ. If a ∈ Σ, then we must fire a transitionf(a, [0,∞[) of some widgetNe for
e = (ℓ, γ, a, R, ℓ′). After firing f we end up inFiring and have left the input places
γtt unchanged. According to equation [4.3] and the definition ofA′, we can fire a

7. This means that we addε transitions toA′; nevertheless the restriction we made at the be-
ginning thatA has noε transitions is useful when proving that∆(A) simulatesA and is not
required to prove thatA′ weakly simulates∆(A).
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matching transition inA′ leading to a state(ℓ′, v′, b′) and(M ′, ν′) � (ℓ′, v′, b′). If
a = ε, then we are either updating some widgetsNϕ or doing a reset. Assume that
we fire aε transition that is not a reset transition (M(Pℓ) = 1). We split the cases
according to the different types of widgets:

- update of a widgetNx>c: eithertx or t′ is fired. If tx is fired then the time
elapsed since thex was last reset is equal toa. Thus,M(γtt) = 0 andv(x) 6 c and
v 6∈[[x > c]]. This implies(M ′, ν′) � (ℓ, v). If t′ is fired on the contrary,v′(x) > c but
again(M ′, ν′) � (ℓ, v, b);

- update of a widgetNx>c: the same reasoning as before can be used and leads
to (M ′, ν′) � (ℓ, v, b);

- update of a widgetNx<c: in this case eithertx or u is fired. Assumetx is
fired. Thus,M ′(Pi) = 0. The time elapsed sincex was last reset is strictly less than
c andv ∈[[ϕ]]. bϕ is true in(ℓ, v, b) asM(Pi) = 0. Thus,(M ′, ν′) � (ℓ, v, b). Now
assume thatu is fired. AgainM(Pi) = 0 and thusv(x) < c andbϕ are true. This time
M ′(Pi) = 1. In the automatonA′ we fire the transition settingbϕ to false and we end
up in a state(ℓ, v, b′) such that(M ′, ν′) � (ℓ, v, b′). The same reasoning applies for
Nx>c.
For the reset transitions and the last transition putting a token inPℓ′ we can proceed
similarly.

This completes the proof thatA′ simulates∆(A) and thusL(∆(A)) ⊆ L(A′) and
L(∆(A)) ⊆ L(A).

We can thus conclude thatL(∆(A)) = L(A), which concludes the proof of The-
orem 4.7.

4.5.5. Consequences of the previous results

Letk-T PN be the set ofk-bounded TPNs (note that boundedness is not decidable
for TPNs). LetB-T PN = {T | ∃k > 0 |T ∈ k-T PN}, i.e. the set of bounded TPNs.
From the previous proposition we can state the following corollaries:

THEOREM 4.8.– The classesB-T PN andT A are equally expressive with respect
to timed language acceptance, i.e.B-T PN =L T A.

Proof.From Theorem 4.1, we know thatB-T PN 6L T A. Theorem 4.7 proves that
T A 6L T PN and henceB-T PN =L T A.

COROLLARY 4.1.–k-T PN =L 1-T PN .

Proof. Let T ∈ k-T PN . We use Theorem 4.1 and thus there is a TAAT such that
L(T ) = L(AT ). FromAT we use Theorem 4.7 and obtain∆(AT ) which is a1-safe
TPN.
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4.6. Bisimulation of TA by TPNs

We now focus on the expressiveness of the models with respect to weak time bisim-
ilarity. In what follows, we often abbreviate weak timed bisimilarity by bisimilarity.

First, we recall two related results:

– There are unbounded TPNs which do not admit a bisimilar TA. This is a direct
consequence of the following observation: the untimed language of a TA is regular
which is not necessarily the case for PNs (and thus for TPNs).

– For any bounded TPN, there is a TA which is bisimilar to it (see Theorem 4.1
from [CAS 04]).

This last result was proved by the construction of a synchronized product of au-
tomata enlarged with a vector of bounded integers (a model equivalent to standard
automata). The proposed construction is structural and linear with respect to to the
size of the PN. It has the additional advantage that the available tools exploit the prod-
uct in order to reduce the complexity of verification. Here we are mainly concerned
with expressivity. So we can also give a straightforward construction based on the
reachability space:

– With each transitiont, we associate a clockxt.

– With each reachable markingM , we associate a locationℓM . The invariant of
ℓM is given by

∧

t∈En(M) xt ∈ I(t)↓, (recall thatI(t) is the interval associated with
t).

– With each firingM t→ M ′ (in the untimed PN), we associate an edgee =
(ℓM , γ, t, R, ℓM ′) with γ = xt ∈ I(t) andR defined according to the chosen seman-
tic. For instance, ifPA semantics is chosen, thenR = {xt′ | t′ /∈ En(M) ∧ t′ ∈
En(M ′)}.

In this section, we consider the TPNs originally defined by Merlin (i.e. without
strict constraints) and labeled-free TA (i.e. where two different edges have different la-
bels and no label isε) and we develop the main result of the chapter: a characterization
of the subclass of TA which admits a bisimilar TPN. From this characterization, we
will deduce that given a TA, the problem of deciding whether there is a TPN bisimilar
to it, is PSPACE-complete. Furthermore, we will provide two effective constructions
for such a TPN: the first one with rational constants has a size linear with respect to
the TA, while the other, which uses only integer constants, has an exponential size.

4.6.1. Regions of a timed automaton

Since our proofs are based on the regions of a timed automaton, we detail their
definition. Recall that aregion is a pair composed by a location and anelementary
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time zoneof the grid defined by the clocks and the granularityg. In what follows,
the topology of the regions is implicitly derived from that of its associated zone. We
now formally define the particular case of regions for a maximal constantK = ∞.
Obviously it may lead to an infinite region automaton but will be a helpful tool for
proving our characterization. Note also that the following definition is equivalent to
the original one but is more appropriate for our theoretical developments.

DEFINITION 4.12.–[Regions of an automaton with respect to theg-grid and constant
K =∞] A time-closed regionr is given by:

– ℓr the location ofr;

–minr ∈ NX
g the minimal vector of the topological closure ofr;

– the numbersizer of different fractional parts of clock values in the gridNX
g ,

with 1 6 sizer 6 |X | and the onto mappingordr : X 7→ {1, . . . , sizer} which gives
the relative positions of these fractional parts.

The region is thenr = {(ℓr,minr + δ) | δ ∈ RX
>0 ∧ ∀x, y ∈ X [ordr(x) = 1 ⇔

δ(x) = 0] ∧ δ(x) < 1/g ∧ [ordr(x) < ordr(y)⇔ δ(x) < δ(y)]}.

A time-open regionr is defined with the same attributes as the time-closed region by:
r = {(ℓr,minr + δ + d) | d ∈ R>0 ∧ ∀x ∈ X, δ(x) + d < 1/g}.

The set[X ]r is the set of equivalence classes of clocks with respect to their fractional
parts, i.e.x andy are equivalent iffordr(x) = ordr(y).

This definition needs to be slightly modified when dealing with a constantK <
∞, by introducing a subset ofrelevantclocks, for which the value is less thanK
(recall thatK > m wherem is the maximal constant in the constraints of the timed
automaton).

DEFINITION 4.13.–[Regions of an automaton with respect to theg-grid and finite
constantK] A time-closed regionr is given by:

– ℓr the location ofr;

–minr ∈ NX
g with ∀x, minr(x) 6 K the minimal vector of the topological

closure ofr;

– ActXr = {x ∈ X |minr(x) < K} the subset of relevant clocks;

– the numbersizer of different fractional parts for the values of relevant clocks in
theNActXr

g grid, with 1 6 sizer 6 Max(|ActXr|, 1) and the onto mappingordr :
X 7→ {1, . . . , sizer} giving the ordering of the fractional parts. By convention,∀x ∈
X \ActXr, ordr(x) = 1.

Thenr = {(ℓr,minr + δ) | δ ∈ RX
>0 ∧ ∀x, y ∈ ActXr[ordr(x) = 1 ⇔ δ(x) =

0] ∧ δ(x) < 1/g ∧ [ordr(x) < ordr(y)⇔ δ(x) < δ(y)]}.
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A time-open description of a regionr is given by the same attributes (and condi-
tions) as a time-closed region with:r = {(ℓr,minr + δ + d) | d ∈ R>0 ∧ ∀x ∈
ActXr, δ(x) + d < 1/g}.

Note that letting time elapse leads to an alternation of time-open regions (where
time can elapse) and time-closed ones (where no time can elapse). We also note that
minr /∈ r except if there is a single class of clocks relative tor (for instance ifr is a
singleton). More generally, irrespective of the grid and the maximal constant, we note
by r the topological closure ofr: it is a finite union of regions and from the definition,
minr is the minimum vector ofr.

Reachability. Recall that a region isreachableif it belongs to the region automa-
ton. However it does not mean that all the configurations of the region are reachable.
Nevertheless, by induction on the reachability relation inside the region automaton it
can be shown that every configuration is “quasi-reachable” in the following sense. For
each reachable regionr, there is a regionreach(r) with respect to the 1-grid and the
constant∞ such that:

– reach(r) ⊂ r;
– each configuration ofreach(r) is reachable;

– if reach(r) is a time-open region thenr admits a time-open description or else
r admits a time-closed description.

Note that consequently∀x ∈ ActXr,minreach(r)(x) = minr(x) and ∀x ∈
X \ ActXr,minreach(r)(x) > K and thatordr restricted toActXr is identical to
ordreach(r).

Let us defineR by (l, v)R(l, v′) iff ∀x ∈ X, v′(x) = v(x)∨(v(x) > K∧v′(x) >

K). ThenR is a strong time bisimulation relation. From the previous observations,
we note that each configuration of a reachable region is strongly time bisimilar to a
reachable configuration of this region. Thus speaking about reachability of regions is
a slight abuse of notations.

4.6.2. From bisimulation to uniform bisimulation

As a first step towards our characterization, we prove that when a TPN and a
TA are bisimilar, the condition can in fact be strengthened in what we call uniform
bisimulation.

We first prove a lemma which is also a strengthened version of Lemma 4.1. It
points out the effect of time granularity on the behavior of TPN when strict constraints
are excluded.
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LEMMA 4.5.– Let(M, ν) and(M, ν+δ) be two admissible configurations of ag-TPN

with ν, δ ∈ REn(M)
>0 . Letw be an instantaneous firing sequence, then:

(a) (M, ν) w→⇒ (M, ν + δ) w→

(b) If ν ∈ Ng
En(M) andδ ∈ [0, 1/g[En(M) then(M, ν + δ) w→⇒ (M, ν) w→

Proof. There are two kinds of transitions firing inw: those corresponding to a firing
of a transition (for example,t) still enabled from the beginning of the firing sequence
and those corresponding to a newly enabled transition (for example,t′).

Proof of (a) Sincet is fireable from(M, ν), ν(t) ∈ I(t) ⊂ I(t)↑, so ν(t) +
δ(t) > ν(t) also belongs toI(t)↑. Sincet ∈ En(M) and(M, ν + δ) are reachable,
ν(t) + δ(t) ∈ I(t)↓. Thusν(t) + δ(t) ∈ I(t) andt is also fireable from(M, ν + δ).
Sincet′ is newly enabled,0 ∈ I(t′) andt′ is also fireable when it occurs starting from
(M, ν + δ).

Proof of(b) The case of newly enabled transitions inw is handled as before. Now
let t be fireable in(M, ν + δ). Sincet ∈ En(M) and(M, ν) is reachable,ν(t) ∈
I(t)↓. Sinceν(t) + δ(t) ∈ I(t)↑ (denoting byeft(t) the minimum ofI(t)↑), we have
eft(t) 6 ν(t) + δ(t) but eft(t) belongs to theg-grid, thuseft(t) 6 ν(t) ⇔ ν(t) ∈
I(t)↑. Sot is fireable from(M, ν).

LEMMA 4.6.– [From bisimulation to uniform bisimulation] Consider a timed au-
tomatonA bisimilar to someg-TPNN via some relationR. The semantics considered
for N is PA as it gives the maximal expressivity. We consider the region automaton
ofA with respect to the gridNX

g and the constantK =∞. Then:

– if a regionr belongs toR(A) thenr also belongs toR(A);

– with each reachable regionr is associated a configuration of the net(Mr, νr)

with νr ∈ NEn(Mr)
g and a mappingφr : En(Mr)→ [X ]r which fulfill:

- if r is time-closed, then∀(ℓr,minr + δ) ∈ r, (ℓr,minr + δ)R(Mr, νr +
projr(δ)) whereprojr(δ)(t) = δ(φr(t));

- if r is time-open, then∀(ℓr,minr+δ+d) ∈ r, (ℓr,minr+δ+d)R(Mr, νr+
projr(δ) + d).

Proof.We prove this uniform version of the bisimulation by induction on the reacha-
bility relation between regions. First note that the choice of a particular clockx in the
classφr(t) is irrelevant when considering the valueδ(x). Thus, the definition ofprojr
is sound.

We prove our assertion by induction on the transition relation in the region automa-
ton. The basic case is straightforward with{(l0,0)} and{(M0,0)}. For the induction
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part, we consider4 cases, according to the incoming or target region and to the nature
of the step.

1. A time step from a time-closed region.Let r be a time-closed region which
is not maximal and let us denote byr′ = succ(r) the immediate time successor ofr.
Let (ℓr,minr + δ0) be some item ofr. (ℓr,minr + δ0) d→ for somed > 0. Thus (by

induction hypothesis), inN there is a step sequence of(Mr, νr+projr(δ0))
d0t1...tndn→

with all transitions labeled byǫ and
∑
dk = d. Let dk be the first non-zero elapsing

of time. By application of Lemma 4.5(b), the firing sequencet1 . . . tk is fireable from
(Mr, νr).

Let us choose(Mr′ , νr′) as the configuration reached by this sequence. By ap-
plication of Lemma 4.5(a), this firing sequence is also fireable from any(Mr, νr +
projr(δ)) bisimilar to(ℓr,minr + δ) ∈ r and it leads to(Mr′ , νr′ + projr′(δ)) (still
bisimilar to (ℓr,minr + δ)) whereφr′ (resp.,νr′ ) is equal toφr (resp.,νr) for tran-
sitions always enabled during the firing sequence andφr′ (resp.νr′) is obtained by
associating the class of index 1 (resp. by associating the value 0) with the newly en-
abled transitions. Since(Mr′ , νr′) let the time elapse and sinceN is ag-TPN, we note
that∀t ∈ En(Mr′), νr′(t) + 1/g ∈ I(t)↓. Now let (ℓr,minr + δ + d) ∈ r′, and we
have∀x ∈ X , δ(x)+ d 6 1/g. Thus,∀t ∈ En(Mr′), projr′ (δ(x))+ d 6 1/g, which
implies(Mr′ , νr′ + projr′(δ)) d→ (Mr′ , νr′ + projr′(δ) + d); this last configuration
is necessarily bisimilar to(ℓr,minr + δ + d).

2. A time step from a time-open region.Let r be a time-open region and let us
denoter′ = succ(r). Let us define byXmax

r the class[x]r with maximal index. We
note thatminr′ = minr + δ0 where, ifx ∈ Xmax

r , thenδ0(x) = 1/g, otherwise
δ0(x) = 0. We choose(Mr′ , νr′) = (Mr, νr + projr(δ0)). Let t ∈ En(Mr) and
x ∈ φr(t) thenφr′(t) = [x]r′ (letting time elapse does not split the classes). Soprojr
andprojr′ are identical.

Now let (lr′ ,minr′ + δ) ∈ r′. (lr′ ,minr′ + δ) = (ℓr,minr + δ0 + δ).

Now letd = δ(x) for x belonging to the class of index 1 in[Xr]. Then(ℓr,minr+
δ0 + δ) = (ℓr,minr + δ′ + d) where, ifx ∈ Xmax

r , thenδ′(x) = 1/g− d, otherwise
δ′(x) = δ(x) − d. (ℓr,minr + δ′ + d) is bisimilar to(Mr, νr + projr(δ

′) + d) =
(Mr, νr + projr(δ

′ + d)) = (Mr, νr + projr(δ1 + δ)) = (Mr, νr + projr(δ1) +
projr(δ)) = (Mr′ , νr′ + projr′(δ))).

For this step, we have not used the characteristics of time Petri nets.

3. A discrete step into a time-closed region.We have two cases, namely a and b.

– Case a. We first consider the case wherer is a time-closed region. Let
(ℓr,minr +δ0) be some element ofr. Suppose that(ℓr,minr +δ0) e→ (l′, v′ + δ′0)
with ∀x ∈ R(e), v′(x) = δ′0(x) = 0, ∀x /∈ R(e), v′(x) = minr(x) ∧ δ′0(x) = δ0(x).
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Then inN there is a firing sequence(Mr, νr + projr(δ0)) w→ labeled bye. Due
to Lemma 4.5, this firing sequence is also fireable from any(Mr, νr + projr(δ))
bisimilar to(ℓr,minr + δ) ∈ r. According to bisimilarity,(ℓr,minr +δ) e→ for any
(ℓr,minr + δ) ∈ r. Let r′ be the region including(ℓ′, v′ + δ′0), then any configu-
ration of r′ is reachable by this discrete step. Note thatℓr′ = l′ andminr′ = v′.
From (Mr, νr + projr(δ)), the sequencew leads to some(M ′, ν′) bisimilar to
(ℓr′ ,minr′ + δ′)). We now show how to defineMr′, νr′ andφr′ . FirstMr′ = M ′.
Second,νr′(t) = νr(t) for transitionst which are always enabled during the firing
sequence andνr′ = 0 otherwise. At last,φr′ is obtained fromφr as follows. Lett be
a newly enabled transition during the firing sequence, thenφr′(t) is associated with
the class of index 1. Lett be a transition always enabled during the firing sequence.
There are three cases to consider forφr′(t): either there is ax ∈ φr(t) not reset, then
φr′(t) = |x]r′ otherwiseφr′(t) is the class of maximal index which precedesφr(t)
and contains a clock not reset or else the class of index 1. The two last affectations
are sound since it means that whatever the value ofδ(t) fulfilling the order between
classes, the firing sequencew leads to bisimilar configurations (as being bisimilar to
the same configuration of the automaton).

– Case b.The case wherer is a time-open region is handled in a similar way.
Let (ℓr,minr +δ0 + d0) be some element ofr. Suppose that(ℓr,minr +δ0 + d0)

e→
(ℓ′, v′ + δ′0) with ∀x ∈ R(e), v′(x) = δ′0(x) = 0, ∀x /∈ R(e), v′(x) = minr(x) ∧
δ′0(x) = δ0(x) + d0. Then, inN there is a firing sequence(Mr, νr + projr(δ0) +
d0)

w→ labeled bye. Due to Lemma 4.5, this firing sequence is also fireable from any
(Mr, νr +projr(δ)+d) bisimilar to(ℓr,minr+δ+d) ∈ r. According to bisimilarity,
(ℓr,minr +δ + d) e→ for any(ℓr,minr + δ + d) ∈ r. Let r′ be the region including
(l′, v′ + δ′0), then any configuration ofr′ is reachable by this discrete step. Note that
lr′ = l′ andminr′ = v′. From(Mr, νr +projr(δ)+d), the sequencew leads to some
(M ′, ν′) bisimilar to(lr′ ,minr′ + δ′)). We now show how to defineMr′ , νr′ andφr′ .
FirstMr′ = M ′. Second,νr′(t) = νr(t) for transitionst always enabled during the
firing sequence andνr′ = 0 otherwise. At last,φr′ is obtained fromφr as follows. Let
t be a newly enabled transition during the firing sequence, thenφr′(t) is associated
with the class of index 1. There are three cases to consider forφr′(t): either there is a
x ∈ φr(t) not reset, thenφr′(t) = |x]r′ otherwiseφr′(t) is the class of maximal index
which preceedesφr(t) and contains a clock not reset or else the class of index 1. The
two last assignments are sound since it means that whatever the value ofδ(t) fulfilling
the order between classes, the firing sequencew leads to bisimilar configurations (as
being bisimilar to the same configuration of the automaton).

4. A discrete step into a time-open region.In order to reach a time-open region
by a discrete step, the corresponding transition must start from a time-open region
and must not reset any clock. Let(ℓr,minr + δ + d) ∈ r and (ℓr,minr + δ +
d) e→ (l′,minr + δ + d). Here we have used the hypothesis that no clock is reset.
Then there is a firing sequence(Mr, νr + projr(δ) + d) w→ labeled bye. Due to
Lemma 4.5,(Mr, νr + projr(δ))

w→. (ℓr, vr + δ) is bisimilar to(Mr, νr + projr(δ)).
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Figure 4.15.Two automata with different behavior with respect to
bisimulation with a TPN

Thus(ℓr,minr + δ) e→ (l′,minr + δ) d→ (l′,minr + δ + d). Then this region can
be reached via a discrete step into a time-closed region followed by a time step. So we
do not need to examine this case.

4.6.3. A characterization of bisimilarity

The characterization of TA bisimilar to some TPN is closely related to the topolog-
ical closure of reachable regions: it states that any region intersecting the topological
closure of a reachable region is also reachable and that a discrete step either from a
region or from the minimal vector of its topological closure is possible in the whole
topological closure. The two automataB0 andB1 in Figure 4.15 will illustrate our re-
sults: the automatonB0 admits a bisimilar TPN, whereasB1 does not. In what follows,
we suppose that any atomic constraint related to a clockx occurring in the invariant
of a location is added to the guard of each incoming transition which does not resetx.

THEOREM 4.9.– [Characterization of TA bisimilar to some TPN] LetA be a (label-
free) timed automaton, letR(A) be its region automaton with respect to the1-grid
and a constantK strictly greater than any constant occurring in the automaton, then
A is weakly timed bisimilar to a time Petri net iff:∀r ∈ R(A), ∀e an edge ofA:
(a) Every regionr′ such thatr′ ∩ r 6= ∅ is reachable; (b)∀(ℓr, v) ∈ r, (ℓr, v)

e→⇒
(ℓr,minr)

e→; (c) ∀(ℓr, v) ∈ r, (ℓr,minr)
e→⇒ (ℓr, v)

e→.

Furthermore, if these conditions are satisfied then we can build a 1-bounded 2-TPN
bisimilar to A whose size is linear with respect to the size ofA and a 1-bounded
1-TPN bisimilar toA whose size is exponential with respect to the size ofA.
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We note byT A− this class of automata. Using the theorem, we justify why the
automatonB1 does not admit a bisimilar TPN. The regionr = {(ℓ1, x = 1∧ 0 < y <
1} is reachable. The guard of edgec is true inminr = (ℓ1, (1, 0)), whereas it is false
in r.

We prove Theorem 4.9 in three steps in the next sections.

4.6.4. Proof of necessity

The fact that conditions(a), (b), and(c) are satisfied with respect to theg-grid and
the constantK =∞ is straightforward:

– (a) This assertion is included in the inductive assertions.

– (b) Let r be a reachable region, let(ℓr,minr + δ) ∈ r be a configuration with

δ ∈ [0, 1/g[X, then∃(M, ν) ν ∈ NEn(M)
g bisimilar to (ℓr,minr) and(M, ν + δ′)

with δ′ ∈ [0, 1/g[En(M) bisimilar to(ℓr, v+ δ). Suppose that(ℓr,minr + δ) e→, then
(M, ν + δ′) w→ with w as an instantaneous firing sequence andlabel(w) = e. Now
according to Lemma 4.5(b),(M, ν) w→, thus(ℓr,minr)

e→.

– (c) Let r be a region and(ℓr,minr + δ) ∈ r with δ ∈ [0, 1/g]X thus
∃(M, ν) bisimilar to(ℓr,minr) and(M, ν + δ′) with δ′ ∈ [0, 1/g]En(M) bisimilar to
(ℓr,minr+δ). Suppose that(ℓr,minr)

e→, then(M, ν) w→withw as an instantaneous
firing sequence andlabel(w) = e. Now according to Lemma 4.5(a),(M, ν + δ′) w→,
thus(ℓr,minr + δ) e→.

In order to complete the proof, we successively show that if the conditions are sat-
isfied with respect to theg-grid and infinite constant, they are satisfied with respect to
the1-grid and infinite constant and when satisfied w.r.t the1-grid and infinite constant,
they are satisfied w.r.t the1-grid and the usual finite constant. This is done by the next
two lemmas.

LEMMA 4.7.– [About the conditions and the grid] LetA be a timed automaton and
g ∈ N>0. If the conditions (a),(b),(c) are satisfied by the region automaton associated
with theg-grid, then they are satisfied by the region automaton associated with the
1-grid (where in both cases the constantK =∞).

Proof.Let us denote byR(A)g the region automaton ofA with respect to theg-grid.
By definition of regions, we note thatr, which is a region ofR(A), is a finite union of
regions ofR(A)g (for example,r =

⋃

i=1..k ri). Thus,r =
⋃

i=1..k ri which proves
the implication for(a).

Assume that(b) is satisfied byR(A)g. Let (ℓr,minr + δ + d) ∈ r be a region
of R(A) and assume(ℓr,minr + δ + d) e→. We defineδ′ by δ′(x) = δ(x)/g . Then
sinceA has integer constraints,(ℓr,minr +δ′+d/g) e→. Moreover, this configuration
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belongs tor and then to a regionr′ ∈ R(A)g whose minimal vector isminr. Then,
by applying(b), we obtain(ℓr,minr)

e→.

Assume that(c) is satisfied byR(A)g. Let (ℓr, v) ∈ r wherer is a region ofR(A)
and assume(ℓr,minr)

e→. Then there is an increasing path among the minimum vec-
tors of regions ofR(A)g all included inr. This path is such that any two consecutive
elements belong to the closure of some region; it starts at(ℓr,minr) and finishes at
(ℓr,minr∗) such that(ℓr, v) ∈ r∗ (with r∗ as a region ofR(A)g). Thus, by applying
iteratively(c) yields(ℓr, v)

e→.

LEMMA 4.8.– [About the conditions and the constantK] Let A be a timed automa-
ton. If the conditions (a),(b),(c) are satisfied by the region automaton associated with
the 1-grid and constantK = ∞, then they are satisfied by the region automaton
associated with the1-grid and a finite constant.

Proof. Let us denote byR(A)∞ the region automaton ofA with respect toK = ∞.
Let r be a reachable region inR(A) andreach(r) the associated region ofR(A)∞.
Note thatℓreach(r) = ℓr and that∀x ∈ ActXr,minreach(r) = minr and∀x ∈
X,minreach(r) > minr. Suppose thatreach(r) is time-closed (resp. time-open) then
r admits a time-closed (resp. time-open) description where theordr andordreach(r)

mappings are identical for clocks inActXr. Thus,∀(ℓr, v) ∈ r, ∃(ℓr, v′) ∈ reach(r)
such that∀x ∈ ActXr, v

′(x) = v(x).

Now take a convergent sequencelimi→∞(ℓr, vi) = (ℓr, v) with (ℓr, vi) ∈ r so
that(ℓr, v) ∈ r. Then the corresponding sequence{(ℓr, v′i)} being bounded admits an
accumulation point(ℓr, v′) ∈ r. It is routine to show that(ℓr, v) and(ℓr, v

′) belong to
the same region inR(A). This proves that condition(a) forR(A)∞ implies condition
(a) for R(A).

Assume that(b) is satisfied byR(A)∞. Let (ℓr, v) ∈ r be a reachable region
of R(A) and(ℓr, v)

e→. Let reach(r) be the associated reachable region ofR(A)∞

then∃(ℓr, v′) ∈ reach(r) strongly time bisimilar to(ℓr, v), thus(ℓr, v
′) e→. Using

condition(b), (ℓr,minreach(r))
e→. Since(ℓr,minreach(r)) is strongly time bisimilar

to (ℓr,minr), we have(ℓr,minr)
e→.

Assume that(c) is satisfied byR(A)∞ and consider(ℓr, v) ∈ r wherer is a
region ofR(A) and (ℓr,minr)

e→. Let reach(r) be the associated reachable re-
gion ofR(A)∞, then∃(ℓr, v′) ∈ reach(r) strongly time bisimilar to(ℓr, v). Since
(ℓr,minreach(r)) is strongly time bisimilar to(ℓr,minr), (ℓr,minreach(r))

e→. Thus,
using condition(c), (ℓr, v

′) e→. By bisimilarity, we obtain(ℓr, v)
e→.

We now give the proof that the condition is sufficient. The proof is split into two
parts, corresponding respectively to the construction of a2-TPN and the construction
of a1-TPN.
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4.6.5. First construction

Proof for the first construction of sufficiency.We first describe the construction of a
2-TPNN bisimilar toA. The principles of this construction are similar to those used
for the language equivalence. We build a subnet per elementary condition (including
the part associated with the clock resetting). However, except for the conditionsx > c
and the resetting part, all the constructions are different. We first note thatx < a
occurring in an invariant may be safely omitted. Indeed (see the assumptions on timed
automata), it never forbids the state to be entered. If it did forbid the progress of time in
some configuration, then the associated region would be a maximal time-open region
r. Due to condition(a), r is reachable but sincer is time-open,r ∩ succ(r) 6= ∅, so
thatsucc(r) is reachable which contradicts the maximality ofr.

All edges ofN are weighted by1. Unless explicitly stated, the transitions are
labeled byǫ.

– With each locationℓ of the automaton, we associate an eponymous placeℓ. The
placeℓ is initially marked iff the locationℓ is the initial one.
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– The conditions associated with a clockx are arbitrarily numbered from1 ton(x),
wheren(x) is the number of such conditions. We consider that whenx 6 a (a 6= 0)
occurs in at least one transition and in at least one invariant, it is associated with two
different conditions. Then we add places{Rtodox

i }i6n(x)+1 for the management of
the resets.

– With each conditionx > a (a 6= 0) occurring in a transition of the automa-
ton, we associate a widget (see Figure 4.16 (a)) composed by two placesTx>a, Fx>a

and three transitionschangex>a, reset
1
x>a, reset

2
x>a. The placeFx>a is initially

TC1

TC2

TCm

. . .

. . .

. . .

. . .

ℓ

W 1
e W 2

e W
n(e)
e

Rtodox1
1

Rtodox1

n(x1)+1Rtodox2

n(x2)+1

Rtodox2
1 Rtodo

x
n(e)

1

Rtodo
x

n(e)

n(x
n(e))+1

ℓ′

firee , e , [0,∞[

next1e next
n(e)
e

Figure 4.19.Widget of an edge
(l, γ = {c1, . . . , cm(e)}, e, R = {x1, . . . , xn(e)}, l

′)
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marked whileTx>a is unmarked. The interval associated withchangex>a is [a, a];
•changex>a = {Fx>a} andchangex>a

• = {Tx>a}. The interval associated with
reset1x>a and reset2x>a is [0, 0]. Let i be the number of the conditionx > a.
•reset1x>a = {Fx>a, Rtodo

x
i } andreset1x>a

•
= {Fx>a, Rtodo

x
i+1}. •reset2x>a =

{Tx>a, Rtodo
x
i } andreset2x>a

•
= {Fx>a, Rtodo

x
i+1}.

– With each conditionx > a occurring in a transition of the automaton, we as-
sociate a widget (Figure 4.16 (b)) composed by two placesTx>a, Fx>a and three
transitionschangex>a, reset

1
x>a, reset

2
x>a. The placeFx>a is initially marked while

Tx>a is unmarked. The interval associated withchangex>a is [a + 1, a + 1];
•changex>a = {Fx>a} andchangex>a

• = {Tx>a}. The interval associated with
reset1x>a and reset2x>a is [0, 0]. Let i be the number of the conditionx > a.
•reset1x>a = {Fx>a, Rtodo

x
i } andreset1x>a

•
= {Fx>a, Rtodo

x
i+1}. •reset2x>a =

{Tx>a, Rtodo
x
i } andreset2x>a

•
= {Fx>a, Rtodo

x
i+1}.

– With each conditionx 6 a occurring in a transition of the automaton, we as-
sociate a widget (Figure 4.17 (a)) composed by two placesTx6a, Fx6a and three
transitionschangex6a, reset

1
x6a, reset

2
x6a. The placeTx6a is initially marked while

Fx6a is unmarked. The interval associated withchangex6a is [a + 1/2, a + 1/2];
•changex6a = {Tx6a} andchangex6a

• = {Fx6a}. The interval associated with
reset1x6a and reset2x6a is [0, 0]. Let i be the number of the conditionx 6 a.
•reset1x6a = {Tx6a, Rtodo

x
i } andreset1x6a

•
= {Tx6a, Rtodo

x
i+1}. •reset2x6a =

{Fx6a, Rtodo
x
i } andreset2x6a

•
= {Tx6a, Rtodo

x
i+1}.

– With each conditionx < a (a 6= 0) occurring in a transition of the automaton,
we associate a widget (Figure 4.17 (b)) composed by two placesTx<a, Fx<a and
three transitionschangex<a, reset

1
x<a, reset

2
x<a. The placeTx<a is initially marked

while Fx<a is unmarked. The interval associated withchangex<a is [a − 1/2, a −
1/2]; •changex<a = {Tx<a} andchangex<a

• = {Fx<a}. The interval associated
with reset1x<a andreset2x<a is [0, 0]. Let i be the number of the conditionx < a.
•reset1x<a = {Tx<a, Rtodo

x
i } andreset1x<a

•
= {Tx<a, Rtodo

x
i+1}. •reset2x<a =

{Fx<a, Rtodo
x
i } andreset2x<a

•
= {Tx<a, Rtodo

x
i+1}.

– With each conditionx 6 a (a 6= 0) in an invariant, we associate a wid-
get (Figure 4.18) composed by two placesTReachx6a, FReachx6a and three
transitionsreachx6a, resetR

1
x6a, resetR

2
x6a. The placeFReachx6a is initially

marked whileTReachx6a is unmarked. The interval associated withreachx6a

is [a, a]; •changex6a = {FReachx6a} and changex6a
• = {TReachx6a}.

The intervals associated withresetR1
x6a and resetR2

x6a is [0, 0]. Let i be the
number of the conditionx 6 a. •resetR1

x6a = {FReachx6a, Rtodo
x
i } and

resetR1
x6a

•
= {FReachx6a, Rtodo

x
i+1}. •resetR2

x6a = {TReachx6a, Rtodo
x
i }

andresetR2
x6a

•
= {FReachx6a, Rtodo

x
i+1}.

– With each edge(l, γ = {c1, . . . , cm(e)}, e, R = {x1, . . . , xn(e)}, l′), we as-
sociate a widget (Figure 4.19) composed by places{W i

e}i6n(e) and transitions
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firee, {nextie}i6n(e). The transitionfiree has the labele; its interval is [0,∞[;
•firee = {l, Tc1, . . . , Tcm(e)

} and firee
• = {W 1

e , Rtodo
x1
1 , Tc1, . . . , Tcm(e)

}.
The interval associated with transitionsnextie is [0, 0]. ∀i < n(e), •nextie =

{W i
e , Rtodo

xi
n(xi)+1} and nextie

•
= {W i+1

e , Rtodo
xi+1

1 }. •next
n(e)
e = {Wn(e)

e ,

Rtodo
xn(e)

n(xn(e))+1} and next
n(e)
e

•
= {ℓ′}. When R = ∅, the widget is re-

duced to the transitionfiree with •firee = {ℓ, Tc1, . . . , Tcm(e)
} and firee

• =
{ℓ′, Tc1 , . . . , Tcm(e)

}.
– If a conditionx 6 0 occurs in the invariant ofl, then we add a transitionstopℓ

with interval [0, 0], •stopℓ = stopℓ
• = {ℓ}. If a conditionx 6 a (a 6= 0) occurs in

the invariant ofl, then we add a transitionstopx6a
ℓ with interval [0, 0], •stopx6a

ℓ =

stopx6a
ℓ

•
= {ℓ, TReachx6a}.

We decompose the reachable configurations (and markings) intointermediate
(someW i

e is marked) andpermanentones (someℓ is marked). An easy induction
shows that in permanent configurations(M, ν) the enabled timed transitions relative
to a clock are “synchronized”:ν(changec) = ν(changec′) = ν(reachc′′) as soon
as c, c′, c′′ relate to the same clockx. We defineν(x) as this common value if at
least one such transition is enabled and otherwiseν(x) = K(x) whereK(x) is the
maximal value relative to clockx occuring in the netN . Furthermore, from any in-
termediate configuration(M, ν), the behavior of the net is quasi-deterministic until it
reaches a permanent configuration: there are only firing sequences (i.e. no time step)
and some of them lead to permanent configurations. Furthermore, these permanent
configurations (for example,(Mnext, νnext)) have the same marked placeℓ and the
same valuesνnext(x).

It is also obvious that once somefiree is fired, the construction ensures the ex-
istence of a “resetting” sequence which reinitializes the widgets associated with the
clocks to be reset.

Bisimulation relation.We now define the relationR between reachable configura-
tions of the automatonA and the netN . Let us define(ℓ, v)R(M, ν) iff:

– eitherM is a permanent marking andM(ℓ) is marked and ifν(x) < K(x) then
v(x) = ν(x), otherwisev(x) > K(x);

– orM is an intermediate marking leading to some permanent(Mnext, νnext) and
(ℓ, v)R(Mnext, νnext). This definition is sound due to the common features of the
different(Mnext, νnext).

It remains to prove thatR is a bisimulation, which is done in the next lemma.

LEMMA 4.9.–The relationR defined above is a weak timed bisimulation.

Proof.We first consider moves fromA.
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Case 1:(ℓ, v) e→ (ℓ′, v′)

First, let us prove that(M, ν) σ→ with σ labeled bye. At first, σ begins by
σ′ which consists of firing all thechangec fireable leading to some(M ′, ν′) (with
(ℓ, v)R(M ′, ν′)). Now we prove that(M ′, ν′)

firee→ . By definition ofR, M(ℓ) is
marked. Letc be a condition occuring in the guard ofe. If c = [x > a] thenv(x) > a
which implies thatν(x) > a and thatTx>a is marked (eventually with the help ofσ′).
If c = [x > a] then letr be the region to which(ℓ, v) belongs.minr(x) = ⌊v(x)⌋.
Using condition(b), (l,minr)

e→. Thus,v(x) > minr(x) > a + 1, which implies
ν(x) > a+ 1 and thatTx>a is marked (eventually with the help ofσ′). If c = [x 6 a]
thenv(x) 6 a which impliesν(x) 6 a and thatTx6a is marked (remember that
changex6a fires whenν(x) = a + 1/2). If c = [x < a] then letr be the region
to which (ℓ, v) belongs. Then there exists(ℓ, v1) ∈ r with v1(x) = ⌈v(x)⌉. Using
condition (b) and then(c), (l, v1)

e→. Thus,v(x) 6 v1(x) 6 a − 1, which im-
pliesν(x) 6 a − 1 and thatTx<a is marked (remember thatchangex<a fires when
ν(x) = a− 1/2). Thusfiree is fireable from(M ′, ν′). We completeσ by the “reset-
ting” sequence leading to a configuration bisimilar to(ℓ′, v′). If M is an intermediate
marking, we fire a sequence leading to some(Mnext, νnext) and perform the previous
simulation.

Case 2:(ℓ, v) d→ (ℓ, v + d)

Suppose thatx 6 a belongs to the invariant ofℓ. This means thatv(x) + d 6 a.
Thus, from(M, ν), we let a timed elapse interleaved with possible firings ofchange
transitions. Thestop transitions associated withℓ will be possibly fireable but only at
the end of this step sequence.

If M is an intermediate marking, we fire a sequence leading to some
(Mnext, νnext) and perform the previous simulation.

Conversely, we consider moves fromN .

Case 3:(M, ν) t→ (M ′, ν′)

If t is labeled byǫ, then by construction(ℓ, v)R(M ′, ν′).

Thus, we only need to examine the case offiree (M is then a permanent marking).
Let r be the region to which(ℓ, v) belongs. We will show that(ℓ,minr)

e→. Then by
condition(c), we will obtain that(ℓ, v) e→.

Let c be a condition occuring in the guard ofe. If c = [x > a] thenTx>a is marked,
which implies thatν(x) > a and thenv(x) > a, thusminr(x) = ⌊v(x)⌋ > a. If c =
[x > a] thenTx>a is marked, which implies thatν(x) > a+ 1 and thenv(x) > a+1
thusminr(x) = ⌊v(x)⌋ > a + 1 > a. If c = [x 6 a] thenTx6a is marked, which
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•

•

•

•

[1/2, 1/2] toFy60

Ty60

c, [0, +∞[ l2ℓ1

ℓ0

a, [0, +∞[

b, [0, +∞[

Tx>1[1, 1]

inv0

Figure 4.20.The TPN bisimilar tob0

implies thatν(x) 6 a+ 1/2 and thenv(x) 6 a+ 1/2 thusminr(x) = ⌊v(x)⌋ 6 a.
If c = [x < a] thenTx<a is marked, which implies thatν(x) 6 a − 1/2 and then
v(x) 6 a− 1/2 thusminr(x) = ⌊v(x)⌋ 6 a− 1 < a.

So (ℓ, v) e→ (ℓ′, v′) for some(ℓ′, v′). By construction ofN and definition ofR,
(ℓ′, v′)R(M ′, ν′).

Case 4:(M, ν) d→ (M, ν + d)

An intermediate marking cannot let time elapse. Thus,M is a permanent marking.
Consider anx 6 a that belongs to the invariant ofl. Thena 6= 0, otherwise, from
state(M, ν), stopl must be fired and, in this case, time may not elapse. Similarly,
sincestopx6a

l is only possibly fireable from(M, ν+ d), it follows thatν(x) + d 6 a,
thusv(x) + d 6 a.

Consequently,(ℓ, v) d→ (ℓ, v + d) and obviously(ℓ, v + d)R(M, ν + d).

We finally illustrate this construction on the timed automatonB0 in Figure 4.15 and
its translation given below (with some simplifications related to this particularTA).
For readability, immediate transitions (where interval[0, 0] is represented in black and
ε labels) are not shown.
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First, note that the subnet associated with the constrainty 6 0 switches the con-
dition to false (firing oftoFy60) when the implicit value ofy maintained in the net
reaches1/2. Seemingly, this translation appears to be less constrained than the orig-
inal condition. We explain how we prove that this translation is nevertheless sound.
Let r be the region corresponding to the current configuration(ℓ, v) of the automaton
simulated by the net. If the net is able to simulate a discrete step of the automaton,
we prove that in the configuration(ℓ,minr) of the automaton this step is also possi-
ble. Thus, by condition(c), the step is also possible from(ℓ, v). On the other hand,
if a discrete step is possible for(ℓ, v) in the automaton, we show that this step is
also simulatable in the net using both conditions(b) and(c) and the following fact:
∀x ∈ X, ∃(ℓr, v′), (ℓr, v′′) ∈ r such thatv′(x) = ⌊v(x)⌋ andv′′(x) = ⌈v(x)⌉. We
also need to handle the invariants. First it is straightforward to observe that, due to con-
dition (a), an atomic constraintx < c occuring in an invariant may be safely deleted
since its effectiveness leads to the existence of a regionr whose time-successor (which
intersectsr) would not be reachable. The subnet associated with the atomic constraint
x 6 1 occuring in the invariant ofℓ0 leads to transitioninv0 (not modifying the mark-
ing) which is fireable as soon as the simulated value ofx reaches1 and the placeℓ0 is
marked. Thus, time cannot progress except if the location is left.

4.6.6. Second construction

Proof for the second construction of sufficiency.When the conditions on the unla-
beled timed automatonA are satisfied, we build a1-TPNN with atomic semantics
which is weakly timed bisimilar toA. We suppose that all invariant conditions of a
location are added to the guard of each ingoing transition. Recall thatK = m + 1,
wherem is the maximal constant forA. The construction of the TPN is a partial repli-
cation of both the region automaton ofA and the class automaton, as explained later.
There is first a subnet for each clockx, in which only the integral parts ofx appear in
the places (but with a fractional part that can reach1).

• . . .

hx
0 hx

1tx0

[1, 1]

tx1

[1, 1]

txK−1

[1, 1]

hx
K

Then we add one placeC for each classC = (ℓ, Z) of the class automaton, with
the initial class marked. Now lete = (ℓ, g, a, R, ℓ′) be a transition ofA. For each
pair (v, v′) of clock valuations inNX , with v, v′ 6

−→
K , we build a subnet which

simulates the transition(ℓ, v) e→ (ℓ′, v′), where we havev′(x) = 0 if x ∈ R and
v′(x) = v(x) otherwise. LetC1 = (ℓ, Z1), . . . , Ck = (ℓ, Zk) be the subset of classes
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such that∃v′′ ∈ Zi ∧ ∀x ∈ X, v′′(x) = v(x) ∨ (v′′(x) > K ∧ v(x) = K)) for 1 6

i 6 k andC′
1, . . . , C

′
k be the classes obtained by applying transitione to C1, . . . , Ck

respectively. We have a transition with labele for eachCi (with k = 2 in the figure
below), all with interval[0,+∞[. Note that all reset operations for clocks inR are
executed successively with instantaneous transitions. Moreover, the upper part of the
net ensures that the invariant conditions of locationl are satisfied (this part has been
omitted forℓ′).

. . .

l

hz
c , z 6 c ∈ Inv(ℓ)

[0, +∞[

e

hx
v(x), x ∈ R

hx
v(x), x /∈ R resetxe

hx
0 , x ∈ R

resetye

l′

C1

C2

e

C′

1

C′

2

Figure 4.21.Simulation of a transition

Like in the previous proof, we say that a configuration (and the corresponding
marking)(M, ν) of the TPN is permanent ifM(ℓ) = 1 for somel. Otherwise, it is an
intermediate configuration (and marking), whereM(resetxe ) = 1 for some (exactly
one of each)x ande, meaning that some reset operations are in progress. Here again,
a permanent configuration is reached instantaneously from such an intermediate con-
figuration, with only firing sequences completing the reset operations for transitione
(interleaved with possibly transitions firings of sometxc ).

Furthermore, for a configuration(M, ν), there is exactly one non-empty placehx
c

for each clockx. By writing cx for the constant, such thatM(hx
cx) = 1, we have

eithercx = K or 0 6 ν(txcx) 6 1, whereν(txc ) is the time elapsed since the arrival
of the token in the placehx

cx . This means that the value of clockx is eitherv(x) > K
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or v(x) = cx + ν(txcx) with ⌊v(x)⌋ equal to eithercx or cx + 1. In the latter case,
transitiontxcx can be fired instantaneously, leading to the configuration(M ′, ν′) with
one token in placehx

cx+1 and eithercx + 1 = K or ν′(txcx+1) = 0. We can thus reach
a configuration wherec = (cx)x∈X is maximal.

Bisimulation relation. The relationR is defined as the set of pairs((M, ν), (ℓ, v))
such that:

– either(M, ν) is a permanent configuration withM(ℓ) = 1, the relation between
v andν is the one described above, and there exists exactly one classC = (ℓ, Z) such
thatM(C) = 1 andv ∈ Z;

– or (M, ν) is an intermediate configuration leading to some permanent configu-
ration(M ′, ν′) such that((M ′, ν′), (ℓ, v)) ∈ R.

We end the proof with an auxiliary lemma and the fact thatR is a weak time
bisimulation.

The following lemma, which relates regions and classes, shows how the class au-
tomaton will be used to control the firing of a transition when the minimal pointc is
not in the same region asv.

LEMMA 4.10.– LetA be an automaton satisfying the conditions of Theorem 4.9, let
C = (ℓ, Z) be a class of the class automaton and(ℓ, v) ∈ C. Let (ℓ, v) ∈ r wherer
is a region with respect to to the choiceK =∞ (which means that there is an infinite
number of regions). Then∀(ℓ, v′) ∈ r, (ℓ, v′) ∈ C. In particular, (ℓ, ⌊v⌋) ∈ C.

Proof.The proof is obtained by induction on the reachability relation between regions.
The case of a discrete step follows from conditions(b) and(c) of Theorem 4.9. The
case of a time step follows from the choice ofK = ∞ which implies that, given a
regionr, every item ofsucc(r) is reached by a time step from an item ofr.

LEMMA 4.11.–The relationR defined above is a weak time bisimulation.

Proof.Assume that(M, ν)R(ℓ, v) and consider a move inA.

Case 1:(ℓ, v) d→ (ℓ, v + d) (with d 6= 0). In this case, we must consider different
subcases, according to the regions that can be reached by elapsing time. We consider
only moves in which at most one different region is reached, whereas the general
case would be a combination of those elementary moves. First note that sincev′ =
v + d can be reached, no invariant condition needs to be activated inN . Moreover, if
(M, ν) is an intermediate configuration, we first apply the sequence described above
and reach the equivalent configuration(M1, ν1). Also in this case, since classes are
unchanged by elapsing time, if we prove that a delay move is possible from(M1, ν1),
we immediately obtain that the class is the same in the resulting configuration. Thus,
the resulting configuration will be equivalent to(ℓ, v + d):
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– if v belongs to a time-open region, the case wherev′ belongs to the same time-
open region is easy, since it simply corresponds to a delay transition from(M1, ν1) in
N , each clock being in somehx

c and staying inside (no token move), with(M1, ν1+d)
equivalent to(ℓ, v+ d). If v′ has reached an integer value, we consider a clockx with
the greatest integral part, so thatv′(x) = ⌊v(x)⌋ + 1 = v(x) + d with v(y) + d 6

⌊v(y)⌋ + 1 for all other clocks. In this case also, we obtain a delay move inN from
(M1, ν1);

– if there are some clocksx for which v(x) has an integer value, then elapsing
time leads to the successor region, which is time-open. From(M1, ν1), it is possible
to reach with instantaneous transitions a configuration(M2, ν2) where for all clocks
with integer values,M2(h

x
c ) = 1 with c maximal, and(M2, ν2) is still equivalent to

(ℓ, v). Now from(M2, ν2), a delay move can be applied so that(M, ν) ∗→ (M1, ν1)
∗→

(M2, ν2)
d→ (M2, ν2 + d), with (M2, ν2 + d)R(ℓ, v + d).

Case 2:If (ℓ, v) e→ (ℓ′, v′) for somee = (ℓ, g, a, R, l′), then condition(b) implies
that a transition(ℓ, ⌊v⌋) e→ (ℓ′, ⌊v′⌋) is also possible inA. Here again we may have to
apply from(M, ν) a sequence of instantaneous transitions, leading to(M1, ν1) where
placel is marked and from there we can reach an equivalent configuration(M2, ν2)
with c = (cx)x∈X maximal. LetC = (ℓ, Z) be the class for whichM(C) = 1,
with v ∈ Z. From lemma 4.10,(ℓ, ⌊v⌋) also belongs toC, and∀x ∈ X, ⌊v⌋(x) =
cx∨ (⌊v⌋(x) > K ∧ cx = K) so that the transitione (corresponding to this vector and
this class) can be fired inN , immediately followed according to the corresponding
reset sequence, leading to(M ′, ν′). Since exactly one classC′ is marked aftere, we
have(M ′, ν′)R(ℓ′, v′) according to the definition ofR.

For the converse, we consider a move inN .

Case 3:(M, ν) d→ (M, ν + d) (with d 6= 0). Then, neither reset transitions nor
transitions of the formtxc can be fired inN . Thus, the placeshx

c which contain a token
are such thatν(txc ) < 1 andν(txc ) + d 6 1. For the state(ℓ, v), we haveM(ℓ) = 1
andv(x) = c+ ν(txc ). The move(ℓ, v) d→ (ℓ, v + d) is possible inA since(ℓ, v + d)
belongs either to the region of(ℓ, v) or to its time successor which is reachable by
condition(a). Therefore,(ℓ, v) d→ (ℓ, v + d) in A with (M, ν + d)R(ℓ, v + d).

Case 4:(M, ν) t→ (M ′, ν′). For any transition ofN , which is not associated with
some transitione = (ℓ, g, a, R, l′) in A, no time can elapse so there is no need for a
move inA because(M ′, ν′) is still equivalent to(ℓ, v). Suppose now thatt is associ-
ated with an edgee, so we haveM(ℓ) = 1,M(C) = 1 for some classC = (ℓ, Z) with
v ∈ Z. Sincet is fireable, considering the valuationc = (cx)x∈X the construction im-
plies that∃v′′ ∈ Z such that∀x ∈ X, v′′(x) = cx∨(v′′(x) > K∧cx = K), which im-
plies that the segment[v′′, v] ⊆ Z, from the convexity ofZ, with 0 6 v(x)−v′′(x) =
v(x) − cx 6 1 for eachx such thatcx < K. Thus,[(ℓ, v′′), (ℓ, v)] is contained in the
topological closurer of some reachable region such thatminr = c andl = lr. Since
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(ℓ, c) e→ (ℓ′, c′) is possible inA, and(ℓ, v′′) is strongly time bisimilar to(ℓ, c), we
have(ℓ, v′′) e→ (ℓ′, v′′′). Now condition(c) implies that a move(ℓ, v) e→ (ℓ′, v′) is
also possible inA. From the definition,(M ′, ν′)R(ℓ′, v′).

For instance, for the automatonB0 from Figure 4.15, we have four classes:C0 =
{l0, 0 6 x = y 6 1}, C1 = {l1, 0 6 x = y 6 1}, C′

1 = {l1, x = 1 ∧ y = 0} and
C2 = {l2, 0 6 y = x− 1}. We show below the subnet corresponding to the transition
c at point(l1, (1, 0)) and classC′

1.

l1 l2

[0,+∞[

c

hx
1

hy
0

C′
1 C2

Consider the following run inB0: (l0, (0, 0)) a→ (l1, (0, 0)) 1→ (l1, (1, 1)). The
simulation of this run byN may lead to the following configuration:l1, hx

0 , h
y
0 andC1

are marked andtx0 andty0 have been enabled for1 time unit. Suppose that the sequence
tx0t

′x
0 is fired by marking the placetx1 , then without the input placeC′

1 the transition
labeledc could be erroneously fired. SinceC′

1 is unmarked this firing is disabled.

4.6.7. Complexity results

This characterization leads to the following complexity results.

THEOREM 4.10.– [Complexity results] Given a (label-free) timed automatonA, de-
ciding whether there is a TPN weakly timed bisimilar toA is PSPACE-complete. The
reachability problem for the classT A− is PSPACE-complete.

Proof.The reachability problem for regions is inPSPACE. In order to check whether
the condition(a) is false wenon-deterministicallypick a regionr and a regionr′

which intersectsr and check whetherr is reachable andr′ is not reachable. In or-
der to check whether the condition(b) is false wenon-deterministicallypick a re-
gion r and a edgee and check whetherr is reachable ande is fireable fromr and
not fireable from(lr,minr). In order to check whether the condition(c) is false we
non-deterministicallypick a regionr, a regionr′ which intersectsr and an edgee
and check whetherr is reachable ande is not fireable fromr or r′ and fireable
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from (lr,minr). By Savitch’s construction, we obtain a deterministic algorithm in
PSPACE.

In order to show thePSPACE-hardness, we use the construction in [ACE 02]
which reduces the acceptation problem for linear bounded Turing machine (LBTM)
to the reachability problem for TA with restricted guards. The calculated TA (called
AM,w0 ) satisfies the conditions(a) and (b) but does not satisfy the condition(c).
However, it can be safely transformed in order to satisfy this condition by adding the
invariantt 6 1 to any state(q, i) and the invariantt 6 0 to any state(i, θ, j). This
intermediate automaton is now bisimilar to a TPN.

Then we transform the edges entering theend state by resettingt and at last we
add an edge(end, t = 0, e, ∅, end).

If the LBTM M does not accept the wordw0, then the stateend is not reachable
andAM,w0 satisfies the conditions(a),(b),(c).

If the LBTM M accepts the wordw0, then the stateend is reachable andAM,w0

does not satisfy the condition(c) (the additional edge is fireable when enteringend
but not after letting the time elapse). The fact that the reachability problem for the
classT A− is PSPACE-complete was proved implicitly within the proof above.

At last, we complete these results by adapting them to other models ofTA. A sim-
pler characterization holds forTA without strict (and diagonal) constraints. Despite
the fact that excluding strict constraints simplifies the characterization, the complexity
of the membership problem remains the same.

THEOREM 4.11.–[TA without strict constraints] LetA be an unlabeled timed au-
tomaton without strict constraints, letR(A) be its region with respect to the1-grid,
thenA is weakly timed bisimilar to a time Petri net iff:∀r ∈ R(A), ∀e an edge ofA,
∀(ℓr, v) ∈ r, (ℓr,minr)

e→⇒ (ℓr, v)
e→. Furthermore, deciding whether there is a

TPN weakly time bisimilar toA is PSPACE-complete.

Proof. It is straightforward to show that conditions(a) and(b) are satisfied by an au-
tomaton without strict constraints. Similarly the condition(c) is easily deduced from
the current condition when the automaton does not include strict constraints.

The PSPACE membership is obviously true. We note that although the net
of [ACE 02] contains contraintsxi > 1, they can be safely changed toxi > 2. Thus,
thePSPACEhardness follows.

4.7. Conclusion

In this chapter, we have investigated different questions relative to the expressive-
ness of TPNs. At first, we have shown that TAs and bounded TPNs (enlarged with
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strict constraints) are equivalent with respect to the timed language equivalence. We
have also provided a more general and efficient construction of a TPN equivalent to
a TA than the previous ones. Then we have focused on the weak time bisimilarity
equivalence and we have developed our main contribution: a characterization of TAs
time bisimulatable by a TPN. From this characterization, we have proved that de-
ciding whether a TA admits a time bisimilar TPN is aPSPACE-complete problem.
Furthermore, the reachability problem is stillPSPACE-complete for this subclass of
TAs. Finally, we have proved that for bounded TPNs the different semantics lead to
equivalent models with respect to the time bisimilarity but that this is no longer true
with strict constraints.

We are now looking for similar (multiple) characterizations for TPNs enlarged
with strict constraints since in this context the choice of the semantics is relevant. We
will also try to apply the same techniques to compare the different models of Petri nets
with time.
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Chapter 5

A “Maximum Node Clustering” Problem

5.1. Introduction

We consider the following problem: given an undirected graphG(V,E), with V =
{1, 2, . . . , n}, E ⊆ {{i, j} : i, j ∈ V }, non-negative node profitsπi, i ∈ V , edge
weightswij , {i, j} ∈ E, and a given capacityB > 0, determine a subsetS∗ ⊆ V
such that the total profitπ(S∗) =

∑

i∈S∗ πi is maximum and:

w(S∗) =
∑

{i,j}∈δ(S∗)

wij 6 B [5.1]

whereδ(S∗) is the set of all edges having at least one endpoint inS∗. In what follows
it is also assumed thatw({i}) 6 B, ∀ i ∈ V, otherwise nodei could not be part of any
feasible solution and could be discarded in advance. We call such problem Maximum
Node Clustering (MNC). This problem generalizes the0/1 Knapsack problem (see the
reduction of Figure 5.1 in section 5.3) and is strictly related to the DenseK-Subgraph
problem [FEI 01, BIL 05].

The problem models also a class of knapsack-like problems with quadratic ca-
pacity constraint, arising in some telecommunications network design problems
[CAR 04, YAM 05]. In telecommunications networks with hierarchical architecture,
terminal nodes —terminalsin what follows — representing origins and destinations
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of traffic demands are connected to hub nodes in charge of aggregating small flows
into larger ones and routing them on intra-hub backbone links. Usually hubs have a
limit, B, on the amount of traffic they can handle — i.e. the amount of traffic they
can aggregate/disaggregate and route. The amount of traffic to be faced by a given
hub is the sum of the traffic related to terminals connected to it. Consider a set of
terminalsV , a subsetS ⊆ V connected to the considered hub and a traffic matrix
tij , (i, j) ∈ V × V . The amount of traffic to be faced by the hub is:

∑

i∈S

∑

j∈V

tij +
∑

i∈S

∑

j∈V \S

tji =
∑

i∈S




∑

j∈V

(tij + tji)−
∑

j∈S

tji





In certain environments we can specify meaningful “profits” coming from con-
necting a terminali to the hub; this leads to a knapsack-like quadratic model:

max
∑

i∈V

πixi [5.2]

subject to:

∑

i∈V




∑

j∈V

(tij + tji)xi −
∑

j∈V

tjixixj



 6 B [5.3]

xi ∈ {0, 1}, ∀i ∈ V [5.4]

wherexi = 1 iff the terminali is connected to the considered hub.

The profits assigned to the terminals may be different. With all equal profits we aim
to maximize the number of connected terminals. In another situation, suppose that a
terminali∗ is considered and that the goal is to minimize the total amount of traffic
that it sends on the intra-hubs links — this helps in reducing network costs, since a
flow depending cost is usually given between every pair of hubs. Thus, the aim is to
minimize

∑

j∈V \S (ti∗j + tji∗). Since
∑

j∈V (ti∗j + tji∗) is a constant, this is equiv-
alent to maximize

∑

j∈S (ti∗j + tji∗). This leads to a quadratic knapsack problem in
which the profit of an itemj is given byti∗j + tji∗ . Finally, [5.2] to [5.4] is the pricing
problem in a column generation approach for a class of Bin Packing Problems with
quadratic formulation of the capacity constraint [CAR 04]. In this case, completely
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general profits are defined by the simplex multipliers at each iteration. Model [5.2]–
[5.4] defines a special case of MNC, where terminals are mapped on graph nodes
and weightswij = tij + tji are associated with edges{i, j}: equation [5.1] enforces
constraint [5.3].

In this chapter, we first show that the problem is stronglyNP-complete (even
for bipartite graphs) and that approximation ratios arbitrarily close to2 are attainable
in polynomial time. Then, we consider the special case whereG is a tree (which
remainsNP-complete due to a straightforward reduction from the0/1 Knapsack
problem) and show that it is solvable in pseudo-polynomial time by a dynamic pro-
gramming approach. For this latter case we also develop an FPTAS based on the dy-
namic programming recursion and an exact exponential algorithm that runs in time
O(2

2
3 |V |poly(|V |)).

5.2. Approximation algorithm for the general problem

We first recall the following problems which are instrumental for the results.

KNAPSACK (or 0/1-knapsack problem). Given itemsN = {1, 2, . . . , n}, item profits
p1, . . . , pn and weightsW1, . . . ,Wn andb > 0 determineS ⊆ N such thatW (S) =
∑

i∈S Wi 6 b and
∑

i∈S pi is maximum (decision version:
∑

i∈S pi > K for a given
K).

DENSEK -SUBGRAPH (DKS). Given a graphG′(V ′, E′), with edge weightsWij ,
K > 0 andQ > 0, determine anS′ ⊆ V ′ such that|S′| = K and:

∑

{i,j}∈E(S′)

Wij > Q [5.5]

whereE′(S′) = {{i, j} ∈ E′: i, j ∈ S′}.

The KNAPSACK problem isNP-complete in the ordinary sense [GAR 79], while
the DKS problem isNP-complete in the strong sense even for unweighted bipartite
graphs [COR 84].

The decision version of MNC calls for finding anS ⊆ V such thatw(S) 6 B
andπ(S) > R for a givenR. The following proposition establishes the complexity of
MNC even for the special case of bipartite graphs.

PROPOSITION5.1.–MNC is stronglyNP-complete.

Proof.Feasibility of anyS ⊆ V can be checked inO(|E|) time, hence MNC∈ NP.
A reduction DKS ∝ MNC is immediate: setV ≡ V ′, E ≡ E′, wij ≡ Wij for all
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{i, j} ∈ E, πi = 1 for all i ∈ V, B =
∑

{i,j}∈E Wij −Q,R = |V | −K. An S ⊆ V

exists such thatπ(S) = |S| = R andw(S) 6 B iff S′ = V \ S is aK-nodes subset
satisfying [5.5].

We now discuss approximate algorithms for MNC on arbitrary graphs.

PROPOSITION5.2.– An approximate solutionSA such that:

π(S∗)

π(SA)
6 2 + ε

is computable in polynomial time (inn and1/ε) for anyε > 0 and this bound is tight.

Proof.Let I be an instance of MNC with a graphG(V,E), profitsπi, i ∈ V , weights
wij , {i, j} ∈ E and capacityB. We definen instances of KNAPSACK Ik, k ∈ V , as
follows:

(Ik) :







N = {1, 2, . . . , n} \ {k} = V \ {k}
pi = πi, i ∈ N
Wi =

∑
j:{i,j}∈E
j 6=k

wij , i ∈ N
b = B −∑j:{k,j}∈E wkj

As already noticed, we assumeWi 6 B for all i (if not, nodei cannot be part of the
solution and can be eliminated). A (non-polynomial, at the moment) approximation
algorithm is defined as follows:

1. SA := ∅;
2. for all k = 1, . . . , n do
3. SolveIk, letS∗

k be the optimal solution;
4. if πk + π(S∗

k) > π(SA) then SA := S∗
k ∪ {k};

5. end for;
6. return SA;

Note that allS∗
k ∪ {k} are feasible forI.

From now on we consider an indexk such thatk ∈ S∗ andπk > πi for all i ∈ S∗,
and denoteWk =

∑

j:{k,j}∈E wkj . We first prove that:

π(S∗) 6 2[πk + π(S∗
k)] [5.6]

(note thatπ(SA) > πk + π(S∗
k)).
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Let Ĩk be an instance of KNAPSACK defined likeIk, but restricted only to the
(unknown) items appearing inS∗ and letS̃∗ be its optimal solution. Clearly,π(S∗

k) >

π(S̃∗).

We first observe that, forS∗ to be feasible forI, we must have:

W (S∗ \ {k}) =
∑

i∈S∗\{k}

Wi 6 2(B −Wk) [5.7]

since eachwij is counted at most twice inW (S∗
k). Consider at ∈ S∗ \ (S̃∗ ∪ {k}).

If such at does not exist, theñS∗ ∪ {k} ≡ S∗ and the algorithm finds the optimal
solution; otherwise, according to the optimality ofS̃∗ we have:

W (S̃∗) +Wt > B −Wk [5.8]

By combining [5.7] and [5.8], we get:

W [S∗ \ (S̃∗ ∪ {k, t})] 6 B −Wk

i.e.S∗ \ (S̃∗ ∪ {k, t}) is feasible forĨk. Then, by optimality ofS̃∗:

π[S∗ \ (S̃∗ ∪ {k, t})] 6 π(S̃∗)

Finally,π(S∗) can be written as:

π(S∗) = πk + πt + π[S∗ \ (S̃∗ ∪ {k, t})] + π(S̃∗)

6 2[πk + π(S̃∗)]

6 2[πk + π(S∗
k)]

thus establishing equation [5.6].

In order to get a polynomial algorithm, we simply require that on line 3 of the
algorithm the instancesIk are approximately solved by means of an FPTAS, with
relative error bounded byε2 . Then:

π(S∗)

π(SA)
=

π(S∗)

πk + π(S∗
k)
· πk + π(S∗

k)

π(SA)
6 2

(

1 +
ε

2

)

= 2 + ε
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For the bound tightness, consider an instanceI of MNC on a complete graph where
V = {1, 2, 3, 4}, E = {{1, 2} , {1, 3} , {1, 4} , {2, 3} , {2, 4} , {3, 4}}, πi = 1 for all
i ∈ V , wij = 1

6B for all {i, j} ∈ E. EachIk has capacity12B, and optimal value1,
hence we get a heuristic solution with value2, whileS∗ = {1, 2, 3, 4}, π(S∗) = 4.

REMARK 5.1.– If the underlying graph is bipartite, for exampleG(V1∪V2, E), an even
simpler algorithm giving an approximation ratio arbitrarily close to 2 is the following
(the proof is straightforward). Solve two instancesIV1 , IV2 of KNAPSACK whereN =
V1 andN = V2 respectively, and:

pi = πi

Wi =
∑

j:{i,j}∈E

wij , for eachi ∈ N

b = B

then pick the best between the two solutions.

5.3. The tree case

In what follows we consider instances of MNC where the underlying graph is a tree
T (V,E) (Tree-MNC, TMNC). TMNC is easily seen to beNP-complete: Figure 5.1
sketches a simple reduction KNAPSACK∝ TMNC whereT is a star.

Without loss of generality, we introduce the following notation and assumptions,
in use throughout this section. The nodes in the treeT (V,E) are numberedV =
{1, 2, . . . , n}; we assume that nodes are numbered so that:

– each nodek ∈ V is connected to a set ofconsecutively numbered“children”
nodesΓk = {jk, jk + 1, . . . ,mk}; jk is the leftmost child andmk is the rightmost
child of nodek;

– if k ∈ V \ {1}, k′ < k is the unique “parent” node ofk; node1 is considered
the root of the tree.

The set of leaves ofT is denoted byU . If k ∈ V is a node,Tk is the subtree ofT
rooted at nodek and for anyS ⊂ V we will denote byS ∩ Tk the set of all nodes of
Tk contained inS. Finally, we will denoteΠ =

∑

i∈V πi, πmax = max {πi: i ∈ V }.

5.3.1. Dynamic programming

We develop a dynamic programming recursion for TMNC, which is in the spirit
of those used for KNAPSACK [MAR 90]. Particularly, we note that the recursion pa-
rameter could be: (I) the maximum total weight allowed for a partial solution, or (II)
the total profitz associated with a partial solution. We analyze in detail approach (II),
which leads to an algorithm instrumental for further approximation results.
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0

1 2 n...







N = {1, 2, . . . , n}
W1, . . . ,Wn

p1, . . . , pn

b
K

=⇒







V = {0, 1, 2, . . . , n}
E = {(0, i): i = 1, 2, . . . , n}
w0i = Wi, i = 1, 2, . . . , n
π0 = 0, πi = pi, i = 1, 2, . . . , n
B = b
R = K

Figure 5.1. KNAPSACK ∝ TMNC

The goal of the recursion is to build subsetsS ⊆ V , each one having a certain
assigned profitπ(S) ∈ {0, . . . ,Π} and whose weightw(S) is minimum.

In our approach, weight is attributed tonodesinstead of directly to edges; the
crucial issue, which affects the design of the recursion, is that the weight of each edge
must be properly “charged” on one of its end nodes. Specifically, if both end nodes of
an edge{i, j} belong toS, we chargewij on the end node with the smallest index. If
a nodek is to be brought intoS, and its parentk′ ∈ S, we make the weight calculated
for S increase by a quantity:

ak =
∑

j∈Γk

wkj

in this case, we consider the weight of{k′, k} already “charged” on nodek′. If k′ /∈ S
andk is brought into the solution, we make the calculatedw(S) increase by:

bk = wk′k + ak

aswk′k additional units are to be charged onk. In both cases,wk′k is counted exactly
once inw(S).

We formally state the recursion for TMNC by using four functionsΦk(z), Ψk(z),
φj(z) andψj(z). First we define functionsΦk(z) for k ∈ V andΨk(z) for k ∈
V \ {1}. LetS be a subset of nodes with assigned profit and minimum weight. Then:

(i) Φk(z) is defined as the minimum possible weight for a subsetS ∩ Tk with
π(S ∩ Tk) = z, assuming the parent nodek′ ∈ S, or k = 1;
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(ii) Ψk(z) is defined as the minimum possible weight for a subsetS ∩ Tk with
π(S ∩ Tk) = z, assuming the parent nodek′ /∈ S.

We also need additional functionsφj(z) andψj(z), defined for node indicesj ∈
Γk, k ∈ V . Recall that the children nodesjk, . . . ,mk are numbered consecutively.
Then:

(iii) φj(z) is defined as the minimum possible weight for a subsetS∩(Tj∪. . .∪Tmk
)

with π[S ∩ (Tj ∪ . . . ∪ Tmk
)] = z, assuming the common parent nodek ∈ S;

(iv) ψj(z) is defined as the minimum possible weight for a subsetS∩(Tj∪. . .∪Tmk
)

with π[S ∩ (Tj ∪ . . . ∪ Tmk
)] = z, assuming the common parentk /∈ S.

The functions described above can be written recursively as:

Φk(z) = min {φjk (z − πk) + ak, ψjk(z)} k ∈ V \ U [5.9]

Ψk(z) = min {φjk(z − πk) + bk, ψjk(z)} k ∈ V \ U, k 6= 1 [5.10]

φj(z) = min
06u6z

{Φj(u) + φj+1(z − u)} j ∈ Γk \ {mk} , k ∈ V [5.11]

φmk
(z) = Φmk

(z) k ∈ V \ U [5.12]

ψj(z) = min
06u6z

{Ψj(u) + ψj+1(z − u)} j ∈ Γk \ {mk} , k ∈ V [5.13]

ψmk
(z) = Ψmk

(z) k ∈ V \ U [5.14]

with initial conditions on leavesk ∈ U :

Φk(z) =







ak = 0 if z = πk

0 if z = 0
∞ otherwise

[5.15]

Ψk(z) =







bk = wk′k if z = πk

0 if z = 0
∞ otherwise

[5.16]

The maximum profit for the instance at hand is given by:

π(S∗) = max {z: Φ1(z) 6 B} [5.17]

the optimal solutionS∗ can be recovered by backtracking.
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PROPOSITION5.3.–Recursion [5.9]–[5.16] optimally solves TMNC inO(n3π2
max).

Proof.For the correctness of the recursion, we only need to verify that equations [5.9]–
[5.16] correctly define functionsΦk(z), Ψk(z),φj(z),ψj(z) accordingly with (i)–(iv).
As above, letS ⊆ V be a subset with assigned profit and minimum weight.

For a nodek ∈ U , [5.15] and [5.16] trivially give the correct value forΦk(z)
and Ψk(z). Also, for a rightmost child nodemk ∈ Γk, φmk

(z) = Φmk
(z) and

ψmk
(z) = Ψmk

(z), accordingly with equations [5.12] and [5.14], are easily seen to
hold.

If k /∈ U , it has children nodesjk, . . . ,mk; the minimum possible weight for
S ∩ Tk, with π(S ∩ Tk) = z andk′ ∈ S is either, using definitions (i)–(iv):

φjk(z − πk) + ak, if k ∈ S ∩ Tk, or
ψjk(z), if k /∈ S ∩ Tk;

this establishes equation [5.9]. Similarly for equation [5.10]: the minimum weight for
S ∩ Tk, under the hypothesesπ(S ∩ Tk) = z andk′ /∈ S, is eitherφjk(z − πk) + bk
if k ∈ S ∩ Tk, orψjk(z) if k /∈ S ∩ Tk.

Equation [5.11] deals with a forest{Tj , . . . , Tmk
}, wherej, . . . ,mk ∈ Γk are

consecutive children (left to right) of a nodek. The minimum weight forS′ = S ∩
(Tj ∪ . . . ∪ Tmk

) is obtained as follows: sinceTj, . . . , Tmk
are separate components

of the forest,w(S′) = w(S ∩ Tj) + . . .+w(S ∩ Tmk
). Suppose thatπ(S ∩ Tj) = u;

then the minimum weight forS′, with π(S ∩ Tj) = u, π(S′) = z andk ∈ S is

Φj(u) + φj+1(z − u)

and minimizing overu ∈ {0, . . . , z} we get equation [5.11]. We proceed similarly for
equation [5.13].

Finally, note that eachΦk(z) (respectively,Ψk(z)) andφj(z) (resp.ψj(z)) only
depends on theΦ, Ψ, φ andψ values calculated for allz on nodes with higher index.
Hence all the left-hand sides of equations [5.9]–[5.16] can be consistently calculated
by scanning the nodes in reverse ordern, n− 1, . . . , 1.

For the time bound: for eachz, there are no more thann values forΦk(z) and
Ψk(z) respectively to calculate, each computable in constant time by [5.9] or [5.11];
for eachk ∈ V there are exactly|Γk| pairs of valuesφj(z) andψj(z) to calculate, each
requiring timeO(z). Hence, for a fixedz a time proportional ton+ z ·∑k∈V |Γk| =
O(n + nz) = O(nz) is required. There areΠ relevant values forz, hence the total
time is proportional ton ·∑Π

z=1 z = O
(
nΠ2

)
= O

(
n3π2

max

)
.
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1

2 3

4 5 6

Φk(z)

z = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

k = 1 0 2 1 3 5 4 6 5 4 6 5 7 9 9 9

k = 2 0 ∞ ∞ 3 ∞ 3 ∞ ∞ 3 ∞ ∞ ∞ ∞ ∞ ∞

k = 3 0 2 1 3 3 3 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
k = 4 0 ∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

k = 5 0 ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

k = 6 0 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

Ψk(z)

z = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

k = 2 0 ∞ ∞ 3 ∞ 4 ∞ ∞ 4 ∞ ∞ ∞ ∞ ∞ ∞

k = 3 0 2 1 3 5 5 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

k = 4 0 ∞ ∞ 3 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
k = 5 0 ∞ 1 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

k = 6 0 2 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

φj(z)

z = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

j = 2 0 2 1 3 3 3 5 4 3 5 4 6 6 6 ∞
j = 3 0 2 1 3 3 3 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
j = 4 0 ∞ ∞ 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
j = 5 0 0 0 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
j = 6 0 0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

ψj(z)

z = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

j = 2 0 2 1 3 5 4 6 5 4 6 5 7 9 9 ∞
j = 3 0 2 1 3 5 5 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
j = 4 0 ∞ ∞ 3 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
j = 5 0 2 1 3 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞
j = 6 0 2 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

Figure 5.2. Example of recursion for TMNC (data in the text). The states
involved in backtracking are in boldface

Consider the example illustrated in Figure 5.2, withV = {1, . . . , 6}, Γ1 = {2, 3},
Γ2 = {4}, Γ3 = {5, 6},B = 5 and:

w12 = 1, w13 = 2, w24 = 3, w35 = 1, w36 = 2
π1 = 1, π2 = 5, π3 = 2, π4 = 3, π5 = 2, π6 = 1

We havea1, . . . , a6 = 3, 3, 3, 0, 0, 0, andb2, . . . , b6 = 4, 5, 3, 1, 2. By processing
the nodes according to the sequence(6, 5, 4, 3, 2, 1), we calculate the values:

Φ6(z),Ψ6(z), φ6(z), ψ6(z),Φ5(z), . . . ,Φ2(z),Ψ2(z), φ2(z), ψ2(z),Φ1(z)

for all z ∈ {0, . . . ,Π = 14} respectively. This gives the tables enclosed in Figure 5.2.
According to [5.17] the optimal solution has profitπ(S∗) = 10. By backtracking, we
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get:

Φ1(10) = ψ2(10) = 5 → 1 /∈ S∗, ψ2(10) = Ψ2(8) + ψ3(2)
= 4 + 1 = 5

Ψ2(8) = φ4(3) + b2 = 0 + 4 = 4 → 2 ∈ S∗, φ4(3) = Φ4(3)
Φ4(3) = a4 = 0 → 4 ∈ S∗, ψ3(2) = Ψ3(2) = 1
Ψ3(2) = ψ5(2) = 1 → 3 /∈ S∗, ψ5(2) = Ψ5(2) + ψ6(0)

= 1 + 0 = 1
Ψ5(2) = b5 = 1 → 5 ∈ S∗, ψ6(0) = Ψ(0)
Ψ6(0) = 0 → 6 /∈ S∗

HenceS∗ = {2, 4, 5}.
REMARK 5.2.– We could design the recursion with the total weight as parameter; then
Φk(z) would be the maximum profit attainable by a partial solutionS ∩ Tk having
w(S ∩ Tk) 6 z, assumingk′ ∈ S or k = 1. The other definitions should be modified
similarly. Along the same lines as above, we can prove that such recursion solves
TMNC in timeO

(
nB2

)
.

REMARK 5.3.– If node profits and/or edge weights are unitary (πmax = 1 and/or
B < n(n−1)

2 ), the complexity becomes polynomial. This induces, as a byproduct,
that DKS on trees is polynomially solvable [COR 84]. We show this for DKS with
unitary weights, i.e., the so-calledDensestK-Subgraph problem in [BIL 05], but
through dicothomic search also the case with arbitrary weights, calledHeaviestK-
Subgraph problem in [BIL 05] is polynomially solvable. Indeed, given an instance
on a treeT of DKS, it is sufficient to optimally solve the corresponding TMNC
instances for all values ofB ∈ {1, . . . , |E|} — call TMNC(B) such instances —
and check the corresponding solution values. This can be done in polynomial time as
|E| 6 n(n−1)

2 . The valueB∗ such that its optimal valueOPT[TMNC(B∗)] = n−K
andOPT[TMNC(B∗ − 1)] = n−K − 1, gives the optimal solution value of DKS.

5.3.2. A fully polynomial time approximation scheme

Given the dynamic programming recursion [5.9]–[5.16], an FPTAS for MNC on
trees is defined as follows. LetI be an instance of TMNC with a treeT (V,E), profits
πi, i ∈ V , weightswij , {i, j} ∈ E andB; let ε be the desired bound on the relative
error,πmax = max {πi: i ∈ V }, as previously defined, andq = ⌈1/ε⌉, M̄ = πmax

n(1+q) .
We construct a scaled instanceI ′ with the same tree, capacityB′ = B and weights
w′

ij = wij , and scaled profitsπ′
i = ⌊πi/M̄⌋. Each solution feasible forI ′ is also

feasible forI. ThenI ′ is solved by theO
(
n3π2

max

)
dynamic programming recursion,

and the optimal solutionS′ for I ′ is returned as heuristic solution forI.
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PROPOSITION5.4.–
π(S∗)

π(S′)
6 1 + ε, andS′ can be calculated in timeO

(
n5

ε2

)

.

Proof.The proof exactly mimics that given for KNAPSACK [GAR 79]. ForS∗ andS′,
we have:

∑

i∈S′

πi >
∑

i∈S′

M̄π′
i >

∑

i∈S∗

M̄π′
i >

∑

i∈S∗

(πi − M̄) >
∑

i∈S∗

πi − nM̄

hence,π(S′) > π(S∗)− nM̄ . Then:

π(S∗)

π(S′)
6 1 +

nM̄

π(S′)
6 1 +

nM̄

π(S∗)− nM̄ 6 1 +
nM̄

πmax − nM̄
= 1 +

1

q

6 1 + ε

The time bound follows fromπ′
max = ⌊πmax/M̄⌋ = ⌊n(1 + q)⌋, hence the recur-

sion takes time:

O
(
n3(π′

max)
2
)

= O(n5q2) = O
(
n5

ε2

)

that completes the proof.

5.4. Exponential algorithms for special cases

In this section we consider exact algorithms for (special cases of) MNC having run-
ning time bounded from above by functions like2p(n)poly(n), wherepoly(n) is any
polynomial andp(n) grows no faster thanO(n). The interest for the formal analysis
of such super-polynomial algorithms has been growing in the last years. Accordingly
with [WŒG 03] we adopt the modified big-oh notation by writingf(n) = O∗(2p(n))
if f(n) = O(2p(n)poly(n)).
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The tree case

Consider TMNC formulated on a treeT (V,E) as in section 5.3. We present an
algorithm structured in three steps.

Step 1. Problem decomposition.Given the treeT , removing a nodek ∈ V and the
set of its incident edges splitsT into a forest:

F = {T1(V1, E1), T2(V2, E2), . . . , Tm(Vm, Em)}

(m depending onk).

The set of subtreesF can be partitioned into two subforestsFP (P,EP ),
FQ(Q,EQ).

We assign subtrees toFP or FQ in order to getP andQ as balanced as possible,
i.e. with number of nodes|P | as close as possible ton/2; for each fixed nodek, this
can be done inO(n2) time by dynamic programming. We repeat the latter for all
k ∈ V in order to get the most balanced partition.

Step 1 can be implemented inO(n3) time.

Step 2. Enumeration.From now on, consider the “best”k ∈ V found in Step 1 and
the associatedP andQ as balanced as possible and assume|P | > |Q|. We enumerate
all subsets ofP andQ. This step has exponential complexity, bounded from above by
O∗(2|P |).

Step 3. Merge.Step 2 gives two lists with2|P | and2|Q| partial solutions. We com-
pose pairs of partial solutions as follows.

Step 3a.First we consider solutions where nodek is taken; each partial solution
S is given weight:

WS =
∑

{i,j}∈δ(S)\δ({k})

wij

and profitpS = π(S). We then choosẽSP ⊆ P , S̃Q ⊆ Q such thatpS̃P
+

pS̃Q
+ πk is maximum andWS̃P

+ WS̃Q
6 B − w({k}). By the techniques

illustrated in [WŒG 03] and [HOR 74] for the knapsack problem, this can be
done in timeO∗(2|P |).

Step 3b.Then we consider solutions where nodek is not taken; we give to each
S weight:
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WS = w(S) =
∑

{i,j}∈δ(S)

wij

and profitpS = π(S); we then apply the same techniques to chooseŜP ⊆ P ,
ŜQ ⊆ Q with maximumpŜP

+ pŜQ
andWŜP

+WŜQ
6 B.

The optimal solution for TMNC is that with the highest profit between:

{k} ∪ S̃P ∪ S̃Q and ŜP ∪ ŜQ

PROPOSITION5.5.–Steps 1-3 solve TMNC in timeO∗(2
2
3 n) ≈ O∗(1.5874n).

Proof.The correctness of the algorithm is trivial to establish. For the time bound, it is
sufficient to prove that there existsk ∈ V for which in Step 1 we can always find a
partitionV = P ∪Q such that:13n 6 |P |, |Q| 6 2

3n.

First recall that for somek ∈ V , T can be partitioned in a forest where each
componentTi has |Vi| 6

n
2 : indeed for a givenk ∈ V , at most one among

|V1|, |V2|, . . . , |Vm| can be> n
2 . W.l.o.g. assume|V1| > n

2 ; then let l ∈ V1 with
(k, l) ∈ E and split the treeT on the new nodel. ComponentsT2, . . . , Tm will merge
into a single component with no more thann

2 nodes, andT1 will split in one or more
components with strictly less than|V1| nodes. We can repeat this until all|Vi| 6 n

2 in
the resulting forest.

Now assumen
2 > |V1| > |V2| > . . . > |Vm|. If |V1| >

n
3 we setP = V1,

Q = V2 ∪ . . . ∪ Vm and the result is proved, since|V1| 6 n
2 < 2

3n and|Q| 6 2
3n.

Otherwise, lets be the smallest index such that:

s∑

i=1

|Vi| >
n

3

and setP = V1 ∪ . . .∪Vs,Q = Vs+1 ∪ . . .∪Vm. As |Vs| 6 |V1| < n
3 , n

3 6 |P | 6 2
3n

holds, and the same forQ.

TheO∗(2
2
3 n) time bound is the best we can hope for this algorithm; Figure 5.3

sketches a tree withn = 3p+1 nodes where splitting the tree on any node cannot give
a partition better than|P | =

⌊
2
3n
⌋
,Q =

⌊
1
3n
⌋
.
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k

p nodes
︷ ︸︸ ︷

p nodes
︷ ︸︸ ︷







p nodes

Figure 5.3. Example of “bad”tree. Here,n = 3p + 1; decomposition on node
k can give|P | =

¨

2
3
n

˝

, |Q| =
¨

1
3
n

˝

, but no partition is more “balanced”

Bipartite graphs

Consider MNC formulated on a bipartite graphG(V1 ∪ V2, E). It is quite straight-
forward to show that MNC on a bipartite graph can be solved withinO∗(2

3
4 n) running

time. Assume|V1| 6 |V2|; enumerating the subsets ofV1 takesO∗(2|V1|) 6 O∗(2
n
2 )

time. Then we consider eachS1 ⊆ V1 with w(S1) 6 B, complete it with the best
possibleS2 ⊆ V2, and pick the bestS1∪S2. For eachS1, finding the bestS2 amounts
to solving an instanceIS1 of KNAPSACK where:

N = {i: i ∈ V2}
b = B − w(S1)

pi = πi, i ∈ V2

Wi =
∑

j:{i,j}∈E
j∈V1\S1

wij i ∈ V2

From [HOR 74] it is known that eachIS1 can be solved in timeO∗(2
|V2|
2 ). The

overall procedure takes timeO∗(2|V1| · 2 |V2|

2 ) where the worst case scenario occurs
for |V1| = |V2| = n

2 , i.e.,O∗(2
3
4 n) ≈ O∗(1.6818n).
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Chapter 6

The Patrolling Problem: Theoretical and
Experimental Results

6.1. Introduction

A group of agents can be used to perform patrolling tasks in a variety of domains
ranging from computer network administration to computer wargame simulations. The
multi-agent patrolling problem has recently received growing attention from the multi-
agent community, due to the wide range of potential applications. Many algorithms
based on reactive and cognitive architectures have been developed, giving encouraging
results. However, no theoretical analysis of this problem has been conducted. In this
chapter, various classes of patrolling strategies are proposed and compared. The most
important class of strategies presented here is the class ofcyclic strategies, which is
shown to have many nice theoretical properties. Also, various experiments show that
this class yields better results than all previous approaches to the patrolling problem.

To patrol is literally the act of walking or traveling around an area, at regular inter-
vals, in order to protect or supervise it. This task is by nature a multi-agent task and
there are a wide variety of problems that can be reformulated as particular patrolling
tasks. As a concrete example, during the development of the Artificial Intelligent com-
ponent of an interactive computer wargame, we may face the problem of coordinating
a group of units to patrol a given rough terrain in order to detect the presence of “ene-
mies”. The quality of the strategies used for patrolling may be evaluated using differ-
ent measures. Informally, a good strategy is one that minimizes the time lag between
two passages to the same place and for all places. Beyond simulators and computer
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games, performing this patrolling task efficiently can be useful for various application
domains where distributed surveillance, inspection or control are required. An exam-
ple of such a task is the identification of objects or people in dangerous situations that
should be rescued by robots [RES 07].

Recently, many different architectures of multi-agent systems have been proposed
and evaluated on the patrolling problem [MAC 00], giving encouraging results. In
particular, it was shown in [MAC 00] that very simple strategies implemented through
reactive agents with nearly no communication ability could achieve impressive results.
Also, some authors of these papers suggested that an approach based on partitioning
the territory such that each agent patrols in its own region could also work well.

This chapter proposes a theoretical analysis of the patrolling problem addressing
the following issues: do the existing algorithms generate optimal strategies? Are there
efficient algorithms generating near-optimal strategies? Are patrolling strategies based
on partitioning the territory good? What if the agents all follow the same circuit one
behind another? To answer these questions, strategies are proposed in this paper which
are close to strategies humans could build to patrol over a territory. They need a cer-
tain amount of communication/synchronization between agents. Which multi-agent
architecture should be chosen and how to implement the algorithms will not be our
purpose here (see [SEM 04]). Our primary purpose is to understand more deeply the
patrolling problem.

To carry out this study, we will use the formal definition of the patrolling prob-
lem introduced in [MAC 00], which represents territories as graphs. A first class of
strategies referred to as “cyclic strategies” is introduced in section 6.3, and it is shown
that there exists anO(n3) algorithm generating such a strategy close to optimality.
In section 6.4, strategies based on partitioning will be analyzed and compared to the
previous ones. In section 6.5, the results obtained in [MAC 00] will be compared to
ours. Finally, section 6.6 draws some conclusions and indicates directions for future
work.

6.2. The patrolling task

Many tasks (such as rescuing, tracking, detecting, etc.) can involve some sort of
patrolling, which may exhibit slightly different characteristics according to the domain
and circumstances. It is then necessary for our study to have a more precise definition
of patrolling.

In [MAC 00], it was shown that in many applications of the patrolling problem,
the territory could be represented by an undirected graph. Given such a graph, the
patrolling task refers to continuously visiting all the graph nodes so as to minimize the
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time lag between two visits. The edges may have different associated lengths (weights)
corresponding to the real distance between the nodes.

From now on, the graph representing the territory will be referred to asG(V,E),
whereV = {1 . . . n} is the set of nodes andE ⊆ V 2 the set of edges ofG. To
each edge(i, j) will correspond a weightcij representing the distance between nodes.
Note that the graph will be assumed to be metric1. The time taken by an agent to move
across an edge(i, j) will be exactlycij . At time 0, r agents will be positioned on the
nodes ofG. When the patrolling task starts, agents will move simultaneously around
the nodes and edges of the graph according to a predetermined strategy.

DEFINITION 6.1.–The strategy of an agent is a functionπ : N → V such thatπ(j)
is thejth node visited by the agent. A multi-agent strategyΠ = {π1...πr}is simply
defined as a set ofr single-agent strategies.

Knowing the strategy of agentk, we can now predict at what time a given node
will be visited. For example, agentk will visit node πk(0) at time 0. It will also
visit nodeπk(j) at a time equal to the weight of the pathπk(0) . . . πk(j), which is
∑j−1

i=0 cπk(i)πk(i+1). For the sake of clarity, the weight of a paths0...sm will be from
now on noted byc(s0...sm). Also, the weight of a set of edgesE′ will be noted by
c(E′).

Our main goal is to find good patrolling strategies. We thus need an evaluation
criterion. We will useidlenesscriteria introduced in [MAC 00].

DEFINITION 6.2.–Let r agents patrol a graphG according to a multi-agent strategy
Π. The idleness of a nodei at time t is the amount of time elapsed since that node
has received the visit of an agent. The idleness of all nodes at the beginning of the
patrolling task is set to0. The worst idleness is the biggest value of the idleness which
occurred during the entire patrolling process for all nodes. It is noted byWIΠ(G) or
justWIΠ when there is no ambiguity.

Figure 6.1 illustrates the calculation of the idleness and worst idleness for a single
agent and a very simple graph. Notice that strategies are not necessarily finite over
time and that agents can patrol forever on the graph. Of course, if strategies are tested
in a simulator, the patrolling task will have to be stopped at once. Thus, the worst
idleness measured during a simulation will be an approximation of the true value.

In this chapter, we chose the worst idleness criterion among the various criteria
defined in [MAC 00] mainly for simplicity reasons: compared to the average idleness

1. Graphs in which the triangular inequality is not violated, i.e., given three nodesi, j, k con-
nected by edges, we havecij + cjk > cik
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criterion, which is the other main criterion defined in [MAC 00], the theoretical anal-
ysis will be easier than with our criterion. In addition, the former is upper bounded by
the latter. Thus, minimizing worst idleness will also lead to a small average idleness.
More formally, the problem can be stated the following way:

DEFINITION 6.3.–Given a connected graphG = (V,E) and a numberr of agents,
the patrolling problem consists of finding a multi-agent strategyΠ = {π1 . . . πr}
which minimizesWIΠ(G).

6.3. Previous work

Most work on the patrolling problem as formulated above has been done by
Machadoet al. in [MAC 00]. In their article, they proposed several multi-agent archi-
tectures varying parameters such as agent type (reactive vs. cognitive), agent commu-
nication (allowed vs. forbidden), coordination scheme (central and explicit vs. emer-
gent), agent perception (local vs. global), decision-making (random selection vs. goal-
oriented selection). For each agent, the choice of the next node to visit is basically
influenced by two factors: (1) node idleness, which can be shared (generated by all
agents) vs. individual (corresponding to a single agent visits); (2) field of vision, which
can be local (agent’s neighborhood) or global (entire graph). The experiments they

1 2

Idl(1)=0 Idl(2)=0t=0

1 2

Idl(1)=0.9 Idl(2)=0.9t=0.9

1 2

Idl(1)=1.8 Idl(2)=0.8t=1.8

1 2

Idl(1)=0.2 Idl(2)=1.3t=2.3

Figure 6.1. Agent patrolling on a graph made of two nodes and an edge of
weight 1. Its strategy isπ = 1, 2, 1, 2, 1, . . . The idleness of the nodes is shown

at various moments. Here,WIπ = 2
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conducted showed two interesting facts: first, agents moving randomly achieved very
bad results. Second, agents with absolutely no communication ability whose strategies
consisted of moving towards the node with the highest idleness performed nearly as
well as the most complex algorithm they implemented. In the experiments section, we
will compare our approach to the two most efficient strategies of [MAC 00]: (a) the
conscientious reactive strategy, in which the next node an agent visits is that with the
highest individual idleness from its local neighborhood; (b) the cognitive coordinated
strategy, in which the next node an agent chooses to visit is that with the highest idle-
ness from the whole graph, according to the suggestions given by a central coordinator
agent. To reach the chosen node, agents move through the shortest path leading to this
node. The coordinator is responsible for avoiding that more than one agent chooses
the same next node. More recently, a new approach based on reinforcement learning
(RL) techniques was developped in [SAN 04]. In their paper, Santanaet al. showed
that a simple Q-learning algorithm could be used to train agents to solve the patrolling
problem efficiently. The results of their algorithm will also be compared to ours in the
experiments section.

The strategies proposed in this paper are very different from those proposed in pre-
vious work. They have not been developped out of a specific architecture, or a commu-
nication scheme between agents. In fact, the implementation issues of our strategies
will not be tackled here. However, important work has been done concerning the im-
plementation of the cyclic strategies in a multi-robot environment [SEM 04].

The next section proposes a new class of strategies which we called “cyclic strate-
gies”.

6.4. The cyclic strategies

In this section, we will first show how cycles and closed paths can be used to create
efficient single-agent patrolling strategies. Then, an extension to the multi-agent case
will be proposed, and the resulting strategies will be shown to be near-optimal.

6.4.1. Patrolling with a single-agent

Consider a single agent patrolling over an area. The simplest strategy which comes
to mind would be to find a cycle covering all the area, and then to make the agent travel
around this cycle over and over. Applied to our case in which areas are represented
by nodes in a graph, the notion of cycle is too restrictive. In fact, in the graph-theory
terminology, a cycle is a path starting and ending on the same node and covering
each edge at most once. However, for some graphs such as that in Figure 6.2, there
is not a cycle covering all nodes. Instead of using cycles, we will have to use closed
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Figure 6.2. Example of multi-agent cyclic-based strategy. The strategies of
these agents areπ1 = 2, 1, 4, 5, 6, 4, 1, 3, 2, 1, 4 . . . as well as

π2 = 6, 4, 1, 3, 2, 1, 4, 5, 6, . . .

paths, which are paths starting and ending on the same node and covering edges pos-
sibly more than once. A closed path is usually represented by a list of nodes, be-
ginning and ending with the same node. In Figure 6.2, for example, the closed path
s = 1, 3, 2, 1, 4, 5, 6, 4, 1 covers all nodes, and turning overs indefinitely seems to be
a good strategy for a single-patrolling problem. Single-agent strategies consisting of
traveling along a closed path indefinitely will be calledsingle-agent cyclic strategies.
The strategy of the agent in Figure 6.1 is a single-agent cyclic strategy based on the
closed path1, 2, 1. The bottom agent on the right of Figure 6.3 is also following a
cyclic strategy based on the closed path4, 5, 6, 5, 4.

Before extending this idea to the multi-agent case, let us concentrate on two ques-
tions: 1) which closed path should be chosen in a single-agent patrolling problem? 2)
are strategies based on closed paths optimal with a single-agent? To answer the first
question, let us note that the time taken for a single agent patrolling around a closed
path to visit a node twice is at most equal to the length of this closed path. Therefore,
with a single agent patrolling around a closed paths, the worst idleness will be equal
to the length ofs. Finding the smallest closed path covering all nodes will thus result
in the best possible strategyamong all single-agent cyclic strategies.Let us show how
this problem relates to the well knownTraveling Salesman Problem (TSP).

The traveling salesman problem is a combinatorial optimization problem which
was originally formulated as follows: given a set of cities on a map, find the shortest
cycle such that each city is visitedexactly once. This problem was soon extended to
metric graphs and became: given a metric graphG(V,E) with edges weighted ac-
cording tocij , find the shortest closed path such that each node is visitedat most once
[REI 94]. Christofides [CHR 76] proposed an algorithm which generates inO(n3) a
cycle (or a closed path for the metric graphs case) whose length is less than3

2 times the
shortest cycle (or closed path). From now on,STSP will denote the closed path being
the optimal solution to the TSP, whereasSChr will denote the closed path obtained
by the algorithm of Christofides. The following holds (for which we can find a formal
proof in [CHE 05]).
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THEOREM 6.1.–For a single agent, the optimal strategy in terms of worst idleness is
the cyclic-based strategy based onSTSP .

We already knew that the cyclic strategy based onSTSP was the best possible
strategyamong all single-agent cyclic strategies. Note that this theorem states that
it is also the best strategyamong all possible single-agent strategies. Note that this
result will only be needed to demonstrate Theorem 6.2. An immediate corrolary of
this theorem is that the worst idleness of a single-agent cyclic strategy based onSChr

will be at most32 times the worst idleness of the optimal strategy. In addition, theSChr

closed path is calculable inO(n3), whereas the calculation ofSTSP is NP-complete.
In practice, there exists many efficient algorithms which can efficiently build closed
paths very close toSTSP using heuristic algorithms.

6.4.2. Extending to multi-agent case

One way to extend single-agent cyclic strategies to the multi-agent case is to ar-
range agents on the same closed path such that when they start moving through that
path all in the same direction, they keep an approximately constant gap between them.
This leads to the following definition:

DEFINITION 6.4.–LetS = s0...sm be a closed path visiting all nodes of a graphG.
The strategyΠ = {π1...πr} is a multi-agent cyclic strategy based onS if and only
if there ared1...dr ∈ N such thatπi(k) = s(k+di) mod m. The set of all multi-agent
cyclic strategies will be referred to asΠcyclic.

Figure 6.2 illustrates this with a 2-agent cyclic strategy based on the closed path
2, 1, 4, 5, 6, 4, 1, 3, 2, such thatd1 = 0 andd2 = 4.

How does the worst idleness evolve when the number of agents grows? The fol-
lowing lemma shows that ifr agents follow a multi-agent cyclic strategyΠ and if
d1...dr are well chosen, then the worst idleness will be approximativelyr times lower
than the worst idleness obtained by a single agent patrolling around the same closed
path.

LEMMA 6.1.–LetS = s0 . . . sm be a closed path covering each node ofG such that
there exists a nodex ∈ V covered exactly once byS. Letl = c(S) be the length of the
closed path. There exists a multi-agent cyclic strategyΠ = {π1 . . . πr} based on this
closed path such thatlr −max{cij | (i, j) ∈ ES} 6 WIΠ 6 l

r + max{cij | (i, j) ∈
ES}.

Here,ES refers to the set of edges present inS. Note thatl is also the worst
idleness of the single-agent cyclic strategy based onS.
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Proof.Let S = s0...sm, be the closed path coveringG. Consider two agents moving
aroundS such that at time0, agent1 is positioned on nodes0 and agent2 is on node
sd. Let l(i, j) =

∑j−1
k=i csksk+1

. Thus,l(0, d) is the time taken by agent1 starting at
s0 to reach nodesd. Note that at any timet, the node visited by agent2 will also be
visited by agent1 at time t + l(0, d). Of course, a node visited at timet by agent
1 will be visited by agent2 at time t + l(d,m). Therefore, we haveWI{π1,π2} 6

max{l(0, d), l(d,m)}. In addition, if agent2 visits nodex at timetx, because nodex
is present only once inS, the next visit of the agent to nodex will occur exactly at
tx + l(0, d). Thus,WI{π1,π2} = max{l(0, d), l(d,m)}.

Let us generalize this tor agents. We getWIΠ = max{l(0, d1), l(d1, d2), . . . ,
l(dr−1,m)}. We will now have to choose the values ofdk such that the worst
idleness is as low as possible. By setting eachdk to the greatest integer verify-
ing l(0, dk) 6 k × l(0,m)

r , we get d0 = 0 and dr = m. We can now write
WIΠ = maxk=0..r−1 l(dk, dk+1). Let us now calculate upper and lower bounds to
l(dk, dk+1) = l(0, dk+1) − l(0, dk) by showing thatk × l(0,m)

r −max{cij | (i, j) ∈
ES} 6 l(0, dk) 6 k × l(0,m)

r , thus(k + 1) × l(0,m)
r − max{cij | (i, j) ∈ ES} 6

l(0, dk+1) 6 (k + 1) × l(0,m)
r . Combining these two equations, we get for allk:

l
r −max{cij | (i, j) ∈ ES} 6 l(dk, dk+1) 6

l
r + max{cij | (i, j) ∈ ES}. Because

WIΠ = maxk=0..m−1 l(dk, dk+1), the lemma follows.

6.4.3. Optimality of cyclic strategies

We have shown previously that cyclic strategies based onSTSP were optimal for
single agents. We will now show a similar result for the multi-agent case. From now
on,opt will refer to the worst idleness of the optimal strategy.

THEOREM 6.2.–Let G=(V,E) be a connected metric graph and letr be the agents
patrolling on it. LetΠChr be the multi-agent cyclic strategy based onSChr. We have
WIΠChr 6 3× opt+ 4×maxij{cij}.

Note that if all edges ofG have the same length, thenopt > maxij{cij} and
therefore,WIΠChr 6 7× opt. To prove this theorem, we first need to demonstrate the
following lemma.

LEMMA 6.2.–For any multi-agent strategyΠ, there exists a multi-agent strategyΠ′ =
{π′

1, ..., π
′
r} such that, for eachk ∈ 1..r, each strategyπ′

k consists of moving through
a path sk

1 . . . s
k
mk

of mk nodes forwards and backwards indefinitely and such that
WIΠ′ 6 2 maxk c(s

k
0 . . . s

k
mk

) 6 2×WIΠ.

Proof.Consider the multi-agent strategyΠ = {π1...πk}. Let sk
1 . . . s

k
mk

be the list of
nodes visited by agentk according to strategyπk between timet = 0 and timet =
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WIΠ. Clearly,∪k=1..r{sk
1 , . . . , s

k
mk
} = V . Let π′

k = sk
1 . . . s

k
mk
, sk

mk−1, . . . , s
k
1 , . . .

be the strategy consisting of moving forward and backwards throughsk
1 . . . s

k
mk

. Time
taken by agentk using strategyπ′

k to visit a node twice is at most2 × c(sk
1 . . . s

k
mk

).
Thus,WIΠ′(G) 6 2 maxk c(s

k
1 . . . s

k
mk

) 6 2×WIΠ(G).

Now the theorem can be proven. The preceding lemma will be used on the optimal
strategy to build a set of paths, which will be combined to form a closed path leading
to a near-optimal strategy.

Proof of the theorem.Consider an optimal strategyΠ. We can tell with Lemma 6.2
that there exists a strategyΠ′ = {π′

1, ..., π
′
r} in which each strategyπ′

k consists of
moving through a pathsk

1 . . . s
k
mk

and such thatWIΠ′

2 6 maxk{c(sk
0 ...s

k
mk

)} 6 opt.
Let us first show that there exists a closed pathS covering all nodes and such that
c(S)
2r 6 maxk{c(sk

0 ...s
k
mk

)} + maxij{cij}.

LetU be the set of edges present in these paths; because these paths cover all nodes
of G, by adding at mostr − 1 edges toU , we obtain a setU ′ of edges such that the
graph(V, U ′) is connected. Clearly, there exists a treeT ⊆ U covering all nodes. In
addition,c(T ) 6 c(U ′) 6

∑r
k=1 c(s

k
0 ...s

k
mk

) + (r − 1) × maxij{cij}. There exists
a closed pathS covering all nodes obtained by exploring the treeT in a depth-first
manner (thus twice for each edge), such thatc(S)

2r = c(T )
r 6 maxk{c(sk

0 . . . s
k
mk

)} +
maxij{cij}. Let us recall that the closed pathSChr obtained by Christofides algorithm
is at most32 times longer than the shortest closed path coveringG. Thus, we have:
c(SChr) 6

3
2c(S) 6 3r × maxk{c(sk

0 . . . c
k
mk

)} + 3r ×maxij{cij} 6 3r × opt +
3r ×maxij{cij}.

With Lemma 6.1, we can generate fromSChr a multi-agent cyclic-based strategy
ΠChr such thatWIΠChr 6

c(SChr)
r + maxij{cij} 6 3.opt+ 4.maxij{cij}.

It is clear that because of themaxij{cij} in the theorem, cyclic strategies will
not be suited for graphs containing long edges. For this reason, let us study different
strategies, which we will callpartition-based strategies.

6.5. Partition-based strategies

Another very intuitive way to maker agents patrol over a territory would be to
make a partition of this territory intor disjoint regions and to have each agent pa-
trolling inside a single region.

From now onP = {P1...Pr} will denote a partition ofV . Thus,P1∪ . . .∪Pr = V
andPi∩Pj = ∅. Also,{G1 . . . Gr}will refer to the subgraphs induced by the partition.
Thus,Gi = (V ∩ Pi, E ∩ (Pi × Pi)).
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Figure 6.3. On the left: cyclic strategyΠcyc = {πcyc1, πcyc2} and to the
right: partition based strategyΠP = {πP1 , πP2} with two agents. We have
πcyc1 = 1, 2, 3, 4, 5, 6, 1, 2, 3 . . . andπcyc2 = 4, 5, 6, 1, 2, 3, 4, 5, 6, 1 . . ..

Also,πP1 = 1, 2, 3, 2, 1, 2, . . . andπP2 = 4, 5, 6, 5, 4, 5, . . .. Thus,
WIΠcyc = 3 andWIΠP = 4

DEFINITION 6.5.–A multi-agent strategyΠ = {π1 . . . πr} is said to be based on a
partitionP iff each agentk following strategyπk visits the nodes of a single region of
P . The class of all strategies based on partitionP is referred to asΠP.

The previous definition does not specify what moves agents should make in their
own region. Given a partitionP , how should agents behave inside their region? The
following lemma brings an answer.

LEMMA 6.3.–For k ∈ 1..r, let πk be the single-agent cyclic strategy based on the
TSP ofGk. Then,Π = {π1...πr} is the optimal strategy based on partitionP .

Proof. For any strategyΠ = {π1...πr} based on partitionP , each node ofG will
not be visited by more than one agent. Thus,WIΠ(G) = maxk{WIπk(Gk)}. There-
fore, a set ofr optimal single-agent strategies inP1...Pr is an optimal multi-agent
partition-based strategy. Theorem 6.1 stated that single-agent cyclic strategies based
on TSP were optimal. Thus, by combining such single-agent strategies, we will obtain
an optimal partition-based strategy.

Figure 6.3 illustrates how both strategies perform on a circular graph with two
agents. In this example, the cyclic strategy wins. Consider now Figure 6.2. On this
figure, if the distance between node1 and4 was huge, the cyclic strategy would be
disastrous, as both agents would spend most time crossing the edge(1, 4). However,
a strategy based on the partition{{1, 2, 3}, {4, 5, 6}} would not have this problem.
Thus, it seems that on graphs having “long corridors” connecting two subgraphs as on
Figure 6.2, partition-based strategies could be better.

The following theorem compares the values of the worst idleness of the optimal
cyclic strategy and the optimal partition-based strategy. HereoptΠCycle andoptΠP
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refer to the worst idleness of the optimal cyclic strategy and of the strategies based on
partitionP . The complete proof of this theorem can be found in [CHE 05].

THEOREM 6.3.–optΠcycle
6 optΠP

+ 3×maxij{cij}.

Sketch of proof.The previous lemma showed that the optimal partition-based
strategy was composed ofr single-agent cyclic strategies based on TSP. LetSk

TSP

denote the closed path being the solution to the TSP on subgraphGk. By join-
ing together these closed paths, it is possible to build a closed pathS covering all
nodes such thatc(S) 6

∑r
k=1 c(S

k
TSP ) + 2r × maxij{cij}. Therefore, we have

c(S) 6
∑r

k=1 c(S
k
TSP ) + 2r × maxij{cij} 6 r × maxk∈1..r{c(Sk

TSP )} + 2r ×
maxij{cij} 6 r × optΠP

+ 2r × maxij{cij}. From closed pathS, we can build

a multi-agent cyclic strategyΠS using Lemma 6.1.WIΠS 6
c(S)

r + maxij{cij} 6

optΠP
+ 3 × maxij{cij}. Thus, given any partitionP , there exists a cyclic strategy

ΠS verifying the previous equation.

To conclude this section, we can say that cyclic strategies are to be preferred when
graphs do not have long edges connecting far regions. Otherwise, building a partition
of the graph and making agents follow cyclic strategies based on the TSP of the regions
is a good solution. The following corollary is a “computable” version of the main
theorem.

COROLLARY 6.1.– LetP = {P1, ..., Pr} be a partition ofV . It is possible to calculate
in O(n3) a cyclic strategyΠChr such thatWIΠChr 6

3
2optΠP

+ 4×maxij{cij}.

6.6. Experiments

Six different graphs (Figure 6.4) were proposed in [DEL 04] as a benchmark for
the patrolling problem. To evaluate the cyclic strategy on these graphs, the TSP of
each graph was calculated using the open-source software “Concorde”2 which con-
tains efficient heuristic algorithms which are in practice much faster than theO(n3)
Christofides algorithm [CHR 76], and often come much closer to the optimum. Then,
the simulator described in [MAC 00] was used to measure the idleness of agents pa-
trolling around the obtained closed paths.

The graphs in Figures 6.5 and 6.6 show the performance of the strategies described
in [MAC 00] and in [SAN 04] on the six graphs for 5 and 15 agents per graph. On each
graph, the cyclic strategy obtains the best results. When the number of agents increases
largely above 15, all strategies become equivalent.

2. Available atwww.math.princeton.edu/tsp/concorde.html.
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Figure 6.4. Graphs used during experiments

6.7. Conclusion

We have shown various theoretical results for the patrolling problem. First, we
have shown that the single-agent patrolling problem could be solved with a TSP ap-
proach. Then, we defined the class of cyclic strategies, based on an extension of this
approach to more than one agent. An approximation result was obtained for this class,
showing that inO(n3), a strategy close to the optimum could be obtained.

The strategies based on a partitioning of the graph were also studied. A surprising
result was obtained: except whenmaxij{cij} is big, the cyclic strategies based on
TSP were shown to be better than any partition-based strategy. However, when graphs
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Figure 6.5. Idleness on different graphs with 5 agents. The strategies
compared here are the Conscientious Reactive (CR), the Cognitive

Coordinated (CC), the reinforcement learning (RL) and the cyclic strategy (CS)

Figure 6.6. Idleness on different graphs with 15 agents

have long “tunnels” separating regions, the cyclic strategies are not well suited. Fi-
nally, some experiments were conducted to compare the state-of-the-art patrolling al-
gorithms to the cyclic strategy based on TSP. The results are encouraging, but would
need to be pursued on more graphs.

Many other interesting theoretical results have been obtained, in particular con-
cerning other kinds of strategies offering a good compromise between cyclic strategies
and partition-based strategies.
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The cyclic strategy based on TSP has already been implemented in a multi-robot
patrolling problem with a noisy environment [SEM 04]. Many modifications had to
be brought to the algorithm in order to synchronize the robots. It was shown that the
cyclic strategy still performs better when the noise level is low.
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Chapter 7

Restricted Classes of Utility Functions for
Simple Negotiation Schemes: Sufficiency,

Necessity and Maximality

7.1. Introduction

The problem of allocating a set of indivisible resources to a set of self-interested
agents has recently received much attention from the Artificial Intelligence commu-
nity [CHE 06, KRA 01, ROS 94] and has important applications ranging from elec-
tronic commerce and industrial procurement [GIO 04], over the joint exploitation of
Earth observation satellites [LEM 99], to Grid computing [GAL 05]. Much work in
this area has focused on combinatorial auctions [CRA 06]. In this case, the allocation
procedure iscentralizedand the so-called winner determination problem is the prob-
lem of determining the allocation of resources maximizing the auctioneer’s revenue.

A different perspective is taken when we assume that the allocation process is
truly distributed, in the sense that agents autonomously negotiate over the bundles
of resources they hold and that allocations emerge over time, as a consequence of a
sequence of local deals agreed upon by the agents in the system. This assumption is
justified in many applications where no central authority can be relied upon to decide
on the allocation of resources. This may, for instance, be the case in view of calcu-
lational limitations of any potential center, or in view of its trustworthiness. In this
case, the system designer will typically seek to set up the system in such way that
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it nevertheless guarantees certain desirable properties, but without directly interfer-
ing in the negotiation process itself. Similar considerations have led to research areas
such as distributed constraint optimization [FAL 05] or distributed mechanism de-
sign [PAR 04, PET 06]. In this chapter we further analyze a framework for distributed
negotiation over indivisible resources which was recently investigated by a number of
authors [SAN 98, END 06, DUN 05b].

We assume a set of negotiating agents populating the system, and we model their
preferences (over different bundles of resources) by means of utility functions. In or-
der to pursue their own interests, agents agree on deals benefitting themselves but
without planning ahead (i.e. they are both rational and myopic [SAN 98]), thereby
modifying the allocation of resources. Negotiation is thus alocal process; groups of
individual agents come together to exchange resources in view of their individual in-
terests, without regard for the system as a whole. From a global point of view, on the
other hand, a system designer may seek to ensure that negotiation converges towards
an allocation that is “optimal” according to a suitable metric. This would typically
be some form of aggregation of the individual agent preferences, i.e. we can employ
well-known formal tools from welfare economics and social choice theory to charac-
terize optimal allocations. Standard examples are the notions of Pareto optimality and
social welfare [ARR 02, MOU 88]. In this paper, we are going to be interested in ne-
gotiating allocations of resources that maximizeutilitarian social welfare, i.e. the sum
of individual agent utilities. The work described here is complementary to the large
body of literature on mechanism design and game-theoretical models of negotiation
in multi-agent systems (see e.g. [KRA 01, ROS 94, PAR 04]). Rather than analyzing
the incentives of individual agents in detail, here we simply assume that agents are
rational in the sense of never accepting a disadvantageous deal, but we do not assume
that they will necessarily attempt to negotiate the very best outcome for themselves in
every single step of a negotiation process. Our interests concentrate on the interplay of
the local and the global level: assuming that agents only negotiate mutually beneficial
deals, how does this affect social welfare for the system as a whole?

Section 7.2 introduces the negotiation framework used in this paper. We are go-
ing to distinguish two variants of the framework. In the first one, agents may enhance
deals with monetary side payments (framework with money) to make them more at-
tractive to agents who would otherwise have no incentive to agree to a particular deal.
In the second variant of the negotiation framework, agents are assumed not to have
the option of using side payments (framework without money). As we shall recall in
section 7.3, it is known that very complex multi-lateral deals are potentially required
to reach an optimal allocation [SAN 98, END 06]. When deals are restricted (e.g. to
a limited number of resources), it is only possible to guarantee an optimal outcome
by also restricting the problem space to agents whose preferences have certain prop-
erties. These properties are modeled as restrictions to the class of utility functions that
agents may use to model their preferences over alternative bundles of resources. Sec-
tion 7.4 defines two such restrictions. The first is the well-known class ofmodular
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utility functions. The second is a further restriction on modular functions, where the
utility an agent may assign to any one resource is limited to a choice between three
given values (representing positive preference, negative preference and indifference).
Each choice of values for positive and negative preference gives rise to a different
class of restricted utility functions (the value for indifference is 0 in all cases).

In this chapter, we study the conditions under which negotiation conducted by
means of the simplest deals, involving one item at a time (or1-deal negotiationfor
short) still allows us to reach an optimal allocation. Section 7.5 generalizes a result
from other works and shows that modeling preferences with modular utility functions
is asufficientcondition. This applies to the framework with money, and a similar re-
sult is proved for negotiation without money. However, modularity is not anecessary
condition. This is demonstrated in section 7.6 by means of a counterexample. We also
show that there can beno condition on utility functions that would be both necessary
and sufficient for optimal allocations to be negotiable by means of rational 1-deals.
These results pertain to conditions on single utility functions, to be met by the utility
functions of all the agents in the system. Section 7.6 concludes by showing that de-
scribing such a necessary and sufficient condition over theprofile of utility functions
of an entire agent society would be possible in theory, but that it would be computa-
tionally intractable to evaluate any such condition in practice. This result is obtained
as a by-product of acoNP-completeness proof for the problem of checking whether,
for a given profile of utility functions, any sequence of rational 1-deals is bound to re-
sult in an allocation with maximal social welfare, for a whole range of representation
languages for encoding utility functions.

The main contribution of this chapter,1 as far as the framework with money is con-
cerned, is to show that the class of modular utility functions ismaximal, in the sense
that no class strictly including the modular utility functions would still be sufficient
for 1-deal negotiation. The proof detailed in section 7.7 shows that, given any non-
modular utility function, it is always possible to construct a modular utility function
for a second agent and select a scenario where the optimal allocation cannot be reached
by rational 1-deals. This is followed up by a similar result for the framework without
money, where each of the aforementioned restrictions on the class of modular utility
functions turns out to be both sufficient and maximal for 1-deal negotiation without
side payments. Finally, section 7.8 concludes the chapter.

7.2. Myopic negotiation over indivisible resources

In this section, we introduce the decentralized negotiation framework used
throughout this paper and report a number of known technical results [END 06].

1. Part of the work reported here has previously been presented at IJCAI-2005 [CHE 05] and
we would like to thank the IJCAI reviewers and several colleagues for their helpful comments.
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7.2.1. Negotiation problems and deals

In this framework, a finite set of agents negotiate over a finite set of indivisible
resources. A resourceallocation is a partitioning of the resources amongst the agents
(i.e., every resource has to be allocated to one and only one agent). As an example, the
allocationA defined byA(i) = {r1} andA(j) = {r2, r3} would allocate resource
r1 to agenti, while resourcesr2 andr3 would be owned by agentj. We are going
to model the preferences of agents by means ofutility functionsmapping bundles of
resources to real numbers. The parameters of a negotiation problem are summarized
in the following definition:

DEFINITION 7.1.–A negotiation problem is a tupleP = 〈A,R,U , A0〉, where:

–A = {1, . . . , n} is a finite set of agents (n > 2);

–R is a finite set of indivisible resources;

– U = 〈u1, . . . , un〉 is a profile of utility functions, such that for alli ∈ A, ui is a
mapping from2R to R;

– A0 : A → 2R is an (initial) allocation.

Observe that the value of a utility function only depends on the resources held by
the agent in question, i.e. agents are not concerned with resources held by other agents
or any other external factors. We are frequently going to use the abbreviationui(A)
for ui(A(i)), representing the utility value assigned by agenti to the bundle it holds
in allocationA.

Agents may agree on adealto exchange some of the resources they possess. Such
a deal transforms the current allocation of resourcesA into a new allocationA′; we
can define a deal as a pairδ = (A,A′) of allocations (withA 6= A′).

We should stress that this is amulti-lateral negotiation framework. A single deal
may involve the displacement of any number of resources between any number of
agents. An actual implementation of this abstract framework may, however, not allow
the same level of generality. Sandholm [SAN 98] has proposed a typology of different
types of deals, such asswap dealsinvolving an exchange of single resources between
two agents orcluster dealsinvolving the transfer of a set of items from one agent to
another. The simplest type of deals are those involving only a single resource (and
thereby only two agents).

DEFINITION 7.2.–A 1-deal is a dealδ = (A,A′) resulting in the reallocation of
exactly one resource.

The above is a condition on thestructureof a deal. Other conditions relate to the
acceptabilityof a deal to a given agent. We assume that agents arerational in the sense
of aiming at maximizing their individual welfare (utility). Furthermore, agents are
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assumed to bemyopic. This means that agents will not accept deals that would reduce
their level of welfare, not even temporarily, because they are either not sufficiently
able to plan ahead or not willing to take the associated risk (see also Sandholm’s
work [SAN 98] for a justification of such an agent model in the context of multi-agent
resource allocation).

7.2.2. Negotiating with money

In the first variant of this framework, we will allow agents to enhance deals with
monetary side payments, in order to compensate other agents for a possible loss in
utility. This can be modeled using apayment functionp : A → R. Such a function
has to satisfy the side constraint

∑

i∈A p(i) = 0, i.e. the overall amount of money
in the system remains constant. Ifp(i) > 0, then agenti paysthe amount ofp(i),
while p(i) < 0 means that itreceivesthe amount of−p(i). The following rationality
criterion will define the acceptability of deals:

DEFINITION 7.3.– A dealδ = (A,A′) is individually rational iff there exists a pay-
ment functionp such thatui(A

′) − ui(A) > p(i) for all i ∈ A, except possibly
p(i) = 0 for agentsi withA(i) = A′(i).

From a system designer’s perspective, we are interested in assessing the well-being
of the whole society, orsocial welfare[ARR 02, MOU 88], which is often defined as
the sum of utilities of all the agents.

DEFINITION 7.4.– The social welfaresw(A) of an allocationA is defined as follows:

sw(A) =
∑

i∈A

ui(A)

This is theutilitarian definition of social welfare. While this is the definition usu-
ally adopted in the multi-agent systems [SAN 99, WOO 02], we should stress that
also several of the other notions of social welfare developed in the social sciences
(e.g. egalitarian social welfare [ARR 02, MOU 88]) do have potential applications in
the context of multi-agent resource allocation [CHE 06].

We now recall two important known results. The first one makes the connec-
tion between the local decisions of agents and the global behavior of the system ex-
plicit [END 06].
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LEMMA 7.1.– A dealδ = (A,A′) is individually rational iffsw(A) < sw(A′).

In other words, side payments can be arranged in such a way that a given deal
is beneficial for all the agents involved if and only if that deal increases social wel-
fare. The second result is the fundamental convergence theorem for this negotiation
framework [SAN 98]:

THEOREM 7.1.– Any sequence of individually rational deals will eventually result in
an allocation of resources with maximal social welfare.

The main significance of this latter result, beyond the equivalence of rational deals
and social welfare-increasing deals stated in Lemma 7.1, is thatanysequence of deals
satisfying the rationality criterion will eventually converge to an allocation that is so-
cially optimal. There is no need for agents to consider anything but their individual
interests. Every single deal is bound to increase social welfare and there are no local
optima.

7.2.3. Negotiating without money

What happens if we donot allow agents to enhance deals with monetary side pay-
ments (orexplicit utility transfers), in order to compensate other agents for a possible
loss in utility? In this context, we shall assume that agents arecooperatively rationalin
the sense of accepting deals that may not result in astrict increase in personal welfare,
with the further condition that at least one agent will strictly benefit from the deal.

DEFINITION 7.5.– A dealδ = (A,A′) is called cooperatively rational iffui(A) 6

ui(A
′) for all i ∈ A and there exists an agentj ∈ A such thatuj(A) < uj(A

′).

Note that we havesw(A) < sw(A′) for any dealδ = (A,A′) that is cooperatively
rational, butnotvice versa. Clearly, in this general setting, it is not possible to guaran-
tee that agents will eventually reach an allocation with maximal social welfare, in the
sense previously defined. A result similar to Theorem 7.1 can be exhibited, though,
if we consider the Pareto optimality criterion instead (an allocation is Pareto optimal
when no other allocation is strictly better for one agent without being worse for any
other agent):anysequence of deals satisfying the cooperative rationality criterion will
eventually converge to a Pareto optimal allocation [END 06].

7.3. Convergence for restricted classes of utility functions

While Theorem 7.1 (like the corresponding result for negotiation without money)
shows that, in principle, it is always possible to negotiate an allocation of resources
that is optimal from a social point of view, deals involving any number of agents and
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resources may be required to do so [SAN 98, END 06]. In particular, the most basic
type of deal, which involves moving a single resource from one agent to another and
which is the type of deal implemented in most systems realising a kind ofContract-
Net protocol [SMI 80], is certainlynot sufficient for negotiation between agents that
are not only rational but also myopic.

This has first been shown by Sandholm [SAN 98] and is best explained by means
of an example. LetA = {1, 2, 3} andR = {r1, r2, r3}. Suppose the utility functions
of these agents are defined as follows (over singleton sets):

u1({r1}) = 5 u1({r2}) = 4 u1({r3}) = 0
u2({r1}) = 0 u2({r2}) = 5 u2({r3}) = 4
u3({r1}) = 4 u3({r2}) = 0 u3({r3}) = 5

Furthermore, for any bundleR not listed above, supposeui(R) = 0 for all i ∈
A. Let A0 with A0(1) = {r2}, A0(2) = {r3} andA0(3) = {r1} be the initial
allocation,i.e.sw(A0) = 12. The optimal allocation would beA∗ withA∗(1) = {r1},
A∗(2) = {r2} andA∗(3) = {r3}, which yields a social welfare of15. All other
allocations have lower social welfare than bothA0 andA∗. Hence, starting fromA0,
the dealδ = (A0, A

∗) would be the only deal increasing social welfare. According
to Lemma 7.1,δ would also be the only deal that is individually rational. This deal,
however, involves all three resources and affects all three agents. In particular,δ is
not a 1-deal. Hence, if we choose to restrict ourselves to rational deals, then 1-deals
are not sufficient to negotiate allocations of resources with maximal social welfare. Of
course, for some particular negotiation problems, rational 1-dealswill be sufficient.
The difficulty lies in recognising the problems where this is so.

The structural complexity of deals required to be able to guarantee socially opti-
mal outcomes partly stems from the generality of the framework. In particular, so far
we have made no assumptions on the structure of utility functions used by the agents
to model their preferences. By introducing restrictions on the class of admissible util-
ity functions, it may be possible to ensure convergence to an allocation with maximal
social welfare by means of simpler deals. In this paper, we are interested in charac-
terizing those classes of utility functions that allow successful 1-deal negotiation. To
this end, we first define what it means for a class of utility functions to guarantee
convergence to an optimum for a restricted class of deals:

DEFINITION 7.6.–Let Φ be a class of deals and letF be a class of utility functions.
ThenF is said to guaranteeΦ-convergence iff any sequence of deals belonging to
Φ will eventually result in an allocation of resources with maximal social welfare
whenever the utility functions of all the agents belong toF .
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Theorem 7.1, for instance, says that the full class of utility functions guarantees
convergence for the class of individually rational deals (without any structural restric-
tions). We are going to be interested in two concrete classes of deals:

– If Φ is the class of individually rational 1-deals andF is a class of utility func-
tions that guaranteesΦ-convergence, then we also say thatF allows 1-deal negotiation
with money.

– If Φ is the class of cooperatively rational 1-deals andF is a class of utility func-
tions that guaranteesΦ-convergence, then we also say thatF allows 1-deal negotiation
without money.

For instance, a recent result shows that the class ofadditiveutility functions per-
mits 1-deal negotiation with money [END 06].2 In the next section, we are going to
introduce a number of similar restrictions on utility functions, for which we are later
going to investigate under what circumstances they may guarantee convergence.

7.4. Modular utility functions and variants

In this section, we are going to introduce several classes of restricted utility func-
tions. We are first going to define the class ofmodularutility functions. This is an
important (see e.g. [ROS 94]), albeit simple, class of functions that can be used in
negotiation domains where there are no synergies (either complementaries or substi-
tutables) between different resources.

DEFINITION 7.7.–A utility functionu is modular iff the following holds for all bundles
R1, R2 ⊆ R:

u(R1 ∪R2) = u(R1) + u(R2)− u(R1 ∩R2) [7.1]

The class of modular functions includes the aforementioned additive functions.
This may be seen as follows. LetR be any non-empty bundle of resources and let
r ∈ R. Then equation [7.1] impliesu(R) = u(R \ {r}) + [u({r}) − u({ })]. If we
apply this step recursively for every resource inR, then we end up with the following
equation:

u(R) = u({ }) +
∑

r∈R

[u({r})− u({ })] [7.2]

2. A utility function is additive iff the utility assigned to a set of resources is always the sum of
utilities assigned to its members.
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In other words, in caseu({ }) = 0, the utility assigned to a set will be the sum of
utilities assigned to its members (i.e.u will be additive). Clearly, equation [7.2] also
implies equation [7.1],i.e. the two characterizations of the class of modular utility
functions are equivalent.

We now introduce a restriction on the class of modular utility functions, namely
the classes ofmodular functions with sharedα, β-values(orMα,β for short). Intu-
itively,Mα,β classes are suitable in domains where agents can only like, dislike, or
possibly be indifferent towards any given resource in the system. The key point is that
agents all agree on the intensities used to indicate positive and negative preferences for
each single resource.Mα,β functions hence define a set of classes, each class being
parameterized by the range of possible values assigned to each resource.

DEFINITION 7.8.–A profile of utility functions〈u1, . . . , un〉 is called modular with
sharedα, β-values iff:

– there exists a list of coefficientsα = (αr1 , . . . , αr|R|
) ∈ (R+)|R|,

– there exists a list of coefficientsβ = (βr1 , . . . , βr|R|
) ∈ (R−)|R|, and

– for each utility functionui, there exist two setsS+
i , S

−
i ⊆ RwithS+

i ∩S−
i = { },

such that for all bundlesR ⊆ R, ui(R) can be calculated as follows:

ui(R) = ui({ }) +
∑

r∈R∩S+
i

αr +
∑

r∈R∩S−
i

βr

Given two lists of coefficientsα ∈ (R+)|R|, β ∈ (R−)|R|, the classMα,β is defined
as the largest set of modular functions with sharedα, β-values.

Consider, for example, the classM(2,1),(−20,−7) over resources{r1, r2} and letu1

andu2 be two utility functions drawn from this class such thatu1({ }) = u2({ }) = 0,
S+

1 = {r1}, S−
1 = {r2}, S+

2 = {r2}, andS−
2 = { }. Then, the values ofu1 andu2

are as shown in the following table:

R u1(R) u2(R)

{ } 0 0
{r1} 2 0
{r2} -20 1
{r1, r2} -18 1

Observe that the union of all classes of modular functions with sharedα, β-values
is the class of modular functions.
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7.5. Sufficient classes of utility functions

If a class of utility functions allows 1-deal negotiation (with or without money),
then all utility functions belonging to that class constitute asufficientcondition for
convergence by means of rational 1-deals. In this section, we are going to establish
two such results for modular utility functions.

7.5.1. Framework with money

It turns out that in domains where all utility functions are modular, it is always
possible to reach a socially optimal allocation by means of a sequence of rational
deals involving only a single resource each. This is a slight generalization of a result
originally proved for the case of additive utilities [END 06] and our proof closely
follows that original proof.

THEOREM 7.2.– The classM of modular utility functions allows 1-deal negotiation
with money.

Proof. According to Lemma 7.1, any individually rational deal results in a strict in-
crease in social welfare. Together with the fact that the number of distinct allocations
is finite, this ensures that there can be no infinite sequence of rational deals (termina-
tion). It therefore suffices to show that for any allocation that does not have maximal
social welfare there still exists a rational 1-deal that would be applicable.

We are going to use the alternative characterization of modular utility functions
given by equation [7.2]. For any allocationA, let fA be the function mapping each
resourcer to the agenti that holdsr in situationA. Then, for modular domains, the
formula for social welfare (see Definition 7.4) can be rewritten as follows:

sw(A) =
∑

i∈A

ui({ }) +
∑

r∈R

u′fA(r)({r})

with u′i(R) = ui(R) − ui({ }). Now assume that we have reached an allocation of
resourcesA that does not have maximal social welfare,i.e. there exists another al-
locationA′ with sw(A) < sw(A′). Considering the above definition of social wel-
fare and observing that

∑

i∈A ui({ }) is a constant that is independent of the cur-
rent allocation, this implies that at least one resourcer must satisfy the inequality
u′fA(r)({r}) < u′fA′ (r)({r}), i.e. the agent owningr in allocationA values that re-
source less than the agent owning it in allocationA′. But then the 1-deal consisting of
passingr from agentfA(r) to agentfA′(r) would already increase social welfare and
thereby be rational.
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Like Theorem 7.1, the above establishes an important convergence result towards a
global optimum by means of decentralized negotiation between self-interested agents.
In addition, provided all utility functions are modular, convergence can be guaran-
teed by means of a much simpler negotiation protocol, which only needs to cater for
agreements on 1-deals (rather than multilateral deals over sets of resources).

7.5.2. Framework without money

We are now going to prove a similar result for the variant of our framework that
does not allow monetary side payments.

THEOREM 7.3.– Given two vectorsα ∈ (R+)|R| and β ∈ (R−)|R|, the class
Mα,β of modular functions with sharedα, β-values allows 1-deal negotiation without
money.

Proof. According to Definition 7.5, any cooperatively rational deal results in a strict
increase in social welfare. Together with the fact that the number of distinct allo-
cations is finite, this ensures that there can be no infinite sequence of rational deals
(termination). It therefore suffices to show that for any allocation that does not have
maximal social welfare there still exists a cooperatively rational 1-deal that would
be applicable. If an allocationA does not have maximal social welfare then it must
be the case that some agenti holds a resourcer and that there is another agentj
in the system such thatui({r}) < uj({r}). In other words, either(i) some agenti
holds a resourcer with ui({r}) − ui({ }) = 0, and there is another agentj in the
system withuj({r}) − ui({ }) = αr, or (ii) some agenti holds a resourcer with
ui({r}) − ui({ }) = βr, and there is another agentj in the system such that either
(iia) uj({r}) − uj({ }) = 0, or (iib) uj({r}) − uj({ }) = αr > ui({r}). In every
case, passingr from i to j would be a cooperatively rational deal, so either negotiation
has not yet terminated or we are in a situation with maximal social welfare.

Theorem 7.3 generalizes a previous result stating that any sequence of cooper-
atively rational 1-deal will eventually result in an allocation with maximal social
welfare in case all agents are using so-called 0-1 functions to model their prefer-
ences [END 06]. A utility functionui is a 0-1 function if and only if it is additive
andui({r}) = 0 or ui({r}) = 1 for all r ∈ R. In other words, the class of 0-1 func-
tions is like the classM(1,1,...),(0,0,...), except that the former does not allow non-zero
utility values to be assigned to the empty set.

7.6. Necessity issues

As explained earlier, the convergence results of the previous section may be con-
sidered results onsufficientconditions on utility functions for convergence by means
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of rational 1-deals. This naturally raises the question of whether there may be a corre-
sponding set ofnecessaryconditions on utility functions. In this section, we are going
to give a negative answer to this question. We are first going to show that all utility
functions belonging to the class of modular functions (which we have shown to be a
sufficient condition for convergence by means of 1-deals) is not a necessary condition.
Then we are going to show that, in fact, there can benocondition on individual utility
functions that would be both necessary and sufficient in this sense. Of course, itis
possible to formulate a necessary and sufficient condition for convergence by means
of 1-deals forprofilesof utility functions (i.e. if we are allowed to give conditions on
how the utilities of different agents should relate to each other). However, as we are
going to show, evaluating such a condition would be computationally intractable3.

7.6.1. Modularity is not necessary

Modularity is not a necessary condition for convergence by means of individually
rational 1-deals. We demonstrate this by means of the following example. Suppose
thatR = {r1, r2} and there are two agents with utility functionsu1 andu2 defined as
follows:

u1({ }) = 0 u2({ }) = 0
u1({r1}) = 10 u2({r1}) = 10
u1({r2}) = 10 u2({r2}) = 10
u1({r1, r2}) = 0 u2({r1, r2}) = 0

These functions are not modular. The situation is as follows: each agent is will-
ing to hold a single resource and has no preference as to which resource it actually
holds. The optimal allocations are those where each agent holds exactly one resource.
Furthermore, as may easily be checked, individually rational1-deals are sufficient to
move to the optimal allocation for this scenario, despite the functions not being mod-
ular. Hence, modularity cannot be a necessary condition for convergence.

7.6.2. There is no sufficient and necessary class

It is possible to show that there can be no class of utility functions that would be
both sufficient and necessary. It suffices to produce two concrete utility functionsu1

andu2 such that:(i) both of them would guarantee convergence if all agents were
to use them and(ii) there is a scenario where some agents are usingu1 and others

3. While the analysis in this section applies to the framework of negotiation with money, a
similar case may be made for negotiation without money.
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u2 and convergence is not guaranteed. This is so because assuming that a necessary
and sufficient class exists,(i) would imply that bothu1 andu2 belong to that class,
while (ii) would entail the contrary. We give two such functions for the case of two
agents and two resources (the argument is easily augmented to the general case; simply
assumeui(R) = 0 for i > 2):

u1({ }) = 0 u2({ }) = 0
u1({r1}) = 1 u2({r1}) = 5
u1({r2}) = 2 u2({r2}) = 5
u1({r1, r2}) = 3 u2({r1, r2}) = 5

The functionu1 is modular, i.e. all agents using that function is a sufficient con-
dition for guaranteed convergence to an optimal allocation by means of individually
rational 1-deals (Theorem 7.2). Clearly, convergence is also guaranteed if all agents
are usingu2. However, if the first agent usesu1 and the secondu2, then the alloca-
tionA with A(1) = {r1} andA(2) = {r2} is not socially optimal and the only deal
increasing social welfare (and thereby, the only rational deal) would be to swap the
two resources simultaneously. Hence, no condition on all agents’ utility functions can
be both sufficient and necessary to guarantee convergence to an optimal allocation by
means of individually rational 1-deals alone.

7.6.3. Evaluating conditions on profiles of utility functions is intractable

Our argument for the inexistence of any necessary and sufficient condition for
guaranteed convergence has directly exploited the fact that we were looking for a
singlecondition to be met by the utility functions ofall agents. The problem could be
circumvented by looking for suitable conditions on negotiation problems as a whole,
where different utility functions may meet different such conditions. In other words,
we could try to formulate a condition forprofiles 〈u1, . . . , un〉 of utility functions.
Clearly, such a conditiondoesexist: trivially, 〈u1, . . . , un〉 meets that condition iff
convergence to an optimal allocation is guaranteed for any initial allocation when
agents are using the utility functions〈u1, . . . , un〉. Of course, phrased like this, this
condition is of no practical use. What we would require is a “simple” condition on
utility profiles. The condition of modularity (for single utilities), for instance, clearly
is such a simple condition.

To make this notion of simplicity precise, we first need to fix arepresentation
languagefor utility functions. Then we can check whether or not it is the case that
checking a particular condition for utilities represented in this language is a tractable
decision problem. As we are going to argue in this section, for a wide range of repre-
sentation languages, there can be no condition on utility profiles that would be simple



188 Optimization and Computer Science

in this sense. We first note that checking whether a given utility profile satisfies the
necessary and sufficient condition for 1-deal negotiation is equivalent to a decision
problem that has been referred to as 1-convergence (1-CONV) in [CHE 06, DUN 05a]:

DEFINITION 7.9.– Given 〈A,R,U〉, the 1-convergence problem (1-CONV) is the
problem of checking whether any sequence of individually rational 1-deals (origi-
nating from any initial allocation) will result in an allocation with maximal social
welfare.

1-CONV has been shown to becoNP-complete in the case where utility functions
are represented using the so-called SLP form, which encodes utilities asstraight-line
programs[DUN 05a]. This means that checking whether a profile of utility functions
given in SLP form satisfies the necessary and sufficient condition for 1-deal negotia-
tion is alsocoNP-complete, hence computationally intractable. In what follows, we are
going to extend this complexity result to a whole range of representation languages,
which only have to meet very weak conditions for the hardness result to apply.

We are going to establishcoNP-hardness via a reduction from the so-called welfare
improvement (WI) problem, which is closely related to the problem of finding the
maximum of a utility function and which is known to beNP-hard for a wide range of
representation languages for utility functions.

DEFINITION 7.10.–Given a utility functionu in a particular representation language
and a bundleQ ⊆ R, the welfare improvement (WI) problem is the problem of check-
ing whether there exists a bundleQ′ ∈ R such thatu(Q) < u(Q′).

Our proof applies to utility representation languages that arer-composable:

DEFINITION 7.11.–LetREP andREP ′ be two representation languages for utility
functions. Letr ∈ R be a resource. Then,REP is said to be anr-composition over
REP ′ iff ∀u ∈ REP ′, ∀x ∈ {u(R) | R ⊆ R}, the utilitiesv and v̄ defined below
belong toREP and the number of bits needed to represent both utilities is polyno-
mial in |u| (the number of bits needed to encodeu) and in the number of resources4.

v(R) =

{
u(R)− x if r ∈ R

0 otherwise
v̄(R) =

{
u(R)− x if r /∈ R

0 otherwise

4. Note that encoding the utility functionv (resp.v̄) as a sequence of bits requires encodingu,
r, andx. Unfortunately,x may be a huge fractional number. Thus, if we choose to encodex
straightforwardly as a sequence of bits, the total number of bits may not be polynomial in|u|
and |R|. To overcome this, instead of encodingx, we may encode the bundleR whose value
underv is x. This way, the size of|v| remains polynomial in|u| and|R|. This will be of some
importance in the main proof of this section, as we will use a reduction to a decision problem
in which the size of instances will also be polynomial in|u| and|R|.
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For the sake of simplicity, we will say that a representationREP is r-composed
iff there exists a representationREP ′ over whichREP is anr-composition.

As many interesting representation languages arer-composed, the results pre-
sented here are quite general. Let us briefly mention some of the representation lan-
guages commonly used in multiagent resource allocation [CHE 06]. In what follows,
r is any resource chosen amongR.

– Thek-additive representation[GRA 97] for k > 3 is an r-composition over
the(k − 1)-additive representation. Intuitively,k-additive utilities can be represented
by a multi-nomial of degreek [BOR 02]. Note that fork > 2, the WI problem with
k-additive utilities isNP-hard [CHE 04].

– Posiforms of degreek [BOR 02] fork > 3 arer-compositions over posiforms of
degreek − 1. This is a generalization of thek-additive forms and thus, fork > 2, the
WI problem here is alsoNP-hard [CHE 04].

– Thebundle formrepresentation [CHE 04] is also anr-composition over itself.
It consists of simply enumerating all bundles of resources for which the utility is not
zero. Again, the associated WI problem is known to beNP-hard [CHE 04] .

– The SLP (straight-line programs) representation [DUN 05b] is anr-composition
over itself. Intuitively, SLPs are computer programs without loops, taking a bundle of
resources as input and returning the associated utility value as output. Here, WI is also
NP-hard [DUN 05b].

– The XOR bidding language [SAN 02, NIS 06], developed in the combinatorial
auction community, is also anr-composition over itself and has anNP-hard WI prob-
lem.

We can now present the main theorem of this section.

THEOREM 7.4.–LetREP be a representation language. If the following conditions
hold, then the 1-convergence problem overREP is coNP-complete under Turing re-
duction, even with only two agents:

– there exists a representationREP ′ over whichREP is anr-composition;

– the WI problem with this representationREP ′ is NP-hard; and

– there exists a zero-valued utility functionv0 inREP .

Proof. Membership of 1-CONV to coNP may be shown as in [DUN 05a]. In what
follows, we will showcoNP-hardness using a Turing reduction from the WI problem.
To achieve this, we will show that, given an oracle solving the 1-CONV problem in
a single time unit, we can build a deterministic algorithm solving the WI problem in
polynomial time. The proof is constructive, i.e. the algorithm will be given below.

First, let us recall some preliminary definitions. Let〈u,Q〉 be an instance of the
WI problem over theREP ′ representation. Note that the number of bits required to
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encode such an instance is bounded by|u| + |R|. Let v0 be the zero-valued utility
function, and let the set of agents beA = {1, 2}. We now introduce two utility func-
tions:

v(R) =

{
u(R)− u(Q) if r ∈ R

0 otherwise
v̄(R) =

{
u(R)− u(Q) if r /∈ R

0 otherwise

Clearly, these two functions belong toREP because of ther-composition prop-
erty. Based on these functions, we can now define two instances of 1-CONV as follows:
let I (resp.Ī) be the 1-CONV instances for two agents with utilitiesv andv0 (resp.v̄
andv0). We will show next that deciding whether these instances are 1-convergent or
not will eventually give us the answer to the WI problem〈u,Q〉.

First of all, note that if the answer to the WI problem over〈u,Q〉 is NO (i.e. ifQ is
an optimal bundle), then bothI andĪ are 1-convergent. In fact,0 will be in this case
the highest value which the functionsv andv̄ can take and moving resourcer from an
agent to another inI or Ī will lead to an optimal allocation if the current allocation is
not already optimal. Due to the converse, we can deduce the following:

– if I or Ī is not 1-convergent, then the answer to the WI problem is YES.

Consider now the case where both problems are 1-convergent. Clearly, the answer
to the WI problem is YESif and only if there exists an allocationA′ such thatv(A′) >
0 or there exists an allocation̄A′ such that̄v(Ā′) > 0. Because both instances are
known to be 1-convergent, checking if there are allocations valued more than0 can
be done in the following way: given an allocationA (resp.Ā) valued0 in I (resp.Ī),
check whether or not there exists an individually rational 1-deal. If so, the WI problem
will be answered YES. For our 0-valued allocation, it suffices to chooseA = 〈{ },R〉
(resp.Ā = 〈R, { }〉). These allocations have a social welfare inI (resp.Ī) whose
values arev(A) + v0(A) = v̄(Ā) + v0(Ā) = 0. To summarize:

– If both I andĪ are 1-convergent, then consider allocationA = 〈{ },R〉 (resp.
Ā = 〈R, { }〉). If there exists any individually rational 1-dealδ = (A,A′) overI or
δ̄ = (Ā, Ā′) overĪ, then the answer to the WI problem is YES, otherwise it is NO.

This covers all possible cases. Hence, given our oracle for 1-CONV, we can al-
ways derive an answer to WI in polynomial time. Our reduction is summarized by the
algorithm shown in Figure 7.1.

To conclude this section, we recall that thecoNP-completeness result for 1-CONV

entails that, for many common representation languages, checking whether profiles of
utilities enable 1-deal negotiation is intractable. Therefore, searching for a condition
over profiles of utility functions is unrealistic. As we have shown that no condition on
singleutility functions is both sufficient and necessary, and as, on top of that, we have
just argued that checking conditions onprofilesof utility functions is intractable in
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Algorithm: deciding WI with the help of an oracle for 1-CONV

Input : utility function u, bundleQ ⊆ R
Output : YES or NO

1) if {v, v0} is not 1-CONV or {v̄, v0} is not 1-CONV then return YES;

2) if there exists an individually rational 1-deal improving allocation〈{},R〉
within 〈v, v0〉 then return YES;

3) if there exists an individually rational 1-deal improving allocation〈R, {}〉
within 〈v̄, v0〉 then return YES;

4) return NO

Figure 7.1. Algorithm summarizing the reduction from1-CONV to WI

most cases, the best thing we can do is to investigate whether some restricted classes
of utility can be identified as beingmaximal. This is what we shall do in the next
section.

7.7. Maximal classes of utility functions

We are now going to prove the main results of this chapter, namely the surprising
fact that the classes of utility functions shown to allow 1-deal negotiation (with money
and without money) are not only sufficient, but alsomaximalin the sense that no class
of utility functions strictly including this class of functions would still be sufficient for
1-deal negotiation. The significance of this result can only be fully appreciated when
considered together with the “negative” result on necessary and sufficient conditions
discussed in the previous section.

Before stating the main result, we prove the following auxiliary lemma:

LEMMA 7.2.– A utility functionu is modular iff the following holds for allR ⊆ R
and all r1, r2 ∈ R with r1, r2 6∈ R andr1 6= r2:

u(R ∪ {r1, r2}) = u(R ∪ {r1}) + u(R ∪ {r2})− u(R) [7.3]

Proof. To show this, let us recall elementary facts about submodular functions. A
functionv : R→ R is submodular iff∀R1, R2 ⊆ R, v(R1)+v(R2) > v(R1∪R2)+
v(R1 ∩ R2). It is also known thatv is submodular iffv(R ∪ {r1}) + v(R ∪ {r2}) >

v(R ∪ {r1, r2}) − v(R) for anyR ⊆ R, r1, r2 ∈ R\R, with r1 6= r2 [NEM 88,
p.662]. Because a functionu is modular iff bothu and−u are submodular, the lemma
holds.
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7.7.1. Framework with money

We are now in a position to prove our theorem on the maximality of the class of
modular utility functions with respect to rational 1-deal negotiation with money:

THEOREM 7.5.– LetM be the class of modular utility functions. Then for any class
of utility functionsF such thatM ⊂ F , F does not allow 1-deal negotiation with
money.

Proof.First observe that for|R| 6 1, anyutility function is modular,i.e. the theorem
holds vacuously in these cases. Therefore, without loss of generality, from now on we
assume that there are at least two distinct resources in the system.

The proof is constructive. We will show that for any non-modular utility function
u1 onm resources, it is possible to construct a modular utility functionu2 (with ui ≡ 0
for all other agentsi) and an initial allocation such that no optimal allocation can be
reached by means of 1-deals. This implies thatM∪ {u1} does not allow 1-deals.

Becauseu1 is non-modular, Lemma 7.2 can be applied in the following way: there
is a bundleX and distinct resourcesr1, r2 /∈ X such thatǫ, defined as follows, is not
equal to0:

ǫ = u1(X ∪ {r1}) + u1(X ∪ {r2})− u1(X)− u1(X ∪ {r1, r2}) [7.4]

From now on,A12|, A|12, A1|2 andA2|1 will refer to allocations in whichr1 and
r2 belong to one of the first two agents, resources inX are owned by1 and resources
in Y = R\(X ∪ {r1, r2}) by 2, as shown in the following table.

Agent 1 Agent 2

A12| {r1, r2} ∪X Y
A|12 X {r1, r2} ∪ Y
A1|2 {r1} ∪X {r2} ∪ Y
A2|1 {r2} ∪X {r1} ∪ Y

Let us build a modular utility functionu2 defined as follows:∀R ∈ R:

u2(R) =
∑

r∈{r1,r2}∩R

αr +
∑

r∈R∩Y

ω −
∑

r∈R∩X

ω [7.5]
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Figure 7.2. Values ofsw for the four allocations (caseǫ > 0)

with ω = 14 × max |u1| + 1. Let Ω = u2(Y ) = |Y | × ω. As the rest of the proof
shall reveal, the value ofω has been chosen such that the social welfare of each of
these four allocations is greater than that of any other allocation. Of course, this will
imply that the optimal allocation has to be among these four. The values ofαr1 and
αr2 will be chosen later. The social welfare of each of these four allocations can then
be written as follows:

sw(A|12) = Ω + αr1 + αr2 + u1(X)

sw(A12|) = Ω + u1(X ∪ {r1, r2})
sw(A1|2) = Ω + αr2 + u1(X ∪ {r1})
sw(A2|1) = Ω + αr1 + u1(X ∪ {r2})

It remains to be shown that depending on the value ofǫ, we can always choose an
initial allocation among these four and values ofαr1 andαr2 such that: (1) this initial
allocation does not have optimal social welfare, (2) there is only one rational deal
from this allocation, (3) this deal leads to the optimal allocation, but (4) this rational
deal would involve more than one resource. We will have to consider two cases for
equation [7.4]: the case ofǫ > 0 and the case ofǫ < 0.

(1st case)Suppose thatǫ > 0. Let us chooseαr1 = u1(X ∪ {r1}) − u1(X)− ǫ
4

andαr2 = u1(X ∪ {r1, r2})− u1(X ∪ {r1}) + ǫ
4 .

Let us first show that the four allocations have a greater social welfare than any
other. With the help of equation [7.4], observe that both|αr1 | and|αr2 | are less than
3 ×max |u1|. Thus, all four allocations have a social welfare of at leastΩ − |αr1 | −
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|αr2 | −max |u1| > Ω − 7 ×max |u1| > Ω − ω
2 . All other allocations have a social

welfare lower thanΩ−ω+ |αr1 |+ |αr2 |+max |u1| 6 Ω−ω+7×max |u1| < Ω− ω
2 .

Thus, the social welfare of each of the four allocations is greater than that of any other
allocation.

Now let us show thatA2|1 is the optimal allocation, as illustrated in Figure 7.2.
More precisely, let us show thatsw(A|12) < sw(A1|2), thatsw(A12|) < sw(A1|2)
and thatsw(A1|2) < sw(A2|1). By substituting the values ofαr1 andαr2 and using
equation [7.4], the social welfare of each allocation can be written as follows:

sw(A|12) = Ω + u1(X ∪ {r1, r2})
sw(A12|) = Ω + u1(X ∪ {r1, r2})

sw(A1|2) = Ω + u1(X ∪ {r1, r2}) +
ǫ

4

sw(A2|1) = Ω + u1(X ∪ {r1}) + u1(X ∪ {r2})

−u1(X)− ǫ

4

= Ω + u1(X ∪ {r1, r2}) +
3

4
ǫ

Here,A2|1 is clearly the optimal allocation. If we chooseA1|2 as the initial al-
location, then the only 1-deals involving resourcesr1 or r2 are δ(A1|2, A12|) and
δ(A1|2, A|12). These deals decrease social welfare, and thus are not individually ra-
tional according to Lemma 7.1. Thus, it is not possible to reach the optimal allocation
A2|1 starting fromA1|2 using only 1-deals.

(2nd case)Suppose thatǫ < 0. Let us chooseα1 = u1(X ∪ {r1})− u1(X)− ǫ
4

andα2 = u1(X ∪ {r2})− u1(X)− ǫ
4 .

Note that again, both|αr1 | and|αr2 | are less than3×max |u1|. Thus, by the same
argument as in the first case, the four allocations all have greater social welfare than
any other allocation.

The optimal allocation is nowA12|. To see this, let us show thatsw(A1|2) <
sw(A|12), thatsw(A2|1) < sw(A|12) and thatsw(A|12) < sw(A12|) as illustrated in
Figure 7.3:

sw(A|12) = Ω + u1(X ∪ {r1}) + u1(X ∪ {r2})

−u1(X)− ǫ

2
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Figure 7.3. Values ofsw for the four allocations (caseǫ < 0)

sw(A12|) = Ω + u1(X ∪ {r1, r2})
= Ω + u1(X ∪ {r1}) + u1(X ∪ {r2})
−u1(X)− ǫ

sw(A1|2) = Ω + u1(X ∪ {r1}) + u1(X ∪ {r2})

−u1(X)− ǫ

4

sw(A2|1) = Ω + u1(X ∪ {r1}) + u1(X ∪ {r2})

−u1(X)− ǫ

4

Here,A12| is clearly the optimal allocation. If we chooseA|12 as the initial allo-
cation, then the only 1-deals involvingr1 or r2 areδ(A|12, A1|2) andδ(A|12, A2|1).
These deals decrease social welfare, and thus are not individually rational according
to Lemma 7.1. Thus, it is not possible to reach the optimal allocationA12| starting
fromA|12 using only 1-deals.

Why is this result significant? As argued earlier, while the full abstract negotiation
framework introduced at the beginning of this paper would be difficult to implement,
designing a system that only allows pairs of agents to agree on deals over one resource
at a time is entirely feasible. As we would like to be able to guarantee socially optimal
outcomes in as many cases as possible, also for such a restricted negotiation system,
we would like to be able to identify the largest possible class of utility functions for
which such a guarantee can be given. However, our discussion in section 7.6 has shown
that there can be no class of utility functions thatexactlycharacterizes the class of
negotiation problems for which negotiating socially optimal allocations by means of
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rational 1-deals is always possible. Still, thereareclasses of utility functions that allow
1-deal negotiation. As shown by Theorem 7.2, the class of modular functions is such
a class and it is certainly a very natural class to consider. An obvious question to ask
is therefore whether this class can be enlarged in any way without losing the desired
convergence property.

Our proof of Theorem 7.5 settles this question by giving a negative answer: for any
agent with a non-modular utility function there are modular utility functions (for the
other agents) and an initial allocation such that rational 1-deals alone do not suffice
to negotiate an allocation of resources with maximal social welfare. Of course, there
may well be further such classes (that are both sufficient and maximal), but we have
not been able to identify any such class that would also beinteresting. An example for
a class of utility functions that is sufficient butnot interesting is the class ofpseudo-
constantfunctions. A utility functionui is pseudo-constant iff there exists ac > 0
such thatui(R) = c for all R 6= { } andui({ }) = 0. Clearly, if all agents use such
a function, then individually rational 1-deals will be possible until an allocation with
maximal social welfare has been reached; but this is of course a very limited model of
agent preferences.

7.7.2. Framework without money

Can the result of the framework with money be translated into our framework
without money? We are now going to show that this is the case: any class of modular
utility functions withα, β-shared values is not only sufficient for 1-deal negotiation,
but alsomaximalin the sense that no class of utility functions strictly including that
class would still be sufficient.

THEOREM 7.6.– LetMα,β be a class of modular functions with sharedα, β-values.
Then for any class of utility functionsF such thatMα,β ⊂ F , F does not allow
1-deal negotiation without money.

Proof. The proof is constructive and involves two agents. We will show that forany
functionu1 not belonging to the class of modular functions with sharedα, β-values, it
is possible to construct a modular utility functionu2 and to choose an initial allocation
such that the optimal allocation cannot be reached by means of cooperatively rational
1-deals. This will imply thatMα,β ∪ {u1} does not allow 1-deal negotiation.

First note that for any modular function with sharedα, β-values, anyX ⊂ R and
any r ∈ R\X we haveu(X ∪ {r}) = u(X) + v, with v ∈ {αr, 0, βr}. Let u1 be
an arbitrary function,not belonging to the classMα,β; in other words, there exist a
setX ⊂ R and a resourcer1 ∈ R\X such thatu(X ∪ {r1}) = u(X) + v, with



Utility Functions for Negotiation Schemes 197

v 6∈ {αr1 , 0, βr1}. We are going to define a second utility functionu2 in terms ofX
andr1. Namely, letu2 ∈ Mα,β be defined as follows (for allR ∈ R) :

u2(R) =
∑

r∈R∩X

βr +
∑

r∈R\(X∪{r1})

αr +
∑

r∈R∩{r1}

z

with z to be chosen in{αr1 , βr1}.

Observe that we have chosenu2({ }) = 0.

We now consider the two allocations where agent 1 owns all resources inX and
agent 2 owns all resources inR\(X∪{r1}). Amongst these allocations, letAr1| (resp.
A|r1

) be the one where agent 1 (resp. agent 2) owns in addition resourcer1. We are
going to show that we can always choose a non-optimal initial allocation amongst
these two such that no cooperatively rational 1-deal is possible. First observe that
agent1 cannot pass a single resourcer ∈ X to agent 2 (becauseu2 would decrease
by |βr|) and that agent 2 cannot pass a single resourcer ∈ R\(X ∪ {r1}) to agent
1, because in this caseu2 would decrease by the valueαr. Let us now consider the
case of 1-deals involving resourcer1. We are going to distinguish four different cases,
depending on the value ofv. Note thatsw(Ar1|) − sw(A|r1

) = v − z and recall that
αr1 > 0 andβr1 < 0.

1) Suppose thatv > αr1 . By choosingz = αr1 , we prevent agent 2 from passing
r1 on to agent 1 (becauseu2 would decrease byαr1 ), but still we havesw(Ar1|) >
sw(A|r1

) (becausev − z > 0). Hence,A|r1
is a non-optimal allocation from which

there are no cooperatively rational 1-deals.

2) Suppose thatv < βr1 . By choosingz = βr1 , we prevent agent 1 from passing
r1 on to agent 2 (becauseu1 would decrease by|βr1 |), but still we havesw(Ar1|) <
sw(A|r1

) (becausev − z < 0). So in this caseAr1| is a non-optimal allocation from
which there are no cooperatively rational 1-deals.

3) Suppose that0 < v < αr1 . By choosingz = αr1 , we havesw(Ar1|) <
sw(A|r1

) (becausev − z < 0), but still agent 1 cannot giver1 to agent 2 (becauseu1

would decrease byv).

4) Suppose thatβr1 < v < 0. By choosingz = βr1 , we havesw(Ar1|) >
sw(A|r1

) (becausev − z > 0), but still agent 2 cannot giver1 to agent 1 (becauseu2

would decrease by|v|).

This covers all possible cases. As we have seen, for any choice ofu1 6∈ Mα,β we
can construct a functionu2 ∈ Mα,β and choose an initial allocation of resources such
that negotiation conducted solely by means of cooperatively rational 1-deals will get
stuck in a final allocation that does not have maximal social welfare.
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7.8. Conclusion

This paper makes a contribution to the theoretical analysis of a negotiation frame-
work where rational but myopic agents agree on a sequence of deals regarding the re-
allocation of a number of indivisible resources. We have shown that the use ofmodular
utility functions to model agent preferences is asufficientcondition, if side payments
are allowed, to guarantee final allocations with maximal social welfare in the case
where agents only negotiate1-deals(involving one resource each). When no side pay-
ments are permitted, any class ofMα,β-functions would be sufficient. We have then
seen that this is, however, not anecessarycondition for optimal outcomes and indeed,
there can be no condition on (individual) utility functions that would be both neces-
sary and sufficient in this sense. Furthermore, we have shown that, while a necessary
and sufficient condition on profiles of utility functions obviously does exist, checking
such a condition is intractable for most representations commonly used in multiagent
resource allocation settings. We have therefore concentrated on showing that the class
of modular (resp. the class of modular functions with sharedα, β-values) functions is
maximalin the framework with money (resp. without money), i.e. no strictly larger
class of functions would still allow an optimal allocation to be found by means of
rational 1-deals in all cases.

We consider these not only surprising results, but also useful characterizations of
negotiation domains that can be handled reliably using simple negotiation protocols,
catering only forContract-Net-like deals over single items between pairs of agents,
rather than the full range of multilateral deals foreseen in the abstract framework. Such
theoretical results affect both the design of agents and of negotiation mechanisms. For
instance, if a given mechanism can only handle 1-deals, then it may be inappropriate
to design myopic agents with very rich preference structures to use such a mechanism.

In the introduction, we have argued fordistributedapproaches to resource allo-
cation. Of course it would be over-simplistic to merely distinguish a centralized ap-
proach,à la combinatorial auction, versus a purely distributed approach. The truth is
that there exists an entire spectrum of approaches between these two extremes. Very
often, for instance, even if an auctioneer is available, it is desirable anyway to reduce
part of the burden of the calculational task usually assigned to it. One way to do so is
to delegate it to the bidders instead. This distribution of thecalculationof the winner
determination problem has been studied by some authors [NAR 05, VID 06]. What re-
mains centralized in these approaches, however, is the fact that agents must be aware
of the bids placed by other agents during the process to calculate their new bid. In
other words, while the calculation of the solution is indeed distributed, the process
itself remains centralized. In our approach, on the other hand, we assume that agents
agreelocally on beneficial deals, without requiring any sort of global perception of
the situation. Also, while the actual allocation is modified once and for all in the case
of combinatorial auctions, our setting regards negotiation as a continuously evolving
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process with a sequence of local steps incrementally modifying the allocation of re-
sources within the system.

This chapter continues recent work on convergence properties for distributed ne-
gotiation schemes [SAN 98, END 06]. Related work, notably [DUN 05b, DUN 05a],
has concentrated on the computational complexity of decision problems arising in
the context of such negotiation frameworks. The complexity of the most fundamental
problem in resource allocation, namely social welfare optimization, has been known
for some time. The underlying decision problem, i.e. checking whether a given ne-
gotiation problem admits a solution where the sum of utilities exceeds a given value,
is NP-complete [ROT 98].5 This can be shown, for instance, via a reduction from
the well-known SET PACKING problem [GAR 79]. Dunneet al. [DUN 05b] have in-
troduced the 1-PATH problem and analysed its complexity: given two allocationsA
andA′ with sw(A) < sw(A′), check whether it is possible to reachA′ from A by
means of a sequence of rational 1-deals. Dunneet al. [DUN 05b] have shown that 1-
PATH is NP-hard. Recent results have further strengthened this complexity bound and
established that the problem is in factPSPACE-complete [DUN 05a]. The closely re-
lated problem 1-CONV [CHE 06, DUN 05a], discussed earlier in the context of check-
ing conditions for guaranteed convergence with respect to full utility profiles, asks
whether any sequence of individually rational 1-deals would culminate in an alloca-
tion with maximal social welfare. As we have seen, 1-CONV is coNP-complete. This
has been a known result for the case where utility functions are represented as straight-
line programs [DUN 05a], which we have extended here to a wider class of preference
representation languages.
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Chapter 8

Worst-case Complexity of Exact Algorithms
for NP-hard Problems

There has recently been a growing interest in the analysis of the worst-case com-
plexity of manyNP-hard problems. UnlessP 6= NP, solving such problems requires
super-polynomial time. Each problem inNP can be solved by a naive algorithm that
exhaustively searches the solution space. However, for most of the problems, more
refined algorithms with better, but still exponential-time complexity, are known.

Development of exact algorithms is mainly of theoretical interest but the existence
of fast exponential procedures may also have practical importance. Today’s computers
are able to handle very efficiently moderate size instances ofNP-hard problems. How-
ever, even though we can afford to run an exponential-time algorithm, polynomial-
space complexity is a must.

Satisfiability, minimum graph coloring, maximum independent set and minimum
vertex covering, minimum dominating set, etc., are among the problems that have
received much attention in the context of exact algorithms. In this paper we study
two very well-known hard combinatorial problems: the maximum cut (MAX -CUT)
and the minimum dominating set restricted to graphs of maximum degree 3 (MIN 3-
DOMINATING SET). For the former, we mainly focus ourselves on sparse graphs, i.e.,
on graphs having bounded maximum degree. We first use a technique based upon
enumeration of cuts in a properly chosen subgraph of the input graph and then an
extension of them in an optimal way to produce a cut for the whole instance. By
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means of this method we produce an exact algorithm for weightedMAX -CUT with
improved upper complexity bound in the case of sparse graphs (section 8.1). Next,
in section 8.2, we restrict ourselves to unweightedMAX -CUT in graphs of maximum
degree 3. In this case we devise a search tree based exact algorithm. We exploit some
simple and intuitive dominance conditions that efficiently prune the search-tree thus
producing a fairly competitive upper complexity bound for the case settled. Finally,
in section 8.3, we refine search tree’s pruning by introducing a counting procedure,
based upon the introduction of weights for the fixed data, which allows us to measure
in a more precise way the progress made by the algorithm when it fixes them. We
apply this method toMIN 3-DOMINATING SET.

Let T (·) be a super-polynomial andp(·) be a polynomial, both on integers. In
what follows, using notations in [WŒG 03], for an integern, we express running-
time bounds of the formp(n) · T (n) asO∗(T (n)), the asterisk meaning that we
ignore polynomial factors. We denote byT (n) the worst-case time required to ex-
actly solve the considered combinatorial optimization problem withn variables.
We recall (see, for instance, [EPP 01]) that, if it is possible to bound aboveT (n)
by a recurrence expression of the typeT (n) 6

∑
T (n − ri) + O(p(n)), we

have
∑
T (n−ri)+O(p(n)) = O∗(α(r1, r2, . . .)

n) whereα(r1, r2, . . .) is the largest
zero of the functionf(x) = 1−∑ x−ri .

8.1. MAX -CUT

Given an arbitrary graph with non-negativeweights assigned to its edges, theMAX -
CUT problem consists of finding a partition of vertices into two subsets such that the
sum of the weights of all the edges that have endpoints in two different parts of the
partition is maximized. In the unweighted case (i.e., all weights are positive and equal)
the problem is often referred to asUNWEIGHTED MAX-CUT.

In what follows, we consider weighted, undirected, loopless graphs without multi-
ple edges. In a graphG = (V,E,w), V is the vertex set of cardinality|V | = n, E is
the edge set of cardinality|E| = m andw : E → R+ ∪ {0} is a weight function that
assigns a non-negative numberwij to each edgeij of G.

The number of edges incident to a vertex in a graph is called thedegreeof the
vertex. The maximum degree of all the vertices of a graph is called themaximum
degreeof the graph and denoted by∆. Theaverage degreeof a graph is the sum of
degrees of all vertices of the graph divided by the number of its vertices. The average
degree is denoted byd; notice thatd = 2m/n. Given a subsetU of vertices ofV , the
subgraph induced by the vertices inU is denoted byG[U ].

A cutC = (V0, V1) in a graph is a partition of its vertex setV into two disjoint
subsetsV0 andV1. The weightw(C) of cutC is the sum of weights of all the edges
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that have their endpoints in two different parts of the cut. Notice that the characteristic
vector of one of the parts, for exampleV0, uniquely determines the partition.

UNWEIGHTED MAX-CUT was one of the first problems whoseNP-hardness was
established. However, there are classes of graphs such as planar graphs, graphs with
large girth [POL 95], cographs and graphs with bounded treewidth [BOD 00] that
admit polynomial-time solution of this problem.

On the other hand,UNWEIGHTED MAX-CUT (and thereforeMAX -CUT) re-
mains NP-hard even if restricted to such classes as chordal, split, or3-colorable
graphs [BOD 00]. As shown in [YAN 78], the problem isNP-hard also for the class of
graphs with bounded maximum degree∆, if ∆ > 3 (for ∆ 6 2 the problem becomes
trivial).

The worst-case complexity of the maximum cut problem has been studied in a few
papers, some of them dealing with the weighted and some with the unweighted case.
The fastest algorithm forUNWEIGHTED MAX-CUT in arbitrary graphs was proposed
by Williams in [WIL 04]. In fact, the algorithm calculates the number of solutions to
an instance of the 2-CSPproblem and employs interesting, non-standard techniques
(2-CSP is the constraint satisfaction problem with two variables per clause). Used
as aUNWEIGHTED MAX-CUT solver, the algorithm runs in timeO∗(2ωn/3) but, un-
fortunately, requires exponential space ofO∗(2ωn/3), whereω < 2.376 is the ma-
trix multiplication exponent (the product of twok × k matrices can be calculated in
timeO(kω)). Whether there exists a polynomial-space algorithm that calculatesUN-
WEIGHTED MAX-CUT and runs faster than the naive one of time complexityO∗(2n)
is an open question listed in [WŒG 04].

More algorithms have been developed for sparse graphs. The upper bounds on
their running times are given as linear functions of the numberm of edges in the input
graph. It makes them faster than the algorithms whose running time is bounded by a
linear function of the number of vertices (like [WIL 04] or the naive algorithm) only
if m is linearly bounded byn.

In [GRA 03] an algorithm solvingUNWEIGHTED MAX-CUT (via MAX -2-SAT)
in time O∗(2m/3) was proposed by Grammet al. The bound was then improved
to O∗(2m/4) by Fedin and Kulikov in [FED 06]. Their algorithm solves the maxi-
mum cut problem in a graph with integer weights on its edges. In a paper by Scott
and Sorkin [SCO 03] (see also [SCO 04]), a faster algorithm forMAX -CUT, running
in timeO∗(2min{(m−n)/2,m/5}), was described. A recent paper by Kneis and Ross-
manith [KNE 05b] offers anUNWEIGHTED MAX-CUT algorithm with running time
O∗(2m/5.217). All of those algorithms use polynomial space.

In this chapter, we develop a technique that seems to be a new approach to the
MAX -CUT problem. The method consists of enumerating cuts in a subgraphH of G
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and then extending them in an optimal way to cuts inG. The technique is applied to
graphs with bounded maximum degree and to general graphs. In both cases, we obtain
an exponential-time algorithm that uses polynomial space.

For some classes of graphs our algorithms offer the best running time known. In
particular, we obtain the fastest known algorithm solving theMAX -CUT problem in
the class of graphs with bounded maximum degree∆, if ∆ = 8, 9. We also pro-
vide a polynomial-spaceMAX -CUT algorithm and a polynomial-spaceUNWEIGHTED

MAX -CUT algorithm, that are the fastest known in the class of graphs with bounded
maximum degree∆, for ∆ > 8.

For weighted graphs with bounded maximum degree∆, we present an algo-
rithmic scheme that calculates a maximum cut. For fixed∆, the algorithm runs in
timeO∗(2(1−(2/∆))n) and polynomial space. For∆ > 8, our algorithm is faster than
the MAX -CUT algorithm from [SCO 04] and theUNWEIGHTED MAX-CUT algorithm
from [KNE 05b]. It is slower than the exponential-spaceUNWEIGHTED MAX-CUT

algorithm from [WIL 04] for∆ > 10.

For general weighted graphs, we obtain an algorithm that calculates a maximum
cut and runs in time2mn/(m+n). Our algorithm is faster than theMAX -CUT algorithm
from [SCO 04] form > 4n and faster than theUNWEIGHTED MAX-CUT algorithm
from [KNE 05b] for m > 4.217n. It is slower than theUNWEIGHTED MAX-CUT

exponential-space algorithm in [WIL 04] form > ωn/(3− ω) > 3.808n.

8.1.1. Extending a partial partition of vertices

In what follows, we will think of a partition as an assignment of0 − 1 values to
the vertices of the graph. Letxi be a Boolean variable which takes value0, if vi ∈ V0,
and1, if vi ∈ V1. The weight of a cut in a graphG = (V,E,w) can be expressed as a
pseudo-Boolean function,

w(C) =
∑

ij∈E

wij (xixj + xixj) =
∑

i∈V

wixi − 2
∑

ij∈E

wijxixj , [8.1]

wherewi =
∑

{i,j}∈E wij . A maximum cutin a graphG is a cut of maximum weight.

Given a graphG as an input, theMAX -CUT problem consists of calculating a cut
in G that maximizes [8.1].

Notice that it is enough to consider only connected graphs since if the graph is not
connected, theMAX -CUT problem can be solved for each of its connected components
separately.
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It is easy to see that if the weights are restricted to be non-negative real numbers,
the MAX -CUT problem can be solved in polynomial time for the class of bipartite
graphs.

In this section we consider a modification of theMAX -CUT problem. Suppose
that some of the vertices have already been partitioned into two subsets and now the
problem is to find an optimal cut in the graph with respect to that pre-partition. We
prove that if the graph induced by the vertices that have not yet been partitioned is
bipartite, then the problem of finding an optimal extension of the partial partition can
be solved in polynomial time. The algorithms presented in the following sections are
based on this result.

LetU ⊂ V be a subset of vertices ofG such that the subgraphG′ = G[U ′] induced
by the vertices inU ′ = V \ U is bipartite. Also, let(U0, U1) be a partition ofU into
two subsets. Consider the problem of finding a partition(V0, V1) of V with U0 ⊂ V0

andU1 ⊂ V1 that maximizes [8.1].

The vertices inU have already been assigned to some parts of the cut, thus vari-
ablesxi, for i ∈ U , have their values fixed. There are four possible types of edges in
the cut: edges with both endpoints inU , fromU0 to U ′, fromU1 toU ′ and with both
endpoints inU ′. The problem of finding an optimal extension of the pre-partition is
now equivalent to maximizing the following pseudo-Boolean function:

∑

i∈U0
j∈U1

wij +
∑

i∈U0
j∈U′

wijxj +
∑

i∈U1
j∈U′

wijxj +
∑

i∈U′

j∈U′

wij (xixj + xixj)

where all sums are taken over edgesij ∈ E of the graphG. Setting:

cj =
∑

i∈U0

wij −
∑

i∈U1

wij +
∑

i∈U ′

wij

where all sums are again taken over edgesij ∈ E, and omitting the constant term, the
problem is equivalent to finding a maximum of the function:

∑

j∈U ′

cjxj − 2
∑

ij∈E′

wijxixj [8.2]

whereE′ is the edge set of the bipartite graphG′. In other words, the problem of
finding an optimal extension of the pre-partition can be stated as the following integer
quadratic program:

max
∑

j∈U ′

cjxj − 2
∑

ij∈E′

wijxixj

s.t. xi ∈ {0, 1}

[8.3]
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The standard linearization technique applied to [8.3] by introducingyij = xixj ,
yields the following integer linear program:

max
∑

j∈U ′

cjxj − 2
∑

ij∈E′

wijyij

s.t. yij > xi + xj − 1
xi ∈ {0, 1}
yij ∈ {0, 1}

[8.4]

It is easy to see that [8.3] and [8.4] are equivalent. They have the same op-
timal value and there is an easy correspondence between their optimal solutions,
namelyyij = xixj .

Having modeled the original quadratic problem [8.3] as an integer linear program,
let us study the continuous relaxation of [8.4]:

max
∑

j∈U ′

cjxj − 2
∑

ij∈E′

wijyij

s.t. yij > xi + xj − 1
xi > 0
xj 6 1
yij > 0
yij 6 1

[8.5]

LEMMA 8.1.– The constraint matrix of the linear program [8.5] is totally unimodular,
i.e., the determinant of every square submatrix of it equals0 or ±1.

Proof.LetA be the constraint matrix of [8.5]. It has|U ′|+ |E′| columns and2|U ′|+
3|E′| rows and all its entries are either0 or ±1. LetB be an edge-vertex incidence
matrix ofG′, with rows corresponding to edges and columns corresponding to ver-
tices. Notice thatB is a submatrix ofA. Moreover, any submatrix ofA that has two
non-zero entries in every row and every column has to be a submatrix ofB.

Take any squarek×k submatrix ofA. We will prove the lemma by induction onk.
Clearly, the result holds fork = 1.

Now assume that all(k − 1) × (k − 1) submatrices ofA are totally unimodular
and consider a matrixM which is ak × k submatrix ofA.

If all entries of any row or column ofM are0, thendet(M) = 0 andM is totally
unimodular. If any row or column ofM has a single non-zero element (±1), then using
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the expansion method for calculating determinants and the induction hypothesis, it is
easy to see thatdet(M) is either0 or±1, andA is totally unimodular.

Suppose that each row and each column ofM has at least two non-zero entries.
Hence,M must be a submatrix ofB but, sinceB is an incidence matrix of a bipartite
graph, so isM . It is possible to partition the columns ofM into two parts, according
to the partition of vertices of a bipartite graph. The sum of the columns in each part
yields a unit vector (each edge of the bipartite subgraph has one endpoint in each part)
and that implies linear dependence ofM , thereforedet(M) = 0 andM is totally
unimodular.

THEOREM 8.1.– LetU ⊂ V be such that the subgraphG′ = G[U ′] induced by the
vertices inU ′ = V \ U is bipartite and(U0, U1) be a partition ofU into two subsets,
then the problem of finding a partition(V0, V1) of V withU0 ⊂ V0 andU1 ⊂ V1 that
maximizes [8.1] is polynomial-time solvable.

Proof. The problem of finding a partition(V0, V1) of V with U0 ⊂ V0 andU1 ⊂ V1

that maximizes [8.1] can be modeled as the integer quadratic program [8.3] which is
equivalent to [8.4]. Total unimodularity of the constraint matrix of [8.5] (according
to Lemma 8.1) implies the existence of an optimal0 − 1 solution of [8.5] and such
a solution can be found in polynomial time (see for example [SCH 86]). Since the
relaxation [8.5] of [8.4] has an optimal0−1 solution, [8.3] can be solved in polynomial
time.

Before we proceed to the next section, let us briefly describe the algorithmic tech-
nique we are going to apply. Given an induced bipartite subgraphG[B] of G, we can
enumerate all partitions ofV \B and find an optimal extension of each in polynomial
time (according to Theorem 8.1). The complexity of such a technique isO∗(2|V \B|)
and it strongly depends on the size of the bipartite subgraph that has to be constructed.

8.1.2. An algorithm for graphs with bounded maximum degree

In this section we present and analyze an algorithmic schemeA(∆). For a fixed
integer ∆ (∆ > 3), the scheme yields an algorithm whose input is a weighted
graphG = (V,E,w) of maximum degree∆ and whose output is a maximum cut
in G with respect to the weight functionw.

Step 1. If G is isomorphic to the complete graph on∆ + 1 vertices, then letB be
any pair of vertices and go toStep 3.

Step 2.∆-colorG. LetB be the union of the2 largest color classes of the coloring.

Step 3. Enumerate all partitions of elements ofV \ B into two subsets (all0 − 1
assignments) and for each find an optimal extension of the partial partition.
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Step 4. Find a cutC that has the largest weight among all those checked inStep

3. Return the cutC.

THEOREM 8.2.– For a fixed integer∆ (∆ > 3), algorithmA(∆) calculatesMAX -CUT

in a graphG in timeO∗(2(1−(2/∆))n) and polynomial space.

Proof.Let us first note that the algorithm indeed finds a maximum cut. It is clear that
the induced subgraphG[B] is bipartite. Therefore, any partition ofV \B into two sub-
sets can be extended to an optimal partition ofV in polynomial time by Theorem 8.1.
Clearly, by enumerating all partitions ofV \B and then extending each in an optimal
way, a maximum cut inG is found.

The enumeration of partitions inStep 3 is the bottleneck of the algorithm; it needs
exponential timeO∗(2|V \B|). Other steps can be performed in linear time. It is clear
for Steps 1 and4, and the linear time algorithm forStep 2 is given in [LOV 75].
Note that the algorithm can be implemented in such a way that each step uses only
polynomial space. In particular, inStep 3 we need to store only the current best
solution.

Suppose that the input graph is isomorphic to the complete graph on∆+1 vertices.
The number of partitions that are enumerated inStep 3 is 2n−2 but since∆ = O(n)
the claimed running time follows.

Now suppose that the input graphG is not isomorphic to the complete graph
on ∆ + 1 vertices. Then, according to Brooks’ theoremG is ∆ colorable [LOV 75].
Clearly, the union of two largest color classes has size at least2n/∆ and |V \
B| 6 n(1 − (2/∆)). The number of partitions that are enumerated inStep 3

isO∗(2(1−(2/∆))n) and the claimed running time follows.

8.1.3. An algorithm for general graphs

Let us note that in the algorithm presented in the previous section, the assumption
of bounded maximum degree is needed only to obtain an induced bipartite graph.
Now we relax this assumption and study the complexity of the method in general
graphs. Let us formalize that as AlgorithmB. The input ofB is a weighted graphG =
(V,E,w) and the output is a maximum cut inGwith respect to the weight functionw.

Step 1. Find a maximal independent setI0 in G.

Step 2. Find a maximal independent setI1 in G[V \ I0]. LetB be the union ofI0
andI1.
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Step 3. Enumerate all partitions of elements ofV \ B into two subsets (all0 − 1
assignments) and for each find an optimal extension of the partial partition.

Step 4. Find a cutC that has the largest weight among those checked inStep 3.
Return the cutC.

To complete the description of the algorithm, we need to provide a procedure that
finds an induced bipartite subgraph inSteps 1 and2.

From Turan’s theorem follows that the size of a maximum independent set is at
leastn/(d + 1) and as shown in [SAK 03], there is a linear-time algorithm that con-
structs an independent set of at least that size. As the time complexity ofB depends
on |B|, we need to give a lower bound on the size of the bipartite subgraphB.

CLAIM . The setB of vertices constructed inStep 2 of algorithmB has size at
least2/(d+ 2).

Proof.Let i = |I0| andm′ be the number of edges of the subgraphG[I0 ∪ I1]. If i >

2n/(d+2), then|B| > 2n/(d+2) and the claim follows. Suppose thati < 2n/(d+2).
The average degreed′ in the graphG[V − I0] is d′ = 2(m − m′)/(n − i). Note
thatm′ > n − i, sinceI0 is an independent set. Hence,d′ 6 2n/(n − i) − 2 and
sincei < 2n/(d+ 2), we haved′ < d. It follows that|B| = i+ (n − i)/(d′ + 1) >

2n/(d+ 2).

Having established the lower bound on the size ofB, we can claim the running
time of AlgorithmB. Notice that2/(d+2) = n/(n+m) andn−|B| 6 mn/(m+n).

THEOREM 8.3.– Algorithm B calculatesMAX -CUT in a graphG with n vertices
andm edges in timeO∗(2mn/(m+n)), and polynomial space.

The proof of this theorem is similar to the proof of Theorem 8.2 and will be omit-
ted.

8.2. Pruning the search tree by dominance conditions: the case ofMAX -CUT-3

Among the existing exact methods for solvingNP-hard problems, search tree al-
gorithms and in particular branch-and-bound approaches have been widely applied. A
branch-and-bound algorithm builds and explores a search tree, thus enumerating the
solution space. In order to reduce the calculational burden, several techniques can be
applied to prune some branches of the search tree and to avoid the enumeration of
known non-optimal solutions. A usual technique is to consider dominance conditions
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while branching from a node. Dominance conditions can be typically derived by com-
paring two nodes of the search tree, namely two partial solutions of the given problem
where the two nodes share some common features.

In this section, we revisitMAX -CUT and study the application of dominance con-
ditions within exact search tree algorithms for this problem. We show that taking into
account such conditions in the study of the complexity of exact algorithms leads to
generally fine combinatorial analyses deriving non-trivial upper complexity bounds
for simple and intuitive search tree optimal algorithms. Another advantage of the
methods described in this section is that the presented algorithms have polynomial
space-complexities.

Here, we consider the restricted case where all vertices have maximum de-
greedmax = 3 (hence,m 6 3n/2).

We denote bydj the degree of vertexvj and byN(vj) the set of vertices (neigh-
borhood) adjacent tovj (in other words,dj = |N(vj)|).

The best known and most recent upper time-bound forMAX -CUT-3 is, to our
knowledge, that of [KNE 05a] ofO∗(1.123n) but the corresponding algorithm uses
exponential space. A polynomial space exact algorithm forMAX -CUT-3 is presented
in [KNE 05a] providing a time-bound ofO∗(1.221n). In what follows, we propose
a search tree-based algorithm with running timeO∗(1.2920n) which, even though
dominated by the bound in [KNE 05a], already dominates the bounds, for instance,
of [FED 06] and [GRA 03] when applied toMAX -CUT-3.

8.2.1. Dominance conditions

We assume, without loss of generality, that vertexv1 is assigned toV1. Also, with
respect to the worst-case analysis, we assume without loss of generality that the input-
graphG is connected. The following straightforward lemma holds.

LEMMA 8.2.– There exists at least one optimal solution ofMAX -CUT where, for any
vertexvj 6= v1 assigned toV1 (resp.,V2), at least(dj + 1)/2 verticesvi ∈ N(vj),
for dj odd, and at leastdj/2 verticesvi ∈ N(vj), for dj even, are assigned toV2

(resp.,V1).

Proof.Fordj odd, if less than(dj + 1)/2 vertices are assigned toV2 (resp.,V1), then
movingj toV2 (resp.,V1), would improve the solution. On the other hand, fordj even,
if less thandj/2 vertices are assigned toV2 (resp.,V1), then movingj toV2 (resp.,V1)
would again improve (or at least not worsen) the solution.

REMARK 8.1.– Fordj even and the verticesvi ∈ N(vj) equally distributed be-
tweenV1 andV2, it is immaterial to assignvj to V1 or V2.
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Consider solvingMAX -CUT by means of a search tree approach. Suppose that at
some point a branching is considered related to a vertexvj and that all (nearly all) of
its adjacent verticesvi (vi ∈ N(vj)) have already been assigned. We denote bySj(Vk)
the set of vertices adjacent to vertexvj and assigned to setVk, j = 1, . . . , n, k = 1, 2;
namely,Sj(Vk) = {i : vi ∈ N(vj) ∩ Vk}. Then, using Lemma 8.2, the following
lemma holds.

LEMMA 8.3.– Consider any vertexvj such that:

1) all vi ∈ N(vj) have already been assigned anddj is odd;

2) all vi ∈ N(vj) have already been assigned anddj is even;

3) all but onevi ∈ N(vj) have already been assigned anddj is even.

For all of the cases above, there exists at least one optimal solution with the assignment
of vj uniquely determined as follows:

1) (Condition 1 holds) if|Sj(V1)| > (dj + 1)/2, thenvj is assigned toV2, other-
wise it is assigned toV1;

2) (Condition 2 holds):
a) if |Sj(V1)| > dj/2, thenvj is assigned toV2,
b) if |Sj(V1)| < dj/2, thenvj is assigned toV1,
c) if |Sj(V1)| = |Sj(V2)| = dj/2, it is immaterial to assignvj to V1 or V2;

3) (Condition 3 holds) if|Sj(V1)| > dj/2, thenvj is assigned toV2, otherwise it
is assigned toV1.

Proof. Due to Lemma 8.2 and Remark 8.1, the proof of items 1 and 2 above, is im-
mediate. For item 3, letvk ∈ N(vj) be the unassigned vertex. If|Sj(V1)| > dj/2,
whatever the assignment ofvk, either the condition of item 2a, or the condition of
item 2c hold and hence there exists at least an optimal solution withvj assigned toV2.
Analogously, if|Sj(V1)| 6 dj/2 − 1, whatever the assignment ofvk, either the con-
dition of case 2b, or the condition of case 2c hold and hence there exists at least an
optimal solution withvj assigned toV1.

REMARK 8.2.– Since the graph is connected, it is always possible to devise a search
tree algorithm in which we always branch on a vertexvj that is adjacent to at least
another vertexvi which has already been assigned to one of the sets of the parti-
tion (V1, V2).

Consider the following search tree algorithm forMAX -CUT, denoted by
SOLVE-MAX-CUTwhere, at any node of the tree, a decision is taken on the assignment
of a vertex either toV1 or toV2:

– select arbitrarily vertexv1 and assign it toV1;

– apply a search tree algorithm to assign the remaining vertices according to the
following rule: select for branching the unassigned vertex whose branching induces
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the minimum worst-case complexity and, in case of a tie, the unassigned vertex with
minimum degree (in the case of a further tie select the vertex with smallest index).

When we consider for branching inSOLVE-MAX-CUTa given vertexvj anddmax =
3, eitherdj 6 2 and, due to Lemma 8.3 and Remark 8.2,vj can be assigned without
branching, ordj = 3. The following dominance condition holds.

v1(V1)

v2(V1)

v3(V2) v4(V2)

v5(V1) v6(V2)
(a)

v1(V1)

v4(V2)

v5(V1) v6(V2)

v2(V2)

v3(V1)

(b)

Figure 8.1. Comparing two configurations with six vertices

LEMMA 8.4.– Consider six verticesv1, . . . , v6 connected as in figure 8.1(a). Then,
swapping the assignment of verticesv2 and v3 leads to an equivalent solution, i.e.,
configuration 8.1(a) can be substituted by configuration 8.1(b).

Proof.It is immediate to see that for both configurations exactly three edges belong to
the cut.

8.2.2. The worst-case upper-time bound forMAX -CUT-3

We now prove the following result dealing withMAX -CUT-3.

PROPOSITION8.1.– AlgorithmSOLVE-MAX-CUT optimally solvesMAX -CUT-3 with
worst-case time-complexityO∗(1.2920n).

Proof. The relevant branching cases for a given vertexvj in the application of
SOLVE-MAX-CUT are those withdj = 3, otherwise no branching occurs. Letvi, vk

andvl be the corresponding adjacent vertices. Recall that, from Remark 8.2, at least
one vertexvi has already been assigned. Also, from Lemma 8.3, no branching oc-
curs if all adjacent verticesvi, vk andvl have already been assigned. Finally, from
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Lemma 8.2, no branching occurs if two of the adjacent vertices have already been
assigned to the same set of the partition(V1, V2). Then, the following relevant cases
may occur:

1) dj = 3, two verticesvi, vk adjacent tovj have already been assigned to differ-
ent sets of the partition(V1, V2), while the third adjacent vertexvl has not yet been
assigned. Then, the following exhaustive subcases may hold:

vi

vj

vk

vl

vm vq

Figure 8.2. Case 1a of Proposition 8.1

a) dl = 3, vl is adjacent to vertexvj and to other two verticesvm, vq both
unassigned (see Figure 8.2, where black circles represent vertices assigned toV1, black
rectangles represent vertices assigned toV2 and white circles represent yet unassigned
vertices). Due to Lemma 8.2, if at least one ofvm, vq is assigned toV1 (resp.,V2),
we can arbitrarily assignvl to V2 (resp.,V1) andvj to V1 (resp.,V2). Alternatively,
both verticesvm, vq are assigned toV2 (resp.,V1) and hence we can assignvl to V1

(resp.,V2) andvj to V2 (resp.,V1). This can be seen as a binary branching where
either 2 vertices (vj , vl), or 4 vertices (vj , vl, vm, vq) are assigned. Then,T (n) 6

T (n−2)+T (n−4)+O(p(n)), where the termsT (n−2) andT (n−4) measure the
time for solving the same case withn− 2 andn− 4 unassigned vertices, respectively.
Correspondingly, we haveT (n) = O∗(1.2721n).

b) dl = 3, vl is adjacent to vertexvj and to other two verticesvm, vq, where
at least one of them (for examplevm, wherevm may possibly coincide withvi or vk)
has already been assigned (Figure 8.3). Then, whatever the assignment ofvq, if vm is
assigned toV2 (resp.,V1), vl can be assigned toV1 (resp.,V2) andvj to V2 (resp.,V1)
without branching.

c) dl = 2 (Figure 8.4). Then,vl is adjacent to vertexvj and to another ver-
tex vm which has not yet been assigned (or elsevl would have already been assigned
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vi

vj

vk

vl

vm vq

Figure 8.3. Case 1b of Proposition 8.1

vi

vj

vk

vl

vm

Figure 8.4. Case 1c of Proposition 8.1

earlier without branching). If we assignvm to V2 (resp.,V1), thenvl must be as-
signed toV1 (resp.,V2) and vj to V2 (resp.,V1). In other words, we can branch
on vertexvm and, for both branches, correspondingly, fix the assignment of ver-
ticesvj , vl, vm all together. This can be seen as a binary branching where, in both
cases, three vertices (vj , vl, vm) are assigned and henceT (n) 6 2T (n−3)+O(p(n)),
i.e.,T (n) = O∗(1.2599n).

d) dl = 1 (Figure 8.5). Then,vj can be assigned toV1 andvl to V2 with-
out branching (actually, it is immaterial to assignvj to V1 or V2, provided thatvl is
assigned to the opposite set of the partition).

2) dj = 3, a vertexvi adjacent tovj has already been assigned toV1 (resp.,V2),
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vi

vj

vk

vl

Figure 8.5. Case 1d of Proposition 8.1

while the other two adjacent verticesvk andvl have not yet been assigned. We assume,
without loss of generality, thatdk 6 dl. The following subcases must be considered:

vi

vj

vk vl

Figure 8.6. Case 2a of Proposition 8.1

a) 1 6 dk 6 dl 6 2 (Figure 8.6). A branching on vertexvj can be applied.
Eithervj is assigned toV1 (resp.,V2) and, correspondingly, verticesvk andvl must
be assigned, due to Lemma 8.2, toV2 (resp.,V1), or vj is assigned toV2 (resp.,V1)
and, correspondingly, verticesvk andvl must be assigned, due to Lemma 8.2, toV1

(resp.,V2). This can be seen as a binary branching where, in both cases,3 vertices
(vj , vk, vl) are fixed and the same time-complexityO∗(1.2599n) of case 1c holds.

b) 1 6 dk 6 2, dl = 3, vk andvl are not adjacent and one of the vertices
(vm, vq) adjacent to vertexvl has already been assigned while the other has not yet
been assigned (Figure 8.7). We assume, without loss of generality, thatvm has already
been assigned. Notice that, ifvm has been assigned toV2 (resp.,V1), no branching
occurs, due to Lemma 8.4. We assume then thatvm has already been assigned toV1

(resp.,V2). A branching on vertexvj can be applied. Ifvj is assigned toV1 (resp.,V2),
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vi

vj

vk vl

vm vq

Figure 8.7. Case 2b of Proposition 8.1

verticesvk andvl must be assigned (due to Lemma 8.2) toV2 (resp.,V1), while ver-
texvq must be assigned (due to Lemma 8.4) toV1 (resp.,V2). Otherwise,vj is assigned
to V2 (resp.,V1) and, correspondingly,vk can be assigned toV1. This can be seen as
a branching where, either2 vertices (vj , vk), or 4 vertices (vj , vk, vl, vq) are assigned
and the same time-complexityO∗(1.2721n) of case 1a holds.

vi

vj

vk vl

vm vqvr vs

Figure 8.8. Case 2c of Proposition 8.1

c) dk = dl = 3, vk andvl are not adjacent and one of the vertices (vm, vq) ad-
jacent to vertexvl has already been assigned, while the other has not yet been assigned
(Figure 8.8). Also, the vertices (vr, vs) adjacent to vertexvk have not yet been as-
signed. We assume, without loss of generality, thatvm has already been assigned. Note
that, ifvm has been assigned toV2 (resp.,V1), no branching occurs due to Lemma 8.4.
We assume, then, thatvm has already been assigned toV1 (resp.,V2). A branching on
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vertexvj can be applied. Ifvj is assigned toV1 (resp.,V2), verticesvk, vl must be
assigned (due to Lemma 8.2) toV2 (resp.,V1) and verticesvq, vr, vs must be assigned
(due to Lemma 8.4) toV2 (resp.,V1). Otherwise,vj is assigned toV2 (resp.,V1).
This can be seen as a branching where, either1 vertex (vj) is assigned, or6 vertices
(vj , vk, vl, vq, vr, vs) are assigned. Then,T (n) 6 T (n − 1) + T (n− 6) + O(p(n)),
i.e.,T (n) = O∗(1.2852n).

vi

vj

vk vl

vm vqvr vs

Figure 8.9. Case 2d of Proposition 8.1

d) dk = dl = 3, vk andvl are not adjacent and one of the vertices (vm, vq)
adjacent to vertexvl has already been assigned while the other has not yet been as-
signed (Figure 8.9). We assume, without loss of generality, thatvm has already been
assigned. Notice that, ifvm has been assigned toV2 (resp.,V1), no branching oc-
curs, due to Lemma 8.4. We assume, then, thatvm has already been assigned toV1

(resp.,V2). Also, vk is adjacent (apart fromvj) to two verticesvr andvs where ver-
texvr has already been assigned, whilevs has not yet been assigned. Notice that, ifvr

has been assigned toV2 (resp.,V1), no branching occurs, due to Lemma 8.4. We as-
sume, then, thatvr has already been assigned toV1 (resp.,V2). Finally, notice thatvm

andvr may well coincide. A composite branching can be applied. Ifvj is assigned
to V1 (resp.,V2), thenvk, vl must be assigned (due to Lemma 8.2) toV2 (resp.,V1)
andvq, vs must be assigned (due to Lemma 8.4) toV1 (resp.,V2). Otherwise,vj is
assigned toV2 (resp.,V1): then, eithervq is assigned toV1 (resp.,V2) and, correspond-
ingly, vl is assigned toV2 (resp.,V1), vk toV1 (resp.,V2) andvs toV2 (resp.,V1); or vq

is assigned toV2 (resp.,V1) andvl is assigned toV1 (resp.,V2). However, for this latter
case a branching on vertexk can be applied where two of its adjacent vertices (vj , vr)
have already been assigned and, in the worst case, subcase 1a holds. To conclude, this
can be seen as a composite branching where either5 vertices (vj , vk, vl, vq, vs) are
assigned or5 vertices (vj , vk, vl, vs, vq) are assigned or three vertices (vj , vl, vq) are
assigned and a branching of type 1a on vertexvk with n′ = n − 3 variables holds.
Then,T (n) 6 2T (n−5)+2T (n′−3)+O(p(n)) = 3T (n−5)+T (n−7)+O(p(n)).
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Correspondingly, we haveT (n) = O∗(αn), i.e.,α ≈ 1.2886, implying a time com-
plexity ofO∗(1.2920n).

vi

vj

vk vl

vmvqvr

Figure 8.10.Case 2e of Proposition 8.1

e) dk = dl = 3, vk andvl are not adjacent and one of the vertices (vm, vq)
adjacent to vertexvl has already been assigned while the other has not yet been as-
signed (Figure 8.10). We assume, without loss of generality, thatvm has already been
assigned. Notice that, ifvm has been assigned toV2 (resp.,V1), no branching oc-
curs, due to Lemma 8.4. We assume then thatvm has already been assigned toV1

(resp.,V2). Also, vk is adjacent (apart fromvj ) to vq and to another unassigned
vertexvr. A composite branch, first on vertexvj and then on vertexvq can be ap-
plied. If vj is assigned toV1 (resp.,V2), verticesvk andvl must be assigned (due to
Lemma 8.2) toV2 (resp.,V1) and verticesvq, vr must be assigned (due to Lemma 8.4)
toV1 (resp.,V2). Otherwise,vj is assigned toV2 (resp.,V1) and, ifvq is assigned toV2

(resp.,V1), thenvk andvl must be assigned toV1 (resp.,V2), otherwisevq is assigned
to V1 (resp.,V2) and, consequently,vl must be assigned toV2 (resp.,V1), vk to V1

(resp.,V2) andvr toV2 (resp.,V1). This can be seen as a branching with three children
nodes where, either5 vertices (vj , vk, vl, vq, vr), or4 vertices (vj , vk, vl, vq), or5 ver-
tices (vj , vk, vl, vq, vr) are assigned. Then,T (n) 6 T (n−4)+2T (n−5)+O(p(n)),
i.e.,T (n) = O∗(1.2672n).

f) dk = dl = 3, vk andvl are not adjacent and one of the vertices (vm, vq)
adjacent to vertexvl has already been assigned while the other has not yet been as-
signed (Figure 8.11). We assume, without loss of generality, thatvm has already been
assigned. Notice that, ifvm has been assigned toV2 (resp.,V1), no branching oc-
curs, due to Lemma 8.4. We assume, then, thatvm has already been assigned toV1

(resp.,V2). Also, vk is adjacent (apart fromvj) to vq and to another vertexvr that
has already been assigned. Notice that, ifvr has been assigned toV2 (resp.,V1), no
branching occurs, due to Lemma 8.4. We assume, then, thatvr has already been as-
signed toV1 (resp.,V2). Finally, notice thatvm andvr may well coincide. We observe
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vi

vj

vk vl

vmvqvr

Figure 8.11.Case 2f of Proposition 8.1

thatvj , vq must be assigned to the same set of the partition. Indeed, ifvj is assigned
to V1 (resp.,V2), vq cannot be assigned toV2 (resp.,V1) due to Lemma 8.4; on the
other hand, ifvq is assigned toV1 (resp.,V2), thenvk andvl must be assigned toV2

(resp.,V1) and, correspondingly,vj cannot be assigned toV2 (resp.,V1). Summariz-
ing, eithervj andvq are assigned toV1 and, correspondingly,vk, vl are assigned toV2,
or vj andvq are assigned toV2 and, correspondingly,vk, vl are assigned toV1. This
can be seen as a binary branching where, in both cases,4 vertices (vj, vk, vl, vq) are
fixed. Then,T (n) 6 2T (n− 4) +O(p(n)), i.e.,T (n) = O∗(1.1892n).

vi

vj

vk vl

vm

Figure 8.12.Case 2g of Proposition 8.1

g) 1 6 dk 6 dl = 3, vl is adjacent tovk and to another vertexvm (that
may eventually coincide withvi) that has already been assigned (Figure 8.12). Ifvm

has been assigned toV2 (resp.,V1), no branching occurs, asvj must be assigned toV2
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(resp.,V1), otherwisevk, vl andvm would all be assigned toV2 (resp.,V1), thus violat-
ing Lemma 8.2. We assume, then, thatvm has already been assigned toV1 (resp.,V2).
But then a branching onvk can be applied. Ifvk is assigned toV1 (resp.,V2), ver-
ticesvj andvl must be assigned (due to Lemma 8.2) toV2 (resp.,V1). If vk is as-
signed toV2 (resp.,V1), then verticesvj , vl must be assigned to different sets of the
partition (V1, V2) but it is immaterial to assignvj to V1 andvl to V2 or vice versa.
To conclude, this can be seen as a binary branching where, in both cases,3 vertices
(vj , vk, vl) are assigned and the same time-complexityO∗(1.2599n) of case 1c holds.

vi

vj

vk vl

vm vq

Figure 8.13.Case 2h of Proposition 8.1

h) 1 6 dk 6 2, dl = 3, vertexvl is not adjacent tovk but is adjacent to
verticesvm andvq which are both unassigned (Figure 8.13). A branching on ver-
tex vj can be applied. Ifvj is assigned toV1 (resp.,V2), verticesvk and vl must
be assigned (due to Lemma 8.2) toV2 (resp.,V1), and verticesvm andvq must be
assigned toV1 (resp.,V2) as they cannot be assigned to different sets of the par-
tition (due to Lemma 8.4), nor can they both be assigned toV2 (resp.,V1) due to
Lemma 8.2 applied to vertexvl. Otherwise,vj is assigned toV2 (resp.,V1) and, cor-
respondingly,vk can be assigned toV1 (resp.,V2). This can be seen as a branching
where either2 vertices (vj , vk) or 5 vertices (vj , vk, vl, vm, vq) are assigned. Then,
T (n) 6 T (n− 2) + T (n− 5) +O(p(n)), i.e.,T (n) = O∗(1.1939n).

i) dk = dl = 3, vertexvl is not adjacent tovk but is adjacent to verticesvm

andvq which are both unassigned (Figure 8.14). Vertexvk is adjacent to other two ver-
ticesvr, vs which are both unassigned. A branching on vertexvj can be applied. Ifvj

is assigned toV1 (resp.,V2), verticesvk andvl must be assigned (due to Lemma 8.2)
to V2 (resp.,V1), and verticesvm, vq, vr, vs must be assigned toV1 (resp.,V2) due to
Lemma 8.4. Otherwise,vj is assigned toV2 (resp.,V1). This can be seen as a branch-
ing where, either1 vertex (vj) is assigned, or7 vertices (vj, vk, vl, vm, vq, vr, vs) are
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vi

vj

vk vl

vm vqvr vs

Figure 8.14.Case 2i of Proposition 8.1

assigned. Then,T (n) 6 T (n− 1)+T (n− 7)+O(p(n)), i.e.,T (n) = O∗(1.2555n).

vi

vj

vk vl

vmvqvr

Figure 8.15.Case 2j of Proposition 8.1

j) dk = dl = 3, vertexvl is not adjacent tovk but is adjacent to verticesvm

andvq which are both unassigned (Figure 8.15). Vertexvk is adjacent to vertexvq

and to another vertexvr which are also unassigned. A branching on vertexvj can be
applied. Ifvj is assigned toV1 (resp.,V2), verticesvk andvl must be assigned (due to
Lemma 8.2) toV2 (resp.,V1), and verticesvm, vq, vr must be assigned toV1 (resp.,V2)
due to Lemma 8.4. Otherwise,vj is assigned toV2 (resp.,V1). This can be seen as a
branching where, either1 vertex (vj) is assigned, or6 vertices (vj, vk, vl, vm, vq, vr)
are assigned. Then,T (n) 6 T (n − 1) + T (n − 6) + O(p(n)) and the same time-
complexityO∗(1.2852n) of case 2c holds.
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vi

vj

vk vl

vm vq

Figure 8.16.Case 2k of Proposition 8.1

k) dk = dl = 3, vertexvl is not adjacent tovk but is adjacent to verticesvm

andvq which are both unassigned (Figure 8.16). Vertexvk is also adjacent to ver-
tices vm and vq. Notice thatvj and vk cannot be assigned to the same set of the
partition, otherwisevl, vm, vq would all be assigned to the other set of the partition,
thus violating Lemma 8.2. Analogously,vj andvl cannot be assigned to the same set
of the partition. But then, ifvj is assigned toV1 (resp.,V2), correspondingly,vk, vl

are assigned toV2 (resp.,V1) andvm, vq are assigned toV1 (resp.,V2). Otherwise,vj

is assigned toV2 (resp.,V1), vk, vl are assigned toV1 (resp.,V2) andvm, vq are as-
signed toV2 (resp.,V1). This can be seen as a binary branching where, in both cases,5
vertices (vj, vk, vl, vm, vq) are assigned. Then,T (n) 6 2T (n − 5) + O(p(n)), i.e.,
T (n) = O∗(1.1487n).

vi

vj

vk vl

vm

Figure 8.17.Case 2l of Proposition 8.1
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l) dk = 2, dl = 3, vl is adjacent tovk and to another vertexvm that has not
yet been assigned (Figure 8.17). Ifvj is assigned toV1 (resp.,V2), verticesvk andvl

must be assigned (due to Lemma 8.2) toV2 (resp.,V1) and, correspondingly, vertexvm

must be assigned toV1 (resp.,V2). But an equivalent solution is obtained by simply
swapping the assignment of verticesvj , vk. Hence, for this subcase,vj can be assigned
to V2 (resp.,V1) without branching.

vi

vj

vk vl

vmvq

Figure 8.18.Case 2m of Proposition 8.1

m) dk = dl = 3, vk is adjacent tovl and to an unassigned vertexvq, vl is
adjacent tovk and to an unassigned vertexvm, vm 6= vq (Figure 8.18). Ifvj is as-
signed toV1 (resp.,V2), verticesvk and vl must be assigned (due to Lemma 8.2)
to V2 (resp.,V1) and, correspondingly, verticesvm andvq must be assigned toV1

(resp.,V2). But an equivalent solution is obtained by simply swapping the assignment
of verticesvj , vk. Hence, for this subcase,vj can be assigned toV2 (resp.,V1) without
branching.

n) dk = dl = 3, vk is adjacent tovl and bothvk andvl are adjacent to another
unassigned vertexvm (Figure 8.19). Ifvj is assigned toV1 (resp.,V2), verticesvk

andvl must be assigned (due to Lemma 8.2) toV2 (resp.,V1), and, correspondingly,
vertexvm must be assigned toV1 (resp.,V2). But an equivalent solution is obtained
by simply swapping the assignment of verticesvj , vk. Hence, for this subcase,vj can
be assigned toV2 (resp.,V1) without branching.

To conclude, the global worst-case complexity forMAX -CUT-3 with maximum
degree three isO∗(1.2920n).
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vi

vj

vk vl

vm

Figure 8.19.Case 2n of Proposition 8.1

8.3. A more careful analysis for pruning: the case ofMIN 3-DOMINATING SET

We consider in this section theMIN 3-DOMINATING SET problem. Given a graph
G = [V,E], a dominating set ofG is a subsetV ′ ⊆ V such that, for anyv ∈ V , either
v ∈ V ′ or there existsv′ ∈ V ′ such that(v, v′) ∈ E. In theMIN 3-DOMINATING SET

problem, the input graph has degree 3, and the goal is to find a dominating set of min-
imum size. While the case of a graph of degree 2 is polynomial,MIN 3-DOMINATING

SET is NP-hard [GAR 79].

Recently, a lot of exponential algorithms have been proposed for dominating prob-
lems. For the general case (no restriction on the degree), the first algorithm leading
to a non-trivial worst case bound has been given in [FOM 04]. Further improve-
ments have been obtained; the best actual bound isO∗(1.5137n) [FOM 05]. Con-
sidering the restriction to graphs of degree 3, algorithms with worst case complexity
of O∗(1.5144n) [FOM 04] andO∗(1.4143n) [KNE 05a] have been devised. Very re-
cently, Fomin and Hoie largely improved this result toO∗(1.2010n) [FOM 06].

Our purpose is to devise an exact (optimal) algorithm forMIN 3-DOMINATING

SET. We propose a search tree-based algorithm with running timeO∗(1.344n). This
result, although dominated by that of Fomin and Hoie, improves the complexity of
search-tree based algorithms for this problem (the algorithm of Fomin is based on
a graph-theoretic result). Moreover, it is to our knowledge the best known bound
achieved by a polynomial space algorithm.

This result is achieved thanks to a counting procedure, based upon the introduction
of weights, which allows us to measure in a more precise way the progress made by the
algorithm. Such an approach has already been used in [BEI 05] forMIN 3-COLORING,
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in [DEL 07] for MIN 3-SET COVERand in [FOM 05] for domination and covering
problems.

8.3.1. Analysis

Our algorithm is a search-tree based algorithm. More precisely, at each step, we
will consider 5 different types of vertices (types 1, 2 and 3 correspond to vertices the
status (in/out of the dominating set) of which has already been decided):

1) Already dominating vertices

2) Already dominated but non-dominating vertices

3) Non-dominating vertices not yet dominated

4) Vertices non-fixed yet, but already dominated (by a type 1 vertex)

5) Vertices non-fixed yet, but not already dominated.

At each step, the current graph is the graph induced by vertices of type 3, 4 and 5.
Indeed, vertices of type 1 and 2 have already been settled. For vertices of type 3, even
if we have decided that we do not take them, they are not yet dominated, so we have
to keep them in the current graph.

Now, let us consider the following easy cases, where we can reduce the graph
without branching:

1) If a vertexi has degree 1, we can delete it from the graph and take its neighbor
j if j has type 4 or 5, and we have to takei if j has type 3.

2) An edge between two type 4 vertices can be deleted.

3) Consider Figure 8.20, where vertex 1 has type 4 or 5, vertices 2 and 3 have
any degree, and at least one of these two vertices does not have type 3. Then we can
assume that we do not take vertex 1. Indeed, instead we can take vertex 2 (or vertex
3).

1

2 3

Figure 8.20.Reducing the graph without branching: case 3

Then at each step our algorithm either reduces the graph according to one of the
three previous cases, or applies a branching on a vertexv, following the different cases
given below.

For the analysis of this branching, we will distinguish the 3 following cases:
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– Case 1 (section 8.3.3): the graph contains only vertices of type 5;

– Case 2 (section 8.3.4): the graph contains only vertices of type 4 and 5;

– Case 3 (section 8.3.5): the graph contains vertices of type 3 (and 4 and 5).

Our analysis is based on the following properties:

– Type 3 vertices have degree 2 at most (hence exactly 2). This is recursively ver-
ified;

– Type 4 vertices have degree 2 at most (hence exactly 2).

Dominance condition. In cases 1 and 2, if we branch on a vertex of degree 2 and if this
vertex is taken in the solution, we can assume that the children and the grandchildren
of this vertex are not taken in the solution. Indeed assume that we branch on a vertexi
with two childrenj andk. If we takej or a child ofj, then we can takek instead ofi.

8.3.2. Counting

A usual way to measure the complexity of the algorithm is to count, at each step,
the number of vertices (or the number of edges) of the current graph. The number of
vertices (or edges) settled at each step leads to a recursive expression of the complexity
that gives the final bound. This is the way the complexity is analyzed in section 8.2
for instance.

Here, we propose a more careful analysis of the complexity. The counting analysis
will be done according to the edges in the current graphs. More precisely, we will
consider that:

– edges that disappear from the current graph are completely settled;

– edges that remain in the current graph but that are adjacent to a type 3 vertex
are partially settled. We will say that they are settled with a proportionα ∈]0, 1[ (the
analysis will lead to fixα = 0.456). As a consequence, when such an edge disappears,
the gain associated will not be 1 but1− α.

In other words, the current graph is a graph where edges are weighted: a weight
1−α for edges adjacent to a type 3 vertex, a weight 1 for the other edges. This weight
corresponds the amount of missing knowledge for this edge.

8.3.3. Case n°1

Let us begin with the simplest case, i.e., the case where the graph contains only
type 5 vertices. In this case, all edges have weight 1.

fitz5
Inserted Text
to
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Let us note that there is always a vertex of degree 2 (even possibly at the first step
of the algorithm). On the other hand, if all vertices have degree 2, then we can solve
the problem in polynomial time. Hence, we branch on a vertex of degree 2 adjacent to
(at least) one vertex of degree 3.

More precisely, we will consider 5 different configurations: configurations 1 and 2
when the branching vertex is adjacent to a vertex of degree 2 and a vertex of degree 3,
configurations 3, 4 and 5 when the branching vertex is adjacent to two vertices of
degree 3.

REMARK 8.3.– When we branch on a vertexi, if a grandchild ofi is adjacent only
to children or grandchildren ofi, the solution given by the dominance condition is
not feasible. In this case, we can assume that we do not take vertexi. In this case,
T (m) 6 T (m− 2α) +O(p(m)) (for some polynomialp).

• Configuration n°1 (Figure 8.21):

1

2 3

4
5

6

Figure 8.21.Configuration 1 of case 1

Thanks to Remark 8.3, we can assume that at least 3 edges (different from those
depicted in the figure) are adjacent to vertices 4, 5 and 6.

If we take vertex 1, using the dominance condition, we do not take vertices from 2
to 5 and we settle5+3α edges: edges(1, 2), (1, 3), (2, 4), (3, 5), (3, 6) counted 1 and
the 3 non-depicted edges in the figure, countedα since vertices 4, 5 and 6 are not yet
dominated (they will be type 3 vertices).

If we do not take either vertex 1 or vertex 2, we have to take vertices 3 and 4. We
settle 6 edges: the 5 edges depicted in the figure (counted 1) and the non-depicted edge
adjacent to 4, which is counted 1 also.

If we do not take vertex 1 but vertex 2, we can assume that we do not take either
vertex 3 or vertex 4. In this case, we settle4+2α edges: edges(1, 2), (1, 3) and(2, 4)
counted 1, edges(3, 5) and(3, 6) countedα (since vertex 3 is not yet dominated) and
the non-depicted edge adjacent to4 counted 1.

Then,T (m) 6 T (m− 4− 2α) + T (m− 6) + T (m− 5− 3α) +O(p(m)).
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• Configuration n°2 (Figure 8.22):

1

2 3

4
5

Figure 8.22.Configuration 2 of case 1

Thanks to Remark 8.3, we can assume that at least 2 edges (different from those
depicted in the figure) are adjacent to vertices 4 and 5.

If we take vertex 1, using the dominance condition, we do not take vertices from 2
to 5 and we settle5 + 2α edges.

If we take neither vertex 1 nor vertex 2, we have to take vertices 3 and 4. We settle
6 edges.

If we do not take vertex 1 but vertex 2, we can assume that we take neither vertex
3 nor vertex 4. In this case, we have to take vertex 5 and we settle7 edges.

Then,T (m) 6 T (m− 5− 2α) + T (m− 6) + T (m− 7) +O(p(m)).

• Configuration n°3 (Figure 8.23):

1

2 3

4
5 6

7

Figure 8.23.Configuration 3 of case 1

If we take vertex 1: using the dominance condition, none of the vertices from 2
to 7 are taken in the solution. We can assume that at least one edge links each of the
vertices 4, 5, 6 and 7 to the remainder of the graph. We settle6 + 4α edges.

Otherwise, if we take vertex 2, we settle 4 edges.

Finally, if we take neither vertex 1 nor vertex 2, we have to take vertex 3, and we
settle4 + 2α edges.
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Then,T (m) 6 T (m− 4) + T (m− 4− 2α) + T (m− 6− 4α) +O(p(m)).

Let us note that in the case where we settle 4 edges, the following branching will
be done on a dominated vertex.

• Configuration n°4 (Figure 8.24):

1

2 3

4
5

6

Figure 8.24.Configuration 4 of case 1

Thanks to Remark 8.3, we can consider that at least 3 edges link vertices 4, 5 and
6 to the remainder of the graph (one for each vertex).

If we take vertex 1: using the dominance condition, we can assume that we do not
take vertices from 2 to 6. Then we have to take the last neighbor of 5 and we settle
7 + 2α edges.

If we do not take vertex 1, we can do the same analysis as in the previous case.

Then,T (m) 6 T (m− 4) + T (m− 4− 2α) + T (m− 7− 2α) +O(p(m)).

Let us note that in the case where we settle 4 edges, the following branching will
be done on a dominated vertex.

• Configuration n°5 (Figure 8.25):

1

2 3

4 5

Figure 8.25.Configuration 5 of case 1

We can assume that we never take vertex 2. Indeed, either vertex 1 is in the solution
and it is the dominance condition, or vertex 3 is in the solution and we can take vertex
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4 or 5 instead of vertex 2, or one of the vertices 4 and 5 is in the solution (to dominate
3 which is non-dominated) and in this case we can take both vertices (4 and 5).

Then,T (m) 6 T (m− 2α) +O(p(m)).

8.3.4. Case n°2

The branching is done on a type 4 vertex (of degree 2). Configuration 1 corre-
sponds to the case where at least one neighbor of the branching vertex has degree 2.
Configurations 2, 3 and 4 correspond to the case where both neighbors of the branch-
ing vertex have degree 3.

• Configuration n°1 (Figure 8.26):

1

2 3

4

Figure 8.26.Configuration 1 of case 2

Vertex 3 has any degree. In this case, we can assume that we do not take vertex 2
(instead, we can take vertex 4).

Then,T (m) 6 T (m− 2α) +O(p(m)) (since vertex 2 is not dominated).

• Configuration n°2 (Figure 8.27):

1

2 3

4
5 6

7

Figure 8.27.Configuration 2 of case 2

Assume first that at least 4 edges which are not depicted in the figure are adjacent
to vertices 4, 5, 6 and 7.

– If we take vertex 1: using the dominance condition, none of the vertices from 2
to 7 is in the solution. We settle6 + 4α edges.
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– If we do not take vertex 1: we settle 2 edges.

In all, T (m) 6 T (m− 2) + T (m− 6− 4α) +O(p(m)).

If at most 3 edges link vertices 4, 5, 6 and 7 to the remainder of the graph, then:

– either a vertex, for example 4, is linked only to his brother, 5 in this case. This is
a preprocessed case of Figure 8.20;

– or two cousin vertices, for example 5 and 6, are not linked to vertices which are
not depicted in Figure 8.27. In this case, at least one of the two vertices, for example
5, is not dominated (otherwise edge(5, 6) would have been deleted). In this case,
the solution given by the dominance condition when we take vertex 1 is not feasible,
hence we can assume that we do not take it. We settle 2 edges.

• Configuration n°3 (Figure 8.28):

1

2 3

4
5

6

Figure 8.28.Configuration 3 of case 2

We can assume that we do not take vertex 1. Instead, we can take vertex 5.

Then,T (m) 6 T (m− 2) +O(p(m)).

• Configuration n°4 (Figure 8.29):

1

2 3

4 5

Figure 8.29.Configuration 4 of case 2

As in the case of a branching of a non-dominated vertex, we can assume that we
do not take vertex 2.

Then,T (m) 6 T (m− 3α) +O(p(m)).
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8.3.5. Case n°3

Now, we consider the most delicate case, where the graph contains type 3 vertices.
Configuration n°1 corresponds to the case where there is a triangle (not considered in
the preprocessed cases). Configurations 2 and 3 correspond to the (remaining) cases
where there are two type 3 vertices at distance 2 from each other (let us recall that we
can assume that two type 3 vertices are not adjacent). In configurations 4, 5, 6 and 7,
we assume that between any two type 3 vertices the distance is at least 3.

Let us note that if a vertex is linked to three type 3 vertices, then it has type 5 and
we have to take it (we settle (more than)3− 3α edges). Finally, recall that all vertices
of degree 3 have type 5.

On the figures, white vertices are type 3 vertices.

REMARK 8.4.– Assume that we are in the configuration of Figure 8.30. When we
determine the status of vertex 1, either we take it, or we do not and we have to take
vertex 3. In both cases, we settle the two edges of the graph, i.e.,2−2α. Forα 6 1/2,
2− 2α > 1 > α.

1
2

3

Figure 8.30.Case of Remark 8.4

• Configuration n°1 (Figure 8.31):

1

2 3

4 5

Figure 8.31.Configuration 1 of case 3

Vertices 2 and 3 must have type 5.

Suppose that we take vertex 2. Then, we can assume that we do not take vertex 3;
therefore, we must take vertex 5. We settle5−2α edges. The other case is symmetric.

Then,T (m) 6 2T (m− 5 + 2α) +O(p(m)).
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Let us note that this is valid also if vertex 4 and/or vertex 5 has (have) type 3.
Indeed, in this case, thanks to Remark 8.4, when we settle vertex 2 and/or 3, we settle
the2− 2α > 1 edges adjacent to vertex 4 and/or 5.

Finally, note that the case where vertices 4 and 5 are the same vertex is trivial (take
one vertex among 2 and 3 (the choice does not matter), there is no need to branch).

• Configuration n°2 (Figure 8.32):

1

2
3

4

5 6

Figure 8.32.Configuration 2 of case 3

In this case, vertex 1 has type 5.

Either we take vertex 1 and we settle5− 4α edges, or we do not take vertex 1 and
we have to take vertices 3, 5 and 6. Since vertices 3, 5 and 6 have degree of at most
2, we can assume that we settle the edge adjacent to vertex 3 for instance (then, this
edge is definitely settled and counts 1) (even if it is adjacent to a type 3 vertex, thanks
to Remark 8.4). We settle6− 4α edges (we can do even better).

Then,T (m) 6 T (m− 5 + 4α) + T (m− 6 + 4α) +O(p(m)).

• Configuration n°3 (Figure 8.33):

1

2 3

4 5

Figure 8.33.Configuration 3 of case 3

First note the following. If vertices 4 and 5 are not adjacent to any vertex which
is not depicted in the figure (only the edge(4, 5) is missing), then the graph of Fig-
ure 8.33 is isolated from the remainder of the graph. In this case, there is no need to
branch, we just have to solve optimally the problem on this subgraph. The situation is
analog when 4 and 5 are both linked to the same type 3 vertex.
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Now, we consider that we are not in one of the two previous situations.

If vertex 1 has type 5, we have to take it. Otherwise, vertex 1 has type 4. In this
case we do not take it and we have to take vertices 4 and 5. In this case, we settle
6 − 4α edges. Indeed, thanks to Remark 8.4, we can consider that taking vertices 4
and 5 makes it possible to settle edges of total weight of at least 2, even if they are
adjacent to type 3 vertices (we have already considered the two cases where the total
weight would have been smaller than 2).

On the other hand, if we take vertex 1, we can assume that we do not take either 4
or 5. In this case, we settle4 − 4α + 2α = 4 − 2α edges. Indeed, settling vertices 4
and 5 makes it possible to settle2α edges which are not depicted in the graph.

Then,T (m) 6 T (m− 4 + 2α) + T (m− 6 + 4α) +O(p(m)).

REMARK 8.5.– As we said previously, from now we can assume that the distance
between any two type 3 vertices is at least 3.

• Configuration n°4 (Figure 8.34):

1

2 3

4
5 6

7

Figure 8.34.Configuration 4 of case 3

Vertices 4, 5, 6 and/or 7 may be the same vertex.

If we take vertex 2, then we settle4− 2α edges, otherwise, we have to take vertex
3 and we settle(2 − 2α) + 2α+ 2 = 4 edges.

In all, T (m) 6 T (m− 4 + 2α) + T (m− 4) +O(p(m)).

• Configuration n°5 (Figure 8.35):

If we take vertex 2, then we can assume that we do not take either vertex 3 or
vertex 4. Then we settle at least(2 − 2α) + 1 + 2α+ α = 3 + α edges.

Configuration 5.1: vertex 2 has type 5. If we do not take it, we have to take vertices
3 and 4. We settle (at least)2− 2α+ 3 = 5− 2α edges.
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1

2 3

4
5

6

Figure 8.35.Configuration 5 of case 3

Configuration 5.2: vertex 2 has type 4. If we do not take it, we have to take vertex 3.
We settle2− 2α+ 3 = 5− 2α edges.

In both configurations:T (m) 6 T (m− 3− α) + T (m− 5 + 2α) +O(p(m)).

• Configuration n°6 (Figure 8.36):

1

2 3

4 5

Figure 8.36.Configuration 6 of case 3

Configuration 6.1: vertices 2 and 3 have type 5. If we take vertex 2, we can assume
that we do not take either 3 or 4, and we have to take 5. We settle4 edges. Otherwise,
we have to take vertices 3 and 4. We settle4− α edges.

Configuration 6.2: vertices 2 and 3 have type 4. If we take vertex 2, we can assume
that we do not take either 3 or 4. We settle4− 2α+ 2α = 4 edges. If we do not take
vertex 2, we have to take vertex 3. We settle4− 2α edges.

Configuration 6.3: vertex 2 has type 4, vertex 3 has type 5. If we take vertex 2, we
can assume that we do not take either 3 or 4, and we have to take 5. We settle4 edges.
If we do not take vertex 2, we have to take vertex 3. We settle4− 2α edges.

In the worst case, we have:T (m) 6 T (m− 4− 2α) + T (m− 4) +O(p(m)).

8.3.6. Complexity analysis

The complexity analysis shows that the biggerα is, the better cases 1 and 2 are,
but the worse case 3 is. An optimal value isα = 0.456.
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For this value, we get the following:

– in case n°1, the configurations give:
1) T (m) 6 T (m− 4.912) + T (m− 6) + T (m− 6.368) +O(p(m));
2) always better than configuration 1 forα 6 1/2;
3) T (m) 6 T (m− 4) + T (m− 4.912) + T (m− 7.824) +O(p(m)) but we

can improve it, thanks to the fact that in one case the next branching is on a dominated
vertex;

4) always better than 3 forα 6 1/2;
5) no branching;

– in case n°2, the configurations give:
1) T (m) 6 T (m− 0.912) +O(p(m));
2) T (m) 6 T (m− 2) + T (m− 7.824) +O(p(m));
3) always better than 2 forα 6 1/2;
4) always better than 1;

The worst configuration (configuration 2) gives1 T (m) = O∗(1.178m) 6

O∗(1.279n)

– in case n°3, the configurations give:
1) always better than 4 forα 6 1/2;
2) always better than 4 forα 6 1/2;
3) always better than 4 forα 6 1/2;
4) T (m) 6 T (m− 3.088) + T (m− 4) +O(p(m));
5) T (m) 6 T (m− 3.456) + T (m− 4.088) +O(p(m));
6) same as 4;

The worst configuration (configuration 4) givesT (m) = O∗(1.2174m) 6

O∗(1.344n).

Let us now conclude this analysis in case 1.

For configuration 3, when we are in the casem − 4, we branch on a dominated
vertex (case 2). In this case, either we settle2α (preprocessing case or configuration 1),
or we are in case 2. Thus, we replaceT (m−4) byT (m−4−2α) in the first case and by
T (m−6)+T (m−10−4α) in the second case. The worst complexity is obtained in the
second case:T (m) 6 T (m−4−2α)+T (m−6)+T (m−6−4α)+T (m−10−4α)+
O(p(m)), which leads to a complexity ofT (m) = O∗(1.2174m) 6 O∗(1.344n).

Thus, we obtain a worst case complexity ofO∗(1.344n).

1. Note that since the input graph has degree 3,m 6 3n/2.
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Chapter 9

The Online Track Assignment Problem

9.1. Introduction

This chapter aims to start an analytical study of the computational complexity of
some online shunting problems. We start our analysis with the following problem. We
consider a depot consisting of a set of parallel tracks. Each track can be approached
from one side only and the number of trains per track is limited. The departure times of
the trains are fixed according to a given timetable. The problem is to assign a track to
each train as soon as it arrives at the depot and such that it can leave the depot on time
without being blocked by any other train. We show how to solve this problem as an
online bounded coloring problem on special graph classes. For this problem we study
the competitiveness of the First Fit algorithm and we show it matches the competitive
ratio of the problem.

In a train depot, trains must be stored during the night on tracks. Each track has
a finite capacity and may contain only a bounded number of trains. Throughout this
chapter, we consider that this bound is fixed to an integerm. The tracks are organized
as stacks, such that the last train to enter must be the first to leave on the next morning.
In order to save upkeep costs, we want to use as few tracks as possible. Meanwhile, in
order to save time and energy, we want to make sure that, when a train departs the next
morning, it is always at the top of the stack. Since the trains have accumulated delays
during the day, the time of arrival of each train is unpredictable. The tracks must thus
be assigned online, as the trains arrive, on the basis of departure times and previous
assignments.
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We can represent on a time-axis the intervals during which each train must be
stored in the depot. Two trains may be on the same track if their intervals are com-
pletely disjoint or if the interval of one train is contained in the interval of the other
train (the first train arrives before and leaves after the second). We can make a graph
where each vertex represents an interval and two vertices are joined by an edge if and
only if the two intervals overlap but have no containment relationship. Such a graph
is called anoverlap graph[GOL 04]. To model our track assignment problem, we can
thus use online coloring of overlap graphs with the constraint that each color may not
contain more thanm elements. However, as we only know the time of arrival when the
train arrives at the station, the online model must state that the vertices of the overlap
graph are presented in the order of the left extremity of their corresponding intervals
along the time axis.

It is natural to consider that there is a time in the night at which all trains are in the
depot. This is called themidnight conditionand it means that the intervals of the trains
all share at least one point. It has been proved [GAV 73] that in this particular case, the
overlap graph is apermutation graph. It is thus natural to study the problem on online
bounded coloring of permutation graphs. Here, since we know the time of arrival and
of departure of our train, we consider that the permutation graph is given on a lattice
plan, which is equivalent to consider that we receive the permutation online and which
is more informative than receiving just the corresponding graph online [DEM 07].

9.1.1. Related works

The track assignment problem is closely related to the more general shunting prob-
lem, that concerns the rolling stock allocation on a railway infrastructure under time,
space and operational constraints. The shunting problem occurs in practical optimiza-
tion problems like, e.g., the storage of trams or buses in a depot outside the rush hours,
the rearrangement of railroad cars among different trains, the freight car distribution,
and also the assignment of trains to platforms in a station [BLA 99, DAH 00, DIS 04,
FRE 05, GAL 01, HAM 05a, HAM 05b, HE 00, ROS 03, WIN 00, ZWA 96].

However, appropriate mathematical models which take into account all the opera-
tion restrictions, capacity limits, and also time and operating constraints that arise in
this context are quite complex. In [COR 07] the authors, motivated by the purpose of
analyzing the abstract background of the track-assignment problem, studied the fol-
lowing problem: a set of trains and a set of parallel tracks are given. Each train might
approach the depot from the left-hand side or from the right-hand side and might leave
the depot to the left-hand side or to the right-hand side. The direction from which it
enters or from which it leaves the depot, however, is fixed. Also the arrival time and
departure time are fixed. The problem is to assign tracks to the trains such that they can
enter and leave the station on time without being blocked by any other train. The main
difference with our model is that capacity constraints are not considered: the tracks
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have infinite length. The authors consider some variations of the offline problem on
linear timetables as well as on cyclic timetables. They also analyze the online version
of one variant of the assignment problem: when a linear timetable and the midnight
condition are assumed.

9.1.2. Results

We carefully analyze the competitive ratio of the track-assignment problem when
the number of tracksk and their capacitym are known.

We prove that a lower bound for the competitive ratio of the track-assignment
problem is2− 1/l, wherel = min{m, k}.

Under the midnight condition, we show an online algorithm which is optimal.
Thus, in this case, the competitive ratio of the track-assignment problem is2− 1/l.

All the results are achieved by transforming the track-assignment problem into a
bounded coloring problem on permutations.

9.2. Definitions and notations

Any term related to graph theory not defined here can be found in [BER 76].

A graphG consists of a finite setV and an irreflexive binary relation onV . V
is called the set ofvertices. The binary relation is represented by a collectionE of
unordered pairs, which are callededges. We denoteG = (V,E). If (v, w) ∈ E, then
v andw are said to beadjacent.

A stable setof a given graphG = (V,E) is a setS ⊆ V such that for each pair of
verticesv andw in S, (v, w) /∈ E. A clique is a setK ⊆ V such that for each pair of
verticesv andw in S, (v, w) ∈ E.

A proper coloringof a graph, which is sometimes simply called acoloring, con-
sists of a partition ofV into stable sets. Each stable set is associated with a color.
When talking about graph coloring, the terms “stable set” and “color” are often used
as equivalents. Ak-coloring is a coloring that uses at mostk stable sets. Thechromatic
numberχ(G) of a graphG is the smallest numberk such thatG admits ak-coloring.
A k-mb-coloring is a coloring that uses at mostk stable sets and where each set has
a size smaller thanm. Thebounded chromatic numberχm(G) of a graphG is the
smallest numberk such thatG admits ak-mb-coloring.

In this chapter, we consider online versions of the problems of coloring graphs. An
online problem can be seen as a two player game involving an adversary and an algo-
rithm. The adversary presents the instance and the algorithm gives the solution. The
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online problem is generally characterized by the underlying offline problem and two
sets of rules that have to be respected by the adversary and the algorithm, respectively.

Online algorithms are traditionally evaluated according to theircompetitive ratio.
LetA be an online algorithm andP a minimization problem. ThenpA(I) denotes the
maximum score thatA achieves forP over the online presentation of the instanceI
respecting the given rules. An online algorithm is said to guarantee a competitive ratio
of c (or to bec-competitive) if, for every instanceI, pA(I) 6 c · p(I), wherep(I) is
the offline optimal solution forP on I. An online algorithm is calledexact(or solves
the problem exactly) if it calculates the optimal offline solution for any online instance
(it has a competitive ratio of 1). It is calledoptimal if its competitive ratio cannot be
improved by any other online algorithm. Thecompetitive ratio of a problemis the
competitive ratio of an optimal algorithm for the problem.

A permutation graphis an undirected graph for which there exists a permutation
such that every vertex of the graph corresponds to an element in the permutation and
two vertices are adjacent if and only if the corresponding elements appear in reverse
order in the permutation.

In this chapter, we will use a very common representation of permutation graphs,
called thelattice representation. The permutation is represented on a two-dimensional
plan: they-axis represents the values of the elements of the permutation and thex-
axis represents the position of these elements. A point(x, y) on the plan means that an
element of valuey is at positionx in the permutation. For example, the permutation
[3, 4, 1, 2] can be represented by the set of points{(1, 3), (2, 4), (3, 1), (4, 2)}. We
consider setsS of points that can have values in IR2 and such that, if(x, y) and(x′, y′)
are two points ofS, thenx 6= x′ andy 6= y′. For these kinds of sets it is straightforward
to find the associated permutation: it is sufficient to number the points following the
decreasing order of they values and to present the numbers following the increasing
order of thex values.

Given a set of points in the plan as above, the corresponding permutation
graph is such that the points are the vertices and two points(x, y) and (x′, y′)
are adjacent ifx < x′ and y > y′. Coloring a permutation graph is equivalent
to partitioning a permutation into increasing subsequences [DIS 06]. For example,
[3, 6, 5, 10, 7, 1, 11, 8, 2, 12, 9, 4] can be decomposed into[3, 6, 10, 11, 12], [5, 7, 8, 9]
and[1, 2, 4]. The equivalence with a partition into stable sets is due to the fact that two
points(x, y) and(x′, y′) form a stable set iffx < x′ andy < y′. Thus, abounded
coloring of a permutationis a decomposition of the permutation into increasing se-
quences, each with a limited number of elements.

In the online version of the bounded coloring of a permutation, the rules we will
use are the following: the adversary has to present an element of the permutation as
a point in the plan and the algorithm has to permanently assign it to a stable set.
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The adversary presents the elements following the order in which they appear in the
permutation: from the left to the right.

A very common algorithm for coloring graphs is the greedy algorithmFirst-Fit,
denoted by FF. It considers the vertices one after the other following a given order.
It assigns to vertexv the first color that was not assigned to an adjacent vertex ofv.
Chvátal [CHV 84] characterized theperfect orderingsthat are such that FF solves the
graph coloring problem on the graph and all its induced subgraphs optimally. This
is, for example, true, if the vertices are ordered according to a transitive orientation
of the arcs in the graph and, for permutation graphs, when the vertices are presented
following the order in the permutation from the left to the right. Then FF, used as
an online algorithm, is an exact algorithm for the coloring of a permutation. Note,
however, that for arbitrary vertex-orderings the FF algorithm can behave arbitrarily
bad even on permutation graphs [NIK 00].

In this chapter we also consider them-bounded First-Fit algorithm (m-FF): it col-
ors a new vertex with the smallest possible color used less thanm times.

9.3. Bounds for the permutation graph in a left-to-right model

We start by studying the particular case which respects the midnight condition. In
order to stick to our practical problem, we consider that the permutation is delivered
from left to right on a lattice representation.

Let us suppose that the permutation is delivered from left to right.

LEMMA 9.1.– A lower bound for the online bounded coloring of a permutation is
2− 1/l, wherel = min{m, k}.

Proof.Suppose thatk is known and fixeda priori. We prove Lemma 9.1 with a permu-
tation presented on its lattice representation. The zoneA denotes the admissible zone
where any element in the future will be presented. At the beginning,A is the complete
plan.

1) Present a stable setS (an increasing sequence) of sizem in A.

2) If the elements ofS are colored with two or more different colors, defineA as
the part of the plan which is below and to the right ofS, such that every element onA
will be in a clique with every element inS. S is said to be of typeα. If all the elements
of S are colored with the same color, defineA as the part of the plan which is above
and to the right ofS, such that every element onA will be in a stable set with every
element inS. S is said to be of typeβ. Figure 9.1 represents zoneA after presenting
oneβ sequence and oneα sequence.

3) Repeat steps 1 and 2 untill − 1 sequencesS have been presented.
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A

Figure 9.1. ZoneA after presenting oneβ increasing sequence and oneα
increasing sequence

4) LetNβ be the number of sequencesS of typeβ. Present a cliqueCγ of size
Nβ + 1 in A.

Let λα be the number of colors used in all sequences of typeα, λβ be the number
of colors used in all sequences of typeβ andλγ be the number of colors used onCγ .
Finally, letλ be the total number of colors used by the algorithm. Clearly:

λ = λα + λβ + λγ [9.1]

The definition ofA after a sequenceS of typeα allows us to say that every vertex
presented afterS will form a clique with any element ofS. Thus, any color used inS
will never be used again on this instance. Besides that, since the sequences have size
m, a color used on a sequenceS of typeβ is saturated and may therefore not be used
on any element which is not inS. Thus, no color is used in two different sequences.
Therefore, if we callNα the number of sequences of typeα, we have:

λα > 2Nα ; λβ = Nβ ; λγ = Nβ + 1 [9.2]

and thus:

λ > 2Nα + 2Nβ + 1 [9.3]
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Since the algorithm presents exactlyl − 1 sequences of typesα andβ:

2Nα + 2Nβ + 1 = 2(Nα +Nβ) + 1 = 2(l− 1) + 1 = 2l− 1 [9.4]

λ > 2l − 1 [9.5]

Let us now calculate the bounded chromatic numberχm of the instance presented
above. Each sequence of typeα containsm elements and can thus be colored with
exactly one color. Thus, it is possible to use exactlyNα colors on these sequences.
Consider now the subpermutation induced by the elements of the sequences of typeβ
andγ. By construction, we have that the sequences of typeβ form a long stable set
Sβ of sizeNβm and each element ofCγ is stable with all the elements ofSβ . It is
possible to cover this subpermutation with stable sets each containing at mostm − 1
elements ofSβ and 1 element ofCγ . Since|Sβ| 6 (l − 1)m and sincel 6 m, at
most|Cγ | = Nβ + 1 such stable sets will be needed. Thus, this subpermutation can
be colored withNβ + 1 colors. Therefore:

χm 6 Nα +Nβ + 1 6 l [9.6]

From equations [9.5] and [9.6], we can deduce that the competitive ratioc of the
online bounded coloring problem of permutations delivered from left to right is:

c >
λ

χm
> 2− 1

l
[9.7]

that completes the proof.

REMARK 9.1.– If k is unknown in advance, we can consider the same instance as
above withk > m and thus havec > 2− 1/m.

Remark 9.1 and equation [9.7] end the proof of Lemma 9.1.

LEMMA 9.2.– The performance ratio of First-Fit for the online bounded coloring of
a k-mb-colorable permutation delivered from left to right is at most2 − 1/l, where
l = min{m, k}.

Proof.Letλm-FF(π) be the number of colors used by First-Fit for the online bounded-
coloring of the permutationπ presented from left to right.m is the bound imposed by
the problem.



248 Optimization and Computer Science

LetNS be the number of colors which are saturated at the end of the execution, i.e.,
the colors which contain exactlym vertices. LetNS̄ be the number of colors which
are not saturated.

REMARK 9.2.– If we consider only the permutationπ′ induced by elements colored
by colors inNS̄ , we haveλm-FF(π′) = λFF(π′) = χ(π′), whereλFF(·) denotes the
number of colors used by the First-Fit algorithm for usual coloring and where the last
equality holds since the permutation is presented from left to right (a perfect order).

Letχm be the exact bounded-chromaticnumber of the permutationπ for the bound
m:

λm-FF(π) = NS +NS̄

Since colors inNS̄ are non-empty, we have:

n > mNS +NS̄ [9.8]

χm >

⌈ n

m

⌉

>

⌈
mNS +NS̄

m

⌉

= NS +

⌈
NS̄

m

⌉

[9.9]

NS 6 χm −
⌈
NS̄

m

⌉

[9.10]

We deduce from remark 9.2 thatNS̄ 6 χm. Thus:

λm-FF(π) 6 2χm −
⌈χm

m

⌉

[9.11]

We consider now two cases:

1) If k 6 m, then:

λm-FF(π) 6 2χm − 1 [9.12]

and thus the performance ratiocm-FF of the First Fit algorithm is:

cm-FF 6
λm-FF(π)

χm
6 2− 1

χm
6 2− 1

k
6 2− 1

l
[9.13]

2) If k > m, then:

λm-FF(π) 6 2χm −
χm

m
[9.14]

and:

cm-FF 6
λm-FF(π)

χm
6 2− 1

m
6 2− 1

l
[9.15]
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This ends the proof of Lemma 9.2.

THEOREM 9.1.–The performance ratioc of the problem of online coloring ak-mb-
colorable permutation isc = 2−1/l, wherel = min{m, k}, and m-First Fit achieves
this ratio.

Proof.The proof is immediate from Lemmas 9.1 and 9.2.

9.4. Bounds for overlap graphs

Our first generalization is a move towards the original track-assignment problem.
We analyze here the online bounded-coloring of overlap graphs.

CLAIM 9.1.– For any algorithm, it is possible to force a stable setS of size at least
three on a bipartite overlap graph such that the corresponding intervals are included
in each other and there exists a limitL, situated to the left of the right-end of every
interval inS, such that no interval other than those inS appear on the right ofL and
such that each element of the stable set has a different color.

L

Figure 9.2. Illustration of claim 9.1: on the left of the limitL, there can be
anything. On the right side, there is nothing but the three represented intervals.

All have a different color and the complete graph is bipartite

Proof. We give here an instance which forces the result described in claim 9.1. For
every intervalIi of this instance, we will callli the left bound of this interval andri
the right bound of this interval.

1) (See Figure 9.3) Present an intervalI1. Then, present an intervalI2 such that
l1 < l2 < r2 < r1. If I2 is colored with color 2, defineI∗ := I2; otherwise, present
I3 such thatl2 < l3 < r2 andr2 < r3 < r1 and defineI∗ := [r2, r3].

2) (See Figure 9.4) Letl∗ be the left bound ofI∗ andr∗ be the right bound of
I∗. Then, present the following sequence and stop as soon as one interval is colored
with color 3: presentI4 such thatl∗ < l4 < r4 < r∗ and leta be the color ofI4
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I1

I2

I∗

I3

I∗

Figure 9.3. This figure illustrates step 1. At the end of this step, inI∗, there are
exactly two intervals, which form a stable set but are colored with two different

colors

(a ∈ {1, 2}); presentI5 such thatl4 < l5 < r4 andr4 < r5 < r∗ and letb be the
color of I5 (b ∈ {1, 2}, b 6= a); presentI6 such thatr4 < l6 < r6 < r5; if I6 is
colored witha, presentI7′ such thatl6 < l7′ < r6 andr5 < r7′ < r∗; if I6 is colored
with b, then presentI7′′ such thatl6 < l7′′ < r6 andr6 < l7′′ < r5 andI8 such that
r6 < l8 < r7′′ andr5 < r8 < r∗.

I∗

I4

I5

I6

I7′

I7′′

I8

Figure 9.4. This figure illustrates step 2. At the end of this step, inI∗, there are
three intervals colored with three different colors:I1, I2 or I3 and one element

of {Ii}i>4

Note that the given overlap graph is bipartite. At the end of step 1, we have a stable
set of size two, colored with two different colors, and the limitL is eitherl2, if I2 was
colored 2, orr2 if I2 was colored 1. At the end of step 2, at least one interval must
have been colored with color 3. LetIi3 be this interval. Since we do not present any
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Ii1

Inew

Imax 2

Ii2

S2

S1

Figure 9.5. Illustration of the proof of Theorem 9.2

intervalIi such thati > i3, we have a stable set of size at least three colored with three
different colors. Note that, ifI7′′ is colored 3, we have a stable set of size 4 colored
with three different colors. Thus, the size of the stable set is at least 3 and at most 4.
Let S be the considered stable set; we must setL = max {maxIi /∈S ri,maxIi∈S li}
to have the arrangement described in claim 9.1.

THEOREM9.2.– For any online coloring algorithm, it is possible to force any positive
number of colors on a bipartite overlap graph.

Proof. We prove this by induction. Suppose that it is possible to forcek colors on a
stable setS1 as in claim 9.1. We construct such an instance. LetIi1 be the interval of
S1 such thatri1 = minIj∈S1{rj} and letL1 be the limit ofS1 as in claim 9.1. In the
interval[L1, ri1 ], build a second stable setS2 of the same size asS1 and with the same
number of colors on it. LetIi2 be the interval ofS2 such thatri2 = minIj∈S2{rj}
and letL2 be the limit ofS2. Also, letImax 2 be the interval ofS2 such thatrmax 2 =
maxIj∈S2{rj}.

If the colors used to colorS2 are different from those used to colorS1, define
S = S1 ∪ S2 andL = L2 andS is now a stable set of the form of claim 9.1 and
colored with at leastk + 1 colors. If all the colors used to colorS2 have been already
used to colorS1, we present a new intervalInew such thatL2 < lnew < ri2 and
rmax 2 < rnew< ri1 and defineS = S1 ∪ {Inew} andL = rmax 2. S is a stable set
of the form of claim 9.1 and colored with exactlyk + 1 colors.

Since it is possible fork = 3 (see claim 9.1), Theorem 9.2 holds.
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9.5. Bounds for permutation graphs in a more general model

Our second generalization does not make sense for the application of the track-
assignement. However, it is natural in the problem of the steel industry [SPI 06]. We
consider here that the permutation is not delivered from left-to-right, but may be de-
livered in any order.

THEOREM 9.3.– Them-First Fit algorithm has a performance ratio betweenm
2 +

1
2k−1 and m

2 + 1
2 for any naturalk > 2 andm > 2.

Proof. The upper bound is given by Plumettaz and Bouille [PLU 06]. For the lower
bound, consider the instance given by algorithm 1.

Algorithm 1
Input: A natural numberχ
Output: A permutation graph delivered online such thatm-First Fit will have a per-

formance ratio ofm2 + 1
2χ−1 .

1: Let ρ be a real number such thatρ << 1
2χ

2: Let ε← ρ
2χ

3: Write “The bound ism”, wherem = 2χ−1
p andp is an arbitrary natural number.

4: for int i = 0..(χ− 2) do
5: for int j = 0..(χ− 2− i) do
6: Present a vertexu1

(i,j) = (χ− i+ iρ+ 2jε, 1 + iρ+ 2jε)

7: Present a vertexu2
(i,j) = (χ− i+ iρ+ 2jε+ ε, χ− i− j + iρ+ 2jε+ ε)

8: end for
9: end for

10: for int i = 0..(χ− 2) do
11: for int j = 0..(χ− 2− i) do
12: Present a vertexv1

(i,j) = (χ−i+χρ+(i+1)ρ−2jε, 1+χρ+(i+1)ρ−2jε)

13: Present a vertexv2
(i,j) = (j + 1 + χρ + (i+ 1)ρ− 2jε+ ε, 1 + χρ + (i+

1)ρ− 2jε+ ε)
14: end for
15: end for
16: for int i = 0..(χ− 1) do
17: Present a vertexw1

i = (χ− i+ χρ+ iρ+ ε, 1 + χρ+ iρ+ ε)
18: end for

Note that:

χ− i− j > 2 ∀(i, j) [9.16]
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For an easier understanding of the equations herafter, assume that terms inε are
neglectable compared to terms inρ, which are themselves neglectable compared to
terms in natural numbers.

Clearly, for every pair(i, j), u1
(i,j) andu2

(i,j) are in a stable set. Since they are

presented consecutively, they are colored with the same color. Similarly,v1
(i,j) and

v2
(i,j) are also in a stable set and are also colored with the same color.

Let us now prove that verticesul
(i,j+k), wherek is a strictly positive natural number

such that the vertexul
(i,j+k) exists andl ∈ {1, 2} are all linked by an edge tou2

(i,j).
Indeed:

u1
(i,j+k)|x = χ−i+iρ+2(j+k)ε = χ−i+iρ+2jε+ε+(2k−1)ε= u2

(i,j)|x+(2k−1)ε

u1
(i,j+k)|x > u2

(i,j)|x [9.17]

u2
(i,j)|y = χ− i− j + iρ+ 2jε+ ε >[9.16] 2 + iρ+ 2jε+ ε

u2
(i,j)|y > 1 + iρ+ 2jε+ ε+ 1 > 1 + iρ+ 2jε+ kε

u2
(i,j)|y > u1

(i,j+k)|y [9.18]

Equations [9.17] and [9.18] tell us thatu2
(i,j) andu1

(i,j+k) form a clique:

u2
(i,j+k)|x = u2

(i,j)|x + 2kε > u2
(i,j)|x [9.19]

u2
(i,j+k)|y = χ−i−(j+k)+iρ+2(j+k)ε+ε= χ− i− j + iρ+ 2jε+ ε

︸ ︷︷ ︸

u2
(i,j)

|y

−k+2kε

u2
(i,j+k)|y < u2

(i,j)|y [9.20]

Equations [9.19] and [9.20] tell us thatu2
(i,j) andu2

(i,j+k) form a clique. Thus, for
a giveni, each time the algorithm enters the loop starting at step 1, a new color is
opened.
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We now want to prove that the elementsul
(i+k,ja)

are always linked to the elements

u1
(i,jb)

for all natural numbersk, ja, jb such that the verticesul
(i+k,ja)

andu1
(i,jb)

exist
andl ∈ {0, 1}. First, note that:

2j1ε− k − kρ < 2j2ε ∀k, ja, jb [9.21]

u1
(i+k,ja)

|x = χ− i+ iρ+ 2jaε− k + kρ

u1
(i,jb)
|x = χ− i+ iρ+ 2jbε

Thus, according to equation [9.21],u1
(i+k,ja)

|x < u1
(i,jb)
|x. Note now that, for all

ja andjb, kχ > jb − ja. Thus,2kχε > 2(jb − ja)ε andkρ > 2jbε − 2jaε. Besides
that:

u1
(i+k,ja)

|y = 1 + iρ+ 2jaε+ kρ

u1
(i,jb)
|y = 1 + iρ+ 2jbε

Thus,u1
(i+k,ja)|y > u1

(i,jb)
|y andu1

(i+k,ja)
andu1

(i,jb)
are always linked by an edge

for all k, ja, jb. Let us now look atu2
(i+k,ja)

:

u2
(i+k,ja)

|y = χ− (i+ k)− ja + (i+ k)ρ+ 2jaε+ ε

Sinceχ− (i+ k)− ja > 2:

u2
(i+k,ja)

|y > 1 + iρ+ 2jaε+ 1 + kρ+ ε > 1 + iρ+ 2jbε

u2
(i+k,ja)

|y > u1
(i,jb)
|y

and:

u2
(i+k,ja)

|x = χ− i+ iρ+ 2jaε− k − kρ+ ε < χ− i+ iρ+ 2jbε

u2
(i+k,ja)

|x < u1
(i,jb)
|x

Thus,ul
(i+k,ja)

andu1
(i,jb)

form a clique for all natural numbersk, ja, jb such that

the verticesul
(i+k,ja)

andu1
(i,jb)

exist. Each time the algorithm passes through step 1,
a new set of colors must be opened.

Similarly, it can be proved that each time the algorithm goes through step 1, a new
color must be opened. In addition, the same reasoning can be used to prove that:
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– All verticesv1
(i0,ja)

share an edge with the verticesu2
(i,jb)

for all i 6 i0.

– All verticesv1
(i0,ja)

share an edge with the verticesu1
(i,jb)

for all i > i0.

– All verticesv2
(ia,j0)

share an edge with the verticesu1
(i,jb)

for all i 6 χ− j0 − 1.

– All verticesv2
(ia,j0)

share an edge with the verticesu2
(i,jb)

for all i > χ− j0 − 1.

Thus, the verticesv may not have the same colors as the verticesu. Finally, all
verticeswi0 share an edge with:

– All verticesu2
(i,j) for all i0 6 i.

– All verticesu1
(i,j) for all i0 > i.

– All verticesv2
(i,j) for all i0 6 i.

– All verticesv1
(i,j) for all i0 > i.

The total number of colors used by First-Fit on this instance is thusχ(χ−1)
2 for the

loop starting at step 1,χ(χ−1)
2 for the loop starting at step 1 andχ for the loop starting

at step 1, for a total ofχ2 colors.

Let us now look for an optimal coloring of this instance. First, drawχ straight lines
on the plane with coordinatesdi : y = x− i, i ∈ [0..(χ− 1)].

It is easy to verify that the vertexu1
(i,j) is on the linedχ−i−1 and that the vertex

u2
(i,j) is on the linedj . Thus, on each line, there areχ− 2 vertices of typeu.

Similarly, the vertexv1
(i,j) is on the linedχ−i−1 and that the vertexv2

(i,j) is on the
line dj . Thus, on each line, there areχ− 2 vertices of typev.

Finally, the vertexw1
i is on the linedχ−i−1. Thus, on each line, there is 1 vertex

of typew.

On each linedi there are thus2χ− 1 vertices. In an optimal unbounded coloring,
each line could be used as one color and all colors would have the same size. Since
m = 2χ−1

p (see step 1), we have an evident solution for the bounded coloring, which

is χm = pχ. The performance ratioc of m-First Fit on this instance is thusc = χ2

χm
:

c =
χ2

pχ
=
χ

p
=
m

2
+

1

2χ− 1

This ends the proof of Theorem 9.3.
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9.6. Conclusion

The competitive analysis of the bounded coloring of permutations showed that
them-FF algorithm is optimal for this problem. However, the bounded coloring of
permutations corresponds to a specific track-assignment problem under the midnight
condition. If we remove this condition we have to analyze the online bounded-coloring
of circle graphs. We do not know if them-FF algorithm is optimal for this problem:
we can only say that the2 − 1/l, l = min{m, k} is a lower bound since permutation
graphs are included in circle graphs.

The work reported in this paper should be seen as a first contribution to the compet-
itive analysis of online problems arising in the area of rolling stock allocation: further
analysis should be carried out for more general instances of this problem.
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Chapter 10

Complexity and Approximation Results for the
Min Weighted Node Coloring Problem

10.1. Introduction

This chapter presents some recent works accomplished by the authors ([WER 02,
DEM 04, DEM 04, ESC 06]) about the complexity and the approximation properties
of the MIN WEIGHTED NODE COLORING problem, which was originally studied in
Guan and Zhu [GUA 97] and more recently in [PEM 04, PEM 05] under the name
MAX COLORING.

A k-coloring ofG = (V,E) is a partitionS = (S1, . . . , Sk) of the node setV
of G into stable setsSi (a stable set is a set of pairwise non-adjacent nodes). In
the usual case, the objective is to determine a node coloring minimizingk. A natu-
ral generalization of this problem is obtained by assigning a strictly positive integer
weightw(v) for any nodev ∈ V and defining the weight of stable setS of G as
w(S) = max{w(v) : v ∈ S}. Then, the objective is to determine a node coloring
S = (S1, . . . , Sk) of G minimizing the quantityw(S) =

∑k
i=1 w(Si). This problem

is easily shown to beNP-hard; it suffices to considerw(v) = 1, ∀v ∈ V and MIN

WEIGHTED NODE COLORINGbecomes the traditional node coloring problem. Other
versions of weighted colorings have been studied in Hassin and Monnot [HAS 05].

Chapter written by Marc DEMANGE, Bruno ESCOFFIER, Jérôme MONNOT, Vangelis Th.
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MIN WEIGHTED NODE COLORINGarises in some types of scheduling problems.
Consider that each nodev of a graphG corresponds to some operation to be pro-
cessed. The weight of a node corresponds to the processing time of the job associated
with the node. We have to assign each operation to one time slot in such a way that
for each time slot all operations assigned to this slot are compatible. As usual these in-
compatibility constraints are represented by the edges of the graphG. In other words,
a slot corresponds to an independent set in the graph. In our situation, the lengths of
the time slots1, 2, . . . , k are not given in advance; assuming that the jobs scheduled in
time sloti may be processed simultaneously, the amount of time needed will be given
byw(Si) = max{w(v) : v ∈ Si}. As a consequence, the total amount of time needed
to complete all jobs will be:w(S) = max{w(v) : v ∈ S} whereS = (S1, . . . , Sk).

As we shall see, the numberk of time slots is not always given in advance; it may
turn out that ifχ(G) is the chromatic number ofG, we may have to usek > χ(G) time
slots. So we shall admit in our formulation that some of the subsetsSi are possibly
empty. We shall furthermore assume that all weights are positive integer numbers.

Our weighted coloring problem is related to thebatch schedulingproblem which
has been studied by several authors (see for instance Potts and Kovalyov [POT 00] for
a survey, or Pottset al.[POT 01] for a specific case). In the papers on batch scheduling,
there are usually incompatibility constraints between operations belonging to a same
job, or precedence constraints. The general case of incompatibility requirements rep-
resented by an arbitrary graph is formulated in Boudhar and Finke [BOU 00], where
they consider the complement of our graph: edges indicate compatibilities and they
partition the node set into cliques. On the other hand, several types of requirements
are introduced, like sequencing constraints or limitations in the size of a batch. Our
approach is characterized by the underlying graph theoretical formulation. Finally, in
the special case where the graphG is the line graphL(H) of a complete bipartite
graphH = Kn,n we have a known problem of decomposition of traffic matrices
which arises in satellite communication (see Burkard [BUR 85] and Rendl [REN 85]
for more references). In the case whereG = L(H) is the line graph of an arbitrary
multi-graphH and where all weights are equal, the problemMIN WEIGHTED NODE

COLORING amounts to finding thechromatic indexof H , i.e., the smallest number of
edges in an edge coloring ofH ; this problem is difficult (see Holyer [HOL 81]).

Consider an instanceI = (G,w) of MIN WEIGHTED NODE COLORINGand a poly-
nomial time algorithmA calculating feasible coloringS for MIN WEIGHTED NODE

COLORING. Denote byw(S) the value of the solutionS calculated byA on I and
by opt(I) the value of an optimal solution forI. The quality ofA is expressed by
the ratio (called approximation ratio in what follows)ρA(I) = w(S)/opt(I), and the
quantityρA = sup{ρA(I)}. A very favorable situation for polynomial approximation
occurs when for anyε > 0 there exists an algorithm that achieves a ratio bounded
above by1 + ε. We call such algorithms apolynomial time approximation scheme
(PTAS) . The complexity of such schemes may be polynomial or exponential in1/ε
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(they are always polynomial in the size of the instances). A polynomial time approxi-
mation scheme with complexity polynomial also in1/ε is calledfully polynomial time
approximation scheme(FPTAS) .

In this chapter, we survey the complexity and the approximability properties of
MIN WEIGHTED NODE COLORING in different classes of graphs. Of course, com-
plexity issues only occur in classes of graphs where the usual coloring problem is
polynomial.

In section 10.2, we present some general structural properties of optimum solution.
We also give an approximation result in general graphs. Finally, we present some gen-
eral links betweenMIN WEIGHTED NODE COLORING and other coloring problems,
leading to interesting approximation ratios in some traditional classes of graphs.

In section 10.3, we deal with triangle free planar graphs and we show that, for this
family, the problem studied isNP-hard, even if we further restrict ourselves to graphs
with node-degree not exceeding 4.

Then, we deal with bipartite graphs. We show thatMIN WEIGHTED NODE COL-
ORING is NP-hard in bipartite graphs, even if we restrict ourselves to planar bipartite
graphs or toP21-free bipartite graphs. It is interesting to observe that these results are
obtained as corollaries of a kind of generic reduction from the precoloring extension
problem shown to beNP-complete in Bodlaenderet al. [BOD 94], Hujter and Tuza
[HUJ 93, HUJ 96], Kratochvil [KRA 93]. Then, we slightly improve the last result to
P8-free bipartite graphs and show that the problem becomes polynomial inP5-free
bipartite graphs. Finally, we note that, in general bipartite graphs, the upper bound of
8/7 given in section 10.2.2 matches a lower bound of8/7− ε.

Subsequently, in section 10.5, we deal with the approximation ofMIN WEIGHTED

NODE COLORING in split graphs. We prove thatMIN WEIGHTED NODE COLORING

is stronglyNP-hard in such graphs, even if the nodes of the input graph receive only
one of the two distinct weights. It follows that this problem cannot be solved by fully
polynomial time approximation schemes. Then, we show thatMIN WEIGHTED NODE

COLORING in split graphs can be solved by a polynomial time approximation scheme.

Section 10.6 is devoted to cographs, or equivalentlyP4-free graphs. While the
problem isNP-hard inP5-free graphs (since split graphs areP5-free), it is polynomial
in cographs.

Then, in section 10.7, we answer a question raised in [GUA 97] by proving that
MIN WEIGHTED NODE COLORINGis (strongly)NP-hard in interval graphs.

The main results of the chapter are summarized in Table 10.1
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Class of graphs Status Approximability Inapproximability

General NP-hard O (log(n)/n) O(n1/7−ε)

K3-free planar NP-hard 27/19 7/6− ε
Complement ofK3-free Polynomial

Bipartite NP-hard 8/7 8/7− ε
Pk-free Bipartite NP-hard ifk > 8 8/7 32/31− ε if k > 21

P5-free Bipartite Polynomial

k-Tree ? (even fork = 1) PTAS

Split NP-hard PTAS no FPTAS

Interval NP-hard 2 [PEM 05] no FPTAS

Cographs Polynomial

Table 10.1.Summary of main results

In the remainder of the chapter, we shall assume that for any weighted node or edge
coloringS = (S1, . . . , Sℓ) considered, we will havew(S1) > . . . > w(Sℓ). More-
over, without specification, we assume that∀v ∈ V, w(v) > 0. For graph theoretical
terms which are not defined here, see [BER 73].

10.2. General results

10.2.1. Structural properties

Before examining the variations onMIN WEIGHTED NODE COLORING, we shall
give a general property which will be needed later. Let us recall that a subsetS ⊆ V
is maximumwith respect to a propertyPred if its cardinality is maximum among
all subsets which have propertyPred. We shall say thatS is maximalwith respect
to Pred if S has propertyPred but any subset ofV which properly containsS does
not have propertyPred. A maximum subsetS is maximal but the opposite is not true.
Now consider an instance ofMIN WEIGHTED NODE COLORINGgiven by a weighted
graphI = (G,w) with G = (V,E); we want to find ak-coloringS = (S1, . . . , Sk)
of (the nodes of)G such thatw(S) is minimum.k is not given in advance; we may
choosek = |V | and accept to have some subsetsSi = { }. For practical purposes it
will be convenient to use the following.
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THEOREM 10.1.– GivenI = (G,w), there exists ak-coloring S = (S1, . . . , Sk)
withw(S) = min{w(S) : S is a coloring ofG} where fori = 1, . . . , k we have:

(i) Si 6= { };
(ii) Si is a maximal stable set inG \ (S1 ∪ . . . ∪ Si−1);

(iii) w(S1) > w(S2) > . . . > w(Sk).

Proof. Assume that we have obtained ap-coloringS = (S1, . . . , Sp) which mini-
mizesw(S) over all possible colorings ofG. By reordering the subsetsSi and remov-
ing the empty sets we get ak-coloringS satisfying(i) and(iii). If S1 is not maximal
we may find in someSl (l > 2) some elements which can be added toS1 in order to
make it maximal; this will not increasew(S1) because(iii) holds. We may repeat this
for S2, . . . , Sk−1 and obtain the requiredk-coloring.

Let us denote by∆(G) the maximum degree of the nodes inG.

COROLLARY 10.1.– ForI = (G,w), there always exists an optimal weighted color-
ing S = (S1, . . . , Sk) which satisfiesk 6 ∆(G) + 1.

Proof.Assume that we have ak-coloringS which minimizesw(S) and where eachSi

is maximal inG \ S1 \ . . . \ Si−1. Suppose thatSl 6= { } (with l > ∆(G) + 1).
Then letv ∈ Sl; sincev has at most∆(G) neighbors inG there is at least one stable
setSr (r 6 ∆(G) + 1) containing no neighbor ofv. HenceSr ∪ {v} is a stable set of
G \ S1 \ . . . \ Sr−1; this contradicts the fact thatSr was maximal in this graph.

COROLLARY 10.2.– IfI = (G,w) whereG = (V,E) is the line-graphL(G) of a
graphH , then there always exists an optimal weightedk-coloringS of the nodes ofG
which satisfiesk 6 2∆(H)− 1.

Proof.Each edgee = [u, v] of H corresponds to a nodee of L(H) which belongs to
two maximal cliquesKu,Kv whose nodes correspond to the edges ofH adjacent tou
(for Ku) and tov (for Kv).

Sincemax{|Ku|, |Kv|} 6 ∆(H), the degree ofe in L(H) satisfies:dL(H)(e) =
(|Ku| − 1) + (|Kv| − 1) 6 2∆(H)− 2 6 ∆(L(H)). The result follows from Corol-
lary 10.1.

Note that ifG = L(H) for someH , then the node coloring problem inG is
equivalent to an edge coloring problem inH where the weights are assigned to the
edges ofH . The stable setsSi in G become matchingsMi in H . We shall consider
later the case whereH is bipartite. We can easily show that in Corollary 10.1 we have
k 6 p(ω(G)−1)+1 whereω(G) is the maximum cardinality of a clique inG andp is
the maximum number of (maximal) cliques in which one node ofG is contained. IfG
is a line-graphL(H), thenp = 2 andω(G) = ∆(G), so Corollary 10.2 follows. In
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fact, it follows from Theorem 10.1 that the numberk of colors in an optimal weighted
k-coloring can be bounded above by any bound on the chromatic number which is
derived by a sequential coloring algorithm which gives maximal stable sets in the
subgraph generated by the colored nodes. In particular, the bounds of Welsh-Powell
and of Matula are valid fork (see for instance de Werra [WER 90]).

We can also establish the following property of the size of any optimalk-
coloringsS for MIN WEIGHTED NODE COLORING.

LEMMA 10.1.– LetI = (G,w) be an instance ofMIN WEIGHTED NODE COLORING

and letq = χ(G) be the chromatic number ofG. Assume thatw(v) ∈ {t1, . . . , tr}
with t1 > . . . > tr for each nodev. Then everyk-coloringS = (S1, . . . , Sk) which
minimizesw(S) satisfies:w(Si) > w(Si+q−1), for any i 6 k − q. In particular,
k 6 1 + r(χ(G) − 1).

Proof.Assume thatχ(G) > 2 and there is an optimumk-coloring which does not have
the property; letS = (S1, . . . , Sk) be this coloring and choose the smallesti such
thatw(Si) = . . . = w(Si+q−1) > w(Sk). We havei 6 k − q by assumption. Now
Si∪Si+1∪. . .∪Sk generates a subgraphG′ ofG; we have thereforeχ(G′) 6 χ(G) =
q, so there exists aq-coloring(S′

i, . . . , S
′
i+q−1) ofG′ (with i+ q− 1 < k). Assuming

thatw(S′
i) > w(S′

i+1) > . . . > w(S′
i+q−1) we havew(S′

i) = w(Si) andw(S′
i+s) 6

w(S′
i) = w(Si+s) for s = 1, . . . , q − 1. SettingS′

j = Sj for j = 1, . . . , i− 1 we get
an(i + q − 1)-coloringS′ = (S′

1, . . . , S
′
i+q−1) of G with w(S′) < w(S) which is a

contradiction.

For instance, ifG is a bipartite graph, then any coloringS = (S1, . . . , Sk) min-
imizing w(S) satisfies:w(S1) > w(S2) > . . . > w(Sk−1) > w(Sk). In particular,
k 6 1 + r.

10.2.2. Approximation results

10.2.2.1.General graphs

The approximation result presented in this section is based upon the so-called
master-slave approximation strategy. Consider anNP-hard covering problem which
consists of covering the nodes of the input graphG, of ordern, by the minimum num-
ber of subgraphsG′ satisfying a certain propertyPred. Most of these problems can
be approximated by the following strategy:

1) find a maximum subgraphG′ of G verifying Pred;

2) deleteV (G′) from V ;

3) repeat steps 1 and 2 in the remaining graph untilV = { }.

The maximization problem solved at step 1 is called theslave, while the original
minimization problem is called themaster. These terms are due to Simon [SIM 90]
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who points out the fact that if the slave problem is polynomial then the master problem
is approximable withinO(log n). A standard example of master-slave approximation
is given by Johnson (in [JOH 74], algorithm D3 at the end of section 7 devoted to
graph coloring). At each iteration this algorithm calculates a maximum stable set of
the remaining graph, it colors its nodes with a new color and removes them from the
graph. The master problem in this case is the minimum graph coloring, while the slave
problem is the maximum stable set. The following result will be used later on.

THEOREM 10.2.– [ALF 00] LetG′ be a class of graphs. In the master-slave approxi-
mation strategy for weighted problems, if the weighted slave problem is approximable
within ratio ρ in G′, then the weighted master problem is approximable within ra-
tio lnn/ρ in G′.

For our problem, the (maximization) slave problem, denoted by SLAVE_WC, con-
sists ofdetermining a stable setS∗ maximizing the quantity|S|/w(S), over all sta-
ble setsS, wherew(S) = max{w(v) : v ∈ S}. Consequently, the overall algo-
rithm W_COLOR which we devise for weighted coloring can be outlined as follows:

W_COLOR

1) solve SLAVE_WC inG; let Sv be the solution obtained; setV = V \ Sv,
G = G[V ];

2) color the nodes ofSv with a new color;

3) repeat steps 1 and 2 until all the nodes of the input graph are colored.

LEMMA 10.2.– SLAVE_WC is approximable withinO(log2 n/n) in polynomial time.

Proof.We show in what follows that SLAVE_WC is equi-approximable with the max-
imum stable set problem. Consider the following algorithm, calledSLAVE_WC in what
follows:

SLAVE_WC

1) for everyv ∈ V do:
a) letGv be the subgraph ofG induced by all nodes with weight not exceeding

w(v);
b) run the algorithmA of [BOP 92] onGv and store the output stable setSv;

2) among the sets stored in step 1b, choosev maximizing |Sv|/w(v).

It is easy to see that since the algorithm of [BOP 92] runs in polynomial time,
algorithmSLAVE_WC does so. On the other hand, for any nodev, Sv is indeed a stable
set containingv; moreover,w(Sv) = w(v) since all the nodes heavier thanv have
been removed fromG.
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Denote byS∗ an optimal solution of SLAVE_WC inG, and set:

v∗ = argmax{w(v) : v ∈ S∗}

If there exists more than onev∗, fix one of them. Of coursev∗ has been considered in
step 1 of algorithmSLAVE_WC and setSv∗

has been calculated and stored in step 1b.
Consequently (we recall thatw(S∗) = w(v∗)):

∣
∣Sv
∣
∣

w (Sv)
>

∣
∣Sv∗ ∣

∣

w (v∗)
=

∣
∣Sv∗ ∣

∣

w (S∗)
[10.1]

On the other hand, whenSv∗

was calculated, the whole setS∗ was present in the
current graph. Denote it byG∗, denote byS(G∗) a maximum stable set ofG∗ and
by ρS the approximation ratio of a maximum stable set algorithm. Then:

ρS =

∣
∣Sv∗ ∣

∣

|S (G∗)| 6

∣
∣Sv∗ ∣

∣

|S∗| [10.2]

By combining [10.1] and [10.2], we obtain:
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Sv

∗
˛

˛

˛

w(S∗)

|S∗|
w(S∗)

>

∣
∣Sv∗ ∣

∣

|S (G∗)| = ρS [10.3]

Taking into account that, in terms ofn, the best known approximation ratio for the
maximum stable set problem isO(log2 n/n) [BOP 92], [10.3] concludes the proof of
the lemma.

Using Theorem 10.2 and Lemma 10.2, the following holds for algorithmW_COLOR

and the weighted coloring problem.

THEOREM 10.3.–MIN WEIGHTED NODE COLORINGcan be approximately solved in
polynomial time within approximation ratioO(n/ log n).

10.2.2.2.k-colorable graphs

We study in this section the approximability of theMIN WEIGHTED NODE COL-
ORING problem in natural classes of graphs which are colorable with a few number
of colors. We first focus on subfamilies ofk-colorable graphs where the minimum
coloring problem is polynomial. Note that it is proved in [PEM 05] that if the usual
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min coloring problem is polynomial in a class of graphs, thenMIN WEIGHTED NODE

COLORING is approximable within ratio4− 3/k in this class of graphs.

Let us prove the following theorem.

THEOREM 10.4.– Let G be a class ofk-colorable graphs, where ak-coloring is
computable in polynomial time. Then, inG, MIN WEIGHTED NODE COLORING is
approximable within ratiok3/(3k2 − 3k + 1).

Proof. Consider any graphG = (V,E) ∈ G of ordern and assume that anyvi ∈ V
has weightwi = w(vi). Suppose thatw1 > w2 > · · · > wn. Consider an optimal
weighted coloringS∗ = (S∗

1 , · · · , S∗
l ), with w(S∗

1 ) > · · · > w(S∗
l ) and denote by

i∗k, the index of the heaviest node in colorS∗
k (hence,w(S∗

k) = wi∗
k
), by Vi the set

of nodes{v1, · · · , vi} (hence,Vn = V ) and byG[V ′] the subgraph ofG induced by
V ′ ⊆ V .

We calculate several colorings ofG and choose as final solution the best one among
the colorings calculated. We first calculate ak-coloringS0 of G. Clearly:

w
(
S0
)

6 kw1 = kw (S∗
1 ) [10.4]

Then, forj = 2, · · · , n+ 1, we do the following:

– if G[Vj−1] is bipartite then:
- consider the best weighted 2-coloring(Sj

1 , S
j
2) among the 2-colorings of

G[Vj−1] (Sj
2 may be empty);

- color the remaining nodesvj , · · · , vn with k colors(Sj
3 , S

j
4 , · · · , Sj

k+2), thus

obtaining a coloringSj = (Sj
1 , S

j
2, · · · , Sj

k+2) ofG.

Note that the first step is polynomially computable (merge optimally the unique
2-colorings of any connected component).

Consider now the iterations wherej = i∗2 andj = i∗3. For j = i∗2, Vj−1 is an
independent set; hence,Sj

1 = Vj−1. We get in this case:

w(Sj) 6 w1 + kwj = w (S∗
1) + kw (S∗

2 ) [10.5]

On the other hand, forj = i∗3, G[Vj−1] is bipartite; hence,w(Sj
1) + w(Sj

2) 6

w(S∗
1 ) + w(S∗

2 ). In this case:

w(Sj) 6 w (S∗
1 ) + w (S∗

2 ) + kw (S∗
3 ) [10.6]
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Recall that the algorithm returns the best coloring among those calculated. Note
also that if the numberl of colors inS∗ is smaller than 2, then this algorithm cal-
culates an optimal coloring. Combination of equations [10.4], [10.5] and [10.6] with
coefficients(k − 1)2/k3, k(k − 1)/k3 andk2/k3 = 1/k, respectively, concludes that
the output coloringS is such that:w(S) 6 (k3/(3k2 − 3k + 1))w(S∗) and the result
follows.

Note that this improves the(4−3/k)-approximation algorithm given in [PEM 05]
for k 6 10. Moreover, it can be applied also in classes ofk-colorable graphs where
the problem remains hard (such as planar graphs)

COROLLARY 10.3.– MIN WEIGHTED NODE COLORINGis approximable within ratio
8/7 in bipartite graphs.

COROLLARY 10.4.– MIN WEIGHTED NODE COLORINGis approximable within ratio
27/19 < 1.42 in polynomially 3-colorable graphs.

It is well known that the coloring problem is polynomial in planar triangle-free
graphs ([GRO 59]) and that the chromatic number in these graphs is bounded by 3.
Moreover, as we will see in section 10.3, on the one hand theMIN WEIGHTED NODE

COLORING problem is stronglyNP-hard and, on the other hand, theMIN WEIGHTED

NODE COLORINGproblem cannot be approximated with performance ratio better than
7
6−ε for anyε > 0 unlessP6=NP, in planar triangle-free graphs, even if the maximum
degree is bounded by 4. Using Theorem 10.4, we obtain:

COROLLARY 10.5.–MIN WEIGHTED NODE COLORING is 27/19-approximable in
planar triangle-free graphs.

As another corollary of Theorem 10.4,MIN WEIGHTED NODE COLORINGis ap-
proximable within ratio64/37 in polynomially 4-colorable graphs.

On the other hand, note that minimum coloring is not(4/3 − ε)-approximable
in planar graphs, that these graphs are polynomially 4-colorable and that theMIN

WEIGHTED NODE COLORINGproblem is a generalization of the coloring problem.
Putting all this together, we obtain:

THEOREM 10.5.– MIN WEIGHTED NODE COLORING is approximable within ratio
64/37 < 1.73 in planar graphs, but it is not(4/3− ε)-approximable in these graphs.

10.2.2.3.When list coloring is easy

Let us define the List Coloring problem, where we want to answer the following
question: given a graphG = (V,E) with, for anyv ∈ V , a setL(v) of admissible
colors, does there exists a (proper) coloring ofGwith colors fromL(V ) = ∪v∈V L(v)
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such that any nodev is colored with a color fromL(v)? The complexity of List Col-
oring has been widely studied (see for instance [KRA 94, JAN 97]).

THEOREM 10.6.–If G is a class oft-colorable graphs (wheret is a constant) where
List Coloring is polynomial, thenMIN WEIGHTED NODE COLORINGadmits a PTAS
in G.

Proof. Let G be such a class of graphs, consider a graphG ∈ G and letε > 0. Set
k =

⌈
(t− 1)(1 + 1

ε )
⌉
.

Consider the following algorithm. For anyk′ 6 k:

– consider anyk′-tuple(x1, · · · , xk′ ) ∈ W k′

whereW denotes the set of different
weights used in the instance, i.e.,W = {w(v) : v ∈ V };

– find ak′-coloring (S1, · · · , Sk′) of G such thatw(Si) 6 xi, i = 1, · · · , k′, if
such a coloring exists;

– output the best coloring among those found in the previous step.

To achieve the second step, we use the fact that List Coloring is polynomial inG.
Indeed, given(x1, · · · , xk′) ∈ W k′

, we can define an instance of List Coloring onG:
vi can be colored with colorSj for all j ∈ {1, · · · , k′} such thatw(vi) 6 xj . We can
easily see that a coloring is valid for this instance of List Coloring, if and only if this
coloring is such thatw(Si) 6 xi, i = 1, · · · , k′.

We claim that the solution calculated by this algorithm is1 + ε-approximate, for
anyε > 0.

Indeed, consider an optimal solutionS∗ = (S∗
1 , · · · , S∗

l ), with w(S∗
1 ) > · · · >

w(S∗
l ). If l 6 k, then we have found, by our exhaustive search, a coloring(S1, · · · , Sl)

such thatw(Si) 6 w(S∗
i ) for all i, hence an optimal solution.

If l > k, then consider thek-tuple (w1, · · · , wk) wherewi = w(S∗
i ) for i 6

k+1−t andwi = w(S∗
k+1−t) for i > k+1−t. If we consider thek−t colorsS∗

i , i =
1, · · · , k − t, and anyt-coloringSj , j = k + 1− t, · · · , k of the remaining nodes (the
graph is polynomiallyt-colorable), thenw(Sj) 6 w(S∗

k+1−t) for j = k+1−t, · · · , k.
So, the algorithm finds a coloring for this particular tuple(w1, · · · , wk). Consequently,
the solutionS given by the algorithm is such that:

w(S)

w(S∗) 6

∑k+1−t
i=1 w(S∗

i ) + (t− 1)w(S∗
k+1−t)

∑l
i=1 w(S∗

i )

6 1 +
(t− 1)w(S∗

k+1−t)
∑k+1−t

i=1 w(S∗
i )

6 1 +
t− 1

k + 1− t 6 1 + ε
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Since we use less than|W k+1| 6 nk+1 times the algorithm for List Coloring as a
subroutine, our algorithm is polynomial, hence we get the expected result.

A k-tree is a graph that can be reduced to a clique of sizek by deleting iteratively
some nodes the neighborhood of which is a clique of sizek. A partial k-tree is a
subgraph of ak-tree. There are several characterizations of partialk-trees. One of
them is the following:G is a partialk-tree iffG is a subgraph of a chordal graphG′

with a clique number equal tok + 1 (i.e.,ω(G′) = k + 1). k-trees are (polynomially)
k+1-colorable, and we can get aρk+1-approximation, but we can improve this result
since List Coloring is polynomial in partialk-trees ([JAN 97]).

COROLLARY 10.6.–MIN WEIGHTED NODE COLORINGadmits a PTAS in partialk-
trees (hence, in particular, in trees).

Although we have proposed an approximation scheme in partialk-trees, the com-
plexity of the MIN WEIGHTED NODE COLORING problem remains open for these
graphs, even fork = 1. A partial answer is given when we consider the case where∆
or the number of different weights is bounded by a constant. Hence, using Corollary
10.1 or Lemma 10.1, we deduce thatMIN WEIGHTED NODE COLORINGis polynomial
in G if G is a class ofk-colorable graphs (wherek is a constant) where List Coloring
is polynomial and if∆ or the number of different weights is bounded by a constant.

10.3. Weighted node coloring in triangle-free planar graphs

A planar graph is a graph which can be embedded in the plane such that no cross
occurs between two edges. The node coloring problem in planar graphs has been
shown to beNP-hard by Garey and Johnson [GAR 79], even if the maximum de-
gree does not exceed 4. On the other hand, this problem becomes easy in triangle-free
planar graphs (see Grotzsch [GRO 59]). A graph is triangle-free if it does not con-
tain a triangle as induced subgraph. Note that we have proved in section 10.2.2 that
MIN WEIGHTED NODE COLORINGis approximable within ratio27/19 in triangle-free
planar graphs.

Here, we show that theMIN WEIGHTED NODE COLORINGproblem isNP-hard in
triangle-free planar graphs with maximum degree 4 by using a reduction from 3-SAT

PLANAR, which is proved to beNP-complete in Lichtenstein [LIC 82]. This problem
is defined as follows: Given a collectionC = (C1, . . . , Cm) of clauses over the set
X = {x1, . . . , xn} of Boolean variables such that each clauseCj has at most three
literals (and at least two), is there a truth assignmentf satisfyingC ? Moreover, the
bipartite graphBP = (L,R;E) is planar where|L| = n, |R| = m and[xi, cj] ∈ E
if and only if the variablexi (or xi) appears in the clauseCj .
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THEOREM 10.7.– MIN WEIGHTED NODE COLORING is NP-hard in triangle-free
planar graphs with maximum degree 4. Moreover, ifP6=NP, it is not approximable
within ratio 7/6− ε, for anyǫ > 0, in this class of graphs.

Proof. Let BP = (L,R;E) be the bipartite graph representing an instance(X, C)
of 3-SAT PLANAR whereL = {x1, . . . , xn}, R = {c1, . . . , cm}. We construct an
instanceI = (G,w) of MIN WEIGHTED NODE COLORINGby using two gadgets:

– The gadgets clauseF (Cj) are given in Figure 10.1 for clauseCj of size 3 and in
Figure 10.2 for clauseCj of size 2. The nodesckj are those that will be linked to the
rest of the graph.

3

2

2

3

c1j

2

3

c2j

2

3

c3j

2

3

3

Figure 10.1.GraphF (Cj) representing a clauseCj of size 3

3

2

2

3

c1j

3

2

3

c2j

2

3

3

Figure 10.2.GraphF (Cj) representing a clauseCj of size 2

– The gadgets variableH(xi) is given in Figure 10.3 for variablexi. Assume that
xi appearsp1 times positively andp2 times negatively in(X, C), then inH(xi) there
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are2p = 2(p1 + p2) special nodesxk
i , x

k
i , k = 1, . . . , p. These nodes form a path

which meets nodexk
i , xk

i alternatively.

x1
i

3

x1
i

3

x2
i

3

x2
i

3

· · ·
xp

i

3

xp
i

3

Figure 10.3.GraphH(xi) representing variablexi

– The weights of nodes which are not given in Figures 10.1, 10.2 and 10.3 are 1.

– These gadgets are linked together by the following process. If variablexi appears
positively (resp. negatively) in clauseCj , we link one of the variablesxk

i (resp.xk
i ),

with a differentk for eachCj , to one of the three nodesckj of gadgetF (Cj). This can
be done in a way which preserves the planarity of the graph. Indeed, for each node
v of degreeδ(v) in the planar graphBP , let us calle1v, · · · , eδ(v)

v the endpoints onv
of the edges adjacent tov considered in a circular order. Then, for each edge inBP
which joins nodexi in endpointek

xi to nodeCj in endpointel
cj , we put an edge from

xk
i (if xi appears negatively inCj , xk

i otherwise) toclj .

Observe thatG is triangle-free and planar with maximum degree 4. Moreover, we
assume thatG is not bipartite (otherwise, we add a disjoint cycleΓ with |Γ| = 7 and
∀v ∈ V (Γ), w(v) = 1).

It is then not difficult to check that(X, C) is satisfiable iffopt(I) 6 6.

Let g be a truth assignment satisfying(X, C). We setS′
1 = {v : w(v) = 3} and

S′
2 = {v : w(v) = 2} ∪ {xk

i : g(xi) = 1} ∪ {xk
i : g(xi) = 0}. Sinceg satisfies

the formula, we can color at least one nodeckj with color 2 and then easily extend
(S′

1, S
′
2) to a coloringS = (S1, S2, S3) of G with S′

i ⊆ Si for i = 1, 2. We have
w(S1) = 3, w(S2) = 2, w(S3) = 1 and thenw(S) 6 6.

Conversely, letS = (S1, . . . , Sℓ) be a coloring ofG with w(S) 6 6. Assume
w(S1) > . . . > w(Sℓ). We haveℓ > 3 sinceG is not bipartite andw(S1) = 3. We
deducew(S2) < 3 (otherwisew(S) > 3 + 3 + 1). Moreover, since each node of
weight 2 is adjacent to a node of weight 3, we havew(S2) = 2. For the same reasons
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as previously, we deduceℓ = 3 andw(S3) = 1. We claim that for anyj = 1, . . . ,m,
S2∩{c1j , c2j , c3j} 6= { }wherec1j , c

2
j , c

3
j are the nodes ofF (Cj) (with maybec3j = { }).

Otherwise, we must have{c1j , c2j , c3j} ⊆ S3 but in this case, we cannot have colored
F (Cj) with 3 colors. Thus, settingg(xi) = 1 iff xk

i ∈ S2, we deduce thatg is a truth
assignment satisfying(X, C).

To conclude this section, let us note thatMIN WEIGHTED NODE COLORING is
polynomial in complements of triangle free graphs (i.e. graphsG for whichα(G) 6

2). The algorithm is similar in spirit to that given in Garey and Johnson [GAR 75] for
solving a two-processor problem with unit processing times and resource constraints:
a matching in an auxiliary graph (where nodes are operations) gives the pairs of op-
erations to be processed simultaneously (the algorithm and the correctness are given
in [WER 02, DEM 07]). In addition, it is shown in Boudhar and Finke [BOU 00] that
the problem becomes difficult as soon as there are release dates (even if all weights
w(v) equal 1).

10.4. Weighted node coloring in bipartite graphs

A graph is bipartite if it is 2-colorable. We proved in Corollary 10.3 that the prob-
lem is approximable within ratio 8/7 in bipartite graphs. Now, we mainly show that
on the one hand,MIN WEIGHTED NODE COLORINGis stronglyNP-hard in bipartite
graphs and, on the other hand, the bound of Corollary 10.3 is tight, since the problem
in bipartite graphs is not approximable within ratio8/7 − ε, for anyε > 0. We also
show that some more restrictive versions are alsoNP-hard, namely bipartite planar
graphs andP21-free bipartite graphs, i.e. bipartite graphs which do not contain in-
duced chains of length 21 or more. We use a generic reduction from the precoloring
extension node coloring problem (in short PREXT NODE COLORING). Then, using
another reduction we improve this result toP8-free bipartite graphs. Finally, we show
that the problem becomes polynomial inP5-free bipartite graphs.

10.4.1. Hardness results

PREXT NODE COLORINGcan be described as follows. Given a positive integerk,
a graphG = (V,E) andk subsetsV1, . . . , Vk of V that are pairwise disjoint, we want
to decide if there exists a node coloringS = (S1, . . . , Sk) of G such thatVi ⊆ Si, for
all i = 1, . . . , k.

Moreover, we restrict ourselves to some class of graphsG: we assume thatG is
closed when we add a pending edge with a new node (i.e., ifG = (V,E) ∈ G and
x ∈ V , y /∈ V , thenG+ [x, y] ∈ G).
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THEOREM 10.8.– LetG be a class of graphs which is closed when we add a pending
edge with a new node. IfPREXT NODE COLORING is NP-hard for graphs inG, then
MIN WEIGHTED NODE COLORINGis NP-hard for graphs inG.

Proof. Let G be such a class of graphs. We shall reduce PREXT NODE COLORING

in G graphs toMIN WEIGHTED NODE COLORING in G graphs. Consider a graph
G = (V,E) ∈ G and k pairwise disjoint subsetsV1, . . . , Vk of V . We build in-
stanceI = (G′, w) of MIN WEIGHTED NODE COLORING using several gadgetsTi,
for i = 1, . . . , k. The construction ofTi is given by induction as follows:

– T1 is simply a rootv1 with weightw(v1) = 2k−1.

– GivenT1, . . . , Ti−1, Ti is a tree with a rootvi of weightw(vi) = 2k−i that we
link to treeTp via edge[vi, vp] for eachp = 1, . . . , i− 1.

T1

2k−1

v1

T2

2k−2

v2

2k−1

v1

T1

T3

2k−3

v3

2k−1

v1

2k−2

v2

2k−1

v1

T2

T1

Figure 10.4.Gadgets forT1, T2 andT3

Figure 10.4 illustrates the gadgetsT1, T2, T3. Now, I = (G′, w) whereG′ =
(V ′, E′) is constructed in the following way:

–G′ containsG.

– For all i = 1, . . . , k, we replace each nodev ∈ Vi by a copy of the gadgetTi

where we identifyv with rootvi.

– For allv ∈ V \ (∪k
i=1Vi) we setw(v) = 1.

Note that, by hypothesis,G′ ∈ G. We prove that the precoloring ofG (given by
V1, . . . , Vk) can be extended to a proper node coloring ofG using at mostk colors iff
opt(I) 6 2k − 1.

Let S = (S1, . . . , , Sk) with Vi ⊆ Si be a node coloring ofG. We getS′ =
(S′

1, . . . , , S
′
k) where each stableS′

i is given byS′
i = (Si \ Vi) ∪ {v : ∃j 6 k, v ∈
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Tj andw(v) = 2k−i}. It is easy to check thatS′ is a coloring ofG′ andopt(I) 6

w(S′) =
∑k

i=1 2k−i = 2k − 1.

Conversely, letS′ = (S′
1, . . . , S

′
ℓ) with w(S′

1) > . . . > w(S′
ℓ) be a weighted

node coloring ofG′ with costw(S′) 6 2k − 1. First, we prove by induction that
V ′

i = {v : ∃p 6 k, v ∈ Tp, w(v) = 2k−i} is a subset ofS′
i, for all i 6 k. For

i = 1, the result is true since otherwise we havew(S′
1) = w(S′

2) = 2k−1 and then,
w(S′) > w(S′

1) + w(S′
2) = 2k. Now, assume thatV ′

j ⊆ S′
j for j < i and let us

prove thatV ′
i = {v : ∃p 6 k, v ∈ Tp, w(v) = 2k−i} ⊆ S′

i. By construction of
gadgetTj , j > i, each nodev of weight2k−i is adjacent to a node of weight2k−p

for all p < i. Thus,v /∈ S′
p. Now, if V ′

i * S′
i, thenw(S′

i) = w(S′
i+1) = 2k−i and we

deduce thatw(S′) > w(S′
1) + . . .+w(S′

i+1) =
∑i

j=1 2k−j + 2k−i = 2k, which is a
contradiction. SinceV ′

i 6= { } for i 6 k, we deduce thatℓ > k. Consequently,ℓ = k,
since∀v ∈ V ′, w(v) > 1. Now, gettingS = (S1, . . . , Sk) whereSi = (S′

i \ V ′
i ) ∪ Vi

for eachi = 1, . . . , k, we obtain a node coloring ofG.

By using the results of Kratochvil [KRA 93] on theNP-completeness of PREXT

NODE COLORINGin bipartite planar graphs andP13-free bipartite graphs, we deduce:

COROLLARY 10.7.– In bipartite planar graphs,MIN WEIGHTED NODE COLORINGis
stronglyNP-hard and it is not87 − ε-approximable for allε > 0 unlessP=NP.

Proof. PREXT NODE COLORING with k = 3 has been provedNP-complete in
[KRA 93] for bipartite planar graphs. Since these graphs are closed when we add a
pending edge with a new node, the result follows. Moreover, from the proof of The-
orem 10.8 withk = 3, we deduce that it isNP-complete to distinguish whenever
opt(I) 6 7 andopt(I) > 8.

As a consequence,MIN WEIGHTED NODE COLORING is alsoNP-hard ifG is a
comparability graph (i.e., a graph whose edges can be transitively oriented). The above
proof also shows that the problem ofMIN WEIGHTED NODE COLORINGis NP-hard
for a bipartite graphG as soon as the weightsw(v) can take three different values.
Finally, note that in [WER 02, DEM 07], it is also proved that on the one hand,MIN

WEIGHTED NODE COLORINGremainsNP-hard in bipartite graphs with a maximum
degree at most 14 and, on the other hand,MIN WEIGHTED NODE COLORINGis poly-
nomial in bipartite graphs when the weights take at most two distinct values.

COROLLARY 10.8.– InP21-free bipartite graphs,MIN WEIGHTED NODE COLORING

is stronglyNP-hard and it is not3231 − ε-approximable for allε > 0 unlessP=NP.

Proof. PREXT NODE COLORING with k = 5 has been provedNP-complete in
[KRA 93] for P13-free bipartite graphs. When, we add gadgetsTi with i 6 5, G′

becomesP21-free bipartite graphs. Moreover, from the proof of Theorem 10.8 with
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k = 5, we deduce that it isNP-complete to distinguish wheneveropt(I) 6 31 and
opt(I) > 32.

In Hujter and Tuza [HUJ 96], it is shown that PREXT NODE COLORING is NP-
complete inP6-free bipartite chordal graphs for unboundedk (a bipartite graph is
chordal if the induced cycles of length at least 5 have a chord). Unfortunately, we
cannot use this result in Theorem 10.8 since the resulting graph has an induced chain
with arbitrarily large length. However, we can adapt their reduction to our problem.

THEOREM 10.9.– MIN WEIGHTED NODE COLORINGis NP-hard inP8-free bipartite
graphs.

Proof. We shall reduce 3-SAT-3, proved to beNP-complete in Papadimitriou
[PAP 94], to our problem. Given a collectionC = (C1, . . . , Cm) of clauses over the
setX = {x1, . . . , xn} of Boolean variables such that each clauseCj has at most three
literals and each variable appears twice positively and once negatively, we construct
an instanceI = (BP,w) in the following way:

– we start fromBP1 = (L1, R1;E1), which is a complete bipartite graphKn,m

whereL1 = {x1, . . . , xn} andR1 = {c1, . . . , cm}. Moreover, each node ofBP1 has
weight 1;

– there is also another bipartite graphBP2 isomorphic toK2n,2n where a per-
fect matching has been deleted. More formally,BP2 = (L2, R2;E2) whereL2 =
{l1, . . . , l2n}, R2 = {r1, . . . , r2n} and [li, rj ] ∈ E2 if and only if i 6= j. Finally,
w(li) = w(ri) = 22n−i for i = 1, . . . , 2n. Indeed, sets{l2i−1, r2i−1} and{l2i, r2i}
will correspond to variablexi andxi respectively;

– betweenBP1 andBP2 there is a setE3 of edges.[xi, rj ] /∈ E3 iff j = 2i− 1 or
j = 2i and[li, cj] /∈ E3 iff i = 2k − 1 andxk is inCj or i = 2k andxk is inCj .

Figure 10.5 illustrates the construction of the complement ofBP with the clause
cm = x1 ∨ x2 ∨ xn.

Let us show thatBP isP8-free. We represent in Figure 10.6 the possible subgraphs
onBP1 (configurationA1,A2 andA3) and onBP2 (configurationB1 toB9) induced
by a chain onBP . In configurationsA3 andB9, the number of nodes is arbitrary. Note
that the upper line may correspond either toL1 orR1 for the left part (andL2 orR2

for the right part). Now we look at the possible ways to link a configurationAi to a
configurationBj to obtain a chain of length (at least) 8:

– if we chooseA1, we easily see that it is impossible;

– if we chooseA2, the only way to have a chain of length at least 8 is to choose
B8 and link a node ofA2 to a node ofB8. In this case, we can see that the upper
line corresponds toR1 (left part) andL2 (right part), and that there is a clause which
contains a variable and its negation;
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Figure 10.5.Complement of graphBP with the clausecm = x1 ∨ x2 ∨ xn
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. . .
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. . .

B9

Figure 10.6.Subgraphs onBP1 andBP2 induced by a chain

– if we chooseA3, the only possibility to have a chain of length at least 8 is to
chooseB9. But in this case, the chain simply alternates a node ofR1 and a node of
L2. Then, at least one node ofL2 is not linked to at least 3 nodes ofR1, i.e. a literal
appears in at least 3 clauses.

We claim that(X, C) is satisfiable if and only ifopt(I) 6 22n − 1.

Let g be a truth assignment satisfying(X, C). We build inductively the colors.
S0 = { } and for i = 1, . . . , n, S2i−1 = {l2i−1, r2i−1} ∪ {cj : cj /∈ Sp, p <
2i− 1, g(xi) = 1 andxi is inCj}, S2i = {l2i, r2i} ∪ {cj : cj /∈ Sp, p < 2i, g(xi) =
0 andxi is inCj}. Finally, if g(xi) = 1 then we addxi to S2i; otherwise, we addxi

to S2i−1. We can easily see thatS = (S1, . . . , S2n) is a node coloring ofBP with
w(S) = 22n − 1.

Conversely, letS = (S1, . . . , Sℓ) be a node coloring ofBP with w(S) = 22n−1.
An inductive proof oni shows that{li, ri} ⊆ Si (otherwise, we havew(S) > 22n);
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consequently,ℓ = 2n. Thus, by settingg(xi) = 1 if xi ∈ S2i andg(xi) = 0 if
xi ∈ S2i−1, we obtain a truth assignment satisfying(X, C).

10.4.2.P5-free bipartite graphs

We now prove thatMIN WEIGHTED NODE COLORINGis polynomial forP5-free
bipartite graphs, i.e., without induced chain on 5 nodes. Notice that in generalP5-free
graphs,MIN WEIGHTED NODE COLORINGis NP-hard since on the one hand, the split
graphs areP5-free and on the other hand,MIN WEIGHTED NODE COLORINGis NP-
hard in split graphs (see section 10.5). There are several characterizations ofP5-free
bipartite graphs (see, for example, Hammeret al. [HAM 90], Chunget al. [CHU 90]
and Hujter and Tuza [HUJ 93]). In particular,BP is aP5-free bipartite graph iffBP
is bipartite and each connected component ofBP is 2K2-free, i.e., its complement is
C4-free.

LEMMA 10.3.– In P5-free bipartite graph, any optimal weighted node coloring uses
at most 3 colors.

Proof.LetBP = (L,R;E) be aP5-free bipartite graph with connected components
BP1, . . . , BPp. Assume the reverse and let us consider an optimal solutionS∗ =
(S∗

1 , . . . , S
∗
ℓ ) with ℓ > 4 andw(S∗

1 ) > . . . > w(S∗
ℓ ). Observe that, without loss

of generality, we can assume that there exists a connected componentBPk0 colored
with ℓ colors and any connected componentBPi usingj colors is colored with colors
1, . . . , j. Moreover, we also suppose that in any connected componentBPj , each node
colored with colori > 2 is adjacent to nodes with colors1, . . . , i− 1 (by applying a
greedy rule onS∗, see Theorem 10.1).

We claim that there exists1 6 i < j 6 ℓ such thatS∗
k ∩L 6= { } andS∗

k ∩R 6= { }
for k = i, j.

Otherwise, sinceℓ > 4, we must haveS∗
i0
⊆ L (resp.,S∗

i0
⊆ R) andS∗

j0
⊆ L

(resp.,S∗
j0
⊆ R) for somei0 < j0. In this case, by mergingS∗

i0
with S∗

j0
, we obtain a

better node coloring thanS∗, which is a contradiction.

So, consider the connected componentBPk0 and letlj ∈ S∗
j ∩L andrj ∈ S∗

j ∩L
be two nodes ofBPk0 . From this claim, we deduce that there exist 2 other nodes
li, ri of BPk0 such thatli ∈ S∗

i ∩ L, ri ∈ S∗
i ∩ R and [li, rj ] ∈ E, [lj , ri] ∈ E.

SinceBP is bipartite, these 2 edges are independent, which is a contradiction with
the characterization ofP5-free bipartite graphs.

Let BP1, . . . , BPp be the connected components ofBP where BPi =
(Li, Ri;Ei). Let S∗ = (S∗

1 , S
∗
2 , S

∗
3 ) (with maybe someS∗

i = { }) be an optimal
solution withw(S∗

1 ) > w(S∗
2 ) > w(S∗

3 ) and denote byS∗i = (S∗,i
1 , S∗,i

2 , S∗,i
3 ) the re-

striction ofS∗ to the subgraphBPi. Note that we may assumew(S∗,i
1 ) > w(S∗,i

2 ) >
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w(S∗,i
3 ) (otherwise, we can flip the color without increasing the weight). Moreover,

we have:

LEMMA 10.4.– We can always assume that one of these situations occurs, for any
i = 1, . . . , p:

(i) S∗,i
1 = Li (resp.,S∗,i

1 = Ri), S
∗,i
2 = Ri (resp.,S∗,i

2 = Li) andS∗,i
3 = { }.

(ii) S∗,i
1 ∩Li 6= { } andS∗,i

1 ∩Ri 6= { },S∗,i
2 ⊂ Ri (resp.,S∗,i

2 ⊂ Li) andS∗,i
3 ⊂ Li

(resp.,S∗,i
3 ⊂ Ri).

Proof.LetBP = (L,R;E) be aP5-free bipartite graph with connected components
BP1, . . . , BPp. Assume thatS∗,i

1 ∩Li = { } orS∗,i
1 ∩Ri = { }. In this case, it is clear

that we are in the first item(i) (since we have assumed thatw(S∗,i
1 ) > w(S∗,i

2 ) >

w(S∗,i
3 )). Now, suppose thatS∗,i

1 ∩ Li 6= { } andS∗,i
1 ∩ Ri 6= { }; from the proof of

Lemma 10.3, the result follows.

The algorithm calculating an optimal solution is described in the following way:

P5-FREEBIPARTITECOLOR

1) For allk1, k2 ∈ {w(v) : v ∈ V }, k1 > k2, do: for all connected component
BPi = (Li, Ri;Ei), i = 1, . . . , p, do

a) If Li ∪Ri \ (L′
i ∪R′

i) is an independent set whereL′
i = {v ∈ Li : w(v) 6

k1} andR′
i = {v ∈ Ri : w(v) 6 k2} then setSk1,k2

2,i = L′
i, S

k1,k2

3,i = R′
i and

Sk1,k2

1,i = Li ∪Ri \ (L′
i ∪R′

i);
b) Otherwise, ifLi ∪ Ri \ (L′

i ∪ R′
i) is an independent set whereL′

i = {v ∈
Li : w(v) 6 k2} andR′

i = {v ∈ Ri : w(v) 6 k1} then setSk1,k2

2,i = R′
i,

Sk1,k2

3,i = L′
i andSk1,k2

1,i = Li ∪Ri \ (L′
i ∪R′

i);
c) Otherwise go to step 1;
d) Set Sk1,k2

j = ∪p
i=1S

k1,k2

j,i for j = 1, 2, 3 and Sk1,k2 =

(Sk1,k2

1 , Sk1,k2

2 , Sk1,k2

3 ) (with possiblySk1,k2

1 = { });
2) OutputS = argmin{w(Sk1,k2) : k2 6 k1}.

This algorithm has a complexityO(n|w|2) where|w| = |{w(v) : v ∈ V }|. By
applying a dichotomy technique onk2, we can improve it toO(n|w|log|w|). Note that
this algorithm also calculates the best node 2-coloring among the colorings using at
most 2 colors (whenk1 = wmax).

THEOREM 10.10.– MIN WEIGHTED NODE COLORING is polynomial inP5-free bi-
partite graphs.

Proof. Let S∗ = (S∗
1 , S

∗
2 , S

∗
3 ) (with possiblyS∗

1 = { }) be an optimal solution
satisfying Lemmas 10.3 and 10.4. We assume thatw(S∗

2 ) > w(S∗
3 ) and if S∗
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is a node 3-coloring, then we havew(S∗
1 ) = wmax; otherwisew(S∗

1 ) = 0. Let
k1 = w(S∗

2 ) and k2 = w(S∗
3 ); consider the step of algorithm corresponding to

k1, k2. If S∗ is a node 2-coloring, then the result is true. So, assume thatS∗
1 6= { };

by construction,P5-FREEBIPARTITECOLORcalculates a feasible solutionSk1,k2 with
w(Sk1,k2

1 ) 6 wmax, w(Sk1,k2

2 ) 6 k1 andw(Sk1,k2

3 ) 6 k2. Thus, we deduce the
expected result.

Let us finish this section by mentioning that ifI = (G,w) whereG = (V,E)
is the complement of a bipartite graph, thenMIN WEIGHTED NODE COLORING is
polynomial. Indeed, this is a particular case of the result for complements of triangle-
free graphs.

10.5. Split graphs

In this section, we examine the situation ofsplit graphs, i.e., graphsG =
(K1, V2;E) in which the node setV can be partitioned into a stable setV2 and a
cliqueK1. These graphs can be considered as intermediate between bipartite graphs
and complements of bipartite graphs. We mainly prove thatMIN WEIGHTED NODE

COLORING is stronglyNP-hard and admits a PTAS in this class of graphs.

10.5.1. Complexity result

The following theorem, characterizes the complexity ofMIN WEIGHTED NODE

COLORING in split graphs.

THEOREM 10.11.– MIN WEIGHTED NODE COLORING is stronglyNP-hard for split
graphs.

Proof. We shall use a reduction from the following problem calledMIN SET COVER:
given a collectionC = {Cj : j ∈ J} of subsets of a setX and a positive integerq
(q 6 |J |), does there existJ ′ ⊆ J such that the subcollectionC′ = {Cj : j ∈ J ′}
satisfies|J ′| 6 q and∪j∈J′Cj = X? MIN SET COVERwas shown to beNP-complete
in [KAR 72].

We shall transform an instance({Cj : j ∈ J}, X) of MIN SET COVER into an
instanceI = (G,w) of MIN WEIGHTED NODE COLORING, whereG = (V,E) is a
split graph. Let us construct the graphG as follows. Each elementx of X becomes
a nodevx of the stable setV2; each subsetCi in C corresponds to a nodeci of the
cliqueK1 of G. The setN(ci) of neighbors of nodeci is given by:N(ci) = {vx :
x ∈ X \ {vx : x ∈ Ci}. The weights are given byw(cj) = |J |, for j ∈ J , and
w(vx) = |J |+ 1, for vx ∈ V2.
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Then there exists a set coverC′ = {Cj : j ∈ J ′} with ∪j∈J′Cj = X and|J ′| 6 q
if and only if there exists inG ak-coloringS = (S1, . . . , Sk) with w(S) 6 |J |2 + q.
This can be seen as follows. Assume that we have a set coverC′ = {Cj : j ∈ J ′} with
|J ′| 6 q and for eachx ∈ X let j(x) = min{j ∈ J ′ : x ∈ Cj}; for j = 1, . . . , |J |
let Si = {ci} ∪ {vx : j(x) = i}. This gives a|J |-coloringS of G: sinceC′ is a set
cover, every nodevx ∈ V2 is introduced into a setSi. Furthermore,x ∈ Cj implies
that nodesvx andcj of G are not linked by an edge and hence eachSi is a stable set.

Noww(S) =
∑|J|

j=1 w(Sj) and we havew(Sj) = |J | if j /∈ J ′ andw(Sj) 6 |J |+ 1

if j ∈ J ′. Hencew(S) 6 |J |2 + q. Conversely, letS = (S1, . . . , Sk) be ak-coloring
of G with w(S) 6 |J |2 + q. We haveq 6 |J | and henceq < |J | + 1. SinceG has a
cliqueK1 on |J | nodescj satisfyingw(cj) = |J | and since all nodesvx ∈ V2 have
w(vx) = |J |+1, the coloringS is a|J |-coloring. This means that we can assume that
cj ∈ Sj for j = 1, . . . , |J |. Sincew(S) 6 |J |2 + q, there are at mostq subsetsSj in S
with w(Sj) = |J | + 1. For every nodevx ∈ V2 there exists a stable setSi(x) which
containsvx. This implies that for eachvx ∈ V2, there exists a subsetCi(x) in C which
containsx. Let J ′ = {j : j = i(x) for somevx ∈ V2}; it follows that∪j∈J′Cj = X .
Furthermore, sincew(Si(x)) = |J |+1 for anyvx and sincew(S) 6 |J |2 +q, we have
|J ′| 6 q. Hence,C′ = {Cj : j ∈ J ′} is the required set cover.

The proof of Theorem 10.11 shows that the problem isNP-hard even if the weights
can take only two values. As observed in [BOU 00], the problem is easy if all weights
are 1; it amounts to finding the chromatic number of a split graphG = (K1, V2;E).
We haveχ(G) = |K1| whereK1 is the maximum clique. More generally, when all
weights are 1, the problem is just graph coloring, which is polynomial for perfect
graphs and some other classes (see for instance Brandstädtet al. [BRA 99]).

It also follows from the proof of Theorem 10.11 thatMIN WEIGHTED NODE COL-
ORING is NP-hard for chordal graphs (i.e., graphs where every cycle of length at least
four has a chord), since a split graph is a chordal graph.

10.5.2. Approximation result

From Theorem 10.11 we deduce that there is no fully polynomial time approxi-
mation scheme in this class of graphs. Here, we propose a polynomial time approxi-
mation scheme using structural properties of optimal solutions. An immediate obser-
vation of split graphs is that any optimal node coloringS∗ = (S∗

1 , . . . , S
∗
ℓ ) satisfies

|K1| 6 ℓ 6 |K1|+1 and any colorS∗
i is a subset ofV2 with possibly one node ofK1.

In particular, for any optimal node coloringS∗ = (S∗
1 , . . . , S

∗
ℓ ) , there exists at most

one indexi(S∗) such thatS∗
i(S∗) ∩K1 = { }.

LEMMA 10.5.– There is an optimal weighted node coloringS∗ = (S∗
1 , . . . , S

∗
ℓ ) with

w(S∗
1 ) > . . . > w(S∗

ℓ ) and an indexi0 6 ℓ+ 1 such that:
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– ∀j < i0 S
∗
j = {vj} ∪ {v ∈ V2 : v /∈ ∪j−1

k=1S
∗
k and[v, vj ] /∈ E} for some

vj ∈ K1.

– S∗
i0 = V2 \ (S∗

1 ∪ . . . ∪ S∗
i0−1).

– ∀j > i0 S
∗
j = {vj} for somevj ∈ K1.

Proof.LetG = (K1, V2;E) be a split graph and letS∗ = (S∗
1 , . . . , S

∗
ℓ ) with w(S∗

1 ) >

. . . > w(S∗
ℓ ) be an optimal weighted node coloring ofG. If ℓ = n1 (we recall that

n1 = |K1|), then we seti0 = ℓ+1, otherwise leti0 be the uniquei such thatS∗
i ∩K1 =

{ }. We build setS∗′

i in the following way:

– for i = 1, . . . , i0 − 1, S∗′

i = {vi} ∪ {v ∈ V2 : v /∈ ∪i−1
k=1S

∗′

k and[v, vi] /∈ E}
where we assume thatS∗

i ∩K1 = {vi};
– S∗′

i0 = V2 \ (S∗′

1 ∪ . . . ∪ S∗′

i0−1);

– for i = i0 + 1, . . . , ℓ, S∗′

i = S∗
i ∩K1.

Thus, wheni0 = ℓ+1, the sets resulting from the second and third steps are empty.
Let us prove that:

∀i = 1, . . . , ℓ, w(S∗′

i ) 6 w(S∗
i ) [10.7]

Sincew(S∗
1 ) > . . . > w(S∗

ℓ ), we havew(S∗
i ) = max{w(v) : v ∈ K1 ∪ V2 \

(S∗
1 ∪ . . . ∪ S∗

i−1)}. Moreover, by construction,∪i−1
j=1S

∗
j ⊆ ∪i−1

j=1S
∗′

j . Thus, the result
follows.

Using inequality [10.7], we deduce that node coloringS∗′

= (S∗′

1 , . . . , S
∗′

ℓ ) has
a costw(S∗′

) 6
∑ℓ

i=1 w(S∗
i ) = opt(I) and thenS∗′

is an optimal weighted node
coloring satisfying Lemma 10.5.

SPLITNODECOLORk

1) For all subsetK ′
1 ⊆ K1 with |K ′

1| = p 6 k do: for all bijectionsf :
{1, . . . , p} 7−→ K ′

1 do

a) For i = 1 to p set SK′
1,f

i = {f(i)} ∪ {v ∈ V2 : v /∈
∪i−1

k=1S
K′

1,f
k and[v, f(i)] /∈ E};
b) SetSK′

1

p+1,f = V2 \ (S
K′

1,f
1 ∪ . . . ∪ SK′

1,f
p );

c) Fori = p+2 ton1 +1 (assumeK1 \K ′
1 = {vp+2, . . . , vn1+1) setSK′

1,f
i =

{vi};
d) SetSK′

1,f = (S
K′

1,f
1 , . . . , S

K′
1,f

n1+1);

2 OutputS = argmin{w(SK′
1,f )}.
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This algorithm has a time complexityO(k!nk+1).

THEOREM 10.12.–For all ε > 0, SPLITNODECOLOR⌈1ε⌉ produces a(1 + ε)-approx-

imation for MIN WEIGHTED NODE COLORINGin split graphs.

Proof. Let G = (K1, V2;E) be a split graph and letS∗ = (S∗
1 , . . . , S

∗
ℓ ) with

w(S∗
1 ) > . . . > w(S∗

ℓ ) be an optimal weighted node coloring ofG satisfying
Lemma 10.5. Letk =

⌈
1
ε

⌉
. If i0 6 k, then by construction the solutionS returned by

SPLITNODECOLORk is optimal. So, assume thati0 > k and letK∗′

1 = (∪k
j=1S

∗
j ) \ V2.

Obviously,|K∗′

1 | = k and letf∗(i) = S∗
i ∩K1 for i = 1, . . . , k.

Let us examine the solutionSK∗′

1 ,f∗

corresponding to the stepK ′
1 = K∗′

1 and
f = f∗ of SPLITNODECOLORk. By construction, we have:

∀i = 1, . . . , k, S
K∗′

1 ,f∗

i = S∗
i [10.8]

Moreover, sinceK1 \K∗′

1 ⊆ S∗
k+1 ∪ . . .∪S∗

ℓ andK1 \K∗′

1 is a clique, we obtain:

n1+1∑

j=k+2

w(S
K∗′

1 ,f∗

i ) 6

ℓ∑

j=k+1

w(S∗
i ) [10.9]

Thus, combining [10.8] and [10.9], we deduce:

w(SK∗′

1 ,f∗

)− w(S
K∗′

1 ,f∗

k+1 ) 6 opt(I) [10.10]

Moreover, by construction,w(S
K∗′

1 ,f∗

k+1 ) 6 w(S∗
k) 6 . . . 6 w(S∗

1 ) and then:

w(S
K∗′

1 ,f∗

k+1 ) 6
1

k
× opt(I) [10.11]

Finally, using these two last inequalities with1k 6 ε, we obtain the expected result.
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10.6. Cographs

The case ofP4-free graphs (or, equivalently, graphs containing no induced
chainP4 on four nodes) has to be mentioned. These graphs, also called cographs,
are a subclass of the perfectly ordered graphs introduced in Chvátal [CHV 84]. For
the perfectly ordered graphs, an orderθ on the node setV can be defined in such a
way that for any induced subgraphG′ of the original graphG thegreedy sequential al-
gorithm(GSC) based on the orderθ′ induced byθ on the nodes ofG′ gives a minimum
coloring ofG′ (i.e., a coloring in exactlyχ(G′) colors). Here theGSC algorithm based
on an orderθ consists of examining consecutively the nodes as they occur inθ and
coloring them with the smallest possible color. As observed in [WER 90], a graphG
is a cograph if and only if for all induced subgraphsG′ of G theGSC based on any
orderθ gives a coloring ofG′ in χ(G′) colors.

LEMMA 10.6.–If I = (G,w) whereG = (V,E) is a cograph, then allk-colorings
S = (S1, . . . , Sk) minimizingw(S) satisfyk = χ(G).

Proof. Assume that there is ak′-coloringS∗ = (S∗
1 , . . . , S

∗
k′) which is an optimal

solution ofMIN WEIGHTED NODE COLORINGon I = (G,w), whereG is a cograph
and for whichk′ > χ(G). As before, we assume thatw(S∗

1 ) > w(S∗
2 ) > . . . >

w(S∗
k′ ). We can order the nodes ofG by taking consecutively the nodes ofS∗

1 , those
of S∗

2 and so on. Using the resulting order we can apply theGSC algorithm which
will produce ak-coloring withk = χ(G). Each nodev with color j will have after
recoloring a colori 6 j.

Let us examine what happens when some nodev initially with color j gets a color
i < j. LetS = (S1, . . . , Sk) be the resulting coloring; we haveSr = S∗

r for r 6= i, j.
Also,Sj = S∗

j \{v}, Si = S∗
i ∪{v}. Sow(Sj) 6 w(S∗

j ) and sincew(v) 6 w(S∗
j ) 6

w(S∗
i ), we also havew(Si) 6 w(S∗

i ) and hencew(Sr) 6 w(S∗
r ) for r = 1, . . . , k.

So,w(S) 6 opt(I).

Now, if we callS′ = (S′
1, . . . , S

′
k) thek-coloring resulting from theGSC algorithm

with the order described above, we will havew(S′) 6 w(S∗). But nowS′
k+1 = { }, so

0 = w(S′
k+1) < w(S∗

k+1) because all weights are positive. Hence,w(S′) < w(S∗),
which is a contradiction.

We can now show that there is a polynomial algorithm which constructs ak-
coloringS which is an optimal solution ofMIN WEIGHTED NODE COLORING; such a
result can be expected from graphs like cographs for which several generally difficult
coloring problems are easier (see Jansen and Scheffler [JAN 97] for example).

THEOREM 10.13.–LetG = (V,E,w) be a a weighted cograph. Then the coloringS
constructed by theGSC algorithm based on any orderθ whereu < v (u beforev
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in θ) implies thatw(u) > w(v) is an optimal coloring ofMIN WEIGHTED NODE

COLORING.

Proof.Let t1 > t2 > . . . > tr be the values taken by the weightsw(v) in G. Everyk-
coloringS = (S1, . . . , Sk) of G with k = χ(G) andw(S1) > w(S2) > . . . > w(Sk)
satisfies:

w(Si) > max {ts : ω(G(s)) > i} .
whereω(H) denotes the maximum size of a clique in a graphH andG(s) is the
subgraph generated by all nodesv with w(v) > ts. Indeed, any suchk-coloring will
have the firstω(G(1)) setsSi with w(Si) = t1; also the firstω(G(2)) setsSi will
havew(Si) > t2 and generally the firstω(G(s)) setsSi will havew(Si) > ts. Now
consider thek-coloringS′ = (S′

1, . . . , S
′
k) obtained by applying theGSC algorithm

based on any orderθ with non-increasing weights. Letp(s) be the largest color given
to a nodev withw(v) = ts; let v0 be such a node. Since cographs are perfectly ordered
graphs (with respect to our orderθ), it follows by considering the subgraphG′ of G
generated byv0 and all its predecessors inθ that there is inG′ a cliqueK ∋ v0 with
K ∩ S′

i 6= { } for i = 1, . . . , p(s). Clearly,w(v) > ts for every nodev ∈ K. This
means thatp(s) 6 ω(G(s)). NowS′ (where we havew(S′

1) > . . . > w(S′
k)) satisfies

w(S′
i) = max{ts : p(s) > i}; but thenw(S′

i) 6 max{ts : ω(G(s)) > i} and we have
w(S′

i) = max{ts : ω(G(s)) > i} for i = 1, . . . , k. SoS ′ is an optimum coloring of
MIN WEIGHTED NODE COLORING.

The above proof shows in fact that if we are given a perfectly ordered graphG
and if the orderθ of non-increasing weights is such that theGSC algorithm gives a
minimum coloring (i.e., ak-coloring withk = χ(G)), then we can find an optimum
coloring ofMIN WEIGHTED NODE COLORING. For cographs, this condition was sat-
isfied since any orderθ could be chosen to construct a minimum coloring.

10.7. Interval graphs

Interval graphs are frequently used in practice, in particular when dealing with
scheduling problems. An interval graph is the intersection graph of a set of intervals.
A well known characterization of interval graphs is the following:G is an interval
graph iffG is a chordal graph andG is a co-comparability graph. Although the col-
oring problem is polynomial in interval graphs (since an interval graph is a chordal
graph), in this section, we prove that theMIN WEIGHTED NODE COLORINGproblem is
stronglyNP-hard in interval graphs. The status ofMIN WEIGHTED NODE COLORING

in interval graphs was an open question raised in [GUA 97]. From the approximation
viewpoint, a2-approximate algorithm is provided in [PEM 05].

Note that the result given in Theorem 10.11 does not allow us to conclude thatMIN

WEIGHTED NODE COLORINGis NP-hard in interval graphs since this class is strictly
included in the class of chordal graphs.
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THEOREM 10.14.– MIN WEIGHTED NODE COLORING is stronglyNP-hard in inter-
val graphs.

Proof. We reduce the Circular Arc Coloring problem to our problem. A circular arc
graph is the intersection graph of the arcs of a circle. Gareyet al. [GAR 80] proved
that the Circular Arc Coloring problem, i.e., the problem of finding a minimum size
coloring in circular arc graphs, isNP-hard. LetG be the intersection graph of then-
tuple of circular arcsA = (Aj)j∈{1,···,n} and letk ∈ {1, · · · , n}. Assume, without
loss of generality, that the intervalsAj are open. We transform this instance of Circular
Arc Coloring in an instanceI ′ = (G′, w) of MIN WEIGHTED NODE COLORING as
follows. Let a be any point on the circle, andJ0 = {j : a ∈ Aj}. For simplicity,
assume wlog. that pointa belongs to some arcs and thatJ0 = {1, · · · , j0}, for some
j0 > 1. For anyj 6 j0, we split intervalAj = (cj , dj) in A′

j = (cj , a) andA′′
j =

(a, dj). For j > j0, we defineA′
j = Aj . LetA′ be the(n + j0)−tuple of intervals

(A′
j)j∈{1,···,n} and (A′′

j )j6j0 . Let G′ be the intersection graphs ofA′. We set the
weightsw ofG′ in the following way:w(v′j) = w(v′′j ) = 2k(j0 +1− j) if j 6 j0 and
w(v′j) = 1 for j > j0. The description of instanceI ′ = (G′, w′) of MIN WEIGHTED

NODE COLORINGis now complete.

Note that{vj , j 6 j0} is a clique in G. We can suppose thatk > j0 (otherwise
G is trivially not k-colorable). We claim thatχ(G) 6 k (whereχ(G) denotes the
chromatic number ofG) if and only if opt(G′) 6 kj0(j0 + 1) + k − j0 = B.

Suppose thatS = (S1, · · · , Sk) is a coloring ofG. Then, setS′ = (S′
1, · · · , S′

k)
whereS′

i = Si\{vj : j 6 j0}∪{v′j , v′′j : vj ∈ Si, j 6 j0}. We can easily see thatS′ is

a coloring ofG′. Furthermore, we haveopt(G′) 6 w(S′) = 2k
∑j0

j=1 j+ (k− j0) =
B.

Conversely, letS′ = (S′
1, · · · , S′

l) be a coloring ofG′ with opt(I ′) = w(S′) 6 B.
Assume thatw(Si) > w(Sj) for any j > i and note that{v′1, v′′1 } ∈ S′

1, otherwise
opt(I ′) = w(S′) > 2kj0 + 2kj0 + 2k

∑j0−2
j=1 j = kj0(j0 + 1) + 2kj0 > B. With

a similar argument, we can show that{v′j , v′′j } ∈ S′
j for any j 6 j0. Consequently,

w(S′) = kj0(j0 + 1)+ (l− j0) and thenl 6 k. SetSi = S′
i \ {v′i, v′′i }∪ vi for i 6 j0

andSi = S′
i for i > j0. S = (S1; · · · , Sl) is al-coloring ofG, andχ(G) 6 l 6 k.

Using Theorem 10.14 and the characterization of interval graphs, we deduce
that the MIN WEIGHTED NODE COLORING problem is stronglyNP-hard in co-
comparability graphs.
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Chapter 11

Weighted Edge Coloring

11.1. Introduction

In several communication systems [INU 79, BON 81, GOP 85, REN 85, RIB 89,
PRA 00, KES 04] messages are to be transmitted in a single hop from senders to re-
ceivers through direct connections established by an underlying switching network.
In such a system, a sender (resp. receiver) cannot send (resp. receive) more than one
message at a time, while the transmission of messages between different senders and
receivers can take place simultaneously. The scheduler of such a system establishes
successive configurations of the switching network, each one routing a non-conflicting
subset of the messages from senders to receivers. Given the transmission time of each
message, the transmission time of each configuration equals to that of the heaviest
message transmitted. Moreover, in practice there is a significant set-up delay to estab-
lish each configuration. Note, for example, that in optical switches this overhead may
dominate the transmission time. The aim of the scheduler is to find a sequence of con-
figurations such that all the messages are finally transmitted and the total transmission
time (including set-up delays) is minimized.

This problem can be formulated in graph-theoretic terms as following: senders and
receivers can be considered as the verticesV of a weighted graphG = (V,E), whose
edgesE correspond to messages and their weightsw(e), e ∈ E, to the lengths (trans-
mission times) of messages. Although the graphG obtained is originally a weighted
directed one, it can be considered as an undirected one, since the directions of its edges
do not play any role in the objective function we study here. Clearly, a configuration
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corresponds to a matching or a color (in terms of edge coloring) of the graphG. In
this context, we ask for a partitionM = {M1,M2, . . . ,Ms} of the set of edgesE of
the graphG into matchings (colors), each one of weightwi = max{w(e)|e ∈ Mi},
such thatW =

∑s
i=1 wi is minimized.

Due to the fact that the weightwi of each color is defined as the maximum weight
of the edges coloredMi, in what follows we shall refer to this problem as Max-weight
Edge Coloring (MEC) problem. Clearly, if all the edges ofG have the same weight
then the MEC problem amounts to the traditionaledge coloringproblem, where the
objective is to minimize the number of colors (matchings) required in order to assign
different colors to neighboring edges.

An alternative way to represent the input as well as the solution is by using a
traffic matrixA = (axy), where every elementaxy is equal to the transmission time
from senderx to receivery. The goal is to find a collection of switching matrices
(i.e., with at most one non-zero entry in each row and in each column)A1, A2, ..., As,
such that: (i)A1 + A2 + . . . + As = A and (ii)

∑s
i=1 w(Ai) is minimized, where

w(Ai) = max{axy| axy ∈ Ai}.

The MEC problem is equivalent to the parallel batch scheduling problem with
(in)compatibilities between jobs. According to the standard notation for scheduling
problems we denote this variant as1 | p − batch, graph | Cmax. In this variant jobs
are no longer independent but they correspond to the edges of a weightedgraph.
Edge weights correspond to processing times of jobs and the graphG describes
(in)compatibilities between jobs, i.e. jobs corresponding to adjacent edges cannot be
scheduled in the same batch (color).

During the last years, several complexity and approximability results for the MEC
problem have been presented. Table 11.1 summarizes all the existing and known re-
sults for the MEC problem.

In this chapter, which is an extension of Chapter 10 to edge coloring, we review the
known complexity and approximability results for the MEC problem. In the next sec-
tion we present briefly some related problems, while in section 11.3 we give the nota-
tion we use and some preliminaries. In section 11.4 the most recentNP-completeness
proof for the MEC problem on cubic planar bipartite graphs is presented, while in
section 11.5 a polynomial algorithm for graphs of maximum degree two is shown.
Then, a2-approximation algorithm for general graphs is presented in section 11.6. In
section 11.7 three approximation algorithms for some special cases of bipartite graphs
are presented. Finally, in section 11.8 we present two polynomial algorithms for trees:
the first one for trees of bounded degree and the second one for stars of chains. We
conclude in section 11.9.
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Class of graphG Known results

∆ = 2 Polynomially solvable [ESC 06]
Stars of chains Polynomially solvable [LUC 07]

Trees
Polynomially solvable for bounded∆ [LUC 07]
Open if∆ is part of the instance

Bipartite

NP-hard and7/6-inapproximable, even ifG is cubic
and planar [WER 04]
(2∆− 1)/3 approximation [DEM 02]
∆ = 3 : 7/6 approximation [WER 04]
∆ 6 7 : ρ(∆) < 2 approximation [LUC 07]

General
2 approximation [KES 04]
∆ 6 4 : ρ(∆) < 2 approximation [ESC 06, LUC 07]

Table 11.1.Known results for the MEC problem

11.2. Related problems

A natural idea to decrease the cost of a solution to such a weighted edge col-
oring problem is to allow the division of each edgee of G into parallel edges
of weights adding up tow(e). In fact, this idea corresponds to the notion of pre-
emption in scheduling problems: interrupt the execution of a job (the transmission
of a message) and complete it later. The weight of each colorMi is now defined as
wi = max{wi(e)|e ∈ Mi}, wherewi(e) is the portion of thee’s weight belonging to
matchingMi, and we ask for a partitionM such that

∑s
i=1 wi(e) = w(e), ∀e ∈ E,

andW =
∑s

i=1 wi is minimized. We shall refer to this variant as pre-emptive MEC
(p-MEC) problem.

The existence of a set-up delay,d, encountered in practical applications to establish
each matching (configuration), does not make any difference for the MEC problem:
this can be taken into account by increasing the weight of all edges ofG by d. Thus,
the weight of each matching inM will be also increased byd, incorporating the set-up
delay for this matching.

On the contrary, the presence of such a parameter affects crucially the complex-
ity of the p-MEC problem. In the absence ofd the p-MEC problem is equivalent
to the pre-emptive open shop scheduling problem which can be solved optimally in
polynomial time [LAW 78]. However, in the presence ofd the p-MEC problem be-
comes stronglyNP-hard [GOP 85] and non-approximablewithin a factor less than7/6
[CRE 01]. Approximation algorithms of factors2 and2− 1

d+1 have been presented in
[CRE 01] and [AFR 05], respectively.
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Max-weight Vertex Coloring (MVC) problem, the analog to the MEC problem,
has been studied more extensively in other works during the last years [BRU 98,
FIN 04, DEM 02, WER 04, ESC 06, PEM 04, PEM 05]. In the MVC problem we ask
for a partition of the vertices ofG into independent sets (colors), each one of weight
equal to the maximum weight of its vertices, so that the total weight of the partition is
minimized.

Note that the MEC problem, on a general graphG, is equivalent to the MVC
problem on the line graph,L(G), ofG and thus any algorithm for the MVC problem
applies also to the MEC problem. However, this is not true for special graph classes,
since the line graph of a special graph (e.g. bipartite or tree) is no longer in the same
special class.

11.3. Preliminaries and notation

In what follows, we consider the MEC problem on a weighted graphG = (V,E).
By d(v), v ∈ V , we denote the degree of vertexv and by∆(G) (or simply∆) the
maximum vertex degree ofG. We define the degree of each edgee(u, v) ∈ E as
d(u, v) = d(u) + d(v) and∆′(G) (or simply∆′) denotes the maximum edge degree.

It is well known that the traditionaledge coloringproblem, isNP-hard even in
cubic graphs [HOL 81], although its optimal solution is either∆ or ∆ + 1 [VIZ 64].
On the other hand, it is solvable in polynomial time for bipartite graphs [KON 16].
Obviously, by applying such an algorithm on a weighted bipartite graph we obtain a
∆-colors solution, in general non-optimal, to the MEC problem. For the number of
matchings in an optimal solution of the MEC problem the following bound holds.

PROPOSITION11.1.–For the number of matchings,s∗, in an optimal solution it holds
that∆ 6 s∗ 6 ∆′ − 1 6 2∆− 1.

Proof. Any solution consists of at least∆ matchings, since there is a vertex with
exactly∆ adjacent edges which belong in different matchings.

Assume that an optimal solution consists of∆′ or more matchings. Consider those
matchings sorted in non-increasing order of their weights. Each edge ofG has at most
∆′ − 2 neighboring edges. So, for each edgee in any (∆′ + i)-th matching,i > 0,
there is one of the first∆′ − 1 matchings wheree can be moved without increasing
the weight of this matching.

The last part of the inequality follows directly from the definition of∆′.

Henceforth, we consider the edges ofG sorted in non-increasing order of their
weights,w(e1) > w(e2) > . . . > w(em). Thus,e1 denotes the heaviest edge ofG.
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By opt we denote the cost of an optimal solution to the MEC problem. We also
assume that in such an optimal solution the graph is decomposed intos∗ matchings,
each one of weightw∗

i . Without loss of generality we consider the matchings of any
solution in non-increasing order of their weights, i.e.w1 > w2 > . . . > ws, and for
the optimal solutionw∗

1 > w∗
2 > . . . > w∗

s∗ .

11.4. Complexity and (in)approximability

Kesselman and Kogan [KES 04], by extending the results of the p-MEC problem
given in [GOP 85, CRE 01], prove that the MEC problem isNP-hard and7/6 inap-
proximable even in bipartite graphs of maximum degree three and the edge weights
restricted to be1, 2 or 3. AnotherNP-hardness proof for the equivalent formulation
of the MEC problem on bipartite graphs in terms of matrix decomposition has been
proposed in [REN 85].

Demangeet al. [DEM 02] prove that the MEC problem is stronglyNP-complete
for k-regular bipartite graphs fork > 3. They, also, prove that it isNP-complete to
approximate the MEC problem for these graphs within a ratio less than2k

2k−1
, which

for k = 3 becomes8/7.

Here, we present a proof for the stronglyNP-completeness of the MEC problem
in cubic bipartite planar graphs proposed in [WER 04]. This proof also yields to an
7/6 inapproximability result.

THEOREM 11.1.– TheMEC problem is stronglyNP-complete in cubic bipartite pla-
nar graphs even if the edge weights are restricted to1, 2 or 3.

Proof. In [MAR 05] it has been shown that the followingEdge Precoloring Exten-
sion (PREXT) problem, in cubic bipartite planar graphs, is stronglyNP-complete:
given a cubic bipartite planar graphG = (V,E) and3 pairwise disjoint matchings
E1, E2, E3 ⊆ E, we ask if it is possible to extend the edge precoloringE1, E2, E3 to
a proper edge3-coloring ofG.

An instanceI = (G′, w) of the MEC problem will be constructed such that the
answer to an instance(G,E1, E2, E3) of the PREXT problem is yes if and only if
there exists a solution for the MEC problem onI with costW ′ 6 6. The construction
of instanceI is the following:

– Each edge inE1 receives weight3.

– Each edge(x, y) ∈ E2 is replaced by a gadgetF2 described in Figure 11.1,
wherex andy correspond tov0 andv9, respectively.

– Each edge inE3 is replaced by a gadgetF3 which is the same as the gadgetF2

except that the weights1 and2 have been exchanged.
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– The remaining edges ofG receive weight1.

v2 v6

v0 v1 v4 v5 v8 v9

v3 v7

2

3

1

1

3

2

2

2

3

1

1

3

2

Figure 11.1.GadgetF2 for e ∈ E2

Note thatG′ is still a bipartite cubic planar graph.

Assume, first, thatG admits an edge3-coloringM = {M1,M2,M3} whereEi ⊆
Mi, for anyi = 1, 2, 3. We get a coloringM ′ = {M ′

1,M
′
2,M

′
3} of G′, whereM ′

1 =
M1 ∪ {e ∈ F2 ∪F3 : w(e) = 3} and, fori = 2, 3,M ′

i = (Mi−Ei)∪ {e ∈ F2 ∪F3 :
w(e) = 4− i}. It is easy to check thatW ′ 6 3 + 2 + 1 = 6.

Conversely, consider an edge coloringM ′ = {M ′
1,M

′
2, . . . ,M

′
s} ofG′ withW ′ 6

6 and w.l.o.g. assume thatw′
1 > w′

2 > . . . > w′
s. It holds thats > 3, since∆(G′) = 3

(Proposition 11.1). All the edges of weight3 must be in the matchingM ′
1, and no edge

of weight2 is inM ′
p, with p > 3, since otherwiseW ′ > 7 (3 + 3 + 1 in the first case

and3 + 2 + 2 in the second case). Moreover, each edge of weight2 is adjacent to an
edge of weight3 and, then, these edges are necessarily inM ′

2. Finally, note that the
edges of the gadgets of weight1 are neighbors to an edge of weight2 and an edge
of weight 3 and must be inM ′

p with p > 3. Therefore, it holds thats = p = 3,
sinceW ′ 6 6. Thus, consider the edge coloringM = {M1,M2,M3} of G, where
Mi = (M ′

i −{e ∈ F2 ∪F3 : w(e) = 4− i})∪Ei, for anyi = 1, 2, 3. It is easy to see
that{M1,M2,M3} is a solution for the PREXT problem.

THEOREM 11.2.– For all ε > 0, theMEC problem is not7/6 − ε approximable in
bipartite cubic planar graphs, unlessP = NP.

11.5. Graphs of∆ = 2

A graphG with ∆(G) = 2 is a collection of chains and cycles. We will call such
a chain or cycle a component ofG. According to Proposition 11.1, the number of
matchings in an optimal solution of the MEC problem in graphs with∆(G) = 2 is
either two or three. Specifically, ifG does not contain an odd cycle, then the optimal
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solution for the MEC problem could have two or three matchings. Otherwise, the op-
timal solution has exactly three matchings, since an odd cycle cannot be decomposed
into less than three matchings.

The MEC problem is polynomial for graphs of maximum degree∆ = 2. This
result follows from the same variant of the MVC problem. In [ESC 06] has been
presented anO(|V |2) algorithm for the MVC problem on chains, which can be easily
adapted for the MVC problem on graphs of maximum degree∆ = 2 (collections of
chains and cycles). Moreover, ifG is a graph of maximum degree 2, then its line graph
L(G) is also a graph with∆(L(G)) = 2.

The algorithm which is presented in [ESC 06], denoted byDEGREE_2 and adapted
for the MEC problem is as follows:

- DEGREE_2

1. for each edge weight c = w(e1), w(e2), . . . do
2. Insert into M1 each edge e ∈ E with w(e) > c
3. If M1 is a matching then

4. For each pair of edges x, y ∈ E with w(x), w(y) > c
in the same connected component in G,
without any other edge e ∈ E with w(e) > c between them

5. If the number of edges between x and y is even then

6. Insert into M3 the minimum-weight edge

between x and y
7. Insert alternately in M1 and M2 the (remaining) edges

between x and y
8. Return the best solution found

Algorithm DEGREE_2 creates at most|E| different solutions and returns the mini-
mum of them. For each possible weight of the second matchingc the algorithm finds
the minimum weight of the third one, while the weight of the first one is known and
equal to the heaviest edge of the graph, i.e.w∗

1 = w(e1) = max{w(e), e ∈ E}. Thus,
in the iteration wherec = w∗

2 DEGREE_2 finds the optimal. Note that can find the op-
timal solution with two matchings, if such a solution exists and it is optimal, since in
the iteration wherec = w∗

2 the third matching may not contain any edge, i.e.w3 = 0.
Finally, observe that algorithmDEGREE_2 can be applied in graphs with cycles. In this
case, edges may exist both betweenx andy and betweeny andx (see Line4), but this
fact does not affect the algorithm.

THEOREM 11.3.– An optimal solution to the MEC problem for graphs of maximum
degree∆ = 2 consists of at most three (i.e., two or three) matchings and can be found
in O(|E|2) time.
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11.6. A2-approximation algorithm for general graphs

Since the weightwi of the matchingMi is equal to the weight of its maximum
edge, a greedy algorithm must group in the same matching edges whose weights are
close to one another. Kesselmanet al. in [KES 04] used this intuition and presented
an algorithm with a tight approximation ratio of2. Note that in [KES 04] it is proved
that this approximation ratio holds for bipartite graphs; however, it is easy to see that
this result also holds for general graphs.

The greedy approximation algorithm, denoted byGREEDY, proposed in [KES 04]
for the MEC problem for any graph follows.

- GREEDY

1. Sort the edges of G in non-increasing order of their weight

2. Using this order find greedily successive

maximal matchings M1,M2, . . . ,Ms

THEOREM 11.4.– Algorithm GRREDY is a tight 2-approximation algorithm for the
MEC problem.

Proof.LetM = {M1,M2, . . . ,Ms} be the coloring constructed by the greedy algo-
rithm. Obviously, it holds thatw1 > w2 > . . . > ws. Consider thei-th matching and
let e = (u, v) be the heaviest edge in thei-th matching, i.e.,wi = w(e). Let, also,
x andy be the number of edges of weight at leastw(e) that are incident tou and
v, respectively. Since the edgee has not been selected by the algorithm until thei-th
matching, it follows that at least one of thesex+y edges has been selected in each one
of the matchingsM1,M2, . . . ,Mi−1; otherwise, the edgee would have been already
selected. Therefore,x+ y > i. Hence, we can assume w.l.o.g. thatx > ⌈i/2⌉.

Let us now assume an optimal solution to the MEC problem with weightopt =
w∗

1 + w∗
2 + . . . + w∗

s∗ , wherew∗
1 > w∗

2 > . . . > w∗
s∗ . In order for this solution to

cover all the heaviest edges incident tou it must contain at leastx > ⌈i/2⌉matchings
of weight greater than or equal tow(e). Therefore, the weight of thei-th matching
in M is at most the weight of the⌈i/2⌉-th matching in the optimal solution, i.e.,
wi 6 w∗

⌈i/2⌉.

Moreover, observe thats∗ > ∆ and∆ 6 s 6 2∆ − 1. Thus, it holds thats∗ >

⌈s/2⌉.

Summing over alli = 1, . . . , s, we obtain:

W =

s∑

i=1

wi 6

s∑

i=1

w∗
⌈i/2⌉ 6 2

⌈s/2⌉
∑

i=1

w∗
i 6 2

s∗
∑

i=1

w∗
i 6 2 · opt
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In order to show the tightness of the algorithm, consider a bipartite instanceG =
(U, V ;E), where|U | = n− 1 and|V | = n. For eachui ∈ U andvj ∈ V , 1 6 i, j 6

n− 1, there is an edgee = (ui, vj) ∈ E with weightw(e) = a+ ε, ε > 0. Moreover,
for eachui ∈ U , 1 6 i 6 n − 1, there is an edgee = (ui, vn) that connects it with
vn, with weightw(e) = a.

Algorithm GREEDY, taking for input the above instance, returns a solution that
consists of2(n− 1) matchings. In the firstn− 1 matchings all the(n− 1)2 edges of
weighta+ ε are selected. Next,GREEDY createsn− 1 matchings each one containing
an edge of weighta adjacent to the vertexvn.

On the other hand, the optimal solution contains onlyn matchings: in thei-th
matching are selectedn − 2 edges of weighta + ε from all theu ∈ U , butui, to all
thev ∈ V , butvi andvn, plus the edge(ui, vn) of weighta. Thus, it holds that:

W

opt
=

(a+ ε) · (n− 1) + a · (n− 1)

(a+ ε) · n =

(

2− ε

a+ ε

)

· n− 1

n

which asymptotically matches the2 approximation ratio.

11.7. Bipartite graphs

Yu [YU 06] shows that the line graph of a bipartite planar graph is an interval
graph. Thus, taking into account that [PEM 04] presented a2-approximation algo-
rithm for the MVC problem in interval graphs, Yu proved that the MEC problem is2
approximable in bipartite planar graphs. Nevertheless, this result is dominated by the
more general algorithm given in [KES 04] (see section 11.6).

In this section, three algorithms that improve the two approximation ratio given in
[KES 04] (see section 11.6) in some special cases in bipartite graphs are presented.

11.7.1. A 2∆−1
3 -approximation algorithm

Observe that, according to König’s theorem [KON 16] in bipartite graphs, the
optimal solution of the (unweighted) edge coloring problem consists of exactly∆
matchings. Thus, an algorithm that just creates a∆-coloring for the bipartite graph
G has an approximation ratio∆, for any ∆ > 3, for the MEC problem, since
W 6 ∆ · w∗

1 6 ∆ · opt.

Demangeet al.[DEM 02] presented a tight approximation algorithm for the MEC
problem in bipartite graphs. This algorithm has an unbounded ratio equal to(2∆ −
1)/3, for any∆ > 3. The algorithm, denoted byMEC_ALGO_1, follows.
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- MEC_ALGO_1

1. For each weight c = w(e1), w(e2), . . . do
2. Split G into two edge induced subgraphs:

– G1 = {e|w(e) > c}
– G2 = {e|w(e) 6 c}

3. If ∆(G1) 6 2 then

4. Find the optimal solution of at most 2 colors for G1

5. Use algorithm GREEDY for G2, completing the above

solution

6. Return the best solution found

THEOREM 11.5.– AlgorithmMEC_ALGO_1 is a tight(2∆ − 1)/3-approximation al-
gorithm for the MEC problem in bipartite graphs.

Proof. Algorithm MEC_ALGO_1 returns the best solution found with weightW =
min{w1 + w2 + w3 + . . .+ ws} (the weightsw∆+1, . . . , wws may be equal to zero)
for different values ofc = w3. Note that the algorithm does not create a solution with
more than2∆− 1 matchings, i.e.s 6 2∆− 1. Consider the cost of the solution found
by the algorithm in the iteration for whichw3 = w∗

3 . In this iteration the edges ofG1

are a subset of the edges in the two heaviest matchings of the optimal solution. There-
fore, for this iteration it holds thatW 6 w∗

1 +w∗
2 + (2∆− 3) ·w∗

3 , since∆(G1) 6 2
and thus an optimal solution of at most2 colors can be found for it. The edges added in
M1 andM2 in line 5 of the algorithm do not increase the weights of these matchings.
Therefore, observing thatopt > w∗

1 + w∗
2 + w∗

3 > 3 · w∗
3 , it holds that:

W 6 w∗
1 + w∗

2 + (2∆− 3) · w∗
3

6 opt+(2∆− 4) · w∗
3

6 opt+(2∆− 4) · opt
3

6
2∆−1

3 · opt

Next, the tightness of this approximation ratio when∆ = 3 is shown. In this case
the ratio of algorithmMEC_ALGO_1 becomes5/3.

Consider a graphG = (V,E) with ∆(G) = 3, whereV = {v1, v2, . . . , v8} and
E = {(v1, vj) : j = 2, 3, 4}∪{(v2, vj) : j = 5, 6}∪{(v3, vj) : j = 6, 7}∪{(v4, vj) :
j = 5, 7} ∪ {(vi, v8) : i = 5, 6, 7} (see Figure 11.2.a). Setw(v2, v5) = w(v3, v6) =
w(v4, v7) = n andw(u, v) = n− 1 for the remaining edges.

In any iteration algorithmMEC_ALGO_1 finds a solution containing exactly5
matchings. For example, the solutionM = {M1, . . . ,M5} found by the algo-
rithm in the case wherec = w∗

3 is M1 = {(v2, v5), (v3, v6), (v4, v7)}, M2 =
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v1

v2
v3

v4

v5 v6 v7

v8

(a) The graphG

v1

v2
v3

v4

v5 v6 v7

v8

(b) The solution calculated by algorithm
MEC_ALGO_1

Figure 11.2.The graph illustrating the tightness of the ratio of algorithm
MEC_ALGO_1

{(v2, v6), (v3, v7), (v4, v5)}, M3 = {(v1, v2), (v5, v8)}, M4 = {(v1, v3), (v6, v8)}
andM5 = {(v1, v4), (v7, v8)} (see Figure 11.2.b). On the other hand, the optimal
solution has exactly three matchings. Thus, the tightness is proved by consideringn
tending to∞.

11.7.2. A 7
6 -approximation algorithm for∆ = 3

In order to improve the result given in [DEM 02] (see section 11.7.1), de Werraet
al. [WER 04] presented an approximation algorithm for the MEC problem in bipartite
graphs with maximum degree three. This algorithm achieves an approximation ratio
equal to the known7/6 inapproximability result for bipartite graphs with∆ = 3.

The proposed algorithm consists of three subroutines and selects the minimum
solution found by them. Each subroutine creates iteratively a different partition of
the edges of graphG in such a way that the degree and the ranges of edge weights
of each partition are known. A bound to the cost of the solution found, with respect
to the optimal solution, is proved for each subroutine. Combining these bounds the
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7/6-approximability result is obtained. In this section, the three subroutines and the
complete proof are presented.

Recall that the edges of the graphG = (V,E) are sorted in non-increasing order
of their weights, i.e.w(e1) > w(e2) > . . . > w(em). Denote byG[V ′], V ′ ⊆ V , and
G[E′], E′ ⊆ E, the subgraph ofG induced byV ′ and the partial graph ofG induced
byE′, respectively. For anyi 6 m, consider the subsetEi = {e1, e2, . . . , ei} ⊆ E of
thei heaviest edge ofE andEi = E −Ei. Finally,Vi denotes the set of vertices ofG
incident to an edge inEi, i.e., the subset of non-isolated vertices ofG[Ei].

Consider the following algorithm, denoted byHYBRID_MEC.

- HYBRID_MEC

1. For i = m downto 1 do

2. Apply algorithm SOL1 on G[Ei]
3. If SOL1 returns a non-empty set of solutions

4. Greedily complete these solutions with the edges of Ei

and find the best of them, let M1,i

5. For j = i downto 1 do

6. Apply algorithm SOL2 on G[Ej ]
7. If SOL2 returns a non-empty set of solutions

8. Greedily complete these solutions with the edges of Ej

and find the best of them, let M2,j,i

9. Apply algorithm SOL3 on G[Ej ]
10. If SOL3 returns a non-empty set of solutions

11. Greedily complete these solutions with the edges of Ej

and find the best of them, let M3,j,i

12. Return M = argmin{w1,i, w2,j,i, w3,j,i : j = 1, 2, . . . , i, i = 1, 2, . . . ,m}

The greedy steps4, 8 and11 can be described as follows: for each edge which
is not yet colored, try to color it with an existing color, and otherwise take a new
color. A simple argument shows that these edge colorings do not use more than5
colors. Indeed, assume the reverse and consider an edge with colorM6. Since the
maximum degree ofG is 3, this edge is adjacent to at most4 edges and then to at most
4 colors. Thus, this edge can be recolored with a missing color in{M1,M2, . . . ,M5}.
Obviously, this result also holds for an optimal solution (see Proposition 11.1).

The three algorithms used are applied on several partial graphsG′ = (V ′, E′) of
G, whereE′ = {e1, e2, . . . , em′}. LetV ′

i = V ′ − V ′
i andE′

i = E′ − E′
i be the com-

plements of the setsV ′
i andE′

i, respectively. Moreover, letM = {M1,M2, . . . ,Ml}
be an edge coloring ofG′. Define the indexij = min{k : ek ∈ Mj}, for any
j = 1, 2, . . . , l. Assume, for reasons of readability, that some colorsMj may be empty
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(in this caseij = m′ + 1). So, the principle of these three algorithms consists of find-
ing a decomposition ofG′ into two subgraphsG′

1 andG′
2 having each a maximum

degree two. If such a decomposition exists,G′
1 andG′

2 can be colored with at most2
colors each, since bothG andG′ are bipartite graphs.

- SOL1

1. For j = m′ downto 1 do

2. If the degree of G′[E′
j ] is at most two then

3. Consider the graph B:
– induced by the vertices of G′ incident to

at least two edges of E′
j

– restricted to the edges of E′
j

4. If there exists a matching Aj of B
such that every vertex of V ′

j is saturated

5. Consider the decomposition G′
1,j and G′

2,j of G′ induced

by E′
j ∪Aj and E′ − (E′

j ∪Aj), respectively

6. Find an optimal edge coloring {M j
1 ,M

j
2} among the edge

2-colorings of G′
1,j

7. Color greedily the edges of G′
2,j

with two colors {M j
3 ,M

j
4}

8. Set M j = {M j
1 ,M

j
2 ,M

j
3 ,M

j
4} the edge coloring found

9. Return {M j, j = 1, 2, . . . ,m′ − 1}

Note that the line7 of algorithmSOL1 runs in polynomial time. Indeed, more
generally, given a graphG = (V,E) and a setV ′ ⊆ V , it is polynomial to determine
if there exists a matching such that each vertex ofV ′ is saturated. Consider the graph
G′ where all missing edges between vertices ofV −V ′ have been added toG. If |V | is
odd, then a vertex to the cliqueV − V ′ is added. It is easy to see thatG′ has a perfect
matching if and only ifG has a matching such that each vertex ofV ′ is saturated.

LEMMA 11.1.– If M = {M1,M2,M3,M4} with w1 > w2 > w3 > w4 is an
edge coloring ofG′, then algorithmSOL1 produces a solutionM j satisfyingW j 6

w1 + w2 + 2 · w3.

Proof.Consider the iteration of algorithmSOL1 corresponding toj = i3 − 1. By con-
struction,G′[E′

i3−1] is 2 edge colorable, since it holds thatE′
i3−1 ⊆M1 ∪M2. More-

over, in the subgraph induced byE′
i3−1, each vertex of degree3 has at least one edge of

M1∪M2 incident to it. Thus, inB, there exists a matching where each vertex ofV ′
i3−1

is saturated. The subgraphG′
1,i3−1 has a maximum degree2 and contains by construc-

tion the subgraphG′[E′
i3−1]. Moreover, any two connected components ofG′[E′

i3−1]
have not been merged inG′

1,i3−1, since each edgee = (x, y) ∈ Ai3−1 has at least one
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vertex (for example,x) satisfyingdG′[E′
i3−1]

(x) = 0. Thus, any edge2-coloring of

G′[Ei′3−1] can be extended to an edge2-coloring ofG′
1,i3−1 . So, since∀e ∈ Ai3−1,

∀e′ ∈ E′
i3−1 w(e) 6 w(e′), and{M i3−1

1 ,M i3−1
2 } is an optimal weighted2 edge

coloring ofG′
1,i3−1, it holds that:

wi3−1
1 + wi3−1

2 6 w1 + w2 [11.1]

By construction,G′
2,i3−1 has no vertex with degree3, and thenG′

2,i3−1 has a max-
imum degree2. Moreover,∀e /∈ (Ai3−1 ∪ E′

i3−1) and we havew(e) 6 w(ei3) =
w3. Thus, any edge coloring ofG′

2,i3−1 using at most2 colors and in particular

{M i3−1
3 ,M i3−1

4 } satisfies:

wi3−1
3 + wi3−1

4 6 2 · w3 [11.2]

Combining [11.1] and [11.2], we obtain:

W j 6 W i3−1 6 w1 + w2 + 2 · w3

- SOL2

1. For k = m′ downto 1 do

2. If E′
k is a matching then

3. If there exists a matching Ak of G′[V ′
k ] such that

each vertex of G′[V ′
k] having a degree 3 in G′ is saturated

4. Consider the decomposition G′
1,k and G′

2,k of G′

induced by E′
k ∪Ak and E′ − (E′

k ∪Ak), respectively

5. Color G′
1,k with one color Mk

1

6. Color greedily G′
2,k with two colors Mk

2 and Mk
3

7. Set Mk = {Mk
1 ,M

k
2 ,M

k
3 } the edge coloring found

8. Return {Mk : k = 1, 2, . . . ,m′}

LEMMA 11.2.– If M = {M1,M2,M3} with w1 > w2 > w3 is an edge coloring of
G′, then algorithmSOL2 produces a solutionMk satisfyingW k 6 w1 + 2 · w2.

Proof. Consider the iteration of algorithmSOL2 corresponding tok = i2 − 1. By
construction,E′

i2−1 ⊆ M1 and amongM1 − E′
i2−1 there is a matching ofG′[V ′

i2−1]
where each vertex of degree3 is saturated (otherwise,M = {M1,M2,M3} is not
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feasible). Thus,G′
1,i2−1 can be considered and colored with one colorM i2−1

1 , and it
holds that:

wi2−1
1 = w1 [11.3]

It is also deduced thatG′
2,i2−1 has a maximum degree2. Then, it can be edge col-

ored with2 colorsM i2−1
2 andM i2−1

3 . Moreover, since∀e /∈ E′
i2−1,w(e) 6 w(ei2 ) =

w2, it is obtained that:

wi2−1
2 + wi2−1

3 6 2 · w2 [11.4]

Using [11.3] and [11.4], it holds that:

W k 6 W i2−1 6 w1 + 2 · w2

- SOL3

1. For k = m′ downto 1 do

2. If there is a matching Ak in G′[E′
k] such that

each vertex of degree 3 in G′ is saturated

3. Consider the decomposition G′
1,k and G′

2,k of G′

induced by Ak and E′ −Ak, respectively

4. Color G′
1,k with one color Mk

3

5. Color greedily G′
2,k with two colors Mk

1 and Mk
2

6. Set Mk = {Mk
1 ,M

k
2 ,M

k
3 } the edge coloring found

7. Return {Mk : k = 1, 2, . . . ,m′ − 1}

LEMMA 11.3.– If M = {M1,M2,M3} with w1 > w2 > w3 is an edge coloring of
G′, then algorithmSOL3 produces a solutionMk satisfyingW k 6 2 · w1 + w3.

Proof. As previously, consider one particular iteration of algorithmSOL3. In this
lemma, consider the case wherek = i3−1. By construction, it holds thatM3 ⊆ E′

i3−1

andM3 contains a matching where each vertex ofG′[E′
i3−1] having a degree3 in G′

is saturated. Thus,G′
2,i3−1 exists. Moreover, since∀e ∈ E′

i3−1,w(e) 6 w(ei3) = w3,
it is obtained that:

wi3−1
3 6 w3 [11.5]
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As previously, it is deduced thatG′
1,i3−1 can be edge colored with2 colorsM i3−1

1

andM i3−1
2 and it holds that:

wi3−1
1 + wi3−1

2 6 2 · w1 [11.6]

Combining [11.5] and [11.6], it is obtained that:

W k 6 W i3−1 6 2 · w1 + w3

REMARK 11.1.– Observe that if a colorM i3−1
j is empty, then the bound for algorithm

SOL3 can be improved: in this case,W i3−1 6 2 ·w1. This is also valid for algorithms
SOL1 andSOL2 and if several colors are empty. For algorithmSOL1 for instance, if
M i3−1

2 andM i3−1
2 are empty, thenW i3−1 6 w1 + w3.

THEOREM 11.6.– AlgorithmHYBRID_MEC produces a7
6 approximation for the MEC

problem in bipartite graphs with maximum degree3.

Proof. Let {M∗
1 ,M

∗
2 , . . . ,M

∗
5 } with w∗

1 > w∗
2 . . . > w∗

5 be an optimal solution for
the MEC problem for the graphG. Denote byi∗k the smallest index of an edge inM∗

k

(i∗k = m+ 1 if the color is empty).

Consider the iteration of algorithmHYBRID_MEC corresponding to the casesi =
i∗5 − 1 andj = i∗4 − 1. Then:

– by applying Lemma 11.1, an edge coloring of weight at mostw∗
1 + w∗

2 + 2 · w∗
3

is produced onG′ = G[Ei]. Then, the greedy coloring of the edges ofEi produces a
coloring of weight at most:

w∗
1 + w∗

2 + 2 · w∗
3 + w∗

5 [11.7]

– by applying Lemma 11.2, an edge coloring of weight at mostw∗
1 + 2 · w∗

2 is
produced onG′ = G[Ej ]. Then, the greedy coloring of the edges ofEj produces a
coloring of weight at most:

w∗
1 + 2 · w∗

2 + 2 · w∗
4 [11.8]

– by applying Lemma 11.3, an edge coloring of weight at most2 · w∗
1 + w∗

3 is
produced onG′ = G[Ej ]. Then, the greedy coloring of the edges ofEj produces a
coloring of weight at most:

2 · w∗
1 + w∗

3 + 2 · w∗
4 [11.9]

Note that if there is an empty color or several empty colors produced by one of the
algorithmsSOL1, SOL2, SOL3, then the bounds are still valid. Indeed, for algorithm
SOL3 for instance, according to Remark 11.1, the value of the coloring calculated at
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stepj = i3 − 1 has a weight at most2 · w∗
1 , and the greedy step produces a coloring

of value at most2 · w∗
1 + 3 · w∗

4 6 2 · w∗
1 + w∗

3 + 2 · w∗
4 .

By using [11.7], [11.8] and [11.9], it is deduced that the coloringM calculated by
algorithmHYBRID_MEC satisfies:

W 6 min {w∗
1 + w∗

2 + 2 · w∗
3 + w∗

5 , w
∗
1 + 2 · w∗

2 + 2 · w∗
4 ,

2 · w∗
1 + w∗

3 + 2 · w∗
4} [11.10]

The convex combination of these3 values with coefficients36 , 2
6 and1

6 respectively
and the inequality [11.10] give the expected result, i.e.:

W 6 7
6w

∗
1 + 7

6w
∗
2 + 7

6w
∗
3 + w∗

4 + 1
2w

∗
5 6 7

6 opt

11.7.3. An approximation algorithm for∆ 6 7

In [LUC 07] is presented an algorithm, denoted byA(G), that improves the2 ap-
proximation ratio given in [KES 04] for the MEC problem in bipartite graphs of max-
imum degree∆ 6 7. The main idea of this algorithm is the following: for a given bi-
partite graphG, of maximum degree∆, run∆−1 algorithms,A∆, A∆+1, . . . , A2∆−1

and select the best solution found. EachA∆+k, 0 6 k 6 ∆ − 1, algorithm splits the
graphG into two subgraphsG1 andG2 such that the graphG1 contains heavy edges
and has maximum degree∆(G1) 6 k. Note that, in general,∆(G2) 6 ∆(G). Given
this splitting ofG, each algorithmA∆+k returns a solution of costW∆+k, by con-
catenating the following solutions of the MEC problem onG1 andG2: (i) for the
graphG2 the algorithm finds a∆-matchings solution by solving the traditional edge
coloring problem onG2, (ii) for the graphG1 the algorithm finds a solution of at most
2∆(G1)− 1 matchings using (recursively) algorithmA(G1).

For k = 0, G2 coincides withG and therefore algorithmA∆ returns a∆-
matchings solution found as in point (i) above. For the weight of such a solution it
holds thatW∆ 6 ∆ · w∗

1 , since for the weight,wi, of any matching of this solution it
holds thatwi 6 w(e1) = w∗

1 .

Fork = 1,G1 is a maximal matching ofG created by examining its edges in non-
increasing order of their weights. This matching is of weightw1 = w(e1). Algorithm
A∆+1 also uses algorithmA∆(G2). The cost of the solution that algorithmA∆+1

returns isW∆+1 6 w∗
1 + ∆ · w∗

2 , since no edgee of weightw(e) > w∗
2 belongs to

G2 (if such an edge belongs toG2, then it is not inM1 because a heavier one of its
adjacent edges is inM1, which is a contradiction).
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In general, algorithmA∆+k, k > 2, repeatedly splits the graphG into graphsG1

andG2, with G1 containing edges which are heavier than a parameterc, taking as
values the weights of the edges of the graphG. The algorithm returns the best of the
solutions found in these iterations.

- A∆+k

1. For each weight c = w(e1), w(e2), . . . do
2. Split G into edge induced subgraphs:

- G1 = {e|w(e) > c} and

- G2 = {e|w(e) 6 c}
3. If ∆(G1) 6 k then

4. If ∆(G1) = 2 then find an optimal solution

for the graph G1

5. Else run A(G1)
6. Use A∆ for G2

7. Return the best solution found

The case ofk = 2 is analyzed in a different way than the cases ofk > 3, since in
this case∆(G1) = 2 and an optimal solution forG1 can be found by Theorem 11.3.
Thus, fork = 2 we obtain:

LEMMA 11.4.–AlgorithmA∆+2 returns a solution of costW∆+2 6 w∗
1+w∗

2+∆·w∗
3 .

Proof.A∆+2 returns the best solution found with weightW∆+2 = min{w1 + w2 +
w3 +∆ ·w4} for different values ofc = w4. Consider the cost of the solution found by
the algorithm in the iteration for whichw4 = w∗

3 . In this iteration the edges ofG1 are
a subset of the edges in the two heaviest matchings of the optimal solution. Therefore
for this iteration it holds thatW∆+2 6 w∗

1 +w∗
2 + ∆ ·w∗

3 , since∆(G1) = 2 and thus
the optimal solution forG1 can be found by Theorem 11.3.

Using algorithmsA∆,A∆+1 andA∆+2, algorithmA(G) returns a solution of cost
W = min{W∆,W∆+1,W∆+2}, i.e.:

W 6 ∆ · w∗
1

W 6 w∗
1 + ∆ · w∗

2

W 6 w∗
1 + w∗

2 + ∆ · w∗
3

By multiplying these inequalities byz1, z2 andz3, respectively, and adding them
we obtain:

W · (z1 + z2 + z3) 6 w∗
1 · (z1 ·∆ + z2 + z3) + w∗

2 · (z2 ·∆ + z3) + w∗
3 · (z3 ·∆)

W

opt
6

t

z1 + z2 + z3
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wheret = z1 ·∆+ z2 + z3 = z2 ·∆+ z3 = z3 ·∆. Thus, the best approximation ratio
is achieved when the quantity t

z1+z2+z3
is minimized. Therefore, the object is to:

min

{
t

z1 + z2 + z3

}

such that
(z1 ·∆ + z2 + z3) = t
(z2 ·∆ + z3) = t
(z3 ·∆) = t
z1, z2, z3 > 0

By solving this problem, a new approximation ratio for the MEC problem in bi-
partite graphs with∆ > 3 is obtained, which is:

W

opt
6

∆3

3∆2 − 3∆ + 1
= ̺∆+2

This ratio is unbounded, but gives better results than the approximation ratio(2∆−
1)/3 given in [DEM 02], for any∆, as well as than the 2-approximation algorithm
given in [KES 04], for∆ = 3 and∆ = 4. In fact,̺∆+2 becomes27/19 ≃ 1.42 for
∆ = 3 and64/37 ≃ 1.73 for ∆ = 4. Note, however, that an 1.17-approximation
algorithm is known [WER 04] for bipartite graphs with∆ = 3.

The behavior of algorithmA(G) for bipartite graphs of∆ > 4, is improved if we
allow the use of algorithmsA∆+3,A∆+4 and so on. In fact, fork = 3 we have:

LEMMA 11.5.–AlgorithmA∆+3 returns a solution of costW∆+3 6 ̺∆+2 · (w∗
1 +

w∗
2 + w∗

3) + ∆ · w∗
4 .

Proof. Similarly to the proof of Lemma 11.4, in some iteration of algorithmA∆+3,
the maximum edge inG2 is equal tow∗

4 and the edges ofG1 are a subset of the edges
in the three heaviest matchings of the optimal solution. As∆(G1) = 3, the algorithm
A(G1) returns a̺ ∆+2 approximate solution for the graphG1.

Working as above, algorithmA(G), for bipartite graphs with∆ > 4, leads to an
approximation ratio:

̺∆+3 =
19∆4

76∆3 − 138∆2 + 100∆− 27
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This ratio improves the result for∆ = 4, where the ratio becomes1.61 from 1.73.
Moreover, for∆ = 5 this ratio becomes1.82.

In general, the algorithmA(G) gives a better approximation ratio than2 for bi-
partite graphs with∆(G) 6 7. An explicit formula for the ratios achieved by algo-
rithmA(G) for any∆ can be found in [ESC 06]. The following table summarizes the
best approximation ratio achieved by this algorithm and the previous best known ratio
for different values of∆.

∆ 3 4 5 6 7 8
our ratio 1.42 1.61 1.75 1.86 1.95 2.03

previous ratio1.17 2 2 2 2 2

In general, the complexity of algorithmA(G) is dominated by the complexity
of A2∆(G)−1, which recursively runs at most|E| times algorithmA(G1), where
∆(G1) 6 ∆(G) − 1. The recursion depth is at most∆− 2, since the recursion stops
inA∆+2. Each iteration of eachA∆+k algorithm,0 6 k 6 ∆−1, runs algorithmA∆,
which runs in polynomial time. Thus, algorithmA∆ is calledO(|E|∆(G)−2) times, in
total, by algorithmA(G).

REMARK 11.2.– Concerning general graphs, note that an edge coloring using(∆+1)
matchings can be found in polynomial time. Thus, by modifying algorithmA∆ to find
such a coloring of∆ + 1 (instead of∆) matchings, algorithmA(G) works also for
general graphs. Furthermore, it beats the2-approximation algorithm in [KES 04] for
graphs of∆ = 3 and∆ = 4, achieving ratios 1.73 and 1.93, respectively.

11.8. Trees

As the complexity of the MEC problem on trees remains open, in this section is
presented first a polynomial algorithm for a related decision problem called Feasible
k-Coloring, given in [LUC 07]. This algorithm is then used to derive a polynomial
algorithm for the MEC problem on trees of bounded degree. Then, a polynomial al-
gorithm for stars of chains is presented [LUC 07].

11.8.1. Feasiblek-Coloring and bounded degree trees

The Feasiblek-Coloring problem is formally defined as follows. An analog prob-
lem is also defined and solved in [PEM 05] for the MVC problem on trees.

Feasiblek-Coloring:
Instance: A tree T (V,E), a weight functionw(e) : E → N and a sequence ofk
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integer weightsa1, a2, . . . , ak, such thata1 > a2 > . . . > ak.
Question: Does there exist a partition ofE into exactlyk matchingsM1, M2, . . . ,
Mk, such thatwj 6 aj , 1 6 j 6 k?

Consider the treeT rooted at an arbitrary vertex,r. For each edgee = (v, u) we
defineu to be the most distant fromr endpoint ofe andT (e) to be the subtree ofT
rooted atu. Denote byS(e) ⊆ {M1,M2, . . . ,Mk} to be the set of matchings in which
edgee can belong in order the subtreeT (e) ∪ {e} to be feasibly colorable.

The algorithm presented in [LUC 07] initializes the setsS(e) for each leaf edgee
to contain the matchings that are heavier than its weightw(e). Moreover, a fictitious
edgee0 of weightw(e0) = 0 is connected to the root of the tree, as in Figure 11.3a,
in order to treat the root of the tree as the remaining vertices. The feasiblek-coloring
algorithm, denoted byFKC, follows.

- FKC

1. Initialization:

Leaf edges: S(e) = {Mj|1 6 j 6 k and w(e) 6 aj}
Rest edges: S(e) = {}
Add a fictitious vertex r′,
a fictitious edge e0 = (r′, r) with w(e0) = 0
and a fictitious matching M0 with w0 = a0 = 0

2. For each e ∈ E ∪ {e0} in post-order do

3. For each matching Mj such that w(e) 6 aj do

4. If there is coloring of T (e) ∪ {e} such that e ∈Mj then

5. S(e) = S(e) ∪ {Mj}
6. If S(e) = { } then return

7. Create a feasible coloring using the S(e)’s

r

'r

(a)

T

0
e e

(b)

v

u

u
e

1

u

de
…

u
e

2

u
e

(c)

u

de

1

u
e

2

……

Q

…

qM

u
e

u

de

11

u
e

2

…

ts

Figure 11.3. (a) The fictitious edgee0; (b) an instance of the graph in line4 of
algorithmFKC; (c) the flow network constructed in line4 of algorithmFKC. All

edges have weight equal to1
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In line 4, algorithmFKC decides if a feasible coloring for the subtreeT (e) ∪ {e}
exists (see Figure 11.3b). For each edgee = (v, u), we defineEu = {eu

1 , e
u
2 , . . . , e

u
d}

to be the set of edges fromu to its children (recall thatu is the most distant from the
root of the tree endpoint ofe). Each edgeeu

i can belong in one of the matchings in its
S(eu

i ). LetQ be the union of the setsS(eu
i ), but the matchingMj edgee is assigned

to, i.e.Q =

d⋃

i=1

S(eu
i )−{Mj}. A bipartite graphB(Eu, Q;S) is created, where there

is an edge betweeneu
i ∈ Eu andMq ∈ Q iff Mq ∈ S(eu

i ). Then, a flow networkF
is created by joining a source vertexs to each vertex inEu and a terminal vertext to
each vertex inQ, as in Figure 11.3c. A weight equal to1 is assigned to all the edges
in F . Then, it follows that there is coloring ofT (e) ∪ {e} such thate ∈ Mj iff there
is inF ans− t flow of valued.

In line 7, algorithmFKC creates a partition of the edges ofT into matchings. This
can be done by considering the edges ofT in pre-order and assigning an edgee in an
arbitrary matching in its setS(e).

AlgorithmFKC performsk ·|E| iterations and in each one of them runs a maximum
flow algorithm of O(poly) time. Thus, the next theorem follows.

THEOREM 11.7.– There is a polynomial time algorithm for the Feasiblek-Coloring
problem.

Algorithm FKC can be used to solve the MEC problem on trees, as following.

- BOUNDED_DEGREE

1. For k = ∆ to ∆′ − 1 do

2. For all
(

|E|
k

)

combinations of edge weights,

such that w1 > w2 > . . . > wk and w1 = max{w(e)|e ∈ E}) do

3. Run algorithm FKC

4. Return the best of the solutions found

Line 3 of algorithmBOUNDED_DEGREE is repeatedO(∆·|E|∆) times, and therefore
it is polynomial only for trees of polynomially bounded degree.

THEOREM 11.8.–There is a polynomial time algorithm for the MEC problem in trees
with polynomially bounded degree.

11.8.2. Stars of chains

A star consists ofm edgese1, e2, . . . , em sharing a common endpoint. Obviously,
the optimal solution to the MEC problem for such a weighted star is of costopt =
∑m

i=1 w(ei) and consists of exactly∆ = m matchings.
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A star of chains consists ofp chainsC1, C2, . . . , Cp all starting from a common
vertex, for exampleu. Consider each chainCi, 1 6 i 6 p, starting fromu with an
edgeeu

i which we call start edge. Assume, also, w.l.o.g. thatw(eu
1 ) > w(eu

2 ) > . . . >
w(eu

p ). In this section we present a polynomial algorithm for the MEC problem in
stars of chains, given in [LUC 07].

LEMMA 11.6.– For an optimal solution of the MEC problem on a star of chains the
following hold:
i) The number of matchingss∗ is equal to eitherp or p+ 1.
ii) Only k 6 3 matchings have cardinality|Mj| > 1.
iii) At least thek − 1 heaviest start edges appear in thesek matchings.

Proof. i) According to Proposition 11.1,∆ 6 s∗ 6 ∆′ − 1. Here,∆ = p and∆′ =
p+ 2.

ii) Assume that an optimal solution has more than three matchings of cardinality
|Mj | > 1. Consider those matchings sorted in non-increasing order of their weights.
Each non-start edgee has at most 2 neighboring edges. So, such an edgee can be
moved in one of the three first heaviest matchings, since its neighboring edges can
belong in at most two different matchings.

iii) Consider first thatk = 2. Assume that in the optimal solution the heaviest start
edgeeu

1 does not belong to either of two matchings of cardinality|Mj| > 1. Theneu
1

can be either inserted in one of those two matchings (if this does not contain another
start edge) oreu

1 can replace an existing start edge. In both cases the cost of the optimal
solution decreases or remains the same.

Assume next thatk = 3. As in the previous case,eu
1 can be inserted in one of the

three matchings of cardinality|Mj| > 1. Similarly, eu
2 can be inserted in one of the

remaining two of those matchings.

The following two cases which depend on the possible number of matchings in an
optimal solution, i.e.p+ 1 or p, are distinguished.

If an optimal solution consists ofp + 1 matchings, then it contains exactly one
matching without any start edge. AlgorithmSTAR, given in what follows, finds such
an optimal schedule withp+ 1 matchings.

Note that it is possible that algorithmSTAR returnsp − 1 matchings of|Mi| = 1,
in the case where one of the three matchings ofS∗(H) found in line 2 consists of a
single edge. Taking into account Lemma 11.6, it follows that algorithmSTAR returns
the optimal solution ofp+1 matchings since: (i) thep−(k−1) matchings of cardinality
|Mi| = 1 contain thep− (k − 1) lightest start edges (one per each matching) and (ii)
the cost ofk matchings is optimal.
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- STAR

1. Remove from the star the p− 2 lightest start edges

(this creates a graph H consisting of p− 1 chains)

2. Find an optimal solution S∗(H) for the graph H,

using Theorem 11.3

3. If there are 3 non-empty matchings in S∗(H) then

4. Return the solution consisting of these 3 matchings of

S∗(H)
plus p− 2 matchings each one containing one of

the removed p− 2 lightest start edges

The complexity of algorithmSTAR is dominated by line 2 and by Theorem 11.3.
Therefore, it isO(|E|2).

If an optimal solution consists ofp matchings, then each of them contains a start
edge. AlgorithmSTAR2 returns such an optimal schedule withp matchings.

- STAR2

1. For i = 3 to p do

2. Remove p− 3 start edges eu
3 , e

u
4 , . . . , e

u
i−1, e

u
i+1, . . . , e

u
p

(this creates a star T of 3 chains and a graph H
of p− 3 chains)

3. Find the optimal solution S∗(T ) using Theorem 11.8

4. If there are exactly 3 matchings in S∗(T ) then

5. Find the optimal solution S∗(H) using Theorem 11.3

6. Combine the solutions S∗(T ) and S∗(H) into exactly

3 matchings

7. Find a solution for the initial star consisting of these

3 matchings plus p− 3 matchings each one containing

one of the removed p− 3 start edges

8. Return the best solution found

Algorithm BOUNDED_DEGREE is used in line 3 sinceT is a bounded degree tree
with ∆ = 3 and it returns an optimal solutionS∗(T ) of at least three matchings. In
line 6, a3-matchings optimal solution for the edges inT andH can be obtained by
considering the matchings in both solutions in non-increasing order of their weights
and merging the matchings of each solution having the same rank, sinceT andH are
vertex-disjoint. The optimality of the solution calculated by algorithmSTAR2 follows
from Lemma 11.6 using the same arguments as for algorithmSTAR.

The complexity of the algorithm is dominated by line3 which takes polynomial
time (see section 11.8.1) and is executed∆− 2 times.
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The optimal solution to the MEC problem on stars of chains is the best between
the solution found by algorithmSTAR (optimal withp+ 1 matchings) and that found
by algorithmSTAR2 (optimal withp matchings), since, according to Lemma 11.6, the
optimal solution consists of eitherp+ 1 or p matchings. Thus, the following theorem
holds.

THEOREM 11.9.– The MEC problem on stars of chains can be solved optimally in
polynomial time.

11.9. Conclusions

The recent activity on the MEC problem has led to significant progress in under-
standing its complexity and approximability though we are still far from resolving the
issue. Many open questions can be picked up by looking at the entries of Table 11.1.
These questions can be classified into two directions:

(i) further identification of the boundary between polynomial andNP-hard variants
of the problems with respect to the underlying graph. For example, the complexity of
the MEC problem on trees is an open question. Moreover, we do not know anything
about the complexity of the MEC problem on interval graphs. However, the MEC
problem on interval graphs includes the question for complete graphs as well as the
open question about the complexity of the edge coloring problem on interval graphs
of even maximum degree [BOJ 01];

(ii) decrease (or closing) the gap between the best known approximation ratios and
inapproximability results, either by obtaining new approximation algorithms of lower
approximation ratios or by showing higher inapproximability results. For example, a
2-approximation algorithm and a 7/6-inapproximability result is known for the MEC
problem on bipartite graphs. It would be nice to decrease this gap by improving either
of these results.
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Chapter 12

An Extensive Comparison of 0-1 Linear
Programs for the Daily Satellite Mission

Planning

12.1. Introduction

The mission planning problem of a low Earth orbit satellite is the problem
of choosing a set of photographs to be taken by the satellite during a planning
horizon in order to satisfy a maximal part of the requested images. The mis-
sion planning problem of SPOT5 satellite has been the subject of numerous stud-
ies [BEN 96, BEN 99, VAS 01, GAB 03, VAS 03]. Different approximate methods
[BEN 96, VAS 01] have been proposed and applied to the set of instances proposed in
[BEN 99]. To assess the quality of the obtained approximate solutions, we need to cal-
culate tight upper bounds: in [BEN 96], the planning problem is formulated like a 0-1
linear program; we have proposed in [GAB 03] another 0-1 linear formulation, using
decomposition and flow formulation. In [VAS 03], a specific algorithm is proposed
to calculate very good upper bounds. In this chapter, we explain why our 0-1 linear
formulation presents a much smaller integrality gap than the formulation proposed
in [BEN 96]. We calculate upper bounds for all the instances proposed in [BEN 99].
These bounds are greater than those found in [VAS 03] but our results can easily be
strengthened with some additional improvements.

Chapter written by Virginie GABREL.
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12.2. Different formulations for the daily satellite mission planning problem

12.2.1. The daily satellite mission planning problem

The SPOT satellite constitutes a family of Earth observation satellites, which are
developped by the CNES (Centre National d’Etudes Spatiales).

SPOT5 was launched in 2002. It is equipped with three viewing instruments (front,
middle and rear) which can take two types of images: the monoimages need one of
the three instruments and the stereo images need the front and the rear instruments.

The daily satellite mission planning problem of the SPOT5 satellite consists of de-
ciding each day which images will be taken the next day in order to satisfy a maximal
number of clients.

The problem can be described as follows:

– The set of candidate images is known.

– A weight is associated with each image.

– The starting time and the completion time for taking each image are known.

– On an instrument, the main constraints concern the non-overlapping and the re-
spect of a minimal transition time between two successive images.

– The total number of images is limited (due to limitations of the on-board record-
ing capacity).

– Some images cannot be taken simultaneously on different instruments (this is
due to limitation of the instantaneous data flow through the satellite telemetry).

Each day, a set of images to be taken must be chosen in order to maximize the sum
of the weights of selected images and to satisfy all constraints.

12.2.2. The “natural” model

In [BEN 96], a 0-1 linear program is proposed to modelize the daily mission plan-
ning problem of SPOT5. The model is quite natural: each imagei (i = 1, . . . , n) that
can be taken by an instrumentc (with c ∈ {1, 2, 3}) is represented in the model by a
0-1 variablexc

i .
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The proposed linear program, denoted by S5N, is:

(S5N)







max
∑

(i,c)∈S

wix
c
i

∑

c:(i,c)∈S

xc
i 6 1 ∀i ∈M (1N)

x1
i − x3

i = 0 ∀i ∈ T (2N)
xc

i + xc
j 6 1 ∀{(i, c), (j, c)} ∈ Ω (3N)

∑

(i,c)∈Λk

xc
i 6 δk k = 1, . . . ,K (4N)

∑

(i,c)∈S

zc
ix

c
i 6 z (5N)

xc
i ∈ {0, 1} ∀(i, c) ∈ S

where

– S denotes the set of all feasible couples(i, c), andwi the weight of the imagei,

– linear inequalities(1N) correspond to the fact that each monoimagei (M denotes
the monoset) must be taken by at most one camera,

– linear equalities(2N) correspond to the fact that each stereo imagei (T denotes
the stereo set) must either be simultaneously taken by the front camera (numbered by
1) and the rear one (numbered by 3) or not be taken,

– linear inequalities(3N) correspond to constraints induced by non-overlapping
and minimal transition time between two images taken on a same instrument, where
Ω denotes the set of two couples{(i, c), (j, c)} linked by these constraints,

– constraints(4N) correspond to the constraints induced by limitation between
several instruments, whereΛk denotes the set of two or three couples linked by con-
straintk andδk equals| Λk | −1,

– constraint(5N) corresponds the limitation on recording capacity wherezc
i is the

memory size necessary for recording on board imagei taken by camerac andz the
total memory size available.

The optimal solution value of the linear relaxation ofS5N, denoted byv(S5N),
is an obvious upper bound forv(S5N). But, as shown in section 12.4, the integrality
gap betweenS5N andS5N is huge. Thus, we propose another strengthened 0-1 linear
formulation.

12.2.3. The flow formulation

In [GAB 03], we propose another model based on a decomposition of the ini-
tial problem into three subproblems, one per camera. Sub-problem on camerac
(c = 1, 2, 3) concerns the choice of images to be taken by camerac considering only
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constraints related to non-overlapping and respect of a minimal transition time be-
tween two successive photographs. We denote bySc the set of images that can be
taken by camerac and we define two binary relations onSc × Sc.

DEFINITION 12.1.–For (i, j) ∈ Sc×Sc, (i, j) belongs to the incompatibility relation,
denoted byIc, if and only if i and j cannot be taken together because they use the
camerac at the same moment or the transition time between the two shots is not
sufficient.

Let us note that constraints3N in S5N describe the incompatibility relation on each
setSc.

DEFINITION 12.2.–For (i, j) ∈ Sc×Sc, (i, j) belongs to the enchainability relation,
denoted byEc, if and only ifj is taken afteri with the instrumentc.

The incompatibility relation is symmetric while the enchainability relation is
clearly antisymmetric. Moreover, the enchainability relation is not necessarily tran-
sitive (it depends on satellite capacities).

Considering the enchainability relation, the sub-problem of choosing a set of im-
ages to be taken by an instrumentc can be represented by a directed graph, namely
the enchainability graph denoted byGc

E = (V c, Ec), which is defined as follows:

– V c represents the setSc (with | Sc |= nc) of images that can be taken by camera
c (with the following convention: a couple(i, c) is represented by a vertex numbered
by i in V c), plus two fictitious vertices numbered by0 andnc +1 respectively the root
and the anti-root ofGc

E ,

– each vertexi in V c is associated with the weightwi of imagei (w0 andwnc+1

are equal to 0),

– Ec represents the enchainability relation defined onSc×Sc, plus arcs(0, i) and
(i, nc + 1) for all i = 1, . . . , nc, and(0, nc + 1).

It appears thatGc
E is circuit-free since any arbitrary circuit(i1, i2, . . . , iq, i1) in

Gc
E leads to the following contradiction:i1 is taken beforeik andik is taken beforei1.

Any feasible sequence of images taken on camerac can be represented by vertices
belonging to a pathµ[0, nc + 1] = {i1 = 0, i2, . . . , iq = nc + 1} from 0 to nc + 1
in Gc

E . Respectively, any pathµ from 0 to nc + 1 in Gc
E represents a sequence of

images taken on camerac. This sequence respects all the constraints related to non-
overlapping and respect of a minimal transition time between images if and only if
Ec is transitive, otherwise some of these binary constraints may be violated. Indeed,
if Ec is transitive, all verticesij and ij+k belonging toµ, with k a strictly positive
integer, are such that(ij , ij+k) ∈ Ec. Otherwise, there may be some verticesij and
ij+k belonging toµ (with k > 2) such that(ij, ij+k) /∈ Ec. Consequently, associated



An Extensive Comparison of 0-1 Linear Programs 323

constraintsxc
ij +x

c
ij+k

6 1 are not respected by the sequence of images corresponding
toµ. In fact, the part of3N constraints excluded fromGc

E is represented by arcs not in
Ec but belonging to the transitivity closure ofGc

E , which is denoted bŷGc
E = (V c, Êc)

(obviouslyÊc = Ec whenGc
E is transitive).

So, the daily mission planning problem can be rewritten in terms of paths from0 to
nc + 1 in Gc

E , with c = 1, 2, 3, using the traditional vertex-arc formulation as follows:

(S5VA)







max

n∑

i=1

3∑

c=1

wi

∑

j∈ΓGc
E

(i)

ϕc
ij

3∑

c=1

∑

j∈ΓGc
E

(i)

ϕc
ij 6 1 ∀i ∈M (1VA)

∑

j∈Γ
G1

E
(i)

ϕ1
ij −

∑

j∈Γ
G3

E
(i)

ϕ3
ij = 0 ∀i ∈ T (2VA)

Acϕc = bc ∀c = 1, 2, 3 (3VA)

∑

j∈ΓGc
E

(i) ϕ
c
ij +

∑

k∈ΓGc
E
(jk) ϕ

c
jk 6 1 ∀(i, j) ∈ Êc \ Ec (3+

VA)
∑

(i,c)∈Λk

∑

l∈ΓGc
E
(i)

ϕc
il 6 δk ∀k = 1, . . . ,K (4VA)

3∑

c=1

n∑

i=1

zc
i

∑

j∈ΓGc
E
(i)

ϕc
ij 6 z (5VA)

ϕc
ij ∈ {0, 1} ∀(i, j) ∈ Ec ∀c = 1, 2, 3.

where each binary variableϕc
ij is associated with arc(i, j) ∈ Ec, ΓGcE

(i) is the set of
nodes adjacent toi in Gc

E ,Ac is the vertex-arc incidence matrix ofGc
E , bc is annc + 2

vector with all coefficients equal to 0 except the first which is equal to 1 and the last
which is equal to−1.

S5VA is defined fromS5N by replacing variablesxc
i by

∑

j∈ΓGc
E
(i) ϕ

c
ij in all in-

teger linear program excepted for3N constraints corresponding to arcs inEc. Con-
straints3N corresponding to arcs inEc are translated in terms of paths with constraints
3VA.

The optimal solution value of the linear relaxation ofS5VA, denoted byv(S5VA),
is an upper bound forv(S5VA) which is equal tov(S5N). In the next section, we show
thatv(S5VA) 6 v(S5N).
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12.3. Model comparison

In [VAS 01], the daily mission planning problem is seen as a knapsack problem
with a huge number of additional logic constraints on variables. In order to compare
S5VA andS5N, we prefer to consider this problem as a maximum weighted stable set
problem with additional linear constraints. Indeed, on each camerac, a set of images
that can be taken together can be represented by a stable set in a graph, namely the
incompatibility graph, denoted byGc

I = (Xc, Ic) which is defined as follows:

–Xc represents the setSc (with | Sc |= nc) of images that can be taken by camera
c (with the same convention: a couple(i, c) is represented by a vertex numbered byi
in Xc),

– each vertexi in Xc is associated with the weightwi of imagei,

– Ic represents the incompatibility relation defined onSc × Sc.

Any set of images that can be taken on camerac corresponds to a set of vertices
belonging to a stable set inGc

I . Respectively, any stable set inGc
I represents a set

of images that can be taken on camerac. In the following section, we recall some
well-known results about stable set polytope formulations.

12.3.1. About the stable set polytope

Let us consider the stable set problem in an arbitrary graphG = (V,E). The stable
set polytope, usually denoted bySTAB(G), can be written as:

STAB(G) = conv(xS ∈ {0, 1}|V | : S ⊆ V is a stable set inG)

wherexS is the incidence vector ofS.

The stable set polytope and its LP-relaxation have been the subject of numerous
studies (see, for instance, [GRÖ 88]).

Theedge constraintsof the form:

xi + xj 6 1 ∀(ij) ∈ E

are facet-defining inequalities ofSTAB(G). And we have:

STAB(G) = conv(x ∈ {0, 1}|V | : x satisfies all edge constraints)

In general cases, theedge polytopedefined as follows:

ESTAB(G) = {x ∈ R|V |
+ : x 6 1 and satisfies all edge constraints}
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is not equal to the stable set polytope (except for bipartite graphs; see, for instance,
[GRÖ 88]). In other words, all edge constraints are not sufficient to describe the stable
set polytope, additional facet-defining inequalities must be introduced.

Obviously,maximal clique constraintsof the form:
∑

i∈Q

xi 6 1, withQ ⊆ V

whereQ is a maximal clique inG, generalize edge constraints. Theclique polytope
(also called fractional stable set polytope) is defined as follows:

QSTAB(G) = {x ∈ R|V |
+ : x satisfies all maximal clique constraints}

For an arbitrary graph, we haveSTAB(G) ⊆ QSTAB(G) ⊆ ESTAB(G). But, if G is
a perfect graph, it appears thatSTAB(G) = QSTAB(G).

12.3.2. Stable set polytope and daily mission planning problem formulations

For a givenc, constraintsxc
i + xc

j 6 1 ∀(i, j) ∈ Ic are edge constraints onGc
I =

(Xc, Ic) and, the polytopeconv{xc ∈ {0, 1}nc : xc
i + xc

j 6 1 ∀(i, j) ∈ Ic} defines
the stable set polytopeSTAB(Gc

I). Consequently, inS5N, this stable set polytope is
replaced by the corresponding edge polytopeESTAB(Gc

I) = {xc ∈ [0, 1]n
c

: xc
i +

xc
j 6 1 ∀{(i, j)} ∈ Ic} which does not correspond toSTAB(Gc

I) since there is
no reason forGc

I to be a bipartite graph. This difference between the two polytopes
partially explains the huge integrality gap betweenS5N andS5N. In fact, the difference
betweenS5N andS5VA is related toSTAB(Gc

I) formulations.

THEOREM 12.1.–v(S5VA) 6 v(S5N).

Proof. Let us first consider the transitivity of the enchainability relation. In this case,
any stable set inGc

I corresponds to a path from0 to nc + 1 in Gc
E and conversely. In

fact,Gc
E can be easily deduced fromGc

I as follows: define the complementary graph of
Gc

I , replace each edge betweeni andj by an arc fromi to j if imagei is taken before
imagej and by an arc fromj to i otherwise. The obtained directed graph is exactlyGc

E .
Let us note that a graph such that its complementary graph has a transitive orientation
is a well-known perfect graph, namely a co-comparability graph. In [BAR 03], it is
shown that the stable set polytope in co-comparability graph can be exactly described
by the path-based formulation. Consequently, the polytopeΦ = {ϕc

ij ∈ [0, 1]|E
c| :

Acϕc = bc} is equal toSTAB(Gc
I) for all c = {1, 2, 3}, and included in the edge

polytopeESTAB(Gc
I). Thus,v(S5VA) 6 v(S5N).

In the non-transitivity case, any path from0 tonc+1 inGc
E corresponds to a stable

set in a subgraph̃Gc
I ofGc

I . G̃c
I is obtained fromGc

I by removing all edges(i, j) such
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that either(i, j) or (j, i) belongs toÊc \ Ec. G̃c
I is a co-comparability graph and the

polytopeΦ corresponds to the stable set polytope ofSTAB(G̃c
I) which is included in

ESTAB(G̃c
I). SinceSTAB(Gc

I) = STAB(Gc
I \ G̃c

I)∩STAB(G̃c
I) and, inS5N, STAB(G̃c

I)
is replaced byESTAB(G̃c

I) while, in S5VA, STAB(G̃c
I) is exactly described byΦ, we

havev(S5VA) 6 v(S5N).

We calculatev(S5N) andv(S5VA) on a set of realistic benchmark instances. Re-
sults are presented in the following section.

12.4. Experiments and results

Experiments are carried out on a set of realistic instances described in [BEN 99].
There are two classes of instances:

– the first class includes small size instances without recording capacity constraint,

– the second class includes bigger size instances with recording capacity con-
straint.

For the first class instances, optimal solution values are known. For the second
class instances, approximate solutions have been determined using tabu search (for
details see [VAS 01]) and, for some of them, optimality has been proved in [VAS 03].

Each instance is only described by a list of all binary and ternary constraints. So,
when two imagesi andj are not linked by a constraint, we do not know ifi is taken
beforej or j beforei. Thus, we are not able to defineGc

E from the instance description.
Consequently, we propose to constructGc

E with the polynomial time algorithm pre-
sented in [GIL 64] for determining a transitive orientation of a comparability graph.
When this algorithm is applied on an arbitrary graph, it defines a circuit-free orienta-
tion of edges. Thus, applied to the complementary graph ofGc

I , this algorithm defines
a circuit-free directed graph (transitive whenGc

I is a co-comparability graph) that can
be used instead ofGc

E .

For each instance, we calculate with Cplex 8.0 the optimal solution value ofS5N

andS5VA. Tables 12.1 and 12.2 present the obtained results.

Upper bounds provided byS5VA are logically closer to the optimal solution value
of S5N than those provided byS5N. Let us note thatGc

I is a co-comparability graph
only for instances 54, 42, 1502 and, in these cases,v(S5VA) is very close to optimal
solution value. Moreover, upper bounds provided byS5VA are more interesting for
difficult big size instances with one knapsack constraint5N.

Some improvements would be possible with another instance description. First of
all, the algorithm we use to define an orientation of the complementary graph ofGc

I
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InstanceNumber of imagesv(S5N) v(S5N) v(S5VA) v(S5N)−v(S5N)

v(S5N)
% v(S5VA)−v(S5N)

v(S5VA)
%

54 67 70 83 71 15 1
42 190 108067 190567 108067 43 0
28 230 56053 221090 67053 74 16
5 309 114 315 151 63 24

404 100 49 96 49 48 0
408 200 3082 5188 3094 40 0.3
412 300 16102 31323 23580 48 31
503 143 9096 12637 9601 28 5
505 240 13100 22236 15803 41 17
507 311 15137 27361 25278 44 40
509 348 19125 36394 25684 47 25

Table 12.1.Integrality gaps for small size SPOT5 instances

InstanceNumber of imageŝv(S5N) v(S5N) v(S5VA) v(S5N)−v(S5N)

v(S5N)
% v(S5VA)−v(S5N)

v(S5VA)
%

1401 488 176056 300000 188370 41 6
1403 665 176140 300149 188467 41 6
1405 855 176179 300207 188551 41 6
1502 209 61158 64160 64155 4 4
1504 605 124243 191279 139585 35 11
1506 940 168247 276863 183978 39 8

Table 12.2.Integrality gaps for big size SPOT5 instances

selects in an arbitrary way a co-comparability subgraph ofGc
I ; it is obvious thatS5VA

would be strengthened if it was based upon the real enchainability graphGc
E .

Moreover,S5VA can be strengthened in rewriting contraints4N . These constraints
are due to the limitation of the instantaneous data flow through the satellite telemetry.
A much better formulation is to write cumulative constraints of that type: at each time,
the sum of the data flows used by images must be lower or equal to a certain limit.

12.5. Conclusion

The daily satellite mission planning problem can be seen as a stable set problem
with additional linear constraints. In this chapter, we compare linear relaxations of
two 0-1 linear formulations. In the first one, stable set polytope is represented by edge
polytope while, in the second one, stable set polytope is exactly described. The the-
oretical differences between these two formulations are also illustrated by numerical
experiments on benchmark instances. It is shown that the 0-1 linear programming is
of real interest for modeling and solving satellite mission planning.
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Chapter 13

Dantzig-Wolfe Decomposition for Linearly
Constrained Stable Set Problem

13.1. Introduction

Large-scale 0-1 linear programs often present a strong structure on which a de-
composition scheme can be applied. One of the most famous decomposition schemes
in linear programming is the Dantzig-Wolfe decomposition proposed in [DAN 60].
This decomposition scheme can be applied to 0-1 linear programs [BAR 98]. It leads
us to reformulate the initial program into another one, called the master program, only
containing a subset of constraints on some original variables plus additional variables
representing all the 0-1 solutions of the decomposed constraints. When the polytope
defined by the decomposed constraints does not present the integrality property, it is
well-known that the LP-relaxation of the master program is a strengthened formula-
tion of the initial program continuous relaxation. But, in this case, the LP-relaxation
of the master program is difficult to solve since the variables involved in an optimal
solution, which represent some 0-1 solutions of the decomposed constraints, cannot be
determined in polynomial time (the problem of determining a particular 0-1 solution
of the decomposed constraints is called the auxiliary problem).

In this chapter, we focus on a particular class of 0-1 linear programs in which a
subset of constraints defines a stable set polytope. We study the difficulty and the inter-
est of applying the Dantzig-Wolfe decomposition scheme on the stable set constraints.
When the decomposed constraints represent a stable set problem in a perfect graph,
the auxiliary problem can be solved in polynomial time and the optimal solution value
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of the master program LP-relaxation can be obtained by column generation proce-
dure. For some particular classes of perfect graphs (like interval or co-comparability
graphs), another formulation – more compact – of the master program can be proposed
and directly solved without using column generation procedure. For general graphs,
the auxiliary problem isNP-hard. In this case, an alternative approach is to select some
stable set constraints which define a stable set problem in a perfect subgraph and, to
decompose only on these selected constraints. In this way, the master program can be
solved in polynomial time whereas it is a strengthened formulation of the traditional
continuous relaxation. The selection of a subset of constraints may be difficult but,
for mathematical programs associated with some particular application, the structure
induced by the application itself may be a sufficient guide.

In section 13.2, we recall the Dantzig-Wolfe decomposition scheme in 0-1 linear
programming. Then, in section 13.3, we present the considered problem, namely the
stable set problem with additional linear constraints. In section 13.4, we study the gap
between the traditional continuous relaxation and the linear relaxation of the master
problem, obtained by decomposing on stable set constraints with regards to various
stable set polytope representations for general and perfect graphs. For general graphs,
an alternative approach based on the decomposition on some subsets of the stable set
constraints is briefly introduced.

13.2. The Dantzig-Wolfe decomposition in 0-1 linear programming

Consider the 0-1 linear programP of the form:

(P )







max cx
Ax 6 a m1 constraints
Bx 6 b m2 constraints
x ∈ {0, 1}n

whereA ∈ Nm1×n andB ∈ Nm2×n are integer matrices,c ∈ Nn, a ∈ Nm1 and
b ∈ Nm2 are integer vectors. The setXB

I = XB ∩ {0, 1}n, with XB = {x ∈ Rn
+ :

Bx 6 b, x 6 1}, contains a finite set of vectors, denoted by{x1, x2, . . . , xq}, and any
pointx ∈ XB

I can be represented as:

x =

q
∑

k=1

xkλk

with
∑q

k=1 λk = 1 andλk ∈ {0, 1} ∀k = 1, . . . , q.
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The main idea of the Dantzig-Wolfe decomposition in integer programming
[BAR 98] is to rewriteP using the fact that any solution ofP is necessarily a so-
lution ofXB

I , as follows:

(M)







max
∑q

k=1 cx
kλk∑q

k=1 Ax
kλk 6 a

∑q
k=1 λk = 1

λk ∈ {0, 1}∀k = 1, . . . , q

M is called the master problem.

If we now consider the linear relaxations ofP andM , denoted byP̄ andM̄ re-
spectively, it is well known that (see, for example, [BAR 98]):

v(P̄ ) > v(M̄) > v(M) = v(P )

Indeed, it is easy to see that:

(M̄)







max
∑q

k=1 cx
kλk∑q

k=1 Ax
kλk 6 a

∑q
k=1 λk = 1

λk > 0 ∀k = 1, . . . , q

is equivalent to:







max cx
Ax 6 a
x ∈ conv(XB

I )

whereconv(XB
I ) denotes the convex hull ofXB

I . Thus,v(P̄ ) > v(M̄) sincev(P̄ ) =
{max cx : Ax 6 a, x ∈ XB} andconv(XB

I ) ⊆ XB.

Consequently, when the polyhedronXB presents the integrality property,XB =
conv(XB

I ), we have:v(P̄ ) = v(M̄). Moreover, whenconv(X) = {Ax 6 a} ∩
conv(XB

I ), whereX is the set of allP feasible solutions, we have:v(P ) = v(M̄).

These two previous cases are particular and, in general, we have:

v(P̄ ) > v(M̄) > v(M) = v(P )
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These inequalities are very important since we need to calculate a tight upper
bound either for exactly solving a large-scale linear integer program in a branch-and-
bound scheme, or for evaluating the quality of approximate solutions. In this context,
theM formulation and the calculation ofv(M̄) can be really interesting.

Since the number of variables in̄M can be huge (because it is equal to the car-
dinality of XB

I ), a column generation procedure must be applied to calculatev(M̄ ).
It consists of generating only a subset of variables: those which may participate to an
optimal solution. Starting from a subsetJ of some initial variables (completed with
some artificial variables if necessary), we have to solve at each iteration of the column
generation procedure the following linear problem:

(M̄J)







max
∑

k∈J cx
kλk∑

k∈J Ax
kλk 6 a (1)

∑

k∈J λk = 1 (2)
λk > 0 ∀k ∈ J

and to determine among all remaining variables that which has the greatest reduced
cost. The reduced cost of a variablek is defined as follows:

c̄k = ck − πAxk − π0

whereπ denotes the dual variables associated with constraint(1) andπ0 the dual
variable associated with constraint(2). The variable with the greatest strictly positive
reduced cost (or several variables with strictly positive reduced cost; see [BAR 98] for
details concerning column generation procedures) must be included inJ andM̄J must
be reoptimized. The procedure stops when all the remaining variables have negative
or zero reduced cost and the optimal solution ofM̄J is thus an optimal solution of̄M .

The problem of determining a variable, or equivalently a solution ofXB
I , with the

greatest reduced cost, called the auxiliary problem denoted byAux, can be formulated
as follows:

(Aux)







max(c− πA)x − π0

Bx 6 b
x ∈ {0, 1}n

In what follows, we focus on a particular class ofconv(XB
I ) polyhedron: the stable

set polytope.
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13.3. The stable set problem with additional linear constraints

In this section, we suppose that them2 constraintsBx 6 b are of the form:

∑

i∈Qk

xi 6 1 with Qk ⊆ {1, . . . , n} and|Qk| > 2 ∀k = 1, . . . ,m2

These constraints can also be represented by a graphG = (V,E) defined as fol-
lows:

– each variablexi, i = 1, . . . , n, is represented by a vertexi ∈ V (thus|V | = n),

– each constraintk, k = 1, . . . ,m2 is represented by one or several edges(ij) of
E for all i andj (with i < j) belonging toQk.

A solutionx belonging toXB
I can be seen as the incidence vector of a setS ⊆ V

of vertices (withxi = 1 if i ∈ S and 0 otherwise) such that:∀(i, j) ∈ S×S, (ij) /∈ E.
Consequently,S is a stable set inG andconv(XB

I ) is exactly the stable set polytope,
which is usually denoted bySTAB(G):

STAB(G) = conv(xS ∈ {0, 1}|V | : S ⊆ V is a stable set inG)

In this context, the considered programP corresponds to the maximum weighted
stable set problem with additional linear constraints (the firstm1 constraints).

The stable set polytope and its LP-relaxation has been the subject of numerous
studies (see, for instance, [GRÖ 88]).

Considering an arbitrary graphG = (V,E), theedge constraintsof the form:

xi + xj 6 1 ∀(ij) ∈ E

are facet-defining inequalities ofSTAB(G). And we have:

STAB(G) = conv(x ∈ {0, 1}|V | : x satisfies all edge constraints)

In general cases, theedge polytopedefined as follows:

ESTAB(G) = {x ∈ R|V |
+ : x 6 1 and satisfies all edge constraints}

is not equal to the stable set polytope (except for bipartite graphs, see, for instance,
[GRÖ 88]). In other words, all edge constraints are not sufficient to describe the stable
set polytope and additional facet-defining inequalities must be introduced.
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Obviously,maximal clique constraintsof the form:
∑

i∈Q

xi 6 1, withQ ⊆ V

whereQ is a maximal clique inG, generalize edge constraints. Theclique polytope
(also called fractional stable set polytope) is defined as follows:

QSTAB(G) = {x ∈ R|V |
+ : x satisfies all maximal clique constraints}

For an arbitrary graph, we haveSTAB(G) ⊆ QSTAB(G) ⊆ ESTAB(G) (see, for in-
stance, [GRÖ 88]). But, ifG is a perfect graph, it appears thatSTAB(G) = QSTAB(G).

In the next section, we apply the Dantzig-Wolfe decomposition scheme on stable
set constraints and we compare linear relaxations of master and initial programs with
regards to various stable set polytope representations.

13.4. Dantzig-Wolfe decomposition on stable set constraints: strengthening the
LP-relaxation

13.4.1. Gap between LP-relaxations of master and initial problems

In section 13.2, we recalled that the LP-relaxation of the master problem in a
Dantzig-Wolfe decomposition scheme is equivalent to:







max cx
Ax 6 a
x ∈ conv(XB

I )

Whenconv(XB
I ) exactly corresponds to a stable set polytope,M̄ can be reformu-

lated as follows:







max cx
Ax 6 a
x ∈ STAB(G)

Consequently, ifG is an arbitrary graph,v(M̄ ) 6 v(P̄ ) sinceSTAB(G) ⊆ XB.
Otherwise, ifG is a perfect graph or the complementary graph of a perfect graph,
STAB(G) can be replaced byQSTAB(G) (since in this caseSTAB(G) = QSTAB(G))
and we have:
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– if QSTAB(G) ⊂ XB, v(M̄) 6 v(P̄ ),

– if QSTAB(G) = XB, v(M̄) = v(P̄ ).

Consequently, whenXB does not exactly describe the clique polytope, the LP-
relaxation of the master problem in a Dantzig-Wolfe decomposition scheme may give
a tighter upper bound than the LP-relaxation of the initial problem. The gap comes
from the difference between the two polytopesXB andQSTAB(G).

Moreover, the auxiliairy problemAux can be reformulated as follows:

{
max(c− πA)x − π0

x ∈ STAB(G)

Thus,Aux is the maximal weight stable set problem. IfG is an arbitrary graph,
the problem isNP-hard ; otherwise, ifG is a perfect graph, this problem can be solved
in polynomial time.

In this context, whenSTAB(G) ⊂ XB, an obvious way for strengtheninḡP is
to add inXB some additional facet-defining inequalities forSTAB(G) (this is done
by a solver like Cplex when it determines the so-called clique cut; see [ILO 02]).
WhenG is a perfect graph, replacingXB by QSTAB(G), the calculation ofv(M̄)
remains hard. In this case, the difficulty comes from the possibly huge number of
maximal clique constraints. Indeed, except for some particular graphs (interval graph
for example) for which the number of maximal cliques is bounded (O(n) for interval
graph, see for example [GIL 64]), there are perfect graphs with an exponential number
of maximal cliques. However, this problem can be avoided using either constraint
generation techniques or, if possible, a more compact reformulation. In the following
section, we focus on a particular class of graphs, namely co-comparability graphs, and
we show how to obtain a more compact formulation forM̄ .

13.4.2. The case of co-comparability graphs

A simple graph is a comparability graph if it has a transitive orientation, i.e., an
orientation of edges such that(i, j) and (j, k) implies (i, k). In [GIL 64, PNU 71],
polynomial time algorithms are proposed for determining if a graph is a compara-
bility graph, and for such graphs, for defining a transitive orientation in polynomial
time. A co-comparability graph is the complement of a comparability graph. A co-
comparability graph is a perfect graph but it can have an exponential number of max-
imal cliques. However, there is a more compact formulation of the stable set polytope
using flow variables (as also suggested in [BAR 03]).
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Let us considerG = (X,U) a co-comparability graph. A stable set inG corre-
sponds to a clique in its complement graph, which is denoted byGC = (X,UC) with
|UC | = m. SinceGC is a comparability graph, we can define

−→
GC = (X,

−→
UC) as a

digraph obtained by choosing a transitive orientation ofUC . Let us add into
−→
GC two

fictitious verticese ands and the following arcs in
−→
UC : (e, s), (e, i) and(i, s) for all

i = 1, . . . , n. Thus, any stable set inG defines a path betweene ands in
−→
GC and con-

versely. Consequently, it is possible to representSTAB(G), or equivalentlyQSTAB(G),
by a traditional vertex-arc formulation of paths.

In the vertex-arc formulation of the stable set polytope, each variableφjk repre-
sents an arc(j, k) in

−→
UC andφ = (φjk)

(j,k)∈
−→
UC

is an incidence vector of a path

betweene ands in
−→
GC if it satisfies the following constraints:







∑

k∈Γ+(j) φjk −
∑

k∈Γ−(j) φkj = 0 ∀j = {1, . . . , n}
∑

k∈Γ+(e) φek = 1

−∑k∈Γ−(s) φks = −1

φ ∈ {0, 1}m

The number of variables is equal to the number of arcs in
−→
UC , i.e.m + 2n + 1

or equivalentlyO(n2), while the number of contraints equalsn + 2 +m1 or equiva-
lentlyO(n2). Moreover, it is well-known that this polyhedron presents the integrality
property (since the constraint matrix is a vertex-arcs incidence matrix).

As we showed in the previous section, a way to strengthenP̄ (and for perfect
graph to reach the bound provided by the Dantzig-Wolfe decomposition scheme) is to
replaceXB byQSTAB(G). For a co-comparability graph, a way to describeQSTAB(G)
with a polynomial number of variables and constraints is to use the vertex-arc formu-
lation as follows:







max
∑n

j=1 cj
∑

k∈Γ+(j) φjk
∑n

j=1 aij

∑

k∈Γ+(j) φjk 6 ai ∀i = 1, . . . ,m1
∑

k∈Γ+(j) φjk −
∑

k∈Γ−(j) φkj = 0 ∀j = {1, . . . , n}
∑

k∈Γ+(e) φek = 1

−∑k∈Γ−(s) φks = −1

0 6 φjk 6 1 ∀(j, k) ∈ −→UC

wherex andφ variables are linked that way:

xj =
∑

k∈Γ+(j)

φjk ∀j = 1, . . . , n.

Consequently, this new formulation must be used to calculatev(M̄).
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13.4.3. A decomposition scheme for general graphs

For a general graphG, the LP-relaxation of the master program obtained by apply-
ing the Dantzig-Wolfe decomposition scheme on all the stable set constraints cannot
be solved in polynomial time because the auxiliary problem isNP-hard. An alterna-
tive approach is to identify one or several perfect subgraphs ofG and to decompose
only on the constraints describing these subgraphs as follows:

1) determine one or several perfect subgraphsGk = (V k, Uk) with k = 1, . . . ,K
(K > 1) of G,

2) separate the constraints setBx 6 b into K + 1 subsets: fork = 1, . . . ,K,
Bkx 6 bk are all the stable set constraints represented inGk, B̄x 6 b̄ are all the
remaining constraints,

3) apply the Dantzig-Wolfe decomposition onBkx 6 bk, with k = 1, . . . ,K.

The obtained master program denoted byM ′ is equivalent to:







max cx
Ax 6 a
B̄x 6 b̄
x ∈ STAB(Gk) ∀k = 1, . . . ,K

Thus,v(M̄ ′) is tractable and we have :v(P̄ ) > v(M̄ ′) > v(M̄). In order to cal-
culatev(M̄ ′), several identical methods can be used: a direct calculation with column
generation procedure, a constraint generation procedure applied to the clique polytope
formulation ofSTAB(Gk) and, whenQSTAB(Gk) can be described with a “polyno-
mial” number of clique constraints for allk = 1, . . . ,K, a direct resolution of the
clique polytope formulation.

In this approach, the determination of one or several perfect subgraphs may be
very difficult for a general graph. But, for a graph associated with a real application,
the structure of the problem may be a powerful guide for identifying some subgraphs
with “nice” properties.

13.5. Conclusion

When solving exactly or approximately large-scale integer linear programs (ILP ),
very important information comes from the calculation of the linear relaxation of
ILP . It is well-known that, when applying the Dantzig-Wolfe decomposition onILP ,
the linear relaxation of the master problem̄M may present a smaller integrality gap.
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We consider here a particular class ofILP , i.e., those which contain a subset of con-
straints defining a stable set polytope. In this case, when the decomposition is per-
formed on the stable set constraints, the difference between LP-relaxations ofILP
andM can be partially explained by the gap between the stable set polytope and
its corresponding LP-relaxation. In the case of a perfect graph, we show that the LP-
relaxation ofM is equivalent to another formulation obtained by replacing inILP the
inequalities defining the stable set polytope by the constraints defining the clique poly-
tope. A more compact formulation is then given for co-comparability graphs, based
on vertex-arc formulation of paths. In the case of a general graph,M̄ cannot be cal-
culated in polynomial time. Thus, an alternative approach is possible in which stable
set constraints are separated in order to determine some subsets with “nice” property.
This is the subject of further research.
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Chapter 14

Algorithmic Games

The origins of the concepts related to game theory go back to the BabylonianTalmud,
where we can find problems like the following1:

If a man was married to three women and died, and if the amount of the Ke-
tubah2 was 100 zuz for the first, 200 zuz for the second, and 300 zuz for the
third, and if his estate only contains 100 zuz, they divide it equally. If the estate
contains 200 zuz, the one with the 100-zuz Ketubah gets 50, and the other two
get 75 each. If the estate contains 300 zuz, the one with the 100-zuz Ketubah
gets 50, the one with the 200-zuz Ketubah gets 100, and the one with the 300-
zuz Ketubah gets 150. And if three people [similarly] contributed to a fund, and
it is lost or gained, this is how they divide things.

In modern terms, this problem can be modeled as a cooperative game and the
suggested solution corresponds to the optimality concept ofnucleolus.

In contrast with this, no reference of any concept related to games can be found
in the part of Greek or Arab literature known to date; in newer times, the origins of
development of game theory’s basic notions can be found in theProblèmes plaisants
et délectables, qui se font par des nombres, edited in1612 by Claude Casper Bachet
de Mezirac, but also in a letter from Pascal to Pierre de Fermat (in this letter, Pascal
deals with the problem of the fair partition of the stakes in a card game between two

Chapter written by Aristotelis GIANNAKOS, Vangelis Th. PASCHOSand Olivier POTTIÉ.
1. Mishnah (Ketubot, Chapter 10, Mishnah 3).
2. Amount of money specified in the marriage contract (Ketubah), that can be collected by the
widow from her husband’s estate after his death or after a divorce has been pronounced.
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equivalent adversaries, whenever the game is not yet finished but one player has got
some advantage over the other3) and in the book of R. Monmort4 on games of chance.

Being nourished by various sources like the first attempts in the 19th century -
by Pierre Laplace - of establishing a theory of probabilities deserving that name, the
works of A. Cournot in mathematical economics [COU 1838] and the systematiza-
tion of the war theory by Clausewitz5, the idea of creating a mathematical theory
of conflicts was in the air at the beginning of the 20th century, as it can be attested
from the papers [BOR 21, BOR 24, BOR 27, BOU 02, MOO 09, STE 60], and above
all [ZER 13]. We should also mention [LAS 19] which is considered as a philosopical
forerunner of game theory.

This period ends with the seminal talk of J. von Neumann at the Mathematical
Society of Göttingen, published in [NEU 28], that sets the foundations of a formal
treatment of game theory (for the diverse “paternity” issues that have been raised,
see [KUH 58] and for von Neumann’s contribution to the formalization of game the-
ory, see [KUH 58]). It has been followed by the classic monography by von Neumann
and Morgenstern [NEU 53b], published in1944, with which game theory has defini-
tively entered to its modern era.

14.1. Preliminaries

14.1.1. Basic notions on games

Throughout this chapter, we focus on algorithmic aspects of non-cooperative game
theory. The presentation of the basic notions and the notation follow in rough lines the
exposé of [VOR 98].

DEFINITION 14.1.– LetI be a set,{Xi}i∈I a set system indexed byI and{Ri}i∈I a
system of binary relationsRi ⊆

∏

i∈I Xi ×
∏

i∈I Xi. The triplet:

Γ =
〈
I, {Xi}i∈I , {Ri}i∈I

〉
[14.1]

is called a non-cooperative game of playersI with strategy setXi and preference
relationRi for every playeri ∈ I. RelationPi = Ri \R−1

i is called strict preference

3. Œuvres de Fermat, ed. P. Tannery, C. Henri, vol. II, Paris, 1894; the problem has been re-
ported to young Pascal by the Chevalier de Méré.
4. R. Monmort,Essai d’analyse sur les jeux de hasard(2nd revised edition, completed with
several unpublished letters), Quillan, Paris1713 (reedited by Chelsea, New York, 1980).
5. C. von Clausewitz, Vom Kriege, Dümmlers Verlag, Berlin, 1832.
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relation of playeri. The elements of a set of strategyXi are called the choices ofi
in the gameΓ and the combinations of choicesx ∈ X =

∏

i∈I Xi are called the
situations ofΓ.

In what follows, we deal exclusively with non-cooperative games of a finite num-
ber of players, each one having a finite strategy set.

It is often the case that preference relationsRi of Definition 14.1 are represented
by payofffunctionsHi : X −→ R, such that:

xRiy⇔ Hi(x) > Hi(y)

In this case, a gameΓ will be defined by its player setI and, for each playeri, his
strategiesXi and his payoff functionHi:

Γ =
〈
I, {Xi}i∈I , {Hi}i∈I

〉
[14.2]

The modeling of preferences by using functions is the object of study of theutility
theory, that goes beyond the scope of this chapter. However, it can be noted that if
preferencesRi are partial orders, then there is a “fine” representation of them in terms
of His, i.e., such that:

xPiy⇔ Hi(x) > Hi(y)

The definition of non-cooperative games introduces in a natural manner the issue
of a relation of “collective” preference over a game’s situations. Indeed, every attempt
to interpret the latter as decisions of the players raises the question of the existence
of situations that could be considered as better than others, or even optimal. If, in the
case of a traditional optimization problem – that can also be considered as a degen-
erated game of one player – an optimal solution is usually the value (the choice of
strategy/situation) minimizing or maximizing a real function (the payoff function), in
the case of a non-cooperative game of more than one player, an optimality concept
ceases to be that evident. More generally, this concept can be defined as follows:

DEFINITION 14.2.– An optimality concept is a functionϕ associating with every
game a subset of its situations set:ϕΓ ⊆ X.

However, Definition 14.2 is quite general such that “intuitive” optimality concepts
as well as “artificial” or trivial ones can be understood. So, it is rather better to follow
a reverse approach: define a preference relation over the situations of a game and then
determineϕΓ to be the set of situations such that there is no situation preferable to any
of them. Thus, an important class of optimality concepts can be formulated as follows.
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LetK ⊆ I be acoalitionandx = (xi)i∈I a situation ofΓ. A situationy = (yi)i∈I

is attainablefromx forK if and only if∀i ∈ I, yi 6= xi ⇒ i ∈ K. It is easy to see that
this attainability relation is an equivalence relation; the equivalence class of situations
which are attainable fromx for K will be denoted byEΓ(x,K).

For anyK ⊆ I and a set of indicesSK , a family of couples of subsets ofK
indexed bySK can be chosen:

L(K) = {〈Ls
P , L

s
R〉 : s ∈ SK}

Then, a preference relation overX (denotedRL(K)), can be defined:

xRL(K)y⇔
∨

s∈SK








∧

i∈LsP

xPiy




∧




∧

i∈LsR

xRiy









Provided thatxPiy impliesxRiy, it can be considered without loss of generality
thatLs

P ∩ Ls
R = { }.

A situationx of Γ is calledL(K)-optimal whenever there is no situationy ∈
EΓ(x,K) such thatyRL(K)x.

Finally, letK(K) be a set of coalitionsK ⊆ I and letL(K) = {L(K) : K ∈ K}
be the set of families of couples corresponding to the coalitions inK. A situation(x)
of Γ is then calledL(K)-optimal if it isL(K)-optimal for allK ∈ K. The optimality
conceptϕL(K) associating withΓ the setϕL(K)Γ of its L(K)-optimal situations is
calledK-optimality concept.

The quasi-totality of the optimality concepts explored in non-cooperative game
theory areK-optimality concepts. Among the most studied, we can find the following:

- ParetoK-optimality: for all K ∈ K, it is SK = K, Li
P = {i : i ∈ K},

Li
R = K \ {i : i ∈ K}:

- if K consists of a single coalitionK, the concept is calledParetoK-stability;
- if K = {I}, the concept is called simplyPareto stability6;
- Pareto2I -optimality is also calledstability in the strong sense;

- K-equilibrium: for all K ∈ K, it is SK = {α}, Lα
P = K,Lα

R = { }:
- 2I-equilibrium is also calledequilibrium in the strong sense;
- if K = {{i} : i ∈ I}, the correspondingK-equilibrium is calledNash equi-

librium.

6. Many authors still use for this concept the termPareto optimalityinstead of “Pareto stability”.
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EXAMPLE 14.1.–Prisoner’s dilemma.Consider the game:

〈{A,B}, XA = XB = {d, n}, HA, HB〉
with:

HA(d, d) = HB(d, d) = −8

HA(n, n) = HB(n, n) = −1

HA(d, n) = HB(n, d) = 0

HA(n, d) = HB(d, n) = −10

To put a narrative on this game, imagine thatA andB are jailed and isolated from
each other. They are accused of the same crime but no solid proof can yet be estab-
lished for the charges. BothA andB can either admit the charge and denounce the
other for complicity (choiced), or deny any implication to the crime (choicen). If A
andB denounce each other, then they will be both sentenced to8 years in prison. If
both of them deny the charge, then they will be judged on the basis of existing proofs,
and (probably) they will be condemned to a sentence of1 year in prison for minor
crimes. If one confesses/denounces the other, while the latter denies his participation
in the crime, then the one who confessed will be released, but the other will be desig-
nated as the sole guilty, and consequently he will be sentenced to10 years in prison.
It is easy to see that in this game, situation(d, d) is a Nash equilibrium, while the
remaining three(d, n), (n, d), (n, n) are Pareto stable (optima)7.

14.1.2. Complexity classes mentioned throughout the chapter

For the sake of completeness of presentation, we give in this section some short
definitions of complexity classes that will be mentioned later on. For more details,
see [PAP 94a] and also [ANG 05, GAR 79, PAS 04, PAS 06]. For basic notions of
formal language theory like “alphabet”, “Turing machine”, etc., see [LEW 81].

Let Σ be a finite alphabet. We note byNP (resp.NEXP) the class of languages
L ⊆ Σ∗ (whereΣ∗ is the Kleene’s star closure ofΣ) for which, given a stringx of
characters fromΣ, it can be checked in polynomial time whetherx ∈ L. We note byP
(resp.EXP) the class of languagesL for which anx ∈ L (or the confirmation thatL
is empty) can be calculated in polynomial (resp., exponential) time.

Let R ⊆ Σ∗ × Σ∗ be a binary relation over the strings of characters inΣ. R is
calledpolynomial-time decidableif there is a deterministic Turing machine which can

7. The first detailed analysis of this type of games is published in [LUC 57]; the monogra-
phy [RAP 65] is devoted to Prisoner’s dilemma.
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decide in polynomial time;R is called polynomially balanced if there isk 6 1 such
that, for all(x, y) ∈ R: |y| 6 |x|k.

ForR polynomial-time decidable and polynomially balanced, thecounting prob-
lemassociated withR is the following: “givenx ∈ Σ∗, calculate the number ofy such
that(x, y) ∈ R”. Class♯P is the set of counting problems associated with relationsR
of this type.

A necessary and sufficient condition for a languageL ⊆ Σ∗ to belong toNP is the
existence of a polynomial-time decidable and polynomially balanced relationRL over
strings, such thatL = {x : ∃y, (x, y) ∈ RL} [PAP 94a]. We can define then, for all
languagesL in NP, a function problem associated withL as the following problem.
“Let RL be a relation satisfying the previous condition. Givenx ∈ Σ∗, findy such that
(x, y) ∈ RL or return “no” if there is no suchy”. Whenever it can be shown thatRL

is such that, for allx ∈ Σ∗, there is always ay such that(x, y) ∈ RL, the associated
function problem is then calledtotal function problem associated withL. The class
of all function problems associated with some language inNP is denoted byFNP.
The class of total function problems is denoted byTF. The subclass of total function
problems associated with some language inNP is denoted byTFNP.

An important class of “total” problems, for which we search for a solution but the
existence of at least one is guaranteed, is the class of total problems that can be reduced
to the following problem, calledEND OF LINE and defined as follows: “letP andC
be two logic circuits withn input bits andn output bits, such thatP (0, . . . , 0) =
(0, . . . , 0) 6= C(0, . . . , 0); find an inputx ∈ {0, 1}n such thatP (C(x)) 6= x or
C(P (x)) 6= x 6= (0, . . . , 0)”.

Intuitively, the problemEND OF LINE is illustrated by a directed graphG(V,A)
whose vertex set isV = {0, 1}n and directed edge set isA = {(x, y) : P (y =
C(x)) = x}. The in- and out-degree ofG is at most one, andG has at least one
source,(0, . . . , 0). We search for another source or a sink. ClassPPAD includes then
all total problems whose totality can be established by the combinatorial argument:
“if a directed graph has a vertex with non-zero difference between in- and out-degree,
then it must have another one” [DAS 05].

Given an optimization problemΠ, a problem of searching forlocal optima can be
defined by associating with the set of feasible solutions ofΠ a neighborhood structure,
and then searching for a solution which is optimal in comparison with its neighbors
(see also [MON 03]). The classPLS is the set of local research problems for which
there exist three polynomial algorithmsAΠ, BΠ andCΠ such that:

- given an inputx, algorithmAΠ decides whetherx is an instance ofΠ and, if this
is the case, calculates a feasible solution for this instance;

- given an instancex of Π and a candidate solutions for x, algorithmBΠ decides
if s is a feasible solution forx and, if this is the case, calculates its value;
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- given an instancex of Π and a feasible solutions for x, algorithmCΠ decides if
s is a local optimum (under the neighborhood structure associated withΠ); otherwise,
calculates a neighbor solutions′ of strictly better value than the value ofs.

14.2. Nash equilibria

A. Cournot, in Chapter7 of his famousRecherches, had already formulated an
equilibrium concept for some specific two-player games, the direct generalisation of
which is the Nash equilibrium [LEO 94]. A major part of contemporary research on
the theory of non-cooperative games, above all on algorithmics of non-cooperative
games, is devoted to this optimality concept and its variants. Most of the results pre-
sented in the present chapter deal with Nash equilibria.

In its current form, this concept has been introduced by J. Nash in [NAS 50b]. In
this note, the author shows that, for a quite broad family of games, the set of Nash
equilibria is guaranteed to be non-empty. Based on this fundamental propriety, he
outlines later [NAS 50a] a vast program of reduction of cooperative to non-cooperative
games.

Intuitively, a situation is a Nash equilibrium if no player can get profit if he mod-
ifies in a “unilateral” fashion his choice (i.e., while the other players stay in their
choices that define this situation).

In order to introduce the principal results of Nash, let us recall some mathematical
definitions.

DEFINITION 14.3.– LetZ be a linear space. A setZ ⊆ Z is convexif, for all z′, z′′ ∈
Z andλ ∈ [0, 1], it is λz′ + (1− λ)z′′ ∈ Z.

DEFINITION 14.4.– Let Z be a linear space. A functionf : Z −→ R is called
concave (resp., convex)if, for all z′, z′′ ∈ Z andλ ∈ [0, 1], it is:

λf (z′) + (1− λ)f (z′′) 6 (resp., >)f (λz′ + (1− λ)z′′) [14.3]

Functionf is strictly concave (strictly convex) if inequality [14.3] is strict forz′ 6= z′′

and 0 < λ < 1. Functionf is quasi-concave (resp., quasi-convex) if the set{z :
f(z) > (resp., 6)α} is convex for allα ∈ R.

A game in form [14.2] is calledconcave(resp.,quasi-concave) if, for each player
i, his set of strategiesXi is a convex subset of a linear space and if, whenever we
fix the choice of the other playersI \ {i} in an arbitrary way, his payoff functionHi
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becomes a concave (resp., quasi-concave) functionXi −→ R. We must note here that
it is not necessary to have all of theHis concave or quasi-concave.

Now Theorem 14.1 can be stated.

THEOREM 14.1.– Let a gameΓ (in form [14.2]) be quasi-concave. If strategy sets
Xi of all players are compact (in some topology) and if payoff functionsHi are con-
tinuous (in the corresponding topology) over the situations, thenΓ has a Nash equi-
librium.

Proof.Let x be an arbitrary situation. The situation obtained if inx the choice ofi is
replaced byxi will be denoted byx‖xi. Letci(x) = argmaxxi Hi(x‖xi), i.e., the set
of choices of playeri for which:

Hi (x‖x∗i ) = max
xi∈Xi

{Hi (x‖xi)}

Because of the compacity ofXi and the continuity ofHi, ci(x) is non-empty;
moreover, because of the quasi-concavity ofHi overxi, ci(x) is convex (and closed,
by continuity ofHi).

The correspondence betweenx andci(x) is also closed, i.e., for all converging se-
quences of situations:x(1), . . . ,x(m) → x(0) and all converging sequences of choice
of i: i: y(1)

i , . . . , y
(m)
i → y

(0)
i such that, form = 1, . . .:

y
(m)
i ∈ ci

(

x(m)
)

[14.4]

the following inclusion holds:

y
(0)
i ∈ ci

(

x(0)
)

[14.5]

[14.5] can be shown by selecting an arbitraryxi; expression [14.4] means that for all
m:

Hi

(

x(m)‖y(m)
i

)

> Hi

(

x(m)‖xi

)

and hence, passing to the limit:

Hi

(

x(0)‖y(0)
i

)

> Hi

(

x(0)‖xi

)

which implies the validity of [14.5] because the latter holds for anyxi.
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Now consider the applicationc : X −→ 2X establishing the correspondence
between each situationx and the set of situationsc(x) =

∏

i∈I ci(x). Setc(x) is a
Cartesian product of non-empty, compact and convex sets - thus it is also non-empty,
compact and convex; let us recall that ifci(x) are closed, we get thatc(x) is also
closed.

Thus, applicationc satisfies the conditions of the Kakutani Theorem [BOR 85],
according to whichc has a fixpoint, i.e., there isx∗ ∈ X such thatx∗ ∈ c(x∗). But,
for all choice ofx∗i component ofx∗, there will be alsox∗i ∈ ci(x

∗), i.e., for all
playersi:

∀xi ∈ Xi, Hi (x∗) > Hi (x∗‖xi)

Hence, the Nash equilibria set for a game as those of Theorem 14.1, are non-empty.

This result can still be obtained if the concavity condition ofΓ is relaxed and if
the continuity condition for the payoff functions is slightly modified, as stated in the
following theorem, that we mention without the proof.

THEOREM 14.2.– Let Γ be a concave game (in form [14.2]). If the set of players’
strategiesXi are compact (in some topology) and if the payoff functions are continu-
ous (in the correponding topology) whenever the choice of all other players excepti
is fixed in an arbitrary fashion and the choice ofi varies freely, and if

∑

i∈I Hi(x) is
continuous overx, thenΓ has a Nash equilibrium.

14.3. Mixed extension of a game and Nash equilibria

For every optimality conceptϕ, an interesting question is whether it is possible
to transform a gameΓ into a gameT (Γ), in such a way thatϕΓ ⊆ ϕT (Γ). The
importance of Nash equilibria comes precisely from the fact that there is an intuitive
transformationT transforming every gameΓ of finite player set and strategies into a
game that satisfies the conditions of Theorem 14.1, i.e. into a game having (at least)
one Nash equilibrium.

DEFINITION 14.5.– LetΓ = 〈I, {Xi}i∈I , {Hi}i∈I〉 be a game with finiteI andXi.
We call mixed extension ofΓ a gameG = 〈I, {X ′

i}i∈I , {Hi}i∈I〉 in which theX ′
i

are independent probability measures, each one defined by theX-algebra2Xi over
Xi andHi are expectancies ofHi. X ′

i are called mixed strategies sets ofΓ and their
elements are called mixed choices.

Intuitively, a mixed extension ofΓ is the game that yields when players play proba-
bilities distributions over their strategies sets rather than choices themselves; “classic”
situations appear whenever every playeri plays a degenerate probability distribution
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overXi, with x chosen with probability one and every other choice ofi chosen with
zero probability.

Thus, every situation ofΓ is also a situation ofG and for these situations the payoff
values are the same inG as inΓ. It is easy to see that theX ′

i and theHi all satisfy the
conditions of Theorem 14.1 (in fact, everyX ′

i is a simplex).

Theorem 14.3 expresses some basic proprieties of mixed extensions of games,
related to Nash equilibria.

THEOREM 14.3.– Every mixed extension of a game asΓ of definition has a Nash
equilibrium, and all Nash equilibria ofΓ are also Nash equilibria of its mixed exten-
sion.

Proof.According to the previous comment and Definition 14.5 ofG, the sets:

X ′
i =

{

pi : pi (xi) > 0 for xi ∈ Xi and
∑

xi∈Xi

pi (xi) = 1

}

are simplices in Euclidean spaces of finite dimension and the topologies in such spaces
are compact. In this case, spaces are linear and hence setsX ′

i are convex.

For all mixed situationsx′, it is:

Hi (x′) =
∑

x1∈X1

· · ·
∑

x|I|∈X|I|

Hi

(
x1, . . . , x|I|

)
p1 (x1) . . . p|I|

(
x|I|
)

Hence, functionsHi : X′ −→ R are linear in every one of their arguments and
consequently they are concave functions.

Nash equilibria of the mixed extension of a gameΓ are often calledNash equilibria
of Γ in mixed strategies; those which are not Nash equilibria ofΓ are calledmixed
Nash equilibriaof Γ, while those which are Nash equilibria ofΓ are calledpure Nash
equilibria ofΓ.

Equilibria sets of games of Definition 14.5 in mixed strategies contain a finite
number of connected components.

14.4. Algorithmic problems

Finding an equilibrium in mixed strategies is a total problem: there is always one,
no matter what the game is. However, in the existence proof no constructive arguments
are used, at least in the “polynomial” sense of this term. It should also be mentioned
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that Nash had already given an example of a three-player game whose only equilib-
rium is in irrationals (at the same time, no irrational numbers enter the description
of this game). Therefore, any algorithm calculating Nash equilibria for general games
would rather have to calculate a finite-description, rationalε-approximate equilibrium,
that is a situation such that no player can improve his payoff more than anε additive
factor, being part of the algorithm’s input.

The complexity of an algorithm for the problem formulated in this way would then
be stated in terms of order of magnitude of a function of the game’s description size
and of the precision parameterε.

14.4.1. Games of succinct description

In order to specify a gameΓ = 〈I, {Xi}i∈I , {Hi}i∈I〉 with finite player and strat-
egy sets,|I|∏i∈I |Xi| values are needed for describing the payoffs, plus

∑

i∈I |Xi|
values for the strategy sets, plus the number of players|I|. In order to further specify
an instance of the problem of searching a mixed equilibrium inΓ, a value for the pre-
cision factorε is also needed. In this representation form, the lengthier part is in fact
the payoff description.

However, it is often possible to obtain a succinct representation of theHi, for in-
stance, whenever every payoff function can be expressed by a short and polynomially
computable formula, or in the case where the payoffs are in fact independent of the
choice of the whole set of players except for a small part of it.

In such cases, a directedinfluence graphGΓ(V,E) [KEA 01] (with V (GΓ) = I
andE(GΓ) = {(i, j) : Hi depends on the strategy chosen byj}) can be associated
with Γ. Then,Γ is calleda game defined on the graphGΓ.

In general, we can always define a game on a complete directed graph; but, for
the games for which a low connectivity graph is enough, this representation can be
seen as a kind of factorization in smaller “local” games. If the graph is of bounded
degree∆, then, for the description ofHi, no more than|I|m∆+1 values are needed,
with m = maxi∈I{|Xi|}.

14.4.2. Results related to the computational complexity of a mixed equilibrium

It is well-known that a Nash equilibrium for a game can be represented as the solu-
tion of a system of polynomial inequalities [VOR 98]. There exist algorithms solving
such systems in time that is polynomial on1/ε andlog(M)(mn)m2n2

, M being the
absolute maximum of the players’ payoffs,m the maximum number of choices for all
players andn = |I| [GRI 88].
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The question of the existence of a polynomial time algorithm for calculating a
mixed Nash equilibrium remains open to this day (see [PAP 05] for some recent de-
velopments on this issue). In most of the works dealing with the subject, this question
is addressed in the following form: given a succinct description of a game, find an al-
gorithm which calculates a mixed Nashε-equilibrium of the game and is polynomial
on 1/ε, on the number of players and on the maximum number of choices for any
player.

[BUB 79, VOR 98] show a transformation of any game ofn players to some game
of 3 players, such that there is a bijection between the equilibria of the transformed
and the equilibria of the initial games, which make it possible to find the latter from
the former in polynomial time. In this transformation, the sets of strategies of the
three-player game are of exponential size with respect to the size of those of the initial
general game.

Two other equilibria-preserving transformations of general games into three-player
games have been presented in [CHE 05, DAS 05]. They are based on that shown
in [GOL 05]. In this paper, it is first shown how to transform a game defined on a graph
of n vertices and degree bounded by∆ into a game of∆2 players (a “special” player
plus∆2 − 1 players corresponding to chromatic classes of the graph obtained after
having put over the original graph one directed edge(i, k) for every path(i, j), (j, k)
in the original graph). It is then shown how to obtain, from a general game, a game
defined on a graph of degree3, where every vertex-player has two choices. Combin-
ing these reductions yields that the problem of finding an equilibrium in a three-player
game is, like in the general case,PPAD-complete8. Thus, the existence of a polyno-
mial algorithm9 for this problem seems highly improbable.

In [KEA 01], the authors present an algorithm that finds a mixed equilibrium of a
game defined on a tree where every player is given two choices (“zero” and “one”).
The algorithm makes two searches of the tree’s nodes, one from the leaves to the
root, and a second from the root towards the leaves. During the first search, every
vertex transfer to its father a sequence of numbers defining a partition of the inter-
val [0, 1], which determines its choice for each choice of the father in every part of
the partition, in order to attain a Nash equilibrium given the father’s choice. This se-
quence of numbers – the “breakpoints” – of the[0, 1] has been calculated from the
data transferred by the children of the vertex. When the root is reached, it determines
a choice that is transfered to the root’s children; during the search towards the leaves,
the vertices determine their choice depending on their sequence of numbers and the

8. This is the class of problems inTF that can be shown to belong to the latter by a parity
argument (of the kind: if a directed graph has a vertex with a non-zero difference between its
in- and out-degree, then it must have another such vertex).
9. In the sense discussed above.
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choice announced by their fathers. The authors claim that this algorithm is polynomial
for bounded degree trees10. In [VIC 02] the algorithm is generalized for other graph
classes.

In the case of zero sum, two-player games (i.e., whenever for all(x1, x2) ∈ X,
H1(x1, x2) + H2(x1, x2) = 0), the problem of searching a mixed Nash equilibrium
can be formulated as a linear program, hence it is polynomial-time solvable.

The question of general two-player games remains open [KOL 92]. A solution
method has been proposed in [LEM 64]; however, this method can be exponential
even for some zero-sum games [SAV 04].

Quite recently, Chen and Deng [CHE 05B] have shown the searching of Nash equi-
libria in general two-player games to bePPAD-complete, as for the case of general
games. In [SIN 00], some steepest-descent heuristics are also proposed for this prob-
lem.

As for negative results on the complexity issue, [GIL 89] shows some in this vein.
In fact, the central part of the assertions shown in this paper is that searching a mixed
Nash equilibrium with specified properties often becomesNP-complete, even for sym-
metrical two-player games11.

In order to obtain these results, the authors of the paper have built a reduction
of a CNF formula to a symmetrical two-player game, i.e., such that in any situa-
tion (x1, x2), the payoff of one of the players is equal to the payoff of the other in
situation(x2, x1).

In what follows, we present the reduction given in [CON 03] which is based on
that in [GIL 89].

Let φ be a Boolean formula in conjunctive normal form. LetV be its set of vari-
ables (with|V | = n),L the set of literals corresponding to elements ofV and letC be
the set of its clauses. The functionv : L −→ V returns the variable that corresponds
to a literal, i.e.,v(zi) = v(−zi) = zi. Γ(φ) is defined as the following symmetrical
game of two players (I = {1, 2}): X = X1 = X2 = L ∪ V ∪ C ∪ {f} ; the payoff

10. However, a more careful analysis in [ELK 06] shows that this algorithm becomes polyno-
mial under more powerful constraints.
11. Games for whichH1(x1, x2) = H2(x2, x1), for all x1 ∈ X1, x2 ∈ X2.
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functionsH1, H2 are defined as:






H1

(
l1, l2

)
= H2

(
l2, l1

)
= 1 ∀l1, l2 ∈ L with l1 6= −l2

H1 (l,−l) = H2(−l, l) = −2 ∀l ∈ L
H1(l, z) = H2(z, l) = −2 ∀l ∈ L, z ∈ X \ L
H1(v, l) = H2(l, z) = 2 ∀v ∈ V, l ∈ L with v(l) 6= v

H1(v, l) = H2(l, v) = 2− n ∀v ∈ V, l ∈ L with v(l) = v
H1(v, z) = H2(z, v) = −2 ∀v ∈ z ∈ X \ L

H1(c, l) = H2(l, c) = 2 ∀c ∈ C, l ∈ L with l /∈ c
H1(c, l) = H2(l, c) = 2− n ∀c ∈ C, l ∈ L with l ∈ c
H1(c, z) = H2(z, c) = −2 ∀c ∈ C, z ∈ X \ L
H1(f, f) = H2(f, f) = 0
H1(f, z) = H2(z, f) = 1 ∀z ∈ X \ {f}

Now the main theorem can be stated as follows:

THEOREM 14.4.– The gameΓ(φ) has a mixed Nash equilibrium in which both play-
ers playli with probability1/n of getting payoff1 if and only if(l1, l2, . . . , ln) (with
v(li) = zi) satisfiesφ. Moreover, there is only one more Nash equilibrium (in mixed
strategies), when both players playf , each one receiving payoff0.

Proof. We start by showing that the situations mentioned in the theorem are indeed
Nash equilibria. If (withv(li) = zi) satisfiesφ and player2 playsli with probability
1/n, then player1 can choose one of theseli and be paid1. Notice also that:

- if 1 plays the negation of one of theseli, then he gets as payoff:

1

n
× (−2) +

n− 1

n
× 1 < 1

- given that for some of theli that2 plays sometimes, it isv(li) = v, if 1 plays a
variablev he will be given:

1

n
× (2− n) +

n− 1

n
× 2 = 1

- if 1 plays a clausec he will get a payoff at most:

1

n
× (2− n) +

n− 1

n
× 2 = 1

because one of theli played sometimes by2 is in clausec, according to the fact that
li satisfiesφ;

- finally, if 1 playsf he will be handed1.

It follows that playing any of theli played sometimes by2 is an optimal response
for 1; hence if both players play each one of theseli with probability1/n, a Nash
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equilibrium is reached. Clearly, the situation where both players playf is also a Nash
equilibrium, given the situation with one of the players playing anything butf when-
ever the other playsf , will give him a payoff equal to−2.

It remains to show that there is no other Nash equilibrium: if the other player
plays alwaysf , the only “best response” for the player is to playf because any other
choice would give payoff−2. In the opposite case, given a mixed strategy of the other
player with zero probability of playingf , we consider the payoff of the first player.
If this payoff is less than1, then he should rather playf (which gives a payoff equal
to 1 when the other does not play at allf , which is a choice that is better than his
former choice whenever the first player playsf ). Hence, these situations cannot be
Nash equilibria.

In the case where a player playsf while the other does not playf , there is no
Nash equilibrium; so, suppose that both players playf with probability less than1.
Let us consider the “expected social welfare”H1 +H2 when no player playsf . It is
easy to see that no such situation can give a social welfare greater than2. Notice also
that every situation in which one of the players plays an element ofV orC implies a
social welfare which is strictly less than2. It follows that if one of the players plays an
element ofV orC, and no player playsf , then the expected social welfare is strictly
less than2.

By linearity of expectancy, it follows that the expected payoff of at least one of the
players is strictly less than1 when no player playsf and, according to the previous
reasoning, this player could improve his payoff by playingf rather than any probabil-
ity distribution over choices which are different fromf . This suffices to conclude that
no element ofV orC is played in a Nash equilibrium.

Thus, we can suppose that both players put non-zero probabilities only over ele-
ments ofL∪{f}. If the other player puts positive probabilities overf , then it is better
for the first player to choosef than any element ofL (because both players will be
given payoff1 if the other player plays an element ofL, while playingf is a best
response if the other playsf ). It follows that the only equilibrium in which one of the
players playsf is the situation in which both players playf .

Now we can suppose that both players put positive probabilities over elements of
L exclusively. Suppose that, for a particular player, the probability of playingl or−l
is less than1/n. In that case the expected payoff of the other player when he plays
v(l) is strictly less than:

1

n
× (2− n) +

n− 1

n
× 2 = 1

so this cannot be a Nash equilibrium, yielding that in a Nash equilibrium, for alll ∈ L,
the probability for a player to playl or−l is exactly1/n.
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If player1 puts positive probabilities over an element ofL and player2 puts posi-
tive probabilities over the negation of the same element, both players get an expected
payoff less than1 and they would be better off by playingf . Thus, in a Nash equilib-
rium, if player1 playsl with some probability, then player2 has to playl with prob-
ability 1/n. This implies that for each variable there exists exactly one of its literals
which is played by both players with probability1/n. It follows that, in every Nash
equilibrium (other than the situation where both players playf ), the literals played
sometimes correspond to a truth assignment.

Finally, we show that if this assignment does not satisfyφ, then the corresponding
situation is not a Nash equilibrium. Letc ∈ C be a clause that is not satisfied by
the assignment, i.e., none of its literals is ever played. Then, playingc would yield a
payoff equal to2 and both players should play it.

According to Theorem 14.4 shown above, there is a Nash equilibrium inΓ(φ)
in which every player gets1 as payoff if and only ifφ is satisfiable; the only other
equilibrium is when both players playf and they get0 as payoff. However, every
“sensible” definition of “welfare optimization” should rather push to prefer equilibria
of the first type. In this sense, deciding if there is a “good” equilibrium is a hard prob-
lem. The following corollaries develop a spectrum of similar aspects of the problem
(each corollary is directly deduced by Theorem 14.4).

COROLLARY 14.1.– Even in symmetrical two-player games, it isNP-hard to de-
cide the existence of a Nash equilibriumx yielding an expected social welfare
∑

i∈|I| H̄i(x) which is at least equal tok, even ifk is the maximum attainable value
for the social welfare in the game.

COROLLARY 14.2.– Even in symmetrical two-player games, it isNP-hard to decide
if:

1) there is a Nash equilibrium in which all players get payoffs at leastk, even ifk
is the greatest value for which there is a probability distribution over the situations of
the game such that all players have a total expected payoff of at leastk;

2) there is a Nash equilibrium that is also Pareto-stable;

3) there is a Nash equilibrium where one of the players gets a payoff of at leastk;

4) there is more than one Nash equilibrium;

5) there is a Nash equilibrium in which one of the players sometimes plays a par-
ticular choicex ∈ X1;

6) there is a Nash equilibrium in which one player never plays a particular choice
x ∈ X1.

Corollary 14.2 shows that it is hard to obtain specific information about Nash
equilibria in a game. Point 4 and softer versions of 1, 5 and 6 have been first shown
in [GIL 89].
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As a conclusion to this section, we mention a remarkable result of [DAS 05] con-
cerning Nash equilibria in mixed strategies for games defined on ad-dimensional grid.
It is shown that it can be decided in polynomial time whether a game defined on a1-
dimensional grid has a pure equilibrium, while the same problem ford > 2 becomes
NEXP-complete.

14.4.3. Counting the number of equilibria in a mixed strategies game

As it is already shown (page 348), the number of connected components12 of
the Nash equilibria set in a mixed game is finite. The question of enumerating
these components was first studied from the algorithmic complexity point of view
in [MCL 97, MCL 02]. Theorem 14.4 can be directly used to show that deciding this
number for a given game is hard.

PROPOSITION14.1.– Even in symmetrical two-player games, counting the number
of Nash equilibria is♯P-hard.

Proof.The number of Nash equilibria in the gameΓ(φ) of Theorem 14.4 is the number
of satisfying assignments ofφ plus one. But it is well-known that counting the number
of satisfying assignments of a formula in CNF is♯P-hard [VOR 98].

Every Nash equilibrium ofΓ(φ) is a connected set, hence the number of connected
components is equal to the number of satisfying assignments ofφ plus one. Thus, the
following Corollary 14.3 holds:

COROLLARY 14.3.– Even in symmetrical two-player games, counting the number of
maximal connected subsets of the Nash equilibria set is♯P-hard.

It is worth mentioning here that the most interesting results on♯P-hardness are
those whose corresponding decision and searching questions are easy (such as, for
instance, the♯P-hardness of counting perfect matchings in a bipartite graph, which is
reduced to the calculation of the permanent of a matrix).

14.5. Potential games

The representation problem discussed in section 14.4 is simplified to a great extent
in the case ofpotential gamesintroduced in this section. This class of games models
a broad spectrum of optimization problems; they have always pure Nash equilibria
coinciding with the local optima of their potential function.

12. Of the maximal connected subsets.
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14.5.1. Definitions

Let Γ = 〈I, {Xi}i∈I , {Hi}i∈I〉 be a game of finite sets of players and strategies.
For a setK ⊆ I, we denote by−K the complementary set ofK with respect toI and
by XK the Cartesian product

∏

i∈K Xi. For singletons{i}, X{−i} will be denoted
byX−i. Let us assume a situationx = (x1, . . . , xn). The situation:

(x1, . . . , xi−1, z, xi+1, . . . , xn) = x‖z

is noted by(x−i, z).

A functionP : X −→ R is anordinal potentialfor Γ if, for all i ∈ I and for all
x−i ∈ X−i:

Hi (x−i, x)−Hi (x−i, z) > 0⇐⇒ P (a−i, x)− P (a−i, z) > 0, ∀x, z ∈ Xi

DEFINITION 14.6.–Γ is an ordinal potential game if it admits an ordinal potential
(i.e., it is possible to define an ordinal potential forΓ).

Letw = (ωi)i∈I be a vector of positive numbers that will be called theweights. A
functionP : X −→ R is aω-potentialfor Γ if, for all i ∈ I and alls−i ∈ X−i, it is

Hi (s−i, x)−Hi (s−i, z) = ωi (P (s−i, x) − P (s−i, z))

for all x, z ∈ Xi.

DEFINITION 14.7.–Γ is aω-potential game if it admits aω-potential.P is also called
a weighted potentialandΓ a weighted potential game.

A functionP : X −→ R is anexact potential(or, simply, apotential) if it is a
weighted potential forΓ with ωi = 1, for all i ∈ I.

DEFINITION 14.8.–Γ is an exact potential game(or, simply apotential game) if it
admits a potential.

14.5.2. Properties

The existence of an ordinal potential for a game makes it possible to transform
it into an equivalent “simplified” game, with the same equilibria set as the original
game.

LEMMA 14.1.– LetP be an ordinal potential for the game:

Γ = 〈I = {1, . . . , n}, {X1, . . . , Xn} , {H1, . . . , Hn}〉
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The equilibria set ofΓ concides with the equilibria set of:

G = 〈{1, . . . , n}, {X1, . . . , Xn} , {H1 ≡ H2 . . . ≡ Hn ≡ P}〉

i.e., the game obtained if the payoff functions ofΓ are replaced by the potential func-
tion.

In other words,s ∈ X is a Nash equilibrium forΓ if and only if, for all i ∈ I such
thatx ∈ Xi:

P (s) > P (s−i, x) [14.6]

Consequently, ifP admits a maximal value overX, thenG has an equilibrium in
pure strategies. But this is the case, according to the construction ofP . Thus, Theo-
rem 14.5 can be stated.

THEOREM 14.5.– Every ordinal potential game has a pure Nash equilibrium.

Theorem 14.5 can be further generalized, in order to completely characterize the
class of games with pure Nash equilibria.

Starting from a finite gameΓ, we can build a directed graph having as vertex set
the situationsX of Γ and all the directed edges(s, s′) for situationss ands′ differing
only in one componenti and such thatHi(s

′) > Hi(s). If the graph has no circuit, we
say that theNash dynamicsconverge forΓ.

PROPOSITION14.2.–If the Nash dynamics converge forΓ, thenΓ has a pure Nash
equilibrium.

Proof.The sinks of the graph are the Nash equilibria of the game.

A path in this graph is the sequenceγ = (y0, y1, . . .) such that, for allk > 1,
there is a unique playeri such thatyk = (yk−1

−i , x) for x 6= yk−1
i in Xi; y0 is called

theorigin pointof γ and ifγ is finite, then its last element is called theterminal point
of γ. A pathγ = (y0, y1, . . .) is an improvement pathfor Γ if, for all k > 1, it is
Hi(y

k) > Hi(y
k−1) with i being the only player changing strategy at stepk. We say

thatΓ has the finite improvement property (FIP) if every improvement path is finite.

LEMMA 14.2.–In every ordinal potential game the FIP holds.

Proof. For all improvement pathsγ = (y0, y1, . . .), we have, according to
Lemma 14.1:

P
(
y0
)
< P

(
y1
)
< . . .



358 Optimization and Computer Science

X being a finite set, the sequenceγ must be also finite.

Clearly, saying that a game has the FIP and saying that the Nash dynamics con-
verge for this game, are equivalent statements. In other words, every maximal im-
provement path must terminate to a Nash equilibrium.

At this point, an interesting comment is that having the FIP is not equivalent to
admitting an ordinal potential.

A functionP : X −→ R is ageneralized ordinal potentialfor Γ if, for all i ∈ I,
for all s−i ∈ X−i and allx, z ∈ Xi, it is:

Hi (s−i, x)−Hi (s−i, z) > 0 =⇒ P (s−i, x) − P (s−i, z) > 0

THEOREM 14.6.– A finite gameΓ has the FIP if and only ifΓ admits a generalized
ordinal potential.

Proof. Let Γ be a game with the FIP. Define the binary relation≻ on X as follows:
x ≻ y if and only ifx 6= y and there is no finite improvement pathγ with initial point
x and terminal pointy. The FIP implies transitivity of the relation≻.

Let Z ⊆ X. We say thatZ is representedif there is a functionQ : Z −→ R such
that, for allx,y ∈ Z, x ≻ y implies thatQ(x) > Q(y). Let Z be a represented and
maximal subset ofX. We are going to show thatZ = X.

Suppose thatx /∈ Z. If x ≻ z for all, thenQ can be extended toZ ∪ {x}, by
definingQ(x) = 1 + maxz∈ZQ(z), which contradicts the maximality ofZ. If z ≻ x

for all z ∈ Z, thenQ can be extended toZ∪{x} by definingQ(x) = minz∈ZQ(z)−1,
which also contradicts the maximality ofZ.

Finally, if neitherx ≻ z nor z ≻ x, thenQ can be extended and the maximality
of Z is contradicted by definingQ(x) = (a+ b)/2 with a = max{Q(z) : z ∈ Z,x ≻
z} andb = min{Q(z) ∈ Z, z ≻ x}. Thus,X is represented (so it admits a generalized
ordinal potentialQ).

COROLLARY 14.4.– LetΓ be a finite game with the FIP. Suppose also that, for all
i ∈ I and for alls−i ∈ X−i, Hi(s−i, x) 6= Hi(s−i, z), ∀x 6= z ∈ Xi. ThenΓ has an
ordinal potential.

Indeed, it is enough to notice that the supplementary condition forΓ implies that
every generalized ordinal potential forΓ is also an ordinal potential forΓ. Hence, the
corollary is straightforward from Lemma 14.6.
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The rest of this section is devoted to a remarkable propriety of exact potential
games, i.e., they can be “decomposed” with respect to a “basis” of even simpler games.

DEFINITION 14.9.–A gameG = 〈I, {Xi}i∈I , {Hi}i∈I〉 is:

- a coordination gameif there is a functionU : X −→ R such thatHi ≡ U , for
all i ∈ I;

- a fictitious gameif, for all i ∈ I and everyx−i ∈ X−i, there is ak ∈ R such
thatHi(xi, x−i) = k for all xi ∈ Xi.

In a coordination game, the players seek the same aim and this is modeled by the
fact that all the payoff functions are identical. In a fictitious game, the payoff of a
player does not depend on its own strategy.

THEOREM 14.7.– A gameΓ = 〈I, {Xi}i∈I , {Hi}i∈I〉 is an exact potential game if
and only if there exist two families of functions{Ci}i∈I and{Di}i∈I such that:

- Hi = Ci +Di, for all i ∈ I;

- 〈I, {Xi}i∈I , {Ci}i∈I〉 is a coordination game;

- 〈I, {Xi}i∈I , {Di}i∈I〉 is a fictitious game.

Proof. The direct part is trivial: the payoff function of the coordination game is an
exact potential function forΓ.

In order to show the reverse, we defineP as an exact potential forΓ. Then, for all
i ∈ I, Hi = P + (Hi − P ). Clearly,〈I, {Xi}i∈I , {Pi ≡ P}i∈I〉 is a coordination
game. Leti ∈ I, x−i ∈ X−i andxi, χi ∈ Xi. Then:

Hi (xi, X−i)−Hi (χi, X−i) = P (xi, X−i)− P (χi, X−i)

implies that:

Hi (xi, X−i)− P (xi, X−i) = Hi (χi, X−i)− P (χi, X−i)

whence it is directly deduced that〈I, {Xi}i∈I , {Hi − P}i∈I〉 is indeed a fictitious
game.

The ordinal potential games may admit multiple ordinal potentials. In the exact
potential games, all the possible potentials are related according to proposition 14.3.

PROPOSITION14.3.– LetP1 andP2 be two potentials for the gameΓ. Then there is
a constantc such thatP1(x) − P2(x) = c for all x ∈ X.

Proposition 14.3 implies that the set of strategies maximizing a potential func-
tion of an exact potential game does not depend on any particular potential function.
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Maximizing potential strategies has been used for proving the existence of pure Nash
equilibria in the ordinal potential games.

The “potential maximizer” defined formally for a potential gameΓ as:

PM(Γ) =

{

x ∈ X : x ∈ argmax
χ∈X

{P (χ)} for a potentialP of Γ

}

can then be used as an “equilibria refinement tool” as suggested in [MON 96].

14.6. Congestion games

14.6.1. Rosenthal’s model

In a congestion model, players use multiple resources selected from a common
“pool”. The costs or benefits that a player gets by using a resource are determined by
the number of players using the same resource. This section aims at defining Rosen-
thal’s congestion model.

In this model, every player selects a subset of resources. The allocation function
associated with every resource is a function depending only on the number of players
using the resource. In a situation, a player’s payoff is the sum of the allocation values
associated with the resources he selects.

The existence of a pure Nash equilibrium can be established for this kind of game,
by constructing an exact potential function (see below for a formal definition of games
derived from Rosenthal’s model).

In [MON 96] it is shown that every exact potential game is isomorphic to a con-
gestion game. Their proof is somewhat complicated, but in [VOO 99] a shorter and
more intuitive proof is given, based on Theorem 14.7.

A congestion modelis defined by:

- a finite set of playersI;

- a finite set of resourcesF ;

- for every playeri ∈ I, its strategiesXi is a set of subsets ofF ;

- for every resourcef ∈ F , wf : {1, . . . , n} → R is the allocation function of the
resources, withwf (r), r ∈ {1, . . . , n} as the allocation function value for each user
of resourcef and the total number of its users beingr.

This model makes it possible to define acongestion gamewhereI is the player
set,Xi the set of choices of playeri ∈ I andi ∈ I andHi : X → R is defined as
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follows; for all x = (x1, . . . , xn) ∈ X and everyf ∈ F :

nf (x) = |{i ∈ I : f ∈ xi}|

is the number of users of resourcef if the players chooseX. Then,Hi(x) =
∑

f∈xi
wf (nf (x)).

This definition implies that every player’s payoff depends only on the resources
he uses and the number of the players using the resources. Notice that the allocation
functions can yield negative values, thus representing the cost of using a resource.

The main result of [ROS 73], stated in terms of exact potential, is given in Propo-
sition 14.4. The trivial proof is omitted.

PROPOSITION14.4.– LetΓ be a congestion game defined as described above. Then
Γ is an exact potential game. A potential function is given byP : X→ R defined for
all x = (xi)i∈I ∈ X as follows:

P (x) =
∑

f∈
S

i∈I Xi

nf (x)
∑

l=1

wf (l)

Given thatX is a finite set, the game has a Nash equilibrium in pure strategies.

Let Γ = 〈I, {Xi}i∈I , {Hi}i∈I〉 andΛ = 〈I, (χi)i∈I , (Ui)i∈I〉 be two games with
the same player set. GamesΓ andΛ areisomorphicif, for all i ∈ I, there is a bijection
ϕi : Xi → χi such that for all(x1, . . . , xn) ∈ X:

Hi (x1, . . . , xn) = Ui (ϕ1 (x1) , . . . , ϕn (xn))

Clearly, any congestion game whose resources have non-zero allocations only in
the case where all its players use them, is a coordination game. Furthermore, every
coordination game can be formulated this way, as shown in the proof of Theorem 14.8.

THEOREM 14.8.– Every coordination game is isomorphic to some congestion game.

Proof. Let Γ = 〈I, {Xi}i∈I , {Hi ≡ U}i∈I〉 be a coordination game ofn players (in
which every player has the same payoff functionU ).

For eachx ∈ X, there is a distinct resourcef(x). Let us define the following
congestion model〈I, F, {Ξi}i∈I , {Wf}f∈F 〉:

- F = ∪x∈X{f(x)};
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- for all i ∈ I, Ξi = {gi(xi) : xi ∈ Xi}, where functiongi(xi) is defined by
gi(xi) = ∪x−i∈X−i{f(xi, x−i)};

- for all f(x) ∈ F :

Wf(x)(r) =

{
U(x) if r = |I|
0 otherwise

- for all (x1, . . . , x|I|) = x ∈ X :
⋂

i∈I gi(xi) = {f(x)}.

Thus, the game corresponding to this congestion model is isomorphic toΓ (the
isomorphism relatesxi to gi(xi)).

Now, let us consider a congestion game wherein the allocations for some resource
are non-zero only in the case where this resource is used by exactly one player.

If for each player, given the strategy choice of the others, one resource is chosen
and kept without bothering for the player’s own choice, then a fictitious game results.

THEOREM 14.9.– Every fictitious game is isomorphic to some congestion game.

Proof. Let Γ = 〈I, {Xi}i∈I , {Hi}i∈I〉 be a fictitious game. For eachi ∈ I and
eachx−i ∈ X−i, we have a distinct resourcef(x−i). We define a congestion
model 〈I,M, {Ξi}i∈I , {Wf}j∈F 〉 with F = ∪i∈I ∪x−i∈X−i {f(x−i)} and for all
i ∈ I : Ξi = {hi(xi) : xi ∈ Xi}: where:

hi (xi) = {f (X−i) : x−i ∈ X−i}
∪ {f (χ−j) : j ∈ I \ {i} andχ−j ∈ X−j is such thatχi 6= xi}

and for allf(x−i) ∈M :

Wf(x−i)(r) =

{
Hi (xi, x−i) if r = 1 (with arbitraryxi ∈ Xi)
0 otherwise

For all i ∈ I, x̄−i ∈ X−i and x̄i ∈ Xi: i is the unique user off(x̄−i) in
(hj(x̄j))j∈I and all the remaining resources inhi(x̄i) have more than one user.

Indeed, leti ∈ I, x̄−i ∈ X−i andx̄i ∈ Xi. Thenf(x̄−i) ∈ hi(x̄i) and, for all
j ∈ I \ {i} : f(x̄−i) /∈ hj(x̄j); thusi is the only user off(x̄−i) in (hj(x̄j))j∈I . Let
f ∈ hi(x̄i), f 6= f(x̄−i). Then:

- if f = f(χ−i) for χ−i ∈ X−i, thenχ−i 6= x̄−i implies thatχj 6= x̄j for
j ∈ I \ {i} and hencef = f(χ−i) ∈ hj(x̄j);

- if f = f(χ−j) for j ∈ I \{i} andχ−j ∈ X−j with χi 6= x̄i, thenf = f(χ−j) ∈
hj(x̄j).
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In both cases,f has more than one user. Thus, the game that corresponds to this
congestion model is isomorphic toΓ (the isomorphism associatesxi with hi(xi)).

In the two preceding theorems, it is shown that fictitious games and coordination
games are congestion games. By using the decomposition of Theorem 14.7, Theo-
rem 14.10 yields.

THEOREM 14.10.– Every exact potential game is isomorphic to a congestion game.

Proof. Let Γ = 〈I, {Xi}i∈I , {Hi}i∈I〉 be an exact potential game.Γ can be decom-
posed into a coordination game and a fictitious game as shown in Theorem 14.7 and
their corresponding isomorphic congestion games can be obtained as shown in Theo-
rems 14.8 and 14.9, respectively. Without loss of generality, we can take their resource
sets to be disjoint. Then a congestion game isomorphic toΓ can be constructed by tak-
ing the union of the resource sets of the previous games, the allocation functions as in
Theorems 14.8 and 14.9 and the strategiesΞi = {gi(xi) ∪ hi(xi) : xi ∈ Xi}.

In anetwork congestion game,the strategiesXi are implicitly identified to paths in
a network. Consider a networkG(v, E)13 two nodesai, bi ∈ V for each playeri ∈ I
and an allocation function, with the edges in the role of resources. The set of subsets
of F – the strategies fori –, is the set of edges of all paths fromai to bi.

A network congestion game issymmetricif all the players have the same starting
and terminal pointsa andb. Usually the allocation functions on such congestion games
are calleddelay functions. In what follows, we mention the complexity results for
network congestion games obtained in [FAB 04].

14.6.2. Complexity of congestion games (Rosenthal’s model)

The following result characterizes the complexity of congestion games of Rosen-
thal’s model.

THEOREM 14.11.–There is a polynomial algorithm finding a pure Nash equilibrium
in symmetric network congestion games.

Proof. The algorithm calculates an optimum of the functionP (x) given by Theo-
rem 14.4.

Provided that the optimum is also a local optimum, the situationx′ attained is
a pure Nash equilibrium. The algorithm is in fact a reduction to the problem of
minimum-cost flow.

13. This network is in fact a graph; the term “network” is used to avoid confusion with the
games defined on graphs that have been presented above.
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Given a networkN = 〈V,E, a, b〉 and a delay function(we)e∈E , every edgee in
N is replaced byn = |I| parallel edges between the same nodes, each one of capacity
equal to1 and of costwe(1), . . . , we(n), respectively.

It is easy to verify that every (integer) min-cost flow of the new network corre-
sponds to a situation minimizingP (x).

Theorem 14.12 is about the complexity of searching a pure Nash equilibrium in
congestion games.

THEOREM 14.12.–Finding a pure Nash equilibrium isPLS-complete for congestion
games of the following types:

1) general congestion games;

2) symmetric congestion games;

3) asymmetric network congestion games.

The complete and rather technical proof of Theorem 14.12 can be found
in [FAB 04]. We give here an outline:

- to show 1), the authors of [FAB 04] build from an instance ofPOSNAE3FLIP14 a
congestion game such that its Nash equilibria are the local optima of the instance;

- the proof 2) is a reduction from the non-symmetric to the symmetric case;

- finally, to show 3), which is more complicated, the authors modify the problem
POSNAE3FLIP and get a new one that they callWITNESSED XPNAE3FLIP; then they
show that:

- there is aPLS-reduction fromWITNESSED XPNAE3FLIP towardsNETWORK

CONGESTION GAME;
- WITNESSED XPNAE3FLIP is PLS-complete.

14.6.3. Other models

The games introduced in [KON 97, MIL 04, QUI 94] are similar to those seen pre-
viously, in the sense that the players’ payoffs are characterized by a congestion effect.
The diverse game classes we deal with in this section are identified by properties that

14. POSNAE3FLIP denotes the following problem: “given an instance ofNOT-ALL -EQUAL-
3SAT (i.e., a CNF formula for which we search for an 0-1 assignment to its variables satisfying
it and such that every clause in the formula has at least one literal set to1 and at least a literal
set to0) with weights over the clauses and containing only positive literals, find an assign-
ment with satisfied clauses whose total weight cannot increase by flipping one variable”; it is
known [SHÄ 91] that this problem isPLS-complete.
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have to do with “strategies interaction”. In particular, the authors of [KON 97] make
the following assumptions, for a gameΓ = 〈I, {Xi}i∈I , {Hi}i∈I〉.

HYPOTHESIS14.1.– There is a finite setF such thatXi = F for every playeri ∈ I.

This setF is called “resource set” and a choice for a playeri is to select an element
of F .

HYPOTHESIS14.2.– For all situationsx ∈ X and all couples of playersi, j ∈ I : if
xi 6= xj andx′j ∈ Xj is such thatxi 6= x′j , thenHi(xj , x−j) = Hi(x

′
j , x−j).

The authors of [KON 97] call this hypothesisindependence of irrelevant choices:
for every playeri ∈ I and every situation, the payoff ofi shall not change if the set of
players choosing the same resource asi is not modified.

Let x ∈ X, f ∈ F . We note bynf(X) the number of players having selected
resourcef in the situationx. The third assumption is then formulated as follows.

HYPOTHESIS14.3.– For all playersi ∈ I and all situationsx, χ ∈ X with xi = χi:
if nf (x) = nf (χ) for all f ∈ F , thenHi(x) = Hi(χ).

Hypothesis 14.3 can be seen as a kind of “anonymity condition”. It reflects the
idea that the payoff for playeri depends rather on the number of the players that have
selected the same resource as him than on their identity.

A fourth hypothesis, calledpartial rivalry, establishes that any playeri does not
regret that other players have selected the same resource with him, by selecting a
different resource.

HYPOTHESIS14.4.– For all playersi ∈ I, all situationsx ∈ X, all playersj 6= i
such thatxj = xi and allx′j 6= xi: Hi(xj , x−j) 6 Hi(x

′
j , x−j).

Although in [MIL 04] this model is introduced in a slightly different manner,
the class of games obtained is the same. More precisely, [MIL 04] makes Hypothe-
ses 14.1, 14.4 and also 14.5.

HYPOTHESIS14.5.– For all playersi ∈ I and all couple of situations(x, χ) with
xi = χi = f , if nf (x) = nf (χ), thenHi(x) = Hi(χ).

In other words, the payoff for playeri depends only on the number of players hav-
ing selected the same resource as him. It can be shown that making Hypothesis 14.1
implies directly Hypotheses 14.2 and 14.3. The reverse also holds.

LEMMA 14.3.– Every gameΓ = 〈I, {Xi}i∈I , {Hi}i∈I〉 satisfying Hypotheses 14.1,
14.2 and 14.3 also satisfies Hypothesis 14.5.



366 Optimization and Computer Science

Proof. Let Γ = 〈I, {Xi}i∈I , {Hi}i∈I〉 be a game satisfying Hypotheses 14.1, 14.2
and 14.3. Leti ∈ I, x, χ ∈ X such thatxi = χi = f ; suppose also that
nf (x) = nf (χ). Clearly, if |F | = 1, then Hypothesis 14.5 holds. Otherwise, by
using repeatedly Hypothesis 14.2, we can assert that for a fixedγ such thatγ 6= xi,
relationsHi(xi, x−i) = Hi(xi, x

′
−i) hold, where, for everyj ∈ I \ {i} :

x′j =

{
xi if xj = xi

γ otherwise

and relationsHi(xi, χ−i) = Hi(xi, χ
′
−i) also hold, where,j ∈ I \ {i} :

χ′
j =

{
xi if χj = xi

γ otherwise

Notice that, for allh ∈ F , nh(xi, x
′
−i) = nh(xi, χ

′
−i). Thus Hypothesis 14.3 im-

plies that:Hi(xi, x
′
−i) = Hi(xi, χ

′
−i). Consequently,Hi(xi, x−i) = Hi(xi, x

′
−i) =

Hi(xi, χ
′
−i) = Hi(χi, χ−i).

The authors of [KON 97, MIL 04] have shown independently the following theo-
rem.

THEOREM 14.13.–Every gameΓ = 〈I, {Xi}i∈I , {Hi}i∈I〉 statisfying Hypothe-
ses 14.1, 14.2, 14.3 and 14.4 has a Nash equilibrium.

According to the preceding definitions, a situationx of Γ is an equilibrium in
the strong sense (or a strong equilibrium) if, for allK ⊆ I and all choicesχK ∈
XK , there is at least one playeri ∈ K such thatHi(χK , X−K) 6 Hi(X). We note
by SE(Γ) the set of equilibria in the strong sense of gameΓ. Generally, the existence
of a strong equilibrium is not guaranteed; however, the authors of [KON 97] show
Theorem 14.14.

THEOREM 14.14.– Every game satisfying Hypotheses 14.1, 14.2, 14.3 and 14.4 has
non-empty strong equilibria set.

The authors of [QUI 94] propose a model in which the assumption that all play-
ers have the same resource set (formulated by Hypothesis 14.1) is replaced by the
following hypothesis.

HYPOTHESIS14.6.– There is a finite setF such that for alli ∈ I, Xi ⊆ F .

Assuming Hypothesis 14.6, it is simple to verify that Hypothesis 14.5 implies
Hypotheses 14.2 and 14.3. However, the reverse does not hold, unlike the case in
Lemma 14.3.
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EXAMPLE 14.2.– LetI = {1, 2, 3}, F = {a, b, c} and the strategy setsX1 =
{a, b}, X2 = {a}, X3 = {a, c}. This game satisfies Hypothesis 14.6. Hypothesis 14.3
does not impose any more constraints and to meet Hypothesis 14.2H1(b, a, a) =
H1(b, a, c) andH3(a, a, c) = H3(b, a, c) must hold. But this does not imply that
H2(a, a, c) = H2(b, a, a), which is required by Hypothesis 14.5.

THEOREM 14.15.–[QUI 94] Every game satisfying Hypotheses 14.6, 14.5 and 14.4
has a pure Nash equilibrium.

The games that belong to the above-defined classes may not admit a potential
function. Let us consider a “cross symmetry” condition, establishing the fact that the
payoffs over some resources are independent of players’ identities, provided that their
number does not change. This condition is formulated as follows.

HYPOTHESIS 14.7.– For all couples of situations(x, χ) ∈ X2 and all couples of
players(i, j) ∈ I2: if xi = χj = f andnf (x) = nf (χ), thenHi(x) = Hj(χ).

Notice that Hypotheses 14.1 and 14.7 imply Hypothesis 14.5 and thus also Hy-
potheses 14.2 and 14.3. Moreover, Hypotheses 14.1 and 14.7 do guarantee the exis-
tence of an exact potential.

THEOREM 14.16.– Every game satisfying Hypotheses 14.1 and 14.7 is an exact po-
tential game.

Proof.LetΓ = 〈I, {Xi}i∈I , {Hi}i∈I〉 be a game satisfying Hypotheses 14.1 and 14.7.
For all f ∈ F andx, χ ∈ X such thatnf (x) = nf (χ), according to Hypothesis 14.7
if there existi, j ∈ I such thatxi = χj = f , thenHi(x) = Hj(χ). This shows
that for all f ∈ F , there is an allocation functionWf : {1, . . . , n} → R such that,
for all x ∈ X, if xi = f , thenHi(x) = Wf (nf (x)). Thus,Γ becomes a congestion
game like those defined in section 14.6.115. Hence, the result is directly derived from
Proposition 14.4.

Theorem 14.16 also holds if Hypothesis 14.1 is replaced by Hypothesis 14.6.
Proposition 14.4 means also that the allocation function(Wf )f∈F induces the po-

tential:P : X −→∑

f∈∪i∈I{Xi}

∑nf (x)
l=1 Wf (l).

The authors of [VOO 99] define a classC of congestion games satisfying Hypothe-
ses 14.1, 14.7 but also 14.4, i.e.:

C =
{
Γ =

〈
I, {Xi}i∈I , {Hi}i∈I

〉
: Γ satisfies Hypotheses 14.1, 14.4 and 14.7

}

15. Where the choice of a resourcef ∈ F is associated with the choice of a set of resources
{f} ⊆ F .
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THEOREM 14.17.– For every game that belongs to classC, SE = NE = PM16.

Indeed, for every gameΓ, SE(Γ) ⊆ NE(Γ) and for every exact potential game,
PM(Γ) ⊆ NE(Γ). In order to show Theorem 14.17, it suffices to show the following
result.

PROPOSITION14.5.–For every gameΓ ∈ C:
- NE(Γ) ⊆ PM(Γ);

- NE(Γ) ⊆ SE(Γ).

Finally, we note that the largest family of games, for which the existence of pure
Nash equilibria has been established, is the family of congestion games. Moreover, the
games of the model presented in [KON 97, MIL 04] have at least one pure Nash equi-
librium; despite this, we know of no potential function making it possible to establish
this result.

14.7. Final note

The concept of non-cooperative games as formulated by Definition 14.1 is gen-
eral enough to represent a really vast family of games which, at first sight, do not
enter in this formulation. Indeed, several game models, like repeated games, multiple
step games, games played by automata or games with incomplete information, can be
reduced to this form with suitable definitions of player set, strategies and preferences.

Non-cooperative game theory has been developed in most cases through the study
of games of special forms; for instance, there are numerous works on two-player
games or on repeated games, to name a few such forms. Among them, only families17

for which advances in algorithmic questions are most significant have been discussed
here.

Finally, we have not dealt with “inverse” problems, namely mechanism design
problems and auctions; this category constitutes by itself too broad a subject, with its
own algorithmic issues, that go beyond the scope of this chapter.
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Chapter 15

Flows!

15.1. Introduction

Some problems are simplified by a “divide and conquer” approach, which usually
leads to efficient algorithms (even often optimal). For instance, to sort an array, we
may split it into two parts, sort the left part, then the right part and merge the two
sorted parts. Some other problems do not seem to naturally allow such an approach:
for instance, when searching for the shortest path between two vertices of a graph,
it is not clear at all that it may be obtained in such a way. Neither the image pattern
recognition nor problems like automatic translation, database management or flow
problems seem to allow a natural “divide and conquer” approach.

Actually these problems can be solved thanks to a “divide and conquer” approach.
The goal of this chapter is to fully detail one of them, namely the flowing problem.

In order to solve a problem thanks to a “divide and conquer” algorithm, the data is
usually split into smaller parts (usually halved) whose solutions are merged together.

Let us return to the example of sorting an array. It is possible to use a quicksort,
a mergesort, a heapsort, etc. The heapsort, which is not a “divide and conquer” algo-
rithm, is optimal in the average and worst case but is averagely less efficient than the
quicksort. The quicksort proceeds by choosing an element of the array (for example,
the middle one called “pivot”), puts at its right the elements that are greater than or
equal to the pivot, at its left the elements that are lower than or equal to the pivot,
and sorts the left and right parts. The step of dealing with the two parts is performed
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at first and then the independent calculations are performed. The mergesort consists
of sorting the left and right halves of the array and then deals with the two parts by
merging two sorted subarrays. A dichotomic search has at each step only to deal with
one half of the array and therefore does not necessitate a “deal with two parts” step.
The algorithm presented in this paper uses an algorithm to find the shortest paths in
an unweighed graph that performs several times the “deal with two parts” step and the
“merge” (or “check solutions”) part.

We use an extra data structure where the method applies. This means that the first
step of these algorithms consists of building the extra data structure and, fortunately,
this step is performed only once and may be considered as part of the data repre-
sentation. For instance, when dealing with graphs for the shortest path problem, for
example, the extra data structure is calculated only once and is used for any couple of
vertices.

All these algorithms lie on the use of radix trees, which are an efficient structure
for storing data and for performing hierarchical calculations on it.

The chapter is organized as follows. After giving the basic definitions and notation,
we present the common knowledge about radix trees followed by some applications
in various domains. Section 15.4 is devoted to the study of the shortest path problem
and its refinements, which in turn leads to an efficient improvement of the well known
Ford-Fulkerson Algorithm for flows.

15.2. Definitions and notations

A graphG is a triple(V,A,C) whereV is a finite set ofvertices, A is a subset of
V × V (thearcsof the graph) andC a function fromA to R+ (thecapacities).

The setsA andC may be considered as an adjacency matrixM = (mi,j)16i,j6n

wherev = #(V ) and:

∀i, j, mi,j =

{
0 if (i, j) 6∈ A
C((i, j)) otherwise

}

For any verticesi andj, the arc(i, j) is an outgoing arc ofi and an incoming arc
of j. For any vertexi, we denote byOut(i) the set of its outgoing arcs andInc(i) its
incoming vertices.

The flow problem is the following. Among the vertices ofG, we choose a vertex
called Source (denoted byS from now on), and another one called Well (denoted byW
from now on). The goal is to find a functionϕ overA such that∀a ∈ Aϕ(a) 6 C(a)
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and for all vertices (exceptS andW ) of G, the Kirchhoff’s laws apply, which means
that: ∑

a∈Inc(v)

ϕ(a) =
∑

a∈Out(v)

ϕ(a)

The value of the flowϕ is:
∑

a∈Out(S)

ϕ(a) =
∑

a∈Inc(W )

ϕ(a)

The problem is to find a flow maximizing this value.

The algorithm usually used to solve this problem is the well known Ford-Fulkerson
algorithm, which is explained in section 15.5.

15.3. Presentation of radix trees

Radix trees are trees which make it possible to store data in a hierarchical way. Let
us suppose for instance that we want to store a set of words over an alphabet{a, b, c}.
Then the edges are labeled with the letters of the alphabet (or an empty letter) and
the words are obtained by reading the path between the root of the tree and any of its
leaves. For instance, the set{a, ab, aba, abc, bab, bac} may be stored as (see Figure
15.1):

b.

a

a

b

a

a c

b

a

b c

.

Figure 15.1.The set{a, ab, aba, abc, bab, bac} stored in a radix tree

The efficiency of the radix tree structure is revealed by the calculations it allows.
For instance, a set of integers may be stored as a set of words by writing them in
a given basis (and adding 0 at the left of shorter integers). Then a set of couples of
integers may also be stored in the same way. Let us take an example: the setS =
{(0, 1), (0, 2), (1, 3), (0, 4), (3, 1), (2, 2)} it may be written in base 2 as:

S = {(000, 001), (000, 010), (001, 011), (000, 100), (011, 001), (010, 010)}
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and, using the alphabet{00, 01, 10, 11} it may be rewritten asS = {00.00.01,-
00.01.00, 00.01.11, 01.00.00, 00.10.11, 00.11.00} (the i-th digit of an element is
made up of the catenation of thei-th digits of the corresponding couple). This may
finally be stored in the set (see Figure 15.2):

00

00 01

00 01 10 11 00

01 00 11 11 00

Figure 15.2.The setS = {(0, 1), (0, 2), (1, 3), (0, 4), (3, 1), (2, 2)} stored in
a radix tree

These sets allow efficient operations such as intersection, union, complementation
(for set operations) and when the elements stored are integers or couples of integers we
may also perform a translation of the whole set asymptotically faster than by adding
the constant to all the elements of the set. Let us furthermore notice that the elements
are stored sorted.

It is also possible to advantageously store a graph in a radix tree, by thickening the
graph.

DEFINITION 15.1.–Let G = (V,A) be a graph whereV = {v0, . . . , vv−1}. Let
G′ = (V ′, A′) be an unweighed graph whereV ′ = {v′0, . . . , v′v′−1} is a set ofv′ =
⌈ v

2⌉ vertices and such that:

∀i, j 6 v′, (v′i, v
′
j) ∈ A′ ⇔ ∃a ∈ {2i, 2i+ 1}, b ∈ {2j, 2j + 1}, (va, vb) ∈ A

Such a graphG′ is said to be a thickening ofG or, equivalently,G is a refinement of
G′.

REMARK 15.1.– Any equivalence relation may be used to define the thickening of a
graph (in the definition two vertices are in the same equivalence class if and only if
they have the same quotient of 2).

In other words, the vertices ofV are grouped by two and there exists an arc be-
tween any two couples if and only if there exists an arc between an element of the
first couple and an element of the second couple. A graph may be recursively thick-
ened as long as the obtained graph has a number of arcsa and of verticesv verifying
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P ( a
s2 ) >

1
2 whereP (X) = 1− 3

2X +X2 − 1
4X

3. Finally, a graph may be stored in
a radix tree. Let us consider for instance an unweighed graph by its adjacency matrix.
The adjacency matrix is then “summarized” as in Figure 15.3.

Figure 15.3.A graph thickened

In the next sections we shall explain how this data structure may be used to profile
“divide and conquer” algorithms on a number of problems.

15.3.1. Database management

A relational database is made up of several relations linked by sets of primary keys
and foreign keys. A primary key of a relationT is an attribute or a set of attributes such
thatT may not contain two lines whose values are equal on these attributes. Another
way to say it is that the value of a primary key identifies a single line ofT . Any relation
has at least a primary key.

A foreign key of a relationT is an attribute or a set of attributes targeting a primary
key of a relationT ′. In other words, a foreign key is a recall of a primary key. A
foreign key replaces all the attributes ofT ′ for the line identified by its value. It is
a cheap storage of all the values ofT ′ (only the values of the primary key ofT ′ are
stored instead of all its attributes). For instance, if a relation contains the data of a
set of clients, each command should not contain all the data of the client but only the
value of the primary key of the relation storing the client data.

Given a relationT , we build the matching “expansion relation”, the thesauruses
and radix trees and answer SQL queries (see below). For a full description of this
algorithm, see [KOS 04]

Expansion relations

We give a recursive definition of an expansion relation. It is a denormalized version
of the database. The foreign keys are replaced by the attributes of the targeted relations.
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DEFINITION 15.2.–The expansion of a foreign key belonging to a relation is the re-
placement of the attributes of this foreign key by the attributes of the targeted relation.
Let T be a relation. The related expansion relationE(T ) is the relation obtained by
expanding recursively all its foreign keys.

Building indexes

Once the expansion tables are built, the database is made up of relations which are
no longer linked because the jointures have been formally expanded in each relation.
Then we build the thesaurus of each attribute and store for each element of the the-
saurus the set of the line indices it appears at. For example, let us consider the attribute
in Table 15.1.

0 1 2 3 4 5 6 7 8 9 10
Male Female Female Male Female Male Male Female Female Male Male

Table 15.1.An example of simple relation

Then its thesaurus is{Female, Male} and the indices where Female appears (resp.,
Male) are{1, 2, 4, 7, 8} (resp.{0, 3, 5, 6, 9, 10}). The radix trees associated with the
words of the thesaurus are shown in Figure 15.4).

1

Female

Male

0 1

0 1 0

0 1 0 1 0 1

0 1 1 0 1 0

0 1

0 1

0

0

0

0 01 1

1 0 0

Figure 15.4.The indices of an attribute

Solving SQL requests

We briefly give indications on how to solve SQL requests. For more details see
[KOS 04].

The main part of this work is to solve thewhere clause, which is composed of
equalities or inequalities separated by logical operators (and, or) and joint clauses etc.
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Thiswhere clause returns a radix tree, which contains the line indexes answering the
clause. The joint clauses are irrelevant here because of the use of expansion relations.

An equality between an attribute and a constant is the simplest case because we
simply have to read the corresponding radix tree. An inequality may be calculated by
several readings of radix trees and the calculation of an “or”. An “and” (resp., “or”)
clause is calculated by performing the “and” (resp., “or”) of the corresponding radix
trees.

All the other operations may be performed in a similar way.

15.3.2. Image pattern recognition

An image may be considered as a mapping from[[0, L − 1]] × [[0, H − 1]] to a
finite set (of colors), withl being the width andL the height of the image. Each
color appears at a set of coordinates that we may store in a radix tree. For instance,
the picture (see Figure 15.5) contains three colors: black, grey and white. The black
pixels are at indexesB = {(3, 0), (4, 0), (2, 1), (3, 1), (5, 1), (6, 1), (2, 2), (6, 2),-
(0, 3), (3, 3), (4, 3), (7, 3), (0, 4), (3, 4), (4, 4), (7, 4), (2, 5), (6, 5), (2, 6), (3, 6),-
(5, 6), (6, 6), (3, 7), (4, 7)}, the white ones at indexesW = {(1, 0), (2, 0), (5, 0),-
(6, 0), (0, 1), (7, 1), (0, 2), (3, 2), (4, 2), (7, 2), (2, 3), (5, 3), (2, 4), (5, 4), (0, 5),-
(3, 5), (4, 5), (7, 5), (0, 6), (7, 6), (1, 7), (2, 7), (5, 7), (6, 7)} and the grey ones at
indexesG = {(0, 0), (7, 0), (3, 1), (4, 1), (2, 2), (5, 2), (2, 3), (6, 3), (2, 4), (6, 4),-
(2, 5), (5, 5), (3, 6), (4, 6), (0, 7), (7, 7)}.

Figure 15.5.The pixels of an image

The set of appearance of the black pixels may be rewritten, in base 2, as
B = {(011, 000), (100, 000), (010, 001), (011, 001), (101, 001), (110, 001),-
(010, 010), (110, 010), (000, 011), (011, 011), (100, 011), (111, 011), (000, 100),-
(011, 100), (100, 100), (111, 100), (010, 101), (110, 101), (010, 110), (011, 110),-
(101, 110), (110, 110), (011, 111), (100, 111)} and the three sets may be stored in
radix trees as in Figure 15.6.
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00 01 10 11

00 00 00 0001 01 01 011010 10 1011 11 11 11

11 01 10 01 10 11 00 11 10 10 00 11 00 11 01 01 00 11 00 01 10 01 10 00

Figure 15.6.The radix tree of the black pixels

Such a radix tree may be translated by any vector (the calculation is easy and
asymptotically faster than the translation of a whole set stored in an array, for in-
stance). Then, by calculating(B+ (a, b))∩W we obtain the set of coordinates of the
white pixels having a black pixel at relative coordinates(−a,−b).

By iterating this process we find any pattern in an image (for more details on this
algorithm see [KOS 01]).

15.3.3. Automatic translation

This section describes a work in progress. One of the problems arising to an auto-
mated translation process comes from the fact that a word has usually several senses
and each of these senses has a different translation in the target language. The Pro-
phyre tree is a tree in which all the meanings of all the words are put together (this
tree is actually unachieved whatever the language) in a way which makes it possible to
calculate the semantic distance between two meanings of two words. Let a sentence be
made up ofnwords,m1,m2, . . . ,mn and letmi,j be the vertices of a graph represent-
ing thej-th meaning ofmi. Then we may build the arcs of this graph by linkingmi,j

andmi+1,k for anyi, j, k with an arc whose weight is the semantic distance between
the two involved meanings. Then, we add two vertices,eb linked to any meaning of
m1 (with a weight 0) andee linked to any meaning ofmn (with a weight 0).

Then the problem of finding a pertinent sense to the sentence is to find a shortest
path betweeneb andee. Furthermore, if there are several shortest paths between these
two vertices, then there are several meaningful choices for the senses of the words of
the sentence (which makes it possible to find automatically ambiguous sentences).

15.4. Shortest path problem

The shortest path problem is one of the oldest and more studied of the graph area.
A lot of papers have been written on this subject (see [BER 87, FLO 62, GIB 89,
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WAX 88, WID 94] for instance). Some algorithms span graphs with trees or use span-
ning trees (see [GIL 68] for instance) and the multi-cast problem is also widely studied
(see for instance [CHO 02, CRA 97, KOM 93, MOY 94, SAL 95, SAL 97, WAT 96]).

The best algorithm known up to now to solve the shortest path problem is the
Dijkstra’s algorithm. It runs in timeO(V lnE) whereV is the number of vertices of
the graph andE the number of edges (see [DIJ 59, JOH 77, WEI 77]). This algorithm
has been improved by many authors since 1959.

DEFINITION 15.3.–LetG = (V,A) be an unweighted graph. LetR be an equivalence
relation among the vertices ofG. We shall call thickening ofG the graphG′(V ′, A′)
for the relationRwhereV ′ is the set of equivalence relations forR and∀V1, V2 ∈ V ′,
(V1, V2) ∈ A′ ⇔ ∃v1 ∈ V1, v2 ∈ V2 such that(v1, v2) ∈ A. In such a case we shall
say thatG′ is a thickening ofG or, equivalently, thatG is a refinement ofG′.

Let us denote byπ the application which maps a vertexv of V onto the vertexv′

of G′ such thatv ∈ v′. Let v1, v2 ∈ V and let us suppose that there exist an integer
k and a path fromv1 to v2 of lengthk. Then there exists a path of lengthk between
π(v1) andπ(v2). Indeed, ifp = (v0, v1, . . . , vk) is a path inG of lengthk betweenv0
andvk, thenp′ = (π(v0), π(v1), . . . , π(vk)) is a path of lengthk in G′ betweenπ(v0)
andπ(vk). Then, we shall callp a refinement ofp′ or, equivalently,p′ a thickening of
p. The problem is then to find a path of minimal length inG′ which may be refined in
G.

LetG0 = G,G1, . . . , Gt be a sequence of graphs such that∀i 6 t − 1, Gi+1 is
a thickening ofGi. If we call vi the number of vertices ofGi andai its number of
arcs, we suppose that∀0 6 i 6 t, P ( ai

v2
i
) >

1
2 . An algorithm to find the shortest path

between two vertices ofG, for example,d anda is the following.

ShortestPath(G[])
Input: a sequence G[] of thickenings of G0,

two vertices of G0, d and a
Output: the shortest paths between d and a.
Variables: l, th: integer

l ← 0

While no path is found between d and a Do

P [t]← all the paths of length l in G[t] between d[t] and a[t]
th ← t

While (th > 0 And P [th] is not empty) Do

Foreach path p in P [th] Do

refine p and if it may be refined

store its refinement in P [th− 1]
EndForEach



382 Optimization and Computer Science

th ← th - 1

EndWhile

if P [0] is not empty

Then the shortest paths are found: output them and exit

Else l ← l + 1
EndIf

EndWhile End

In G[t] the shortest paths are calculated thanks to a refinement of the BFS algo-
rithm. Let us detail this part.

15.4.1. Finding paths inG[t]

Let G = (V,A) be an unweighed graph such thatP ( a
v2 ) < 1

2 with P (X) =
1 − 3

2X + X2 − 1
4X

3. Let d anda be two of its vertices and let us calculate the
shortest paths betweend anda. We suppose furthermore that the adjacency vertices
of any given vertex are given through a sorted list of vertices.

LetS ⊂ V be a non-empty subset ofV . The cost of the calculation of the setS′ =
{v′ ∈ V, ∃v ∈ S, (v, v′) ∈ A} is averagely majored by the cardinality ofS′. Indeed,
the setS′ may be stored in a bit vectors in which we add the vertices linked to the ele-
ments ofS by a bit-or. In a similar way, the setS′′ = {v′′ ∈ V, ∃v ∈ S, (v′′, v) ∈ A}
is averagely majored by the cardinality ofS′′ (same reason). The operation consisting
of calculatingS′ (resp.S′′) knowingS will be called an increment (resp. decrement).
Furthermore, the cost of the intersection of two sorted sets is majored by the sum of
their cardinals.

Let us consider the following algorithm, consisting of incrementing{d}, decre-
menting{a} and intersect them until there exists a non-empty intersection. Then the
shortest paths betweend anda may be read.

This algorithm may be written in the following way:

ShortestPath(G)
Input: a graph G, two vertices of G, d and a
Output: the shortest paths between d and a.
Variables Increments[], Decrements[], inc=0, dec=0, Parity = 0, Paths[]

Increments[Inc] = {d}
Decrements[Dec] = {a}
While (Increments[Inc] ∩ Decrements[Dec] = { })

if (Parity = 0)
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Inc = Inc + 1

Increments[Inc] = Increment(Increments[Inc - 1])

Else

Dec = Dec + 1

Decrements[Dec] = Decrement(Decrements[Dec - 1])

EndIf

EndWhile

Paths[Inc] = Increments[Inc] ∩ Decrements[Dec]

For I = Inc - 1 Downto 0 Do

Paths[I] = Decrement(Paths[I + 1]) ∩ Increments[I]

EndFor

For I = Dec - 1 Downto 0 Do

Paths[Inc + Dec - I] = Increment(Paths[Inc + Dec - I - 1])

∩ Decrements[I]

EndFor

ReadPaths(Paths)

End

After this treatment, the variable Paths contains sets of vertices and a vertexv lies
on a shortest path betweend anda, i arcs away fromd (andl − i arcs away fromd
wherel is the length of the path) if and only ifv belongs toPaths[i].

The ReadPaths algorithm consists of reading the shortest paths through a deep first
journey of paths. This last algorithm may be written as:

ReadPaths(Paths[], l, Current = 0, Res[] = 0)

Input: The shortest paths given in an array of sets of vertices,

l the paths lengths

Output: the shortest paths between Paths[0] and Paths[l].
If (Current = l)

Output (Res[])

Else

Foreach vertex v in Paths[Current] Do

Res[Current] = v
Memory[Current + 1] = Paths[Current + 1]

Paths[Current + 1] = Paths[Current + 1] ∩ Increment({v})
ReadPaths(Paths, l, Current + 1, Res[])

Paths[Current + 1] = Memory[Current + 1]

EndForeach

End
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The complexity of theH algorithm is bounded above byO(v) wherev is the num-
ber of vertices of the graph because the first steps, consisting of calculatingPaths[]
are bounded above byO(v) and the ReadPaths algorithm is also bounded above by
the number of vertices involved in the shortest paths,v.

As an example, let us calculate all the shortest paths betweenS andW in the fol-
lowing graph (see Figure 15.7).

a

S

b

c

d

e

W

Figure 15.7.The graphG0 itself

Then the vertices are gathered, for instance, two by two and we obtain the graph
in Figure 15.8.

WS,a

b,c

d,e

Figure 15.8.A thickeningG1 of G0

By grouping again the vertices two by two we obtain the graph in Figure 15.9.

We stop here becausea2

a1
6

1
2 .

– The first step is to look for a path of length 0, which does not exist inG0 because
it does not exist inG2.

– Now there is a path of length 1 betweenS andW , which isS → W . This path
may not be refined inG1 because there is no path inG1 betweenS andW .
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d,e,WS,a,b,c

Figure 15.9.A thickeningG2 of G1

– Let us look for paths of length 2 betweenS andW in G2. There are two such
paths,P1 = S → S →W andP2 = S →W → W . The first of these two paths may
be refined inG1 in P ′

1 = S → b→ W andP2 may be refined inG1 in S → d→W .
Now neither the pathP ′

1 norP ′
2 may be refined inG0.

– Let us look for paths of length 3. There are three paths of length 3 inG2 between
S andW : P1 = S → S → S → W , P2 = S → S → W → W andP3 =
S → W → W → W . The pathP1 may be refined inP ′

1 = S → S → b → W .
The pathP2 may be refined in three different paths,P 1

2 = S → b → W → W ,
P 2

2 = S → b→ d→ W , andP 3
2 = S → S → d→ W . The pathP3 may be refined

in G1 in P ′
3 = S → d→ W → W . Now let us refine these paths inG0. The pathP ′

1

may be refined inP ′′
1 = S → a → c → W . The pathP 1

2 may not be refined inG0.
The pathP 2

2 may be refined inS → b→ d→W and inS → b→ e→W . The path
P 3

2 may be refined inS → a→ d→ W . The pathP ′
3 may not be refined inG0.

So we find the shortest paths betweenS andW , which are:S → a → c → W ,
S → b→ d→W , S → b→ e→WandS → a→ d→W .

It is clear that this algorithm can be used to find the paths of a given length between
two vertices of a graph.

15.4.2. Complexity

In [KOS 02], the author calculates the complexity of the algorithm presented
roughly in the preceding section. This complexity isO(v) wherev is the number
of vertices of the graph. We give here the proof of this complexity in the particular
case that is useful in the context of flows calculations, i.e. the unweighted graphs.

Let G0 = (V,A) be an unweighted graph and let us denote byv its number of
vertices anda its number of arcs. We suppose in this section that the equivalence
classes are sets of two vertices (and at most a class made of a single vertex).

LEMMA 15.1.–LetG1 be a thickening ofG0. Then the number of vertices ofG1 is
⌈ v

2⌉ and its number of arcs is averagelyaP ( a
v2 ) withP (X) = 1− 3

2X +X2− 1
4X

3.
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Proof.The number of vertices of a thickening ofG0 in which the vertices are grouped
by two is obviouslyv′ = ⌈ v

2 ⌉. There is no arc between two verticesv′ andw′ of G1

if and only if there is no arc between four pairs of vertices (ifv = (v1, v2) andw =
(w1, w2), the four pairs are(vi, wj)(16i,j62) and we may suppose that the probability
of any of these pairs to be an arc does not depend on the probability of the others).
The number of arcs is hencea′ = ⌈ v

2⌉2(1 − (1 − a
v2 )4). So a′ = aP ( a

v2 ) with
P (X) = 1− 3

2X +X2 − 1
4X

3.

REMARK 15.2.– The ratioa
v2 increases in refinements.

Let us prove this remark. LetG be a graph andG′ be one of its refinements in
which the vertices have been gathered by two. Let us denote bya, v, a′ andv′ the
number of arcs and vertices ofG andG′.

We have a′

v′2 = 4P ( a
s2 ) a

v2 . SinceP (x) decreases from 1 towards14 whenx raises
from 0 to 1, the remark is proved.

LEMMA 15.2.–The average number of paths of lengthl ∈ N between two vertices in
G0 isN(G0, l) = 1

v (a
v )l.

Proof. By induction on the length of the paths. The graph containsa arcs andv ver-
tices. The formula is correct for paths of length 0 (the average number of paths of
length 0 between two vertices is1v ). The average number of paths of length 1 between
two vertices is henceav2 . If we suppose that the average number of paths of lengthl
between two vertices is1v (a

v )l, then each of these paths may averagely be prolonged
in a

v different arcs and the number of paths of lengthl + 1 between two vertices is
averagely1

v (a
v )l+1.

We now discuss some refinements. An algorithm to refine a path fromGk+1 toGk

is the following:

RefinePath(Graph Gk+1, Graph Gk, Path P)
Input: a graph Gk, a refinement of Gk, Gk+1, a path P in Gk

Output: All the refinements of P in Gk+1

If the first arc of P is refinable

Truncate P by its first arc (a, b)
Foreach refinement (c, d) of (a, b)

Answer.FirstElement =(c,d)

Answer.Catenate(Refine(Gk+1, Gk, P)

EndForEach

Put back its first arc to P
EndIf

End
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LEMMA 15.3.–LetG be a graph containingv vertices anda arcs, andG′ be one of its
thickenings in which the vertices are gathered two by two. Letv1 andv2 be two vertices
ofG and let us suppose that there exists a pathw = (w′

0 = v′1, w
′
1, . . . , w

′
l = v′2) of

lengthl (we denote as usually byv′1, resp.v′2, the equivalence class ofv1, resp.v2, in
G′). Then there are averagely( 2

v )l−1(a
v )l paths of lengthl in G betweenv1 andv2

which are refinements of the pathw.

Proof.The number of possible refinements ofw is 2l−1. Each of these possible paths
has a probability 1

vl−1 (a
v )l to exist. So the number of refinements ofw is averagely

( 2
v )l−1(a

v )l = v
2 (2a

v2 )l.

The most expansive operation while refining a path fromG′ to G is to check
whether a given arc exists inG. The complexity of the refinement is hence majored
by this number of checks.

LEMMA 15.4.–The number of checks while refining a path of lengthl fromG toG′

is
∑l

i=0
v
2 (2a

v2 )i = v
2

1−( 2a
v2

)l+1

1− 2a
v2

.

Proof.When we have refined paths of lengthi− 1, we have only to extend the found
paths by one arc. The number of checks is hence the sum of the number of paths of all
the lengths from 0 tol.

Let us detail an hierarchical algorithm (H-algorithm):

ShortestPath(Graph G[0..M ], int o, int e)

Input: a sequence of graphs, one being a thickening

of the preceding, all verifying P ( a
v2 ) > 1

2,

an origin vertex index o
an extremity vertex index e

Output: the shortest paths between vo and ve.

Variables:

l: Path’s length

l← 0
While the shortest paths qre not found Do

Find the shortest paths Pi in GM thanks to the refined BFS

Foreach shortest path P
For k = M - 1 Downto 0

P[i, k-1] = Refine(G[k+1], G[K], P[i, k])

EndFor

If there exists a path in G[0] output the paths and exit

EndIf

EndForEach

EndWhile
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THEOREM15.1.–The mean complexity of the calculation of the shortest path between
two vertices of a graph by using theH-algorithm isC(G) 6 v.

Proof.The mean complexity of the refinements of paths of lengthl from a graph made
of a single vertex to the initial graphG0 is:

C(l) =
∑ln v

i=0
vi
2 (2ai

v2
i

)l

6
∑ln v

i=0
vi
2

6
∑ln v

i=0
v0

2i+1

< v0

The complexity of the shortest path calculation is majored by the complexity of
the calculations of the refinements of paths of lengthl.

15.5. The flow problem

We now present a new algorithm for maximizing the flow over a network.

15.5.1. The Ford-Fulkerson algorithm

The celebrated Ford-Fulkerson algorithm can be specified as follows:

MaximumFlow(G)
input: a graph G, two vertices s and t
output: a flow Φ = (ϕa1 , . . . , ϕa|A|

)

(0) Initialisation: ϕ(a) = 0, ∀a ∈ A
v(Φ) = 0
i=0

G0
R = G

(1) Find a shortest path from s to t in the residual graph Gi
R

(2) If there is no such path then END

(3) Else µ←a shortest path

(consisting of the fewest number of arcs)

from s to t in Gi
R

(4) cap(µ)= the minimum capacity of residual

capacities of µ in Gi
R

(5) v(Φ)← v(Φ)+ cap(µ)
(6) ∀a ∈ µ ∩A, ϕ(a) ← ϕ(a) + cap(µ)
(7) ∀a ∈ (µ /∈ µ ∩A), ϕ(a) ← ϕ(a) − cap(µ)
(8) i← i+ 1
(9) Build the new residual graph Gi

R
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The initial algorithm of Ford and Fulkerson, in [FOR 56], runs in pseudo-
polynomial time. The implementation proposed here is due to Edmonds and Karp,
[EDM 72] and runs inO(|V |2|A|) time. There are other implementations of the Ford-
Fulkerson algorithm, which are detailed in [AHU 93].

Radix trees and shortest paths

The main step of the preceding algorithm is step 1, which may be performed thanks
to theH-algorithm. The complexity of the Ford-Fulkerson algorithm isO(n3) when
this step is done by the use of the Dijkstra’s algorithm, whose complexity isO(n2).
the use of theH-algorithm allows a mean complexity inO(n2).

As an example, let us consider the graph of Figure 15.10 in which we wish to
optimize the flow between the sourceS and the wellW .

[8]
S

b

c

d

e

W

a

[13] [1]

[7]

[9]
[5]

[3]

[12]

[6]

Figure 15.10.An optimization problem

The shortest paths in terms of number of arcs areP1 = S → a → c → W ,
P2 = S → a→ d→W , P3 = S → b→ d→W andP4 = S → b→ e→W .

After the pathP1 (of flow 6) is considered as a part of the flow, the residual graph
is that of Figure 15.11.

After that pathsP2 (capacity 1),P3 (capacity 5) andP4 (capacity 3) are included
in the flow, the residual graph is given in Figure 15.12.

Since in this last residual graph the source and the well are no longer connected,
the maximal flow is reached, with a full capacity of6 + 1 + 5 + 4 = 16.
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[1]

S

b

c

d

e

W

a

[1]

[9]
[5]

[3]

[12]

[8]

[7]

Figure 15.11.After a first path part of the flow

[9]

S

b

c

d

e

W

a

[1]

[6]

[2]

[2]

Figure 15.12.The residual graph after the shortest paths are included in the
flow

15.6. Conclusion

The flow problem has important applications: transportation of energy or water,
schedule of network tasks, etc. The algorithm presented in this chapter makes it pos-
sible to calculate the optimal flow over a network in a mean time ofO(n2) while
the Ford-Fulkerson algorithm has a complexity inO(n3) wheren is the number of
vertices of the graph.
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Chapter 16

The Complexity of the Exact Weighted
Independent Set Problem

16.1. Introduction

Suppose that we have a well-solved optimization problem, such as minimum span-
ning tree, maximum cut in planar graphs, minimum weight perfect matching or maxi-
mum weight independent set in a bipartite graph. How hard is it to determine whether
there exists a solution with a given weight? Papadimitriou and Yannakakis showed
in [PAP 82] that these so-calledexactversions of the above optimization problems
areNP-complete when the weights are encoded in binary. The question is then, what
happens if the weights are “small”, i.e., encoded in unary? Contrary to the binary case,
the answer to this question depends on the problem.

– Theexact spanning treeproblem and, more generally, theexact arborescence
problem are solvable in pseudo-polynomial time [BAR 87].

– The exact cutproblem is solvable in pseudo-polynomial time for planar and
toroidal graphs [BAR 87].

– Theexact perfect matchingproblem is solvable in pseudo-polynomial time for
planar graphs [BAR 87] and, more generally, for graphs that have a Pfaffian orienta-
tion1 (provided one is given). We recall that amatchingof a graphG = (V,E) is a
setE′ of pairwise non-adjacent edges ofG. If |E′| = |V |/2, thenE′ is said to be a
perfect matchingofG. Karzanov [KAR 87] gives a polynomial-time algorithm for the

Chapter written by Martin MILANI Č and Jérôme MONNOT.
1. Bipartite graphs with a Pfaffian orientation have been characterized in [THO 06], where a
polynomial-time recognition algorithm is also presented.
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special case of the exact perfect matching problem, when the graph is either complete
or complete bipartite, and the weights are restricted to 0 and 1. Papadimitriou and
Yannakakis show in [PAP 82] that the problem for general (or bipartite) graphs with
weights encoded in unary is polynomially reducible to that with 0-1 weights. Mulmu-
ley, Vazirani and Vazirani [MUL 87] show that the exact perfect matching problem
has a randomized pseudo-polynomial-time algorithm.

The exact perfect matching problem is of great practical importance. It has
applications in such diverse areas as bus-driver scheduling, statistical mechan-
ics (see [LEC 86]), DNA sequencing [BŁA 06], and robust assignment prob-
lems [DĔI 06]. The problem consists of determining whether a given edge-weighted
graph contains a perfect matching of a given weight. Despite polynomial results for
special cases, the deterministic complexity of the exact perfect matching problem re-
mains unsettled for general graphs and even for bipartite graphs. Papadimitriou and
Yannakakis conjectured that the problem isNP-complete [PAP 82].

This open problem motivates us to introduce and study theexact weighted inde-
pendent setproblem and a restricted version of it, which are both closely related to the
exact perfect matching problem.

An independent set(sometimes calledstable set) in a graph is a set of pairwise
non-adjacent vertices. Theweighted independent set(WIS) problem consists of de-
termining an independent set of maximum weight in a given weighted graph(G,w).
If all weights are the same, we speak about theindependent set(IS) problem. The
optimal values of these problems are denoted byαw(G) andα(G), respectively.

The exact weighted independent set(EWIS) problem consists of determining
whether a given weighted graph(G,w) with G = (V,E) andw : V → Z contains
an independent set whose total weight (i.e., the sum of the weights of its members)
equals a given integerb. Formally, the solution to the EWIS problem, given(G,w, b),
is yesif and only if there is an independent setI of G with w(I) = b. The restric-
tion where we require the independent set to be of a maximum independent set of the
graph will be called theexact weighted maximum independent set problemand de-
noted by EWISα. Thus, EWISα(G,w, b) consists of deciding upon the existence of
an independent setI of G with |I| = α(G) andw(I) = b.

The connection between the exact perfect matching problem and the exact
weighted independent set problem is best understood through line graphs. Theline
graphL(G) of a graphG = (V,E) is the graph whose vertex set isE, and whose
two vertices are adjacent if and only if they share a common vertex as edges ofG.
Clearly, there is a one-to-one correspondence between the matchings of a graph and
the independent sets of its line graph. Theexact matchingproblem, i.e., the prob-
lem of determining whether a given edge-weighted graph contains a matching of a
given weight, is then precisely the exact weighted independent set problem, which
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is restricted to the class of line graphs. Similarly, under the (polynomially verifiable)
assumption that the input graph has a perfect matching, the exact perfect matching
problem is precisely the exact weighted maximum independent set problem, which is
restricted to the class of the line graphs of graphs with a perfect matching.

In this chapter, we focus on the problem of determining the complexities of the
EWIS and EWISα problems for particular graph classes. On the one hand, we present
the first non-trivial strongNP-completeness result for these problems. On the other
hand, we distinguish several classes of graphs where the problems can be solved in
pseudo-polynomial time.

More specifically, we can summarize the main results of this chapter in the spirit
of the above list of complexity results on exact problems:

– Theexact weighted independent setand theexact weighted maximum indepen-
dent setproblems are stronglyNP-complete for cubic bipartite graphs2.

– Theexact weighted independent setand theexact weighted maximum indepen-
dent setproblems are solvable in pseudo-polynomial time in each of the following
graph classes:

- mK2-free graphs,
- interval graphsand their generalizationsk-thin graphs,
- circle graphs,
- chordal graphs,
- AT-free graphs,
- (claw ,net)-free graphs,
- distance-hereditary graphs,
- graphs of bounded treewidth,
- graphs of bounded clique-width,
- certainsubclasses ofP5-free and fork-free graphs.

The results for subclasses ofP5-free and fork-free graphs are derived by means
of modular decomposition. The application of modular decomposition to the EWIS
problem is described in section 16.4.2 and may be of independent interest.

In view of the relation between the exact perfect matching problem and the exact
weighted maximum independent set problem, each of the above polynomial results
also gives a polynomial result for the exact perfect matching problem. Whenever the
EWISα problem is (pseudo-) polynomially solvable for a class of graphsG, the exact
perfect matching problem is (pseudo-) polynomially solvable for graphs in the set
{G : L(G) ∈ G}. For example:

2. We also strengthen this result considerably, however, we postpone the detailed formulation
until section 16.3.2.
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– Theexact perfect matchingproblem is solvable in pseudo-polynomial time for
graphs of bounded treewidth.

Notation and organization. All graphs considered are finite, simple and undi-
rected. Unless otherwise stated,n andmwill denote the number of vertices and edges,
respectively, of the graph considered. As usual,Pn andCn denote the chordless path
and the chordless cycle onn vertices. For a graphG, we will denote byV (G) and
E(G) the vertex-set and the edge-set ofG, respectively. Individual edges will be de-
noted by square brackets: an edge with endpointsu andv will be denoted by[u, v].
For a vertexx in a graphG, we denote byNG(x) the neighborhood ofx in G, i.e.,
the set of vertices adjacent tox, and byNG[x] the closed neighborhood ofx, i.e., the
setNG(x) ∪ {x}. We will write N(x) andN [x] instead ofNG(x) andNG[x] if no
confusion can arise.

We say that a graphH is aninduced subgraphofG if H can be obtained fromG by
deletion of some (possibly none) vertices; the subgraph ofG induced byU ⊆ V (G)
is the graph obtained fromG by deleting the vertices fromV (G)\U and it will be
denoted byG[U ]. For a graphG, we denote by co-G (alsoG) the edge-complement
of G. By Kn we denote the complete graph onn vertices, and byKs,t the complete
bipartite graph with parts of sizes andt. By component we will always mean a con-
nected component. For graph-theoretical terms not defined here, see [BER 73]. For a
subset of verticesV ′ ⊆ V , we letw(V ′) =

∑

v∈V ′ w(v). For a positive integerk, we
write [k] for the set{1, . . . , k}.

The triple(G,w, b) will always represent an instance of the EWIS (or EWISα)
problem, i.e.,G = (V,E) is a graph,w : V → Z are vertex weights, andb ∈ Z is
the target weight. IfH is an induced subgraph ofG, we will also consider triple of the
form (H,w, b) as instances of EWIS, with the weightsw representing the restriction
ofw toV (H). We will denote by EWIS(G,w, b) the solution to the instance(G,w, b)
of the EWIS problem, i.e., EWIS(G,w, b) is yesif there is an independent setI in
G with w(I) = b, andno otherwise. Similarly, EWISα(G,w, b) is yesif there is a
maximum independent setI in G with w(I) = b, andnootherwise.

The chapter is organized as follows. In section 16.2, we continue the introductory
discussion and present some polynomial preprocessing steps that simplify the input
and which we will later on assume as performed. We also discuss some relations be-
tween the complexities of the problems WIS, EWIS and EWISα. Section 16.3 is
devoted to the strongNP-completeness results. In section 16.4, pseudo-polynomial
time solutions to the exact weighted independent set problem are presented. We con-
clude the chapter with a short discussion in section 16.5 that places the class of line
graphs of bipartite graphs between two graph classes with known complexities of the
EWIS problem.
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16.2. Preliminary observations

The exact weighted independent set problem is (weakly)NP-complete for any
class of graphs containing the edgeless graphs{Kn : n > 0}. There is a direct equiv-
alence between the exact weighted independent set problem on{Kn : n > 0} and the
subset sum problem, which is known to beNP-complete (see [GAR 79]). Thesubset
sumproblem is the following: givenn integersa1, . . . , an and a boundb, determine
whether there is a subsetJ ⊆ [n] such that

∑

j∈J aj = b.

Therefore, for a given class of graphsG, the question of interest is whether the
EWIS problem is stronglyNP-complete for graphs inG, or is it solvable in pseudo-
polynomial time.

First, let us observe that in any class of graphsG, we may restrict our attention to
instances with positive weights only.

REMARK 16.1.– The EWIS problem with arbitrary integer weights is polynomially
equivalent to the EWIS problem, which is restricted to instances(G,w, b) such that
b 6 w(V (G)) and1 6 w(v) 6 b, for all v ∈ V . The same equivalence holds true for
the EWISα problem.

Proof. Solving the EWIS problem for any particular instance amounts to solvingn
problems EWISk, in which the independent sets are restricted to be of sizek, for all
k ∈ [n] (unlessb = 0, in which case the solution is trivial, as the empty set is an
independent set of weight 0). The weights in EWISk can be assumed to be positive:
otherwise, we can add a suitably large constantN to each vertex weight and replaceb
by b + kN to get an equivalent EWISk problem with positive weights only. Finally,
applying the same transformation again withN = w(V ) + 1 reduces the problem
EWISk to a single EWIS problem with positive weights. Repeating this for all values
of k ∈ [n], the result follows.

Finally, if all vertex weights are positive, we can delete from the graph all vertices
whose weight exceedsb, as they will never appear in a solution. Furthermore, the
solution is clearlyno if b > w(V ).

The same assumption on vertex weights as for the EWIS problem can also be
made for the instances(G,w, b) of its restricted counterpart EWISα. Again, if some
of the weights are negative, we can modify the weights and the target value as we did
above for EWISk. Now we only do it fork = α(G). Note that we can calculateα(G)
as that onlyp ∈ [n] such that the value of EWISα(G,1, p) is yes, where1 denotes the
unit vertex weights.

We now discuss some relations between the complexities of the problems WIS,
EWIS and EWISα, when restricted to particular graph classes.
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LEMMA 16.1.– LetG be a class of graphs. The following statements are true:
(i) if the EWISα problem is solvable in pseudo-polynomial time for graphs inG, then
theWIS problem is solvable in pseudo-polynomial time for graphs inG;
(ii) if the EWIS problem is solvable in pseudo-polynomial time for graphs inG, then
theEWISα problem is solvable in pseudo-polynomial time for graphs inG;
(iii) let G′ = {G′ : G ∈ G} whereG′ = (V ′, E′) is the graph, obtained from a graph
G = (V,E) ∈ G, by adding pendant vertices, as follows:V ′ = V ∪ {v′ : v ∈ V },
E′ = E ∪ {[v, v′] : v ∈ V }. If theEWISα problem is solvable in pseudo-polynomial
time for graphs inG′, then theEWIS problem is solvable in pseudo-polynomial time
for graphs inG.

Proof. (i) Let (G,w, k) be an instance of the decision version of the weighted inde-
pendent set problem. As we can assume positive weights,G contains an independent
set of total weight which is at leastk if and only ifG contains a maximum independent
set of total weight which is at leastk. By testing values forb fromw(V ) down tok and
using an algorithm for the EWISα problem on the instance(G,w, b), we can decide
whetherG contains a maximum independent set of total weight which is at leastk.

(ii) Let (G,w, b) be an instance of the EWISα problem. It is easy to see that the
following algorithm solves EWISα.

Step 1.Calculateα(G), which is equal to the maximumk ∈ [n] such that the value
of EWIS(G,1, k) is yes, where1 denotes the unit vertex weights.

Step 2.LetN = w(V )+1. For every vertexv ∈ V (G), letw′(v) = w(v)+N . Let
b′ = b+ α(G)N . Then it is easy to verify that EWISα(G,w, b) = EWIS(G,w′, b′).

(iii) Let (G,w, b) with G = (V,E) ∈ G be an instance of the exact weighted
independent set problem. LetG′ be the graph, which is defined as in the lemma. Let
n = |V (G)| and letw′(v) = (n + 1)w(v) for all v ∈ V andw′(v) = 1 for v ∈ V ′.
Then, it is easy to verify that the value of EWIS(G,w, b) is yesif and only if the value
of EWISα(G′, w′, b′) is yesfor someb′ ∈ {(n+ 1)b, . . . , (n+ 1)b+ n− 1}.

The problem EWIS is clearly inNP and so is EWISα for any class of graphs
G where IS is polynomially solvable. Therefore, Lemma 16.1 implies the following
result.

COROLLARY 16.1.– LetG be a class of graphs. The following statements are true.
(i) If the WIS problem is stronglyNP-complete for graphs inG, then the EWISα
problem is stronglyNP-hard for graphs inG. If, in addition, the IS problem is poly-
nomial for graphs inG, then the EWISα problem is stronglyNP-complete for graphs
in G.
(ii) If the EWISα problem is stronglyNP-hard for graphs inG, then the EWIS prob-
lem is stronglyNP-complete for graphs inG.
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(iii) Let G′ be as in Lemma 16.1. If the EWIS problem is stronglyNP-complete for
graphs inG, then the EWISα problem is stronglyNP-hard for graphs inG′. If, in
addition, the IS problem is polynomial for graphs inG′, then the EWISα problem is
stronglyNP-complete for graphs inG′.

Thus, we are mainly interested in determining the complexity (strongNP-complete
or pseudo-polynomial results) of the exact weighted independent set problem in those
classes of graphs where the weighted independent set problem is solvable in pseudo-
polynomial time. Moreover, combining parts(ii) and(iii) of the lemma shows that
when G ∈ {forests, bipartite graphs, chordal graphs}, the problems EWIS and
EWISα are equivalent (in the sense that, when restricted to the graphs inG, they
are either both solvable in pseudo-polynomial time, or they are both stronglyNP-
complete). Recall that a graphG is a forestif it is acyclic, bipartite if any cycle ofG
has even length, andchordal if any cycle ofG with size of at least 4 has a chord (i.e.,
an edge connecting two non-consecutive vertices of the cycle).

We conclude this section by showing that a similar equivalence remains valid for
the class of line graphs. More precisely, ifL, L(Bip), L(K2n) andL(Kn,n) denote
the classes of line graphs, line graphs of bipartite graphs, line graphs of complete
graphs with an even number of vertices and line graphs of complete balanced bipartite
graphs, respectively, we have the following result.

LEMMA 16.2.– TheEWIS problem is stronglyNP-complete for graphs inL (resp.,
L(Bip)) if and only if theEWISα problem is stronglyNP-complete for graphs in
L(K2n) (resp.,L(Kn,n)).

Proof. The backward implication is given by part(ii) of Lemma 16.1. The forward
implication follows from a reduction of the exact matching problem to the exact per-
fect matching problem which we show now. Given an instanceG = (V,E) with
edge weightsw and a targetb for the exact matching problem, construct an instance
(Kn′ , w′, b′) for the exact perfect matching problem as follows. Ifn = |V | is odd, we
add a new vertex and we complete the graphG. For an edgee ofG, letw′(e) = Nw(e)
whereN = w(E) +1, for an edgee /∈ E letw′(e) = 1. The transformation is clearly
polynomial andG has a matching of weightb if and only ifKn′ has a perfect match-
ing of weightNb + k for some value ofk ∈ {0, . . . , n − 1}. Also, it is easy to see
that in the case of bipartite graphsG = (L,R;E) with |L| 6 |R|, we can add|R \ L|
vertices toL to balance the bipartition.

16.3. Hardness results

The weighted independent set problem is solvable in polynomial time for bipartite
graphs by network flow techniques. However, as we show in this section, the exact
version of the problem is stronglyNP-complete even for cubic bipartite graphs.
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16.3.1. Bipartite graphs

A bipartite graph is a graphG = (V,E) whose vertex set admits a partitionV =
L ∪ R into the left setL and the right setR such that any edge ofG connects a
vertex ofL to a vertex ofR. In general, a bipartite graph may admit several such
partitions. Since we only consider connected bipartite graphs (which have a unique
such partition, up to switching the parts), we will also writeG = (L,R;E).

The strongNP-completeness of the EWIS problem in bipartite graphs follows
from a straightforward reduction from the balanced biclique problem which is known
to beNP-complete [GAR 79]. Thebalanced bicliqueproblem consists of determining
whether, given a bipartite graphG = (L,R;E) and an integerk, there are subsets
L′ ⊆ L andR′ ⊆ Rwith |L′| = |R′| = k such that the subgraph induced byL′∪R′ is
a complete bipartite subgraph (also calledbicliqueof sizek). In [DAW 01], a variation
of this latter problem is introduced where we must have|L′| = a and|R′| = b (called
thebicliqueproblem). From an instanceG andk of balanced biclique, we introduce
weight 1 on each vertex ofL, weightB = max{|L|, |R|}+1 on each vertex ofR and
we setb = k +Bk. It is clear that there is an independent set in(L,R; (L× R) \ E)
with weightb if and only if there is a balanced biclique in(L,R;E) of sizek.

We now strengthen this result by proving that the EWISα problem is stronglyNP-
complete for cubic bipartite graphs. By contrast, for graphs of maximum degree 2,
EWIS and EWISα are pseudo-polynomially solvable problems. Every connected
graph in this class is either a cycle or a path, and the treewidth of such graphs is
at most 23. According to Corollary 16.3 and Theorem 16.14 from section 16.4, the
problem is solvable in pseudo-polynomial time in this class.

THEOREM 16.1.– TheEWISα problem is stronglyNP-complete in cubic bipartite
graphs.

Proof.The problem is clearly inNP, as the IS problem is solvable in polynomial time
for bipartite graphs. The hardness reduction is made from the decision version of the
clique problem in regular graphs which is known to beNP-complete (see [GAR 79]).

A cliqueV ∗ is a subset of vertices ofG such that the subgraph induced byV ∗ is
complete. Let(G, k) be an input to the clique problem, whereG = (V,E) is a ∆-
regular graph onn vertices and letk be an integer. Without loss of generality, assume
that0 < k < ∆ < n− 1, since otherwise the problem is easy.

We build the instanceI = (G′, w) of the EWISα problem whereG′ = (L,R;E′)
is a bipartite graph as follows:

3. For the definition of treewidth, see section 16.4.1.8.
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Figure 16.1.The gadgetH(v)
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Figure 16.2.The gadgetH(e)

• For each vertexv ∈ V , we construct a gadgetH(v) which is a cycle of length
2∆. Thus, it is a bipartite graph where the left set isLv = {l1,v, . . . , l∆,v} and the right
set isRv = {r1,v, . . . , r∆,v}. The weights arew(li,v) = 1 andw(ri,v) = n∆(2+n∆

2 )
for i ∈ [∆].

The gadgetH(v) is illustrated in Figure 16.1.

• For each edgee ∈ E, we construct a gadgetH(e) which is a cycle of length 4.
Thus, it is a bipartite graph where the left set isLe = {l1,e, l2,e} and the right set is

Re = {r1,e, r2,e}. The weights arew(li,e) = (n∆)
2 andw(ri,e) = (n∆)2

2 (2+n∆
2 ) for

i = 1, 2.
The gadgetH(e) is illustrated in Figure 16.2.

•We interconnect these gadgets by iteratively applying the following procedure.
For each edgee = [u, v] ∈ E, we add two edges[ri,u, l1,e] and [li,u, r1,e]

whereli,u is a neighbor ofri,u in H(u) between gadgetsH(u), H(e) and two edges
[rj,v, l2,e] and [lj,v, r2,e] wherelj,v is a neighbor ofrj,v in H(v) between gadgets
H(v),H(e) such that the verticesri,u, li,u, rj,v andlj,v have degree 3.

It is clear thatG′ is bipartite and the weights are polynomially bounded. Moreover,
sinceG is a∆-regular graph, we conclude thatG′ is 3-regular.
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We claim that there is a cliqueV ∗ of G with size of at leastk if and only if the
value of EWISα(G′, w, b) is yes, where:

b = k∆ + n∆
k(k − 1)

2
+ n∆(

2 + n∆

2
)

(

(n− k)∆ + (
n∆

2
− k(k − 1)

2
)n∆

)

Let I be a maximum independent set ofG′ with w(I) = b. SinceG′ is cubic
and bipartite,G′ has a perfect matching (for instance, take a perfect matching in each
gadgetH(v) andH(e)) and we conclude thatα(G) = |I| = |R| = |L|. This implies
in particular that for any vertexv ∈ V , eitherLv or Rv is a subset ofI. Moreover,
the same property holds for anye ∈ E (i.e., eitherLe or Re is a subset ofI). By
construction of the weights, the quantityk∆ of b must come from verticesli,v, ri,v or
li,e. Sincek < n, this quantity cannot come fromri,v. Moreover, sinceli,e ∈ I if and
only if Le ⊆ I, the contribution ofLe in I is n∆. In this case, the contribution ofk∆
must come fromli,v. Thus, we obtain:

|I ∩ LV | = k∆ , |I ∩RV | = (n− k)∆ [16.1]

whereLV = ∪v∈V Lv andRV = ∪v∈V Rv. Thus, using [16.1] we must obtain:

w (I ∩ (LE ∪RE)) = n∆
k(k − 1)

2

+ n∆(
2 + n∆

2
)(
n∆

2
− k(k − 1)

2
)n∆ [16.2]

whereLE = ∪e∈ELe andRE = ∪e∈ERe. Now, we prove that there are exactly
k(k−1

2 ) gadgetsH(e) with Le ⊆ I. Assume the converse; then,|I ∩ LE | = k(k −
1) − 2p and|I ∩ RE | = n∆ − k(k − 1) + 2p for somep 6= 0 (p can be negative).
Combining these equalities with equality [16.2], we deduce thatp = 0, which is a
contradiction.

Thus, if we setV ∗ = {v ∈ V : Lv ⊆ I}, we deduce from above that|V ∗| = k
and we will necessarily obtain thatV ∗ is a clique ofG.

Conversely, letV ′ be a clique ofG with |V ′| > k and consider a subcliqueV ∗ ⊆
V ′ of size exactlyk. We setS = SL ∪ SR with SL = ∪v∈V ∗Lv ∪e∈E(V ∗) Le and
SR = ∪v∈V \V ∗Rv ∪e∈E\E(V ∗) Re. We can easily verify thatw(I) = b and thatI
is a maximum independent set ofG′. Indeed, let us assume the converse; thus, there
exist ri,v ∈ I (and thusRv ⊆ I), lj,e ∈ I (with j = 1, 2) and[ri,v, lj,e] ∈ E′. By
construction ofI, we deduce thate = [u, v] ∈ E(V ∗) and thenLv ⊆ I, which is a
contradiction. The proof is complete.
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As corollary of Theorem 16.1, we can derive that the biclique problem remains
NP-complete when the minimum degree ofG = (L,R;E) is n − 3 where|L| =
|R| = n. In this case, we replace any gadgetH(e) of Theorem 16.1 by a cycle of
length2n∆ and we delete edges[li,u, r1,e] and[lj,v, r2,e].

We also note that Theorem 16.1 implies the strongNP-completeness of the
EWISα problem for perfect graphs, which are a well-known class where the weighted
independent set problem is solvable in polynomial time [GRÖ 84].

16.3.2. A more general hardness result

Let us now strengthen the main result of the previous section. To this end, we first
introduce some notations. LetF be a set of graphs. We denote the class of graphs
containing no induced subgraphs from the setF by Free(F). Any graph inFree(F)
will be calledF -free. Our hardness results will be expressed in terms of a parameter
related to the set of forbidden induced subgraphsF .

Let Ci andHi denote the cycle of lengthi and the graph in Figure 16.3, respec-
tively.

j j j b b j jb

j

j

j

j

1 2 i

Figure 16.3.GraphHi

We associate with every graphG a parameterκ(G), which is the minimum value
of i > 1 such thatG contains an induced copy of eitherCi orHi. If G is an acyclic
graph with no induced graphs of the formHi, we letκ(G) = ∞. For a (possibly
infinite) non-empty set of graphsF , we define:

κ(F) = sup { κ(G) : G ∈ F }

Finally, for a set of graphsX , letX3 denote the set of graphs of degree at most 3
in X .
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With these definitions in mind, we can use the strongNP-completeness of the
EWISα problem for bipartite graphs of degree at most 3 (which is an immediate
corollary of Theorem 16.1), and the reduction typically used for the IS problem (see
e.g. [MUR 92, POL 74]) to derive the following hardness result.

THEOREM 16.2.– LetG be the class ofF -free bipartite graphs of maximum degree
at most 3. Ifκ(F3) < ∞, then theEWISα problem is stronglyNP-complete in the
classG3.

Proof. The problem is clearly inNP. We show completeness in two steps. First, for
k > 3, let Sk be the class of all bipartite(C3, . . . , Ck, H1, . . . , Hk)-free graphs of
vertex degree at most3, and let us show that for any fixedk, the problem is strongly
NP-complete for graphs inSk. Let (G,w, b) be an instance of the EWISα problem
whereG is a bipartite graph of maximum degree at most 3.

We can transform the graphG in polynomial time into a weighted graphG′, as
follows. Let k′ = ⌈k

2⌉. We replace each edgee of G by a pathP (e) on 2k′ + 2
vertices. LetN = w(V ) + 1. We set the weightsw′ of the endpoints ofP (e) equal
to the weights of the corresponding endpoints ofe, while each internal vertex ofP (e)
gets weightN . It is easy to verify thatG′ belongs toSk.

We claim that the value of EWISα(G,w, b) is yes if and only if the value of
EWISα(G′, w′, b+mk′N) is yes, wherem = |E(G)|.

One direction is immediate, as each maximum independent set ofG can be ex-
tended to a maximum independent set ofG′ by simply addingk′ internal vertices of
each newly added path. By doing so, the weight increases bymk′N .

Suppose now that the value of EWISα(G′, w′, b + mk′N) is yes. Let I ′ be a
maximum independent set ofG′ of weight b + mk′N . SinceI ′ is independent, it
can contain at mostk′ internal vertices of each newly added path. Therefore, for each
e ∈ E(G), the setI ′ must containexactlyk′ internal vertices ofP (e), otherwise its
weight would be at mostw(V ) + (mk′ − 1)N , thus contradicting our choice ofN .

Let I denote the set obtained fromI ′ by deleting the internal vertices of newly
added paths. Then,I is an independent set ofG. Indeed, ife = [u, v] ∈ E(G) for
someu, v ∈ I, thenI ′ would contain at mostk′ − 1 internal vertices ofP (e), thus
contradicting the above observation. Also, it is easy to see thatI is a maximum inde-
pendent set ofG. Finally, as the weight ofI is exactlyb, we conclude that the value
of EWISα(G,w, b) is yes.

This shows that the EWISα problem is stronglyNP-complete in the classSk.
To prove strongNP-completeness of the problem in the classG3, we now show that
the classG3 contains all graphs inSk, for k := max{3, κ(F)}. Let G be a graph
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from Sk. Assume thatG does not belong toG3. ThenG contains a graphA ∈ F3 as
an induced subgraph. From the choice ofG we know thatA belongs toSk, but then
k < κ(A) 6 κ(F3) 6 k, which is a contradiction. Therefore,G ∈ G3 and the theorem
is proved.

16.4. Polynomial results

In this section, we present pseudo-polynomial solutions to the exact weighted in-
dependent set problem, when the input graphs are restricted to particular classes.4 The
algorithms resemble those for the WIS problem in respective graph classes, and are
based either on a dynamic programming approach (section 16.4.1), or on the modular
decomposition (section 16.4.2).

First, we observe that when developing polynomial-time solutions to the EWIS
problem, we may restrict our attention to connected graphs.

LEMMA 16.3.–Let(G,w, b) be an instance of theEWISproblem and letC1, . . . , Cr

be the connected components ofG. Suppose that for eachi ∈ [r], the set of solutions
(EWIS(Ci, w, k) : k ∈ [b]) forCi is given. Then, we can calculate the set of solutions
(EWIS(G,w, k) : k ∈ [b]) for G in timeO(rb2).

In order to show Lemma 16.3, we consider the following generalization of the
subset sum problem.

GENERALIZED SUBSET SUM (GSS)
Instance: Non-empty sets of positive integersA1, . . . , An and a positive integerb.
Question: Is there a non-empty subsetJ of [n] and a mappinga : J → ∪j∈JAj such
thata(j) ∈ Aj for all j ∈ J , and

∑

j∈J a(j) = b?

By generalizing the dynamic programming solution to the subset sum problem, it
is easy to show the following.

LEMMA 16.4.– GSS can be solved in timeO(nb2) by dynamic programming.

In fact, in the stated time, not only we can verify if there is aJ ⊆ [n] and a mapping
a as above such that

∑

j∈J a(j) = b for the givenb, but we can answer this question
for all valuesb′ ∈ [b].

Proof.LetB denote the set ofall valuesb′ ∈ [b] such that there is a non-empty subset
S of [n] and a mappinga : S → ∪i∈SAi such thata(i) ∈ Ai for all i ∈ S, and
∑

i∈S a(i) = b′.

4. For a comprehensive survey on graph classes, see [BRA 99].
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Let us show by induction onn that we can generate the setB in timeO(nb2). The
statement is trivial forn = 1.

Suppose now thatn > 1. Let I = (A1, . . . , An; b) be an instance of the GSS
problem. LetB′ be the inductively constructed set of all possible values ofb′ ∈ [b]
such that the solution to the GSS problem on the instance(A1, . . . , An−1; b

′) is yes.
By induction, the setB′ was constructed in timeO((n − 1)b2).

Let β ∈ [b]. Then,β will belong toB, i.e., the solution to the GSS problem,
given(A1, . . . , An;β), will be yes, if and only if eitherβ ∈ B′, or we can writeβ as
β = b′ + an for someb′ ∈ B′ andan ∈ An. In other words,B = B′ ∪B′′, whereB′′

denotes the set of all such sums:B′′ = {b′ + an : b′ ∈ B′, an ∈ An, b
′ + an 6 b}.

The setB′′ can be constructed in timeO(b2). Adding this time complexity to the
timeO((n − 1)b2) needed to constructB′ proves the above statement and hence the
lemma.

Lemma 16.3 now follows immediately.

Proof. [Lemma 16.3] It is enough to observe that for everyk ∈ [b], the value of
EWIS(G,w, k) is yes if and only if the solution to the GSS problem on the in-
stance(A1, . . . , Ar; k) is yes, whereAi denotes the set of all valuesk′ ∈ [b] such
that EWIS(Ci, w, k

′) is yes.

16.4.1. Dynamic programming solutions

We can summarize the results of this section in the following theorem.

THEOREM 16.3.– The exact weighted independent set and the exact weighted maxi-
mum independent set problems admit pseudo-polynomial-time solutions in each of the
following graph classes:mK2-free graphs, interval graphs and their generalizations
k-thin graphs, circle graphs, chordal graphs, AT-free graphs,(claw ,net)-free graphs,
distance-hereditary graphs, graphs of treewidth at mostk, and graphs of clique-width
at mostk.

The rest of this section is devoted to proving this result. According to part(ii)
of Lemma 16.1, it suffices to develop pseudo-polynomial solutions for the EWIS
problem. Most of the algorithms resemble those for the WIS problem and exploit the
special structure of graphs in the classes.

16.4.1.1.mK2-free graphs

Our first example deals with graphs with no large induced matchings.
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Recall thatK2 denotes the graph consisting of two adjacent vertices. The disjoint
union ofm copies ofK2 is denoted bymK2. Thus, graphs whose largest induced
matching consists of less thanm edges are precisely themK2-free graphs.

THEOREM 16.4.– For every positive integerm, theEWIS problem admits a pseudo-
polynomial algorithm formK2-free graphs.

Proof. An mK2-free graph contains only polynomially many maximal independent
sets (see [ALE 91, BAL 89, PRI 95]). Tsukiyamaet al. describe in [TSU 77] an al-
gorithm that generates all the maximal independent sets of a graph with polynomial
delay. This implies that we can enumerate all maximal independent setsI1, . . . , IN of
a givenmK2-free graphG in polynomial time.

For each vertexx of G and for eachk ∈ [b], the value of EWIS(G[{x}], w, k) is
yesif and only if k = w(x). Therefore, we can apply Corollary 16.3 to each maximal
independent setI of G in order to calculate the set of solutions to EWIS(G[I], w, k)
for all k ∈ [b] in pseudo-polynomial time.

As each independent set ofG is contained in some maximal independent setIi of
G, the value of EWIS(G,w, k) is yesif and only if there is ani ∈ [N ] such that the
value of EWIS(Ii, w, k) is yes. This shows that the EWIS problem can be solved in
pseudo-polynomial time formK2-free graphs.

16.4.1.2.Interval graphs

Interval graphs are one of the most natural and well-understood classes of inter-
section graphs. They are intersection graphs of intervals on the real line, and many
optimization problems can be solved by dynamic programming on these graphs.

Formally, given a collectionI of intervals on the real line, itsintersection graph
G(I) is defined byV (G(I)) = I and there is an edge connecting two intervals if and
only if their intersection is nonempty. The collectionI is said to be aninterval model
of G(I). Finally, a graphG is said to be aninterval graphif it admits an interval
model, i.e., if there is a collectionI of intervals on the real line such thatG = G(I).

A representation of interval graphs that is particularly suitable for the EWIS prob-
lem is the following. It has been shown by Ramalingam and Pandu Rangan [RAM 88]
that a graphG = (V,E) is interval if and only if it admits a vertex ordering
(v1, . . . , vn) such that for all triple(r, s, t) with 1 6 r < s < t 6 n, the follow-
ing implication is true:

if [vr, vt] ∈ E then [vs, vt] ∈ E

Moreover, such an ordering of an interval graph can be found in timeO(n + m).
Based on this ordering, we can prove the following statement.
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THEOREM 16.5.– TheEWIS problem admits anO(bn + m) algorithm for interval
graphs.

Proof.Let (v1, . . . , vn) be a vertex ordering such that[vs, vt] ∈ E, whenever[vr, vt] ∈
E, for all triples(r, s, t) with 1 6 r < s < t 6 n.

For everyi ∈ [n], letGi denote the subgraph ofG induced by{v1, . . . , vi} (also,
let G0 be the empty graph). Then, for everyi ∈ [n], either there is aj = j(i) such
thatNGi(vi) = {j, j + 1, . . . , i − 1}, orNGi(vi) = { } (in which case let us define
j(i) = i). Now, if I is an independent set ofGi, then eithervi ∈ I (in which case
I\{vi} is an independent set ofGj(i)−1), or vi /∈ I (in which caseI is an independent
set ofGi−1). This observation is the key to the following simpleO(bn+m) dynamic
programming solution to the EWIS problem on interval graphs.

Step 1.Find a vertex ordering(v1, . . . , vn) as above.
Step 2.Set EWIS(G0, w, k) to no for all k ∈ [b].
Step 3.For i = 1, . . . , n, do the following:

3.1.Find j ∈ [i] such thatNGi(vi) = {j, j + 1, . . . , i− 1}.
3.2.Fork ∈ [b], do the following:

If k = w(vi), set EWIS(Gi, w, k) to yes.
If k < w(vi), set EWIS(Gi, w, k) to EWIS(Gi−1, w, k).
If k > w(vi), set EWIS(Gi, w, k) to yesif at least one of the solutions to
EWIS(Gj(i)−1, w, k − w(vi)) and EWIS(Gi−1, w, k) is yes, and tonootherwise.

Step 4.Output the value of EWIS(Gn, w, b).

16.4.1.3.k-thin graphs

The property used in the above characterization of interval graphs has been gener-
alized by Manninoet al. in [MAN 07], where they define the class ofk-thin graphs. A
graphG = (V,E) is said to bek-thin if there is an ordering(v1, . . . , vn) of V and a
partition ofV intok classes such that, for each triple(r, s, t) with 1 6 r < s < t 6 n,
if vr, vs belong to the same class and[vr, vt] ∈ E, then[vs, vt] ∈ E.

Let us mention at this point that finding a feasible frequency assignment of a given
cost can be modeled as the EWIS problem on ak-thin graph, where the parame-
ter k depends on the input to the frequency assignment problem. For further details,
see [MAN 07].

Based on the same idea as for interval graphs, a dynamic programming solution
for k-thin graphs can be obtained, if we are given an ordering and a partition of the
vertex set.

THEOREM 16.6.– Suppose that for ak-thin graphG = (V,E), k > 2, an ordering
(v1, . . . , vn) of V and a partition ofV into k classes are given such that, for each
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triple (r, s, t) with 1 6 r < s < t 6 n, if vr, vs belong to the same class and
[vr, vt] ∈ E, then[vs, vt] ∈ E. Then, theEWIS problem admits anO(bnk) algorithm
for G.

Proof. The proof is a straightforward extension of the proof of Theorem 16.5. Let
V1, . . . , Vk be the classes of the partition. Instead of the graphsGi, which are induced
by the firsti vertices, we now consider all graphsG(i1, . . . , ik), which are induced by
the “first” ir vertices of each class (according to the ordering onV restricted to the
class), for allr ∈ {1, . . . , k} and for allO(nk) choices of suchk-tuples(i1, . . . , ik) ∈
[|V1|]× . . .× [|Vk|].

16.4.1.4.Circle graphs

Besides intervals on the real line, chords on a circle provide another popular inter-
section model. The intersection graphs of chords on a circle are calledcircle graphs.
In this section, we will present anO(b2n2) dynamic-programming algorithm for the
EWIS problem in circle graphs.

Our algorithm for the EWIS problem on circle graphs is based on the dynamic pro-
gramming solution for the IS problem, which is developed by Supowit in [SUP 87].

THEOREM 16.7.– The EWIS problem admits anO(b2n2) algorithm for circle
graphs.

Proof. Consider a finite set ofN chords on a circle. We may assume without loss of
generality that no two chords share an endpoint. Number the endpoints of the chords
from 1 to2N in the order as they appear as we move clockwise around the circle (from
an arbitrary but fixed starting point).

The idea is simple. For1 6 i < j 6 2N , let G(i, j) denote the subgraph ofG
induced by chords whose both endpoints belong to the set{i, i+1, . . . , j}. Obviously
G = G(1, 2N).

Let 1 6 i < j 6 2N . If j = i+ 1, then the value of EWIS(G(i, j), w, k) is yesif
and only if eitherk = 0, or (i, i+ 1) is a chord andk = w((i, i+ 1)).

Otherwise, letr be the other endpoint of the chord whose one endpoint isj. If r < i
or r > j, then no independent set of the graphG(i, j) contains the chord(r, j), so the
value of EWIS(G(i, j), w, k) equals the value of EWIS(G(i, j − 1), w, k). Suppose
now thati 6 r 6 j−1 and letI be an independent set ofG(i, j). The setI may or may
not contain the chord(r, j). If I does not contain(r, j), thenI is an independent set
of ofG(i, j− 1) as well. IfI contains(r, j), then no other chord inI can intersect the
chord(r, j). In particular, this implies thatI is of the formI = {(r, j)}∪I1∪I2 where
I1 is an independent set ofG(i, r− 1) andI2 is an independent set ofG(r+1, j− 1).
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Therefore, the value of EWIS(G(i, j), w, k) is yes if and only if either
EWIS(G(i, j−1), w, k) is yes, or EWIS(G′, w, k) is yes, whereG′ is the graph whose
connected components areG[{(r, j)}],G(i, r−1) andG(r+1, j−1). Assuming that
the solutions forG(i, r−1) andG(r+1, j−1) have already been obtained recursively,
we can apply Corollary 16.3 in this case.

The above discussion implies an obviousO(b2n2) algorithm that correctly solves
the problem.

16.4.1.5.Chordal graphs

Chordal (or triangulated) graphsare graphs in which every cycle of length at least
four has a chord. They strictly generalize interval graphs and provide another class
where the WIS problem is polynomially solvable. Unfortunately for our purpose, the
usual approaches for the WIS problem in chordal graphs ([FRA 76, TAR 85]) heavily
rely on the maximization nature of the problem and generally do not preserve the over-
all structure of independent sets. As such, they do not seem to be directly extendable
to the exact version of the problem. Instead, we develop a pseudo-polynomial time
solution to the EWIS problem in chordal graphs by using one of the many character-
izations of chordal graphs: theirclique-tree representation.

THEOREM 16.8.– The EWIS problem admits anO(b2n(n + m)) algorithm for
chordal graphs.

Proof.Given a chordal graphG, we first calculate aclique treeofG. This can be done
in timeO(n + m) [HSU 99]. A clique tree of a chordal graphG is a treeT whose
nodes are the maximal cliques ofG, such that for every vertexv of G, the subgraph
Tv of T induced by the maximal cliques containingv is a tree. Furthermore, we fix
an arbitrary nodeKr in the clique tree in order to obtain arooted clique tree. For a
maximal cliqueK, we denote byG(K) the subgraph ofG induced by the vertices of
K and all vertices contained in some descendant ofK in T .

The algorithm is based on a set of identities developed by Okamoto, Uno and
Uehara in [OKA 05], where a clique tree representation was used to develop linear-
time algorithms to count independent sets in a chordal graph. LetIS(G) be the family
of independent sets inG. For a vertexv, let IS(G, v) be the family of independent
sets inG that containv. For a vertex setU , letIS(G,U) be the family of independent
sets inG that contain no vertex ofU . Consider a maximal cliqueK of G, and let
K1, . . . ,Kl be the children ofK in T (if K is a leaf of the clique tree, we setl = 0).
Then, as shown in [OKA 05], for every distincti, j ∈ [l], the setsV (G(Ki))\K and
V (G(Kj))\K are disjoint. Moreover, if⊔ denotes the disjoint union, the following
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relations hold:

IS(G(K)) = IS(G(K),K) ⊔⊔v∈K IS(G(K), v)

IS(G(K), v) =
{

I ∪ {v}
∣
∣
∣ I =

⋃l
i=1 Ii,

Ii ∈
{ IS(G(Ki), v), if v ∈ Ki;
IS(G(Ki),K ∩Ki), otherwise.

IS(G(K),K) =
{

I
∣
∣
∣ I =

⊔l
i=1 Ii, Ii ∈ IS(G(Ki),K ∩Ki)

}

IS(G(Ki),K ∩Ki) = IS(G(Ki),Ki))
⊔⊔u∈Ki\K IS(G(Ki), u) for each i ∈ [l]

We extend our usual Boolean predicate EWIS(H,w, k) to the following two: for
a vertexv of a weighted graph(H,w) and an integerk, let EWIS(H,w, k, v) denote
the Boolean predicate whose value isyesif and only if inH there is an independent set
I of total weightk that containsv. Also, for a set of verticesU let EWIS(H,w, k, U)
take the valueyesif and only if in H there is an independent set of total weightk
that contains no vertex fromU . Based on the above equations, we can develop the
following recursive relations for EWIS:

EWIS(G(K), w, k) = EWIS(G(K), w, k,K)
∨∨v∈K:w(v)6k EWIS(G(K), w, k, v)

[16.3]

where∨ denotes the usualBoolean OR function(with the obvious identification
yes ↔ 1, no ↔ 0). That is, its value isyesif at least one of its arguments isyes,
andnootherwise.

EWIS(G(K), w, k, v) = GSS(A1, . . . , Al, k − w(v)) [16.4]

whereGSS(A1, . . . , Al, k) denotes the solution to the generalized subset sum prob-
lem on the input instance(A1, . . . , Al, k), where the setsAi for i ∈ [l] are given
by:

Ai =

{
{k′ − w(v) : w(v) 6 k′ 6 k, EWIS(G(Ki), w, k

′, v) = yes}, if v ∈ Ki

{k′ : 1 6 k′ 6 k, EWIS(G(Ki), w, k
′,K ∩Ki) = yes}, otherwise

Note that if Ii ∈ IS(G(Ki), v) andIj ∈ IS(G(Kj), v) for some distinct in-
dicesi, j ∈ [l], then we haveIi ∩ Ij = {v}. Moreover, since this is the only possi-
ble nonempty intersection of two independent sets from

⋃l
i=1 Ii in the equation for
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IS(G(K), v), it follows that the sum of the weights of the setsIi\{v} (over alli ∈ [l])

equals the weight of
(
⋃l

i=1 Ii

)

\{v}, thus justifying equation [16.4].

Similarly, we have:

EWIS(G(K), w, k,K) = GSS(A1, . . . , Al, k) [16.5]

where, for eachi ∈ [l], the setAi is given by:

Ai = {k′ : 1 6 k′ 6 k, EWIS(G(Ki), w, k
′,K ∩Ki) = yes}

and, finally, for eachi ∈ [l], we have:

EWIS(G(Ki), w, k,K ∩Ki) = EWIS(G(Ki, w, k,Ki))

∨
∨

u∈Ki\K

EWIS(G(Ki), w, k, u) [16.6]

Given the above equations, it is now easy to develop a pseudo-polynomial dynamic
programming algorithm. Having constructed a rooted treeT of G, we traverse it in a
bottom-up manner. For a leafK, we have:

EWIS(G(K), w, k,K) =

{
yes , if k = 0
no, otherwise

and

EWIS(G(K), w, k, v) =

{
yes , if w(v) = k
no, otherwise

For every other nodeK, we calculate the values ofEWIS(G(K), w, k,K)
and EWIS(G(K), w, k, v) by referring to the recursive relations[16.6], [16.5] and
[16.4] in this order. Finally, the value of EWIS(G,w, k) equals the value of
EWIS(G(Kr), w, k), which can be calculated using equation[16.3].

The correctness of the procedure follows immediately from the above discussion.
To justify the time complexity, observe that in a nodeK of the tree with children
K1, . . . ,Kl, the number of operations performed isO(

∑l
i=1 |Ki| + lb2 + |K|lb2).

Summing up over all the nodes of the clique tree, and using the fact that a chordal
graph has at mostn maximal cliques, which satisfy

∑

K∈V (T ) |K| = O(n +

m) [OKA 05], the claimed complexity bound follows.
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16.4.1.6.AT-free graphs

Another generalization of interval graphs is given by the so-calledAT-free graphs.
Besides interval graphs, the family of AT-free graphs contains other well-known sub-
classes of perfect graphs, for instance,permutation graphsand their superclass, i.e.,
the class ofco-comparability graphs.

A triple {x, y, z} of pairwise non-adjacent vertices in a graphG is anasteroidal
triple if for every two of these vertices there is a path between them avoiding the
closed neighborhood of the third. Formally,x andy are in the same component of
G − N [z], x andz are in the same component ofG − N [y], andy andz are in the
same component ofG−N [y]5. A graph is calledAT-freeif it has no asteroidal triples.

Our dynamic programming algorithm that solves the EWIS problem for AT-free
graphs is based on the dynamic programming solution to the WIS problem in AT-free
graphs, developed by Broersma, Kloks, Kratsch and Müller in [BRO 99].

Let us start with a definition.

DEFINITION 16.1.–Let x andy be two distinct non-adjacent vertices of an AT-free
graphG. The intervalI(x, y) is the set of all verticesz of V (G)\{x, y} such that
x and z are in one component ofG − N [y], andz and y are in one component of
G−N [x].

Now, we recall some structural results from [BRO 99].

THEOREM 16.9.–[BRO 99] LetI = I(x, y) be a nonempty interval of an AT-free
graphG, and lets ∈ I. Then there are componentsCs

1 , . . . , C
s
t ofG−N [s] such that

the components ofI\N [s] are preciselyI(x, s), I(s, y) andCs
1 , . . . , C

s
t .

THEOREM 16.10.–[BRO 99] LetG be an AT-free graph, letC be a component of
G−N [x], let y ∈ C and letD be a component of the graphC −N [y]. ThenN [D]∩
(N [x]\N [y]) = { } if and only ifD is a component ofG−N [y].

THEOREM 16.11.–[BRO 99] LetG be an AT-free graph, letC be a component of
G −N [x], let y ∈ C, and letC′ be the component ofG − N [y] that containsx. Let
B1, . . . , Bl denote the components of the graphC − N [y] that are contained inC′.
ThenI(x, y) = ∪l

i=1Bi.

The following general lemma is obvious.

5. Recall that the closed neighborhood ofx is defined asN [x] = N(x) ∪ {x}.



414 Optimization and Computer Science

LEMMA 16.5.– Let (G,w) be a weighted graph. Then, the value ofEWIS(G,w, k)
is yes if and only if there is a vertexx ∈ V (G) such that the value ofEWIS(G −
N(x), w, k) is yes.

Combining Lemma 16.5 with Theorems 16.10 and 16.11, we obtain the following
result.

LEMMA 16.6.– Let (G,w) be a weighted AT-free graph,G = (V,E). Letx ∈ V and
let C be a component ofG − N [x]. For a vertexy of C, letCy denote the subgraph
of G induced byC − N(y). Then, the value ofEWIS(C,w, k) is yes if and only if
there is a vertexy ∈ C such that the value ofEWIS(Cy , w, k) is yes. Moreover, the
connected components of such aCy are precisely{y}, I(x, y), and the components of
G−N [y] contained inC.

Combining Lemma 16.5 with Theorem 16.9, we obtain the following result.

LEMMA 16.7.–Let(G,w) be a weighted AT-free graph,G = (V,E). LetI = I(x, y)
be an interval ofG. If I = { }, then the value ofEWIS(G[I], w, k) is yes if and only
if k = 0. Otherwise, let us denote byIs the subgraph ofG induced byI − N(s), for
all s ∈ I. Then, the value ofEWIS(I, w, k) is yes if and only if there is a vertexs ∈ I
such that the value ofEWIS(Is, w, k) is yes. Moreover, the connected components
of such anIs are precisely{s}, I(x, s), I(s, y), and the components ofG − N [s]
contained inI.

THEOREM 16.12.– The EWIS problem admits a pseudo-polynomial algorithm for
AT -free graphs.

Proof. It follows from the above discussion that the following pseudo-polynomial al-
gorithm correctly solves the problem.

Step 1.For everyx ∈ V , calculate the components ofG−N [x].
Step 2.For every pair of nonadjacent verticesx, y ∈ V (G), calculate the interval
I(x, y).
Step 3.Sort all the components and intervals according to non-increasing number of
vertices.
Step 4.In the order of Step 3, calculate the solutions to EWIS(C,w, k), for each com-
ponentC (for all k ∈ [w(C)]}) and the solutions to EWIS(I, w, k) for each interval
I (for all k ∈ [w(I)]). To calculate the solutions to EWIS(C,w, k) for a component
C, first calculate the solutions to EWIS(C −N(y), w, k), for all y ∈ C, by applying
Lemma 16.6 and Corollary 16.3. Similarly, to calculate the solutions to EWIS(I, w, k)
for an intervalI, first calculate the solutions to EWIS(I −N(s), w, k), for all s ∈ I,
by applying Lemma 16.7 and Corollary 16.3.
Step 5.Compute EWIS(G,w, b) using Lemma 16.5 and Corollary 16.3.
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A claw is the graphK1,3. A net is the graph obtained from a triangle by attaching
one pendant edge to each vertex. The following result is an immediate consequence
of Theorem 16.12.

COROLLARY 16.2.– The EWIS problem admits a pseudo-polynomial algorithm for
(claw ,net)-free graphs.

Proof. In [BRA 03], it is shown that for every vertexv of a (claw ,net)-free graph
G, the non-neighborhood ofv in G is AT-free. Thus, the problem amounts to solving
O(nb) subproblems inAT -free graphs, which can be done in pseudo-polynomial time
by Theorem 16.12.

16.4.1.7.Distance-hereditary graphs

Distance-hereditary graphsare graphs such that the distance between any two
connected vertices is the same in every induced subgraph in which they remain con-
nected.6 Bandelt and Mulder provided in [BAN 86] apruning sequencecharacteriza-
tion of distance-hereditary graphs: whenever a graph contains a vertex of degree one,
or a vertex with a twin (another vertex sharing the same neighbors), remove such a
vertex. A graph is distance-hereditary if and only if it the application of such vertex
removals results in a single-vertex graph.

More formally, apruning sequenceof a distance-hereditary graphG is a sequence
of the formσ = (x1R1y1, x2R2y2, . . . , xn−1Rn−1yn−1) where(x1, . . . , xn) is a
total ordering ofV (G) such that for alli ∈ [n− 1], the following holds:

–Ri ∈ {P, T, F}.
– If we denote byGi the subgraph ofG induced by{xi, . . . , xn}, then:

- If Ri = P thenxi is apendant vertex, i.e., a vertex of degree one in the graph
Gi, withNGi(xi) = {yi}.

- If Ri = T thenxi andyi aretrue twinsin Gi, i.e.,NGi [xi] = NGi [yi].
- If Ri = F thenxi andyi arefalse twinsin Gi, i.e.,NGi(xi) = NGi(yi).

A pruning sequence of a distance-hereditary graph can be calculated in linear
time [DAM 01]. Our algorithm for the EWIS problem on distance-hereditary graphs
is based on the dynamic programming solution for the WIS problem, which was de-
veloped by Cogis and Thierry in [COG 05].

We note that that every distance-hereditary graph is a circle graph. However, the
algorithm developed here for distance-hereditary graphs is faster than that for general
circle graphs given by Theorem 16.7.

6. The distance between two verticesu andv in a connected graphG is the length (i.e., the
number of edges) of a shortest path connecting them.
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THEOREM16.13.–The EWIS problem admits anO(b2n+m) algorithm for distance-
hereditary graphs.

Proof.We first define an auxiliary problem:

P1(G, b, p, q)
Instance: a graphG, a positive integerb, and two functions:

p, q : V × {0, 1, . . . , b} → {0, 1}

Question: is there an independent setI of G, and a mappingw : V → {0, 1, . . . , b}
such that the following holds:

–
∑

x∈V w(x) = b,

– p(x,w(x)) = 1 wheneverx ∈ I,

– q(x,w(x)) = 1 wheneverx /∈ I?

Let us show that the EWIS problem is reducible to the P1 problem inO(nb)
time. Let (G,w, b) be an instance of the EWIS problem. Definep, q, : V (G) ×
{0, 1, . . . , b} → {0, 1} as follows. For eachx ∈ V (G) and eachk ∈ {0, 1, . . . , b},
let:

p(x, k) =

{
1, if k = w(x)
0, otherwise

and:

q(x, k) =

{
1, if k = 0
0, otherwise

Then, it is easy to see that the value of EWIS(G,w, b) is yes if and only if
P1(G, b, p, q) is yes.

In what follows, we present anO(b2n+m) to solve the problem P1 on an instance
(G, b, p, q), if G is a distance-hereditary graph. This will in turn imply the statement
of the theorem. For two functionsf, g : {0, 1, . . . , N} → {0, 1}, we denote their
convolutionf ∗ g as the functionf ∗ g : {0, 1, . . . , N} → {0, 1}, which is given by
the following rule: for everyk ∈ {0, 1, . . . , N}, we have:

(f ∗g)(k) =

{
1, if there is ak′ ∈ {0, 1, . . . , k} such thatp(k′) = q(k − k′) = 1
0, otherwise

ProcedureP1-DH.
Input: A distance-hereditary graphG, a positive integerb, and two functions
p, q : V × {0, 1, . . . , b} → {0, 1} .
Output: The answer to the question in P1(G, b, p, q).
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Step 1.Calculate the pruning sequenceσ = (x1R1y1, x2R2y2, . . . , xn−1Rn−1yn−1)
for G. Associate each vertexx ∈ V (G) with a pair of functionspx, qx :
{0, 1, . . . , b} → {0, 1}, given bypx(·) = p(x, ·) andqx(·) = q(x, ·).

Step 2.Check if the pruning sequence is empty. If yes, there is only one vertexx left.
If max{px(b), qx(b)} = 1, then outputyes. Otherwise, output no.
Otherwise, letxRy be the head of the pruning sequence. Update the pruning sequence
by removingxRy from it. Updatepy andqy as follows:

– If R = P then let:

py(k) ← (py ∗ qx)(k)
qy(k) ← max{(px ∗ qy)(k), (qx ∗ qy)(k)}

for eachk ∈ {0, 1, . . . , b}.
– If R = T then let:

py(k) ← max{(py ∗ qx)(k), (px ∗ qy)(k)}
qy(k) ← (qx ∗ qy)(k)

for eachk ∈ {0, 1, . . . , b}.
– If R = F then let:

py(k) ← max{(px ∗ qy)(k), (px ∗ py)(k), (qx ∗ py)(k)}
qy(k) ← (qx ∗ qy)(k)

for eachk ∈ {0, 1, . . . , b}.

Go toStep 2.

The correctness of the algorithm can be easily proved by induction onn. We leave
this routine proof to the reader. Clearly, the algorithm can be implemented so that it
runs in timeO(b2n+m).

16.4.1.8.Graphs of treewidth at mostk

Graphs of treewidth at mostk, also known aspartial k-trees, generalize trees
and are very important from an algorithmic viewpoint: many graph problems that
areNP-hard for general graphs are solvable in linear time when restricted to graphs
of treewidth at mostk [ARN 89]. It is easy to see that on trees, the EWIS problem
admits a simple dynamic programming solution. With some care, the same approach
can be generalized to graphs of bounded treewidth.

Let us first recall the definition of treewidth, and some related basic facts.

A tree-decompositionof a graphG = (V,E) is a treeT = (I, F ) where each
vertexi ∈ I has a labelXi ⊆ V such that:
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(i) ∪i∈IXi = V ,

(ii) For every edge[u, v] ∈ E, there exists ani ∈ I such thatu, v ∈ Xi,

(iii) For everyv ∈ V , the vertices ofT whose label containsv induce a connected
subtree ofT .

Thewidth of such a decomposition ismax
i∈I
|Xi|. Thetreewidthof a graphG is the

minimumk such thatG has a tree-decomposition of widthk.

Any graph of treewidthk has a tree-decompositionT = (I, F ) such that:

– all the setsXi in the decomposition have sizek + 1,

– if [i, j] ∈ F then|Xi ∩Xj | = k.

Such a decomposition can be obtained in linear time from any tree-decomposition
of G of width k. Also, given a graph of treewidthk, a tree-decomposition ofG of
width k can be obtained in linear time [BOD 96].

THEOREM 16.14.–For every fixedk, the EWIS problem admits anO(nb2) algorithm
for graphs of treewidth at mostk.

Proof. Let G = (V,E) be a weighted graph of treewidthk. First, we construct a
special decompositionT = (I, F ) of width k as mentioned above. We further refine
this composition by subdividing each edge[i, j] of T and labeling the new node with
the setXi ∩Xj . Now, every edge connects a set of sizek with one of its supersets of
sizek + 1.

We root the decomposition tree at an arbitrary noder. The new, rooted decompo-
sition tree has the following properties:

– any node corresponding to a set of sizek has exactly one child,

– for a node corresponding to a setXi of sizek, its child corresponds to a superset
of Xi of sizek + 1,

– every child of a node corresponding to a setXi of sizek + 1 corresponds to a
subset ofXi of sizek.

For a nodei of the decomposition tree, letYi denote the set of all vertices ofG
which appear either inXi, or in any of the sets corresponding to the descendants ofi.

For any nodei, any subsetZ of Xi, and any integerp ∈ {0, 1, . . . , b}, define the
{0, 1}-valued function:

ewis(i, Z, w) =







1, if there is an independent setI in G[Yi] of weightp
with I ∩Xi = Z

0, otherwise
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Clearly, the value of EWIS(G,w, b) is yesif and only if there is a subsetZ of the
setXr corresponding to the rootr such thatewis(r, Z, b) = 1.

If Xi is a leaf of the decomposition tree, then it is easy to calculate the values
ewis(i, Z, p). Indeed, in this caseYi = Xi, so we can set:

ewis(i, Z, p) =

{
1 if Z is an independent set inG of weightp
0 otherwise

For the internal vertices, we consider two cases.

Case 1. The size ofXi is k. This implies thati has only one child, for examplej.
The setXj is a superset ofXi of sizek+1, soXi = Xj\{v} for some vertexv. Also,
Yi = Yj , sinceXi does not add any new vertices. We can calculateewis(i, Z, p) by
the following formula:

ewis(i, Z, p) = ewis(j, Z, p) ∨ ewis(j, Z ∪ {v}, p)

where∨ denotes the Boolean OR function.

Case 2. The size ofXi is k+ 1. Let{j1, . . . , jt} be the children ofi in the decom-
position tree. We would like to calculateewis(i, Z, p), whereZ is a subset ofXi, and
w ∈ {0, 1, . . . , b}. If Z is not independent, then we setewis(i, Z, p) to 0.

From now on, assume thatZ is independent. Recall that each of the setsXjs , for
s ∈ {1, . . . , t}, is a subset ofXi.

Let I be an independent set inG[Yi] with I ∩Xi = Z. ThenI ∩Xjs = Z ∩Xjs .
Fors ∈ [t], let us denote byIs that part of the setI which belongs toYjs but not toZ,
i.e.,Is = I ∩ (Yjs\Z). In particular, this implies thatIs ∩Xi = { }, and consequently
Is ∩Xjs = { }.

Note that the setI equals to the disjoint union of the setZ and the setsI1, . . . , It.
Therefore, if the weight ofI is p, then:

p = w(I) = w(Z) +

t∑

s=1

w(Is)

Thus:
t∑

s=1

w(Is) = p− w(Z)
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which implies:

t∑

s=1

w(I ∩ Yjs) =
t∑

s=1

(w(Is) + w(Z ∩Xjs)) = p− w(Z) +
t∑

s=1

w(Z ∩Xjs)

In particular,ewis(i, Z, p) will take the value 1 if and only if there are non-negative
integersp1, . . . , pt such that:

– (i) w(Z ∩Xjs) 6 ps 6 p for all s ∈ [t],

– (ii)
∑t

s=1 ps = p− w(Z) +
∑t

s=1 w(Z ∩Xjs), and

– (iii) ewis(js, Z ∩Xjs , ps) = 1 for all s ∈ [t].

One direction is immediate: ifewis(i, Z, p) takes value 1, then there is anI as
above, and we can takeps = w(I ∩ Yjs), for s ∈ [t].

On the other hand, the existence of such integersp1, . . . , pt implies that there are
setsI ′1, . . . , I

′
t such that, for alls ∈ [t], I ′s is an independent set inG[Yjs ] of weightps

with I ′s ∩Xjs = Z ∩Xjs .

We claim that the setI = ∪t
s=1I

′
s ∪ Z is an independent set inG[Yi] of weightp

with I ∩Xi = Z. To see this, let us writeIs = I ′s ∩ (Yjs\Z). Then, eachI ′s equals
the disjoint union of the setsIs andI ′s ∩Xjs = Z ∩Xjs . Moreover, the setI equals
the disjoint union of the setZ and the setsI1, . . . , It. Therefore:

p =

t∑

s=1

ps + w(Z)−
t∑

s=1

w(Z ∩Xjs) [16.7]

= w(Z) +

t∑

s=1

(w(I ′s)− w(Z ∩Xjs)) [16.8]

= w(Z) +

t∑

s=1

w(Is) [16.9]

= w(I) [16.10]

To see thatI intersectsXi in Z, we just need to observe that:

I ∩Xi = (∪t
s=1Is ∪ Z) ∩Xi = ∪t

s=1(Is ∩Xi) ∪ (Z ∩Xi) = Z ∩Xi = Z
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asIs ∩Xi = { } for all s ∈ [t].

Finally, we need to show thatI is independent. By contradiction, suppose that there
are verticesu, v ∈ I such that[u, v] ∈ E(G). As Z is independent by assumption,
at most one ofu andv is contained inZ. We may therefore assume without loss of
generality thatu ∈ I1. As I1 ⊆ I ′1 andI ′1 is independent, this implies thatv /∈ I ′1.

According to the tree decomposition properties, there is a setXi∗ such that[u, v] ⊆
Xi∗ . Also, the setSu = {j : u ∈ Xj} forms a subtree of our decomposition tree.

Sinceu is not contained inZ andI ∩Xi = Z, the vertexu is not contained inXi

either. However,u is an element ofI1 and is therefore contained inYj1 .

These observations imply that the setSu is contained in the subtree rooted atj1. In
particular, the nodei∗ is a descendant ofj1 in our decomposition tree. Next, it follows
from v ∈ I\I ′1 thatv is also contained in someXj such thatj is a (not necessarily
proper) descendant ofi which isnotcontained in the subtree rooted atj1. As v ∈ Xi∗

and as the setSv = {j : v ∈ Xj} also forms a connected subgraph, we conclude that
v ∈ Xj1 . However, together withI ∩Xj1 = Z ∩Xj1 = I ′1 ∩Xj1 ⊆ I ′1, this leads to
a contradictingv ∈ I ′1.

The existence of suchpi can be determined in timeO(tb2) by dynamic program-
ming. Indeed, finding suchwi is equivalent to the following restricted version of the
GENERALIZED SUBSET SUM problem defined as follows

Instance: Nonempty sets of positive integersA1, . . . , An and a positive integerb.
Question: Are therea(i) ∈ Ai for all i ∈ [n] such that

∑n
i=1 a(i) = b?

The correspondence is given by setting:

– n = t,

– As = {ps : w(Z ∩Xjs) 6 ps 6 p, ewis(js, Z ∩Xjs , ps) = 1} for all s ∈ [t],
and

– b = p− w(Z) +
∑t

s=1 w(Z ∩Xjs).

A slight modification of the proof of Lemma 16.4 shows that this problem can be
solved in timeO(tb2).

Summing up over all internal nodes and taking into account that|E(G)| = O(n)
(when viewingk as a constant), the total complexity of solving the EWIS problem for
graphs of treewidthk isO(nb2).

Note that the same algorithm runs in pseudo-polynomial time whenever the
treewidth of the input graph is of the orderO(log n).
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16.4.1.9.Graphs of clique-width at mostk

Theclique-widthof a graphG is defined as the minimum number of labels needed
to constructG, using the following four graph operations:

(i) Create a new vertexv with labeli (denoted byi(v)).

(ii) Take the disjoint union of two labeled graphsG andH (denoted byG⊕H).

(iii) Join by an edge each vertex with labeli to each vertex with labelj (i 6= j,
denoted byηi,j ).

(iv) Rename labeli to j (denoted byρi→j).

An expression built from the above four operations is called aclique-width ex-
pression. A clique-width expression usingk labels is called ak-expression. Eachk-
expressiont uniquely defines a labeled graphlab(t), where the labels are integers
{1, . . . , k} associated with the vertices and each vertex has exactly one label. We say
that ak-expressiont defines a graphG if G is equal to the graph obtained from the
labeled graphlab(t) after removing its labels. The clique-width of a graphG is equal
to the minimumk such that there exists ak-expression definingG.

As shown by Corneil and Rotics in [COR 05], the clique-width of a graph of
treewidthk is bounded above by3 · 2k−1. This implies that a class of graphs with
uniformly bounded treewidth is also of bounded clique-width. The converse is gener-
ally not true, as the complete graphs show: for everyn > 2, the clique-width ofKn is
2, while its treewidth isn− 1. In this sense, showing that a problem can be efficiently
solved for graphs of bounded clique-width is more general than showing the same
statement for graphs of bounded treewidth.

Many graph problems that areNP-hard for general graphs are solvable in linear
time when restricted to graphs of clique-width at mostk, if a k-expression is given as
part of the input (see e.g. [COU 97])7. The EWIS problem is no exception.

THEOREM 16.15.–For every fixedk, the EWIS problem admits anO(b2l) algorithm
for graphs of clique-width at mostk, wherel is the number of operations in a given
k-expression forG.

Proof.Suppose that the labels are integers{1, . . . , k} = [k]. For every subset of labels
S ⊆ [k], let EWIS(G,w, S,m) denote the answer to the following question: “is there
an independent set ofG with total weightm that contains exactly the labels fromS?”

Given ak-expressiont defining the input graphG, we can determine the value
of EWIS(G,w, b) by first calculating all the values for EWIS(G,w, S,m), for every

7. If only a graphG of clique-width at mostk is given, then anO(26k) expression definingG
can be calculated inO(n3) time, as shown by Oum in [OUM 05].
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subset of labelsS ⊆ [k], and everym ∈ [b]. It is easy to see that this can be performed
in timeO(b2l) by the following dynamic programming algorithm.

If |V | = 1, then letv ∈ V . For allS ⊆ [k], and for allm ∈ [b], let:

EWIS(G,w, S,m) =

{
yes , if S = {label(v)} andm = w(v)
no, otherwise

If G = G1 ⊕G2, then let for allS ⊆ [k], and for allm ∈ [b]:

EWIS(G,w, S,m) =







yes , if EWIS(G1, w, S,m) =yes
yes , if EWIS(G2, w, S,m) =yes
yes , if there is anm′ ∈ [m− 1] such that

EWIS(G1, w, S,m
′) =EWIS(G2, w, S,m−m′)

=yes
no, otherwise

This can be calculated in timeO(b2), similarly as in Corollary 16.3.

If G = ηi,j(G1) then let for allS ⊆ [k], and for allm ∈ [b]:

EWIS(G,w, S,m) =

{
EWIS(G1, w, S,m), if {i, j} * S
no, otherwise

If G = ρi→j(G1) then let for allS ⊆ [k], and for allm ∈ [b]:

EWIS(G,w, S,m) =







EWIS(G1, w, S,m), if S ∩ {i, j} = { }
EWIS(G1, w, S ∪ {i},m), if S ∩ {i, j} = {j}
no, otherwise

Having calculated all the values EWIS(G,w, S,m), the solution to EWIS(G,w, b)
is clearly given by:

EWIS(G,w, b) =

{
yes , if there is anS ⊆ [k] such that EWIS(G,w, S, b) =yes
no, otherwise

The same algorithm runs in pseudo-polynomial time whenever the clique-width of
the input graph is of the orderO(log n).

Due to the unknown complexity of the exact perfect matching problem, the prob-
lem of determining the complexity of EWIS is of particular interest for line graphs of
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bipartite graphs, and their subclasses and superclasses. Line graphs of bipartite graphs
form a hereditary class of graphs. Their characterization in terms of forbidden induced
subgraphs has been obtained in [STA 98], as follows. A graphG is the line graph of a
bipartite graph if and only ifG is F -free, whereF = {claw , diamond , C5, C7, . . .}.
A diamondis the graph obtained by deleting a single edge from a complete graph on
4 vertices.

Keeping in mind this characterization of line graphs of bipartite graphs, it is inter-
esting to consider the following immediate consequence of Theorem 16.15.

COROLLARY 16.3.– The EWIS problem admits a pseudo-polynomial solution in
each of the following graph classes:

– (claw , co-claw )-free graphs,

– (gem , fork , co-P)-free graphs (Figure 16.4) and their subclass
(claw , diamond , co-P)-free graphs,

– (P5, diamond)-free graphs.

Proof. Each of the above subclasses is of bounded clique-width (see [BRA 02,
BRA 03a, BRA 04]).

Also, we can derive from Theorem 16.15 a particular complexity result for the
exact perfect matching problem.

COROLLARY 16.4.– For every fixedk, the exact perfect matching problem admits a
pseudo-polynomial algorithm for graphs of treewidth at mostk.

Proof. As shown by Gurski and Wanke [GUR 07], a setG of graphs has bounded
treewidth if and only if the setL(G) = {L(G) : G ∈ G} has bounded clique-
width. Since the exact perfect matching problem inG is polynomially equivalent to
the EWISα problem in the setL(G), the statement follows from Theorem 16.15 and
part(ii) of Lemma 16.1.

16.4.2. Modular decomposition

The idea ofmodular decompositionwas first described in the 1960s by Gal-
lai [GAL 67], and also appeared in other works under various other names such as
prime tree decomposition[EHR 90],X-join decomposition[HAB 79], or substitution
decomposition[MÖH 85]. This technique makes it possible to reduce many graph
problems from arbitrary graphs to so-calledprime graphs. In this section, we show
how to apply modular decomposition to the EWIS problem.

LetG = (V,E) be a graph,U a subset ofV andx a vertex ofG outsideU . We
say thatx distinguishesU if x has both a neighbor and a non-neighbor inU . A subset
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U ⊂ V (G) is called amodulein G if it is indistinguishable for the vertices outside
U . A moduleU is non-trivial if 1 < |U | < |V |, otherwise it istrivial . A graph whose
every module is trivial is calledprime.

An important property of maximal modules is that ifG and co-G are both con-
nected, then the maximal modules ofG are pairwise disjoint. Moreover, from the
above definition it follows that ifU andU ′ are maximal modules, then either there are
all possible edges betweenU andU ′, or there are no edges between them. This prop-
erty is crucial for the modular decomposition, which provides a reduction of many
graph problems from a graphG to the graphG0 obtained fromG by contracting each
maximal module to a single vertex.

We formally describe this reduction for the EWIS problem in the recursive proce-
dure MODULAR_EWIS(G,W, b) below. It turns out that in order to apply this decom-
position to the EWIS problem, we need to relax the problem so that each vertex of
the input graph is equipped with a nonempty set of possible weights (instead of just
a single weight). For simplicity, we still name this problem EWIS. When all sets are
singletons, the problem coincides with the original EWIS problem.

EXACT WEIGHTED INDEPENDENTSET (EWIS)
Instance: an ordered triple(G,W, b), whereG = (V,E) is a graph,b is a positive

integer andW = (Wv : v ∈ V ) with Wv ⊆ [b] for all v ∈ V is the collection of
possible weights for each vertex ofG.
Question: is there an independent setI of G and a mappingw : I → [b] such that
w(v) ∈Wv for all v ∈ I and

∑

v∈I w(v) = b?

In graph classes that are closed under duplicating vertices, this extended version
is pseudo-polynomially equivalent to the original one: given an input(G,W, b) to
the extended version, we can construct a weighted graph(G′, w′) from (G,W ) by
replacing each vertexv of G with a cliqueKv on |Wv| vertices, assigning different
weights fromWv to different vertices ofKv, and joining a vertex fromKu with a
vertex fromKv by an edge if and only if[u, v] was an edge ofG. Then, it is clear that
EWIS(G,W, b) = yes if and only if EWIS(G′, w′, b) = yes . However, working with
the extended version enables us to apply modular decomposition toarbitrary graph
classes.

AlgorithmMODULAR_EWIS(G,W, b)

Input: An ordered triple(G,W, b), whereG = (V,E) is a graph,b is a positive
integer andW = (Wv : v ∈ V ) with Wv ⊆ [b] for all v ∈ V is the collection of
possible weights for each vertex ofG.

Output: (EWIS(G,W, k) : k ∈ [b])
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1. If |V | = 1, for example,V = {v}, set, for eachk ∈ [b]:

EWIS(G,W, k) =

{
yes , if k ∈Wv

no, otherwise

and stop.

2. If G is disconnected, partition it into connected componentsM1, . . . ,Mr and
go to step 5.

3. If co-G is disconnected, partitionG into co-componentsM1, . . . ,Mr and go to
step 5.

4. If G and co-G are connected, partitionG into maximal modulesM1, . . . ,Mr.

5. Construct a graphG0 fromG by contracting eachMj (for j ∈ [r]) to a single
vertex and assign to that vertex the set of weights:

WMj = {k ∈ [b] : EWIS(G[Mj ],W, k) = yes}

6. For eachk ∈ [b], let:

EWIS(G,W, k) = EWIS(G0, (WMj : j ∈ [r]), k)

and stop.

We note that for each input graph, at most one of the steps 2-4 is performed (at most
one among{G, co-G} is disconnected; moreover, ifG and co-G are both connected,
then the maximal modules ofG are pairwise disjoint). Observe that the graphG0

constructed in step 5 of the algorithm is either an edgeless graph, a complete graph, or
a prime graph. Therefore, the modular decomposition approach reduces the problem
from a graph to its prime induced subgraphs.

The correctness of the procedure is straightforward: every independent setI of
G consists of pairwise disjoint independent sets in the subgraphs ofG induced by
M1, . . . ,Mr; moreover, thoseMi that contain a vertex fromI form an independent
set inG0. And conversely, for every independent setI0 in G0 and every choice of
independent sets{Ij : j ∈ I0} with Ij independent inG[Mj ], the set∪j∈[r]Ij is
independent inG.

The following theorem answers the question on the complexity of such a reduction.

THEOREM 16.16.– LetG be a class of graphs andG∗ the class of all prime induced
subgraphs of the graphs inG. If there is ap > 1 and aq > 2 such that the EWIS
problem can be solved for graphs inG∗ in timeO(bqnp), then the EWIS problem can
be solved for graphs inG in timeO(bqnp +m).

Proof.LetG be a graph inG with n vertices andm edges. The recursive decomposition
ofG produced by the algorithm can be implemented in timeO(n+m) [McC 99]. This
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decomposition associates withG a treeT (G) whose leaves correspond to the vertices
ofG, while the internal nodes ofT (G) represent induced subgraphs ofG with at least
two vertices.

Consider an internal nodeU of T (G) and letGU denote the induced subgraph
of G corresponding toU . Then the children ofGU correspond to the subgraphs
G[M1], . . . , G[Mr], where{M1, . . . ,Mr} is the partition ofGU defined in steps
2–4 of the algorithm.

If GU is disconnected, thenG0
U is an empty graph, and the problem can be

solved forG0
U in timeO(b2|V (G0

U )|), since it is a generalized subset sum problem
(cf. Lemma 16.4). IfGU is disconnected, thenG0

U is a complete graph, and the prob-
lem can be solved trivially forG0

U in timeO(b|V (G0
U )|).

If both G and co-G are connected, thenG0
U is a prime induced subgraph ofG,

and the problem can be solved forG0
U in timeO(bq|V (G0

U )|p) by our assumption.
Summing up over all internal nodes ofT (G), we conclude that the total time com-
plexity of the problem onG is bounded byO(bq

∑

U

|V (G0
U )|p). It is not difficult to

see that the total number of vertices in all graphsG0
U corresponding to internal nodes

U ∈ V (T (G)) equals the number of edges ofT (G), i.e., |V (T (G))| − 1. Since the
number of leaves ofT (G) is n and the number of internal nodes is at mostn− 1, we
conclude that:

bq
∑

U

|V (G0
U )|p 6 bq

(
∑

U

|V (G0
U )|
)p

6 bq(2n− 2)p = O(bqnp)

By adding the termO(n+m) needed to obtain the decomposition tree, we obtain
the desired time complexity. The theorem is proved.

Just like for the weighted independent set problem, modular decomposition is the
key to pseudo-polynomial-time solutions to the EWIS problem in several subclasses
of P5-free andfork-free graphs. The results are summarized in the following theorem;
all graphs mentioned in the theorem or its proof are depicted in Figure 16.4.

THEOREM 16.17.– The EWIS problem is solvable in pseudo-polynomial time for
each of the following classes:

– (P5, double-gem, co-domino)-free graphs (and their subclass,(P5, co-P)-free
graphs),

– (bull, fork)-free graphs,

– (co-P, fork)-free graphs,

– (P5, fork)-free graphs.
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Figure 16.4.Some 5- and 6-vertex graphs

Proof. This theorem essentially follows from Theorem 16.16 and the results
in [BRA 04a] and [HOÀ 89] (see also [BRA 04b] for some applications of modular
decomposition to the WIS problem). We briefly summarize the main ideas.

Every prime (P5, double-gem, co-domino)-free graph is2K2-free (the comple-
mentary version of this statement is proved in [HOÀ 89]). Since we can easily extend
Theorem 16.4 to the extended version of the EWIS problem, this implies the result
for (P5, double-gem, co-domino)-free graphs.

The (extended) EWIS problem can be solved in pseudo-polynomial time for
co-gem-free graphs. Indeed, for every vertexv of a co-gem-free graphG, the non-
neighborhood ofv in G is P4-free. So the problem amounts to solvingO(nb) sub-
problems inP4-free graphs, which can be done by modular decomposition. It is well
known (see, for example, [COR 81]) that everyP4-free graph is either disconnected,
or its complement is disconnected. Thus, the only primeP4-free graph is the graph on
a single vertex.

In [BRA 04a], it is shown that prime graphs that contain aco-gemand are ei-
ther(bull , fork )-free,(co-P, fork)-free or(P5, fork)-free have a very simple struc-
ture. The (extended) EWIS problem can be solved in pseudo-polynomial time for
such graphs. Together with the above observation aboutco-gem-free graphs and The-
orem 16.16, this concludes the proof.

16.5. Conclusion

As we saw in the introduction, the motivation for studying the exact weighted in-
dependent set problem comes from the fact that the complexity of the exact matching
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problem is still unknown, even for bipartite graphs. As the exact matching problem
for bipartite graphs is the same as the exact weighted independent set problem for line
graphs of bipartite graphs, the problem of determining the complexity of the EWIS
problem is of particular interest for line graphs of bipartite graphs, and their sub-
classes and superclasses. We will now show that the classL(Bip) of line graphs of
bipartite graphs is sandwiched between two graph classes for which the complexity of
the EWIS problem is known, and whose sets of forbidden induced subgraphs differ
only in two graphs.

Let us recall that the line graphs of bipartite graphs are precisely the
(claw , diamond , C5, C7, . . .)-free graphs. Replacing the diamond in the above char-
acterization by its subgraphC3 results in a smaller class of(K1,3, C3, C5, C7, . . .)-free
graphs. It is easy to see that this is precisely the class of bipartite graphs of maximum
degree 2. Every connected graph in this class is either an even cycle or a path, and the
treewidth of such graphs is at most 2. According to Corollary 16.3 and Theorem 16.14,
the problem is solvable in pseudo-polynomial time in this class.

On the other hand, if we replaceK1,3 with K1,4 in the above characterization
of L(Bip), we obtain a class of graphs that strictly contains line graphs of bipartite
graphs. This class of(K1,4, diamond , C5, C7, . . .)-free graphs contains the class of
(K1,4, C3, C5, C7, . . .)-free graphs, which is precisely the class of bipartite graphs
of maximum degree at most 3. The results of section 16.3.1 imply that the prob-
lem is stronglyNP-complete for this class, and hence also for the larger class of
(K1,4, diamond , C5, C7, . . .)-free graphs.

To summarize, the classL(Bip) of line graphs of bipartite graphs is sandwiched
between two graph classes for which the complexity of the EWIS problem is known,
as the following diagram shows:

Free({K1,3, C3, C5, C7, . . .}) pseudo-polynomial
⊂ L(Bip) ???
⊂ Free({K1,4, diamond , C5, C7, . . .}) stronglyNP-complete
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[DEĬ 06] DEĬNEKO V.G., WOEGINGER G.J., “On the robust assignment problem under a
fixed number of cost scenarios”,Oper. Res. Lett., vol. 34, p. 175-179, 2006.

[EHR 90] EHRENFEUCHT A., ROZENBERG G., “Primitivity is hereditary for 2-structures”,
Theoret. Comput. Sci., vol. 70, p. 343-358, 1990.

[FRA 76] FRANK A., “Some polynomial algorithms for certain graphs and hypergraphs”,
Proc. of the 5th Brit. Comb. Conf., Aberdeen 1975, Congr. Numer. XV, p. 211-226, 1976.

[GAL 67] GALLAI T., “Transitiv orientierbare graphen”,Acta Math. Acad. Sci. Hungar.,
vol. 18, p. 25-66, 1967.

[GAR 79] GAREY M. R., JOHNSOND. S.,Computers and intractability. A guide to the theory
of NP-completeness, W. H. Freeman, San Francisco, 1979.

[GRÖ 84] GRÖTSCHELM., LOVÁSZ L., SCHRIJVERA., “Polynomial algorithms for perfect
graphs”, Topics on perfect graphs, p. 325-356, North-Holland Math. Stud., 88, North-
Holland, Amsterdam, 1984.

[GUR 07] GURSKI F., WANKE E., “Line graphs of bounded clique-width ”,Discrete Math.,
to appear, 2007.

[HAB 79] HABIB M., MAURER M.C., “On the X-join decomposition for undirected graphs”,
Discrete Appl. Math., vol. 1, p. 201-207, 1979.

[HOÀ 89] HOÀNG C.T., REED B., “Some classes of perfectly orderable graphs”,J. Graph
Theory, vol. 13, p. 445-463, 1989.

[HSU 99] HSU W.-L., MA T.-H., “Fast and simple algorithms for recognizing chordal com-
parability graphs and interval graphs”,SIAM J. Comput., vol. 28, p. 1004-1020, 1999.

[KAR 87] K ARZANOV A.V., “Maximum matching of given weight in complete and complete
bipartite graphs”,Cybernetics, vol. 23, p. 8-13, 1987. Translation fromKibernetika, vol. 1,
p. 7-11, 1987.

[LEC 86] LECLERCM., “Polynomial time algorithms for exact matching problems”, Master’s
Thesis, University of Waterloo, Waterloo, 1986.

[MAN 07] M ANNINO C., ORIOLO G., RICCI F., CHANDRAN S., “The stable set problem and
the thinness of a graph”,Oper. Res. Lett., vol. 35, p. 1-9, 2007.

[McC 99] MCCONNELL R.M., SPINRAD J.P., “Modular decomposition and transitive orien-
tation”, Discrete Math., vol. 201, p. 199-241, 1999.

[MÖH 85] MÖHRING R.H., “Algorithmic aspects of comparability graphs and interval
graphs”, in I. Rival (Ed.),Graphs and Orders, D. Reidel, Boston, 1985. p. 41-101.

[MUL 87] M ULMULEY K., VAZIRANI U., VAZIRANI V.V., “Matching is as easy as matrix
inversion”, Combinatorica, vol. 7, p. 105-113, 1987.



432 Optimization and Computer Science

[MUR 92] MURPHY O.J., “Computing independent sets in graphs with large girth”,Discrete
Appl. Math., vol. 35, p. 167-170, 1992.

[OKA 05] OKAMOTO Y., UNO T., UEHARA R., “Linear-time counting algorithms for inde-
pendent sets in chordal graphs,”,Graph-theoretic concepts in computer science, Lecture
Notes in Comput. Sci., 3787, Springer, Berlin, 2005, p. 433-444.

[OUM 05] OUM S.I ., “Approximating rank-width and clique-width quickly”,Graph-theoretic
concepts in computer science, Lecture Notes in Comput. Sci., 3787, Springer, Berlin, 2005,
p. 49-58.

[PAP 82] PAPADIMITRIOU C.H., YANNAKAKIS M., “The complexity of restricted spanning
tree problems”,J. ACM, vol. 29, p. 285-309, 1982.

[POL 74] POLJAK S., “A note on stable sets and coloring of graphs”,Comment. Math. Univ.
Carolinae, vol. 15, p. 307–309, 1974.

[PRI 95] PRISNERE., “Graphs with few cliques”,Inform. Process. Lett., vol. 1, 2, (Kalama-
zoo, MI, 1992), p. 945-956, 1995, Wiley-Interscience Publ., Wiley, New York.

[RAM 88] RAMALINGAM J., PANDU RANGAN C., “A unified approach to domination prob-
lems on interval graphs”,Inform. Process. Lett., vol. 27, p. 271-274, 1988.

[STA 98] STATON W., WINGARD G.C., “On line graphs of bipartite graphs”,Util. Math.,
vol. 53, p. 183-187, 1998.

[SUP 87] SUPOWIT K.J., “Finding a maximum planar subset of a set of nets in a chan-
nel”, IEEE Transactions on Computer-Aided Design of Integrated Circuits and Systems,
vol. CAD-6, p. 93-94, 1987.

[TAR 85] TARJAN R.E., “Decomposition by clique separators”,Discrete Math., vol. 55,
p. 221-232, 1985.

[THO 06] THOMAS R., “A survey of Pfaffian orientations of graphs”,Proc. of the Internat.
Congress of Mathematicians, Vol. III (Madrid, 2006), p. 963–984, EMS Publishing House,
2006.

[TSU 77] TSUKIYAMA S., IDE M., ARIYOSHI H., SHIRAKAWA I., “A new algorithm for
generating all the maximal independent sets”,SIAM J. Comput., vol. 6, p. 505-517, 1977.



Chapter 17

The Labeled Perfect Matching in Bipartite
Graphs: Complexity and (in)Approximability

17.1. Introduction

This chapter presents some recent works accomplished by the author ([MON 05,
MON 06]) about the complexity and the approximation properties of the LABELED

perfect matching problems.

Let Π be aNPO problem accepting simple graphsG = (V,E) as instances,
edge-subsetsE′ ⊆ E satisfying a given polynomial-time decidable propertyPred
as solutions, and the solutions cardinality as objective function. The labeled problem
associated withΠ, denoted by LABELED Π, consists, given an instanceI = (G,L)
whereG = (V,E) is a simple graph andL is a mapping fromE to {c1, . . . , cq}, of
determining a subsetE′ satisfyingPred that optimizes the size of the setL(E′) =
{L(e) : e ∈ E′}. Note that two versions of LABELED Π may be considered accord-
ing to the optimization goal: LABELED Min Π that consists of minimizing|L(E′)|
and LABELED Max Π that consists of maximizing|L(E′)|. Roughly speaking, the
mappingL corresponds to assigning a color (or a label) to each edge and the goal of
LABELED MinΠ (resp.,MaxΠ) is to find an edge subset using the fewest (resp., the
most) number of colors. If a givenNPO problemΠ is NP-hard, then the associated
labeled problem LABELED Π is clearlyNP-hard (consider a distinct color per edge).
For instance, the LABELED longest path problem or the LABELED maximum induced
matching problem are bothNP-hard. Moreover, if the decision problem (derived from
Π ) where we aim at deciding if a graphG contains an edge subset satisfyingPred,
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or not, isNP-complete, then LABELED Min Π cannot be approximated within per-
formance ratio better than2 − ε for all ε > 0 unlessP=NP, even if the graph is
complete. Indeed, if we color the edges fromG = (V,E) with a color per edge and
then we complete the graph, adding a new color per edge, then it isNP-complete to
decide betweenopt(I) = 1 andopt(I) > 2, whereopt(I) is the value of an optimal
solution. Notably, it is the case of the LABELED traveling salesman problem or the
LABELED minimum partition problem into paths of lengthk for anyk > 2.

Thus, labeled problems have been mainly studied, from a complexity and an ap-
proximability point of view, whenΠ is polynomial, [BRO 97, BRO 05, BRU 03,
CHA 97, KRU 98, WAN 02, XIO 05]. For example, the first labeled problem in-
troduced in other works is the LABELED minimum spanning tree problem, which
has several applications in communication network design. This problem isNP-
hard and many complexity and approximability results have been proposed in
[BRO 97, BRU 03, CHA 97, KRU 98, WAN 02, XIO 05]. On the other hand, the LA-
BELED maximum spanning tree problem has been shown polynomial in [BRO 97].
Very recently, the LABELED path and the LABELED cycle problems have been stud-
ied in [BRO 05, HAS 06]; in particular, in [BRO 05] authors prove that the LA-
BELED minimum path problem isNP-hard and give some exact algorithms, whereas
in [HAS 06] several approximation algorithms with performance guarantee are pre-
sented. Note that theNP-completeness also appears in [CAR 00] since the LABELED

path problem is a special case of the red-blue set cover problem. Some other results
can be found in [HAS 07] when the objective labeled function is of type bottleneck.

In this chapter, we go thoroughly into the investigation of the complexity and the
approximability of labeled problems, with the analysis of the matching problem in
bipartite graphs. The maximum matching problem is one of the most known combina-
torial optimization problems and arises in several applications such as image analysis,
artificial intelligence or scheduling. It turns out that a problem very closed to it has
been studied in other works and is called in [ITA 78] the restricted perfect match-
ing problem. This latter aims at determining, given a graphG = (V,E), a partition
E1, . . . , Ek of E andk positive integersr1, . . . , rk, whether there exists a perfect
matchingM onG satisfying for allj = 1, . . . , k the restrictions|M ∩Ej | 6 rj . This
problem has some relationship with the timetable problem, since a solution may be
seen as a matching between classes and teachers that satisfies additional restrictions
(for instance, no more thatr laboratories at the same time). The restricted perfect
matching problem is proved to beNP-complete in [ITA 78], even if(i) |Ej | 6 2, (ii)
rj = 1, and(iii) G is a bipartite graph. On the other hand, it is shown in [YI 02] that
the restricted perfect matching problem is polynomial whenG is a complete bipartite
graph andk = 2; some others results of this problem can be found in [COS 07]. A per-
fect matchingM only satisfying condition(ii) (i.e., |M ∩ Ei| 6 1) is called good in
[CAM 97]. Thus, we deduce that the LABELED maximum perfect matching problem
is NP-hard in bipartite graph sinceopt(I) = n iff G contains a good matching.
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In section 17.2, we analyze both the complexity and the approximability of the
LABELED minimum perfect matching problem and the LABELED maximum perfect
matching problem in 2-regular bipartite graphs. In particular, we deduce that both
these problems are inAPX when the graph has a maximum degree 2. Then, in section
17.3, we propose some inapproximation results when the bipartite graphs have a max-
imum degree at least 3 or are 3-regular. Actually, we prove first that LABELED mini-
mum perfect matching is not inAPX whenever the bipartite graphs have a maximum
degree of 3. Hence, there is a gap of approximability between graphs of maximum
degree 2 and 3. Using a weaker complexity hypothesis, we can even obtain that LA-
BELED minimum perfect matching is not2O(log1−εn)-approximable in bipartite graphs

of maximum degree 3 onn vertices, unlessNP ⊆ DTIME
(

2O(log1/εn)
)

. Dealing

with the unbounded degree case, this yields to the fact that LABELED minimum per-
fect matching is not inpolyLog-APX, unlessP = NP. Finally, section 17.4 focuses
on the case of complete bipartite graphs. In particular, it is shown that a greedy algo-
rithm picking at each iteration a monocolored matching of maximum size provides a
r+Hr

2 -approximation in bipartite complete graphs wherer is the maximum number of
times that a color appears in the graph andHr is ther-th harmonic number.

Now, we introduce some terminology and notations that will be used in the chap-
ter. A matchingM on a graphG = (V,E) is a subset of edges that are pairwise
non-adjacent;M is said to be aperfect matchingif it covers the vertex set ofG. A
graphG = (V,E) is bipartite if the vertex set can be partitioned into two sets, the left
setL and the right setR such that every edge ofG has an endpoint inL and the other
in R. In the labeled perfect matching problem (LABELED PM in short), we are given
a simple graphG = (V,E) on |V | = 2n vertices which contains a perfect matching
together with a color (or label) functionL : E → {c1, . . . , cq} on the edge set of
G. For i = 1, . . . , q, we denote byL−1({ci}) ⊆ E the set of edges of colorci. The
goal of LABELED Min PM (resp.,Max PM ) is to find a perfect matching onG
using a minimum (resp., a maximum) number of colors. An equivalent formulation of
LABELED Min PM could be the following: ifG[C] denotes the subgraph induced
by the edges of colorsC ⊆ {c1, . . . , cq}, then LABELED Min PM aims at finding a
subsetC of minimum size such thatG[C] contains a perfect matching. The restriction
of LABELED PM to the case where each color occurs at mostr times inI = (G,L)
(i.e., |L−1({ci})| 6 r for i = 1, . . . , q) will be denoted by LABELED PMr. The LA-
BELED Min PM problem has some relationship with the timetable problem, since a
solution may be seen as a matching between classes and teachers that satisfies addi-
tional restrictions (for instance, a color corresponds to a school where we assume that
a professor may teach in several schools). An inspector would like to assess all teach-
ers during one lecture of each one of them and it would be desirable that he does not
visit the same class twice. Hence, the lectures to be attended would form a maximum
matching. For convenience, the inspector would like these lectures to take place in the
smallest possible number of schools. Then clearly the inspector has to construct a max-
imum matching meeting a minimum number of colors in the graph associated with the
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lectures. In [RIC 92], a generalization, called perfect matching under categorization,
has been studied. In this framework, each edgee has also a non-negative weightw(e),
and the colors are called categories (thus,q indicates the number of categories). The
goal is to find a perfect matchingM of E minimizing

∑q
i=1 maxe∈Li∩M w(e). In

[RIC 92], it is shown that, on the one hand, the problem is polynomial when the num-
ber of categories (i.e., colors) is fixed and, on the other hand, the problem isNP-hard
when the weights take values 0 or 1 and the graph is a collection of disjoint 4-cycles.
Note that the casew(e) = 1, ∀e ∈ E corresponds to LABELED Min PM .

We denote byopt(I) and apx(I) the value of an optimal and an approximate
solution, respectively. We say that an algorithmA is anε-approximation of LABELED

Min PM with ε > 1 (resp.,Max PM with ε 6 1) if apx(I) 6 ε × opt(I) (resp.,
apx(I) > ε× opt(I)) for any instanceI = (G,L).

17.2. The 2-regular bipartite case

In this section, we deal with a particular class of graphs that consist of a collection
of pairwise disjoint cycles of even length; note that such graphs are 2-regular bipartite
graphs.

THEOREM 17.1.– LABELED Min PMr is APX-complete in 2-regular bipartite
graphs for anyr > 2.

Proof.Observe that any solution of LABELED Min PMr is anr-approximation. The
rest of the proof will be done via an approximation preserving reduction from the min-
imum balanced satisfiability problem with clauses of size at mostr, MIN BALANCED

r-SAT for short. An instanceI = (C, X) of MIN BALANCED r-SAT consists of a
collectionC = (C1, . . . , Cm) of clauses over the setX = {x1, . . . , xn} of Boolean
variables, such that each clauseCj has at mostr literals and each variable appears
positively as many times as negatively;Bi denotes this number for anyi = 1, . . . , n.
The goal is to find a truth assignmentf satisfying a minimum number of clauses. MIN

BALANCED 2-SAT where2 6 Bi 6 3 has been shownAPX-complete by the way of
anL-reduction from MAX BALANCED 2-SAT whereBi = 3 [BER 98, KAR 05].

We only prove the caser = 2. Let I = (C, X) be an instance of MIN BAL -
ANCED 2-SAT onm clausesC = {C1, . . . , Cm} andn variablesX = {x1, . . . , xn}
such that each variablexi has either 2 positive occurrences and 2 negative occur-
rences, or 3 positive occurrences and 3 negative occurrences. We build the instance
I ′ = (H,L) of LABELED Min PM2 whereH is a collection of pairwise disjoint
cycles{H(x1), . . . , H(xn)} andL is a function which colors edges ofH with colors
c1, . . . , cj , . . . , cm, by applying the following process:

• For each variablexi, create the2Bi-long cycle

H(xi) = {ei,1, . . . , ei,k, . . . , ei,2Bi}



The Labeled Perfect Matching in Bipartite Graphs 437

L(ei,2Bi−1) = c
j′
Bi

ei,2

ei,2Bi

ei,2Bi−1 ei,1

L(ei,1) = c
j′1

L(ei,2Bi
) = cjBi

L(ei,2) = cj1

L(ei,3) = c
j′
2

ei,3

Figure 17.1.The gadgetH(xi) and the color of its edges

• Color the edges ofH(xi) as follows: if xi appears positively in clauses
Cj1 , . . . , CjBi

and negatively in clausesCj′1
, . . . , Cj′Bi

, then setL(ei,2k) = cjk and

L(ei,2k−1) = cj′k for k = 1, . . . , Bi.

Figure 17.1 provides an illustration of the gadgetH(xi). Clearly,H is made of
n disjoint cycles and is painted withm colors. Moreover, each color appears at most
twice.

Let f∗ be an optimal truth assignment onI satisfyingm∗ clauses and consider the
perfect matchingM = ∪n

i=1Mi whereMi = {ei,2k|k = 1, . . . , Bi} if f(xi) = true,
Mi = {ei,2k−1|k = 1, . . . , Bi} otherwise;M uses exactlym∗ colors and thus:

opt(I) 6 m∗ [17.1]

Conversely, letM ′ be a perfect matching onH usingapx(I) = m′ colors; if we
setf ′(xi) = true if ei,2 ∈M ′, f ′(xi) = false otherwise, we can easily observe that
the truth assignmentf ′ satisfiesm′ clauses:

apx(I) = val(f ′) [17.2]

Hence, using inequalities [17.1] and [17.2] the result follows.
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Trivially, the problem becomes obvious when each color is used exactly once. We
now show that we have a 2-approximation in 2-regular bipartite graphs, thus showing
that the restriction of LABELED Min PM to 2-regular bipartite graphs is as easy to
approximate as MINSAT.

THEOREM 17.2.– There exists an approximation preserving reduction fromLA-
BELED Min PM in 2-regular bipartite graphs toMINSAT of expansionc(ε) = ε.

Proof. The result comes from the reciprocal of the previous transformation. LetI =
(G,L) be an instance of LABELED Min PM whereG = (V,E) is a collection
{H1, . . . , Hn} of disjoint cycles of even length andL(E) = {c1, . . . , cm} defines
the label set. We describe every cycleHi as the union of two matchingsMi andMi.
We construct an instanceI ′ = (C, X) of the satisfiability problem, MINSAT where
C = {C1, . . . , Cm} is a set ofm clauses andX = {x1, . . . , xn} is a set ofn variables,
as follows. The clause setC is in one-to-one correspondence with the color setL(E)
and the variable setX is in one-to-one correspondence with the connected components
of G; a literalxi (resp.,xi) appears inCj iff cj ∈ L(Mi) (resp.,cj ∈ L(Mi)). We
easily deduce that any truth assignmentf onI ′ that satisfiesk clauses can be converted
into a perfect matchingMf on I that usesk colors.

Using the 2-approximation of MINSAT [MAR 96] and Theorem 17.2, we deduce:

COROLLARY 17.1.– LABELED Min PM in 2-regular bipartite graphs is 2-
approximable.

When dealing with LABELED Max PMr, the result of [ITA 78] shows that calcu-
lating agood matchingis NP-hard even if the graph is bipartite and each color appears
at most twice; a good matchingM is a perfect matching using|M | colors. Thus, we
deduce from this result that LABELED Max PMr is NP-hard for anyr > 2. We
strengthen this result using a reduction from MAX BALANCED 2-SAT.

THEOREM 17.3.–Max PMr is APX-complete in 2-regular bipartite graphs for any
r > 2.

In the same way, using the approximate result for MAX SAT [ASA 02], we obtain:

COROLLARY 17.2.– LABELED Max PM in 2-regular bipartite graphs is 0.7846-
approximable.

17.3. Some inapproximation results

In order to simplify the proofs exposed in the rest of the section, the results con-
cern a variation of LABELED Min PM , where the value of each perfect match-
ing M is given by val1(M) = val(M) − 1. This problem is denoted by LA-
BELED Min PPM and we have for any instanceI, apx1(I) = apx(I) − 1 and
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opt1(I) = opt(I)− 1. It is important to note that aρ(n)-approximation of LABELED

Min PM becomes a2ρ(n)-approximation of LABELED Min PPM and conversely
a ρ(n)-approximation of LABELED Min PPM remains aρ(n)-approximation of
LABELED Min PM . Actually, since LABELED Min PM is simple [PAZ 81] (i.e.,
the restriction toopt(I) 6 k is polynomial), we can see that LABELED Min PM
and LABELED Min PPM are asymptotically equivalent to approximate. Hence, the
proposed results for LABELED Min PPM also hold LABELED Min PM .

We now propose a self-improving operation for some classes of instancesPk de-
scribed as follows.I = (H,L) ∈ Pk whereH = (V,E) if and only if the following
properties are satisfied:

(i) H is planar of maximum degreek and connected.

(ii) ∃u, v ∈ V such that[u, u1] and[v, v1] for someu1, v1 ∈ V are the only edges
incident tou and v. Moreover, these two edges have colorc0, i.e., L([u, u1]) =
L([v, v1]) = c0.

(iii) H is bipartite and admits a perfect matching.

(iv) H [{c0}], the subgraph induced by edges of colorc0 does not have any perfect
matching and the subgraphH [L(E) \ {c0}] induced by edges of colors different from
c0 is acyclic.

(v) If H ′ = H \ {u, v} denotes the subgraph induced byV \ {u, v}, thenH ′[{c0}]
has a perfect matching denoted byMc0 .

We haveP1 = { } andP2 is the set of odd paths fromu to v alternating matchings
M andMc0 whereMc0 is only colored by colorc0. Finally, we define the classP by
P = ∪kPk.

Restricted label squaring operation.Given an instanceI = (H,L) ∈ Pk of LA-
BELEDMin PM , its label squaring instanceis I2 = (H2,L2) withH2 = (V 2, E2),
where:

1) The graphH2 is created by removing each edgee = [x, y] of H with color
different fromc0 and placing instead of it a copyH(e) of H , such thatx andy are
now identified withu andv of H , respectively.

2) For each copyH(e) of H and for an edgee′ in H(e) with color different from
c0, the new color ofe′ isL2(e′) = (L(e),L(e′)). The remaining edges of copyH(e)
keep their colorc0, i.e., ifL(e′) = c0, thenL2(e′) = c0.

Let us prove that classesPk are closed under the restricted label squaring opera-
tion.

LEMMA 17.1.– If I ∈ Pk, thenI2 ∈ Pk.

Proof.Let I ∈ Pk. The proofs of(i) and(ii) are obvious.
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For (iii), sinceH andH \ {u, v} admit a perfect matching, we deduce thatu ∈ L
andv ∈ R where(L,R) is the bipartition ofH . Thus, we can extend the bipartition to
H2 by taking for eachH(e) a copy of the bipartition. Finally, it is easy to verify that
H2 admits a perfect matching ifH does.

For (iv) assume the reverse, i.e., thatH2[{c0}] admits a perfect matchingM and
H [{c0}] does not. By hypothesis, in each copyH([x, y]), the verticesx andy are not
saturated byM and then the edges ofM which do not traverse copiesH(e) form
a perfect matching ofH [{c0}], which is a contradiction. Moreover, using property
(ii), it is easy to verify that the subgraphH2[L2(E2) \ {c0}] is acyclic whenever
H [L(E) \ {c0}] is acyclic.

For (v) letMc0 be a perfect matching ofH ′ = H \ {u, v} only using colorc0. We
completeMc0 by taking for each copyH(e) a copy ofMc0 . In this way, we obtain a
perfect matching ofH2 \ {u, v} that uses only colorc0.

We now propose an approximation preserving reduction using the label squaring
operation onPk.

THEOREM 17.4.– Let I = (H,L) ∈ Pk. If there exists a (polynomial)ρ-
approximation ofI2 for LABELED Min PPM , then there exists a

√
ρ-approximation

of I for LABELED Min PPM .

Proof. Let M∗ be an optimal perfect matching ofI ∈ Pk usingopt(I) colors and
let e1, · · · , ep be the edges ofH using colors which are different fromc0. For each
copyH(ei) we take a copy ofM∗ using colors(L(ei),L(ej)) for j = 1, · · · , p and
color c0. For the remaining copies, we take a copy ofMc0 (a perfect matching on
H \ {u, v}[{c0}]) and we complete this matching into a perfect matching ofH2 using
the remaining edges ofM∗. This matching uses(opt(I)− 1)2 + 1 colors and thus:

opt
1

(I2) 6
2

opt
1

(I) [17.3]

Now, consider an approximate perfect matchingM2 of H2 with valueapx(I2)
and letH(e1), · · · , H(ep) be the copies ofH such that the restriction ofM2 toH(ei)
is a perfect matching. Hence, we may always assume thatM2 \ (∪p

i=1H(ei)) only
uses colorc0. Therefore, if we denoteL′ = {L(ei) : i = 1, · · · , p}, then for any
cj ∈ L′ there exists a perfect matchingMcj,k ⊆ M2 in copyH(ek) such that edge
ek has colorcj . LetMcj be a matching ofH minimizing |L(Mcj ,k)| for anycj ∈ L′
and letM0 be a perfect matching ofH containing edges{e1, . . . , ep} and some other
edges of colorc0.

The approximate perfect matchingM of I will be given by one of the matchings
Mcj or M0 with valueapx(I) = min{|L(M0)|, |L(Mcj )| : cj ∈ L′}. Thus, we
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deduce thatapx1(I) = apx(I) − 1 = min{|L(M0)| − 1, |L(Mcj )| − 1 : cj ∈ L′}
and hence:

2
apx

1
(I) 6 (|L(M0)| − 1)min{|L(Mcj )| − 1 : cj ∈ L′};

6
∑

cj∈L′

(
|L(Mcj )| − 1

)
6 apx

1
(I2) [17.4]

By applying inequality [17.4] with an optimal perfect matchingM2 of H2, we
obtainopt21(I) 6 opt1(I

2). Using inequality [17.3], we deduceopt21(I) = opt1(I
2)

and the expected result follows.

THEOREM 17.5.– LABELED Min PPM is notc logn approximable for some con-
stantc > 0 for instances inP having2n vertices, unlessP=NP.

Proof. Given a family S = {S1, . . . , Sn0} of subsets of a ground setX =
{x1, . . . , xm0} (we assume that∪n0

i=1Si = X), a set cover ofX is a subfamily
S′ = {Sf(1), . . . , Sf(p)} ⊆ S such that∪p

i=1Sf(i) = X . The set cover problem
denoted by MINSC is the problem of determining a minimum-size set coverS∗ =
{Sf∗(1), . . . , Sf∗(q)} of X . Given an instanceI0 = (S, X) of MINSC, itscharacter-
istic graphGI0 = (L0, R0;EI0) is a bipartite graph with a left setL0 = {l1, . . . , ln0}
that represents the members of the familyS and a right setR0 = {r1, . . . , rm0} that
represents the elements of the ground setX ; the edge-setEI0 of the characteristic
graph is defined byEI0 = {[li, rj ] : xj ∈ Si}.

FromI0, we construct the instanceI = (H,L) of LABELED Min PPM contain-
ing (n0 + 1) colors{c0, c1, · · · , cn0}, described as follows:

• For each elementxj ∈ X0, we build a gadgetH(xj) that consists of a bipartite
graph of2(dGI0

(rj) + 3) vertices and3dGI0
(rj) + 4 edges, wheredGI0

(rj) denotes
the degree of vertexrj ∈ R in GI0 . The graphH(xj) is illustrated in Figure 17.2.

• Assume that vertices{lf(1), . . . , lf(p)} are the neighbors ofrj inGI0 , then color
H(xj) as follows: for anyk = 1, . . . , p, L(v3,j , lj,f(k)) = cf(k) and the other edges
receive colorc0.

– We completeH = ∪xj∈XH(xj) by adding edges[v2,j , v1,j+1] with colorc0 for
j = 1, · · · ,m0 − 1.

– Finally, we setu = v1,1 andv = v2,m0 .

Clearly,I ∈ P and has2n = 2
∑

rj∈R(dGI0
(rj) + 3) = 2|EI0 |+ 6m0 vertices.

Let S∗ be an optimal set cover onI0. FromS∗, we can easily construct a perfect
matchingM∗ of I = (H,L) that uses exactly(|S∗|+ 1) colors. Conversely, letM be
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rj,f(2)lj,f(2)

lj,f(p)

v2,j

rj,f(p)

v3,j

v1,j

lj,f(1) rj,f(1)

Figure 17.2.The gadgetH(xj)

a perfect matching onI; by construction, the subsetS′ = {Sk : ck ∈ L(M)} of S is
a set cover ofX using(|L(M)| − 1) sets.

Now, it is well known that the set cover problem isNP-hard to approximate within
factor c logn0 for some constantc > 0. This result also applies to instances(X,S)
when|X | and|S| are polynomially related (i.e.,|X |q 6 |S| 6 |X |p for some con-
stantsp, q).

Hence, given such an instanceI0 = (X,S), from any algorithmA solving LA-
BELED Min PPM within a performance ratioρA(I) 6

c
q+1 × log(n) for a bipartite

graph on2n vertices, we can deduce an algorithm for MINSC that guarantees the per-
formance ratioc 1

q+1 log(n) 6 c 1
q+1 log(nq+1

0 ) = c log(n0), which is a contradiction.

Starting from theAPX-completeness result for the vertex cover problem in cubic
graphs, [ALI 00], we are able to obtain the following result.

COROLLARY 17.3.– LABELED Min PPM for instances inP3 is not inPTAS.

Proof. Starting from the restriction of set cover where each elementxi is covered by
exactly two sets (this case is usually called thevertex cover problemand denoted by
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MINVC), we apply the same proof as in Theorem 17.5. The instanceI becomes an
element ofP3 and by using, for instance, the hardness result of [ALI 00], the expected
result follows.

By applying the well known self-improving method, we obtain the two following
results:

THEOREM 17.6.– LABELED Min PPM for instances inP3 is not inAPX, unlessP
= NP.

Proof. Assume the reverse and letA be a polynomial algorithm solving LABELED

Min PPM within a constant performance ratioρ. Let ε > 0 (with ε < ρ − 1) and
choose the smallest integerq such that:

q > log log ρ− log log(1 + ε) [17.5]

Consider now an instanceI = (H,L) ∈ P3 and use the restricted label
squaring operation onI. We produce the instanceI2 = (H2,L2) and by repeat-
ing q times this operation onI2, we obtain, thanks to Lemma 17.1, the instance
I2q = (H2q ,L2q ) ∈ P3, in time P (|I|) for some polynomialP since on the one
hand,I2 is obtained fromI in timeO(|I|2) (we have|V (H2)| = O(|V (H)|2) and
|L2(E(H2))| = O(|L(E(H))|2)) and on the other hand, we repeat this operation
a constant number of times. Using Theorem 17.4, from theρ-approximation onI2q

given byA , we obtain aρ2−q

-approximation onI. Thanks to inequality [17.5], we
deduceρ2−q

6 1 + ε. Hence, we obtain a polynomial time approximation scheme for
instances inP3, which is a contradiction to Corollary 17.3.

THEOREM 17.7.– For any ε > 0 LABELED Min PPM is not 2O(log1−εn)-

approximable for instances inP3 onn vertices, unlessNP⊆ DTIME
(

2O(log1/εn)
)

.

Proof.Let ε > 0 andI = (H,L) ∈ P3 whereH hasn vertices. Choose the smallest

integerp such thatn2p > 2log1/ε n. Thus,22p×log n > 2log1/ε n and then:

2p×ε
> log1−ε n [17.6]

Using the restricted label squaring operation onI, we produce the instanceI2 =
(H2,L2). By repeatingp times this operation onI2, we obtain the instanceI2p =
(H2p ,L2p) ∈ P3. SinceH hasn vertices, we derive from property(iv) of Lemma
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17.1 that the numbern′ of vertices ofH2p and the number|L2p(E(H2p))| of colors
of H2p satisfy:

n′
6 n2p and|L2p(E(H2p))| 6 |L(E(H))|2p [17.7]

Now, assume that we have af(n′)-approximation onI2p where f(n′) 6

2c×log1−ε n′

for some c > 0. Using Theorem 17.4, we obtain af(n′)2
−p

-
approximation onI. Using inequalities [17.6] and [17.7], we deduce:

apx
1

(I) 6 f(n′)2
−p

opt
1

(I)

6 2c× log1−ε n′

2p opt
1

(I)

6 2c× log1−ε n

2ε×p opt
1

(I)

6 2c opt
1

(I)

Thus, using inequality [17.7], we obtain a constant approximation in time
poly(n′) = 2O(log1/ε n), and thus, a contradiction with Theorem 17.6.

It is natural to wonder whether the problem is easier in 3-regular bipartite graphs
(also called cubic bipartite graphs) or not. Here, we prove that the answer is negative.

THEOREM 17.8.– LABELED Min PPM is not in APX in connected planar cubic
bipartite graphs, unlessP = NP.

Proof. The proof consists of two steps. First, using a quite similar reduction to that
of Corollary 17.3, we prove that Theorem 17.7 also holds for the subfamilyP ′

3 of P3

where each vertex has a degree 3, exceptu andv. Then, we transform any instance of
P ′

3 into a connected planar cubic bipartite graph.

Let G = (V,E) with V = {v1, · · · , vn} andE = {e1, · · · , en} be an instance
of vertex cover. We transform any edgeej = [x, y] into gadgetH(ej) described in
Figure 17.3. All edges ofH(ej), except[v3,j , lj,x] and[v3,j , lj,y], have colorc0. We
haveL([v3,j , lj,x]) = cx andL([v3,j , lj,y]) = cy. Finally,H(ej) is linked toH(ej+1)
using the graph depicted in Figure 17.4 where each edge is colored withc0.

Clearly, LABELED Min PPM is APX-hard in classP ′
3. Since the restricted label

squaring operation also preserves the membership inP ′
3, we deduce that LABELED
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l
j,y

v1,j
v2,j

v3,j

l
j,x

cx

cy

Figure 17.3.The gadgetH(ej) for ej = [x, y]

v1,j+1v2,j

Figure 17.4.The gadget linkingH(ej) to H(ej+1)

Min PPM is not inAPX when the instances are restricted toP ′
3. Finally, givenI ∈

P ′
3 with I = (G,L), we consider the instanceI ′ whereG is duplicated 3 times into

G1, G2, G3. If ui, vi denote the extreme vertices ofGi, we shrink verticesu1, u2, u3

into u andv1, v2, v3 into v. Clearly, this new graphG′ is connected, bipartite, planar
and cubic. Finally, since we can restrict ourselves to perfect matchingsM ′ of G′ that
use only colorc0 for exactly two copies ofG, the result follows.

Dealing with the unbounded degree case (i.e., instances ofP), we can deduce the
following stronger result:

THEOREM 17.9.– LABELED Min PPM for instances inP is not inpolyLog-APX,
unlessP = NP.
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s1,j,f(2)

v1,j

s1,j,f(p)

s1,j,f(p−1)

s1,j,f(1) s2,j,f(1)

v2,j

s2,j,f(p)

Figure 17.5.The gadgetH(xj)

Proof. Assume the reverse, i.e., LABELED Min PPM is f(n)-approximable with
f(n) 6 c logk n for some constantsc > 0 and k > 1. Let I = (H,L) ∈ P
whereH has2n vertices. Letp = ⌈logk⌉ + 1. Using as previously2p times the
restricted label squaring operation onI, we produce in polynomial-time the instance
I2p = (H2p ,L2p) ∈ P . The same arguments as in Theorem 17.7 allow us to obtain a
contradiction with Theorem 17.5.

17.4. The complete bipartite case

When considering complete bipartite graphs, we obtain several results:

THEOREM 17.10.– LABELED Min PMr is APX-complete in complete bipartite
graphsKn,n for anyr > 6.

Proof. We give an approximation preservingL-reduction (see Papadimitriou and
Yannakakis [PAP 91]) from a restriction of the set cover problem, which is called
MINSC3. In this restriction each set is of size at most 3 and each elementxj appears
in at most 3 and at least 2 different sets. MINSC3 has been provedAPX-complete
in [PAP 91].

Let GI0 be the characteristic graph corresponding to an instanceI0 = (S, X)
of MINSC3 (see the proof of Theorem 17.5 for a formal definition of MINSC and
GI0 ). Note thatGI0 has a maximum degree 3. FromI0, we construct the instance
I = (Kn,n, L) of LABELED Min PM6 using a slight modification of the construc-
tion given in Theorem 17.5). First, we start from a bipartite graph havingm0 con-
nected componentsH(xj) andn0 +m0 colors{c1, . . . , cn0+m0}, which is described
as follows:
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• For each elementxj ∈ X , we build a gadgetH(xj) that consists of a bipartite
graph of2(dGI0

(rj) + 1) vertices and3dGI0
(rj) edges, wheredGI0

(rj) denotes the
degree of vertexrj ∈ R in GI0 . The graphH(xj) is illustrated in Figure 17.5.

• Assume that vertices{lf(1), . . . , lf(p)} are the neighbors ofrj inGI0 , then color
H(xj) as follows: for anyk = 1, . . . , p,L(v1,j , s1,j,f(k)) = L(v2,j , s2,j,f(k)) = cf(k)

andL(s1,j,f(k), s2,j,f(k)) = cn0+j .

– We completeH = ∪xj∈XH(xj) intoKn,n, by adding a new color per edge.

Clearly,Kn,n is complete bipartite and has2n = 2
∑

rj∈R(dGI0
(rj) + 1) =

2|EI0 |+ 2m0 vertices. Moreover, each color is used at most 6 times.

Let S∗ be an optimal set cover onI0. FromS∗, we can easily construct a perfect
matchingM∗ onI using exactly|S∗|+m0 colors (since we assume that each element
appears in at least 2 sets) and thus:

opt
LABELED Min PM6

(I) 6 opt
MINSC3

(I0) +m0 [17.8]

Conversely, we show that any perfect matchingM may be transformed into a
perfect matchingM” using the edges ofH and satisfying:|L(M”)| 6 |L(M)|. Let
M be a perfect matching onI and considerM1 the subset of edges fromM that link
two different gadgetsH(xj). We denote byG the multi-graph of vertex set∪jVH(xj)

(each vertexvj of G corresponds to the gadgetH(xj)) and of edge setM1. So,G is
obtained fromKn,n where the vertices in each gadgetH(xj) is shrunk into a vertex of
G. Note that each connected component ofG is Eulerian. Each cycleC onG may be
completed into a2|C|-long cycleC′ onK2n in such a way that the two endpoints of
each edge fromC′ \ C do belong to the same gadgetH(xj). Here, for purely formal
reasons of the proof, we assume that each gadgetH(xj) is a complete graph by adding
a new color per missing edge. Thus, there are edges linking any two verticess1,j,f(k)

ands1,j,f(k′) (or s2,j,f(k) ands2,j,f(k′)). If we swap the edges from each cycleC by
the edges fromC′ \ C, we obtain a new perfect matchingM ′ whose every edge has
its two endpoints in a same gadgetH(xj) and satisfies|L(M ′)| = |L(M)|. For the
moment, note that as indicated previously, the perfect matchingM ′ is not necessarily
a matching ofKn,n since some edges linking 2 vertices of the same part of gadget
H(xj) may exist. Now consider for anyj the setM ′

j of edges fromM ′ ∩ H(xj);
we setM”j = {[v1,j , s1,j,f(k)], [v2,j , s2,j,f(k)]} ∪ {[s1,j,f(i), s2,j,f(i)]|i = 1, . . . , p}
for somek such that[v1,j , s1,j,f(k)] ∈ M ′

j or [v2,j , s2,j,f(k)] ∈ M ′
j (if such ak does

not exist, setk = 1). In any case,M” = (M ′ \M ′
j) ∪M”j is a perfect matching

of Kn,n that uses no more colors thanM ′ does. By applying this procedure for any
j = 1, . . . ,m0, we obtain the expected matchingM” with valueapx(I). From such a
matching, we may obtain a set coverS” = {Sk|ck ∈ L(M”)} on I0 satisfying:

|S”| = apx(I)−m0 [17.9]
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Using [17.8] and [17.9], we deduceoptLABELED Min PM6
(I) =

optMINSC3
(I0) + m0 and |S”| − optMINSC3

(I0) 6 |L(M))| −
optLABELED Min PM6

(I). Finally, since optMINSC3
(I0) >

m0

3 the result
follows.

By applying the same kind of proof to the vertex cover problem in cubic graphs
[ALI 00], we obtain that LABELED Min PMr in Kn,n is APX-complete for anyr >

3. In order to establish this fact and starting from a cubic graphG = (V,E), we asso-
ciate with each edgee = [x, y] ∈ E a 4-long cycle{a1,e, a2,e, a3,e, a4,e} together with
a colorationL given by:L(a1,e) = cx,L(a2,e) = cy andL(a3,e) = L(a4,e) = ce. We
complete this graph into a complete bipartite graph, adding a new color per edge. Each
colorcx (∀x ∈ V ) appears 3 times;ce (∀e ∈ E) twice and any other color once. Hence,
the application of the proof that was made in Theorem 17.10 leads to the announced
result. Unfortunately, we cannot apply the proof of Theorem 17.2 since in this latter,
on the one hand, we have some cycles of size 6 and, on the other hand, a color may
occur in different gadgets. One open question concerns the complexity of LABELED

Min PM2 in bipartite complete graphs. Moreover, from Theorem 17.10, we can also
obtain a stronger inapproximability result concerning the general problem LABELED

Min PM : we cannot calculate in polynomial-time an approximate solution of LA-
BELED Min PM that uses less than(1/2 − ε)ln(optLABELED Max PM (I)) colors
in complete bipartite graphs whereoptLABELED Max PM (I) is the value of an opti-
mal solution of LABELED Max PM , i.e., the maximum number of colors used by a
perfect matching.

COROLLARY 17.4.– For anyε > 0, LABELED Min PM is not (1
2 − ε) × ln(n)

approximable in complete bipartite graphsKn,n, unlessNP⊂DTIME (nloglogn).

Proof. First, we apply the construction made in Theorem 17.10, except thatI0 =
(S, X) is an instance of MINSC such that the number of elementsm0 is strictly larger
than the number of setsn0. FromI0, we constructn0 instancesI ′1, . . . , I

′
n0

of LA-
BELEDMinPM whereI ′i = (H,Li). The colorsLi(E) are the same asL(E), except
that we replace colorscn0+1, . . . , cn0+m0 by ci. Finally, as previously, we complete
each instanceI ′i into a complete bipartite graphKn,n by adding a new color by edge.

Let S∗ be an optimal set cover onI0 and, assuming thatSi ∈ S∗, we consider the
instanceIi of LABELED Min PM . FromS∗, we can easily construct a perfect match-
ingM∗

i of Ii that uses exactly|S∗| colors. Conversely, letMi be a perfect matching on
Ii; by construction, the subsetS′ = {Sk : ck ∈ L(Mi)} of S is a set cover ofX using
|L(Mi)| sets. Finally, letA be an approximate algorithm for LABELED Min PM and
we calculaten0 perfect matchingsMi by applyingA on instancesIi. Thus, if we pick
the matching that uses the minimum numberx of colors, then we can polynomially
construct a set cover onI0 of cardinalityx.
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Sincen0 6 m0−1, the sizen of a perfect matching ofKn,n satisfies:n = |EI0 |+
m0 6 n0×m0+m0 6 m0(m0−1)+m0 = m2

0. Hence, from any algorithmA solving
LABELED Min PM within a performance ratioρA(I) 6

1
2 × ln(n), we can deduce

an algorithm for MINSC that guarantees the performance ratio1
2 ln(n) 6

1
2 ln(m2

0) =
ln(m0). Since the negative result of [FEI 98] holds whenn0 6 m0 − 1, i.e., MINSC
is not(1 − ε)× ln(m0) approximable for anyε > 0, unlessNP⊂DTIME (nloglogn),
we obtain a contradiction.

On the other hand, dealing with LABELED Max PMr in Kn,n, the result of
[CAM 97] shows that the caser = 2 is polynomial, whereas it becomesNP-hard
whenr = Ω(n2). Indeed, it is proved in [CAM 97] that, on the one hand, we can
calculate a good matching inKn,n within polynomial-time when each color appears
at most twice and, on the other hand, there always exists a good matching in such a
graph ifn > 3. An interesting question is to determine the complexity and the approx-
imability of LABELED Max PMr whenr is a constant greater than 2.

We now study the approximation of LABELED Min PMr.

Let us consider the greedy algorithm for LABELED Min PMr in complete bipar-
tite graphs that iteratively picks the color that induces the maximum-size matching in
the current graph and deletes the corresponding vertices. Formally, ifL(G′) denotes
the colors that are still available in the graphG′ at a given iteration and ifG′[c] (resp.,
G′[V ′]) denotes the subgraph ofG′ that is induced by the edges of colorc (resp., by
the verticesV ′), then the greedy algorithm consists of the following process:

Greedy

1 SetC′ = { }, V ′ = V andG′ = G;

2 WhileV ′ 6= { } do
2.1 For anyc ∈ L(G′), calculate a maximum matchingMc in G′[c];
2.2 Select a colorc∗ maximizing|Mc|;
2.3C′ ← C′ ∪ {c∗}, V ′ ← V ′ \ V (Mc∗) andG′ = G[V ′];

3 outputC′;

THEOREM 17.11.– Greedy is an Hr+r
2 -approximation ofLABELED Min PMr in

complete bipartite graphs whereHr is ther-th harmonic numberHr =
∑r

i=1
1
i and

this ratio is tight.

Proof. Let I = (G,L) be an instance of LABELED Min PMr. We denote byC′i for
i = 1, . . . , r the set of colors of the approximate solution which appears exactlyi
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times inC′ and bypi its cardinality (thus,∀c ∈ C′i we have|Mc| = i in G′[c]); finally,
letMi denote the matching with colorsC′i. If apx(I) = |C′|, then we have:

apx(I) =

r∑

i=1

pi [17.10]

Let C∗ be an optimal solution corresponding to the perfect matchingM∗ of size
opt(I) = |C∗|; we denote byEi the set of edges ofM∗ that belong toG[∪i

k=1V (Mk)],
the subgraph induced by∪i

k=1V (Mk) and we setqi = |Ei \Ei−1| (where we assume
thatE0 = { }). For anyi = 1, . . . , r − 1, we get:

opt(I) >
1

i

i∑

k=1

qk [17.11]

Indeed,
∑i

k=1 qk = |Ei| and, by construction, each color appears at mosti times
in G[∪i

k=1V (Mk)].

We also have the following inequality for anyi = 1, . . . , r − 1:

opt(I) >
1

r

(

2

i∑

k=1

k × pk −
i∑

k=1

qk

)

[17.12]

SinceM∗ is a perfect matching, the quantity2
∑i

k=1 k × pk −
∑i

k=1 qk counts
the edges ofM∗ of which at least one endpoint belongs toG[∪i

k=1V (Mk)]. Because
each color appears on at mostr edges, the result follows.

Finally, since
∑r

k=1 k × pk is the size of a perfect matching ofG, the following
inequality holds:

opt(I) >
1

r

r∑

k=1

k × pk [17.13]

Using equality [17.10] and adding inequality [17.11] with coefficientαi = 1
2(i+1)

for i = 1, . . . , r−1, inequality [17.12] with coefficientβi = r
2i(i+1) for i = 1, . . . , r−

1 and inequality [17.13], we obtain:

apx(I) 6

(
Hr + r

2

)

opt(I) [17.14]



The Labeled Perfect Matching in Bipartite Graphs 451

apx(I) = 7
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b1,3

b1,2

b1,1

b2,2
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Figure 17.6.The instanceI whenr = 2

Indeed,
∑r−1

i=1 αi = 1
2Hr− 1

2 and
∑r−1

i=1 βi = r
2− 1

2 . Thus,
∑r−1

i=1 (αi + βi)+1 =
Hr+r

2 .

The quantitypj appears in inequality [17.13] and inequality [17.12] fori =

j, . . . , r − 1. Its total contribution is:1r j × pj + 2
r

(
∑r−1

i=j βi

)

j × pj = pj . The

quantityqj appears in inequality [17.11] fori = j, . . . , r − 1 and inequality [17.12]

for i = j, . . . , r − 1. We have:
(
∑r−1

i=j
αi
i

)

− 1
r

(
∑r−1

i=j βi

)

qj = 0. Thus, using

equality [17.10], inequality [17.14] holds.

In order to show the tightness of this bound, consider the instanceI = (Kn,n, L)
where the left setA and the right setB of vertices of the complete bipartite graph are
given byA = {ai,j : i = 1, . . . , r, j = 1, . . . , ni} andB = {bi,j : i = 1, . . . , r, j =
1, . . . , ni}, with n1 = (r + 1)! andni = r! for i = 2, . . . , r. Moreover, the edge
coloration satisfies:

• For anyi = 1, . . . , r and for anyj = 1, . . . , ni, L(ai,j , bi,j) = ci,⌈ ji ⌉
.

• For anyi = 2, . . . , r and for anyj = 1, . . . , r!,L(ai,j , b1,i−1+(r−1)(j−1)) = c∗1,j

andL(bi,j, a1,i−1+(r−1)(j−1)) = c∗2,j.
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• For anyj = 1, . . . , r!,

L(b1,j+(r−1)×r!, a1,(r+1)!−j+1) = c∗1,j

and
L(a1,j+(r−1)×r!, b1,(r+1)!−j+1) = c∗2,j

•We associate a new color with each missing edge.

I is clearly an instance of LABELED Min PMr. The set of colorsC′ = {ci,⌈ ji ⌉ :

i = 1, . . . , r, j = 1, . . . , ni} is the approximate solution outputted byGreedy and it
usesapx(I) = (Hr + r) × r! colors, whereasC∗ = {c∗i,j : i = 1, 2, j = 1, . . . , r!}
is the set of colors that are used by an optimal solution; this latter satisfiesopt(I) =
2× r!. The Figure 17.6 describes the instanceI for r = 2.
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Chapter 18

Bounded-size Path Packing Problems

18.1. Introduction

This chapter presents some recent works given by the authors ([MON 07a,
MON 07b]) about the complexity and the approximation of several problems on cal-
culating collections of (vertex)-disjoint paths of bounded size.

18.1.1. Bounded-size path packing problems

A Pk partition of the vertex set of a simple graphG = (V,E) is a partition ofV
into q subsetsV1, · · · , Vq, each of size|Vi| = k, such that the subgraphG[Vi] induced
by anyVi contains a Hamiltonian path. In other words, the partition(V1, . . . , Vq) de-
scribes a collection of|V |/k vertex-disjoint simple paths of lengthk − 1 (or, equiva-
lently, simple paths onk vertices) onG. The decision problem calledPk partitioning
problem (PkPARTITION in short) consists, given a simple graphG = (V,E) on
k × n vertices, of deciding whetherG admits or not such a partition. The analog
problem where the subgraphG[Vi] induced byVi is isomorphic toPk (the chordless
path onk vertices) will be denoted byINDUCED PkPARTITION. These two problems
areNP-complete for anyk > 3, and polynomial otherwise, [GAR 79, KIR 78]. In
fact, they both are a particular case of a more general problem calledpartition into
isomorphic subgraphs, [GAR 79]. In [KIR 78], Kirkpatrick and Hell give a necessary
and sufficient condition for theNP-completeness of the partition into isomorphic sub-
graphs problem in general graphs.PkPARTITION has been widely studied in other
works, mainly because of its closeness to two famous optimization problems, namely:
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the minimumk-path partition problem (denoted by MINk-PATHPARTITION) and the
maximumPk packing problem (denoted by MAXPkPACKING).

On the one hand, MINk-PATHPARTITION can be viewed as an optimization ver-
sion ofPkPARTITION where the constrainst on the exact length of the paths is relaxed.
MINk-PATHPARTITION consists of partitioning the vertex set of a graphG = (V,E)

into the smallest number of paths so that each path hasat mostk vertices (for in-
stance, MIN2-PATHPARTITION is equivalent to the maximum matching problem).
The optimal value is usually denoted byρk−1(G) for anyk > 2 and byρ(G) when

no constraint occurs on the length of the paths (in particular,ρ(G) = 1 if and only if
G has a Hamiltonian path). MINk-PATHPARTITION has been extensively studied in
other works, [STE 03, STE 00, YAN 97], and has applications in broadcasting prob-
lems (see, for example, [YAN 97]).

On the other hand, if we relax the exact covering constraint, then we ob-
tain the optimization problems MAXPkPACKING and MAX INDUCEDPkPACKING

which consist, given a simple graphG = (V,E), of finding a maximum num-
ber of vertex-disjoint (induced)Pk. When considering the weighted case (denoted
by MAX WPkPACKING and MAX WINDUCEDPkPACKING, respectively), the input
graphG = (V,E) is given together with a weight functionw on its edges, and the
goal is to find a collectionP = {P1, . . . , Pq} of vertex-disjoint (induced)Pk that
maximizesw(P) =

∑q
i=1

∑

e∈Pi
w(e).

The special case of MAX WPkPACKING where the graph is complete onk × n
vertices is called the weightedPk partition problem (PkP in short). In this case,
each solution contains exactlyn vertex-disjoint paths of lengthk − 1. If the goal
is to maximize (MAXPkP), then we seek aPk partition of maximum weight, and
if the goal is to minimize (MINPkP), then we seek aPk partition of minimum
weight. When considering the minimization version, it is more often assumed that
the instance is metric, i.e., that the weight function satisfies the triangle inequality:
w(x, y) 6 w(x, z)+w(z, y), ∀x, y, z; MINMETRICPkP will refer to this restriction.
Note that this latter version of the problem is closely related to the vehicle routing
problem when restricting the route of each vehicle to at mostk intermediate stops,
[ARK 06, FRE 78]. Finally, we also will consider the special case of metric instances
where the weight function is either 1 or 2; the corresponding problems will be de-
noted by MAXPkP1,2 and MINPkP1,2 (PkP1,2 when the goal is not specified). Such
a restriction makes sense, since it provides an alternative relaxation of the initial de-
cision problemPkPartition; moreover, MINPkP1,2 and MINk-PATHPARTITION are
strongly connected.

All these problems are very close to each other. In particular,PkPARTITION

NP-completeness implies theNP-hardness of both MINk-PATHPARTITION andPkP
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(even when restricting toPkP1,2); conversely,PkPARTITION is polynomial-time de-
cidable on instance families where MINk-PATHPARTITION or MAXPkPACKING are
polynomial-time calculable.

18.1.2. Complexity and approximability status

The minimumk-path partition problem is obviouslyNP-complete in general
graphs [GAR 79], and remains intractable in comparability graphs, [STE 03], in
cographs, [STE 00], and in bipartite chordal graphs, [STE 03] (whenk is part of the
input). Note that most of the proofs ofNP-completeness actually establish theNP-
completeness ofPkPARTITION. Nevertheless, the problem turns out to be polynomial-
time solvable in trees, [YAN 97], in cographs whenk is fixed, [STE 00] and in bipar-
tite permutation graphs, [STE 03]. Note that we can also find in other works sev-
eral results dealing with partitioning a graph into disjoint paths of length at least 2,
[WAN 94, KAN 03].

This chapter proposes new complexity and inapproximability re-
sults for (INDUCED) PkPARTITION, MINk-PATHPARTITION and
MAX (W)(INDUCED)PkPACKING, mostly in the case of bipartite graphs, dis-
cussing the graph maximum degree. Namely, we study the case of bipartite graphs
of maximum degree 3: first, these problems areNP-complete for anyk > 3
(and this even if the graph is planar, fork = 3); second, there is noPTAS for
MAX (INDUCED)PkPACKING or, more precisely, there is a constantεk > 0 such that
it is NP-hard to decide whether a maximum (induced)Pk-packing is of sizen or of
a size upper bounded by(1 − εk)n. On the other hand, all these problems trivially
become polynomial-time calculable both in graphs of maximum degree 2 and in
forests.

Where these problems are intractable, what about their approximation level? We
recall that a given problem is said to beε-approximable if it admits an algorithm that
polynomially calculates on any instance a solution that is at least (if maximizing, at
most if minimizing)ε times the optimum value. To our knowledge, there is no spe-
cific approximation result for either MINk-PATHPARTITION, or MAX WPkPACKING,
in general graphs. Nevertheless, we can find some approximation results for thek-
path partition problem where the objective consists of maximizing the number of
edges of the paths that participate in the solution (see [VIS 92] for the general case,
[CSA 02] for dense graphs). Concerning MAX WPkPACKING, using approximation
results for the maximum weightedk-packing problem (mainly based on local search
techniques), [ARK 98], we can obtain a( 1

k−1 − ε)-approximation; in particular,
MAX WP3PACKING is (1

2 − ε)-approximable.

In the case of complete graphs, MAXPkP is standard-approximable for any
k, [HAS 97]. In particular, MAXP3P and MAXP4P are respectively35/67 − ε,
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[HAS 06] and3/4, [HAS 97] approximable. Note that fork = 2, a P2-partition is a
perfect matching and hence, MINP2P and MAX P2P are both polynomial-time calcu-
lable. The minimum case is trickier: from the fact thatPkPARTITION is NP-complete
in general graphs, it isNP-hard to approximate MINPkP within 2p(n) for any poly-
nomialp, for anyk > 3. Nevertheless, we could expect that the metric instances are
constant-approximable, even though no approximation rate (to our knowledge) has
been established so far for MINMETRICPkP.

Here, we provide new approximation results for MIN3-PATHPARTITION, MAX W-
P3PACKING and PkP. Concerning the two former problems, we propose a3/2-
approximation for MIN3-PATHPARTITION in general graphs and a1/3 (resp., a1/2)-
approximation for MAX WP3PACKING in general (resp., bipartite) graphs of maxi-
mum degree 3. But we focus more onPkP and more specifically onP4P, by an-
alyzing the performance of a specific algorithm proposed by Hassin and Rubinstein,
[HAS 97], under different assumptions on the input. By doing so, we put to the fore the
effectiveness of this algorithm by proving that it provides new approximation ratios
for both standard and differential measures, for both maximization and minimization
versions of the problem. But, before going so far, we briefly recall the basis of approx-
imation theory, introduce some notations and then give this outline of the chapter.

18.1.3. Theoretical framework, notations and organization

Consider an instanceI of anNP-hard optimization problemΠ and a polynomial-
time algorithmA that calculates feasible solutions forΠ. Denote byapxΠ(I) the value
of a solution calculated byA on I, by optΠ(I) the value of an optimal solution and
by worΠ(I) the value of a worst solution (that corresponds to the optimum value
when reversing the optimization goal). The quality ofA is expressed by means of
approximation ratios that somehow compare the approximate value to the optimum
one. So far, two measures stand out from other works: thestandardratio [AUS 99]
(the most widely used) and thedifferentialratio [AUS 80, BEL 95, DEM 96, HAS 01].
The standard ratio is defined byρΠ(I, A) = apxΠ(I)/optΠ(I) if Π is a maximization
problem and byρΠ(I, A) = optΠ(I)/apxΠ(I) otherwise, whereas the differential
ratio is defined byδΠ(I, A)= (worΠ(I) − apxΠ(I))/(worΠ(I) − optΠ(I)). In other
words, the standard ratio divides the approximate value by the optimum one, whereas
the differential ratio divides the distance from a worst solution to the approximate
value by the instance diameter.

Within the worst case analysis framework and given a universal constantε 6 1
(resp.,ε > 1), an algorithmA is said to be anε-standard approximation for a max-
imization (resp., a minimization) problemΠ if ρI,AΠ(I) > ε ∀I (resp.,ρAΠ(I) 6 ε
∀I). With respect to differential approximation,A is said to beε-differential approx-
imate forΠ if δAΠ(I) > ε, ∀I, for a universal constantε 6 1. Equivalently, seeing
any solution value as a convex combination of the two valuesworΠ(I) andoptΠ(I),
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an approximate solution valueapxΠ(I) will be ε-differential approximate if for any
instanceI, apxΠ(I) > ε× optΠ(I) + (1− ε)×worΠ(I) (for the maximization case;
reverse the sense of the inequality when minimizing). For both measures, a given prob-
lemΠ is said to be constant approximable if there exists a polynomial-time algorithm
A and a universal constantε such thatA is anε- approximation forΠ. The class of
problems that are standard- (resp., differential-) constant-approximable is denoted by
APX (resp., byDAPX). If Π admits a polynomial-time approximation scheme, i.e., a
whole algorithm family(Aε)(ε) such thatAε is ε-approximate for anyε (note that the
time-complexity ofAε may be exponential in1/|1 − ε|), thenΠ belongs to the class
PTAS (resp.,DPTAS).

The notations that will be used are the usual ones according to graph theory. More-
over, we exclusively work in undirected simple graphs. In this chapter, we often iden-
tify a pathP of lengthk − 1 with Pk, even ifP contains a chord. However, when
dealing withINDUCED PkPARTITION, the paths that are considered are chordless. Fi-
nally, when no ambiguity occurs on the problem that is concerned, we will omit the
reference toΠ to denote the valuesapx(I), opt(I) andwor(I). For a better under-
standing of what follows, we recall some basic concepts of graph theory: a simple
graphG = (V,E) is said to be bipartite (or, equivalently, 2-colorable) if there ex-
ists a partitionL,R of its vertex set such thatE is contained inL × R. A graph is
planar if it can be drawn in the plane so that no edges intersect. A path (resp., a cy-
cle) Γ = {vj1 , . . . , vjq} ⊆ E in G of length at least 2 (resp., of length at least 4) is
chordless if there is inE no other edge than those ofΓ linking two vertices ofΓ.G is
chordal if none of its cycle of length at least 4 is chordless.G is an interval graph if
we can associate with each vertexvj ∈ V an interval[aj , bj ] on the real line such that
two intervals[aj , bj ] and[aℓ, bℓ] intersect if and only if the edge[vj , vℓ] belongs toE;
note that interval graphs are special cases of chordal graphs.

This chapter is organized as follows: the next two sections are dedicated to
the study of (INDUCED) PkPARTITION, MAX (INDUCED)PkPACKING and MINk-
PATHPARTITION. Section 18.2 focuses on the complexity status of those problems
in bipartite graphs, whereas section 18.3 proposes some approximation results for
MAX WP3PACKING and MIN3-PATHPARTITION. The fourth section is then dedi-
cated to both standard and differential approximations ofPkP. Section 18.4.1 provides
a differential approximation forPkP while bridging some gap between differential
approximation of TSP and differential approximation ofPkP. Finally, section 18.4.2,
which constitutes the main part of section 18.4, leads a complete analysis of the ap-
proximation level of an algorithm proposed by Hassin and Rubinstein [HAS 97], de-
pending on the approximation measure that is considered and the characteristics of the
input weight function.

The two main points of the chapter are, on the one hand, the establishment of new
complexity results concerningPkPARTITION and related problems in bipartite graphs
by means of reductions (section 18.2) and, on the other hand, the way the algorithm
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ai,1
3 ai,1

2 ai,2
3 ai,2

2 ai,3
3 ai,3

2

ai,1
1 ai,2

1 ai,3
1

Figure 18.1.The gadgetH(ci) whenci is a 3-tuple

that is addressed in section 18.4.2 appears to be robust, in the sense that this latter
provides good quality solutions (the best known so far) irrespective of the version of
the problem we deal with and irrespective of the approximation framework within
which we estimate the approximate solutions.

18.2. Complexity ofPkPARTITION and related problems in bipartite graphs

18.2.1. Negative results from thek-dimensional matching problem

18.2.1.1.k-dimensional matching problem

The negative results we present are all based on a transformation from thek-
dimensional matching problem,kDM, which is known to beNP-complete [GAR 79].

An instance ofkDM consists of a subsetC = {c1, . . . , cm} ⊆ X1 × . . . × Xk

of k-tuples, whereX1, . . . , Xk arek pairwise disjoint sets of sizen. A matching is
a subsetM ⊆ C such that no two elements inM agree in any coordinate and the
purpose ofkDM is to answer the question: does there exist a perfect matchingM on
C, i.e., a matching of sizen? In its optimization version, the maximumk-dimensional
matching problem (MAXkDM) addresses the question of calculating a matching that
is of maximal size.

18.2.1.2.Transforming an instance ofkDM into an instance ofPkPACKING

Let I = (X1, . . . , Xk; C) be an instance ofkDM, where|Xq| = n, ∀q and|C| =
m. We denote byX the union of the element setsX1, . . . , Xk. Furthermore, for each
elementej ∈ X , we denote bydj its degree, where the degree of an elementej

is defined as the number ofk-tuplesci ∈ C that containej. We build an instance
G = (V,E) of INDUCED PkPACKING, whereG is a bipartite graph of maximum
degree 3, by associating ak-tuple gadgetH(ci) with eachk-tupleci ∈ C, an element
gadgetH(ej) to each elementej ∈ X and then by linking the two gadget families by
some edges. Our construction (more precisely, the element gadgets) depends on the
parity ofk.

1) The element gadgetH(ci). For anyk-tupleci ∈ C, the gadgetH(ci) consists

of a collection
{
P i,1, . . . , P i,k

}
of k vertex-disjointPk with P i,q =

{

ai,q
1 , . . . , ai,q

k

}
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lj1 = vj
1

vj

Nj+1

lj2 = vj
7

Figure 18.2.The gadgetH(ej) for k = 3 anddj = 2

for q = 1, . . . , k, plus the edges[ai,q
1 , ai,q+1

1 ] for q = 1 to k − 1. Hence,H(ci)

contains thek initial pathsP i,1, . . . , P i,k, plus the additional path
{

ai,1
1 , . . . , ai,k

1

}

.

Figure 18.1 proposes an illustration of thek-tuple gadget whenk = 3.

2) The element gadgetH(ej). Let ej ∈ X be an element, with degreedj . We
distinguish two cases according to the parity ofk:

– Odd values ofk. H(ej) is defined as a cycle
{

vj
1, . . . , v

j
Nj+1, v

j
1

}

onN j + 1

vertices, whereN j = k(2dj − 1). Moreover, forp = 1 to dj , we denote byljp the
vertex of index2k(p − 1) + 1. Thus, the element gadget is a cycle on a number of
vertices that is a multiple ofk plus 1, withdj remarkable verticesljp that will be linked
to thek-tuple gadgets.

– Even values ofk. In this case,N j is also even and thus, a cycle onN j+1 vertices
may not be part of a bipartite graph. In order to fix that problem, we defineH(ej) as

a cycle
{

vj
1, . . . , v

j
Nj , v

j
1

}

onN j vertices, plus an additional edge[vj
Nj , v

j
Nj+1]. The

special verticesljp are still defined asljp = vj
2k(p−1)+1 for p = 1, · · · , dj (note thatljdj

never matchesvj
Nj ). Figures 18.2 and 18.3 illustrateH(ej) for the couple of values

k = 3, dj = 2 andk = 4, dj = 2, respectively.

3) Linking element gadgets tok-tuple gadgets.For any couple(ej , ci) such that
ej is the value ofci on theq-th coordinate, the two gadgetsH(ci) andH(ej) are
connected using one of the edges[ai,q

2 , ljpi ], pi ∈ {1, . . . , dj}. The verticesljpi that
will be linked to a given gadgetH(ci) must be chosen so that each vertexljp from any
gadgetH(ej) will be connected to exactly one gadgetH(ci).

The described construction obviously leads to a graphG = (V,E) that is bipartite,
of maximum degree 3 and such that each of the subgraphsPk it contains is chordless.
Its number of vertices is|V | = 3k2m+(1−k)kn: consider, on the one hand, that each
gadgetH(ci) is a graph onk2 vertices and, on the other hand, that

∑kn
j=1 d

j = km
(without loss of generality, we may assume that each elementej appears at least once
in C).
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lj1 = vj
1

vj

Nj+1

vj

Nj

lj2 = vj
9

Figure 18.3.The gadgetH(ej) for k = 4 anddj = 2

18.2.1.3.Analyzing the obtained instance ofPkPACKING

Let us define onG some remarkablePk packings on the vertex subsetsV (H(ci))
andV (H(ej)):

Pk packings onV (H(ci)), for i = 1, . . . ,m :






P i = ∪k
q=1P

i,q ∪
{

ai,1
1 , ai,2

1 , . . . , ai,k
1

}

with P i,q =
{

ai,q
k , . . . , ai,q

2 , li,q

}

∀q
Qi = ∪k

q=1Q
i,q with Qi,q =

{

ai,q
k , . . . , ai,q

2 , ai,q
1

}

∀q
(whereli,q denotes the vertex from someH(ej) that is linked toai,q

2 )

Pk packings onV (H(ej)), for j = 1, . . . , kn :
∀p = 1, . . . , dj , Pj

p is defined as the only possiblePk partition ofV (H(ej))\{ljp}

Note that these collections are of size|P i| = k + 1 ∀i, |Qi| = k ∀i and|Pj
p| =

2dj − 1 ∀j ∀p ∈ {1, . . . , dj}. With the help of these packings, we now put to the fore
three properties that will be key to our further argumentation.

PROPERTY18.1.–

(i) For anyi, P i andQi are the only two possiblePk partitions ofV (H(ci)).

(ii) Within a Pk partition of V and for any j = 1, . . . , kn, the collections
Pj

1 , . . . ,Pj
dj are the only possiblePk partitions ofV (H(ej)).

(iii) LetP∗ be a maximumPk packing onG; we can always assume the following:
(iii.a) for anyi, P∗ contains either the packingP i, or the packingQi;
(iii.b) for anyj, P∗ contains one of the packingsPj

p, for somep.

Proof.For the sake of simplicity, we assume thatk is odd, even though the arguments
also hold for even values ofk.

For (i). Quite immediate, from the observation that a given vertexai,q
k may only

be covered by eitherP i,q orQi,q.
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For (ii). Let P be aPk partition ofV and consider an elementej; sinceH(ej)
containsN j = k(2dj − 1) + 1 vertices, at least one edgee of somePℓ in P links
H(ej) to a givenH(ci), using anljp vertex. We deduce from the previous point that
Pℓ is someP i,q path and thus thatljp is the only vertex ofPℓ that intersectsH(ej).

Consider now any two verticesljp andljp′ , p < p′, fromH(ej); the2k(p′ − p) − 1

vertices that separateljp andljp′ might not be covered by any collection ofPk. Hence,
exactly oneljp vertex ofH(ej) is covered by someP i,q and thus,P contains the
correspondingPk packingPj

p .

For (iii.a). Any maximal sizePk packing must use (at least) one of the two ver-
ticesai,q

1 andli,q, for any couple(i, q), whereli,q denotes the vertex from someH(ej)

that is linked toai,q
2 . Suppose the reverse, for some(i, q): then, none of the vertices

li,q, a
i,q
1 , ai,q

2 , . . . , ai,q
k may be part of a path fromP∗ and thus,P i,q or Qi,q could

be added toP∗, which would contradict the optimality ofP∗. If the edge[ai,q
1 , ai,q

2 ]

(resp.,[ai,q
2 , li,q] and not[ai,q

1 , ai,q
2 ]) is used by some pathP ∈ P∗, thenP can be

replaced inP∗ by the pathQi,q (resp., byP i,q). If none of the edges[ai,q
1 , ai,q

2 ] and
[ai,q

2 , li,q] are used byP∗, replace byP i,q (resp., byQi,q) the path fromP∗ that uses
li,q (resp.,ai,q

1 and notli,q). At that point, the collectionP∗ contains for anyk-tupleci
at leastk pathsP i,q andQi,q (one for each coordinateq = 1, . . . , k). Now, each time
P∗ does not contain the packingP i, we replace these paths by the whole collection
Qi.

For (iii.b). Assume the reverse, for some elementej ; that means that at least 2
verticesljpi andljpi′ ofH(ej) are used inP∗ by pathsP i,q andP i′,q′

, with pi < pi′ (or
P∗ would not be of maximal size). Choose two such consecutive vertices, in the sense
thatP∗ does not use any of the pathsP i′′,q′′

for ljpi′′ such thatpi < pi′′ < pi′ . Since
there are2k(pi′ − pi)− 1 vertices ofH(ej) betweenljpi andljpi′ , we can replaceP i,q,

P i′,q′

and the paths ofP∗ between verticesljpi andljpi′ by P i,q and2(pi′ − pi) paths
using vertices betweenljpi andljpi′ , plusljpi′ . Observe that, in such a case, the packing

P i′ will be replaced inP∗ by the packingQi′ , according to the previous property.
By repeating this procedure, we obtain a maximal sizePk packing that fulfills the
requirements of items(iii.a) and(iii.b).

18.2.1.4.NP-completeness andAPX-hardness

The following theorem holds.

THEOREM 18.1.–PkPARTITION and INDUCED PkPARTITION are NP-complete
in bipartite graphs of maximum degree 3, for anyk > 3. As a consequence,
MAX (INDUCED)PkPACKING and MINk-PATHPARTITION are NP-hard in bipartite
graphs with maximum degree 3, for anyk > 3.
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ai,11 ai,21 ai,31 ai,11 ai,21 ai,31

ai,13 ai,12 ai,23 ai,22 ai,33 ai,32 ai,13 ai,12 ai,23 ai,22 ai,33 ai,32

li,1 li,2 li,3 li,1 li,2 li,3

ci ∈ M ci /∈ M

Figure 18.4.A vertex partition of aH(ci) gadget into 2-edge paths

Proof. Let I = (X1, . . . , Xk; C) andG = (V,E) be an instance ofkDM and the
graph produced by construction described is section 18.2.1.2, respectively. First, we
recall that any path of lengthk − 1 in G is chordless; thus, the result holds for both
PkPARTITION and INDUCED PkPARTITION. We claim that there exists a perfect
matchingM ⊆ C on I iff there exists a partitionP of G into Pk.

Let P be such a partition onG; from Property 18.1 item(i), we know that each
gadgetH(ci) is covered by eitherP i or Qi. Moreover, Property 18.1 item(ii) in-
dicates that every gadgetH(ej) is covered by somePj

p collection; those two facts
ensure that exactly oneH(ci) gadget for somek-tuple that containsej is covered by
aP i collection and therefore the setM =

{
ci | P i ⊆ P

}
defines a perfect matching

on I.

Conversely, letM be a perfect matching onC; we build a packingP by applying
the following rule: if a given elementci belongs toM , then useP i to coverH(ci)
and useQi otherwise (Figure 18.4 illustrates this construction for 3DM). SinceM is
a perfect matching, exactly one vertexljp per gadgetH(ej) is covered by someP i,q.
Thus, on a given cycleH(ej), theN j = k(2dj − 1) vertices that remain uncovered
can be covered using the corresponding collectionPj

p.

Thus, the construction is a Karp reduction and, from theNP-completeness of
kDM, [GAR 79], we deduce theNP-completeness of (INDUCED) PkPARTITION in
bipartite graphs of maximum degree 3. However, by a more accurate observation, we
actually may obtain a stronger result, fork = 3; namely, (INDUCED) P3PARTITION

NP-completeness still holds when restricting ourselves to planar instances. Indeed, on
the one hand, the restriction PLANAR 3DM of 3-dimensional matching to planar
instances is stillNP-complete [DYE 86]; on the other hand, if the initial instanceI of
kDM is planar, then the graphG is also planar for an appropriate choice of the linking
edges[ai,q

2 , li,q].
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THEOREM 18.2.– P3PARTITION and INDUCED P3PARTITION are NP-complete
in planar bipartite graphs with maximum degree 3. As a consequence,MAX (IN-
DUCED)P3PACKING and MIN3-PATHPARTITION are NP-hard in planar bipartite
graphs with maximum degree 3.

If we now turn to the optimization problems, we can observe that the con-
struction described in section 18.2.1.2 also makes it possible to establish anAPX-
hardness result for the maximization problems MAXPkPACKING and MAX (IN-
DUCED) PkPACKING. We consider the optimization version ofkDM, denoted by
MAXkDM, and the following inapproximability result: for anyk > 3, there is a con-
stantε′k > 0 such that∀I = (X1, . . . , Xk; C) instance ofkDM with |X1| = · · · =
|Xk| = n and it isNP-hard to decide betweenopt(I) = n andopt(I) 6 (1 − ε′k)n,
whereopt(I) is the value of a maximum matching onC. This result also holds if
we restrict ourselves to instances with bounded degree, i.e., to instancesI satisfying:
∀j = 1, . . . , kn, dj 6 f(k), wheref(k) is a constant; we refer to [PET 94] fork = 3
(where the result is proved withf(3) = 3), to [KAR 06] for other values ofk.

THEOREM 18.3.– For anyk > 3, there is a constantεk > 0, such that∀G = (V,E)
instance ofMAX (INDUCED)PkPACKING whereG is a bipartite graph of maximum
degree 3 and it isNP-hard to decide betweenopt(G) = |V |

k and opt(G) 6 (1 −
εk) |V |

k , whereopt(G) is the value of a maximum (induced)Pk-Packing onG.

Proof.Let I = (X1, . . . , Xk; C) be an instance ofkDM, with |Xq| = n ∀q and|C| =
m, such that the degreedj of any elementej is bounded above byf(k). Consider
the graphG = (V,E) produced by the construction described in section 18.2.1.2; we
recall that|V | = 3k2m − k2n + kn. Let (M∗, P∗) be a couple of optimal solutions
on I andG, with valuesopt(I) andopt(G), respectively. From Property 18.1 items
(iii.a) and(iii.b), we can assume thatP∗ satisfies the following:

– for anyi, P∗ contains either the packingP i, or the packingQi;

– for anyj, P∗ contains one of the packingsPj
1 , . . . ,Pj

dj .

Hence, the setM = {ci ∈ C : P i ∈ P∗} of k-tuplesci such thatP∗ containsP i

defines a matching onI; moreover, the valueopt(G) of P∗ can be expressed as:

opt(G) = (km+ |M |) +
kn∑

j=1

(
2dj − 1

)
= 3km− kn+ |M |

From|M | 6 |M∗|, we then deduce:opt(G) 6 opt(I) + 3km− kn.

If opt(I) = n: we know from Theorem 18.1 thatI has a perfect matching if and
only if G admits aPkPartition, i.e.,opt(I) = n iif opt(G) = |V |

k = 3km− kn+ n.
Suppose now thatopt(I) 6 (1−ε′k)n. Then, necessarily:opt(G) 6 3km−kn+(1−
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ε′k)n = (3km− kn+ n)− ε′kn. By settingεk = n
3km−kn+nε

′
k, we obtainopt(G) 6

(1−εk)(3km−kn+n). Finally, sincedj 6 f(k), we deduce thatkm 6 kf(k)n and
then, thatεk >

1
3f(k)k−k+1 ε

′
k = O(1). In conclusion, deciding betweenopt(G) =

|V |/n andopt(G) 6 (1− εk)|V |/n (or opt(G) 6 (1− 1
3f(k)k−k+1 ε

′
k)|V |/n)) onG

would make it possible to decide betweenopt(I) = n andopt(I) 6 (1 − ε′k)n on I.

18.2.2. Positive results from the maximum independent set problem

If we decrease the maximum degree of the graph down to 2, we can easily prove
that PkPARTITION, INDUCED PkPARTITION, MAXPkPACKING and MINk-PATH-
PARTITION are polynomial-time calculable. The same fact holds for MAX WPkPAC-
KING (what remains true in forests), although it is a little bit complicated: the proof
consists of a reduction from MAX WPkPACKING in graphs with maximum degree 2
(resp., in a forest) to the problem of calculating a maximum weight independent set in
an interval (resp., a chordal) graph, which is known to be polynomial, [FRA 76].

PROPOSITION 18.1.– MAX WPkPACKING is polynomial in graphs with maximum
degree 2 and in forests, for anyk > 3.

Proof. Let I = (G,w) be an instance of MAX WPkPACKING whereG = (V,E)
is a graph with maximum degree 2. Hence,G is a collection of disjoint paths or
cycles and thus, each connected component may be separately solved. Moreover,
without loss of generality, we may assume that each connected componentGℓ of
G is a path. Otherwise, a given cycleGℓ = {v1, . . . , vNℓ , v1} might be solved
by picking the best solution among the solutions calculated on thek instances
Gℓ\ {[v1, v2]} , . . . , Gℓ\ {[vk, vk+1]}.

Thus, letGℓ =
{
vℓ
1, . . . , v

ℓ
Nℓ

}
be such a path; we build the instance(Hℓ, wℓ) of

MAX WIS where the vertex set ofHℓ corresponds to the paths of lengthk − 1 in Gℓ:
a vertexv is associated with each pathPv, with weightwℓ(v) = w(Pv). Moreover,
two verticesu 6= v are linked inHℓ if and only if the corresponding pathsPu andPv

share at least one common vertex in the initial graph.

We deduce that the set of independent sets inHℓ corresponds to the set ofPk in
Gℓ. Observe thatHℓ is an interval graph (even a unit interval graph), since each path
can be viewed as an interval of the line{1, · · · , N ℓ}; hence,Hℓ is chordal. IfG is a
forest, then any of the graphsHℓ that correspond to a tree ofG are chordal graphs.

18.3. Approximating MAX WP3PACKING and MIN3-PATH PARTITION

We present some approximation results for MAX WP3PACKING and MIN3-PATH-
PARTITION, that are mainly based on matching and spanning tree heuristics.
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18.3.1. MAX WP3PACKING in graphs of maximum degree 3

For this problem, the best approximate algorithm known so far provides a ratio of
(1
2−ε), within high (but polynomial) time complexity. This algorithm is deduced from

that proposed in [ARK 98] to approximate the weightedk-set packing problem for sets
of size 3. Furthermore, a simple greedy1/k-approximation of MAX WPkPACKING

consists of iteratively picking a path of lengthk − 1 that is of maximum weight.

For k = 3 and in graphs of maximum degree 3, the time complexity of this al-
gorithm is betweenO(n log n) andO(n2) (depending on the encoding structure).
Actually, in such graphs, we may reach a1/3-approximate solution, even in time
O(α(n,m)n), whereα is the inverse Ackerman’s function andm 6 3n/2.

THEOREM 18.4.– MAX WP3PACKING is 1/3 approximable withinO(α(n, 3n/2)n)
time complexity in graphs of maximum degree 3; this ratio is tight for the algorithm
we analyze.

Proof. The argument uses the following observation: for any spanning tree of maxi-
mum degree 3 containing at least 3 vertices, we can build a cover of its edge set into 3
packings ofP3 within linear time. Hence, by calculating a maximum-weight spanning
treeT = (V,ET ) onG in O(α(n, 3n/2)n) time [CHA 00] and by picking the best
P3-packing among the cover, we obtain a 1/3 approximate solution within an overall
time complexity dominated byO(α(n, 3n/2)n).

x x x

y y y z

z z t

Tz

Steps3.1 and3.2

Tz

Tt ∪ {[y, t]}

Steps3.1, 3.2 and3.3.1

Ty Tz

Steps4.1 to 4.3

Figure 18.5.The main configurations of the algorithmSubProcess

The construction of the 3 packingsP1,P2,P3 is done in the following way: we
start with three empty collectionsP1,P2,P3 and a treeT rooted atr; according
to the degree ofr and to the degree of its children, we add someP3 pathP that
containsr to the packingP1, remove the edges ofP from T and then recursively
repeat this process on the remaining subtrees, alternatively invokingP2 andP1. This
procedure is formally described in the algorithmsSubProcess (the recursive process)
andTree-P3PackingCover (the whole process).

Algorithm Tree-P3PackingCover makes an initial call toSubProcess, on the
whole treeT , rooted on a vertexr that is of degree at most 2 inT . The stopping
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criteria of the recursive procedureSubProcess are the following: the current tree has
no edge (then stop), or the current tree is a lonely edge[x, y]; then add{rx, x, y} to
P3, whererx denotes the father ofx in T . Concerning the three main configurations
of SubProcess, they are illustrated in Figure 18.5, whereTv denotes the subtree of
T rooted atv; the edges in rigid lines represent the path that is added to the current
packing, and the subtrees that are invoked by the recursive calls are indicated.

Tree-P3PackingCover

Input:T = (VT , ET ) spanning tree of maximum degree 3 containing at least 3
vertices and rooted atr such thatdT (r) 6 2.

1 SetP1 = P2 = P3 = { };
2 CallSubProcess(Tr,P1,P2,P3,1);

3 Repair(P1,P2,P3);

Output(P1, P2, P3).

SubProcess(Tx, P1,P2,P3, i)

1 If ETx = { } thenexit;

Picky a child ofx in Tx;

2 If ETx = {{x, y}}
Pick rx the father ofx in Tr;

2.1 P3 ←− P3 ∪ {{rx, x, y}}; exit;

3 If x is of degree 1 inTx

Pickz a child ofy in Tx;

3.1 P i ←− P i ∪ {{x, y, z}};
3.2 CallSubProcess(Tz, P1,P2,P3,3-i);

3.3 If y is of degree 3 inTx

Pick t the second child ofy in Tx;

3.3.1 CallSubProcess({{y, t}}∪ Tt, P1,P2,P3, 3-i);

4 Else Ifx is of degree 2 inTx

Pickz the second child ofx in Tx;

4.1 P i ←− P i ∪ {{y, x, z}};
4.2 CallSubProcess(Ty, P1,P2,P3,3-i);

4.3 CallSubProcess(Tz, P1,P2,P3,3-i);
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At the end of the initial call toSubProcess (i.e., when the step 2 ofTree-P3Pac-
kingCover has been achieved),P1 andP2 both are packings: we can easily see that
the paths that are added toP i (wherei = 1 or i = 2) at a given timet and those
that are added again toP i at time t + 2 do not share any common vertex. On the
other hand,P3 might not be a packing. Let{rx, x, y} and{rx′ , x′, y′} be two paths
fromP3 such that{rx, x, y} ∩ {rx′ , x′, y′} 6= { }; then, eitherrx = rx′ , or rx = x′.
If the first case occurs,{x, rx, x′} has been added toP i (for i = 1 or i = 2), then
set:P i = P i\{{x, rx, x′}} ∪ {{rx, x, y}} andP3 = P3\{{rx, x, y}}. Otherwise,
rx′ is the father ofrx in Tr and we have{rx′ , rx, x} ∈ P i (for i = 1 or i = 2);
then set:P i = P i\{{rx′ , rx, x}} ∪ {{rx′, x′, y′}} andP3 = P3\{{rx′, x′, y′}}.
These repairing operations are made by the algorithmRepair, during step 3 of
Tree-P3PackingCover.

Figure 18.6 provides two examples of the construction ofP1, P2 andP3. The
overall time complexity ofTree-P3PackingCover is linear: first, the number of
recursive calls toSubProcess may not exceed2/3n and second,|P3| is at most
O(log n).

Repair(P1,P2,P3)

1 For any(P = {rx, x, y} 6= P ′ = {rx′ , x′, y′}) ∈ P3 s.t.rx = rx′

Seti ∈ {1, 2} s.t.{x, rx, x′} ∈ P i;
1.1P i ←− P i\{{x, rx, x′}} ∪ {{rx, x, y}}; P3 ←− P3\{{rx, x, y}};

2 For any(P = {rx, x, y} 6= P ′ = {rx′ , x′, y′}) ∈ P3 s.t.rx = x′

Seti ∈ {1, 2} s.t.{rx′ , rx, x} ∈ P i;
2.1P i ←− P i\{{rx′, rx, x}} ∪ {{rx′, x′, y′}}; P3 ←− P3\{{rx′, x′, y′}};
Output(P1, P2, P3).

We can now deduce an approximate algorithmMaxWP3Packing that consists of
calculating aP3-packing cover(P1,P2,P3) of a maximum spanning tree ofG, and
then picking the best collection among(P1, P2, P3). This algorithm provides a 1/3-
approximation withinO(α(n, 3n/2)n) time complexity (the overall complexity of the
algorithm is dominated by that of calculating the initial spanning tree). Concerning the
approximation level, consider that the weightw(T ) of a maximum spanning treeT is
at least the weight of an optimalP3-packing, since anyP3 packing can be completed
into a spanning tree (if the input graph is connected). Then the result is trivial (letP∗

denote an optimal solution):

w(P) > 1/3
(
w(P1) + w(P2) + w(P3)

)
> 1/3w(T ) > 1/3w(P∗)

The proof of tightness is omitted.
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Figure 18.6.Two examples of the construction of the 3 packingsPi for
i = 1, 2, 3

18.3.2. MAX WP3PACKING in bipartite graphs of maximum degree 3

If we restrict ourselves to bipartite graphs, we slightly improve the ratio of1
2 − ε,

[ARK 98] up to 1
2 . We then show that, in the unweighted case, this result holds with-

out any constraint on the graph maximum degree. The key idea here is to transform
the problem of finding aP3Packing in the initial bipartite graphG = (L,R;E)
into the problem of finding a maximum matching in two graphsGL andGR, where
GL (resp.,GR) contains the representative edge of theP3 of the initial graph with
their two extremities inL (resp., inR). Formally, from an instanceI = (G,w) of
MAX WP3PACKING, whereG = (L,R;E) is a bipartite graph of maximum degree
3, we build two weighted graphs(GL, wL) and (GR, wR), whereGL = (L,EL)
andGR = (R,ER). Two verticesx 6= y from L are linked inGL if and only
if there exists inG a pathPx,y of length 2 fromx to y: [x, y] ∈ EL if and only
if ∃z ∈ R s.t. [x, z], [z, y] ∈ E. The weightwL(x, y) is defined aswL(x, y) =
max{w(x, z) + w(z, y)|[x, z], [z, y] ∈ E}. The weighted graph(GR, wR) is defined
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Figure 18.7.Tightness ofWeighted P3-Packing analysis.

by consideringR instead ofL. If G is of maximum degree 3, then the following fact
holds:

PROPERTY18.2.– From any matchingM onGL (resp., onGR), we can deduce aP3

packingPM of weightw(PM ) = wL(M) (resp.,w(PM ) = wR(M)), whereG is of
degree at most 3.

Proof. Let M be a matching onGL andPM the correspondingP3 collection onG.
Suppose that two pathsPx,y 6= Px′,y′ ∈ PM share a common vertext. BecauseM is
a matching, we have{x, y} ∩ {x′, y′} = { }; hence, the vertext belongs toR and is
the internal vertex of bothPx′,y′ andPx′,y′ , which contradicts the assumption on the
graph maximum degree.

In light of this fact, we propose the algorithmWeighted P3-Packing that con-
sists of calculating two maximum matchings onGL andGR, and then picking the best
corresponding packing inG. The time complexity of this algorithm is mainly the time
complexity of calculating a maximum weight matching in graphs of maximum degree
9, i.e.,O(|V |2 log |V |), [LOV 86].

Weighted P3-Packing

1 Build the weighted graphs(GL, wL) and(GR, wR);

2 Calculate a maximum weight matchingM∗
L (resp.,M∗

R) on(GL, wL) (resp., on
(GR, wR));

3 Deduce fromM∗
L (resp., fromM∗

R) aP3 packingPL (resp.,PR) according to
Property 18.2;

4 Output the best packingP amongPL andPR.

THEOREM 18.5.– Weighted P3-Packing provides a 1/2-approximation for
MAX WP3PACKING in bipartite graphs with maximum degree 3 and this ratio is tight.

Proof.LetP∗ be an optimumP3-packing onI = (G,w) we denote byP∗
L (resp., by

P∗
R) the paths ofP∗ whose two endpoints belong toL (resp., toR); thus,opt(I) =
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w(P∗
L) + w(P∗

L). For any pathP = Px,y ∈ P∗
L, [x, y] is an edge fromEL, of weight

wL(x, y) > w(Px,y). Hence,ML = {[x, y]|Px,y ∈ P∗
L} is a matching onGL that

satisfies:

wL(ML) > w(P∗
L) [18.1]

Moreover, sinceM∗
L is a maximum weight matching onGL, we havewL(ML) 6

wL(M∗
L). Thus, using inequality [18.1] and Property 18.2 (and by applying the same

arguments onGR), we deduce:

w(PL) > w(P∗
L), w(PR) > w(P∗

R) [18.2]

Finally, the solution output by the algorithm satisfiesw(P) > 1/2(w(PL) +
w(PR)) and we directly deduce from inequalities [18.2] the expected result. The in-
stanceI = (G,w) that provides the tightness is depicted in Figure 18.7. It consists
of a graph on12n vertices on which we can easily observe thatw(PL) = w(PR) =
2n(n+ 2) andw(P∗) = 2n(2n+ 2).

Concerning the unweighted case, we may obtain the same performance ratio with-
out the restriction on the graph maximum degree. The main differences compared to
the previous algorithm lie in the construction of the two graphsGL,GR: starting from
G, we duplicate each vertexri ∈ R by adding a new vertexr′i with the same neigh-
borhood asri (this operation, often calledmultiplication of verticesin other works,
is used in the characterization of perfect graphs). We then add the edge[ri, r

′
i]. If RL

denotes the vertex set{ri, r′i|ri ∈ R}, the following properties hold:

PROPERTY18.3.–

(i) From any matchingM on GL, we can deduce a matchingM ′ of cardinality
|M ′| > |M | onGL that saturatesRL.

(ii) From any matchingM onGL (resp., onGR) that saturatesRL (resp.,LR), we
can deduce aP3 packingPM onG of size|PM | = |M | − |R|.

Proof. For (i). Let M be a matching onGL and consider a given vertexri ∈ R.
If M contains no edge incident to{ri, r′i}, then add[ri, r′i] to M ; if M contains an
edgee incident tori (resp., tor′i), but no edge incident tor′i (resp., tori), then set
M = M\{e} ∪ {[ri, r′i]}.

For (ii). LetM be a matching onGL that saturatesRL. We respectively denote
by J the set of verticesri ∈ R such that[ri, r′i] ∈ M and byp = |J | its cardinality.
We consider the matchingM ′ deduced fromM by deleting the edges[ri, r′i]; hence,
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|M ′| = |M | − p. From the fact thatM saturatesRL, we first deduce that|M | =
|RL| − p = 2|R| − p; we then observe that, for any vertexri /∈ J , there are two edges
[l1i , ri] and[l2i , r

′i] in M ′, that define theP3 Pi = {l1i , ri, l2i } of the initial graphG.
The collectionPM = ∪ri /∈J{Pi} obviously is aP3 packing of size|M ′|/2 onG. We
just have to obverse that|M ′| = 2|R| − 2p = 2(|M | − |R|) in order to conclude.

P3-Packing

1 Build the graphGL (resp.,GR) obtained fromG by multiplication of vertices
onR (resp., onL);

2 Compute a maximum size matchingML (resp.,MR) onGL (resp., onGR);
According to Property 18.3 item(i), deduce fromML (resp., fromMR) a maximum
size matchingM∗

L (resp.,M∗
R) that saturatesRL (resp.,LR);

3 According to Property 18.3 item(ii), deduce fromM∗
L (resp., fromM∗

R) aP3

packingPL (resp.,PR) of size|M∗
L| − |R| (resp.,|M∗

R| − |L|);
4 Output the best packingP amongPL andPR.

The approximate algorithmP3-Packing works as previously, except that we cal-
culate a maximum (size) matchingM∗

L (resp.,M∗
R) onGL (resp.,GR) that saturates

RL (resp.,LR) in step 2, and that theP3 packingPL (resp.,PR) is obtained fromM∗
L

(resp.,M∗
R) by deleting the edges[ri, r′i] (resp.,[li, l′i]) in step 3.

THEOREM 18.6.– P3-Packing provides a1/2-approximation forMAXP3PACKING

in bipartite graphs and this ratio is tight. The time complexity of this algorithm is
O(m

√
n).

Proof. Let P∗
L = {P1, · · · , Pq} be the set of paths from the optimal solution having

their two endpoints inL; P∗
L can easily be converted onGL into a matchingM of

size |M | = 2q + (|R| − q) = |P∗
L| + |R|. From the optimality ofM∗

L onGL, we
deduce that|M∗

L| > |M | and hence, that|PL| > |P∗
L|. The same obviously holds for

P∗
R and the result is immediate. The time complexity of the unweighted version of the

algorithm is still dominated by that of calculating a maximum (size) matching, i.e.,
O(m

√
n), [LOV 86]. The proof of tightness is omitted.

18.3.3. MIN3-PATH PARTITION in general graphs

To our knowledge, the approximability of MINk-PATHPARTITION (or MINPATH-
PARTITION) has not been studied so far. Here, we propose a3/2-approximation for
MIN3-PATHPARTITION. Although this problem can be viewed as an instance of 3-
set cover (view the set of all paths of length 0, 1 or 2 inG as sets onV ), MIN3-
PATHPARTITION and the minimum 3-set cover problem are different. For instance,
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consider a starK1,2n; the optimum value of the corresponding 3-set cover instance is
n, whereas the optimum value of the 3-path partition is2n− 1.

Note that, concerning MINPATHPARTITION (i.e., the approximation ofρ(G)), we
can trivially see that it is not(2−ε)-approximable, from the fact that deciding whether
ρ(G) = 1 orρ(G) > 2 is NP-complete. Actually, we can more generally establish that
ρ(G) is not in APX: otherwise, we could obtain aPTAS for the traveling salesman
problem with weight 1 and 2 whenopt(I) = n, which is not possible, unlessP=NP.

The algorithmMinimum 3Path Partitionwe propose runs in two phases: first,
it calculates a maximum matchingM∗

1 on the input graphG = (V,E); then, it
matches throughM∗

2 a maximum number of edges fromM∗
1 to vertices fromV \M∗

1 .
Those two matchings define theP3 and theP2 of the approximate solution.

THEOREM 18.7.– Minimum 3Path Partition provides a3/2-approximation for
MIN3-PATHPARTITION in general graphs withinO(nm + n2 logn) time and this
ratio is tight.

Proof. Let G = (V,E) be an instance of MIN3-PATHPARTITION. Let P∗ =
(P∗

2 ,P∗
1 ,P∗

0 ) andP ′ = (P ′
2,P ′

1,P ′
0) respectively be an optimal solution and the ap-

proximate3-path partition onG, whereP∗
i andP ′

i denote fori = 0, 1, 2 the set of
paths of lengthi. By construction of the approximate solution, we have:

apx(I) = |V | − |M∗
1 | − |M∗

2 | [18.3]

Let V0 = (V \V (M∗
1 )) \P∗

0 , we consider a subgraphG′
2 = (L,R′;E′

2) of G2,
whereR′ andE′

2 are defined as:R′ = {rv ∈ R|v ∈ V0} andE′
2 contains the edge

[le, rv] ∈ E′
2 if and only if there is an edge ofP∗ that linksv to an endpoint ofe. By

definition ofV0, we deduce thatdG′
2
(rv) > 1 for anyv ∈ V0 (V0 is an independent set

of G). Moreover, we havedG′
2
(le) 6 2 for anye ∈M∗

1 (M∗
1 is an optimal matching).

Thus, we get:

|M∗
2 | > 1/2|R′| = 1/2 (|V | − 2|M∗

1 | − |P∗
0 |) [18.4]

From relations [18.3] and [18.4], we deduce:

apx(I) = |V | − |M∗
1 | − |M∗

2 | 6 1/2 (|V |+ |P∗
0 |) [18.5]

Now, consider the optimal solution. From|V | = 3|P∗
2 |+2|P∗

1 |+ |P∗
0 |, we trivially

have:

opt(I) = |P∗
2 |+ |P∗

1 |+ |P∗
0 | > 1/3 (|V |+ |P∗

0 |) [18.6]
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Thus, we obtain the expected result. The proof of tightness is omitted. Concerning
the time complexity, we refer again to [LOV 86].

Minimum 3Path Partition

1 Calculate a maximum matchingM∗
1 onG;

2 Build a bipartite graphG2 = (L,R;E2) whereL = {le|e ∈ M∗
1 }, R =

{rv|v ∈ V \ V (M∗
1 )}, and [le, rv] ∈ E2 if and only if the corresponding isolated

vertexv /∈ V (M∗
1 ) is adjacent inG to the edgee ∈M∗

1 ;

3 Calculate a maximum matchingM∗
2 onG2;

4 OutputP ′ the 3-paths partition deduced fromM∗
1 ,M∗

2 , andV \V (M∗
1 ∪M∗

2 ).
Precisely, ifM ′

1 ⊆ M∗
1 is the set of edges adjacent toM∗

2 , then the paths of length 2
are given byM ′

1 ∪M∗
2 , the paths of length 1 are given byM∗

1 \M ′
1, and the paths of

length 0 (i.e., the isolated vertices) are given byV \ V (M∗
1 ∪M∗

2 ).

18.4. Standard and differential approximation ofPkP

From now, we will exclusively deal with the approximability of MAXPkP and
MINPkP, from both standard and differential points of view. We recall thatPkP is
the special case of MAX WPkPACKING where the graph is complete onkn vertices.
We first discuss the differential approximability ofPkP, for any constant valuek, by
connection to the differential approximability of the traveling salesman problem. The
second part of this section then focuses on the special case wherek = 4, in the aim of
extensively analyzing the approximate algorithm proposed by Hassin and Rubinstein,
which is described in section 18.4.2.1. We first considerer, on the one hand, general
and metric instances for the standard ratio (section 18.4.2.2) and, on the other hand,
general instances for the differential ratio (section 18.4.2.3). We then switch to bi-
valuated instances, i.e.,{1, 2}-instances for the standard ratio (section 18.4.2.4) and
{a, b}-instances for the differential ratio (section 18.4.2.5).

18.4.1. Differential approximation of PkP from the traveling salesman problem

A common technique in order to obtain an approximate solution for MAXPkP
from a Hamiltonian cycle is called thedeleting and turning aroundmethod (see for
instance [HAS 97, HAS 06, FRE 78]). Starting from a tour, this method buildsk solu-
tions of MAXPkP and picks the best among them, where theith solution is obtained
by deleting everykth edge from the input cycle, starting from itsith edge. The quality
of the outputP ′ obviously depends on the quality of the initial tour; in this way, it is
proven in [HAS 97, HAS 06], that anyε-standard approximation for MAX TSP pro-
vides ak−1

k ε-standard approximation for MAXPkP. From a differential point of view,
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P1 P2 P3 P4

Figure 18.8.An example of the 4 solutionsP1, . . . ,P4

P∗ P∗

L R L R

Figure 18.9.A worst solution and an optimal solution whenn = 1

things are less optimistic: even fork = 4, there exists an instance family(In)n>1 that
verifiesapx(In) = 1

2optMAXP4P(In) + 1
2worMAXP4P(In). This instance family is de-

fined asIn = (K8n, w) for n > 1, where the vertex setV (K8n) may be partitioned
into two setsL = {ℓ1, . . . , ℓ4n} andR = {r1, . . . , r4n} so that the associated weight
functionw is 0 onL × L, 2 onR × R and 1 onL × R. Thus, for anyn > 1, the
following property holds:

PROPERTY18.4.– apx(In) = 6n, optMAXP4P(In) = 8n, worMAXP4P(In) = 4n.

Proof. If the initial tour is described asΓ = {e1, . . . , en, e1}, then thedeleting and
turning aroundmethod produces 4 solutionsP1, . . . ,P4 wherePi = ∪n−1

j=0 {{ej+i,
ej+i+1, ej+i+2}} for i = 1, . . . , 4 (indices are considered modn). Figure 18.8 pro-
vides an illustration of this process (the dashed lines correspond to the edges from
Γ \ Pi).

Observe that any optimal tourΓ on In has total weight8n (consider that any tour
contains as many edges with their two endpoints inL as edges with their two endpoints
in R). Hence, starting from the optimal cycleΓ∗ = [r1, . . . , r4n, l1, . . . , l4n, r1], any
of the four solutionsP1, . . . ,P4 output by the algorithm (see Figure 18.8) has value
w(Pi) = 6n, while an optimal solutionP∗ and a worst solutionP∗ are of total weight
respectively8n and4n (see Figure 18.9). Indeed, because anyP4-partitionP is a2n
edge cut down tour, we get, on the one hand,optMAX TSP(In) > w(P) and, on the
other hand,w(P) > 8n− 4n = 4n, which concludes this argument.
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Nevertheless, the deleting and turning around method leads to the following
weaker differential approximation relation:

LEMMA 18.1.– From an ε-differential approximation ofMAX TSP, we can poly-
nomially calculate anε

k -differential approximation ofMAXPkP. In particular, we
deduce from [HAS 01, MON 02b] thatMAXPkP is 2

3k -differential approximable.

Proof.Let us show that the following inequality holds for any instanceI = (Kkn, w)
of MAXPkP:

optMAX TSP(I) >
1

k − 1
optMAXPkP(I) + worMAXPkP(I) [18.7]

Let P∗ be an optimal solution of MAXPkP, then arbitrarily add some edges to
P∗ in order to obtain a tourΓ. From this latter, we can deducek − 1 solutionsPi for
i = 1, . . . , k − 1, by applying the deleting and turning around method in such a way
that any of the solutionsPi contain(Γ \ P∗). Thus, we get(k − 1)worMAXPkP(I) 6
∑k−1

i=1 w(Pi) = (k − 1)w(Γ) − optMAXPkP(I). Hence, consider that we also have
w(Γ) 6 optMAX TSP(I) and the result follows. By applying again the deleting and
turning around method, but this time from a worst tour, we may obtaink approximate
solutions of MAXPkP, which allows us to deduce:

worMAX TSP(I) >
k

k − 1
worMAXPkP(I) [18.8]

Finally, letΓ′ be anε-differential approximation of MAX TSP and we deduce from
Γ′ k approximate solutions of MAXPkP. If P ′ is set to the best one, we getw(P ′) >

k
k−1w(Γ′) and thus:

apx(I) >
k

k − 1
w(Γ′) >

k

k − 1

(
εoptMAX TSP(I)+(1−ε)worMAX TSP(I)

)
[18.9]

Using inequalities [18.7], [18.8] and [18.9], we getapx(I) >
ε
k optMAXPkP(I) +

(1− ε
k )worMAXPkP(I) and the proof is complete.

To conclude with the relationship betweenPkP and TSP with respect to their
approximability, observe that the minimization case with respect to standard approx-
imation is also trickier. Notably, if we consider MINMETRICP4P, then the instance
family I ′n = (K8n, w

′) built as the same asIn with a distinct weight function defined
asw′(ℓi, ℓj) = w′(ri, rj) = 1 andw′(ℓi, rj) = n2 + 1 for any i, j, then we have:
optTSP(I

′
n) = 2n2 + 8n whereasoptP4P(I ′n) = 6n.
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18.4.2. ApproximatingP4P by means of optimal matchings

Here starts the analysis, from both a standard and a differential point of view,
of an algorithm proposed by Hassin and Rubinstein in [HAS 97], where the authors
show that the approximate solution is a 3/4-standard approximation for MAXP4P. We
prove that, with respect to the standard ratio, this algorithm provides new approxima-
tion ratios for METRICP4P, namely: the approximate solution respectively achieves
a 3/2, a 7/6 and a 9/10-standard approximation for MINMETRICP4P, MINP4P1,2 and
MAXP4P1,2. As a corollary of a more general result, we also obtain an alternative
proof of the result of [HAS 97]. We then prove that, under differential ratio, the ap-
proximate solution is a 1/2-approximation for generalP4P and a 2/3-approximation
for P4Pa,b. In addition to the new approximation bounds that they provide, the ob-
tained results establish the robustness of the algorithm that is addressed here, since
this latter provides good quality solutions irrespective of the version of the problem
we deal with and irrespective of the approximation framework within which we esti-
mate the approximate solutions.

Note that the gap between differential and standard approximation levels that
might be reached for a maximization problem comes from the fact that, within the
differential framework, the approximate value is located within the tighter interval
[wor(I), opt(I)], instead of[0, opt(I)] for the standard measure. That is the aim of
differential approximation: the reference towor(I) makes this measure both more
precise (relevant with respect to the notion of guaranteed performance) and more ro-
bust (in the sense that minimizing and maximizing tend to be equivalent and, more
generally, differential ratio is invariant under affine transformation of the objective
function).

18.4.2.1.Description of the algorithm

The algorithm proposed in [HAS 97] runs in two stages: first, it calculates an op-
timum weight perfect matchingM on I = (K4n, w); then, it builds on the edges of
M a second optimum weight perfect matchingR in order to complete the solution
(note that “optimum weight” signifies “maximum weight” if the goal is to maximize
and “minimum weight” if the goal is to minimize). Precisely, we define the instance
I ′ = (K2n, w

′) (having a vertexve in K2n for each edgee ∈ M ), where the weight
functionw′ is defined as follows: for any edge[ve1 , ve1 ] on I ′, w′(ve1 , ve2) is set to
the weight of the heaviest edge that linkse1 ande2 in I, i.e., if e1 = [x1, y1] and
e2 = [x2, y2], thenw′(ve1 , ve2) = max {w(x1, x2), w(x1, y2), w(y1, x2), w(y1, y2)}
(when dealing with the minimization version of the problem, set the weight to the
lightest). We thus build on(K2n, w

′) an optimum weight matchingR, which is then
transposed to the initial graph(K4n, w) by selecting onK4n the edges that realizes the
same weight. Since the calculation of an optimum weight perfect matching is polyno-
mial, the whole algorithm runs in polynomial time, whether the goal is to minimize or
to maximize.
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18.4.2.2.GeneralP4P within the standard framework

For any solutionP , we denote respectively byMP andRP the set of the end
edges and the set of the middle edges of its paths. Furthermore, we consider for any
pathP = {x, y, z, t} of the solution the edge[t, x] that completesP into a cycle. If
RP denotes the set of these edges, we observe thatRP∪RP forms a perfect matching.
Finally, for any edgee ∈ P , we will denote byPP(e) theP4 from the solution that
containse and byCP (e) the 4-edge cycle that containsPP(e).

LEMMA 18.2.– For any instanceI = (K4n, w) with optimal solutionP∗ and for any
perfect matchingM , there are four pairwise disjoint edge setsA, B, C andD that
verify:

(i) A ∪B = P∗ andC ∪D = RP∗ .

(ii) A ∪ C andB ∪D both are perfect matchings onI.

(iii) A ∪ C ∪M is a perfect 2-matching onI whose cycles are of length a multiple
of 4.

Proof. Let P∗ = MP∗ ∪ RP∗ be an optimal solution, we apply theCombining
perfect matchings process. At the initialization stage, the connected components
of the partial graph induced by(A∪C∪M) are either cycles that alternate edges from
(A ∪ C) andM , or isolated edges fromMP∗ ∩M . During step2, at each iteration,
the process merges together two connected components ofG′ into a single cycle that
still alternates edges from(A ∪ C) andM (an illustration of this merging process is
provided in Figure 18.10). Note that all along the process, the setsA, B, C andD
define a partition ofP∗ ∪RP∗ and thus remain pairwise disjoint.

Combining perfect matchings

1 A←−MP∗ ,B ←− RP∗ , C ←− {},D ←− RP∗ ;

SetG′ = (V,A ∪M) (consider the simple graph);

2 While ∃ e ∈ RP∗ that links two connected components ofG′, do:

2.1
A←− A\ (CP∗(e) ∩MP∗), B ←− B ∪ (CP∗(e) ∩MP∗);
B ←− B\ (CP∗(e) ∩RP∗), A←− A ∪ (CP∗(e) ∩RP∗);
D ←− D\

(
CP∗(e) ∩RP∗

)
, C ←− C ∪

(
CP∗(e) ∩RP∗

)
;

2.2 G′ ←− (V,A ∪C ∪M);

3 OutputA, B, C andD.

• For (i): immediate from definition of the process (edges fromP∗ are moved
fromA toB, fromB to A, but never out ofA ∪ B; the same holds forRP∗ and the
two setsC andD).
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Figure 18.10.The construction of setsA andC

• For (ii): at the initialization stage,A ∪ C andB ∪D respectively coincide with
MP∗ andRP∗ ∪ RP∗ , which are each a perfect matching. More precisely, for any
pathP ∈ P∗, if C(P ) denotes the associated 4-edge cycle, thenA ∪ C andB ∪ D
respectively contain the perfect matchingC(P )∩MP∗ andC(P )∩ (RP∗ ∪RP∗) on
V (P ). Now, at each iteration, the algorithm swaps the perfect matchings that are used
in A ∪ C or inB ∪D in order to cover the vertices of a given pathP and thus, both
A ∪ C andB ∪D remain perfect matchings.

• For (iii): at the end of the process, the stopping criterion ensures that(A ∪
C) ∩ M = { } and thus, as the union of two perfect matchings,A ∪ C ∪ M is a
perfect 2-matching. Now, consider a cycleΓ of G′ = (V,A ∪ C ∪M); by definition
of step2, any edgee from RP∗ that is incident toΓ has its two endpoints inV (Γ),
which means thatΓ contains either the two edges ofCP∗(e)∩MP∗ , or the two edges
of CP∗(e) ∩ (RP∗ ∪ RP∗). In other words, if any vertexu from any pathP ∈ P∗

belongs toV (Γ), then the whole vertex setV (P ) is actually a subset ofV (Γ) and
therefore, we deduce that|V (Γ)| = 4q, whereq is the number of pathsP ∈ P∗ such
thatΓ containsV (P ).

THEOREM 18.8.– The solutionP ′ provided by the algorithm achieves a 3/2-standard
approximation forMINMETRICP4P and this ratio is tight.

Proof. Let P∗ be an optimal solution onI = (K4n, w). Using Lemma 18.2 with the
perfect matchingMP′ of the solutionP ′, we obtain four pairwise disjoint setsA, B,
C andD. According to property(iii), we can splitA ∪ C into two setsA1 andA2

so thatAi ∪MP′ (i = 1, 2) is aP4-partition (see Figure 18.11 for an illustration).
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A1 ∪ MP′

A2 ∪ MP′

Figure 18.11.Two possibleP4 partitions deduced fromA ∪ C ∪ MP′

Hence,Ai constitutes an alternative solution forRP′ and because this latter is optimal
on I ′ = (K2n, w

′), we obtain:

2w(RP′) 6 w(A) + w(C) [18.10]

Moreover, item(ii) of Lemma 18.2 states thatB ∪D is a perfect matching; since
MP′ is a minimum weight perfect matching, we deduce:

w(MP′) 6 w(B) + w(D) [18.11]

Hence, by combining inequalities [18.10] and [18.11] (and also considering item
(i) of Lemma 18.2), we get:

w(MP′) + 2w(RP′) 6 w(P∗) + w(RP∗) [18.12]

Inequality [18.12], combined with the observation thatw(RP∗) 6 w(P∗) (which
is true from the assumption thatI satisfies the triangle inequality), leads to the follow-
ing new inequality:

w(MP′) + 2w(RP′) 6 2optMINMETRICP4 P(I) [18.13]

Relation [18.13] together withw(MP′) 6 w(MP∗) 6 w(P∗) complete the proof.
Finally, the tightness is provided by the instance familyIn = (K8n, w) that has been
described in Property 18.4.
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Concerning the maximization case and using Lemma 18.2, we can also obtain an
alternative proof of the result given in [HAS 97].

THEOREM 18.9.–The solutionP ′ provided by the algorithm achieves a 3/4-standard
approximation forMAXP4P.

Proof.The inequality [18.12] becomes:

w(MP′) + 2w(RP′) > optMAXP4P(I) + w(RP∗) [18.14]

SinceMP′ is a maximum weight perfect matching, the approximate value ob-
viously satisfies2 × w(MP′) > optMAXP4P(I) + w(RP∗); hence, we deduce
apxMAXP4P(I) >

3
4

(
optMAXP4P(I) + w(RP∗)

)
.

18.4.2.3.GeneralP4P within the differential framework

When dealing with the differential ratio, MINP4P, MINMETRICP4P and
MAXP4P are equivalent to approximate, sincePkP problems belong to the class
FGNPO, [MON 02a]. Note that such an equivalence is more generally true for any
couple of problems that only differ by an affine transformation of their objective func-
tion.

THEOREM 18.10.– The solutionP ′ provided by the algorithm achieves a 1/2-
differential approximation forP4P and this ratio is tight.

Proof. We consider the maximization version. First, observe thatRP∗ is an n-
cardinality matching. LetM be any perfect matching ofI such thatM ∪ RP∗ forms
aP4-partition we have:

w(M) + w(RP∗) > worMAXP4P(I) [18.15]

Adding inequalities [18.14] and [18.15], and sincew(MP′) > w(M), we con-
clude that:

2apxMAXP4P(I) = 2 (w(MP′) + w(RP′ )) > worMAXP4P(I) + optMAXP4P(I)

⇒ apxMAXP4P(I)− worMAXP4P(I)

optMAXP4P(I)− worMAXP4P(I)
> 1/2

In order to establish the tightness of this ratio, we refer again to Property 18.4.
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18.4.2.4.Bi-valued metricP4P with weights 1 and 2 within the standard framework

As it has been recently done for MINTSP in [BER 06, BLA 05] and because such
an analysis enables a keener comprehension of a given algorithm, we now focus on
instances where any edge weight is either 1 or 2. Note that, since theP4-partition
problem isNP-complete, the problems MAXP4P1,2 and MINP4P1,2 are still NP-
hard.

Let us first introduce some more notation. For a given instanceI = (K4n, w) of
P4P1,2 with w(e) ∈ {1, 2}, we denote byMP′,i (resp., byRP′,i) the set of edges
from MP′ (resp., fromRP′ ) that are of weighti. If we aim at maximizing, thenp
(resp.,q) indicates the cardinality ofMP′,2 (resp., ofRP′,2); otherwise, it indicates the
quantity|MP′,1| (resp.,|RP′,1|). In any case,p andq respectively count the number
of “optimum weight edges” in the setsMP′ andRP′ . With respect to the optimal
solution, we define the setsMP∗,i, RP∗,i for i = 1, 2 and the cardinalitiesp∗, q∗

as the same. Without loss of generality, we may assume that the following property
always holds forP∗:

PROPERTY18.5.– For any 3-edge pathP ∈ P∗,
|P ∩MP∗,2| > |P ∩RP∗,2| if the goal is to maximize,
|P ∩MP∗,1| > |P ∩RP∗,1| if the goal is to minimize.

Proof. Assume that the goal is to maximize. If|P ∩ MP∗,2| < |P ∩ RP∗,2|, then
P∗ would contain a pathP = {[x, y], [y, z], [z, t]} with w(x, y) = w(z, t) = 1 and
w(y, z) = 2; thus, by swappingP for P ′ = {[y, z], [z, t], [t, x]} within P∗, we could
generate an alternative optimal solution.

LEMMA 18.3.– For any instanceI = (K4n, w), if P ′ is a feasible solution andP∗ is
an optimal solution, then there exists an edge setA that verifies:

(i) A ⊆MP∗,2 ∪RP∗,2 (resp.,A ⊆MP∗,1 ∪RP∗,1) and|A| = q∗ if the goal is to
maximize (resp., to minimize);

(ii) G′ = (V,MP′ ∪A) is a simple graph made of pairwise disjoint paths.

Proof.We only prove the maximization case. We now considerG′ as the multi-graph
induced byMP′ ∪RP∗,2 (the edges fromMP′ ∩RP∗,2 appear twice). This graph con-
sists of elementary cycles and paths: its cycles alternate edges fromMP′ andRP∗,2

(in particular, the 2-edge cycles correspond to the edges fromRP∗,2 ∩MP′); its paths
(that may be of length 1) also alternate edges fromMP′ andRP∗,2, with the particu-
larity that their end edges all belong toMP′ .

Let Γ be a cycle onG′ ande be an edge fromΓ ∩RP∗,2. If PP∗(e) = {x, y, z, t}
denotes the path from the optimal solution that containse, thene = [y, z]. The initial
vertexx of the pathPP∗(e) is necessarily the endpoint of some path fromG′: other-
wise, the edge[x, y] from PP∗(e) ∩MP∗ would be incident to 2 distinct edges from
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Figure 18.12.The construction of setA

RP∗ , which would contradict the fact thatP∗ is aP4 partition. The same obviously
holds fort. W.l.o.g., we may assume from Property 18.5 that[x, y] ∈ MP∗,2. In light
of these comments and in order to build an edge setA that fulfills the requirements(i)
and(ii), we proceed as follows:

Combining matchings

1 SetA = RP∗,2; SetG′ = (V,A ∪MP′) (consider the multi-graph);

2 While there exists a cycleΓ in G′, do:

2.1
Picke from Γ ∩RP∗,2;
Pickf fromPP∗(e) ∩MP∗,2;
A←− A \ {e} ∪ {f};

2.2 G′ ←− (V,A ∪MP′);

3 OutputA.

By construction, the setA output by the algorithm is of cardinalityq∗ and contains
exclusively edges of weight 2. Furthermore, each iteration of step2 merges a cycle
and a path ofA∪MP into a path (an illustration of this merging operation is provided
by Figure 18.12). Hence, the stopping criterion ensures that, at the end of this step,
G′ = (V,A ∪MP) is a simple graph whose connected components are elementary
paths. Finally, the existence of edgef at step2.1 directly comes from Property 18.5.

THEOREM 18.11.– The solutionP ′ provided by the algorithm achieves a 9/10-
standard approximation forMAXP4P1,2 and a 7/6-standard approximation for
MINP4P1,2. These ratios are tight.

Proof. Let us considerA as the edge subset of the optimal solution that may be de-
duced from the application of Lemma 18.3 to the approximate solution. We arbitrarily
completeA by means of an edge setB so thatA ∪ B ∪MP′ constitutes a perfect
2-matching. As we did while proving Theorem 18.8, we split the edge setA ∪B into
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two setsA1 andA2 in order to obtain twoP4-partitionsMP′ ∪A1 andMP′ ∪A2 of
V (K4n). As bothA1 andA2 completeMP′ into aP4-partition and becauseRP′ is
optimal, we deduce thatAi does not contain more “optimum weight edges” thanRP′ ,
i.e.,q > |{e ∈ Ai : w(e) = 2}| if the goal is to maximize,q > |{e ∈ Ai : w(e) = 1}|
otherwise. SinceA ⊆ A1 ∪A2 and|A| = q∗, we immediately deduce:

q > q∗/2 [18.16]

On the other hand, by the optimality ofMP′ :

p > max{p∗, q∗} [18.17]

Moreover, the quantitiesp∗ andq∗ structurally verify:

n > max{p∗/2, q∗} [18.18]

Finally, we can express the value of any solutionP as:

w(P) = 3n+ (p+ q) (if goal = max), 6n− (p+ q) (if goal = min) [18.19]

The claimed results can now be obtained from inequalities [18.16], [18.17], [18.18]
and [18.19]:

10apxMAXP4P1,2
(I) = 10(3n+ p+ q)

= 9(3n) + 3n + 9p + p + 10q
> 9(3n) + 3q∗ + 9p∗ + q∗ + 5q∗

= 9(3n+ p∗ + q∗) = 9optMAXP4P1,2
(I)

6apxMINP4P1,2
(I) = 6(6n− p− q)

= 6(6n) − 6p − 6q
6 6(6n) − 6p∗ − 3q∗

6 6(6n) − 6p∗ − 3q∗ + (2n− p∗) + 4(n− q∗)
6 7(6n− p∗ − q∗) = 7optMINP4P1,2

(I)

The tightness for MAXP4P1,2 is established in the instanceI = (K8, w) depicted
in Figure 18.13, where the edges of weight 2 are drawn in continuous lines, and the
edges of weight 1 onP∗ andP ′ are drawn in dotted lines (the other edges are not
drawn). We can easily see:optMAXP4P1,2

(I) = 10 andapxMAXP4P1,2
(I) = 9.

Concerning the minimization case, the ratio is tight on the instanceJ = (K8, w)
that verifies:opt(J) = w(P∗) = 6 andapx(J) = w(P ′) = 7. J = (K8, w) is
depicted in Figure 18.14 (the 1-weight edges are drawn in continuous lines and the
2-weight edges onP∗ andP ′ are drawn in dotted lines).
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I = (K8, w) P∗ P′

Figure 18.13.InstanceI = (K8, w) that establishes the tightness for
MAXP4P1,2

J = (K8, w) P∗ P′

Figure 18.14.InstanceI = (K8, w) that establishes the tightness for
MINP4P1,2

18.4.2.5.Bi-valued metricP4P with weightsa andb in the differential framework

As we have already mentioned, the differential measure is invariant under affine
transformation; now, any instance from MAXP4Pa,b or from MINP4Pa,b can be
mapped into an instance of MAXP4P1,2 by way of such a transformation. Thus, prov-
ing MAXP4P1,2 is ε-differential approximable actually establishes that MINP4Pa,b

and MAXP4Pa,b areε-differential approximable for any couple of real valuesa < b.
We demonstrate here that Hassin and Rubinstein algorithm achieves a 2/3-differential
approximation forP4P1,2 and hence, forP4Pa,b, for any couple of reala < b.

Let I = (K4n, w) be an instance of MAXP4P1,2. We recall the notation introduced
while proving Theorem 18.11:p = |MP′,2|, p∗ = |MP∗,2|, q = |RP′,2| andq∗ =
|RP∗,2|. Furthermore, fori = 1, 2, F i will refer to the set of paths fromP ′ whose
central edge is of weighti. Note that the paths fromF1 may be of total weight 3, 4 or
5, whereas the paths fromF2 may be of total weight 5 or 6 (at least one extremal edge
must be of weight 2, orMP′ is not an optimum weight matching). We will denote by



Bounded-size Path Packing Problems 487

x

y

x′

y′

M1
P′ M1

P′

Figure 18.15.1-weight edges onV (M1
P′)

F2
5 andF2

6 the paths fromF2 that are of total weight 5 and 6, respectively. Finally,
for i = 1, 2,M i

P′ will refer to the set of edgese ∈MP′ such thatPP′(e) ∈ F i (i.e.,e
is element of a path fromP ′ whose central edge has weighti). According to [18.16]
and [18.17], we get:

optMAXP4P1,2
(I) 6 min {3n+ p+ 2q, 3n+ 2p} [18.20]

To obtain a differential approximation, we also have to produce an efficient bound
for worMAXP4P1,2 (I). To do so, we exploit the optimality ofMP′ andRP′ in order to
exhibit some edges of weight 1 that will enable us to approximate the worst solution.
We first consider the vertices fromV (F1): they are “easy” to cover by means of 3-
edge paths of total weight 3, since we may immediately deduce from the optimality of
RP′ the following property (an illustration is provided by Figure 18.15, where dotted
lines indicate edges of weight 1 and dashed lines indicate unspecified weight edges):

PROPERTY 18.6.– [x, y] 6= [x′, y′] ∈ M1
P′ implies that∀(u, v) ∈ {x, y} ×

{x′, y′} , w(u, v) = 1.

We now consider the vertices fromV (F2
5 ). Let P = {x, y, z, t} with [x, y] ∈

MP′,2 be a path fromF2
5 and we deduce from the optimality ofMP′ thatw(t, x) = 1;

hence, the 3-edge pathP ′ = {y, z, t, x} covers the vertices{x, y, z, t} with a total
weight4. Let us assume thatF2

6 = { }, then we are able to build aP4 partition of
V (K4n) using3n− |F2

5 | edges of weight 1 and|F2
5 | edges of weight 2 (one edge of

weight 2 is used for each path fromF2
5 ). Hence, a worst solution costs at most3n+ q,

while the approximate solution is of total weight3n + p + q. Thus, using relation
[18.20], we would be able to conclude thatP ′ is a (2/3)-approximation. Of course,
there is no reason forF2

6 = { }; nevertheless, this discussion has brought to the fore
the following fact: the difficult point of the proof lies in the partitioning ofV (F2

6 )
into “light” 3-edge paths. In order to deal with these vertices, we first state two more
properties that are immediate from the optimality ofMP′ andRP′ , respectively.

PROPERTY18.7.–

{
[x, y] ∈MP′,1 and[x′, y′] ∈MP′,2

⇒ min {w(x, x′), w(y, y′)} = min {w(x, y′), w(y, x′)} = 1

PROPERTY 18.8.– If [x, y] 6= [x′, y′] ∈ M1
P′ andPP′ = {α, β, γ, δ} ∈ F2, then:

{
max {w(u, v)|(u, v) ∈ {α, β} × {x, y}} = 2

⇒ max {w(u, v)|(u, v) ∈ {γ, δ} × {x′, y′}} = 1



488 Optimization and Computer Science

x

y

x′

y′

α

β γ

δ

M1
P′ M1

P′
M2

P′
w(y, β) = 2

Figure 18.16.1-weight edges that may be deduced from the optimality ofRP′
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Figure 18.17.A P4 partition of (P, e1, e2) ∈ F2
6 × (M1

P′)2 of total weight at
most 7

An illustration of this latter property is proposed in Figure 18.16, where continuous
and dotted lines respectively indicate 2- and 1-weight edges, whereas dashed lines
indicate unspecified weight edges. Properties 18.7 and 18.8 give the clue on how to
incorporate the vertices ofF2

6 into a packing of “light” P4. The construction of these
paths is formalized in the following property and illustrated in Figure 18.17.

PROPERTY 18.9.– Given a pathP ∈ F2
6 and two edges[x, y] 6= [x′, y′] ∈ M1

P′ ,
there exists aP4 partitionF = {P1, P2} of

(
V (P ) ∪ {x, y, x′, y′}

)
that is of total

weight at most8. Furthermore, if[x, y] and[x′, y′] both belong toMP′,1, then we can
decrease this weight to (at most)7.

Proof. ConsiderP = {α, β, γ, δ} ∈ F2
6 and[x, y] 6= [x′, y′] ∈ M1

P′ . We setP1 =
{α, x, x′, δ} andP2 = {β, y, y′, γ}. We know from Property 18.6 thatw(x, x′) =
w(y, y′) = 1. Thus, if every edge from{α, β, γ, δ}×{x, x′, y, y′} is of weight 1, then
P1 ∪ P2 has a total weight 6. Conversely, if there exists a 2-weight edge that links
a vertex from{α, β, γ, δ} to a vertex from{x, x′, y, y′}, we may assume that[β, y]
is such an edge; we then deduce from Property 18.8 thatw(δ, x′) = w(γ, y′) = 1
and hence, thatP1 ∪ P2 is of total weight at most 8. Finally, ifw(x, y) = 1, then
w(α, x) = 1 from Property 18.7 and thus,w(P1) + w(P2) = 7.

We are now able to calculate an approximate worst solution that provides an effi-
cient upper bound forworMAXP4P1,2 (I).
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F1
3 F1

4 F1
5

F2
5 F2

6

Figure 18.18.A partition ofP ′

LEMMA 18.4.– Let I = (K4n, w) be an instance ofMINP4P1,2 and letP ′ be the
solution provided by Hassin and Rubinstein algorithm onI. We can calculate onI a
solutionP∗ that verifies:

p∗ + q∗ 6 q + (|F2
6 | − ⌊p1

1/2⌋)+ + (|F2
6 | − n+ q)+

wherep∗, q∗ andp1
1 are defined asp∗ = |MP∗,2|, q∗ = |RP∗,2| andp1

1 = |M1
P′ ∩

MP′,1| (and expressionX+ is equivalent tomax {X, 0}).

Proof.The proof is algorithmic, based on algorithmApproximate Worst P4P. Note
that, even though this has no impact on the rightness of the proof, the calculation of
P∗ has a polynomial runtime.

This means that the good properties of the approximate solutionP ′ make it possi-
ble to really exhibit an approximate worst solution (and not only to provide an evalu-
ation of such a solution, as it is often the case while stating differential approximation
results).

In order to estimate the value of the approximate worst solutionP∗, we have to
count the numberp∗ + q∗ of 2-weight edges it contains. Letp1

i refer to|M1
P′ ∩MP′,i|

for i = 1, 2 (the cardinalityp1
1 enables the expression of the number of iterations

during step1). Steps1, 2 and3 respectively put intoP∗ at most one, two and three
2-weight edges per iteration.

Any path fromF2
6 is treated by one of the three steps1, 2 and3. If 2|F2

6 | > p1
1,

only |F2
6 | − ⌊p1

1/2⌋ paths fromF2
6 are treated by one of the steps2 and3. Finally, if

|F2
6 | > |F1|, only |F2

6 | − |F1| paths fromF2
6 are treated during step 3. Furthermore,

step4 puts at most|F2
5 | 2-weight edges intoP∗ (at most one per iteration), while steps

0 and5 do not incorporate any 2-weight edges withinP∗.

Thus, consideringq = |F2
5 | + |F2

6 | and|F1| = n − q, we obtain the announced
result.

Let us introduce some more notation. Analogously toF2 = F2
5 ∪F2

6 , we define a
partition ofF1 into three subsetsF1

3 , F1
4 andF1

5 according to the path total weight.

Note that, since the subsetsF1
j define a partition ofP ′, we haven = |F1

3 |+ |F1
4 |+

|F1
5 |+ |F2

5 |+ |F2
6 | (see Figure 18.18 for an illustration of this partition; the edges of
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weight 2 are drawn in continuous lines whereas the edges of weight 1 are drawn in
dotted lines).

Approximate Worst P4P

0 SetP = P ′, P∗ = { };
1 While ∃ {P, e1, e2} ⊆ P s.t. (P, e1, e2) ∈ F2

6 ×M1
P′,1 ×M1

P′,1

1.1 CalculateF = {P1, P2} onV (P ) ∪ V (e1) ∪ V (e2) with w(F) 6 7
according to Property 18.9;

1.2 P ←− P \ {P, e1, e2} , P∗ ←− P∗ ∪ {P1, P2};
2 While ∃ {P, e1, e2} ⊆ P s.t. (P, e1, e2) ∈ F2

6 ×M1
P′ ×M1

P′

2.1 CalculateF = {P1, P2} onV (P ) ∪ V (e1) ∪ V (e2) with w(F) 6 8
according to Property 18.9;

2.2 P ←− P \ {P, e1, e2} , P∗ ←− P∗ ∪ {P1, P2};
3 While ∃P ⊆ P s.t. P ∈ F2

6

3.1 P ←− P \ P, P∗ ←− P∗ ∪ {P};
4 While ∃P ⊆ P s.t. P ∈ F2

5

4.1 CalculateF = {P1} onV (P ) with w(F) 6 4;
4.2 P ←− P \ P, P∗ ←− P∗ ∪ {P1};

5 While ∃ {e1, e2} ⊆ P s.t. (e1, e2) ∈M1
P′ ×M1

P′

5.1 CalculateF = {P1} onV (e1) ∪ V (e2) with w(F) = 3;
5.2 P ←− P \ e1, e2, P∗ ←− P∗ ∪ {P1};

6 OutputP∗.

The following lemma states three relations between the couples of quantities(p, q),
(p∗, q∗) and(p∗, q∗) that determine the value of the approximate solution, the consid-
ered optimal solution and the approximate worst solution, respectively.

LEMMA 18.5.–

p > q∗ + (|F2
6 | − ⌊p1

1/2⌋)+ [18.21]

2q > q∗ + (|F2
6 |+ q − n)+ [18.22]

q > p∗ + q∗ − (|F2
6 | − ⌊p1

1/2⌋)+ − (|F2
6 |+ q − n)+ [18.23]

Proof.Inequality [18.21]: obvious if|F2
6 | 6 ⌊p1

1/2⌋, sincep > q∗ (inequality [18.17]).
Otherwise, we can writep as the sump = n+ |F2

6 |+ |F1
5 | − |F1

3 |. Then observe that
|F1

5 |− |F1
3 | is precisely the half of the difference between the number of 2-weight and

of 1-weight edges inM1
P′ : indeed,p1

2 = |F1
4 | + 2|F1

5 | andp1
1 = |F1

4 | + 2|F1
3 | and
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thusp1
2 − p1

1 = 2(|F1
5 | − |F1

3 |). From this latter equality, we deduce thatp1
1 andp1

2

have the same parity, or, equivalently, that(1/2)(p1
2 − p1

1) = ⌊p1
2/2⌋ − ⌊p1

1/2⌋. We
deduce:p = n + |F2

6 | + ⌊p1
2/2⌋ − ⌊p1

1/2⌋ > n + |F2
6 | − ⌊p1

1/2⌋. Just observe that
n > q∗ (inequality [18.18]) in order to conclude.

Inequality [18.22]: obvious if|F2
6 | 6 n − q, from inequality [18.16]. Otherwise,

consider thatq > |F2
6 | (by definition ofq andF2

6 ) andn > q∗ (inequality [18.18]);
therefore,q > |F2

6 | > |F2
6 |+ (q∗ − n).

Inequality [18.23]: immediate from Lemma 18.5.

THEOREM 18.12.– The solutionP ′ provided by the algorithm achieves a 2/3-
differential approximation forP4Pa,b and this ratio is tight.

Proof. By combining inequalities [18.21] to [18.23], together with2p > 2p∗, we
obtain the expected result:

3apxMAXP4P(I) = 3(3n+ p+ q)
> 2(3n+ p∗ + q∗) + (3n+ p∗ + q∗)
= 2optMAXP4P1,2

(I) + worMAXP4P1,2 (I)

The tightness is provided by the instanceI = (K8, w) that is shown on Figure
18.13; since this instance contains some vertexv such that any edge fromv is of
weight 2, the result follows.

18.5. Conclusion

Whereas both the complexity and the approximation status of bounded-size path
packing problems in bipartite graphs with maximum degree 3 have been decided here,
there remain some open questions: notably, the complexity of (INDUCED) PkPAR-
TITION for k > 4 and theAPX-hardness of MAX (INDUCED)PkPACKING for k > 4
in planar bipartite graphs with maximum degree 3. Those questions matter because, by
drawing the precise frontier between “easy” and “hard” instances of those problems,
they participate in a better understanding of what makes the problems tractable or
intractable. However, it is also important to obtain better approximation bounds; in
particular, concerning MAX WPkPACKING and MINk-PATHPARTITION: as we have
already mentioned, there are no specific approximation results that exploit the specific
structure of these problems. Even the results we propose here are obtained by means of
quite naive algorithms; thus, we could expect better bounds using more sophisticated
algorithms. Finally, an important question concerns the approximation ofPkP, and
may be more specifically that of MINMETRICPkP, because of its relations to the
minimum vehicle routing problem. We were here interested in the analysis of a given
algorithm, but not really in the improvement of the approximation bounds forPkP.
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However, we could expect better and, moreover, the following question remains open:
does the problem admit aPTAS?
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Chapter 19

An Upper Bound for the Integer Quadratic
Multi-knapsack Problem

19.1. Introduction

This chapter presents a method to calculate a good upper bound for the separa-
ble quadratic multi-knapsack problem(QMKP ), which is derived from the solution
method developed by Djerdjouret al.[DJE 88]. The problem we examine is a general-
ization of the integer quadratic knapsack problem(QKP ) which consists of maximiz-
ing a concave separable quadratic integer function subject to a single linear capacity
constraint. Although there is a paucity of solution methods to(QKP ), significant
contributions may be found in other works. Among these, Mathuret al. [MAT 83]
solve (QKP ) to optimality by applying a piecewise linearization to the objective
function to obtain an equivalent 0-1 linear problem. Bretthauer and Shetty suggest sev-
eral effective methods, such as pegging algorithms [BRE 02b] and projection methods
[BRE 96, BRE 02a] to solve the LP-relaxation of(QKP ) so as to calculate an upper
bound of the optimal value in a fast CPU time. The main application of(QKP ) is
in finance [MAT 83], [BRE 97] for the portfolio management problem can be formu-
lated as a mathematical program with a quadratic objective function under a knapsack
constraint [MAR 52]. The quadratic function measures both the expected return and
the risk and the single knapsack constraint represents the budget constraint. The as-
sumption of a single knapsack constraint does not allow the possibility of investing
into assets of different risk levels. This can be formulated by means of several knap-
sack constraints, each representing a budget allocated to assets of a given risk level.
We therefore face an integer quadratic multi-knapsack problem(QMKP ) which is a
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generalization of(QKP ). This capital budgeting model is discussed in [DJE 88] and
[FAA 74].

Formally, the integer (non-pure binary) quadratic multi-dimensional knapsack
problem(QMKP ) can be written as:

(QMKP )







max f(x) =
∑n

j=1 cjxj − djx
2
j =

∑n
j=1 fj(xj)

s.t.

∣
∣
∣
∣
∣
∣

∑n
j=1 aijxj 6 bi, i = 1, ...,m

0 6 xj 6 uj , j = 1, ..., n
xj integer j = 1, ..., n

where the coefficientscj , dj , aij , bi are non-negative. The boundsuj of variables
xj are integers such thatuj 6

cj
2dj

; indeed, the separable objective function is con-

cave which implies that for allfj, x∗j 6
cj
2dj

, wherex∗j is the optimal solution of the
programmax06xj6uj fj(xj).

The integer quadratic multi-dimensional knapsack problem(QMKP ) has re-
ceived less attention in other works than(QKP ). To the best of our knowledge,
Djerdjouret al. [DJE 88] are the only authors to propose a specific solution method
to solve(QMKP ). As such, their method is more effective than more general tech-
niques that have been primarily developed to solve general integer quadratic programs
(see [COO 81] and [KOR 85, KOR 90]). The method of Djerdjouret al.first consists
of a piecewise linearization of the objective function which consequently converts
(QMKP ) into an equivalent 0-1 multi-dimensional knapsack problem,(MKP ), for
which a wide range of methods exists (see for instance [FRÉ 86] and [CHU 98]).
These methods are presented and analyzed in the recent survey of Fréville and Hanafi
[FRÉ 05]. Djerdjouret al. then apply a surrogate relaxation to the m constraints of
(MKP ) in order to calculate an upper bound of the objective function of(QMKP ).

In this chapter we propose an upper bound that improves the surrogate relaxation
originally proposed by Djerdjouret al. [DJE 88]. The bound is improved from both
a qualitative and a calculational standpoint. We also develop a heuristic method to
get a feasible solution to(QMKP ). As no numerical evaluation of the quality of
the bounds for(QMKP ) is available in other works, we provide a theoretical and
experimental comparison of the different bounds described in this chapter. We will
compare the LP relaxation, a linearization, the surrogate relaxation [DJE 88] as well
as the upper and lower bounds we propose. The objective of the calculational study
we conduct in this chapter is to determine which bound is finally the most appropriate
to be used in a branch-and-bound procedure to efficiently solve the problem. To this
purpose we consider instances up to 2,000 variables and 2,000 constraints. Simula-
tion results show that our method provides an upper bound of good quality in most
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cases and is always better than the surrogate relaxation [DJE 88], while requiring a
significantly less calculation time.

The chapter is organized as follows. Section 19.2 summarizes the algorithm pro-
posed in [DJE 88] to calculate an upper bound of(QMKP ). In section 19.3, we
present two improvements of this algorithm. The first improvement is meant to speed
up the calculation of the bound and the second one increases the quality of the bound.
A feasible solution is proposed in section 19.4. The calculational results are reported
in section 19.5. In section 19.6 we summarize the main results of this chapter and we
point out some directions for further research.

In the remainder of this chapter, we adopt the following notations: letting(P ) be
an integer or a 0-1 program, we will denote by(P ) the continuous relaxation problem
of (P ). We letZ[P ] be the optimal value of the problem(P ) andZ[P ] the optimal
value of(P ).

19.2. The algorithm of Djerdjour et al.

The method proposed by Djerdjouret al. [DJE 88] is an exact method to solve
(QMKP ). At each node of the search tree, an upper bound is calculated by solving
a polynomial problem derived from(QMKP ). First, an equivalent formulation of
(QMKP ) is obtained by using a direct expansion of the integer variablesxj as orig-
inally proposed by Glover [GLO 75] and by applying a piecewise linear interpolation
to the initial objective function as discussed by Mathuret al.[MAT 83]. Consequently,
(QMKP ) is equivalent to the 0-1 piecewise linear program(MKP ):

(MKP )







max
∑n

j=1(
∑uj

k=1 sjkyjk) = l(y)

s.t.

∣
∣
∣
∣

∑n
j=1(aij

∑uj
k=1 yjk) 6 bi, i = 1, ...,m

yjk ∈ {0, 1}

wherey = (yjk) (j = 1, ..., n andk = 1, ..., uj),
∑uj

k=1 yjk = xj , sjk = fjk−fj,k−1

andfjk = cjk − djk
2.

In the second step of the algorithm, a surrogate relaxation is applied to the
LP-relaxation of(MKP ). The surrogate relaxation initially introduced by Glover
[GLO 65] consists of aggregating the m initial linear constraints into a single con-
straint, namely a surrogate constraint, by replacing the set of constraintsAy 6 b
by a unique constraintwAy 6 wb, whereA stands for the matrix of constraints of
(MKP ). The vectorw = (w1, ..., wi, ..., wm) is non-negative and is called the sur-
rogate multiplier. The resultant formulation(KP,w) is the surrogate relaxation of
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(MKP ) and is written as:

(KP,w)







max
∑n

j=1(
∑uj

k=1 sjkyjk)

s.t.

∣
∣
∣
∣

∑n
j=1[

∑m
i=1 wiaij ]

∑uj
k=1 yjk 6

∑m
i=1 wibi

yjk ∈ {0, 1}

The above problem(KP,w) is a knapsack problem whose LP relaxation may ef-
ficiently be solved inO(n

′

log2(n
′

)) operations, wheren
′

stands for the number of
variables of(KP,w). The knapsack problem(KP,w) is one of the most common
problems examined in the operations research works (see [MAR 90]). As proved by
Glover [GLO 65],(KP,w) is a relaxation of(MKP ). The proof relies on the fact that
an optimal solution of(MKP ) is feasible for(KP,w). For any value ofw > 0 the op-
timal valueZ[KP,w] of (KP,w) is an upper bound of the optimal valueZ[MKP ] of
(MKP ). Solving the dual surrogate problem:minw>0Z[KP,w], denoted by(SD),
leads to find the best upper boundZ[KP,w∗]. Since the objective function of(SD) is
quasi-convex the authors use a local descent method that provides a global minimum
w∗.

For each value ofw > 0 the authors solve the problem(KP,w) using a quick-
sort algorithm whose complexity isO(n

′

log(n
′

)), wheren
′

stands for the number of
variables of(KP,w). However, a more efficient method exists whose complexity is
O(n

′

). This method was proposed by Fayard and Plateau [FAY 79] and is the one we
finally adopted in the experiments instead of the quicksort algorithm.

19.3. Improving the upper bound

We present two improvements of the method in section 19.2 to calculate an upper
bound for(QMKP ). We chose to keep the surrogate relaxation of(MKP ) initially
used by the authors although a Lagrangean relaxation could have been implemented.
The rationale for using a surrogate relaxation rather than a Lagrangean relaxation
stems from theoretical results which show the superiority of the former over the latter
[FRÉ 05].

First, the local search descent method originally used by Djerdjouret al. to calcu-
late the optimal surrogate multiplier is abandoned for a global method which is proved
to be faster as evidenced by the calculational results presented in section 19.5. The sec-
ond improvement proceeds from an additional stage in which we solve(KP,w∗) in
0-1 variables rather than in continuous variables. We finally establish an order relation
between all the upper bounds included in the experiment for the sake of comparison.

The first improvement is derived from the following proposition.
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PROPOSITION 19.1.–If w∗ > 0 is the dual optimal solution of(MKP ) then the
optimal value of(MKP ) is equal to the optimal value of(KP,w∗) i.e.:

Z[MKP ] = Z[KP,w∗] [19.1]

andw∗ is an optimal surrogate multiplier for(SD) = minw>0Z[KP,w].

The proof of Proposition 19.1 is given in Appendix A and relies on the fact that the
optimal value of the dual problem of(MKP ) is an upper bound forZ[KP,w∗]. In
this special case there is therefore no (surrogate) duality gap betweenZ[MKP ] and
Z[KP,w].

From Proposition 19.1 an optimal vectorw∗ can be obtained by solving the dual
of (MKP ) instead of using the local descent method suggested by Djerdjouret al.
The numerical results presented in section 19.5 assess the calculational efficiency of
this alternative way for calculatingw∗.

To improve the upper boundZ[KP,w∗] we propose an additional stage in which
we usew∗ calculated as previously described. This stage consists of solving(KP,w∗)
in 0-1 variables rather than in continuous variables. In other words we calculate the
optimal valueZ[KP,w∗] instead ofZ[KP,w∗]. The surrogate multiplierw∗ we cal-
culate is not the optimal surrogate multiplier for the integer problem(KP,w∗). We
could have searched for this optimal vector using the method of Fréville and Plateau
[FRÉ 93] but the resultant additional quality would not have been offset by the time
required.

REMARK 19.1.– If the optimal solution of(KP,w∗) is feasible for(QMKP ) then
the valueZ[KP,w∗] is the optimal value of(QMKP ).

It follows from Remark 19.1 that the value of the bound will actually be the op-
timal value of several instances in our experiments. Traditionally the optimal value
Z[QMKP ] of the continuous relaxation of(QMKP ) is used as an upper bound for
(QMKP ). This valueZ[QMKP ] can easily be calculated by using a commercial
software, since it is a concave problem (the quadratic and separable objective func-
tion is positive semi-definite and the feasible set is convex). The following proposition
shows that the upper bound of Djerdjouret al.[DJE 88] and our improved upper bound
are always better thanZ[QMKP ] .

PROPOSITION 19.2.–The optimal value of the continuous relaxation of (MKP) is
never worse than the optimal value of the continuous relaxation of (QMKP), i.e.:
Z[MKP ] 6 Z[QMKP ]

A proof of Proposition 19.2 is straightforwardly obtained by noting that the op-
timal solution of the continuous relaxation of(MKP ) is feasible for the continuous
relaxation of(QMKP ).
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19.4. An efficient heuristic to calculate a feasible solution

The lower bound we propose is based on the fact that we know from Remark 19.1
that Z[MKP ] is tighter thanZ[QMKP ]. Consequently, we suggest to use as a
starting point the optimal solution of(MKP ) to construct a feasible solution for
(QMKP ).

The main idea of the proposed heuristic is the following. We first consider the opti-
mal solutiony∗ of (MKP ). Letting

∑

k y
∗
jk = αj , for each variablexj of (QMKP ),

we add to(QMKP ) the constraint⌊αj⌋ 6 xj 6 ⌊αj⌋ + 1, where⌊αj⌋ denotes the
greatest integer smaller than or equal toαj . Thus, each variable becomes bivalent
and, since the objective function is separable, it can straightforwardly be shown that
the resulting problem is a 0-1 linear multi-dimensional knapsack problem. Obviously,
solving this knapsack problem yields a feasible solution for(QMKP ) which is not
necessarily optimal for(QMKP ).

19.5. Computational results

In this section we report the calculational results of comparing the performance of
each upper bounds of(QMKP ) described in this chapter to that of the lower bound
proposed in section 19.4. Since no benchmark for(QMKP ) is available nowadays,
we consider three types of randomly generated instances endowing each a particular
structure: squared problems (n=m), rectangular problems (m=0.05n) and correlated
problemscj =

∑m
i=1 aij anddj = cmin/2 wherecmin is the minimum of allcj val-

ues. The rationale for using correlated problems stems from the fact that they are diffi-
cult to solve in practice for 0-1 linear multi-dimensional knapsack problems(MKP ),
which are a special case of(QMKP ).

As in [DJE 88] integer coefficients ,aij , cj anddj were uniformly drawn at random
in the range{1, ..., 100}. Coefficientsbi anduj are integers uniformly distributed such
thatbi ∈ [50,

∑m
i=1 aijuj uj ∈ [1, ⌈cj/2dj⌉], where⌈x⌉ denotes the smallest integer

greater than or equal tox. For the correlated problems,cj anddj are derived from
aij , whereas they are randomly generated according to a uniform law in the range
{1, ..., 100} for squared and rectangular problems.

To assess the quality of the four upper bounds we used our lower bound to cal-
culate the relative gap (Gap = (upper bound - lower bound)/(lower bound)) since this
lower bound was near optimal in most of the instances considered by Djerdjouret
al. [DJE 88]. Our lower bound is actually the value of the best known feasible solution.
The simulation results show that our feasible solution was better than the 3 feasible
solutions provided by Djerdjouret al. [DJE 88] in66% of the instances, equal in33%
of them and worse in1%. Our lower bound is on average3% higher than the best of
the three feasible solutions which are already closed to the optimum (see [DJE 88] for
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Instances Z[QMKP] Z[MKP] = Z[KP, w∗] [KP, w∗]

Cplex9.0 Cplex9.0 or [DMS88] Our approach

nb var,nb const Gap (%) Gap (%) Gap (%)

Rectangular
100,5 2.6 0.5 0.3
500,25 2.8 0.4 0.3
1000,50 3.8 0.6 0.5
1500,75 5.5 1.6 1.5
2000,100 5.3 1.0 0.9

Correlated
100,100 56.3 14.8 11.2
500,500 81.5 20.9 17.3

1000,1000 80.2 19.0 14.9
1500,1500 111.3 31.9 23.1
2000,2000 128.8 37.6 33.4
Squared
100,100 16.9 9.5 8.2
500,500 12.9 7.9 7.5

1000,1000 32.2 23.0 21.7
1500,1500 37.8 24.6 23.9
2000,2000 53.0 36.9 36.2

Table 19.1.Comparison of the quality of the upper bounds

more details). Our lower and upper bounds as well as the upper bound of Djerdjouret
al. were coded in C language. The two other upper boundsZ[MKP ] andZ[QMKP ]
were obtained using the commercial software ILOG-Cplex9.0. Simulations were run
on a bi-xeon 3.4 Ghz with 4Go of main memory.

Table 19.1 displays the average deviation of each upper bound to the feasible so-
lution over 10 replications of each type of instances. For example,Z[QMKP ] is on
average56.3% higher than our feasible solution over 10 replications of correlated
problems with 100 variables and 100 constraints. The last column provides the per-
centage of instances for which our upper bound corresponds to the optimum value
(see Remark 19.1). It appears that our bound behaves quite well for the rectangular
problems for which the overall gap is less than1.6%.

The quality of the upper bound is lower for squared and correlated problems with a
gap ranging from7% to 33%. However, our upper bound significantly outperforms the
continuous relaxation of(QMKP ) in all cases. Our upper bound is also better than
the upper boundZ[KP,w∗] with a maximum improvement of4.2% for the squared
problems (1,000,1,000).
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Instances Z[QMKP] Z[MKP] Z[KP, w∗] [KP, w∗]

nb var,nb const Cplex9.0 Cplex9.0 [DMS88] Our approach
Rectangular

100,5 0.0 0.0 0.3 0.0
500,25 7.5 0.1 10.1 0.1
1000,50 55.3 0.3 41.7 0.4
1500,75 193.1 0.8 100.3 0.8
2000,100 437.9 1.6 183.3 1.8

Correlated
100,100 0.0 0.0 0.0 0.0
500,500 0.0 0.0 0.5 0.0

1000,1000 0.2 0.0 1.5 0.1
1500,1500 0.8 0.1 3.7 0.2
2000,2000 2.2 0.2 7.6 0.4
Squared
100,100 0.0 0.0 0.3 0.0
500,500 7.3 0.1 9.0 0.2

1000,1000 58.2 0.5 37.9 0.5
1500,1500 184.5 1.5 86.6 1.6
2000,2000 421.3 3.4 157.8 3.6

Table 19.2.Comparison of the CPU times (s) required for each upper bound

The lowest gap is obtained for rectangular problems which suggests that our
method performs best for this type of instances. We strongly believe that this good
performance is more the result of an increased quality of our upper bound than that of
an improvement of the quality of the lower bound. Indeed, as previously mentioned,
simulations results showed that the lower bound is always near optimal for any of the
three types of instances. Moreover, fewer constraints are aggregated in this type of
instances so less information is lost. This could explain an improvement of the quality
of our upper bound in this context.

Table 19.2 displays the CPU time in seconds required to calculate the four upper
bounds. The most time-consuming bound is the continuous relaxation with a maxi-
mum of about 8 minutes to solve one of the largest correlated problems. The fastest
bound isZ[MKP ] with almost instantaneous results for rectangular problems and an
average of 3.4 seconds for the largest squared problems.

The time to calculate our upper bound deviates at most 0.2 seconds from the time
to obtainZ[MKP ]. Our method can therefore be considered as fast as the previous
one. The advantage of calculating w* by solving the dual of(MKP ) rather than using
a descent local method as suggested by Djerdjouret al. [DJE 88] strikingly appears:
CPU times are sometimes divided by 100.
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19.6. Conclusion

In this chapter we have designed a method to calculate a good upper bound for
(QMKP ) and we have compared this bound to three other bounds over a large num-
ber of instances. The numerical results clearly show that our method provides the
best upper bound in a very competitive calculation time compared to the lineariza-
tion which is the quickest method. The proposed upper bound could therefore be used
in an exact solution method. The calculational study also evidenced the good quality
of our feasible solution which could consequently be used as an initial solution in a
branch-and-bound method. It is worth mentioning that the continuous relaxation of
(QMKP ), although widely used in practice, is not an efficient method from either a
qualitatively or a calculational standpoint. A possible way to get a further improve-
ment of the upper bound would be to use a composite relaxation including both a
Lagrangean and a surrogate relaxation of the initial problem as suggested by Fréville
and Hanafi [FRÉ 05], who present several methods to solve the 0-1 multi-dimensional
knapsack problem.

Appendix A: proof of Proposition 19.1

Let c andA respectively denote the cost vector and the constraints matrix of
(MKP ). Let us also respectively denote bye andI the unit vector (te = (1, . . . , 1))
and the identity matrix.(MKP ) and its dual problem(DMKP ) can be written as:

(MKP )







max cy

s.t.

∣
∣
∣
∣
∣
∣

Ay 6 b (→ dual var.u)
y 6 e (→ dual var.v)
y > 0

(DMKP )







min g(u, v) = ub+ ve

s.t.

∣
∣
∣
∣

uA+ Iv > c
u > 0, v > 0

Let us recall the dual surrogate problem(SD) : minw>0 Z(KP,w) where
(KP,w) is the following knapsack problem:

(KP,w)







max h(y) = cy

s.t.

∣
∣
∣
∣
∣
∣

wAy 6 wb
0 6 y 6 e
with

We first prove the following statement:∀(u, v) feasible for(DMKP ), g(u, v) >

Z(KP, u).
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Let (u, v) be a feasible solution for(DMKP ) andyu the optimal solution for
(KP, u):

g(u, v) = ub+ ve > uAyu + ve
(yu feasible for(KP, u)⇒ ub > uAyu)

> cyu − vyu + ve
((u, v) feasible for(DMKP )⇒ uA > c− v andyu > 0)

> cyu + v(e− yu)
> cyu = Z(KP, u)

(0 6 yu 6 e)

Now let (u∗, v∗) andw∗ respectively be the optimal solution for(DMKP ) and
for (SD). By duality in linear programming, we know:Z(DMKP ) = Z(MKP ).
So the following inequality holds :

Z(MKP ) = Z(DMKP ) = g(u∗, v∗) > Z(KP, u∗)

> min
w>0

Z(KP,w) = Z(KP,w∗)

Since(KP,w∗) is a (surrogate) relaxation of(MKP ), we know thatZ(MKP ) 6

Z(KP,w∗). This yields the following result:Z(MKP ) = Z(DMKP ) =
Z(KP,w∗). Moreover:Z(DMKP ) = g(u∗, v∗) > Z(KP, u∗) > Z(KP,w∗).
Since we know thatZ(DMKP ) = Z(KP,w∗), it follows thatu∗ is an optimal mul-
tiplier for the surrogate dual problem(SD).
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Algorithms Research Group, Université Libre de Bruxelles

Michel KOSKAS

LAMFA, Université de Picardie, France

Benjamin LEROY-BEAULIEU

ROSE, Ecole Polytechnique Fédérale de Lausanne

Didier LIME

IRCCyN, Ecole Centrale de Nantes, France

Marco LOCATELLI

D.I., Università degli Studi di Torino, Italy

Giorgio LUCARELLI

Department of Informatics, Athens University of Economics and Business, Greece

Nicolas MAUDET

LAMSADE, Université Paris-Dauphine, France



List of Authors 509

Martin MILANI Č
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