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Preface

Real industrial systems are usually assessed by setting several objectives which
are often competing with each other. Good compromise solutions are then looked
for. The task of multiobjective optimization is to determine so-called efficient (or
Pareto optimal) solutions which cannot be improved simultaneously with regard
to all objectives.

The present book first gives a survey of the principles and classical methods of
multiobjective optimization. Afterwards, the set of Pareto candidates is consid-
ered as a differentiable manifold, and a local chart is constructed which is fitted
to the local geometry of this Pareto manifold. This opens up the possibility of
generating new Pareto candidates by evaluating that local chart numerically. The
generalized homotopy method thus developed has important advantages. It is ca-
pable of solving multiobjective optimization problems with an arbitrary number
k of objectives, enables the generation of all types of Pareto optimal solutions
and is able to produce a homogeneous discretization of the Pareto set.

In the theoretical part of the book, the homotopy method is put on a sound
mathematical basis by providing a necessary and sufficient condition for the set
of Pareto candidates to form a (k — 1)-dimensional differentiable manifold. The
theoretical discussion is followed by a description of the numerical details of the
proposed homotopy algorithm. Finally, by solving three multiobjective sample
problems we demonstrate how this algorithm works in practice. Two of these
problems originate in optimization applications within the configuration of in-
dustrial systems. '
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Chapter

Introduction

The behavior of industrial plants and systems is in general determined by a
number of physical and technical parameters. The values of these systemn param-
eters — in the following called variables' — are fixed more and more with the
help of optimization calculations. Based on a mathematical model of the system
an optimization algorithm searches for those values of the variables, for which
certain objective quantities take on a minimum (or a maximum).

In order to be able to apply the methods of classical optimization, the quality
of the system behavior has to be measured with a single objective, i.e. with a
scalar-valued quantity. However, real industrial systems are mostly assessed by
more than one criterion. All corresponding objectives should possibly be opti-
mized simultaneously. Often the criteria are contradictory in such a way that
optimization of one criterion entails a poor value of another criterion. Therefore,
one requires good compromise solutions which are suboptimal, but acceptable as
to the individual objectives. The problem of finding good compromise solutions
is called a multiobjective optimization problem (MOP), a vector optimization
problem (VOP) or a multicriteria optimization problem. We shall use the terms
vector optimization and multiobjective optimization synonymously in this book.
In almost all fields of the science of engineering original vector optimization prob-
lems turn up. They range from designs of electrical switching circuits. machine
parts, airplanes and weight-bearing structures (bridges, pylons etc.) to planning
and controlling of water-supply systems. One can find detailed bibliographical
references to application problems of vector optimization in [STADLER, 1988]
and [DAs, 1997). Chapter 2 describes some characteristic applications of multi-
objective optimization arising within the configuration of industrial systems at
Siemens company.

At an early stage of decision-making one often has no precise information

about the relative importance of the individual objectives. In these cases a whole
family of variable values have to be considered as being of equal importance,

1 Following the linguistic usage common in the field of optimization, we will from now on
call the technical system parameters ‘variables’. The word ‘parameter’ shall be used in the
present book as a mathematical denomination (and will be specified more precisely, if need
be, as chart parameter or homotopy parameter).
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namely such solutions — denoted as efficient —, in which no objective can be fur-
ther improved without impairing at least one other objective. At this early stage
of decision-making the purpose of mathematical vector optimization is therefore
to give a survey of efficient solution alternatives to the user (also called decision-
maker) or, in the ideal case, to determine the entire set of efficient solutions.

To solve this mathematical problem, a number of methods has been evolved
(see e.g. [JAHN, 1986], [GOPFERT & NEHSE, 1990] and [DAs, 1997]). Most of
them are based on the idea of transforming the vector optimization problem into
a problem of scalar-valued optimization or of breaking it down into partial prob-
lems which can be solved with methods of scalar-valued optimization. A survey of
the most important classical methods of multiobjective optimization can be found
in Section 3.2 of this book. Apart from that, Section 3.3 presents a recent and
completely different approach to vector optimization based on stochastic concepts
(see [SCHAFFLER ET AL., 1999]).

One of the most common approaches to multiobjective optimization is

the so-called weighting method (see e.g. [GOPFERT & NEHSE, 1990] and
[DAs & DENNIS, 19964A]). It interprets a convex linear combination of the indi-
vidual objectives as a (now scalar-valued) objective function and searches for a
minimizer of this objective function. Global minimizers of such a convex combina-
tion are necessarily efficient solutions of the initial vector optimization problem.
By variation of the coefficients in the convex combination, i.e. by variation of the
relative weights of the individual objectives, various efficient solutions can be gen-
erated. The weights are thus parameters of a family of scalar-valued optimization
problems. The weighting method therefore treats the multiobjective optimization
problem as one of classical parametric optimization.
In general, a parametric optimization problem has a family of minimizers, of
which each one is a stationary point of the objective function — or, if the search
space is restricted by equality constraints, of the Lagrangian function — and thus
is necessarily also a zero of @ parametrized function (namely of the gradient of the
parametrized objective or Lagrangian function). Consequently, the parameter of
the optimization problem can be interpreted as a homotopy parameter. In con-
trast to the (common) case, in which such a homotopy parameter is artificially
introduced to build a bridge - by variation of this parameter - between a system
of equations, the solution of which is known, and a system of equations with
unknown solution, in parametric optimization problems the homotopy parameter
is given in a natural way. If a solution (i.e. a minimizer) is known for a special
parameter value, homotopy methods can be applied to find solutions for differ-
ent parameter values (see e.g. [SCHWETLICK, 1979], [RHEINBOLDT, 1986], and
[ALLGOWER & GEORG, 1990]). Indeed, homotopy methods — also known as
continuation methods — can be utilized successfully for parametric optimization
problems (see [RAO & PAPALAMBROS, 1989)]).

Therefore it seems reasonable to interpret the vector optimization problem,
following the approach of the weighting method, as a parametric optimization
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problem and to employ the homotopy technique for its solution. In fact, such an
approach was proposed by Rakowska et al. [RAKOWSKA ET AL., 1991].

Contrary to classical parametric optimization problems, the vector optimiza-
tion problem (VOP) has two peculiarities, which have to be taken into account,
if one intends to establish the homotopy method as a theoretically founded and
generally applicable solution method for multiobjective optimization problems.

(a) If k& denotes the number of objectives of the VOP to be minimized, the
weight vector has (k — 1) components which can be chosen freely — the
k-th component results from normalizing the sum of the components to 1.
The VOP therefore has a natural (k — 1)-dimensional homotopy parameter.
The classical homotopy techniques presuppose a one-dimensional homotopy
parameter (which is, as we mentioned earlier, in most cases introduced
artificially).

(b) The interpretation of the VOP as a parametric optimization prob-
lem has its theoretical grounds in a theorem of Kuhn and Tucker
[KUHN & TUCKER, 1951]. It says that to every efficient solution of the
VOP necessarily there exists a convex combination of the objectives, i.e. a
scalar-valued function, such that the efficient point (in the variable space) is
a Karush-Kuhn-Tucker point of this scalar-valued objective function. (Re-
member that in the case of unconstrained optimization a Karush-Kuhn-
Tucker point is just a stationary point.) However there is no necessary
optimality condition of second order in the VOP - in contrast to the scalar-
valued optimization. The link between vector and scalar-valued optimiza-
tion does therefore not extend to second order optimality conditions. Con-
sequently an efficient point does not necessarily have to be a minimum of
the corresponding convex combination of the individual objectives.

The homotopy approach which has been proposed by Rakowska et
al. [RAKOWSKA ET AL., 1991] does not take these peculiarities of the vector
optimization problem into consideration.

On the one hand it is limited a priori to the special case of bicriterial optimiza-
tion problems (i.e. k = 2). In this special case the (weight) homotopy parameter
is one-dimensional, a property, on which Rakowska's homotopy method is based?:
A homotopy curve is determined numerically by means of a predictor-corrector
technique. Both curve points calculated last are interpolation nodes of a cubic
Hermite-interpolant, which itself is a predictor of the curve point to be calculated.
On the other hand Rakowska’s approach is limited to the determination of such
efficient points, which are minima of a convex combination of the objectives.

2 From this conceptional limitation of Rakowska’s homotopy approach the following
generalization is erroneously inferred in current articles on vector optimization (see
[Das & DEnNis, 1996B] and [Das, 1997]): ‘A continuation/homotopy based strategy for
tracing out the Pareto curve ... cannot be applied to problems with more than two objec-
tives in general’. (Pareto-points correspond to efficient solutions.)



On the way towards a homotopy method which enables us to solve genuine
multicriterial vector optimization problems (i.e. cases with k£ > 2 as well) on good
theoretical grounds, we have to ask the following questions:

(A) What part do saddle points of convex combinations of the objectives play
within the totality of efficient solutions?

(B) Under what circumstances is the zero manifold, which consists of stationary
points of the objective function (or Lagrangian function) parametrized by
the weight vector, suitable for some kind of homotopy method?

(C) How can a homotopy method be constructed which enables us to examine
freely in all directions (i.e. in all dimensions) the generally multidimensional
zero manifold of (potentially) efficient solutions, starting from a point of this
manifold, instead of restricting us — like in common homotopy methods —
to one-dimensional submanifolds (curves) of this zero manifold?

The purpose of the present book is finding an answer to these questions. The
key to the answer lies in a thorough examination of the set of efficient points
(or of the mentioned zero manifold which contains all efficient points) from the
viewpoint of differential topology. Depending on whether one looks at this
set in the variable space — more precisely: in the product space of variables,
Lagrange multipliers and weight parameters — or at the image of this set (under
the mapping of the objective function) in the k-dimensional objective space, one
gains different insights and results.

The differential-topological look at the solution set in the objective space
makes 1t possible to extend the comprehension of the interrelation, discovered by
Kuhn and Tucker, between scalar-valued optimization and vector optimization:
First, one can show what geometric significance the weight vector has with re-
spect to the manifold of efficient points in the objective space (see Section 4.3).
From this geometric significance follows in turn that the weight vector contains
important information for the user, by means of which he is able to distinguish
and interpret the calculated efficient solutions (see Paragraph 6.2.1).
Furthermore, a connection can be established between the local curvature of the
solution manifold in the objective space and the question, what sort of stationary
points (i.e. minima or saddle points of a convex combination of the objectives)
the corresponding efficient solutions represent (see Section 4.4). Automatically
the important part which saddle points play within the totality of efficient solu-
tions will then have been clarified.

If one looks at the solution set in the (extended) variable space from the
standpoint of differential topology, one first has to ask the question, whether or
under which premises the zero manifold — which consists of stationary points
of convex combinations of the objectives and therefore of candidates for efficient
solutions — is a differentiable manifold of the dimension (k — 1) (= the number
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of components of the weight vector that can be chosen freely). In Section 5.2
we will show that (sufficiently small) neighborhoods of minima as well as of
saddle points (with the additional property of having a regular Hessian matrix
of the Lagrangian function) are automatically (k — 1)-dimensional differentiable
manifolds. Furthermore, we will indicate a weakly restrictive condition which is
sufficient for neighborhoods of border points between minimum and saddle point
regions to be (k — 1)-dimensional differentiable manifolds. (We refer to border
points between a region of the zero manifold, in which the stationary points
are minima of a convex combination of the objectives, and a region, in which the
stationary points are saddle points of a convex combination of the objectives.) By
virtue of this important assertion in principle it is possible to reach minima regions
from saddle point regions and vice versa by homotopy. Hence, by means of the
differential-topological way of looking at things it is possible to gain theoretical
assertions which safeguard the use of homotopy methods for vector optimization.

Moreover, the differential-topological look at the solution set in the ex-
tended variable space provides constructive guidelines for a generalized homotopy
method3, which takes into account the dimensionality of the natural homotopy
parameters in the case of multiobjective optimization (see Section 5.3). Every ho-
motopy step is interpreted as a numerical evaluation of a chart (= parametrization
for a local description of the solution manifold) which is fitted to the local geom-
etry of the solution manifold. The homotopy method based on this central idea
is formulated in Chapter 6 as a numerical algorithm. Besides its main property
of completely exhausting the natural multidimensionality of the solution set this
homotopy method will provide the user with important advantages:

(1) The method is capable of generating a homogeneous distribution of efficient
solution points in the objective space or, if need be, of controlling this dis-
tribution in a simple way (see Paragraph 6.1.3). The decision-maker thereby
obtains sufficient information in all areas of the solution space about the
mutual competition of the different objectives.

—_
N\
—

Alternatively the user can either become acquainted with the efficient points
situated in the neighborhood of a known efficient solution in all directions
and thus gain a local survey of efficient alternative solutions (method variant
I, described in Section 6.1) or vary the relative weight of the individual
objectives in a purposeful way (variant II, described in Section 6.2).

(3) The homotopy method determines the weight vector which is associated to
each calculated efficient solution. This vector contains the relative valences

3 Strictly speaking, the developed method is not a homotopy method in the narrow sense,
since it does not utilize the natural homotopy parameters (i.e. the components of the weight
vector). but constructs in each step own homotopy parameters which are fitted to the local
geometry of the solution manifold. (One can find a comparison with classical homotopy
methods in Section 6.1.2.) For the sake of brevity we will not speak, however, of a ‘generalized
homotopy method’. but simply of a homotopy method.



of the individual objectives in this solution point and provides the decision-
maker with valuable information for interpreting the solution point (see
Paragraph 6.2.1).

Chapter 7 describes the use of the method by solving two industrial problems
of vector optimization. These problems come from the field of power plant con-
struction and the field of operating point optimization of industrial plants and
are presented in the following Chapter 2.

Let us still emphasize two points:

e For the homotopy method to be applicable to a given vector optimiza-
tion problem, both the (vector-valued) objective function and the functions
which define the restrictions must be twice continuously differentiable. Be-
cause of its universality this assumption will no longer be stated explicitly
in many places of the present book. It is a sufficient prerequisite for the
results of Section 4.3 (geometric significance of the weight vector) that the
objective function and the restrictions are once continuously differentiable.

e The homotopy method developed here is applicable outside vector opti-
mization as well, when solutions of systems of equations are searched for
which depend on several parameters in a natural way.



Chapter

Vector Optimization in Industrial
Applications

Application problems of vector optimization that arise in the science of engi-
neering are documented in literature in great numbers (see e.g. [STADLER, 1988]
and [DAS, 1997]). Instead of listing these quotations here again, we will present
the multiobjective problems which originate in optimization applications within
the configuration of industrial systems. Subsequently we will discuss in detail
two multiobjective problems which arise in the concrete practice of the plant

manufacturer SIEMENS.

Manufacturers of (industrial, power, telecommunication etc.) plants and, more
generally, technical systems are mostly confronted with the following types of op-
timization problems:

The design phase of plants or systems involves the optimization of physical and
technical design variables of a plant or its components.

In the phase of putting a plant into service its operating point has to be deter-
mined, i.e. those values of the control variables have to be found which result
from the viewpoint of the plant operator - in an optimal system behavior.
Design and operating point optimization are each based on a model of the plant
behavior. Such a model consists of the phyvsical and technical correlations be-
tween the system parameters and contains mostly several quantities which have
to be determined by comparing model predictions with the results of measure-
ments. Since the aim is to minimize the deviation of the model predictions from
the measurements, model optimization is another industrial field of applied opti-
mization.

All three application fields of optimization are in many cases characterized by
several contradictory objectives, for which good compromise solutions have to be
found.

An illustrative example of a multicriterial plant design is the optimization
of variables characterizing the geometry of a vacuum pump. Such a pump has
to have simultaneously maximum suction capacity, minimal power demand and
minimal demand for operating liquid.

Typical conflicting objectives within industrial system design are the maximiza-

9
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10 The Design of a Combined-Cycle Power Plant [Section 2.1]

tion of efficiency (or plant productivity), the minimization of failure and the
minimization of the investinent funds to be raised for the acquisition of the plant.
Another class of multicriterial design problems originates from the fact that in
long-term plant investments the later operation conditions of the plant (e.g. in a
power plant: full load or sub-load running) are not predictable with certainty at
the time of the plant design. Since, however, the values of the objectives (e.g. the
efficiency of the power plant) depend on the operation conditions, the following
way of acting is adequate: From the set of possible operation scenarios a few
prototypic representatives are chosen (e.g. full load plus a sub-load scenario).
The value of the original objective (e.g. power plant efficiency), which is obtained
within a prototypic operation scenario, is now an objective component of the
new, henceforth vector-valued, optimization problem. The dimension of the ob-
jective space is given by the number of prototypic operation scenarios'. One has
an essential competitive advantage when making an offer, if one is able to show
efficient design alternatives for this multiobjective problem. Out of the quantity
of efficient design alternatives the management of the potential purchaser and
future user of the plant can choose the one which is best integrated with the
overall strategy of his enterprise.

When optimizing the operating point, the vector of objectives in general con-
sists of the quantities of the single desired plant products (to be maximized each)
and the quantities of the unwanted by-products or pollutants (to be minimized
each).

Model optimization is often also a multicriterial problem. In this case, the
vector of objectives is spanned by the discrepancies between the single measured
quantities or measurement points within the real plant and the corresponding
model predictions.

To fill these general assertions with life, in the sequel two examples from
the concrete SIEMENS-practice are discussed in detail. Both multiobjective op-
timization problems were solved numerically by means of the homotopy method
developed in this book. The results can be found in Chapter 7

2.1 The Design of a Combined-Cycle Power Plant

The type of power plant in which the highest efficiencies in electricity production
can be achieved are the so-called combined-cycle power plants (in short: CC-
power plants). In these plants two thermodynamic processes are coupled for the
purpose of efficiency improvement (see [STRAUSS, 1994]). The liquid or gaseous
fuel (generally natural gas) is injected into a combustion chamber filled with
compressed air. In a gas turbine the combustion gas expands to a low pressure,

! If the original objective is already vector-valued, the dimension of the objective space is the

product of the number of the operation scenarios and the number of the original objectives.
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thus powering a generator and producing electricity. The residual heat contained
in the (up to 600 degrees centigrade) hot exhaust gas of the gas turbine is used
in a so-called heat recovery boiler to drive a second thermodynamic process,
namely a water/steam cycle. In the heat recovery boiler water is transformed into
overheated steam (so-called live steam) which for its part powers a steam turbine
and thus contributes to the electricity production. Since the hot exhaust gas
cools off when flowing through the heat recovery boiler, residual heat on different
temperature levels can be disposed of. In order to utilize the residual heat of
each level in an optimal way, live steam is generated in different thermodynamic
states adapted to the relative temperature level of the exhaust gas. State of the
art are so-called triple-pressure cycles with a high pressure(hp)-stage, a medium
pressure(mp)-stage and a low pressure(lp)-stage. The hot exhaust gas flowing out
of the gas turbine generates first high pressure steam, cools down, then generates
medium pressure steam, and the residual heat is used for generating low pressure
steam. Since the steam turbine is also divided into different areas, the steam of
each pressure stage can be introduced at a suitable point into the steam turbine
and can thus be used for electricity production.

To what degree heat is transferred from exhaust gas to water (or steam) within
each pressure stage, is characterized by the so-called pinch-point, a quantity which
is specific for each pressure stage. It represents the smallest temperature difference
between the exhaust gas and the steam, i.e. between the heat-emitting and the
heat-absorbing medium. Since heat transfers are caused by temperature differ-
ences, small pinch-points can be obtained only with large — and thus expensive -
heat exchanger surfaces. On the other hand small temperature differences between
heat-emitting and heat-absorbing media imply a thermodynamically effective ex-
ploitation of the residual heat and consequently an increase of efficiency.

As the purchaser (and future operator) of a power plant wants to keep both
his fuel and his investment costs as low as possible, the design of the three pinch-
points of a triple-pressure combined-cycle power plant is characterized by two
contradictory objectives: the maximization of the thermodynamical efficiency (or,
equivalent to it, the minimization of the negative efficiency) and the minimization
of the investment costs connected with the pinch-point design, i.e. the costs of
the heat recovery boiler and the cooling system.

Thus, the optimum pinch-point design constitutes a problem of bicriterial
optimization?. Its solution can be found by means of the homotopy method de-
veloped and will be presented in Section 7.2.

2 From the viewpoint of pure business management a power plant design can be assessed
by a single objective quantity, namely the electricity production costs caused by this de-
sign (i.e. the costs which arise for the power plant operator when generating one kWh of
electricity). Both efficiency and investment costs enter into this objective quantity:

tnvestment costs - annuity fuel price

Electricity production costs = (2.1)

electrical power - working hours = ef ficiency
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2.2 The Optimal Operating Point
of a Recovery-Boiler

In paper production wooden shavings are boiled in a chemical solution for break-
ing down cellulose. The chemicals used and most of the heat energy required for
the pulping process can be recovered from the concentrated spent liquor (so-called
black liquor) of the process by means of a recovery-boiler. The degree to which
chemicals and heat are recovered is of decisive significance for the economy of the
entire plant (see [BOWE & FURUMOTO, 1992]).

Figure 2.1 represents the schematic structure of a recovery-boiler. The waste

liquor, already concentrated, is injected into the furnace of the boiler by means of
liquor guns. Waste liquor drops are formed during spraying and are dried while
falling through the rising hot stack gas. The dried alkaline particles fall on the
char bed. Here reactions take place which are important for the recovery: pre-
dominantly chemical reduction processes because of lack of oxygen; the remaining
organic parts of the waste liquor are incinerated. As a result of the reactions one
obtains alkaline ashes in the char bed, which can be removed from the boiler and
from which the chemicals used for boiling wood can be recovered easily. Volatile
components and reaction products are swept away by the stack gas and reach
an oxidation zone. There is a surplus of oxygen and the combustion process is
concluded by oxidizing reactions. The heat of the combustion gases is used to
generate overheated steam and to produce electricity.
The air required for the combustion is introduced into the burning chamber in
three different stages (primary, secondary and tertiary air). These three streams
of air are the control variables of the system. By supplying the air and divid-
ing it between three feeds the plant operator can control the reaction conditions
in the recovery-boiler (in particular, the proportion of oxidation and reduction
processes).

Constant economical operation of the recovery-boiler is the purpose of the
plant control. A boiler operating economically is characterized by well-balanced
reaction conditions in the char bed which are appropriate for the recovery of the
chemicals, by a large steam production and by a low portion of pollutants in the
waste gas outlet. As a given constraint, a certain quantity of black liquor has to
be processed and incinerated by the recovery-boiler.

The economic factors ‘annuity’ and ‘fuel price’, the values of which are required for the entire
operating duration in order to be inserted in the above formula, as well as the marketable
electricity quantity per annum (electrical power - working hours) can only be roughly fore-
casted at the moment of the power plant design. Since unpredicted changes of these economic
factors alter the relative importance of the investment costs and the efficiency within the
total electricity production costs, it is of highest interest for the power plant manufacturer
to know the set of efficient (alternative) solutions, which describes the ‘trade-off’ between
efficiency and investment costs.
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Figure 2.1: Schematic representation of a recovery-boiler

Mainly four measured quantities indicate to the plant operator whether the above
requirements of the boiler operating point are met: the Oz-concentration in the
waste gas, the SO,-concentration in the waste gas, the mass flow of the generated
steam and the temperature of the char bed. Since because of the complexity of the
chemical and hydrodynamical processes no detailed physical model of the plant
behavior is available, the control of the recovery-boiler is based essentially on the
experience of the plant operator. According to the quantity of black liquor to be
incinerated, he sets four desired values for the four above-mentioned measured
quantities, which should guarantee an economical operation of the boiler. The
single desired (ideal) values each take into account one of the different operation
objectives, which are partially competing with each other. Therefore, in general
there is no realizable operating point which complies with the desired combination
of the four values given by the plant operator. More likely, an operating point has
to be found for which the four measured quantities are close to the values given
by the operator.

Balancing the three air supplies of a recovery-boiler is therefore a multicrite-
ria optimization problem. The four individual objectives are constructed by the
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quadratic deviations of the four measured quantities from the relative value de-
sired by the plant operator. If a set of efficient operating points (with regard to
the vector-valued objective function constructed out of these four individual ob-
jectives) has been calculated as a solution of this vector optimization problem, the
plant operator can choose the most appropriate adjustment from his experience
and based on his knowledge of the current urgency of the individual objectives.

Section 7.3 will present the solution of this multiobjective optimization prob-
lem.



Chapter

Principles and Methods
of Vector Optimization

3.1 The Concept of Pareto Optimality

Let an operation point or a plant design be characterized by n real-

valued variables z,,...,z,. The variables can be combined to a vector
z :=(zy,...,2,)T € R® and are supposed to vary freely within a feasible set
R CR"™

Quantitative criteria for the assessment of a variable vector ¢ are k objectives
f1,..., fx, which are functions of  and which can be combined to a vector-valued
objective function f:

[R5 RF
f: { z o f(z) = (fi(2)... filz)". (3:1)

Let us formulate the application problem in such a way as to minimize all ob-
jectives f; at the same time'. In general. however, individual objectives are in
contradiction to each other, i.e. an improvement with regard to one objective
causes the deterioration of another. The requirement of minimizing all objectives
fi simultaneously has to be interpreted in a suitable way in order to obtain a
meaningful type of problem.

Since minimization presupposes in principle that various objective function values
be compared with each other, an ordering concept in the R¥, appropriate to the
problem, is required. The definition of a total order which allows us to compare
any two arbitrary clements of the considered space with each other meets with
difficulties in the R. If there does not exist a given hierarchy of the k objectives, it
is, for instance, not possible to indicate an order relation between the two vectors
(of values of a two-dimensional objective function) y' = (4,2) and y? = (2,4),
without implying a (possibly local) weighting of the objectives. Instead of a total

1 If the original requirement is maximizing an objective f;, then it will be transformed into

the equivalent requirement of minimizing — f;.

C. Hillermeier Nonlinear Multiobjective Optimization
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order we therefore define only a weaker order relation in the R* which is denoted
by < and which is illustrated in Figure 3.1 for the special case of the R?.

Definition 3.1: (Order relation < in the R¥)

Let < denote an order relation in the R¥, i.e. a special subset of the set
R x R¥ of all ordered pairs of elements of the R¥. Instead of (y', ¥?) € < one
customarily uses the infix notation y! < y?%. Let the order relation be defined
as follows:

' <y? < y?-y' eRt, where RE :={y e Ry >0Vie {1,...,k}}
denotes the non-negative orthant of the R. m|

Figure 3.1 Vectors of the R? as compared to some vector y according to the order
relation < defined above. The assertion z > y is (defined as being) equivalent to y < z.

For the coordinates of a vector y! which is unequal to y? and which is smaller
than y? in the sense of ‘<’ we have: Vi € {1,...,k}: y} <yZand 35 € {1,...,k},
such that y} < yf. If y' and y? represent two values of a vector-valued objective
function, this means: y' is at least as small (i.e. as good) as y? with regard to all
objectives and is strictly smaller (i.e. better) with regard to at least one objective.
This ordering concept is the suitable formalization when comparing two technical
solutions which are being assessed with regard to more than one criterion.
Essential properties of the order relation ‘<’ are:

(a) There are vector pairs {y', y*} in the R*, which cannot be compared with
regard to < , i.e. for which neither y' < y? nor y% < y' is true (see Fig-
ure 3.1). One example are the above-mentioned vectors y' = (4,2) and
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y? =(2,4).

This partial non-comparability reflects the fact that different objectives
are of equal significance. This is why there is an essential difference between
vector optimization problems and scalar-valued optimization problems; the
objective space R of the latter possesses a total order induced by the natural
numbers. The concrete meaning of total order is that for any two numbers
y',y? € R always y! < 3% or y? < ' holds true.

(b) The order relation < is a partial order in the R¥, because:

e y<y VyeRF (reflexivity)

3

oy <y*and y’ <y’ = y' <y’ (transitivity)

e y' <y’and y* < y' = y' =y’ (antisymmetry)

(¢) Since the non-negative orthant R% is a special case of a convex cone, < is
a conic partial order. Therefore, the compatibility of < with the linear
structure of the R is guaranteed:

o y Y eRF ¥ <yl AERA>0 = Ay' < )\y?
e y .y Y eR Y <y = y' +y < y?+yl

Oun the basis of this ordering concept the task of vector optimization can now be
defined (see also [SAWARAGI ET AL., 1985] and [GOPFERT & NEHSE, 1990]):
It consists of finding those points * € R the objective vectors f(z*) of which
are ‘minimal’ with regard to the order relation <. Minimality with regard to <
is stated more precisely by defining an efficient point y* € R*.

Definition 3.2: (Efficient point, Pareto optimal point, dominating point)

Let f(R) be the image set of the feasible set R C R™ under the vector-valued
objective function f. A point y* € f(R) C RF is called (globally) efficient
with regard to the order relation < defined in R¥, if and only if there exists no
y € f(R), y# y", with y < y™. A point * € R with y* = f(z~) is called
(globally) Pareto? optimal®, if and only if y* is efficient.

A point ' € R is said to dominate a point &?¢€ R if (and only if)

f(') # f(2?) and f(2') < f(2?). o

2 In some papers #* is also called an Edgeworth-Pareto optimal point. In fact, Edgeworth
published already in 1881 important contributions to the commonly called Pareto opti-
mality concept (see [EDGEWORTH, 1881]). Pareto presented his results later in his book
[PARETO, 1906],[PARETO, 1971)]. For a historical discussion see [STADLER, 1987].

Some authors do not distinguish between ‘efficient points’ (which according to the above
definition are elements of the objective space) and ‘Pareto optimal points’ (which according
to the above definition are elements of the variable space). When the meaning becomes clear
by the context, we will also sometimes use both terms synonymously in this book.
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Hence, the aim of vector optimization is to find efficient points y* € f(R) along
with the Pareto optimal points &* pertaining to them. If the different objectives
are of equal importance, no efficient solution is distinguished a priori from any
other efficient solution. The best what mathematics can do at this stage of the
description of the problem is calculating all efficient points y* € f(R) (along
with all pertaining Pareto optimal points * € R). From this so-called efficient
set [C f(R)] or Pareto set [C R] the decision-maker can choose that particular
solution which he thinks should be realized, using additional criteria not as yet
taken into account in the description of the problem.

The homotopy method for generating Pareto optimal points which is devel-
oped in the present book is based on local properties of the objective function f.
In particular, when examining the Pareto optimality of the point  only points
of a neighborhood of  are considered. Stating this ‘local comparison concept’
more precisely provides the term of local Pareto optimality:

Definition 3.3: (Locally Pareto optimal point)

A point z* € R is called locally Pareto optimal, if and only if there exists
a neighborhood U(2*) of #* such that y* := f(&*) is efficient with regard to
the (local) image set f (RN U(z*)). Accordingly, y* is called locally efficient.

O

Since globally Pareto optimal points are necessarily also locally Pareto optimal,
our method provides locally Pareto optimal points as candidates for the (finally
wanted) globally Pareto optimal points. The problem that optimization methods
lead to local optimum values, whereas the application problem requires in many
cases global optimum values, arises in the vector optimization in the same way
as in the scalar-valued (‘ordinary’) optimization. A satisfactory solution to this
problem both in the scalar-valued and in the vector-valued case is offered only by
stochastic search methods because of their ability to escape from local minima
by a purposeful use of stochastic effects (see [SCHAFFLER, 1995]). In Section
3.3 we will present a stochastic method for searching for globally efficient solu-
tions of unconstrained VOPs which has recently been developed by Schaffler et
al. [SCHAFFLER ET AL., 1999].

A disadvantage of stochastic search methods is the large number of required
evaluations of the objective function. Especially in industrial cases of application,
in which an evaluation of the objective function is based on a simulation of the
system behavior which requires long computing times, it is therefore often sensible
to apply fast local search methods.

Quite a few applications demand explicitly that the system variable be varied
only locally. For example, the physical-mathematical system model has frequently
only a local range of validity which one must not leave. When searching for
an optimal operation point one often has knowledge about the system behavior
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and its compliance with security requirements only for values of variables in
the neighborhood of a tried and tested operation point. Within design problems
excessive variations of the design variables are mostly unwelcome, because their
effect on the costs is difficult to estimate and, therefore, not included in the
objective function.

In all these aforesaid application cases the generation of locally Pareto optimal
points is not only a first step (in the sense of obtaining candidates for the globally
Pareto optimal points actually wanted), but already the completion of what the
user can expect from mathematics.

In the following chapters — with the exception of Sections 3.2 and 3.3 where
we survey the ‘state of the art’ in multiobjective optimization — we will develop a
method for generating candidates for locally Pareto optimal points. These points
are, of course, also candidates for globally Pareto optimal points. In most cases
we will no longer distinguish between local and global Pareto optimality. The
term efficiency will be treated analogously.

3.2 Survey of Methods

In the course of this section we will sketch briefly the most important existing
methods which allow us to generate the set of eflicient solutions of a given mul-
tiobjective optimization problem (or mostly: a subset of it). In this context we
will moreover list the essential advantages of the generalized homotopy method
as well as its limitations.

scalar-valued )
. —» Pareto optimum (1)
optim. problem (A;)

transformation, . .
VOP > . .
parametrized . .

by A

scalar-valued

optim. problem (Ay) | Pareto optimum (N)

Figure 3.2 Basic idea of scalarization: The original VOP is transformed into scalar-
valued optimization problems in a parametrizable way. By varying the transformation
parameter A and solving the resulting scalar-valued optimization problems one tries to
generate different efficient points of the VOP.
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First we will turn to the deterministic methods. These are (almost always)
based on a ‘scalarization’ of the vector optimization problem, i.e. on the principle
of transforming the vector optimization problem into a problem of scalar-valued
optimization. Since by solving this scalar-valued optimization problem usually
only a single efficient solution can be found, the transformation process (i.e. the
scalarization) is formulated in a parametrizable way. By varying the (transforma-
tion) parameter different scalar-valued optimization problems and - in the form
of their solutions - in general several efficient points can be generated. Figure 3.2
illustrates this basic idea schematically.

In particular, the following different approaches have to be mentioned:

(a) Weighting method

This method, which was first introduced by Zadeh [ZADEH, 1963], is still
probably the most widely used vector optimization method. Its fundamental
principle (see also Chapter 1) is to assign to each of the k (individual)
objective functions a weight o; > 0 [normalized by Z:-c:l a; = 1] and to
solve the substituting scalar problem

min Z a; fi(). (3.2)

The transformation parameter (for generating multiple scalar substituting
problems) is the weight vector a := (ay,...,a)", reflecting the ‘signifi-
cance’ of the individual objectives. By varying a one can obtain a subset of
the total set of efficient solutions. Global minimizers of the scalar-valued
substituting function Zle a; fi(z) = aT- f(z) are necessarily? globally
Pareto optimal solutions, local minimizers correspond necessarily to locally
Pareto optimal points.

A geometric interpretation of the weighting method can easily be gained
by considering the scalar-valued substituting function go(z) := a”- f(=).
Since a”- f(x) = constant defines a plane in the objective space character-
ized by its normal vector «, each choice of the transformation parameter o
induces a partition of the objective space into planes of identical g,-values
as shown in Figure 3.3.

Disadvantages of this method are (see also [DAS & DENNIS, 19964]):

¢ In general vector optimization problems the image f(R) of the feasible
set R need not be a convex subset of the objective space RF. For VOPs
with non-convex f(R) there is an important class of eflicient points,
which are not minimizers of a scalar-valued substituting function of
the type a”- f(z). Such points cannot be found with the weighting

4 If the value 0 is also permissible for individual weights a;, the (global or local) Pareto
optimality is guaranteed only for unique (global or local) minima.
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Figure 3.3 Scalarization of the vector-valued objective space as induced by the weighting
method (see text).

method.
Section 4.4 provides a detailed discussion of this class of efficient points.

e Since any numerical method solving a VOP will only be able to com-
pute a limited number of efficient points (or candidates), it becomes
crucial to have these points be spread in the objective space as uni-
formly as possible, so that a good approximation of the whole efficient
set is obtained. The weighting method fails to meet this requirement
and generates an irregular discretization of the set of efficient points.
The distances between the points generated in the objective space can-
not be controlled directly.

(b) Weighted L,-metric method

Methods of this kind choose a ‘desired point’ ¥ in the objective space R* and
search for eflicient solutions which come ‘as close as possible’ to this point
y. Both the desired point y and the metric, by means of which the deviation
of a solution f(&) from the desired point ¥ is quantified, can be varied. If

the objective space R* is metrized by means of a weighted vector norm p,
1

of the form pp(y) = (Ele Wi |y,-|”)p, with p € [1,00) U {0}, w; > 0 and

Zle w; = 1,° one obtains the following scalar substituting problem:

k
Ifeifgl Zw,' |fi(z) —wil” (3.3)

5

Poo 1s defined as po, (y) := max{wi|u1|,-..,wk|yk|}, 1.e. as a weighted maximum norm.
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Figure 3.4 Scalarization of the vector-valued objective space as induced by the weighted
L,-metric method. The quarter-circles are the curves (in the objective space) along which
the scalar-valued substituting function of (3.3) is constant. Here, the transformation
parameters have been chosen as y = u, w = (1,1)Tand p = 2.

The scalarization achieved in that way is shown by means of the resulting
contours in Figure 3.4.

In the case of p € [1,00) the solutions of the substituting problems thus
obtained are necessarily efficient. The desired point g, the weighting vector
w (see weighting method) and the exponent p of the vector norm are the
transformation parameters of the scalarization. g has to meet the require-
ment y; < fi(2) Ve € R, i € {1,...,k}. For instance, this is true for the
so-called ideal objective vector (also called utopia point) u, the i-th com-
ponent of which is the global minimum of the individual objective function
fi-

When including the (p = oo)-norm, in principle all efficient solutions can
be generated by varying (y,w,p). However, it is just the strategy of a
meaningful variation of the transformation parameters which is the main
problem of this class of methods. In particular, one cannot make a univer-
sal statement about the conditions, under which it is actually possible to
generate different efficient solutions by controlling the parameters (¥, w,p)
(see [GOPFERT & NEHSE, 1990]).
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(c) €-constraint method

This method goes back to Marglin [MARGLIN, 1967] and Haimes
[HAIMES, 1973]. It chooses one individual objective f;, j € {1,...,k} to
be minimized. For each of the other objectives an upper level is fixed which
must not be exceeded. Hence, the scalar substituting problem has the fol-
lowing appearance

zer(l}%r?C)fj(m) foraje{1,...,k}

C:={zeRfi(e)<e Vie{l,...,k} withi # j} .

(3.4)

Figure 3.5 Scalarization of the objective space as induced by the e-constraint method.
f1 has been chosen as the reference objective to be minimized.

A unique global minimizer of problem (3.4) is necessarily a globally Pareto
optimal solution of the original VOP, a unique local minimizer of (3.4) is
necessarily a locally Pareto optimal point. Figure 3.5 sketches the contours
introduced into the objective space according to this transformation of the
VOP. The index j of the chosen reference objective f; and the upper levels
€; for the other objectives play the part of transformation parameters. By
varying these parameters all efficient points are in principle attainable.

The main difficulty of the e-constraint method consists in finding the range
of reasonable values for the upper levels. By choosing too low (i.e. too
restrictive) levels ¢; one frequently generates scalar substituting problems
which do not possess a feasible solution. If the upper levels of certain ob-
jectives, on the other hand, are set too high, these objectives cease to play
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a part in the substituting problem (3.4), so that by local variation of the
upper levels in question no new solution points are generated.

Method of equality constraints

The method of equality constraints proposed by Lin [LIN, 1976] also
chooses an objective f; to be minimized and therefore is closely related to
the e-constraint method. The remaining objectives enter the scalar-valued
substituting problem in the form of equality constraints:

zeI(anrleD)fj(m) foraje{l,...,k} 3.5

D:={zecR"fi(z)—e=0 Vie{l,... ,k} with ¢ # j}

Figure 3.6 lllustration of a situation where a global minimizer z of the scalar-valued
problem (3.5) [with f; chosen as the reference objective to be minimized and ¢, set
as the equality constraint value for the second objective f;] is not Pareto optimal with
respect to the original VOP.

By varying the transformation parameters, i.e. the index j of the reference
objective f; and the constraint values ¢; for the remaining objectives,
in principle all efficient points can be attained. However, as can be seen
from Figure 3.6, the Pareto optimality of a solution of the scalar-valued
substituting problem (3.5) is not automatically guaranteed, but has to be
verified - e.g. by making use of a necessary and sufficient condition as
indicated by [LIN, 1976).

Similarly to the e-constraint method, the method of equality constraints
has the disadvantage that many of the generated scalar substituting
problems do not have a feasible solution.
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(e) Normal-Boundary Intersection

A technique which has been devised recently by Das and Dennis
[DAs & DENNIs, 1996B] and is called Normal-Boundary Intersection
(NBI) scalarizes the multiobjective problem in a geometrically motivated
way.

At first, for all individual objectives f;,i € {1,...,k} the respective global
minimizers @ € R are required. The convex hull of the individual min-
ima in the objective space, called (CHIM) [DAs & DENNIS, 1996B],
i.e. the convex hull of the vectors {f(z;),...,f(z;)} CR¥, can be
expressed by means of the matrix ® := (f(z;)...f(z)) € R¥*F as
{®8 | B € R¥, Ele Bi =1, 8; > 0}. It represents a simplex, the points of
which are characterized (or parametrized) by the weight vector 3. Figure
3.7 illustrates the CHIM-simplex in the bicriterial case.

Figure 3.7 lllustration of the CHIM-simplex in a bicriterial example with a convex image
set f(R). The solution of the substituting NBI-problem (with the starting point 3 on
the CHIM-set) is marked by +.

The NBI-approach is based on the following observation, from which also
the name of the method is derived: If to an arbitrary point ®8 of the CHIM
one attaches the unit normal vector N to the CHIM-simplex (oriented
towards the negative orthant), under certain circumstances the half-line
generated by N intersects the boundary of the image set f(R) in an efficient
point. In Figure 3.7 this point of intersection is indicated with a ‘+’. The
problem of finding the point of intersection can be expressed as a scalar



26

Survey of Methods [Section 3.2]

optimization problem (NBI substituting problem):

min —t with the additional constraint
z€R
tER (3.6)

where ®3 denotes the starting point on the CHIM-simplex. By varying the
weight vector 3, i.e. by varying the starting point on the CHIM-simplex and
by solving the resulting NBI substituting problems a subset of the efficient
set can be generated.

Figure 3.8 A situation [with non-convex image f (R)] where a global minimizer 2 of an
NBI subproblem is not Pareto optimal with respect to the original VOP.

In bicriterial vector optimization problems, for every Pareto optimal point
z* there exists a corresponding NBI substituting problem of which «* is
the solution. For more than two objectives (i.e. for k > 3), however, this
assertion is no longer true (see also [DAS & DENNIs, 1996B]). A simple
counterexample for the case of k = 3 is a VOP the image f(R) of the feasible
set R of which is a sphere in R} touching the coordinate axes. Then the
CHIM-simplex is the triangle formed by joining the three points where the
sphere touches the axes. We extend the boundary of the CHIM-simplex
— while remaining on the plane containing the CHIM-simplex — until it
touches the boundary of the sphere f(R) and denote the extended CHIM
by CHIM,. Now it can be stated that there exist points in CHIM\CHIM
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underneath which there are efficient points on the sphere. Those efficient
points are not solutions of an NBI substituting problem.

As a further drawback, in VOPs with a non-convex image f(R) of the
feasible set R a solution of an NBI substituting problem is not necessarily
a Pareto optimal point (not even necessarily locally Pareto optimal) as can
be seen in Figure 3.8.

Homotopy approach

The only proposal known by the author to use the homotopy
method for solving multiobjective problems was made by Rakowska et
al. [RAKOWSKA ET AL., 1991] and has already been introduced in Chapter
1. We discussed there that this proposed method has two serious disadvan-
tages: namely, on the one hand, the method limits itself by construction
to bicriterial problems and, on the other hand, only those Pareto optimal
points are determined which are minima of a convex combination of the
individual objectives.

The generalized homotopy method which is developed in this book elimi-
nates both shortcomings. In order to judge the newly developed homotopy
method in comparison to the multiobjective optimization methods surveyed
above and in order to furnish the user with criteria under which circum-
stances the application of this method is possible or useful, we will now list
its assets and limitations.

The following advantages must be emphasized (see also Chapter 1):

(+) The method makes also such Pareto optimal points accessible which
are not minima of a convex combination of the objectives (cf. the
welghting method).

{(+) The method attains a high numerical efficiency by making extensive
use of the linearized information about the zero manifold of Pareto
candidates.

(+) The discretization density of the efficient set in the objective space can
be controlled in a simple way. In particular, the method is capable of
generating a homogeneous discretization of the efficient set.

(4) For each of the calculated solutions the relative valences of the in-
dividual objectives (in this solution point) are provided, so that the
decision-maker obtains valuable information for the interpretation of
this solution point.

For these assets, however, one has to pay with some limitations or potential
disadvantages:

o The applicability of the method presupposes that both the vector-
valued objective function and the functions defining the constraints
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have to be twice continuously differentiable. Moreover, the method
requires an explicit calculation of the Hessian matrix of the Lagrangian
function.

¢ Since the method is based by construction on local properties of the
objective and restriction functions, the global Pareto optimality of a
generated point is not automatically guaranteed. If in a generated point
the Hessian matrix of the Lagrangian function — which has been cal-
culated in the course of the methodical procedure — is positive definite
in an appropriate linear subspace, then its local Pareto optimality is
thereby guaranteed (which in many cases of application is sufficient,
see Section 3.1).

o If a vector optimization problem with inequality constraints has to
be solved by means of the developed method, either slack variables
have to be introduced or one has to adopt an active-set-strategy. As
mentioned briefly in footnote 1 on page 65 both approaches are not
entirely unproblematic.

e By starting from one Pareto optimal point, the whole Pareto set can be
generated by means of homotopy only if this Pareto set is contained in
a connected differentiable manifold. If, however, the manifold of Pareto
candidates is composed of more than one connection components, one
starting point for each connection component is required to calculate
the entire Pareto set.

The second class of methods for solving multiobjective optimization prob-
lems are stochastic methods. Here, stochasticity is the crucial feature which
makes it possible to generate not only a single efficient solution, but a whole set
of efficient points without changing the instruction of the method. As already
mentioned in Chapter 1, typical applications of stochastic vector optimization
methods are characterized by the search for globally efficient solutions and by
sufficiently available computing time. After surveying two well-known stochas-
tic methods in the following, in Section 3.3 we will acquaint the reader in some
more detail with a recent and promising stochastic approach for multiobjective
optimization developed by Schaffler et al. [SCHAFFLER ET AL., 1999].

(g) Stochastic search according to Timmel

Starting point of this method stated by Timmel [TIMMEL, 1980] is a set of
realizations of an n-dimensional random variable (i.e. a set of n-dimensional
random numbers), which is distributed equally on the feasible set® R C R"
and which outside R has the probability density 0. From this set of real-
izations all points ¢ which are dominated by some other point of this set,
i.e. for which there exists a point Z of this set with f(z) < f(z), are elim-
inated. The point set thinned out in this manner is a first approximation

6 The feasible set R in this method is assumed to be compact.
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of the set of Pareto optimal points, A¢ = {z,..., :Bg} C R. Here, rg € N
denotes the cardinal number of the approximation set Ay in the 0-th itera-
tion step.

As of now the approximation set is subject to an iteration instruction
A; — Apyi. In this process one tries to generate out of every point zJ'- €A a
new point which is not dominated by :z:]’-. This is done by choosing stochas-
tically a search direction (normalized to the length 1) out of the polyhedral
cone which is generated by the negative gradients of the individual ob-
jectives, —Vf,-(zjl-), 1=1,...,k. The steplength ¢ is reduced between suc-
cessive iterations. After having generated new points out of all points :l:]I»
according to this instruction [i.e. after having completed for each point :1:]’» a
search step for a new point not dominated by mjl-], one obtains the improved
approximation set A;y; by uniting A; with the newly generated points and
by eliminating all points that are dominated by another point of this sum-
set.

For differentiable objective functions Timmel is able to show the following
stochastic convergence of the approximation set A; towards the set of Pareto
optimal points: For all € > 0 and all efficient points y € f(R) one has:

ll_lglo Pz eA: |fz)—yll<e)=1, (3.7)

where P(.) denotes the probability of the event described within the brack-
ets.

Evolutionary algorithms

By the term ‘evolutionary algorithms’ a class of heuristic optimization al-
gorithms is subsumed which simulate the survival of the fittest in biological
evolution by means of algorithms. Originally devised for scalar-valued op-
timization problems, evolutionary algorithms are appropriate also for mul-
tiobjective optimization, since they utilize an entire set (‘population’) of
variable points simultaneously. Similarly to Timmel’s approach the popula-
tion is interpreted as an approximation of a subset of the efficient set which
is improved from iteration to iteration with regard to this approximation
property.

The renewal of a population is based on the so-called ‘genetic operators’:
recombination (out of two points of the population picked out at random
a new point is generated, e.g. by averaging), mutation (single, randomly
selected digits of the newly generated point are substituted by a realiza-
tion of a random variable) and selection (out of the union of the (original)
population and the newly generated points those with the best ‘fitness’ are
taken over into the new population). There exists a great variety of detailed
iteration instructions which follow this principle.

In scalar-valued optimization problems the objective function it-
self serves mostly as fitness. For vector optimization Goldberg (see
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[GOLDBERG, 1989]) was the first to propose a Pareto-based fitness assign-
ment: First the whole population is considered, and all points which are
not dominated by some other point of the population receive the (fitness)
rank 1. Then the difference between the population and the rank-1 points
is looked upon, and to all non-dominated points in this difference set the
rank 2 is assigned, etc. A related scheme also assigns a rank to each point
of a population. That rank is given by the number of those points within
the population which dominate this point.

Since the aim is to arrive after a given number of iterations at a population
which can be regarded as an approximately homogeneous discretization of
the efficient set, one has to prevent the population from converging to a sin-
gle point. To this end one introduces some repulsion between the points of
the population. This can be accomplished by means of the so-called fitness
sharing technique, where one diminishes the fitness of a point depending
on the number of points of the population which are situated in its close
neighborhood.

A survey of evolutionary algorithms for vector optimization can be found
in [FONSECA & FLEMING, 1995].

Since evolutionary algorithms do not utilize derivative information (which
of course is eminently important for accelerating the search for (Pareto) op-
tima), their use is recommended only for non-differentiable objective func-
tions or for problems, in which the gradients can be evaluated only numer-
ically. A serious disadvantage of this class of methods is furthermore that
in virtue of the ‘wide range hopping’ of points which is induced by recom-
bination and because of the couplings between the points of the population
entailed by selection no universally applicable assertions on stochastic con-
vergence can be made.

The following section will be devoted to a recently developed stochastic
method for multiobjective optimization. We shall present this promising and the-
oretically well-founded approach in greater detail in order to stimulate further
research in that area.

3.3 A New Stochastic Method for Unconstrained
Vector Optimization

The method has been devised by Schaffler et al. [SCHAFFLER ET AL., 1999] for
the solution of the following unconstrained vector optimization problem

min f(z). (3.8)

z€R"

Here, the objective function f : R® — RF is assumed to be twice continuously
differentiable. ‘Minimization’ requires calculating all (or a large number) of the
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Pareto optimal points.

The basic idea is to construct a deterministic dynamics resulting in a special curve
of dominated points and to perturb this dynamics by a stochastic (Brownian) mo-
tion. Paragraph 3.3.1 introduces the (sophisticated) ordinary differential equation
which defines the basic curve of dominated points. This deterministic dynamics
is perturbed by a Brownian motion and thus forms the drift part of a stochastic
differential equation (SDE) which is introduced and analyzed in Paragraph 3.3.3.
The numerical solution of this SDE yields an algorithm for computing (a large
number of) Pareto optimal points.

The discussion given here follows closely the original paper by Schaffler et
al. [SCHAFFLER ET AL., 1999].

3.3.1 A Curve of Dominated Points

The deterministic part of the method can be motivated by looking at scalar-
valued optimization from the viewpoint of numerical mathematics: A large class
of algorithms for the unconstrained minimization of a (twice continuously differ-
entiable) scalar-valued objective function f : R® — R can be interpreted as special
numerical solutions of the following initial value problem

z(t) = —Vf(=2(t)), =(0) =, (3.9)

where V f() denotes the gradient of f at # € R". The solution & : [0, co[— R™ of
this initial value problem can be considered a special temporal parametrization
of the curve of steepest descent, which in each point follows the direction of the

negative gradient. In particular, #(¢) consists of points with decreasing function
values, which means that if V f(x) # 0, then

flz(t)) < f(z(s)) forall 0<s<t<oo. (3.10)

Schaffler et al. generalize this curve-of-steepest-descent approach to uncon-
strained vector optimization problems of the form (3.8). The role of a curve of
points with ever decreasing function values approaching a (local) minimizer is
played in vector optimization by a curve of dominated points — i.e. a curve each
point of which is dominated by all its successors — approaching a (local) Pareto
optimum.

In order to realize that plan one has to formulate an initial value problem (IVP);
its unique solution is a curve & : [0, co[— R" consisting of dominated points, i.e.

f(z(t)) < f(x(s)) and f(x(t)) # f(e(s)) forall 0 <s<t<oo. (3.11)

For the construction of such an IVP, we consider the following quadratic opti-
mization problem for each & € R™:

k k
(QOP(z)) min {uza,-w,-(z)”? | ¥ ai=1and a,»ZO,i:I,...,k}.

i=1

(3.12)
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Since %, iV fi(z) = V (Ele a,-f,-) (z), QOP(z) searches for that weight vec-

tor a for which the convex combination gq(2) := Zf:l a; fi(z) of the individual
objectives has the smallest gradient (with respect to its Euclidean norm).
The following two properties of QOP(z) result from convex analysis:

(a) For each « € R™ there exists a global minimizer & of QOP(&), which is
not unique in general. Each local minimizer of QOP(z) is also a global
minimizer.

(b) Let & and & be two global minimizers of QOP(&) for a fixed ¢ € R, then
k k

Y &vVfi(z) =) &Vfie) (3.13)
i=1 i=1

Taking these properties into account we define the function

R* — R»
q: { T q(:l:) :=Zf=ldini(z):vgd(z)’ (314)

where g4 := E?:l &;f; is the convex combination of the individual objectives
fi characterized by the weight vector &, and where & is a global minimizer of
QOP(z). The following theorem investigates this function g.

Theorem 3.1:
Consider QOP(z) and let q be the function defined by (3.14), where & is a
global minimizer of QOP(z). Then the following two assertions are true:
(i) Either q(x) = 0 holds, or —gq() is a descent direction for all individual
objective functions f1,..., fr at .

(it) The function q is locally Lipschitzian, i.e. for each & € R" there ezists
a neighborhood U(Z) and a constant L; € RE such that

llg(z) — q¢(y)ll < Lz |lz — y|| forall 2,y € U(Z) . (3.15)

Proof. Ad (i): Define the set K () of gradients for all convex combinations
go (of the objectives) at the point

k k
K(z):= {Za,Vf,-(z) | Y ai=lando; >0,i= 1,...,k} (3.16)

=1

and assume that 0 ¢ K (&) for any fixed ¢ € R". Assume furthermore that
there exists a vector v(z) € K(z) with g(z)"v(z) <0, then we obtain the
following properties of the vectors A (g(z) — v(z)),0 <A < 1:
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(A) (v(z)+X(gq(z)—v(z)) e K(x)forall0 <A<1.
(B) g(2)" (Mg(z)—v(z))) >0forall0 <X <1.

Let A be the global minimizer of the quadratic optimization problem

min {||v(z) + A(q(2) - v(2)) [’} , (3.17)

0<A<1
then it is obvious that [lv(z)+ A (g(z) — v()) ||2 < ||g(z)||?, because
A=1 e q(z)T(:\ (q(z) - 'v(:c))) <Oforall 0<A<1. (3.18)

Since v(z) + A (gq(z) — v(z)) € K(&), we obtain a contradiction to the def-
inition of q. Hence, v(2)"q(z) > 0 for all v(x) € K (). As all gradients
Vfi(e),...,Vfi(z) are elements of K (), this implies assertion (i).

Ad (ii): Consider the following system of nonlinear equations with inequalities
in (a(z),&(z), (), p(z)) € RH++1+k where e; denotes the i-th unit vector
and (Vfi(z)...Vfi(z)) € RPx*:

(Vfi(z)...Vfi(z))a(z) - &(z) = 0
1

k
(VA()...VA@) e =A@ | : |+ m(@)e = 0
1 1=1
Y ei(z)-1 = 0 (3.19)
1:;,'(17)0(,'(17) =0 ZZL. ,k’
/.l,'(il!) S 2217 7k
AMz) >

The system (3.19) represents the necessary and sufficient condi-
tions of first order for global minimizers of QOP(z). Assuming that

<&(z),q(z),;\(m),ﬂ(m)) is a solution of (3.19) for a fixed ¢ € R", we ob-
tain:

(1) g(=) is unique (cf. Theorem 3.1 (i)) .

(2) :\(z) and f(x) are unique.

Let {@;}ien be a sequence of vectors &; € R® which converges to a point
Z € R". Then the sequences {q(&;)}ien and {&(=;)}ien are bounded, and

there exist convergent subsequences {g(=;)} with limit g and {&(=;)} with
limit &. Therefore we obtain a vector (&, g, A, ft) that solves (3.19) at = = z.
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Because of Theorem 3.1 § is equal to ¢(Z) and g, X and [t are continuous
functions. If o;(&) is unique and greater than zero for all 7 € {1,...,k} with
fi(z) = 0, then g is continuously differentiable in a neighborhood of . Other-
wise, there exist a finite number of points @, . .., # and closed neighborhoods
U(zy),...,U(x) of these points such that

(1) «; is an inner point of U(x;) for e =1,...,1.
(2) zeU(z) fori=1,...,1.

(3) Z is an inner point of U(z ) U---UU(a@) .
(4)

4) The function q restricted to U(z;) is for all 1 =1,...,1 a continuously
differentiable rational function in some components of the first order
derivatives of the objective function f : R® — RF of (3.8) (see system
(3.19)).

Hence, q is locally Lipschitzian, because f € C2. [ |

Inspecting claim (i) of Theorem 3.1 one may ask for an interpretation of the
case gq(z) = 0.
As will be discussed in detail in Section 4.1, for a Pareto optimal solution @
of the unconstrained vector optimization problem (3.8) there necessarily exists
a weight vector a* (i.e. Zle af=1and a >0,i=1,...,k) such that z* is a
stationary point of the corresponding convex combination gg+ := Zle o f; of the
individual objectives, i.e. Vga«(2*) = 0. Since g(Z) = 0 implies the existence of
such a weight vector, the feature q(Z) = 0 qualifies the point & to meet the (first
order) necessary condition for a Pareto point and thus to be a candidate for a
Pareto optimal solution of (3.8).

*

The properties of the function g enable us to generalize the curve-of-steepest-
descent approach to scalar optimization problems to the following initial value
problem for unconstrained vector optimization problems of the form (3.8):

a(t) = —q(a(t), 2(0)=a, (3.20)

where q : R® — R™ is defined in (3.14). Assuming that the set of variable points
z € R"” dominating the starting point @ is bounded, the following theorem proves
the existence of a curve of dominated points which is the unique solution of the
initial value problem (3.20).

Theorem 3.2:

Consider the vector optimization problem (3.8) and the corresponding initial
value problem (3.20) with q(%) # 0. Define the set R< of points « € R"
dominating xo, '

Re:={z e R"|f(=) < f(w)}, (3.21)
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and assume that R< is bounded. Then there exists o unique solution
z : [0,00[— R™ of (3.20) with the following dominance property:

flz(?)) < f(e(s)) and f(z(t)) # f(z(s)) forall 0 <s<t<oo. (3.22)

Proof. Since ¢ is locally Lipschitzian (see Theorem 3.1), there exist a real
number T > 0 and a unique solution z : [0,7[— R™ of (3.20) which, because
of q(#) # 0 and the continuity of g, has the property q(z(t)) # 0 for all
t € [0,T[. Using Theorem 3.1(i) we get for all 7 € {1,...,k}:

C (=) = Vi(2(0)78() = ~Vi(s() a(e()) <0 (323)
for all ¢ € [0,T[. Therefore, fi(z(e)):[0,T[— R is a strictly monotonously

decreasing function for each ¢ € {1,...,k}. It follows that
f(z(t)) < f(z(s)) and f(x(t)) # f(x(s)) forall 0<s<t<T. (3.24)

Now, let us assume that T is the largest real number such that « : [0, T[— R"
is a solution of (3.20) with the property (3.24). Since z(t) € R< for all
t € [0,T[ and since R< is bounded, the finiteness of T must be due to
g(z(T)) = 0. For the same reasons, this solution ¢ can be extended con-
tinuously to ®(7') at t = T with g(«(T)) = 0. For the following initial value
problem

y(t) = q(y(?)), y(0)==(T) (3.25)

we know two solutions, namely y(¢) = «(¢) and y(t) = (T —t) for all
t € [0,T[. This is a contradiction to the uniqueness of a solution of (3.25)
which is a consequence of the local Lipschitz-property of q. Therefore, the
existence of a largest number T cannot be true, and the solution & of (3.20)
with dominance property (3.22) is defined in [0, ool. n

For t — oo the curve x(t) solving the initial value problem (3.20) approaches
a candidate point for a Pareto optimal solution of the unconstrained vector opti-
mization problem (3.8). This property is formulated in the following theorem.

Theorem 3.3:

Consider an arbitrary starting point 2o € R™ for which R< is bounded and the
(unique) curve x(t) solving the initial value problem (3.20). Then for t — oo
the curve x(t) comes arbitrarily close to a point * € R™ with q(z*) = 0.

Proof. Since R< is supposed to be bounded and since z(t) € R< for all
t € [0, 00], the whole curve «(t) is contained within a compact subset of R".
Therefore, any discretization 0 = ¢o < t; < ... of the time half-line [0, co[ will
yield a sequence {&, := (t,)}52, which has a subsequence {&, := (f,)},
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converging towards some point &*. Because of the continuity of g it follows
that (2,) — g(z").

Let us assume that g(z*) # 0. According to Theorem 3.1 (i) this implies that
~Vfi(z*)"q(z*) <0 forall:e{1,...,k}. (3.26)

Now we will prove that each time the curve x(t) approaches z*, the value
of f; (where ¢ € {1,...,k} is arbitrarily chosen), considered via f;(#(t)) as a
function of ¢, decreases at least by some minimum amount.

Since V f; and q are continuous, there exists an e-neighborhood U, (z*) of z*
with

1
-Vfi(z)Tq(z) < —EVf,»(z*)Tq(z*) for all 2 € U (2™). (3.27)
Furthermore, there is a §-neighborhood Us(2*) of &* with

llg(z)|l < 2]lg(=*)|] for all & € Us(z™). (3.28)

As there exists an Np € N such that ||&, — 2*|| < J min(e, §) for all n > No,
each time interval (around some time %,, n > Ny), during which the curve
z(t) stays in Unin(e,s)(2*), lasts at least tminimum = ﬁ;—.’% [If (¢) does not
leave Unin(c,6)(2*) between t, and f,4,, we consider %({nﬂ — fn) as tminimum
and revise (3.29) accordingly.]

Now we can estimate the decrease Af; of f; during a stay of z(t) in

Unine,6)(2*):

Af = / ::e‘%f.-(w(t))dt: /te::e—Vf,-w(t))fq(z(t))dts
_l (e Vol " ‘min(e,é)
< —5VAE) ) (3.20)

Since according to the proof of Theorem 3.2 f; is strictly decreasing along
z(t), the value of fi(z(t)), considered as a function of ¢, decreases due to
(3.29) below any (potential) lower bound for t — oo. This is a contradiction
to the convergence of {&,}22,, and the assumption g(z*) # 0 cannot be true.

Theorem 3.3 implies that solving the initial value problem (3.20) numerically
results in a candidate for a Pareto optimal solution. A numerical treatment of
(3.20) should rely on-ezplicit numerical schemes, as the function q is not continu-
ously differentiable. The dominance property (3.22) can be utilized for a suitable
stepsize control.

Now we have shown that — for a given starting point @, — the initial value
problem (3.20) can be used for the computation of a single Pareto candidate. The
application of a special stochastic perturbation to (3.20) will lead to a method
for the numerical computation of a large number of Pareto optima.

As a preparation, the next paragraph provides some stochastic preliminaries.
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3.3.2 Notions from Probability Theory

In the following we will list some stochastic notions which will be used in Para-
graphs 3.3.3 and 3.3.4. For a detailed discussion we refer to standard textbooks on
probability theory and stochastic processes, e.g. [ASH, 2000] or [BAUER, 1991].

On our way to introduce the Brownian motion process we start by defining a
special sample space (2: Let 2 be the set of functions v : [0, 00— R*, n € N.
is endowed with a metric d defined as

dwon ) = jﬁ g i ( (g B a0 1) . 030

By B(?) — the so-called Borel o-field of € — we mean the smallest o-field
containing all open sets of {2 in the topology induced by the metric d.

Let further R:=RU{#+oo} be the compactification of R with
0-(00) =0-(—00) =(00)-0=(—00)-0:=0 and let B(R) be the Borel
o-field of R given by B € B(R) < (BNR) € B(R).

Definition 3.4: (Numerical function)

A function ¢ : @ — R is called a numerical function. m]

Definition 3.5: (Stochastic process)

A family {X,} of n-dimensional real random variables X, ¢ > 0, defined on
2 is called a stochastic process. m]

Definition 3.6: (Path of a stochastic process)

Let {X;} be a stochastic process. For each fixed w € Q the function
XL [0,00[— R™, t — Xi(w) is called a path of {X;}. m]

Definition 3.7: (Continuous stochastic process)

Let {X,} be a stochastic process. {X;} is called continuous, if each path of
{X:} is a continuous function. |

The functions v which the sample space ) consists of can be made the paths of a
stochastic process { B;} when we define { B;} by B;(w) := w(t) for all ¢ > 0. Using
{B,}, for each n € N the so-called Wiener measure W is uniquely defined by the
following conditions (for a proof see e.g. [BAUER, 1991]):

(1) The process {B,} starts almost surely at 0:
Bo(w) =0 W-almost surely.
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(i1) The increments of {B;} on disjoint intervals are independent:
For every 0=ty <t;<---<t,, meN, the random variables
By, By, — By, ..., B;,, — B;,,_, are stochastically independent.

(iii) The increment B, — B, is normally distributed with mean 0 and variance
t—s:
For every 0 < s < ¢ the random variable B, — B, is N(0, (t — s)I,,) Gaussian
distributed, where I, denotes the n-dimensional identity matrix.

Throughout this section we will exclusively consider the probability space
(92, B(92),W). In that probability space the Brownian motion process is defined
in a very natural way.

Definition 3.8: (Brownian motion)

The stochastic process {B;} defined by B;(w):= w(t) for all ¢t > 0 is called

n-dimensional Brownian motion. 0

It should be noted that the concept of Brownian motion has been designed as a
mathematical model of the random movement of particles of pollen in water (see
the above properties (i) to (iii) and the continuity of the paths).

The following definition is important for utilizing specially constructed
stochastic processes for the solution of optimization tasks.

Definition 3.9: (Random time)

A [B(9) — B(R)]-measurable numerical function g is called a random time. O

The class of random times which is most useful for our purposes is related to
some stochastic process {X;} and indicates for each sample point w the shortest
time at which the path X, hits some Borel set A. The following theorem whose
proof can e.g. be read in [PROTTER, 1990] states that this first-hit time is indeed
a random time.

Theorem 3.4:

Let {X,} be a continuous stochastic process, then the function defined as

2 - R
g: — { inf{t > 0; X,,(t) € A} +f UtZO(XW(t) NA)#0

w
00 else

(3.31)

is a random time for each open or closed set A € B(R"), n € N . [ ]
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3.3.3 A Special Stochastic Differential Equation

An important class of stochastic processes is defined as the solution of some
stochastic It6-differential equation (SDE). We construct a special SDE by per-
turbing the deterministic initial value problem (3.20) by a Brownian motion. In
the resulting SDE the function —gq, where q is defined in (3.14), will play the role
of the (deterministic) drift part.

In order to obtain the desired properties of that SDE we have to make the follow-
ing assumption concerning q. It describes a special behavior of ¢ and therefore
of f outside a ball with radius r (for which only the existence is postulated).

Assumption (A): There exists an € > 0 such that
1 + ne?

z'q(z) > max (1, || g(2)]]) (3.32)

for all € € R*\{z € R"| ||| < r} with some r > 0.

Speaking in a casual way, Assumption (A) guarantees that outside some ball
with radius r each drift vector —g(z) has a component along the direction —
(i.e. directed towards the origin), which is sufficiently large to prevent the escape
of paths (besides a set of measure zero) to infinity. Since each solution 2(t) of an
initial value problem (3.20), for which Assumption (A) is fulfilled, enters the ball
after some finite time, an argument similar to the proof of Theorem 3.3 shows
that there exists a point #* inside that ball with g(2*) = 0, i.e. a candidate point
for a Pareto optimal solution.

Perturbing the initial value problem (3.20) by a Brownian motion { B} results
in the following SDE

dX; = —q(X;)dt +€dB;, Xo= 0, (3.33)

with € > 0, @& € R™. Concerning existence, uniqueness and regularity of the solu-
tion of this SDE we can make the following statement.

Theorem 3.5:
Consider the stochastic differential equation (3.33). For all &y € R® and for
all €, for which Assumption (A) is fulfilled, we obtain the following.
(i) There exists a unique stochastic process {X,} that solves (3.53).
(i) All paths of {X,} are continuous.
Proof. Let [ € N and consider
R* —» R"
(. () if e — x| <1 3.34
Tz, L 9 < (3.34)
g { a2l if o — ] >1.

|2 —zo|
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Since q is satisfying a local Lipschitz condition, qg)) fulfills for each [ € N,
xg € R® a global Lipschitz condition with Lipschitz constant L(IIO). Now we
investigate for each [ € N and @ € R* the following class of stochastic Ito-
differential equations, where {B;} is an n-dimensional Brownian motion.

dx" = —qO(xY) dt + edB,, X, = (3.35)

with € > 0 such that Assumption (A) is fulfilled. Integration of (3.35) leads
to the equivalent formulation

Xt(l)(w) = &y + € (Bi(w) — Bo(w)) — /t qg)(XT(_')(w))dT (3.36)

0

for each w € . Define for each t € R* and each w € Q the operator
Li:C ([Oaﬂa R*) = C ([Oaﬂa R"),

(Tozg)(t) = @ + € (By(w) — Bo(w)) — /qg( (r))dr, 0<t<t, (337)

where C ([0, 1], R") represents the set of all continuous functions g : [0,#] — R".
Using the Banach space (C ([0,],R"), ||.||c) with the norm

C(0.8,R) — R
IHle: { g = max (exp(-20@ o)) , )

o<t<t

we compute for g, h € C ([0,1], R™):

<

(Toia)t) — (el = [ a¥(e(r)dr - / g (h(r)) dr

< /Ollq")( (1) — q¥(h(r))|| dr <
< 29 [ lotr) - ) =

= Lg)) /t llg(T) — h(7)]| exp(—2L(I'0)T) exp(2L(z?T)dT <

< ng/ max (“g s) — h(s)|| exp(—2L(,i))s)) exp(2L(IIO)T)dT=

o 0<s<t
i
= Lg,? llg — h”C/o exp(2L(xlgT)dT <

1
3 lg — hllc exp(2Lt) (3.39)

IN

for all ¢ € [0,]. Hence we can write

1
1Tusg = Tushllc < 5 lg =kl - (3.40)
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Using Banach’s fixed point theorem we obtain a unique function g with
T,:9 =g, which is the unique solution of (3.36) for t € [0,f] and w € Q.
Therefore, the fixed points of T, ; depending on w € © define the paths of
(X} for t € [0,1].

Now we have to consider how to come from the solution {Xt(l)} of (3.36) to
the solution {X;} of (3.33). For that purpose, we define the following random
time

Q2 - R°
s N { inf{t > 0; | X (w) — x| > 1} if {t > 0]

w
00 else .

XP(w) — =z > 1} #0

(3.41)

Using the fact that Xt(l)(w) = X;(w) for all 0 < t < s;(w) we have only to show
that

lim s;(w) = 00 for each we Q. (3.42)

=00

Assume the existence of & €  with
lim (@) =€ < oo (3.43)
l—00

and consider the function

w: L0 = R
' { t o= LIX(Q) + e(Be(@) — Bi(@))])? (3.44)

With Assumption (A), we obtain the existence of a real number p € [0, {[ such
that

1 2
u(t) < — + ne for all t €]p, €[ and all ¢ with || X,(2)]| > . (3.45)
This is a contradiction to the existence of w with lim||X,(«)|| = oo, which is
t—€
implied by (3.43). n

Let & € R® and consider the ball centered at & with radius p,
S(z,p) :={x € R*| |& — 2|| < p. For the investigation of the relations between
the solution {X;} of the stochastic differential equation (3.33) and the vector op-
timization problem (3.8) we need the random time sz, for the first hit of S(z, p).
In compliance with (3.31) sz, is defined as

2 > R
Szp: = inf{t > 0; || X.(t) — 2| <p} if {t>0;
w oo else .

| Xo(t) - 2| <p} #0

(3.46)
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Now we are able to formulate a theorem stating that for each Pareto optimal
solution Z of the unconstrained VOP (3.8) W-almost all paths of {X,} hit any
ball S(z,p) centered at & (for an arbitrarily chosen radius p > 0) after a finite
time for all starting points @, € R”. Moreover, the expectation of the random
time sz p, is finite.

This theorem is a direct application of some important results from Lyapunov’s
stability calculus for stochastic differential equations (see [HASMINSK1J, 1980)).

Theorem 3.6:

Constider the stochastic differential equation (8.83) with € > 0 such that As-
sumption (A) is fulfilled. Then one can state the following for each starting
point &g € R™ and for each Pareto optimal solution £ € R* (and for each ra-
diusp > 0):

(i) W({w € Q| szp(w) <oo})=1.
(it) E(szp) < 00, where E denotes the ezpectation.
(iii) The stochastic process {X,} defined in Theorem 8.5 converges in distri-
bution to a random variable X : @ — R" with E(q(X)) = 0.

Claim (iii) of the above theorem states that the stochastic process { X;} asymp-
totically approaches a random variable X. The first moment (= expectation) of
g(X) is identical to the first moment of q(Y'), where Y is assumed to be a random
variable concentrated {with measure 1) at candidate points for Pareto optimality,
i.e. at points z* with g(z*) = 0.

3.3.4 A Stochastic Algorithm for Vector Optimization

Theorem 3.6 suggests the following method for solving the vector optimization
problem (3.8):

Approximate numerically an arbitrary path X, of the stochastic process {X;}
which solves the SDE (3.33). This path comes arbitrarily close to any Pareto
optimal solution of (3.8).

With regard to the practical application of that method, two questions are
still to be answered:

(a) What is the right choice of the parameter €?

(b) What is an adequate numerical scheme for the approximation of X,?
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In order to answer question (a), we consider the SDE (3.33). The parameter € is
a measure for the balance between the curve of dominated points

t
X =1z —/ q(X®)dr, (3.47)
0

and a random search utilizing realizations of Gauss distributed random vectors
with increasing variance

X (w) = 2o + Bi(w) — Bo(w). (3.48)

If we choose ¢ for a fixed w such that (3.47) dominates, then the chosen path of
{X;*} spends a long time close to any (local) Pareto optimal solution of (3.8).
If we choose € such that the random search (3.48) dominates, then the Pareto
optimal solutions of (3.8) play no significant role along this path of {X;*}.

The optimal balance between (3.47) and (3.48) and, therefore, the optimal choice
of e depends on the objective function f and the scale used. If one observes during
the numerical computations of a path of {X;*} that this path spends a very long
time close to any (local) Pareto optimal solution of (3.8), then € is too small. If
on the other hand the (local) Pareto optimal solutions of (3.8) play no significant
role along this path, then € is too large.

In response to question (b), i.e. for the numerical computation of a path of
{X:}, we consider the following iteration scheme. It results from the Euler method,
a standard approach in the numerical analysis of ordinary differential equations.
For a fixed steplength o set

z,, = z;—oq(z)—ens (%)%, (3.49)
o(%) = 2 (2) ate)—em (5)° (3.50)
2, = 2(5)- () =) -em(2)" (3.51)

where n; and n, are realizations of independent N(0,I,) normally dis-
tributed random vectors, which are computed by pseudo-random numbers, and
n3 = my + ny. The scheme calculates the next iteration point @;y; of the dis-
cretized path X, in two ways. :n]»1+1 results from performing one Euler step with the
steplength o. Performing successively two Euler steps with steplength (5‘25) yields
the point :cjz_H. Relating the random vectors m3 and {n;, n,} by n; = n; + n,
ensures that in both calculations the same path X, is approximated.

The difference between «,, and &7, , is used for controlling the steplength o. We
choose a tolerated error limit § > 0 and take @;;, = @, if ||=/,, — 2 ,|| < 4.
Otherwise, the steps (3.49) and (3.51) have to be repeated with ¢ instead of o.



Chapter

The Connection with Scalar-Valued
Optimization

A necessary condition for Pareto optimality given by Kuhn and Tucker builds
the bridge between vector optimization and scalar-valued optimization: On the
assumption that the constraints meet a certain constraint qualification, neces-
sarily for a Pareto optimal point &* there exists a convex combination of the
objectives go(x) := Zle a;fi(®), so that «* is a Karush-Kuhn-Tucker point of
the scalar-valued function g.

In the following chapter this connection between vector and scalar-valued op-
timization shall be enlarged. We will briefly compile the required differential-
topological terms in Section 4.2. Section 4.3 demonstrates that the weight vector
o has a geometrical meaning in the objective space RF: Let R denote the feasible
set and f(R) its image under the mapping f (the vector-valued objective func-
tion). Then a is a normal vector to the tangent plane of the border df(R) of
f(R).

Subsequently, in Section 4.4 we will derive a relation between the curvature of
O0f(R) in the point f(z*) and the type of the stationary point * (i.e. minimum
or saddle point} of g,.

4.1 The Karush-Kuhn-Tucker(KKT) Condition for
Pareto Optimality

Simultaneously to their optimality conditions for scalar-valued optimization prob-
lems Kuhn and Tucker [KUHN & TUCKER, 1951] put forward a necessary con-
dition for Pareto optimality in problems of vector optimization. This condition
presupposes that the feasible set R is given in the form of equality and inequality
constraints. The present chapter therefore deals with the following vector opti-
mization problem:

Definition 4.1: (Vector optimization with equality and inequality constraints)
Find Pareto optimal points of the objective function f : R® — R*, where the
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feasible set R C R" is given in the form of

R:= {:c €R" (4.1)

h;(z):O Vi:l,...,m
hj(2) <0 Vji=m+1,...,m+q |~

The functions f : R* — R* and h; : R* — R are assumed to be continuously
differentiable. [Beginning from Section 4.4, this assumption will be tightened
to twice continuous differentiability.| O

The theorem of Kuhn and Tucker says (cf. [GOPFERT & NEHSE, 1990]):

Theorem 4.1: (Necessary condition for Pareto optimality
[KunN & TUCKER, 1951])

Consider the wvector optimization problem 4{.1 and a point z*
where the following constraint qualification is fulfilled: The wvectors
{Vhi(z*)| i is an indez of an active constraint} are linearly indepen-
dent.

If 2* is Pareto optimal, then there exist vectors

k

a € RF with o; >0 and Zai =1 (4.2)
=1
A € R™He (4.3)
such that:

k m+tq
Y V(e + ) \Vhi(z") =0 (4.4)

=1 7=1
hi(z*)=0,:=1,...,m (4.5)
Aj >0, hj(2*) <0, Aj-hj(2*)=0, =m+1,...,m+gq (4.6)

We introduce the scalar-valued function
k
da(@) =Y aifi(e) (4.7)
i=1

and note that % a;Vfi(2) = Vge(). Obviously, the equations (4.4) to (4.6)
are equivalent to the claim that z* is a Karush-Kuhn-Tucker! point of the corre-
sponding scalar-valued optimization problem with the objective function gq.

1 The classical Karush-Kuhn-Tucker conditions of scalar-valued optimization were given by
Karush [KaRUsH, 1939] and Kuhn & Tucker [KUHN & TUCKER, 1951]. For a thorough
discussion of optimality conditions see [JAHN, 1999].
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Due to (4.2) and (4.7) ga constitutes a convex linear combination of the individ-
ual objective functions f;, where each coefficient «; indicates the relative weight,
with which the individual objective f; is part of the linear combination ¢4. In a
certain way the weighting method (see Section 3.2) is based on the result of Kuhn
and Tucker, by looking for minimizers - i.e. a special form of stationary points -
of convex combinations gq.

In general, however, that approach does not yield the complete Pareto optimal
set, because the second-order conditions which are necessary for a point * to
be a local minimizer of the scalar-valued function g, are not necessary for z*
to be a Pareto optimal point of the vector optimizing problem 4.1. The missing
(necessary) second-order optimality condition theoretically distinguishes multi-
objective optimization from scalar-valued optimization and can be considered the
price one has to pay for the attenuation of the ordering concept (partial order in
the vector-valued objective space versus total order of the scalar-valued objective
space). Because of the missing second-order condition, in principle saddle points
of a convex combination g4 can also be Pareto optimal. The important role which,
as a matter of fact, saddle-points (of g) play in the Pareto optimal set shall be
discussed in Section 4.4 on the base of differential-topological arguments.

4.2 Differential-Topological Notations

The following section provides terms and notations of differential topology which
will be required for a further analysis of the vector optimization problem. The
notation follows largely the textbooks [FORSTER, 1984], [JANICH, 1992 and
[CARMO, 1976). The compilation does not claim to be complete and uses a rather
casual language in its definitions, omitting — on account of brevity and better
legibility — several technical details.

(a) [Chart, change of charts, atlas, differentiable manifold)
Let M be a topological space. A homeomorphism h : I — T of an open
subset U/ C M (chart area) upon an open subset T C R' is called an [-
dimensional chart for M. By stating explicitly the chart area, one can also
write (U, k).
If (Uh) and (V,k) are two [-dimensional charts for M, the homeo-
morphism [(C7)-diffeomorphism] k o (h~|swnv)) of A(UNV) C R upon
k(UNV) CR is called the [(CT)-differentiable] change of charts of h upon
k (see Figure 4.1).
A set of I-dimensional charts, the areas of which cover all M and the changes
of which are all differentiable, is called an I-dimensional differentiable atlas
for M. If the topological space M is supplied with a maximum /-dimensional
differentiable atlas [this means, adding a further chart would destroy the
property that all changes of charts are differentiable], M is called an [-
dimensional differentiable manifold.
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Figure 4.1: The change of charts k o h~! as a differentiable mapping from R’ to R'.

(b) [Submanifold of the R", chart parameter]
A highly important class of differentiable manifolds are the zero man-
ifolds of systems of non-linear equations. A subset M C R is an [-
dimensional (CT)-differentiable manifold and is called an [-dimensional
(CT)-differentiable submanifold of the R", if for each point p € M there
is an open neighborhood I/ C R" and an (r-fold) continuously differentiable
function F : U — R, such that:

e MNU={zeU|F(z)=0}
e rank F'(p) = n — I, where F' is the Jacobian matrix of F.

Since zero manifolds play a central role in this paper, the manifolds exam-
ined here are in most cases’ submanifolds of the R™ in the above sense.
When examining [-dimensional submanifolds of the R* we will call the
inversion of the chart mapping defined under (a), i.e. a homeomorphism
¢:T—-VCM|[T open in R and V open in M] local parametrization.
Such a mapping ¢ we will also denote (nota bene: within the context of

2 Exceptions are limited to some special cases in the present Chapter 4, in which the function
F, which defines the zero manifold, is not indicated.
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[-dimensional submanifolds of the R") as a chart of M, its arguments as
local parameters or chart parameters (see [FORSTER, 1984]).

(c) [Tangent space (geometrical definition)

A continuous mapping f: M — N between differentiable manifolds is
called differentiable at p € M, if it is with respect to charts. Let M be
an [-dimensional differentiable manifold and denote by A,(M) the set
of those differentiable curves in M which pass through p at ¢ =0, i.e.
Ap(M) := {3 : (—€,€) = M| B differentiable, ¢ > 0 and 3(0) = p}. Two
such curves 3,7 € Ap(M) we will call tangentially equivalent, if for one
(then every) chart (U, k) around p we have (ho 3)'(0) = (ho~)'(0) € R,
i.e. if the velocity vectors (brought to the R! by a chart) coincide in the
point p. The tangential equivalence defines an equivalence relation. The
equivalence classes generated thereby are called the (geometrically defined)
tangent vectors of M in p, the vector space generated by the tangent
vectors is called tangent space to M in p, briefly T,M.

Now the tangent space in the special case of submanifolds of the R"
shall be examined more thoroughly. Let M be an [-dimensional differen-
tiable submanifold of the R", defined as the zero manifold of the function
F :R* - R*'. Then every tangent vector to M in p can be characterized
by the velocity vector v € R of a curve oy on M (representing the respective
equivalence class), which is considered a curve in the R* (by means of the
embedding of M in R"): v : (—e,e) = M C R" with 4/(0) = v. The tangent
space Tp M thus generated is often also denoted by tangent plane to M in
the point p. It has the following properties, of which we are going to make
extensive use in the further course of this book:

e T, M is an [-dimensional vector subspace of the R". It can be imagined
as a local approximation of the submanifold M by a linear space.

e Let o : T -V C M [T open in R', V an open neighborhood of p in
M] be a chart of M [according to the chart concept for submanifolds],
let ¢t = (t;,...,1;) be the vector of the chart parameters and let the
chart parameter point #, denote the inverse image of p, i.e. () = p.

Then the vectors gT“‘I’(to), R gt!;(to) constitute a basis of T, M.

e Let F;,i=1,...,n —[ be the components of the function F which
defines the zero manifold M. Then T, M is the orthogonal com-
plement of the subspace spanned by the gradients VF(p), i.e.
T,M = span{VF\(p),...,VF,_i(p)}*. For the case of a twodimen-

sional submanifold of the R?® this relation is illustrated in Figure 4.2.

(d) [Bordered manifold|
Manifolds (in their general definition, see (a)) are characterized by the R'
as a local model. Bordered manifolds are a generalization in the sense that
also the closed half-space (e.g. R"* := {& € R'|z; > 0}) is permitted as a
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\ VF(p)

T,M

Figure 4.2 The gradient VF(p) of a function F : R3 — R is orthogonal to the tangent
plane T, M of the submanifold M defined as M := {z € R*| F(z) = 0}.

local model. Accordingly one understands by a bordered I-dimensional dif-
ferentiable chart for the bordered manifold M a homeomorphism & of an
open subset U C M onto a set T which is an open subset of R'* or of R'. By
defining differentiability also for functions defined on the half-space R —
namely existence of a differentiable continuation in R’ (or an open subset of
it} —, it is possible to describe diffeomorphic changes of charts also for bor-
dered charts. Thus, one arrives at the definition of a bordered [-dimensional
differentiable manifold M as a topological space M equipped with a max-
imum bordered, [-dimensional and differentiable atlas. A point p€ M is
called border point of M, if it is mapped by one (then every) chart onto a
border point of the R't. The set M of border points is called the border
of the bordered manifold M and constitutes an ordinary (non-bordered)
(I — 1)-dimensional manifold.

The tangent space T,M is well-defined as a full vector space also for
bordered manifolds and, there, also for border points p € OM [one has
to revert, however, to the algebraic definition of a tangent vector, which
in ordinary manifolds is equivalent to the present geometric definition].
For border points p € M one can define additionally the half-spaces
TpiM := (dh,) "} (R"*), where dh, denotes the differential, i.e. the linear ap-
proximation, of the chart mapping /4 in the point p. T;’M \T,0M is called
the inward directed tangent space and accordingly T, M\ T,0M the out-
ward directed tangent space. A vector v € T,M is directed outwards exactly
in those cases, when with respect to one (then every) chart the first compo-
nent v; of v is smaller than zero [nota bene: the chart maps a neighborhood

U(p) € M into the R"*].

Let us, moreover, note that the compact set with a smooth border is an
important special case of a bordered manifold. It is defined as a special
subset of the R!, namely as the solution manifold of a system of inequalities.
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(e) [Curvatures of hypersurfaces]
For Section 4.4 we still require some terms to describe the curvature behav-
ior of (n — 1)-dimensional submanifolds of the R, so-called hypersurfaces.
In order to examine the (local) curvature of hypersurfaces in the embedding
space, one assesses curvatures of surface curves (i.e. curves the image sets
of which lie in the hypersurface).

normal curvature - (—1)

Figure 4.3 Normal curvature of a curve 7y in S. Since in this example the angle between
N (p) and the curve normal n is greater than 7/2, the normal curvature is negative. All
curves in S (passing through p) with the same tangent vector ¢ have the same normal
curvature.

Let .S be a hypersurface, p a point of S and N a differentiable field (defined
at least in a neighborhood of p) of unit normal vectors on S [i.e. N(p) is
a vector orthogonal to the tangent space TpS (considered as an (n — 1)-
dimensional vector subspace of the R")]. Let furthermore 4 be a curve
in S passing through p with the curvature < (in the point p) and the
normal vector m. Then the projection of the curvature vector « - n onto
the surface normal N (p) is called the normal curvature of 4 (regarded as a
surface curve in S) in p. Figure 4.3 illustrates that definition. Tangentially
equivalent curves have the same normal curvature, i.e. the normal curvature
can be considered a function of the tangent vector.

In order to calculate the normal curvature of a given tangent vector out of
TS, we have to define the Weingarten-mapping. For that purpose, we first
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Figure 4.4 (a) The normal field N as a mapping from the hypersurface S
into the (n — 1)-unit-sphere S™~!. (b) The derivative of the parametrized curve
N(t) = N o~(t) measures how N pulls away from N (p) in a neighborhood of p.

note that the normal field N is a mapping from the hypersurface S into the
(n — 1)-unit-sphere S™~! (see Figure 4.4(a)) and consider the differential
dN,. By a differential we understand the local linear approximation of a
differentiable mapping between manifolds®. The differential dN, of N at
p € S is alinear mapping from T, S to Tn(,)S™ . Since T),S and Ty (,)S™™!
are parallel hyperplanes in the R”, they can be identified, and dN, can be
looked upon as a linear mapping on T}S.

The linear map dN, : T, S — T,S operates as follows (see Figure 4.4(b)).
For each parametrized curve 4(t) in S with 4(0) = p we consider the
parametrized curve N o~(t) = N(¢) in the (n — 1)-sphere S$"~'. This
amounts to restricting the normal vector N to the curve (). The tangent
vector N'(0) = dN,(4'(0)) is a vector in TS [via the above-mentioned
identification of tangent spaces]. It measures the rate of change of the nor-
mal vector IV, restricted to the curve «(t), at t = 0. Thus, d N, measures

3 Formally the differential can be defined by means of the curve transport induced by the
mapping.
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how N ‘pulls away’ from N (p) in a neighborhood of p. In the case of curves
this measure is given by a number, the curvature. In the case of surfaces
this measure is characterized by a linear map (cf. [CARMO, 1976]).

The negative differential —d N, is called Weingarten-mapping. Since —d.N,
is a self-adjoint linear mapping, I, : TpS — R, v = —(dNp(v), v) [with
(.,.) as denomination of the scalar product] defines a quadratic form, the
so-called second fundamental form of S in p. It opens up the possibility of
calculating the normal curvature: The value of the second fundamental form
for a tangent vector v € T}, S is equal to the normal curvature associated
with v.

Minimum and maximum of the fundamental form — restricted to tangent
vectors of the length 1 — are given by the smallest and the largest eigen-
value of the associated self-adjoint linear mapping —dN,. Because of their
importance for the theory of curvatures the eigenvalues of the Weingarten-
mapping are called principal curvatures of S in p, the corresponding eigen-
vectors are called principal curvature vectors (or principal directions).

4.3 The Geometrical Meaning of the Weight Vector

According to Theorem 4.1 a Pareto optimal point &* is a Karush-Kuhn-Tucker-
point for a convex combination go. The stationarity of g, in the point &* shall be
used below to show that the weight vector a € RX associated with go contains
an important information about the local geometry of the efficient set.

One gets a plausible indication for the geometrical meaning of a by looking
at the following special case, which is sketched in Figure 4.5. Let £ = 2 — i.e. we
examine a bicriterial vector optimization problem — and let * be a Pareto opti-
mal point of the function f and a global minimizer of the scalar-valued function
go with go(2) = a”- f(x) and a € R. Since ¢* is a minimizer of gq, there is
no other point & € R with the property (o): ga(Z) < go(2*) =: ¢. The set of all
points y € R? in the objective space for which we have f(z) = y = ga(T) = ¢
forms the straight line a”- y = ¢ which is defined by its normal vector a (see
Figure 4.5). Points in the objective space with a smaller value of g, are situated
to the left of (or beneath) this straight line, points with a larger value of g4 to the
right of (or above) the straight line. f(R) has to be situated completely to the
right of or above this straight line, so that there is no point  with the property
(o). If the border of f(R) is smooth (i.e., if it is a continuously differentiable
curve), it follows that the tangent to this curve of efficient points must not form
some non-zero angle with the straight line a”- y = c. Therefore it has to be iden-
tical with it. Consequently, a is the normal vector to the tangent of the efficient
curve.

The above conclusion is well-known in the literature on vector optimization
(see [DAS & DENNIS, 19964], [DAS, 1997]), but only in the context of the spe-
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-
’ e

fy

Figure 4.5 Detail of the image set f (R) and the delimiting border curve (efficient curve)
in the bicriterial case k = 2 (schematized). The dashed line is the straight linea” y = ¢
(see text).

cial case described, i.e. for minima of g4 in bicriterial problems. The geometrical
meaning of the vector a is, however, not limited to this special case. In the re-
mainder of this section we are going to demonstrate the following generalization
by means of a differential-topological examination: If the image set f(R) behaves
in a neighborhood of f(z*) like a compact set with a smooth border, then a
is the normal vector to the tangent plane of the border df(R) of the image set
F(R).

In order to keep the argumentation as transparent as possible we will first exam-
ine the special case of unconstrained vector optimization problems.

The following (auxiliary) proposition does not yet require smoothness properties
of the border of the image set f(R):

Theorem 4.2:

Let y* be a (locally) efficient point and * a corresponding (locally) Pareto
optimal point [i.e. f(2*) = y*] of an unconstrained vector optimization prob-
lem. Let go denote a conver combination of the objectives for which &* is a
stationary point (and therefore fulfills the Karush-Kuhn-Tucker condition).

Then for the weight vector a we have:
« is an element of the orthogonal complement to the wvector subspace
(image f'(z*)) C RF, where f'(z*) is the Jacobian matriz of f in the point!

*

T .

4 In order not to overload the notation, in the following the evaluation point z* will no longer
be indicated in such cases where it is implied by the context.
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Proof. From the first-order Karush-Kuhn-Tucker condition we get:

K Vi(e)"
Via(z") =0 =) a;Vfi(z") =0 < a” : =0. (48)
Ve
Vfl(z*)T
Because of : = f'(x*) it follows that a is orthogonal to the
ka(z*)T
columns of the Jacobian matrix f'(z*) and thus to the image of the linear
mapping f'(z*). [ |

As a corollary one obtains the statement rank f'(z*) < k, i.e. the linear map-
ping f'(z*) : R* — RF is not surjective in a Pareto optimal point z*.
If rank f'(2*) =k — 1, from Theorem 4.2 one can conclude furthermore the
uniqueness of the assignment of a weight vector a (and therefore of a scalar-
valued function g4) to a Pareto optimal point z*.

If in an appropriate neighborhood of f(z*) the image set f(R") behaves like a
bordered differentiable manifold of dimension k, the geometrical meaning of the
weight vectors a can be put in even more concrete forms:

Theorem 4.3:

Let y* be a globally efficient point and & an associated globally Pareto optimal
point [i.e. f(x*) = y*] of an unconstrained vector optimization problem. Let
gJo denote a convex combination of the objectives for which &* is a stationary
point (and therefore fulfills the Karush-Kuhn-Tucker condition).

In addition be:

o rankfl(e*) =k —1
o There is an open neighborhood U(y*) of y*, so that f(R*) NU(y*) =M
s a bordered differentiable manifold of dimension k.
Then we have:
(A) y* € OM, where the (k — 1)-dimensional border manifold of M is de-
noted by OM .
(B) a s orthogonal to the tangent plane TyOM of OM in y*.
Proof. Assertion (A) will be proved by contradiction. Assume therefore that
y* is not an element of M. It follows that ¥* is an inner point of M, i.e. that
there is a -neighborhood U(0,6) of 0 € R* with y* 4+ U(0,8) C M. Now

choose a vector v € Rk . Then thereisa A € R, A > 0 with (—=X) - v € U(0, ),
and § := (y* — Av) € M C f(R") is true. Because of y* — y = Av € RE we
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can conclude that § < y* [and § € f(R")], in contradiction to the global effi-
ciency of y*. Note that a proof of the immediately plausible assertion that a
globally efficient point cannot be an inner point of the image set can also be
found in the literature (see e.g. [GOPFERT & NEHSE, 1990]).

(B) The assertion follows from Theorem 4.2, if one can show that
Ty-OM = image f'(*). We will prove this by contradiction. Therefore, be
Ty+OM # image f'(z*). As we assumed that both Tyy.dM and image f'(z*)
are (k- 1) dimensional vector subspaces of the RF, it follows that
image f'(z*) € TyOM, and hence:

There is a vector dy € image f'(z*), so that dy can be represented by
8y = € + 1, where € € T,«0M, 1 € (Ty+0M)*, 1 # 0. Let us denote the cor-
responding inverse-image vector by dz, i.e. f'(2*) - dz = §y.

Now for a sufficiently small a € R consider the curve

f (~a,+a) —» RF
T‘{ t = f(z"+t-8z). (4.9)

By virtue of 7/(0) = f'(z*) - & = dy = € + n, either +7/(0) or —7'(0) is an
element® of the outward directed tangent space of the bordered manifold M
in the point y*. For one of the two possible signs of ¢ and for sufficiently small
[t| [so that 7(t) is represented sufficiently well by the linear approximation
7(0) + 7(0) - t] the image points of the curve 7 are therefore situated outside

M. This is a contradiction to the definition of M, so that the assumption
Ty+OM # image f'(2*) must be false. n

Analogous statements about the geometrical meaning of the weight vector a can
also be proved for the constrained case.

Scenario (*): Let y* be an efficient point with f(2*) = y*. Assume that in =*
the constraints Ay, ..., h, (from the set of equality and inequality constraints) are
active,i.e. hi(z*)=0,...,hy(2*) = 0. Let the following constraint qualification
be fulfilled: The vectors {Vh(z*),..., Vh,(z*)} are linearly independent. Now
consider the (n — p)-dimensional submamfold N , which is created by transforming
the p active constraints in an open neighborhood U(z*) of 2* into equality con-
straints: N := {& € U(z*)|hi(2) = 0,...,hy(z) = 0}. Consider a local parameter
representation (chart) of the submanifold N in the form of a differentiable home-
omorphism s : T — V C R, where T is an open subset of R*™? and V C N is an
open neighborhood [with respect to N] of z*.

Within this scenario, analogously to Proposition 4.2 (for the unconstrained
case), the following proposition is valid:

5 Strictly speaking, 7/(0) denotes the linear mapping 7/(0) : 8t > (€ +n) - 8t, i.e. the multi-
plication by this vector.



[Chapter 4] The Connection with Scalar-Valued Optimization 57

Theorem 4.4:

Assuming that scenario (*) is valid and that go s a convexr combination of
the objectives for which &* fulfills the Karush-Kuhn-Tucker condition, we have
for the weight vector a:

ac (imagef’(t*))l, where f(t) := f o s(t) is the objective function defined
on the parameters t of a chart s of the submanifold N. [For the chart be
s(t*) = z*.]

This statement s valid for any charts of the differentiable structure of N
(casually speaking: for any local parametrization of N ).

Viy(e*)"

Proof. The rank p of the matrix : is full. The implicit-
Vhy(2")"

function theorem guarantees that by rearranging the vector components

z; (i.e. by renaming the coordinate axes) one can always obtain a lo-

cal parametrization of the submanifold N by {zp41,...,2,} in the form
of 8 : (py1,- o, @0)" = (SU(Tpt1y -1 Tn)s ooy Sp(Tptts ooy Tn)y Tpa1y o oo, )

The objective function f defined on these chart parameters is

Flaprt, s tn) = F(s1(Tpt1s- -3 Tn)y oo Sp(Tptts e oy Tn)y Tty - 5 Tn)
(4.10)
and has the Jacobian matrix f’ =f's 9s__  Scalar multiplication of this
p+1---Tn

equation by a results in

0s

an’(I;+1, ce ) = an/(z*)m(x;+l,...,fc;) . (4.11)
pt1 e T

By taking the active constraints hy,...,h, into consideration, from the
Karush-Kuhn-Tucker condition follows:

Via(z") = a’f'(27) = =Y A;Vhj(z")" (4.12)

Insertion of this relation into Equation (4.11) yields

3xp+1 R S

P
rd * * *\T as * *
o f(ahyse . al) = <—§ '\, Vhj(z )) (a2
7=1
(4.13)

The system of equations Ay (8(2pt1,...,22)) =0,...,hp ($(Tps1,---,T0)) =0

is fulfilled for an entire neighborhood of the parameter point (z,,,,...,z})",

i.e. the function A := (hyos,...,h,0 8)" in this neighborhood is a different
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expression for the zero map. Therefore, the corresponding Jacobian matrix

h'(zp,y,...,}) is also a zero map:
"% * * * as * *
hl(xp+l""7xn) = h'(:l: ) o o T ($p+1,...,l‘n)
pHl- .- Tn
Vh *\T .
1(z*) 9s (4.14)

. *

_ : (7)) =0

Vhy(2")" 0Tpy1-..Tn

Since consequently for each of the gradients Vh(z*),i € {1,...,m}
we have: Vhi(z*)"5-2—(z},,,...,2%) = 0, from Equation (4.13) fol-

Oxpyy...Tn
lows: a'f'(x},,,...,2};) = 0. The vector a is hence orthogonal to all
columns of f'(z},,,...,2;) and consequently to the vector subspace
image f'(z5,4,- .., ;).

It still remains to be proved that the claim is valid independently of
the parametrization s. Let r(t) be another parametrization (chart) of N
in a neighborhood of the point & with »(¢*) = z*. The objective func-
tion defined on the chart parameters ¢ corresponding to that chart =
1

is f}:: for=fososlor= fo s~'or and has the Jacobian matrix
fi(tr) = f’(:::;+1,...,x;) (s7'or)(t*) in the point t*. Since the change of
charts s7! o r is a diffeomorphism, the Jacobian matrix (s~! o r)'(¢*) is an

isomorphism. We obtain that image f’(t"‘) = image f’(x;H, ce,Zh). [ ]

If f(R) is locally a bordered k-dimensional manifold (called M), it is possible to
show for the constrained case as well that a is a normal vector to the tangent
plane T,.OM:

Theorem 4.5:

Let y* be a globally efficient point and x* an associated (globally)
Pareto optimal point, i.e. f(z*)= y*. Let the constraints hy,...,h, be
active in =* and the constraint qualification be fulfilled, i.e. the wvec-
tors {Vhi(z*),...,Vh,(2*)} are linearly independent. Let g, denote a
convex combination of the objectives for which z* fulfills the Karush-
Kuhn-Tucker condition. Furthermore, let U(z*) denote an open neigh-
borhood of x*, let s be a chart of the (n — p)-dimensional submanifold
N:={z e U(z*)|h(z) =0,...,h,(z) =0}, let p* € R" P be the inverse
image of &* with respect to s [i.e. s(p*) = z*], and let f := f o s denote
the objective function defined on the chart parameters.

In addition, let the following assumptions be valid:

o Rank f'(p*) = k — 1 [As changes of chart are diffeomorphic, this claim
about the rank is valid for all charts of the atlas, once it is fulfilled for
one.]
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o There exists an open neighborhood U(y*) of y*, such that
F(R)NU(y*) =: M is a bordered k-dimensional differentiable manifold.

Then we have:

(A) y* € OM, where OM denotes the (k — 1)-dimensional border manifold of
M.

(B) a s orthogonal to the tangent plane Ty+OM of OM in y*.

Proof. The proof of assertion (A) is identical to Theorem 4.3.

(B) In analogy to Theorem 4.3 the assertion (B) follows from Theorem 4.4,
if one can show that T,.dM = image f'(p*). This shall be proved again by
contradiction.

Let T,-OM # image f'(p*). It follows that image f'(p*) ¢ Ty:dM, and we
can conclude:

There exists a vector dy € image}"(p*) with dy =&+ n, £ € T,.0M,
n € (Ty+OM)", 1 # 0, and furthermore there exists a vector §p € R*P with
f'(p*)ép = éy.

Let us now, for sufficiently small @ € R, examine the curve

[ (-a,4a) - R
T.{ t = fos(l’*+t'5p)5f(p*+t~5p) (4.15)

By appropriately reducing the neighborhood U(z*) one can guarantee that
apart from the constraints that are activein &* there are no further constraints
active in any point of RN U(«*) [reason: continuity of the functions &;]. The
submanifold N thus takes in consideration a superset of the constraints which
are active in points of RN U(x*), so that N C R. As the chart s is defined
on an open neighborhood of p* and the image points of s are situated in N,
the existence of the curve 7 is therefore guaranteed and all curve points are
situated within f(R).

On the other hand, because of 7/(0) = f'(p*)ép = dy = & + n, either +7/(0)
or —7'(0) is an element of the outward directed tangent space of the bordered
manifold M in the point y*. For one of the two possible signs of ¢ and for
sufficiently small |¢| [so that 7(t) is represented adequately well by the linear
approximation 7(0) + 7/(0) - t] the image points of the curve 7 are therefore
situated outside M. As this contradicts the definition of M, the assumption
Ty+OM # image f'(p*) must be false. n

4.4 Classification of Efficient Points

The theorem of Kuhn and Tucker supplies information of first order about
a convex combination g, of the objectives in a Pareto optimal point *. This
information was used in the previous section to determine partially the geometry
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of the tangent plane Ty.OM of the border M of the image set f(R) — in the
form of the normal vector to this tangent plane given by the weight vector a.
In this section we will now establish a connection between the information of
second order about g, in the point #* — i.e. the type of the stationary point
z* — and the information of second order about the border manifold dM. It will
turn out that depending on the local curvature of dM the Pareto optimal point
z* is either a minimizer or a saddle point of the scalar-valued function gq.
In the following the objective function f is assumed to be twice continuously
differentiable.

The principal connection can again be made clear when considering the bicri-
terial case.
Let us first assume that #* is a Pareto optimal point and a global minimizer of
Ja- A conclusion of Section 4.3 is that all points of f(R) must be situated above
the straight line a”- y = ga(&*) = c. In the case of a smooth efficient curve this
does not only imply that the tangent to the curve in the point f(*) is identical
with the straight line a”- y = ¢. Moreover, the efficient curve must also be bent
‘inwards’, i.e. like a border curve of a convex set [as shown in Figure 4.5].
If on the other hand for any small neighborhood U(2*) of a Pareto optimal
point z* the border of the image set f (U(z*)) is bent outwards, each of these
neighborhoods contains points & with go(Z) < ga(2*) = ¢ [Let go be a convex
combination of the objectives to which z* is a stationary point]. Therefore, such
a stationary point &* cannot be a minimizer of g, but must be a saddle point to
go — provided that f (U(z*)) possesses the full dimension k (i.e. 2).

Generalizing the above argumentation we will now show for the unconstrained
vector optimization problem of arbitrary dimension k the following connection
between the local curvature of the border manifold [of the image set f(R")] and
the type of stationary point of gq:

Theorem 4.6:

Let y* be a (locally) efficient point and &* an associated Pareto optimal point
[i.e. f(2*) = y*] of an unconstrained vector optimization problem. Let go de-
note a convezx combination of the objectives for which &* is a stationary point.
Purthermore let there be an open neighborhood V(y*) of y* and
a sequence of e-neighborhoods Ulz*) of z* (with e - 0), so that

FUd(2*)NV(y*) =: M, is a sequence of bordered k-dimensional differ-
entiable manifolds with the following property: The principal curvatures
of the (k — 1)-dimensional border manifolds (hypersurfaces) OM, in the
point y* € OM, converge to the values p,...,pur—y for € — 0, where
p1 £0,...,ux_1 #0. The curvatures refer to the normal vector o of OM,
pointing towards the interior of M, (see Theorem 4.3).

Then the following assertions are true:
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(A) pi>0Vi=1,....k—1 < z* is a local minimizer of g,.
(B) 3ie{l,....k—1} withpy;, <0 <= z* is a saddle point of gu.

Proof. Assertion (A), ‘="

According to our assumption all principal curvatures of M, [from an € > 0
onwards in the sequence of manifolds] are larger than zero. Consequently,
the normal curvatures of all surface curves 4 on OM, passing through y*
are strictly positive in the point y*. For all such curves 4 [with 4(0) = y*]
the tangent to the curve (in the point y*) lies in the tangent plane T,.0M,
affinely shifted to y*, which again, according to Theorem 4.3, contains the
points y with a”- y = a”- y* = ga(2*) = c. Therefore for curve parameters
t sufficiently close to zero all image points (t) of these surface curves v —
and consequently all points y of a sufficiently small neighborhood of y* on
OM, — comply with the inequality a”- v(t) > ga(2*), or a”- y > go(z*) re-
spectively. Since for points of M, the minimum with respect to the go-value
is realized on the border M., the above inequality is valid for all points of a
(sufficiently small) neighborhood of y* on M,. Due to the continuity of f all
image points of a (sufliciently small) neighborhood U{z*) are contained in this
neighborhood, so that in virtue of a”- f(z) = go(®) > ga(z*) Vz € U(z*)
the partial assertion is proved.

Assertion (A), ‘<=":

For arbitrarily small neighborhoods U.(z*) of #* one can assume:
9a(®) > gal(z*) Va € U(z*). Thus, for all points y of the corresponding
manifolds M., especially for all points of the border manifolds M, and, con-
sequently, also for all image points of the surface curves v on dM, passing
through y*, the following inequality (*) is true: a”- y > c. Since the tangents
to the curves - lie in the tangent surface defined by a”- y = ¢, the inequality
(*) is in contradiction to the assumption that there can exist (for arbitrarily
small €) a negative normal curvature of M, in the point y*. Therefore all
normal curvatures and consequently all principal curvatures are positive.
Assertion (B), ‘="

According to the assumption of the theorem the image-manifold M, of any
arbitrarily small neighborhood U (2*) of #* has the full dimension k. In partic-
ular, M, contains points g, which, looked at from the border point y* € M,
are situated inside M.. Thus: 3y € M, and A > 0, so that y = y* + Aa. For
the inverse image & € U.(z*) of such a point y one can write correspondingly:
9a(Z) = a’ f(Z) = a" y = ga(2") + Aa"a > ga(z).

On the other hand, because of the left-hand side of assertion (B) one can
assume that at least one principal curvature y,;, of M, in the point y* is
smaller than zero. Let 4y denote a surface curve, the velocity vector of which
is given by the principal direction corresponding to y,, [see the definition of
tangent vectors as equivalence classes of curves, Section 4.2, point (c)] and
for which 4(0) = y*. For all curve parameters ¢ sufficiently close to zero, we
get for the image points (t) of this curve: a”- 4(t) < a” y* = ga(z*) = c,
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as these points -y(t) are situated on that side of the (affinely shifted) tan-
gent plane a” - y = ¢ which is opposite to the interior of M,. Since arbitrarily
small e-neighborhoods U(2*) contain inverse images (with respect to f) of
such curve points 7(t), one can deduce: In every arbitrarily small neighbor-
hood U(z*) there is a point & with go(Z) = a” v(t) < gal(z*).

Since in every arbitrarily small neighborhood U, (z*) there are both a point
z with go(2) > ga(2*) and a point & with go(Z) < go(z*), * must be a
saddle point of gq.

Assertion (B), ‘«<="":

According to assertion (A) principal curvatures of @M., which are all larger
than zero, imply that * is a minimizer of go. If * is a saddle point of g4,
at least one of the principal curvatures must be smaller than zero. n

-

= f,

Figure 4.6 Schematic efficient curve of a bicriterial vector optimization problem. De-
pending on the curvature of the efficient curve the associated Pareto optimal points are
either minima or saddle points (the latter marked by %) of the convex combinations g,
(parametrized by a). The curve parts marked by + consist of global minima of gq,
while the curve parts marked by B are formed by local minima. For each of these points,
in the other curve arc there exists a counterpart with an even smaller go-value (for the
same a). [Pay attention to the fact that the points y of equal g,-values (for a given
a) lie on the straight line a”- y = ¢, where c is the distance of this straight line from
the coordinate origin.]
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Considering the local curvature characteristics of the border of the image set
of f one can thereby classify the stationary points of the convex combinations of
the objectives.

Figure 4.6 illustrates the result of the considerations of this section taking as an
example a bicriterial efficient curve. A particularly interesting point is the contact
point between minimum region and saddle point region. While all other points
are surrounded by points which have the same sign of curvature, so that in the
neighborhood of these points the curve normal a varies in both directions —
i.e. both towards larger and towards smaller values of the component a; —, this
is not the case in the above-mentioned transition point. Since in this point the
curvature changes its sign, a varies in the neighborhood of this point only in one
direction, i.e. the component a; has an extremum here. This phenomenon can
indeed be observed in the numerical example calculated in Section 7.2 (see Figure
7.9 and the last paragraph of Section 7.2).

When we look at the submanifold consisting of the stationary points of go, we
can see the formal reflection of this behavior of a in the structure of the Jacobian
matrix the full rank of which guarantees the dimensionality of the submanifold.
The connection between the local variation of a and the structure of this Jacobian
matrix will be discussed in Paragraph 5.2.3.



Chapter

The Manifold of Stationary

Points

The further examinations presuppose that the feasible set R is defined by
m equality constraints! h;(z) = 0,7 =1,...,m. In this case the necessary con-
dition — according to Kuhn and Tucker — for Pareto optimal points has the
form of a system of equations. The set of all points which fulfill this condition
can therefore be interpreted as a zero manifold in an extended variable space,
the product space formed by the actual variables &, the Lagrange multipliers A
and the weight vectors a. On certain conditions this zero manifold is a (k — 1)-
dimensional differentiable manifold.
This differentiable manifold will be examined more closely in the following chap-
ter. In Section 5.1 it will be defined exactly, Section 5.2 gives a necessary and
sufficient criterion for its existence and interprets this criterion in view of op-
timization. In Section 5.3, finally, a parametrization will be constructed which
meets the special requirements of a homotopy method with several homotopy
parameters.
For all statements of this chapter — like for the rest of the present book —
the objective function f and the constraint function h are supposed to be twice
continuously differentiable.

1 Application problems with inequality constraints can either be put in this form by in-

troducing slack variables or can be transformed into subproblems which have only equality
constraints by means of active-set strategies (see e.g. [LUENBERGER, 1984}]). If one uses slack
variables, one loses the information contained in the sign of the Lagrange multipliers of the
active inequality constraints. This one has to pay special attention to. On the other hand,
active-set-strategies produce systems of non-linear equations of variable dimension. Since the
actual dimension has to be determined by numerical calculations, rounding errors can lead
to false decisions regarding the dimension.

C. Hillermeier Nonlinear Multiobjective Optimization
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66 Manifold M [Section 5.1]

5.1 Karush-Kuhn-Tucker Points as a Differentiable
Manifold M

For every Pareto optimal point £ there is, according to Theorem 4.1, a weight
vector a* € R%, so that * is a Karush-Kuhn-Tucker point (in short: KKT-point)
of the corresponding scalar-valued optimization problem with the objective func-
tion gq:. If the feasible set R is given in the form of m equality constraints, this
implies the following statement:

For every Pareto optimal point #* (fulfilling the mentioned constraint qualifica-
tion) there exists a vector? (z*, A", a*) € R*™+¥ which satisfies the condition
a” € IRf‘+ and solves the following system of equations:

k m
Zain,-(a:) + Z AVhj(z) =0 (n equations) (5.1)

i=1 1=1
hi(z) =0, i=1,...,m (m equations) (5.2)

k
Z a=1 (1 equation) (5.3)
=1

By defining a function F : R*+™+k — R*+m+1 iy the following way

Y aVii®) + X0, AVh(z)
F(z, A\ a):= h(z) , (5.4)

Zf:l ap — 1

where the vector-valued function h := (hy,..., k)" enables us to write the equal-
ity constraints (5.2) as k() = 0, we obtain the simple form

Fz,A,a)=0 (5.5)

for the system of Equations (5.1) to (5.3).

When reading Theorem 4.1 in the opposite direction, one obtains the assertion:
Points (&*,A*,a*) € R™*™*+*  which satisfy Equation (5.5) and the condition
a* € Rk, are candidates for Pareto optimal points.

In the following a subset M of this candidate set is going to be ex-

amined more closely. We obtain M by restricting the condition a* € Rk
[+]

t(o) a* € R%, where Rt is the symbol for the (strictly) positive orthant

Rt := {a € R¥|a; > 0 Vi € {1,...,k}}. The following theorem clarifies, under
which circumstances this zero manifold is a (k — 1)-dimensional differentiable
manifold.

2 When distinguishing clearly between row and column vectors the correct expression would
be (2*7,A*",a*7)". In order not to overload our notation, in such cases we shall do without
the transposition symbol.
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Theorem 5.1:

Let M be defined as M := {(z*,X",a”) € R™™**|F(2* A*,a*) = 0 A " € Rk}
If for all points of M the rank condition

rank F'(e*, A* a*)=n+m+1 (5.6)

is fulfilled, where F' is the Jacobian matriz of F, then M is a (k—1)-
dimensional differentiable submanifold of the R**™m+k,

Proof. According to the definition of a differentiable submanifold (see Sec-
tion 4.2, point (b) and [FORSTER, 1984]) the claim for M is correct, if for
every point @ € M there exists an open neighborhood U C R**™+* and a
continuously differentiable function ® : U — R™*™*! 5o that the following is
valid:

(i) MNU={z€eU| ®(z) =0}
(ii) rank®'(a)=n+m+1

By limiting a* to the positive orthant one ensures that there really exists an
open neighborhood U with the property (i). The other requirements follow
directly from the definition of M with & = F. |

If the requirement that the Rank Condition (5.6) must be valid for all points of
M is weakened to the requirement that F' in one point (&*, A", a*) € M must
have the full rank, the assertion of Theorem 5.1 is nonetheless still valid in a ‘local
version’.

Theorem 5.2:

Let all premises of Theorem 5.1 be fulfilled except for the requirement that the
Rank Condition (5.6) is to be met by all points of M. Let furthermore a point
(z*, A", a*) € M be given which complies with the Condition (5.6).

Then there exists an open neighborhood U C R™™*F of the point (z*, X*, a*),

so that M NU is a (k—1)-dimensional differentiable submanifold of the
[Rn+m+k.

Proof. The full rank of F'(z*,A\",a*) implies that a
(n+m+1)x (n+m+ 1)-submatrix A of F'(z*,A",a*) exists with
det A # 0. Because of the continuity of F’ also det A is a continuous function
and det A #0 is valid for an entire open neighborhood U of the point
(z*, A7, a*). Consequently, the Rank Condition (5.6) is satisfied for all points
of U. |
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5.2 Ciriteria for the Rank Condition

In this section we will first (Paragraph 5.2.1) elaborate in the form of Theorem 5.3
a necessary and sufficient criterion for the full rank n + m + 1 of the Jacobian ma-
trix F'(2*, A", a*) in a point (2*, A", a*) € M. Subsequently, this criterion will
be illustrated in Paragraph 5.2.2 by showing that by means of some corollaries
a connection between the fulfillment of the Rank Condition and the character of
the point £* with respect to scalar-valued optimization can be made — remember
that #* is a Karush-Kuhn-Tucker point in the scalar-valued optimization prob-
lem with the objective function go+ and the equality constraints h(z) = 0. In
the end of this section (Paragraph 5.2.3) we will make some observations about
the connection between the character of the KKT-point &* and the unrestricted
variability of the weight vector a in the neighborhood of the point (z*, A*, a*).

5.2.1 A Necessary and Sufficient Criterion

First we have to make some preparations for Theorem 5.3.

We assume that the equality constraints A(z) = 0 in the point z* satisfy the men-
tioned constraint qualification, i.e. that the vectors {Vhi(z*),..., Vh,(z*)} are
linearly independent. Under this condition in a neighborhood of &* the m equality
constraints h(z) = 0 define an (n — m)-dimensional submanifold of the R*, which
is also called constraint surface. Its tangent plane is an (r — m)-dimensional linear
subspace of the R” which can be written as the orthogonal complement S+ of the
subspace S C R® defined by span{Vh,(&*),...,Vh,(z*)}. Let {vi,..., v},
where v; € R”, be an orthonormal basis of $*, and denote the n x (n — m)-matrix
which is made up of these basis vectors by V := (v;...v,_,,).

Vz_La*(a:*) t

S_L

Figure 5.1: lllustration of the linear mapping V2L (2*)|s2.

The Jacobian matrix F'(z* A", a*), the rank of which is under inves-
tigation, has an important (n X n)-submatrix (see below, Equation (5.10)):
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V2o (z*) := Vi (a™"f(z) + A""h()) |z=z+, 1.€. the Hessian matrix (with re-
gard to x) of the Lagrangian function Lo«(®,A)|a=x to the scalar-valued ob-
jective function go:. If one restricts the linear mapping of the R™ into the R",
which is given by this matrix, to the subspace S, i.e. to the tangent space of the
constraint surface, one obtains the linear mapping V2Lq+(z*)|s+ defined by

st - st
2 * .
VLo (251 { D e (5.7)
where Pg. denotes the projection mapping onto the subspace S* (see Figure 5.1).
The matrix representation of this linear mapping VZLys(z*)|s1 with regard to
the basis {vy, ..., V,_m} of the subspace S+ is V7 V2Ly:(2*) V. For this matrix
representation we have

(VIVia(2) V)T = VI(V2Lae(2"))TV = VIVLe(2") V, (5.8)

because V?Lg+(z*), as a Hessian matrix, is symmetrical. Therefore,
V7 V2Las(2*) V is a symmetrical matrix. Consequently S can be spanned
by an orthonormal basis consisting of eigenvectors of VZLqs(2*)|s1, and all the
eigenvalues vy, . .., Vy_n, are real numbers.

Now we are in the position to state a necessary and sufficient condition® for
the fulfillment of the Rank Condition (5.6) in the form of the following theorem:

Theorem 5.3:

Consider a point (z*,A",a*) € M (for the definition of M see Theorem
5.1), i.e. let * be a Karush-Kuhn-Tucker point to the scalar-valued opti-
mization problem with the objective function go+ and the equality constraints
h(z) = 0. Let the constraint qualification be fulfilled in x*, i.e. the vectors
{Vh(z*),..., Vh,.(2*)} are linearly independent.

The subspace span{Vhy(z*),....Vhy,(&*)} C R is denoted by S and its or-
thogonal complement by S*.

Then the following equivalence holds:

rank F'(e*, A", a*)=n+m+1 <

The set of the vectors u € St C R™ with u # 0, for which the following is
true:

o u € {eigenraum of V?Lqs(2*)|s1 associated with the eigenvalue 0}
and

o u€ kernel f'(z)

3 At this point the author would like to thank Prof. Dr. Klaus Ritter for his suggestion of
extending the claim of Theorem 5.3 to the generality presented here (see [RITTER, 1998]).
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is the void set.

[or  equivalent to this: the intersection (which shall be de-
noted by E) of the [linear spaces kernelf'(z*) CR* and
{eigenraum of V?Lgs(z*)|s1 associated with the eigenvalue 0} C St C R™
consists of the zero vector.]

Proof. First, we note that rank F'(z*, A", a*) = n + m + 1 is equivalent to
saying that the linear equation

F(z*, X", a")" 2=0 (5.9)
has only the trivial solution z, = 0 € R**™+1,

Proof of <=
We start by a closer look at (5.9). Differentiation of the function F results in

V2Lg(2*) | Vhi(2*) ... Vhpa(z*) |0
V(2
: 0 0
F(z* X", a*)" = Vha(z*)" . (5.10)
Vfi(z*)" 1
: 0 :
\ Viilz") 1/

Writing a solution vector z € R**™*! as z = (E) with @ € R", b € R™ and

¢ € R, we get a linear system of equations which is equivalent to (5.9):

ViLa(z*)a = —HD, (5.11)
where H := (Vhy(z*)... Vhn,(2*)) € R™™
Vhi(z")"a = 0 (5.12)
Vhn(e*)Ta = 0
Vfi(z")"a = —c (5.13)
Vfi(z)"a = —c.

The Equations (5.12) are equivalent to the statement
a€St, (5.14)

and the Equations (5.13) lead to the conclusion

k k
Vo (2")"a = Zaf Vfi(z*)"a = —¢ (Z a}‘) = —c. (5.15)
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Since F(z*, A", a*) = 0, we have Vgo+(z*) € S. On the other hand, a € S+,
so we conclude

c=0. (5.16)
Thus, the Equations (5.13) imply that f'(z*) @ = 0 or, equivalently,
a € kernel f'(z) . (5.17)

The columns of H span the subspace image H C R". On the other hand,
they form a basis of S thanks to the constraint qualification. Thus, we con-
clude image H = S. Application of the projector Ps. to the equation (5.11)
therefore results in

Psi VLo (z")a=—-Ps. Hb=10 . (5.18)
Since a is a vector of S*, this is equivalent to
Vig(z*)|sr a =0, (5.19)

i.e. a is an eigenvector belonging to the eigenvalue 0 of V?Lge(2*)|s2.

Having provided the material needed, we now assume that the intersection £
as defined in the proposition is empty and that the equation (5.9) has a non-
trivial solution z # 0. The latter assumption implies a # 0, since a = 0
would lead to b = 0 [according to (5.11) the vector —b can be considered
as the vector of coefficients of V?La+(2*)a € S with respect to the basis
{Vhi(z*),...,Vhy(z*)} of S], and since ¢ = 0 holds anyway. Thus, a € S*
is an element of E conflicting with the assumption that E is empty. Hence,
the <=-direction is proven.

Proof of = :

We suppose that (5.9) has only the trivial solution 25 = 0 and that there is
a vector u € E, u # 0. Consider the vector z = (2::) € Rr+m+1 | where —v
is the (uniquely determined) vector of coefficients of VZL4e(2*)u € S with
respect to the basis {Vh(z*),..., Vh,(2*)} of S. By construction, the triple
(2’:) solves the system of equations (5.11), (5.12), and (5.13). Therefore, 2 is

a non-trivial solution of (5.9). Due to this contradiction, the assumption that
there is a non-trivial vector © € E cannot be true. [ ]

5.2.2 Interpretation in View of Optimization

At first sight the criterion for the fulfillment of the Rank Condition (5.6), con-
tained in Theorem 5.3, looks rather abstract. We shall now fill it with life, deriving,
by means of a few corollaries, the fulfillment of the Rank Condition (5.6) from
the character of the KKT-point £* of the objective function gq-. Let us first state
the following corollary:
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Corollary 5.4:

Let a point (2*, A", a*) € M be given, i.c. let €* be a Karush-Kuhn-Tucker
point to the scalar-valued optimization problem with the objective function gqs
and the equality constraints h(z) = 0. Furthermore, assume the constraint
qualification to be fulfilled in @*, i.e. the vectors {Vhy(z*),...,Vhna(z*)} to
be linearly independent.

We conclude:

If the linear mapping V2 Lo+ (z*)|s1 is regular, F'(z*,X*, a*) has the full rank
n+m+1.

Proof. Since the linear mapping V2 L4+ (2*)|s1 is diagonalizable, its regularity
is equivalent to the statement that for all eigenvalues 11, ..., Vy_,, We have:

vi#0 Vi=1,...,n—m. (5.20)

Consequently, there exists no non-trivial eigenvector to the eigenvalue 0.
Therefore, according to Theorem 5.3, F'(z*, A\*, a*) has the full rank. |

The sufficient criterion (for the rank condition) given in Corollary 5.4 obtains
an immediate meaning, once one adopts the view of the scalar-valued optimiza-
tion.

First let us point out that the affiliation of the point (&*, A", a*) to the mani-
fold M means that £* meets the necessary condition of first order for a local
extremal point of the objective function g+ under the constraint h(z) = 0.
When classifying stationary points &* of go+ by means of information of sec-
ond order, V2L,:(z*)|s1 (i.e. the Hessian matrix of the Lagrangian function,
restricted to the tangent plane of the constraint surface) plays the same part
as the Hessian matrix of the objective function in the unconstrained case (see
e.g. [LUENBERGER, 1984]). The regularity of V?Lg+(z*)|g1, which is according
to Corollary 5.4 a sufficient criterion for the fulfillment of the Rank Condition
(5.6), implies in the context of optimization that an analysis of the eigenvalues of
V2Lo+(2*)|ss (and hence an analysis of the information of second order) allows
us to determine? whether the Karush-Kuhn-Tucker point &* is a local minimizer,
a saddle point or a local maximizer of the objective function gq+ (subject to the
constraint h(z) = 0). The distinction can be made by means of the sign of the
eigenvalues:

a) i >0Vi=1,....,n—m <= V?Lg(2*)|s2 is positively definite. In ac-
cordance with the sufficient optimality condition of second order &* is an
isolated minimizer of g+ [subject to h(z) = 0].

b) 3(5,5)€{1,....n—m} x{1,...,n—=m}:v;>0,0; <0. In this case
V2Las(2*)|s2 is indefinite (and regular), and the point &* is a saddle point
of go+ [subject to h(z) = 0].

4 This question can be decided from the eigenvalues of V2L, (2*)|s+ only if none of these
eigenvalues is equal to zero. Otherwise, for the determination of the character of the station-
ary point 2" information of higher order is required.
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¢) vy<0Vi=1,...,n—m. Since this is equivalent to stating that
V2Las(2*)|s1 is negatively definite, * is an isolated maximizer of gq«

[under h(z) = 0].

While case c¢) does not occur when one searches for efficient points — such points
are situated on the border of f(R) which is opposite to the efficient set —, cases
a) and b) lead to the following important corollary to Theorem 5.3:

Corollary 5.5:

Consider a point (2*, X", a*) € M, i.e. * is a Karush-Kuhn-Tucker point
to the scalar-valued optimization problem with the objective function go» and
the equality constraints h(z) = 0. Furthermore, let the mentioned constraint
qualification be satisfied in z*.

Lete* further be either

e a local minimizer of go+ meeting the sufficient optimality condition of
second order, i.e. V2L os(2*)|g1L is positively definite,

or
e asaddle point of go+, such that VZLa+(z*)| 51 is regular and indefinite.
Then F'(z* X", a*) has the full rank n+m +1. |

Now one could ask in a colloquial way what happens during a transition from a

minimizer to a saddle point on the set M. Let us examine the following scenario,
which is shown schematically in Figure 5.2, in order to examine this question
more closely.
Consider two points of M, (2!, A", a') and (2?, A%, a?). Let z' be a local min-
imizer of the function g, [subject to h{z) = 0], which meets the sufficient op-
timality condition of second order, and let &? be a saddle point of g2 [subject
to h(z) = 0] with the regular Hessian matrix V?Lo2(2%)|span{Vhy (22),.. . Vhm (s2)} -
Let us assume moreover that it is possible to connect both points by a continuous
curve

R> [0,1] - M
T: t = (2(t),A1),at))
with 7(0) = (2!, A, ') and 7(1) = (2%,A? a?),
(5.21)

where for all (t), ¢ € [0,1] the constraint qualification is valid. Stating to each
curve point 7(¢) the (n —m)-tuple formed by the eigenvalues of the linear
mapping V2La(t) (z(t)) |spa,,{v,,l(z(t))mv,,m(z(,))}l, one obtains a continuous curve
Tt (11(t),...,vn_m(t))" which corresponds to 7. By assumption one has:
vi(0)>0Vie{l,...,n—m} and 35 € {1,...,n — m}: v;(1) < 0. Because of
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minimizers

.- saddle points

Figure 5.2 During the transition from a region of minimizers of g, to a region of saddle
points of g, at least one eigenvalue v; of V2L|g. has to be zero.

the continuity of 7 there must exist a curve parameter to € [0, 1] with v;(to) = 0.
The point 7(¢9) € M meets neither of the two conditions which, according to
Corollary 5.5, are sufficient for the Rank Condition (5.6).

The points (2%, A*, a*) of M, in which V2L 4+ (z*)|s+ has the eigenvalue 0 and

which therefore do not meet either of the two sufficient conditions of Corollary
5.5, can be discussed from two different points of view:

(A) From the point of view of scalar-valued optimization an eigenvalue 0 of

the linear mapping V?Lqs(2*)|ss signifies that the local model of second
(i.e. quadratic) order of the Lagrangian function Las(&,A)|a=a+ (briefly
denoted by Lq-) in the direction of the corresponding eigenvector is flat and
thus only models of higher order can give information about the behavior
(increase or decrease) of Ly« along this direction.

For example, — like in the scenario described — when passing through the
point (&*,A*,a") an eigenvalue of V2Ly:(2*)|s1 can pass through zero,
which signifies that the curvature of the Lagrangian function with regard
to this eigenvector changes its sign. If e.g. all eigenvalues (i.e. curvatures)
were positive before, such a zero passing indicates that the character of the
stationary point of g, has changed: A minimum point has become a saddle
point.

(B) The second aspect is the question, whether in the point (2*, A", a*) the
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Rank Condition (5.6) is met all the same. This viewpoint is significant in
the context of this book for the following reason.

Our aim is to move around on the set M of candidates for efficient points
by making use of a homotopy method. The method becomes particularly
valuable, once it enables us to get from local minima to saddle points (and
vice versa) in the sense of the above scenario. To this end, the feature (which
for local minima and ‘regular’ saddle points is guaranteed by Corollary 5.5)
of the zero manifold M of being — at least locally — a (k — 1)-dimensional
differentiable manifold must be valid also for those points (z*, A", a*),
in which an eigenvalue of VZL,s(2*)|s. passes through zero (or several
eigenvalues pass through zero simultaneously).

In the light of the above viewpoint now a further aspect of Theorem 5.3 dis-
closes itself: According to the necessary and sufficient criterion given there,
the Rank Condition (5.6) is fulfilled in points, in which the eigenraum be-
longing to the eigenvalue 0 of the linear mapping V?La+(2*)|s+ does not
disappear, if and only if none of the (non-trivial) vectors of this eigenraum
is contained in the kernel of the mapping f'(z*).

If the eigenraum (associated with the eigenvalue 0) is one-dimensional, i.e. if
only a single eigenvalue of V2L4+(2*)|s1 in the point (z*, A", a*) passes
through zero, this criterion can easily be verified: If the normalized eigen-
vector is denoted by u, there has to exist at least one individual objective

function f; with Vfi(z*)"- u # 0.

We can summarize: When considering the zero transition of an eigenvalue of
V2Lgs(2*)|s+ from the point of view of scalar-valued optimization, the relevant
information is of higher than quadratic order. In contrast, the question, whether
M in a neighborhood of (2*, A", a*) is a differentiable manifold of well-defined
dimension k — 1, is decided according to whether there is an individual objective
function f;, the gradient of which has a component along the eigenvector associ-
ated with the eigenvalue 0 of the Hessian matrix [of the Lagrangian function].

5.2.3 Variability of the Weight Vector

In the following paragraph we assume that there is an open neighborhood
U C R™™+k of the point (z*,A*,a*)€ M, so that MNU is a (k—1)
dimensional differentiable submanifold of the R**™+*¥ Now we will discuss the
question, under which premises this manifold is parametrizable in a (possibly
more restricted) neighborhood of the point (z*, A*, a*) by the components of the
weight vectors a. In other words: Under which premises can a be locally varied
without restrictions?

The condition Ele o; = 1, which « has to fulfill and which can be written
1

) = 1, determines a plane in the R*. This plane
i

in an equivalent way as a”-
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]
— or the part of it situated in IR'j_ — can be parametrized by an arbitrary choice
of (k — 1) components of a. The above question has to be asked more precisely:
under which premises can k — 1 (arbitrarily chosen) components «; of a be varied
freely in a neighborhood of a* without leaving the manifold M?
The following theorem gives an answer to this:

Theorem 5.6:

Consider a point (2*, A", a*) € M, i.e. * is a Karush-Kuhn-Tucker point for
the scalar-valued optimization problem with the objective function go+ and the
equality constraints h(z) = 0. Let the constraint qualification be fulfilled in
zr.

Let furthermore U € R**™*F be an open neighborhood of the point (z*, A", a*)
such that M NU is a (k — 1)-dimensional differentiable submanifold of the
[Rn+m+k.

Then we have: )

M N U is parametrizable in an appropriate neighborhood U of (z*, A", a*) by
k — 1 arbitrarily chosen components o; of a, if and only if the linear mapping
VLo (2*)|ss is reqular.

Proof. First we want to bring to mind that the j-th column of the Jacobian
matrix F'(2*, A", a*) is formed by #’:a)j(z*, A*, a*), i.e. the derivative of F
with respect to the j-th component of the extended variable vector (2, A, a).
According to the implicit-function theorem M N U can be parametrized lo-
cally by the £ — 1 components «;, if and only if the derivative with respect
to one of these components a; is not necessary for the completion of the
rank of the Jacobian matrix F'(z*, A", a*). For the full rank of the Jacobian
matrix F'(2*, A", a*) n+ m + 1 linearly independent columns are required.
It is therefore necessary for the above-mentioned local parametrizability of
M N U, that the submatrix e ,\)("” A%, a*) of F'(z*, A", a*), formed out of
the first n + m columns (i.e. the derivatives with respect to & and A), has the
full rank n + m. On the other hand, as one learns from the explicit form of
F'(z*, A", a*)"in Equation (5.10), all columns of a(‘i 525 A% a *)havea 0 as

(n 4+ m + 1)-th element, all columns (:1: A", a*), however, a 1. Therefore,

the rank of the submatrix 3z 2E 3= (z~, A ,a*) is increased by 1 when we add an

arbitrary column of %(:l: , A%, a*). Hence, the full rank of 52E-(z* A" o*)
is also sufficient for the aforesaid local parametrizability of 1\}r

It remains to be shown that fz—%(z*, A", a*) has the full rank n 4 m, if and
only if V2Ly+(2*)|s1 is regular.

This proof can be executed to a large extent in analogy to the proof of The-
orem 5.3 and will be stated in the following very briefly. In advance let us
note that the (n + m + 1)-th row of a(a A)(:B A%, a*) is the zero vector, so
that the rank of 52° /\)(z , A", a*) is identical with the rank of the symmetri-
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cal (n +m) X (n + m)-submatrix Q%"—‘(z*,X’,a*), which one obtains by
eliminating this last row.

Proof of ‘«<="":
It suffices to show that from the existence of a non-trivial solution
z € R™™ 2z £ 0, of the equation

(@ A at) 2= 0 (5.22)
the singularity of V2L« (2*)|s1 follows.
By introducing the notation z = (§ ) with @ € R” and b € R™ Equation (5.22)
is equivalent to the system of equations built by the Equations (5.11) and
(5.12). As in the proof of Theorem 5.3 one can therefore conclude for a so-
lution of this system of equations that a is an element of the eigenraum of
V2Las(2*)|ss associated with the eigenvalue 0. Since z # 0 implies a # 0,
from the existence of a non-trivial solution z # 0 of Equation (5.22) one can
conclude that VZLg+(2*)|s+ has a non-vanishing eigenraum associated with
the eigenvalue 0 and is therefore singular.

Proof of ‘="
This assertion shall be proved by contradiction. Let Equation (5.22) have
only the trivial solution z = 0 and let us assume that VZL4s(2")|g1 is sin-
gular, i.e. has a non-vanishing eigenraum belonging to the eigenvalue 0. Let
us now choose a vector u # 0 of this eigenraum and examine (as in the
proof of Theorem 5.3) the vector z = (3) € R**™, where —v is the well-
determined coefficient vector of VZLos(2*) u € S with regard to the basis
{Vhi(&*),...,Vh,(2*)} of the subspace S. By construction, (%) solves the
system of Equations (5.11) and (5.12). This is a contradiction to the assump-
tion that Equation (5.22) has only the trivial solution.

]

The above proof shows that when VZ2L,«(2*)|sr [and therefore also

Za“(%if‘x‘)(w*7 A", a*)] is regular, an arbitrary column %(z*, A", a*) of the submatrix

gg(z*, A", a*) can be utilized to complete the rank of F'(z*,A*, a*). The chosen
component a; is not available for the local parametrization of M N U, according
to the implicit-function theorem. By choosing a component a; [or, equivalently, by

choosing the other K — 1 a-components] one determines simultaneously, which
1

k —1 a-components shall parametrize the plane a?- () =1 in the RF.

i

If the linear mapping V2La-(2*)|s2 is singular, in accordance with Theorem
5.6 k — 1 (arbitrarily chosen) components of the weight vector a are no longer
freely variable. In order to examine this limitation of the variability of a more
closely, let us assume that the eigenraum of VZL«(z*)|s1 associated with the
eigenvalue 0 is one-dimensional and is spanned by the vector u € R*, u # 0. As
one can infer from the proof of Theorem 5.3, we then have for the kernel of the
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: AF n+m * * *
mapping ﬁ—(m , AT a%):

aFlu-"‘f'm * * *\ u
kernel Az N) (", A", a") = span{( » )} , (5.23)

where —v € R™ is the well-determined coefficient vector of V?Lys(2*)u € §
with regard to the basis {Vhi(z*),...,Vh,(2*)} of the subspace S. Conse-
quently, the first n + m columns of the Jacobian matrix F'(z*, A", a*) gen-
erate the (n 4 m — 1)-dimensional subspace T := span {(%)}" x {0} of the
R*+™ x R. We require (at least) two columns of the submatrix 2£(z*, A", a”)
to complete the dimension of the span of the columns to n +m + 1. The
i-th column of %E(z*,A*,a%) is (Vfi(z*),0,1)", where 0 € R™. If one
picks out two columns (the i-th and the j-th), they span the subspace
span{(V(fi — fi)(2*),0,0) ", (V(fi + f;)(z*),0,2)"}. As in the second basis
vector (V(fi+ f;)(2*),0,2)" of this subspace the (n+m +1)-th compo-
nent does not vanish, it is automatically not included in the sum space
(T + span{(V(fi — f;), 0,0) ™}). The first basis vector (V(f; — f;)(z*), 0,0) Thas
a non-vanishing component in 7+ and is therefore not included in T, if and only
if:

T

V(") = Vfi(=") u
g g = Vfi(e")"u - Vfi(2")"u # 0. (5.24)

Hence, two columns i and j of %(z*, A", a*) [which contain the derivative of the
function F(&, A, a) with respect to the components a; or ; of the weight vector
a| can complete the rank of the Jacobian matrix F'(z*, A", a*), if and only
if the gradients of the associated individual objectives f; and f; have different
components in the direction of the eigenvector u.

If, on the other hand, one tries to answer the question, whether and, if so, which
k —2 components of a are freely variable (under the above assumption of a
one-dimensional eigenraum belonging to the eigenvalue 0 of VZLg«(2*)|51), one
obtains: A choice of k —2 a-components can be varied (locally) freely, if and
only if the gradients of both individual objectives, which correspond to the other
two a-components, have different components in the direction of the eigenvector
u.

The observations just made can be applied analogously to scenarios, in which the
eigenraum associated with the eigenvalue 0 has a dimension larger than 1.

It was the aim of the considerations of this paragraph to show in which way
limitations of the local variability of the weight vector a, which follow from cer-
tain curvature properties of the border of the image set f(R) (see Section 4.4,
last paragraph) and which can also be observed numerically (see Section 7.2, Fig-
ure 7.9), are connected to the structure of the Jacobian matrix F'(z*, A", a*)
and the rank properties of its submatrices. Both phenomena, i.e. the limitation
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of the variability of & — which is induced by a change of curvature of the bor-
der of the image set f(R) during the transition from minima to saddle points
region (see Section 4.4) — as well as the collapse of the rank of the submatrix
8(8:’\) (2", A", a*), which according to the implicit-function theorem must accom-
pany this limitation of the variability, have a common cause: the transition of an
eigenvalue of the Hessian matrix VZLy«(2*)|s+ through zero.

From the above considerations a second important conclusion can be drawn. A
comparison of Theorems 5.3 and 5.6 shows that the local parametrizability of M
by a (or k — 1 of its components) is based on substantially stricter premises than
the property of M NU of being a (k — 1)-dimensional differentiable manifold.
When drawing up a homotopy method for vector optimization we are therefore
not going to use a (or k — 1 of its components) directly as a [(k — 1)-dimensional]
homotopy parameter, but will develop a generalized method which is based on a
parametrization that is realizable under the weakest possible assumption, namely
the property of M NU of being a (k — 1)-dimensional differentiable manifold.
The discussion of the basic principle of this method will be the subject of the
following section.

5.3 A Special Class of Local Charts

Given a point (&*, A", a*) of the set M of candidates for Pareto optimal points
which meets the Rank Condition (5.6), we want to investigate the neighborhood
of this point on M. That is, we want to find other points of M N U, where
U C R**™** is an open neighborhood of (z*, A", a*).

In accordance with Theorem 5.2, U can be chosen in such a way that M N U is a
(k — 1)-dimensional differentiable submanifold of R**™+*. This property guaran-
tees for M N U the existence of a local chart. A local chart ¢ of M N U is defined
as a C'-homeomorphism ¢ : T — V which maps an open subset T C R¥! onto an
open neighborhood V' C (M NU) C R**™** of the point (2*, A", a*) and which
meets the rank condition rank ¢'(§) =k — 1V £ € T (see Section 4.2).

The basic idea of our approach is to construct an appropriate local chart ¢ of
M N U and to generate points of M N U by varying the chart parameters £. Fig-
ure 5.3 schematically illustrates this plan. Let &, := ¢~!(2*,A*, a*) denote the
inverse image of (2*, A™, a*) under the mapping ¢. According to our plan, we gen-
erate a set of chart parameter points in the neighborhood of £,. In Figure 5.3 these
points are denoted by {§,), &), §(3), €(4)}- The numerical evaluation of the map-

ping ¢ for these points will yield the new points {¢(&,)), ¥(&2)), (&(3)) (€4))}
on MNU.

The explicit numerical construction of an appropriate local chart ¢ will be the
subject of Chapter 6. By scrutinizing the aim of exploring the local neighborhood
of the point (z*,A",a*) on M NU, general guidelines for the construction of ¢
can be gained. These shall be discussed now.
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Figure 5.3 The basic idea of generating new points of M N U by numerical evaluations
of an appropriate local chart ¢ (see text).

@)

The image set of ¢ has to be a neighborhood of the point (z*, A*, a*).
Therefore, it is natural to demand that (z*,A*,a*) be the image of the
parameter origin, i.e. that we have

p(0) = (2", A", a"). (5.25)
Any arbitrary chart ¢ can be brought into this form by translation.

The chart ¢ has to be evaluated numerically. The following method for
constructing ¢ permits us to apply the tools of numerical linear algebra
effectively:

The space R*™+F is decomposed into a (k — 1)-dimensional linear sub-
space L and the orthogonal complement L' associated to it. Let us as-
sume {@i,. .., @nymsx} to be an orthonormal basis of the R**™+* such that
span{qy,...,q_1} = L and span{qx,..., @utm+x} = L*. The chart ¢ now
describes a point (z,A, @) € M NU as a function of its projection onto the
subspace L which has been attached to the point (z*, A", a*). Chart pa-
rameters are the coordinates £ of the vector thus projected with regard to
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the basis {qi,..., ge—1}. Such a chart ¢ has the form

p: € (2N, a")+ Q < 7)(65) ) , (5.26)

where @ :=(q1 ... @uym+k) 1s the orthogonal matrix constructed out of
the basis vectors and 7 denotes a continuously differentiable mapping
n:R1 DT — R with 5(0) = 0.

(ii1) The neighborhood V of the point (2*, A™, &*) on the manifold M N U should
be accessible to our exploration along all ‘directions’ without leaving ¢ (T').
The heuristic notion of a direction on V can be formalized naturally by
means of a generalized local coordinate curve 74 : [0,a) = V, v = ¢(7 - t),
where ¢t € R¥"! ||t|| =1, and a-t € T (the boundary of T). There-
fore, we are led to require that the infimum of the set of distances
{llpll| p € 8T C R¥'} between the origin 0 € T and boundary points of T
should be as large as possible.

In order to illustrate requirement (iii) we take as an example the one-

dimensional manifold S', i.e. the unit circle in the R? centered at the origin,
as shown in Figure 5.4.
Let us have a closer look at the point (z*,y*) =(0,1)" and search for a
parametrization of S! in the neighborhood of this point which satisfies the re-
quirements (i) to (iii). A chart which clearly meets the requirements (i) and (ii)
is given by

(-1,41) — R?

LG T H((l))+((1)(l))'(\/$—l):(\/—1}:}_fs>27')

In this case the r-coordinate is the chart parameter, the vectors g = (}) and
q: = (9) constitute the orthonormal basis, the matrix @ is the identity matrix,
and the function 7 is defined as n(z) = V1 — 22 — 1.

In order to verify whether ¢ meets also requirement (iii), one has to take
into consideration the borders of the domain of definition T of this chart. These

borders are characterized by the divergence of the derivative de—n(x) = 7= in

the points z = —1 and = +1 (see also Figure 5.4). Requirement (iii) is indeed
met, as both borders of the domain of definition are equally distant® from the
parameter origin = 0.

If one asks for the reason of this property, one realizes the following particularity of

> Because of the constant curvature of the circle — a special property of this example —
the parameter interval T for all charts, which have the form (5.26), is of equal total length,
namely 2. Therefore the verification of (iii) in this special case is identical with the verification
of the symmetrical position of T with regard to the origin.
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Ln(x)

Figure 5.4 A local chart of the unit circle S*. The domain of definition T is limited by
divergencies of %7](&').

the chart g : The derivative %n(x) = \/—1‘_%, which diverges in the border points,
has the value zero in the parameter origin. If one enlarges the notion of distance
intuitively to RU {400, —00}, in the origin the derivative j“;n(x) therefore has
a ‘maximum distance’ from +o0o and —oo, the values, to which it tends at the
borders. If — as is the case in our problem — one has no knowledge of the
curvature properties of the manifold M N U, this is the best measure one can
take to fulfill requirement (iii).

When we apply the result of the above discussion to the case of a general
chart ¢ of the form (5.26), a consequence of requirement (iii) is the additional
constraint

In
—(0) = 0 5.28
2(0) (5.29)

on the Jacobian matrix of 5.
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Before we shall prove that a chart with the properties (5.26) and (5.28) really
exists, we go into an important implication of requirement (5.28). This constraint
determines the subspace L (see point (ii)), which underlies the construction of the

chart ¢. To see that, let us have a look at the columns gT“:(O), ce 6?:11 (0) of the
Jacobian matrix ¢'(0) = 2—‘2’(0). These vectors form a basis of the tangent plane

T(o* a*,ar)(M N U) to the manifold M NU in the point (z*, A", a*) (see Section
4.2, point (c)). If, on the other hand, one calculates g—?(O) by making use of the
Equations (5.26) and (5.28), one gets

dp a ( ¢
20 - @ (5 ) - qa. (5.29
where the vector e; € R**™+* at the i-th position has 1 and otherwise only zeros.
Therefore Qe; is the i-th column of the matrix Q. Since, by construction, the
i-th column of @ is the vector g¢;, which lies in the subspace L and belongs to
the orthonormal basis we use, one can conclude:

As a consequence of Equation (5.28) the basis {qi,..., g1} of the subspace L
is at the same time also a basis of the tangent plane T(z z+ o+)(M NU), and
the span of this basis, i.e. the subspace L, is identical with the tangent plane
Tiz*ata)(M N U). The chart parameters § of a point (z,A,a) € (M NU) are
hence the coordinates of the vector, which is generated by projecting (z, A, a)
onto the tangent plane Tz« a+,a+)(M NU), with regard to an orthonormal basis
of this tangent plane [which has been attached to (z*, A", a*)]. Thus, the local
chart ¢ is based on a coordinate system which is adapted to the local geometry
of the manifold (M N U). Figure 5.5 illustrates this crucial feature of the chart

®.

* *
A N

€ € RF1

Figure 5.5 The decomposition of the R"™™tF into the tangent space
T(z* A% a*) (M NU) and its orthogonal complement enables the construction of a chart
¢ which is adapted to the local geometry of the manifold M N U.

The following theorem ensures the existence of such a local chart ¢.
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Theorem 5.7:

Consider a point (2*, X", a*) € M and assume that there ezists an open neigh-
borhood U C R™™+k of (2*, X" a*) such that M N U is a (k — 1)-dimensional
C*'-submanifold of R*tm+k,

Let furthermore {qu,..., @uym+k} be an orthonormal basis of the Rrtmtk
such that span{qi,..., q-1} = T(z*a*,a2)(M N U) [tangent plane to M NU
in the point (2*, A", a*)]. Let Q :=(q1 ... Gutm+k) denote the orthogonal ma-
triz formed by the basis vectors g;.

Then there exists an open neighborhood T C RF=! of the origin 0 € R¥!, an
open neighborhood V [relative to (M N U)] of the point (z*,\*, a*) and a local
chart of the form

T - Vvc(MnU)
@ { € o (z°30")+ Q ( n(&{)) , (5.30)
where:
7(0) = 0 and Z—Z(O) = 0. (5.31)

Proof. First let us state that the tangent plane T(ze x* o+)(M NU) has the
dimension k — 1 and, therefore, a basis {q, ..., guym+t} really exists, which
has the properties of the assumption of the theorem.

Let U CU be a neighborhood of (z*, A* a*) such that & >0 for all
i€{1,...,k} and (z,X,&) € U. The manifold M NU to be parametrized
is defined as the intersection of the zero manifold

F(z,A\,a)=0 (5.32)

with U. Let (&,X,a) be an arbitrary point of M NU and let us de-
note the coordinates of ((&, A, a) — (*, A", @*)) with respect to the basis

{qh reey Qn+m+k} by (6’“)T7 £ € IRk_la M E IRn+m+l’ Le.
(z,\,a) = (2", A",a*) + Q ( 5 ) . (5.33)

The inverse image of the neighborhood U with respect to this coordinate
transformation is an open neighborhood U of the origin in the space of the
(&, p)-coordinates. A point of R**™+* solves the equation F(z,\, ) = 0, if
and only if its (&, pt)-coordinates solve the following equation:

Fie.w) = Falém A& m.alem) = F (e na)+@( ) = 0.

(5.34)
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Describing the set of solutions of (5.34) by
M :={(& p) € R F(¢,u) = 0}, we can conclude that the coor-
dinate transformation (5.33) establishes a diffeomorphism between the

C'-manifolds M NT and M N T.
Our next step is to construct a local chart of MnU.

The Jacobian matrix of F, evaluated at the point (&, p) = 0, 1s given by

. oF
F g =
€0 ¢, p) ' (€m)=0

= F(z*, 2, a") Q. (5.35)

V(z,x,a)Fl(i‘)',a')T

Let us examine the matrix F/(z*, A", a*) = : ,
V(e a) Fatmer (@*A%a)T

where V(;zaa) = (z%, 5%, %). Its rows form a base of the subspace
(T(,.X’a«)(Mﬁ U))l. For any [ € {k,...,n+ m+ k}, the l-th column of
the matrix F'(z*,A",a*) @ can be interpreted as the tuple of coeffi-
cients of the vector @ € [T(z+x*.as)(M NU)|* with regard to that basis
{Viera)F1, s Vizaa)Fnims1}. As the linear independence of the vectors
{gk, .-, @uym+x} 1s preserved during this change of basis, the last n + m +1
columns of the matrix F’!(E,u):o = F'(2*, A", a*) Q are linearly independent
vectors, and we obtain

rank oF =n+m+1. (5.36)

op 1(gm)=0

Therefore, according to the implicit-function theorem, there exist an open
neighborhood T C R*¥~! of the origin 0 € R*!, an open neighborhood
W C R™™*! of the origin 0 € R**™*! and a continuously differentiable
function 7 : T — W such that the equation (5.34) has exactly one solution
(& p) = (&, m(€)) for each € € T. Since the point (0, 0) solves the system of
Equations (5.34), we have n(0) = 0.

The set V := M N (T x W) is an open neighborhood [relatively to M N U] of
the origin 0 € (M NU) C R*™+* We choose the neighborhoods T and W
small enough to ensure T x W C U. As a consequence, Vc (M NU), and
the mapping

) T - V
le- <n(€€)> >

is a local chart of the C'-manifold M N U. Composing ¢ with the coordinate
transformation (5.33) and defining V' as the image of V' under this coordinate
transformation, we obtain a mapping ¢ of the form (5.30) as a chart of the

C'-manifold M N U.
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In order to verify the second equation of (5.31), we write the formula for
the Jacobian matrix of n(§) at the point & = 0, which is supplied by the
implicit-function theorem:

. -1 ~
on oF oF

0) = — . 5.38
35( ) (8'7 (£,n(£))=0) 23 ’(5,7,(9):0 .

As a result of (5.35), the matrix %{— \
(&m(&))=0

columns of the matrix F'(z*, A", a*) Q. By construction of the basis vectors
{@,..., -1} we have

consists of the first (k — 1)

Vieaa)Fi(g A a") g = 0Vie{l,....n+m+1}, j€ {1,...,k—=1},
(5.39)

i.e. these columns are all null vectors. Thus, Property (5.31) is proven. W

Before we start to present the homotopy strategy in the following chapter, let
us make a further remark concerning the feature 2—21(0) = 0 of our local chart .
2—2(0) = 0 is the decisive property of ¢ on which the homogeneous discretization

of the Pareto set is based (see Paragraph 6.1.3 below).



Chapter

Homotopy Strategies

In the present chapter we will develop a numerical method which enables
us to generate neighboring points on the manifold M, starting from a point
(2*,A",a*) € M, and thus to explore, step by step, the set of candidates for
Pareto optimal points.

Section 5.3 has already outlined the strategy: The manifold M is parametrized
locally by a chart ¢. By specific variation of the chart parameters one determines,
in which direction the exploration is to proceed on M [procedural step 1]. Sub-
sequently, the function value of the chart ¢, evaluated in the chosen parameter
point, is determined numerically by a Newton method [procedural step 2]. This
value of the function ¢ is nothing else than the wanted neighboring point of M.
From the point of view of numerical mathematics this way of acting is a ho-
motopy (or continuation) method generalized to a multidimensional homotopy
parameter: procedural step 1 corresponds to the predictor, procedural step 2 to
the corrector of the homotopy method.

From the viewpoint of the decision-maker there are two important application
scenarios for this kind of homotopy method.
In scenario I a point (2*, A*, a*) of the candidate set M is given and the decision-
maker would like to get to know better a neighborhood (C M) of this point
in all directions, in order to obtain a local overall picture of efficient solution
alternatives.
Scenario II also starts from a point (2*,A",a*) on M. The weight vector o*
gives information about the relative weight of the individual objectives, which
is associated with the (candidate for a) Pareto optimal point @*. The decision-
maker in scenario II now wants to know to where efficient solutions move, when
the weight shifts in a definite direction characterised by a vector & € R¥.
The above homotopy concept is indeed usable in both application scenarios. In
the two following sections we will develop made-to-order methods for scenarios I
or II and cast each into a numerical algorithm.
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6.1 Method I: Local Exploration of M

6.1.1 Maethod Principle

Let a point (&*,A",a*) € M be given, in which the Rank Condition (5.6) is
fulfilled. According to the strategy outlined above, the set M in a neighborhood
of (*, A", &) is to be explored by choosing a set of points £ ;) out of the domain
of definition T C R¥! of the chart ¢ and by evaluating ¢ numerically at these
points. The following two steps result in an evaluation @(§;)) of the chart .

a) In the first step we determine the projection (pP(E(,-)
tangent plane Tz« z* o=)M.
The chart ¢ is constructed in such a way that the chart parameter £ of a
point (&, A, ) € M is formed by the coordinates of the vector which results
from projecting (&, A, ) onto the tangent plane T(ze x* o+)M [attached at
the point (2*, A", a*)] with regard to the basis {q, ..., gr_1 } of this tangent
plane. Therefore one can write immediately

‘Pp(ﬁ(i)) = ("X a")+ (q...q1) i) - (6.1)

) of p(§;)) onto the

b) Step 2 has to lead us directly to the manifold M, starting from the point
#" (&) on the tangent plane to M. Because of <p(£ ) € M, p(§;)) solves
the system of Equations (5.5), i.e. one has

F(p(£y) = F ((m*,X‘,a*) + Q( né"z)) )) =0. (6.2)

(6.2) is a system of n+m+1 equations for the n 4+ m + 1 unknown
quantities 1(&(;)) =: ;) and has a solution due to the premise §; € T
[remember: T denotes the domain of definition of the chart ¢]. To
calculate this numerically, we make use of a Newton method (see
e.g. [HAMMERLIN & HOFFMANN, 1989] or [SCHWARZ, 1996]). The start-
ing point is the value 0 of the m-coordinate of the predictor (pP(ﬁ(.))

ie. n[O] = 0. The Newton method generates approximate solutions in an
1terat1ve way, which converge towards the wanted zero — if the starting
point lies in the range of convergence of the method. The transition from
the I-th approximate solution 6 1 to the (! + 1)-st approximate solution
17[(’4)‘1] is based on a linearization of the function F (7(;)),which is defined as

IRn+m+1 — IRn-{v—m+l

U omo o~ p(erarre( ). 69
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To this end, one develops Fina Taylor series around the point 11?'.]),

z = 0 z 1 ! !
F (77(1')) =F (7751'])) + F (ﬂE,J)) () — 7IE.-])) to (”71(.') - ﬂ£3)||) )
(6.4)
and breaks off the Taylor expansion after the linear terms. The zero of

this linear approximation for F (1;(,.)) is taken as the (I +1)-th approx-
U] U+

imate solution 7y, 7y Is therefore determined by demanding that
v = (nyj)'l] — 1;?1])) solves the linear system of equations in 2z

z 1 = ([

F’ (7’&1'])) -z =—-F (n&})) . (6.5)

By explicitly calculating the Jacobian matrix F (nyi])), one transforms

Equation (6.5) into the equivalent system of equations

P §)) (amm) s = #00)

6.1.2 Comparison with the Classical Homotopy Method

We will now compare the procedure steps presented above with a classical homo-
topy method (see e.g. [SCHWETLICK, 1979], [GARCIA & ZANGWILL, 1981] and
[ALLGOWER & GEORG, 1990}).

The classical homotopy method is an approach to the solution of systems

of nonlinear equations. It is based on the idea of forging a link between the
system of equations, the solution of which one searches for, and a system of equa-
tions, the solution of which one has on hand. Let Hy(y) = 0 [with y € R' and
H, : R' - R'] be the system of equations with a known solution and G(y) = 0
[with G : R' — R'] the system of equations to be solved. A link is established
by embedding’ both systems of equations in a family H(y,t) = 0 of systems of
equations, parametrized by the homotopy parameter ¢ € R.
Assume that such an embedding has already been found in the form of a contin-
uously differentiable function H : R™*! — R! with the property H(y,0) = Hy(y)
and H(y,1) = G(y). Once a point (y*,#*) is known which solves the embedding
system of equations and for which the [ x l-matrix %(y*, t*) is regular, the solu-
tions of the system of equations in a neighborhood of (y*,t*) generate, according
to the implicit-function theorem, a space curve 7 in the R x R, 7 : t — (y(2),1),
which is parametrizable by t (and continuously differentiable).

! One possible form of embedding is a linear combination of the two functions Hp and G:

H(y,t):=t-G{y) +(1—t)- Holy).



90 Method |: Local Exploration of M [Section 6.1]

The classical homotopy methods start in the well-known solution point
(y*,t* = 0) and construct numerically — for parameter values t(;) = t* + i - dt,
successively augmented by 6t > 0 — the points 7(%(;)) on this solution curve, in
order to get to the curve point for t = 1, 7(1) = (y(1),1). Its y-component y(1)
is the desired solution of the problem G(y) = 0. Let 7(t(;)) be the curve point
calculated last, then the calculation of 7(t(i41)) [i-e. the calculation of y(t(i11))]
is carried out in two stages (see Figure 6.1).

T linearized, t(i)(t)
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Figure 6.1 Prediction of the curve point 7(t(i11)) = (y(t(,-“)),t(,-“)) by linearizing
the curve 7 [i.e. by linearizing the implicitly defined mapping y(t)] at the point t = ¢ ,y:
yP(t(H_l)) = y(ti) + (ti+1) — ti)) - ¥'(t(i)), where according to the implicit-function

-1
theorem y'(t(;)) is given by y'(t;)) = — (%% (y(t(i))vt(i))) G (y(te) te)-

First, one calculates the tangent vector 7'(¢z;)) = ‘;—ﬂt:t(;) to the curve 7
in the point 7(t(;)) and makes the straight line 7(ty)) + 8- 7'(¢w)), B € R, in-
tersect the plane defined by t=¢1,) in the R*!. The result is denoted by
(1)) = (¥ (ti+1))s titn)) [see Figure 6.1].

If one interprets the y-component y(t) of the space curve 7(t) as a solution of
the differential equation in ¢ (see [SCHWETLICK, 1979])

. OH\"' 0H
y=- (W) E‘v (6-7)



[Chapter 6] Homotopy Strategies 91

then the stage of the method outlined above corresponds to a step of the Eu-
ler method for the numerical integration of this differential equation, where the
steplength is chosen to be §t. Because the geometry of the solution curve (t)
for values t > t(;) is, so to speak, predicted from the derivative information in the
point 7(t(;)), this homotopy step is also called predictor step.

After that the error produced by the predictor step (i.e. the deviation of
the point 77 (#;41)) from the graph of the curve ) has to be corrected in the
so-called corrector step. One achieves this by making the result 77(t(1)) of
the predictor step the start value of a Newton method. Since we have | + 1 un-
known quantities, one has to add another equation to the system of equations
H(y,t) = 0. In the classical homotopy method the additional equation t = #(;})
is taken and an actual calculation of the curve point 7(¢(;41)) is carried out (see
Figure 6.1). If one refrains from evaluating the curve T exactly at the point #(;1)
of the homotopy parameter ¢, one can, for instance, add alternatively the equa-
tion (y,t)- 7(tu) = 77 (ti11))™ 7/(¢(;))- By this one achieves that all iterations
of the Newton method lie in the plane which passes through the predictor and
which is orthogonal to the curve tangent 7/(¢(;)). Thus, the corrector step (viewed
as a step in the space) is orthogonal to the previous predictor step and tends to
the graph of the curve 7.

Our way of looking at the problem of exploring the manifold M locally differs
from the problem the classical homotopy methods start from, predominantly as
regards the dimension of the respective zero manifolds. M has the dimension
k — 1, whereas the homotopy curve 7 can be interpreted as a one-dimensional
manifold.

If in our way of looking at the problem we consider the special case k —1 =1
(i.e. the case of a bicriterial optimization problem), M becomes a curve 7, and
the tangent plane at M becomes the span of the tangent vector at the curve 7. In
this special case the procedural step a) described in Paragraph 6.1.1 corresponds
to the predictor step of the classical homotopy method.

An important difference, however, consists in the way of parametrization.

The classical homotopy method described above has the aim of solving the
system of equations for a given value of the homotopy parameter ¢ determined
in advance, therefore parametrizes the curve 7 by t and, consequently, has to

start from the rigorous assumption rank (%) = [. However, there may exist

curve points, where the complete matrix B_i’yit? has the full rank, i.e. where the

zero manifold of the system of equations (in the following in a casual way also
denoted by the ‘curve 7’) is a locally differentiable one-dimensional manifold, but
where the tangent vector at 7 is orthogonal to the vector (0,...,0,1) [i.e. to the
t-axis]. As an example, Figure 6.2 shows a cuspidal point of the curve 7 which
has this property. In such points the submatrix % is necessarily singular. Hence,
a reparametrization is necessary and is indeed carried out within a strategy for

cuspidal points in classical homotopy methods (see e.g. [SCHWETLICK, 1979)).
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An example of such a change of parametrization is the exchange of the column
ay ,1€{1,. l} in the submatnx o agalnst the column 2 E— of the complete

Jacobian matrix 7 a( t . If the submatnx thus generated is regular, y; can be used
as a ‘new’ local parameter of the curve 7.
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Figure 6.2 In the cuspidal point (marked by e) the curve 7 cannot be locally
parametrized by t. Nevertheless, a strategy of reparametrization allows reaching finally
the desired point (marked by ) by homotopy.

Our method — considered in the special case k = 2 — makes a change of
chart in every newly generated curve point and fits the parametrization (chart)
constantly to the curve geometry. We demonstrated in Theorem 5.7 that such a

parametrization requires only the weakest possible assumption rank ( 30, z)) =1,

which in any case is necessary for the local character of the zero manifold 7 to be
a differentiable one-dimensional manifold. We discussed in Section 5.3 that this
choice of a chart is at the same time the best measure based on linear information
about the geometry of 7 to push away the borders of the domain of definition
of the chart as far as possible from the current parameter point (which, put
as an argument into the chart, produces the relevant curve point) and thus to
obtain ‘maximal freedom of action’ for the next homotopy step. Let us note here
that the choice of the chart in our method is related to the parametrization of
the curve 7 by its arc length, an approach well-known in literature, by means
of which the calculation of points of the homotopy curve can be put down to
the solution of the initial-value problem of an ordinary differential equation (see
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e.g. [RAKOWSKA ET AL., 1991}).

The procedural step b) corresponds in the special case k=2 to the
corrector step of the classical homotopy method, if one adds the equation
(y,t) - 7'(te) = 7F(ti41))"- 7'(ti)) (see above) to the system of equations
H(y,t) = 0. However, the Newton method functioning as a corrector in the
classical method acts in the R'*!, while in procedural step b) the Newton method
acts — because of the constructed orthonormal basis — in the R' (namely
span{tangent vector to 7}%).

Summarizing the result of the comparison just made, one can state the fol-
lowing. The construction of the orthonormal basis {qi,. .., @utm+k} and the sub-
sequent method steps a) and b) can be interpreted as a generalization of the
classical predictor-corrector homotopy method. This generalization allows an ap-
plication of that method to systems of equations which depend upon several
parameters (so-called homotopy parameters). Looking at the zero manifold M
from a differential-topological point of view, as discussed in chapter 5, one ob-
tains almost automatically a parametrization of the points of M, which are to
be generated by homotopy: Instead of being parametrized by the original ho-
motopy parameters «a, these points are parametrized by k — 1 coordinates with
regard to a coordinate system fitted to the local geometry of the manifold M. The
corresponding k — 1 coordinate axes span the tangent plane to M in the point
(z*, A", a*), the neighborhood of which shall be explored.

6.1.3 Homogeneous Discretization of the Efficient Set

The user (decision-maker), who wants to obtain a survey of the set of efficient
points, wants to have sufficient information about the mutual competition (i.e. the
‘trade-off’) of the individual objectives in all regions of interest. To get to this
with the least effort possible, a method of vector optimization should be able to
generate a homogeneous distribution of efficient points (in the objective space) or
— in the ideal case — should be able to control this distribution in a simple way.
For all parametric methods of multiobjective optimization this ability depends, of
course, on the respective parametrization. For example, one does not succeed in
generating a homogeneous distribution of efficient points by applying the weight-
ing method, which parametrizes the efficient points by the corresponding weight
vectors a (see [DAS & DENNIS, 19964]).

On the contrary, the parametrization in our method enables us in a simple
way to control the local density of discretization of the efficient set. We will
demonstrate this in the following.

A measure of the density of discretization is the distance (in the objective
space) between two neighbored efficient points calculated by the method. Let us
consider a situation, where the point (&*, A", a*) € M is already known and ¢ is
a chart for a neighborhood of this point, constructed according to the rule of The-
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orem 5.7. We choose a chart parameter vector §(;) := d(;) - €;, where J(;) € R and
|66y < 1 and where e; denotes the ith unit vector in R*~!, and calculate the Eu-
clidean distance p between the image points f(z*) and f (P ¢(€(;))) in the objec-
tive space. Here, P, denotes the projector onto the @-space, i.e. Py(z, A, a) = @.
The distance p can be made a function of é;) by defining

p(6) = ||IF(2") = F (Pep(p - &) || f(z*) - F(6) | (6.8)

where the function f is defined as f : R — R¥, 8y~ f (Pz ¢(8G) - €)). On our

way to computing the Taylor series expansion of p(d(;)) near the point 58-) =0,

we first develop f (i) around the point 58.) = 0 in a Taylor series:

dh
dJ(,-)
f(5(i)) = f(z")+ 5(;') . : + 0(5(;)) (6.9)
dfx
4y / 1g;=0
df; d
J; = V2 —| , j=1,...k (6.10)
6 |y =0 4563 I5,, =0
de d(8(;)-€;) .
e dé; ~ ] _
da; = Q| mige = Q( 0 ) =g, (611
(i) 6( )-—0 dtf(;) 6(-):0

where Q is the submatrix of @ formed by the first n rows, g € R® is
the vector formed by the first n elements of the basis vector g¢; (see Para-
graph 5.3), and o(d(;)) denotes a mapping g:R — R* with g(0) =0 and

g’f‘ 22 =0 Vj =1,...,k. It should be emphasized that the second iden-
6(;)—)0, 5(;)#0 ()

tity in (6.11) is a consequence of 3—2(0) = 0.
Inserting (6.11) into (6.10) and the resulting equation into (6.9) gives

f(6@y) = F(&")+ f(2) - 6y + o(&5)) (6.12)

where f' denotes the Jacobian matrix of f. By means of the argumentation given
in the footnote? we obtain

p(8y) = IF (=) &ll - 18] + o(éiy) - (6.17)
2 In order to obtain equation (6.17) we first state that
llo(6)ll = o(8¢i)) - (6.13)
k . 2 i
This is true since (6.13) is another way of writing lim Ein060))? i’(é")) S
8(y—0, 5(;)#0 )

. . !2;—1 95 (J(i))2!é li ) 2 % d

and snee ’5(.)—>]‘}H;( )#0 %) - 6(,,4(}%(.,;&0 (ZJ =t ( 4G ) ) an

im 2ol —gvi=1,..,k
5(y=0, 8§(,y£0 O
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Now we are prepared to put our intention to produce a uniform spread of
Pareto points in concrete terms. Assume, again, that a point (z*,A",a*) € M
is given and that the homotopy algorithm is to compute further points
(2(i), Aqiy, @()) € M in the neighborhood of (z*,A*,a*). In order to obtain
a uniform spread in the objective space, the user of the algorithm should
be able to predetermine the Euclidean distance ¢ € R* between f(x;)) and
f(z*), ie. ||f(xi) — f(2*)|| =c. In the framework of a linear approxima-
tion, which is close to reality for small stepsizes [d(;)| < 1, this requirement
can be fulfilled due to (6.17) by choosing the chart parameter vectors &y as
ﬁ(,‘) :(5(,')-6,', 1=1,...,k —1 with

C

% = el

(6.18)

Thus, the discretization of the Pareto surface in objective space can be well
controlled by an appropriate rescaling of the coordinate axes in the space of the
§-parameters.

Let us emphasize once again that the special property (5.28) 2—2(0) = 0] of the
constructed chart ¢ is the decisive reason for this simple controllability of the
discretization density [see last identity in Equation (6.11)].

6.1.4 Numerical Algorithm

Now we shall put the method outlined above in the form of an algorithm describ-
ing the numerical computation of a set of candidates for Pareto optimal solutions.
Each homotopy step comprises the following ten partial steps.

(1) The starting point for a homotopy step is a point (2*, A", a*) € M.
When starting the method, i.e. when no homotopy step has been carried out
[

yet, one obtains (2", A", a*) by starting with a weight vector a* € RY [with
Zf:l a? = 1] and by solving the scalar-valued optimization problem ‘Min-
imize go+(2) = a*"f(2) under the constraint h(z) = 0’ with a common
optimization method. To this aim, one has at one’s disposal e.g. the method
of the 'Sequential Quadratic Programming’ (see e.g. [LUENBERGER, 1984,

Now we insert (6.12) into (6.8) and get
”f ") 5(: (‘5(:'))” . (6'14)
The triangle axiom allows the conclusion

*llO(J(i))IIS||f’(==')éi-<5.-) ( PI=1F(2")a -6l < o8Il (6.15)
& If'(27) @i - iy + o)l = I (=7) @ - )|l | < llo(di))ll »  (6.16)

A

from which (6.17) follows immediately with the help of (6.13).
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[FLETCHER, 1987), [GROSSMANN & TERNO, 1993]) or the
(Best/Braeuninger/Ritter/Robinson)-method (see [BEST ET AL., 1981}).
Once the homotopy method has been started, we can choose arbi-
trary® points out of M, generated by homotopy, as new starting points

(z*, X", a).

Calculate the Jacobian matrix F' of F in the point (2*, A", a*).

V2 (a*Tf(2z*) + A*Th(2*)) | Vhy ... Vhu | VS Vfi
Vhi(z*)T
F'(z",X",a") = : 0 0
Vha(z*)"
0 0 1 1

(6.19)

The information of first and of second order (i.e. V and V?) of the func-
tions f and h in the point *, which is required for the calculation of
F'(z*, A", a*), can be gained either by symbolic differentiation — which
yields an exact result, but is not always practicable —, by automatic dif-
ferentiation (see [FISCHER, 1988] and [FISCHER, 1996]) or by numerical
differentiation (i.e. by means of approximation of partial derivatives by dif-
ference quotients).

Generate a @QR-factorization of the matrix (F'(z*, A", a*)) " by House-
holder reflections (see e.g. [WERNER, 1992]).

From this factorization, which does not make demands on the rank
of (F'(2*,A*,a))7, an orthogonal matrix @ € R(*+m+k)x(ntm+k) an4 5

IE‘ € Rirtmtk)x(ntm+1) regylt (see Figure 6.3), where

R, € Rimtm+1)x(ntm+1) s an upper triangular matrix such that:

matrix R =

(F'(z*, A", a*))" = QR (6.20)

The triangular matrix R; contains the information about whether

F'(z*, A\, a*) has the full rank.

To understand this, let us examine the j-th column of (F'(z*, A", a*))".
Because of Equation (6.20) and of the triangular shape of Ry, it is a linear
combination of the first j columns of @, where the linear coefficients are in
the j-th column of R;. If and only if (R, ),; = 0 [or, from a numerical view-
point, if |(Ry),;| < s, with the numerical bound s € R}, the j-th column

3 The test, whether the Rank Condition (5.6) in the point (2*,A", a*) is fulfilled, is carried
out only in step (4).
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(le---|‘1n+m+k) (%I---l%—l)

Figure 6.3 Structure of the matrices resulting from a @QR-factorization of
(Fl(zx,A*’a*)) ’I‘-

of (F'(z*, X", a*)) " is situated in the span of the first j — 1 columns of Q

and hence also in the span of the first 7 — 1 columns of (F'(z*, A", a*))".

(F'(z*, A", a*)) T has therefore full rank n + m + 1, if and only if all diag-
onal elements of R, are unequal to zero. If this is not the case, the Rank
Condition (5.6) in the point (z*, A", &*) is not fulfilled. Consequently, the
point cannot be a starting point of a homotopy step and we have to go back
to step (1).

By reordering of the columns of the matrix Q one can get a matrix Q,
the columns of which form the orthonormal basis of the R"*™*+* which
is required for the local chart ¢ {see Equation (5.30)).

According to the aforementioned the span of the columns of
(F'(z*, A", a*)) " is identical with the span of the first n + m + 1 columns
of @ [the fulfillment of the Rank Condition (5.6) has been checked in the
last step and from now on shall be taken for granted.]. Since we have
span{columns of (F'(z*, A", a*))"} = (T(z.y,\:ya.)M)l, and since @ is or-
thogonal, we can conclude immediately: The columns of Q are an orthonor-
mal basis of the R™*™** 'such that span{qy, ..., Gnims1} = (T(z-xya.)M)l
and span{@uim+2;- - -» Gatmtk} = I(z* A" .a*)M, where the j-th column vec-
tor of @ is denoted by g;.

Let us write Q as Q=(Q:|Q.), where Q, € RHm+h)x(ntm+1) 5p4
Q> € RHm+Rx(k=1)  The orthogonal matrix @ required for our chart ¢
is simply obtained (cf. Figure 6.3) by exchanging the order of the two sub-
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(7)
(8)

(9)

matrices Q; and Q,, i.e.
Q=(Q:14:) . (6.21)

Generate a set of chart parameter vectors {§;}, labeled by an index
set I.

Let us assume that each point &;, computed by the current step of the
homotopy algorithm has a given distance ¢ € Rt in the objective space
from the starting point &%, i.e. ||f(2()) — f(£)|| = c. This requirement can
be met by the following rule:

Choose the index set I = {1,...,k — 1} and the i-th chart parameter as

§o) =

c

IF=al

where e; is the i-th unit vector in the R¥-! and g; € R" is the vector con-
structed out of the first n elements of the basis vectors g;.

(6.22)

Carry out steps (8) to (10) for all indices ¢ € I.

Predictor step:
‘Pp(ﬁ(;)) = (2", A% a") + (‘11-»-‘1k—1) 5(.’) (6.23)

Corrector step by the Newton method:

Generate a sequence of points [l.] € Rrtm+1 1 =0,1,..., with the start-

ing point 1][ % 0 and the 1terat10n rule 17[ +1] =z+ 1751'.]), where z is the

solution of the linear system of equations

F(¢"(€0) - (@ Guimic ) 2 = —F ((m*,x‘,a*w Q ( f,bff ))

(4)
(6.24)

This is a modification of the Newton method, the so-called simpli-
fied Newton method (see e.g. [WERNER, 1992]). Since only the right-
hand side of (6.24) changes during the Newton iterations, this mod-
ification has the advantage that the Jacobian matrix F’, which con-
tains second derivatives of f and h and is therefore costly to be calcu-
lated, has to be determined only once every corrector step. For the so-
lution of the linear system of Equations (6.24) one calculates once, at
the beginning of the Newton iterations, a LR-decomposition of the ma-
trix [F’ (¢ (§( ))) (G-- - Guimix )] € ROFmEDX(4m+D) by means of the
Gaussian elimination w1th columns pivot search, and then obtains in every
iteration step the solution of (6.24) by descending and ascending substitu-
tion.
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If after a given maximum number of iterations /4, the norm of the residual
vector F ((‘B*M\*,a*) +Q ( ,”57(7:")2] )) is not yet smaller than a given
(#)

error bound, this is regarded as an indication for the Newton method not
to converge. The failure to converge again suggests that the distance of the
predictor point (pp(ﬁ(i)) to the manifold M is too large, i.e. the predictor
step was too large in view of the local curvature of the manifold M.

A remedy for this is reducing the chart parameter step &) to half and
repeating the predictor step (8) with the chart parameter value %ﬁ(i). The
behavior of convergence of the Newton method is therefore a sensor for the
steplength control of the single homotopy steps.

(10) The last step is the check, whether the generated point ¢(§;)) is really in
the manifold M.

For this purpose one still has to check, whether Py (&) € R% is true,
where P, is the projection onto the a-space [i.e. Po(z, A, a) = a]. If this
is not the case, one has to go back again to the predictor step (8), using the
halved chart parameter value 7€

6.2 Method lI: Purposeful Change of the Weights

6.2.1 Significance of the Weight Vector for the User

The application scenario II (see introduction of this chapter) assumes that the
decision-maker wants to vary the weight vector a in a purposeful way. To un-
derline the relevance of this scenario we will discuss briefly, what significance the
knowledge of o has for the user.

Let a point (2", A", a*) € M be given. What information does the weight
vector a* have for the decision-maker?
In case * is a minimum of the scalar-valued function g4, the information is clear.
The components of a* indicate the relative weights of the individual objectives
within the total objective function g4+, which is a linear combination of the &
individual objectives and is minimized by z*.
If " is a saddle point of ga-, the interpretation of a* cannot be gathered so
clearly. In this case reverting to the geometric significance of the weight vector,
as demonstrated in Chapter 4, is helpful: « is orthogonal to the tangent plane
to the ‘hypersurface of efficient points’ in the objective space. If one portrays an
efficient point y which is a neighboring point to f(z*) by the difference vector
dy,ie. y = f(z")+ dy, and ignores the component of 6y which projects out of
the tangent plane one has accordingly

aT dy=0. (6.25)
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One can gather from this that a* indicates the relative weight of the individ-
ual objectives in the point z* also in such cases, when z* is a saddle point of
gor. For example, we will pick out the first two objectives, i.e. we are only inter-
ested in such efficient neighboring points of f(&*) which differ from f(z*) in the
first two objectives. For the difference vectors 8y = (dy;,dy2,0,...,0) associated
with these neighboring points we can conclude from Equation (6.25)

Sy2 = — Loy, . (6.26)
a;

fo

T

S

Figure 6.4 The significance of the weight vector a* as the ‘exchange rate’ [valid in the
point f(z*)] between the individual objectives.

If one intends, starting from f(z*), to improve the first objective by a certain
amount, one has to pay with a deterioration of the second objective by the Z—‘.——
2

fold of this amount (see Figure 6.4). One can compare the situation to the foreign
exchange market: In order to get something in the ‘currency’ of the objective
1 one has to pay the corresponding amount in the currency of the objective
2. In this metaphor the components of a* determine the ‘exchange factors’or
‘exchange rates’, which are valid in the point * [or f(z*)] between the different
objectives. The user can interpret a* in any case directly as the relative weight
of the individual objectives in the point z*.
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6.2.2 Principle of the Procedure

In the scenario of application II the user has a point (z*,A",@*) € M, in which
the Rank Condition (5.6) is fulfilled, and would like to know which efficient so-
lutions he obtains when shifting the weight vector from the present value a*
iteratively by a small vector dax. In the following we will develop a variant of the
homotopy method described in the last section, which calculates the correspond-
ing wandering of the efficient points.

The strategy of this method variant II is to insert in the method version I
the requirement that every predictor step observes the given change?! d& of the
weight vector in the best possible way. If we introduce the projection operator
P, onto the a-space by means of the definition

n‘\)n+m+k le
P - (6.28)
(:B7A3a) H a b
this requirement reads as follows:
Po [7(&) = (" A%, a")] =(by... by ) € = da (6.29)

where the vectors b; denote the partial vectors constructed out of the last k ele-
ments of the vectors g; (of the tangent plane basis). This requirement at first looks
like an overdetermined system of equations, since it has k& equations for the & — 1
components of €. The last equation in (6.29) is ( (b1)k,. .., (Bk-1)k ) -€ = (6@)x.

Now every vector g;,1 = 1,...,k — 1, as a vector of the tangent plane, is orthog-
onal to the row vector %”ﬁ% =(0,...,0,0,...,0,1,...,1) of the Jacobian ma-
trix F’ [see equation (6.19)]. It follows that Z:CZI(B.‘)I =0or (b)) = — ;:;(13,—)1

for all i=1,...,k—1. As in the form of Equation (6.27) the analogue is
equally valid for the right-hand side of Equation (6.29), the k-th equation in
(6.29) is the negative sum of the first k —1 equations and therefore redundant.

With the denotations b; := ((b;),....,(bi)k=1) 7, da := ((6a)1,. .., (8a)k_) " and
B :=(b...b_, )€ RE-Dxk=1) Equation (6.29) is therefore equivalent to

(bi...by_1) € = B¢ = éa . (6.30)
The solubility of this linear system of equations is determined by the rank

of the matrix B. Two cases can be distinguished and shall be discussed in the
following.

* Since a*+éa must also be a valid weight vector, and therefore
Zle(a"+(5d), EZlea[+Zf:1(6o?)l =1 must be true, we assume that da satis-
fies the equation

k-1

(da), = —i(&d)l . (6.27)

=1
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(A) rank B=k -1 <= B is regular.

In this case Equation (6.30) has always exactly one solution &;,, and this
is true for arbitrarily chosen da. This freedom in choosing the weight shift
da shows that the manifold M could be locally parametrized directly by
the weight shift da (see Paragraph 5.2.3). Equation (6.30) is in this case
the conversion formula of a parametrization by da (see footnote®) into a
parametrization by means of the coordinates £ with regard to an orthonor-
mal basis of the tangent plane.

(B) rank B =:l <k —1 <= B is not regular.

In this case Equation (6.30) is not soluble for arbitrary dat, and therefore the
manifold M cannot be parametrized in its full dimensionality by (arbitrary)
da. Depending on the relation between the matrix B and the value of da,
which is given by the user, two cases can again be discriminated:

(a) da € image B [= span{by, ..., bx_1}]
Under this assumption Equation (6.30) is soluble, but the solution is
not determined in a unique way. Since no further requirements are
made for the next point on M to be computed, it is sufficient to calcu-
late one solution of (6.30). A procedure to find such a solution is the

following:
Take ! linearly independent vectors out of the set {by,..., bg_1}. Since
these vectors are a basis of the subspace span{by,..., by_} C RF71,

Ja can be represented in a unique way as a linear combination of these
basis vectors. The following vector &5, now solves Equation (6.30): For
all indices ¢ € {1,...,k — 1}, for which b; is part of the chosen basis,
&; is equal to the coefficient of §a with regard to b; in the mentioned
linear combination. For all indices j € {1,...,k — 1}, for which b; is
not part of the basis, we set £ = 0.
(b) dax & tmage B

In this case Equation (6.30) has no solution, i.e. the variation of the
weight vector wanted by the user cannot be fully carried out. However,
continuing the iterations of the homotopy method can make sense, in
order to find eventually a situation in later homotopy steps, in which
the wanted variation da is feasible.

To define a predictor step which complies with the da desired by the
user as well as possible, we make Equation (6.30) less rigorous by
requiring that & should be chosen such that the a-component of the

5 Let us note here that a strict parametrization by da requires — unlike our method — that
not only the predictor step, but also the corrector step should observe exactly the given
da. This requirement leads back to a one-dimensional homotopy method, in which in-
stead of the full manifold M only a curve on M is parametrized by ¢ -da, t € R, dax fixed.
One-dimensional homotopy methods are described, e.g., in [SCHWETLICK, 1979] and
[ScHwETLICK & KRETZSCHMAR, 1991].
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predictor minimizes the distance to da. This is equivalent to the

equation

( bl . bk—l ) 6 = Pspan{bl ..... b1} dat s (631)
where Py,u,(p,,..b,_,} denotes the projection of the R¥=! onto the span
of the vectors {by,..., bx_;}. If one interprets Pipan(,,...b,_,} 0 as a

‘new da’, one finds the initial situation of case (a) and can borrow the
solution method® given there.

To complete the picture let us add that in both cases (A) and (B)(a) we
have Pypangs,....5,_,} 0 = da. That is why in these cases the modified
Equation (6.31) is equivalent to Equation (6.30). Equation (6.30) can
therefore be substituted formally in all cases by Equation (6.31).

Also in method variant II we will stick to the principle of determining points
of M by numerical evaluations of the local chart ¢, because this principle has
the mentioned advantages of taking into consideration the full dimensionality of
M in a natural way and of adapting the calculation procedure to the local geom-
etry of M. The principle implies, however, that the given d& can only be taken
into consideration in the predictor step. The corrector step is always carried out
orthogonally to the tangent plane Tz« x+ )M and is completely determined by
Equation (6.2). Therefore one can ask immediately to what extent the corrector
step is compatible with the given Ja.

In order to settle this question, the a-component of the point (&) € M, which
has been constructed by method variant II, has to be compared to the wanted
new weight vector (a* + d&) or, equivalently hereto, Py [@(&) — (z*, A", a”)]
has to be compared to d&. To this end, we examine the Taylor expansion of
Py [p(&) — (2%, A7, ")), interpreted as a function of €, around the point &, = 0.
Let the partial vectors constructed out of the last k elements of the vectors g; (of

the tangent plane basis) be denoted again by b;.

13
(it )
. (&) (0)

Palp(&) — (2", A%, a") = | (b1 buymer ) o € + o(llél)
(6.32)
[ 13 P an(&)
= [(bi.. by ) 0_5(0)+ (B bogmin ) 76—(0)] &+ o(lI&l)
(6.33)
= (b b1 ) €+ o(JIg]) (6.34)

B
the main construction feature of our local chart ¢ [see Equation (5.28)]. Because

The last equality sign is a consequence of the property %Q(O) = 0, which is

6 For a detailed discussion of the solution method see Paragraph 6.2.3.
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of this property the corrector step, i.e. the determination of 1(£), does not have
an influence in linear order on the a-component of the newly determined point.
On the contrary, Py [¢(€) — (2%, A%, )] is, in linear order, only given by the
predictor step ( by...by_, ) € which, according to requirement (6.31), takes into
account the given dé& in the best possible way.

Summarizing one can state: Deviations from the given & which originate
from the corrector step do not appear in linear, but only in quadratic order with
regard to the steplength ||€|| of the homotopy step. This is a consequence of the
special construction of the chart ¢, which parametrizes the manifold M locally.

6.2.3 Numerical Algorithm

A homotopy step of the method variant IT consists of nine partial steps. The
partial steps (1) to (5) are identical with the corresponding steps of the method
variant I. Instead of the generation of a set of chart parameter vectors [partial step
(6) of variant I] in variant IT only one chart parameter vector £ is now determined
according to the given da [partial step (6)]. The subsequent partial steps (7) to
(9) are identical with the steps (8) to (10) of variant L.

After each homotopy step the calculated point ¢(£) is taken as the starting point
(2", A", *) of a new homotopy step.

The only partial step which is changed compared to variant I is step (6). The
aim of this step is finding a solution &€ of Equation (6.31). The numerical method
leading to this aim can be formulated in a way which is valid for all three cases
[(A), (B)(a) and (B)(b)] discussed earlier in Paragraph 6.2.2. The partial steps

to be executed are listed below.

(6.a) Determine the matrix B € RE-V**=D) oyt of the matrix
Q € RimtmHk)x(ndm+k) = calculated in step (5), by eliminating the first
{(n 4+ m) rows and the (n + m + k)-th row of the submatrix which is formed
by the first £ — 1 columns of Q.

(6.b) Initialize a matrix B to B = B. In the following B, by eliminating linearly
dependent columns, will be reduced to a matrix, the columns of which form
a basis of the subspace span{b,, ..., b_;} C RF-1,

(6.c) Initialize a binary vector @ € {0,1}*~! with the value @ = (1,...,1). The
i-th element (= the ¢-th bit) of this vector is planned to contain the in-
formation, whether the i-th column of B is part of the chosen basis of the
subspace span{by,..., bx_1} C R¥~! [then: a; = 1] or not [then: a; = 0].
Initialize a pointer such that it points to the first element of a.

(6.d) Generate a QR-factorization of the matrix B by (at most) k — 1 House-
holder reflections according to the following rule:
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Rename the matrix B, transformed by s —1 Householder reflections,
B(-1), Check before the s-th Householder reflection, whether the vec-
tor ¢, := (B,E:“), B((:Ill))s, ceey B((;:i;s)T (which is transformed next) fulfills

the condition
llell > e, (6.35)

where € < 1 is a numerical bound set in advance.

If it does, execute the s-th Householder reflection as described in the text-
books (see e.g. [WERNER, 1992]) and advance the pointer by one position
within the binary vector a.

If not, replace the s-th Householder reflection with the following two actions
without increasing the index s by 1:

e Eliminate the column vector b, of the matrix B, since it is a linear
combination of the vectors {i)l, ce B,_l}. Eliminate the s-th column
in BC=1 correspondingly.

o In the vector a (indicating the choice of the basis vectors) the value,
at which the pointer currently points, is changed to 0. Advance the
pointer subsequently by one position (within a).

At the end of step (6.d) one has the following results:

e A matrix B, the columns of which span the subspace
span{by,...,by_1} C R¥"! and represent a selection of the vec-
tors {by,..., bk_1}.

e The number [ of columns of B. We know that [ = rank B.

e The ‘basis-choice-vector’ @, by means of which the original position of
the columns b; of B (i.e. the chosen basis vectors) in the initial matrix
B can be reconstructed.

e A QR-decomposition of B,

B = 0OR, (6.36)

where Q € RE-DX(*-1) s an orthogonal matrix, the first [ columns
{@,..., @} of which form an orthonormal basis of the subspace
span{by, ..., be_1}. The first  rows of R € R*=D%! constitute an | x I-

upper triangular matrix R, the last ((k = 1) —1) rows contain only
Z€ros.

(6.e) Now is the time to make a distinction of cases.

(case 1) 1 >0 . i
First calculate an auxiliary variable & € R! which solves the equation

BEé = Poanib..b_) 0 . (6.37)
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(Case 2)

This equation can be transformed in such a way that the solution can

be found easily:

Since from the property of {@,...,@} of being an or-

thonormal basis of span{b,..., b1} follows the equa-
a"

tion  Pypan(s,,..be_1} :( q ... 21,) . : , and because of
a”

QR =( Q... q,) R, Equation (6.37) can also be written in

the form

) Q"
(a..a)RE=(a..a)| : |da. (6.38)
a”
"
Multiplying this equation from the left with : and making use
a”
Q"
of : ( Q... q )= Identity € R finally results in
a”
. a”
R¢ = : dox . (6.39)
a”

From this form of Equation (6.37) the solution é can be calculated
directly by ascending substitution.

Now we obtain a solution & € R¥~! of Equation (6.31) from the auxil-
iary variable £ € R! by the following procedure:

Copy fori = 1,...,1 the elements £; of the vector £ one by one to those
positions in the vector £, in which there is a 1 in the basis-choice-vector
a. Fill all other ((k — 1) — ) positions in & with zeros.

1=0.

In this case the subspace span{b, ..., bi_;} has the dimension 0, and
the Equation (6.31) we want to solve has the trivial form 0 = 0. For
the determination of £ we therefore need a different criterion. A rea-
sonable requirement for £ is that the current homotopy step should
not lead back to that position on the manifold M, from where one has
just arrived. This is guaranteed by the following procedure:

¢ Determine (Az, AN, Aa), i.e. the difference vector between the
starting point (z*, A", a*) of the current homotopy step and the
starting point of the last homotopy step.
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o Calculate (Az, AN\, Aax)” g [remember: g; is the first vector of
an orthonormal basis of the tangent plane Tz« x+ o) M].

o If (Az, A\, Aa)”- g1 >0 is true, the last homotopy step and
the basis vector ¢, include an acute angle. In this case set
& =(1,0,0,...).
If (Az, AN, Aa)”- q; is negative, (Az, AN, Aa)” (—q;) > 0 fol-
lows. Therefore set £ = (—1,0,0,...).



Chapter

Numerical Results

The aim of the present chapter is, on the one hand, to check by numerical tests
the correctness of the method developed. For this purpose, in Section 7.1 an
academic example of a vector optimization problem shall be solved numerically.
The result of this problem can also be determined in an alternative way, thus
enabling a comparison with the result of the developed homotopy method. For
the sake of a meaningful graphic illustration we have chosen an example of a
bicriterial problem.

On the other hand, the chapter shall demonstrate that the method makes the
solution of real application problems possible. Actually, the developed homotopy
method is already in use in the industrial sector of the SIEMENS company.
In particular, one manages with its aid to solve numerically the two problems
discussed in Chapter 2, the design optimization of a combined-cycle power plant
and the optimization of the operating point of a recovery-boiler. The Sections 7.2
and 7.3 present the results of these calculations.

7.1 Example 1 (academic)

We are searching for the set of efficient solutions of the following bicriterial ob-
jective function:

R? > R?

f: - cos(a(z)) - b(z) wi (7.1)
~ ( sin (a(z)) - b(z) ) » with

a(z) = 32610 [ac + a; - sin(27xy) + a2 - sin(27z2)) (7.2)
b(z) := 1+d-cos(2may) (7.3)

In the computed example the following values were assigned to the constants
ac,ay,az and d: a. = 45, a; = 40, a; = 25 and d = 0.5. The variable space is not

! The author would like to thank Dr. mult. Reinhart Schultz [ScHuLTz, 1998] for having
communicated this optimization problem to him.

C. Hillermeier Nonlinear Multiobjective Optimization 109
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limited by any constraints.

As both variables z; and z; enter the objective function f only as arguments
(angles in radian measure) of trigonometric functions, f is periodical with period
1 with regard to both variables. The search space can therefore be limited, with-
out loss of generality, to the square [0,1] x [0,1] C R2. In particular, one obtains
a fairly precise representation of the image set f(R?) = f([0,1] x [0,1}), if one
covers this square with a fine grid and plots the images of the grid points under
the mapping f. Figure 7.1 shows the resulting image set of f.

Figure 7.1: Image set f(R?) of the example function 1

In order to compute by homotopy the ‘efficient curve’ (the set of efficient
points), which can be gathered from Figure 7.1, a starting point (z*,a*) € M is
required. We choose it such that z* is a stationary point of the convex combination
ga+ to the weight vector a* = (0.5, 0.5)”. The search for a minimizer of g+ by a
(damped and regularized) Newton method, with the starting point @, = (0, 0)7,
leads to the efficient point [in the objective space], which is marked by a ‘+’ in
Figure 7.2, partial figure on the upper left.

Now the basis vector g of the one-dimensional tangent plane Tz o+)M [i.e. of a
straight line] is determined, a fixed steplength & = 0.06 is chosen and a sequence
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Figure 7.2 Candidates for efficient points in the objective space. The entire candidate
set is composed of three partial zero manifolds, which are denoted as candidate set 1, 2
and 3. Candidate set 1 is determined once without re-scaling of the chart parameters £
(upper left), once with re-scaling (upper right).
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of homotopy steps according to the algorithm described in Paragraph 6.1.4 is
carried out. In each step one avoids going back on the efficient curve: Let [ be the
index of the current homotopy step. If [(:c, o)y — (=, a)(,_l)] T. g <0, the chart
parameter £, = —&o 1s chosen instead of the chart parameter &4y = &. In this
way, by starting from (z*, a*), 300 homotopy steps are made in both directions?.
The result [in the objective space] is the ‘candidate set 1’ (partial figure on the
upper left in Figure 7.2).

Two things are striking:

(1) Obviously, the candidate set 1 is only a subset of the efficient curve.

[On the other hand, not all points of the candidate set 1 are efficient. The
main reason for this is that negative a-components were also admitted to
indicate the further course of the candidate curve 1 (as a part of the entire
zero manifold). In addition to that, the candidate set 1 also contains some
points that are locally efficient (being minimizers of a convex combination
Ja), but not globally efficient (being situated in the ordering cone of points
from the candidate set 3).]

(i1) The discretization of the efficient set is inhomogeneous.

In order to remedy defect (ii), we replace the fixed steplength £, with a steplength
control according to the re-scaling rule of Paragraph 6.1.3. The result plotted in
the upper right partial figure shows that a homogeneous discretization of the
efficient curve can actually be obtained in this manner. Also, the number of
homotopy steps required for an adequate resolution of the efficient curve is sub-
stantially reduced (100 steps instead of 300).

In order to obtain the remainder of the efficient curve (see point
(1)), we repeat the same method steps, starting this time from the point
(z*,a*) = (0.75,0.6,0.5,0.5) € M. As a result we get the candidate set 2 (central
left partial figure in Figure 7.2). The image f(z*) of the starting point is again
marked by a ‘+’ .

The candidate sets 1 and 2 are both bent ‘inwards’ [i.e. they each form the bound-
ary of a convex subset of the image set f(R?) ] and consequently consist of (local)
minima of linear combinations g, according to the argumentation of Section 4.4.
The still missing subset of the eflicient curve consists, to judge by its curvature
(see Figure 7.1), of saddle points of corresponding linear combinations g4. To
compute this subset we carry out the above method steps a third time. Start-
ing point (2*,a*) € M is now the saddle point =* = (0.5, 0.5)" of ga= = 9(0.5,0.5)-
The central right partial figure of Figure 7.2 shows the result, the candidate set
3. In order to confirm that candidate set 3 consists indeed of saddle points, in the
central partial figure of Figure 7.3 the eigenvalues of the Hessian matrix V2gq ()
were plotted against the iteration index of the homotopy steps®. Since the Hessian

2 In contrast to the description of the algorithm in Paragraph 6.1.4, negative a-components
{which correspond to an inversion of the sign of individual objectives) are also admitted.
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matrix is evidently indefinite along the entire candidate set [besides two points,
which we will speak later of], the saddle point property has been proven.

The union of the three candidate sets for efficient points which have now been
determined by homotopy is shown in the lower left partial figure of Figure 7.2.
A comparison with the image set f(R?) shows that this sum-set includes the en-
tire efficient curve (in objective space). As the above discussion makes clear, the
example presented is already a non-trivial case of a vector optimization problem:
The set of efficient points is composed of several (namely three) one-dimensional
candidate manifolds (more precisely: connection components).

It can be gathered from the plot of the sum-set that both the candidate sets 1

and 3 and the candidate sets 2 and 3 have each one point [in the objective space]
in common. An examination of the three candidate sets in the (z, ar)-space re-
veals these as three one-dimensional manifolds (curves), which intersect also in
the inverse images of the common objective-points. In both points of intersection
the zero manifold M cannot have locally the character of a one-dimensional differ-
entiable manifold, as there exists no unambiguous local parametrization (chart)
of M here. Consequently, in these points of intersection the Rank Condition (5.6)
must be violated, i.e. the Jacobian matrix F'(&,a) must have a rank smaller
than (the full rank) 3. An important question is now, whether our numerical ho-
motopy method indicates clearly such a change of the dimension of the candidate
manifold M, which opens up the possibility of a bifurcation.
To answer this question, in Figure 7.3 (upper partial figure) the minimum of
|(Ry);jl, 7 € {1,2,3}, where R, denotes the triangular matrix resulting from the
QR-factorization of (F'(z,ar)) T[see step (3) of the algorithm in Paragraph 6.1.4],
is plotted against the homotopy steps carried out to determine the candidate set
3. In fact, this minimum is zero in two points. The comparison with the lower
partial figure (of Figure 7.3), which plots the corresponding a;-values, shows that
both these points are exactly the points of intersection of the candidate set 3 with
the two other candidate sets.

In order to round off the discussion of example 1, let us point out three things:

e The central partial figure of Figure 7.3 reveals why the rank of the Jacobian
matrix F'(z, a) breaks down in both points of intersection of the candidate
set: An eigenvalue of the Hessian matrix V2gq(z) equals zero in both these
points, and no gradient of an individual objective function is there to com-
pensate for this rank deficit. As the discussion in Section 5.2 shows, thisis a
non-generic behavior. The numerical example 2 demonstrates the (generic)
case, when the zero transition of an eigenvalue of the Hessian matrix is not
connected with a jump in the dimension of the manifold M.

o Obviously the homotopy method has no difficulty in skipping both bifur-
cation (or intersection) points and in proceeding on the relevant partial

3 The iteration index 0 corresponds to the starting point (2*, a*), the index sign indicates the
direction of the progression on the one-dimensional manifold (curve) M.
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Figure 7.3 Record of three quantities during the generation of the candidate set 3 by
means of the homotopy method. The sign of the iteration indices {denoted as homotopy
steps) indicates the direction of the progression on the curve M, the index 0 corresponds
to the starting point (2*, a*).

curves of the manifold M. This behavior is in accord with arguments of
[KELLER, 1977] and [ALLGOWER & GEORG, 1990]. There it is demon-
strated that one-dimensional homotopy methods of the Euler-Newton-type
can skip simple bifurcation points without difficulty, as for sufficiently small
steplengths the predictor step leads into the ‘attraction cone’ of the Newton-
corrector.

e The candidate set 3 has two ends in the objective space. The question
arises whether the corresponding inverse-image set, more precisely: the cor-
responding subset of the zero manifold M in the (&, a)-space, has this



[Chapter 7] Numerical Results 115

candidate set 3 in (zy,a;)-projection
T T

T

T T A T

ponent oy of the weight vector
o o o (=] o
5 5 = SN = e

com
o £
N w

o

0 0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.9 1
variable x;

Figure 7.4 Projection of the candidate set 3 (in the extended variable space) onto the
plane spanned by the z,- and the a;-axis.

property, too.

Figure 7.4 shows the projection of this subset onto the (z, a;)-plane. Both
extrema of @, correspond to the bifurcation points of M (compare the lower
partial figure of Figure 7.3). If we start from the point (z}, a}) = (0.5, 0.5)%,
generate the curve section situated between the extrema of a; by homotopy
and map 1t into the objective space, we obtain the complete candidate set 3.
If one proceeds (by homotopy) beyond one of the extrema of a;, one moves
[in the objective space] from one end of the candidate set 3 back to the center
and finds the same situation as at the starting point (z7, a}) because of the
periodicity of the objective function f. The periodical objective function
thus maps a zero manifold, which is unbounded (in the z;-values), into the
candidate set 3 with its two ends.

7.2 Example 2: Design of a Combined-Cycle
Power Plant

In Section 2.1 the pinch-point design of a combined-cycle heat recovery boiler
was presented as an industrial application problem of vector optimization. This
problem will now be solved by homotopy.
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The three design variables ‘high pressure(hp)-pinch-point’, ‘medium
pressure(mp)-pinch-point’ and ‘low pressure(lp)-pinch-point’ are the variables to
be optimized. Let the triple of these variables be denoted briefly by z € R3.

The negative (thermodynamical) efficiency and the investment costs implied
by these design variables are criteria for the assessment of a value of . Both
objectives have to be minimized, i.e. the set of efficient points with regard to the
vector-valued objective function

investment costs(z) )

fpower plaﬂt(z) ( _effz'cz'ency(w)

is what we are looking for.

Since both individual objectives are comtTary to one another in the sense that the
investment costs criterion prefers large pinch-points and the (thermodynamical)
efficiency criterion small ones (see Section 2.1), the efficient points of this objective
function will lie in the range of technically reasonable pinch-points and, therefore,
the set of feasible variable values must not be limited by constraints.

As a first step the functions ef ficiency(z) and investment costs(z) have
to be provided in the form of a model which reflects sufficiently precisely both
the physical correlations within the power plant and the price structure for the
production of the relevant components. For computing the thermodynamic equi-
librium — which is the solution of a non-linear system of equations — and the
geometry of the heat exchanger surfaces corresponding to this equilibrium one
can fall back upon a simulator program, which the manufacturer of power sta-
tions SIEMENS KWU uses for checking its power plant designs. The resulting
mappings ef ficiency(z) and investment costs(z), which exist in the form of a
computer program, cause, however, long computing times for each function eval-
uation (simulator program!) and have some small discontinuities (coming to light
with high numerical resolution), which originate, for example, from breaking off
iteration loops in the simulator.

For acceleration and smoothing both components of the objective function are
therefore approximated by an (at least) twice continuously differentiable model.
To this purpose, a grid with a fine mesh covers the space of technically meaningful
pinch-points (a compact subspace of the R?), and for each of these variable points
the exact (simulation) model is evaluated. The data pairs (&, fpower plant(€)) ob-
tained by that procedure serve to train (i.e. to fit by means of regression) a
3-layer-perceptron [with a tanh-activating function of the central neuron layer].
The resulting mapping fyppror is a neuronal approximation model of the function



negative efficiency

[Chapter 7] Numerical Results 117

Joower plant and is defined as

(fapprox)j = gs 0 g2 © gz, fOI‘j = 1727 where (75)

R® — R

g1

{ T — Aj T + bj

|R20 N |R20

gz {(...,x,-,...)T ~ (...,tanh(z;),...)"
R® - R

9s z - ¢Tz+d;.

Here, the matrix A; € R***3, the vectors bj, ¢; € R?® and the real number d;
represent the parameters (neural weights) obtained by the training procedure.
In the range of relevant variable values f,ppror reproduces the mapping foower plant
(as determined by simulation) in an excellent way and, therefore, is used instead
of foower plant for the following calculations.

Pareto candidates in objective space
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Figure 7.5: Candidates for efficient points in the objective space (power plant design).

Since the example problem 2 (as already example 1) is bicriterial, we can
expect that the efficient solutions will form an efficient curve. To obtain it we
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start from a minimizer of the convex combination go+ to the weight vector
a* = (0.5, 0.5)" and carry out the same algorithmic steps as in example 1. The
result, a curve of candidates for efficient pinch-point designs [in the objective
space], is plotted in Figure 7.5.

Pareto candidates in variable space
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Figure 7.6 Candidates for Pareto optimal points in the variable space (power plant
design). The upper figure shows the projection of these candidate points onto the plane,
which is spanned by the axis of the high pressure pinch-points and the axis of the medium
pressure pinch-points. Analogously, the lower figure shows the projection onto the plane
spanned by the axis of the high pressure pinch-points and the axis of the low pressure
pinch-points.

The knowledge of this efficient curve is profitable for the power plant manufac-
turer in many respects. First it enables him to determine the design optima (with
regard to the electricity production costs) in the sense of a parametric analysis for
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all scenarios of future annuities, fuel prices and marketable electricity quantities
[see Equation (2.1) on page 11]. Furthermore, the technical sales department can
discuss directly with the customer (and future operator of the projected power
plant) about design variants with reference to this efficient curve, and the cus-
tomer can determine the design according to his own priorities. In the third place,
one can learn from the form of the efficient curve in Figure 7.5 that there is a
limited range of economically reasonable efficient solutions. If one intends to force
down the investment costs (for the heat recovery boiler and parts of the cooling
system) substantially below 21 units (of some fictitious currency), one has to ac-
cept a great loss of thermodynamical efficiency. On the other hand, for efficiency
increases beyond the mark of 56.95% (assuming certain basic conditions in the
power plant) one has to pay with a disproportionate increase of the investment
costs.

Pareto candidates in objective space (detail)
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Figure 7.7 Detail of the candidate set for efficient points, which has been plotted in
Figure 7.5, in the objective space (power plant design).

Except for a conspicuousness in the investment costs interval between 23 and
25 (fictitious) currency units, the appearance of the efficient curve (Figure 7.5)
tempts one to conjecture that the efficient design points follow a very simple
rule of formation. The inverse image of this efficient curve (more precisely: the
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candidate set for Pareto optimality) in the variable space, which is plotted in
Figure 7.6 in two different projections, does not at all, however, have a trivial
shape.

Now we will examine more closely the mentioned conspicuousness in the in-
vestment costs interval between 23 and 25 currency units. For this purpose, we
generate again the candidate curve (for efficient solutions) for this part of the
objective space and increase the density of the discretization of the curve by re-
ducing the predictor steplength. The selective enlargements of Figures 7.5 and 7.6
thus obtained are plotted in Figures 7.7 and 7.8. One can see®, that the candidate
curve [in the objective space] consists of three arcs.

The examination of the candidate set in the objective space (Figure 7.7) re-
veals the following behavior: If one starts from the point marked by ‘+’ [the
minimizer to the convex combination g(o.s,0.5) ] and moves along the zero mani-
fold M (by homotopy), one passes through a curve section (which has the form of
a compressed V-operator), the points of which do not represent globally efficient
pinch-point designs. The point, in which the globally efficient and the not globally
efficient part of the candidate set meet, is marked in Figure 7.7 by ‘¥’ . Since this
point in the objective space is the point of intersection of the candidate curve
with itself, it has two inverse-images in the variable space. These are also marked
by ‘¥’ in Figure 7.8.

In the variable space the situation is as follows: If one starts the homotopy
method from the point ‘4’ in the direction of increasing thermodynamical effi-
ciencies, one obtains globally efficient solutions until one gets to the first design
point® marked by a ‘*’. After this point has been passed, the homotopy method
supplies solutions which are not globally efficient until the second (*)-point has
been reached. After having passed this point the generated candidate points are
globally efficient again.

We will now shed light upon the character of the curve section between both
(*)-points.
In Figure 7.9 a number of quantities are plotted, which were recorded during
the generation of the candidate set shown in Figures 7.7 and 7.8. If we examine
the eigenvalues of the Hessian matrix, we notice two zero transitions of an
eigenvalue. Up to the first zero transition all eigenvalues are positive, the Hessian
matrix is thus positively definite and the generated candidate points are minima
of a convex combination go. Up to that point, which corresponds to the first
S-bend in both projections of Figure 7.8 (or the right upper corner of the ‘V’ in

4 The character of the candidate curve discloses itself best when one looks at a small angle
from right below to the diagonal of the figure and screws up one eye.

5 This pinch-point design leads to the same result with regard to both objectives as the second
design point marked by a ‘+’ . For a power plant the technical significance is that the two
pinch-point combinations 1 (low hp- and mp-pinch-points, but high lp-pinch-point} and 2
{high hp- and mp-pinch-points with a low lp-pinch-point) imply an identical thermodynam-
ical efficiency and identical expenditure for heat exchanger surfaces.
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Pareto candidates in variable space (detail)
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Figure 7.8 Detail of the set of candidates for Pareto optimality, which has been plotted

in Figure 7.6, in the variable space (power plant design).

Figure 7.7), all candidate points are at least locally efficient. Between both zero
transitions the Hessian matrix is indefinite (and regular), the generated points
are hence saddle points of a convex combination g4. It is interesting to note that
the curve formed by these saddle points in the objective space (see Figure 7.7)
has a positive curvature. According to Theorem 4.6 this fact is incompatible with
the local efficiency of these points. The generated saddle points are therefore
candidate points, which are not locally efficient. From the second zero transition
(the second S-bend or the left upper corner of the ‘V’) up, all eigenvalues are
again positive, the generated candidate points are therefore at least locally (and
from the (x)-point up also globally) efficient.
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Figure 7.9 Record of five quantities during the genération (by means of the homotopy
method) of the candidate set plotted in Figures 7.7 and 7.8.

In view of two zero transitions of eigenvalues of the Hessian matrix it is, of
course, an interesting question, whether the dimension of the manifold M is con-
served at these points. As is indicated by the minima of |(R,)j;|, 7 € {1,2,3,4}
(upper partial figure of Figure 7.9), which are clearly off zero everywhere, this
is the case. The problem of the pinch-point design supplies a numerical instance
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of the assertion, which was proved in Section 5.2, that a zero transition of an
eigenvalue of the Hessian matrix does not, in general, lead to a change (or jump)
of the dimensionality of M.

As one can gather from the lower partial figure of Figure 7.9, every zero tran-
sition of an eigenvalue is connected to an inversion of the trend of the a,-values,
when moving along the manifold M. This originates from the fact that in these
transition points the two last columns of the Jacobian matrix F'(z,a), which
form the submatrix %, are required to fill up the rank of F'(z,a). According
to the implicit-function theorem M can no longer be parametrized locally by a;,
i.e. ap loses its character as a potentially free (homotopy) parameter and becomes
a dependent variable. Therefore it is in particular no longer guaranteed that the
user of the homotopy method can continue to reduce or increase a; beyond these

transition points.

7.3 Example 3: The Optimal Operating Point
of a Recovery-Boiler

Taking up the description of the problem in Section 2.2 we will now put in concrete
terms and solve numerically the multiobjective optimization problem resulting
from the operating point optimization of a recovery-boiler.

The three supplied streams of air (primary air, secondary air, tertiary air),

which are henceforth combined to the variable vector ¢ € R3, serve as optimiza-
tion variables.
Indicators of the plant state are the four physical quantities 0, (O,-concentration),
502 (SOz-concentration), stearn (mass flow of the generated steam) and temp
(temperature of the char bed). All these four quantities are functions of the air
stream vector . However, this functional dependence is not available as a physi-
cal model (see Section 2.2). As the functional relation is required only for a local
range of the z-space, in which there are meaningful operating points and for
which we have a great number of measurement data, a data based model forma-
tion is adequate (cf. [STURM & SCHAFFLER, 1998]). Each of the four physical
quantities is formulated as a quadratic function of , for instance,

o(z)=a+bd"c+e" C- -z, (7.6)

and the parameters of the linear regression model, combined in the scalar quan-
tity a, the vector b and the symmetric matrix C, are determined by the least
squares method out of the available measurement data. In order to validate the
regression approach, the absolute error of the regression function with regard to
the data is computed (see [STURM & SCHAFFLER, 1998]). It turns out that the
four physical quantities can be described very well by their relative regression
models within the range of meaningful operating points.
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The ideal target values the plant operator has in mind for the four physical
quantities — referred to the quantity of black liquor which has to be burnt in the
concrete example — are:

02,ideal = 6.5 (%) 3021,‘4301 = 1.2 (g/m3) (77)
steamigeat = 105 (t/h)  tempigea = 995 (°C) (7.8)

The vector-valued objective function consists of the quadratic deviations of the
four quantities, resulting from the regression model, from these ideal values:

(02(33) - 02,ideal)2
)

(302(17 — §02 :'deal)2
5 _ X 7.9
Jooit (:B) (steam(:c) - Steamideal)2 ( )
(temp(z) — tempidear)’

The space of feasible variable values @ does not have to be limited by explicit
constraints, as the efficient solutions will lie in a range of reasonable operating
points because of the (so to speak ‘attractive’) character of the objective function.

In order to find a first efficient point of the objective function fieiter, all
deviations, i.e. all components f;, are first of all weighted equally [i.e. we
set a* = (0.25 0.25 0.25 0.25)7] and a minimizer * of the convex combination
gor(Z) = a*" fooiter(2) is determined (e.g. by the Newton method).

A set of further efficient solutions in the neighborhood of this operating point has
to be computed next and the result has to be presented to the plant operator in
an illustrative form. One obtains this by the following way of acting:

e Determine the (three-dimensional) tangent plane to the zero manifold M
in the point (z*,a*) by computing numerically the three basis vectors
{q1, g2, g3} of this tangent plane according to the steps (2) to (5) in Para-
graph 6.1.4.

o Carry out for all three basis vectors (subsequently called homotopy direc-
tions) the following steps (a) to (c):

(a) Fix a basic steplength &, (in the present example: & = 0.0025).

(b) Choose a number N of homotopy steps (both for the forward and the back-
ward direction). In the sense of the algorithmic step (6) in Paragraph 6.1.4,
for each homotopy direction the following set of chart parameters {£;)} is
provided [stated here for the homotopy direction g]:

{4} = {(=N-&,0,0)%, (=(N —1) - £,0,0)7,...,(0,0, 0)7,...
ey (H(N =1) - £,0,0)7, (+N - &,0,0)7}  (7.10)
Note: The point on M which corresponds to the chart parameter

€ = (0,0,0)7is the starting point (2, a*) (for each of the three homotopy
directions).
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(c) Determine for every value §;) of the chart parameter the associated point
¢(&i)) of the manifold M according to the algorithmic steps (7) through
(10) in Paragraph 6.1.4.
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Figure 7.10 Variation of the objective function values (figures of left column) and the
associated physical quantities (figures of right column) along the coordinate axis 1 of
the tangent plane to the efficient manifold.
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h topy direction 2: objectives homotopy direction 2: physical quantities
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Figure 7.11 Variation of the objective function values (figures of left column) and the
associated physical quantities (figures of right column) along the coordinate axis 2 of
the tangent plane to the efficient manifold.

Figures 7.10 to 7.12 show the result of this procedure — one figure for each
homotopy direction. On the abscissa of each partial figure the indices of the
homotopy steps are indicated. The value 0 corresponds to the unchanged start-
ing point (2", a*). The partial figures of the left column represent the values of
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homotopy direction 3: objectives homotopy direction 3: physical quantities
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Figure 7.12 Variation of the objective function values (figures of left column) and the
associated physical quantities (figures of right column) along the coordinate axis 3 of
the tangent plane to the efficient manifold.

the four individual objectives which result when moving along the relative ho-
motopy direction. On the right the values of the associated physical quantities
(Og-concentration to temperature of the char bed) are shown.

From the course of these curves (for the physical quantities) the plant operator
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can gain valuable information which backs up his decision in favor of an operating
point (out of the neighborhood of z*).

To understand the significance of these curves compare® the homotopy di-
rections 1, 2 and 3, each gone along in negative direction. By proceeding in the
(negative) homotopy direction 1, the O,-component of the operating point ap-
proaches (a bit) the desired value 6.5, but one has to buy this at the price of a
deviation of the SO;-component from the desired value 1.2. The steam produc-
tion and the temperature of the char bed remain more or less unchanged.

By proceeding in the (negative) homotopy direction 2, Oz and SO; reveal a sim-
ilar movement in opposite senses, but the deterioration with regard to the SO,-
concentration turns out to be smaller. In return, also the steam production falls
off in an unwelcome manner.

If one tries to improve the O,-value by proceeding in the (negative) homotopy di-
rection 3, the SO,-concentration and the steam production remain approximately
constant, but now the temperature of the char bed slightly decreases.

By virtue of this information the plant operator can now make an overall
assessment based on his experience and his knowledge of the current urgency of
the individual objectives and can make a sound decision in favor of the most
appropriate operating point.

6 To facilitate comparison the ordinates of those partial figures, in which the values of the
physical quantities are plotted, have the same scale for all three homotopy directions.
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Index

A
Active-set strategy, 65

B

Bicriterial optimization problem, 11,
26, 53

Black liquor, 12, 124

Bordered manifold, 50, 55, 58

Brownian motion, 38

C
Char bed, 12, 123
Chart, 47

change of ~s, 47
parameter, 49
CHIM-simplex, 25
Combined-cycle power plant, 10, 115
Constraint
equality ~s, 45, 65
inequality ~s, 45, 65
qualification, 46
surface, 68
Continuation method, see Homotopy
method
Convex
analysis, 32
combination of the objectives, 4,
47
Corrector step, 87, 91, 98
Curvature
normal ~, 51, 61
principal ~, 53, 60
Curve
of dominated points, 31
of steepest descent, 31

D
Differentiable manifold, 47
bordered ~, 50

Differential, 52
topology, 6, 47
Dominating point, 17

E
Edgeworth-Pareto optimality, see
Pareto optimality
Efficiency
plant ~, 10
thermodynamical ~, 11, 116
Efficient
curve, 53, 110
globally ~, 17
locally ~, 18
point, see Efficient, solution
set, 18
solution, 4, 18
Embedding, 89
e-constraint method, 23
Euler method, 43
Evolutionary algorithm, 29

F

Feasible set, 15, 45

Fitness, 29
sharing, 30

G

Genetic operator, 29

H
Heat
exchanger surface, 11
recovery boiler, 11, 115
Hessian matrix, 69
Homogeneous discretization of the ef-
ficient set, 7, 93
Homotopy
approach to multiobjective opti-
mization, 27
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method, 4
classical ~, 89
parameter, 4
Householder reflection, 96
Hypersurface, 51

|

Implicit-function theorem, 76, 77, 85,
89

Initial value problem, 31

Investment costs, 11, 116

J

Jacobian matrix, 67

K
Karush-Kuhn-Tucker
conditions, 46

point, 5, 46

L
Lagrange multiplier, 65
Lagrangian function, 4, 69, 72
Lipschitz condition

global ~, 40

local ~, 32

M
Manifold, see Differentiable manifold
bordered ~, see Bordered mani-
fold
zero ~, see Zero manifold
Method
of equality constraints, 24
Mutation, 29

N
Neuronal approximation model, 116
Newton method, 88

simplified ~, 98
Normal field, 52
Normal-Boundary Intersection, 25
Numerical function, 37

0
Objective

function
scalar-valued ~, 4
vector-valued ~, 15
space, 6
Optimality condition
of first order, see Karush-Kuhn-
Tucker conditions
of second order, 5, 47, 72
Optimization
multicriteria ~, see Optimiza-
tion, multiobjective
multiobjective ~, 3
of models, 9
of operating points, 9
of system designs, 9
parametric ~, 4
quadratic ~ problem, 31
scalar-valued ~, 20, 46
vector ~, see Optimization, mul-
tiobjective
Order
partial ~, 17
conic ~, 17
relation, 16
total ~, 17

P
Paper production, 12
Pareto
optimal
globally ~, 17
locally ~, 18
point, 17
set, 18
Path of a stochastic process, 37
Perceptron, 116
Pinch-point, 11, 115
Population, 29
Power plant, 10
Predictor step, 87, 91, 98

QR-factorization, 96
R

Random time, 38
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Recombination, 29
Recovery-boiler, 12, 123

S
Saddle point, 6, 60, 72
Scalarization, 20
Second fundamental form, 53
Selection, 29
Sequential quadratic programming,
95
Slack variable, 65
Stochastic
algorithm for vector optimiza-
tion, 42
differential equation, 31
process, 37
path of a ~, 37
Submanifold, 48

T

Tangent
plane, 49
space, 49
outward directed ~, 50
vector, 49

U
Unit circle, 81

\

Vector optimization, see Optimiza-
tion, multiobjective

w
Weight

neural ~s, 117

vector, 5, 20, 53, 99
Weighted L,-metric method, 21
Weighting method, 4, 20
Weingarten-mapping, 51
Wiener measure, 37

y 4
Zero manifold, 6, 48
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