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Chapter   

 INTEGRATIONS 

5.1. Indefinite Integrals 

Definition: Let   be a function whose domain is an open interval   . Then any function    such 

that    xfxF   for each   in   is called an anti-derivative of   . (Note that   is the derivative 

of   on   .) 

Example: 1.            for constant c is the anti-derivative of         . 

Theorem: Let   be a function whose domain is an open interval   . 

i) If      is an anti-derivative of    , then        is an anti-derivative of      for every 

real number  . 

ii) If      and      are two anti-derivatives of       then     –     is constant for all   

in I. That is,             for some real number   

Definition: Let the domain of   be an open interval   and suppose   has anti-derivative.  The 

family of all anti-derivatives of   is called the indefinite integral of   and is denoted by.           

 dxxf )(  

Example: 1.   Cxxdx 2

2

1
      2.   Cxdxx 32

3

1
    

Basic Rules of Indefinite Integrals 

Theorem: Let f and g be a function of x whose domains are an open interval I and suppose f and 

g are differentiable for every x in l. 

        1)    Cxdx  

       2)    dxccdx . 

      3)    dxxgdxxfdxxgxf )()())()(( . 

      4)  

1

,   r is rational, r -1,and x 0 on I
1

r
r x

x dx C where
r



   
  

      5)    0)(u    ln
1

Cxdx
x
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     6)    Cxdx  cos  x sin  ,   Cxdx  sin  x cos and   Cxdx  tanx sec2
 

     7)    Cedxe xx
     and     C

a

a
dx

x

ln
a x

 

      8) CxxdxCxxdx    tanhsechandCsinhxcoshxdx,  coshsinh 2
 

      9)  








 Cx
x

dx
andCx

x

dx
Cx

x

dx 1

2

1

2

1

2
sinh

1
tan

1
,   sin

1
 

Example: 1.   Cxxdxxx cos3ln2)sin32( 1
 

2.    .2)1264( 23423 Cxxxxdxxxx  

3.  Cx
x

dxx
x









 2

3

2 3

233
              

5.2 Techniques (or rules) of Integration  

Unlike differentiation there is no set of rules which you can follow to find the indefinite integral 

of any given function. These are integrals of a certain form for which we have an answer. If we 

are given an integral which doesn't correspond to one of the "standard integrals" then there are 

certain techniques we can use to try to convert its form into one or more of the standard integrals. 

Hence we discuss different Techniques of Integration like 

 Integration by substitution. 

 Integration by parts 

 Integration by partial Fractions 

 Integration by trigonometric substitution 

A. Integration by substitution 

A smart idea consists in ``cleaning'' them through an algebraic substitution which transforms the 

given integrals into easier ones. Let us first explain how the substitution technique works.  

Theorem: Suppose   and   are open intervals, f  has domain ,   maps   in to , and   

                 is differentiable on  .  Assume that we take   as independent variable. 

           CuFduufdxxgxgf )()( , where   is the independent variable and )(xgu   
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Example: Evaluate the following integrals 

          a)    dx
x

x
 12

            b)   dxxx  2

1
32 13                          

Solution a)   



 u

du
dx

x

x
dx

x

x

2

1

1

2

2

1

1 22                        , 
xdxdu

xu

2

12




 

                                                            CxCu  1ln
2

1
ln

2

1 2
 

              b)   duudxxx   2

1

2

1
32 13                 ,  

dxxdu

xu

2

3

3

1




 

                                                          CxCu  2

3
32

3

1
3

2

3

2
 

B. Integration by parts  

The General Method 

Suppose we have two functions multiplied by each other                and differentiate 

according to the product rule:  

                                   h x f x g x f x g x f x g x        

Then integrating both sides               dxxgxfxgxfdxxgxf   //
/

                     

and rearranging gives             dxxgxfdxxgxfdxxgxf   /
/

/  

or as the formula is better known              dxxgxfxgxfdxxgxf   //  

This relationship is what we call Integration by Parts. Let us look at it more carefully and then 

see some examples. First, it asks us to break the integrand up into two pieces and identify one of 

the pieces, g’(x), as the derivative of another function. In other words, we  

anti-differentiate a "part" of the integrand. The other part(x) is differentiated. The hope is that 

when you apply this, the new integral    dxxgxf ' is simpler to anti-differentiate.  

Theorem: Let   and   be differentiable functions, then

           dxxgxfxgxfdxxgxf   //
       

The u - v Method:  

The u - v Method is given by   vduuvudv  which is identical to the canonical method.  
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                     Set              
   
   dxxgv

dxxfu

xg'dv  , 

xf'du , 




 

Many find this a lot easier to remember:   vduuvudv  

Note: Sometimes it is necessary to integrate by parts more than once.  

Example    Integrate  dxxe x


3

 
 

Solution: We use integration by parts.  Notice that we need to use substitution to find the 

integral of
xe . Now let u = x and dv= e

3x
 dx ,  so that du = dx and v = 1/3 e

x
 

Hence we have dxxe x


3

= dxeex xx 33

3

1

3

1









= Ce

xe x
x

 3
3

9

1

3
 

 Reduction formulas: 

              a)  
 


 xdxx

n
xdx nnn 21 sin

n

1-n
cosx sin

1
sin   for   2n  

             b)  
  xdxx

n
xdx nnn 21 cos

n

1-n
sinx cos

1
cos    for  2n  

Example Evaluate the following integrals. 

           
3 21 2

sin sin cos sin
3 3

xdx x x xdx      

                                   Cxxx  cos
3

2
cossin

3

1 2
 

Note:     Integrals of the form  xdxxm ncos sin  

a) If n is odd, substitute u = sin x and use the identify xx 22 sin1cos    

b) if m is odd, substitute u = cos x and use the identify xx 22 cos1sin   

c) if m and n are even, reduce to smaller power of m or n and use the identities   

             xxx 2sin
2

1
cossin  ,     

2

2cos1
cos,

2

2cos1
sin 22 x

x
x

x





  

Example       Evaluate  xdx45 cossin  

                xdxxxxdxxxxdx sincos)(sinsincossincossin 4224445
 

                                           xdxxx sincos)cos1( 422
 ,             

-sinxdxdu

cosx u  



Let
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                                           duuuuduuu )2()1( 864422
 

                                        Cuuu  975

9

1

7

2

5

1
 

                                        Cxxx  975 cos
9

1
cos

7

2
cos

5

1
 

C. Integration by Partial Fractions  

In algebra we learn how to find the common denominator of two expressions and then combine 

like terms.  Partial fractions are all about going backwards. 

Objective:  To integrate rational functions 
)(

)(
)(

xD

xN
xf   

1.  If the degree of the numerator is greater than the degree of the denominator perfume long 

division. 

2.  Factor the numerator and the denominator of the remainder in to linear and quadratic factors. 

3.  Rewrite the transformed rational functions as a sum of expressions of the types. 

                      r

r

bax

A

bax

A

bax

A

)()( 2

21








  

Example  Evaluate the integral   dx
xx

x
 



6

24
2

      

Solution:   First we find the partial fraction decomposition of the integrand.  

We factor to get  
   3232

24

6

24
2 














x

B

x

A

xx

x

xx

x
 

Multiply by the common denominator to get: A(x + 3) + B(x - 2) = 4x + 2 

Let x = 2, then, 5A = 10 and A = 2, Let x = -3, then, -5B = -10 and   B = 2 

Now we can integrate   dx
xx

dx
xx

x
 



















3

2

2

2

6

24
2

 

                                         Cxx  3ln22ln2  
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D. Integration by trigonometric substitution 

An integrand which contains one of the forms 222 xba  , 222 xba  , or 222 axb  may 

be transformed into another involving a trigonometric function of a new variable as 

follows:  

Form in Integrand Substitution New Form in Integrand 

222 xba   u
b

a
x sin  a uau cossin1 2   

222 xba   u
b

a
x tan  uaua sectan1 2   

222 axb   u
b

a
x sec  uaua tan1sec2   

Example    Evaluate 
 22 4 xx

dx
     

Solution: Let x=2tanu so that ududx 2sec2  and hence u sec24 2  x .  

Hence, 
 22 4 xx

dx
=   uu

udu

sec2tan4

sec2
2

2

= du
u

u

u

udu
 

22 sin

cos

4

1

tan

sec

4

1
 

                                     =  C
u




sin4

1
 

Note that 
2

tan
x

u   and thus
24

sin
x

x
u


 . (See the following figure) 

 

     

 

 

 

 

 

Therefore, 
 22 4 xx

dx
=   

x

x

4

4 2
+C 

 

 

 

x 
 

2 

u 
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Example  Evaluate  


dx
x

x249
     

Solution:   Let ux sin
2

3
 , so that duu  cos

2

3
dx  and ux cos349 2  . 

Hence, 


dx
x

x249
= udu

u

u
cos

2

3

sin
2

3

cos3

















  

            
2 2 29 4 3cos 3 cos 1 sin

cos 3 3
3 2 sin sin

sin
2

x u u u
dx u du du du

x u u
u

 
       

                                 3 cs 3 sin 3ln cs cot 3coscudu udu cu u u c        

Note that    
29 4

3

x
Cosu


   ,  

29 4

2

x
Cotu

x


   and 

3

2
Cscu

x
         

                   

Hence        


dx
x

x249
  cx

x

x



 2

2

49
493

ln3                                                                                                                                                                                                                                                                                                                            

5.3. Integration of Inverse Trigonometric Functions 

1.  1sin xdx

  

Using integration by parts ,let 1sin  and dv=dx.u x  

Then 
2

1
 and v=x

1
du dx

x



. 

So, 1sin xdx


1

2
sin

1

x
x x dx

x

 


  

U 

2x 
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                         =  
1 2sin 1x x x C     --------------by substitution 

2. 1tan xdx

  

Using integration by parts, let 1tan  and dv=dx.u x  

Then 
2

1
 and v=x

1
du dx

x



. 

So, 1tan xdx


1

2
tan

1

x
x x dx

x

 


 

                         =  1 21
tan ln 1

2
x x x C     --------------by substitution 

Exercise: 

1. 1cos xdx

                                           2. 1cot xdx

  

3. 1sec xdx

                                          4. 1csc xdx

  

 

 

5.4 The Definite Integral and its Properties  

   Theorem  

    Let f  continuous on [a, b].  For any 0  , there  is a number 0     such that the  

following statements holds: 

            If  nxxxP ,,, 10   is any partition of [a, b] each of whose subintervals has length 

less than   and if khk xtx 1  for each nk ,,2,1  , then the associated Riemann Sum 

                



n

k

kk xtf
1

)(  satisfies  


b

a

k

n

k

k xtfdxxf
1

)()(   i.e.





n

k

kk

b

a P

xtfdxxf
10

)()( lim  

                  i.e. 



n

k

kk

b

a P

xtfdxxf
10

)()( lim  where P  denotes the largest of the lengths 

of the subintervals associated with P and is called the normal of P. 
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5.4.2 Properties of the Definite Integral 

     Definition  Let f  be continuous on [a, b].  Then  

          

a

b

dxxf 0)(  and  

b

a

a

b

dxxfdxxf )()(    [A line segment has area zero]                      

Example :    2114
3

1 33

1

4

4

1

22   dxxdxx  

Theorem (Rectangle Property) :  For any number a, b and k,  

b

a

abkkdx )(  

Theorem (Addition Property) 

        Let f  be continuous on an interval containing a, b and c. 

                Then,   

c

a

b

a

c

b

dxxfdxxfdxxf )()()(  

Example .Evaluate  

  









5

1
5  x   3for  ,5

3x1for 1,-2x
  f(x)   where,)( dxxf              

Solutions:        

5

1

3

1

5

3

3

1

5

3

5)12()()()( dxdxxdxxfdxxfdxxf = -4 

  Corollary Let f  be non – negative and continuous on [a, b].  Then  

b

a

dxxf 0)(  

5.4.3 Fundamental Theorem of Calculus 

  Theorem 5.5.1   (Fundamental theorem of calculus I)      

The first fundamental theorem of calculus states that, if f is continuous on the closed interval [a, 

b] and F is the anti-derivative (indefinite integral) of f on [a, b], then  

                                     aFbFdxxf
b

a
                                                      (1) 

Remark. The number F (b) - F (a) is also denoted by [F(x)] a
b
 (or F(x) b

a ). 

So       dxxf
b

a
[F(x)] b

a = F (b) - F (a) 

http://mathworld.wolfram.com/FirstFundamentalTheoremofCalculus.html
http://mathworld.wolfram.com/ContinuousFunction.html
http://mathworld.wolfram.com/ClosedInterval.html
http://mathworld.wolfram.com/Antiderivative.html
http://mathworld.wolfram.com/IndefiniteIntegral.html


 

 

Addis Ababa Science and Technology University Page 10 
 

Applied MathIB: Integrations 2021 

 Theorem (Fundamental theorem of calculus II)      

The second fundamental theorem of calculus holds for f a continuous function on an open 

interval I and a any point in I, and states that if F is defined by  

                      

x

a

xfxdttfxF /F  then   ,   at each point in I.                               (2) 

 Example Evaluate   
3

1
xdx  

 Solution:       

 

          
3

1

2
3

1 2

x
xdx  = 4

2

1

2

9
  

Example     xFfinddttxFIf
x

/
2

3

2   ,1              

Solution:                212
2

 xxF  = 142 2 x     

 

 

Example  Evaluate dtt 2

0
cos



 

Solution:  We have dtt
x

0 cos = [sin (t)]0
x
 = sin(x) - sin(0) = sin(x)   

                                So  1
2

sincos2

0





tdt  

 Combining the Chain Rule with the Fundamental Theorem of Calculus, we can generate 

some nice results. Indeed, let f (x) be continuous on [a, b] and u(x) be differentiable on           

[a, b].    Define the function    
 

dttfxF
xu

a  

Then the Chain Rule implies that F(x) is differentiable and F '(x) =     xuxuf '               

 We can generalize this a little bit more to find the derivative of a function of the form  

H(x) =  
 

 
dttf

xv

xu  where u(x) and v(x) are both differentiable on [a, b].  

We have H '(x) =     xvxvf ' -     xuxuf '       

Example Find the derivative of  dtt
x


2

0

2 cos  

Solution:   Set  xF  dtt
x


2

0

2 cos  

http://mathworld.wolfram.com/SecondFundamentalTheoremofCalculus.html
http://mathworld.wolfram.com/ContinuousFunction.html
http://mathworld.wolfram.com/OpenInterval.html
http://mathworld.wolfram.com/OpenInterval.html
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From the Fundamental Theorem of Calculus, we know that F(x) is an anti-derivative of cos(x
2
). 

We have    2

0

2
2

cos xFdtt
x

  

 The Chain Rule then implies that   









2

0

2cos
x

dtt
dx

d
 =F '(x

2
)2x = 2x cos( (x

2
)
2
) = 2x cos(x

4
).  

 Note that F(x) does not have an explicit form. So it is quite amazing that even if F(x) is defined 

via some theoretical result, we are still able to find the derivative of the given function.  

Example Find the derivative of dte
x

x

t




2
2

 

Solution      let  xF  dte
x

t




0

2

               


   

dte
x

x

t




2
2

=   F(x
2
) - F(x)    

      


    dx

d











2

2x

x

t dte = F '(x
2
)2x - F '(x) =

24

2 xx exe 
.  

5.5 Improper Integrals       

          Up until now, all the integrals that we have performed have had finite limits and integrands 

with no asymptotes.  Now we will investigate integrals with infinite limits and integrands with 

vertical asymptotes. Recall that the definition of an integral  dxxf
b

a   requires the function f(x) 

to be bounded on the bounded interval [a,b] (where a and b are two real numbers). It is natural 

what happens if the function f is unbounded. 

Definition  

Let the function f (x) becomes unbounded on the interval [a,b] and the interval [a,b] becomes 

unbounded (that is  bor   a  ).then we say that the integral  dxxf
b

a    is improper 

Type I: (Discontinuous Integrands ) 

Consider the function f (x) defined on the interval [a,b] (where a and b are real numbers). We 

have two cases f(x) becomes unbounded around a or unbounded around b 

   dxxf
b

a =  dxxf
b

t
at



lim         unbounded around a 

  dxxf
b

a =  dxxf
t

a
bt



lim        unbounded around b 
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       Remark What happened if the function f(x) is unbounded at more than one point on the 

interval [a,b]? Very easy, first you need to study f(x) on [a,b] and find out where the function is 

unbounded. Let us say that f(x) is unbounded at 1c  and 
2c  for example, with  

 bcca  21  . Then you must choose a number   between 1c  and 2c  (that is   

 1c    2c ) and then write  

          dxxf
b

a =  dxxf
c

a
1

+  dxxf
c


1
+  dxxf

c


2


+  dxxf

b

c 2

 

Example evaluate the following improper integral  

a)  

3

0
1x

dx
                                 b. dxx

1

0

ln   

Type II:  Consider the function f (x) defined on the interval  ,a or  a, . In other words, 

the domain is unbounded not the function.  

    dxxf
a

 
=lim

t

 dxxf
a

t    and  

   dxxf
a


 =lim
t

 dxxf
t

a      

  Example Evaluate dx
x



1

2

1
          

  Solution We use the definition to find  

  dx
x

m

m


 1

2

1
lim  = 











m

m x 1

1
lim    11

1

1

lim 













m

m m
                               

Example Evaluate  dx
x


1

0

1
        

Solution The integrand has a vertical asymptote at x = 0, so we must use part (ii) in the 

definition.   

We have      dxx
mm




 

1

2

1

0
lim = 











1

2

1

0

2lim
m

m

x 222 2

1

0
lim 












m
m

 

       5.5.2 Convergence and Divergence of Improper Integrals 
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Consider a function f(x) which exhibits a Type I or Type II behavior on the interval [a,b] (in 

other words, the integral  dxxf
b

a  is improper). We saw before that the integral is defined as a 

limit. Therefore we have two cases:  

Definition Let   dxxf
b

a  be improper integral. 

1.  If the limit exists (and is a number), we say that the improper integral is Convergent;  

2. If the limit does not exist or it is infinite, then we say that the improper integral is  

    Divergent.  

If the improper integral  dxxf
b

a   is split into a sum of improper integrals (because f(x) presents 

more than one improper behavior on [a,b]), then the integral converges if and only if any single 

improper integral is convergent.  

5.6 Applications of Integrals 

 5.6.1    Area  

  Definition  if f is continuous and    ,ba,on  0xf the area of the region below the curve y=

 xf  from a to b is defined as the definite integral: 

                             Area =  dxxf

b

a

  

Theorem  (Area of a region between two curves) 

     If f and g are continuous on [a, b] and ),,()()( baxxgxf  then the area of he region 

bounded by the graphs of f and g and the vertical lines x = a and x = b in given by 

                                  dxxfxgA

b

a

  )()(                               

Example  

     Find the area of the region that is enclosed between the curve  6xy and 2  xy . 

Solution To find the end point, we solve the equations  

                  2xy   and 6 xy  

                  0)2)(3(62  xxxx  

                  23  xx  
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                  2439  xforyandxfory  

             Hence, the two graphs intersect at the points (3; 9) and (-2, 4) 

             Moreover, if f(x) = x + 6 and g(x) = x
2
, then  

             
6

125

3

1
6

2

1
6

3

2

32

3

2

2 











 xxxdxxxA  

5.6.2 Volume  

Integrals are used in this section to find the volume of solid revolution. A solid of revolution is 

generated by taking a region in the first quadrant of the plane and rotating it in space about the x-

axis or y-axis. 

Solids of revolution 

 

Rotating about the x-axis                                         Rotating about the x-axis 

 

Theorem Let S be a solid region obtained by revolving the graph of a continuous non – negative 

function f and has a cross – sectional area A. 

i) If A is given by A(x), which is perpendicular to the x – axis for bxa  , then the volume V of 

S is given by       

b

a

b

a

dxxfdxxAV
2

)()(  -------Horizontal axis of revolution 

ii) If A is given by A(y), which is perpendicular to the y – axis for c  y  d, then the volume V 

of S is given by     

d

c

d

c

dyyfdxyAV
2

)()(  ---- Vertical axis of revolution 
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Theorem  

If the solid is generated by revolving the region between the graphs of f and g  

  i) on [a, b] with ( ) ( ) ( , )g x f x x a b   , Then  

                        dxxgxfV

b

a

 
22

)()(   --- Horizontal axis of revolution                        

  ii) on [c, d] with ),()()( dcyyfyg  , then  

                         dyygyfV

d

c

 
22

)()( ---- Vertical axis of revolution 

Example Let R be the region between the graphs of 1)(  xxf  and 1)(  xxg  on the 

interval [1, 3].Find the volume V of the solid obtained by revolving R about the x – axis. 

Solution:  Clearly ]3,1[)()(  xxfxf , and  

    1)(
2

 xxf  and   1)(
2

 xxg . Moreover     211)()(
22

 xxxgxf  

                426)2(2

3

1

3

1

  xdxV  Cu. Units  

5.6.3 Arc length  

Theorem Let f be continuous on [a, b] and the curve of the graph of f on [a, b] given by y = f(x) 

in a plane.Then the length L  of the curve between  )(, afa  and  )(, bfb  is         

  dxxfL

b

a

 
2

)(1     

Example:   Find the length of the curve  13 2

3

 xy  from x = 0 to x = 1 

    Exercise 

1.  Find the length of the curve y = 2x 

     a)  (-1, -2)   and (4, 8)                   b) (2, 6) and (-2, 4) 

2.  Find the length of the curve 2

3

2 )2(
3

1
 yx  from y = 0 to y = 1. 


