Applied MathIB: Integrations 2021

Chapter 5

INTEGRATIONS
5.1. Indefinite Integrals

Definition: Let f be a function whose domain is an open interval I. Then any function F such

that F'(x) = f(x) for each x in I is called an anti-derivative of f. (Note that f is the derivative
of Fon I.)
Example: 1. F(x) = x3 + ¢ for constant c is the anti-derivative of f(x) = 3x2.
Theorem: Let f be a function whose domain is an open interval 1.
1) If F(x) is an anti-derivative off (x), then F(x) + C is an anti-derivative of f(x) for every
real number C.
i) If F(x) and G (x) are two anti-derivatives of f(x), then F (x)- G(x) is constant for all x
in I. That is, G(x) = F(x) + C for some real number C
Definition: Let the domain of f be an open interval I and suppose f has anti-derivative. The

family of all anti-derivatives of f is called the indefinite integral of f and is denoted by.

j f (x)dx
Example: 1. IXdlexz +C 2 JdeX=1X3 +C
2 3

Basic Rules of Indefinite Integrals
Theorem: Let f and g be a function of x whose domains are an open interval | and suppose f and

g are differentiable for every x in |.

1) Idx=x+C
2) jcdx:cjdx_
3) [(F0)+g0))dx = [ fdx+ [ g(x)dx.

r+l

X

1+C, where risrational,r =-l,andx >0on
r+

4) _[xrdx:

5) J.%dx:ln\xhc (u=0)
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6) [sin xdx=-cosx+C ,jcos x dx =sin x+ C and _[seczxdx:tan x+C

X

7) |e'dx=e"+C and Iaxdx:a
. Ina

+ C

8) [sinh xdx = coshx +C jcoshxdx=sinhx +C and Isechzxdx= tanh x +C

9)- dx dx
V1-X%° V1+ X2

Example: 1. J'(Zx‘1 + 3sin x)dx=2In|x —3cosx + C

=sin?x+C |, ji

Ty =sinh*x+C
+X

=tan'x+C and J'

2. I(4x3—6x2+2x+1)dx:x4—2x3+x2+x+C.

3

3 3 2 =
3. — 4+ VX [dx=——+=x2+C
I[xz j x 3

5.2 Techniques (or rules) of Integration

Unlike differentiation there is no set of rules which you can follow to find the indefinite integral
of any given function. These are integrals of a certain form for which we have an answer. If we
are given an integral which doesn't correspond to one of the “standard integrals" then there are
certain techniques we can use to try to convert its form into one or more of the standard integrals.
Hence we discuss different Techniques of Integration like

v" Integration by substitution.

v Integration by parts

v" Integration by partial Fractions
v" Integration by trigonometric substitution

A. Integration by substitution

A smart idea consists in " cleaning” them through an algebraic substitution which transforms the
given integrals into easier ones. Let us first explain how the substitution technique works.
Theorem: Suppose I and J are open intervals, f has domainl, g mapsJintol,and g

is differentiable on J. Assume that we take u as independent variable.

j f(g(x))g’(x)dx = j f (u)du = F(u) + C, where x is the independent variable andu = g(x)
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Example: Evaluate the following integrals

1
a —dx b) | 3x2(x® +1)2dx
) x% +1 )-[ ( )
_J‘ _1¢du u=x*+1
NG +1 u " du = 2xdx

=—In\u\+C =£In(x2 +1)+C
2 2

1 1
b) I3X2(X3 +1)E dX:IUZdu u=x*+1

du = 3x2dx
3 3
24 =g(x3 +1)2 +C
3 3
B. Integration by parts

The General Method
Suppose we have two functions multiplied by each other h(x) = f(x)g(x) and differentiate

according to the product rule:

(x)=[ f(x)g(x :|’: f’(x)g(x)+f(x)g'(x)

Then integrating both sides [[f (x) (x)] dx = I[f f(x)g’ (x)Hx
and rearranging glvesj (x)g’ (x)dx = I[f (x)] dx— jf (x)g(x)dx
or as the formula is better known [ f(x)g’ (x)dx = f (x)g(x)— [ f'(x)g(x)dx

This relationship is what we call Integration by Parts. Let us look at it more carefully and then
see some examples. First, it asks us to break the integrand up into two pieces and identify one of
the pieces, g’(x), as the derivative of another function. In other words, we

anti-differentiate a "part™ of the integrand. The other part(x) is differentiated. The hope is that
when you apply this, the new integral I f'(x)g(x)dx is simpler to anti-differentiate.

Theorem: Let f and g be differentiable functions, then
[ £(x)a’ (x)ax= f (x)g(x)- [ ' (x)olx)dx
The u - v Method:

The u - v Method is given by [udv=uv— [vdu which is identical to the canonical method.
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u= f(x),du=f(x)dx

Set
° v=g(x), dv=g'(x)dx

Many find this a lot easier to remember: .[udv =uv-— jvdu

Note: Sometimes it is necessary to integrate by parts more than once.

Example Integrate I xe**dx

Solution: We use integration by parts. Notice that we need to use substitution to find the
integral of € * Now let u = x and dv=e* dx , so that du = dx and v = 1/3 &*

3x
Xe 1
= _Ze¥4C

Hence we have j xe>*dx = x(1 e3XJ - I1e3xdx:
3 3
Reduction formulas:

. -1 . . n-1¢. ..
a) _[sm”xdx:—S|n"1xcosx+—_[5|n”2xdx for n>2
n n

b) _[cos" xdx = lcos"‘l X Sinx + n-1 _[ cos"? xdx for n>2
n n
Example Evaluate the following integrals.

Jsin3 xdx = —lsin‘2 xcosx+gj'sin xdx
3 3

= —lsin2 xcosx—zcosx+C
3 3

Note: Integrals of the form J.Sin ™ x cos" xdx

a) If nis odd, substitute u = sin x and use the identify cos’ x =1—sin? x

b) if m is odd, substitute u = cos x and use the identify sin’ x =1-cos’ x

c) if mand n are even, reduce to smaller power of m or n and use the identities
sin XCOSX = %sin 2x, sin®x= %,cos2 X = %

Example  Evaluate _[Sin5 cos* xdx
J'sin5 cos® xdx = Isin4 xcos’ xsin xdx = I(sin2 x)? cos® xsin xdx

Let u =cosx

= [ (1-cos® x)* cos* xsin xdx , .
du = -sinxdx
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=—_[(1—u2)2u4du =—j(u4 —2u® +u®)du

Ll teesc
5 7 9

=—}c035x+gcos7 x—lcos9 X+C
5 7 9

C.Integration by Partial Fractions
In algebra we learn how to find the common denominator of two expressions and then combine

like terms. Partial fractions are all about going backwards.

. . . . N (x
Objective: To integrate rational functions f(x) =%
X
1. If the degree of the numerator is greater than the degree of the denominator perfume long
division.
2. Factor the numerator and the denominator of the remainder in to linear and quadratic factors.

3. Rewrite the transformed rational functions as a sum of expressions of the types.

A LA A

e ——
ax+b (ax+b)? (ax+hb)"
Example Evaluate the integral j 24X—+2dx
X" +X—-6

Solution: First we find the partial fraction decomposition of the integrand.

4x+2  4x+2 A N B
x2+x-6 (x—2)x+3) x-2 x+3

We factor to get

Multiply by the common denominator to get: A(x + 3) + B(x - 2) = 4x + 2
Let x =2, then, 5SA=10and A=2, Letx =-3, then,-5B=-10and B =2

2 X+3

Now we can integrate I4X4+26dx=j{%+ 2 }dx
X+ X— X —

=2Injx—2/+2In|x+3+C
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D. Integration by trigonometric substitution

An integrand which contains one of the forms+/a2 —b’x? ,va? +b?x? , or vb’x? —a? may

be transformed into another involving a trigonometric function of a new variable as

follows:

Form in Integrand Substitution New Form in Integrand
a’ —b?x? x:%sinu av1-sin®u =acosu

Va? +b?x? x:%tanu av1+tan®u = asecu

Vb?x? —a’ x=%secu avsec’u-1=atanu

dx
Example Evaluate | ———
IXZ\/4+X2

Solution: Let x=2tanu so that dx = 2sec? udu and hence 4 + x* = 2secu .

dx 2sec’ udu secudu 1 cosu
Hence,'[—zj 5 ——_[ = _[ du
x4+ x2 7 4tan?ux2secu tan?u sin®u
= __1 +C
4sinu
X . X N
Note that tanu = — and thussinu = . (See the following figure)
2 Va+x?
« 4+ x°
\
u
\
2 \
_ | 2
Therefore, dx = 4+x +C
X2\4+ X2 4x
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V9 —4x?

X

Example Evaluate I dx

Solution: Letx=gsinu,so thatdx=gcosu du andv9—4x? =3cosu.

Hence, _[

V9 —4x? 3cosu (3
—d I cosudu

wz

'[\/9—)(4x2 3cosu , 3 du_3jcos cos’u, _3J-1 sin®u

3 ( Ecos.u
Esmu sinu sinu

:3j'cscudu —3Isinudu =3In|cscu —cotu|+3cosu +c

RO

Note that Cosu = , Cotu= and Cscu = 21
X

2X

U

VO — 452

I\/9—4x2 3hn 3-/9-4x2
X

X

Hence dx = +4/9-4x% +¢

5.3. Integration of Inverse Trigonometric Functions
1. J‘sin’1 xdx
Using integration by parts ,let u =sin™ x and dv=dx.

Then du = dx and v=x .

1—x?

So, jsin*1 xdx = xsin* x—j

X dx
V1= x?
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= =XSINT X+ V1= X2 +C —mmmmmmee- by substitution

2. jtan‘1 xdx
Using integration by parts, let u = tan™ x and dv=dx.

Then du =

1 2dxandv:x.
+X

So, jtan’1 xdX = xtan ™ X — [——dx
1+ x?

= =xtan'x —%In |x2 +1| N R by substitution
Exercise:
1. _[cos‘l xdx 2. jcot‘1 xdx
3. Isec‘1 xdx 4. _[csc‘1 Xdx

5.4 The Definite Integral and its Properties

Theorem

Let f continuous on [a, b]. Forany ¢ >0 , there isanumber 6 >0 such that the

following statements holds:

If P= {Xo, Xpyeoon Xy } is any partition of [a, b] each of whose subintervals has length

less than & and if X, ; <t, <X, for each k=12,...,N, then the associated Riemann Sum

Z f(t)AX, satisfies
kel

b n
j f)dx—>" f(t)AX <& ie.
a k=1

jf(x)dx ||mzf(t )AX,

P[0 k=1

ie. _[ f(x)dx=]im Z f () A% where |IP|| denotes the largest of the lengths
Pl>0 k1

of the subintervals associated with P and is called the normal of P.
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5.4.2 Properties of the Definite Integral

Definition Let f be continuous on [a, b]. Then

a

a b
_[ f(x)dx=0 and j f()dx = —J. f()dX  [A line segment has area zero]
b b a

1 4
Example : _[XZdX = —_[XZdX = —%(43 —13)= -21

b
Theorem (Rectangle Property) : For any number a, b and Kk, jkdx =k(b-a)
a

Theorem (Addition Property)

Let f be continuous on an interval containing a, b and c.

Then, j f(x)dx= i f(x)dx+ j f (x)dx

a

Example .Evaluate

2 2x -1,for1<x<3
[ 00dx, where f(x):{ X-hIordsx

1 5for3< x <5
5 3 5 3 5
Solutions: j f(x)dx= j f(x)dx + j f (x)dx = I (2x —1)dx + ISdX: 4
1 1 3 1 3

b
Corollary Let f be non — negative and continuous on [a, b]. Then .[ f(x)dx>0

a

5.4.3 Fundamental Theorem of Calculus

Theorem 5.5.1 (Fundamental theorem of calculus I)

The first fundamental theorem of calculus states that, if f is continuous on the closed interval [a,

b] and F is the anti-derivative (indefinite integral) of f on [a, b], then

[} £ (xxx = F(b)-F(a) 0

Remark. The number F (b) - F (a) is also denoted by [F(X)] 2 (or F(x) | °).

so [ t(xkx=[FX)] |2=F (b)-F (a)
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Theorem (Fundamental theorem of calculus I1)

The second fundamental theorem of calculus holds for f a continuous function on an open

interval | and a any point in I, and states that if F is defined by

F(x )=Jf()dt then F'(x)= f(x) at each point in 1. 2)
3
Example Evaluate J.l xdx

3
Solution: LXdX: |1:%_%:4

Example I F(x)=[V? +1dt, find F'(x)

Solution: F(x)=+/(2x) +1 -(2) =2Jax? +1

Example Evaluate jo 2 costdt

Solution: We have joxcostdt = [sin ()]¢* = sin(x) - sin(0) = sin(x)

So .[05 costdt = sin % -1

v Combining the Chain Rule with the Fundamental Theorem of Calculus, we can generate

some nice results. Indeed, let f (X) be continuous on [a, b] and u(x) be differentiable on

u(x)
[a, b]. Define the function F(X) = L f ('[)jt

Then the Chain Rule implies that F(x) is differentiable and F '(x) =  (u(x))u’(x)

v We can generalize this a little bit more to find the derivative of a function of the form

H(x) = I f(t)dt where u(x) and v(x) are both differentiable on [a, b].

We have H'(x) = f(v(x)V'(x)- f(u(x)u'(x)

X2
2
Example Find the derivative of Io C0s (t )jt

Solution: Set F J. COS( )jt

Addis Ababa Science and Technology University Page 10



http://mathworld.wolfram.com/SecondFundamentalTheoremofCalculus.html
http://mathworld.wolfram.com/ContinuousFunction.html
http://mathworld.wolfram.com/OpenInterval.html
http://mathworld.wolfram.com/OpenInterval.html

Applied MathIB: Integrations

From the Fundamental Theorem of Calculus, we know that F(x) is an anti-derivative of cos(x?).
XZ

We have L COS(tz)it = F(Xz)

The Chain Rule then implies that %U: cos(tz)dtj =F '(x%)2x = 2x cos( (x*)?) = 2x cos(x?).

Note that F(x) does not have an explicit form. So it is quite amazing that even if F(x) is defined
via some theoretical result, we are still able to find the derivative of the given function.

2
“etdt
Example Find the derivative of },

X —t2 X2 —t2
Solution let F(x)= J.O e dt = L e dt. F(C) - F(x)

o
:> R
dx

5.5 Improper Integrals

2

IX e“zdt): F'(x})2x - F'(x) = 2xe™* —g*

X

Up until now, all the integrals that we have performed have had finite limits and integrands

with no asymptotes. Now we will investigate integrals with infinite limits and integrands with
b

vertical asymptotes. Recall that the definition of an integral I f(x)jx requires the function f(x)
a

to be bounded on the bounded interval [a,b] (where a and b are two real numbers). It is natural
what happens if the function f is unbounded.

Definition

Let the function f (x) becomes unbounded on the interval [a,b] and the interval [a,b] becomes

unbounded (that is @ =—o0 orb =oo ).then we say that the integral _[: f(x)dx isimproper

Type |: (Discontinuous Integrands )
Consider the function f (x) defined on the interval [a,b] (where a and b are real numbers). We

have two cases f(x) becomes unbounded around a or unbounded around b

= I: f(x)dx= Iimf f(xpdx  unbounded around a
t—a’

= j: f(x)dx=] imj': f(x)}x  unbounded around b
t—b™
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Remark What happened if the function f(x) is unbounded at more than one point on the

interval [a,b]? Very easy, first you need to study f(x) on [a,b] and find out where the function is

unbounded. Let us say that f(x) is unbounded at ¢, and c, for example, with
a<c, <c, <b . Then you must choose a numbera betweenc, andc, (that is

c, < a <c¢,)andthen write

e [ 1o [0 [ ke | £t

Example evaluate the following improper integral

3 1
‘[ﬁ b. jln xdx
o x-1 0

Type 11: Consider the function f (x) defined on the interval [a,+o0 )or(—co,a ]. In other words,

the domain is unbounded not the function.

:>_[ f (x)dx= ||mj' f (x)dx and

t—>—0
= J:w f(x)x = |Lrp J: f (x)dx

[o 0]

1
Example Evaluate I—ZdX
| X

Solution We use the definition to find

||mj dX-Ilm[ l Ilm{—1+1l=l

m—oo 1 m-—»oo m—oo

Example Evaluate ITdX

Solution The integrand has a vertical asymptote at x = 0, so we must use part (ii) in the

definition.

m—0* m—0*

We have I|mIX2dX ||m[2x2} —||m{2 2m? } =2

5.5.2 Convergence and Divergence of Improper Integrals
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Consider a function f(x) which exhibits a Type | or Type Il behavior on the interval [a,b] (in
other words, the integral I: f(x)jx IS improper). We saw before that the integral is defined as a

limit. Therefore we have two cases:
- - = b - -
Definition Let _L f(X)jX be improper integral.

1. If the limit exists (and is a number), we say that the improper integral is Convergent;
2. If the limit does not exist or it is infinite, then we say that the improper integral is
Divergent.

If the improper integral I: f(x)jx is split into a sum of improper integrals (because f(x) presents

more than one improper behavior on [a,b]), then the integral converges if and only if any single

improper integral is convergent.

5.6 Applications of Integrals
5.6.1 Area

Definition if f is continuous and f(x)>0o0n[a,b] the area of the region below the curve y=

f(x) from a to b is defined as the definite integral:

b

Area :j f (X):IX

a
Theorem (Area of a region between two curves)

If f and g are continuous on [a, b] and f(x) < g(x) Vx e (a,b), then the area of he region

bounded by the graphs of f and g and the vertical lines x = a and x = b in given by

A=[lg(x) - T () bix

Example
Find the area of the region that is enclosed between the curve y=x”andy=X+6.
Solution To find the end point, we solve the equations
y=x>and y=x+6
=x*—x-6=(x-3)(x+2)=0

= X=3vX=-2
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s y=9 for x=3and y=4 for x=-2
Hence, the two graphs intersect at the points (3; 9) and (-2, 4)
Moreover, if f(x) = x + 6 and g(x) = X?, then

3 3
.'.A=J’[X+6—X2]dX:|:1x2+6x_lx3} :12_5
) 2 3 o 6

5.6.2 Volume

Integrals are used in this section to find the volume of solid revolution. A solid of revolution is
generated by taking a region in the first quadrant of the plane and rotating it in space about the x-
axis or y-axis.

Solids of revolution

» »

Rotating about the x-axis Rotating about the x-axis

Theorem Let S be a solid region obtained by revolving the graph of a continuous non — negative
function f and has a cross — sectional area A.

i) If A is given by A(x), which is perpendicular to the x — axis fora < x <b, then the volume V of

ii) If A'is given by A(y), which is perpendicular to the y — axis for ¢ <y <d, then the volume V

d d
of Sisgivenby V = I A(y)dx = ”Hf (Y)]2 dy - Vertical axis of revolution
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Theorem
If the solid is generated by revolving the region between the graphs of f and g
i) on [a, b] with g(x) < f(x) Vx e (a,b), Then

V = 7Z'j ([f ) -[g(x0)F ) dx --- Horizontal axis of revolution

ii) on [c, d] with g(y) < f(y)Vy e(c,d), then
d
V= ”I ([f (Y)]2 - [Q(Y)]2 )dY---- Vertical axis of revolution

Example Let R be the region between the graphs of f(x)=+x+1 and g(x)=+/x—-1 on the
interval [1, 3].Find the volume V of the solid obtained by revolving R about the x — axis.
Solution: Clearly f (x) < f (x)¥x €[13], and
[f() =x+1and [g(x)]* =x—1. Moreover [f(X)]? —[g(})]F =x+1-x+1=2
3

3
.V :7rJ.2dX=7z(2X) =6 — 27 =47 Cu. Units
1

1
5.6.3 Arc length
Theorem Let f be continuous on [a, b] and the curve of the graph of f on [a, b] given by y = f(x)

in a plane.Then the length L of the curve between (a, f(a)) and (b, f(b)) is
b
L= [y1+[f'()] dx

3
Example: Find the length of the curve y=3x? —1fromx=0tox=1

Exercise

1. Find the length of the curve y = 2x
a) (-1,-2) and (4, 8) b) (2, 6) and (-2, 4)

3

2. Find the length of the curve x :%(y2 +2)2 fromy=0toy=1.
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