Chapter Two
Application

2.1 Application on area and volume
Let u and v be vectors and consider the parallelogram that the two vectors make. Then

“ll X V" = Area of the Parallelogram

The dircctionof uxy is aright angle to the parallelogram that follows the right hand rule.
To find the volume of the parallelepiped spanned by three vectors u, v, and w, we find the triple product:

|u.( v.nv)| = Volume
This can be found by computing the determmant of'the three vectors:
u w
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sy Vy o Wl = u (vawy — v, )= v (W — s )+ wy (v — vy )
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Example :
1. Find the area ofthe parallelogram which s formed by the two vectors v= (1, 3, 2) and v= (-2, 1, 3).
2. Find the volume ofthe parallelepiped spanned by the vectors
u=(3,-2,-1) v=(1.3,2), and w=(-2. 1, 3).
Solution: 1. The arca of the parallelogram s givenby:
ke x v|j= ||( 1.3.2) = (—2,1,3)n= |k 7,—7,7)" =4/147
2. The volume of the parallelepiped spanned by the three vectors s:
be(vow)| =3, -2.-1)((1.3.2)x (-2.,1.3)| = |(3.-2,-1)(7,-7.7)| = 28

Exercise: Find the area of the trianglke having vertices atu= (3, -2, -1), v=(1,3,2), and w= (-2, 1, 3).
Lines and planes

Activity : Giventwo vectors A and B with B # (), consider vectors of the form A + 1B, where t varies over

all real numbers. The vector A + 2B, for example is as shown in the figure. Show the vectors A



2.2 Equations of Lines and Planes

An equation of three variable F'(z.y.2) = 0 is called an equation of a
surface S if

(r1.n.21) € § if and only if F (xy.9y.21) =0,

For instance,
2+ yz +22=1

s the equation of the unit sphere centered at the origin. The graph of a
system of two equations

Flr.y,z)=0. G(r.y.z)=0

represents the intersection of two surfaces represented by F' (r,y.2) = 0 and
by G(x.y.z) = (), respectively, and is usually a curve.

A) Lines in »*.

A line [ is determined by two elements: one point [ on the line [ and
a direction ¥ of lie., any vector that is parallel to [. The goal here is to
describe the line using algebra so that one is able to digitize it. Suppose that
the coordinate of the point £, on the line and a direction i are given as:

Py (19, 0. 20) 8 a given point on [
"= {a.b.c) i parallel to [.

Consider any point P (z.y, z) in the space. Let E_ﬁ be the vector connecting
Fy and P. If P is located exactly on the line. then W’ is parallel to the line
Land thus it i parallel to 7. On the other hand, if P is off the line, then,
since P, is on the line, PP cannot possibly be paralld to the line. Therefore,
.13(,—1_5 cannot possibly be parallel to . We just concluded that

Pison ! if and only if m” is parallel to 7.
Now

BP = (2.9,2) — (0,0, %) = (£ — 70,y — 0,2 — 20)
v={a.b.c).



P(xy,z)

So
PoP (| T <= RP=ti (for a constant t)

which is equivalent to

I — g ¥— Yo zZ—Z

a b c

We called these three equation symmetric form of the system of equations
for line [.

If we set
=TIy Y—Hh T—Z

— =1,
a b c
which is equivalent to
r—z
8.y
T
Y=Y
b
=2y,

-



r= 19 +at
y=1+bt
z=z+ct

We call it the parametric form of the system of equations for line [. This
system can be written in the form of vector equation:

F=To+t0, 7T={x,4.2), To={Zo, %) -

Example 4.1. (a) Find theequation of the line passing through (5. —1. 3),
having direction # = (1.0, —2) . Express answer in (i) symmetric form, (ii)
vector form, and (iii) parametric form.

(b) Find two other points on the line.

Solution: (a) (i)

z—5 y+1 z2-3

1 0 -2
(ii)
T={5.—L3)+1(1.0,—2)
(iii)
r=>5+1
y=-—1
z=3—2t

(b) Take t =1, (x,y.2) = (6.—1,1). Take t = —1, (z.y.2) = (4.—1,5).

Example 4.2. (a) Find the equation, in symmetric form, of the line [
passing through A(2.4,—3) and B(3.—1.1). (b) Determine where the line
! intersects xry — plane.

Solution. (a) The line is parallel to vector AB. So we choose this vector
as the direction of 1,

7=AB = (3.-1,1) — {2.4,-3) = (1,—5,4).,
and A(2,4, —3) as the point on . Thus, the equation is

r—2 y—-4 243
) =57 4"




(b) If this line crosses xy — plane somewhere at (z.y. z). then z = (. So
this point (x.y.0) satisfies the line equation, i.e.,
r—2 y—4 043
1 —5 4

We solve this system to obtain

L.03 1
=g =y
3 1
z=0.

Example 4.3. Given two lines

L: =14t y=-2+4+3, z=4-—1
lb: »=2t, y=3+t z= -3+ 4t

Determine whether they imtersect each other, or they are parallel, or neither
(skew lines).

Solution: First of all, in each line equation, "#" s a parameter (or free
variable) that can be chosen arbitrarily. Therefore, the parameter "#" in the
equations for line [, is DIFFERENT from the parameter "t"” in the equations
for line l5. To clarify this issue, we rewrite as

Lh:z=14¢t y=-2+3 z2=4—1
ly: 1=2s5. y=3+s, 2= -3+ 4s,

and intersection of these two lines consists of solutions of the following system
of six equations,

r=14+t y=-243t, z2=4-1
z=2s, y=3+s, 2=—-3+4s,

for five variables: x, 9, =, 1, s. Two lines intersect each other if and only If this
system has a solution. If, for mstance, (rq.%0. Zo. fo. So) i a solution, then
the first three components, (g, yo. %) is a point of intersection.



We now proceed to solution the system by eliminating x,yz:

141=2 (1)
—243=3+s (2)
=t =g, (3)

There are three equations with fwo unknowns. We start with two equations,
for instance, the first and the second equation:

14+t =2s
2434 =3+s.

This can be easily solved as, by subtracting 2 times the second equation from
the first equation, i.e..

T—56t =—-6 = t=1?1.
1+t 8
S T
# 3 ¢ 11 8
We need to verify that the solution, t = —, s = 3 from the first two
equations (1) & (2), satisfies the third equation (3). So
q
LHS of (3) =4 —t=4— =2
5 5
8 17
RHSofm)=-s+4s=_3+4(E)=_,
Apparently,
a8
g s

s not a solution of the entire system (1)-(3). We thus conclude that these
two line cannot possibly intersect. Answer: skew lines
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P(x,y.2)

B) Equations of Plane.

Definition. Any vector that is perpendicular to a plane is called a normal
vector to the plane.

There are two normal directions (opposite to each other) to a given plane
For any given vector 7, there are infinite many parallel planes that are all
having 77 as their normal vector. If we also know a point on the plane
then, this plane is uniquely determined. In other words, a plane = can be
determined by a point F (rg. y0. %) on the plane and a vector as its normal

vectar 7 = (A, B. ().

For any point P (x,y.z), if this point P is on the plane 7, then the line
segment Py P entirely lies on the plane. Consequently, vector

—_— . .
PBaP=7—7 ={r—1o.y— Yo,2 — 2y, where 7= {x.y.2), o = {To, %0 20} .

is perpendicular to the normal vector ii. On the other hand, if P is off the



plane 7, then 7 = Ep_l_s is not perpendicular to 7. We conclude that

Pex (Pbelongs tow) 4= _15(:?3-1'?:0,

(F— T)-ia=0. (Vector Equation)

We call it vector equation of the plane 7In terms of components,
(r —x0.4 — Yo,z —20) - {A,B.C) = 0.
We obtain scalar form of equation of plane 7 :

Alx —x9)+ Bly— )+ C(z—z) =0, (Scalar Equation)

Ar+ By+Cz+ D =0. (Linear Equation)

In 3D spaces, any linear equation as above represents a plane with a normal
vector 77 = {A, B.C) . (In 2D, any linear equation i a straight line.)
Example 4.4. Find the equation of the plane passing through 5 (2.4.-1)
having a normal vector 7 = (2.3,4) .
Solution: A =2 B =3, C = 4.The equation s

2z —2)+3(y —4)+4(z+1) =0,

9 +3y +4z — 12 = 0.
Example 4.5. Find the equation of the plane passing t hrough P(1.3,2).
Q(3.-1.6). R{5.2.0).
Solution: Let
i=PR=1{520)—(1,32) =(4-1.-2)
i=PQ =(3,—1.6) —{1,3,2) = (2,—4,4)
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The vector
i j ok
uxvr=|4 -1 -2
2 —4 4
=1 =24+ 4 2|z, |4 -1 i
== 4 [ |2 4 (T2 =4|®
= —127 — 20 — 14k

-

=g (6?+ 107 + n)
is perpendicular to both i and 7. Thus,
= (ﬁ?‘+ 107 + TE)

is perpendicular to w. Now, we take this normal vector and one point P (1,3.2)
(vou may choose (Q or R.imstead), and the equation i

6lr—1)+1W0(y—3)+T(z—2)=0
or
6+ 10y + 72 =50 = 0.

Note that if we chose (Q(3,—1.6) as the known point. then the equation
would be
6(x—3)+10(y+1)+7(z—6) =0

or
Gr + 1My + 7z —=50= 0.
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Example 4.6. Find the intersection, if any. of the line

and the plane
dr+ 5y— 22 =18

Solution: We need to solve the system of all four equations

r=2+3
y = —dt
z=5+t

dr+ by—2z =18

for x.y, z.t. To this end, we substitute the first three equations into the last
one. This leads to

4(2+3t) +5(—4t) —2(5+1) = 18,
which can be simplified to

—10t —2=18.
So
t= -2,
and
r=243t=-4
z=54+t=3.

Answer: the intersection is (—4,8.3).
Example 4.7. Given two planes

T rt+y+z=
Mt —2y+3z=1.

Find (a) the line of intersection, and (b) the angle between two planes.
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Solution: Plane  and plane 7 have normal vectors @) and 77, respectively,

as

The line is on both planes and thus s perpendicular to both normal vectors.
The direction of the line is

ioj ok
l-"='ﬁ|)(-iq= 1 1 1
1 -2 3

1 1]1= 1 - i R g B

= | 8 3“'(1 .’“‘1 o |

To find the equation of the line, we also need a point on the line, ie., on
both planes. So we look for one solution to the system
r+y+z=1
r—2y+3z=1



This system has infinite many solutions (why). Since we only need one
solution, we set = = () to reduce the system to

r+y=1
r—2y=1.

Subtracting the second equation from the first, we find

Jy=0 = y=10

&=:1:

So P(1.0,0) € I. The equation of the line, in parametric form. is

r=1+5t
y=—2t
z = —3t.

Solution #2: Another way to find the equation of this line is to solve the
system

directly in terms of z. In other words, we choase 2 as parameter. To this end,
we subtract the second equation from the first one to get

Jy—2z2=0 = y=-,-';-:.

Substituting this into plane 7, :

2 1 1 5
L 3~ o = = Ir = —';\--

“

we obtain the equation of the line

r=1—xz

~
<

=
I
) s

w“
Il
o

Note that z is basically a free variable. If we set z = —3t, this becomes

r=1+5t
y=—2t
z=—3t

which is identical to what we got earlier.
(b) The angle between two planes is the same as the angle between their
normal vectors. So

12
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Homework:
1. Determine whether each statement is true or false.

(a) Two lines parallel to a third line are parallel.

{b) Two lines perpendicular to a third line are parallel.

(¢) Two planes parallel to a third plane are parallel.

(d) Two planes perpendicular to a third plane are parallel.

{e) Two lines parallel to a plane are parallel.

(f) Two lines perpendicular to a plane are parallel
(g) Two planes parallel to a line are parallel.

(h) Two planes perpendicular to a line are paralleL
(1) Two planes are either intersect or are parallel
{(j) Two lines are either intersect or are parallel.

(k) A plane and a line are either intersect or are parallel.
2. Find parametric equation and symmetric equation of line.

(a) The line through the point (1.0, —3) and parallel to {2. —4.5).

(b) The line through the point the origin and parallel to the line r =
2, y=1—tz=4+3%

(¢) The line through (1, 1,6) and perpendicular to the plane x + 3y +
z=25.

(d) The line through (2,1,1) and perpendicular to i+ j +k and i +2k.
() The line of intersection of the planes ¥ +2y+2 = land 2+ y = (.

3. Find equation of plane.

(a) The plane through (1,0,1), (0.1.1), and (1.1,0).

(b) The plane through (5. 1,0) and parallel to two lines z = 2+t. y =
—2f, c=landr=¢t y=2—t, 2=2—3L

(¢) The plane through (—1.2,1) and contains the line of intersection
oftwo planes r +y —z =2 and 20 —y +3z= 1

(d) The plane through (—1,2.1) and perpendicular to the line of in-
tersection of two planes » +y —2 =2 and 2r —y + 32 = 1.

(e) The plane that passes through the line of intersection of the planes
r—z2=1and y +22 = 3, and & perpendicular to the plane
r+y—2z=1



