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Class 11 Maths Chapter 8 Binomial Theorem

Binomial Theorem for Positive Integer

If n is any positive integer, then

o \ ngao 1 1y -1 ~y - v
(x+a)" ="Cpx" +"Cix" ""a+ "Cox" "“a”“ +..4+"C, a"

(x+ a)” Z 'C.

r=I{)

This is called binomial theorem.

Here, "Cy, "Cy, "C,, ..., "n, are called binomial coefficients and
"Cr=n/r(n—r1)! for0 <r<n.

Properties of Binomial Theorem for Positive Integer

(i) Total number of terms in the expansion of (x + a)" is (n + 1).

(i1) The sum of the indices of x and a in each term is n.

(ili) The above expansion is also true when x and a are complex numbers.

(iv) The coefficient of terms equidistant from the beginning and the end are equal. These
coefficients are known as the binomial coefficients and

"C,="Ch_,r=0,1,2,...,n
(v) General term in the expansion of (x + ¢)" is given by
Tr +1 = nCan_r ar.

(vi) The values of the binomial coefficients steadily increase to maximum and then steadily
decrease .
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(vii)
— -2 .. =
(x— @) = "Cy - "Cix" o + "Cpx"2a’® - "Cix"%a® +...

+(-1)" "C, a

Le., (x—a)" = Z(—l)’ "C,-x"""-a"
r=0

(L+2)" ="Cy+ "Cix + "C;x* + ...+ "C, x"

n

n

i.e., L+x)*=) "C,-«"
(viii) r=0

(ix) The coefficient of X" in the expansion of (1+ x)" is "C,.

(x)
) (a) (x+a)" +(x—-a)" =2(" C(}x"az0 + "Cox ™~ i
o E+a) —@-a)" =2("Ca" e+ "Gx " + )

(xii) () If nis odd, then (x + a)" + (x —a)" and (x + a)" — (x — a)" both have the same number of
terms equal to (n +1/ 2).

(b) If nis even, then (x + )" + (x —a)" has (n +1/ 2) terms. and (x + a)" — (x —a)" has (n/ 2)
terms.

(xiii) In the binomial expansion of (x + a)", the r th term from the end is (n —r + 2)th term
« n
(1-%)" = "Cy— "Cix + "Cox” = "Cyx” +...+(-1)" C.x
+..+(-D)" "C, x"

i.e., (1-x)" = i(-—l)’ MW"

from r=0 the
beginning.

(xiv) If n is a positive integer, then number of terms in (x +y +2)"is(n+ )(n +2) / 2.
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Middle term in the Expansion of (1 + x)"
(i) It n is even, then in the expansion of (x + a)", the middle term is (n/2 + 1)™ terms.

(i) If n is odd, then in the expansion of (x + a)", the middle terms are (n + 1) / 2 th term and (n
+ 3) /2 th term.

Greatest Coefficient

(i) If nis even, then in (x + a)", the greatest coefficient is "C,,»

(ii) Ifn is odd, then in (x + a)", the greatest coefficient is "C,,_1,, or "C, + 1, both being equal.
Greatest Term

In the expansion of (x + a)"

(i) If n+1/x/a+ 1isan integer = p (say), then greatest term is T, == Tj+ 1.

(i) If n + 1/ x/a + 1 is not an integer with m as integral partof n + 1/ x/a + 1, then Ty, 1. is the
greatest term.

Important Results on Binomial Coefficients
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(l) nCr + ".Cr_]_ 2 n+1Cr
@) —c s B
C'r-l r
(i) C _n-r+1
nCr-l r

(iv) Co+C, +Cs +...+C, =2"
{.V) C(,+C2+C4 +"'=Cl +C} .+.(:5 +“.=2n -1
) C-C+Co -G +...+(-1)"C, =0

(2n)!

(n=r)i(n+r)!

(Vll) COC," + Clcr - 1+'°'+ Cn B rCrz = 2nCn +r=

9 ) 9 o )
wiil) C; + G + C5 +..4+C; = “"C,
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(ix) Cy-Cy,+ C,

x G-G+G

(xi) Cy - C; + G,
i) 3 ~CE+C3
€ G,
(xii1) C, + —21 —3:
. G O
(xiv) Cy - El s
C, C.
Cy+—++—=

v) Lot * 5

(xvi) z(—l)" ”C,{El; +

r=0

~C +..4(-1)C,=(-1) "

nn
= (+/ 2)" cos —
4

Fe . nn
. (\/2),1 Sln—4—

“IC.,r<n

0,if n is odd.
(w~.+ nl2 n
(-1) C, 9,1fn 1s even.
Cl, 2n+1 =9
gl (n+1)
. ; C 1
g + .+ (_ 1),v n —
4 n+l1l n+1
C, C, ( 3]”
— + ... t+—=]|=
23 2’1 2
r T r
> + I % 19 +....upto m terms
227‘ 251‘ 247‘
2!7172 e 1

2771/1 (271 = 1)

Divisibility Problems

From the expansion, (1+ X)" = 1+ "C;x + "Cyx*+ ...

We can conclude that,

(i) (1+x)"-1=
(1+ x)" -1 = M(x)

(i)
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nC1X + nC1X2+ ..

_I_nCan

+"C.x" is divisible by x i.e., it is multiple of x.

1+ 2)" —1-nx="Cox> + "Cx*> +..+ "C,x" = M(x")
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\ 71.(72,— 1) 2 noy o3 ney 4 ng o n
1+x)"=-1-nx—- e o 658 S 0 o T S

2
=M (x°)
(iii)
Multinomial theorem
Forany n € N,
\ 72 T ,I Y N 'I'._;»
(‘ .1' ~ 7 .‘K.-:- ," p— ‘{/— _—__j .\] . .\2
ry o - n rl !7"1,
(i)
? |
i n A% i
(%, + x5 +...4%2,. ) = z == : Sigh o/ R
= R 5 R |
ri+ro+t..Frp=n ] %2 |
(i)
(iii) The general term in the above expansion is
72! N a2 Tk
— — X XA, X,
Nl SN ) Tt R
r1‘ .r:z....,']“.

(iv)The greatest coefficient in the expansion of (X; + X, + ... +
n!

>(!7H"I'( +1|7
Xm)" IS (%) l(q 'l where g and r are the quotient and remainder respectively,

when n is divided by m.

(v) Number of non-negative integral solutions of X, + X, + ... +x, = nis """ C,_,
R-f Factor Relations

Here, we are going to discuss problem involving (VA + B)sup>n = | + f, Where | and n are
positive integers.

Ole;fle;1,|JA—B?=kand NA-B|<1
Binomial Theorem for any Index

If n is any rational number, then
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1+x)"=1+nx+

1-2

n(n—1) 2l (n—-1)(n-2) 3

+....]x|<1
1-2-3

(i) If in the above expansion, n is any positive integer, then the series in RHS is finite otherwise

infinite.

(ii) General term in the expansion of (1 + x)"is T+ 1 - n(n—1)(n—2)... [n—(r—1)] /1! .

(iii) Expansion of (x + a)" for any rational index

: a
Case I. When x>ai.e,—<1
X

X

In this case, (x + a)" = %x (1 + 3)} = x" (l + E)

=4 S BN T (n—l)(g)
x 2! X

n x n
} =a"’(].+—)
. a,

Y -
Case II. When x< a ie., —<1
a
x\
In this case, (x + a)" = {a (1 + =
: a)

| ‘ 2
:a"{l+n-£+ AR —_1‘)(:: +

a 21! 5)

X

A | ‘_ 3
. n(n — %)('l —:2) (2) +}
3! X

3!

o /N8
n(n-1(n jZ)(l] : l
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(n+1) zz(n +1)(n +".?j) B

1-2-3
‘ ' 3
=1+ "Cix+ " V0 + " TIC .

sz_ n(n+1)(n+2)x3 L

o 2O

x2+

(V) Q-x)" =1+ nx+—

VA+x)"=1-nx+

2! 3!
F (1Y nin+1)(n +r2_')...(n+r—1)xr+_“
-1 9 ""1) _2) .
Wﬂﬂ—xw—l—nr+mz') 2_ DR BYI g,
(1) n(n - 1)(n—2)...(n—r+1)xr+__

r!

Vi) 1 +x) P =1-x+xX*-x3+ .0

Vi) (1 -x) T =1+x+x2+x3+ ..o

(X)) (L+X)2=1-2x+3x*—4x°+ ...0
X)(1-X)2=1+2x+3x°—4x*+ .0

(X)) (L+X)3=1-3x+6x—...0

(xii) (1 —=x)"*=1+3x+6x*—...0

(xiii) (1 + X)" =1 + nx, if X%, x3,... are all very small as compared to x.
Important Results

(i) Coefficient of x™ in the expansion of (ax” + b / x%)" is the coefficient of T, . where r =np —

m/p+q

(ii) The term independent of x in the expansion of ax” + b / x%)" is the coefficient of T, . where
r=np/p+q

(iii) If the coefficient of rth, (r + )th and (r + 2)th term of (1 + x)" are in AP, then n* — (4r+1) n
+4r’ =2

(iv) In the expansion of (x + a)"

Tre1/ Tr=n—r+1/r*alx
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(v) (a) The coefficient of X"~ in the expansion of
xX-Dx-2).....x=n)=—n(n+1)/2

(b) The coefficient of x" ! in the expansion of
(x+1)(x+2) .. (x+n)=n(n+1)/2

(vi) If the coefficient of pth and gth terms in the expansion of (1 + x)" are equal, thenp+g=n
+2

r+1

(vii) If the coefficients of x" and x" " * in the expansion of a + x / b)" are equal, then
n=(r+1)@b+1)-1
(viii) The number of term in the expansion of (X; + Xo + ... + Xnisn+r_1cr_1.

(ix) If n is a positive integer and ay, ay, ... , am € C, then the coefficient of x" in the expansion of
(a1 + aX + ax® +... +apX™ H)"is

'

(x) For x| <1,

@L1+x+x*+x3+ ... +oo=1/1-X

(b)1+2x+3x*+...+0=1/(1 —x)?

(xi) Total number of terms in the expansion of (a + b + ¢+ d)"is (n + )(n + 2)(n + 3) / 6.
Important Points to be Remembered

(i) If n is a positive integer, then (1 + x)" contains (n +1) terms i.e., a finite number of terms.
When n is general exponent, then the expansion of (1 + x)" contains infinitely many terms.

(ii) When n is a positive integer, the expansion of (I + x)" is valid for all values of x. If n is
general exponent, the expansion of (i + x)" is valid for the values of x satisfying the condition
x| < 1.
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