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Maths Class 11 Chapter 3. Trigonometric
Functions

Angle

When a ray OA starting from its initial position OA rotates about its end point 0 and takes the
final position OB, we say that angle

AOB (written as £ AOB) has been formed. The amount of rotation from the initial side to the
terminal side is Called the measure of

the angle.
&/
N
\\\
&
A8
L) = A
0 Initial side
(Vertex)

Positive and Negative Angles

An angle formed by a rotating ray is said to be positive or negative depending on whether it
moves in an anti-clockwise or a clockwise direction, respectively.

0 Initial side

0 Initial side
(Positive angle) (Negative angle)

Measurement of Angles
There are three system for measuring angles,
1. Sexagesimal System/Degree Measure (English System)

In this system, a right angle is divided into 90 equal parts, called degrees. The symbol 1° is
used to denote one degree. Each degree is divided into 60 equal parts, called minutes and one
minute is divided into 60 equal parts, called seconds. Symbols 1" and 1" are used to denote one
minute and one second, respectively.
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I.e., 1 right angle = 90°

1°=60'

1'= 60"

2. Centesimal System (French System)

In this system, a right angle is divided into 100 equal parts, called ‘grades’. Each grade is
subdivided into 100 min and each minute is divided into 100 s.

i.e., 1 right angle = 100 grades = 100°
19 =100’
1'=100"
3. Circular System (Radian System)

In this system, angle is measured in radian.

A radian is the angle subtended at the centre of a circle by an arc, whose length is equal to the
radius of the circle.

The number of radians in an angle subtended by an arc of circle at the centre is equal to
arc/radius.

Relationships

(i) m radian = 180°

or 1 radian (180°/m)=57°16’22"
where, 1 =22/7=3.14159

(i1) 1° = (w/180) rad = 0.01746 rad

(iii) If D is the number of degrees, R is the number of radians and G is the number of grades in
an angle 0, then

D G 2R

90 100 =

(iv) 6 = 1/r where 0 = angle subtended by arc of length / at the centre of the circle, r = radius of
the circle.

Trigonometric Ratios

Relation between different sides and angles of a right angled triangle are called trigonometric
ratios or T-ratios
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Trigonometric ratios can be representec as

Perpendicular _ BC Base _AB c
sin B = =— c08f=——""—"""= = 3
= Hypotenuse AC Hypotenuse AC( /
= p,

>erpendicular _ BC 1 4 ‘

tan B = Pe o e -, cosech=—— //
Base AB sin O 4
1 o 1 /
COS U

secf=——,cot0= e //

cos© sinf tan® ‘o

AL——— B

Trigonometric (or Circular) Functions
Let X’OX and YOY’ be the coordinate axes. Taking 0 as the centre and a unit radius, draw a

circle, cutting the coordinate axes at A,B, A’ and B’, as shown in the figure.

w LAOP =- =—=0° using 0=
radiusOFP 1 r

l arc AP 0 !

Now, the six circular functions may be defined as under
(1) cos O =x

(1) sinO=y

(i) secO=1/x,x#0

(iv) cosec 0=1/y,y #0

(V)tan0=y/x,x #0

(vijcot 0 =x/y,y#0

Domain and Range
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Trigonometric Ratios Domain _ * Répgo
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Range of Modulus Functions

sin O]< 1, |cos 0] < 1, [sec 0] > 1, |Cosec 0] > 1 for all values of 0, for which the functions are
defined.

Trigonometric Identities

An equation involving trigonometric functions which is true for all those angles for which the
functions are defined is called trigonometrical identity. Some identities are

sl s 1 1
(1) sinB=— or cosech = ——
cosec 9 sin B
(11) cos@= or sec O = 1
sec B cos 0
T 1 08 81
(111) cotB = . :Uf—meortilll(%):*]—r:‘nﬁ
tan® sinH cot9 cosH

. 2 .2 2 . | « O 2

(iv) cos“8+sin“B=10or1-cos“0=sin"Bor1—sin“6 = cos?H
X 9 >

(v) 1+ tan“6=sec”“B

W | 2 p.
(vi) 1+ cot®6 = cosec” 8

Sign of Trigonometric Ratios

_ Quadrant | sin® | cosO | tan@ | cot® | sec® | cosecO
| (0, 90°) + + + + £ | 3
Il (907, 180°) + - 2 < y ’ "
Il (18ee, 270°) - - + " _ ; "
WV (2700, 360°) ~ + - - + } =
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Trigonometric Ratios of Some Standard Angles

Angle | 0° | 30° | 45° | 60" | 90" | 120" | 135° | 150° | 180°
; l ]: ,1 J3 ,,@ 1_ }_ !
sin 0 ' 2 \/2 i 2 | 1 | 2'- 2 | > “ 0
L L ] A1 B
cos ‘ 1 ; Nz ‘ 2 | 0 $ 5 7 5
t ' 'l" ] 3 3 -1 l - —1— ‘ 0
SR TRER A Rl &
| = 1| 1| 1 }
o e (18 = [ 0 |[=&| -1 [-V3{ -
: i LB ) V3 ‘ )
- 2 o - & | =« = — =
1" e v o ! v
'“""C| ' L g X | 2 7|2 |
cose oo 4 — | = ) .
{ | < i v3 | ¥3 | ™ l
Trigonometric Ratios of Some Special Angles
1° 2210 )
Angle 7.:, 15° 3 18 36°
sne | Ja-V2-v6 |¥3-1|1p-FF | J5-1 oo
T YAk 22 | 2 4 |4
c0s® | Jar2+V6 | 3+1| 1P B lowa/E VB4l
T 22 | 282 | 2 4 A
r- Yoo p—
lang VZ"J. V‘ZS"]E}\‘]S VIS—Z\/‘-\

W3-V2)V2-1) ’ 2-4J3

J [

Trigonometric Ratios of Allied Angles

Two angles are said to be allied when their sum or difference is either zero or a multiple of 90°.
The angles — 6, 90° + 6, 180° + 0, 270° + 0, 360° —90 etc., are angles allied to the angle 0, if 0
Is measured in degrees.

0 éin® | cosec® | cos® | sech tan 0 cot

- -8 ~-35in@ | —cosec® . cose" sect ~1ano -cot®
90‘—9) cos @ sec © sin@ cosec 0 cote tan @
90° + 6 | cos 8 secei —~sin® | —cosec® ~cot® —tan®
180° -0 | sin@ cosec 8 -ccssei - sec 0 - tand -cot @
180°+ 8 -sinG | ~cosec® - cos 8 - sec tan 6 cot 9
270° -9 | -cos® —-sec 0 - 5ine —cosecoﬂ cot tan®
2707 + @ -cos6| —sec® sin @ cosec O | -cote’ ~tan@
360° -0 —sin9| - cosec 8 cose\ secel -1an @ | -cot @

Trigonometric Periodic Functions
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A function f(x) is said to be periodic, if there exists a real number T> 0 such that f(x + T)= f(x)
for all x. T is called the period of the function, all trigonometric functions are periodic.

0 sin 6 cosec® | cosé sec® | tano I coté
T - 46-0‘ - <cTw n cos ﬂ—k secH -~ 1an o -cot 9
90" -0 | cos @ sec 0 sin@ sec 8 Lo tan@
90" + 6 )s 6 sec o - Sin @ cosec 0 coto —tan®
B0° -0 sin@ cosec 6 - cos 8 sec 0 tan o -cot#
1B0° + 6 -s5in@ cosec 0 0s o l sec 8 an 6 cot ©
-9 0s 8 | cH - 5N ec B 10 tan®
270° + 6 -C0s 6 —sec B ‘ 8] osec O ~cot 8 - tan @
360° - 0 | ~-sinB cosec 8 cos 9 | sec 0 cote

tange

Maximum and Minimum Values of Trigonometric Expressions

ge . . ‘ | y
(1) Maximum value of a cos®+ bsin® V‘ai + b*

0l » . B i o ‘
Minimum value of ¢ cos8 + bsin 9 = - \.‘I a‘ + b*

11) Maxi in € a” + b*
(11) Maximum value of a cos@£ bsinO+c=c++a“+b

Minimum value of a cos8+ bsin@+c=¢ - ya© + b*

Trigonometric Ratios of Compound Angles

The algebraic sum of two or more angles are generally called compound angles and the angles

are known as the constituent angle. Some standard formulas of compound angles have been
given below.
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(1) sin(A+B)=sinAcosB+'cosAsin_B
(i1) sin(A ~ B)= sin Acos B~ cos Asin B
(111) cos(A + B)= cos Acos B—- sin Asin B
(iv) cos(A— B)=cos Acos B+ sin Asin B

(v) tan(A + B) = 1“_1nt :n +At?;]BB
(vii) cot(A+ B)= %
Wm)muA—m=%%%%%§£

(ix) sin(A+ B)sin(A- B)= gin® A — sin® B=cos”> B— cos” A
(x) cos(A+ B)cos(A-B)= cos® A — sin® B= @os® B- sin* A
(xi) sin(A+ B+ C)=cos Acos BsinC+ cos Asin BeosC
+8in Acos BeosC — sin Asin BsinC
or sin(A + B+ C) = cos A cos BcosC(tan A + tan B+ tanC
- tan Atan Btan(C)
(xii) cos(A+ B+ C)=cos Acos BeosC — sin Asin BeosC
— sin Acos Bsin C — cos Asin BsinC
or cos(A+B+C)=cosAoosBcosC(l —tan Atan B~-tan BtanC

- tan C tan A)

tan A+ tan B+ tanC — tan Atan BtanC
1-tan Atan B- tan BtanC - tanCtan A

(xiil) tan(A+ B+ ()=

If A+ B+C=0, then tan A+ tan B+tanC=tan A tan B tanC
(xiv) (a) sin(A, + A, + ... + A, )= (cos A cos Ay cos Aq ... cos A,)
X(8; =83 +S5 -S;+...)
(b)cos(A; + A, +... + A,)=(cos A cos Ay cos Ay...cos A,)
x(1-S,+8,-Sg+...)

SI-S3 +85 -87 +...
185 +8;— 8y 4

(c) tan(A; + Ay +... + Ay) =

where,

S,=tan A, +tan A, +... + tan 4,

S, =tan A, tan A, + tan A, tan Ag+...

S, =tan A, tan A, tan A, + tan A, tan A; tan Ag+...

Transformation Formulae
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(1) 28in Acos B=sin(A+ B)+ sin(A- B)
(1) 2cos Acos B=sin(A+ B)—sin(A- B)
(ii1) 2 cos Acos B=cos(A + B) + cos (A - B)
(iv) 2sin Asin B=cos(A—- B)—cos(A+ B)

(v) sinC + sin D = 2sin (C =2 cos C—~Q

2 \ 2
(vi) sinC — 8in D = 2cos (E;‘—D sin ¢ ;D
(vil) cosC + cos D = 'ZCOS(C E cos C;D

(viii) cosC - cos D =~ 2sin(C§D]Sin(C:}D)

. (C+D] . (D—C)
=sin sin -2
2 2

Trigonometric Ratios of Multiple Angles
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2tan A
1+tan® A

(i) cos 24 =cos®’ A—sin®? A=2cos’A-1

(i) sin2A=2sin Acos A=

=1_28in2A=_]ﬂA.

1+tan® A
2tan A

1-tan’ A

(iv) sin 3A=3sin A— 4sin® A

(v) cos 3A=4cos® A-3cos A

(iiil) tan 2A=

3tan A - tan® A

vi) tan 3A=
o 1-3tan’ A
2t,an—4
(vii) SinA=2sin—oos—=—2A
1+tan® =
2
l—tanzé
(viii) cos A= i
2
1+ tan —2‘

(ix) 1—-cos A= 23in2§

(x) 1+cos A= 2005213—

Trigonometric Ratios of Some Useful Angles
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/3 +1

. . = N )
(1) sin 75° = —= = c0s8 15°
242
-
.. L. Vv3-1 : ,
(11) cos 75° = = sin 15°
22

(iii) tan 75° =2+ /3 = cot 15°
(iv) cot 75° = 2—+/3 = tan 15°
\@ NG \/5 -5

(v) sin9° = 3 = cos 81°
[ R = _ IR :
(vi) 0089°=\/3+"5-;\[5 2 = gin 81°
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Iimportant Results
1. Poduct of Trigonometric Ratio
(i) sin@sin(60°—0)sin(60°+0)= % sin 30

1
(i) cosB cos(60°—0) cos(60°+06)= :‘ cos 30

(iii) tan® tan(60°—6)tan(60°+ 6)=tan 38

(iv) cos36°cos72°= %

(v) cosAcos24 cos4A...cos2" A= sin(2" A)

2"sinA
2. Sum of Trigonometric Ratios

’ (i) sin A +sin(A+ B) +sin(A+ 28) +...+sin(A+ nB)

_sin{A+(n—1)§} in%B

. B
sin—
(il) cos A+ cos(A+ B)+ cos(A+ 28) +...+ cos(A+nB)

01—1)8}
2

. nB
sin —
= J cos{A+

slnB

3.A,Band C are Angles of a Triangle

(1) (a)sin(B+C)=sinA
(b) cos(B+Q =—CosA

(c)sin (QLZE) = COS ﬂ

2
(d) cos(ﬁ—c-) =sin é
2 2

(ii) sin 2A + sin 28+ sin 2C =4sin AsinBsinC
(i) cos2A+ cos 28 + cos 2C =—1—-4cosAcosBcosC

(iv) sinA+sinB+sinC=4 cosﬂ cosg cosE

(v) cosA+ cosB+ cosC =1+ 4slngsin%slnE

{vi) tanA+ tanB + tanC =tanA tan8 tanC
(vii) cotB cotC + cotC cotA + cotAcotB=1

(viii) cot ﬂ + cot B + cotS =cot é cot-q cotE
2 2 2 2

(ix) tanétang + tangtang +tan£tané=l
2 2 2 2

4. Trigonometric Equations

(i) sinnm=0and cosnm =(-1"

L (i) sinB=sint =8=nn+(-N"'a,nel I
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