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Introduction

@ In a static-equilibrium model, the standard problem is that of finding
the set of values of the endogenous variables which will satisfy the
equilibrium condition of the model.

@ This involves solving two or more equations simultaneously.

@ Consider for example the market model. In this model we need to
solve the demand functions and the supply functions of several
commodities simultaneously to find the equilibrium prices and the
equilibrium quantities.

@ For the two commodity case this is relatively easy. One can use
graphical methods, the method of substitution or elimination to solve
for the equilibrium price and quantity.

@ However, as more and more commodities are incorporated to the
model, such methods become cumbersome and thus we resort to
matrix algebra.
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Introduction

@ Matrix algebra can enable us to do many things:

o It permits the concise expression of a system of linear equations.

o It provides a shorthand method to determine whether a solution exists
before it is attempted.

o It gives a method of finding that solution (if it exits).

@ In this chapter, we will apply the tools of matrix algebra to analyze
and solve systems of linear equations.

@ We will also introduce and discuss vectors, linear independence and
rank of a matrix.
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Matrix Representation of Linear Equations

@ A system of m linear equations in n variables can be arranged into the
following format.

a1z + apxs + - + aipnxy = by
ao1r1 + a2 + -+ - + A2,y = by

Am1T1 + Amax2 + - -+ AmnTy = by,

@ There are essentially three types of ingredients in the equation system
(1).

@ The first is the set of coefficients a;;; the second is the set of variables
Z1,...,%,; and the last is the set of constant terms by, ..., by,.
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Matrix Representation of Linear Equations

@ If we arrange the three sets as three matrices and label them,
respectively, as A, z, and b, then we have

a1 a2 - Qin x1 Zl
x2 2
a1 a2 a
A= nl k= b=| | (@
am1 Am2 *°  Omp T, bm,

e With the matrices defined in (2), we can express the equation system
(1) simply as
Ax=Db

@ The matrix A in this equation is called the coefficient matrix of the
system, x is the vector of unknowns, and b is the vector of known
elements.
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Solving Systems of Linear Equations

@ A solution of system (1) is an ordered set or list of numbers
$1, S2,..., Sp that satisfies all the equations simultaneously when we
put 1 = 81, 9 = S9,..., Tp = Sp.

@ Every system of linear equations has no solutions, or has exactly one
solution, or has infinitely many solutions.

o If system (1) has at least one solution, it is said to be consistent.
When the system has no solution, it is said to be inconsistent.

@ In this section, we will discuss Gaussian Elimination, Inverse Method,
and Cramer's rule to solve systems of linear equations.
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Solving Systems of Linear Equations

Gaussian Elimination

@ Consider the system (1). If we mentally keep track of the location of
the +'s, the z's, and the ='s, (1) can be abbreviated by writing only

the matrix:
ai; a2 aln, b1
a a a b
A= 21 22 2n 2
Aml Am2 Amn bm

@ This is called the augmented matrix for the system.

@ The basic method for solving a system of linear equations is to replace
the given system by a new system that has the same solution set but
is easier to solve.
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Gaussian Elimination

@ This new system is generally obtained in a series of steps by applying
the following three types of operations to eliminate unknowns
systematically:

@ Multiply an equation through by a nonzero constant.
© Interchange two equations.
© Add a multiple of one equation to another.

@ Since the rows of an augmented matrix correspond to the equations in
the associated system, these three operations correspond to the
following operations on the rows of the augmented matrix:

@ Multiply a row through by a nonzero constant.
© Interchange two rows.
© Add a multiple of one row to another row.

@ These are called elementary row operations.
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Echelon Forms

A matrix is in a reduced row-echelon form if it has the following
properties:
1. If a row does not consist entirely of zeros, then the first nonzero
number in the row is a 1. We call this a leading 1.

2. If there are any rows that consist entirely of zeros, then they are
grouped together at the bottom of the matrix.

3. In any two successive rows that do not consist entirely of zeros, the
leading 1 in the lower row occurs farther to the right than the leading
1 in the higher row.

4. Each column that contains a leading 1 has zeros everywhere else in
that column.

A matrix that has the first three properties is said to be in row-echelon
form.
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Echelon Forms

The following matrices are in reduced row-echelon form.

100 4 100 e
00 01 3 00
010 71, |o1 o0/, ;
D 0 1 i 2 0 i 00 000 [oo}
00 000
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Echelon Forms

The following matrices are in reduced row-echelon form.
100 4 100 0 1 =201
0 0 01 3 0 0
01 0 7, 01 0], )
00 1 —1 00 1 00 000 [O 0}
0 0 0 0 0
The following matrices are in row-echelon form.
1 4 -3 7 1 1 0 01 2 6 0
01 6 21|, |01 0f, 001 -1 0
0 0 1 5 0 0 1 0 0 O 0 1
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Echelon Forms

Thus, with any real numbers substituted for the *'s, all matrices of the
following types are in row-echelon form:

1 x *x x 1 % *x =% 1 * *x =
0 1 x =x 0 1 x =% 0 1 x =x
0 0 1 *|’ 0 0 1 *|’ 0 00O
0 00 1 0 00O 00 0O
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Echelon Forms

Thus, with any real numbers substituted for the *'s, all matrices of the
following types are in row-echelon form:

1 x *x x 1 % *x =% 1 * *x =
0 1 x =x 0 1 x =% 0 1 x =x
0 0 1 *|’ 0 0 1 *|’ 0 00O
0 00 1 0 00O 00 0O

Moreover, all matrices of the following types are in reduced row-echelon
form:

1 0 00 1 0 0 = 1 0 *x =
01 00 0 1 0 = 0 1 * =%
0 01 0}’ 0 0 1 *|’ 00 0O
0 0 01 00 0O 00 0 O
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Gaussian Elimination

@ If, by a sequence of elementary row operations, the augmented matrix
for a system of linear equations is put in reduced row-echelon form,
then the solution set of the system will be evident by inspection or
after a few simple steps. The next example illustrates this situation.
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Gaussian Elimination

@ If, by a sequence of elementary row operations, the augmented matrix
for a system of linear equations is put in reduced row-echelon form,
then the solution set of the system will be evident by inspection or
after a few simple steps. The next example illustrates this situation.

Solve the system of equations given below by using elementary row

operations.
T+ 29 +22x3 =9
201 +4x0 — 33 =1
3x1 + 6x9 — dxz =0
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Gaussian Elimination

The augmented matrix of the system is

11 29
2 4 =31
3 6 =5 0

We then apply successive row operations to get the reduced row-echelon
form.

Ry — —2R; + Ry 11 2 9 A zero is obtained in
(1) Ra — —3R; + R 0 2 =7 =17 the as; and as;
’ ! 3 0 3 —11 -27 positions.
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Gaussian Elimination

Solution (continued)

1 1 2 9
1 717 A one is obtained in
(2) Ry = §R2 8 ; 1? 227 the ass position.
(1 1 2 9 ] . _ _
(3) Ry — —3Ry + Rs 01 _% _% A zero is olc?t-alned in
1 3 the ago position.
00 =5 —35 ]
11 2 9
A one is obtained in
_ _r _17
(4) By — —2R3 vt 2 2 the as3 position.
0 0 1 3
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Gaussian Elimination

Solution (continued)

1 0 i 35
2 2 A zero is obtained in
_ 7 _1I7
(5) By = 1Rz + Ry U 2 2 the aqo position.
| 0 0 1 3
Ry — LRy + Ry (1 0 0 1 A zero is obtained in
(6) > 010 2 the a13 and as;
Ry = =5 Rs + 1y 00 1 3 positions.
The solution x1 =1, x3 =2, x3 = 3 is now evident.
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Gaussian Elimination and Gauss-Jordan Elimination

o If we use only the first four steps, the above procedure produces a
row-echelon form and is called Gaussian elimination.

@ Carrying the procedure through to the sixth step and producing a
matrix in reduced row-echelon form is called Gauss-Jordan elimination.
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Back-Substitution

@ It is sometimes preferable to solve a system of linear equations by using
Gaussian elimination to bring the augmented matrix into row-echelon
form without continuing all the way to the reduced row-echelon form.

@ When this is done, the corresponding system of equations can be
solved by a technique called back-substitution.
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Back-Substitution

@ It is sometimes preferable to solve a system of linear equations by using
Gaussian elimination to bring the augmented matrix into row-echelon
form without continuing all the way to the reduced row-echelon form.

@ When this is done, the corresponding system of equations can be
solved by a technique called back-substitution.

Example
From the computations in the last example, a row-echelon form of the
augmented matrix is

SN CIEN NG
w TS o

11
01 —
0 0
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Back-Substitution

Example (continued)

The system corresponding to this matrix is

T+ To + 223 =9
7 17
9 — —T3 = ——

2 2
1‘3:3

Solving for the leading variables yields

Substituting the bottom equation into those above and then substituting the
second equation into the top yields 1 = 1, x5 = 2, 23 = 3.
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Solving Linear Equations with the Inverse

@ An inverse matrix can be used to solve systems of equations. If
Ax=Db

and the inverse A~! exists, premultiplying both sides of the equation
by A~! yields the solution for x, given by

x=A"b (3)
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Solving Linear Equations with the Inverse

@ Using the general formula for the inverse discussed in chapter 1, the
solution can be written as

x1 ) Cii Cou -+ Cpi||br
o R : : : 4
ol | (@)

In Cin Con -+ Cpnllbn
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Solving Linear Equations with the Inverse

Use the inverse method to solve the following system of equations

4x1 + x9 — Dy =8
—2x1 + 3x9 + 23 = 12
3x1 —x0+4x3 =25
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Solving Linear Equations with the Inverse

Use the inverse method to solve the following system of equations

4x1 + x9 — Dy =8
—2x1 + 3x9 + 23 = 12
3x1 — 29 +4x3 =15

Solution
First, express the system of equations in matrix form,
Ax=Db
4 1 =5 ||x1 8
—2 3 1 ||z = |12
3 —1 4 €T3 b

Lemi Daba (AAUSC) Ch 2: Systems of Linear Equations August 12, 2021 22 / 86



Solving Linear Equations with the Inverse

Solution (continued)

Using (3)
x=A"b
1 (13 1 16][ 8
x=— |11 31 6 |[12
Bl 7 7 145
1 196 2
=—1490| = [5
98 | o8 1
Thus, 1 =2, 29 =5, and 23 = 1. )
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Cramer's Rule

e Cramer's rule provides a simplified method of solving a system of
linear equations through the use of determinants.

@ From the expression in (4) the solution for the first unknown, 1, is
seen to be

1
Al

@ However, the expression in parentheses is nothing but the evaluation
of the determinant of a matrix derived from A by replacing its first
column by the column vector b.

x1 (b1C11 + b2C91 + - - - + b,Cn1)

@ More precisely

by a2 - ain

by ax - ag,
(b1C11 + 62021 + - -+ 0,Cp1) =

bn Ap2 **° Apn
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Cramer's Rule

o Similarly, for zo, the solution is obtained by evaluating the
determinant of the matrix A where its second column has been
replaced by b, to the determinant of A.

@ In general, Cramer’s rule states x;, the jth unknown, is calculated as

A
xj_‘A’7 (5)

where | A;| is the determinant of a special matrix formed from the

original coefficient matrix by replacing the column of coefficients of x;
with the column vector of constants b.
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Cramer's Rule

Use Cramer's rule to solve the system of equations

6x1 + dxo = 49
3x1 + 4x9 = 32
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Cramer's Rule

Use Cramer's rule to solve the system of equations

6x1 + dxo = 49
3x1 + 4x9 = 32

Rewrite the system as Ax = b, where

R P B
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Cramer's Rule

Solution (continued)

To solve for x1, replace column 1 of A, with the vector of constants b,
forming a new matrix A;.
49 5
A= {32 4]

Then using (4)

’49 5‘

z—@—w :§:4

VY ‘6 5‘ 9
3 4
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Cramer's Rule

Solution (continued)

To solve for x3, replace column 2, the coefficients of x5, from the original

matrix, with the column vector of constants b, forming a new matrix As.
Then using (4)

6 49
x_@_’:& 32‘_§_5
2774 6 5] 9

i

Thus 1 = 4, and 25 = 5.
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Homogeneous Systems of Linear Equations

@ A system of linear equations is said to be homogeneous if the constant
terms are all zero; that is, the system has the form

a1 + ajore + -+ + appxy, =0

ag1x1 + agTe + -+ + agpxy, =0

Am1T1 + AmaT2 + -+ + AmpTp =0

@ A homogeneous system will always have the so-called trivial solution
Ty =29 =--+=x, =0.

@ If there are other solutions, they are called nontrivial solutions.
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Homogeneous Systems of Linear Equations

A homogeneous linear system with n equations and n unknowns has
nontrivial solutions if and only if the coefficient matrix A = (a);; is singular
(that is, if and only if |A| = 0).
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Homogeneous Systems of Linear Equations

A homogeneous linear system with n equations and n unknowns has
nontrivial solutions if and only if the coefficient matrix A = (a);; is singular
(that is, if and only if |A| = 0).

Example

Determine whether the following system of equations has nontrivial
solutions.

2x1 + 2290 — 23 =0
4x, + 223 =0
6$2 —3$3 =0
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Homogeneous Systems of Linear Equations

This system of equations can be written in matrix form as

2 2 —1|l= 0
4 0 2 i) =10
0 6 —3||=3 0

The determinant of the coefficient matrix is

2 2 -1
4 0 2|=-24
0 6 -3

Since the determinant of the coefficient matrix is different from zero, the
system of equations has only the trivial solution, i.e.,
1 =0, 29 =0, 23 =0.

v
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Homogeneous Systems of Linear Equations

Examine for what values of A the following system of equations has
nontrivial solutions.

S +2y+z2 =Xz
204+ y = \y
r+ + z =Xz
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Homogeneous Systems of Linear Equations

Examine for what values of \ the following system of equations has
nontrivial solutions.

S +2y+z2 =Xz
204+ y =y
r+ + z =Xz

Solution
The variables z,y, and z appear on both sides of the equations, so we start
by putting the system into standard form:

(5—ANx + 2y + z =
20+ (1 - Ny =0
x + +(1-Xz =0

v

Lemi Daba (AAUSC) Ch 2: Systems of Linear Equations August 12, 2021 32 /86



Homogeneous Systems of Linear Equations

Solution (continued)

According to Theorem 2.1, this system has a nontrivial solution if and only
if the coefficient matrix is singular:

5—A 2 1
2 1—A 0 | =0
1 0 1-A

The value of the determinant is found to be A(1 — A)(A — 6). Hence, the
system has nontrivial solutions if and only if A =0, 1 or 6.

Note Actually, using terminology to be explained in Chapter 3, this

5 2 1
example asks us to find the eigenvalues of the matrix |2 1 0].
1 0 1
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Vectors

@ A vector can be thought of as a special kind of matrix, with n rows
and just one column.

@ Thus we can write the vector v as
U1
V2
VvV =
Un,
@ We refer to this as a column vector and its 1 X n transpose

v':[vl vy - vn]

as a row vector.
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@ The rules for adding, subtracting. and multiplying vectors then follow
from those defined in chapter 1 for matrices in general.

@ Thus addition (subtraction) is defined for two vectors with the same
dimension,

w1 U1 w1 + V1

w2 V2 w9 + ()
wtv=| | £ ]| | =

W, Un, Wy, £ Up
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Vectors

The Inner Product

@ The product of two vectors is now referred to as the inner product,
denoted w - v, and is defined for two vectors of the same dimension

W~vzw'v:[w1 Wy v wn]

o Note that w'v = v/w.
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Geometric Interpretation of Vectors

@ Vectors, in contrast to general matrices, are easily interpreted
geometrically.

@ Define a (real) vector as an array of (real) numbers and define the
operations of addition, subtraction, and multiplication as above.

@ The link with geometry is established by noting that we can associate
with any two-component vector, v, a point in R?, with v; for the
x-coordinate and vy the y-coordinate, as Figure 1 illustrates for

-
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Geometric Interpretation of Vectors

24+ —4(1,2)

V;

1
0 1

Figure 1. Vector [ﬂ

@ The vector is pictured as an arrow from the origin to a point with
coordinates given by the two elements of v.

@ The first element gives the coordinate on the horizontal axis and the
second gives the coordinate on the vertical axis.
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Geometric Interpretation of Vectors

The length of a vector

Using Pythagoras's theorem, we can define the length of this vector as
the square root of the sum of squares of the coordinates.

So the length of the vector v = B] is ||v] = V12 + 22 = /5.

In general, for an n-dimensional vector, we have

IVl = /o3 + 03 + -+ 02

The length of a vector is also often called its Euclidean norm.

Note that the length of the vector v may be defined equivalently as
the square root of the inner product of v with itself:
/

|[v|| = Vv'v.
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Geometric Interpretation of Vectors

1 -3
fa=|—-2 | and b= 2 1,
3 5

a) compute a - b;
b) find the lengths of a and b.
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Geometric Interpretation of Vectors

1 -3
fa=|—-2 | and b= 2 1,
3 5

a) compute a - b;
b) find the lengths of a and b.

Solution
a) Wegeta.bz1-(—3)+(—2)-2+3-5=8.
b) For a we have ||la| = /12 + 2432 =1+/14.

For b we have ||b| = \/(—3) + 22 152 = /38,
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Geometric Interpretation of Vectors

Vector Addition

@ We now look at the graphical interpretation of the operation of vector
addition.

e If v and w are any two vectors, then the sum v + w is the vector
determined as follows: Position the vector w so that its initial point
coincides with the terminal point of v. The vector is represented by
the arrow from the initial point of v to the terminal point of w

(Figure 2a).
w w
w
(a) The sum v + w D)y v+w=w+v

Figure 2
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Geometric Interpretation of Vectors

Vector Addition

@ In Figure 2b we have constructed two sums, v+ w and w + v. It is
evident that
V+W=W-+V

and that the sum coincides with the diagonal of the parallelogram
determined by v and w when these vectors are positioned so that they
have the same initial point.

@ The next example shows this numerically.
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Geometric Interpretation of Vectors
Vector Addition

If we add the two vectors v = B] and w = ﬁ] we obtain

o]

Graphically, this is shown in Figure 3.

Figure 3

v
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Geometric Interpretation of Vectors

Scalar Multiplication

e If v is a nonzero vector and k is a nonzero real number (scalar), then
the product kv is defined to be the vector whose length is |k| times
the length of v and whose direction is the same as that of v if £ > 0
and opposite to that of v if kK < 0.

o Figure 4 illustrates the relation between a vector v and the vectors
3v, (=1)v, 2v, and (=3)v.

(—3)y,
oy / /

Figure 4

Lemi Daba (AAUSC) Ch 2: Systems of Linear Equations August 12, 2021 44 / 86



Geometric Interpretation of Vectors

Scalar Multiplication

@ Note that the vector (—1)v has the same length as v but is oppositely
directed.

@ A vector of the form kv is called a scalar multiple of v.

@ As it can be seen from Figure 4, vectors that are scalar multiples of
each other are parallel.
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Vector Orthogonality

@ When the angle between two vectors v and w is 90°, they are said to
be orthogonal, and we write v | w.
@ For two orthogonal vectors we state the following without proof.

Two vectors, v and w, are orthogonal if and only if their inner product is
0. In symbols:
viw < v-w=0
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Vector Orthogonality

@ When the angle between two vectors v and w is 90°, they are said to
be orthogonal, and we write v | w.
@ For two orthogonal vectors we state the following without proof.

Two vectors, v and w, are orthogonal if and only if their inner product is
0. In symbols:
viw < v-w=0

v

a) The vectors u = ; and v = _i } are orthogonal since
u-v=1-(-2)+2-1=0.
1 -1
b) The vectorsu= | —1 | and v = 1 | are not orthogonal since
1 —1

u-v=1-(=1)+(=1)-1+ (1) (-1) = -3 #0.

v
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Linear Independence

@ A set of vectors vq, Vs, ..., Vv, is said to be linearly dependent iff any
one of them can be expressed as a linear combination of the remaining
vectors; otherwise they are linearly independent.

Example

[\)

—_
1

W

The three vectors vi = [7} Vo = [ ] and v3 =

3 5] are linearly

dependent because v is a linear combination of v{ and vo:

6 2 4]
i g = [21} - [16} - [5 =

Note that this last equation is alternatively expressible as

3V1—2V2—V3:0

where 0 is a null vector (also called the zero vector).

v
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Linear Independence

o In R?, the two vectors v and w are linearly dependent iff one of the
vectors, say v, is a scalar multiple of the other, so that v = Aw.
Geometrically, their arrows lie on a single straight line (see Figure 5).

o If, however, it is impossible to express one as a multiple of the other,
then the two vectors v and w are linearly independent. Geometrically,
their arrows do not lie on a single straight line (see Figure 6).

@ For a set of n vectors vi,vs,...,v,, linear dependence requires that
at least one of the vectors can be written as a linear combination of
the others; for instance,

Vi =coVy +c3vy+ -+, vy, (6)

where ¢o, -+ , ¢, are constants.
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Linear Independence

@ If, on the other hand, none of them can be written as a linear
combination of the others, then the vectors are said to be linearly
independent.

e Formally, we have the following definition.

Definition 2.1

The n vectors vi,vs, ..., v, in R™ are linearly dependent if there exists
numbers A1, g, ..., \,, not all zero, such that

AMvi+Xovo 4o+ A vy, =0

If this equation holds only when \; = Ay = --- = \,, = 0, then the vectors
are linearly independent.
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Linear Independence

@ The formal definitions of linear dependence and independence given
above may seem rather odd. However, we can easily show that it is
similar to our earlier statements about linear dependence and
independence.

o First, suppose that vi,va,...,v, are linearly dependent. Then the
equation \1vy + Aavo + - -« + A\, v, = 0 holds with at least one of the
coefficients \; different from 0. After reordering the vectors v; and
the corresponding scalars )\;, if necessary, we can assume that A\; # 0.
Solving the equation for vy yields

vi=—(X2/A)ve — - = (An/A1)Vn

This is similar to (5) where v is a linear combination of the other
vectors.
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Linear Independence

@ Using Definition 2.1, two vectors in R?, v and w, are linearly
independent if the scalars A\; and )\, satisfying

AMV+dow =0

are zero.

@ If the \;s are nonzero, then the pair of vectors v and w would be
proportional and they would be linearly dependent.

@ To see this, note that a nontrivial solution to the equation
A1V + Aow = 0 would imply that

which states that v is a scalar multiple of w.
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Linear Independence

a) Prove that v = E’] and w = [g] are linearly dependent. Illustrate.
3 1 : .
b) Prove that v = [1] and w = [2] are linearly independent. Illustrate.
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Linear Independence

3

1 and w =

are linearly dependent. Illustrate.

a) Prove that v = [

are linearly independent. Illustrate.

w
I By T
—
N = N S
[ S By T

b) Prove that v = [1 and w =

a) Here w = 2v, so 2v — w = (0. Choosing A\ =2 and A2 = —1 yields
A1V + Aaw = 0, so according to Definition 2.1, v and w are linearly
dependent. The vector v points in the same direction as w, and is
twice as long. See Figure 5 on the next slide.
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Linear Independence

Solution (continued)

3 2 ¢

2 S 1 v
1 . s 0 : ‘ ‘
0 1 1 1 1 1 1 1 0 1 2 3

Figure 6 v and w are linearly
Figure 5 v and w are linearly dependent independent

b) In this case the equation A\;v + Aaw = O reduces to

3AM+2A=0
A +2X =0

The only solution is Ay = Ay = 0, so v and w are linearly
independent. See Figure 6.

v
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Digression: A Geometric Interpretation of Determinants

@ Determinants of order 2 have a nice geometric interpretation.

@ If the two rows of the matrix are represented as the vectors shown in
Figure 7(a), then its determinant equals the shaded area of the
parallelogram.

@ If we interchange the two rows, however, the determinant becomes a
negative number equal to minus this shaded area.

o Figure 7(b) illustrates why the result claimed in Figure 7(a) is true.
We want to find area T'.

o Note that 27 + 2T + 275 + T = (a11 + a21)(a12 + agz), where
Ty = aiza21, Tr = jas1a2, and Ts = Jariaqs.

o Hence, T = aj1aoe — as1aq2, by elementary algebra.
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Digression: A Geometric Interpretation of Determinants

(azy, ax)

ap tay

an

(ayy, app)
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Digression: A Geometric Interpretation of Determinants

o Like determinants of order 2, those of order 3 also have a geometric
interpretation which is shown and explained in Figure 8.

@ The rows of the determinant correspond to three different 3-vectors
represented in the diagram.

@ These vectors determine a box which is not rectangular with
right-angles at each of its six corners, but a distorted "parallelepiped"
which has six faces that are all parallelograms whose opposite edges
are parallel.
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Digression: A Geometric Interpretation of Determinants

e
T Pty
- / - /
- / - /
(1131,,@3271733) / e /
____________ F /
; ] /
/
/ / / the volume of the ay; ap ap
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Ay, Ard, a e s —
M@, axp803) box” spanned by = £ |ay; axn axp
. -
/ L the three vectors azy; asx daxp
o
(ayy, ayy, ap3)

Figure 8
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Linear Independence and Systems of Linear Equations

@ Any system of linear equations can be written as a vector equation.

@ For instance, the system

201 +2x90 — 23 = —3
4z 4+ 2x3 = 8
6xg — 3x3 = —12

can be written as the vector equation

T1V] + Tovy +x3vy = b (7)
where
2 2 -1 -3
Vi = 4 , Vg = 0 , V3= 2 s b= 8
0 6 -3 —12

Lemi Daba (AAUSC) Ch 2: Systems of Linear Equations August 12, 2021 58 / 86



Linear Independence and Systems of Linear Equations

@ In (6) we say that b is expressed as a linear combination of the
column vectors of the coefficient matrix A.

@ Solving system (6) we get 1 = 1/2, x9 = —1/2, and x5 = 3. Thus
b = (1/2)vi + (=1/2)va + 3vs.

@ In this case, we say that b is linearly dependent on the vectors vy, va,
and vs.
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Linear Independence and Systems of Linear Equations

o Consider the general system of m equations in n unknowns, written
both in its usual form and also as a vector equation:

a1171 + a12T2 + - - + a1 Ty = by

a21%1 + a22%2 + - -+ + A2 Ty, = b
<— r1vi+---+z,vp, =Db

(8)
@ Here vy,...,v,, are the column vectors of the coefficients, and b is the
column vector with components b1,. .. ,by,.
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Linear Independence and Systems of Linear Equations

@ Suppose that (7) has two solutions (uy,...,u,) and (vi,...,vy,).
Then

uvi+--+u,vp=b and vivi+---+v,vp=b
Subtracting the second equation from the first yields
(ur —v)vi+-+ (up — V) vy =0

Let \{ = u1 —v1,...,A\p = Up — V,. The two solutions are different if
and only if A1,..., A\, are not all equal to 0. But this is exactly the
definition of linear dependence (see Definition 2.1).
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Linear Independence and Systems of Linear Equations

@ Thus we conclude that if system (7) has more than one solution, then
the column vectors vq,..., Vv, are linearly dependent.

o Equivalently: If the column vectors v1, ..., v, are linearly
independent, then system (7) has at most one solution.

@ Without saying more about the right hand side vector b, however, we
cannot know if there are any solutions at all, in general.

@ But if the number of equations and the number of unknowns of the
system are equal (hence the coefficient matrix is square), then the
system has a unique solution iff the coefficient matrix has linearly
independent columns (or rows).

@ This is equivalent to saying that a system of n linear equations with n
unknowns has a unique solution iff the determinant of the coefficient
matrix is non-zero (hence nonsingular). The next theorem proves this
result.
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Linear Independence and Systems of Linear Equations

Theorem 2.2

The n column vectors aj, as,...,a, of the n x n matrix
ail] a2 - Qlp ai;
A= a.21 G2t , where a; = 2
Gpl Ap2 - Gpp Qnj
are linearly independent iff |A| # 0. )
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Linear Independence and Systems of Linear Equations

Theorem 2.2
The n column vectors aj, as,...,a, of the n x n matrix
ail] a2 - Qlp ai;
A a-21 agy - a?n 7 where ny = a2;
Gpl Ap2 - Gpp Qnj

are linearly independent iff |A| # 0.

Proof: The vectors ap, as, ..., a, are linearly independent iff the vector

equation z1aj + - - - + za, = 0 has only the trivial solution
T, = 29 = --- = x, = 0. This vector equation is equivalent to a

homogeneous system of equations, and according to Theorem 2.1, it has

only the trivial solution iff |A| # 0.

Lemi Daba (AAUSC) Ch 2: Systems of Linear Equations August 12, 2021

63 / 86



Rank of a Matrix

@ Associated with any matrix is an important number called its rank.
@ An m x n matrix A has n column vectors, each with m components.

@ The largest number of column vectors in A that form a linearly
independent set is called the rank of A.

@ We state without proof that for the m x n matrix A, the maximum
number of linearly independent rows is equal to the number of linearly
independent columns.

Definition 2.2

For any matrix A, the maximum number of linearly independent columns
equals the number of linearly independent rows. This number is known as
the rank of the matrix A and is written rank(A).
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An Efficient Way to find the Rank of a Matrix

@ One method for finding the rank of a matrix A involves transforming
A into its row-echelon form by using elementary row operations, which
is discussed earlier in this chapter.

@ The rank of A is simply the number of nonzero rows present in the
row-echelon form of A.

Find the rank of the matrix

0 —11 -4
A= 2 6 2
4 1 0
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An Efficient Way to find the Rank of a Matrix

Solution
4 1
(1) Ry < Rs 9 6 g Interchange R; and R3
to get 0 in the a3y position
0 —11 -4
(1 1 o] _ :
(2) Ry — 1R, 9 6 5 Multiply Ry by 3 to get 1
e in the aq1 position
0 —11 —4
_ 1 -
Lz 0 Multiply R; by —2 and add
(3) Re — —2R;1 + Ry 0 131 2 the result to Ry to get 0
0 —11 -4 in the ao; position
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An Efficient Way to find the Rank of a Matrix

Solution (continued)

(1 1 o0 )
Multiply Rs by = to get 1
4 2 1 4 11
(4) Rz = 1R ¢ 11 in the agy position
| 0 —11 —4
(1 X 0 i
4 Multiply R by 11 and add
(5) Rs — 11Ry + R3 0 1 ﬁ the result to R3 to get 0
00 0 in the ags position
The matrix in step 5 is the row-echelon form of A. Since this matrix
contains two nonzero rows, rank(A4) = 2.
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Rank of a Matrix and nonsingularity

@ By definition, for an n x n matrix A to be nonsingular, it must have n
linearly independent rows (or columns); consequently, it must have
rank n, and its row-echelon form must contain exactly n nonzero rows.

@ Thus, in the case where A is a square matrix of order n, if the rank of
A is n, then the matrix is nonsingular.

@ In the last example, the matrix A is 3 x 3, but rank(A) = 2; hence, A
is singular (check this by computing the determinant).
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Rank of a Matrix

@ From our discussion so far, we have the following result.

If Ais an n X n matrix, then the following statements are equivalent.
(a) Ais invertible.

(b) 4] #0
(c) Ax = 0 has only the trivial solution.
(d

)
)
) The column vectors of A are linearly independent.
)
)

(e) Ax = b has exactly one solution for every n x 1 matrix b.

f) rank(A) =n
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Rank of a Matrix and Linear Systems

o Consider the linear system of m simultaneous equations in n
unknowns Ax = b, where A is the m x n coefficient matrix.

o Let [A|Db] be the augmented matrix of the system. Then we have the
following theorem on linear systems.

A necessary and sufficient condition for a linear system of equations to be
consistent (that is, to have at least one solution) is that the rank of the
coefficient matrix is equal to the rank of the augmented matrix. Briefly:

Ax =b has asolution <= rank(A) = rank([A|Db])
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Rank of a Matrix and Linear Systems

Example

The augmented matrix for the system

1+ 22+ 223=5 11 2| 5
—3x1 + 19 — 223 = 10 is -3 1 =210
221 + 29 + 323 =4 2 1 3| 4

which has the following row-echelon form (verify):

1 1 2

25
01 1|2
0 0 0] 1
We see from the third row in this matrix that the system is inconsistent. It
is also because of this row that the row-echelon form of the augmented

v
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Rank of a Matrix and Linear Systems

Example (continued)

matrix has fewer zero rows than the row-echelon form of the coefficient
matrix. This forces the coefficient matrix and the augmented matrix for the
system to have different ranks.
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Rank of a Matrix and Linear Systems

Example (continued)

matrix has fewer zero rows than the row-echelon form of the coefficient
matrix. This forces the coefficient matrix and the augmented matrix for the
system to have different ranks.

Example

What conditions must by, by, and b3 satisfy in order for the system of
equations

T + x9 + 223 = by
z1 + x3 =bo
221 + 22 + 323 =bs

to be consistent? )
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Rank of a Matrix and Linear Systems

Solution

The augmented matrix of the system is

11 2 b
1 01 b
2 1 3 b3

which can be reduced to row-echelon form as follows:

Ry — —1R; + Ry 1 1 2 b1 A zero is obtained
(1) Ra — —2R, + R 0 -1 -1 by—b in the as; and as;
’ ' ’ 0 —1 —1 bg—2by | positions.

1 1 2 b1

A one ke obtai
(2) By — —1R; 0 11 b=y | e
0 —1 —1 bg—2b | 2P '

v

Lemi Daba (AAUSC) Ch 2: Systems of Linear Equations August 12, 2021 73 / 86



Rank of a Matrix and Linear Systems

Solution (continued)

A zero is obtained
in the ags position.

1 1 2
(3)R3—>R2+R3 0 1 1 b1 — by
0 00
It is now evident from the third row in the matrix that the system has a
solution if and only if b1, by, and b3 satisfy the condition
b3—bg—b1=0 or b3=b1+1)2

This is also the condition that needs to be satisfied for the coefficient
matrix and the augmented matrix to have the same rank.
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Economic Applications

Two-Commodity Market Model

@ Let us consider a simple model in which only two commodities are
related to each other.

@ For simplicity, the demand and supply functions of both commodities
are assumed to be linear. In parametric terms, such model can be
written as

Qa1 — Qs1 =0

Qa1 = ap+ a1 P+ a P
Qs1 = by + b1 P + bo P
Qa2 — Qs2 =10

Qa2 = ap + a1 P + ag Py
Qs2 = o+ 1P + B2 P
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Economic Applications

Two-Commodity Market Model

@ By substituting the second and third equations into the first (for the
first commodity) and the fifth and sixth equations into the fourth (for
the second commodity), the model is reduced to two equations in two

variables:
(ao — bo) + (a1 — bl)Pl + (CLQ — b2)P2 =0
(ag — Bo) + (a1 — B1)P1 + (g — B2) P2 =0

@ Let us define the shorthand symbols

G =a;—b;

(i=0,1,2)
vi = o — B

August 12, 2021
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Economic Applications

Two-Commodity Market Model

@ Then, after transposing the ¢y and ~ terms to the right-hand side, we

get

01P1 + 02P2 =
P+ 2 P

—70

@ We use Cramer's rule to solve this system. The three determinants
needed—|A|, |A1|, and | Az|—have the following values:

|A] =
|Aq| =
|Ag| =

Lemi Daba (AAUSC)
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Economic Applications

Two-Commodity Market Model

@ Therefore, the equilibrium prices must be

pr_ |A1] 270 — o2
— -
|A| C172 — €271

pPr — \A2’ _ CoY1 — €17
2 \A’ C172 — €271

@ The equilibrium quantities can be found by setting P, = P; and
P, = Py in the demand or supply functions.
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Economic Applications

IS-LM Model:Closed Economy

@ Let us look at the following IS-LM model. The goods market involves
the following equations:

Y=C+I1+G
C=a+b1-1t)Y
I=d—ei

G = Gy

The endogenous variables are Y, C, I, and i (where i is the rate of
interest). The exogenous variable is Gy, while a,d, e, b, and t are
structural parameters.
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Economic Applications

IS-LM Model:Closed Economy

@ The money market is described by

Equilibrium condition: My = M
Money demand: Myg=FkY —1li
Money supply: My = My

where My is the exogenous stock of money and k and [ are
parameters.

@ These three equations can be condensed into:

My=kY —1i
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Economic Applications

IS-LM Model:Closed Economy

@ Together, the two sectors give us the following system of equations:

Y-C—-1=G,
b(1—t)Y —C = —a
I+ei=d
kY —li = M,
In matrix form, we have

1 -1 -1 01lY Gy
b(l —t) -1 0 0 1||lC o —a
0 0 1 e Il d
k 0 0 —I 7 My
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Economic Applications

IS-LM Model:Closed Economy

@ To find the determinant of the coefficient matrix, we can use Laplace
expansion on one of the columns (preferably one with the most zeros).
Expanding the fourth column, we find

1 -1 -1 1 -1 -1

Al =(—e)| b1—t) -1 0 |—1I|b1—-t) -1 0
k 0 0 0 0 1
-1 -1

:(—e)(k)’ 1 o ‘—l’ b(ll—t) j '

= ek —1[(~1) — (~1)b(1 — )]
= ek +I[1 — b(1 —1)]
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Economic Applications

IS-LM Model:Closed Economy

@ We can use Cramer’s rule to find the equilibrium income Y™*.

Gop -1 -1 0
—a -1 0 0
d 0 1 e
v — |Aq] _ My O 0 —I
|A] ek +1[1 —b(1 —1t)]
Using Laplace expansion on the second column of the numerator
produces
—a 0 0 Go -1 0
(-D)(-1)3| d I e (-D(-D* d 1 e
e My 0 —I My 0 —I

k+Il—b1—0)] | ekti[l—b1—0]
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Economic Applications

IS-LM Model:Closed Economy

—-a 0 0 Gop -1 0
d | e | — d [l e
My 0 -l My 0 —I

ek + 11— b(1—t)]

By further expansion, we obtain

o] 9| -{ener] 2
ek + (1 —b(1—1)]
_ al = [d(=1) — eMy] — Go(=1)
B ek +1[1 —b(1 —t)]
_ lla+d+Go) +eMy
ek +1[1—b(1—1)]

Y* =
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Economic Applications

IS-LM Model:Closed Economy

@ Since the solution to Y* is linear with respect to the exogenous
variables, we can rewrite Y* as

e l

Y= (ek I = b(1 = t)]> MO+<ek I = b(1 = t)]> (a+d+Go)

@ In this form, we can see that the Keynesian policy multipliers with

respect to the money supply and government expenditure are the
coefficients of My and G, that is,

(&

M - I Itiplier:
oney-supply multiplier ek 11— (1= 1]

and

l

Government-expenditure multiplier: ek 10— b1 = 1]
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ok End of Chapter Two kst
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