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Introduction

@ Linear Algebra has many useful applications in economics.

@ Most importantly we can use the tools of linear algebra to analyze and
solve systems of linear equations:

@ The methods of linear algebra are also used extensively in the theory

of differential and difference equations, in linear and nonlinear
optimization theory, in statistics and econometrics etc.
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Matrices

@ A matrix is simply a rectangular array of numbers enclosed in
parenthesis. It is conventionally denoted by a capital letter.

@ When there are m rows and n columns in the array, we have an
m-by-n matrix (written as m x n).

@ In general, an m x n matrix is of the form

ail ai2 o Alin
a1 a2 e a2n

A=| T _ (1)
Gml Gm2 - Gmn
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@ The matrix A in (1) is said to have order m x n.
@ The mn numbers that constitute A are called its elements or entries.

e In particular, a;; denotes the element in the ith row and the jth
column.

@ For brevity, the m x n matrix in (1) is often expressed as (ai;)mxn, or
more simply as (a;;), if the order m x n is either obvious or
unimportant.
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Matrix Operations

@ As a preliminary, let us first define the word equality

Definition 1.1

Two matrices A = [a;;] and B = [b;;] are said to be equal if and only if
they have the same dimension and have identical elements in the
corresponding locations in the array. In other words, A = B if and only if

a;j = b;; for all values of 7 and j.
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Matrix Operations

3 t—1
= ?
When is [215 u ] [u+1 t+w] '

Solution

Both are 2 x 2 matrices. Since both have four elements, equality requires
the four equations 3 =1t,t —1=2v,2t =u+ 1 and u = ¢ + w to be
satisfied. By solving these simultaneous equations, it follows that the two
matrices are equal if and only if t =3,v = 1,u = 5, and w = 2. Then both

matrices are equal to S &
g 6 5|
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Addition and Subtraction of Matrices

e For two matrices A and B, the addition/subtraction operation is
defined if and only if A and B have the same dimension.

o In that case, the addition of A = [a;;] and B = [b;;] is defined as the
addition of each pair of corresponding elements. The same is true for

subtraction.

ail a2 b1 b2 a1 + b1 a2 + b2
a1 a2 | + |ba1 baa| = [ao21 + b1 a2 + bao
az1 ass b31 b3z az1 + b1 asz + b3z

@ In general, we may state the rule thus:

[ai]‘] + [bu] = [Cij] where Cij = Qjj + bij
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Scalar Multiplication

e To multiply a matrix by a number (scalar) is to multiply every element
of that matrix by the given scalar.
o If ais a real number, we define A by

aA = a(a;j) = (o) .

Compute A+ B,34, and (—3) B, if
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Rules for Matrix Addition and Multiplication by Scalars

Let A, B, and C be arbitrary m x n matrices, and let « and (3 be real
numbers. Also, let 0 denote the m x m matrix consisting only of zeros,
called the zero matrix. Then:

(a) (A+B)+C=A+(B+C)
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Multiplication of Matrices

@ Suppose that, given two matrices A and B, we want to find the
product AB. The conformability condition for multiplication is that
the column dimension of A must be equal to the row dimension of B.

Definition 1.2

Suppose that A = (aj;),,,,,, and that B = (b;;),,,. Then the product
C = AB is the m x p matrix C' , whose element in the ith row and the jth
column is the inner product

n
Cij = Z airbrj = ailblj -+ aigbgj + ...+ aikbkj “+ ...+ ambn]‘

r=1

of the ith row of A and the jth column of B.

v

o Note that to get ¢;; we multiply each component a;, in the ith row of
A by the corresponding component b,; in the jth column of B, then
add all the products.
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Multiplication of Matrices

@ One way of visualizing matrix multiplication is this:

ay - aie - aip by - by - by
ain o @ik o G | |bk o bk o D
(am1 0 Gk Gon] (Dt o bag ot by

_cll “ e Cl] o e Clp_

= c’Ll o .. CZ] o e czp

Cm1 0 Cmj  Cop)
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Multiplication of Matrices

0 1 2 3 2

let A=|2 3 1 | and B= 1 0 |. Compute the matrix
4 —1 6 -1 1

product AB. Is the product BA defined?

Solution
Ais 3 x 3 and B is 3 x 2 matrix:

0 1 2 3 2
AB=| 2 3 1 1 0
4 -1 6 -1 1

0-3+1-14+2-(-1) 0-2+1-0+2-1 -1 2
= 2-3+3-1+1-(-1) 2-2+3-04+1-1 | = 8 5
4.3+ (-1)-1+6-(-1) 4-24+(-1)-0+6-1 5 14
The matrix product BA is not defined because the number of columns in B(= 2)

is not equal to the number of rows in A(= 3).

v
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Multiplication of Matrices

If A, B, and C' are matrices whose dimensions are such that the given
operations are defined, and « is an arbitrary scalar, then:
(AB)C = A(BC)
A(B+C)=AB+ AC
(A+B)C = AC + BC
(exA)B = A(aB) =a(AB)

(associative law)
(left distributive law)
(right distributive law)

@ Note that both the left and right distributive laws are stated here

because, unlike for numbers, matrix multiplication is not commutative,
and so A(B+ C) # (B + C) A in general.
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Powers of Matrices

o If A is a square matrix, the associative law allows us to write AA as
A?, and AAA as A3, and so on.

@ In general,

A" =AA--- A (A is repeated n times)

1
0

LetAz[

form A™.

_1 ] Compute A%, A3, and A*. Then guess the general
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Powers of Matrices

Solution

1
0

=2
1

1
0

-3

We find that A2 = AA = [ 1

|

A reasonable guess, therefore, is that for all natural numbers n,

|

| 4= a4

1
0

—4

A4=A3A=[ 1

—-n

1

|
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The Trace of a Matrix

@ The trace of a square matrix A is given by the sum of the elements of
the main diagonal.
@ In other words, if A is n x n, then the trace is defined as

n
trace(A,) = a11 +ag + -+ app = Z @jj
i=1

@ The trace is defined only for square matrices.

For two matrices A and B , we have
(pxq) (gxp)

trace(AB) = trace(BA)
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The Trace of a Matrix

q
Let c;; = (AB)” Then ¢;; = Zaijbj,- for 1 = 1,...,p and

Jj=1

trace(AB) Zc” = ZZa” ido

=1 j=1

P
On the other hand, let d;; = (BA);;. Then d;; = Zb]’iai]' forj=1,...

i=1
trace(BA) Zd“ = ZZbﬂa”
Jj=1 =1
Thus we have
trace(AB) Z Zaz] g = Z Z bjia;; = trace(BA),
=1 =1 j=11i=1

as desired.

,q and

]
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The Trace of a Matrix

@ Find the traces of the following matrices

ail a2 Qi3 —1 2 7 0

(a) A= a21 Q22 Q23 . 3 5 —8 4
a3y a3z a3 (5 B = 1 2 7 -3

— 0

@ For the matrices A and B below, verify that trace(AB) = trace(BA):

3 1
T I
1 0
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The Transpose

o Consider any m x n matrix A. The transpose of A, denoted by A’, is
defined as the n x m matrix whose first column is the first row of A,
whose second column is the second row of A, and so on. Thus,

ai a2 - Q1n aip a1 - Aamil

azy az - Q2n aig a2 - aAm2
A = —— A, =

Aml Gm2 - amn A1p A2n " Gmnp

@ So we can write A" = (a;;), where aj; = a;;. The subscripts i and j
have to be interchanged because the jth row of A becomes the jth
column of A’, whereas the ith column of A becomes the ith row of A’.
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The Transpose

Solution
1 2
-1 2 5 -1 1
! /
A‘[03—1}' B=1 01
4 1
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Rules for Transposition

@ The following rules apply to matrix transposition:

Rules for Transposition
(a) (A) =4

(b) (A+B)=A"+B
(c) (aA) = ad’
(d) (AB) = B'A’

@ We will provide a proof for (b) and (d). (a) and (c) are left as
exercises.
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Rules for Transposition

(b)
[(A+ B)ij =[A+ Blji Definition of transpose
= [A];; + [Blji Definition of matrix summation
= aj; + bji
and
[A"+ B'l;; = [A]i; + [B'lij Defintion of matrix summation
= [A];; + [Blji Matrix transposition
= aj; + bji
We've shown that [(A+ B)'];; = [A'+ B'];j fori=1,...,q and
j=1,...,p. Hence, (A+ B) = A"+ B'.
O
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Rules for Transposition

(d) Let A be (p x q) and B be (q x r) matrices. First, note that both (AB)’
and B’A’ are r x p matrices. We will show that [(AB)'];; = [B'A’];; for
i=1,...,rand j=1,...,p.

[(AB)'];; = [ABlji Definition of transpose
q
= Aje - Bei = Zajkb;ﬂ» Matrix product
k=1
and
B A og = (B e < (40 )g Matrix product

q
= Bei - Ajo = Aje - Bey = Z ajkbi- By transposition
k=1

The proof is complete.
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Symmetric Matrices

@ Square matrices with the property that they are symmetric about the
main diagonal are called symmetric.

2 —1 5 a b c
[_;’2], -1 =3 2|, |b d e
5 2 8 c e f

@ Symmetric matrices are characterized by the fact that they are equal
to their own transposes:

The matrix A is symmetric <= A=A’ )
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The Identity Matrix

@ The identity matrix of order n, denoted by I,, (or often just by I), is
the n x n matrix having ones along the main diagonal and zeros

elsewhere:
1 0 0
01 --- 0
Ln=1. . . . (identity matrix)
0 0 1
nxn

o If Ais any m x n matrix, it is easy to verify that A, = A. Likewise,
if B is any n X m matrix, then I, B = B. In particular,

Al =1,A=A (for every n x n matrix A)

@ Thus, I, is the matrix equivalent of 1 in the real number system. In
fact, it is the only matrix with this property.
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Null Matrices

@ A null matrix is composed of all Os and can be of any dimension; it is
not necessarily square.

0 0 0 0 0
O(2><2):|:0 O:|1 0(2X3):|:0 0 0:|

@ Addition or subtraction of the null matrix leaves the original matrix
unchanged.

@ Multiplication by a null matrix produces a null matrix.

Lemi Daba (AAUSC) Ch 1: Matrix Algebra July 27, 2021 27 / 57



|dempotent Matrices

Definition 1.3

A square matrix A of any order is idempotent if
A=A2=A3=...

where A2 = AA, A% = AAA, etc.

Example

|
)

2

Verify that A = [ 1 1

] is idempotent.

Solution:
It is only necessary to verify that AA = A. (Why?)

a-[1 30 3
:[2.2+(—2).1 2.(_2)+(_2).(_1)}=[2 _2]
12+ (=1)-1  1-(=2)+(=1)-(-1) 1 -1
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Diagonal Matrices

@ A square matrix in which all the entries off the main diagonal are zero
is called a diagonal matrix. Here are some examples:

6 0 0 0
2 0 (1)(1)8 0 -4 0 0
0 =5 | 001' 0 000
0 00 8

@ A general n x n diagonal matrix D can be written as

d 0 - 0
0 dy -+ 0
D=1|. . .
0 0 - d,
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Diagonal Matrices

@ Powers of diagonal matrices are easy to compute; if D is the diagonal
matrix and k is a positive integer, then

a0 - 0
k
D 0 ds -+ 0
0 0 --- dF
1 00 1 0 0
fA=]0 -3 0 |,then AS=|0 —243 0
0 0 2 0 0 32
1 0 0 1 0 0
— 1
AIOOZ 0 (_3)100 0 |, A 5 _ 0 —513 0
0 0 2100 0 0 3
July 27, 2021 30 / 57
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Determinants

Determinants of Order 2

o Consider the pair of linear equations with its associated coefficient
matrix:

a1171 + ajpre = by A - | a2 2)
a21x1 + axwy = by ’ a1 a

@ Solving the equation system (2) in the usual way yields

_ brage — beaga ~ boair — brag
xTr1 = s ro = (3)
ai11a22 — A21012 a11a22 — A21012

@ The two fractions have a common denominator D, equal to
11022 — G21012.
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Determinants of Order 2

@ The number D must be nonzero for (3) to be valid, in which case
system (2) has a unique solution specified by (3).

@ In this sense, the value of the denominator determines whether system
(2) has a unique solution.

o In fact, D = aji1a29 — asiaqs is called the determinant of the matrix A.
@ The determinant of A is denoted by either det(A) or, |A].
@ Thus,

Al = |1 o12] _

|A| = = a11a22 — A21012

a G2

for any 2 x 2 matrix A.
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Determinants of Order 2

4 1 b1 a

a) ‘3 2‘:4-2—3'1:5, b; a;z :b1a22—b2a12
. . . 2= 1

b) Find the solutions to the equation P 0.

Solution:
Using the definition of the determinant for a 2 x 2 matrix, we have

2-z)(-2)—1-8=0 = 22-2r—-8=0
This is a quadratic equation; thus, using the quadratic formula

_ ()£ V(-2?-4(-8) _2+v36_2£6_ ,
. _ — = —2 or 4.

v 2 2

Therefore, the solution to the above equation is z = —2 or x = 4.
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Determinants of Or

@ Consider the system of three linear equations in three unknowns

a1121 + a12x2 + a13w3 = by
a2121 + a2 + agzx3 = by

az1x1 + azora + azzr3 = b

@ Here the coefficient matrix 4 is 3 x 3.

@ This system can be solved eventually for 21, 22, and x3 except in a
degenerate case.

@ The resulting expression for z is

o biagoass — brazzaza — baai12a33 + baaizass + bzaizazs — bzazeais
L=

(11022033 — G11023032 + 012023031 — 12021033 + 013021032 — G13022031
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Determinants of Order 3

@ Although not presented here, the corresponding expressions for x5 and
x3 share the same denominator as that given for x;.

@ This common denominator is called the determinant of A, denoted by
det(A) or |A.
@ Thus, the determinant is defined as

ail a2 a3
|A| = |ag1 a2 a3 =
a3l asz2 as3

1122033 — 411623032 + A12023031

—@12021033 + 13021032 — (130422031

(4)
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Determinants of Order 3

Expansion by Cofactors

o Consider the sum of the six terms in (4). It looks quite messy, but the
method of expansion by cofactors makes it easy to write down all the
terms.

o First, note that each of the three elements a1, a12, and aq3 in the
first row of A appears in exactly two terms of (4).

e In fact, |A| can be written as
|A| = a11(aasz—azzasz)—aiz(aziazz—aszasi)+aiz(aziaza—anas)

@ Applying the rule for evaluating determinants of order 2, we see that
this is the same as

a21 a2
aszy asz

a1  a23

a22 Q23
+ a3
asy 3

a32 as3

(5)

— a12

|Al = a1
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Determinants of Order 3

Expansion by Cofactors

@ Note that a1; is multiplied by the second-order determinant obtained
by deleting the first row and the first column of |A| (see next slide).
This is called the minor of the element a;; and is denoted by |Mi4].

o Likewise, a2, with a minus sign attached to it, is multiplied by the
determinant obtained by deleting the first and the second column of
|A|. Similarly this is the minor of a12 and is denoted by |Mis| (see
next slide).

@ In general, the symbol |M;;| can be used to represent the minor
obtained by deleting the ith row and jth column of a given
determinant.
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Determinants of Order 3

Expansion by Cofactors

a]. n:.u nlu "J.J. a’].
1 Q22 Q23 ao1 ap2 Qa23
1 a32 ass az] ap2 ass

@ Thus, the minors of a11, ai2, and ai3, respectively, are

21 Q23
31 433

22 (23

| M| =
32 Q33

, [Mig| = , |Mys| =

as azz‘

a a
a a a31 as2
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Determinants of Order 3

Expansion by Cofactors

@ A concept closely related to the minor is that of the cofactor.
@ A cofactor, denoted by |Cj;|, is a minor with a prescribed sign. The
rule for the sign of a cofactor is
|Cijl = (=1)"" | My
@ Thus, if the sum of the subscripts is an even number, |C;;| = | M;j],
since —1 raised to an even power is positive.
e If i+ j is equal to an odd number, |C;;| = — |M;;|, since —1 raised to

an odd power is negative.
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Determinants of Order 3

Expansion by Cofactors

Example

A\
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Laplace Expansion and Higher Order Determinants

@ Laplace expansion is a method for evaluating determinants in terms of
cofactors.

@ In general, the Laplace expansion of an nth-order determinant will
reduce the problem to one of evaluating n cofactors, each of which is
of the (n — 1)st order, and the repeated application of the process will
lead to lower and lower orders of determinants.

@ Laplace expansion permits evaluation of a determinant along any row
or column.

@ Selection of a row or column with more zeros than others simplifies
evaluation of the determinant by eliminating terms.
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Laplace Expansion and Higher Order Determinants

@ The value of a determinant |A| of order n can be found by the
Laplace expansion of any row or any column as follows:

n
|A| = Zaij |Cij| (expansion by the ith row)
j=1
n
= Zaij |Cij (expansion by the jth column)
i=1
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Laplace Expansion and Higher Order Determinants

1 0 0 -1
Calculate [A] = i’ (1) _; f
20 0 1

Solution

| N\

To find |A] it will be easiest to use cofactor expansion along the second
column, since it has the most zeros:

1 0 -1
Al=1-]1 -2 1
2 0 1
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Laplace Expansion and Higher Order Determinants

Solution (continued)

For the 3 x 3 determinant, it will be easiest to use cofactor expansion along
its second column, since it has the most zeros:

1 —1
Al=1--2): |, T

1
=—2(1+2)
= —6

We would have found the same answer if we had used any other row or
column.
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Basic Rules for Determinants

Rules for Determinants

Let A be an n X n matrix. Then:

A. If all the elements in a row (or column) of A are 0, then |A| = 0.
B. |A’| = |A|, where A" is the transpose of A.

C. If all the elements in a single row (or column) of A are multiplied by a
number «, the determinant is multiplied by a.

D. If two rows (or two columns) of A are interchanged, the determinant
changes sign, but the absolute value remains unchanged.

E. If two of the rows (or columns) of A are proportional, then |A| = 0.

F. The value of the determinant of A is unchanged if a multiple of one
row (or one column) is added to a different row (or column) of A.
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Basic Rules for Determinants

Rules for Determinants (continued)

G. The determinant of the product of two n x n matrices A and B is the
product of the determinants of each of the factors:

|AB| = [A] - |B|

H. If ais a real number,
laA] = o™ |A|

Note The determinant of a sum is not the sum of the determinants:

|A+ B| # |A| + |B| (in general)
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Basic Rules for Determinants

(a) We can use the above rules to evaluate the following determinants:

3 0 1
10 -1|=0 (Rule A)
2 0 5
1 2 3 4
0 -1 2 4
o o 3 -1|=0 (Rule E, b/c Row4 = —3 - Rowl)
-3 -6 -9 12

a b ¢ a b c
B = d e f if |[Al=|d e f|=7
3g 3h 3i g h i

Solution: By Rule C, |B| = 3|4| = 21.
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Inverse Matrices

e An inverse matrix A~', which can be found only for a square matrix
A, is a unique matrix satisfying the relationship

AAT =A71A=T

@ Because A71A = AA~! = I, the matrix A is also an inverse of
A~1—thatis, A and A~! are inverses of each other.

@ Not every square matrix has an inverse.

o If a square matrix A has an inverse, A is said to be nonsingular ; if A
possesses no inverse, it is called a singular matrix.

Lemi Daba (AAUSC) Ch 1: Matrix Algebra July 27, 2021 48 / 57



Inverse Matrices

[5 6 [ 1/2 =3/10 .
ShowthatA—[5 1O]andB—[_1/4 1/Zjl}aremversesof

each other.

Solution

| \

HE s v R sttt

“[o 1]

and likewise we verify that BA = I.
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Properties of the Inverse

Properties of the Inverse
Let A and B be invertible n x n matrices. Then:

(a) A=1is invertible, and (A~1)~! = A.

(b) AB is invertible, and (AB)~! = B~1A~L.
(c)

(d)

c) The transpose A’ is invertible, and (A4’)~7! = (A1),

d

(cA)™! = ¢t A~ whenever c is a number # 0.
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Cofactor and Adjoint Matrices

o A cofactor matrix is a matrix in which every element a;; is replaced
with its cofactor |Cj;].

@ An adjoint matrix is the transpose of a cofactor matrix. Thus

|C11| |Cha| |Cis| |C11]  [Ca1] [C3]
C=| [Cul| |Ca| |Cos| adj (A) =C" = | |Ci2| [Co| |C3o]
|C31]  |Cs2| |Css] |C13| [Cas| [Css]

Find the cofactor matrix C' and the adjoint matrix adj(A) of

2 31
A=1(4 1 2
5 3 4
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Cofactor and Adjoint Matrices

Replacing the elements a;; with their cofactors |C;;| according to the law
of cofactors,
i 1 2 _ 4 2 4 1| T
3 4 5 4 5 3
o-| 31 21_23_:3_23
34 |54 |53 = 0 10
31 |21 |2 3
|1 o2] T4 o2 |4 1]
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Cofactor and Adjoint Matrices

Solution (continued)

The adjoint matrix adj(A) is the transpose of C,

2 -9 5
adj(A)=| -6 3 0
79 —10
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A General Formula for the Inverse

General Formula for the Inverse

Any square matrix A = (a;j), ., with determinant |A| # 0 has a unique
inverse A~! satisfying AA=' = A=A = I. This is given by
1

Al = - adj(A)

If |A| = 0, then there is no matrix A~! such that AA™1 = A"1A=1.
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A General Formula for the Inverse

2
Let A= | 4
1

. Show that A has an inverse and find the inverse.

N W W
= e

v

A has an inverse if and only if |A| # 0. Here we find that |A| = —5, so the
inverse exists. The cofactors are

3

1 4 1 4 3

Ci1 = 9 4| = 10, Cio =— 1 4= —15, Ci3 = 1 9|~ 5
3 4 2 4 2 3
3 4 2 4 2 3
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A General Formula for the Inverse

Solution (continued)

Hence, the inverse of A is

10
—15
)

Ca1
Cao
Ca3

—4
4
!

(Check the result by showing that AA=! =1.)

C31
C32
Cs3

-9
14
—6
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wrkkkkkiooik End of Chapter One ¥¥kkkioskionti
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