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Informal Definition of Limit

The limit of f (x), as x approaches a, equals L

If we can make the value f (x) arbitrarily close to L by
taking x to be sufficiently close to a.

y‘;//y=f(X)
L

/ | .
| > X
/ :
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Example 1

Set f(x) = 4x + 5 and take ¢ = 2. As x approaches 2, 4x approaches 8
and 4x + 5 approaches 8 + 5 = 13. We conclude that

limf() =13

Example 2

Set
f(x) =V1- mnd take a = —8.

As x approaches —8, 1 — x approachés 9 and
approaches 3. We conclude that

fim (0 =3

If for that same function we try to calculate
lim £ (x)

we run into a problem. The fut{edisxl- x is defined
only for x = 1. It is therefore not defined for x near 2, and

the idea of taking the limit as x approaches 2 makes no
sense at all:

lim f(x) does not exist.
° By solomon Bati (JU) x> 2




Example 3
. X3-8
lim
X=22 X = 2
x3-8

The function f(x)ﬁ
said before, that

Z
doesn’t matter. For all x

12.

Is undefined at x = 2. But, as we

2,

(X - 2)(x2 + 2x +4)

x3 -8
xX-2
Therefore,
. X3-8
[im
12 X -2 x=2
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-2 = X2+ 2x +4.

=lim (x2 + 2x + 4) =
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Example 4. lir_r12 f(x) where f(x) :[

- 3x if x#-2
1 if x=-2

Y lim f(x) =Lim- 3x

X— -2 X— -2

6

=-3lim x
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One-Sided Limits

Numbers x near a fall into two natural categories: those
that lie to the left of a and those that lie to the right of

a. : _
we write EI? f(x)=L
to indicate that as x approaches a from the left,

f(x) approaches L.
The limit from the right (or

lim f(x)=L right-hand limit) means that x
We write  x-d’ approaches c from values

o greater than c.
to indicate that as x appruacries a irorri wuie rigrit, 1(Xx)

approaches L — -
The limit from the left (or left-hand limit)

means that x approaches c from values less

6 By solomon Bati (JJban C.
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The right-hand limit of f (x), as x approaches a, equals L

If we can make the value f (x) arbitrarily close
to L by taking x to be sufficiently close to the

right of a.
\L_— /\
|

o

[
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The left-hand limit of f (x), as x approaches a, equals M

™

If we can make the value f (x) arbitrarily close to
L by taking x to be sufficiently close to the left of

a.

@ By solomon Bati (JU) /
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Example

S

2 .
1. Given F(x) = x“ if x<3
2x if x>3

Find }f? f(x)

Iim f(x) = lirgl 2X =6
x— 3 x— 3

Find )}111:[{1 f(x

lim f(X) = im X2 —

x—3 x— 3

@ By solomon Bati (JU)
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x+1 if x>0
2. Letf(x) =|X_ 1 ifx<0.  Find the limits:
a) 11m f(x) —11I(I)1(X+ D =0+1=1
b) 11m f(x) _llrgl(x 1) =0-1=-1

C) lerf(x) :1£IP(X+ D =1+1=2

d) Imf() =limex+) =1+1=2
X— X—
@ By solomon Bati (JU)




" Example 3
Find

i
=
ot

-

Therefore, the limit as x approaches 0
DNE!!
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A Theorem

X— d x—a’ X—d

This theorem iIs used to show a limit does not
exist.

F(x) = ‘x+1 if x>0
For the - x- 1, if x <0.
function
££H()1f(><) does not exist because llmf(x) =1 and llmf(x)
Butl

lmglf(x) =2 because llmf(x) =2 and llmf(x) =2
@X—) By solomon Bati (JU)
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Example 2 For the function findicated in figure

2.1.8,
im f(x)=5 and lim f(x)=5 v
x> (- 2) xo (- 2)° i
In this case  lim f(X) -5
X— -2 .:.|||£:|||||

It does not matter that f (—2) = 3.

Figure 2.1.8

Examining the graph of f near x = 4, we

find that .
imf(x)=7 whereas  lim f(x)=2

x— 4 x— 4"

Since these one-sided limits are differeiiﬁ}f(x)

does not exist.

@ By solomon Bati (JU)




~~Exercises. Find the following limits if it
exists.

, - 2x+ 3, x<1]
a. imf(x); f) =1 , :
x=1 X5, x=1 J
b. Find the limit of flx /4 — 2 as x approaches -2

from the right.

@ By solomon Bati (JU)
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Limits at Infinity

Definition: We say that a real number L is the limit of a

function f as x approaches to infinity iff f(x) gets closer

to L as x increases with out bound and is denoted by

lim f(x) =L

X— 00

An infinite limit will exist as x approaches a finite
value when direct substitution produces

not zero

0
By solomon Bati (JU)
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.1 : 1
Foralln>lm—=1lm — =0
X— o0 X— = o0
1
provided thT?{c is
defined. 5 3+§+i .
Example m>X X _py - x x| Divid
1Xamp U ooe 2- 40 e 2y e by’
: X
lim 3+ lim E + lim iz
:x—>oo x—>o| X x—ool| X _3+O+O__ §
lim 5 |- lim4 0- 4 4
X— o0 X X— o0

@ By solomon Bati (JU)
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, I
A2 - 5x+ 21 3 X +2x-4
2. lim .
x| 7> +5x° - 10x+1 ool 12x+31
2
4°_ 5x_ 21 ’;+2;-%
. X 8% =lim
R 5¢ _10x_ 1 vl 12x Sl
VIR RN x X
4 o5 21 4
lim X 2 53 . X+ 2- ;
a5 E 1 =lim il
x X X R I o W
0 X
— 0 2
7 :OO+
12
—=() — 00
@ By solomon Bati (JU)




4, lim(\/ X* +1- X)

X— 00

. (\/x2+1- x) 2 +1+ x
e 1 \/xT-l-l+x

/ \
x> +1- x°

=lim ;
X— o \/X +1+X)

= lim

X— 00 /X + 1 + X
@ By solomon Bati (JU)




/Example -5

3x3 - 4x% +6x -1

Evaluate: Iim 3 5
+ x° -5x+7

X— oo 2X

Solution :

CR) i
We have |lim 3X” - 4X” +6x - 1

x>0 2x3 + X% - 5X + 7
3_ﬂ+ 6 1
: X x? x3 T - 3
= |im 15 5 Dividing numerator and denominator by x
X—>002 + = +
X x2 X3

@ By solomon Bati (JU)




/Example - 6

Evaluate: lim oX-6

Solution :

We have lim oX- 6

5.0

X

=§
2

@ By solomon Bati (JU)




/Example -7
\/x2+x+1-m]

Evaluate: Iim

X— o0

Solution :

We have Iim

X— o0

\/x2 +x+1—\/x2 +1)

\/x2 +x+1-\/x2 +1]
=lim

X2 [\/xz + X +1 4 X2 +1)

x[\/xz + X + 1 +x° +1]

. x2+x+1—x2—1
=|im

o0 X2 4 x+1+x2 +1
@ By solomon Bati (JU)




/Solution Cont.

. X
=lim
00 X2 dx+14x% +1
=lim ! [Dividing numerator and denominator by x]
o \/1+1+i2+\/1+i2
X X X

1

_\/1+0+0+«/1+0

I
2

1+1

@ By solomon Bati (JU)




" Exercise

B +22+.+n3
Evaluate: |im
NnN— oo n4
Solution :
2 2 2
B34 and g, 04D .y nh+1)
We have lim =1m 1 P = >
N— oo n4 - an
nz(n2+1+2n) n* 1+i+z
=i . n
N— o an*
1 . 1 2
=—X lim |1+ —+—
N— oo n2 N

@ By solomon Bati (JU) =% % (1 +0+ O) - %
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/Graph of
f(x)

N

@ By solomon Bati (JU)

True or false

(a)x = 2 is in the domain
of f
(b) im exists

xX— 2

(c) im _, fO)=Lm__. f(x)




Limit Theorems

™~

Suppose lim f(x) =L, limg(x) =M and cisanyreal numnber.

X— d X— d

Then,
1. lim| f()|" =L’ r,a real number

X— d

2. limcf (x) =clim f(x) =cL. ¢, a real number

3. im| f(x) g(x)] =L =M 4. lim| f()g()| =LM

Iim f(x)
5. himJ X =xa’ 7 oL i ded that M 20
—ag(x) limg(x) M

X— d

o.limc =c 7.1im./ f(x) =JL (L>0) 8. imx =a

X—d X—d X—d

@ By solomon Bati (JU)




Example 1

Let £in51f(x) =4 Lljlgagﬁx) =-2 . Find

the following limits.

L. lim|fG)+5¢0)] | 2. lim[f0)-g0d] | 3. lim 23

X— 5 X— 5
lirglf 6%, +11I£l [5g(X)] lirglf - liI£1 1069 lim £GO
~ o X X Ier51g(x)
limf 6%, +5lim . 6% 4(- 2) 4

4+5G-2) @
- 6 |
@ By st| (Ju) /




Example 2

Hm(2x° - 9 +3x% - 11)

X— 2

=lim(2>x°)- 11m(9><3 )+ 11m(3><2 )-

|- 9|l +3

Evaluate

limx°

xX— 2

limx°

xX— 2

limx

xX— 2

:2!

Q Direct Substitution

By solomon Bati (JU)

2]-11

D 3 - 2
=2 l 1IHZIX] - 9[ 111’121X] +3 111’121X] - 11 power Property
\ X X— | x>
_2(2)5 - 9(2)3 + 3(2)2 -11 =-7 Limit of x Property

11m(1 1)

Sum/Difference Propert)

Multiple and Constant Properties

/

/
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Example 3
11m(x + 1) =limx* + lim1
x— 3 x— 3 x— 3
2
:(limx) +liml
x- 3 x— 3
=3*+1=10
Example lim\/ 2x-1 11m(2x- 1) \/2£I_I)111X- £1£1r111
) 13X+ 11m(3><+ 5 ~ 3limx+lim5
x—1 x—1
_V2-1_1
3+5 8

@ By solomon Bati (JU)




4 Example h
D
1. Suppose lim f(x) =4 and limg(x) =- 2. Find

x— 3 x— 3

a) 15?( fOI+g(x) =

imf(x)+ limg(x)

xX— 3 x—3
=4+ (- 2) =2
b) Lm(f(x)- g(x)) = Uimf(x)- Lmg(x)
=4- (-2) =6
| 2f(0- g9 | I2700- g0 24- (9 -5
0 }ggl[ f(agtg ) Imfeo- limgtd  4¢2 4

By solomon Bati (JU)
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Exercises:

1. Iff xlinlz (x) =2 and Xlirn2 g(x) =1 Find
a) Hml f(>)+5g(x)]

b) lim[ fg()]
o) 1im[L (01
X—>—2g
x- [
2 Find Hm FO) iff ()= x JOX=0
0 2  forx=0

@ By solomon Bati (JU)




Techniques for Limit Evaluation

1. Direct substitution

First substitute the value of x being approached into
the function f(x). If this is a real number then the limit

is that number.

L ]im Jx=4/4=2 Substitute 4

for x.
2
30
2 ]]m <+ 3 =— =4 Substitute 6
x- 6 6+3 9 for x

By solomon Bati (JU)
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2. By factorization followed by cancellation

Example 1
2 -
imX X" %0 Which is undefined!
2 x-2 0 o
But the limit exist!!!!
Graph it. What happens at x =

27
. X°+x-6 .. &+3Ix-—2 .. _

2 -
NOTE: f(X)=X +x- 6 graphs as a straight line.

x- 2
@ By solomon Bati (JU)




" Example 2

Find the limit:

Solution: begin by factoring the numerator
and dividing out any common factors.

x>+ x—-6 ~ (x —2)(x +3) Factor numerator.
lim = lim
x——3 x+ 3 x——3 x+ 3
= lim (x — 2) Divide out common
x——3 factor
and simplify.
= —-3-2 = -5 Direct

substitution

By solomon Bati (JU)
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_EHS(X- )};léﬁ’

1

Exercise: Evaluate

1 1

D13 ( 2X
}_:Fglx 1 x+3 3x+5

X 3X
\/_\/5

A]117X

x— 3

@ By solomon Bati (JU)

Factor and cancel
common factors

)

2x- 8Ux+8
2- Jx

b) JirxK

x— 4

)




Example 4

Evaluate the limit analytically:

- l'% “3x
lim22 -2 =]im—~=

If the subtraction is

X 3 O
Cancel the -
denominator :]_]_m O 3)
s of the X—>3(_3)3
fractions in

the =lim22

numerator -
X—> SMBX

@ By solomon Bati (JU) :é—é 1<- %

backwards, Factoring a
negative 1 to flip the signs

Cancel common facton:

«—Pirect substitution




Example 5

Evaluate the limit analytlcaliy ' sinx

11m 1- tarx — ].].m coX__ COX

X ﬂ/4 SINX- COSX /4 SINX- COSX COX embedded
fraction
—_ COSX- SINx
Rewrite the / ].].m ( )
tangent / SINX- COSX) COX

function 1 w If the

using cosine “  subtraction is

and sine 1 M backwards,
x— /4

Factoring a

— negative 1 to

].].m COSX flip the signs
X— J'L’/4:

co(”

@ By solomon Bati (JU) T( D /
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3 - Rationalizing Technique

Find the lin jj, 21— 1

x—0 X

Solution: By direct substitution, you obtain the L
-\/x+1—1:-\/0+1—1 0

)

)lg% X 0 o Indeterminate form

In this case, rewrite the fraction by rationalizing the numerator.

Jr+1-1 (\/x ¥1- 1)(\/1" T 14 1)

X X Jx+1+1
x+1)—1 Tt
= ultiply.
x(-\/x+ 1 + 1) Y

By solomon Bati (JU)
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X
= Simplify.
x(-\/x + 1 + 1) ey
_ I x#0 Divide out common factor.
Vx+14+1
i Jx+1—1 r |
11m = 11m
x—0 X x—0 /x + 1 + 1
1
= . x7+0 Simplify.
Jx+1+1
vx+1-—-1 1

lim =

lim
x—0 X x—)O_/x_|_1—|_1
|

- 1
JO+1+1 1+1 2

@ By solomon Bati (JU)
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Example 2

Evaluate the limit analytically:

llm,/y+2 2 Y242

Vo 2 y- 2 J Y+2+2

(y+2)- 4
=lim
Vo 2 (y- 2)(«/y+2+2)

Rationalize the numerator

_%;Elzl(y)(\/yT%Z) «—Cancel common factors

—lim —__1 a
Vo 2 \/y+2+2 J2+2+2

@ By solomon Bati (JU) Direct substitution




Example 5
o timl YX73| = i X 3EXx+3
<Ol %9 T | (x- 9(x+3
— 1 x-9 =S |
D (x- 9Wx+3) R \/;<+3
. 4- x*
b lim| _lim| (&= X(EZ+X)
e 2 4oe | = (24 X)
. [ 2 - X]
= lim 5
xX— -2 X
:2- (- 2) —é =1
@ By solomon Bati (JU) (- 2)2 4
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Exercises: Evaluate

&IS

a3

x— 3

A lim(

X— 2

\/X- 3\/;<+4- 2
Jx- 3

)

@ By solomon Bati (JU)

b) limn(

X— 2

Fs

d) 1111N4X2+ X- 4y’ - )

X— o0




By using important Limits

: . 1- cosx
1 1iga SIDX lim =0
. lim =1 x>0 X
x—0 X
Proof (Assignment) lim[ a“- ] —Ina
x— O X
( 1)

2. lim ]_+— —e ])_(]._)IIC}]_II( 1+X] =1

X— 00 \ X) XX

lim[ x'- a”] A

TN x-a

@ By solomon Bati (JU)




/Example 1

Evaluate the limit analytically:

< Isolate the “freebie”

3x 3 . :
11m = —1i1m 3sindx

3 =lim-=2e

/ x— 0

If 3x is th

inpu)fc I§f thee —_— ]_]_m 3 SI:I313X
sine function X— () X

then 3x . .
needs to be —3 11m SIn3x
in the D 3x
x— 0

denominator

@ By solomon Bati (JU)

Scalar Multiple Propert

«——Assumed Trig Limit
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/Example 2

Evaluate the limit analytically:

13 mylcos . 1+CO( _14ymyltcosc- cosc COS X

0 xsinx 1+cos s O xsinx(1+cosx)
1- cog x
Try / _IHP sinx(1+cosx)
mubltiplhying 1 szx
y the — Use the
reciprocal XI_H}XSI'HXG"'COS’() T Trigonometry
Laws
=lim-
- O‘x(l+cos<)
—].III].Slan ].IIII— —Split up the limits
1+Cos><
x— 0
_]' 1+cod) «—A freebie limit and Direct
@ By solomon Bati (JU) :l substitution
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Exercises: Evaluate

. 0X- SIn2x cos(ax) - cos(bx)
D ims =2 o) b Jin )
¥ sin(=) 2 203
o lim——) d) Jipy 2 an 9,
x— 0 SN X x— 0
ol 3x+6|" ol (x+1)
]. ].I-I‘ x+1
<= 3x- 9 S
3x
. +a 360
g) If Iim 1 =e , then find the value of a.
X— o0 X—

@ By solomon Bati (JU)




Exercises: Evaluate

2X

3x+6
3x- 9

o If 11m(9—>'<1) —1, prove that

a) lim

X— 00

x— 0

(- - Bx )
eax_ebx

\ X
( CZX' bx\
X

1) im =b- a

x— 0

J

ii) lim

x— 0

—In(¢
—ln(b)

\

@ By solomon Bati (JU)
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b) im

X

xX+3

X

X— 00




" The Squeezing Theorem
If f(x) <g(x) <h(x) whenx isneara, and if

lim f(x) =imh(x) =L, then 1Mg(X) =L

X—d
X—d X—da

Example: Showthat limx°si n(’%() =0.

x— 0

Note that we cannot use product rule because limsi n(f%() DNE!

x— 0
But - 1ssin(7%<) <1 andso - x* <x° sin(%) <x’.
Since 11_}1’1(')1)(2 :11_}1‘{)](- Xz) — O’V\fe use the SqlleeZII]g "Theorem to conclude
limx*si n(’%() =0.

x— 0

By solomon Bati (JU)
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Exercise

[ B2+ xsin~/x |

2X

1. Iim

X—> oo

»2+12

J

<JF()- 4 <sin2x, Vxe (- %%)

Then evaluate lir£1 (%)

3. Evaluate a) lim[ X2 sin(l)} b) im
x— 0 X

xX— =

@ By solomon Bati (JU)
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Limit £-0

Let f be afunction defined on an interval containing "a" except possibly at a itself,

Wesay lim f(x) =L if and only if

X—d

given a positive number ¢, there exists a positive § such that

it O<|x- ako,then | f(x)- Lkke.

L+¢ /

L-¢

a
y=f (X)/
. a-o a+o
@ By solomon Bati (JU)




a ™
This means that if we are given a
small interval (L- ¢,L+¢) centered at L,
then we can find a (sall) interval (a- §,a+6)
such that forall x #a in (a- 6,a+9),

f(x)is in(L- ¢,L+¢).

By solomon Bati (JU)
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Examples
1. Showthat Iim(3x+4) =10.

xX— 2

Let £ > 0 be given. We need to find a 6 > O such that
if |x-2)< 0, then |(3x+4)- 10k e.

But |(3x+4)- 10|H3x- 6|=3|x- 2k ¢

if |x- 2|<£3 So we choose 6 = %

2. Show that lim1 =1.

x—1 X

Let ¢ >0 begiven. Weneed to find a 6 > 0 such that
if |x- 1)< o, then | 1/ - 1< e.

But |}<<_ 114 x 1 |:1 | x- 1|. |what do we do with the x?
@ By solomon Bati (JU)X X\
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. 1
If we decide | x- 1|<§,then}/2<X<%. 121 32

And s.o1 2.

X

1
Th - 1|==|x- 1k 2] x- 1].
us | 1 - 1= x- 1k 2[x- 1]
Now wechoose 6 :rmn{%%}

Exercises: Prove that

a) lirn(4x- 5 =7 b) limvx- 1=2
x— 3 x— 5
) . It BvC 2,3
o) limx =9 d) P X 2X TX T2 _ g

x— 3 x—1 X- 1

@ By solomon Bati (JU)




4 Definition of Limit

DEFINITION 2.2.7 LEFT-HAND LIMIT

Let # be a function defined at least on an open interval of the form (¢ — g, <)
We say that

lim F(x) = L

x—a

it for each & = O there exists a & == O such that

it c— 8 = x = , then | Filx) — L] = &.

DEFINITION 2Z2.2.82 RIGHT-HAND LIMIT

Let /¥ be a function defined at least on an open mnterval of the form (c. « + o).
We say that

lim #F(x) = L

N —s
it for each & = O there exists a & = O such that
if c = x = c 4 4 then | Flx)y — L] = e.

Exercise. Prove that

@) lim-~/x =0 b) lim~/4~- x =0

O x4

@ By solomon Bati (JU)
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Asymptotes
The line y =1. is called a horizontal asymiptote
of the curve y = f(x) if eihter
limf(x) =L or Iim f(x)=L.

X— o0 X— - o0

The line x =c is called a vertical asynmptote
of thecurve y = f(x) if elhter

lim f(x) ==2e0 or Lim f(x) =zwo.

X— C X— C

@ By solomon Bati (JU)
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Examples

Find the asymptotes of the graphs of the
functions 2+1

1. f(x) =

(1) :lmf(x) = o0 (111) }ng(x) —
The;&ore theline x =1 Therefore the line y =1
is a vertical asymptote. is a horizonatl asymptote.

(11) llm f(X) =+c0. J ol L
X— - 5l
Thelel-ore thelinex-=-1 -~ *»

is a vertical asymptote. T 5’5\ S

7.5
@ By solomon Bati (JU) 10t




4 1 )
2. f =2 (iii) lim f(x) =O0.
() limf(o =lim | X1 Therefore the line y =0
ol -l | x*-1 is a horizonat] asymptote|
- -1 | jm L2
ol | (x-D(x+D) | i (x+1) 2 "
Therefore the line x =1 )
is NOT avertical asymptote. |« = =
(i) lim f(x) =+co. T”S

Therefore the line x =-1
1S a vertical asymptote.

@ By solomon Bati (JU)
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Continuity

1. Continuity of a Function at a point

A function f is continuous at the point x = a if the
following three conditions are satisfied:

1) f(a) isdefined
11) Iim f(x) exists

X—d

i) lim £ (9 = £ (@ fla |,

" N\ /)
| N X
d

Y;

/

If f(x) is not continuous at x = a,
then it is said to be
éscontinuous at x = a.
\

By solomon Bati (JU)
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N.B To say a function is continuous at x = ¢ means that
there is NO interruption in the graph of fat c. The
graph has no holes, gaps, or jumps.

Examp

le fx) =x-1atx = 2.

a- 1@ 1 f(2) is defined

b,]i;n(x- D=1 Th.e limit
x> 2 exist!

c. fQ=1=limEx- 1)

X— 2

Therefore the function is continuous at x = 2.

By solomon Bati (JU)
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Example

fxX)=x2-9)/xx+3) at x=-3

a. f (-3) = Is undefined!
0/0 .2
b, im* 9= -6 The limit
3 X+ 3 exist!
. X-9
C X]—:I)I% X+ f(- 3)

Therefore the function is not
continuous at x = -3.

@ By solomon Bati (JU)




/Example -3

Determine the continuity of the function

> . 1

£ (x) = X Slh;, X =0 a2t X — O.
O, X =0

Solution:

(LHL at x = 0) = lim f(x) = lim x2sin*

X— 0O x— 0 X

= 0 x (a finite oscillating number between -1 and1)=0

(RHLatx =0)= lim f(x)= lim «2sin L

= 0 x (a finite oscillating number between -1 and1)=0 and f(0)=0

oo lim f(x)= lim f(x) =f(0) _ _
X 0 x— 07 So. f(x) is continuous at x = 0.

@ By solomon Bati (JU)
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- |
(@

o X

At which value(s) of x is the given function
discontinuous?

_x -9
1. f(x)=x+2 2. g(x) o
Continuous Continuous everywhere except
CHEWNP O g + 2 at X=-3
andso im f(x) = f(a) g(- 3) is undefined

X-d

6 sl

Y | /

/ i

-4 -2 2 4 4 |
2

By solomon Bati (JU)
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x+2 ifx>1 " F(x):{_ 1, if x<0

> 1) :{1, if x <1 L x>0

1 ] — d IimF(x) =-1
llrf_lh(x) —1 an lirf}h(x) -3 limF(x) =] and I (X)
d Thus Fis not cont. at  x =().

Thus h is not cont. at
x=1.
h is continuous everywhere else

F is continuous everywhere else

51
g
3}

2|

_1;

_2;

3L

By solomon Bati (JU)
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Exercises

1. Determine the value of the constant k so that the function
sin5x

f(x)=1{ 3x
Kk, if x=0

, 1f x#0

Is continuous at x = 0.

2. Determine the continuity of the function
[ eX-1 .
, 1Ifx =0
fx)=1 In(@+2x) at x = 0.
7, If x =0

.

3. Find the value of k iff (x) is continuous at x = 2, where

2 .
f(x)= kx<, if x <2
3, if x>2

@ By solomon Bati (JU)
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Solution for exercise number 2

Determine the continuity of the function

& if x £0
f(x)=11In@+2x)’ at x =0.
7, if x=0
Solution:
X_ X_
(LHL at x =0) = lim f(x)= lim —< —im &l X
"o O x->0IN(L+2x) x>0 X In(1 +2x)
. eX-1 1 1 1
= |[im X =1x = =
Xx—-0 X In(Q+2x) 1x2 2
lim X 2
X—0 2X

@ By solomon Bati (JU)




Solution (Cont.)

X X
(RHL at x = 0) = lim f(x)= lim —< — lim &L X
% OF x-»0In(M+2x) x-0 X In(1 + 2x)
. X_1 1 1 1
= lim X =1X = _
Xx—0 X In(@ +2x) 1x2 2
lim X 2

x—0 2X
and f(0)=7

L lim f(x)= lim f(x) #f(0)

X—0 x— 0T

So, f(x) is discontinuous at x = 0.

@ By solomon Bati (JU)
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Discontinuity

® A function is discontinuous at c if fis defined on
an interval (a, b) containing c (except maybe at ¢)
and fis not continuous at c.

Types of Discontinuity

Discontinuities fall into two categories: removable and non-
removable.

1. Removable : A discontinuity at c is called removable if f can be

made continuous by appropriately defining (or redefining f(c)).
You can factor/cancel out, therefore making it
continuous by redefining f(c).

2. Non-Removable: You can’'t remove it/cancel it
®t| By solomon Bati (JU)
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Two Types of Discontinuities

1. Removable

Point Discontinuity the open circle
2. Non-removable can be filled in
Jump and Infinite to make it
Removable example continuous
2
x -1
f(x) =
x-1
e (x+1)

f(x) =

@ By solomon Bati (JU)
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Non-removable discontinuity.

Ex. limH
x>0 x
O
X
x>0 X
11mM = I
x— 0"

@ By solomon Bati (JU)




~ Examples: A

® 1. Removable: 2
foo=X"% _(x-2(x+2) —x, D
X- 2 X- 2

We “removed” the (x-2).
Therefore, we have a removable discontinuity when

')ﬁlc?n-%\'emovable:

We can’t remove/cancel out this discontinuity, so we have a
NON-Removable discontinuity when x = 1.

If a function can be made to be continuous by defining
or redefining a single point, the function has a

removable discontinuity. Example f(x)=
we can make the function continuous by defining g(4) =

é By solomon Bati (JU)
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Exercises

Discuss the continuity of each function.

a. f(x) = = b gl) = =—

x— 1

x+1, x=<0 d. y = sinx
x2+1, x>0

c. hix) = {

Ans. a) has non-removable discontinuity at x=0
b) Has removable discontinuity at x=1
c) And d) are continuous at everywhere.

@ By solomon Bati (JU)




1. f(x) 1s said to be continuous from the left atx = a if
im f(x) exists and lim f(x)=f(a)

X—a X—a

Ii. f(x) is said to be right continuous at x = a if

lim f(x) exists and lim f(x)="f(a)
X—al X—al

By solomon Bati (JU)
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(X +1

5- X

2. g(x)=x

f(x) =ix?-3x+4 if 1<x <3

if x >3 -2/\

x=1andatx =3

1. Determine the continuity of the ff function at

4

if x<1 4

5-x -1<x<?2

x°-1, 2<x<3

Is g(x) continuous at x = 2?

@ By solomon Bati (JU)
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~Z. Continuity Over an Open/Closeda

Interval

a) A function f(x) is said to be continuous on an open
interval (a, b) if f(x) is continuous at every x-value in

the interval. . . .
b) A functlon f(X) is said to be continuous on a closed

ln’E?)I’VPl) [s ton muous on(a, b).

2) lim f(x)=1@) (3) lim f(x)=f(b)

Xx—al x—Db

CONTINUITY ON A CLOSED INTERVAL

A function is continuous on a closed interval |a, b ] if

1. it is continuous on the open interval (a, b),

2. it 1s continuous from the right at x = a, and

3. it is continuous from the left at x = b.

@ By solomon Bati (JU)
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(X +1
f(x) ={x?-3x+4
5-X

@ By solomon Bati (JU)

If x<1

If 1<x <3
if x>3

4

e - _. R

1\ - J
-2




ermine whether the following functions are
tinuous on the given interval.

continuous

f(X) 1 ( 1) yes, it is
X

@ By solomon Bati (JU)




- x*-1
fOo="— (02 /

discontinuous atx =1

movable discontinuity since filling in (1,2)
ould make it continuous.

@ By solomon Bati (JU)
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You can conclude that fis

continuous on the closed interval '
[-1, 1], as shown in Figure f\

Example - Continuity on a Closed
Interval

Discuss the continuity of f(x) /1 — x2.
Solution:

The domain of fis the closed interval [-1, 1]. At all points
open interval (-1, 1) the function is continuous.

1 _ 2 — — — : : - . Hp.
Moreove r, xill;nl Y 1 X 0] f(—1) Continuous from the right
Iim V1 — x2 =0 = f(1) Continuous from the left

x—> 1"

f)=+1-x2

@ By solomon Bati (JU) fis continuous on [ — 1, 1].




Properties of Continuous Functions

If f and g are continuous at x = q,
then

f =g, fg and 5 (g(a) #0) are continuous atx =a.

Continuity of Special Functions

(1) A polynomial function is continuous at everywhere.

(2) A rational function is continuous at all x values in
its domain.

@ By solomon Bati (JU)
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(3) Trigonometric functions are continuous in their respective domains.

(4) The exponential function a*, a> 0 is continuous everywhere.

(5) The logarithmic function is continuous in its domain.

(6) Inverse trigonometric functions are continuous in their domains.

(7) The composition of two continuous functions is a continuous function.

@ By solomon Bati (JU)
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Exercise

| Describe the interval(s) on which each function is continuc

. N

-, x#0 T 140

afl) =ty b gl { I NiE [“” 3k
- r=0 R

N |
in-, 1#0 ik pi
afij=tmr b= ’ I ol )\ i ;
”, i | 0. = U

. xinl. i
uflztar ho| !
e

\sn% H

(e

NiE

Ans. A) The tangent function f(x) = tan x is undefined at

(i

X =+ nm, 7118 an nteger.

o

At all other points it is continuous.

b) y = sin (1/x) is continuous at all real values
eXCERE¥Thdus on the interv(—oe, 0) and (0, o),

c) h is continuous on the entire real line.

)

@ By solomon Bati (JU)
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The Definition of continuity

A function f defined on an open interval contains ¢ 1s continuousat ¢ if

Ve >0, d0 >0 such that ‘f(x)—f(c)‘-::g whenever |x—¢|< S .

y=fix)

fle)y+:=
Jlc)
fle)—=

c—bH € c+H X

@ By solomon Bati (JU)
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Intermediate Value Theorem

If fis a continuous function on a closed interval [a, b],
and L is any number between f (a) and f (b), then
there is at least one number c in [a, b] such that f(c)

= L.

.
F(cfbl -

@ By solomon Bati (JU)
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The Intermediate Value Theorem guarantees the
existence of at least one number c in the closed
interval [a, b] .

There may, of course, be more than one number ¢
such that f(c) — ¥ =< chown in Fiauirs

.11

fis continuous on [a. b].
[ There exist three ¢’ such that f(¢) = k.|

@ By solomon Bati (JU)
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The Intermediate Value Theorem states that for a
continuous function f, if x takes on all values between
a and b, f(x) must take on all values between f(a) and
f(b).

I11ICT TTILCTTIT1ITCUIAdLC vdliuicT 11ICUICIHIT VUILCITI LdIll T U>DCU LU
locate the zeros of a function that is continuous on a

_closed interval . .
If fis continuous on [a, b] and f(a) and f(b) differ in

sign, the Intermediate Value Theorem guarantees the
existence of at least one zero of fin the closed interval
[a, b] .

Intermediate Value Theorem for Continuous Functions

If fis continuous, f(a) < 0 and f(b) > 0, then there is a

point c between a and b so that f(c) = 0.

@ By solomon Bati (JU)
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Example 1

Use the Intermediate Value Theorem to show that the
polynomial functiog=+u- ki i [11] has a zero in the
iInterval [0, 1].

Solution:
Note that fis continuous on the closed interval [O,

11 DArA~110A

fO=03+20)—1=-1 and f(1)=13+2(1)—1=2

It follows that f(0O) < 0 and f(1) > O.

You can therefore apply the Intermediate Value
Theorem to conclude that there must be some c in [0,

@ such,thata: o
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Example Given f(x) =3x*- 2x- 5,

Show that f(x) =0 has a solution on [1, 2] .

f(1) =-4<0
f(2)=3>0

f (x) is continuous (polynomial) and since f(1) < Oand f
(2) > 0, by the Intermediate Value Theorem there exists
aconl[l, 2] suchthatf(c) =0.

Exercise. Show that there is a root of the equation

- 6X°+3x- 2=0
between 1 and 2.

@ By solomon Bati (JU)
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