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Functions of a Random Variable

Let X'be a continuous random variable with pdt fi{x) and suppose

g(x) 1s a function of the random variable X defined as:
Y=g(X)
We can determine the cdf and pdt of ¥ in terms of that of X.

Consider some of the following functions.
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Functions of a Random Variable Cont’d.....

* Steps to determine fi{y) from fi(x):
Method I:
|. Sketch the graph of ¥=g(X) and determine the range space of Y.

2. Determine the cdf of ¥ using the following basic approach.

Fy(y)=P(g(X) =) =P(Y <))

I'JJ

Obtam fy(y) from Fy(y) by using direct differentiation, 1.e..

dF,(v)

I (v) = 0

2020 3



Transformation of Random Variables

» Another special case is where g is a strictly monotonic function of X.

» Let X be a continuous random variable whose PDF is non-zero only

in some range /. A function g(X) is said to be strictly monotonic
over | if it is either:

» Monotonically increasing: if x < x’ then g(x) < g(x") for all
!
x.x € 1.

= The inverse of e” is log(x)
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» Monotonically decreasing: if x < x’ then g(x) > g(x’) for all

x,x el. -

2

[N 2

Non monotonic Functions: Y=X?2
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Monotonically increasing

» We have random variable X ~ fy

» We have Y = ¢~ What is fy (y)?
» Start with the CDF .

Fy(y) = P(Y <y) = P(¢X <y)=P(X <Iny) = Fx(Iny)

_ dFy(y) _ dfFy(Iny)

1
= —fy(Iny
dy dy }/X( )
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Functions of a Random Variable Cont’d.....

Method II:

I. Sketch the graph of ¥=g(X) and determune the range space of Y.

2. It Y=g(X) 1s one to one tunction and has an mverse

transformation x=g-!(y)=h(y), then the pdf of Y 1s given by:

dx dh(y)
V) =|— X)=
A= =

#

Jxlh(y)]

b+

Obtam Y=g(x) 1s not one-to-one function, then the pdf of Y can
be obtained as follows.

1. Find the real roots of the function ¥Y=g(x) and denote them by x;
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Example: Monotonically decreasing function

» Let X be a uniform random variable on the interval (0,1], and let
Y = g(X)=1/X.
» So Y takes values in [1, 00)

Monatonically decreasing

=1/

» What is it's inverse? h(y)=1/y

> fy(y) = fx (h(y)) dy) . so we need to know fy (h(y)) and %‘
» So fory > 1, fx (h(y)) = fx(1/y) = 1.
el
B y2
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Method: 111

General functions of random variables

suppose Y = g(X) is a transformation (could be many-to-one)
to find fy-(y) for a fixed y, we solve the equation y = g(z) to get =

this may have multiple roots:

y:g{g_’*l} :Q(IEJ — e :g(l‘nj — u e
it can be shown that

. fX(le —I—-"—l—fX{Tn} 4.,

Fr W) =19t (@)

where g'(x) is the derivative (Jacobian) of g(x)
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Functions of a Random Variable Cont’d.....

i1.  Determine the dertvative of function g(x;) at every real root x;

1.e. .

111. Find the pdf of Y by using the following formula.

f}’(.}") — Z _jfx(xf) :Zg(xi)fX(xi)
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Example 1:

define Y =aX +b, a > 0. Find CDF and PDF of Y’

|f a > E] d)/zréitjx

77 P(Y <y)=P(aX +b<y)
= P(X < (y—1b)/a)

T thus,

(v <y} By = Fx (=)

(

PDF of Y is obtained by differentiating the CDF wrt. to v dFy

fr») Zd_y
o) = o1 ()

a
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Example 2:

let X ~ N (m,o?) :

1 (x —m)?

jZX(;E) — \/EEE;;EIequ — 952

let Y =aX + b, witha >0

exp —

Y — b) 1 (y —b—am)?
2m(ao)? 2(ac)?

f()——fx(

o Y has also a Gaussian distribution with mean b+ am and variance (ac)?

e thus, a linear function of a Gaussian is also a Gaussian
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Example :3

define Y = X?. find CDF and PDF of Y

for a positive y, we have A
R _‘
thus, |
""-..._\\\H .//./ :
Fy(y) 0, y <0 —— f
Y (y) = ) J
Fx(\y) — Fx(=y). y>0 VY v <\f

differentiating wrt. to vy gives

fy(y) = fz%@ + fX;\/-f)
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BY USING GENERAL FUNCTIONS OF RANDOM VARIABLES

Affine transformation: Y = aX + b, ¢'(z) = a

the equation y = ax + b has a single solution = (y — b)/a for every y, so

Quadratic transformation: Y = aX?, a > 0, ¢'(x) = 2ax
if ¥ <0, then the equation y = ax? has no real solutions, so fy(y) =0

if ¥ > 0, then it has two solutions

Iry = Vy/ﬂ*ﬁ Lo = —vy/a-

and therefore

fr ) = 5= (P (VaTa) + fx(—v/5Ta)
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Example:

verify that if X has a standard uniform distribution {/(0, 1), then

Y = —In(X)/\

has an exponential distribution with parameter A

for Y = y, we can solve X = = = ¢~ ¥ = unique root

e the Jacobian is ¢/(z) = —1/Az = —e™Y/\
e fy(y) =0 when z == &[0, 1] or when y < 0
e when y >0 (or e=*¥ € [0, 1]), we will have

fx(e™)

- — AN
— 1/

Ty (v)

2020
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Example
let Y = cos X where X ~ U(0,27], find the pdf of YV
for |y| > 1 there is no solution of x = fy(y) =0

for |y| < 1 the equation y = cosx has two solutions:
r1 =cos M(y), x9=2m —

the Jacobians are

g (1) = —sin(z1) = —sin(cos ™ (y)) = =1 — 32, ¢'(x2) =
since fx(x) = 1/27 in the interval (0, 27|, so
1
fy(y) = for —1<y<1

g

note that although fy (£1) = oo the probability that y = =1 is 0
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3.

The random variable X 1s uniform in the interval [0, 1]. Find
the pdt of the random variable ¥ 1t ¥=-InX.

4 If X has Exponential Distribution with parameter 1,find the p.d.fof I' = JX.

5 If Xisa Normal R.V with mean zero and variance ¢ Find the p.dfof I'= ¢

2020
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Expectation of Function of the
Random Variable

Let X be a random variable with a probability distribution f(x), and
let g(X) be a function of the random variable X.

The mean (or expected value) of the random variable g(X) is
denoted by p ., or E[g(X)]) and is defined by:

(S g(x) f(x); if X isdiscrete

all x

E[9(X)]=1gpq) =1

ofg(x) f(x)dx; if X is continuous
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Theorem
If X is a random variable with mean pu=E(X), and if aand b are
constants, then:
E(aXtb)=aE(X)+b
—
Maxsp = @ Ky £ D

Corollary 1: E(b)= D (a=0 in Theorem)
Corollary 2: E(aX) = a E(X) (b=0 in Theorem )
Corollary 3:

If X, and Y are random variables, then:
E(XtY)=E(X) £ E(Y)

Discrete Random Variable

Example:

Let X be a discrete random variable with the

following probability distribution X 0 1 2

Find E[g(X)], where g(X):(X _1)2_ F(X)=p(X=x) % ;—2 ;8
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Solution:
g(X)=(X -1)°

E[9(X0]=rgp = ZQ(X)f(X)— Z(X )* f()

= (0-1)2 f(0) + (1-1)% f(1) +(2—1)2 f(2)

ez 10 Lo 15,0 8
28 28 28
~ 10 L0 3 10
28 28 28

Continuous Random Variable

Example. Let X be a random variable with the following probability
density function:

rl 2
“x% ;-1 x<2

f(x) = 3x <X<

Find E(4X+3). 0 elsewnere

2020 20



Solution:

%0 S 1¢ 111 ,
H:E(X):_jooxf(x)dx =:[1x[§x ]dx=§j X dx:{x

) 3|4 |x=-1

)
X }: 5/4

E(4X+3) = 4 E(X)+3 = 4(5/4) + 3=8
Another solutiop;

E[g(X)] = [g(x) f(x)dx ;g(X) = 4X+3

E(4X+3) = ojo(4x+3)f(x)dx :j(4x+3) [%xz] dx=A =8

Example
Probability of X, the number of cars passing through a car wash in one
hour on a sunny Friday afternoon, is given by

X 4 5 6 7 8 9
P(X=x) |1/12 112 U4 14 16 1/6




Let g(X) = 2X -1 represent the amount of money paid to the attendant by the
manager.

What can the attendant expect to earn during this hour on any given sunny Friday
afternoon?

Solution:
E[g(X)] = Z g(x) f(x) = X (2X-1) f(x)
= (2*4-1)(1/12) +(2*5-1)(1/12) ... +(2*9-1)(1/6) = 12.67



Covariance

» The expected value of X identifies the center of mass of the distribution of
X. The variance of the expected value of provides a measure of the spread
of the distribution.

> In the case of two random variables we are interested in how X and Y vary
together. In particular, we are interested in whether the variation of X and
Y are correlated . For example, if X increases does Y tend to increase or to
decrease?

» Covariance measure the nature of the association between two variables

and describes a potential linear relationship:
» Positive relationship
*Large values of X result in large values of Y
> Negative relationship

*Large values of X result in small values of Y



Covariance between two random variables is Defined as
For Continuous

Cov (X,Y) = E[(X— £, )(Y — #,)]

For Discrete
N
Oy = Z(Xi _/ux)(yi _/uy) I:)(Xi’ yl)
i—1

Cov(X,Y)=E({(X —-E(X))(Y —E(Y)))
= E(XY — XE(Y)—=E(X)Y + E(X)E(Y))
= E(XY)—E(X)E®Y)-E(X)E(Y)+E(X)E(Y)
= E(XY)—E(X)E(Y)
Covariance between two random variables:

1. Cov(X,Y)>0  Xand are positively correlated
2. Cov(X,Y)<0  XandY are inversely correlated

3.Cov(X,Y)=0  Xand are independent o



Correlation

» Correlation analysis is a method of statistical evaluation used to
study the strength of a relationship between two, numerically
measured, continuous variables.

» Values between -1 and 1, and independent random variables have a
correlation of zero.

» If two random variables have a covariance of zero, they are said to
be uncorrelated

Cov(X,Y)

corm(X.¥) = JVar(X)Var(Y)




Question: If random variable X and Y have linear relationship, that is,
Y =aX+b
Cov(X,Y)=E[XY]-E[X]E[LY]
= E[X (aX +b)]— E[ X ]E[aX +Db]
—aE[X*]+bE[X]—aE°’[X]—-bE[X]
= a(E[X*]—-E°[X] =aVar(X)

Cov(X,)Y) aVar(X)

C X,Y)= —
)= Farxvar )~ War(yavar()

That is, Corr (X,Y)=1 if a>0;
=-1 if a<0.
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Question: If X and Y are independent random variables then

Prove that cov(X,Y) =p(X,Y)=0

proof: (for discrete random variables) Note that, since X and Y
are independent we have

fxy(z,y) = fx(x)fr(y) .

Now
EIXY] = > > ayfor(my) =D > ayfx(@)fr ()
zeX yey reX ye)Y
= > (mfx(a:)zyfy(y)) = (@fx(@E[Y])
reX yey reX

= E[Y])» afx(z) =E[YIE[X]

reX

Then cov(X,Y) =E[XY]-E[X]E[Y]=0 = p(X,Y)=0.
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Expected Value of a Function of
Two Random Variables

» The problem of finding the expected value of a function of two or
more random variables is similar to that of finding the expected
value of a function of a single random variable.

» For Z=g( x,y) , Expected value is calculated as,

E[Z]

/ ] g(x,y)fyy(x,y)dxdy  X,Y jointly continuous

EZ@ (xi. Ya) Py y(Xis ) X. Y discrete.



Sum of Random Variables

Let Z = X + Y.Find E[Z].

E[Z] =EX + Y]

]/I‘F}f}f‘rﬁ? y')dx' dy'
f/xfxyx} d}d1+ff1’fxri} dx" dy’

=[ C(x) dx’ + [ YY) dy = E[X] + E[Y],

The expected value of a sum of ““n” random variables 1s equal to the sum
of the expected values:

E[X] + XE + e _X”:| — E[Xl] + o0+ EXH]
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Product of Functions of Independent
Random Variables

Suppose that X and ¥ are independent random variables, and let g(X,Y) = g(X)g(Y). Find
Elg(X.Y)] = Elg(X)g(V)]

Ha(X)asY)] - / / (B )

0 -0

:{'/_igl(x’)fx(.r')dx’”/ )y )d}’]
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CHARACTERISTIC FUNCTIONS

The characteristic function of a random variable X is defined as

Cy (t) =E[e'}]
=Elcos(tX)] + iE[sin(tX )],

te€ R

which can also be written as

Cy (f) = /{-’m(npx.

If X is a continuous random variable with density function f (z), then

Cx () = [ €™ fx () dz.

The advantage with the characteristic function is that it always exists, unlike the moment generating function,
which can be infinite everywhere except s = 0.
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PROPERTIES OF CHARACTERISTIC FUNCTIONS

1) BY =aX +b, Cy(t) = e®Cx(at).
2) If X and Y are independent random variables and Z = X +Y, then Cy(t) = Cx (t)Cy (t).

3) If Mx(s) < oo for s € [—¢, €], then Cx (t) = Mx (it) for all £ € R.

4) Cx (0) =1 and |Cx (£) | < 1, vVt € R.

Example 1: Let X be an exponential random variable with parameter ;. Find its characteristic function.

Solution: Recall that for an exponential random variable with parameter 1, fy () = pe™**. Thus, we have

5. 9]
Cx(t) = f pe P et
=0
/
=it

—

We have evaluated the above integral essentially by pretending that p — it is a real number. Although this
happens to produce the correct answer in this case, the correct method of evaluating a characteristic function
is by performing contour integration. Indeed, in the next example, it is not possible to obtain the correct
answer by pretending that it is a real number (which is not).



Example 2: Let X be a Cauchy random variable. Find its characteristic function.

Solution: The density function for a Cauchy random variable is

1

=T

Therefore,

o0

ite
~y € i

T=—00

=1,

The above expression is not entirely trivial to obtain. Indeed, it requires considering two separate contour
integrals for ¢ > 0 and t < 0. and invoking Cauchy’s residue theorem to evaluate the contour integrals.
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Example:

1. [Papoulis] Use characteristic function definition to find the distribution of Y’ = aX2, if X is Gaussian

with zero mean and variance o,

Suppose X is N(0:6) and Y = aX". Then

Cy (D) = E(e'™)= E(e™X7) = [ (e"*X7) fy(x)dx

2 a0 : . o2 2
_ JO (Etraxﬁ) o X /2G dx

21G
For 0 < x <, note that the transformation y = ax” 1s one-to-one. Hence, make the change of

variable y = ax”, dy = (2ax)dx = 2& dx to obtain

. —y/2ac"
_ 2 r” ity —y/2ac” _dy _ J > ity| €
=———| e'e ——— = e dy .
V2no 0 2Jay *0 G./2may
e—y;’ZHG'

U(y)-

fy(v)=—F—
2020 © Zﬂa&r 34



2. [Papoulis| Use characteristic function definition to find the distribution of Y = sin(X), if X is uniformly

distributed in (-7/2,7/2).
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O Central Limit Theorem (CLT)

CLT states that if we sum a sufficient number of random variables, the resulting probability is
a Gaussian.

Let {X,} be a sequence of n independent

identically distributed random variables with mean py and variance o%. Their sum S,, is
given by

S =X +Xo+--- + X,
The mean w and the variance o’ of S, are
E[Sn] = p = npy

var[S,] = 0% = m:rir

We will now define a normalized random variable Z,, with mean (0 and variance 1 as
follows:

Z” — Sn . — Sn — Ry

o Oy /1
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The central limit theorem states that as n tends to 00, Z, tends to a standard normal
distribution:

H—s00 o jTl'

. : ] 22
lim P(Z, < z) :j ~(¢/D) gy

We can show this result heuristically by using moment generating functions (MGFs) in

LS‘ -
7, = — X; —
Oy \/_ oy \/_ Z i~ b
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