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Transformation of Random Variables 
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Method: III 
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Example 1: 

dy = a dx 
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Example 2: 
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Example :3 
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BY USING GENERAL FUNCTIONS OF RANDOM VARIABLES 
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Example: 
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Expectation of Function of the 

Random Variable  

Let X be a random variable with a probability distribution f(x), and 

let g(X) be a function of the random variable X. 

 

 The mean (or expected value) of the random variable g(X) is 

denoted by g(X) or E[g(X)]) and is defined by: 
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Theorem  

If X is a random variable with mean =E(X), and if a and b are 

constants, then: 

E(aXb) = a E(X)  b  

  

aXb = a X ± b 

 

Corollary 1:  E(b) =  b  (a=0 in Theorem) 

Corollary 2:  E(aX) = a E(X)  (b=0 in Theorem ) 

Corollary 3: 

If X, and Y are random variables, then: 

  E(X ± Y) = E(X) ± E(Y) 

Example: 

Let X be a discrete random variable with the 

following probability distribution 
x 0 1 2 

 

F(x)=p(X=x) 
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Find E[g(X)], where g(X)=(X 1)2. 
 

Discrete Random Variable 
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Solution: 
g(X)=(X 1)2 

)()1()()(μE[g(X)]
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         = (01)2 f(0) + (11)2  f(1) +(21)2  f(2)  
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Example. Let X be a random variable with the following probability 

density function: 

 Continuous Random Variable 
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Find E(4X+3). 
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Solution: 
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1 4 5/4  

E(4X+3) = 4 E(X)+3 = 4(5/4) + 3=8 

 

Another solution: 
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dxxfxg )()(E[g(X)] ; g(X) = 4X+3 

E(4X+3) =   
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Example 

Probability of X, the number of cars passing through a car wash in one 

hour on a sunny Friday afternoon, is given by 

x 4 5 6 7 8 9 

P(X = x) 1/12 1/12 1/4 1/4 1/6 1/6 
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Let g(X) = 2X -1 represent the amount of money paid to the attendant by the 

manager. 

 

What can the attendant expect to earn during this hour on any given sunny Friday 

afternoon? 

Solution:  
 

E[g(X)] = Σ g(x) f(x) = Σ (2X-1) f(x)   
     
    = (2*4-1)(1/12) +(2*5-1)(1/12) …+(2*9-1)(1/6) = 12.67 
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Covariance 

 The expected value of X identifies the center of mass of the distribution of 

X. The variance of the expected value of provides a measure of  the spread 

of the distribution.  

 

 In the case of two random variables we are interested in how X and Y vary 

together.  In particular, we are interested in whether the variation of X and 

Y are correlated . For example, if X increases does Y tend to increase or to 

decrease? 

 Covariance measure the nature of the association between two  variables 

and describes a potential linear relationship:   

 Positive relationship 

  *Large values of X result in large values of Y 

 Negative relationship  

  *Large values of X result in small values of Y 
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)])([( yx yxE  

Covariance between two random variables is Defined as  
 

            Cov (X,Y) = 
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For Continuous  

For Discrete  
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Covariance between two random variables: 

1. Cov(X,Y) > 0       X and Y are positively correlated 

2. Cov(X,Y) < 0       X and Y are inversely correlated 

3. Cov(X,Y) = 0       X and Y are independent 
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Correlation 

 Correlation analysis is a method of statistical evaluation used to 

study the strength of a relationship between two, numerically 

measured, continuous variables. 

 

 Values between -1 and 1, and independent random variables have a 

correlation of zero. 

 

 If two random variables have a covariance of zero, they are said to 

be uncorrelated 
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Question: If random variable X and Y have linear relationship, that is, 

 

 Y aX b 
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That is, Corr (X,Y)= 1  if a>0;                    

                                 = -1  if a<0. 
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Question:  

Prove that 
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Expected Value of a Function of 

Two Random Variables 

 The problem of finding the expected value of a function of two or 

more random variables is similar to that of finding the expected 

value of a function of a single random variable. 

 

 

 For Z= g( x,y) , Expected value is calculated as, 
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Sum of Random Variables 

The expected value of a sum of “n” random variables is equal to the sum 

of the expected values: 
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Product of Functions of Independent 

Random Variables  
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CHARACTERISTIC FUNCTIONS 



PROPERTIES OF CHARACTERISTIC FUNCTIONS 
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4) 
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Example: 
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 Central Limit Theorem (CLT) 

CLT states that if we sum a sufficient number of random variables, the resulting probability is 

a Gaussian. 
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