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Introduction

* A random variable X 1s a function that assigns a real number
X(w) to each outcome  1n the sample space Q of a random

experiment.

* The sample space 2 1s the domain of the random variable and the
set R of all values taken on by X 1s the range of the random

variable.

* Thus, Ry 1s the subset of all real numbers.

» Real Line

2020



Introduction Cont’d......

* [f X1s a random variable, then {m: X(m)< x}={X<x} 1s an event
for every X R,.

Example: Consider a random experiment of tossing a fair coin three
tumes. The sequence of heads and tails 1s noted and the sample
space £ 1s given by:

Q={HHH.HHT,.HTH., THH.,THT . HIT.TTH. TTT;

Let X be the number of heads in three com tosses. X assigns
each possible outcome @ 1n the sample space £ a number from
the set R,={0, 1, 2, 3}.
o»: HHH HHT HTH THH THT HIT ITH TIT
X(w): 3 2 2 21 1 1 0
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The Cumulative Distribution Function

For discrete random variable _ _
The cumulative distribution function (cdt) ot a random variable

X 1s defined as the probability of the event /X<x..
F.(x)=P(X =x) =2ZxexP(0)

Properties of the cdf, F(x):

The cdf has the following properties.

i. F,(x)1s anon-negative function, 1.e.,

0<F, (x)<I
ii. lim Fy(x) =1
iii. Iim Fy(x) =0
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The Cumulative Distribution Function Cont’d.....

iv. F,(x)1s anon-decreasing function of X, 1.e.,
If x, <x,.then F,(x,) < F,(x,)
v. P(x=X=<x)=F,(x,)—F.(x))
vi. P(X >x)=1—-F,(x)

1. Let the random variable X denote the number of heads in three independent tosses of
a fair comn. Find the PMF of X. Also find the CDF of X.

PMF of X:

X | p(x)

0| p(0O)=PX=0)=P(TTT)=1/8

1| p(1)=P(X=1)=P(HTT) + P(THT) + P(TTH) = 3/8
2 | p(2) =P(X=2)=P(HHT) + P(HTH) + P(THH) = 3/8
3| p(3)=P(X=3)=PHHH)=1/8
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2020

F(0)=P(X = 0) =P(0 or fewer heads) = 1/8

F(1)=P(X = 1) =P(1 or fewer heads) = (1/8) +
F(2)=P(X = 2)=P(2 or fewer heads) =(1/8) +
F(3)=P(X = 3) =P(3 or fewer heads) = (1 8) +

Hence. the CDF of X 1s:

[0 x <=0

1/8 0=x<1
F(x)=<4/8 1=x<2
X 7/8 2<x<3

1 3=x

(3/8) =
(3/8) + (3/8) = 7/8
(3/8) + (3/8) + (1/8) = 1



The Probability Mass Function

= The probability mass function (pmf) of a discrete random

variable X 1s defined as:
P( X =x)=FP.(x,)=F,(x,)—F,.(x,_))
Properties of the pmf, Py (x;):
7. O=P . (x)=1, k=1,2......
ii. P (x)=0,1f x=x,.,k=1,2,.....
iii. > Py (x.) =1
P>
vi. P(X >x)=1—F (x)

2. Let X denote the number of busy servers at the checkout counters 1n a store at Spm.
Suppose that the CDF of X 1s:

-

0 ¥y <0
020 0=x<1
_]050 1sx<2
B9=9080 22x<3
090 3<x<4

1 4<x
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(a) Find the PMF of X.

Use formula p(x) = Fx(x;)-Fx(x;_1)

p(x)

p(0)=P(X=0)=F(0)—F@rw =0.20—0=0.20

p(D=PX=1)=F1)—F( )=0.50-0.20=0.30

p(2)=P(X=2)=F(2)—F(: )=0.80—0.50 = 0.30

p3)=PX=3)=F@3)—-F(¢ )=0.90-0.80=0.10

|l W=D |A

p(4)=PX=4)=FM4)—-F(: )=1-0.90=0.10

(b) Find P(X > 3).

PX>3)=1-PX=3)=1-F3)=1-0.90=0.10
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Continuous Random Variable Distributions

For a continuous random variable X we have a function f, called the probability density
function (pdf). Every probability density function must satisfy

(i) f(x) = 0, and
(i) [ f(x)da — 1.

O Cumulative distribution function (CDF) of continuous random variable is defined as

F(w0) = P(X = @) = [ sz
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Types of Random Variables

* There are two basic types of random variables.

i. Continuous Random Variable

v' A continuous random variable is defined as a random variable
whose cdf, Fx{x). 1s continuous every where and can be written as

an integral of some non-negative function f{x), i.e.,

F(xg) = P(X < x5) = xu‘;z:r:f;r.
“(w0) = P(X = w0) = [ f(=)

ii. Discrete Random Variable

v A discrete random variable 1s defined as a random variable whose
cdf, Fy(x), 1s a right continuous, staircase function of X with
jumps at a countable set of points x,, x,, X,,......
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Expected Value, Variance and Moments

i. Expected Value (Mean)

* The expected value (mean) of a continuous random variable X,
denoted by uy or E(X). 1s defined as:

e = EQX) = [ xf (x)dx

* Smularly, the expected value of a discrete random variable X 1s

oiven by:
ty = E(X) =D %Py ()
k

* Mean represents the average value of the random variable 1n a

very large number of trials.
2020
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Expected Value, Variance and Moments Cont’d.....
ii. Variance

* The variance of a continuous random variable X, denoted by ¢°y
or VAR(X), 1s detined as:

c’x =Var(X) = E[(X — u,)’]
= o’y =Var(X) = J: (x— 1ty )" [y (x)dx

* Expanding (xv-u,)? m the above equation and simplifying the

resulting equation, we will get:

c’x =Var(X)=E(X*)-[EX)]
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Expected Value, Variance and Moments Cont’d.....

* The variance of a discrete random variable X 1s given by:
2 7 ys _ . - )
c'x =Var(X) = Z(Ak — 1) Pe(x;)
k

* The standard deviation of a random variable X, denoted by oy. 1s

sumply the square root of the variance. 1.e.,

o, = E(X—pu.) =Var(X)

11i. Moments
*  The n™ moment of a continuous random variable X is defined as:

EX™") =I: X' fo()dy, nz=l1
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Discrete Random variable Example

Example: An urn contains 7 balls, numbered from 1 to 7. Two balls are selected
randomly from the urn. Let Random variable X be the difference of the numbers (that
Is, the largest number minus the smallest number) of the selected balls. Find the
probability distribution or PMF of X, CDF and its mean, variance and standard
deviation.

If (a)the balls are selected from the urn with renlacement.
(a) First, determine the sample space:

s ={(L,1), (1,2), (L,3), (L,4), (1,5), (1,6), (1,7
(2,1), (2,2), (2,3), (2,4), (2,5), (2,6), (2,7)
(3,1), (3,2), (3,3), (3.4), (3,5), (3.6), (3,7)
(4,1), (4,2), (4,3), (4,4), (4,5), (4,6), (4,7
(5,1), (5,2), (5,3), (5.,4), (55), (5,6), (57
(6.1), (6.2), (6,3). (6,4), (6,5), (6,6), (6,7)
(7,1), (7.2), (7,3), (7.4), (7.5). (7.6), (7.7)}
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Step II: find random variable X (difference of highest to lowest value)

Difference is 0{X = 0}
Differenceis 1{X =1}

---------- is 2 {X =2}
{X =3}
(X =4}
(X = 5)
(X =6}

—t— e ey ey

1), (2.
12). (2.
.3). (5.
.3). (2.
). (7.
), (2.

.5), (2,
.6), (2,

LT T,

2), (3,
3), (3,
4), (6,
4), (3,

5)}

5), (3,
6), (3,
7). (6.

1)}

{ﬁ 6).(7.7) }
6,7),(2,1).(3,2),

(5,7).(3,1),(4,2), (5, 3),

), (5,2),(6,3),(7,4)}
), (7,3)}

h.'Jl—t

(4,
(6,

Step Ill. Find PMF (or probability distribution for discrete random variable)

X=Xz | 0 1 2 3 4 5 6
ool T 1 Z [T = [ [ X[ Z
x%) | 39 | 39 | 39 | 30 | 39 | 39 | 7O

P(0) (1) | p2) | p3) | P4 | ps) | pl6)

“* Find CDF: Do your self

2020
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¢ Mean value or Expected of discrete random variable X

Ly =E(X) = ZI‘{_PX(I'JE_)

7 12 10 8 6 4 2 112
—0-—+1- =42 — 43 — 44— 45— 46— = — 229
T R T T T T T T T |

+» Variance of discrete random variable X
2 2
o x =Var(X) = Z(xk — My )" Py (X))
k

g T g 12 10 8 6 1 2
2 2 2 2 2 2 2 2 -
= (0-229)"—+(1-2.29)" —+(2-2.29)" —+(3-2.29)" —+(4-2.29)" —+(5-2.29 )" —+(6-2.29)" — ~ 278,

«» Standard deviation of discrete random variable X.
o =JE(X — p1.) = Var(X)

ro= A o~ 167

2020 17




Example-2:

Consider a discrete random wvariable X whose pmft 1s given by:

1/3, x, =—1.0.1
Py (x;) =

0. otherwise

Find the mean and variance of X .

Solution:

7. Mean

1
py =E(X)= > x,Pe(x)=1/3(—-1+0+1)=0

k=—1

ii. Variance
o =Var(X)=E(X*)—[EX)]’
1
E(X) = x,"Pe(x)=1/3[(—D" +(0)’ +(1)’]=2/3
k=-—1

— o, =Var(x)=2/3—(0)"=2/3
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Random Variable Examples
Continuous

Example-1:

The pdf of a continuous random variable 1s given by:

kx . O<x<l
fe () = |
0, otherwise
where I 1s a constant.
a. Determune the value of k.
h. Find the corresponding cdf of Y.

c. Fmd P(1/4<X <1)

d. Evwvaluate the mean and variance of Y.

2020
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Random Variable Examples Cont’d......

Solution:

s 1
a. J‘_E fv(X)dx=1= L kexdx =1

-\l
3]{L =1
2 )0

2x, O<x«l

= /o]

0, otherwise

2020
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Solution:

b. Thecdf of X 1s gven by :
Fy(x)= J‘_J [y (@)du

Casel: for x<0
F.(x)=0, smce f(x)=0, forx <0
Case2: for O0<x<l

Fy(x) = J:; [ (u)du = 'EQudu —u’l =x°
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Random Variable Examples Cont’d......

Solution:

Case3: for x>1

1 1 N | .
F(x)= L f(u)du = L 2udu =u- 0 1
. Thecdf 1s gven by
0, x<0
F.(x)=4x", 0=<x<l
1, x=>1

\
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Random Variable Examples Cont’d......

Solution:
c. P(l/4<X<1)
. Usmg thepdf
1 1
Pl/4<X <1)= L Fo(x)dx = L_%xcfx
1
/4
LPl/4<X <1)=15/16
ii. Using the cdf
Pl/a=X=D)=F,()-F,1/4)
= P(l/4<=X<D)=1-(1/4)"=15/16
L Pl/4=X<1)=15/16

= P(1l/4<X <])=x" 15/16

2020
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Solution:

d. Meanand Variance

i. Mean
1 1 5
Hy =E(X)= L Xt (x)dx = L 2x dx
! .
= U, = Ll 2/3

310

ii. Variance
o, =Var(X)=EX*)-[EX)]
T P Y.
E(X?) = L 2 f (x)dx = L 2x%dx=1/2

= o, =Var(x)=1/2—-(2/3)* =1/18

2020
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A Gaussian random variable is one whose probability density function can be
written in the general form

i .2
fo(0)= e exp (—(2:) )

The Q(-) Function

m The Q(-) Function Tells Us The Probability A Zero-Mean
Unit-Variance Gaussian RV Is Greater Than Or Equal To
Some Number: P(x = A) = Q(A)

1 e 2
QR(y) = ﬁ/ e > /2dx = 1 — Fx(y)
Jy

m In General
X — m

P(X>x)-——Q(

ag

X =417

P(ng)=1—o(

(o

11/21/2021 25
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Special Distribution:
Continuous Probability Distributions
% UNIFORM DISTRIBUTION

The pdf fx(x) of a random variable uniformly distributed in the interval
(a, b]. (notation X ~ Ula, b]). is given by

PDF CDF
fr(x)

0 xX<a 1

g | 0 xX=a
| —da

= 4 ] L X—d
Jx(x) — a<x=bhb | ; 5 X FX{X]:‘b_u U< x<b

0 x>b Fig. Uniform Distribution I > b

Application: 1.The distribution of a telephone call occurring at random in a given interval.
2. Such distributions occur in transmission of sinusoids where the phase angle will be
uniformly distributed in (0,27).

Example 6.2.1 A sinusoidal signal with random phase angle ®, uniformly distributed
between (0,27r] 1s sent along a communications channel. We want to find the probability
that the phase angle is between (7 /4, 3 /4].

4 4 om 4 3
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< EXPONENTIAL DISTRIBUTION

PDF fo(®)
0 x=<0 N _

X)) = :
KO =1\ 1S | 0 x=<0
Fig. Exponential Distribution Fx(x) = | —e ™ y=0

CDF

where the parameter A is the average rate at which events occur.

Application: Exponential distributions find wide applicability in queuing theory, reliability
theory, and communication theory

*» Normal (Gaussian) Distribution X | (ol 192
Felo)=| e gy

il A e 216

fil) =" == =
i 2 . J
2 ﬂ-o- Fig. Normal or Gaussian Distribution
1

ﬁ-’hEl‘E G(T) — Ix > —p\sl f2 ff‘l .

V2

Application: A random variable X consisting of a number of components, each with a

general distribution tends to a normal distribution as the number becomes very large.
2020
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LAPLACE DISTRIBUTION

The Laplace density, also called a double-exponential density, is defined by

N i Se
iy =1ze™ N>0 Fy(x) = { 2

— OO <7 X < +00.

Applications: To model navigation and pilot errors, speech, and image processing.

Cauchy Distribution

ot/ 7T
Jr(x)=— —, —O <X < +o0.
' a” +(x— )

Application: A Cauchy distribution is a good indicator of how sensitive the tests are to heavy-
tail departures from normality.
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Assignment-IT

1. The continuous randoim variable X has the pdf i1s given by:

F(2x —x7)) . O = 20 = 2

O . otherwise
where & 1s a constant.
Find :
cr. the value of i
B, thecocdf of X

c. P(X = 1)

I

2. The cdf of continuous random variable X 1s given by:

O . x =0
Jr(x) = - Fsin ' (x). O0=x<1

b

1 x=1

where & 1s a constant.

Deternmune :
a. the value of k.

H. thepdf of X.

[V yav)



Two Random Variables
In many applications, it Is very important to study two or more
random variable defined on the same sample space.

In this lecture, we will consider only two random variables and
this concept can be extended to three or more random variables.

Let Q2 be the sample space of a random experiment and let X and
Y be two random variables.

Then, the pair (X, Y) is called a two dimensional random variable
If each of X and Y associates a real number with every element of
Q.

Thus, a two dimensional random variable (X, Y) Is a function that
assigns a point (X, y) in the xy-plane to each possible outcome w
In the sample space.
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Example: 1

Consider the experiment of tossing a coin twice. The sample space is
S={HH, HT, TH, TT}

Let X denotes the number of heads obtained in the first toss and Y denote the number of
heads in the second toss. Then

(X, Y) is a two-dimensional random variable or Bi-Variate random variable.
The range space X isRx,=(0,1) andYis Ry, =(0, 1)

The range space of Rxyis {(1,1), (1,0), (0,1), (0,0)} which is finite and so (X, Y) is a two-
dimensional discrete random variables.
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Example 2

Consider an experiment of tossing a fair coin twice. Let (X, Y) be a bivariate r.v.,
where X is the number of heads that occurs in the two tosses and Y is the
number of tails that occurs in the two tosses.

(a) What is the range Rx of X, Ry of Y?

(b) Find and sketch the range Rxy of (X, Y).

(c) FindP(X=2,Y=0),P(X=0,Y=2),andP(X=1,Y =1).

The sample space S of the experimentis S={HH, HT, TH, TT)

(@ Rx,=(0,1,2) ,Rvy,=(0,1,2)

(b) Rxy =((2, O), (1, ), (0, 2)) which is sketched in Fig. 3-2.

(c) Since the coin is fair, we have \
P(X=2,Y=0) =P(HH}=1/4 _——f 0
P(X=0,Y =2)=P{TT) = 1/4 N
P(X=1,Y =1)=P{HT, TH} = 1/2

(2,0)
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The Joint Cumulative Distribution Function

= The joint CDF of two random variables X and Y denoted by
F. (X, y) Is a function defined by:

F (X, ¥)=P[X(w)<xandY (w) < Y]
< Fy (X Y)=P(X XY <LYy)
wherex and y are arbitraryreal numbers.
Properties of the Joint CDF, F, (X, Y):

. 0<F,(xy)<1
1. Im F,, (x,y) =F,, (0,0) =1

y—>©
iii. lim F,, (X,y) = F,, (—0,—0) =0
y—>—©0



The Joint Cumulative Distribution Function Cont’d...
iv. im Fy (X, y) = Fyy (=0,y) =0
V.. M Fyy (X, y) = Fyy (X,—0) =0
Vi. P(X, < X <X,,Y Zy)=F. (X,,y)—F (X, Y)

vii. P(X <X, ¥, <Y <Vy,)=F, (X V,)—F. (X, V,)
Vii. P(X, <X <X,, ¥, <Y <Vy,)=Fy (X, V,)

o FXY (X2’ yl) _ FXY (Xl’ Y2) + FXY (X1’ Y1)
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The Joint Probability Density Function

= The joint probability function (PDF) of two continuous random
variables X and Y is defined as:

0°F,, (X, )
fxv (X’ Y) — .
OXoy
= Thus, the joint cumulative distribution function (CDF) is given

by:
For (X, y) = ji j: fy (X, y)dxdy

35



The Joint Probability Density Function Cont’d.....

Properties of the Joint pdf, f,. (X, y):
1 Ty (X, y)20

2. [ [ fy(x y)dxdy =1

3. P(X, <X <x,,y,<Y<y,)= jyylz j: f. (X, y)dxdy

36



The Joint Probability Mass Function

= The joint probability mass function (pmf) of two discrete
random variables X and Y is defined as:

Py (Xi’ yj) =P(X = X, Y = yj)
= The joint cdf can be written as:
FXY (X1 y) — Z ZPXY (Xw yj)
X <XY;<y

Properties of the Joint pmf, Py, (X;, ¥;):
1 0<Py (%,Y;)<1

2. ZPXY(Xi’yj):l
Yi

X

37



Condition Distributions

I.  Conditional Probability Density Functions

= |f Xand Y are two continuous random variables with joint
pdf T, (X, ¥), then the conditional pdf of Y given that X=x is

defined by:
Ty (X, Y)
fY/X(y/X): T ’ fx(x)>0
fy (X)
= Similarly, the conditional pdf of X given that Y=y is defined
by:

fX/Y (X/ y) — fx; ((X;/)Y) , fY (y) >0

38



Condition Distributions Cont’d......

ll. Conditional Probability Mass Functions

= |f Xand Y are two discrete random variables with joint pmf
Pyxy(Xi, Y;), then the conditional pmf of X given that Y=y; Is
defined by:

Pov (Xi1 Y5)
P, (x/y)=—"""12"P(y)>0
v (i 1Y) R (y)) Y ()
= Similarly, the conditional pmf of Y given that X=X; Is
defined by:
Pov (X1 Y)
PY/X(yj/Xi): = =, Po(%)>0

Py (%)

39



Marginal Statistics of Two Random Variables

= In the case of two or more random variables, the statistics of
each individual variable are called marginal statistics.

I. Marginal cdf of Xand Y
F (X)) = !/'_TO Fev (X, Y) = Fyy (X, 00)

R (y) =lm Fy, (X, y) = Fyy (0, y)
li. Marginal pdf of X and Y
f 00 = fi (%, y)dy
f(y) =] fy (% y)dx

40



Marginal Statistics of Two Random Variables Cont’d.....

lii. Marginal PMF of X and Y

P(X = Xi) =Py (Xi) :ZPXY (Xi’ Yi)

P(Y — yj): PY(yj):ZPXY (Xi’ yi)

41



Independence of Two Random Variables
= |If two random variables X and Y are independent, then

I. from the joint cdf

FXY (X1 y) — Fx (X) FY (y)

li. from the joint pdf

fxv (X’ y) — 1:x (X) fY (Y)

lil.from the joint pmf

PXY (Xi’ yj) — I:)x (Xi)PY (yj')

42



Examples on Two Random Variables

Example-1:

The joint pdf of two continuous random variables X and Y is
given by:

fry (X, ¥) = {

where K Is a constant.
a. Find the value of k.
b. Find the marginal pdf of X andY.
c. Are X andY independent?
d. Find P(X +Y <1)
e. Find the conditional pdf of X andY.

kxy, O<x<l0<y<l
0, otherwise
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Examples on Two Random Variables Cont’d......

Solution:

a. IZ J: fo, (X, y)dxdy =1= Ejol kxydxdy =1

44



Examples on Two Random Variables Cont’d......

Solution:

b. Marginal pdf of X andY
I. Marginal pdf of X

00 1
f (0= [ fu (%, y)dy = | 4xydy

1
:>fx(x):4xy— = 2X
2 )0

12X, O<x<1
0, otherwise

sof (X)) =4
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Examples on Two Random Variables Cont’d

Solution:

b. Marginal pdf of X andY

1. Marginal pdf of Y

00 1
fo(y) =], fur (% y)dx = | 4xydx

£ (y) =4 S
:> — _ —
y Y y 5 o y
2y, O<y<1
- f(y) =
«(¥) <O, otherwise

.
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Examples on Two Random Variables Cont’d......

Solution:

C. fxv (X1 Y) — 1:x (X) fY (Y)
- X andY areindependent

1 o1y 1 x2 1
d. P(X+Y <1)=j0j0 4xydxdy=jo4y — |

: 2 : 2, 3
= [, 4v117 20~ )My = [ 2(y-2y" +y°)dy
=2(y*/12-2y®/3+y*/4)=1/6
S P(X+Y <1)=1/6
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Examples on Two Random Variables Cont’d......

Solution:

e. Conditional pdf of X andY

1. Conditiona |l pdf of Y

fr (X y) _4xy _

f [ X) = 2
vix (Y1X) . (x) o y
2y, 0O<x<l0<y<1
s (YX) =5 _
0, otherwise




Examples on Two Random Variables Cont’d......

Example-2:

The joint pdf of two continuous random variables X and Y is

given by:
O<y<1,

O<y<x<l y<x<l

K,
(%) = {O, otherwise

where Kk Is a constant.
a. Determine the value of k.
b. Find the marginal pdf of X andY.
c. Are X andY independent?
d. Find P(O< X <1/2)
e. Find the conditional pdf of X andY.
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Examples on Two Random Variables Cont’d

Solution:

a. IZD fo, (X, y)dxdy =1= joljylkdxdy =1

K jol(x)ly _1

2

= k[ (1-y)dy = k(y—y?]

k=2

50



Examples on Two Random

Solution:

Variables Cont’d......

b. Marginal pdf of X andY
I. Marginal pdf of X

fy (X) = _[_i Fyy (X, Y)Y = _[OX 2dy

= f, (x)=(2y)

sof (X)) =+

L

X
0

(2%, O<x<1
0, otherwise

= 2X
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Examples on Two Random Variables Cont’d......

Solution:

b. Marginal pdf of X andY
1l. Marginal pdf of Y

fy (y) = _‘-_Z foy (X, y)dX = ijdx

1
= f, (y) = (2x)y =2(1-y)

2(1-y), O<y<1
0, otherwise

s (y) =+

"
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Examples on Two Random Variables Cont’d......

Solution:

C. Ty (X y)= T (X1, (Y)

-. X andY are not independent
1/2

d. PO<X<1/2)=] jox . (X, y)dydx

[ o[

1/2 o111 2
:j 2xdx:xO =1/4

0

L PO0<X<1/2)=1/4
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Examples on Two Random Variables Cont’d......

Solution:

e. Conditional pdf of X andY
I. Conditiona | pdf of X

f (X/y):fXY(X’y): 2 1
f(y)  20-y) (@-vy)
i, O<y<x<l

y

soh oy (XTy)=41-
0, otherwise
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Examples on Two Random Variables Cont’d......

Solution:

e. Conditional pdf of X andY
1. Conditional pdf of Y

f (X y) 2 1

f [ X) = =
vix (Y1X) £ (%) o~ x
rl O<y<x<l
Sf L (yIX) =4 x’ -
0, otherwise
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Examples on Two Random Variables Cont’d......

Example-3:

The joint pmf of two discrete random variables X and Y is given
by:
PxY(Xi’yj):{k(ZXi+yj), Xi—l’z’)./_l’z
0, otherwise
where Kk Is a constant.
a. Find the value of k.
b. Find the marginal pmf of X andY.

c. Are X andY Independent?
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Examples on Two Random Variables Cont’d......

Solution:

d. ZZPXY (Xi’yj):]'

Xi Y

:iik(in +yj):1

xi=1yj=1
= K[(2+1)+(2+2)+(4+1)+(4+2)]=1
=18k =1
- k=1/18
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Examples on Two Random Variables Cont’d......

Solution:
b. Marginal pmf of X andY
I. Marginal pmf of X

Py (Xi) :ZPXY (Xi’ yj') — Zi(zxi + yj)

yj=1

1 1
=P, (X)=—2X +1)+—(2X. +2
X(I) 18( I ) 18( I )

i(4xi+3), X, =1, 2
18

SP (%) =5

0, otherwise
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Examples on Two Random Variables Cont’d......

Solution:

b. Marginal pmf of X andY
1l. Marginal pmf of Y
2
1

PY(yj):ZPXY (Xi’yj)zz

2X. + V.
xi_118( +Y5)

1 1
=R (yj):E(2+yj)+E(4+yj)

1
E(Zyj+6)’ y; =12

0, otherwise

PY (yj) = 9
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Examples on Two Random Variables Cont’d
Solution:

C. Py (%, Y;)# P (X)R ()
-. X andY are not independent.
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« Example : Air Conditioner Maintenance

— A company that services air conditioner units In
residences and office blocks iIs interested in how to
schedule its technicians in the most efficient
manner

— The random variable X, taking the values 1,2,3 and
4, 1s the service time in hours

— The random variable Y, taking the values 1,2 and 3,
IS the number of air conditioner units



Y= X=service time
number
of units
1 2 3 4
1 0.12 0.08 0.07 0.05
2 0.18 0.15 0.21 0.13
3 0.01 0.01 0.02 0.07

Joint p.m.f

> > p; =0.12+0.18
b

+---+0.07=1.00

Joint cumulative distribution function

F(21 2) = Pyt Py + Pyt Py
=0.12+0.18+0.08+0.15
=0.43



Lemma 3.9 (Variance of linear functions). For any constants a and b

Var (e X +b) = a® Var (X).

Proof.
Var(a X +b) =E ((a X +b—E(a X +b))?)
=E((aX +b—dE(X)-b)?%)

=d’E (X —E(X))?)
= a? Var (X) .

Example(3.10) : The PDF of the random variable X is defined by

0 , x<0
f(x) = {k(e—Zx) x>0

a) What is the value of K? (b) What is the CDF of X?

(¢c) What is P (2 <X <5)? (d) Find Mean and Variance of X.
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Example(3.10) : The PDF of the random variable X is defined by

0 , x <0
fx) = {k(e-zx), x>0
a) What is the value of K?

b) What is the CDF of X?

¢) WhatisP (2<X<5)?

d) Find Mean and Variance of X

2020
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(@) [ f(x)dx=1

0 , x <0

i) = {z(e—z’f), x>0
CDF of Random Variable X.

Case (1)x <0

0
mw=£fwm
As f(x) =0

0
mw=£fmm
So,

FX(X) =0

2020
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(b) CDF of Random Variable X.

Case (1)x <0

As f(x) =0

So,

Case(2) 0<x< o

2020

0
Fy(0) = f £(x) dx

0
Fy(0) = f Fx) dx

FX(X) =0

0 X
Fr@ = | fedu+ fo () dax
Fy(x)= 0+ fo(e_Zx)dx

)

X

2 e—Zx
2

Fx(X)z 0+

0
Fx(X) = 1—3_2x
0 x<0
FX(x)={1_e_2x 0<x<
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—2\15

(c) f25 f(x) dx = f25 2(e7®)dx = [2 (iz )] _ o4 _ p—10
2

(d) Find Mean and Variance of X.

Mean = E[X] = fooxf(x) dx

:iﬁjo(ZLXEf—zx) dx Put y = 223;’ Ci}’== 2 dx
=30, y(e™)d
20ye y

= 1fooy(e‘y) dy
%[ —e Y —y(e™) 13

1
2

E[X*] = f x? f(x) dx
0
:fOOO(ZxZe—ZX) dx Put y = 2x, dy = 2dx

1 ro0 _
== J, ¥ (™) dy

2020
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1 roo —
=), v (e dy

1 _ _ _ COo
=Z[—26 Y —2ye™Y —y?(e™) ]0

B 2 _ 1
4 2
Variance = E[X?]— (E[X])*
1 1
Variance = = -
ariance = 5 —
Vari = 1
ariance =

2020

68



