CHAPTER THREE
LAPLACE TRANSFORM
3.1 Definition of Laplace Transform

Definition 3.1.1 let f be a function defined for all ¢t > 0. The Laplace Transform of f(¢t),
denoted by L[f(t)] = F(s) , is defined by

LIf ()] = F(s) = [, e ™ f(t)dt (3.1)
Provided the integral converges.
Definition 3.1.2 (Sufficient Conditions for Existence of Laplace Transform)

A function f is piecewise continuous on [0, oo) if, inany interval 0 < a <t < b, there are at
most a finite number of points ¢,k =1,2,3, .., n(t,_1 <t,) at which f has finite
discontinuities and is continuous on each open interval (t;_q, ti).

Definition 3.1.3 (Exponential Order)

A function f is said to be of exponential order if there exist ¢ = 0 and constants for all T,M > 0
such that |f(t)] < Me®* forall t>T (3.2)

Example 3.1 Find the Laplace transform of the following

a) f(H)y=1 e) f(t) = sinh(at)

by f(©) =t f) f(t) = cos(at)

c) f(t)=e* 9) f(t) = sin(at)

d) f(t) = cosh(at) h) f(t)=t" forn=0,1,2, 3,...
Solution:

a) By definition of Laplace transform, we have

— _ (® ,—st —1i k  _st — 1 -1 st k
LIf(O] = F(s) = [, e™*tdt = limy_, [, €75 dt = lim_q (Te )|o

= lim (_Tl (e_Sk - 1))

k>

= % ,s>0
b) From (3.1) we obtain
LIfF(O) = F(s) = [ e *ttdt
= limy e fok e Sttdt

= lim (_t e—st 1 e—st)|k
- k—0o S s2 0
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= Jim (= (3 =3) +3)

1
—5—2,S>0

c) By definition we get
LIf(©)] = L[e™] = f(;oe_“eatdt = fo"oe—(s—a)tdt

= limy o, f e Ddt

- ().

1
=— fors—a>0

d) Recall that cosh(at) = %(e“t + e )

L[cosh(at)] =L [eat +2e_ t] = foooe_s’t (g) dt

. k _o (e 4ot
i [ e (B g

1,. k  _(e_ ko _
:Ehmk—’“’ (fo e (G a)tdt+f0 e (s+a)tdt)

1 1 1
i)
2 \s—a s+a
s
=m,f07'5 >a

e) Leftas an exercise
f) Since L[e*] = S%a ,put a = iawithi =+v—1

P 1 s+ia N . oa
iat | — — —
Then L[e ] - s—ia - s2+a? - s24q2 lsz+a2

From Euler’s formula we have
L[e'™] = L[cos(at) + isin(at)]
# + i# = L[cos(at)] + iL[sin(at)]

Equate like terms. We obtain

L[cos(at)] = ﬁ and L[sin(at)] = #
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Theorem 3.1.1 Laplace Transform of some functions for any constant a

a L[1]=5,s>0

b. L[t] =Siz,s >0

c. L[e*] =S%,s>a

d. L[cosh(at)] =5—,s>a
L[sinh(at)] = 5—,s>a

f. L[cos(at)] = ﬁ

g. L[sin(at)] =ﬁ

h. L[t"] = pevs ,forn=0,1,2,3,..

3.1.2 Properties of Laplace Transform

Let L[f(©)] = F(s)and L[g(t)] = G(s)

Then

1)

Linearity of the Laplace Transform
Llaf(t) + bg(t)] = aL[f(t)] + b[g(t)], for any constanta and b.

2) First shifting property
Lle*f(O] =F(s —a)
3) Second shifting property
_ _ f(t—a) fort>a
— as — as —
Lg®) = e LI (O] = e F(s) where g(0) = {1~ JOTC”
4) Change of scale property
LIf(at)] == F (—) fora #0
5) Multiplication of f(t) by t™
LIE"f ()] = ()" = F(S)
6) Division of f(t) byt
L [@] = fsoo F(s)ds
Provided the integral exists.
7) Laplace Transform of integrals
LIy fwydu] =52
8) Let f(t) be periodic function W|th period p > 0 sothat f(t + p) = f(t), then
LIf(O] = = J, e~ f(©)dt
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Example 3.2 Find the Laplace transform of the following given functions:

a) f(t) = 4e° + 6t3 — 3sin(4t) + 2cos(t) e) f(t) =sin(3t)
b) g(t) = e *(cos(6t) — 5sin(6t)) f) h(t) = t2sin(t)
cos(t—z?ﬂ) , t>2?ﬂ sin(wt), for0<t<Z
c) g(t) = (t) = . g
) g , t<2?" 9) f 0, fort<t< %
d) f(5) =15 h) £(£) = €7+
Solution:
a) Let f(t) = 4e> + 6t3 — 3sin(4t) + 2cos(t), then the Laplace Transform gives as
F((s) = L[4e° + 6t3 — 3sin(4t) + 2cos(t)]
= L[4e°t] + L[6t3] — L[3sin(4t)] + L[2cos(t)]
4 3! 4 S
=55 T 0w 35 T 2
_ 4 36 12 28
=55 T 52416 = S2+1
b) Let g(t) = e7*(cos(6t) — 5sin(6t))
Since F(s) = Llcos(6t) — 5sin(6t)] = o-———-— we have
_ __6(s+2) 30
Llg@®] =F(s+2) = (s+2)2+436  (s+2)2+36
__ 6(s=3)
G(s) = (s+2)2+36
c) Sincea = 2?" and f(t) = cost, then F(s) = 525+1
By second shifting property, we obtain
2ms 2ms
Llg®)] =e = LIf(D)]=e 3F(s)
s _oms
- sZ+1 € ’
d) Since F(s) = L[1 — et] = L[1] — L[e!] = 1 - %1 we have
1—et o0 o (1 1
L[ t ] =J; F(s)ds = (;—;)ds
= (In(s) —In(s = D)IY
s—1
=in(*7)
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e) We know that L[sint] = =F(s) anda =3
By change of scale property, we get

=0 5

f) LetL[sint] = ﬁ =F(s) andn =2
By property (5) we have
—2s s2—
L[t?sint] = (- 1)2 F(S)—dsz( ! )=di( 2 ): 65”2

241 s \(s2+1)2 (s2+1)3
g) Since f is periodic function with period p = 2—” we have

L[f(t)]=ﬁfo%n et f()dt = ——= (fw ‘“f(t)dt+f : ‘“f(t)dt)

l-e o l—e o

1 z .
= —— [¢ e*'sin(wt)dt
l—e @

_Ts.
w(1+e 2] )

2ms

l-e o

Exercise 3.1 Find the Laplace Transform of:

D rw= {02 fo?grst t2<33 5) f(t) = t*e 3 cos(4t)
2) f(t) = sin(2t)cos(3t) 6) f(t) =t

3) f(t) =sin(4t +5) N FO) = pat _te_bt
hro = {25 " f{)(r)rnoftt;z?z 8) f () = el

3.2 Inverse Laplace Transform

Definition 3.2.1 Let F(s) = L[f(t)] = f0°° f(t)e™s'dt be the Laplace Transform of f(t) . We
say that f(t) is the inverse Laplace Transform of F(s) and write

f(©) = L7Y(F(s)) (3.3)

Theorem 3.3.1 some inverse Laplace Transforms

a 1=1(2) ) sinh(at) = 17! (%7)
b. ¢ =17 (&) f) cos(at) = 17 (i)
c. et =11 (L) ) sin(at) = L' (=z)
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d. cosh(at) = L1 ( az) hy t" = L1 ( n+1>
3.2.2 Properties of inverse Laplace Transform
Let F(s) and G(s) are Laplace Transform of f(t) and g(t), respectively

ie. F(s) = LIf(®)] = f(©) = L7 (F(s)) and G(s) = LIg(®)] = g(¢) = L7 (G(s)) then

1) The inverse Laplace Transform is linear
L7Y(aF(s) + bG(s)) = aL Y (F(s)) + bLY(G(s))
2) Shifting property
LN (F(s —a)) = e®f(¢)
3) Inverse Laplace Transform of derivatives
LU (s"F(s)) = < ()
Wheref(0) = £ (0) = f (0) = ... = f*1(0) = 0, which is a consequence of the
transform of derivatives.
4) L1 ((—1)n %F(S)) = t"f(t) forn=1,2,3, ..
5) Inverse Laplace Transform of integration
17 () = fy Fadu
6) Inverse Laplace Transform of Division of f(t) byt
L1 (f F(s)ds) = f(t)

Example 3.3 Evaluate the following

D 1 (5) )17 ()

) 17 (75) 517 ()

3 17 (75) ) L (zmraon)
Solution:

1) Since t" = L—l( nl )

sn+1l

We identify n + 1 = 5 and n = 4, then multiply and divided be 4!
(L) 2L (A 2 Ly
L (5_5) =aul (s5) =t
2) since sin(at) = L™ (=)
Here a = 8, then we obtain

1 (a7a) =517 (555) = 5sin(8D)
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3 1 (3) =1 () + 11 ()
=31 ( )+5 ‘1(217)
= 3L <s2+(sx/7)2) + %L_l (52;{37)2)

= 3cos(V7t) + %sin(\ﬁt)

4) Let f(¢t) = sin(at) = L™ (=) , so that L[f (t)] = L[sin(at)] = o~ = F(s)
By property, we have
tF() = L1 (—:—SF(S))
tsin(at) = L1 (—:—S(Szzaz ))
=1 ()
itsin(at) =171 ((52+Sa2)2)
5) L1 ((s+1) ) _ -t (s +352 +3s+1)
=1 (G R
=17 (2 )+L—1(i)+L— (3)+1'@
f()=1+3t+= t2+ t3
o 1 () - 1 (352
=1 (Grma) 1 (Goran)
= (3 cos(20t) — 7sin(20t))e*
Exercise 3.2 Evaluate
) 1 (G5 ) ) ()
) 7 (75) )L (5 - 5m)
c) L~ (sz+4ss+13) f) L ((5—15)2(-:—%)
Exercise 3.3 Find the inverse Laplace transform of In (1 + g)
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3.3 Laplace Transform of Derivatives

Theorem 3.3.1 If f(b), f (t), f (t), ..., f~~1(t) are continuous on [0,c] and are of
exponential and if f™(t) is piecewise continuous on [0, o], then

LIfM ()] = s"F(s) = s"1f(0) — s" 2 (0) — ...— f"71(0) (3.4)
Where L[f(t)] = F(s)
Remark: The Laplace Transform of the first and second derivatives of f(t) satisfies:

a) L[f ()] =sF(s) — £(0)
b) LIf" (£)] = s2F(s) —sf(0) — £ (0)

Example 3.3 Find the Laplace transform of

a) f(t) = sin*(t)
b) f(t) = tsin(at)
c) (t) = cos?(t)

Solution:
a) We have f(0) = 0 and f (t) = 2sin(t) cos(t) = sin(2t)
By the above theorem, we obtain
LIf (0] = sF(s) = £(0)

L[sin(2t)] = sF(s) — 0

2
sZ+4

= sF(s)

2

F(S) - s(s2+4)

2
s(s2+4)

Therefore F(s) = L[sin?(t)] =

b) We obtain f(0) =0, f (t) = sin(t) + atcos(at) and f (0) =0
" (t) = 2acos(at) — a’tsin(at)
From (3.4) we get
LIf" ()] = s?F(s) — sf(0) — f(0)
L[2 acos(at) — a’tsin(at)] = s?(tsin(at)) —s.0 — 0
L[2 acos(at)] — a®L[tsin(at)] = s?(tsin(at))
2% — (s2 + a?)L[tsin(at)]

s2+q2

L[tsin(at)] =

—

2as
(s24a?2)2
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Example 3.4 Solve the I\VP by using Laplace transform

a) y +4y=0,y0)=1y(0) =2
b) ¥y =3y +2y=¢e%,y(0)=1,y(0) =0

Solution:

a) We apply both sides Laplace Transforms
Lly" +4y] = L[0]
Lly"]+L[4y] =0
s2Y(s) —sf(0) — f (0) +4Y(s) = 0
s2Y(s)—s—2+4Y(s) =0
(s> +4)Y(s) =s+2

v(s) =52
v =17 (55)
(o) =17 (55) + 17 ()

Y (t) = cos(2t) + sin(2t)

b) v —3y + 2y =e3,y(0) =1,y (0) = 0 Taking Laplace transform both sides
Lly" =3y +2y] = L[e*]
Lly']1=3Lly' ]+ L[2y] = L[e*']

s2Y(s) = sy(0) —y(0) — 3(s¥ (s) — y(0)) + 2¥(s) = —

s2Y(s) =s —0—=3(sY(s) = 1) + 2Y(s) = é
(52—35+2)Y(s)—s+3=£
(Sz —3s+ Z)Y(S) = (S — 3) +£
_ 52-6s5+10

Ye) = o6

By partial fraction

s2—6s+10

Let 26

A B C
s—1 T s—2 T s—3

Therefore A = S,B =-2,C= %

2 5 1
s“—6s+10 _ 2 -2 7

Y(S) - (s—1)(s—2)(s—3) T s s—2 s—3

Finally, Y(t) = get —2e%t + %e3t
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Example 3.5 solve
a) ty' —ty' —y=0, y(0)=0,y(0) =3
Solution:

a) ty —ty —y =0, y(0) =0,y (0) = 3, taking both sides Laplace transform
Lty —ty —yl=L[0]
Lty 1-L[ty ] -L[y]=0

— 2PV () = 5y(0) =¥ (O) = (— (¥ () = ¥(0)) = V() = 0
— £ (%Y (s) — 5.0 - 3) (—;—S (sY(s) — 0))) —Y(s) =0
—(s2 = s)Y'(5) —2sY(s) =0
% + S%lds =0 (Separated)
Integrating both sides w.r.t Y and s, respectively, we have
In(Y)+2In(s—1) =c

(s—1?%*Y =c

_ c
T (s-1)2

Taking both sides inverse Laplace Transform, we get

y® =17 ()
y(t) = cte'
y'(0)=3 Tofindc,y (t) = cet + cte!
y(0)=c+0
c=3
Therefore y(t) = 3te*

Exercise 3.4 Solve the following using Laplace transforms

1) y -6y +5y=0,y(0) =1y (0) = -3

2) y —2y +2y=cos(t),y(0)=1,y(0)=0
3) 2y +ty —2y=10, y(0) =y (0) =0

4) 4ty +2y +y=0, y(0) =y (0) =0
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(x =4x -2y, x(0)=2

%) ly' = 5x + 2y, y(0) = -2

6) ‘x" = —3x+ 4y + cos(t), x(0)=0
y =—2x+3y+t, y0)=1

7 J’c'=x—2y+t2, x(0)=1
y =4x+5y—ef, y(0)=-1

3.4 Convolution

Definition 3.4.1 If functions f(t) and g(t) are piecewise continuous on [0, o), then the
convolution of f(t) and g(t), denoted by f * g, is defined by the integral

frg=J f@glt—)dr (3.5)
Example 3.6 Evaluate

a) e’ *sin(t)
b) e x1

Solution:

a) By definition , we have
et *sin(t) = fot e’sin(t — 7)dt
= %(et — sint — cost)

b) e x1 = [j e dr =~ (e")[:Z}
_ 1. at _
=—(e" -1

Properties of convolution

1) fxg=g+*f

2) fx(@*h)=(*xg)xh

3) fx(@th)=(f*g)+(f*h)
4) f+*0=0xf=0

Theorem 3.4.1 (Convolution Theorem)

If functions f(t) and g(t) are piecewise continuous on [0, o), and are of exponential order,
Then

LIf gl = L|f; f(®g(t — Dar] (3.6)
= F(s)G(s)
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Example 3.7 Find the Laplace Transform of each given convolution integral

a) f(t)= fot 3sin(t — t)dr
b) f(t) = fot sinh(41)cosh5(t — 1)dt
0) f(O) = fofel7(t—r)T19dT

Solution: by the above theorem, we have

a) LIf®)] = [f, t3sin(t — D1 ]
= L[t3]L[sint]

= () (&%)

_ 6
T (M (s2+1)

b) L[f(t)] = L[sinh(4t)]L[cosh(5t)]

pE=nle=r)

_ 20
T s2-16(s*)(s2-25)
c) Leftas an exercise

Exercise 3.5 Evaluate

a) L[t% * cos(t)]
b) L[e %*cos(t)  e']

Theorem 3.4.2 (The Inverse Convolution Theorem)

Let L[f(t)] = F(s) and L[g(t)] = G(s), then

LY(F(s)G(s)) = L7Y(F(s)) * L™Y(G(5))
Example 3.8 Find the inverse Laplace Transform by using convolution for
1
2) (s—1)?
1
b) e
_t
C) (s24+11)2

(3.7)
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Solution:

) 17 () =+ (2) ()
=17 (3) 17 (75)
=t * sin(t)
= fot tsin(t — )dt
= (tcos(t — 1) + sin(t — 7))|:Z}

= (tcos(0) — sin(0)) — (0 — sin(t))
=t — sin(t)
c) Exercise
3.5 Integral Equations

An equation of the form

y(©) = f(8) + 4 [, K(t, D)y(r)dt

(3.8)

Is called a Volterra Integral Equation, where 4 is a parameter and K(t, ) is called the
Kernel of the integral equation. Equation of this type is often associated with the solution of
initial value problems. The Laplace Transform is well suited to the solution of such integral
equations when the Kernel K(t, ) has a special form that depends on t and t only through
the difference t — t, because then K(t,7) = K(t — ) and the integral in (3.8) becomes a

convolution integral.

Example 3.9 Solve the Volterra integral equation

y(t) = 2e7t + fot sin(t — 1) y(r)dr
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Solution: Taking both sides Laplace Transform, we have
Lly(t)] =L [Ze_t + fot sin(t — 1) y(r)dr]
Y(s) = ﬁ +L [fot sin(t — 1) y(r)dr]

Y(s)
Y(S) s+1 o1 T s s2+1

y(©) =L (Z+ 2+
y(t) = =2+ 2t +4et fort >0
Example 3.10 Solve the integro-differential equation
Yy +y=[sin@yt-1dr y0)=1y(0)=0
Solution: Taking the Laplace transform in the usual way gives

s2Y(s) —sy(0) =y (0) + Y(s) =L fot sin(t) y(t — 7)dt

SV (s) =5 =0 +Y(s) = o2

(s + 1DY(s) — 5 = 2

s241

((s2 +1) - 2+1> Y(s)=s

(FE)ve =s

_ s 24
Y(s) = 2+2)
| SZ+1
y(t) =1L (s(sz+2))

1 1
— J— 2 2
y(t) =L <s + 2+2>
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y(t) = %(1 + cos(vV2t))

Exercise 3.6 Solve

a) y(t) =sin(t) + fot sin(t — 1) y(r)dr

b) y(t) = cos(t) + fot sin(2(t — 1)) y(r)dr

0) y(t) =t + [, cos(t — 7) y(r)dr

d v +4y = 4[; sin(t) y(t—1)dt  y(0) =1

e) y —4y=2 fot sin20) y(t —7)dt  y(0) =1,y (0) =0
3.6 Integration of Laplace Transform

Theorem 3.6.1 The Transform of an integral

Let £(t) be a piecewise continuous function such that |f(t)| < Me** for k > 0 and all t > 0.
Then, if L[f(t)] = F(s),

Lfot f(Ddr = @ fors >k (3.9)

And, conversely,

F(s)

L1 (—) = [, f(D)de (3.10)

N

Example 3.11 Evaluate

a) L_l (s(szl+1))
b) L ((52)(12+1))

) 17 ()

Solution:

1
—1( 1\ -1 1 a1\
a) L (s(sz+1)) =1L ( - ) ,here F(s) = R L (s2+1) = sin(t)

= fot sin(t)dr
= —cos(7)|7Zg
=1 —cos(t)

1 1 s
— 1 _ s(s4+1 _1 (s GZ+1 t .
b) L (m) _ 1 <(_ 2+)> — -1 (ﬁ) = [} (1 - cos(z))dt = t — sin(t)

N N
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1 1 1
c) L™ (—( ! ) =Lt <—S G “)) =L (75—(5 H)) = [(z - sin(®))dr

53)(s2+1) s s

tZ
=<+ cos(t) — 1

Exercise 3.7 Evaluate

a) L_l (s(sl—l))
0) L7 ()

3.7 Application to evaluate integral

We can use the Laplace Transforms of functions for evaluating complicated integrals in easy
manner as illustrated by the following examples.

Example 3.12 evaluate fom t2e~tsin(2t)dt by using Laplace Transform
Solution: we know that L[sin(2t)] = ﬁ = F(s)
By multiplication property, we have
Llt%sin(20)] = (~1)2 5 F (s)

= i)
T ds?2 \s2+4

_ 1252-16
T (s2+4)3

By definition of Laplace transform
fooo t?eStsin(2t)dt = L[t*sin(2t)]

_ 125216
T (s2+4)3

when s = 1, we have

12-16

® L2 —t i —
[ tle sm(Zt)dt—uH)3

0
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e—t_e—3t

Example 3.13 Prove that J”

—dt =1In(3)
Solution: apply the property of division
L [@] = [CF(s)ds

Taking f(t) = e — e~3 we have

[t _ ,-3t71__L 1
F(s) =Lle € ]_s+1 S+3

e t_e 3t o (1 1
Then L [—=—] = " (55~ 55) s

= (In(s + 1) —In(s + 3))|?
=-n ()
=in(5)

By definition we have [~ e~ (e_t_te_%) dt = In (ﬂ)

s+1

—t e—3t

Jy (=) dt =In(3) ,whens =0

Exercise 3.8

o0 o—tcin2
a) Prove that [ %"(t)dt = %ln(S)

b) Evaluatef,” =" (tmt) dt

c) Evaluate [” te~tsin*(t)dt

3.8 Fourier Transform (Reading assignment For student’s)
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