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CHAPTER 5   

LINE AND SRFACE INTEGRALS  

5.1  LINE INTEGRAL  

In  this section we define an integral that is similar to a single integral except that instead of 

integrating over an interval      , we integrate over a curve . Such integrals are called line 

integrals, although “curve integrals” would be better terminology. They were invented in the 

early 19th century to solve problems involving fluid flow, forces, electricity, and magnetism. 

Primary  here are some of the more basic curves that we will need to know how to do as well as 

limits on the parameter if they are required. 

 

curves 

Parametric Equations  

Interval Counter-clockwise clockwise 

Ellipse -    
  

   
  

                

         

           

          

       

Circle  -                        

         

           

          

       

                   For all   the function defined 

                   For all   the function defined 

Line segment  from   

         to          

              

              

              

 

      

 

5.1.1  Line integral of a scalar filed  

Definition: For some scalar field            , the line integral along a  smooth curve 

    is defined as       

                                                    
 

                     
 

 
  . 

where             is an arbitrary parameterization of the curve C such that      and      give 

the endpoints of   and    .The function   is called the integrand, the curve   is the domain of 

integration, and the symbol    may be intuitively interpreted as an elementary arc length. 

Example 5.1:  Evaluate          
 

  , where   is the line segment from       to       . 

Solution: Here is sketch of C with the direction specified in the problem statement shown. 

 

https://en.wikipedia.org/wiki/Scalar_field
https://en.wikipedia.org/wiki/Piecewise_smooth
https://en.wikipedia.org/wiki/Curve
https://en.wikipedia.org/wiki/Parametric_equation
https://en.wikipedia.org/wiki/Arc_length
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So, we’ll need to parameterize this line and we know how to parameterize the equation of a line between 

two points. Here is the vector form of the parameterization of the line. 

                                              

We could also break this up into parameter form as follows. 

                    for       . 

We’ll need the magnitude of the derivative of the parameterization so let’s get that. 

                                                

We will also need the integrand evaluated at the parameterization. 

                                          

Then the line integral is 

         
 

                               
 

 
 

                    
 

 
           . 

Example 5.2:  Evaluate         
 

  , where   is the upper half of the unit circle         

with counterclockwise rotation. 

Solution: First, Here is a quick sketch of C with the direction specified in the problem statement 

shown. 

 
we must write   in parametric form. The upper half of the unit circle is  

                         , then  
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Example 5.3: Evaluate         
 

   where C is the line segment from to         to         . 

Solution: Here is a quick sketch of the curve C. 

  
We know how to get the parameterization of a line segment so  

                                                          

                    

We’ll need the magnitude of the derivative of the parameterization so let’s get that. 

                     then                                     

And here is the integrand evaluated at the parameterization. 

                                    

The line integral is then, 

        
 

                    
 

 

   
 

 
   

  

 
     

 

 

 
  

 
 

Remark: It is still possible to compute a line integral when the curve   is not a smooth curve, as 

long as it is piecewise smooth, that is made of smooth pieces              . In this case  

  
 

     
  

     
  

     
  

       
  

      
  

  

 

   

 

Example 5.4: Evaluate     
 

   where C is the curve shown below.   

  

Solution. 

So, first we need to parameterize each of the curves. 
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  :     ,               

  :     ,               

  :     ,               

Now let’s do the line integral over each of these curves. 

     
  

                  

  
         

 

  
      

      

     
  

                    

 
   

           
 

 

   

  
 

 
  

 

 
         

 
  

 

 

       

     
  

                    

 
     

 

 
     

Finally, the line integral that we were asked to compute is, 

    

 

       

  

       

  

       

  

   

             

        

Example 5.5: Evaluate         
 

   where   is the right half of the circle of radius 2 with 

counter clockwise rotation followed by the line segment from       to        . 

Solution. The direction is sketch bellow. 

  
 

Now let’s parameterize each of these curves. 

  :          ,            then                       ,  
 

 
   

 

 
 

  :                                                

Now we need to evaluate the line integral. Be careful with this type line integral. Note that the 

differential, in this case, is    and not    as they were in the previous section. 

All we need to do is recall that                     when we convert the line integral into 

a “standard” integral. 
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Here is the line integral. 

       
  

                

 
 

 
 
 

           

                       

 
 

 
 
 

     

       
  

              
 

 

       

         
 

 

   
  

 
 

Now we need to do is add up the line integrals over these curves to get the full line integral. 

       
 

          
  

          
  

   

   
  

 
 

  

 
 

Exercise:1 

1. Evaluate           
 

   where   is the lower half of the circle centered at the origin 

of radius 3 with clockwise rotation. 

2. Evaluate   
 

   for each of the following curves. 

a.   :     ,        

b.    : the line segment from        to       

c.    :the line segment from       to        

                                                                 

5.1.2  Line integral of a vector field 

Definition: For a vector field             ,, the line integral along a  smooth curve       

in the direction of  , is defined as       
 

          
 

 
              

where     is the dot product and            is a parameterization of the curve   such that      

and      give the endpoints of  . 

A line integral of a scalar field is thus a line integral of a vector field where the vectors are 

always tangential to the line. 

Line integrals of vector fields are independent of the parameterization r in absolute value, but 

they do depend on its orientation. Specifically, a reversal in the orientation of the 

parameterization changes the sign of the line integral. 

The line integral is also defined by         
 

              
 

               where          

      is the parameterization of the oriented smooth curve     

 

https://en.wikipedia.org/wiki/Vector_field
https://en.wikipedia.org/wiki/Piecewise_smooth
https://en.wikipedia.org/wiki/Curve
https://en.wikipedia.org/wiki/Dot_product
https://en.wikipedia.org/wiki/Parametric_equation
https://en.wikipedia.org/wiki/Tangential
https://en.wikipedia.org/wiki/Absolute_value
https://en.wikipedia.org/wiki/Curve_orientation


                                                                            

 

6 

BY  TIGABU  K. 

           is the unit tangent vector to    at (     ) given by

     

  

 
     

  
 

.  Recalling that      
    

  
    

, we have that:- 

        
 

              
 

                                  
     

  

 
     

  
 
 

 

 
 

   

  
    

                            
   

  
 

 

 
  , 

where       is an interval on which   is parameterized by                       

Thus        
 

                        
   

  
 

 

 
    

Remark: If    represents the force acting on a particle moving along an arc AB then the work 

done during the small displacement     is       . Therefore, the total work done by       

during the displacement from A to B is given by              
  

. 

Example: 5.6  Evaluate the line integral        
 

    where                 along each 

of the paths in the xy-plane. 

a. The parabola followed by      from       to       

b. The curve           and        from       to        

c. the line     from       to      , followed by the line     from       to      . 

Solution: 

Since each of the path lies entirely in the xy-plane, we have             . Therefore,      

        
 

                 
 

                         

We now evaluate the line integral along each path. 

a. Along the parabola      we have        . Substituting for   in Eq.     and 

using just the limits on  , we obtain                      
     

     
 

                   
 

 

   
  

 
 

b. The second path is given in terms of parameter u. We could eliminate u between two 

equations to obtain a relationship between x and y directly. Along the curve   

                 we have              and           Substituting 

for   and   in Eq.     and writing the correct limits on u, we obtain 

                  
     

     

                              
 

 

 
  

 
 

c. For the third path the line integral must be evaluated along the two line segments 

separately and the results added together. First, along the line      we have     . 

Substituting this into Eq.     and using just the limits on x for this segment, we obtain 
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Along the line    , we have     . Substituting this into Eq.    and using just the 

limits on  , we obtain                  
     

     
         

 

 
 

  

 
 

Therefore, the value of the line integral along the whole path is 
  

 
 

 

 
 

  

 
   

Example: 5.7   

An object of mass   moves along the curve given by the position Vector  

                                   and   are constants. Find the total force acting 

on the object and the work done by this force. 

Solution: 

You will recall that Newton. s second law of motion says that 

                

And the work done   is given by         
 

 
                

 

 
          

Now                              

                                and  

                                  

Then                                                

And also                          

It follows that           
 

 
        

Example: 5.8 A particle moves up ward along the circular helix 1C parameterized  by 

2t0for  sincos)(1  tktjtitr under a force give xykjzxzyizyxF ),,( .  

Find the work done on the particle by the force. 

Solution: Consider the figure 

                                      

 

 

 In 2t0for  ,sincos)(: 11  tktjtitrC  

                       ktjtitr

ttz

tty

ttx


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
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

 cossin)(

)(

sin)(

cos)(

1  

Therefore,   dtktjtitjttjttitrdFW
C

T ]cossin.(cossincossin.

2

01

 


 

   

O 
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                        

 2

0

2

0

22 )cossin(cossincossin dttttdttttttt  

                     




2

0

2

0

2
2

0

2

2cos
4

1

2

4
)2sin(

2

1

2
tdtt

t
 

22  

Exercise:2 

1. Calculate the line integral of the scalar function             over the right half of the 

semi circle         along the counterclockwise direction from        to        

2. An object acted on by a force                  moves along the parabola         

from               . Calculate the work done by F. 

5.2  Fundamental theorem of line integral  

Let C be a smooth curve with initial point ),,( 000 zyx and terminal point ),,( 111 zyx . Let   be a 

function of three variables differentiable at every point on C. If ),,( zyxf  is continuous on C 

then     
 

                            . 

Proof:  Let btaktzjtyitxtr  ,)()()()( be a parameterization of C.  Then using the Chain 

Rule and the Fundamental Theorem of Calculus,  

     dt
dt

rd
tztytxfrdf
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b
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dz
j

dt
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i

dt

dx








.  

   
bt

at

b

a

tztytxfdttztytxf
dt

d




    )(),(),(()(),(),((  

),,(),,())(),(),(()()),(),(( 000111 zyxfzyxfazayaxfbzbybxf   

 

Note: suppose that    is a continuous vector field in some domain D. 

1.    is a conservative vector field if there exist a function   such that      .The function 

  is called a potential function for the vector field. 

2. A path C is called closed if its initial and final points are the same point.  For example a 

circle is a closed path. 

3. A path C is simple if it doesn’t cross itself.  A circle is a simple curve. 

4. A region D is open if it doesn’t contain any of its boundary points. 
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Example: 5.9  Determine if the following vector field is conservative or not. If it is conservative 

find the potential function. 

A.                                   

B.                                                 

Solution: 

There really isn’t all that much to do with this problem. All we need to do is identify P and Q 

where     is a plane vector field and P,Q and R where     is a space vector field. Then run through 

the test. 

A.            and              

So             and           

we can clearly see that       and so the vector field is not conservative. 

B.                                                 

Here             ,              and            

So            ,                  ,              and      

we can clearly see that                  

       

      , hence  the vector field is conservative. 

To find the potential function for this vector field we know that we need to first either integrate   

with respect to  , integrate   with respect to   or R with respect  . So, let’s go with the 

following integration for this problem. 

                             

                   

Next, we can differentiate the function from the previous step with respect to   and set equal to   

or differentiate the function with respect to   and set equal to  . So let’s differentiate with 

respect to  . 

                         

                

                                 

Then                                  

Again let’s differentiate with respect to  .  

                                 

         

        

Therefore the potential function for the vector field is 

                              . 
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Example: 5.10. Evaluate        
 

 where                              and   is any 

path that starts at     
 

 
    and ends at         . 

Solution: Let    be any path that starts at    
 

 
    and ends at          on         

Then          
 

 
    and                 

The integral is        
 

               
 

 
    

                       
 

 
  

 

 
       

   

Example: 5.11 

1. Calculate the line integral of the vector field                along the following 

two paths joining the origin to the point         . 

a. Along a straight line joining the origin to  ,  

b. along a path parameterized by               

2. From the result of Problem 1, can you conclude that the force is conservative? If so, 

determine a potential function for this vector field. 

Solution: 

1.  

a. For the straight line path        

       
 

                  
 

      
 

 
      

 

 
      

 

 
 

 

 
  

b. For the second path                         so that 

         
 

                    
 

 

 

 
 

2. Just from the fact that line integrals along two different paths give the same result, one 

cannot conclude that the force is conservative. However, in this particular case, the vector 

field happens to be conservative. Let the potential function be          Equating 

components of the force, we get   

    
  

  
                 

   
  

  
      

 

 
           

   
  

  
                  

Clearly, the function is given by      
 

 
        , where   is an arbitrary constant, 

which can be taken to be zero. The line integral can therefore be written as 
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Path independence of line integral 

Theorem: the line integral         
 

                  
 

                 with 

continuous           in a domain D in space is path independence in D iff               is the 

gradient of  some function   in D. i.e.            thus      
  

  
    

  

  
    

  

  
  

Corollary:   

The line integrals:                                  
 

 
               

Note:        
 

 is independent of path if         
  

         
  

 for any two paths    and    in D 

with the same initial and final points. 

Example: 5.12 Show that the integral  ,)422(.  
CC

zdzydyxdxdrF  is path independent in any 

domain in space and find its value in the integral from A: (0,0,0)  to  B: (2,2,2) 

Solution:                    , where            , because 
  

  
      , 

  

  
      , 

  

  
      . Hence, the integral is independent of path according to theorem 

above, then       
 

 
                   . 

 

Facts: 

1.        
 

 is independent of path. 

This is easy enough to prove since all we need to do is look at the fundamental theorem of 

line integral above.  The theorem tells us that in order to evaluate this integral all we need 

are the initial and final points of the curve. This in turn tells us that the line integral must be 

independent of path. 

2. If     is a conservative vector field then         
 

 is independent of path. 

This fact is also easy enough to prove.  If      is conservative then it has a potential function, 

f, and so the line integral becomes        
 

        
 

.  Then using the first fact we know 

that this line integral must be independent of path. 

3.  The integral         
 

   for every closed path C if and only if         
 

 is independent of 

path. 

Example: 5.13 Given that         
 

 is path independent, compute         
 

 where   is an ellipse 

given by 
      

 
 

  

 
   with the counter clockwise rotation. 

Solution: There are two important things in the problem statement.   

First, and somewhat more importantly that the integral is independent of path. 

Second  the curve, C, is the full ellipse which is a closed curve.  
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Then the value of a line integral of this type around a closed path will be zero 

         
 

   

5.3 Green`s Theorem  

Theorem:  Let R be a simple region in the    – plane with a piece – wise smooth boundary C oriented 

counter clock wise.  Let M and N be function of two variables having continuous partial 

derivatives on R. Then dA
y

M

x

N
NdyMdx

C
R  

















  

Before working some examples there are some alternate notations that we need to acknowledge. 

When working with a line integral in which the path satisfies the condition of Green’s Theorem 

we will often denote the line integral as,        
 

. This notations do assume that   satisfies  

the conditions of Green’s Theorem so be careful in using them.  

Example:5.14  Verify green`s theorem in the plane            
 

             ,where   

is the boundary of the region defined by             . 

Solution:                  and      are two parabolas which intersect at (0, 0) and (1, 1) 

We have         
 

         
  

         
  

 

 

 
 

Along     
            and limits of   are 0 and 1. 

Line integral along    becomes  

          
  

                                
 

 

      

Along     
            and limits of   are 0 and 1. 

Line integral along    becomes  

          
  

                              
 

 

   
 

 
 

Line integral along      
 

 
 

 

 
                                                                                           (i) 

        

















x

y
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Again dA
y

M

x

N
NdyMdx

C
R  

















  

   
 

  
         

 

  
          

 

   

             
 

       
  

        
 

 
 

 

 
                                            (ii) 

Hence from (i) and (ii) the green`s theorem is verified. 

Example:5.15  Use Green’s Theorem to evaluate             
 

, where C is the triangle with 

vertices                   with positive orientation. 

Solution: 

Let’s first sketch C and D for this case to make sure that the conditions of Green’s Theorem are 

met for C and will need the sketch of  D to evaluate the double integral. 

 

 
 

So, the curve does satisfy the conditions of Green’s Theorem and we can see that the following 

inequalities will define the region enclosed.             and         

We can identify   and   from the line integral.  Here they are.                  

So, using Green’s Theorem the line integral becomes, 

            
 

            
 

 

               
  

 

 

 

 

   
 

 
       

 

  

  
 

 

 

             
 

 

 

  
 

 
   

 

 
   

 

 

 
 

 
 

Example: 5.16  Evaluate           
 

 where C are the two circles of radius 2 and radius 1 

centered at the origin with positive orientation. 

    

x

y

     

  

  

(1, 2) 

1 
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Solution:  In this case the region D will now be the region between these two circles and that 

will only change the limits in the double integral so we’ll not put in some of the details here. 

Here is the work for this integral. 

          
 

             
 

 

           
 

 

  

 

 

     
  

 
 
 

 

  
  

 
  

    
  

 
  

  

 
   

    

 
 

Exercise: 5.3  

1. Use Green’s Theorem to evaluate          
 

 counterclockwise around the boundary curve C of the 

region  ,where   
 

 
     

 

 
       is the rectangle with vertices                        . 

2. Prove that the area of a plane region R is given either by     
 

      
 

 or 
 

 
       

 

   , where C is the boundary of R oriented counter clock - wise. 

3. Use Green’s Theorem find the area of a disk of radius  . 

5.4  Surface integral  

             Review of Surfaces 

Adding one more independent variable to a vector function describing a curve         

             ; we arrive to equations that describe a surface. Thus, a surface in space is a 

vector function of two variables: 

                               

These equations are called parametric equations of the surface and the surface given via 

parametric equations is called a parametric surface. 

 The following are examples of parametric surfaces. 

A. The cone          has representation using cylindrical coordinates as   

                    

B.  The parapoloid        
 has representation using cylindrical coordinates as 

                       

C. The sphere            has representation using cylindrical coordinates as 
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Cone                                  paraboloid                                     sphere 

D. The cylinder         has representation using cylindrical coordinates as 

                         The parameters here are   and  . 

E. The cylinder         has representation using cylindrical coordinates as     ,  

                  The parameters here are   and  . 

                                
cylinder                                                       cylinder            

A. Surface integral over non oriented surface 

Similarly as for line integrals, we can integrate a scalar or a vector function over a surface. The  

surface integrals of scalar functions are two dimensional analogue of the line integrals of scalar  

functions. 

Line integral of a scalar function   Length 

Surface integral of a scalar function  Area 

Recall that we computed the surface area of the surface          over region   to be 

Surface area    
 

         
 

              
 

    , 

where                        

 Definition:  Let   be the graph of function ),( yxfz  having continuous partial derivatives on a region 

R in the    – plane, which is either horizontally or vertically simple. 

Let ),,( zyxg be a continuous function on  .  The surface integral of ),,( zyxg over  ,   is defined by   

dAffyxfyxgdszyxg
R

yx   1)),(,,(),,( 22

  
    

Example-5.17  Evaluate   ,)1( dsz  if   is the hemisphere 221 yxZ  . 
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Solution:    is the graph of 
221),( yxyxf   on 1: 22  yxR  

             Here, 1on x 
1

,
1

22

2222










 y

yx

y
f

yx

x
f yx

 

So,   dAffyxdsz yx

Rb
b

2222

1

111)1( lim   
 

 

        ,1
1

1

1

1
11

22
1

22

22

1

limlim dA
yx

dA
yx

yx
bb R

b
R

b

































 

 

where 10,: 22  bbyxRb
 

     


drrrdr
r

bb

b 0

22

2

0 1b

2

0 0
2

1 2

1
1d  1

1

1
limlim

-



























  

 

  




2

0

3
2

3
d . 

Exercise- 5.4: Evaluate:  

a.    dsz 2
, where   is the portion of the cone 22 yxz  for which 41 22  yx . 

b.    dszyx )( ,where   is the portion of the plane         in the 1
st
 octant for which 

       

 

B. Surface integral over oriented surface 

Definition:  Given a continuous vector field F on an oriented surface  , the surface integral of 

the normal component of F  over  , denoted by dsnF. , where n  is the unit normal 

vector t , is called the flux of    across  .  When the surface is closed, the flux integral 

is usually denoted by           
 

. 

To evaluate flux integral “ dsnF.  “, recall that the normal vector to the surface 

  ),(: yxfZ  is given by kjfif yx   or kjfif yx  .  Then unit normal vector is

221 yx

yx

ff

kjfif
n






, when n  is directed down ward or 
221 yx

yx

ff

kjfif
n






, when n  is directed 

upward. So, if PkNjMiF  , then     

  dAff
ff

kjfif
PkNjMidsnF yx

R

yx

yx 22

22
1

1
). 




  

  dAPNfMf
R

yx          , 

when n  is directed down ward, or 
  dAff

ff

kjfif
PkNjMidsnF yx

R

yx

yx 22

22
1

1
. 




  

  

    dAPNfMf
R

yx  , where n  is directed upward. 



                                                                            

 

17 

BY  TIGABU  K. 

Example-5.18:  Evaluate  8F ,. kxjyiifdsnF  and  is the portion of the paraboloid 

229 yxz   above the    – plane and n  is directed upward. 

Solution:  &2,2),(9 22 yfxfyxfyxz yx   

                  8&,8  PxNyMPkNjMikxjyiF  

    
 R RR

dAdAdAyxxydsnF 888)2)(()2)((. 72)9 x:R of (area 8 22  y  

Remark:   1. If ),,( zyx is the density of a fluid at a point ),,( zyxP  , then the rate of mass 

flow of the fluid with velocity ),,( zyxV  through the whole surface   is given 

by             
 

              

                  2.  Flux integrals can be defined for a surface   composed of several-oriented surface 

          , then    
 

          
  

          
  

            
  

       

Exercise-5.4: 

1. If the velocity of water is sec/2 mxzkjyiF  , show that the flux of water through the 

parabolic cylinder 20,30,2  Zxxy  is sec/69 3m . 

2.    Suppose   is part of the paraboloid           that lies above the xy-plane and is 

oriented by the normal directed upward. The velocity of a fluid with constant density   is 

given by 

                   . Determine the rate of mass flow through the surface   in the direction of 

   . 

3.  Evaluate dsnF. , where   is the unit sphere 1222  zyx , oriented with normal that is 

directed out ward, and zkF  . 

5.5  DIVERGENCE’S THEOREM AND STOKES’S THEOREM            

 5.5.1 STOKES’S THEOREM                                                                                                   

Let    be an oriented surface with normal n  and finite surface area.  Assume that  is bounded 

by a closed piece – wise smooth curve C whose orientation is induced by . 

Let  PkNjMiF  be a continuous vector field on   such that its component functions have 

continuous partial derivatives at each point on the boundary C. 

Then  dsnFXPdzNdyMdxrdF
CC

..    
  

Note: k
y

M

x

N
j

x

P

z

M
i

z

N

y

P
FX 





















































 , where  

221 yx

yx

ff

kjfif
n




 , dAffds yx

221   
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so that dsnFXPdzNdyMdxrdF
CC

..    
  

                       

,dA
y

M

x

N
f

x

P

z

M
f

z

N

y

P

R
yx 





























































  

    where all partial derivatives are to be evaluate at  ),(,, yxfyx . 

Example-5.19:  

Show that Green’s Theorem in the plane is a special case of Stokes’s theorem. 

Proof:  jyxNiyxMyxF ),(),(),(   in the    – plane,  

            Then  
k

y

yxM

x

yxN
yxFX 



















),(),(
),(

  

dA
y

M

x

N
dsnFXNdyMdxrdF

R
CC

  


















 
.. , which is Green’s theorem in the plane. 

Example 5.20: Verify Stoke`s theorem  for the function             where C is the unit 

circle in xy- plane bounding the hemisphere            

Solution: Stoke`s theorem       
 

      
 

         where C is the unit circle           

   and            , then                 

                                           

So       
 

     
 

     
 

     
 

 

The parametric equation of the curve is                                

      
 

     
 

          
  

 
         

  

 
                                    (i) 

Again curl    

                                  
 

  
              

 

  
            

 

  

                                 

        

Let     be the outward unit normal to the surface            at point          

Then                      

    
     

       
 

           

                  
          

Therefore                                     

Using spherical polar coordinates 

                                                                                        

                           

                    and                 

In first octant           
 

 
 and             
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                                                                                                                       (ii) 

From (i) and (ii) we get      
 

               
 

   

Which verifies Stoke`s theorem. 

Example 5.21: Use Stokes’ Theorem to evaluate        
 

    where                   

and   is the part of           above the plane    . Assume that   is oriented upwards.  

Solution: 

Let’s start this off with a sketch of the surface. 

 

In this case the boundary curve C will be where the surface intersects the plane     and so will 

be the curve                        at      . 

So, the boundary curve will be the circle of radius 2 that is in the plane z =1. The 

parameterization of this curve is,  

                             

The first two components give the circle and the third component makes sure that it is in the 

plane    . 

Using Stokes’ Theorem we can write the surface integral as the following line integral. 
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Let’s first get the vector field evaluated on the curve. Remember that this is simply plugging the 

components of the parameterization into the vector field. 

                                                   

                                

Next, we need the derivative of the parameterization and the dot product of this and the vector 

field.                                                    

                                     

We can now do the integral.  

     
 

                                
  

 

 

                
     

Remarks:   

1. If two oriented surfaces    and    are bounded by the same curve C and induce the same 

orientation on  , and if                are normal of    ,   respectively, then by Stokes’s theorem: 

        
 

      
  

                         
 

      
  

            , which implies that 

     
  

                
  

             
  

             
  

           

2. If two oriented surfaces     and    are bounded by the same curve C but have opposite orientations 

on  , then         
 

    
  

                 
  

              

Exercise-5.5. 

  1. Use Stokes’s Theorem to evaluate                          
 

, where   is the boundary 

of ABC  with vertices A = (2, 0, 0), B = (0, 3, 0) and C = (0, 0, 6). 

 2.  Let   be the semi – ellipsoid               oriented so that its normal is directed upward.  If 

                      ,  evaluate    
 

         .  

5.5.2    GAUSS DIVERGENCE THEOREM   

Definition: A solid region D is said to be simple iff D is the region between graphs of two continuous 

functions ),(1 yxFZ  and ),(2 yxFZ  on a simple region R in the   -plane and if D has the 

corresponding properties with respect the    – plane and     –plane. Regions bounded by 

spheres, hemi – spheres, ellipsoids, cubes, tetrahedrons, etc... are simple solid regions. 

Theorem:  Let   be a simple solid region whose boundary surface   is oriented by the normal     directed 

out ward from  , and let    be a vector field whose component functions have continuous 

partial derivatives on  . Then     
 

         
 

      

Example-5.22 Verify the divergence theorem for the function                   and   is the 

surface of the cube                           and       
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Solution:   Sketch the solid region D.  

 

 

 

 

 

 

 

i. Using surface integral, we have: Face OAGB, out ward normal vector is 0,  zkn  

   
 R R

odAdAkokyjyixdsnF 0)).(.0.4(. 2  

ii. Face CEFD, out ward normal vector is 1,  zkn  

 
 RR

ydAdAkkyjyixdsnF )).(1.1.4(. 2

2

1

2

1
1

0

1

0

1

0

 




























x

x

x

x

y

y

dxdxydy  

iii. Face AGFE, out ward normal vector is 1,  yjn  

   11)).(.14(.    R R
dAdAjzkxzidsnF  

iv. Face OBDC, outward normal vector is 0,  yjn  

  0)).(.004(. 2    R R
odAdAjzkjxzidsnF  

v. Face DBGF, out ward normal is 1,  xin  

       
 R R

zdAdAiyzkjyzidsnF 4)).(1.4(. 2
244

1

0

1

0















   









dxzdzzdA

x

x

z

z

 

vi. Face OAEC, outward normal is 0,  xin  
 R

dAiyzkjyzidsnF 0)).(0.4(. 2
 

Thus, 
2

3
020)1(

2

1
0.  dsnF  

Using the divergence theorem we have that  

                     
 D DD

dvyzdvyyzdvFdsnF )4()24(..  

                                                                          
   

   

   

   

   

   
 

 

 
   , which is very short. 

Example-5.23:  

If  is the sphere 4222  zyx  and zkyjxiF 543  , use the Divergence theorem to 

evaluate to dsnF. . 

Solution: Here, 12543.  F .  



                                                                            

 

22 

BY  TIGABU  K. 

  
 D D

dvdvdsnF 11212. , where D is the solid  4222  zyx  

                     












128sin

2

0 0

2

0

2 



























   













ddd  , using spherical coordinates. 

Exercise-5.6  

1. Verify the Divergence theorem for kxyzjzxyiyzxF )()()( 222   taken over the 

rectangular parallelepiped czbyax  0&0,0   

2.   Use the Divergence theorem to evaluate kzjyxidsnF 2224F if ,.  and  is the surface 

bounding the region 3z and 0,422  zyx . 


