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CHAPTER 5

LINE AND SRFACE INTEGRALS
5.1 LINE INTEGRAL
In this section we define an integral that is similar to a single integral except that instead of
integrating over an interval [a, b], we integrate over a curve . Such integrals are called line
integrals, although “curve integrals” would be better terminology. They were invented in the
early 19th century to solve problems involving fluid flow, forces, electricity, and magnetism.
Primary here are some of the more basic curves that we will need to know how to do as well as
limits on the parameter if they are required.

Parametric Equations
curves Counter-clockwise clockwise Interval
Ellipse - Z_i z_izl x=acolst, x=acos.t, 0<t<2m
y = b sint y = —b sint
Circle - x%2+y?% =12 X =1 cost, x =7 cost, 0<t<2m
y =rsint y = —rsint
y = f(x) x=t,y=f(t) For all x the function defined
x=g) y=t,x=g(t) For all y the function defined
Line segment from x=([1-t)xy+txq
(x0Y0Z0) 10 (X1Y174) y=00-0yo+ty 0<t<1
z=(1-1t)zyg+tz;

5.1.1 Line integral of a scalar filed

Definition: For some scalar field f: U € R"™ — R, the line integral along a smooth curve
C c U is defined as

Jofds = [ fr@IF @) de.
where r: [a, b] = C is an arbitrary parameterization of the curve C such that (a) and r(b) give
the endpoints of C and a < b.The function f is called the integrand, the curve C is the domain of
integration, and the symbol ds may be intuitively interpreted as an elementary arc length.
Example 5.1: Evaluate fC(3x2 — 2y) ds, where C is the line segment from (3,6) to (1, —1).
Solution: Here is sketch of C with the direction specified in the problem statement shown.

v (= 6

(1. 13
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So, we’ll need to parameterize this line and we know how to parameterize the equation of a line between
two points. Here is the vector form of the parameterization of the line.

Tt)=0-1t)3,6)+t(1,-1)=(B3-2t,6—-7t), 0<t<1
We could also break this up into parameter form as follows.
x=3-2tandy=6—-"7t, for 0 <t <1.
We’ll need the magnitude of the derivative of the parameterization so let’s get that.
r'() = (=2,7) = |[F©| = J(=2)> + (-7)2 = V53
We will also need the integrand evaluated at the parameterization.
3x2—2y=3(3-2t)2=-2(6—7t) =3(3—2t)?—12 + 14t
Then the line integral is

b —_—
JofGey)ds = [ fx(@®),y@)IIr'(®)]|dt
= [, [3(3 — 2t )* — 12 + 14t] V53 dt = 8/53.
Example 5.2: Evaluate [.(2 + x*y) ds, where C is the upper half of the unit circle x* + y? = 1

with counterclockwise rotation.
Solution: First, Here is a quick sketch of C with the direction specified in the problem statement
shown.

y

T

we must write C in parametric form. The upper half of the unit circle is
x(t) = cost,y(t) = sint,0 < t < m, then

JofGay)ds = [} FG®,y@)IF ©)]1de
= f (2 + cos?t sint)+/ cos?t + sin?tdt
0

s
=f (2 + cos?t sint)dt
0
s s
=f 2dt+f cos?t sintdt
0 0

B IZt cos3tr
B 3
0

=2 +1+1—2( +1)
I T Tl (L
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Example 5.3: Evaluate fc(xy — 4z) ds where C is the line segment from to (1,1,0) to (2,3, —2).
Solution: Here is a quick sketch of the curve C.

x u]

(2.3-2)
We know how to get the parameterization of a line segment so
) =1-0(110)+t(23,-2)=((1+0t),1+2t,-2t)) 0<t<1

=x(®)i+yt)j+z(t)k
We’ll need the magnitude of the derivative of the parameterization so let’s get that.
() = (1,2,-2) then |[r'(®)] = /(D2 + (2)2 + (-2)2 =9 =3
And here is the integrand evaluated at the parameterization.
xy—4z=(1+t)(1+2t) —4(-2t) =2t2 + 11t + 1
The line integral is then,

1 2 11 143
f(xy—4z)ds=f (2t2+11t+1)(3)dt=3[—t3+—t2+t] =—
c 0 3 2 0 2

Remark: It is still possible to compute a line integral when the curve C is not a smooth curve, as
long as it is piecewise smooth, that is made of smooth pieces C;, C,, C5, ..., C,,. In this case

n
]fds= Fds+ | fds+ fds+---+J fds=z fds
c I C, Cs Cn e,

Example 5.4: Evaluate [.4x* ds where C is the curve shown below.

¥
2

Solution.
So, first we need to parameterize each of the curves.
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ciix=t,y=-1, -2<t<0
cpx=t,y=t3—-1,0<t<1
cz:x=1,y=t 0<t<?2
Now let’s do the line integral over each of these curves.
0 0
. fcl 4xds = [ 4t3\/(1D? + (0)2dt = [_ 4t3dt = t*|2, = —16

1
o [ 4xdds = [ 43 (D7 + B2 dt

1
=f 4t34/1 4+ 9t* dt
0
~(3)@)[a+ o] = 2268
-~ \9/\3 o
3 Jo — (2 3 — (2 _
. fC3 4xds = [ 4(1)%/(0)2 + (1)?dt = [ 4dt =8
Finally, the line integral that we were asked to compute is,
f4x3ds=f 4x3ds+] 4x3ds+j 4x3 ds
c c C C3

1 2

=—-16+2.268 + 8

= —5.732
Example 5.5: Evaluate [.(1 + x*) dx where C is the right half of the circle of radius 2 with
counter clockwise rotation followed by the line segment from (0, 2) to (-3, —4).
Solution. The direction is sketch bellow.

Now let’s parameterize each of these curves.
c1: x = 2 cost, y = 2 sint, then 7(t) = 2 costi + 2 sintj, —g <t<
c: 7(t) =(1—-1)(0,2) +t(—-3,—-4) =(-3t,2—-6t), 0<t<1
Now we need to evaluate the line integral. Be careful with this type line integral. Note that the
differential, in this case, is dx and not ds as they were in the previous section.
All we need to do is recall that dy = y'dt and dx = x'dt when we convert the line integral into
a “standard” integral.

SIE
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Here is the line integral.

T
2

(14 x%) dx = f [1+ (2cos t)?] (~2sint)de
T

2
= fﬂ[—Z sint — 16cos3tsint] dt = 0

(1+x3)dx=f [1+ (=36)%] (=3)dt

C; 0

1 69
=f —3+81t3dt = —
0 4
Now we need to do is add up the line integrals over these curves to get the full line integral.

f(1+x3)dx= 1+xNdx+ | (A+x3dx
C C1 C2
69 69

4 4

Exercise:1
1. Evaluate fC(Zyx2 — 4x) ds where C is the lower half of the circle centered at the origin

of radius 3 with clockwise rotation.
2. Evaluate fcx ds for each of the following curves.
a Ciy=x%-1<x<1
b. C, : the line segment from (—1,1) to (1,1)
c. Cj :the line segment from (1,1) to (—1,1)

5.1.2 Line integral of a vector field

Definition: For a vector field F : U € R® - R™,, the line integral along a smooth curve C c U,
in the direction of r, is defined asfcﬁ(r). dr = f: F(r). (W(t)) dt

where ‘-’ is the dot product and 7: [a, b] — C is a parameterization of the curve C such that r(a)
and r(b) give the endpoints of C.

A line integral of a scalar field is thus a line integral of a vector field where the vectors are
always tangential to the line.

Line integrals of vector fields are independent of the parameterization r in absolute value, but
they do depend on its orientation. Specifically, a reversal in the orientation of the
parameterization changes the sign of the line integral.

The line integral is also defined by fcﬁ(r). dr = fcﬁ(x, y,2).T(x,y,z)ds , where #(t) = xi +
yj + zk is the parameterization of the oriented smooth curve C,
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dt

el
dt

T(x, y, z) is the unit tangent vector to C at (x, y, z) given by

Recalling that ds = ”3—?” dt

, we have that:-

ar

—|| dt
dt

fcﬁ(r).dr = fcﬁ(x,y,z).f(x,y,z)ds = f: Iﬁ(x(t),y(t),z(t)). dt l

Il
= [} [Fa,y@),2(0). %] at,
where [a, b] is an interval on which C is parameterized by #(t) = xi + yj + zk, [a, b]
Thus [ F(r).dr = [} [F(), y(0), 2(0). 2] dt
Remark: If F represents the force acting on a particle moving along an arc AB then the work

done during the small displacement 67 is F.57. Therefore, the total work done by F(r)
during the displacement from A to B is given by W, = fAB F(r).d?.

Example: 5.6 Evaluate the line integral | F(r).dr,where F = (x + y)i + (y — x); along each
of the paths in the xy-plane.

a. The parabola followed by x = y?2 from (1, 1) to (4, 2)

b. Thecurvex =2u?+u+ 1andy =u? + 1 from (1,1) to (4, 2)

c. theliney =1 from (1,1) to (4, 1), followed by the line x = 4 from (4,1) to (4, 2).
Solution:

Since each of the path lies entirely in the xy-plane, we have dr = dx i + dy j. Therefore,

fcﬁ'(r). dr =[x +Y)dx + (F = X) AY v e st (%)
We now evaluate the line integral along each path.
a. Along the parabola y? = x we have 2ydy = dx. Substituting for x in Eq. (x) and

using just the limits on y, we obtain f((f'lz))[(x + y)dx + (y — x)dy]

2 " 34
~ [ 102+ 2y + -yl =
1
b. The second path is given in terms of parameter u. We could eliminate u between two
equations to obtain a relationship between x and y directly. Along the curve x =
2u?+u+ 1,y =1+ u? wehave dx = (4u + 1) du and dy = 2u du. Substituting

for x and y in Eq. (*) and writing the correct limits on u, we obtain
1

(4,2) 32
f [(x +y)dx + (y —x)dy] = f [Bu? +u+2)(4u+1) — (u? +u)2u]du = 5
(

1,1) 0
c. For the third path the line integral must be evaluated along the two line segments
separately and the results added together. First, along the line y = 1, we have dy = 0.
Substituting this into Eqg. () and using just the limits on x for this segment, we obtain
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(4,1)
f [(x +y)dx + (y —x)dy] = f (x + Ddx =
11D 2

Along the line x = 4, we have dx = 0. Substituting this into Eq.(*) and using just the

limits on y, we obtainfg"lz))[(x +y)dx + (y —x)dy] = flz(y —4)dy = ‘75

Therefore, the value of the line integral along the whole path is % — 2 = ? =8

Example: 5.7
An object of mass m moves along the curve given by the position Vector
7(t) = (at?,sinbt,cosbt), 0 <t < 1,a and b are constants. Find the total force acting
on the object and the work done by this force.
Solution:
You will recall that Newton. s second law of motion says that
F =ma(t) = mr'(t)
And the work done W is given by W = fol F(r).7 () = f01 mr’(t).7'(t)
Now 7(t) = (at?, sinbt, cosbt)
7'(t) = (2at, bcosbt, —bsinbt) and
7"(t) = (2a, —b?sinbt, —b?*cosbt)
Then F = ma(t) = mr'(t) = m[2ai + (—b?sinbt)j, (—b?cosht)k]
And also F(r)(£). 7'(t) = m4a?t
It follows that W = fol méa’t dt = 2a’*m
Example: 5.8 A particle moves up ward along the circular helix C, parameterized by

E(t) =costi +sintj +tk for 0 <t <2z under a force give F(X,y,z) =—zvi + zx+ j + XyK.
Find the work done on the particle by the force. 4z
Solution: Consider the figure — _________ o

\Q
o)

In Cl:Fl(t)zcosti+sintj+tk,for0£t£27r 35
x(t) =cost
y(t) =sint :>rj’(t) =—sinti + cos &~ X
z(t) =t

27
Therefore, W, = IF.dr = I[tsinti +tcostj +sintcostj(—sinti + costj + k]dt
0
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= I tsin®t+tcos t+smtcost)dt— I(t+smtcost)dt

0

2

1°%F .
+ = | sin(2t)dt =
2! (2t)

2 27

2
_r 7L osat =27°
2 4

0 0
Exercise:2
1. Calculate the line integral of the scalar function F(x,y) = xy3 over the right half of the
semi circle x2 + y? = 4 along the counterclockwise direction from (0, —2) to (0, +2)
2. An object acted on by a force F (x; y) = (x3,y) moves along the parabola y = 3x?
from (0, 0) to (1, 3). Calculate the work done by F.
5.2 Fundamental theorem of line integral

Let C be a smooth curve with initial point (x,, y,, z,)and terminal point(x,,y,,z,). Let f be a

function of three variables differentiable at every point on C. If Vf (X, Y, z) is continuous on C

then fC Vf.dr = f(x1,y1,21) — f (X0, Yo, Zo)-

Proof: Let F(t) =X()i+ y(t) j + z(t)k,a <t <bbe a parameterization of C. Then using the Chain
Rule and the Fundamental Theorem of Calculus,

- b dr
(j: vidr= j [Vf (x(1), y (1), z(t)).a}dt

a

:b - il Y dy . g
! [ f(x(), y(t), z(®)i + f(X(t) y(t), z(1)) ] 3 f(X(t) y(t), Z(t))kJ( R R kjd

t=b

t=a

Idi(f (x(1), y(t), z(t) )dt = [ f (x(), y(t), 2(1)]
.I:

(x(b), y(b)), 2(b) — T (x(a), y(a), z(a)) = f (X, V1, 21) = F (X, Yo, 20)

Note: suppose that F is a continuous vector field in some domain D.

1. F is aconservative vector field if there exist a function f such that F= Vf.The function
f is called a potential function for the vector field.

2. Apath Cis called closed if its initial and final points are the same point. For example a
circle is a closed path.

3. Apath Cis simple if it doesn’t cross itself. A circle is a simple curve.

4. Aregion D is open if it doesn’t contain any of its boundary points.

8
BY TIGABU X.




ADDIS ABABA ScincE AND TECHNOLOGY UNIVERSITY

Example: 5.9 Determine if the following vector field is conservative or not. If it is conservative
find the potential function.
A. F(x,y) = (6 —2xy +y3)i + (x% — 8y + 3xy2)j
B. F(x,v,2) = (2z* =2y —y3)i + (z — 2x — 3xy?)j + (6 + y + 8xz3)k
Solution:
There really isn’t all that much to do with this problem. All we need to do is identify P and Q
where Fis a plane vector field and P,Q and R where Fisa space vector field. Then run through
the test.
A P=6-2xy+y3andQ = x? — 8y + 3xy?
So P, = —2x + 3y?*and Q, = 2x + 3y?
we can clearly see that P, # Q, and so the vector field is not conservative.
B. F(x,y,2z) = 2z* — 2y — y®)i + (z — 2x — 3xy2)j + (6 + y + 8xz®)k
Here P =2z*—2y—y3, Q=z—-2x—3xy?andR = 6 + y + 8xz3
So P,=-2-3y%, B, =82%,Q0,=-2-3y%Q,=1R,=8z%andR, = 1
we can clearly see that P, = Qy
P, = Ry
Q. = R, , hence the vector field is conservative.
To find the potential function for this vector field we know that we need to first either integrate P
with respect to x, integrate Q with respect to y or R with respect z. So, let’s go with the
following integration for this problem.

f&x,y,2) =dey=J(Z—2x—3xy2)dy

=zy — 2xy — xy> + h(x, 2)
Next, we can differentiate the function from the previous step with respect to x and set equal to P
or differentiate the function with respect to z and set equal to R. So let’s differentiate with
respect to z.

f=y+h,(x,z) =R=6+7y+8xz3
= h,(x,z) = 6 + 8xz3

= h(x,z) = J(6 + 8x2z3)dz = 6z + 2xz* + k(x)

Then f(x,y,2z) = zy — 2xy — xy® + 6z + 2xz* + k(x)
Again let’s differentiate with respect to x.
fo=—-2y—v3+2z*+k'(x) =P =2z*-2y—y3
=k'(x)=0
= k(x)=C
Therefore the potential function for the vector field is
f(x,y,2) = zy — 2xy — xy> + 6z + 2xz* + C.
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Example: 5.10. Evaluate fC Vf.dr where f(x,y,z) = cos(mx) + sin(ry) — xyz and C is any
path that starts at (1, % 2)andendsat (2,1,—1).

Solution: Let C, be any path that starts at (1, % 2)andendsat (2,1,—1)on a <t < b.
Then #(a) = (1, 5,2) and #(b) = (2,1,—1)
The integral is fC Vf.di=f(2,1,-1) —f(l, %2)

= cos2m +sinm + 2 — <cosn + sin% — (%) 2(1))
=4
Example: 5.11
1. Calculate the line integral of the vector field F = 2xi + 3yj + 4zk along the following
two paths joining the origin to the point P(1,1,1).
a. Along a straight line joining the origin to P,
b. along a path parameterized by x = t, y = t2, z =t3
2. From the result of Problem 1, can you conclude that the force is conservative? If so,
determine a potential function for this vector field.
Solution:
1.

a. For the straight linepathx =y =z
fcﬁ(r).dr = [ fxdx+fydy + f,dz = fol 2xdx + fol 3ydy + fol Azdz =2

2
b. For the second path dx = dt, dy = 2tdt, dz = 3t2dt, so that

4 _ 1 3 5 _ 9
JoF().dr = [ (2t + 6t° +12t°)dt = 5
2. Just from the fact that line integrals along two different paths give the same result, one

cannot conclude that the force is conservative. However, in this particular case, the vector

field happens to be conservative. Let the potential function be f, F= Vf. Equating
components of the force, we get

f;cza—f=2x=>f=x2+C1(y,z)

ox

af 3 5
fy=$=3y=>f=§y + C3(x, 2)

af 5
fZ:a_z:4Z:>f:22 + C3(x,y)

Clearly, the function is given by f = x? + gyz + 2z2 + C, where C is an arbitrary constant,
which can be taken to be zero. The line integral can therefore be written as

P 1,1,1) 3 9
C (0]
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Path independence of line integral
Theorem: the line integral [ F(r).dr = [ .(Fidx+F,dy + F3dz) , dr(dx,dy,dz) with
continuous Fj, F,, F5 in a domain D in space is path independence in D iff F = (F,, F,, F3) is the

of F_af _ of
ax’ 2 a9y’ 37 oz

gradient of some function f inD. i.e. F = gradf thus F, =
Corollary:

The line integrals: ff(Fldx+F2dy + F3dz) = f(B) — f(4) , F = gradf

Note: [, F. d# is independent of path if Ie., F.df = ke, F. dt for any two paths C, and C, in D
with the same initial and final points.

Example: 5.12 Show that the integral jF.dr = j(2xdx+ 2ydy +4zdz), is path independent in any

C C
domain in space and find its value in the integral from A: (0,0,0) to B: (2,2,2)

Solution: F = [2x,2y,4z] = grad f, where f = x? + y? 4+ 222, because Z—i =2x = Fj,

Z—£ =2y =F,, Z—i = 4z = F;. Hence, the integral is independent of path according to theorem

above, then [ F.dr = f(B) — F(A) =4+ 4 +8 = 16.

Facts:
1. [.VE.dt is independent of path,

This is easy enough to prove since all we need to do is look at the fundamental theorem of
line integral above. The theorem tells us that in order to evaluate this integral all we need
are the initial and final points of the curve. This in turn tells us that the line integral must be
independent of path.

2. If F is a conservative vector field then fc F.dtis independent of path.

This fact is also easy enough to prove. If F is conservative then it has a potential function,
f, and so the line integral becomes ||, E.df = J Vf.df. Then using the first fact we know
that this line integral must be independent of path.

3. The integral fcﬁ. dr = 0 for every closed path C if and only if fc F.dtis independent of
path.

Example: 5.13 Given that fC F.dtis path independent, compute fc F. d¢ where C is an ellipse

. (x=5)% | ¥? . . .
given by —t5 =1 with the counter clockwise rotation.

Solution: There are two important things in the problem statement.
First, and somewhat more importantly that the integral is independent of path.
Second the curve, C, is the full ellipse which is a closed curve.
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Then the value of a line integral of this type around a closed path will be zero
JF.di=0

5.3 Green's Theorem
Theorem: Let R be a simple region in the xy — plane with a piece — wise smooth boundary C oriented
counter clock wise. Let M and N be function of two variables having continuous partial
derivatives on R. Then J'de+ Ndy = ﬂ N _oM
2 RLOx oy
Before working some examples there are some alternate notations that we need to acknowledge.
When working with a line integral in which the path satisfies the condition of Green’s Theorem
we will often denote the line integral as,gSC Mdx + Ndy. This notations do assume that C satisfies
the conditions of Green’s Theorem so be careful in using them.

Example:5.14 Verify green’s theorem in the plane §,.(3x” — 8y?) dx + (4y — 6xy)dy,where C
is the boundary of the region defined by y = vx, y = x2.

Solution: y = v/x i.e y? = x and y = x? are two parabolas which intersect at (0, 0) and (1, 1)
We have § Mdx + Ndy = gﬁcl Mdx + Ndy + gﬁcz Mdx + Ndy

Along C;: x? = y,dy = 2xdx and limits of x are 0 and 1.
Line integral along C; becomes

1
(3x% —8x*) dx + (4x? — 6x3)2xdx = f (3x% —8x3 —20xH) dx = -1
o) 0
Along C,:y? = x,dx = 2ydy and limits of y are 0 and 1.
Line integral along C, becomes
0

5
jﬁ (By* —8y*) 2ydy + (4y — 6y3)dy = f (6y> —22y* + 4y)dy = 5
C, 1

Line integral along € = —1 + ; = % Q)

12
BY TIGABU X.



ADDIS ABABA ScincE AND TECHNOLOGY UNIVERSITY

Again j Mdx+ Ndy = [ (O—N—é—deA

oy
— a 2 2
_.ffR a(4y—6xy)—@(3x —8y*°) |dA
= [ (~6y + 16y)da = [} ([ 10y dy)dx =2 (ii)

Hence from (i) and (ii) the green’s theorem is verified.

Example:5.15 Use Green’s Theorem to evaluate §, xydx + x*y*dy, where C is the triangle with
vertices (0, 0), (1,0), (1, 2) with positive orientation.

Solution:

Let’s first sketch C and D for this case to make sure that the conditions of Green’s Theorem are
met for C and will need the sketch of D to evaluate the double integral.

So, the curve does satisfy the conditions of Green’s Theorem and we can see that the following
inequalities will define the region enclosed. 0<x<1land 0<y<2x

We can identify M and N from the line integral. Here they are. M = xy and N = x?%y3

So, using Green’s Theorem the line integral becomes,

jgxydx + x%y3dy = ﬂ (2xy3 — x)dA
c

f fzx(ny —x)dydx

Sy

—f (8x5 — 2x?)dx
0

2 .10 2
X6 _2 3 =2
- [3" 3% ]0 3
Example: 5.16 Evaluate §.y*dx — x*>dy where C are the two circles of radius 2 and radius 1

centered at the origin with positive orientation.
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Solution: In this case the region D will now be the region between these two circles and that
will only change the limits in the double integral so we’ll not put in some of the details here.
Here is the work for this integral.

jgyg’dx —x3dy = -3 .U (y? + x%)dA
c D

21T 2
= —3[ f r3drdé
0o J1

=3 f027f [Z:E a6

=-3[72do =

—451

Exercise: 5.3
1. Use Green’s Theorem to evaluate [ F. di counterclockwise around the boundary curve C of the

region R where F = ~xy*i +~yx*j, R is the rectangle with vertices (0, 0), (3,0), (3,2), (0, 2).
2. Prove that the area of a plane region R is given either by [ xdy, [.—ydx or% Jo—ydx +

xdy, where C is the boundary of R oriented counter clock - wise.
3. Use Green’s Theorem find the area of a disk of radius a.

5.4 Surface integral

Review of Surfaces
Adding one more independent variable to a vector function describing a curve x = x(t),
y = y(t), z = z(t); we arrive to equations that describe a surface. Thus, a surface in space is a
vector function of two variables:
r(u,v) = (x(u, v),y(u,v),z(u, v)).

These equations are called parametric equations of the surface and the surface given via
parametric equations is called a parametric surface.
v The following are examples of parametric surfaces.

A. The cone z = /x2 + y?2 has representation using cylindrical coordinates as x =
rcos@,y =rsinf, z =r.

B. The parapoloid z = x2 + y? has representation using cylindrical coordinates as
x =rcosh,y =rsinb, z =12,

C. The sphere x? + y2 + z2 = 9 has representation using cylindrical coordinates as

x = 3cosOsin®, y = 3sinfsin®, z = 3cos0.
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Cone paraboloid sphere

D. The cylinder x? + y2 = 4 has representation using cylindrical coordinates as
x = 2cosf, y = 2sin6, z = z. The parameters here are 8 and z.

E. The cylinder y2 + z? = 4 has representation using cylindrical coordinates as x = x ,
y = 3cos8, z = 2sinf. The parameters here are 6 and x.

cylinder x2 + y? = 4 cylinder y2 + z2 = 4

A. Surface integral over non oriented surface
Similarly as for line integrals, we can integrate a scalar or a vector function over a surface. The
surface integrals of scalar functions are two dimensional analogue of the line integrals of scalar
functions.

Line integral of a scalar function < Length

Surface integral of a scalar function <Area
Recall that we computed the surface area of the surface z = f(x, y) over region X to be

Surface area [[; ds = [[; | X 1| dxdy = [[;\/f + f, + 1 dxdy,
wherer = (x,y,z) = (x, v, f(x, y))
Definition: Let X be the graph of function z = f (X, y) having continuous partial derivatives on a region

R in the xy — plane, which is either horizontally or vertically simple.
Let g(X, Y, Z) be a continuous function on X. The surface integral of g(X, Y, Z) over X, is defined by

I gty 2ds= gy, FOu 87+ 171 oA

Example-5.17 Evaluate .Uz (L+2)ds, if s is the hemisphere Z = 1— x* — y2 .
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Solution: X is the graph of f(X,y)=+1-x*—-y? on R:x? +y?<1
Here, § — — X £ o= -y

J—xr—y? 7 o —y?
50, [|_ @+ 2)ds = fim [ L+ 41— x* — y? i+ 17+ 1 2dn
b—1" R,

“lim ﬂm(um{
=lim ZIT(

b—1"

onx? +y®<1

1 +l]dA’WhereRb:x2+y2£b, O0<b<1

1 .
= ldA= I
ﬁj im . [ﬁ
b
+1errd¢9 I||m[—v1—r +;r2j
0

0 b1

327r
de =E£d¢9:37z--

Exercise- 5.4: Evaluate.

_Uzzzds , where X is the portion of the cone z =4/x? + y? for which 1< x? + y* <4.
b. Hz(x+ y + 2)ds ,where X is the portion of the plane x + y + z = 1 in the 1* octant for which

0<z<1.

B. Surface integral over oriented surface
Definition: Given a continuous vector field F on an oriented surface 2 , the surface integral of

the normal component of F over 2 , denoted by ﬂ'E_ﬁds ,where n is the unit normal
z

vector t2 | is called the flux of Facross Y.. When the surface is closed, the flux integral
is usually denoted by qjﬁz F.7 ds.

To evaluate flux integral * ‘UZF .NdSs « recall that the normal vector to the surface

Z: Z="f(xy)isgivenby f,i+f j—k or—fi-f, j+k. Then unit normal vector is

-_ fi+f,j—k, when n isdirected downwardor ; _ — fi— ,J +k when NN is directed
N N

upward. So, if F = Mi + Nj + Pk , then

[[Frds = [[_(Mi+ Nj + Pk))e i '+ff21 fz\/ﬁdA = [[.(mf, + Nf, — P)dA '
AJ1+ +

n is di - —fi—f j+k
when n is directed down ward, or HZF.nds=_|'_fR(Mi+Nj+Pk)o x yJ+ mdA

1+ 2+ 2

= [[_(=™mf, =N, + PHiA, where n is directed upward.

16
BY TIGABU X.



ADDIS ABABA ScincE TEI:HIlnllEY UNIVERSITY

Example-5.18: Evaluate F.nds,if F= yi — xj +8k and X is the portion of the paraboloid
>

7 =9—x? — y2 above the xy — plane and n is directed upward.
Solution: z=9-x* -y’ =f(x,y)=f =-2x,f, =2y &
F=yi-xj+8k=Mi+Nj+Pk =M =y,N=-x&P =8
w ([ Fnds = [[_((=y)(2x)—(—)(-2y) +8)A= [[ 8dA=8[[dA =8 (areaof R:x* + y* <9) =72z
Remark: 1. If 6(X,Y,z)is the density of a fluid at a point P =(X, Y, z), then the rate of mass
flow of the fluid with velocity \7(x, y, ) through the whole surface X is given
by ffz 5(x,y,2)V (x,y,2).7ds
2. Flux integrals can be defined for a surface Y. composed of several-oriented surface

S0, X2, s Xns then [[LF Fids = [[ F.fids + [ F.7ids + -+ [[, F.fids
Exercise-5.4:
1. If the velocity of water is F= yi+2]j+xzk m/sec, show that the flux of water through the
parabolic cylinder y=x*,0<x<3,0<Z<2is69 m®/sec.

2. Suppose Y is part of the paraboloid z = 1 — x? — y? that lies above the xy-plane and is
oriented by the normal directed upward. The velocity of a fluid with constant density & is

given by
V=xi+ yj + 2zk. Determine the rate of mass flow through the surface Y’ in the direction of
.

3. Evaluate HZF.ndS , Where 2 is the unit sphere x2 + y2? + z2 =1, oriented with normal that is

directed out ward, and F = zk .

5.5 DIVERGENCE’S THEOREM AND STOKES’S THEOREM
5.5.1 STOKES’S THEOREM

Let ¥ be an oriented surface with normal n and finite surface area. Assume that ¥ is bounded
by a closed piece — wise smooth curve C whose orientation is induced by X .

Let F =Mi+ Nj + Pk be a continuous vector field on X such that its component functions have
continuous partial derivatives at each point on the boundary C.
Then JE.dF = J Mdx + Ndy + Pdz = _”ZVX F.nds

C C

_ L fi—f j+k
Note: gy g [P _oN ) (5'\/' _6Pj- N _oM)  where n—_ X" ,ds=41+ 2 + f2dA
oy o) la o) & o Ji1+ f2+ 2 '
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so that IF dr—Ide+ Ndy + Pdz —_UVXF nds

-I { (5P_5Njf @:‘@W@‘@yﬂﬂd’*

where all partial derivatives are to be evaluate at (x, y, T (X, y)).

Example-5.19:
Show that Green’s Theorem in the plane is a special case of Stokes’s theorem.

Proof: E(x, y)=M(X, y)i + N(X,y)] inthe xy — plane,

Then ON(X, y) M (X, Y)
OX oy

VX E(x, y) = [

- j Fdr _‘[de + Ndy = ﬂ‘ VX E.nds = ﬂ (8N _%’\y/l A, which is Green’s theorem in the plane.

Example 5.20: Verify Stoke's theorem for the function F=zi+ xj + yk where C is the unit
circle in xy- plane bounding the hemisphere z = \/1 — x2 — y2
Solution: Stoke’s theorem [_F.dr = [fy curt F.7ids where C is the unit circle x2 + y2 = 1,z
0 and 7 = xi + yj + zk, then d7 = dxi + dyj + dzk

F.dr = (zi + xj + yk). (dxi + dyj + dzk) = zdx + xdy + ydz
So J F.dr = [ zdx + [ xdy + [, ydz
The parametric equation of the curve is x = cost,y =sint,0 <t <2m, z=0,dz=0

fcﬁ.dr=fcxdy=f02ncostcostdt=fozncosztdt=7r (i)
i j k
Again curlF = |2 9 Il=it+j+k
Ox dy 0z
z x y

Let 7 be the outward unit normal to the surface x? + y2 + z% = 1 at point (x,y, z),
Then F(x,y,z) = x>+ y? +z2 -1

gradf 2xi + 2yj + 2zk
lgradFll  [(2x)% + (2y)% + (22)?
Therefore curlF. i = (i+j+ k). (xi+yj +zk) =x+y +z
Using spherical polar coordinates
x = rsinf cos® = sinf cos® ar =1
y = rsinf sin@ = sinf sin®
z = rcosf = cosf andds = sinf dO d@

In first octant 6 = 0 to gand ® =0to2m

n= =xi +yj+ zk

curl F.7l = sinf cos® + sin0 sin® + cos
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s
, 2 (%"
ﬂ curl F.nds = f f (sinf cos® + sinb sin® + cosf)sinb dp do
Y o Jo

T
2
= .f (sinf sin® — sin cosP + cosH)|5"sind do
" on
2
= Zn.f cosOsinfdo
0

T

= f *5in20d0
0

n
2

_ [ cosZH]
=1 > .

=1 (i)
From (i) and (ii) we get ffz curl F.iids = [ F.dr
Which verifies Stoke's theorem.
Example 5.21: Use Stokes’ Theorem to evaluate ffz curlF .ds where F = z%i — 3xyj + x3y3k

and Y is the part of z = 5 — x? — y?2 above the plane z = 1. Assume that ¥’ is oriented upwards.
Solution:
Let’s start this off with a sketch of the surface.

In this case the boundary curve C will be where the surface intersects the plane z = 1 and so will
bethecurve 1=5-x?2—-y2=x>+y2=4 at z=1.
So, the boundary curve will be the circle of radius 2 that is in the plane z =1. The
parameterization of this curve is,
7(t) = 2costi + 2sintj + k,0 < t < 2m
The first two components give the circle and the third component makes sure that it is in the
plane z = 1.
Using Stokes’ Theorem we can write the surface integral as the following line integral.
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21
.ff curl F.7ids = fﬁ dr =f ﬁ(?(t)).?’(t)dt
2 c 0

Let’s first get the vector field evaluated on the curve. Remember that this is simply plugging the
components of the parameterization into the vector field.
ﬁ(?(t)) = (1)%i — 3(2(cost)(2sint))j + (2cost)3(2sint)?
= [ — 12costsintj + 64(cos3t) (sin3t)
Next, we need the derivative of the parameterization and the dot product of this and the vector
field. 7'(t) = —2sinti + 2costj
ﬁ(?(t)).?’(t) = —2sint — 24sintcos?t
We can now do the integral.

2T
ff curl F.7ids = f (—2sint — 24sintcos?t)dt
5 0

= [2cost + 8cos3t]3" =0
Remarks:
1. If two oriented surfaces Y}; and Y., are bounded by the same curve C and induce the same
orientation on C, and if 7, , 7, are normal of }}; , Y. respectively, then by Stokes’s theorem:

Je F.dr = fle curl F.7i;ds and J. F.dr = ﬂZz curl F.7iyds, which implies that
fle curl F.7i,ds = ffzz curl F.7i,ds = fle VX F.7,ds = ffzz VX F.7,ds

2. If two oriented surfaces ),; and )., are bounded by the same curve C but have opposite orientations
on C, then fcl_f. dr = fle VXF.7ids = —ffzz VX F.7i,ds

Exercise-5.5.

1. Use Stokes’s Theorem to evaluate fc(x + y)dx + (2x — z)dy + (y + z)dz, where C is the boundary

of AABC with vertices A=(2,0,0),B=(0,3,0)and C=(0, 0, 6).

2. Let Y be the semi —ellipsoid z = 2,/1 — x2 — y2 oriented so that its normal is directed upward. If
F = x%i + y%j + Z* tan(xy) k , evaluate ffZ VX F.7ds .

55.2 GAUSS DIVERGENCE THEOREM
Definition: A solid region D is said to be simple iff D is the region between graphs of two continuous

functions Z = F,(x, y)and Z =F, (X, y) on a simple region R in the xy-plane and if D has the
corresponding properties with respect the xz — plane and yz —plane. Regions bounded by
spheres, hemi — spheres, ellipsoids, cubes, tetrahedrons, etc... are simple solid regions.
Theorem: Let D be a simple solid region whose boundary surface Y. is oriented by the normal 7 directed
out ward from D, and let F be a vector field whose component functions have continuous

partial derivatives on D. Then ffz F.ids = I, v. Fdv

Example-5.22 Verify the divergence theorem for the function F = 4xzi —y%j+ yzk and Y is the
surface of thecubex =0,x = 1,y =0,y =1,z =0andz = 1.
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Solution: Sketch the solid region D.

i. Using surface integral, we have: Face OAGB, out ward normal vector is n=-k,z=0

= Hf-ﬁds = HR (4x.0i — y? j + y.ok).(—k)dA = HFE’dA -0
ii.  Face CEFD, out ward normal vector is n= k,z=1

= [[Fnds=[[_(4x1i—y?j+y.1k).(K)dA=[[ ydA _ Xf(yf_lydyjdx _ % de :%

x=0 \_y=0

iii. Face AGFE, out ward normal vector is F\: j,y=1
= [[Frds = []_(4xzi —1.2K).(D)dA= [[ ~1dA——1

iv.  Face OBDC, outward normal vector is ﬁ =—j,y=0
:‘ﬂf-ﬁds =ﬂR(4><Zi—02 j +0.zk).(—j)dA=ﬂF9dA=o

V. Face DBGF, out ward normal is ﬁ =i,x=1

= [[Fonds = [[_(4.12i— y* j + yzk).(i)dA = [[ 4zdA =4[] zdA= 4XI1(Zjlzdszx =2

x=0\z=0

vi.  Face OAEC, outward normal is n= —i,x=0= Hzl_fﬁds = HR (4.0zi— y? j + yzK).(—i)dA=0

- 1 3
Thus, _U Fnds=0+=+(-1)+0+2+0=—
= 2 2
Using the divergence theorem we have that

Hzl_f.ﬁds = _mDV.I_fdv = _mD (4z -2y + y)dv = mD (42 — y)dv

= ;:01 ;:01 fZZ:01(4z — y)dzdx = % , which is very short.

Example-5.23:
If X is the sphere X* + y2 +2° =4 andF =3xi + 4yj +5zK , use the Divergence theorem to

evaluate to ﬂzF .nds

Solution: Here, VE=3+4+5= 12.
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ﬁ E.ﬁds = _m D12dv = 12]]] 1de , Where D is the solid x* + y? + z° <4

- Hf” rjﬂ(pjfz(loz sin ¢)le}i¢jld0 =128 , using spherical coordinates.

0=0 | ¢=0\_p=0

Exercise-5.6

1. Verify the Divergence theorem for F =(x° —yz)i +(y> —2X)j + (2> —xy)k taken over the
rectangular parallelepiped 0<x<a,0<y<b&0<z<c

2. Use the Divergence theorem to evaluate _UZF-ndS, if F=4xi—2y”j+2°Kand 3 is the surface

bounding the region x> + y? =4,z =0and z=3.
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