CHAPTER SIX

EXPECTATION

6.1 Expectation of a random variable

6.2 Expectation of a function of a random variable
6.3 Properties of expectation

6.4 Variance of a random variable and its Properties
6.5 Moments and moment generating function

6.6 Chebyshev's inequality

6.7 Covariance and correlation coefficient

Introduction

Most probability distributions are characterized by their mean and variance. The mean of a
random variable is referred to as expectation, provided the expected value converges to a
constant. In addition to characterizing a given probability distribution, expected values are used
in further statistical analyses. For instance, in the theory of estimation verifying whether a given
estimator is an unbiased estimator or not we need to have the concept of expectation. For that

matter, calculation of variance of a given random variable itself calls for expectation. Thus, we
are not exaggerating if we say thatalmost all statistical analyses are, directly or indirectly,

related to expectation.

The concept of expected value is used extensively in disciplines such as management where
expected values play a key role in decision trees. Moreover, the expected monetary value (EMV)
and other related variables required in decision making all call for the notion of expectation.

If we want to summarize a random variable by a single number, then this number should undoubtedly

be its expected value. The expected value, also called the expectation or mean, gives the center in the
sense of average value of the distribution of the random variable. If we allow a second number to

describe the random variable, then we look at its variance, which is a measure of spread of the distribution
of the random variable.

6.1 Expectation of a random variable

Definition (Expectation of a discrete random Variable) : Let X be a discrete random variable
with possible values x4, x5, x3, ..., x,. Let P(x;) = P(X = x;) i = 1,2,3...n. Then the expected
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value of X, denoted by E (X), is defined as:

[0¢]

E() = ) xP(x)

i=1
Note: If the series converges absolutely, this number is also called the mean of X.
Example 1: A manufacturer produces items such that 10% are defective and 90% are non-
defective. If a defective item is produced the manufacturer loses $1 and if a non-defective item is
produced the manufacturer gets $5 profit. Find the expected net profit of the manufacturer per
item.
Solution
Let X be net profit per item. The values of X are —1 (loss) and 5 with corresponding probabilities
0.1 and 0.9. Thus the expected profit E(X) = —1(0.1) + 5(0.9) =$4.40
Example 2: A lot consists of 10 motors. It must either be totally rejected or is sold depending on
the outcome of the following procedure. Two motors are chosen at random and inspected .1f one
or more are defective, the lot is rejected. Otherwise, it is accepted. Suppose that each motor costs
$75 and is sold for $100. If the lot contains 1 defective motor, what is the manufacturer’s
expected profit?
Solution:
In the lot there are 9 non-defective and 1 defective motors.

91
2 )0
10
2
Thus if X is net profit, Expected net profit is E(X) = —75(0.2) + 25(0.8) = $5

Exercise: A coin is tossed three times. Let X be the number of heads. Find the mean of X.

Hence P (one or more defective) =1 — P (no defective) = 1— =0.2

Solution:
The possible outcomes are S = {TTT,TTH,THT, HTT,HHT, THT,THH, HHH}

X 0 |1 |2 3 Total
P(X =x) 1/813/838 [1/8 |1
xP(X=x) |0 |3/8|6/8 |3/8 |12/8

3
Meanof X = E(X) = ) xP(X =x)=12/8

i=0
Definition (Expectation of a Continuous Random Variable): Let X be a continuous random
variable with probability density function f. Then the expected value of X, denoted by E(X), is
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defined as:

[0¢]

E(X) = f Xfy (X)dx

2-2x, O0<x<1l _.
Example: Let X have the P.d.f f(x) = . Find the expected value of X.
0 ,elsewhere

Solution:

i i 2 2x° 1_ 2_1
E(X)=.[Oxf(x)dx:'fx(Z—Zx)dx:{x —T} _1_5_5

0 0

2%, 0 1
Yo UsXs , find expected value of X

Exercise: Let f(x)=
0 ,elsewhere

Solution: E(X) = +fxf (x)dx = ijdx = [xzﬁ =1
—o0 0

6.2 Expectation of a function of a random variable
Definition: Let X be a random variable, and g(x) be a function of the random variable X whose
domain and range is the real line.

The expected value of g(x) is defined by

D g(x)P(X =x) if Xis discrete

E(g(x)) =
[a()f(ax, if X is continuous

Example 1: Let V be wind velocity and suppose that P.d.f of V is given as follows

1/10 ,0<v<10
f(v)=
Oelsewhere

The pressure W on the surface of an air plane wing is given by the relationship W=0.003V2 .
Find E (W).
Solution:

10 10
E(W) = E(0.003V *)= [0.003v* f (v)ov = [0.003v*1/10v = 0.1
0 0

—, 2
Example 2: Suppose that X has P.d.f f(x) =1 x° x>

0, otherwise

Let W=1/3 X find E (W)
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Solutions:
EW)=E(L/3X)= T%x%s oX :%
2

. 2-2x, 0<x<1
Exercise: Let X have the P.d.f f(x) =

. Find E(X?).
0 ,elsewhere

+00 1
Solution: E(X?) = szf(x)dx=jx2(2—2x)dx=%
—o0 0

6.2.1 Expectation of two-dimensional random variable

Definition: Let (X,Y) be a two-dimensional random variable and Z = H(x,y) be real-valued
function of (X,Y) .The expected value of the random variable Z is defined as follows:

a. If Z is discrete random variable with possible values z,, z,, ... and P(z;) = P(Z = z;) then

E(Z) =Y 2,P(z)

b. If Z is a continuous random variable with P.d.f f we have E(Z)= jzf (z)oz

—00

Theorem: Let (X,Y) be a two-dimensional random variable and let Z = H(X,y)

2. 2 H(xi, yi)P(xi, yi) , for discrete

00 00

IIH(X, y) f(x, y)oxoy , for continuous

—00—00

E(Z) =

Example 1: Assume that the current | and the resistance R are independent continuous random

variables with the following P.d.f’s
. 2i,0<i<1 r’/o<r<3
9(i) = : h(r) = 4
The voltage Z = IR with joint P.d.fof | and R
2ir? i
fir) = 40<|<1 O<r<3
0, elsewhere

Find E(2)

2

3 .
Solution: . E(Z) = [ Zg )éior =3/2
0

O e

irf (i,r)odior = ﬁir(

Example 2: Let (X,Y) be a two-dimensional random variable with P.d.f
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2,0<x<y<l1
0, elsewhere

f(X,Y)={

Let Z = XY, evaluate E(Z)

Solution:
1y
EQZ) = j j 2Xyoxoy =1/4
00
XLZ -2<X<4
Exercise: Let X have the P.d.f f(x)={ 18 ' Find a) E(X) b) E((X +2)?)
0 Otherwise

6.3 Properties of expectation

1. If C is any constant value, then E(C) = C

2. E(CX) = C * E(X)

3. If X and Y are any two random variables, then E(X + Y) = E(X) + E(Y)

4. 1f X and Y be two independent random variables, then E(XY) = E(X) = E(Y)
5. If aand b are any constant numbers, then E(a + bX) = a + bE(X)
6.E(X)>0ifX>0

AEGO)I < E(IX])

CE(9:00) < E(g2(x)) if g1(X) < g,(X) for al x

6.4 Variance of a random variable and its Properties

oo

Definition: Let X be a random variable .The variance of X, denoted by V(X) is defined as:
V(X) = E[(X - E(X))"]
That is, the mean value of the square of the deviations of X from its mean is called the variance
of X or the variance of the distribution. The positive square root of V(X) is called the standard
deviation of X and it is denoted by s.d(X).
It is worthwhile to observe that

V(X) = E((X —E(X))*) = E(X* =2XE(X) - [E(X)])

= E(X?) = 2E(X)E(X) -[E(X)]?
= E(X?)-[E(X)]?

or
& Var(X) = X;(x; — uy)?P(x;) if X is a discrete random variable
& Var(X) = [~ (x — ux)?fx (x)dx if X is a continuous random variable

This expression affords an easier way of computing the variance of X.
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The standard deviation of X may be interpreted as a measure of the dispersion of the points of
the space relative to the mean value E(X). We note that if the space contains only one point x for
which f(x) > 0, then s.d=0.

—, -1 1_ .
Examplel: Let X have the P.d.f f(x)={ 2 xS Find the variance of X.

0 Otherwise

Solution:
In order to find the variance of X we have to first find the expected value of X.

T | © X2 X 1
E X = f d = —d == R _d - —
(X) .[Ox(x)x.[xz X .[1(2+2)x 3
+o0 1 1 3 2 4 3!
Moreover, E(X*) = [x*f (dx = [ X0 = [+ Xyae=| X X | -2
J T2 2 6|, 3

Thus, V(X) = E(X?) -[E(X)] = 1 (EJZ _2
3 3 9
Example 2: Find the variance of the number of points, which come up on a single toss of a fair
die.
Solution:
Let X: The number that come up.

1
Thus P(X — X) — g, X —1,2,3,4,5,6
0 Otherwise

Var(X) = E(X2) — (E(X))2

6 6
E(X2)=ZXZP(X=x)=%2x2:%(1+4+9+16+25+36)=%—1
x=1 x=1
g 13 1,6(6+1), 21
(X) Z; ( ) GZ; 6( > ) o
2
@Var(X)zﬁ— 21 =12.104
6 (12

& s.d(X) = Var (X) = +/12.104 =3.48
Properties of Variance
Let X be a random variable:

< For any real number k, Var(kX) = k*Var(X)

@ The expression E[(X — k)?] assumes its minimum value when k = E(X)
& |fY is another variable that is independent from X, then

Page 6 of 16



& Var(X+Y)=Var(X —-Y) =Var(X) + Var(Y)

& |f X and Y are not independent, i.e., if they are dependent then

& Var(X+Y)=Var(X) +Var(Y) —2(E(XY) — E(X)E(Y));

& The expression E(XY) — E(X)E(Y) is called the Covariance of X and Y.
& Cov(X,Y) = E(XY) — E(X)E(Y)

& Note that: If X and Y are independent then Cov(X,Y) =0

. . . 267, x>0 _.
Exercise: A continuous random variable X has P.d.f P(X =x) = > . Find the
0 Otherwise

variance of X.
Solution:

Var(X) = E(X?)-(E(X))?

+o0 +o0 +o0 _2x —2x\ 1
But, E(X) = [ xf (x)dx = | x(2e)dx =2 |e ®dx=2| x € |- & ==
e e LT

- 4
0
i i 2 MZ +w2 —-2x 1
Likewise, E(X ) = J'x f(x)dx = J'x (2e )dx=§
—o 0

1 1 1
sVar(X)=E(X3)-(E(X)f==-===
(X)=E(X*)-(E(X)) T

Now lets state a theorem, called Chebyshev’s Inequality, which enables us to find upper (or
lower) bounds for certain probabilities.
6.5 Chebyshev’s Inequality

This inequality gives us a means of understanding how precisely the variance measures
variability about the expected value of a random variable.

If we know the probability distribution of a R.V. X (either a pdf in the continuous case or the
point probabilities in the discrete case), we may then compute E(X) and Var(X) if these exist.
However, the converse is not true. That is, for a knowledge of E(X) and Var(X) we cannot
reconstruct the probability distribution of X and hence cannot compute quantities such as
P(|JX — E(X)| < C). Nonetheless, it turns out that although we cannot evaluate such
probabilities (a knowledge of E(X) and Var(X)), we can give a very useful upper (or lower)
bound to such probabilities. This result is contained in what is known as Chebyshev’s inequality.

Chebyshev’s inequality: Let X be a random variable with E(X) = u and let C be any real

number. The, if E(X — C)? is finite and e is any positive number, we have
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1
PIIX = Clz el < S E(X - C)

The following forms are equivalent to the above equation are immediate

a) By considering the complementary event we obtain
1
P[IX=C|<e]l>1 —S—ZE(X — ()2

b) Choosing C = u we obtain

1
PUX—plzel < ZEX —p)?

Var(X)

=P[lX—-ul=¢el < 2

¢) Choosing C = pu and € = ko, where 62 = Var(X) > 0 we obtain

1
PIX = pl 2 kol <

6.6 Covariance and Correlation Coefficient

In the previous section of this unit we have stated that the covariance of two random variables is
given by:
ogy = Cov(X,Y) = E[(X — ) (Y — py)]
=EXY)—-EMX)E(Y)
Now, if we divide the covariance to the product of the standard deviations of X and Y we get
dimensionless (unit less) quantity called the correlation coefficient of X and Y.
Definition (Correlation Coefficient): Let X and Y be two random variables. The correlation
coefficient of X and Y is denoted by p and is defined as:
~ Cov(X,)Y) E(XY)-E(X)E(Y)
7TSd()x8d() T JE(X) (EOOF JEN ) - (E()Y

Remarks:

v —1<p<1

v If p=—1 there is perfect inverse (negative) relationship or dependence between the two
variables X and Y.

v If-1 < p <0, then there is inverse relationship (correlation) between X and Y. The strength
of the relationship will be determined based on the magnitude of p. If —0.5 < p < 0, then the
relationship is inverse-weak. On the other hand, if -1 < p < —0.5, then the relationship is

inverse-strong.
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v If p=0, then the two variable X and Y are uncorrelated, no linear correlation or relationship.
It has to be stressed that absence of correlation is not a guarantee for independence. But, the
converse is true.

v If 0 < p < 1, then there is direct (positive) relationship between X and Y. The strength of the
relationship will be determined from the magnitude of p. If 0 < p < 0.5, the relationship is
direct-weak. If, on the other hand, 0.5 < p < 1, the relationship is direct-strong.

v Finally if p=1 there is perfect direct relationship between the two random variables X and Y.

Example: Let the random variables X and Y have the joint P.d.f,

if 0 lando 1
f(x,y)= {X FYBXx= <Y< Find the correlation coefficient of X and Y.

10 elsewhere

Solution:

11 1x3xy1 1y yy21117
E(X)=||x(x+y)dxdy=|| —+ dy=|(|=+=ldy=|=+—| ==+—=—
00 =[xty 520 o= 3+ Loy Yo 2| St
1
!

h Lixd 3y 1y y v 1 1 5
E(X? X (x + y)dxdy =|| — + dv=[l=+Lly=|L+21 | =2 +=2=>2
(X9)= '(l; (x+y)dxdy '([(4 Jo y '!.(4 3jy 4 6 4 6 12

Similarly E(Y) = ”y(x+y)dxdy—_|'(—+y jdyzj'(lerzjdy:{szry?s} =%+%=l
5

1 2 2

0
y?x Loy vy oyl 11
E(Y?)= 2(x dxdy = X || Z—+ydy=| LT +L1-| ==+==
(Y2) My(ﬂ/) y ( +y? j dy {(2 jy {6+4} ARET

0 0

E(XY)=”xy(x+ y)dxdy = (%erzy j dyzj'(%er?jdy:{y?er?} =%+%=%
)R =B (1) -1
Var(X) = E(X?)-(E(X)) =5 [12) i
_ NaroO - [N
< S.d(X)=4Var(X) = YRRE
, 5 (7Y _ 11
Var(Y)=E(Y?) - (E(Y))’ = o [12) =T
_ Naroy o AL A1
< Sd(Y)=4Var(Y) = YRRE
1 (7Y7) -1
cOv(x,Y)_E(XY)—E(X)E(Y)_5—(EJ(EJ_m
Cov(X,Y) _ -1/144 1
T5d0*S.d(Y) i1 11 1L
212
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The result seems to suggest that, we have a weak inverse relationship or correlation between X
and Y.
Exercise: Let X and Y be two random variables with P.d.f

X(2x+Y)

f(x,y)=1 210
0 elsewhere

if 2<x<6and0<y<5

Find the correlation coefficient of X and Y.

Solution:

E(X)= ﬁ—x(ZX b)) dxdy =@
> 210 63

65 2
E(X2)=”X (§X+y)dxdy:1220
2% 10 63

65

- y(2x+Yy) 170
Similarly E(Y) = | | m———=dxdy =—
~2[~([ 210 63

E(YZ)—-iiyz(ZX*'Y)dxd 1175
S o0 210 Y =126

65
E(XY) :”wdxdy _80
> 10 7

Var(X) = E(X*) - (E(X)) =

1220 [268)2_5036
63 (63) 3969

o S.d(X) = Var(X) = 282

1175 (170)2 16225
126 | 63 7938

Var(Y) = E(Y*) - (E(Y))* =

o SAY) = Nar) - 16225

7938
80 (268170 -—200
Cov(X,Y) = E(XY)— E(X)E(Y) =22 _ -
(X,¥) = BE(XY)-E(OE() == [63)[63} 3969
—200
_ Cov(X,)Y) 3969 =-0.03129

T 5.d(X)xS.d(Y)  [5036 [16225
\'3969 | 7938

Theorem: Suppose that p?=1. The Y = AX + B, where A and B are constants. In words: If the

correlation coefficient is =1, then Y is the linear function of X (with probability 1).
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Theorem: Suppose that X and Y are two random variables for which Y = AX + B, where A and
B are constants. Then p2 = 1.1fA >0,p =+1;1fA<0,p=-1

Proof:

Theorem: If pyy is the correlation coefficient between X and Y, and if V=AX + B and
W = CY + D, where A, B, C,and D are constants, then:

AC
vaz<m)pxy; A#0andC #0

Proof:

6.7 Conditional Expectation

Definition (Conditional Expectation):
a) If (X, Y) is a two-dimensional discrete random variable, we define the conditional expectation
of X for givenY = y; as

[0¢]

E(X/Y =y;) = Z _1xip(xi/}’j)

b) If (X, Y) is a two-dimensional continuous random variable, we define the conditional

i

expectation of X for given Y = y as

[0¢]

E(X/Y) :f xfx(x/y)dx

Conditional expectation of Y for given X is defined analogously.

Theorem:
E(E(X/Y)) = E(X); E(E(Y/X)) = E(Y)

Proof:

E(X/Y) = f_ooxfx(x/y)dx: f_mx%dx
Hence

E(E(X/Y)) = f_ooE(X/Y)fY(y)dy: f_oo (f_wx%dx>fy(y)dy

= foo fooxfxy(xa}’)dXdy

:f x(f fxy(xa}’)d}’>dx

= fooxfx(x)dx

=EX)
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Theorem: suppose that X and Y are independent random variable. Then
E(X/Y) = E(X); E(Y/X) =E(Y)

2
Example 1: Let fxy (x,y) = {g (x+2y) O0<x<1l0<y<l1
0

Otherwise

Find the conditional expectation of X givenY = 1/2

Solution:
2x + 4y O<yx<1
fr(xly) = { 1+ 4y x
0 Otherwise
2
_h _JZ+1) o0<x<1
fx<x’y—z)—{3 .
0 Otherwise
Hence

E<X—1)—f1 2( +1)d =2
v 2/ ), ¥3 T Ty

Example 2: Consider the following joint probability distribution.

N 0 1 2 Marginal

0 0 18 |1/8 |Ya
1 1/8 | 1/4 |1/8 | %
2 1/8 |18 |0 Ya

Marginal | 1/4 |1/2 |14 |1
Use the table to find the conditional probability functions and conditional expectations of (i) Y

given X=0; (ii) Y given X=1; and (iii) Y given X=2.

Solution

The table has the marginal probability functions of X and Y added to it. You can see that once
the joint probability mass function has been given in a table it is easy to write down the marginal
(we just sum the rows and columns of the table). The conditional probability functions are

obtained by dividing each column by the column total.

0 y=0
Pyx (YIx=0)=41/2 y=1;
1/2 y=2
1/4 y=0
pv|x(y|X=1)= 1/2 y=1
1/4 y=2
1/2 y=0
pv|x(y|X=1)= 1/2 y=1
0 y=2

Page 12 of 16



We can now use the conditional probability functions to find the conditional expectations:

E(Y|X=0)= 00 + ! 1+ ! 2—3
== 0-0+ ()1 + ()2 =3

s == () 0+ ()14 ()2 -

1
)*1+O*2 ==

E(YIX=2)= (1)*0 + <1 ,

2 2

Example 3:

| throw a fair die two times. Let

X be the sum of the scores on my two throws

Y be the number of sixes | obtain
Find the joint probability mass function of (X, Y). Find (i) the marginal probability function of
Y; (ii) the conditional probability function of X given Y=1; (iii) the conditional probability
function of X given Y=2; (iv) the conditional probability function of Y given X=7; (v) the
conditional expectation of X given Y=1; (vi) F(8, 1); (vii) F(7.3, 1.4).

Solution
X2 3 4 5 6 7 8 9 10 11 12
Y0 [1/36 |[2/36 |3/36 |4/36 |5/36 |4/36 |3/36 |2/36 |1/36 |0 0
1]0 0 0 0 0 2/36 [ 2/36 |2/36 [2/36 |[2/36 |0
210 0 0 0 0 0 0 0 0 0 1/36

We now give the answers to the question with some hints on how to obtain them.

y 0 1 2
q(y) | 25/36 | 10/36 | 1/36

6.8 Moments and moment generating function

It is difficult to overemphasize the importance of a moment generating function when it exists.
This importance stems from the fact that the moment generating function of a given random
variable is unique and completely determines the distribution of the random variable; thus if two
random variables have the same moment generating function, they have the same distribution. In
fact, it is not every distribution that has a moment generating function.

Definition (The r™ Moment about the origin): If X is a random variable, the r'" moment of the

random variable X, usually denoted by u; , is defined as:
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(Z x{ P(x;) If Xisadiscrete random variable
w=E(X")=1{
U x" fxy(x)dx If X is a Continuous random variable

Verbally, a moment is the expectations of the powers of the random variable that has the given
distribution. Moments are defined for a random variable or a distribution.

Var(X)=E(X*) - [E(X)f = ;- 1
where u] = E[X']=E(X)and uj, = E(X?)

Definition (Central-Moments): The r'" moment about the mean of the random variable X,

denoted by w,., is the expected value of ( X — uy)"; symbolically,

(Z( X; — Ux) P(x;) If Xisadiscrete random variable
wr=E(X )" =1 ‘o
U (x — ux) fx(x)dx If X is a Continuous random variable
Remarks:
4 The 1st central moment about is zero.
4+ The second central moment is the variance of the random variable.
% All odd moments of X about g, are 0 if the density function of X is symmetrical about

ty, provided that such moment exist.

X—+l if -1<x<1
Example: Let X have the P.d.f f(x)={ 2

0 elsewhere

Find a) the first moment about the origin ~ b) the second central moment
Solution:

L Lo(x+1 x* x2] 5 1 4 1
Au, =EX)=|xt(x)dx=|X — dx=|—+—| =—7—"—=—==
s ()Il() {(2} L 12 12 12 3

b)u, = E((X —E(X)))* = E(X?* = 2XE(X) + (E(X))*) = E(X *) - (E(X)
ButE(Xz):Jl'xz[X_dex:{ﬁjo_T _r_-1.1
MY 2 8 6 a 24 24 3

From part"a" above we have E(X) = L

3
1 [1}2 3-
SU,=——|=| =—=

[
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Moment Generating Functions
Definition (Moment Generating Function): Let X be a random variable with P.d.f f. The

expected value of e** is defined to be the moment generating function of X if in some interval
—h <t < h; h > 0. The moment generating function, denoted by MO s

| Z &ip(x;) if X is a discrete random variable.

M(t) = E(e¥) =
kf e™ fy(x)dx if X is a continuous random variable, and

To explain why we refer to this function as “moment-generating” function, let us substitute for

e'™ its Taylor series expansion, namely,

tixt  t?2x?  t3x3 tx”
et* =1+ + + + o+ + ..
1! 2! 3! r!
For the discrete case, we thus get
1,1 2,2 3,3 T AT
®) _ tx _ t*x tex t°x t'x
Mx _Ze P(x)_Z(“ TR TR TR L)
X X
t? t”
:ZP(x)+ZxP(x)+§Zx2P(x)+---+;Zer(x)+---
X X ) X ) X
t? t”
:1+y'1t+y'2*z+---+y;,*ﬁ+---

and it can be seen that in the Taylor series of moment generating function of X the coefficient of
% IS u;., the ™ moment about the origin of the random variable X. In the continuous random

variable the argument is the same.
Notes:
1. From the above expression one can show that;

, 0"
Hr_atr

t
Mo

i.e., u. is the I derivative of M)(f) with respect to t evaluated at t = 0.
2. If aand b are constants, then

I. M(t) = eUE(et¥)

X+a
1. M) = E(eb™)
a t
. M®, = eEtE(e5x>
5
3. If X and Y are independent r.vs having moments generating functions M{” and M{"

respectively, then
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®) — ()

Myly = My" * My
Proof:

4. In general, If X;,X,,X5,..., X, are independent random variables with moment generating

(®)

function’s M)((?;i =123,...,n then the moment generating function of their sum, M,”’, where

Z=X,+X,+ X3+ -+ X,, isgiven by
n
MO = MO« MO+ xMP = HM’(f?
i=1
Proof: (Exercise)
5. Uniqueness theorem: Suppose that X and Y are random variables having moment generating
function M)(f) and M}St) respectively. Then X and Y have the same probability distribution iff

M = MY identically.

Example: Find the moment generating function of the random variable X having P.d.f

1.

Zif-1l<x<?2
f(x)=43

0 otherwise
Solution:

o t = 2 gt o 2 et _ ot

My =E(E*)= |e"f(X)dx=|—dx=|—| =-———providedt=0
x()L() 113 {} 5 P
Ift=0wehave E(e™)=E() =1

Therefore,

Remark: In more advanced courses, we would not work with the moment-generating functions
because so many distributions do not have moment-generating functions.

2x if0<x<1

Example: Consider the random variable X with P.d.f f (x) =
0 elsewhere

Find a) The second moment about origin b) the moment-generating function

), = E(X?) =j K f (x)0x =:[x2(2x)dx _ B} .

0

2(te' —e' +1)

+00 1
byMY =E(e*) = j e™ f(x)dx= j e™(2x)dx = - ....(usingintegratian by parts)
—® 0
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