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CHAPTER FIVE                                                                                                          

5. TWO DIMENSIONAL RANDOM VARIABLES         

5.1 Definition of two dimensional random variables 

5.2 Joint distributions for discrete and continuous random variables 

5.3 Cumulative Distribution Function (cdf) of two-dimensional random variable 

5.4 Marginal and conditional distributions 

5.5 Independent random variables 

5.6 Distributions of functions of two dimensional random variables 

 
5.1 Definition of T wo Dimensional Random Variables 

Up to now we have observed only one-dimensional characteristics of an object as a random 
variable, for example a person’s height. In this chapter, however, we will discuss more       than one 
characteristic of an object for example, a person’s weight in addition to the person’s height.  

Perhaps, it is advantageous to borrow a concept from mathematics to explain the idea of two-
dimensional random variables. In mathematics, whenever we talk of the real number system we 
are referring to the real number line, which is one-dimensional involving only the X-axis. On the 
other hand, whenever we talk of a set of ordered pairs, relations, we are referring to the 
coordinate plane, which is two-dimensional involving both the X and Y-axes.  

In the case of random variables as well, one can furnish the same analogy as in the one stated 
above. Whenever we talk of a random variable whose possible values are subsets of the set of 
real numbers, the random variable     under consideration is one-dimensional. Likewise, when a given
random variable assumes values that are subsets of the cartesian product of real numbers, set of ordered 
pairs (points) in the X-Y plane, that random variable is referred to as two           dimensional random varia           ble. 
By extending the analogy, one can also have other higher order dimensional random variables.  

DDeeffiinniittiioonn  ((TTwwoo--DDiimmeennssiioonnaall  RRaannddoomm  VVaarriiaabblleess))::  Let S be a sample space associated with a 
random experiment E. Let ܺ(ݏ) = (ݏ)ܻ ݀݊ܽ ݔ  =  be two functions each assigning a real ݕ
number to each outcome ݏ ∈ ܵ. Then we call (X,Y)          a two      dimensional random variable. Equivalently, 
we call X and Y bivariate random variables. 

EExxaammpplleess::  It may be of one’s interest to measure  

 The amount of precipitate P and volume V of a gas from controlled experiment (P,V) 
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 The total rain fall R and the average temperature T of a locality during a specified period 
(R,T  

 
-

 

 . 5.2 Joint Distributions for Discrete and Continuous Random Variables 

 

 

5.2.1 Joint Distributions for Discrete Random Variable

 

Definition (Two-Dimensional Discrete Random Variables): (X, Y) is a two-dimensional 

   
discrete random variable if the possible values of (X, Y) 

 

are finite or countably infinite, i.e., if the 
possible values of (X, Y) 

 

can be written as (x1, y1), (x2, y2), (x3, y3), . . .  

 

  
  

 

 

 For any region A in the xy plane, P[(X, Y )  A] =  f(x,y)
  

 

The set of triplets (x, y, f(x,y)) 

 

is called the joint probability distribution of (X, Y). 

 

  
 . 2. Two ballpoint pens are selected at random from a box that contains 3 blue pens, 2 red pens, and 

    3 green pens. If X is the number of blue pens selected and Y is the number of red pens selected, 
    find 

 a)

 

the joint probability function f(x, y),

 b)
 

P[(X, Y ) A], where A is the region {(x, y)|x + y <= 1}.
 

 
3. Two production lines manufacture a certain type of item. Suppose that the capacity per day is  

5 items for line I, and 3 items for line II. Assume that the number of items actually produced
by either production line is a random variable. Let (X,Y) represents the two - dimensional

 random variable yielding the number of items produced by line I and II, respectively.

 

 The distribution of monthly temperature readings in a given region over a given year.
The hardness H and tensile strength T of copper, resulting in the outcomes (h, t).

Extensions to cases involving more than two random variables are straightforward.

If X and Y are two discrete random variables, the probability distribution for their simultaneous 
occurrence can be represented by a function with values f(x, y) for any pair of values (x, y) within
the range of the random variables X and Y . It is customary to refer to this function as the joint 
probability distribution of X and Y .

Definition: The function f(x, y) is a joint probability distribution or probability mass function of
the discrete random variables X and Y if

1. f(x, y)  for all (x, y),
f(x,y) =1

A

Example  
1. Suppose that 3 balls are randomly selected from an urn containing 3 red, 4 white, and 5 blue balls. 
    If we let X and Y denote, respectively, the number of red and white balls chosen, then find the
    joint probability mass function of X and Y.
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  XX  

YY  00  11  22  33  44  55  TToottaall  

00  00  00..0011  00..0033  00..0055  00..0077  00..0099  00..2255  

11  00..0011  00..0022  00..0044  00..0055  00..0066  00..0088  00..2266  

22  00..0011  00..0033  00..0055  00..0055  00..0055  00..0066  00..2255  

33  00..0011  00..0022  00..0044  00..0066  00..0066  00..0055  00..2244  

TToottaall  00..0033  00..0088  00..1166  00..2211  00..2244  00..2288  11  

a) Show that the above probability distribution is a legitimate probability distribution 
b) What is the probability that both lines produce the same number of items? 
c) What is the probability that more items are produced by line II than line I? 

    
Exercise 

                    
       

aa))  SShhooww  tthhaatt  pp((xx,,yy))  iiss  aa  pprroobbaabbiilliittyy  ddiissttrriibbuuttiioonn  

bb))  FFiinndd  PP((XX>>YY))  
 2. Two tablets are selected at random from a bottle containing three aspirin, two sedative and four 

     laxatives. If X and Y are, respectively the number of aspirin tablets and the number sedative 
    tablets included among the tablets drawn from the bottle. Find joint probability distribution 

of (X, Y).  

5.2.2.  Joint Distributions for Continuous  Random Variable 

DDeeffiinniittiioonn::  TTwwoo--DDiimmeennssiioonnaall  CCoonnttiinnuuoouuss  RRaannddoomm  VVaarriiaabblleess : (X,Y) is a two-dimensional 
continuous random variable if it assumes all values in some region R of the Euclidian plane. 

DDeeffiinniittiioonn::  PPrroobbaabbiilliittyy  DDeennssiittyy  FFuunnccttiioonn::  Let (X,Y) be a two-dimensional continuous random 
variable assuming all values in the some region R2 (2-dimentional set). Then the joint probability 
density function (p.d.f) of (X,Y) is a function that satisfies the following two conditions. 

ii))  yxf 0  for all (x, y)  R),(    

iiii))    1),(  dxdyyxf
R

  

Remark:    

  1),(  dxdyyxf
R

indicates that the volume under the surface is one.   

  If B is the range space of(ܺ,ܻ) we have   

1. Let (X,Y) be a two-dimensional random variable with probability distribution 

p(x,y)=2                 x, y=1,2,3,&
-(x+y)
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(ܤ)ܲ = ඵ݂(ݕ,ݔ)݀ݕ݀ݔ
஻

  

  
EExxaammppllee  11::  SSuuppppoossee  ((ܺܺ,, ܻܻ))  hhaass  aa  jjooiinntt  PP..dd..ff  ggiivveenn  bbyy  



 


elsewhereo

yxoc
yxf

,
40,2,

),(   

aa))  DDeetteerrmmiinnee  tthhee  ccoonnssttaanntt  cc  

bb))  FFiinndd  PP((XX<<11,,YY<<33))  

cc))  FFiinndd  PP((XX>>YY))  

EExxaammppllee  22::  SSuuppppoossee  tthhaatt  aa  ttwwoo--ddiimmeennssiioonnaall  rraannddoomm  vvaarriiaabbllee  ((XX,,YY))  hhaass  jjooiinntt  p.d.f   ggiivveenn  bbyy  



 




Otherwise
yxe

yxf
yx

     0
0,0

),(
)(

  

aa..))  SShhooww  tthhaatt  ݂݂((ݔݔ ,,    iiss  aa  p.d.f  ((ݕݕ

bb..))  FFiinndd  ܲܲ((ܺܺ << ܻܻ))  
Exercise    

   
                                         

 

  

 

5.3 Cumulative Distribution Function (CDF)  of Two Dimensional Random Variable 

DDeeffiinniittiioonn::  CCDDFF::    Let (X, Y) be a two-dimensional random variable. The cumulative distribution 
function F of (X, Y) is defined as F(x, y)  = P(X x, ܻ  y  )   

  CCaassee  11::  If (X, Y) is discrete, then    

yyxxyYxXPyYxXPyxF jiji   ,),(),(),(   

  CCaassee  22::  IIff  ((XX,,YY))  iiss  ccoonnttiinnuuoouuss , then    
 


x y

tstsfyYxXPyxF ),(),(),(   

  

A privately owned business operates both a drive-in facility and a walk-in facility. On a randomly 
selected day, let X and Y , respectively, be the proportions of the time that the drive-in and the walk
-in facilities are in use, and suppose that the joint density function of these random variables is
                                2/5(2x + 3y)    0 x            


otherwise

f(x, y) = 

(a) Verify that f(x,y) is a p.d.f
(b) Find P( 0 < X < 1/2, 1/4 < Y < 1/2) 
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PPrrooppeerrttiieess  ooff  aa  CCDDFF    

ii))  1),(0  yxF   

iiii))  ),(),(),( yaFybFyYbXaP    

iiiiii))  ),(),(),( cxFdxFdYcxXP    

iivv))  ),(),(),(),(),( caFcbFdaFdbFdYcbXaP    

vv))  ),( yxF is non-decreasing function  

vvii))  0),(;0),(  xFyF   

vviiii))  1),( F   

vviiiiii))  ),(),(2

yxf
yx

yxF





  

EExxaammppllee11::  CCoonnssiiddeerr  tthhee  eexxaammppllee  oonn  tthhee  ttwwoo  pprroodduuccttiioonn  lliinneess,,  ggiivveenn  pprreevviioouussllyy,,  aanndd  ffiinndd  FF((11,,22))    

EExxaammppllee  22::  LLeett  tthhee  p.d.f   ooff  XX  aanndd  Y    bbee  ggiivveenn  aass  ffoolllloowwss    

,ݔ)݂ (ݕ = ቄݔ + ݔ>         0          ݎ݋݂          ݕ < 1, 0 < ݕ < 1
                                      ݁ݏ݅ݓݎℎ݁ݐ݋          0

 

Find the corresponding joint cdf of (ܺ,ܻ) 

Exercise 1: The joint probability function (X, Y) is given by 

(ݕ,ݔ)ܲ = ݇(2݇ + ݔ;(ݕ3 = ݕ;0,1,2 = 1,2,3 

i. Compute the value of ݇ 

ii. Find the joint cdf of (X, Y)  

Exercise 2: Suppose that the joint cdf of a two dimensional continuous random variable is given 
by 

(ݕ,ݔ)ܨ = ൜1 − ݁ି௫ − ݁ି௬ + ݁ି(௫ା௬)   ݂݅ ݔ > ݕ,0 > 0
        ݁ݏ݅ݓݎℎ݁ݐ݋                                               0

  

Then compute a) ܲ(ܺ ≤ 1;ܻ ≤ 1) 

b) ܲ(ܺ + ܻ ≤ 1) 



 < x < 2, 0 < y < 4

   elsewhere
 Let  f(x, y) =

0
0 1

     

  Find F(1, 3)

Exercise 3
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55..44..  MMaarrggiinnaall  PPrroobbaabbiilliittyy  DDiissttrriibbuuttiioonnss and Conditional Distributions 

55..44..11..  MMaarrggiinnaall  PPrroobbaabbiilliittyy  DDiissttrriibbuuttiioonnss 

How do you find the p.d.f of a random variable X or Y from the given joint p.d.f of (X,Y)?  

The answer is simple! You simply find the Marginal Probability Distributions. 

With two-dimensional random variable (X, Y),we associate two one -dimensional random 
variables X and Y individually. That is, we may be interested in finding the probability 
distribution of X and Y from their joint distribution. We call these distributions the marginal 
distributions of X and Y. 

Definition: Marginal Distribution (Discrete case): Let (ܺ,ܻ) be a two-dimensional discrete 
random variable with joint p.m.f   ܲ( ܺ= ܻ,௜ݔ =  ௝) .Then the marginal probability functions ofݕ
ܺ ܽ݊݀ ܻ are: 

lyrespectiveyYxXPyYPyqand

yYxXPxXPxP

j
i

ijj

j
j

iii

)()()(

)()()(

1
,

1
,














   

Example1. Let ܺ ܽ݊݀ ܻ have a joint p.m.f given by: 

                                        XX  

          YY                                
00  11  22  

00  00..2255  00..1155  00..1100  

11  00..1100  00..0088  00..1100  

22  00..0055  00..0077  00..1100  
Find the marginal distribution of X and Y 

Example 2: Let (X,Y) be a two-dimensional discrete random variable with p.m.f 

 
,0

2,1y  3,2,1 xif  ;
21),(





 




whereelse

andyx
yxf

Find the respective p.m.f s of X and Y. 

Definition: Marginal Distribution (Continuous Case): Let (ܺ,ܻ) be a two-dimensional 
continuous random variable with joint p.d.f ௑݂௒

(௫,௬) .Then the marginal distribution of X and Y, 
respectively, are: 

௑݂
(௫) = න ௑݂௒

(௫,௬)݀ݕ
ஶ

ିஶ
ܽ݊݀  ௒݂

(௬) = න ௑݂௒
(௫,௬)݀ݔ

ஶ

ିஶ
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Note: -To find the marginal p.d.f of X, integrate the joint p.d.f ௑݂௒
(௫,௬) with respect to y and 

evaluate it for all values of y in R. 

        - To find the marginal p.d.f of Y, integrate the joint p.d f ௑݂௒
(௫,௬)with respect to x and 

evaluate it for all values of x in R. 

Example 1: Two characteristics of a rocket engine’s performance are thrust X and mixture ratio 
Y. Suppose that (ܺ,ܻ) is a two-dimensional continuous random variable with joint p.d.f given 
by 

௑݂௒
(௫,௬) = ቄ2(ݔ + ݕ − 0 ݂݅   (ݕݔ2 < ݔ < 1, 0 < ݕ < 1

                          ݁ݏ݅ݓݎℎ݁ݐ݋                             0
 

Find the marginal p.d.f of X and Y 

Example 2: Consider the following joint p.d.f of X and Y. 



 


whereelse

yxxyxf yx

XY ,0
10,10;12 2),(

  Find the marginal p.d.f for X and Y.   

  ::  Let (X,Y) be a two-dimensional continuous random variable with P.d.f    

 
,0

1yx0 if  ;2),(



 


whereelsef yx

XY
Find the respective p.d.f s of X and Y. 

55..44..22..  CCoonnddiittiioonnaall  PPrroobbaabbiilliittyy  DDiissttrriibbuuttiioonnss  

Definition: Conditional Probability (Discrete Case): Let (ܺ,ܻ) be a two-dimensional discrete 
random variable with joint p.m.f ܲ(ܺ = ܻ,௜ݔ = ௜ݔ)ܲ ௝). Letݕ ) and ݍ(ݕ௝) be marginal 
probability distributions of X and Y, respectively. 

The conditional probability of ܺ for given a value  ܻ =   ௝ is defined byݕ

0)(,
)(

)(
)(

)(
)()( ,, 







 j

j

ji

j

ji
jiji yq

yq
yYxXP

yYP
yYxXP

yYxXPyxP
 

And the conditional probability of Y given X=xi is:  

0)(,
)(

)(
)(

)(
)()( ,, 







 i

i

ji

i

ji
ijij xp

xp
yYxXP

xXp
yYxXP

xXyYPxyP
 

Note: For given j, ܲ(ݔ௜|   ௝) satisfies all the conditions for a probability distribution. We haveݕ

ܲ൫ݔ௜ |௝ݕ ൯ ≥ 0 ܽ݊݀  

Exercise



                                                     

                                                        Page 8 of 12 
 

෍ܲ൫ݔ௜ |௝ݕ ൯
ஶ

௜ୀଵ

= ෍
ܲ൫ݔ௜, ௝൯ݕ
(௝ݕ)ݍ

ஶ

௜ୀଵ

 =
(௝ݕ)ݍ
(௝ݕ)ݍ

= 1 

Example: Suppose (ܺ,ܻ) is a discrete random variable and ܲ(ܺ = 1,ܻ = 2)= 0.03 and                       
P(Y=2) =0.25. Find ܲ(ܺ = 1|  ܻ = 2) 

Definition: Conditional Probability (Continuous Case): Let (ܺ,ܻ) be a two-dimensional 
continuous random variable with joint p.d.f ௑݂௒

(௫,௬). Let ௑݂
(௫)and ௒݂

(௬) be the marginal p.d.f ' s of 
ܺ ܽ݊݀ ܻ, respectively. 

The conditional p.d.f of X given Y=y is given by: 

௑݂
(௫ ௬⁄ ) = ௑݂௒

(௫,௬)

௒݂
(௬) ;  ௒݂

(௬) > 0 

Similarly, the conditional p.d.f of Y given X=x is given by: 

௒݂
(௬ ௫⁄ ) = ௑݂௒

(௫,௬)

௑݂
(௫) ;  ௑݂

(௫) > 0 

Remarks: 

න ௑݂
(௫ ௬⁄ ݔ݀( = 1

ஶ

ିஶ
 

න ௒݂
(௬ ௫⁄ ݕ݀( = 1

ஶ

ିஶ
 

Example: Let (X,Y) be jointly distributed with p.d.f 



 


  elsewhere

yxf yx

XY ,0
102),(

 

Find the conditional distributions of X given y and Y given x 

Example: Suppose that (ܺ,ܻ) is a two-dimensional random variable with p.d.f  



 


elsewhere

yxyxf yx

XY ,0
1,0,0,2),(

 

Find    a.  ܲ (ܺ < 1/2 |  ܻ = 1/4) 

           b.  ܲ (ܻ > 1/3|  ܺ = 1/2) 
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5.5. Independent Random Variables 

Definition: Independent Discrete Random Variables : Let (ܺ,ܻ) be a two-dimensional discrete 
random variable, we say that X and Y are independent random variables if and only if 

)(.)(),( jiji yYPxXPyYxXP  for all ݅  ܽ݊݀ ݆. 

Theorem: Let (ܺ,ܻ) be a two-dimensional discrete random variable. Then X and Y are 
independent random variables if and only if ܲ൫ݔ௜ |௝ݕ ൯ = ௜ݕor equivalently iff ܲ൫  (௜ݔ)ܲ |௝ݔ ൯ =
 .݆ ݀݊ܽ ݅ ௝൯  for allݕ൫ݍ

Definition: Independent Continuous Random Variables: Let (ܺ,ܻ) be a two-dimensional 
continuous random variable .We say X and Y are independent random variables iff  

௑݂௒
(௫,௬) = ௑݂

(௫) ௒݂
(௬) 

Theorem:   Let  (  ܺ, )ܻ be a two-dimensional continuous random variable .We say X and Y are 
independent random variables iff ௑݂

(௫ ௬| ) = ௑݂
(௫) or equivalently iff ௒݂

(௬ ௫| ) = ௒݂
(௬) 

Example: Suppose  



 




elsewhere
ji

jYiXP
ji

,0
,...2,1.,2

),(
)(

. Are X and Y independent? 

Example: Suppose the joint distribution of X and Y is given as follows. Are X and Y 
independent? 



 


elsewhere

yxxyf yx

XY ,0
1010,4),(

 

5.6 Distributions of Functions of Two Dimensional Random Variables 

Let us now consider ܼ = ,ݔ)ܪ  a function of two random variables X and Y. It should be clear ,(ݕ

that Z is again a random variable. Consider the following sequence of steps: 

a. Perform the experiment E and obtain the outcomes. 

b. Evaluate random numbers ܺ(ݏ)ܽ݊݀ ܻ(ݏ) 

c. Evaluate the numbers ܼ =  ((ݏ)ܻ,(ݏ)ܺ)ܪ

The value of Z clearly depends on s, the original outcome of the experiment. Given the 

distribution of (ܺ,ܻ), what is the probability distribution of ܼ = ,ݔ)ܪ  ?(ݕ
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Functions of Two Dimensional Discrete  Random Variable 

If (ܺ,ܻ) is a two-dimensional discrete random variable, the following one dimensional discrete 

random variables might of interest 

ܷ = min(ܺ,ܻ) ;ܸ = max(ܺ,ܻ) ;ܹ = ܺ + ܻ 

 Example 1: The joint probability function    (  ܺ, )ܻ is given by  

,ݔ)ܲ (ݕ = ݔ2)ܭ + ݔ;(ݕ3 = ݕ;0,1,2 = 1,2,3 

a) Compute the value of K 

b) Find the probability distribution of  

i. ܹ = (ܺ + ܻ) 

ii. ܷ =  (ܻ,ܺ)݊݅ܯ

iii. ܸ =  (ܻ,ܺ)ݔܽܯ

Solution: 

a) TToo  ddeetteerrmmiinnee  tthhee  ccoonnssttaanntt  ܭܭ  wwee  mmaakkee  uussee  oonnee  ooff  tthhee  pprrooppeerrttiieess  ooff  aa  p.m.f   nnaammeellyy  

∑ ∑ ,ݔ)ܲ (ݕ = 1ଷ
௬ୀଵ

ଶ
௫ୀ଴  

⇒ ܭ72 = 1 

⇒ ܭ =
1

72 

b) ݅.  ܴௐ = {1,2,3,4,5} 

 5 4 3 2 1 ݓ

ܲ(ܹ = 3 (ݓ
72 

11
72 

24
72 

21
72 

13
72 

ܲ(ܹ = 1) = ܲ(0,1) =
3

72 

ܲ(ܹ = 2) = ܲ(0,2) + ܲ(1,1) =
6

72 +
5

72 =
11
72 
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ܲ(ܹ = 3) = ܲ(0,3) + ܲ(1,2) + ܲ(2,1) =
7

72 +
8

72 +
9

72 =
24
72 

ܲ(ܹ = 4) = ܲ(1,3) + ܲ(2,2) =
11
72 +

10
72 =

21
72 

ܲ(ܹ = 5) = ܲ(2,3) =
13
72 

ii.  ܴ௎ = {0,1,2,3} 

 2 1 0 ݑ

ܲ(ܷ = 18 (ݑ
72 

25
72 

23
72 

ܲ(ܷ = 0) = ܲ(0,1) + ܲ(0,2) + (0,3) =
3

72 +
6

72 +
9

72 =
18
72 

ܲ(ܷ = 1) = ܲ(1,1) + ܲ(1,2) + ܲ(2,1) + ܲ(1,3) =
3

72 +
6

72 +
7

72 +
9

72 =
25
72 

ܲ(ܷ = 2) = ܲ(2,2) + ܲ(2,3) =
10
72 +

13
72 =

23
72 

Functions of Two  Dimensional  Continuous   Random Variable 

In finding the pdf of ܼ =        it is often simplest to consider a second random variable, say (ݕ,ݔ)ଵܪ
W= ܪ (x       ଶ       ݕ ,  ), and first obtain the joint pdf Z   and W, say ௓݂ௐ(ݓ,ݖ). From a knowledge of  

௓݂ௐ(ݓ,ݖ) we can then obtain the desired pdf of Z, say ௓݂(ݖ), by simply integrating ௓݂ௐ(ݓ,ݖ) 

with respect to ݓ. That is ௓݂(ݖ) = ∫ ௓݂ௐ(ݓ,ݖ)݀ݓஶ
ିஶ  

Theorem: Suppose that (X,Y) is a two-dimensional continuous random variable with joint pdf 
௑݂௒(ݔ, ܼ Let .(ݕ = ,ݔ)ଵܪ ܹ ݀݊ܽ(ݕ =  ଶ satisfy the followingܪ ݀݊ܽ ଵܪ and assume that ,(ݕ,ݔ)ଶܪ

conditions:  

a) The equation ܼ = ,ݔ)ଵܪ ܹ ݀݊ܽ(ݕ =  in terms of ݕ ݀݊ܽ ݔ can be uniquely solved for (ݕ,ݔ)ଶܪ
ݔ say ,ݓ ݀݊ܽ ݖ = ݕ ݀݊ܽ(ݓ,ݖ)ଵܩ =  .(ݓ,ݖ)ଶܩ

b) The partial derivatives డ௫
డ௭

, డ௫
డ௪

, డ௬
డ௭

 ܽ݊݀ డ௬
డ௪

 exist.  

Then the joint pdf of (ܼ,ܹ), say ௓݂ௐ(ݓ,ݖ), is given by the following expression: 



                                                     

                                                        Page 12 of 12 
 

௓݂ௐ(ݓ,ݖ) = ௑݂௒
൫ீభ(௭,௪),ீమ(௭,௪)൯|ܬ(ܼ,ܹ)| 

where ܬ(ܼ,ܹ) is the following 22ݔ determinant: 

(ܹ,ܼ)ܬ = ተ

ݔ߲
ݖ߲

ݔ߲
ݓ߲

ݕ߲
ݖ߲

ݕ߲
ݓ߲

ተ 

This determinant is called the Jacobian of the transformation (ݕ,ݔ) →  (ݓ,ݖ)

 

      

 

 

 

 

 

 

 

   

Example

f(x, y) =     1/2    0 xy� 


0       elsewhere
Let

Find the joint pdf of U = X+Y and V = X-Y




