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CHAPTER TWO                                                                                                           
2. CONDITIONAL PROBABILITY AND INDEPENDENCE         

2.1. Conditional Probability 

2.2 Multiplication theorem, Bayes’ Theorem and Total probability theorem 

2.3 Independent Events 

 
2.1. Conditional Probability 

It is to be recalled that up to this moment we were talking about events that are independent. In 
the real world variables are known to be interrelated or dependent to one another, and so do 
events. Accordingly, in most cases it seems rare to find probabilities of events that do not involve 
conditional probabilities.  

The conditional probability will help us calculate the probability of events when it is known 
that another event has occurred. In particular, if it is known that some event has already occurred, 
then we will find the probability of another event. Conditional probability refers to those 
probabilities that arise due to dependence among events. To introduce this important concept   , let us 
consider the following example. 

EExxaammppllee::  A box of 80 candles consists of 30 defective and 50 non-defective candles. Suppose 
that we choose two candles from this box one after the other. 

         a) with replacement               b) without replacement  

Define two events A and B as follows 

A={the first candle is defective} B={the second candle is defective} 

If we are choosing with replacement, P(A) =P(B)= 30/80 =3/8 because each time the selected 
candle will be replaced back and hence the composition remains the same. 

However, if we are choosing without replacement, the results are not quite immediate. 

P(A)=3/8 but what about P(B)=? It is clear that P(B) depends on whether A did occur or didn’t 
occur. If A did not occur then P(B)=30/79. On the other hand, if A did occur then on the second 
draw there are only 79 candles left of which 29 are defective. In this case, P(B)= P(B|A)=29/79. 
P(B|A) is the conditional probability of B given that A has already occurred.  
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DDeeffiinniittiioonn::  CCoonnddiittiioonnaall  PPrroobbaabbiilliittyy: Let A and B be two events in the sample space S with 
P(B)  >  0. Then the probability that event A will o ccur given that event B has already occurred is 
called the conditional probability of A given B. It is   denoted by P(A|B).   

|/ܣܣ))ܲܲ ((ܤܤ ==
ܲܲ ܣܣ)) ∩∩ ((ܤܤ

((ܤܤ))ܲܲ ݁ݎ݁݁ݎℎℎ݁ݓݓ;;   ܲܲ ((ܤܤ)) >> 00  

EExxaammppllee::  Consider the above example when selection is made without replacement 

Remark:  

 .for fixed B satisfies all of the various axioms of probability (ܤ|ܣ)ܲ .1
I. 0 ܲ(ܤ|ܣ) 1 

II. ܲ(ܵ|ܤ)  = 1; where S denotes the Sample Space. 
III. ܲ((ܣଵ ∪ (ܤ|(ଶܣ = (ܤ|ଵܣ)ܲ +  ଶ are mutually exclusiveܣ ݀݊ܽ ଵܣ where ;(ܤ|ଶܣ)ܲ

events 
IV. If ܣଵ,ܣଶ …   ௡,  are a sequence of mutuall      y exclusive events in S, thenܣ,

ܲ(ራܣ௜|ܤ)
௡

௜ୀଵ

= ෍ܲ(ܣ௜|ܤ)
௡

௜ୀଵ

 

2. If the possible outcomes are finitely many and equally likely, we have 

ܲ(A| B) =
ܣ ݂݋ ݏݐ݈݊݁݉݁݁ ݂݋ ݎܾ݁݉ݑ݊ ∩ ܤ

Number of elements of B =
n(ܣ ∩ (ܤ
(ܤ)݊  

 

(i.e., conditional probability can also be viewed as a probability law on a new universe B, 
because all of the conditional probability is concentrated on B) 

3. For any events :ଶ in Sܣ ݀݊ܽ ଵܣ  
ଵܣ))ܲ ∪ (ܤ|(ଶܣ = (ܤ|ଵܣ)ܲ + (ܤ|ଶܣ)ܲ − ଵܣ))ܲ ∩  (ܤ|(ଶܣ

4. If ܣଵ ܽ݊݀ ܣଶ are events in S and ܣଵ  ⊆ (ܤ|ଵܣ)ܲ ଶ thenܣ ≤  (ܤ|ଶܣ)ܲ
5. If ܣ is an event in S, then ܲ(ܣᇱ|ܤ) = 1 −  (ܤ|ܣ)ܲ

Example 1: Toss a fair coin three times successively. Let  

ܣ =  {݌ݑ ݁݉݋ܿ ݏ݈݅ܽݐ ℎܽ݊ݐ ݏℎ݁ܽ݀ ݁ݎ݋ܯ}

ܤ =                         {ℎ݁ܽ݀ ܽ ݏ݅ ݏݏ݋ݐ ݐݏݎ݂݅}

Then compute ܲ(ܤ|ܣ). 

Example 2: For a student enrolling in a fres  hman at a university, the probability that he/she 
will get a scholarship   is 0.25   and   the   probability that he/she will graduate is 0.75. If the     
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probability that he/she will get scholarship and will also graduate is 0.2. What is the probability 
that a student who secured a scholarhip will graduate? 

Example 3: Let the probability that a policy will be correctly formulated is 0.60 and the probability 
that a policy will be correctly formulated and correctly executed is 0.54. Then find the 
probability that: 

a. the policy will be correctly executed given that it is correctly formulated 
b. The policy will not be correctly executed given that it is correctly formulated. 

Example 4: A lot consists of 20 defective and 80 non-defective items from which two items are 
chosen without replacement. Events A & B are defined as  

A = {the first item chosen is defective}, B = {the second item chosen is defective}  

a. What is the probability that both items are defective?  
b. What is the probability that the second item is defective? 

2.2. Multiplication Theorem, Bayes’ Theorem and Total  Probability Theorem 

2.2.1. Multiplication Theorem  of Probability 

Definition: If A and B are two events in S and ܲ(ܣ) is not zero, then the probability that A and 
B will both occur is the product of the probability of A and the conditional probability of B given 
A. i.e. ܲ(ܣ ∩ (ܤ = ܣ)ܲ ,Similarly .(ܣ|ܤ)ܲ(ܣ)ܲ ∩ (ܤ =   .(ܤ|ܣ)ܲ(ܤ)ܲ

Multiplication rule of probability is used to find the probability of simultaneous occurrence of 
events. 

TThhee  aabboovvee  mmuullttiipplliiccaattiioonn  rruullee  ccaann  bbee  ggeenneerraalliizzeedd  ttoo  mmoorree  tthhaann  ttwwoo  eevveennttss  iinn  tthhee  ffoolllloowwiinngg  wwaayy..  

LLeett  AA11,,  AA22,,  ……,,  AAnn  bbee  aa  sseeqquueennccee  ooff  eevveennttss  aanndd  aassssuummee    


 A
n

1i
i ..  TThheenn  

)A ., ,A ,|AP(A .. )A ,|AP(A )|AP(A )P(A )AP( 1-n21n213121

n

1i
i 


   

Example 1: Suppose that there is a box containing 20 fuses of which 5 are defective. If 3 fuses are 
selected at random and removed successively, what is the probability that all are defective? 

Example 2: Three balls are drawn at random one after the other without replacement from a box 
containing 3 white and 4 red balls. Find the probability that the balls alternate in color. 
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Example 3: Suppose that our sample space is the population of adults in a small town who have 
completed the requirements for a college degree. They are categorized according to sex and 
employment status as follows. 

 Employed  Unemployed Total 

Male  30 40 70 

Female 20 70 90 

Total 50 110 160 

A person is selected at random. What is the probability that the selected person is  

a) a man given that he is employed       b)unemployed given that she is female 

c) a male or a female        d)unemployed male e)employed 

2.2.2. Bayes’ Theorem 

DDeeffiinniittiioonn  ((PPaarrttiittiioonn  ooff  SSaammppllee  SSppaaccee))::  WWee  ssaayy  tthhaatt  tthhee  eevveennttss  BB11,,  BB22,,  ……..BBkk  rreepprreesseenntts  ppaarrttiittiioonn  
ooff  tthhee  ssaammppllee  ssppaaccee  SS  iiff  

aa))  BBii    BBjj  ==  ߶߶  ii..ee..  iiff  tthhee  eevveennttss  aarree  mmuuttuuaallllyy  eexxcclluussiivvee  

bb))  S  B
k

1i
i 


   

cc))  PP((BBii))  >>  00    ii, i = 1, 2, 3, . . . , k  
Thus the events BB11,,  BB22,,  ……..BBkk  aarree  mmuuttuuaallllyy  eexxcclluussiivvee  aanndd  eexxhhaauussttiivvee..  GGrraapphhiiccaallllyy::    

 

Example: Let ܵ = {1, 2, 3, 4, 5, ଵܤ .{6 = {1, ଶܤ ,{2 = {3, 4, ଷܤ , {5 = {6}   

LLeett  AA  bbee  ssoommee  eevveenntt  aassssoocciiaatteedd  wwiitthh  SS  aanndd  lleett  BB11,,  BB22,,  ……  BBkk  bbee  ppaarrttiittiioonnss  ooff  SS..  HHeennccee  wwee  ccaann  
write  

             A = (A  B1)  (A B2)  … (A  Bk) 
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Of course, some of A  Bi may be empty. Note that since B's are partitions and have no 
intersection (mutually exclusive events) all sets (A  B1), (A B2), …,(A  Bk) are pair-wise 
mutually exclusive. 

Hence P(A) = P(A  B1) + P(A B2) + … + P(A  Bk) 

But P(A  Bi), for each and every i, may be expressed as P(A|Bi) xP(Bi) and we obtain the theorem  
of total probability.  

TToottaall  PPrroobbaabbiilliittyy  TThheeoorreemm  

If we have B1, B2, ….Bk to be partitions of S then for any event A associated with S 

P(A) = P(A|B1) P(B1) + P(A|B2) P(B2) + …. + P(A|Bk) P(Bk) 

                  ==  


k

1i
ii )P(B )P(A|B     

GGrraapphhiiccaallllyy::  

  

Example: A coin, is weighted so that P(H) = ଶ
ଷ
 and P(T) = ଵ

ଷ
, is tossed. If head appears, then a  

number is selected at random from the numbers 1 through 9; if tail appears, then a number is 
selected at random from the numbers 1 through 5. Find the probability that an even number is 
selected.     

EExxaammppllee: Three machines A, B and C produce 50%, 30% and 20% of the total output 
respectively. The percentages of defective output of these machines are 3%, 4% and 5% 
respectively. If an item is selected at random, what is the probability that the item is defective? 

TThhee  aabboovvee  eexxaammppllee  mmaayy  mmoottiivvaattee  uuss  ttoo  aposesk  o onnee  qquueessttiioonn..  SSuuppppoossee  oonnee  iitteemm  iiss  cchhoosseenn  aanndd  iiss  
ffoouunndd  ttoo  bbee  ddeeffeeccttiivvee..  WWhhaatt  iiss  tthhee  pprroobbaabbiilliittyy  tthhaatt  iitt  iiss  ffrroomm  mmaacchhiinnee  AA??    TThhee  ffoolllloowwiinngg  wweellll--
kknnoowwnn  tthheeoorreemm,,  ccaalllleedd  BBaayyeess’’  TThheeoorreemm,,  pprroovviiddeess  tthhee  aannsswweerr!!      

BBaayyeess’’  TThheeoorreemm::  LLeett  BB11,,  BB22,,  ……..,,  BBkk  bbee  aa  ppaarrttiittiioonn  ooff  tthhee  ssaammppllee  ssppaaccee  SS  aanndd  lleett  AA  bbee  aann  eevveenntt  
aassssoocciiaatteedd  wwiitthh  SS..  TThheenn  
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


 k

j
jj

ii
i

BPBAP

BPBAPABP

1
)()|(

)()|()|(   

EExxaammppllee::  CCoonnssiiddeerr  tthhee  pprreevviioouuss  eexxaammppllee..  AAnn  iitteemm  wwaass  sseelleecctteedd  aanndd  iiss  ffoouunndd  ttoo  bbee  ddeeffeeccttiivvee..  WWhhaatt  iiss  tthhee  
pprroobbaabbiilliittyy  tthhaatt  iitt  iiss  ffrroomm  BB11??  

IInn  ootthheerr  wwoorrddss,,  wwee  ddiivviiddee  tthhee  pprroobbaabbiilliittyy  ooff  tthhee  rreeqquuiirreedd  ppaatthh,,  tthhoossee  ppaatthhss  wwhhiicchh  lleeaadd  ttoo  aa  ddeeffeeccttiivvee  iitteemm,,  
bbyy  tthhee  pprroobbaabbiilliittyy  ooff  tthhee  rreedduucceedd  ssaammppllee  ssppaaccee..  

22..33..  IInnddeeppeennddeenntt  eevveennttss::  TTwwoo  eevveennttss  AA  aanndd  BB  aarree  ssaaiidd  ttoo  bbee  iinnddeeppeennddeenntt  iiffff    

((ܤܤܣܣ))ܲܲ ==   ((ܤܤ))ܲܲ  ((ܣܣ))ܲܲ

VVeerrbbaallllyy  ssppeeaakkiinngg,,  AA  aanndd  BB  aarree  iinnddeeppeennddeenntt  pprroovviiddeedd  kknnoowwlleeddggee  ooff  tthhee  ooccccuurrrreennccee  ooff  AA  bbyy  nnoo  mmeeaannss  
iinnfflluueenncceess  tthhee  pprroobbaabbiilliittyy  ooff  ooccccuurrrreennccee  ooff  BB..  

RReemmaarrkkss  

11))  IIff  AA  aanndd  BB  aarree  mmuuttuuaallllyy  eexxcclluussiivvee  wwhheenn  ddoo  tthheeyy  bbeeccoommee  iinnddeeppeennddeenntt??  

PP((AA    BB))  ==  PP(())    PP((AA))  PP((BB))  ==  00  

  AA  aanndd  BB  aarree  iinnddeeppeennddeenntt  aanndd  mmuuttuuaallllyy  eexxcclluussiivvee  iiffff  AA    BB  ==    aanndd  eeiitthheerr  PP((AA))  ==00  oorr  PP((BB))==00  

22))  IIff  AA    BB  tthheenn  AA    BB  ==  AA    

                PP((AA    BB))  ==  PP((AA))  

                AA  aanndd  BB  ccaannnnoott  bbee  iinnddeeppeennddeenntt  uunnlleessss  PP((BB))==  11  

                BB  ==  SS  

33))    aanndd  SS  aarree  iinnddeeppeennddeenntt  ooff  aannyy  eevveenntt      

44))  TThhrreeee  eevveennttss  AA,,  BB,,  aanndd  CC  aarree  jjooiinnttllyy  iinnddeeppeennddeenntt  iiffff  

i. ܲ(ܣ ∩ (ܤ =  (ܤ)ܲ(ܣ)ܲ
ii. ܲ(ܣ ∩ (ܥ =  (ܥ)ܲ(ܣ)ܲ

iii. ܲ(ܤ ∩ (ܥ =  (ܥ)ܲ(ܤ)ܲ
iv. ܲ(ܣ ∩ ܤ ∩ (ܥ =  (ܥ)ܲ(ܤ)ܲ(ܣ)ܲ

Three events A1, A2, and A3 are said to be pair-wise independent if P(Ai n Aj) = P(Ai)P(Aj). However,  
pair-wise independence is not a sufficient condition for the mutual independence of any three events. In general, 

 for any n events to be jointly independent                                         2                                                        ୬                                   - n - 1 independence conditions have to be satisfied. 
     

TThheeoorreemm::  LLeett  AA  aanndd  BB  bbee  iinnddeeppeennddeenntt..  TThheenn  

II..  AA  aanndd  BB//  aarree  iinnddeeppeennddeenntt  
IIII..  AA//  aanndd  BB//  aarree  iinnddeeppeennddeenntt  

IIIIII..  AA//  aanndd  BB  aarree  iinnddeeppeennddeenntt 
   Proof: Exercise




