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CHAPTER ONE                                                      

INTRODUCTION         

1.1. Deterministic and non-deterministic models 

1.2. Review of set theory: sets, union, intersection, complementation, De-Morgan’s rules  

1.3. Random experiments, sample space and events 

1.4. Finite sample spaces and equally likely outcomes 

1.5. Counting techniques 

1.6. Definitions of probability 

1.7. Derived theorems of probability 

 
1.1. Deterministic and non-deterministic models 

Models are integral parts of both social and natural sciences. In both cases we construct or fit 

models to represent the interrelationship between two or more variables. Particularly, in the 

fields like Statistics and Economics models are fitted for the sake of forecasting.  IItt  iiss  ppoossssiibbllee  ttoo  

ccllaassssiiffyy  mmooddeellss  iinn  ttoo  ddiiffffeerreenntt  ggrroouuppss  bbaasseedd  oonn  vvaarriieedd  aattttrriibbuutteess  oorr  ccrriitteerriiaa..  BBaasseedd  oonn  tthhee  ttyyppee  ooff  

eexxppeerriimmeenntt  ffoorr  wwhhiicchh  wwee  ffiitt  tthhee  mmooddeell,,  wwee  ccllaassssiiffyy  mmooddeell  aass  DDeetteerrmmiinniissttiicc  aanndd  NNoonn--

ddeetteerrmmiinniissttiicc  mmooddeellss.. 

Definition: Experiment is any activity (process or action) that we intended to do under certain 

condition to obtain a well defined results, usually called the outcome of an experiment. The 

possible results of an experiment may be one or more. Based on the number of possible results, 

we may classify an experiment as Deterministic and Non-deterministic experiment. 

A- Deterministic experiment: this is an experim ent for which the outcomes can be
 predicted in advance and is known prior to its conduct. For this type 

of experiment we have only one possible result (certain and unique). The result of an 

experiment is assumed to be dependent on the condition under which an experiment is 

performed. A mathematical form of equations to be defined on this experiment is called a 

deterministic model.  

Definition: Deterministic model is a model that stipulates the condition under which an 

experiment is performed determine the outcome of that experiment. 
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Examples: An experiment conducted to verify the Newton Laws of Motion: F = ma; an 

experiment conducted to determine the economic law of demand: ܳ௧ ൌ ܽ ൅ ܾ ௧ܲ where Q is a 

quantity demand, P is the price and t is a time; etc…
   Note: Most of the experiments that we conduct to verify science law is an example of 

        deterministic experiment. 
B- Non-deterministic experiment: this is an experiment for which the outcome of a given trial 

cannot be predicted in advance prior to its conduct. We also call this experiment as unpredictable 

or probabilistic or stochastic or random experiment. Usually the result of this experiment is 

subjected to chance and is possibly more than one. In this experiment, whatever the condition 

under which an experiment is performed, one cannot tell with certainty which outcome occurs 

at any particular execution of an experiment though it is possible to list those outcoes.

This types of experiments are characterized by the following three properties: 

I. The experiment is repeatable under identical conditions. 

II. The outcome in any particular trial is variable, i.e., it depends on some chance or random 

mechanism. 
III. If the experiment is repeated a large number of times, then some regularity becomes 

   apparent in the outcomes obtained. This regularity enables us to set some mathematical
       form of equations called non-deterministic model.

Definition: Non-deterministic model is a mathematical description of an uncertain situation.
 
Example: The experiment of tossing a coin: there are two possible outcomes i.e. getting a 
Head or Tail. Though we know the possible outcomes, we cannot for sure predict that we
can get for example a Tail if we flip the coin in a particular manner and so on. 

Note: the quantitative measure of uncertainty regarding one or more outcomes of a random 

experiment is called a probability.  

Exercise: IIddeennttiiffyy  tthhee  ffoolllloowwiinngg  mmooddeellss  aass  ddeetteerrmmiinniissttiicc  oorr  NNoonn--ddeetteerrmmiinniissttiicc  

aa))  EEqquuaattiioonn  ooff  aa  ssttrraaiigghhtt  lliinnee..  

bb))  VVaarriiaabbllee  ccoosstt==((CCoosstt  ppeerr  uunniitt))((QQuuaannttiittyy  pprroodduucceedd))
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cc))  YYii==AAXXii++eeii        wwhheerree  eeii  iiss  tthhee  eerrrroorr  tteerrmm  ((oorr  rraannddoomm  ccoommppoonneenntt))  aassssoocciiaatteedd  wwiitthh  tthhee  iitthh  

oobbsseerrvvaattiioonn..  

1.2. Review of set theory: sets, union, intersection, complementation, De-Morgan’s rules  

DDeeffiinniittiioonn  aanndd  TTyyppeess  ooff  SSeettss  

SSeett::  AA  sseett  iiss  aa  wweellll--ddeeffiinneedd  ccoolllleeccttiioonn  oorr  lliisstt  ooff  oobbjjeeccttss..  

AAnn  oobbjjeecctt  tthhaatt  bbeelloonnggss  ttoo  aa  ppaarrttiiccuullaarr  sseett  iiss  ccaalllleedd  aann  eelleemmeenntt..  SSeettss  aarree  uussuuaallllyy  ddeennootteedd  bbyy  ccaappiittaall  

lleetttteerrss  ((AA,,  BB,,  CC  eettcc))..  OOnn  tthhee  ootthheerr  hhaanndd,,  eelleemmeennttss  ooff  sseettss  aarree  uussuuaallllyy  ddeennootteedd  bbyy  ssmmaallll  lleetttteerrss  ((aa,,  

bb,,  cc  eettcc))..  

EExxaammpplleess::  TThhee  sseett  ooff  ssttuuddeennttss  iinn  aa  ccllaassss;;  tthhee  sseett  ooff  eevveenn  nnuummbbeerrss;;  tthhee  sseett  ooff  ppoossssiibbllee  oouuttccoommeess  

ooff  aann  eexxppeerriimmeenntt;;  eettcc..  

NNoottee::  IIff  XX  bbeelloonnggss  ttoo  sseett  AA  wwee  wwrriittee  XX  ∈∈  AA,,  aanndd  iiff  XX  ddooeess  nnoott  bbeelloonngg  ttoo  sseett  AA  wwee  wwrriittee  XX  ∉∉  AA  

TTwwoo  SSppeecciiaall  SSeettss  

UUnniivveerrssaall  sseett  ((UU))::  UUnniivveerrssaall  sseett  iiss  tthhee  ccoolllleeccttiioonn  ooff  aallll  oobbjjeeccttss  uunnddeerr  ccoonnssiiddeerraattiioonn..  UUnniivveerrssaall  sseett  

ffoorr  aa  ggiivveenn  ddiissccuussssiioonn  iiss  ffiixxeedd  aanndd  pprree--ddeetteerrmmiinneedd..  

EExxaammppllee::  **  TThhee  sseett  ooff  rreeaall  nnuummbbeerrss  ccaann  bbee  sseeeenn  ttoo  bbee  uunniivveerrssaall  sseett  ooff  nnuummbbeerrss..  

            **  CCoonnssiiddeerr  aann  eexxppeerriimmeenntt  ooff  rroolllliinngg  aa  bbaallaanncceedd  ddiiee..  TThheenn,,  tthhee  sseett  ooff  aallll  ppoossssiibbllee  

oouuttccoommeess  ooff  tthhiiss  eexxppeerriimmeenntt  ccaann  bbee  ccoonnssiiddeerreedd  aass  tthhee  uunniivveerrssaall  sseett..  UU=={{11,,22,,33,,44,,55,,66}}  

EEmmppttyy  sseett  ((φφ  oorr{{}}))::  AA  sseett  wwiitthh  nnoo  eelleemmeenntt  iiss  ccaalllleedd  eemmppttyy  sseett..  

EExxaammppllee::    IInn  tthhee  eexxppeerriimmeenntt  ooff  ttoossssiinngg  ttwwoo  ddiiccee  aatt  tthhee  ssaammee  ttiimmee,,  ddeeffiinnee  AA  ttoo  bbee  aa  sseett  wwhhoossee  

eelleemmeennttss  aarree  ppaaiirrss  ooff  oouuttccoommeess  ffrroomm  tthhee  ttwwoo  ddiiccee  wwiitthh  ssuumm  ggrreeaatteerr  tthhaann  2200..  OObbvviioouussllyy,,  tthhee  sseett  AA  

iiss  eemmppttyy  sseett  bbeeccaauussee  tthhee  mmaaxxiimmuumm  ppoossssiibbllee  ssuumm  iiss  1122,,  wwhhiicchh  iiss  aattttaaiinneedd  wwhheenn  bbootthh  tthhee  oouuttccoommeess  

aarree  66..  

SSuubbsseett::  AA  ⊆⊆  BB  iiffff  XX  ∈∈  AA  ⇒⇒  XX  ∈∈  BB  ffoorr  aallll  XX  eelleemmeenntt  iinn  tthhee  uunniivveerrssaall  sseett..  

11..22..11    SSeett  ooppeerraattiioonnss  

OOnnee  ccaann  iiddeennttiiffyy  tthhrreeee  bbaassiicc  sseett  ooppeerraattiioonnss..  TThheessee  aarree::  
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aa..  CCoommpplleemmeenntt::  FFoorr  aannyy  sseett  AA,,  tthhee  ccoommpplleemmeenntt  ooff  AA  ddeennootteedd  bbyy  AA//,,  oorr  AAcc  oorr  ĀĀ  iiss  ggiivveenn  bbyy    

{{XX  ∈∈  UU//  XX∉∉AA}}  

NNoottee::  UU//  ==  φφ  ;;            φφ//  ==  UU  ;;          ((  AA//  ))//  ==  AA  

bb..  UUnniioonn::  GGiivveenn  ttwwoo  sseettss  AA  aanndd  BB,,  tthhee  uunniioonn  ooff  AA  aanndd  BB  ddeennootteedd  bbyy  AA∪  BB  iiss  tthhee  sseett  ooff  aallll  

eelleemmeennttss,,  wwhhiicchh  bbeelloonngg  ttoo  sseett  AA  oorr  BB,,  oorr  bbootthh..  

AA∪∪BB  =={{  XX::  XX  ∈∈  AA  ∨∨  XX∈∈  BB}};;  hheerree  tthhee  llooggiiccaall  ccoonnnneeccttiivvee  ∨∨  ((OORR))  iiss  uusseedd  iinn  iittss  iinncclluussiivvee  sseennssee..  

IInn  ggeenneerraall,,  iiff  wwee  hhaavvee  aa  sseeqquueennccee  ooff  sseettss  AA11,,  AA22,,  ……,,  AAnn  tthheenn  

AA11  ∪∪AA22∪∪  ……  ∪∪AAnn  ==  n} and 1between  i oneleast at for  :{
1

i

n

i
i AXUXA ∈∈=

=
U   

RReeccaallll  tthhaatt    AA  ∪∪  φφ  ==  AA    aanndd  AA  ∪∪  UU  ==  UU  

cc..  IInntteerrsseeccttiioonn::  FFoorr  aannyy  ttwwoo  sseettss  AA  aanndd  BB  tthhee  iinntteerrsseeccttiioonn  ooff  AA  aanndd  BB  iiss  ddeeffiinneedd  ttoo  bbee  tthhee  sseett  ooff  

aallll  eelleemmeennttss  tthhaatt  ooccccuurr  iinn  bbootthh  sseett  AA  aanndd  aallssoo  sseett  BB..  SSyymmbboolliiccaallllyy,,  wwee  wwrriittee      

AA  ∩∩  BB  =={{  XX  ∈∈  UU  //  XX  ∈∈  AA  ∧∧  XX∈∈BB}}  

AA11  ∩∩    AA22  ∩∩  ……  ∩∩  AAnn  == n} and 1between  i allfor  :{
1

i

n

i
i AXUXA ∈∈=

=
I   

SSeettss  wwiitthh  nnoo  iinntteerrsseeccttiioonn  aarree  ccaalllleedd  ddiissjjooiinntt  sseettss..  AA  aanndd  BB  aarree  ddiissjjooiinntt  iiff  AA  ∩∩  BB  ==  φφ..  

11..22..22  PPrrooppeerrttiieess  ooff  sseett  ooppeerraattiioonnss  

II..  CCoommmmuuttaattiivvee  llaaww  

ii))  AA∪∪  BB  ==  BB∪∪  AA,,  aanndd    

iiii))  AA  ∩∩  BB  ==  BB  ∩∩  AA  

IIII..  AAssssoocciiaattiivvee  llaaww  

ii))  AA∪∪  ((BB  ∪∪  CC))  ==  ((AA  ∪∪  BB))  ∪∪  CC,,  aanndd  

iiii))  AA  ∩∩  ((BB  ∩∩  CC))  ==  ((AA  ∩∩  BB))  ∩∩  CC  
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IIIIII..  DDiissttrriibbuuttiivvee  llaaww  

ii))  AA  ∪∪  ((BB  ∩∩  CC))  ==  ((AA  ∪∪  BB))  ∩∩  ((AA  ∪∪  CC)),,    

iiii))  AA  ∩∩  ((BB  ∪∪  CC))  ==  ((AA  ∩∩BB))  ∪∪  ((AA  ∩∩  CC)),,    

MMoorree  ggeenneerraallllyy,,  

( )

( )I UU I

U II U
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i
i

n

i
i

n

i
i

n
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i
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IIVV..  DDeemmoorrggaann’’ss  llaaww  

((AA∪∪  BB))//  ==  AA//    ∩∩    BB//    aanndd  ((AA  ∩∩BB))//  ==  AA//    ∪∪    BB//      

MMoorree  ggeenneerraallllyy,,  

UIIU
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1.3. Random experiments, sample space and events 

IInnttrroodduuccttiioonn  

PPeerrhhaappss  tthhee  ccoonncceepptt  ooff  ssaammppllee  ssppaaccee  aanndd  eevveennttss  mmaayy  bbee  ccoonnssiiddeerreedd  aass  tthhee  ccoorrnneerr  ssttoonneess  ffoorr  tthhee  

wwhhoollee  ddiissccuussssiioonn  iinn  pprroobbaabbiilliittyy..  TThhee  ccoonncceepptt  ooff  pprroobbaabbiilliittyy  ccaann  nneevveerr  bbee  aaddddrreesssseedd  wwiitthhoouutt  

ffuurrnniisshhiinngg  tthhee  iiddeeaa  ooff  ssaammppllee  ssppaaccee  aanndd  eevveennttss..  TThhee  ggoooodd  nneewwss  iiss  tthhaatt  oonnee  ccaann  eeaassiillyy  ggrraasspp  tthhee  

ccoonncceepptt  ooff  ssaammppllee  ssppaaccee  aanndd  eevveennttss  pprroovviiddeedd  tthheerree  iiss  aa  cclleeaarr  uunnddeerrssttaannddiinngg  ooff  uunniivveerrssaall  sseett  aanndd  

ssuubbsseettss,,  wwhhiicchh  aarree  eelleemmeennttaarryy  ccoonncceeppttss  iinn  sseett  tthheeoorryy..  WWee  hhaavvee  aa  ppeerrffeecctt  aannaallooggyy..  TThhee  ccoonncceeppttss  ooff  

uunniivveerrssaall  sseett  aanndd  ssuubbsseettss  iinn  tthhee  tthheeoorryy  ooff  sseettss  ddiirreeccttllyy  ccoorrrreessppoonndd,,  rreessppeeccttiivveellyy,,  ttoo  tthhee  ccoonncceeppttss  

ssaammppllee  ssppaaccee  aanndd  eevveennttss  wwhheenn  iitt  ccoommeess  ttoo  tthhee  tthheeoorryy  ooff  pprroobbaabbiilliittyy..  

11..  RRaannddoomm  EExxppeerriimmeenntt::  IItt  iiss  aann  eexxppeerriimmeenntt  tthhaatt  ccaann  bbee  rreeppeeaatteedd  aannyy  nnuummbbeerr  ooff  ttiimmeess  uunnddeerr  

ssiimmiillaarr  ccoonnddiittiioonnss  aanndd  iitt  iiss  ppoossssiibbllee  ttoo  eennuummeerraattee  tthhee  ttoottaall  nnuummbbeerr  ooff  oouuttccoommeess  wwiitthh  oouutt  

pprreeddiiccttiinngg  aann  iinnddiivviidduuaall  oouutt  ccoommee..  RRaannddoomm  eexxppeerriimmeennttss  aarree  aassssoocciiaatteedd  wwiitthh  pprroobbaabbiilliittyy  

mmooddeellss..  AAss  tthhee  eexxppeerriimmeenntt  iiss  rreeppeeaatteedd  aa  llaarrggee  nnuummbbeerr  ooff  ttiimmee  aa  cceerrttaaiinn  ppaatttteerrnnss  aappppeeaarr..  
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SSoommee  ffeeaattuurreess  ooff  aa  rraannddoomm  eexxppeerriimmeenntt    

  EEaacchh  eexxppeerriimmeenntt  iiss  ccaappaabbllee  ooff  bbeeiinngg  rreeppeeaatteedd  iinnddeeffiinniitteellyy  uunnddeerr  eesssseennttiiaallllyy  uunncchhaannggeedd  

ccoonnddiittiioonnss,,  

  AAlltthhoouugghh  wwee  aarree,,  iinn  ggeenneerraall,,  uunnaabbllee  ttoo  ddeetteerrmmiinnee  wwhhiicchh  ppoossssiibbllee  oouuttccoommee  wwiillll  rreessuulltt  iinn  aa  

ssiinnggllee  ttrriiaall  ooff  tthhee  eexxppeerriimmeenntt,,  wwee  aarree  aabbllee  ttoo  ddeessccrriibbee  tthhee  sseett  ooff  aallll  ppoossssiibbllee  oouuttccoommeess..  

  AAss  tthhee  eexxppeerriimmeenntt  iiss  rreeppeeaatteedd  aa  llaarrggee  nnuummbbeerr  ooff  ttiimmeess  aa  ddeeffiinniittee  ppaatttteerrnn  oorr  rreegguullaarriittyy  iiss  

eexxppeecctteedd  ttoo  aappppeeaarr..  FFrroomm  tthhiiss  rreegguullaarriittyy  wwee  ccaann  ccoonnssttrruucctt  aa  pprreecciissee  mmaatthheemmaattiiccaall  mmooddeell..  

EExxaammppllee::  CCoonnssiiddeerr  tthhee  rraannddoomm  eexxppeerriimmeennttss  ggiivveenn  aabboovvee  

ii))  FFoorr  tthhee  eexxppeerriimmeenntt  ooff  fflliippppiinngg  aa  ccooiinn  tthhee  ppoossssiibbllee  oouuttccoommeess  aarree  eeiitthheerr  HHeeaadd  ((HH))  oorr  
TTaaiill  ((TT))..  HHeennccee,,  tthhee  ssaammppllee  ssppaaccee  wwiillll  bbee  SS  =={{HH,,  TT  }}  

iiii))  FFoorr  tthhee  eexxppeerriimmeenntt  ooff  rroolllliinngg  aa  ddiiee  tthhee  ppoossssiibbllee  oouuttccoommeess  aarree  tthhee  ssiixx  ssiiddeess  ooff  tthhee  ddiiee  
tthhaatt  aarree  nnuummbbeerreedd  ffrroomm  11  ttoo  66..  TThhuuss,,  tthhee  ssaammppllee  ssppaaccee  wwiillll  bbee  SS=={{11,,22,,33,,44,,55,,66}}  

iiiiii))  TToossss  aa  ccooiinn  ttwwiiccee  aanndd  oobbsseerrvvee  tthhee  ffaaccee  uupp..  TThhee  ssaammppllee  ssppaaccee  ooff  tthhiiss  eexxppeerriimmeenntt  iiss  SS  
=={{HHHH,,  HHTT,,  TTHH,,  TTTT  }}..  WWhhaatt  wwoouulldd  bbee  tthhee  ssaammppllee  ssppaaccee  iiff  yyoouu  wweerree  ttoo  ttoossss  tthhrreeee  
ttiimmeess??  

iivv))  FFoorr  tthhee  eexxppeerriimmeenntt  ooff  ddrraawwiinngg  aa  ccaarrdd  ffrroomm  aa  ddeecckk  ooff  ccaarrddss  tthhee  ffoolllloowwiinngg  sseettss  ccaann  bbee  
ppoossssiibbllee  ssaammppllee  ssppaacceess..  

SS=={{HHeeaarrtt,,  SSppiiddeerr,,  DDiiaammoonndd,,  FFlloowweerr}}  

SS=={{11ss,,  22ss,,  33ss,,  ……  ,,  QQss,,  KKss,,  jjookkeerrss}}  

SS=={{BBllaacckk  ccaarrdd,,  RReedd  ccaarrdd}}  

AAss  tthhee  llaasstt  ccaassee  ooff  tthhee  aabboovvee  eexxaammppllee  iinnddiiccaatteess  iitt  iiss  ppoossssiibbllee  ttoo  hhaavvee  mmoorree  tthhaann  oonnee  ssaammppllee  ssppaaccee  
ffoorr  aa  ggiivveenn  rraannddoomm  eexxppeerriimmeenntt..  HHeennccee,,  wwee  ccaann  ssttaattee  tthhee  ffoolllloowwiinngg  rreemmaarrkk..  

There are different types of sample space:- 

 Finite sample space: if they have a finite number of elements. Example:  

• Tossing a coin.  S={Heads, Tails} 

• Throwing a die.  S={1, 2, 3, 4, 5, 6} 

• Throwing a coin and a die. S={H1, H2, H3, H4, H5, H6, T1, T2, T3, T4, T5, T6}. 

 Countably infinite sample space: if there is a one-to-one mapping between the elements 

of S and the natural numbers; 

• S={0, 1, 2, 3, …} 

• S={ … -3, -2, -1, 0, 1, 2, 3, …} 
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• S={p: p is prime} = {2, 3, 5, 7, 11, 13, 17, …} 

• S={1/r: r is a positive natural number} = {1/2, 1/3, 1/4, 1/5, … } 

 Uncountable sample space: if there are an infinite number of elements in S and there is 

not a one-to-one mapping between the elements and the natural numbers. 

• S=(0, ∞) 

• S=(–∞, ∞) 

• S={(x, y): 0≤ x≤ 1; y>0} 

2. Outcome: The result of a single trial of experiment  

3. Event: It is a subset of sample space. It is a statement about one or more outcomes of a   

random experiment. It is denoted by capital letter. 

EExxaammpplleess::    

  IInn  tthhee  eexxppeerriimmeenntt  ooff  fflliippppiinngg  aa  ddiiee  wwee  ccaann  ddeeffiinnee  aann  eevveenntt  EE11==HHeeaaddss  sshhoowwss  uupp=={{HH}}  

  IInn  tthhee  eexxppeerriimmeenntt  ooff  rroolllliinngg  aa  ddiiee  wwee  ccaann  ddeeffiinnee  aann  eevveenntt  CC22==TThhee  nnuummbbeerr  iiss  oodddd  {{11,,33,,55}}  

  IInn  ttoossssiinngg  aa  ccooiinn  ttwwiiccee  wwee  ccaann  ddeeffiinnee  aann  eevveenntt  DD11==AAtt  lleeaasstt  oonnee  hheeaadd  ooccccuurrss=={{HHHH,,  TTTT,,  
TTHH}}  

NNoottee::  
 If S has n members, then there are exactly 2n subsets or events. 

 Recall that any set is the subset of itself. Accordingly, the sample space S by itself is an 

event called a sure event or certain event.  

 An event occurs if any one of its elements turns out to be the outcome of the experiment. 

 Empty set (φ) is called an impossible event. 

 Any event which consists of a single outcome in the sample space is called an 

elementary or simple event whereas events which consist of more than one outcome are 

called compound events. 

44..  MMuuttuuaallllyy  EExxcclluussiivvee  eevveennttss::  TTwwoo  eevveennttss  AA  aanndd  BB  aarree  ssaaiidd  ttoo  bbee  mmuuttuuaallllyy  eexxcclluussiivvee  iiff  tthheeyy  

ccaannnnoott  ooccccuurr  ssiimmuullttaanneeoouussllyy  ((ttooggeetthheerr))  oorr  AA  ∩∩  BB  ==  φφ  

EExxaammppllee::  EExxppeerriimmeenntt  --TToossss  aa  ccooiinn  ttwwiiccee  

                                SS==  {{HHHH,,  HHTT,,  TTHH,,  TTTT}}  

                              LLeett  AA==  TTwwoo  hheeaaddss  ooccccuurr  {{HHHH}}  
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                                            BB==  TTwwoo  ttaaiillss  ooccccuurr  {{TTTT}}  

                                            CC==  AAtt  lleeaasstt  oonnee  hheeaadd  ooccccuurr  {{HHHH,,  HHTT,,  TTHH}}  

                                            AA  ∩∩  BB==  φφ  ⇒⇒  AA  aanndd  BB  aarree  mmuuttuuaallllyy  eexxcclluussiivvee  eevveennttss  

                                            BB  ∩∩  CC==  φφ  ⇒⇒  BB  aanndd  CC  aarree  mmuuttuuaallllyy  eexxcclluussiivvee  eevveennttss  

                                            AA  ∩∩  CC==  {{HHHH}}  ⇒⇒  AA  aanndd  CC  aarree  nnoott  mmuuttuuaallllyy  eexxcclluussiivvee  

5. Independent Events: Two events are said to be independent if the occurrence of one does 

not affect probability of the other occurring.  

6. Dependent Events: Two events are dependent if the first event affects the outcome or 

occurrence of the second event in a way the probability is changed. 

77..  CCoommbbiinnaattiioonn  ooff  eevveennttss  

a) Union: The event A∪ B occurs if either A or B or both occur. 

IIff  AAii,,  ii==11,,  22,,  33……,,  nn  iiss  aannyy  ffiinniittee  ccoolllleeccttiioonn  ooff  eevveennttss,,  tthheenn  U
n

i
iA

1=
    ooccccuurrss  iiff  aatt  lleeaasstt  oonnee  ooff  

tthhee  eevveennttss  ((AAii))  ooccccuurrss..  

b) Intersection: The event A ∩ B occurs if both A and B occur.  

IIff  AAii,,  ii==11,,22,,33,,……,,nn    iiss  aannyy  ffiinniittee  ccoolllleeccttiioonn  ooff  eevveennttss,,  tthheenn  I
n

i
iA

1=
  ooccccuurrss  iiff  aallll  AAii  ooccccuurr..  

cc))  Complement of an Event:  the complement of an event A means nonoccurrence of A and 
is denoted by  Aᇱor Aୡ or Aഥ contains those points of the sample space which don’t belong 
to A.                                                               S  

                                                             S 

  AA∪  AA//  ==  SS  

  AA∩  AA//==  φ  

EExxeerrcciissee  11::  AA  ppeerrssoonn  iiss  sseelleecctteedd  aatt  rraannddoomm  ffrroomm  aa  ppooppuullaattiioonn  ooff  aa  ggiivveenn  ttoowwnn  

                                AA::  bbee  tthhee  eevveenntt  tthhaatt  tthhee  ppeerrssoonn  iiss  mmaallee  

                                BB::  bbee  tthhee  eevveenntt  tthhaatt  tthhee  ppeerrssoonn  iiss  uunnddeerr  3300  yyeeaarrss  

                                CC::  bbee  tthhee  eevveenntt  tthhaatt  tthhee  ppeerrssoonn  ssppeeaakkss  ffoorreeiiggnn  llaanngguuaaggee  

DDeessccrriibbee  tthhee  ffoolllloowwiinngg  eevveennttss  ssyymmbboolliiccaallllyy  

aa))  AA  mmaallee  uunnddeerr  3300  yyeeaarrss  wwhhoo  ddooeess  nnoott  ssppeeaakk  ffoorreeiiggnn  llaanngguuaaggee..  ((AA  ∩∩  BB))  ∩∩  CC//  

ܣ 
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bb))  AA  ffeemmaallee  wwhhoo  iiss  eeiitthheerr  uunnddeerr  3300  oorr  ssppeeaakkss  ffoorreeiiggnn  llaanngguuaaggee..  AA//  ∩∩  ((BB  ∪∪  CC))  

cc))  AA  ppeerrssoonn  wwhhoo  iiss  eeiitthheerr  uunnddeerr  3300  oorr  ffeemmaallee  bbuutt  nnoott  bbootthh..  ((BB  ∪∪  AA//))  ∩∩  ((BB  ∩∩  AA/))c  

dd))  MMaallee  wwhhoo  iiss  eeiitthheerr  uunnddeerr  3300  oorr  ssppeeaakkss  ffoorreeiiggnn  llaanngguuaaggee  bbuutt  nnoott  bbootthh..  

            AA  ∩∩  [[((BB  ∪∪  CC))  ∩∩  ((BB  ∩∩  CC))//]]  

EExxeerrcciissee  22::  LLeett  AA,,  BB  aanndd  CC  bbee  tthhrreeee  eevveennttss  aassssoocciiaatteedd  wwiitthh  aann  eexxppeerriimmeenntt..  DDeessccrriibbee  tthhee  
ffoolllloowwiinngg  iinn  ssyymmbboollss..  

aa))  aatt  lleeaasstt  oonnee  ooff  tthhee  eevveennttss  ooccccuurrss  

bb))  oonnllyy  BB  ooccccuurrss  

cc))  eexxaaccttllyy  oonnee  ooff  tthhee  eevveennttss  ooccccuurr  

dd))  eexxaaccttllyy  ttwwoo  ooff  tthhee  eevveennttss  ooccccuurr  

ee))  aatt  lleeaasstt  ttwwoo  ooff  tthhee  eevveennttss  ooccccuurr  

ff))  aatt  mmoosstt  ttwwoo  ooff  tthhee  eevveennttss  ooccccuurr  

gg))  nnoonnee  ooff  tthhee  eevveennttss  ooccccuurr  
AAnnsswweerr::  

aa))  AAUUBBUUCC          bb))  CAB ′∩′∩         cc))  )()()( ABCCABCBA ′∩′∩∪′∩′∩∪′∩′∩   

dd))  )()()( ABCCABCBA ∩′∩∪∩′∩∪′∩∩   

ee))  )))())())(( ABCBCACBA ∪∩∪∪∩∪∪∩   

ff))  CBACBA ′∪′∪′=′∩∩ )(       gg))  )( CBA ′∩′∩′   

1.4. Counting Techniques 

In order to calculate probabilities, we have to know  

• The number of elements of an event  

• The number of elements of the sample space.  

That is, in order to judge what is probable, we have to know what is possible.  

• In order to determine the number of outcomes, one can use several rules of counting.  

 The addition rule  

 The multiplication rule  

 Permutation rule  

 Combination rule  

I. Addition Rule 

Let E1 and E2 be any two mutually exclusive  events (i.e. there are no common outcomes).  

(A ∩ B∩C)∪
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Let an event E describ     es the situation where either event E1 or event E2 will occur. Then 

the number of times event E will occur can be given by the expression: 

                                    n(E) = n(E1) + n(E2) 

               where 

n(E) = Number of outcomes of event E 

n(E1) = Number of outcomes of event E1 

n(E2) = Number of outcomes of event E2 

In general, if there are k  procedures and the ݅௧௛ procedure can be performed in ݊௜ ways, ݅ ൌ

1, 2, … . , ݇, then the number of ways in which we may perform procedure 1 or 2 or….. or 

procedure k is given by ݊ଵ ൅ ݊ଶ ൅ ڮ . ൅݊௞ ൌ ∑ ݊௜
௞
௜ୀଵ  , assuming no procedures may be 

performed together. 

Example 1: Suppose that we are planning a trip and deciding between bus and train 

transportation. If there are three bus routes and two train routes. How many different routes are 

available for the trip? 

Solution: Let A= {an event for bus transportation}, B= {an event for train transportation}. 

 Then, we have ݊ଵ ൌ 3 and ݊ଶ ൌ 2; assuming that we are going to use only one route, by the 

addition rule we have ݊ଵ ൅ ݊ଶ ൌ 3 ൅ 2 ൌ 5 different possible routes are available for the trip. 

Example 2: Consider a set of numbers S = {-4, -2, 1, 3, 5, 6, 7, 8, 9, 10} 

Let the events E1, E2 and E3 be defined as: 

E = choosing a negative or an odd number from S; 

E1= choosing a negative number from S; 

E2 = choosing an odd number from S. 

Find n(E). 

Solution: 

E1 and E2 are mutually exclusive events (i.e. no common outcomes). 

n(E) = n(E1) + n(E2) 

= 2 + 5 

= 7 
Example 3 

In how many ways can a number be chosen from 1 to 22 such that it is a multiple of 3 or 8?  

Solution: 



                                         

                                                        Page 11 of 18                               
 

Here, E1 = multiples of 3: 

E1 = {3, 6, 9,12, 15, 18, 21}  

n(E1) = 7 

E2 = multiples of 8:  

E2 = {8, 16}  

n(E2) = 2 

Events E1 and E2 are mutually exclusive. 

n(E) = n(E1) + n(E2) = 7 + 2 = 9 

II. The Multiplication Rule 

If there are k  procedures and the ݅௧௛ procedure can be performed in ݊௜ ways, ݅ ൌ 1, 2, … . , ݇, then 

the procedure consisting of procedure 1 followed by procedure 2,…, followed by procedure k 

may be performed in ݊ଵ כ ݊ଶ כ … כ ݊௞ ൌ ∏ ݊௜
௞
௜ୀଵ   ways. 

Example 1: Suppose that there are three different types of meal for lunch and four different 

types of soft drinks. How many choices of meal and soft drinks can be made? 

Solution:  ݊ଵ ൌ 3 ܽ݊݀ ݊ଶ ൌ 4 hence ݊ଵ כ ݊ଶ ൌ 3 כ 4 ൌ 12 different choices of meal and soft 

drinks can be made. 

Example 2:  How many two digit numerals can be written by choosing the ten’s digit from 

A={1,3,5,7,9} and the units digit from B= {2,4,6,8} 

Solution: The selection consists of two steps where the 1 st can be made in 5 different ways for 

the ten’s digits and for each of these the 2nd can be made in 4 different ways for the units digit, 

Hence the whole selection one after the other can be made in 5 x 4 different ways. i.e. there are 

20 two digit numerals  

i.e. ݊ଵ = 5 and ݊ଶ = 4 

Example 3:  The digits 0, 1, 2, 3, and 4 are to be used in 4 digit identification card. How many 

different cards are possible if  

  a) Repetitions are permitted.  

  b) Repetitions are not permitted.  

Solution: 

a) There are four steps  

1st digit 2nd digit 3rd digit 4th digit 

5 5 5 5 
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1.  Selecting the 1st digit, this can be made in 5 ways.  

2.  Selecting the 2nd digit, this can be made in 5 ways.  

3.  Selecting the 3rd digit, this can be made in 5 ways.  

4.  Selecting the 4th digit, this can be made in 5 ways. 

Hence, ݊ଵ כ ݊ଶ כ ݊ଷ כ ݊ସ ൌ 5 כ 5 כ 5 כ 5 ൌ 625 different cards are possible. 

b) There are four steps  

1st digit 2nd digit 3rd digit 4th digit 

5 4 3 2 

1.  Selecting the 1st digit, this can be made in 5 ways.  

2.  Selecting the 2nd digit, this can be made in 4 ways.  

3.  Selecting the 3rd digit, this can be made in 3 ways.  

4.  Selecting the 4th digit, this can be made in 2 ways. 

Hence, ݊ଵ כ ݊ଶ כ ݊ଷ כ ݊ସ ൌ 5 כ 4 כ 3 כ 2 ൌ 120 different cards are possible. 

Example 4:  There are 6 roads between A and B and 4 roads between B and C. 
a. In how many ways can one drive from A to C by way of B? 
b. In how many ways can one drive from A to C and back to A, passing through B on both 

trip? 
c. In how many ways can one drive the circular trip described in (b) without using the same  

road more than once? 

Ans. 24, 576 and 360 resp 

III. Permutation  

An arrangement of n objects in a specified order is called permutation of the objects.  

Permutation Rules:  

1. The number of permutations of ݊ distinct objects taken all together is n!  

             Where ݊!  ൌ ݊ כ ሺ݊ െ 1ሻ כ ሺ݊ െ 2ሻ כ … כ 2 כ 1. Note that: 0!  ൌ  1 

2. The arrangement of ݊ objects in a specified order using ݎ objects at a time is called the 

permutation of ݊ objects taken r objects at a time. It is written as n Pr  and the formula is  

( )!rn
n!=Prn −

 

3. The number of distinct permutation of n objects in which ݊ଵ are alike, ݊ଶ are alike ---- etc is  

!*....!*!*   21           k nnn
n!          ,where n = n1+n2+...+nk
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4. An arrangement of ݊  distinct objects around a circle is (n-1)! ways.  

Example 1: Suppose we have  the letters A, B, C, and D  

a) How many permutations are there by taking all the four?  

b) How many permutations can be formed by taking two letters at a time?

Solution: a) Here ݊ ൌ 4, there are four distinct objects. Hence, there are 4! ൌ 24  permutations. 

b) Here ݊ ൌ ݎ ݀݊ܽ 4 ൌ 2. There are ( ) 12
2
24

24
4

24 ==
− !
!=P  permutations.

Example 2: How many different permutations can be made from the letters in the word   

“CORRECTION”?  

Ans: 453600 

Example 3: In how many ways can a party of 7 people arrange themselves  
    a) on a row of 7 chairs? 

    b) around a circular table? 

c) How many ways are there if two of the persons are not allowed to sit next to each 

other? 

Ans.: 5040, 720 and 3600 respectively. 

IV. Combination  

A selection of r objects from n objects without regard to order is called combination.  

Example: Given the letters A, B, C, and D list the permutation and combination for selecting 

two letters.  

Solution: 

Permutation Combination 

AB, BA, CA , DA, 

AC, BC, CB, DB, 

AD, BD, CD, DC 

AB, BC, 

AC, BD, 

AD, DC 

Note that: in permutation AB is different from BA. But in combination AB is the same as BA. 

Combination Rule  

The number of combinations of r objects selected from n objects is denoted by nСr or ൫௡
௥൯ and is 

given by the formula:  

ቀ
݊
ቁݎ ൌ

݊!
ሺ݊ െ !ሻݎ כ  !ݎ

(The arrangement is in a row)
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Example 1: In how many ways can a committee of 5 people be chosen out of 9 people? 

Ans: 126 ways 

Example 2: Among 15 clocks there are two defectives. In how m any ways can an inspector 

choose three of the clocks for inspection so that:  

a)  there is no restriction,  

b) none of the defective clocks is included,  

c)  only one of the defective clocks is included, 

d)  two of the defective clocks is included. 

Ans: 455, 286, 156, and 13 ways, respectively. 

Example 3: A delegation of four people is selected each year from a college to attend a meeting.

a. In haw many ways can the delegation be chosen if there are 12 eligible students? 
b. In how many ways if two of the eligible students will not attend the meeting together? 
c. In how many ways if two of the eligible students are married and will only attend the 

meeting together? 

12C4=495, 10C4=210 + 2C1*10C3=240=450, 10C4=210+ 2C2*10C0 = 211

Some remarks 

1. When we select ݎ objects from ݊ distinct objects, we haveሺ݊ െ  ሻ objects unselected andݎ
hence there are as many ways of selecting ݎ from ݊ as there are not selected ݊ െ  .objects ݎ
Thus  

a. ൫௡
௥൯ ൌ ൫ ௡

௡ି௥൯ 
b. ൫௡

௥൯ ൌ ൫௡ିଵ
௥ ൯ ൅ ൫௡ିଵ

௥ିଵ൯ 

2. Binomial Coefficients  

TThhee  qquuaannttiittyy  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
r
n

iiss  aallssoo  kknnoowwnn  aass  aa  bbiinnoommiiaall  ccooeeffffiicciieenntt  bbeeccaauussee  iitt  iiss  tthhee  ccooeeffffiicciieenntt  ooff  tthhee  tteerrmm  

aann--rr  bbrr  iinn  tthhee  eexxppaannssiioonn  ooff  tthhee  eexxpprreessssiioonn  ((   ++  ))nn..              

BBiinnoommiiaall  TThheeoorreemm  

FFoorr  aannyy  ttwwoo  rreeaall  nnuummbbeerrss  aa  aanndd  bb  aanndd  aannyy  ppoossiittiivvee  iinntteeggeerr  nn  wwee  hhaavvee  ∑
=

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=+

n

r

rnrba
r
n

0

nb)(a   

b a
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1.5.Definitions of probability 

In any random experiment there is always uncertainty as to whether a particular event will or will 

not occur. Thus, if ܣ is an event associated with an experiment, we cannot state with certainty 

that an event ܣ will occur or will not occur. Hence, it becomes very important to try to associate 

a number with the event A which will measure how likely is the event ܣ will occur in the defined 

sample space. This leads to the theory of probability in which we are going to consider the 

quantitative measure of uncertainty.  

Approaches to Measuring Probability  

There are four different conceptual approaches to study probability theory. These are:   

 The classical approach.  

 The frequentist approach.  

 The subjective approach.    

 The axiomatic approach.  

A. The classical approach  

This approach is used when:  

 All outcomes are equally likely and mutually exclusive.  

 Total number of outcomes is finite, say N.  

Definition: If a random experiment with N equally likely outcomes is conducted and out of these 

NA outcomes are favorable to the event A, then the probability that event A occurs denoted P (A) 

is defined as:  

ܲሺܣሻ ൌ ஺ܰ

ܰ ൌ
ܰo .  of outcomes favorable to the event A

Total nuber outcomes ൌ
݊ሺܣሻ
݊ሺܵሻ 

Example 1: A fair die is tossed once. What is the probability of getting  

a) Number 4?  

b) An odd number?  
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c) Number greater than 4? 

d) Either 1 or 2 or …. or 6 

Example 2: A box of 80 candles consists of 30 defective and 50 non-defective candles. If 10 

of these candles are selected at random, what is the probability?  

a) All will be defective.  

b) 6 will be non defective  

c) All will be non defective  

Solution: ܶ݊݋݅ݐ݈ܿ݁݁ݏ ݈ܽݐ݋ ൌ ൫଼଴
ଵ଴൯ ൌ ܰ ൌ ݊ሺܵሻ 

Let A be the event that all will be defective. 

The total ways in which ܣ will occur=൫  ଷ଴
ଵ଴൯൫ହ଴

଴ ൯ ൌ ஺ܰ ൌ ݊ሺܣሻ 

Hence, 

ܲሺܣሻ ൌ ஺ܰ

ܰ ൌ
݊ሺܣሻ
݊ሺܵሻ ൌ

൫ଷ଴
ଵ଴൯൫ହ଴

଴ ൯
൫଼଴

ଵ଴൯
ൌ 0.00001825 

 Ans: 0.265, and 0.00624 for b and c, respectively. 

Limitation: The classical approach cannot be employed if: 

 it is not possible to enumerate all the possible outcomes for an experiment. 

 the sample points (outcomes) are not mutually exclusive. 

 each and every outcomes is not equally likely. 

B. The Frequentist Approach  

This is based on the relative frequencies of outcomes belonging to an event.  

Definition: The probability of an event A is the proportion of outcomes favorable to A in the 

long run when the experiment is repeated under same condition.  

ܲሺܣሻ ൌ lim
ே՜ஶ

஺ܰ

ܰ  

Example 1: If records show that 60 out of 100,000 bulbs produced are defective. What is the 

probability of a newly produced bulb to be defective?  

ܲሺܣሻ ൌ lim
ே՜ஶ

஺ܰ

ܰ ൌ
60

100,000 ൌ 0.0006 

Limitations of frequentist approach:  

 If repeated trials are not possible we cannot use this approach 

 The limit as N approaches to infinity has no clear meaning (How large is large??) 
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 Generating infinite trials has cost imposition. 

C. Subjective Approach 

It is always based on some prior body of knowledge. Hence subjective measures of uncertainty 

are always conditional on this prior knowledge.  

Definition: Subjective probability is the degree of believe assigned to the occurrence of an event 

by a particular individual. 

Examples: - A medical Dr. may assign the probability that a patient recovers from a disease. 

            - Estimating the likelyhood that you will earn an A grade in this course.  

D.  Axiomatic Approach:  

Let E be a random experiment and S be a sample space associated with E. With each event A 

defined on S. We can associate a real number called the probability of A satisfying the following 

properties called axioms of probability or postulates of probability.  

1. ܲሺܣሻ ൒ 0 (i.e. the probability of any event is non-negative real number) 

2. ܲሺܵሻ ൌ 1 (Sure event) 

3. If ܣ and ܤ are two mutually exclusive events, the probability that one or the other occur 

equals the sum of the two probabilities. i. e. ܲ ሺܣ ׫ ሻܤ  ൌ ܲ ሺܣሻ  ൅ ܲ ሺܤሻ. 

4. If ܣଵ, ,ଶܣ ଷܣ …. form a sequence of pair wise mutually exclusive events (meaning they 

satisfy  ܣ௜ ת ௝ܣ ൌ ݅ for all  ׎ ് ݆ሻ then  

ܲሺܣଵ ׫ ׫,ଶܣ ଷܣ ׫ … . ሻ ൌ ܲ ൬ራ ௜ܣ

ஶ

௜ୀଵ
൰ ൌ ෍ ܲሺܣ௜ሻ

ஶ

௜ୀଵ

 

1.6.Derived theorems of probability 

1. ܲሺ׎ሻ ൌ 0 for any sample space S 

2. If ܣ′ is the complement of event  ܣ, then ܲሺܣ′ሻ ൌ 1 െ ܲሺܣሻ 

3. If ܤ ݀݊ܽ ܣ are any two events in S, then ܲሺܣ ׫ ሻܤ ൌ ܲሺܣሻ ൅ ܲሺܤሻ െ ܲሺܣ ת  ሻܤ

4. If ܣ ك ሻܣthen ܲሺܤ ൑ ܲሺܤሻ 

5. For any two events say, A and B, the probability that exactly one of the events A or B 

occurs but not both is : 

ܲሺܣሻ ൅ ܲሺܤሻ െ 2ܲሺܣ ת  ሻܤ
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EExxaammpplleess 

11))  FFoorr  aannyy  eevveennttss  AA  aanndd  BB  sshhooww  tthhaatt  PP((AA  ∪∪  BB))  ≤≤  PP((AA))  ++  PP((BB))  

22))  SSuuppppoossee  AA  aanndd  BB  aarree  eevveennttss  ffoorr  wwhhiicchh    

                PP  ((AA))  ==xx  PP((BB))  ==  yy        aanndd      PP((AA  ∩∩  BB))  ==zz  

            FFiinndd        ii..  PP  ((AA//  ∪∪  BB))  iiii))  PP  ((AA//  ∩∩  BB//))                  

33))  IIff  PP((AA))==  ¾¾  aanndd  PP((BB//))  ==11//44, caann  AA  aanndd  BB  bbee  mutually exclusive?    

44))  IIff  PP((AAc  ==aa                PP((BB//))  ==bb  SShhooww  tthhaatt  PP((AA  ∩∩  BB))  ≥≥  11--aa--bb  

  

  

)




