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CHAPTER FOUR: POWER SERIES 

4.1. Definition of Power Series 

Definition 4.1(Power series in x  or centered at 0) 

A series of the form 





0

3

3

2

210

k

k

k

k

k xaxaxaxaaxa   where x  is a variable and the 

constants sak

'  are the coefficients, is called a power series in x . 

Definition4.2 (Power series in cx  or centered at c) 

A series of the form        





0

2

210

k

k

k

k

k cxacxacxacxaa   is called a power 

series in  cx   or a power series centered at c or about c, where c is any constant. 

Note: Any finite partial sum of the above power series is simply a polynomial in x. 

Examples:   

  1. 


0 !n

n

n

x
 is a power series in x  

           2. 
 








0 2

1

k
k

k
x

 is a power series about -1, or centered at -1. 

           3. 
 
 



 



0 !1

2/1

k

k

k

x
 is a power series in 2/1x  or centered at ½. 

4.2. Convergence, Divergence, Radius and Interval of a power series 

The major characteristic of a power series is that it involves a variable, and its convergence 

depends on the value that x takes. Consequently, it is important to know the set of numbers that 

make the power series converge. 

Example: For what value(s) of x  does the power series 


0n

nax  converge, for 0a ? 

Solution:  





0

32

n

n axaxaxaax  is a geometric series with first term aa 1  and common 

ratio xr   which converges to 1.,..1
1

1 


xforeirfor
r

a
. 

Thus, 


0n

nax  converges to .1
1




xfor
x

a
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Theorem 4.1: For any given power series of the form  





0

,
k

k

k cxa  there are only the following 

three possibilities: 

(a) the series converges only for cx   or  

(b) the series converges for all ,x or 

(c) There is a positive number R such that the series converges if Rcx   and diverges if

Rcx  . 

Definition4.3: The set {a : the power series converges when x is replaced by a} 

is called the interval of convergence of the power series and the number R in the         

previous theorem is called the radius of convergence for the given power series. 

Remarks:  

    1. In case (a) of theorem 2.1, the radius of convergence is 0 and in case (b), the radius is . 

2. If ,R  then its interval of convergence is  .,  

3. There are four possibilities for the interval of convergence of the power series with 

respect to its radius of convergence R; these are: 

       RcRcorRcRcRcRcRcRc  ,,,,,, . 

4. To determine the radius and interval of convergence of a power series, we can apply the 

absolute ratio test or the generalized convergence test. 

Furthermore, the radius of convergence of the power series can be computed using the 

formula
1

lim





n

n

n a

a
R . 

Example: Determine the radius and interval of convergence of each of the following power series.  

 a) 
 








1

3

k

k

k

x
    b) 



0 !n

n

n

x
 

 c) 
 




 



0 1

3

n

nn

n

x
   d) 

 







1
2

5

k

k

k

x
  e) 



0

!
n

nxn  
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Solutions:  

a) Let 
   

1

33
1

1











n

x
a

n

x
a

n

n

n

n  

Then 
 

1

3
limlim 1










 n

nx

a

a

n
n

n

n
 

 

rx

x
n

n
x

n









3

13
1

lim3
 

Then by absolute ratio test, the given series converges for ,1r    

  i.e.  13  xr  ,42  x  

But the absolute ratio test tells us nothing if 13  xr .In this case, we use direct substitution 

to determine whether the power series converges or diverges at the end points of the interval, 

with 42  xandx . 

Thus, if ,2x   the series becomes 
   

 













1 1

132

n n

nn

nn
 which is a convergent alternating series  

And if ,4x  the series becomes 
 

 











1 1

,
134

n n

n

nn
 which is the divergent harmonic series.  

Therefore, the power series converges for all  4,2x . 

This means, its radius of convergence is 1R  ( 1
1/1

/1
limlim

1








 k

k

a

a
R

k
k

k

k
) and its interval of 

convergence is 4,2 . 

b) Let 
  n

n

n
n

n

n x

n

n

x

a

a
r

!

!1
limlim

1
1











0

1

1
lim 




 n
x

n
 

 ,10  r  Thus, the series converges for all ,x  

Thus, its radius of convergence is R  and its interval of convergence is   , . 

c) 
 

   
xn

xn

x

a

a
r

n

nn

n
n

n

n
31

32

3
limlim

11

1 












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Then by the absolute ratio test, the given series converges for ,1r  

.
3

113  xx        .
3

1
 R   

If ,
3

1
x the series becomes 



 0 1

1

n n
 which can be shown to be a divergent series. 

But if ,
3

1
x  the series becomes 

 



 



0 1

1

n

n

n
 which is a convergent alternating series.  

Hence, the interval of convergence of the power series
 




 



0 1

3

n

nn

n

x
 is 










3

1
,

3

1
. 

d) Let 
   

 2

1

12
1

55












k

x
a

k

x
a

k

k

k

k
 

Then 
 
   k

k

k x

k

k

x
r

5
.

1

5
lim

2

2

1









5

1
lim5

2














x

k

k
x

k
 

Then, by absolute ratio test, the series converges absolutely if  ,15 x  

i.e, for ,64  x  and diverges for 64  xandx . 

To determine the convergence behavior of the power series at the end points, ,64  xandx  we 

substitute the numbers directly instead of x as follows: 

- If 
   

 














1 1
22

,
15

,4
k k

kk

kk

x
x  which converges. 

- If 
   

  



















1 1 1

222
,

1565
,6

k k k

kk

kkk

x
thenx  which also converges. 

Hence, for the given power series, its radius of convergence is 1R , and its interval of 

convergence is 6,4 . 

e) 
 

n

n

n
n

n

n xn

xn

a

a
r

!

!1
limlim

1

1










  

 









 00

0
1lim

xif

xif
nx

n
 

 The series converges only for 0x  which means 0R . 
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4.3. Algebraic Operations On convergent power Series 

 (Reading Assignment for Learners) 

Sum and Difference of power series

Suppose that we have two functions defined by power series

f(x) = a0 + a1(x - c) + a2(x - c)2 + a3(x - c)3 + …

with radius of convergence R1  and

g(x) = b0 + b1(x - c) + b2(x - c)2 + b3(x - c)3 + …

with radius of convergence R2 ,

then 







1

))(()()(
n

n

nn cxbaxgxf

and the radius of convergence is 

(i) min{R1, R2} if R1 ≠ R2

(ii) ≥ R1 if R1 = R2

 

Product of power series

Suppose that we have two functions defined by power series

f(x) = a0 + a1(x - c) + a2(x - c)2 + a3(x - c)3 + …

with radius of convergence R1  and

g(x) = b0 + b1(x - c) + b2(x - c)2 + b3(x - c)3 + …

with radius of convergence R2 ,

then 

f(x)g(x) = a0 b0 + [a1 b0 + a0 b1 ](x - c) + 

[a2 b0 + a1 b1 + a0 b2](x - c)2 +

[a3 b0 + a2 b1 + a1b2 + a0 b3](x - c)3 + …

and the radius of convergence is  min{R1 , R2} unless 

either f(x) = 0 or g(x) = 0.
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Reciprocal of a Power series







0

)( form  theof seriespower  a has  
)(

1

n

n

n cxq
xf

Theorem 2.2:

Suppose that we have a function defined by power series

f(x) = a0 + a1(x - c) + a2(x - c)2 + a3(x - c)3 + …

with radius of convergence R and a0 ≠ 0, then 

with positive radius of convergence ≤ R and further more

0

0

1

a
q 

 

Using Long Division to find the reciprocal

of a power series

)see page (
!

x

!

x

!

x
x 13  

642
1cos

642


Example:

We know that 

and cos 0 ≠ 0 , therefore we have a power series of  sec x

around the point x = 0.

This power series can be found by the long division

                        1 ]
720242

1[
642


xxx
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
720242

1
642

xxx
                                              1  ]

720242
1[

642


xxx

1


720242

642
xxx

2

2x



14404842

8642
xxxx


720

14

24

5 64
xx

24

5 4x


 64
2

720

61

24

5

2
1sec  xx

x
x

 

 

4.4. Differentiation and Integration of power series 

If the power series  





0n

n

n cxa  has radius of convergence ,0R  then the function f defined by 

   





0n

n

n cxaxf  is differentiable on the interval  RcRc  ,  and its derivative and integral 

are as given below: 

(i)     1

1

'







n

n

n cxanxf (Using term by term differentiation of the series                             

       





0

2

210

k

k

k

k

k cxacxacxacxaa  ) 

(ii)      
 

 


 
32

3

2

21
0

cx
acx

a
cxaCdxxf  
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     i.e.,       












0 0

1)(
1

1

n n

n

n

n

n

n

n cxa
n

Cdxcxadxcxa where C is the constant of 

integration. 

Example 1: we know that the series 


0n

nx  converges to 1
1

1



xfor

x
. 

 1R and it is differentiable on the interval  1,1 . 

i.e.,   )1....(...................................................................1,
1

1

0










n

n xx
x

xf  

Differentiating both sides of )1( with respect to the variable x  as  










21
1

1
xx

dx

d

xdx

d
 

gives:  

 






 1

132

2
4321

1

1

n

nxnxxx
x

  

Integrating both sides of )1( yields: 

 
32

1
32 xx

xCxn  

 





1

1,1
n

n

xfor
n

x
Cxn . 

To get the value of the constant C , we can put in any number in the interval  1,1 .  

For instance, if we insert 0x  , we get:
 

.001  ccn  

  

               which is the                 

 

This is the power series representation of the function 1)1()(  xforxnxf  . 

Similarly, if we insert 
2

1x  in equation  )2(  , we obtain the power series representation for 2n  

to be   





1 2

1
2

n
nn

n  

Again if we put x  in terms of  x  in )2(  , we get : 

                                      

                                            ,   which is the    power series representation for   .1)( xnxf     

 


 



AASTU [POWER SERIES] 

 

 

9  

 

Exercise: Find the power series representation of 1
1

1
2




xfor
x

. 

Example 2: Find the power series representation of xxf 1tan)(  . 

Solution: In  


x

dt
t

x
0 2

1

1

1
tan  and  ,11

1

1 2 


xforxx
x

  replacing x  by ,2t we get:  

  )3.......(..............................111
1

1 2

0

28642

2








tforttttt
t n

nn
  

Integrating both sides of )3(  yields       


x x
nn

dttdt
t0 0

2

2
1

1

1
 

             













0

12

0

2

0

1

12
11tan

n

n
nx

n

n

n

n

x
dttx  

               











0

1
12

.1,tan
12

1
n

n
n

xx
n

x
 

This implies that the power series  









0

12

12
1

n

n
n

n

x
 converges to 1tan 1  xforx or the power series 

expansion of xxf 1tan)(   is  











0

1
12

.1,tan
12

1
n

n
n

xx
n

x
 

Exercise: Verify that the power series  









0

12

12
1

n

n
n

n

x
 also converge for  1x

 


 


0 12

1
1

4 n

n

n
resultaasand



 
 

4.5. Taylor and Maclaurin Series 

Given a function  and a point c on the x – axis. 

Claim: To represent   as a power series in x or (x- c) (if possible) 

That is, to find the constants  ,,,, 10 naaa  such that  

        







n

k k

k

k

k cxaxforcxaxf
0 0

. 

To do this, we assume f has derivatives of n – orders at c, and suppose f can be represented by 

the polynomial,  

      )4..(......................................................................
0





n

k

k

kn cxaxxf  
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To determine the coefficients in       ,
2

210

n

n cxacxacxaa    we proceed as follows: 

Let )4(incx   

Then     0acf  . 

     

    







cxaaxf

Rcxcxacxaaxf

32

2

321

232"

,32'
 

   

 

     

   
n

n

n

n

ancfacf

acfacfacf

ancf

cxaaxf

!)(,,2.3"'

2",',

!)(

2.3.42.3"'

3

210

43















 

This implies that the coefficients sak '  are: 

 

 

 

 

 
 

 
 

!!

!3

"'

!2

"

'

3

2

1

0

n

f
a

k

f
a

cf
a

cf
a

cfa

cfa

n

c

n

k

c

k 











 

Theorem4.3: If a function f  has a polynomial approximation at ,cx    

   



n

k

k

k Rcxforcxaxf
0

,, then the coefficients sak

'  are given by the formula  

 

!

)(

k

cf
a

k

k   

 

Then putting this formula of ka  in to )4( , we obtain the following definition for  

nth – Taylor polynomial.  

Definition 4.4:  If f can be differentiable n – times at ,cx   then we define the nth – Taylor 

polynomial for the function f  about cx   to be: 
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     
   







n

k

kk

c

n
k

cxf
x

0 !
. 

Definition 4.5:  If f has derivatives of all orders (i.e., infinitely differentiable) at ,cx   then the 

Taylor series for f about ,cx  is defined as: 

 

                                                                

 

Definition 4.6: If we put  0c  in particular in (5) above it is reduced to  

  
 







0

,
!

)(

n

n

n

x
n

cf
xf  which is called the Maclaurin Series representation for f. 

Furthermore, if f has derivatives of n – orders, the nth – Maclaurin polynomial for  xf  is given 

by:             3

'"

2

"

!3

)0(

!2

)0(
0'0 x

f
x

f
xffxf

 
 

n

n

x
n

f

!

0


 





n

k

k

k

x
k

f

0 !

)0(
 

Examples: 

1. Find the third Taylor polynomial approximation for    .1 xaboutxnxf   

2. Find the Maclaurin series of   (i)   xxf sin    (ii)   xexf   

3. Find the Taylor series representation for the function   xxg cos  about x . 

Solutions:  

1. From    
 

 



n

k

k

k

c

n cx
k

f
x

0

,
!

 In this case, we have   3,1,  nandcnxxf  . 

Here,   nxxf   is differentiable around ,1x   

and       11''
1

'  fcf
x

xf . 

           .11"
1

"
2




 f
x

xf  

              011&,21"'
2

"'
3




 nff
x

xf   

Then the third Taylor polynomial for   nxxf   is: 
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  
   







3

0

3
!

1)1(

k

kk

k

xf
x  

         

 
 

   
 

         

             

       32

3'"

12

"

'

3

'"

121

1

10

0

1

1
6

2
1

2

1
111

6

1
1

;2
11

1
!3

1
!2

"
'1

!1
1

!0















xxxn

xf
x

f
xff

x
f

x
f

x
f

x
f



 

 
       323

3 1
3

1
1

2

1
1  xxx  

2. (i)       00sin0sin  fxxf  

      10cos0'cos'  fxxf  

     00sin0"sin"  fxxf  

      .10cos0'''cos"'  fxxf  

 
 
 

 
 
 



1cos)(

0sin)(

0

0





vv

iviv

ffxxf

ffxxf

 

Then the Maclaurin series for   xxf sin  is  

   
 







0

0

!
sin

k

kk

k

xf
xxf  

        
 





!5

.1

!4

.0

!3

1

!2

.0

:1

.1

!0

.0 543210 xxxxxx
 

 
!7!5!3

sin
753 xxx

xx  

Using sigma notation, the Maclaurin series for   xxf sin  is: 

 
 

 











0

12

!12

1
sin

k

kk

k

x
x  

(ii).     .10 0  efexf x  
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   

  .1)0(

10'' 0

kf

efexf

k

x





  

So,  
 
 







0

432
0

!4!3!2
1

!k

k

k

x xxx
xx

k

f
e   

 





0

,
!k

k
x

k

x
e  i.e., the Maclaurin series for xe  is 






0 !k

k
x

k

x
e  

  

3.    
    1coscos 0   ggxxg  

   
   
   

   



1)(cos)(

0'''sin'''

1''cos''

0'sin'

















iviv gxxg

gxxg

gxxg

gxxg

 

Then its Taylor series representation at x  is: 

 

 
   

    
 

       
   

      










 





642

43

2

0

!6

1

!4

1

!2

1
1

!4!3

'''

!2

''
'

!

)(
cos













xxx

xgxg
x

g
xgg

K

xg
xxg

lv

k

kk

 

Using sigma notation, it can be written as 
   

 








0

21

!2

1
cos

k

kk

k

x
x


 (Taylor series representation 

for xcos  about x ). 

 

 

 

 

 



AASTU [POWER SERIES] 

 

 

14  

 

The Binomial Series (Reading assignment) 

Definition: If m is a real number, then the Maclaurin series for  mx1  is called the binomial 

series, which is given by: 

        


















 





n

n

x
n

m
x

mmmm
x

mmm
x

mm
mx

0

432

!4

321

!3

21

!2

1
1   mx1 where 

 (
 
 
)  

 (   )(   )   (     )

  
 ,which is the coefficient of    in the expansion. 

- If m is a non – negative integer, then ,    mxxf  1  is clearly a polynomial of degree m, 

and hence,  

-       0)0()0()0( 21   kmm fff   for all ,mk   and the binomial series reduces to 

 
 

,
!2

1
11 2 mm

xx
mm

mxx 


   which is valid for  x . 

Examples: 

1. Find the binomial series expansion for  51 x  

2. Find the coefficient of 4x in the binomial expansion of  61 x . 

Solutions 

     1.    5sin
!4

120

!3

60

!2

20
511 543

2
5

 mcexxx
x

xx  

Thus,   
  54325

51010511 xxxxxx   

    2.   Coefficient of 4x  is:   6m  

 

     

     
15

!2:4

!4.5.6

!2:4

!6

;4

3626166

!4

321






 mmmm

 

 


