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CHAPTER ONE
REAL SEQUENCES

1.1 Definition and examples of sequences
In informally speaking, the term “sequences” in mathematics is used to describe an
unending succession of numbers whose order is determined by a rule or a function.
Forinstance, 1,2, 3,4, ...

2,4,6,8,...
11 1
L, =5, =5~ -aresequences.

The numbers in the sequence are called terms of the sequence and described as 1°'term,

2"term, 2 term etc. according to the position they occupy.

. 11 1 . . 1 .
Consider A={1’E'§’Z’ ...}l.e the set A consists of all numbers of the form o wherenis a

positive integer. The set A is also described by defining a function f by the rule f(n) = %

where the domain fis a positive integer. Then the set Ais precisely the set of values taken
by the function f. In general we have the following definition.

Definition: - A sequence of real numbersis a function whose domainis the set of non-negative
integers greater than or equal to a given integer m (usually O or 1)
i.e.a:{0,1,2,..} - R}
Notation:-Terms of the sequence are denoted as
a,a,,a,,..,a,,...,named as 1%, 2% 3¢ . n"terms&soon

Or equivalently we can write as{a,, a,, a,...,&,,8,4, --- L,{ a, }L{a, }.4

Usually (but not always) sequences have recognizable patterns and can be described by a
formula.

1 1 1
Example-1:-a) If a,, = — thena, =1,a, = 23 =7, forallne N

b)Ifa, = zin’ thena; = %,az
1 1
clfa, = m,thenal =3 az=
Example-2:-Find a formulaa, for each of the following
a){1,-1,1,—-1,...}
137
oz 35}
) {2,2,2,0,0,0...}
Solution: - a) a,, = (—1)™for all positive integers N

1 o
for all positive integer N

b) a, = on

ca,=2ifn<3,a,=0ifn=>4%
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Example-3:-Write down the first few terms of each of the following sequences
n+1)% (- ®
a) { n2 }nzl b) { 2n }nz()
Solution:-a) f n =1, thena; = 2,Ifn = 2,thena, = %,Ifn = 3,thenasz = g, etc.
n+1)® 345 6
" {_2} :{Zl_l_l_l_l"'}
n2 Jp=1 4’9’16’ 25
b) If n = 0,thenay = —1,1fn = 1,thena, = %, Ifn=2,thena, = —71’ etc.

(Mt 1-11 -1
. =1-1,-,—,-,—, ...
2 Jp—o 2’4’8 16

Note:-Since the terms of the sequencein (b) alternate in signs it sometimes called
alternating sequence.

1.2 Convergence and Divergence of real Sequences
Definition:-A Sequence{a,,}said to have a limit L, written as lim,,_,, a,, =L, if foreach €>0,

there exists a natural number N such that for every N >N, we have |a, —L|<E€.If sucha

number L exists we say that the sequence{a,, } convergences (or converges to L.)
If such a number L does not exist, we say that the sequence{a,} diverges or
that lim,,_,, a,, does notexist.

Remark:-As with limits of functions, the limit of the sequence is unique it exists.

(0]
Example-1:-show that the sequence{ i }n _ 1 convergences and that limn_,oo% =0

1
. 1 1 1
Solution:- let € > 0; |——O| =-<e=>n>-
n n &
1
Choose N = [;]

‘v’e>03N=lsuchthat112N=>~|l—0|=l<l
& n n N

Then by definition of sequence, the sequence {%}n o:o converges and 1imn_>oo% = 0.

1
1, © )
Note:-The sequence { - }n _1is known as the Harmonic Sequence.

[ee]
. 1

Example-2:- Show that the sequence{ “ } convergences and that lim L
2n+1J)y-1 n—-oo22n +1 2

Solution:-Let & > 0 be given arbitrary small.

) 1
We need to find N>0 such that |ﬁ — 5|< ewhenevern > N
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1 2n—-2n-1
But |2~ <e = [Sm o
2n+1 2 2(2n+1) n+2l 4n+2

1

>-<4n+42
&

>-—-—2<4n
&

1 1

>n>——-

4e 2

Choose N=[i — l]
4c 2

Thenn >N = n>[i—l]

4 2

= > ! !

"2

1
= —7=<E
an+2

-1
$| |<€
n+2
prevaai
——I<&
2n+1 2

, n 1
Hence lim——=—
noco 2N+l 2

Example-3:- show that the sequence {(—1)"},~, diverges

Solution:- D" ={ _ii Y;llissiv;;l

Assume that {(—1)n}n o:o 1 s convergent Sequence

Choose0<e<1

Casel) L = 0,thenforodd values of n, we have

D" =Ll=[-1-Ll=[-A+D|=1+L=>1

Case 2) L < 0,then even values of n, we have

|[(=1)"—=L| =|1—L| =1— L > 1Thisis contradiction our assumption.

i.e.Ve>0and 0 < e <1, Aanumber Lsatisfying the condition of convergent sequence.

{(—1)”}n Ozo 1 diverges.

Note:-The sequence {(—1)”}n O:o 1 is an example of oscillating sequence.

It oscillate between l1and -1.
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Example-4 Show that the sequence {nz}n o=o also diverges

0

Solution:- Asn is arbitrarily large n? also arbitrarily large i.e.n - 00 =>n? - o
s limy, 0o n? =

Hence {nz}n o=o diverges.

0

Definition:-Let{a, }be a sequence.lim,_,, a,, = o If for each positive number M, there is a
natural number N such that a,, > M forall n > N. In this case we say that {a,}
diverges tooo Similarly, If for each number M, there is an integer N such thata,, <M
forall n> N.

In this case we say that {a,, }diverges to —co and we write as lim,,_,, a, = ©

Example-4:-prove thatlim,,_,., e" =

Solution:-Let M >0 be given.
We need tofind N >0such that e™ > M whenevern > N
But e">M = lne™ > InM

=>n>InM
Choose N = [ InM]
Then n>N =>n>[lnM =n>InM

= e" > M whenevern> N
~lim, ,, e" = o

Example-5:- Show that lim,,_,, (—2n3) = — o

Solution:- Let M <0 be given.
We need tofind N >0such that —2n3< M.

M M
But —2n3 <M =5n3>Zon> |2

2
Choose N = [F
Then n>N :n>[f] :on>3_£2

=n3 >_—2 = —2n3 < M whenever n > N
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Theorem:-Let{ a, } be a sequence, L a number and f a function defined for every positive

integer such that f(n) = a,
a) If lim,_,, f(x) = L, then{ a,} convergences andlim,_,., a, =L

b) If lim, o f(x) = oo (orlimy_,e f(x) = —), then{ a,} diverges and

limy_,o ay, =0 (orlim,_ e, a, =—).

Proof:-a) assume that If lim,_, f (x) = L, and let £>0.

Then there is some integer N such thatif X> N, then|f(x) — L |<e€
= If n>N, then |a, — L|=|] f(n) —L|<e. So limy_e a, =L

b) If lim,_,. f(x) = oo, then forany M there is aninteger N such that

if X>N, then f(x) > M.Sothat,if N> N, thenf(n) = a, > M.

= lim,_ a, = o (by definition)

Similarly, lim,_, f(x) = —00, = lim,_,, a, = —®

Example-6:- Show that lim,,_,4 (ﬁ)

Solution:- Let f (x) = ﬁ; x=1

Then f(n) = ﬁ:an for=>1

X 1
Since lim —=lim — =1.
Nn—0o x+1 T —00 1+)lc

Hence by the above theoremlim,,_, (%)
. 1
Example-7:- Show that lim,,_,, —~= 0, forx >0

Solution: - Let f(x) = %; r>0

1My f () = 1My e = = limyen( )7 = 07 = 0

Then by the above theorem lim,,_, % =0.

. . 1 . 1 . 1
In particular, lim,_ —7 = 0; lim,,_, == 0; lim,;, 0 —= Oetc.
. oo 1 o 1 [e]
i.e.the sequences{—} 4, {—3} 1 {—} __ 4, etcconverges to 0.
n n=1 nin=1 neJn=1
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Example-8:- Show thatlim,, _,,,(1 + %)n =e.
Solution - Let f(x) = (1 +£ ) x =21
Then f(n)=(1+%)”; n>1
We know that lim, (1 +§ )Y*=e

Then by the above theorem lim,,_,o, (1 +% T=e.

0 for|rl<1

o0
n
1 forr=1 and that {r }n _

Example-9:- Letr be any number. Show thatlim,_,, ™ = { 1

divergesfor all other values of r.
Solution:- Case 1) if r = 0
Let f(x) =r*;x = 1;sothatf(n) =r*;n>1.
0 for0<r<1
lim, e, 7* =41 forr=1 Sequence

oo forr>1

0 for0sr<1
Then by the above theoremlim,,_,, 7" =<{1 forr=1 - (1)
o forr>1
Case2)if r<0
(00 (00)
r=-1= {r"}n —1= {(—1)“}n —1 that is oscillating sequence which diverges.
r#—1=|r*| =|r|"

0 -1<r<o0

diverges.
oo r<-1 9

From (1) limy, o |7™| = lim,,e0 || = {
{r"}n o=0 o converge for |r| < 1and divergesfor|r| > 1
. 1 o
In particular, {(E)n}n _ 1 convergesto 0

(0]
n
{(» }n _ qconverges to 1

{(1.1)"}n : 1 diverges.
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is called a geometric sequence.

Note:-For any nonzero constant c, the sequence {cr”}n _
The first term of the sequence, cr™, is the initial term. r is called the common ratio of the

. crnt?
(i.e. e =rforn=m)

sequence.

Example:10 Show thatlim, ¢ ¥c = 1.
Lnc

1
Solution:- Note that ¥/c = cn = e(n)
l)lnc . .
;x = 1sothatfiscontinuous and

Let f(x) = e(x

f(n) = e(%)lnc;nz 1
e=1

1 . 1
limy o, f(x) = limy_ e e _ pliMxoco(G)INC _
Then by the above theorem lim,, o ¥c =1

Example:11 Show that lim, ., ¥Yn =1
l)lnn

n
l)lnn:n >1

n

1
Solution:-Note that ¥/n = nn = e(
;x = 1 sothatfis continuous and f(n) = e(

l)lnn

Let f(x) = e(n
lim, e x = 0 and lim,_,,Inx = co = by L' Hopital Rule

1
lim, mx_ lim, JiL =0
1 . 1
Then  limy o f(x) = lim, e e(a_c)lnx = hm"ﬁw(;)lnx =el =1
= using the above theorem lim,, e ¥/n = 1.
Activities
Find the limit of each of the following
a) lim (1 + %)n b) lim (1 + 2)
n—-oo n n —00 n
) lim n?+2n-1
< n=% 5n2-5n+3
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1.3Properties of convergent real Sequences
Since Sequences are functions, we may add, subtract, multiply, and divide as we do for

functions. Rules for computing the limits of combinations of Sequences are analogous to the
rules for limits of combinations of functions

Theorem:-suppose that the sequence a,, and b,, converges to limits LandM, and C is a
constant, then

a) lim, ,,c=c

b) lim,_,ca,= clim,_ ., a, =cL L

) lim,,(a,+b,) = lim, ,, a,+ lim, ,, b,=L+M
d) lim,_,(a,b,) = lim,_, a,. lim, b, =L M

n

. limg, L.

e) lim (32) = Tnzefn 2 if \j£ Q)
n-oo by limpsobp M

Proof:-Left as an exercise.
. . 2n—1 . 3n? . (m
Example-1:-Find a) lim,,_,c, o b) llmn_,ooT_lsm (;)
Solution a) The highest power of ‘n’ in both in the numerator and the denominator is 1.

Then divide the numerator and the denominator by ‘n’.

(zn-1x= 2-%
- N —_n

T (3n+5) x= T 342
n n

Then by applying convergence properties, we have

2-1 lim 2-lim L
llm 2n—1 — llm — n— o0 n-od — 2—0 — Z
n—o00 Nn—00 5 . . 5
3n+5 3+; llmn_,oo3+11mn_,°o; 3+0 3
. T
b) lim 3n? sin(n) = lim 3n Sm(ﬁ)
N2 on—1 n n=0on-1 111
= lim 3n lim Sin(ﬁ) = 31‘[
N=%0 on—1"nSw % 2

Theorem:-(squeezing theorem for sequences)
Given three sequencesa, , b, and ¢, such thata, < b,, < c,for every n and
lim, ,, a, =L =1lim,,, c,, thenlim, ., b,=L
Proof:-For every €>0, there is N; and N, such that| ¢, — L [<efor n>N;
and| a,— L |<efor N>N,. Let N={ N;, N}.
For n>N we have| a, — L |<& whichimplies -e<a,, — L <€
= L-g<ap<lteand hence L-€<Ay cooeevevineeeeeiiereeeiiieeeeennnen (*)
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From| ¢, — L |<g,wehave -g<c,— L<e
= L-e<cu<L+e = cp<L+e (**)
Since a, < b, < c,by hypothesis, from (*)and(**) it follows that

L-ge<an< by< cy<L+e =|by— L|<g foreveryn>N.

Therefore lim,,_,,, b,=L by the definition of limits.

Pn2
Example-2:-show that lim,, % =0

sin®n

. 1 . . . 1
Solution:-We know that 0 < < — since lim;,, ,, 0 = 0and hmn_,oo; =0

in
Then by show that squeezing theorem we have lim,,_,o —S”:l n_

1.4 Bounded and Monotonic Sequences
Definition:-Let {a,, };~_,, be a sequence, then

a) The sequence {a,};_,, is bounded above if there is a number M; such that
a, < M; for every positive integern=m.
b) The sequence {a,}5_,, is bounded below if there is a number M, such that

a. > M, for every positive integern=m.

n

c) The sequence {a, };>_,, is bounded if there is a number M such that|an| <M for

every positive integer N =M. Otherwise the sequence is unbounded.
Example:-1) the sequence { (—1)”}n o:o 1 has an upper bound 1 and a lower bound -1.

Soitis bounded.

SIr

Example:-2) the sequences {%}n O=° 2 is bounded, since | | < %; n=2.
(0] (0]
Example:-3) the sequences {nz}n —1 and {Zn}n _ qare unbounded because no matter what
number M we choose, there is value n such that n? > Mand 2™ > M.
Th : ® ® is bounded
eorem:- Q) {an}n _ Converges = {an}n _ IS bounded.

b) {an}n iomis unbounded = {a”}n :mdiverges.

Proof a) Supposelim,_,, a, = L.

AN n=N>=la,—L| <1
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«n=N>=lay,|l=la,—L+L| <l|la,—L|+|L| <1+ |L]
Let M = max{|an|,|@Gms1 ], o e oee Jan_1l, 1+ |L1}

Then |a,| < M forn = m, and thus the sequence is bounded.

b) (P=q)= (—q = —q)
i.e. part (b)is logically equivalent to part(a)

Example:-4) the sequences {lnn}n O:o 1 and {Zn}n O:o ,are unbounded and hence by the above

theorem the sequences diverge.
Remark: - boundedness does not necessarily imply convergence i.e. all bounded sequences may

not converge.

Example:-5) the sequence {(—1)”}n O=o 1 is bounded but it diverges.

Activity

1. Show that whether the following sequences are convergent or divergent
3n+1 }n =1
n?-n, ©o
b) {n2+1 n=1
o) (D ==} %

2
a) {Zn +n (%¢]
}
n2+1}n= 1

Definition: - A sequence {an}n iom is said to be

a) Monotone increasingifa, <an. Vn2>m.

b) Monotone decreasingifa, >a,.1 VYn=>m.

¢) Monotonicif itiseither monotone increasing or monotone decreasing.
d) Strictly increasingifa, < apy1Vn >m.

e) Strictly decreasingifa,, > a1 Vn>m

A sequenceis also said to be strictly monotonicifit is either strictly increasing or decreasing.

1, o 1,1 1, © . .
Example:-6a) {1 — - }n 1 and {1+ 1 to gt +E}n _ 12reincreasing sequences.

.1, 0 . .
b){ smr—l}n _1is decreasing sequence.

(00}
c) {(=1)™} _ _ isneitherincreasing nor decreasing because it oscillates between -1and 1
n=m

DEPARTMENT OF MATHEMATICS 10
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(00]
Theorem:-Every bounded monotonic sequence {an}n _ 4 is convergent.

1

(0 0]
Proof:-Assume that {an}n -1 is an increasing sequence.

Since {an}n Ozo 1 is bound, the set S ={ay,a,,...... e P } has an upper bound.
By completeness axiom it has a least upper bound L.
Let € > O,then L — €is not an upper bound of Ssince L is the least upper bound.
Thus 3 anumber ayin Ssuchthatl — e < ay < L forsomeinteger N.
Since the given sequence isincreasing, we have ay < a, for n > N.
Hence L—e¢<ay<a,<L; vVvn=N.
Thus -e<ay—L<a,—L<L-L;, VYn=N

> —¢<a,—L<0; vn=N

> —<¢<a,—L<e& Vn=N

=>la,—Ll<e Vn=N

limy, o a, = L.

Hence{an}n O:o converges to L.
Example:7) Let {an}nozo 0 be the sequence defined by ay = 0 and a,4q = a2 + i, vV n=0.

Show that {an}n o:o o converges.

Solution:-Using the above theoremit is enough to prove that the sequence is bounded and

increasing.
(i) To prove boundedness
. 1
Claim that Ian|<;; n=0

1
a0=0 $|a0|=0<5

Assume that Ian|<%; vn=0.

11 11 1
Then |anil =ai+; < (G)*+;=3 [ af = lanl® < (35)?]

DEPARTMENT OF MATHEMATICS 11



Applied Il DEBREMARKOSUNIVERSITY

o .
Then {an}n —0's bounded
(ii) To prove the given sequence is increasingwe must show that Vn >0, a, < a,4+1
1
Ap < Apy1 © Ay < a%+z
2 1
© ap—an +4_1- >0
1., . . 1
o (ap— 5) > Ois always true since a,, # o
Then the given sequence is increasing.
Using (i) and (ii) and applying the above theorem the given sequence converges.
To find lim,, L an,
Let L =limy,_,o ap then L = limy, o apqq
o T 2 1y 1 2, 1 5, 1
s~ Lo =1limy e Apeq = limy00(ag +Z) = lim,,,» ay t5= (im0 ay) +s
1
=1?4-
4
2 1_
=L —-1L +Z =0
1

_ 1y _1
> (L-1)2=0 =L=1

im0 ay = 2
2
Note: If we spedfy ayand express a, 1 in terms of {agy,aq, a,, ..., ay, ... } we say that {an}n Ozo 0
is defined recursively.
Activity

Show that whether the following sequences are convergent or divergent

a) {2+ . }no=01 b){n - 3 }n°:°1

n+1 n2+1

DEPARTMENT OF MATHEMATICS 12
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CHAPTER 2

2.1 Infinite Series

We now wish to extend addition to infinitely many numbers and to define what we
mean by such a sum.

Definition:-consider a sequence with termsa,,a,,as, ..., a,,..we may form in succession
S1= aq

52:a1+a2
53:a1+a2+a3

S4=a1+a2+a3+a4

Sp=ayta;+az+--+ay

The sum sy, S5, 3, ..., S, are called partial sums. The sequence of partial sums{sn};'{’=1 is called
an infinite series or simply series. Itisdenoted by Y2 a; =a; + a +az+ -+ a, + -

Therefore, an infinite series or just seriesis equal to the limit of the partial sums, that is,
Yicia; =limy e Sy
Example:-1) Ifa, = n, Then s1=1,s5,=1+2=3,53=1+2+3=6

nn+1)

“sp=1+2+3+-+n—-1+n= >

. the sequence of a partial Sum is {—n(zﬂ)}

Example:-2) If a,, = (—1)",Then s;=-1,s,=-14+1=0,s3=—-14+1+(-1) =1

{—1 if nisodd
oo STl =

0if nis even isthe sequence of apartial Sums.

2.2 Convergence and Divergence real series

Consider the sequence of partial sums {s,},—of the series X7°_; a,.If this sequence converge
to a number s, then we say that the series 2,"{’21 a, converges to s.

In this case we write X7, a, =limy,o Sp =S

DEPARTMENT OF MATHEMATICS 13
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On the other hand if the sequence of partial sums {s,},-, diverges, then we say that the
series Yo, a, diverges. In this case limy,_,, S, = £ orlim,,_,« Sy, is not unique,

then X2, a; is diverges.

Note:-If lim,,_, S, is not unique then ) a,, oscillates.

Example:-1) Determine whether the series };°_; n is convergent or divergent.
If it converges determine itsvalue.

Solution:-The sequence of partial sumis s, = X i

This is known series and its value can be shown to be

_vn :_ nn+1)
Sn = i=1l_ 2

So, to detemine if the series is convergent we will first need to see if the sequence of partial
sums,

+1 . .
{ nﬁ; ) }o=4 is convergent or divergent.

n(n+1) — o

Now, limy, L0 Sy = limy, 00 .

Therefore, the sequence of partial sums diverges to .So the series diverges.

1 1

—+ i+ i+ --.converges and find the sum.

Example:-2) Show that Z;‘l"zlm =—+—

1 1
=-—— forn=1.
nn+l) n n+l

e 5= Ty (134 G- D (5D 16

=(1=2)+G-9) ++(E )+ G

Solution:-By partial fraction

1
~ lim s, = lim 1-—=1

o 1
n=1p(n+1)

Hence ) converges and ),

o 1
n=1 n(n+1)

DEPARTMENT OF MATHEMATICS 14
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1
n(n+1)

Note:-The series Y., is called a telescoping series because when we write the partial

sums all but the first and the last terms cancel.
. . 1. . .
Example:-3) Determine whether the series Z;O=12_n'5 convergent or divergent. If it converges

determine its value .

Solution: - The sequence of partial sum

1

1 1.1 1 1 1
n
Sp= Yl =4t —t b =1

n =1y 2 4 8 16 2n 2n

So, to detemine if the series is convergent we will first need to see if the sequence of partial
sums,

1 . _
{1——;}7L1 is convergent or divergent.
In this case the limit of the sequence of partial sums is,
limn—mo Sp = limn_,oo 1-— 2— =1

Therefore, the sequence of partial sums is convergent and the series will also be convergent.
The value of the series is

1
o —
n=1,n — 1

Example:-4) consider the series1+2—-3+14+2 -3+ -+
Here lim,_,e S, =1o0r 30r0.

Hence lim,_ . S, is not unique. The series oscillates.
Activities

Determine whether the following series is convergent or divergent. If it converges determine its

value.
0 1 o (L)'
) 2o G anrt ) 27 ()
oo VATV
b) By, (- D)™ d) X

DEPARTMENT OF MATHEMATICS 15
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Properties of convergent series
Theorem: - If ), a,, and ), b,, are convergent series, then
i Xg=qCan =C2p,a, (Wherecisa constant)

ii. ;.10=1(an+bn) = Z;?zlan+z;?=1bn
. ;.lozl(an_bn) = Zlean—z,‘lebn

3
n(n+1)

Example:- 5) Find the sum of the series X, >"_; [ + z_n]
Solution:- The series ), 1/2" is a geometricserieswitha = 1/2andr = 1/2, so

1
o 1 _ 2 _9 S— )

We have s,, = Z?zli(i;-kl) = ?:1[% - i]
o Rt R P R Fe R P B
andso  limy, e Sy, = limy, e[ 1 —ﬁ] =1-0=1
Therefore, the given series is convergent and Y, 1@ el V)
So, by properties of convergent series
1[n(n+1) _] =32n= n(n+1)+ ;.10=12in =3-1+1=4

Theorem: -If Y., a, is convergentand X5, b, is divergent, then},."_ (a, + by,) is divergent
Proof:-let by, = (a, + by) —ap then X0 by, =27 (an+ by) — Yo an
Since Y5~ @y, is convergent by hypothesis, Y.."_;(a, + by, ) cannot be convergent for
otherwise X.."_; b, would be convergent by the above theorem which contradicts the
hypothesis. Hence X.;_; by, is divergent
Note: - If both series Y., a, and X, by, are divergent, then the series}.;"_;(a, + by)

may or may not be convergent
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Example-6) Let Y a, = Yo n= X" by then X7 (ap+by) =X (n+n)
= Yo12n =237 nisdivergentsince},,_, nis divergent.
Butifwelet X0 an = Xo-nandy, b, =2>_,(—n),
We have).;_ (a, + by) = Xp-1(n + (—n)) = 0 whichis convergent.
Theorem: -Removal of a finite number of terms from a series doesn’t affect its convergence or
divergence.
Proof:-Consider Y72 a; = a; +a,+ -+ agp_1+ap+--+ap+--
Let Yot @i = ag+ager+ -+ ap+ -
And Y¥“la; = M (the partial sum of the 1° (k-1) terms.
Let {s, }be any sequence of partial sums of > n
Then the partial sum  X7_,a; = s,— M
Then lim,_,, (s, — M) exists iff lim,,_,, S, exists
Hence).i2, a; and).;2, a; converges or diverges together.
Note:- If X, a, and X, b, are two series differing only in their firstm terms (i.e > m.),
then either both diverges or converges.
Theorem: If the series Y.,_; a,, is convergent, then lim,, o, a,, = 0 (the nt"* term of a

convergent series tends to zero)

Proof:-Let sp=Xt,ai=a;+a,+asta,+-+an_1+ay
Spn-1—= ‘lﬂ:—llal- =aqi+ataz+as+--+ap_q
Then Ap = Sp—Sp_1

Since ), a, is convergent, the sequence {s,} is convergent.
Let lim,_e S, =S.
Sincen —1 — oo asn — oo, we also have lim,,_,o, S,—1 = 5.
Therefore, lim,,_, @, = limy 00 (S — Spo1 ) = im0 Sy —liMy 00 Sy =5—5 =0

Therefore, lim;,,oa, =0 proved
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Note:-The converse of the above theorem is not true in general.
i.e If lim,,_,, a, = 0, then Y a,, may or may not converge.
. 1 ) . 1
Example: -7) The series Z;‘;l; does not converge butlim,, . a, = lim,_, ~= 0.

Theorem :-( The Test for Divergence)

[oe]

Iflim,, 0, @, # 0 (does not exist ) then the series }.)°_; a,, is diverges.

Proof:-Suppose Y., a, is diverges, then lim, o, a,, = 0 by the above theorem

0]

Hence by contra positive X, a,is diverges

2
Example:- 8) Show that the series Z;’{;lﬁ diverges.

Solution: lim a, =lim _ lim ——=2=%0
K n—-oo Un n—oo 5n2+4 n>co 5+4/Tl2 s

. w n: o .
So the series Zn=15n2+4 diverges by the Divergence Test theorem.
Activities
Show that whether the following series are convergent or divergent.

a)y® n-2 b) Yo nsin (%)

n=1lp245n

Some types of infinite series

1. Harmonic series

. . 1 1 1 1 ) . .
Definition:-the series Z;?:l; =1 +§ +§ + - +; + -+ =1is called a harmonic series.

. . 1. .
Note:- the harmonic series Z;’f;l; is divergent (see example 7 above)

2. The Geometric Series
Definition:-The series Yo ar™ 1 = a+ ar + ar? + --- 4+ ar™ 1. .. is called a geometric
series. r is called the ratio of the geometric series .

Theorem:- the geometric series X, ar™ ! where a # 0 convergesif |r| < 1 and its sumis
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partl= 1L_r , |r] <1anddivergesif|r| = 1.
Proof:-Consider the series Yo ar™ 1= a+ar +ar?+--+ ar™1 4.
Let Ssp,=a+ar+ar?+--+ar™? S ———— ]
and rsp=ar+ar?+-+ar*™1+ar" - (2)

Subtracting equation (2) from (1), we get
Sp—Trsp=a—ar™

=>s,(1-r=a—ar™

a(1-r™) a ar™
= STl = —_—
1-r 1-r  1-r
_ . . a(1-1")
Therefore, Yo ar™ 1 = lim, e 5, = limye —
—-r
a ar™

= li
nl—g}o(l—r 1-—r

)

ar™

a

= lim — lim
nool—1r nool-—r
a a

= — limr™
1—-r 1—7rn-om

Case (i) if 7] < 1, thenlim,_, "= 0

_ a
Hence 377 ar™™t = —

Thus when |r| < 1the geometric series is convergent and its sum isﬁ
Case (ii)ifr =1

Thens,=a+a+a+--+a=na

Therefore, lim,, o, S, = lim,, .o na = 00

The geometric series diverges.

Case (iii)ifr = —1

O0if niseven

Then s, = {aifnis odd
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Therefore, lim,,_,,, S,does not exist since it oscillates between 0 and a.

Hence geometric series diverges.

Case (iii) If |[r| > 1 ,then ™ > w0 asn — oo,

a(r™-1 a .
a1 o —limy, o —— =0

Thenlim s, = lim
n—-co=n n-o r—1 1-r 1-r

The series is diverges.
Therefore, for |r| = 1, the geometric seriesis divergent.
Hence theorem proved.

Example:- 9) Determine whether the each following series converges or diverges. In case of

convergence find the sum.

5n—1

B T, b) $2.,3D) hE

4n-1

. 1 L\t b o 1
Solutlon:-a)fo;lE: ;’f;l(z)” Lwhich is a geometric series withr = Janda =1

. 1 .
Since |r| = |Z| < 1, the series converges

-2\ 1. o -2
b) Yot (?) is ageometricserieswith 7 = — and a = 3.

. -2 .
Since |r| = 5 < 1, the series converges

o 3(—_2)“‘1_ @ __3 _9
n=1 3 T 1r 1_(_2) T 5
o 45771 o A (SN T o 5
C) Xt — prrak n=14(Z) Which is a geometric serieswith r = Zanda = 4.

. 5 .
Since |r| = |Z| > 1, the series diverges.

The above theorem can be used to express as a non terminating repeating decimals as a rational
number.

Example:-10) Express decimals as a rational number

DEPARTMENT OF MATHEMATICS 20



Applied Il DEBREMARKOSUNIVERSITY

a) 0.666 ... b) 0.4545 ...

Solution:-a) 0.666... = 0.6 + 0.06 + 0.006 + ---

_6,6 6
10

100 100
6 1 1
=2 (14—t )
10 100 100
w 6 (1\* 1. . o 1 6
=g\ isageometricserieswithr = —anda = —.
10 \10 10 10

i 1 .
Since |r| = =< 1, the series converges
6

w 6 (1)"‘1_ o _6_2

n=119 \10 T L7973

b) 0.4545...=0.45 + 0.0045 + 0.000045 + ---
45 45 5L

=ﬁ (100)2 * (100)3

45 1 1
= E( 0T ooz T '")

w 45 (1 \V1. . . 1 45
=Y —(— is a geometric series withr = —anda = —.
100 \100 100 100

. 1 .
Since |r| = o < 1, the series converges

5
—1 )
o0 i(L)n =m0 _ 5 _5
n=1100 \100 l— 99 11
2.3 Tests for Convergent of Real Series

(Integral, Comparison, Limit comparison, Ratio and Root tests)

In general it is difficult to find the exact sum of a series. Thisis true when we can’t find any
simpler expression for the sum of the first n terms of a series as a function n.but several tests
are developed which enable us to say whether the seriesis Convergent or divergent without
explicitly finding its sum.

1. The Integral Test
Suppose f is a continuous, positive, decreasing function on [1, ) and let f (n) = a,forn > 1,

then the series )., ayconverges iff the improper integral floof(x)dx converges.

0 1
n=lpz4q

Example:1)Test the series ), for convergence or divergence.
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Solution:-The function f(x) = 1/(x? + 1) is continuous, positive, and decreasing on [1, o).

So we use the Integral Test:

I S dx = llmt_,oof g dx = limtan” x]1

= lim [tan‘lt—z] =r_IT_
4 2

t—oo

NI

s
4

. 1
the series Y5 — 3 s converges.

. . 1 .
Example:-2) Determine whether the series Z;‘{Ll% converges or diverges.

Solution:-The function f(x) = (In x)/x is positive and continuous for x > 1 because the
logarithm function is continuous. But it is not obvious whether or not f is decreasing,

so we compute its derivative:

f (x) (1/x)x—1nx 1-Inx

x2

Thus f'(x) < 0 whenInx > 1, thatis, x > e.
It follows that f is decreasing when x > e and so we can apply the Integral Test:

Ooln_x (lnx) (lnt)2 _
fl dx = llm fl x t—)oo 2 ]1 t—)oo 2 -

Since thisimproperintegral is divergent, the series Z,‘f:l% is also divergent by the Integral

Test.

Example:-2) Show that the sen'esZ% converges if p > 1 and divergesifp < 1

. 1
Solution:-If p < 1, then - doesnottendtoOasn — oo

So by divergent testhf;l% diverges.
Assumep >0
1
Let f(x) = — on [1, ).

f'lx) = Pl < = f is decreasing on [1, ).

xb+1

So we can apply the Integral Test
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x—P+1
And [} f(x)dx—llmf —dx = llm{ Safr# 1]§
elinx ifp=1

x~P+L ¢ . (tTPtL 1 @ifp<l
Hence lgg Y ]1 = }g{}o (_p+1 - —p+1)_ ﬁ ifp>1

And  lim(in t)]i = lim(In¢) = oo

Z% Convergesifp > 1 and divergesif p < 1.

. 1. .
Note:-the SGHESZ; is called the p — series

Activities

Determine whether the following series are convergent or divergent.

o _2
a) Y= 1n2+6 ) Xp=ine™ e) Xn= 1n(lnn)2
o _n 0 -n tan~In

b) n=1pinn d) Zn:lne f) Zn 1 p24q

2. The comparison Test

Suppose that ), a, and ). b,, are series with positive terms.

i. IfY byisconvergentanda, < b, foralln,then} a, is also convergent.

ii. If) b,isdivergentanda, = b, foralln,then ), a,is also divergent.

Example:-3) Determine whether the series Y- converges or diverges.

n=1yn2 44043

Solution:-For large n the dominant term in the denominator is 2n? so we compare the given
serieswith the series Y. 5/2n2. Observe that

5 5

2n2+4n+3  2n2

Because the left side has a bigger denominator, we know that by comparison test

5 5
1010=1ﬁ =2 2= 1 — isconvergent by p — test withp = 2> 1

Therefore > _,———— is convergent by comparison test.
’ n=1on244n+3 8 ¥ P
Example:-4) Test the series Y, 7>, — = for convergence or divergence.
n

DEPARTMENT OF MATHEMATICS 23



Applied Il DEBREMARKOSUNIVERSITY

. 1 1
Solution:-Observe thatlnn > 1 forn = 3 and so % > for n>3

We know that ), 1/n is divergent by p — test withp = 1.

. . Inn. . .
Therefore, the given series Z;‘{;l% is divergent by the comparison test.

Activities
Test the following series for convergence or divergence.

a) X ) Zn

n=lyn-141 1+1 n= 1lnn

b) e, S n d) 7

n15n24

3. The Limit Comparison Test

Suppose that ), a, and ). b,, are series with positive terms.

i. Iflim,, -0 % = ¢ > 0,then either both series converge or both diverge.

n

ii. Ifllmn_,ooz 0,and )b, converges, then Y, a, also converges.
n

iii. Ifllmn_,ooz = o,and ), b, diverges, then ), a,, also diverges.
n

Example:-5) Test the series Y., —— for convergence or divergence.

n= 12?’[

Solution:-We use the limit comparison test with

1 1
2n-1

a, =

an 2n . 1
lim,,_, 00 — b = lim;, 00 P lim,,_,q 1_—2% =1>0
Since this limit exist and ) 1/2" is a convergent geometric series, the given series converges by
the limit comparison test.

) 2n%+5 .
Example:-6) Test the series ). oy for convergence or divergence

Solution:- We use the limit comparison test with

2n2+45 (2+ ) 1

a, = a, = —"2— b, =—
n ans41 n n3(4+ y 2onm
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. an 1, .
lim,,_, o b—” =3 (finite and non zero)
n

Then by limit comparison test either both series converge or both diverge.

But X b,= Z—converges byp —Testsincep=3>1

2
+5, - .
511 convergent by limit comparison test.

Thus the given series ), iz
Activities

Test the following series for convergence or divergence.

o 1
i ) =1 Vrzrion
p) ¥ o+l d)ye —
) n= 1n(Zn 1) n=1n3+1

4. The Ratio Test

The Ratio Test determines if the terms of the given series are approaching 0 at a rate sufficient
for convergence by considering the ratio between successive terms of the series.

an+1

Let ), a,, be a series of positive terms such that lim,, _,., —— = = [ then
n
i. Theseries convergesifl <1
ii.  The series divergesifl > 1and
iii.  The test provides no condusionifl = 1.
n
Example:-7) Test the convergence of ), %
. xn xn+1
Solution: - Let a, = - and An+1 ="
ap+1 a0
limy, 00 = = an = limy 00 n+1  xn r{l—rgo 1+l =X

Therefore, the series converges if x < 1 and divergesifx > 1
Put x=1>a,=-
Xa, = Z% diverges by p — test sincep =1

Therefore, the given series converges if x < 1 and divergesififx = 1
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n' 2n
Example:-8) Test the series for convergence Y0 —— =
— 2" (n+1)!2n+1
Solution: - Let an = o and Any1 = W
angr _ (nDI2™ a2
an ()M pl2n o (1400
. ant+l 2 _
lim,, e - 711_{210(”_)” =-<1
Therefore, the series is convergent.
Example:-9) Show that Y. 1 = dlverges
. . any n+1 . 271 o 2n+1 n2
Solution: - Here lim,, oo —— o, = limy,_ e [( i ;] = hmn_,oo[z_n. (n+1)2]
= 11mn—>00{2 [n_+1] }
. 1
=2 'llmn_)oo[m]z =2>1
n
. . o 2" .
Therefore, the given series Z"=1n_2 diverges.
|
Example:-10)Show that Z§=1:_{l converges
. . a (n+1)! (n+1)! n"
Solution:-Here llmn_moz—::l = 1m”_)°°[(nT)n+1 + ] = limy o0 [——+ (nT)nﬂ]

=l {2+ D s [

. 1 . 1 1
= llmn_,oo(m)n= llmn_,oom=; <1
n

. . n!
Therefore, the given series }.;7_; — converges
n
Activities
Investigate the following series for convergence or divergence.

511.
a)Zn 1 on C) ZZO=1F

-1

n= 1(n !

b Lol d) T2
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5. The Root Test

As Ratio Test, The Root Test can be applied without considering other series whose convergence
is known. But in this test we take the limits of roots of terms instead of taking the limits of
quotient of successive terms of the series.

1/n

Let X, a,, be a series of positive terms such thatlim,, ., a,, = [ (possiblyco) then
i.  The series convergesifl <1
ii.  The series divergesifl > 1and
iii.  The test provides no condusionifl = 1.

Example:- 11)Test the convergence of the series ). nin

A _ 1 1/n _ 1
Solution: - Here an=— =  a, =
Thus lim,, 5o a}l/n = limn_m% =0<1
Therefore, the series converges.
Example:-12) Show thatzz’:lzln converges

n
Solution:-Here == = /"= An
2n 2
n
Thus lim,, 0 a,ll/n = lim "2 = lim 2=t
n—oo\ 2 n-oo 2 2

Therefore, the series Zflo=12£n converges by Root Test.
Example:-13) Show that),>" (3—n)n diverges

ple: n=1\n+2 g

. _( 3n n n _nf(3n n_ 3n
Solution:-Here a, = (n+2) = Nay = (n+2) =

Thus lim,, o Y/ a, = lim 3 —3>1

n—-oo n+2

n
Hence, the series X, (%) diverges by Root Test.

Example:-14) Show that the convergence or divergence of 220:1% and Zlei

T n T nfl . n T nfl
Solution:-lim, ., \/a, = lim,_ ,; =1 and lim,,, Ya, = lim,_ ﬁ =1
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Hence we can’t condude any thing about the convergence or divergence of both series by a root

1. . . 1,
test. But by other tests we can check that fo:ln—z is a convergent series while Z;’lez isa

divergent series.

Activities

Investigate the following series for convergence or divergence.
2n—1 o 3n 2
a)z (n+2) C) Z nn

b) Xy d) X7

n= 1(lnn)" n= 1(n 1)

2.4 Alternating Series and Alternating Series Test

Alternating Series

An Altemating Series is a series whose terms are alternately positive and negative.
Here are two examples:

T Yol (—1)n+1 3M=3-9427 —81+ -

. _{ynt_ __ 1,1 _ 1 . i i
ii. meq(—1) (Zn)' -t % — + are alternating series.
The Alternating Series Test
If the Alternating Series
(D™ lay,=a; —a,+az—as+as—ag+ - a, > 0 Satisfies

i. api<an, for all n( the sequence is decreasing)
ii.  limpLea,=0

Then the series is convergent.

1)11 1

. 1.1 1 .
Example:-Test the series 1 —5+§ —Z+- =D for convergence or divergence.

n-1

. . . 1.1 1 . . . -
Solution:-The given series 1 —3 + 3732 +- = Zf;l( is an altemating series. It satisfies

. 1 1
i. a < a,because — < —
n+1 n n+1 n

. . . 1
ii.  lim,,ea, =lim, 0= =0
n

So the series is convergent by the Alternating series test.
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. . cosnm
Example:-Discuss the convergence of the series Y., )
. cosnm -nn" 1 1 1
Solution:- Ap =Xipe =y == 4.
Xan n=1pnz24q n=1p2.4 2 5 10

The given series is an alternating series since the terms are alternatively positive and negative.

Also it satisfies

1
<
(n+1)2+1  n2+1

. . . 1
ii. lim a, = lim — =
n—-oco Un n—0w 7.4

i.  apyq < a,because

So the seriesis convergent by the Alternating series test.
Activities
Test the following series for convergence or divergence.

(_ 1)n+ 1

n

(-D"n
n2+1

a) Xn=1

b) Xn=

2.5 Absolute and Conditional Convergence
Absolute Convergence

Definition: - Let ), a,, be a series of positive and negative terms. Then series ), a,, is said to be

absolutely convergent iff )}|a, | is convergent

_1\yn—1
Example:-Show that the series Z%o=1( s is absolutely convergent.
lution=The gi . o (D" 1,1 1 is absolutel
Solution:-The given series Y. —~=1-= + 7 = + -+ is absolutely convergent
o) (_1)n—1 o5} 1 1 1 1 i i
because 2.,,_; 7| T dnm1z = 1+2—2+3—2+4—2+ ---is a convergent series by
p —testwherep=2>1
i -1 n+1.
Example:-Show that the series Z;’{;l( 5n)_1 is absolutely convergent.
) ] oo (—pn+t v (=pnt1 v 1
Solution:- anl sn-1 — Ln=1 sn-1 - 4n=1 sn-1

n* 1. L 1
=y (= is ageometricserieswitha = 1,|r| = =< 1.
n=1\z p

_1yn+1
Hence ),° )

n=1"ga-g IS absolutely convergent.
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Theorem:-Every absolutely convergent series is convergent.

Remark: - If Y77 |ay,| diverges, we can’t say any thing about).>”_; a,.

Theorem: - If },7°_  a,and Y., b, converge absolutely, then},>>_  a, + b, and X5 ka,
where k is a constant convergent absolutely.

Conditionally Convergent

Definition: - Let ). a,, be a series of positive and negative terms, then . a,, is said to be

conditionally Convergent if ), a,, is Convergent and Y|a,|is divergent.

Example:-Show that the following series conditionally convergent:

1 1 1
I=GtE—at"

Solution:-The given series is an alternating series.

1 1 1
Zlanl = 1+E+E+ﬁ+m

1 1
= Tlay =25 =31

o . 1
Itis divergent by p — test sincep = > < 1
So Y} a, is conditionally convergent.
Example:-Show that the following seriesis conditionally convergent
1 1.1 1
—14-—c4>—+-
2 3 4 5
Solution:-The given seriesis an alternating series.
1.1, 1,1
Zlanl = 1+5+5+Z+E + -
1
=Sla,l=%2
Itis divergent by p — test sincep =1

So ), a, is conditionally convergent.
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2.6 Generalized Convergence Tests
Let Yo, anbe aseriesand X, by, a positive series then

a. Generalized comparison Test
If |[an| < by forn = 1andif X, b, converges, then Y., a, converges (absolutely).
b. Generalized limit comparison test
If limy, 0 |?| = L, where Lis a positive number, and if }>°_; b, converges then
n

Y1 Ay converges (absolutely).
c. Generalized Ratio Test

an+1| =r

Suppose thata, # 0 for n > 1 and that lim,, |

an
Ifr < 1,then X,_,a,converges (absolutely)
Ifr > 1,then X,_,a,diverges
Ifr = 1, No conclusion about the convergence of the series.

d. Generalized Root Test

Suppose thatlim,,_,., \/ |a,| =7
Ifr < 1,then X, a, converges (absolutely)
If r > 1, then X, a, diverges.

If r = 1, No conclusion about the convergence of the series.

xm x2  x3  x*
Example: - Show that ;?:17 =x+ >y + 5 + " + --- Converges absolutely for |x| < 1,

Converges conditionally for x = —1 and Diverges forx = 1 and for |x| > 1

[oe]

Solution: - Ifx = 0 = }°_, 0 = 0 converges

An+1 P S )

If x # 0 then lim =lim —_—
n—co n-c I n+1 n |
xn+1 n
= lim —_—
n—o | xn n+1|

. n
= lim,, |x-m|

. n
= limyoo (717) I
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By Generalized Ratio Test, the given series converges for |x| < 1 and diverges for |x| > 1
For x = —1the series X, _,(— 1)" is alternating series
Then Y |a,| =Z% diverges
Therefore ), a, conditionally convergentfor x = —1
For x = 1 the series becomes Z;‘{;l%which is diverges by p —test.
Activities

Test the following series for convergence or divergence.

( 1)Tl+1
n=1 (2p+1)!

by 3= (1) by 5o, D an

n=17p11%

a) Xy

an+1

Corollary:=-let{a,}be a sequence. If lim,_,., =

=r<lorlim Ya,=r<1,

n+1 n-—-oo

thenlima, =0
n—oo

Example: - Show that lim = —0 Vx

n—-oon

K1
(n+1)!
x"
n!

. . a
Solution: - lim,,_,, b”—“

n+1

= limy, 50

= lim |(n+1)

= lim | x|

n—oo (n+ 1)

=0<1,Vx

Hence by the above Corollary lim x =0, Vx
n—oo n!
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CHAPTER THREE

Introduction

In Chapter two, we studied series with constant terms. In this chapter we will consider series
whose terms involve variables. Such series are of fundamental importance in many branches of
Mathematics and the Physical Sciences.

3.1 Definition of power series at any xgand xo = 0
Power Series at any x
A Series of the form

oCn(x—x0) =co+ c1(x —xg) + ca(x —x)% + - (1)
is called a Power Series in (x — xg) or a power series centered at x or a Power Series about
Xo
Power Seriesat xo = 0
A Series of the form

o Cn Xt =co+ c1x + cx% + cax3 4 )]

is called a power series, where x is a variable and the c,’s are constatnts usually called the
coeffidents of the series.

Note: - i) A power series is a polynomial of infinite degree.
ii) All tests can be used for power series.
3.2 Convergence and divergence, Radius and interval of convergence

i) For each fixed x, the series Yo", c,x™ is a series of constants that we can test for
convergence or divergence.

i) A power series may converge for some values of x and diverge for other values of x.
The sum of the series is a function f(x) = ¢y + ¢1x + ¢3x? + -+ cpx™ + --- whose
domain is the set of all x for which the series converges.

iii) In writing out the term corresponding to n = 0 in equation (1) and (2) we have the
convention that (x — a)® = 1 even when x = a.

iv) In Power Series centered at a, when x = a all of the terms are 0 forn = 1 and so

the power series in equation (1) always converges when x = a.
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Activity

Fora Power Series f(x) = X7, cpXx™, take ¢, = 1, we get a geometric series Y., x™.
Determine the domain off(x) and find its sum.

Example:-1) For what values of x is the Series Y, nx™ converges?
Solution:-To find the values of x, let’s use the Ratio test. Now let a,, denote the nt" term of

the series, thena,, = nx™and a,4; = (n + 1) x™*L,
Ifx # 0,we have

— i (n+1)x™x
= HMp e nxn

An+1| _ 11 (n+1)xn+1
- n—-oo n
nx

lim,, L,

|(n+1)x|
’n_—)OO

1
lim i| | x|

n—oo

x| lim |2 |

= [x[(1) = |x]|
Hence, by the ratio test, the series convergesfor |x| < 1.

Therefore, the given series converges forx € (—1,1) or —1 <x < 1.

. x—3)"
Example:-2)For whatvalues of x does the series Z;‘{;l( n) converges.
. x—3)"
Solution: - Let a,, = Q, then
n
. a . (x—3)n+1 n
lim || = lim |—— ——
n-oo |l an n-oo n+1 (x=3)n
. x-3
= lim |£=2. p|
n-oo n+1
= lim || |x - 3]
n—-oo In+1
. n
= |x — 3| lim |—| = |x — 3|
n-oo In+1

Hence, by the Ratio test, the given series converges when |x — 3| < 1and diverge when
[x—3| > 1.

Now, [x—3| <1l —-1<x—-3<1lo2<x<4
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So the series convergeswhen 2 < x < 4 and divergeswhenx < 2 or x > 4.

But to check the convergent at the end points

(-1
i) Let x = 2in the series it becomes Y., T)whlch converges by the alternating series test.
li) Letx = 4,the series isZn 1, the harmonic series, which is divergent.

Therefore, the given power series converges for 2 < x < 4 or [2, 4).

Theorem: - For a given Power Series Y. ¢, (x — a)™ there are only three possibilities:
i. The Series converges only when x = a

li. The Series converges for all x

iii. There is a positive number R such that the Series converges if
|x — al < Rand diverges if |[x —a| > R
Radius of convergence
The number R in case (iii) above is called the Radius of convergence of the power Series.
By convention, the radius of convergence is R = 0in case (i) and R = oo in case (ii)
Interval of convergence

The interval of convergence of a power series is the interval that consists of all values of x for
which the series converges.

Note: - i. If the radius of convergence R is zero, then the interval of convergence of a power
series consists of just a single pointx = a

ii. If the radius of convergence Riis infinity, then the interval is (—oo, o)
lii. If the radius of convergenceis R, there are four possibilities for the interval of
convergence. Thatis, (a— R,a+ R),(a —R,a+ R],[a—R,a+ R) or [a — R,a + R]

Example:-3)Find the radius of convergence and interval of convergence of the following Series.

a) Zn 1\/— b)Zn O(Tl+1)2
. x™ x™t1 . .
Solution:-a) Leta,, = N thenayyq = NSt applying the ratio test, we have
X1 Vn . Vn .
An+1 _ . —
iMoo | = =1 = limposeo [z 55] = Jim | g x| = lim \/n+ 1]

DEPARTMENT OF MATHEMATICS 35



Applied Il DEBREMARKOSUNIVERSITY

= |x|(1) = |x]|

Now, by ratio test the series convergesfor |x| < 1.

To find the interval of convergence, check the convergenceat x = —landx =1
(GO 1
+ Atx = —1, the series becomes Y., N , Whichis an alternating series wﬂhm < N
. 1 .
and lim,,_,,, —= = 0, hence the series converges at x = —1.

Vn

% Atx =1, the Series becomes Y.>> which is a P-series with P = = < 1, hence the

n= 1\/—
series diverges.

Therefore the radius of convergence R = 1 and the interval of convergence is [—1, 1).

3Mxn
a) Given the Series —_—
) Lin 0(n+1)?’
NN 3n+1xn+1
Let a, = andapyq =

(n+1)2 (n+2)2 "’

Applying the ratio test, we get
3n+1xn+1 (n+1)2

lim Int1) — Jim
n—oo | | n—>oo (n+2)2 3Nyn
lim 3"3xMx (n+1)2
N0 | (n42)2 3nyn
. (n+1)?
= lim |3x
n—oo (n+2)2
n+1

= [3x| limp 00 (—— )2 = [3x|(1) = 3|«|

. . 1
Now, by ratio test the series converges when 3|x| < 1 = |x| <3

—1n 1 1
=— <
+ Atx = —1/3, the series becomes X, 0( 1)Zand we have( ST +1)2WIth
. 1 . . . n,n
lim,, eI 0 hence by alternating series, the series Zn 0tmr1y converges at
-1
x=—

3

+ Atx = 1/3, the series becomes ), whichisap —serieswithp =2 > 1, hence

1
n= 0( )
itis continuous atx = 1/3.

. 1 . L
Therefore, the radius of convergence R = gand the interval of convergence of the seriesis
-1 1

[55]
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Activity

Find radius and interval of convergence of the following series
) o XM . N\ xn
@) X" D) S0 T (D" (2) %

3.3 Algebraic operations on convergent power series

We may also add, subtract, multiply and divide the series just like polynomials. The following
theorem states the rules for algebraic operations on convergent power series.

Theorem:-The Algebra of Power Series

Assume that f(x) = ag+ a;x + ax? + azx3 + - and
g(x) = by + byx + byx?+ byx3+ -+ for|x| < R.Then

for |x| <R, we have

(i) fO) +g(0) = X3o(an + bp)x™

(i)  fG) —g() =Xalo(@n—bn)x"

(i)  f(x) - g(x) = aghg+ (aghy + a;bg)x + (agh, + ayby + azbg)x? + -+
(iv)  f(x)/g(x)is obtained by long division, if g(x) # 0 for |x| <R

3.4 power series Representation of functions

In this section we will see how to represent certain types of functions as a sum of a power series
by manipulating geometric series or by differentiating or integrating such a series.
Representation of functions as a power series is useful for integrating functions that do not have
elementary anti-derivatives, for solving differential equations and for approximating functions
by polynomials.

Consider theequation 1+ x +x2+ x3+x* 4+ =3 x™ with |x] <1 ---———-—-—= (i)
Observe that the seriesis a geometric series with first term a = 1 and common ratior = x.
Since|r| = |x| < 1, it converges and equation (i) gives

1 . ..
L= lhxta?txdtxt o =TS0 00" with|x| <1 e i)

L . 1 .
Hence, equation (ii) shows the function f(x) = T, asasum of power series.
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. 1 .
Solution:-We know that = o o X™ S—
Now replacing x by —x?2, we get
1 1 oo )
14x2 1-(-x2) n=o(—x*)"

= B (-1
=1—-x24+x*—x%4+--
Because this is a geometric series it converges when |—x?| < 1, thatis x? < 1 or |x| < 1.

Therefore, the interval of convergence is (—1,1).

1 . .
Example:-2) Express; as the sum of a power series and find the interval of convergence.

Solution:-Given  f(x) = ﬁ

1 1 1
We know that s e = _5(1_9_55) ?( )

T'L

f@) = =2 I (G = =S o

n
foe) X

n= 05n+1

. . X
This series converges for |§| <1

. . 1,
Therefore, the power series representation of f(x) = —is- and the interval of

x
n 05n+1

convergence is (—5,5).

Example:—Expressm as the sum of a power series and find the interval of convergence.

Solution:-Given  f(x) = )

X _ — n_ yo nyn+1
We knowthat4x+1—x - ( ) XZ _o(—4x) Z —o(—4)™x

. 1
The series converges for |—4x| <1 = 4|x| <1 = |x| <3

Therefore, the power series representation of f(x) = 4—+1 is Zn o(— 4)"x™*1 and the interval

of convergence is ( — T’Z )
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Activity
Find a power series representation for the following functions and determine its interval of
convergence

1
14+x3

1
1+x3

a) f(x) = b) g(x) = = 0 f(x) =

3.5 Differentiation and integration of power series

A power series X", ¢, (x — a)™ with a nonzero radius of convergence is always differentiable
and the derivative is obtained from Y., ¢, (x — a)™ by differentiating term by term, the way
we differentiate polynomials.

Theorem:-If the power series Y>> ¢, (x — a)™ has radius of convergence R > 0, then the
function f defined by f(x) = co+c1(x —a@) + c,(x —a) 2+ = X0 jcpn(x —a)™
Is differentiable (and therefore continuous) on the interval (a — R,a + R) and
(a) fl(x) =c; +2c;(x —a) +3c3(x— )2+ =X ncy(x—a)™ !

(x-a)®
3

(b) [f)dx=C+co(x—a) + ¢, (x_za)z +cy + -

(x—a)’“'l

n+1

=C+ XoloCn
The radii of convergence of the power series in Equations (a) and (b) are both R.

Note:-Equations (a) and (b) can be rewritten in the form

b e G- 0= S (e~ )"
+ [[Xr ocnx—a™dx =Yoo [ cn(x — @)dx

Example:-1) Express

Y as a power series by differentiating the equation

= 14x+x24x3+x*+-- = Y%  x™and find radius of convergence.
1-x
Solution:-Differentiating both sides of the equation

$= 1+x+x2+x3+xt+ =30 x"

We get (1_1x)2 =14+2x+3x%2 4+ =37 nx"1=3" (n+1)x"
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Therefore, ﬁ = Yo + Dx™

The radius of convergence R = 1 since the radius of convergence of the differentiated series is
the same as the radius of convergence of the original series.

Example:-2) Find the power series representation for f (x) = In (5 — x) and determine the

radius of convergence.

Solution: - Let f(x) = In(5 — x), then-In(5 —x) = fﬁdx Y ()]
1 1 xm"
But = 5055 o( )= Yntome

=C+- x+—+—+
2-52  3.53

By substituting in (i), we get

—In(5 —x) =C += x+§+§+ —C+Zn 1 e

To find the value of C we putx = 0, we get-In(5—0) =

Therefore,C = —Inb5

Hence, —In(5 —x) = —In5 + X3, — e

Then In(5—-x)=In5-%7_ and It convergesfor| | <1l=|x|<5

The radius of convergence R = 5.

Example:-3) Find the power series representation for f (x) = tan~'xand determine the radius

of convergence.

Solution: - We know that

— Zoo 0( xZ)n — 200 0( 1)nx2n

1+x2 1- ( xz)
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=1—x24+x*—x+--

hence

d _
Observe that —tan"1x = ,
dx 1+x2

tan~lx = [—dx=[[ 1-x? +x* —x6+ - ]dx

1+x2

5 x7

3
= C{—x.-f.{-f____.+.u
3 5 7

To find C put x = 0 and we obtain C = tan~10 = 0.

5 x2n+1

x
5

3 7
Therefore, tan~lx=x — x? + x7 + o= :{Lo(—l)n

2n+1

1
1+x2

Since the radius of convergence of the series for is 1, the radius of convergence of this

series for tan~1xis also 1.

1
1+x4

Example:-4) Evaluate the indefinite integral [ dx as a power series

fon - 1 — 1 — —y YN = T 1\N,4n
Solution:-We know that  — P~ meo(—x%) neo(—1)x

x4n+1

Now [——dx= X8 (—D™x*dx=C+ X2 (-D"

1+x4

an+1

Activity

1. Find f'(x),iff (x) = Z;’;Oi—T and show that f(x) = e*

2. Findthe power series representation of f;ce‘tzdt
3.6 Taylor and Maclaurin series and application

In the preceding section we were able to find power series representations for a certain
restricted class of functions. Here we investigate more general problems: which functions have
power series representations? How can we find such representations?

We start by supposing that f is any function that can be represented by a power series
fx) =co+cix—a) +cy(x—a)l+cz(x—a)>+c,(x—a)*+-  |x—al < R--———— i)

and let us try to determine what the coefficients c,, must be in terms of f. To begin, notice that
if we putx = a in equation (i), then all terms after the first one are 0 and we get f(a) = ¢, .

Differentiating the series in equation (i), term by term, we get

() =c1+2c,(x—a) +3c3(x— @)%+ 4cy(x —a)3 + - |x —al <R - (ii)
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Substitute x = ain equation (i), we get f'(a) = ¢;

Similarly, differentiating both sides of equation (ii), we obtain

f"(x) =2c,+2-3c3(x—a) +3 -4dcy(x—a)? + - [x—al <R - (i)
Again, putx = a in equation (iii), we get f''(a) = 2¢,

Let us apply the procedure one more time. Differentiate of the series in equation (iii) gives
f"(x)=2-3c3+2-3-4c,(x—a)+3-4-5¢cs(x—a)’+-+ |x—al <R --—————(iv)
and substitute x = a in equation (iv), we get f"""(a) = 2-3c3 = 3! c3

Ingeneral, fM(a) =2-3-4 - nc, =nlc,

£M(a)

Solving this equation for the nt" coefficient c,,, we get ¢, = -

Theorem:- If f has a power series representation (expansion) at a, that is, if
f) =X gcn(x —a)™ lx—al <R

. . . F™(a)
Then its coefficients are given by the formula ¢, = —

Taylor series of the function fat a

If f has a power series expansion at a then it must be the following form

o ™ (q)
) = By P (x— )"

~ )+ 20—+ 1 2 - 4

Maclaurin Series

If a =0, the Taylor series becomes

™ (0) X"
n!

! (0) ) 5
=f(0) +—x+ X

f(x) = + ...
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Note:-If f can be represented as a power series about a (such functions are called analytic at a),
then f is equal to the sum of its Taylor series.

Example: -1) Find the Maclaurin series of the function f (x) = e* and its radius of convergence.

Solution: - If f (x) = e*, then f™ (x) = e*,s0 f(W(0) = 1 for alln.

Therefore, the Taylor series for f at 0 (that is, Maclaurin series) is

o M) v X' x | x?
z:n=0 m x" = n=05_1+1_!+;+'“

n
To find the radius of convergence, let a,, = J:l—'

angq| | ™1 nl

an

=—->0<1
n+1

Then

(n+1)! xm

So by the ratio test, the series converges for all x and the radius of convergence is R = o

Taylor Polynomial of f at a

® .
If f(x) =T,(x)+ R, (x), where T,,(x) = Z?=0f (@) (x — a)t is the nt" degree Taylor

i!

polynomial of f ata and lim,,_,, R, (x) = 0 (where R, (x) is remainder of

the series) for |x — a| < R, then f is equal to the sum its Taylor series on the interval

|x —al| < R; thatis, f is analytic ata.

Note: - In trying to show that lim,,_,., R,,(x) = 0 for a spedfic function f, we usually use the
expression in the next theorem.

Taylor's Formula

If f has n + 1 derivatives in aninterval I that contains the number a, then for x in [
there is a number z strictly between x and asuch that the remainder term in the Taylor

£ (z) (x — @)+

series can be expressedas R, (x) = D!

xR

limn_,oog =0 for every real number x
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Example:-2) Prove that e* is equal to the sum of its Taylor series.

Solution:- If f(x) = e*,then f("*D (x) = e*, so the remainder term in Taylor’s Formula is
zZ

€ +
Rp(x) = mx 1

Where z lies between 0 and x. (Note, however, that z depends on n)
Ifx >0,then0 < z < x,50e%? < e*,

z n+1
e X+l < X x

(n+1)! (n+1)! -

Therefore 0<R,(x)=

So R,(x) = 0 as n — o by the squeeze theorem

If x < 0,thenx <z<0,s0e? <e®=1and

|x|n+1

IR, ()| < -0

(n+1)!

Again R,,(x) = 0. Thus, by Taylor polynomial, e* is equal to the sum of its Taylor series, that is,

x w X
e’ =Lp=0; for all x

Note: - In particular if we put x = 1, we obtain the following expression for the number e as a

sum of an infinite series:

_ Yoo 1 _ LR T
€= "=°n!_1+1!+2!+3!+

Applications of Taylor Polynomials

Suppose that f(x) is equal to the sum of its Taylor series at a:

) = 22,58 (- ayn

® .
We know that T, (x) = ?zofi—!(a)(x —a)t

’ " (m
=f@+E2 0 -+ 20 -0+ - 2 -
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Since f is the sum of its Taylor series, we know that T,,(x) — f(x) as n — o and so T, (x) can

be used as an approximation to f: f(x) = T, (x).

Example:-3) Approximate the function f(x) = {/x by a Taylor polynomial of degree 2.

Solution:- f(x) = /x = x1/3 f(8) =2
"(x) = Ly—2/3 "(g) =L
160 =3x HOES
" _ __2 -5/3 " _ l
fr'x) =—x f(®=—

fnl(x) — gx—8/3
Thus the second-degree Taylor polynomial is
(0 = f®) + 2 - 8) + =2 (x - 8)?
=2+—(x—8) —s—(x —8)?

288

Therefore, the approximation is

P Tp() =2+ (= 8) — - (x~8)?
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CHAPTER FOUR

Fourier series and integrals

4.1 Periodic Functions, trigonometric series

Definition:-A function f is said to be periodic if f(x + T) = f(x)for all real number
x in the domain of f and some positive number T. The number T is called
the period of f. The least positive number T for which f(x + T) = f(x) holds
is called the fundamental period of f.
Example:-1) The function f(x) = cos (mx) and g(x) = sin (7x) are both periodic
functions with period 2, because
fx+2)= cos(n(x + 2))
= cos(mx + 2m)
=cos(mx) cos(2m) — sin (7x) sin (2m)
=cos(mx).1 — sin (mx).0
= cos(mx) = f(x)
Similarly, g(x +2) =sin (n(x + 2))
= sin(mx + 2m)
=sin(mx) = g(x)
Example:-2) The fundamental period of sinx and sin2xare mand 27 respectively.
The function f (x) = sin(2nx) also has a period 2 but this is not a fundamental
period. The fundamental period is 1 since it the smallest positive number for

which f(x + 1) = sin(2nx + 2m) = sin(2nx) = f(x)
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Properties

1. If T is a period off, then nTof T is also a period of f for any positive integer
n, thatis, f(x + nT) = f(x) for all real number x in the domain of f.

2. If the period of f(x) is T, then the period of f(ax + b) is la

3. If f(x) and g(x) are periodic functions having the same period T, Then the
period h(x) = ¢, f(x) +c,g(x) isalso T.

4. Iff(x) = c, where cis a constant, then f is periodic and every T > 0 is a period.
Thus there exists no smallest period, so does not have the fundamental period.

5. The sum of the number of trigonometric functions in sin nx and cosnx is also a
periodic function with period the least common multiple of the periods of each
term of the sum.

Example:-3) f(x) = sinx + %sian + %sin3x + %sin4x is a periodic function.
The periods of the terms are 2, n,zg—n andg respectively. So the period of the

given function is the least common multiple of these periods which is equal to 2w

Example:-4) f(x) = cos (mx) + %cos (2mx) is a periodic function with period 2.

Trigonometric series

Definition: - the series the form %0 + a,cosx + bysinx + a,cos2x + b,sin2x + -+

= % + Z;‘?;l(akcoskx + bksinkx) is called a trigonometric series.

A trigonometric series is a periodic function with period 2. the convergence and
divergence of the series depends on the value of x chosen and the coefficientsa,and b,,.

Trigonometric values

Let k be an integer then,

1.sinkmt =0 =sin(k + )7 4. cos (k+§)n= 0
2. cos k= (—1)k 5.cos 2(k+ D=1
3. sin (k +%)T[ = (—=1)k 6.cos(k+ 1)1 = (—1)k+1!
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Activity
Find the fundamental period of each of the following.

a) f(x) = cos (mx) + %sin (2mx)

b) cos(6x) — 4sin (3x)
c) a,+a,cosx +a,cosx

4.2 Fourier series

Definition:-Let f (x) be a periodic function with period 2t and can be expressed as a
trigonometric series as f(x) = % + a,cosx + a,cos2x + -+ + b;sinx + b,sin2x + -+

ao - 3
== + Z(akcoskx + by, sinkx).

k=1
Then the series =2 + ¥_. (a, coskx + b, sinkx).is known as the Fourier series for
2

f(x),and a,, a,, b, are called Fourier coefficients of f(x).

Remark:-the reason for writing the constant term ? in the Fourier series for symmetric

representation of the coefficients instead of a,,. also% the average value of
f (x) over a cycle.

To determine the coefficients a, a;, and b, assume the series

fx) = %+Z,‘;°=1(akcoskx+bksinkx) e ()

can be integrable term by termin the interval [a,a + 27]

To determine a,, integrate (i) from < to « +2m
ff”” fx)dx = f;“” (? + XY7_,(a,coskx + b, sinkx) )dx
= %f;”” dx +f;+2”(2,°(°= ,(a,coskx + by, sinkx)dx)

a 0 a+?2m 0 a+2m .
=t2m+ Xl [, T apcoskxdx + X7 [, bysinkx dx
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=aqr+0+0=aqym
= a, ==[Ffdx (ii)

To determine a,, multiply both sides of (i) by coskx and then integrate from
to x +2m

f;’+2n f(x)coskxdx _ f‘;x+ 2 (% + Zzozl(akcogkx + bksinkx) )dx coskx

2 Ya

= %o f‘”zn coskxdx + f:”n X1 (a,coskx + by, sinkx)) coskxdx

=20 [*T2T coskxdx + f;””(z,‘fﬂ a,coskx) coskxdx

a+2m o
+ f (Z bksinkx> coskxdx
a k=1

“HI cosZkxdx + 0 (Remaining terms vanish)

=0+a,/[

a

_ a+2m 1+ COS 2kx
= ay fa

S dx =a,mfork #0

1
—1 ak=_
T

[T f()coskxdx e (i)

a

To determine b,, multiply both sides of (i) by sinkx and then integrate from
to X +2m

f;x+27t f(x)sinkxdx _ f;r+2” (? + Zl‘iozl(akcoskx + bksinkx) ) dx sinkx

= %f;”” sinkxdx + fZJ'Z”(Z,‘f:l(akcoskx + b, sinkx)) sinkxdx

= @faﬂn sinkxdx + f;‘””(z,"le a, coskx) sinkxdx

a+2m [
+ f <Z bksinkx> sinkxdx
@ k=1

=040 +b, f‘”zn sin®kxdx (Remaining terms vanish)

a

= by [T = dx = b for k# 0

= be == [ f(x)sinkxdx N (1Y)

DEPARTMENT OF MATHEMATICS 49



Applied Il

DEBREMARKOSUNIVERSITY

Note:-1. If « = 0, we obtain the Fourier series in[0,27] as
ao = .
fx) = > + Z (aj,coskx + b, sinkx)
k=1

Where a, = %fom f(x)dx
21

a, = - f(x)coskxdx
0

1 21
b, = - f(x)sinkxdx

0

2. If « = —m, we obtain the Fourier series in[—m, ] as
ao = .
fx) = > + Z(akcoskx + b, sinkx)
k=1

Where a, = %fom f(x)dx
1 r2m
a, = ;fo f(x)coskxdx
b, = %fozn f (x)sinkxdx

Example:-1) Determine the Fourier series for e in [0,27]

Solution: - let f(x) = e*

Then the Fourier series forf (x) in interval [0,27] is given by

f(x) = % + Z(akcoskx + b, sinkx)

k=1
_ 12 x _1 x12m
Where ag=—J; e*dx =—[e*[
a e
0 Vs
a, _ "1
2 2r

(*)
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1 2m
a,=—J, e*coskxdx

In order to evaluate this integral we use the following formula

ax

jea"cos bx dx = lacos bx + bsin bx|

a? + b?
1
a, = [1 = |cos kx + ksin kxl]
a, = _ [e?™|cos 2km + k sin 2km| — e®|cos 0 + k sin 0]]
k (1 + k?)
27 _
a, = % Since sin 2km = sin0 = 0 and cos 2kmr = cos 0 =1
m(1+k?)

b, = %foznf(x)sinkxdx

Here we apply the formula

fea"sin bx dx =

ax

mla sin bx — bcos bx|

b, = 1[ i |sin bx — kcos kxl]

1+k2

1
w(1+k2)

[e?™|sin 2km — k cos 2km| — e°|sin 0 — k cos 0]

k= n(1+k2)( —k) Sincesin2kmr =sin0 = 0and cos 2kmr= cos0 =1

Substituting the values of a,, a,, b, in (*) we get

[oe]
e?™ —1

ler
x _ kx
e o +2n(1+k2)coskx+z (1+k2)( —k) sin

e™-1[1 coskx ksin kx

et = [ + 2o 14k2 — 2= T14k2Z ]

21

Example:-2) Determine the Fourier series for m + x in [—, 7]

Solution: - letf(x) = T+ x = ? + Y-, (a,coskx + by, sinkx) . . ... (%)

1 r2m 1 2"
Then a0=;f0 (mr+ x)dx =;[7tx+?] =x

-1
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1 2T
a, = —f (m + x)coskxdx
L

k2

-

1 [(n + x)sinkx coser
- +
T k

1 coskm coskm|
;[0+ e 07 e ]_O

by = %fozn(rr + x)sinkxdx

1 [—(m+ x)coskx N sinkx]"
s k k?

-1

Nk
_ l[_ cho;kn +04+0+ O] _ __ 2coskm _ 2(-1)
k k k

T

Substituting the values of a,, a,, b, in (*)we get

Nk
T+ x = g—ZZ,‘;":l%sinkx

Zwhen0<x<m
obtain the Fourier series for f(x).

when— 1t <x<0

Example:-3) let f (x) = {

LIS

Then, obtain the Fourier series for f(x) in [—Tt, 71]

Solution: - Then the Fourier series forf (x) in interval [—n, n] is given by

a
f(x) = 70 + Z(akcoskx + by, sinkx) (*)
k=1
Where a, = %f_”n f(x)dx
qm e iTa keoaa.
100 1w
ak = _Zf_n_ dx +Zf0 dx k = OI1’2I"'
1 1
a, = —;[X]O_n + 7 [x15
k=012,..

a, = —7[0—(-m] + ;[m—0]
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1 1
ag=—-m+-m=0
4 4

a, = lffn f(x)coskx dx k=,123..

i

1 0 T 1 T
a,==J  ——coskx dx+=["—~coskx dx
T 4 70 4

a, =— if_on coskx dx + if: coskx dx
0 . oam
o=t e
a, = —ﬁ[sin 0+ sin(km)] + :—k[sin km — sin 0]
a, =0
And
b, = %f_nnf(x)sinkx dx k=123, ..

1 00 T . 1 rTmw .
by = —J_, —sinkx dx +— [ "~ sinkx dx
b, = —= [ sinkx dx + = [T sinkx dx
k 4J-m 470

b, — 1 [coskx]o 1 [coskx]”
e = |— — oA
«l k1, 4l kK 1

b, = i [cos 0 — cos( km)] — i[cos km — cos0]
b, = :—k [1—cos(km)] — ﬁ [coskm — 1]
b, = :—k [2 —2cos(km)]
b, = i[l — cos(km)]
By Substituting the values of a,, a,, b, in (x), we get the Fourier series of the function

()_il 1 k)] sinkx = si +sin3x+sin5x
fx _k_lzk cos( km)] sinkx = sinx 3 c
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Activity
Determine the Fourier series for each of the following functions.

a) f(x)=xin[—m, ]

b) f(x) = xsinx in[0,27]
c) f(x) = e ¥in[0,27]

d) f(x) =x—x?in[—m, n]

4.3 FUCTIONS OF ANY PERIOD

In the previous section we expanded a function f(x) in a Fourier series of period 2.
In most of the Engineering problems the period to be expanded is not 2w but some
other2l. With a suitable substitution we can represent a periodic function of any period.

Let f(x) be a periodic function of period 21 defined on[a, @ + 21].we convert x into t
such that the period becomes 2.

let 2=22 > 2=Z
X t l s
it X
= x == or t=—
T l
dt=§dx
Where x=a, t=nl—a= d(say)
When x=a+ 2l t=%(a+2[)=nl—a+2n

t=d+2mn
= f(x) defined in[a, @ + 21] is equivalent to f (:T—t) = F(t) in [d,d + 2n]
Hence we now write the Fourier series for F(t) in [d,d + 2mr] as
F(t) = %+ Yo (a, coskt + by sinkt) N )|
Where the coefficientsa,, a,, b, are given by

a,= [T F(t)dt N )
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. =%fj+2” F(t)cosktdt A )

_ d+2m
bk—nf F (t)sinktdt N )
We now make the inverse substitutions t = %
FO =f(%)=f@
t=d+2n

= x=x+2l

= The Fourier series for f(x)in [a, a + 21]is
ay . kmx
fG) = 2 +XP (akcos + b smT)
Where ag=— fd+2” F(t)dt from(2)
a, = %f;”lf(x)%dx
a, = % SETHF () dx
a, = nfd+2n F (t)cosktdt from (3)
a, = %f;“l f(x)cosklﬂ.%dx
a, = %f;”l f(x)cosklﬂdx
b == [ " F(t)sinktdt from (4)

b, = lf(f“l f(x)sinklﬂ.%dx

T

b, = %f;m f(x)smkﬂdx

Hence the Fourier series for f(x) in [a, a + 2] is

0 C kmx _ knx
f(x) = -5t akcosT+bksmT
k=1
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Where a, = %f;”l f(x)dx

1 a+2l krrx
ak=7f f(x)cosde
a

a+2l krx
b, = Tf f(x)sinT dx

Example:-1) obtain the Fourier series for f(x) = x2 in[—1[, 1]

Solution:- Fourier series is

N k
flx) = 7 + Z (akcos + b, sin ﬂ)

l
k=1

Where a, = %f_llf(x)dx

1,2
ag =), x*dx

2 r1 . .
a, ==J" x?dx Since x?2is even.
0 1Yo

1t kmx
a, :Tf X cosde

kmx . kmx .
a, == x*cos——dx Since x?cos—— is even
170 ! !

kmx 1 kmx . kmx\ PP
a, = [x sm— — —2X (—cos—) - +2( —) 3 3]
km l k“m k°m

2 2P kmx ]!
T e X0
0

4l l
=22 [lcoskm — 0.cos0],

47? k
a, = K2 12 (_1)
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_ 1l o . kmx
b =7 ) x*sin=~dx
. . kmx .
Sincex?sin ——is odd b, =0

By Substituting the values of a,, a,, b, in (1), we get the Fourier series of the function

2 2 2¢(_1\k
o) = %_}_2(41( 1) COSknx)

k?m? l
k=1
P A O (DR ko
-3 w2 Kz 0T
k=1

Activity
Determine the Fourier series for each of the following functions.

a) Find the Fourier series period 3 to represent f(x) = 2x — x2in(0,3)
b) Find the Fourier series period 2 to represent f(x) = 2x — x?in(0,2)

4.4 EVEN AND ODD FUNCTIONS, HALF RANGE EXPANTION
Definition: - A function f (x)is said to be even if f(—x) = f (x) for all x.
Example:-1) a) f(x) = secx is even function because
f(—=x) = sec(—x) = secx = f(x) for all x.
b) f(x) = x* + x?%is an even function since f(—x) = f (x) for all x.
Note: - 1) The sum of two even functions is even. y

2) The product of two even functions is even

3) If f(x) is an even functionffa fx)dx =2 foa f(x)dx

X

4 ) the graph of an even function is symmetric about the Y-axis
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Definition: - A function f(x)is said to be odd if f(—x) = —f(x) for all x
Example:-2) a) f(x) = sinx is odd function because
f(—=x) = sin(—x) = —sinx = —f(x) for all x.
b) f(x) = x3 + x is an odd function since f(—x) = —f (x) for all x.

Note: - 1) The sum of two odd functions is odd.

2) The product of two odd functions is an even function

3) The product of an odd function and an even function is an odd function.

4) If f(x) is an odd functionf_aaf(x)dx =0

5) The graph of an even function is symmetric about the orgin.

2y

However there are functions which are neither odd nor even. In this case the functions
can be uniquely decomposed as even and odd functions say f,and f,for even and odd
function respectively.

Then flx) = f(x)zf(_m + f(x)_zf(_x) =f,(x) + f,(x)
Where fe(x) — f(x)+2f(—X) and fo(x) — f(x)—zf(—x)
Since £(=x) = f(—x)+]2‘(—(—x)) _ f(—x)2+f(x) _ f(x)+2f(—x) = £.(0)
And fi(=x) = f(—x)—J;(—(—X)) _ f(—x)z—f(x) __ f(x)—zf(—x) - £ (@)

Example:-3) f(x) = e*is neither odd nor even but by putting

F(x)= e and f(—x) = e we get £,(x) = £ and f, (x) = £
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Fourier series for even and odd function in the interval [—, 7]

1. If f(x)is an even function in the interval [—m, 7], we get the Fourier series
given by

flx) = % + X7, a;, coskx

_zm
Where ag == J, f(0)dx
a, = %fonf(xcoskx)dx, b, =0
Here we need not calculate b,,.

2. If f(x)is an odd function in the interval [—m, ] we get the Fourier series given
by
f(x) =Xy, by sin kx

Where b, = %folf(x) sinkxdx, a; =0, a, =0

Here we also need not calculate a, and a,.

Note: - If f(x) is neither an even nor an odd function in the interval [—, 7], then
calculate a,, a, and b, using the formula

1 s
a, = EJ flx)dx
-1
1 ,m
a, =—J_ f(x)coskxdx
b, = %ffnf(x)sinkxdx
Example:-4) Find the Fourier series for x2 in [—m, 7]
Solution: - let f (x) = x?
f(x) is an even function

Hence the Fourier series in [—m, ] is f(x) = % + A COSKX .ot (*)

3

Where a, =%f:f(x)dx =%f:x2dx =%”?
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2 (" 2 (™
a,=—| f(x)coskxdx =—| x%coskxdx
“om 0 TJo

=%[§sinkx— ZX(—%COS"’C) + 2(—;—35inkx)]::
2
=

QI

[ cos kx]

4
a, = %2 (_1)k
Substituting for a, and a; in (*), we get

f(x) = n? + Yoy % (=1)*cos kx

2 o (_1)k—1
fx) = ”? — 4XYK-— 5 —coskx
Example:-5) Expand f(x) = x in Fourier series in [—1, []

Solution: - let f(x) = x

f(x) is an odd function

The Fourier series is f(x) = Y-, b,sinkx  ............ (*)
2l .
Where by == [, x sinkxdx
_ 2 |—xcoskx sin kx]™ _2 _ 2. 4Nk
—n[ — 0 ]0 = ~[mcoskn] = -+ (=1)
ok K+l
bk _ 2(-1) _ 2(-1)
k k
2(_1)k+1

Substituting for a, in (*), we get(x) = X7, sin kx

Activity

Find the Fourier series for each of the following functions in the interval [—,m].

a) f(x)=x3 c) f(x) =x%-2 e) f(x) = 2x*—1
b) f(x) = sinx d) f() = 2% +x ffo="2-%
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Half-Range series

Some times we come across the Fourier expansion of a function in a range which is half
the period of the Fourier series i.e., a function f(x) is defined in the interval[0,l]in a
Fourier series of period 21. such aseries is known as Half-Range Fourier series.

Suppose a periodic function f (x)of period 21 is defined only on half interval[0,1]. It is
possible to extend the definition of f(x)on the other half [—[, 0]so that we obtain
either an even or an odd function in[—[, []

Half-Range cosine series

Let f(x) be defined in the range [0,1]. in order to obtain Fourier series we construct a
new function in such a way that the function f (x) plus its extension yield an even
function.

Define F(x)=f(x) for 0 <x <l
=f(x) for —1<x<0

So that F(x) is an even function in [—1, [] . Hence the Fourier series of F(x) contains
only cosine terms.

F(x) = ? + Yre1 cosklﬂ

Where b, = %f_llF(x) sinklix dx =0

1

a, = Yf_llF(x)dx = %f;F(x)dx = %f;f(x)dx

a, = %fOlF(x) cosklixdx = %folf(x) cosklixdx

Since F(x) = f(x)in[0,1]

In this case the Fourier series is called Half-Range Fourier Cosine series which is defined

as f(x) =%+Z,;'°=1 a, cosklix

Where a, = %f;f(x)dx

2 (L K
a,=1J ) cos%xdx
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Note: - The Half-Range cosine series in [0, 7] is obtained by putting [ = m.

Half-Range sine series

Let f(x) be defined in the range [0,1]. in order to obtain Fourier series we construct a
new function in such a way that the function f (x) plus its extension yield an odd
function.

Define F(x)=f(x) for 0<x<lI
=—f(=x) for —1<x<0

So that F(x) is an odd function in [—[, [] . Hence the Fourier series of F(x) contains only
sine terms.

Yoo . knx
F(x) = X7~ by sin -
1 pl 1 pl knx
Where a, = ?f_lF(x)dx =0, b = ?f_lf(x) cos =~ dx =0

b, = %f_llF(x)sinklﬂdx = %fol F(x)sinklﬂdx =%folf(x)sink$dx
Since F(x) = f(x)in[0,1]

In this case the Fourier series is called Half-Range Fourier Sine series which is defined
— o in kmx
as f(x) = X5, by sin z
2 rl . kmx
Where a, = Tfo f(x) sdex

Note: - The Half-Range sine series in [0, 7] is obtained by putting [ = 7.

Example:-6) Find the Half-Range cosine and Sine series for the function

[ x for 0<x<1
f(x)_{Z—x forl<x<2

Solution:-Here [ =2—-0= 2

i) the Half-Range cosine series

a kmx
flx) = 7" + e, a cos——
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Where

a, = %folf(x)dx =§[f01 xdx + f12(2 —x)dx]

a,=1

ak—g[f X COS k”xdx+f (2—x)coskﬂdx]

1 2
= {(xsinklx)i+ (cosklx) 242} +{(2—x) (smklx)i+(_coskﬂ) 4 }
2 km 2 k°m 0 k1T

2 JKk?n?

- 2ot of afostt o 2o -]

2 km 2 km 4 km
= [sm —] + = > 2 [COS— - 1] [Sll’l— - [COS km — COS—]
kT k°m 2 kT 2

k?m?

km
e [cos kT — cos7

4 km km
== 2[cos——l—cosk7t+cos—]
k“m 2 2

k2 5 [ZCOS—— 1 —cos kn]

a, =

- 2[Zcos.——l—( 1) ]

Hence substituting for a0 and ak gives

ii) the Half-Range Sine series

f () = 5 by sin 2=

Where b, = [f x sin & dx + f12(2 —x) sinkzﬂ dx]

= (x(- coszﬂ>;—n+<sin:ﬂ)k;z}:+{<z—x> (- cos ) 2 — (sintm) 1)

2 km kn 4 _ _ km
=E[_C057_0] +k2 [sm——O] o O+cos7 _kznz[
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2 ] [ kn 4 2 [ ] [ k  km
= T cos e sin 5 o cos e sin kmr — sin 5
4 [ _ km N 4 [ ik  km
= n— —_ n f— n—
e si > e sin kmr — si >
4 .k 8 . k
k2 m? [Sln ]+ T k22 [O N SIHTH]:I{ZEZ SlnTE
8 . k
b, = msm%I

Substituting for b, in f(x) = X7-, by sinklﬂ we get

fx) =X 1k2 > sm—smkﬂ

flx) = Zk 1578 skax
Activity
Find the Half-Range sine and cosine series for the function
i) f()=xin 0<x<m
i) f(x) =x%in 0<x<m

i) f(x) =(x—1)%in 0<x<1
iv)f(x) =1l—xin 0<x<1

1.5. FOURIER INTEGRALS
Definition:-the Fourier integral of the function f(x) defined on —0 < x < ®is
given by
f(x) = ["[a(y) cosyx + b(y) sin yx]dy

Where a(y) = %ffooo f(x) cosyx dx

b(y) = %ffooo f(x) sin yx dx

lif-1<x<1

Example:-1) Find the Fourier integral for the function f(x) = {O ifx<-lax>1

Solution:- a(y) = %f_oooo f(x)cos yx dx
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a(y) = %[f_ll 1.cosyx dx] = %[fol cosyx dx]

_ i[sinyx]1 __2siny

nl y I Ty

b(y) = %ffooo f(x) sin yx dx

= %[f_ll sin yx dx] =0 (~sinyx isanodd function.)

Substituting for a(y) and b(y) in f(x) = fooo [a(y) cosyx + b(y) sin yx]dy gives

2 si

flx) = fow[ 7T;ycosyx+ O.Sinyx] dy

_zeg dy
= nfo siny cosyx—
—x if-5<x<0
Example:-2) Find the Fourier integral for the function f(x) = {O xl.flj; < _5 ; >0

Solution:- a(y) = %fjooo f(x) cosyx dx

= % [f__oi f(x)cosyxdx + f_05f(x) cosyxdx + f; f(x)cosyx dx]

:%[0 + f_OSf(x)cosyxdx+ 0]

= % [f_os f(x)cosyx dx] = %[f_OS —X COSYX dx]

= %[f_osxcosyx dx]

= _1[xsin yx +— cosyx]0
m ly ¥ 5

-1]1 -5 1
= ? }7 - <75m(—5y) +?COS(—5}/)>:|

=21 Gsin S5y+ }%cos Sy)]

m Ly?

—1[1—cos 5y (5 . )]
=— —|=sin5
m [ y2 y Y
cos5y—1 5 .
=———+4—5sin5
Y2 + Ty y
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b(y) = %ffooo f(x) sin yx dx
= % [f__oi f(x)sin yxdx + f_OS fO)sinyxdx + [ f(x)sinyx dx]
1 0 ,
= ;[0 + [ f(x)sinyxdx + O]
= 71; [f_05 f(x) Sinyx dx] = 71:_[_[_05 —x Sin yx dx]
== _f_osxsin yx dx]
_ T1[= +l . ]0
= |5 cosyx+zsinyx|

=— :0 — (3 c055y+}%sin(—5y))]

1[5 1.
:—_—;c055y+y—zsm5y]

5 1 .
—n—yc055y—551n5y

Substituting for a(y) and b(y) in f(x) = foo[a(y) cosyx + b(y) sin yx]dy gives

0

flx) = f0°° [(Coiiyz_l + ns—ysin Sy) cosyx + (;—yCOSSy— #sin Sy) sin yx] dy
= %fooo[(cos 5y — 1+ 5ysin 5y) cos yx + (5ycos5y —sin 5y) sin yx]j—i

fx)= %fow[(cos 5y + 5ysin 5y — 1) cosyx + (5ycos5y — sin 5y) sin yx] i—f

Activity

Find the Fourier integral for each of the following functions

(100 if 0<x<2
) f<x)_{0ifx<0,x>2

e* if—-1<x<1

b) f(x)={0 ifx<—1x>1
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CHAPTER 5

Introduction

So far we have dealt with the calculus of functions of a single variable. But, in the real world,
physical quantities usually depend on two or more variables, so in this chapter we turn our
attention to functions of several variables and extend the basic ideas of differential calculus to
such functions.

Functions of Several Variables

Example

The temperature T at a point on the surface of the earth at any given time depends on the
longitude x and latitude y of the point. We can think of T as being a function of the two
variables x and y, or as a function of the pair(x, y).

We indicate this functional dependence by writingT = f(x,y).

Example:-The volume V of a circular cylinder depends on its radius r and heighth. In fact, we
know that

V = mr2h. We say thatV is a function of r and h, and we write V (r,h) = nr?h.
Definition

Let D c R?. Afunction f of two variables is arule that assigns to each ordered
pair (x,y) in D a unique real number denoted by f(x,y). The set D is the domain

of f and its range is the set of values that f takes on, that is, {f (x, y)|(x,y) € D}.

Note
i.  We often write z = f(x,y) to make explicit the value taken on by f at the general point
(x, ). The variables x and y are independent variables and z is the dependent variable.
[Compare this with the notation y = f(x) for functions of a single variable]
ii.  The situation described in above definition is indicated by the notation f:D - R. A
function of two variables is just a spedal case of the general idea of a function f: X = Y,
where X=DcR?andY c R
iii.  If afunction f is given by a formula and no domain is specified, then the domain of f is
understood to be the set of all pairs (x,y) for which the given expression is a well

defined real number.
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Example:-Find the domain of each of the following functions and evaluate f(3,2).

@ flxy) =22 () f(x,y) = xIn(y? — x)

x—1
Solution:- a)Given that f(x,y) = %ylﬂ = f(3,2) = ‘33+_21+1 = ?

The expression for f makes sense if the denominator is not 0 and the quantity under the
square root sign is nonnegative. So the domain of f is
D={xy))x+y+1=>0,x+1}
The inequalityx + y+ 1 > 0,0or y = —x — 1, describes the points that lie on or above
the liney = —x — 1,while x # 1 means that the points on the line x = 1 must be
exduded from the domain.
b. Giventhat  f(x,y) =xIn(y?>—-x) = f(3,2) =3In(22-3)=3In1=0

Since In(y? — x) is defined only when y? — x > 0, that is,x < y?, the domain of f is
D = {(x,y)|x < y?}. This is the set of points to the left of the parabola x = y?2.

5.1 Notations, Examples, level Curves and graphs

Graph of a function of two variables

The graph of a function f of two variables is a surface S withequation z = f(x,y). We can see
the graph S of f as lying directly above or below its domain D in the xy —plane.

If fisafunction of two variables with domain D, the graph of f is the set
S ={(x,y,2) €R’|z = f(x,¥), (x,y) € D}

Example:- Sketch the graph of the function f(x,y) = 6 — 3x — 2y
Solution:-The graph of f has the equationz =6 —3x — 2y, or3x + 2y +z =6,

which is a plane. The portion of this graph that liesin the first octant is sketched.

flx,y) =6 —-3x —2y
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Example:-Find the domain and range and sketch the graph of g(x,y) = /9 — x? — y?
Solution:-The domain of g is
D ={(x,y)]9 —x2—y2 >0} = {(x,y)[x%+y% < 9}

Which is the disk with center (0,0) and radius 3.

The range of gis {z|z = /9 —x? —y?,(x,y) € D}

Since z is positive square root, z = 0. also

9—x?2—y2<9 = ,/9-x?—-y?<3

So the range is{z|0 < z < 3} = [0,3].

The graph has the equation z = \/9 — x? — y?,

We square both sides of this equation to obtain z2 = 9 — x2 — y?,0or x? +y? +2z%2 =9,

Which we recognize as an equation of the sphere with center the origin and radius 3. But, since
z 2 0, the graph of g is just the top half of this sphere.

Level Curves

So far we have two methods for visualizing
functions: arrow diagrams and graphs. A
third method, borrowed from mapmakers,
is a contour map on which points of
constant elevation are joined to form
contour curves, or level curves.

The level curves of a function f of

two variables are the curves with
equations f(x,y) = k, where k is a

constant (in the range of f)

Note

4+ Alevel curve f(x, y) = kis the locus of all points at which f takes on a given value k. In

other words, it shows where the graph of f has height k.
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Example

Sketch the level curves of the function f (x,y) = 6 — 3x — 2y for the values k = —6, 0,6, 12.
Solution:-The level curves are
6—3x—2y=k or 3x+2y+(k—-6)=0

This is a family of lines with slope _73

The four particular level curves with k = —6, 0,6, and 12
are3x+2y—12=0,3x+2y—6 =0,3x + 2y =
0,and Vi

h

3x + 2y + 6 = 0. They are sketchedin above figure.
Example:-Sketch some level curves of the function
h(x,y) = 4x% + y2. -
Solution 0 ~ x
The level curves are -Ft ﬁh ﬁ% W

x?  y? ) g [ H:‘J"
4x?2+y?=k or —+—=1

k/4 K

Which, for k > 0, describes a family of ellipses with
Semi-axisvVk/2 and Vk. They are sketched in above Figure.

Contour map of

h(x,y) = 4x? + y?
5.2 Limit and Continuity
Limit

Let f be a function of two variables defined on a disk with center
(a, b), except possibly at (a, b). Then we say that the limit of
f(x,y) as (x,y) approaches (a,b) is L and we write

lim (x,y) =L
(x,y)—>(a,b)f Y

If for every number ¢ > 0 there is a corresponding number § > 0
such that

If(x,y) =Ll < ¢ whenever 0
<J(x—aP+(y—-b)2<$6

The above definition says that the distance between f(x,y) and L can be
made arbitrarily small by making the distance from (x,y) and (a,b)
suffidiently small (but not 0). The following figure illustrates limit by means of
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an arrow diagram. If any small interval (L — ¢,L + €) is given around L, then we can find a disk
Dg with center (a, b) and radius § > 0 such that f maps all the pointsin Dg
[ except possibly (a, b)]into the interval (L — ¢, L + €).

Note

The above limit definition refers only to the distance between

(x,y)and (a, b). It does not refer to the direction of approach.

Therefore, if the limit exists, then f(x,y) must approach the

same limit no matter how (x,y) approaches (a, b). Thus, if

we can find two different paths of approach along which f (x, y)has differentlimits, then it
follows thatlim(y, ) q,») f (%, ) does not exist.

If f(x,y) - Lyas (x,y) = (a,b) along a path C; and f(x,y) — L,as (x,y) —
(a, b) along a path C,,where L, # L,, then lim,,)_,45) f (x,y) does not exist.

. . x%-y? ... .
Example:-Find lim ) (0,0 iyt if it exists.
Solution:=-Let f(x,y) = x2 — y2/x? + y2.
First let us approach (0, 0) along the x — axis. Theny = 0 gives f(x,0) = x?/x?>=1Vx # 0,
S0

flx,y) »1 as (x,y) - (0,0) along the x — axis

We now approach along the y — axis by puttingx = 0. Then f(x,0) = —y2/y? = —=1Vy # 0,
S0

flx,y) » -1 as (x,y) - (0,0) along the y — axis
Since f has two differentlimits along two differentlines, the given limit
doesn’texist.
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2
Example:-Find lim ) (0,0) ;’:—;’2 if it exists. (by definition)

Solution
Step 1: Choosing a value for §

Let £ > 0. We want to find § > 0 such that

3x%y 2 2
iy 0| <eg whenever 0<x*+y=<é
. 3x2|y| 2 2
that s, ry? <eg whenever 0<x“+y-<é

Butx? < x? + y? sincey? > 0, so

3%yl < 3lyl=3 / < 3(x2+y?) whenever 0<{x*+y*<$§

x2+ 2
Thus, choose § = ¢/3

Step 2: Proof

Thus if we choose § = ¢/3 andlet 0 < /x? +y? < §, then

3x%y

—0| <3/x7+)7<35=3(e/3) = ¢

x24+y2
Hence, by limit definition

3x%y

hm(x ¥)—(0,0) 2,2 +y2

Continuity

Let f be a function of two variables defined on a disk with center (a, b). Then f is

called continuous at (a, b) if

lim  f(x,y) = f(a,b)

(x,y)—-(a,b)

Example:-Evaluate lim(y )12 (x2y3 —x3y% + 3x + 2y)

Solution

Since f(x,y) = x2y3—x3y2 + 3x + 2yis apolynomial, it is continuous everywhere, so the
limit can be found by direct substitution.

limey )12 (x2y3 —x3y? +3x +2y) =12-23-13.224+3-1+2-2=11
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_ _[ZLif (y) % (00)
Example: - Let fy) = {x ay if (x,y) = (0,0

We know f is continuous for (x,y) # (0,0) since it is equal to a rational function there, also we
have

. . 3x?
limgy ) 00,0y (X, ¥) = limy 1) 50,0y =Y —0= £(0,0)

x%+y?
Therefore, f is continuous at (0,0),and so it is continuous on R?.
Theorem

If fis continuous at (a,b) and g is a function of asingle variable that is
continuous at f(a, b), then the composite function h = gofdefined by h(x,y) =
g(f (x,y)) is continuous at (a,b).

Example: - On what set is the function h(x,y) = In(x? + y? — 1) continuous?
Solution:-Let f(x,y) = x? + y2 —1and g(¢t) = Int.Then

g(fy) =In(x2 +y2—1) = h(x, y)

So h = gof.Now f is continuous everywhere since it is a polynomial, and g is continuous on its
domain {t|t > 0}. Thus by above theorem, his continuous onits domain

D={C,yx?+y>—-1>0}={(x,y)|x?>+y>>1}
This consists of all points outside the drcle x? +y? = 1.
5.3 Partial Derivatives, Higher order partial derivatives

If fis a function of two variables x and y, suppose we let only x vary while keeping y fixed, say
y = b, where b is a constant. Then we really considering a function of a single variable
x, namely, g(x) = f(x,b). If g has a derivative at a, then we call it the partial derivative of f
with respect to x at (a, b) and denote it by f, (a, b). Thus

f.(a,b) = g'(a) where gx) = f(x,b)

By definition, we know that
gla+h)—g(a)

g' (@) = limy_, -
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Therefore the above equation becomes

fla+ h,b) — f(a,b)
h

f.(a,b) = }ll_r)ra

Similarly, the partial derivative of f with respectto y at (a, b), denoted by f, (a, b) is obtained
by keeping x fixed (x = a) and finding the ordinary derivatives at b of the function G(y) =

f(a,y):

f(la,b+ h) — f(a,b)
h

]g,(a, b) = }llir(l)

Definition

If £ is a function of two variables, its partial derivatives are the functions f, and
f, defined by

fx+hy)—f(xy)

fie (x,y) = limy,

h
Notations for partial derivatives
If z= f(x,y), we write
af @ 9z
];(x,y) = f, =a=£f(x.Y) =£=f1 = Dif = D,f

f,y) =f, =z—£=:—yf(x,y)=z—i=f2

DZf = Dyf

Rules for finding partial derivatives of z = f(x,y)

1. To find f,, regard y as a constant and differentiate f(x,y) with respect to x.
2. To find f,, regard x as a constant and differentiate f(x, y) with respecttoy.

Example:-If f(x,y) = x3 + x%y3® — 2y2,find £, (2,1) and £, (2,1)
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Solution:-Holding y as a constant and differentiating with respect to x, we get
fe(x,y) = 3x?% + 2xy3

and so
fr(21)=3-22+2-2-13=16

holding x constant and differentiating with respect to y, we get
fy(ey) = 3x?y? — 4y
fy(21)=3-2%2-12-4.1=8

Example:-Find dz/0x and dz/0dy,if z is defined implidtly as a function of x and y by the
equation

x3+y3+z23+6xyz=1

Solution:-To find dz/dx, we differentiate implicitly with respect to x, by treating y as a
constant:

2 202 9z _
3x“+ 3z ax+6yz+6xyax 0

Solving this equation for dz/dx, we obtain

9z _  x*+2yz
dx z24+2xy

Similarly, implidt differentiation with respect to y gives

9z _  y*+2xz
ay - z24+2xy
5.4 Higher Derivatives

If fis a function of two variables, then its partial derivatives f, and f, are also functions of two
variables, so we can consider their partial derivatives ( fy)x, (fx)y, (fy)x,and (fy)y, which
are called the second partial derivatives of f. If z = f(x, y), we use the following notations:

—fo— =0 (0f\_0 _0%z
(fx)x_fxx_f“_ax(ax)_axz_axz
_ _ _ 9 (or _ 9} 0%z
(fx)y —]‘;cy—flz _ay(ax) _ayax_ayax

(fy)x :fyx=f21 :%(a_f) — 9%f 0%z

y 0x0y - 0x0y
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—f o0 (O _ 02 _ 0%
(fy)y _fyy _f22 = By(ay) _ayz _ayz

. 92 . . . .
Thus the notation fy.,, (or Fafx) means that we first differentiate with respect to x and then

with respect to y, whereas in computing £, the order is reversed.

Example: - Find the second partial derivatives of f(x,y) = x3 + x2y3 — 2y?

Solution:We know that
fe(x,y) = 3% + 2xy3 fy(x,y) = 3x%y? — 4y
Therefore
fex = % (3x2 + 2xy3) = 6x + 2y3

fry = ;—y(sz + 2xy3) = 6xy?

ad
fyx = 5(39523/2 —4y) = 6xy?

a
fyy = 5(33523’2 _4}’) = 6x2y_4

Clairaut’s Theorem

Suppose f is defined on a disk D that contains the point (a, b). If the functions

fiy and f,,, are both continuous on D, then £, (a, b) = f,,(a, b)

5.5 Tangent planes and Total differential
Total Differential

The differentials dx and dy are independent variables; that is, they can be given any values.
Then the differential dz, also called the total differential, is defined by

dz = f, (x,y)dx + f,(x, y)dy = Z—zdx + Z—idy
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Example:- Ifz = f(x,y) = x% + 3xy — y?, find the differential dz.

Solution:- dz = % dx + :—;dy = (2x +3y)dx + (3x — 2y)dy

X

Tangent planes

Suppose a surface S has equationz = f(x,y), where f has
continuous first partial derivatives, and let P (xq, o, Zo) be a
pointon S. Let C; and C, be the curves obtained by intersecting
the vertical planes y = y, and x = x with the surface S. Then
the point P lies on both C; and C,.Let T; and T, be the tangent
lines to the curves C; and C, at the point P. Then the tangent
plane to the surface S at the point P is defined to be the plane that
contains both of the tangent lines T; and T5.

The following table shows the equation of the tangent plane to the surface S

An equation of the tangent plane to the surface z = f(x,y) atthe
point P(x, ¥, Zo) 1S
z =2y = f(x0,70) (x — x,) +]§z(xo»J’o)(y ~¥o)

Application: tangent plane approximation of values of a function

Example:-Find the tangent plane to the elliptic paraboloid z = 2x? + y? at the
point (1,1,3).

Solution:-Let f(x,y) = 2x2 + y2. Then
f;c(xry) =4x fy(x:J/) =2y

QD =4 £,(11) =2

Then (2) gives the equation of the tangent plane at (1,1,3) as
z=3=4(x-1)+2(y-1)

dx+2y—z=3
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5.6 The Chain Rule and Implicit differentiation
The Chain Rule

Case (i)

Suppose that z = f(x,y) is a differentiable function of x and y, where x = g(t)
and y = h(t) are both differentiable functions of t. Then z is a differentiable

function of t and
dz _ ofdx  of dy
dt  dxdt dy dt

.. 0z, d . . .
Note:-We often wrltea—z in place of a—i , we can rewrite the Chain Rule in the form

dz

dt  dx dt dy dt

0z dx 0z dy

Example:If z = x2y + 3xy* where x = et and y = sin¢t, find %.

Solution:The Chain Rule gives

dz _0zdx A 0zdy
dt ~ dxdt dydt

= (2xy + 3y*H)et + (x? + 12xy3) cost
= (2etsint + 3sin*t)et + (e?t + 12etsin3t) cost
The Chain Rule

Case (ii)

Suppose that z = f(x,y) is a differentiable function of x and y, where

x = g(s, t), y = h(s, t),and the partial derivatives g, g,, hg, and h, exist. Then

0z 0z 0dx | 9z dy
ds  dx ds dy 0Os
0z 0z 0x dz dy

at odxat Ay at
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Example:-If z = e* siny, where x = st? and y = s?t, findz—jand 0z/ot.

Solution:-Applying Case 2 of the Chain Rule, we get

0z _0z0x , 9z0dy

ds  dxds dy ds
= (e*siny)(t?) + (e* cosy)(2st)
= t2e5t” sin(s2t) + 2stest” cos (s2t)

9z _ 0z0x  0z0y
at  axat dyat

= (e*siny)(2st) + (e* cosy)(s?)
= 2stest’ sin(s2t) + s2es’ cos(s2t)

Implicit Differentiation

aF
W_ _x_ _ &
— T 9F — T
dx 3y Fy
Example:-Find y' if x3 + y3 = 6xy.
Solution:-The given equation can be written as
Flx,y) =x3+y3—6xy =0
So by Implicit differentiation, we get
dy _ F _ _3x2—6y _ _x2—2y
dx By - 3y2—6x - y2-2x
Definition
oF oF
0z Ax 0z 2y
= —9F = —%F
ox ¥ ay ¥

wrind 2% ond 9Z:c.3 31 .3 _
Example:-Find axand ay'fx +y°+z°+6xyz=1.

Solution:-Let F(x,y,z) = x3+ y3 + 23 + 6xyz = 1.
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Then, from the above definition, we have

8z _  F _ 3x%+6yz _  x’+2yz
ax  F 3z2+6xy T z224+2xy
9z By 3y%+6xz _  y’+2xz
ay F, 3z2+6xy z24+2xy

5.7 Directional derivatives and gradients

Definition

The directional derivative of f at (x,,y,) inthe direction of a unit vector
u = (a, b)is

f (xg+ha,yo+hb) = f(x0,¥0)
h

Duf(xo'YO) = limy_,

If this limit exists.

Theorem

If f is a differentiable function of x and y, then f has a directional derivative in the

direction of any unit vector u = {a,b) and

D,f(x,y) = f,(x,y)a + f,(x,y)b

Note:-If the unit vector u makes an angel 8 with the positive x — axis, then we can write
u = {cos 8 ,sin 8) and the formula becomes
D,f(x,y) = f,(x,¥) cos 8 + f,,(x,y) sin 6
Example:-Find the directional derivative D, f(x, y) if f(x,y) = x3 —3xy + 4y? and u is the
unit vector given by angle § = /6. whatis D, f(1,2)?
Solution:We know that

D,f(x,y) = fi(x,y) cos@ + f,(x,y) sin 6

D,f(x,y) = ﬁc(x,y)cos;—t+ fy(x,y)sing
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—(3x2—3y) +( 3x+8y)—

= ~[3V3x? — 3x + (8— 3V3)y]

Therefore

Duf(12) = 1[3v3(1)2 - 3(1) + (8 - 3v3) ()] = 228

Gradient

If f is afunction of two variables x and y, then the gradient of f is the vector

function Vf defined by

VFGy) = LG f ) = Li+ L

Example:- If f(x,y) =sinx + e*Y,then

Vf(x,y) = (cosx +ye*Y,xe*V)

vf(0,1) =(2,0)
Note:- D, f(x,y) =Vf(x,y)-u
Example:-Find the directional derivative of the function f(x,y) = x2y3 — 4y at the point

(2,—1) in the direction of the vectorv = 2i + 5j.
Solution:-We first compute the gradient vector at (2,—1):
Vi(x,y) = 2xy3i + 3x2y? — 4)j
Vf(2,—1) = —4i+8j

Note that v is not a unit vector, but since |v| = v/29, the unit vectorin the direction of vis

u=2L="2i4
T Wl V2 \/_]

Therefore, by above note, we have D, f(2,—1) = Vf(2,—1) -u = (—4i + 8j) (—l-l-\/_])

-4-2+485 _ 32
V29

Bl
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Definition

of ., of

of .
Vf=(]§c'fy'fz)=£l+£]+az

k

Definition

D,f(x,y,2) =Vf(x,vy,2) -u

Example: - If f(x,y, z) = x sin yz, (a) find the gradient of f and (b) find the directional
derivative of f at (1, 3, 0) in the direction of v =i + 2j — k.
Solution: (a)The gradient of f'is
ViG,y, z) =i (.3, 2), f,(x,y,2), [ (x, ¥, 2))
= (sin yz, xz cosyz, xy cosyz)

(b) At(1, 3, 0) we have Vf(1,3,0) =(0,0,3).

Then unit vector in the direction of v = i + 2j — k is
D, f(1,3,0) =Vf(1,3,0) - u

k(e 250

1 3
=3(-%)=-
5.8 Relative extreme of functions of two variables

Definition

A function of two variables has a relative (local) maximum at (a,b) if f(x,y) <
f (a, b) for all points (x,y) insome disk with center (a,b). The number f(a,b) is
called a relative (local) maximum value. If f(x,y) = f(a, b) forall (x,y) in

such a disk, f(a,b) is arelative (local) minimum value.
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Theorem

If f has a relative (local) extremum (that is, a relative (local) maximum or
minimum) at (a, b) the first-order partial derivatives of f exist there, then
f.(a,b) =0and jg,(a,b) = 0.

Example:-let f(x,y) = x2 +y? —2x — 6y + 14.Then f,(x,y) =2x -2  f,(x,y) =2y —6
These partial derivatives are equal toOwhenx =1andy = 3,
so the only critical pointis (1,3).
By completing the square, we find that
fy) =4+ -1+ —3)?

Since (x —1)2 = 0and (y —3)? = 0, we have f(x,y) = 4 for all values of x and y. Therefore
f(1,3) = 4isalocal minimum, and in fact itis the absolute minimum of f. This can be
confirmed geometrically from the graph of f, which is the elliptic paraboloid with vertex (1,3,4).

5.9 Largest and smallest values of a function on a given set

Second Derivatives Test

Suppose the second partial derivatives of f are continuous in a disk with center
(a, b), and suppose that f,(a,b) = 0and f,(a,b) = 0 [thatis (a, b) is acritical
point of f]. Let
D = D(a,b) = f,,(aq, b)fyy(a, b) — [fey (a, b)]?
(@) If D > 0 and f,, (a, b) > 0, then f(a, b) is alocal minimum
(b) If D > 0 and f,,(a,b) < 0, then f(a,b) is a local maximum.,

(c) If D < 0 then f(a, b) is not a local extremum.
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Example:-Find the local extrema of f (x,y) = x* + y* — 4xy + 1.
Solution:-We first locate the critical points:
fo = 4% — 4y f, = 4y? — 4x
Setting these partial derivatives equal to 0, we obtain the equations
x3—y=0 and y3—x=0

To solve these equations we substitute y = x3 from the first equation into the second one. This
gives

0=x—x=x(x®—1) =x(x*—Dx*+ 1) =x(x?+ D(x*+1)

So there are three real roots; x = 0,1, —1. The three critical points are (0,0),(1,1), and
(—-1,-1).

Next we calculate the second partial derivatives and D(x,y):
frox = 127 fry = —4 fyy = 12y?
D(x,y) = fexfyy— (fry)? = 144x%y? — 16

Since D(0,0) = —16 < 0, it follows from case (c) of the Second Derivatives Test that the origin
is a saddle point; that is, f has no local extremum at (0,0). Since D(1,1) = 128 > 0 and
fix(1,1) = 12 > 0, we see from case (a) of the test that f(1,1) = —1 is a local minimum.
Similarly, we have D(—1,—1) = 128 > 0 and f,,(—1,—-1) =12 > 0,s0 f(—1,—1) = —1is
also a local minimum.

Extreme Value Theorem for Functions of Two Variables

If £ is continuous on a closed, bounded set D in R?, then f attains an absolute
maximum value f (x,,y,) and an absolute minimum value f(x,, y,) at some

points (x4,y,) and (x,,y,) in D.

To find the absolute maximum and minimum values of a continuous function f on
aclosed, bounded set D:

1. Find the values of f at the critical points of f in D.
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2. Find the extreme values of f onthe boundary of D.
3. The largest of the values from steps 1 and 2 is the absolute maximum value;

the smallest of these values is the absolute minimum value.

Example:-Find the absolute maximum and minimum values of the function

f(x,y) = x2—2xy + 2y ontherectangleD = {(x,y)|0<x <3, 0<y <2}
Solution:-Since f is a polynomial, itis continuous on the closed, bounded rectangle D,

so there is both an absolute maximum and an absolute minimum. According to step 1
we first find the critical points. These occur when
fx=2x—-2y=0 fy=—2x+2=0

So the only critical pointis (1,1), and the values of f there is f(1,1) = 1.
In step 2 we look at the values of f on the boundary of D, which consists of the four line
segments Ly, L,,L3,L, . On Ly we havey = 0 and

f(x,0) = x? 0<x<3

This is an increasing function of x, so its minimum value is £(0,0) = 0 and its maximum value is
f(3,0) =9.0n L, we havex = 3and

fBy) =9-4y 0<y<2

This is a decreasing function of y, so its maximum value is f(3,0) = 9 and its minimum value is
f(3,2) =1.0n Lz we havey = 2 and

f(x,2) =x?>—4x + 4 0<x<3

By the methods of Chapter 4, or simply by observing that f(x, 2) = (x — 2)?, we see that the
minimum value of this function is £ (2,2) = 0 and the maximum value is (0,2) = 4.

Finally, on L, we have x = 0 and

fQ0,y) =2y 0<y<2

With maximum value f(0,2) = 4 and minimum value f(0,0) = 0. Thus, on the boundary, the
minimum value of f'is 0 and the maximum is 9.

In step 3 we compare these values with the value f(1,1) = 1 at the critical point and conclude

that the absolute maximum value of f on D is f(3,0) = 9 and the absolute minimum value is

f(0,0) = f(22) = 0.
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5.10 Extreme values under constraint conditions: Lagrange’s multiplier

Let f and g differentiable at (x,yo). Let ¢ be the curve g(x,y) = c that contains (xg, V).
Assume that c in smooth and that (x,y,) is not an end point of the curve. If grad g (xg,y0) # 0
and f has an extreme value on c at (xg,yo) then there is a number A such that grad
f(x0,y0) = A gradg(xy,y,). The number A is called Lagranges Multiplier.

Example:- Letf (x,y) = x? + 4y3. Find the extreme values of f on the ellipse x? + 2y% = 1 and
points at which they occur.
Solution:-Let g(x,y) = x? + 2y? so that the constraintis g(x,y) = x? + 2y%2 =1
Since grad f(x,y) = 2xi + 12y?j
Grad g(x,y) = 2xi + 4yj
Use these equations to find x,y constraintx? + 2y? = 1 ---————-(1)
gradf(x,y) = Agradg(x,y)
2xi + 12y?%j = A(2xi + 4y))
2x = A(2x) --————-——= (2)
12y2 = 4yA  ----—————- (3)
By equation (2), eitherx =0o0rd =1
Ifx = 0from (1) y = J_r% = (o,é),(o,—%)
IfA=1from(3)12y? =4y >y = Ooryzé
Ify =0=from(1) x = +1 = (1,0), (—-1,0)
Ify = é = from (1) x = i\/; = (\/3—7%), (—\/3—7%)

-~ The extreme values of f occurs at

1) (0-D 010 (2.9

Now, f(O,%)=\/§, f(o,—%)=—\/7

fam=1=£-10;  f(L)=E=r(-223

3’3/ 277 3’3
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= The maximum value v/2 occur at (O, %)

- 1
and minimum value occur at —/2 at (0, ——)

V2
Example:- Let f (x, y) = 3x2 + 2y2 — 4y + 1Find the extreme values of f as x? + y2 = 16.
Solution=-Let g(x,y) =x?+y? = g(x,y) =16
grad f(x,y) = 6xi+ (4y — 4)j

grad g(x,y) = 2xi + 2yj

Write the equation tofind x,y constraint x? + y? = 16 ---—-—-—-- (1)
grad f(x,y) = Agrad g(x,y)  6x = 2XA ---——-mmem-- (2)
4y —4 =2y - (3)

from(2) 2x =00rA=3

Ifx =0= from (1) y=+4= (04),(0,—4)

IfA =3 from (3)4y —4 =6y >y = —2

Ify = =2 = from (1) x = +V12 = (V12,-2),(—V12,-2)

». The extreme values on the cirde are (0,4) (0,—4) (vV12,—-2)(—V12,—2)
£(0,4) =17, £(0,—4) = 49
f(V12,-2) = 53 = f(—V12,-2)

The maximum value is 53 and the minimum value is 17
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CHAPTER 6

6.1Double Integrals
Before starting on double integrals let’s do a quick review of the definition of a definite integrals

for functions of single variables. First, when working with the integral,

) ab f(x)dx

We think of x's as coming from the interval a < x < b. For these integrals we can say that we
are integrating over the interval a < x < b. Note that this does assume that a < b, however, if
we have b <a then we can just use the interval b < x < a.

Now, when we derived the definition of the definite integral we first thought of this as an area
problem. To find the area under the curve, break up the intervala < x < b into n subintervals of
width Ax and choose a point, x;*, from each interval as shown below,

¥

Each of the rectangles has height of f(x;*) and we could then use the area of each of these
rectangles to approximate the area as follows.

A = flx")Ax+ fe)Ax + -+ fO)Ax+ -+ f(x,)Ax

To get the exact area we then take the limit as n goes to infinity and this is also the definition of

the definite integral. fab f(x)dx = limy 0 24 f(x;)AX

In this section we want to integrate a function of two variables, f (x, y). With functions of one
variable we integrated over an interval (i.e. a one-dimensional space) and so it makes some
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sense then that when integrating a function of two variables we will integrate over a region of
R? (two dimensional space).

We will start out by assuming that the region in R? is a rectangle which we will denote as
follows,

R=[a, b] X [c, d]
This means that the ranges forxandyarea < x < bandc <y <d.
Also, we will initially assume that f(x,y) = 0 although this doesn’t really have to be the case.
Let’s start with the graph of the surface S given by graphing f (x, y) over the rectangle R.

Now, just like with functions of one variable let's not worry aboutintegrals quite yet. Let’s first
find the volume of the region under S (and above the xy — plane of course). We will first
approximate the volume much as we approximated the area above. We will first divide

a < x < binto n subintervals and divide c <y < dinto m subintervals. This will divide Rinto a

series of smaller rectangles and from each of these we will choose a point (xi*,y]-*) . Hereis
sketch of this set up.

y (5.7)

d = y,— /f
yj —
J
= ¥
| | T | -
@=x 7 x Fyq b =1,
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Now, over each of these smaller rectangles we will construct a box whose height is given
by f(x;",y;*). Here is a sketch of that.

Each of the rectangles has a base area of AA and a height of f(x;”, yj*) so the volume of each of
these boxes is f(x; ", ¥j*) AA. The volume under the surface S is then approximately,

V= zg;lz;glf(xi*,yj*) AA
We will have a double sum since we will need to add up volumes in both the x and y directions.

To get a better estimation of the volume we will take n and m larger and larger and to get the
exact volume we will need to take the limit as both n and m go to infinity. In other words,

V = limy oo 20 0, £G4,y AA

Now, this should look familiar. This looks a lot like the definition of the integral of a function of
single variable. In fact this is also the definition of a double integral, or more exactly an integral
of a function of two variables over a rectangle.

Here is the official definition of a double integral of a function of two variables over a
rectangular region R as well as the notation that we’ll use forit.

ffR f(x,y)dA = limp, ;00 2{‘=12}21f(xi*,y,-*) AA

Note the similarities and differences in the notation to single integrals. We have two integrals to
denote the fact that we are dealing with a two dimensional region and we have a differential
here as well. Note that the differential is dA instead of the dx and dy that we’re used to seeing.
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Note as well that we don’t have limits on the integrals in this notation. Instead we have the R
written below the two integrals to denote the region that we are integrating over.

Note that one interpretation of the double integral of f (x, y) over the rectangle Ris the volume
under the function f (x, y) (and above the xy —plane). Or,

Volume = [f, f(x,y)dA

We can use this double sum in the definition to estimate the value of a double integral if we
need to. We can do this by choosing (Xi*,y]-*) to be the midpoint of each rectangle. When we do
this we usually denote the point as (X;, ;). This leads to the Midpoint Rule,

ﬂR f(x,y)dA =~ Z?=1Zjn=l1f(9_ci'3_’j)AA
Iterated Integrals

In the previous section we gave the definition of the double integral. However, just like with the
definition of a single integral the definition is very difficult to use in practice and so we need to
start looking into how we actually compute double integrals. We will continue to assume that
we are integrating over the rectangle.

R=[a, b] X [c, d]

We will look at more general regionsin the next section.
The following theorem tells us how to compute a double integral over a rectangle.
Fubini’s Theorem

If f (X, y) is continuous on R = [a, b] X [c, d], then

HR f(x,y)dA = fab fcdf (x, y)dy dx = fcd Lbf (x,y)dx dy

These integrals are called iterated integrals.

Note that there are in fact two ways of computing a double integral and also notice that the
inner differential matches up with the limits on the inner integral and similarly for the out
differential and limits. In other words, if the inner differential is dy then the limits on the inner
integral must be y limits of integration and if the outer differential is dy then the limits on the
outerintegral must be y limits of integration.

Now, on some level this is just notation and doesn’t really tell us how to compute the double
integral. Let’s just take the first possibility above and change the notation a little.

[l fGoy)da = [} [[{f Goy)dy |dx
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d
We will compute the double integral by first computing fc f (x,y)dy and we compute this by

holding x constant and integrating with respect to y as if thiswere a single integral. This will give
a function involving only x’s which we can in turn integrate.

We've done a similar process with partial derivatives. To take the derivative of a function with
respect to y we treated the x’s as constants and differentiated with respect to y as if it was a
function of a single variable.

Double integrals work in the same manner. We think of all the x’'s as constants and integrate
with respect to y or we think of all y's as constants and integrate with respect to x.

Let’s take a look at some examples.
6.2 Double integrals over rectangular regions

Examplel. Compute each of the following double integrals over the indicated rectangles

(a) [flz 6xy?dA R=[2,4] x[1,2]
(b) Jfg {x2y?+ cos(rx) + sin(my)}dA, R=[-2-1]x[0,1]
© [ (2X+1—3y)2 da, R =[0,1] % [1, 2]

(d) Jfg [2x —4y3]dA, R=[-54]%[0,3]
Solutions:- a) [f, 6xy?dA, R =[2,4]x[1,2]

It doesn’t matter which variable we integrate with respect to first, we will get the same answer
regardless of the order of integration. To prove that let’s work this one with each order to make
sure that we do get the same answer.

Method 1:-In this case we will integrate with respect to y first. So, the iterated integral that we
4 (2
need to computeis, [f; 6xy2dA = [, [, 6xy2dy dx

When setting these up make sure the limits match up to the differentials. Since the dy is the
inner differential (i.e. we are integrating with respect to y first) the inner integral needs to have
y limits. To compute this we will do the inner integral first and we typically keep the outer
integral around as follows,

4

I 6xy2dA= [, (2xy*)|idx
= f;(16x — 2x)dx
= f; 14x dx
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Remember that we treat the x as a constant when doing the first integral and we don’t do any
integration with it yet. Now, we have a normal single integral so let’s finish the integral by

computing this.
Jlg 6xy?dA= 7x?| =84

Method 2:-In this case we’ll integrate with respect to x first and then y. Here is the work for this

solution.
2 r4
[z 6xy?dA= [ [, 6xy?dxdy
2
= J; 3x%y?|}dy
2
= J; 36y2dy
— 3|2
= 12y3?
=84
Sure enough the same answer as the first solution.

So, remember that we can do the integration in any order.

(a) [l {x?y?+ cos(nx) + sin(my)}dA, R=[-2,—-1]x [0,1]

In this case we will integrate with respect to x first.
. 1,-1 .
x°y4 + cos(mx) + sin(my = _, {x“y* + cos(mx) + sin(my)} dx dy
JIg (x2y? + cos(mx) + sin(ny)}dA =[5 J_, {x?y? + cos(mx) + sin(my)} dx d
101 53 5 1 . . -1
= fo[gx y +Esm(1'rx)+xsm(1'[y)]|_2 dy

Jy [ y? +sin(my)] dy

7 1
= [5y3 —;cos(ﬂy)]|(1)

7
=+
9

ERE

b) [k Goap 94, R=[01]x[12]

In this case because the limits for x are kind of nice (i.e. they are zero and one which are often
nice for evaluation) let’sintegrate with respect to x first. We’ll also rewrite the integrand to help

with the firstintegration.

1 _
Jlx (2x+3y)? dA = [l (2x +3y)7* dA
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= flz f01(2x + 3y)~2dx dy
2 1 _
= 11— @x+3y)7 [ dy

———f[

L

243y
1 J1 1 2
= - [gln(2+ 3y)—§ ln|y|]|1
= —=(In8-In2—In5)

(c) [l [2x—4y3]dA, R=[-5,4]%[0,3]

For thisintegral we’ll integrate with respect to y first.
[l [2x — 4y*1da = [7 [T2x — 4y*]dy dx
4
= [_J2xy — y*|? dx
= [*[6x —81]dx
= [3x?—81x]| 4

= —756

Remember that when integrating with respect to y all x’s are treated as constants and so as far
as the inner integral is concerned the 2x is a constant and we know that when we integrate
constants with respect to y we just tack on a y and so we get 2xy from the first term.

As we saw in the previous set of examples we can do the integral in either direction. However,
sometimes one direction of integration is significantly easier than the other so make sure that you

think about which one you should do first before actually doing the integral.

The next topic of this section is a quick fact that can be used to make some iterated integrals
somewhat easier to compute on occasion.

Fact

If f(x,y) = g(x)h(y)and we are integrating over the rectangle R
= [a,b] X [c,d] then

Jly f&y)dA = [[, [gGh(y)]ldA = f g(x)dx] f h(y)dy]
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So, if we can break up the function into a function only of x times a function of y then we can do
the two integrals individually and multiply them together.

Let’s do a quick example using this integral.
Example 2 :-Evaluate ffR xcos?(y)dA, R=[-2,3] x [O,TZ—T]
Solution:-Since the integrand is a function of x times a function of y we can use the fact.

[l xcos2(y)da = [ ,xdx][f;"” cos(y)dy]
= (Bx2)| )E 1711 + cos(2y)ldy)
- [fleb menpi

51

8

Exercise
a. Let R be the rectangular region bounded by the linesx =-1, x =2,y =0 and y = 2 then

find ff; x%y dA
b. Evaluate [f; x dA, R =[1,2] x[0,3]
c. Evaluate f[[; 7x?ydA,  R=[2,3]x[1,2]
d. Evaluate ffR 3x%2y3dA, R=1[1,3]x]0,2]

e. Evaluate [f, (3)(_1—4y)2dA, R=1[23]%[0 1]

f. Evaluate [[, x?sin?(y)dA, R=[-1,2] x[0,m]

g. Evaluate [y (4x%2 —2y)dA, R =1[0,1] x [2,3]
Answers

31 -11

a.6 b. .= d. 104 ""I_zl (In5 — In3) £ g

N | o

6.3 Double Integrals in Polar Coordinates

In this section we want to look at some regions that are much easier to describe in terms of polar

coordinates. For instance, we might have a region that is a disk, ring, or a portion of a disk or
ring. In these cases using Cartesian coordinates could be somewhat cumbersome. For instance

let’s suppose we wanted to do the following integral,

/I, fxy)dA, D is the disk of radius 2

To this we would have to determine a set of inequalities for x and y that describe this region.
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These would be,
—2<x<2
—V4-x2 <y <V4-x?

With these limits the integral would become

11, fGoy)da = 2 V52 £ y)dy dx
Due to the limits on the inner integral this is liable to be an unpleasant integral to compute.
However, a disk of radius 2 can be defined in polar coordinates by the following inequalities,
0<6<2n
0<r<2

These are very simple limits and, in fact, are constant limits of integration which almost always
makes integrals somewhat easier.

So, if we could convert our double integral formula into one involving polar coordinates we
would be in pretty good shape. The problem is that we can’t just convert the dx and the dy into
adranda d6.In computing double integrals to this point we have been using the fact that dA =
dx dy and this really does require Cartesian coordinates to use. Once we’ve moved into polar
coordinates

dA # dr dO and so we're going to need to determine just what dA is under polar coordinates.
Here is a sketch of some region using polar coordinates.

o a
[

So, our general region will be defined by inequalities, a< 0 <
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hy (8) < r < h,(0)

Now, to find dA let’s redo the figure above as follows,

r, 88

&g

i

M

As shown, we’ll break up the region into a mesh of radial lines and arcs. Now, if we pull one of
the pieces of the mesh out as shown we have something that is almost, but not quite a
rectangle.

The area of this piece is AA. The two sides of this piece both have length Ar = ry — 1y wherery
is the radius of the outer arc and r; is the radius of the inner arc. Basic geometry then tells us
that the length of the inner edge is ;A0 while the length of the out edge is ryAQ where AB is
the angle between the two radial lines that form the sides of this piece.

Now, let’s assume that we’ve taken the mesh so small that we can assume that r; = ry = r and
with this assumption we can also assume that our piece is close enough to a rectangle that we
can also then assume that,

AA =~ r AB Ar
Also, if we assume that the meshis small enough then we can also assume that,
dA = AA dé = A6 dr = Ar
With these assumeswe then getdA = r dr dO

In order to arrive at this we had to make the assumption that the mesh was very small. This is not
an unreasonable assumption. Recall that the definition of a double integral is in terms of two
limits and as limits go to infinity the mesh size of the region will get smaller and smaller. In fact,
as the mesh size gets smaller and smaller the formula above becomes more and more accurate and
S0 we can say that,

dA =r drdf
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Now, if we're going to be converting an integral in Cartesian coordinatesinto anintegral in polar
coordinates we are going to have to make sure that we’ve also converted all the x’s and y’sinto
polar coordinates as well. To do this we’ll need to remember the following conversion formulas,

X =rcosf y = rsin6 r2=x%2+y?

We are ready to write down a formula for the double integral in terms of polar coordinates.

B hy(6)
ff f(x,y)dA = f f f(rcos0, rsinf)r dr do
D o hy(0)

Itis important to not forget the added r and don’t forget to convert the Cartesian coordinates in
the function over to polar coordinates.

Let’slook at a couple of examples of these kinds of integrals.

Examplel Evaluate the followingintegrals by converting them into polar coordinates.

a. ffD 2xy dA, D is the portion of the region between the circles of radius 2 and radius 5

centered at the origin that liesin the first quadrant.
b. ffD eX*+¥* dA, Diis the unit cirde centered at the origin.

Solution

(a). ffD 2xy dA, D is the portion of the region between the circles of radius 2 and radius 5

centered at the origin that lies in the first quadrant.

First let’s get D in terms of polar coordinates. The circle of radius 2 is given by r=2 and the circle
of radius 5 is given by r = 5. We want the region between them so we will have the following
inequality forr.

2<r<5

Also, since we only want the portion that is in the first quadrant we get the following range of 0

7’

S.

0<6<

N3

Now that we’ve got these we can do the integral.
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Applied Il

/Iy 2xydA = f:/z f25 2(rcos®)(rsin®)r dr d@

Don’t forget to do the conversions and to add in the extra r. Now, let’s simplify and make use of

the double angle formula for sine to make the integral a little easier.

[f, 2xyda= [? [2r3sin (26) dr do

= f:/z[ir“ sin(20)] |§ do

= *22 sin(26) d

— =% m/2
[ . cos(26)]| o

609

4

(b). ffD ex*+¥* dA, Dis the unit circle centered at the origin.

In this case we can’t do this integral in terms of Cartesian coordinates. We will however be able
todoitin polar coordinates. First, the region D is defined by,

0<r<1
0<0<2m
In terms of polar coordinates the integral is then,
[, e¥+* dA = foznfolr e dr do

Notice that the addition of the r gives us an integral that we can now do. Here is the work for

thisintegral.
[, e+ da= 2" [r e dr do

2m_ 1

= Jo ;e 1], de
2m1

= J, ;(e—1)de

=m(e—1)

There is one more type of example that we need to look at before moving on to the next

section.

99
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Sometimes we are given an iterated integral that is already in terms of x and y and we need to
convert this over to polar so that we can actually do the integral. We need to see an example of
how to do this kind of conversion.

Example2 Evaluate the followingintegral by first converting to polar coordinates.

[1—vy2
folfo 7 cos(x? + y2)dx dy

Solution

First, notice that we cannot do this integral in Cartesian coordinates and so converting to polar
coordinates may be the only option we have for actually doing the integral. Notice that the
function will convert to polar coordinates nicely and so shouldn’t be a problem.

Let’s first determine the region that we’re integrating over and see if it’s a region that can be
easily converted into polar coordinates. Here are the inequalities that define the region in terms of
Cartesian coordinates.

0<y=<1

0<x<,1-y?

Now, the upper limitfor the x’s is,
X=4/1-—y?

and this looks like the right side of the cirde of radius 1 centered at the origin. Since the lower
limit for the x’sis x =0 it looks like we are going to have a portion (or all) of the right side of the
disk of radius 1 centered at the origin.

The range for the y’s however, tells us that we are only going to have positive y's. This means
that we are only going to have the portion of the disk of radius 1 centered at the origin thatis in
the first quadrant.

So, we know that the inequalities that will define this region in terms of polar coordinates are
then,

0<6<

N3

0<r<i1

Finally, we just need to remember that,
dxdy = dA =rdr d6
and so the integral becomes,

[1—v2
fol fo Y cos(x?+y?)dxdy = fon/z fol rcos(r?)dr de
Note that this is an integral that we can do. So, here is the rest of the work for thisintegral.

[1—vy2
folfo " cos(x2 + y2)dx dy = f:/zgsin (r2)|(1) de

f;/zé sin(1) dO

T .
Zsm(l)
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Exercise
a. Determine the volume of the region that lies under the sphere x? + y2 + z2 = 9 above

the plane z =0and inside the cylinderx? + y? = 5.

f\/Zax—x

2
b. Evaluate f02a 0 (x? + y?)dx dy by changinginto polar coordinates.

c. If Dis the part of the annulus 0 < a? < x? +y? < b? lying in the first quadrant and
. _ y?
below the line y = x, evaluate ffD = dA

d. Find the volume of the solid lying in the first octant inside the cylinder x? + y2 = a? and
underthe plane z =vy.

e. Suppose D is the region bounded by the circlesr =1, r = 2 and 0<6 < 2m, Find

Jf, Bx +8y?)dA

f. Suppose Dis the region bounded by the circlesr=0,r=2and 0 < 8 < 2w then evaluate

ﬂ-]) (4 —x%— yz)dA

Answers
(@) = (b) 7atn () 557 (b? —a?) @ 322
(e)30m (f) 8m

6.4 Double Integrals over General Regions

In the previous section we looked at double integrals over rectangular regions. The problem
with this is that most of the regions are not rectangular so we need to now look at the following
double integral,

JIp f(x,y)dA Where Dis any region

There are two types of regions that we need to look at. Here is a sketch of both of them.

¥ Tage 3

Cazc 1

£
-
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We will often use set builder notation to describe these regions. Here is the definition for the
regionin Case 1

D={xy)lasx<b gK) <y=<g®}
and here is the definition for the region in Case 2.
D={xy)lh(y)<x<hy(y), c<y<d}
This notation is really just a fancy way of saying we are going to use all the points, ( x, y), in

which both of the coordinates satisfy the two giveninequalities.
The double integral for both of these cases are defined in terms of iterated integrals as follows.

InCase 1whereD = {(x,y)|a<x<b, g;(x) <y < g,(x)} the integral is defined to be

b ~g2(x)
/I, fxy)dA = [, glz(x) f(x,y)dy dx

In Case 2where D = {(x,y)| h;(y) < x < h,(y), ¢ <y <d}theintegral is defined to be

d +ha(y)
ffD f(x,y)dA = fc fhlz(;; f(x,y)dx dy

Here are some properties of the double integral that we should go over before we actually do
some examples. Note that all three of these properties are really just extensions of properties of
single integrals that have been extended to double integrals.

Properties

1.ﬂ{f(x,y) + g(x,y)}dA = ff f(x,y)dA + ﬂ g(x,y)dA
D D D

2. ff c f(x,y)dA = cff f(x,y)dA, where cis any constant.
D D

3.If the region D can be split in to two seperate regions D; and D, then the integ
written as I, f&y)dA = [f f(x,y)dA + fszf(x, y)dA
1

Let us take a look at some examples of double integrals over general regions

Example 1 Evaluate each of the following integrals over the given region D.
a. [fy e/vdA, D={Gyll1<y<2 y<x<y3
b. Jf, (4xy — y®)dA, D isthe regionbounded by y = vx and y = x3

C. ffD (6x? —40y)dA, D is the triangle with vertices (0,3), (1, 1),and (5, 3).
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Solutions:- a. ffD eYdA, D={(xy)|1<y<2 y<x<y3}

Okay, this first one is set up to just use the formula above so let’s do that.
2 y? 2 3
[y e/vda= [} [ ex/vaxdy = [} yex/s [ dy

2

= JilyeY — yeldy
1 2 1 2 1

=(=eV —Zey?2)|?= et —

(Ze S ey )|1 Se 2e

b. [, (4xy —y3)dA, Distheregionboundedbyy=vx andy = x3

In this case we need to determine the two inequalities for x and y that we need to do the
integral. The best way to do this is the graph the two curves. Here is a sketch.

v-da

=
[N
T

=
(=1
T

1 1 1 Loy

02 04 0 0g
So, from the sketch we can see that the two inequalities are
0<x<1 x3 <y<vx
We can now do the integral
i (axy — y*)dA = [ [ Caxy — y*)dy dx

gdx

1 1
= Jo(2xy®—1y"
= fol(sz —2x7 +ix12) dx

— (L3 1.8 1 1341
_(12X PR +52X )|0

55
156

C. ff (6x%2 — 40y)dA, D is the triangle with vertices (0,3),(1,1),and (5,3).
D

We got even less information about the region this time. Let's us start this off by sketching the
triangle.
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Since we have two points on each edge it iseasy to get the equations for each edge and so we’ll
leave it to you to verify the equations.

Now, there are two ways to describe this region. If we use functions of x, as shown in the image
we will have to break the region up into two different pieces since the lower function is different
depending upon the value of x. In this case the region would be given by D = D; U D, where

D; ={(xy)|0<x<1, —2x+3 <y<3}
D,={(xy)l1<x <5, %X+§Sy§3}

Note the U is the “union” symbol just means that D is the region we get by combining the two
regions. If we do this then we’ll need to do two separate integrals, one for each of the regions.

To avoid this we could turn things around and solve the two equations for x to get,

y=—2x+3 > X=—y+>

y= %X + ; = x=2y-—1
If we do this we can notice that the same function is always on the right and the same function
is always on the left and so the region is,

D={&xyl Sy+-<x<2y—-1,1<y<3}

Writing the region in this form means doing a single integral instead of the two integrals we’d
have to do otherwise.
Either way should give the same answer and so we can get an example in the notes of splitting a

region up let’s do both integrals.
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Solution 1:- ff}, (6x? — 40y)dA = [}, (6x> —40y)dA + [f, (6x*— 40y)dA

1.3 5 3
= fo f_2X+3(6X2 — 40y)dydx + [, fix+%(6xz — 40y)dydx

—f (6x2y — 20y2)| 3 et3 dx+f (6x2y — 20y2) 1 dX

= [, [12x3 — 180 + 20(3 — 2x)?]dx + [, [-3x® +15x% — 180 + 20(%)( +2)?]dx

=[3x4—180x—?(3—2x)3]|(1) [ x* + 5x3 —180x+ ]ls

935

EY
Solution 2:This solution will be a lot less work since we are only going to do a single integral.

2y1

JI, (6x2 —40y)dA = ff (6x2 40y)dx dy

3
= [, (2x3 — 40xy) Zi’yl dy

2 2

3 1 3
= J; [100y — 100y? + 2(2y — 1)3 — 2(—5y +)°]dy

100 1 34
= [50y2 - Ly 42y -4+ (- 2y +3) 112

935

T3
Exercise

a. Evaluate ﬂxydA, D={(xy)0<x<1,x2<y<+x}
D

b. Evaluate J. (x + 2y)dA, where D is the region bounded by the parabolas y = 2x?and
y=1+x2
c.Evaluate ff x cosy dA,where D is bounded by y = 0,y = x?, andx = 1

Answers
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6.5 Surface Areas
In this section we apply double integral to the problem of computing the area of a surface area.

We found the area of a very spedial type of surface — a surface of revolution — by the method of
single-variable calculus. Here we compute the area of a surface with equation z = f(x, y), the
graph of a function of two variables.

Let S be a surface with equation z = f(x, y), where f has
continuous partial derivatives. For simplicity in deriving
the surface area formula, we assume that f(x, y) = 0 and
the domain D of fis arectangle. We consider a partition
P of D into small rectangles Rj; with areas AAj; =
Ax; Ay;. If (xl-,yj) is the corner of R;; closet to the origin,
let Py [xl-,yj,f(xi, yj)] be the point on S directly above

it. The tangent plane to S at P;;is an approximation to S
near P;;. So the area ATy of the part of this tangent

plane (a parallelogram) that lies directly above R;; is an

approximation to the area AS;; of the part of S that lies
directly above Rjj. Thus the sum X Y ATy is an

approximation to the total area of S, and this approximation appears to improve as ||P|| — 0.
Therefore, we define the surface area of S to be

(1) m n
IPI|—>0 & 4

i=1 j=1

To find a formula that is more convenient than Equation 1 for computational purpose, we let a

and b be the vectors that start at P;; and lie along the sides of the parallelogram with area ATj;

(see in following figure). Then AT;; = [a x b| and fy(x;,y;) and fy(x;,y;) are the slopes of the
tangent lines through P;; in the direction of aand b. Therefore
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a= AXii + fX(Xi,y]')AXik
and
i Kk
axXb= AXi 0 fX(Xi,y]')AXi
0 Ay; fy(x5,y5)Ay;

= —fX(Xi,y]')AXiAy]'i - fy(Xl,y])AXIAy]] + AXlAy]k

[ —f(xiy;) i— £, (x0y;) 1+ K] AA;;

Thus ATy =lax b| = J[fx(xi:Yj)]Z + [y (xy) 12+ 1 AAy
From definition 1 we then have

A(S) = limp|jo XiZ, Xjt1 AT

= limyp||o Z{‘;@}Ll\/[ f (ki yi) 12 + [y (x1,y;)12 + 1 AAy;

and by the definition of a double integral we get the following formula

The area of the surface with equation z = f(x, y), (x, y) € D, where f, and f;, are
continuous, is

AG) = [, VLGP + £, ]>+ 1dA

Example 1 Find the surface area of the part of the surface z = x? + 2y that lies above the
triangular region T in the xy-plane with vertices (0, 0), (1, 0), and (1, 1).

Solution

Figure 1

Figure 2
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The region shown in figure 1 and is described by T={(x,y)|0<x < 1,0 <y < x}

Using surface area formula with f(x,y) = x? + 2y, we get

A=l J@OZ+ @)%+ 1dA=J, [FVax?+5 dy dx

= o x VA&7 +5 dx=1 .2 (422 + 5)%/2 |1 = = (27 - 5V5)

1
8
Figure 2 shows the portion of the surface whose area we have just computed.
Example 2:-

Find the area of the part of the paraboloid z = x? + y?that lies under the plane z = 9.

Solution:-The plane intersects the paraboloidin the circle x? + y? =9,z=09.
Therefore, the given surface lies above the disk D with center the origin and
radius 3.

Using the surface area formula, we obtain

A= [, V202 + Q2y)?+1 dA= [, J4x®+y?) +1 dA
Converting to polar coordinates, we obtain

A= fOan; V4r? +1 rdrd6 = fozn de f03§v4r2 + 1 (8r)dr

— 1N\2y.2 3/2|3_ _
—2n(8)3(4r +1) |0— 6(37\/37 1)
Exercise

i. LetRbe the rectangular region bounded by the linesx=0,x=3,y=0,andy =2 and let

f(x,y) = §x3/2, find surface area over the region R.

ii.  Find surface area S of the portion of the paraboloid z = 4 — x? — y? that lies above xy
plane.
iii. Find the surface area S of the portion of the paraboloid z = 9 — x? — y2 above xy plane.
iv.  Find the surface area S of the portion of the paraboloid z=9 —x? —y? above the
plane z=5
Answers

= it = (1732 = 1) iv.s (172 - 1)
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6.6 TRIPLE INTEGRALS

Fubini’s Theorem for Triple Integrals

If f is continuous on the rectangular box B = [a,b] X [c,d] x [r,s], then
s db

_gj flxy,2)dV = fjff(X,y,z)dx dy dz

r ¢ a

The iterated integral on the right side of Fubini’'s Theorem means that we integrate first with
respect to x (keeping y and z fixed), then we integrate with respect to y (keeping z fixed), and
finally we integrate with respect to z.

Example 1 Evaluate the triple integral [[[; xyz2dV where B is the rectangular box given by

B={(X,Y.Z)|OSXgl,—lgygz,OSZS3}

Solution:We first integrate with respect x, then y, and then z, we obtain

3,02 (1 3,2 2yz2 =
Mg xyz2dv = [§ [2, o xyz2dxdy dz = [ 2, [ [32] dy dz

YZZZ

=[S 12 Y dy de = [T 5

122 d

_ (3;32% _[Z1z=3 _ 27
- O[T]dz_[4]|2=0 T4
Exercise
Evaluate fol fozfoyxyz dx dy dz
\4—72
i.  Evaluate f(;T fozfo - z siny dx dz dy
ii.  Evaluate f_ll f(;( fxxj;(z — 2x—y) dz dy dx

iii.  Evaluate fffE yz dV,whereE = {(x,y,2)|0<z2<1,0<y<2z0<x<z+2}

Answers

i— il.— iii. 0 iv.-
3 5
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6.7Applications of Triple Integrals

Volume

b
We know that if f(x) = 0, then the single integral fa f (x)dx represents the area under the curve
y =f(x) from a to b, and if f(x,y) = 0, then the double integral ffD f(x,y)dA represents the
volume under the surface z = f(x, y) and above D. The corresponding interpretation of a triple

integral fffE f(x,y,z)dV, where f(x,y,z) =0, is not very useful because it would be the

“hypervolume” of a four dimensional object and, of course that is impossible to visualize.
(Remember E is just the domain of the function f; the graph of f lies in four dimensional space).

Nonetheless, the triple integral fffE f(x,y,z)dV can be interpreted in different ways in
different physical situations, depending on the physical interpretations of x, y, zand f(x, y, z).

Let us begin with the special case where f(x, y, z) = 1 for all pointsin E. Then the triple integral

does represents the volume of E:
V(E) = f f j av
E

Example 1 Use a triple integral to the volume of the tetrahedron T bounded by the planes

x+2y+z=2,x=2y, x =0,and z= 0.
Solution

The tetrahedron T and its projection D on the xy-plane are shown in the following figures. The
lower boundary of Tis the plane z=0and the upper boundary is the plane x + 2y + z = 2, that
is,z = 2 —x — 2y.Therefore, we have

Figures 12, 13 page 851
1 ,1-%x/2 (2—x-2
VD = Il dv=1J, [, Jy " Vdzdydx

1 1-x/2 1
=f0 fX/ZX (Z—X—Zy)dydng
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