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Abstract

 In this study, the Shannon, Renyi , Tsallis entropies and Fisher Information are  investigated with molecular Deng-Fan-Eckart potential for some selected diatomic molecules ( [image: ], CO, ScN, and ScF) in  position  and momentum spaces in three dimensions. Due to the difficulty in obtaining the Fourier transform of the wave function in the momentum space, we considered the low lying states corresponding to  the ground and first excited  states . The effects of the screening parameter  on the Information entropies measures for the selected diatomic molecules were illustrated. We computed numerically the entropies measures for all the diatomic molecules and the corresponding uncertainty relations of the entropies for the selected diatomic molecules were satisfied accordingly..
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1 Introduction
The information-theoretic measures have received a great research  interest for quantum mechanical systems over the years. These are largely due to its applications in probability density functional and computation and have provided a broader perspective for various quantum mechanical systems [1-3]. The concepts of information-theoretic measures have been applied in many areas of communication [4], physical sciences [5], chemical sciences [6] and other disciplines that have connections with quantum information systems [7-8].Quantum information-theoretic measures are classified either as global or local measures in order to quantify their uncertainty. The global measures describe the probability density spread in a region [9-10] and these include Shannon entropy [2], Renyi entropy [11], Tsallis entropy [12], and Onicescu information energy [13]. On the other hand, the local measure is the Fisher information [14] and is concerned with the point changes that occur in the probability density [15]. Of all these quantum information measures, the Shannon entropy and Fisher information have been exhaustively studied than others information-theoretic tools. Quantum information theory is very important in the uncertainty measures of atoms and molecules. The entropic densities in the position and conjugate momentum spaces provide the basic description of a molecular and chemical system. In the molecular system, it provides a good narrative measures for chemical bonding [16] and it can also been  applied in the comparison of molecular interactions [17-18]. Several kinds of research work have been carried out  for information-theoretic measures both analytically and numerically. For instance, Isonguyo et al. [19] investigated the different behaviours for a quantum system using information theoretic tools for the screened Coulomb potential. Onate et al. [20] investigated the dissociation energy effect on the Shannon entropy and Renyi entropies. Romera et al. [15] studied analytically the behaviour of Fisher information with a central potential for a single particle system and established a novel uncertain relation that is satisfied for any central potential model. Another applications of the Fisher information is in the  study the external electrical and magnetic effects in atomic systems [21]. The Shannon and Fisher information have been studied for position-dependent mass (PDM) within the framework of non-relativistic quantum mechanics [22-24].Information-theoreric measures finds other applications in semiconductors and quantum dots. For instance, information entropies have been investigated for scaling behaviour properties [25-27], confined systems [28-31], shape effect of quantum heterostructures [32] among others[33-40]. In recent time, there very few research work on information theory with exponential type potentials and to the best of our knowledge no application of diatomic molecules for exponential type potential have been investigated and hence the  motivation of this study. The quantum information-theoretic measure considered in this study is the molecular Deng-Fan-Eckart potential model (DFEP). Recently, Edet et al. [41] studied DFEP model for some selected diatomic molecules ([image: ], CO, ScN, and ScF). The choice of this potential stems from the fact that it exhibits an almost exact behaviour with that of the Morse potential and so makes it a good choice to the study of atomic interaction for diatomic molecules. 
The organization of the paper is as follows. In section 2 is devoted to the solutions of the  eigen-solutions of the DEFP. Section 3 is the calculations of the quantum information entropies. Section 4 is for the applications of the information entropies for the selected diatomic molecules. Finally, a brief conclusion is given in section 5. 
2 Eigensolution of Deng-Fan-Eckart Potential (DFEP)
The Deng-Fan-Eckart potential is defined as [41],
[image: ]				                    (1)
where, [image: ] are the dissociation energy, inter-nuclear distance, potential range, and molecular bond length  respectively, [image: ] are the potential strength. By using the Pekeris type approximation [42] for the centrifugal approximation term in the Schrodinger equation [43], Edet et al. [41] solved and obtained the analytical expressions for the energy values and the corresponding wave function for  the DFEP using  factorization method [44] as,
[image: ]                         (2)
[image: ]                                             (3)

where,
[image: ]                                                                                    (4a)

 and [image: ], [image: ]and [image: ]. Other parameters are defined in Ref. [41], [image: ]is the angular component of the wave function. Using the MATHEMATICA software, we obtained the normalization constant for  the ground state from eq.(3) in three dimensions as follows:
[image: ]     (4b)
where,
[image: ]                              (5)
and  [image: ] being the polygamma function,  [image: ]is the Harmonic number [9,19] respectively and [image: ]is the Euler Gamma defined by [45],[image: ], where the first term is Harmonic number. The probability densities for the ground and first excited states [46] in the position space are calculated as follows,
[image: ],		      (6a)
[image: ]                                                  (6b)
The momentum space wave function is obtain by taking the  Fourier transformation [47] of the position space wave function and for the ground state the momentum space wave function  is given as,
[image: ]’          (7)
where,
          [image: ],				(8a)		
       [image: ]’			             (8b)	
         [image: ],			             (8c)		
However, because of the difficulty and complexity in obtaining the Fourier transform in the momentum space that of the first excited state will be done numerically in this study.
3 Information Entropies
In this section, the quantum information-theoretic measures for Shannon entropy, Fisher information, Renyi entropy, Tsallis entropy in position and momentum spaces will be calculated. Shannon entropy which is regarded as  a logarithmic probability densities investigate the concentration of the probability densities spread in a quantum system. It is defined in position and momentum spaces as;
                         [image: ]				             (9)
                         [image: ]	          			            (10)
where [image: ] and [image: ] are position and momentum space Shannon entropy respectively. The position and momentum probability densities are [image: ] and [image: ] The Shannon entropy stipulated that the lower the Shannon entropy the lower the  uncertainty and the higher the degree of predicting the  particle localization. The Shannon entropy uncertainty relation was established  by Berkner, Bialynicki–Birula and Mycieslki (BBM) and is expressed as [48],
                         [image: ],						         (11)
where, D is the spatial dimension. The Renyi entropy shared similar characteristics with Shannon entropy and it is a generalization of the Shannon entropy. It is expressed as follows [11,49],
          [image: ]					(12)
            [image: ]			             (13)
where, [image: ],  [image: ], [image: ] are the Renyi entropy in the position space and momentum space respectively. The Renyi entropy must satisfied the inequality relation  [50,51],
                      [image: ]		(14)				          Similarly, the Tsallis entropy is another generalization of Shannon entropy and it is defined in position and momentum space defined as [12,51,52],
               [image: ]					(15)
                [image: ]		              (16)
 The Renyi and Tsallis entropies reduces to the Shannon entropy as [image: ]. The Fisher Information is a local measure of information entropy as stated before and contains differential which  makes it highly sensitive to detect local changes that occur in the probability density.  In Fisher information, the control of localization of the probability density occurs at the nodes and it can be seen as a measure of oscillator degree which has application with the kinetic energy of the system, Sear et al [52].  Thus, Fisher information in position space and momentum space are expressed as [14,37]
               [image: ]						          (17)
                 [image: ]            		              (18)
Subsequently, in the  Fisher information theory the higher the Fisher information the higher the accuracy of predicting  the localization of the system and therefore, increasing the Fisher information increases the fluctuation of the system. Just like other quantum information theory, the Fisher information satisfied   Stam, Cramer-Rao  inequality [15],
                     [image: ]						        (19)
4 Applications to Diatomic Molecules
Here, we intend to analysed the applications of the quantum information theories given above for   some selected diatomic molecules which are  homonuclear and heteronuclear molecules in nature as given in Ref.[41] and  other references therein for their classification. These diatomic molecules possess the same properties as each diatomic molecules are made of two atoms only and differs from each other in terms of covalent bonding and their geometric structure which is linear [53-54].. As an input for our computation, we take experimental values of the spectroscopic parameters for each of the diatomic molecules from Ref.[41] and given in Table 1.
Table 1 Spectroscopic parameter of some selected diatomic molecules
	Parameters         [image: ]                 [image: ]                        [image: ]                [image: ]
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Tables 2 and 3 show the numerical results for the Shannon entropies of the diatomic molecules in the position and momentum spaces  for  the ground  and first excited states respectively where we have taken the  magnetic quantum numbers to be  zero in all cases. In Table 2, for the position space, one  observed striking features at the ground and first excited states as the Shannon entropies are all negative for the various values of the principal and  angular momentum quantum number. This behaviour of the negative Shannon entropic value shows that the position Shannon entropy has a characteristic of a high localization [19] which implies a high accuracy in the prediction of the localization of these selected diatomic molecules and the high  degree of  less uncertainty.  Likewise, in Table 3 for the momentum space, it is observed that  the momentum space Shannon entropy for all selected diatomic molecules are positive. These affirm the assertion that on entropy must be increasing and the other entropy decreasing but to the extent that their sum stays above the stipulated lower bound of the value  which has been satisfied for all the diatomic molecules. For the selected diatomic molecules, Shannon entropy uncertainty relation is satisfied.  In Tables 4 and 5, we displayed the numerical results for the  Fisher information in the position and momentum spaces for the different values of the principal and orbital angular momentum quantum numbers for the selected diatomic molecules. We observed in Tables 4 and 5, that in the  position space the  Fisher information is decreasing while it increases in the  momentum space for the ground and first excited states On the other hand, the Fisher information  in the position space decreases both  at the ground and first excited  states and increases  also at the ground and first states for all the selected diatomic molecules in such a way that  their  product   obeys  the Stam-Cramer-Rao inequality relation which has been satisfied for these diatomic molecules investigated. We evaluated for the Renyi entropy numerically in the position and momentum space for the ground state and first excited state as shown in Tables 6 and 7. One can also observe that the Reny position entropies increases both at the ground and first excited states while the Renyl momentum entropies decreases both at the ground and first excited state. The behaviours of the entropies on the screening parameters  [image: ] are shown in Figs 1 and 2 for the selected diatomic molecules. 
5 Conclusions

[bookmark: _GoBack]In this work, w study  the information entropies for  Shannon entropy, Fisher information, Renyi entropy and Tsallis entropy for some selected diatomic molecules ( [image: ], CO, ScN, and ScF) in the position and momentum spaces numerically at the ground and  first excited states in three dimensions. Each diatomic molecules investigated satisfied the BBM inequality for the Shannon entropy and Stam-Cramer-Rao inequality relation  for the Fisher information. Other information entropies such as Renyi entropies which is a special case of the Shannon entropy was investigated. Interesting, we observed that Renyi and Tsallis entropies shows a similar behaviour. This is not surprising since when  in equations (12-13) and equations (15-16), the Renyl and Tsallis entropies reduced to the Shannon entropy.
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Fig. 1: Variations  of the Renyi entwropy with [image: ] in the ground state for the different diatomic molecules in the position and momentum space for [image: ] 

[image: ][image: ]
Fig. 2:Variations  of the Renyi entropy with [image: ] for the first excited state for the different diatomic molecules in the position and momentum space for [image: ] 
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Fig.3:Variations  of the Tsallis entropy with [image: ] in the ground state for the different diatomic molecules in the position and momentum space for [image: ] 

[image: ][image: ]
Fig.4:Variations  of the Tsallis entropy with [image: ] for the first excited state for the different diatomic molecules in the position and momentum space for [image: ] 



Table 2. Shannon entropy in the position space for Den- Fang-Eckart potential for the various diatomic molecules
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Table 3 Shannon entropy in the momentum space for Den-Fang-Eckart potential for the various diatomic molecules
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Table 4 Fisher information for Den-Fang-Eckart potential for the various diatomic molecules for [image: ]
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  Note. The numerical values for in the position space are in the order of [image: ]
   Left: Numerical for position space. Right: Numerical for momentum space
	





Table 5 Fisher information in the position space for Den-Fang-Eckart potential for the various diatomic molecules for [image: ]
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  Note. The numerical values for in the position space are in the order of [image: ]
  Left: Numerical for position space. Right: Numerical for momentum space







Table 6 Renyi Entropy for Den-Fang-Eckart potential for the various diatomic molecules for[image: ]
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Left: Numerical for position space. Right: Numerical for momentum space








Table 7 Renyi Entropy for Den-Fang-Eckart potential for the various diatomic molecules for [image: ]
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Left: Numerical for position space. Right: Numerical for momentum space
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