Chapter II	Theory of Sets	PG


[bookmark: _GoBack]2.1	Intuitive Idea and Notation of Sets and Elements
We shall not attempt a formal definition of a set nor shall we try to lay the ground for an axiomatic theory of sets. Instead we shall take the operational and intuitive approach that by a set we mean a well-defined collection of objects of any type whatsoever.  Each object in a set or member of the set. 
Example 2.1:	a.	The set of the seven days of the week
		b.	The set of all cars in Addis Ababa.
		c.	The set of all natural numbers greater than 10.
		d.	The set of the numbers 2, 5, 7, 9, the city of Hawassa, and the planet Mars/
		e. 	The set of world rivers. 
We observe that the members of a set need not have only common property other than the property of being considered as members of the same collection. Example 2.1 (d) is given to emphasize this fact.
Notation:	We use upper cases of the English alphabets A, B, C, D etc. to denote sets and a, b, cd etc. to denote elements.  We will write d  A if d is an element of the set. We usually read “d is an element of the set A” or “d belongs to the set A” and we write d  A, if d is not an element of the set A.
Example 2.2:	i)	If E is the set of even natural numbers, then 6  E and 7  E.
ii)	If A has m elements, then to indicate the number of elements we use the symbol  n(A) = m. For example if A = { k, 4, 0, -2,  }, then n(A) = 5.
2.2	Description of sets.
The set can be described in one of the following ways.
1. Statement Method:	A set may be indicated by a statement. For example to describe the set of integers, we can write “Let Z be the set of integers”.
2. Listing Method or Roaster Method:
a. Complete Listing Method: In this case we describe a set by listing all its elements. For example if A is the set of all natural numbers less than 6, then A can be described as A = { 1, 2, 3, 4, 5 }.
b. Partial Listing Method:	This method is used when it is difficult or unnecessary because they have many elements to list (for finite sets) to list or impossible to list its elements (for infinite sets). For example
i. If B is the set of natural numbers less than hundred, then 
B = { 1, 2, 3, .  .  .  , 100}
ii. If C is the set of all natural numbers, then C = { 1, 2, 3, .  .  .  }
iii. If D is the set of all negative integers, then D = { .  .  . , –3, –2, –1 }
iv. If E is the set of all integers, then E = { .  .  . , –3, –2, –1, 0, 1, 2, 3, .  .  . }
c. Rule Method or Set Builder Method
A set may also be divided by the “defining property” method, i.e. by stating the requirements which an element must satisfy to belong to the set. For example
i. A = { x x2 – x – 2 = 0 } indicates that A is the set of all elements x such that x2 – x – 2 = 0, i.e. A = { – 1, 2 }. 
ii. Q = { x  x is a rational number } indicates that Q is the set of all elements x such that x is a rational number.
iii. B = { x  N 1 ≤ x  < 100 } indicates that B is the set of all natural numbers less than 100.
iv. C = { x  R   < 0 } indicates that C is the set of all real numbers whose square root is a negative number. As we know we can’t find such a real number.
2.3 Special sets 
2,3,1	Empty or Null set
Definition 2.1:	A set which has no elements is called an empty set or null set and is denoted by the symbol  or { }. For example both of the following sets are empty sets.
i. C = { x  R   < 0 }
ii. D = { x  The set of all students at HiLCoE who are 8 years old }
2,3,2	Singleton or Unit Set
Definition 2.2:	A set which has exactly one element is called a singleton set or a unit set. For example both of the following sets are singleton sets.	
i. A = { x  N x – 7  = 5 }       A = { 12 }
ii. B = { Yared }
2,3,1	Universal Set
Definition 2.3:	A particular set which are to be considered during some specific discussion is called a universal set and is denoted by U.
For example if 	A = { 1, 3, 5, 7, 9 }		B = { 2, 4, 6, 8, 10 }		C = { 0, 5, 10 }, then the universal set can be one of the following:
	U1 = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 }
	U2 = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 }
	U3 = { 0, 1, 2, 3, .  .  . , 25 }
	U4 = { x x  Z }    
Note that U = { x  x  N } can not be the universal set for the given discussion since it does not contain the number 0 which is the element of set C.  
2.4 Set Relations
  2.4.1	Subsets:   
	When we consider two or more than two sets of the same universal set, we may find that some objects are common in them and sometimes we may find that all objects in one set are objects in the second set. For this we have specific terminology which indicates how much overlapping there is in the sets.
Definition 2.4:	Set A is said to be the subset of set B, denoted by A  B, if every element of set A is also an element of set B. In this case set B is said to be the supper set of set B. If A is not a subset of B, we write A ⊈ B.
Example 2.3:	Let 	A = { 2, 4, 6, 8 }			D = { 1, 2, 4, 5, 6, 8, 9 }
			B = { 1, 2, 3, 4, 5 }			E = { 2, 1, 4, 3, 5 }
	Here by definition A  D and B  E, Note that E  B but E ⊈ D and B ⊈ D because 3  D. 
Remark:	1.	Empty set is the subset of every set.
2.	Every set is the subset of itself.						                   3.	If set A has n elements, then the number of subsets of set A can be found by the   formula 2n.
  2.4.2	Equal Sets:   
Definition 2.5:	Two sets A and B are said to be equal, denoted by A = B, if they have equal number of elements and are identical.
Note that if two sets A and B are identical, then we shall frequently call them as the same set, as equal sets or as identical sets and in all cases we shall write as A = B. If A and B are not equal, then we write A  B. Note also that if A  B and B  A, then A = B.
Example 2.4:	Let A = { x  N  x < 7 },   B = { 1, 2, 3, 4, 5, 6 },   D = { 0, 1, 2, 3, 4, 5, 6, 7, 8 }
Hence by definition A = B since A  B and B  A, but A  D because A  D but D ⊈ A.
	2.4.3	Proper Subsets:   
Definition 2.6:	Set A is said to be the proper subset of set B, denoted by A  B, if every element of A is an element of set B, but there exists at least one element in B which is not an element of A.
	i.e.  A  B iff A  B but n(A)  n(B) (in fact n(A) < n(B))
	In Example 2.4 	A  D but A  B because n(A) = n(B).
Remark:	1.	If A  B, then A  B.
2.	If A ⊈ B, then A  B.
	2.4.4	Power Set:   
	Definition 2.7:	The power set of set A, denoted by P(A) is the set of all subsets of the given set A.
	For example if A = { 3, k, 5 }, then by definition 
P(A) = { {3}, {k}, {5}, {3, k}, {3, 5}, {k, 5}, {3, k, 5},  }	
	2.4.5	Equivalent Sets:   
Definition 2.8:	Two sets A and B are said to be equivalent, denoted by A  B if there is a one to  one correspondence between the elements of the two sets.
	Note that if A and B are not equivalent, then we may write A ≉ B.
	For example if A = { 2, 4, 6, 8, 10 }, 	B = { a, e, i, o, u }, 	and 	C = { 1, 3, 4,  5 },
then by definition	A  B but A ≉ C and B ≉ C.
Remark:	1.	If A = B, then A  B.
2.	If A ≉ B, then A  B.

2.5 	Set Operations
  2.5.1	Union of two sets:   
Definition 2.9:	The union of two sets A and B, denoted by A  B is defined as the set of all elements that belong to either of the two sets A and B.
i.e. 	A  B  = { x x  A   x  B }
2.5.2	Intersection of two sets:   
Definition 2.10:	The intersection of two sets A and B, denoted by A  B is defined as the set of all elements that belong to each of the two sets A and B.
i.e. 	A  B  = { x x  A   x  B }
	Example 2.5:	Let A = { 1, 5, 9 }	B = { 0, 5, 10, 12 }		C = { 2, 4, 6, 8, 10 }
	Find 	a.	A  B  		b.	A  C  		c.	A  B  		d.	A  C
	  Solution:	a.	A  B   = { 0, 1, 5, 9, 10, 12 }			c.	A  B  = { 5 }
			b.	A  C   = { 1, 2, 4, 5, 6, 8, 9, 10 }		d.	A  C = 
	Definition 2.11:  If A  B = , then A and B are said to be disjoint sets.
	In example 2.5 A and C are disjoint sets.
2.5.3	Absolute Complement:   
Definition 2.12:	Let U be the universal set. The absolute complement of set A, denoted by A defined as the set of all elements that do not belong to A but belong to the universal set.
		i.e.	A = { x x  A   x  U }
  2.5.4	Relative Complement of two sets:   
Definition 2.13:	Let A and B be two arbitrary sets. The relative complement of set B with respect to set A (or simply the difference of A and B), denoted by A \ B or A – B is defined as the set of all elements that belong to set A but not to set B.
		i.e.	A \ B = { x x  A   x  B }
Example 2.6:		Let  U = { a, b, c, d, k, 2, 4, 6, 8, 9 }	
A = { c, 9, k, 4 }	B = { a, b, c, 4, 6 }		D = { 2, c }
	Find 	a.	A 		b.	B		c.	A \ B		
d. B \ A	  	e.	D \ B		f.	A  B  
Solution:	a.	A = { a, b, d, 2, 6, 8 }			d.	B \ A  = { a, b, 2, 6 }
		b.	B = { d, e, 8, 9 }			e.	D \ B = 
		c.	A \ B = { e, 9 }				f.	A  B  = { e, 9 }
Remark:	1.	A \ B  B \ A
2. If A  B, then A \ B = 
3. A \ B = A  B.
2.5.4 Relative Difference of two sets:   
Definition 2.14:  The relative difference of two sets A and B, denoted by A Δ B is defined as the difference of the union and the intersection of the two sets A and B.
i.e. A Δ B = ( A  B ) \ ( A  B ) 
	Or A Δ B can also defined as A Δ B = ( A \ B )  (B \ A)	
	Example 2.7:		Let  U = { 1, 2, 3,  , 25 }	
A = { x  N  x < 20 and x is prime }	and	B = { x  N  5 < x < 25 and x is odd }
Find 	A Δ B.	
Solution:  Given A = { 2, 3, 5, 7, 11, 13, 17, 19 }   and	B = { 7, 9 , 11, 13, 15, 17, 19, 21, 23 }	
	   Here A  B = { 2, 3, 5, 7, 9 , 11, 13, 15, 17, 19, 21, 23 }
		A  B = { 7, 11, 13, 17, 19 }
		A \ B = { 2, 3, 5 }	and 	B \ A = { 9, 15, 21, 23 }
Now by definition A Δ B = ( A  B ) \ ( A  B ) = { 2, 3 5, 9, 15,  21, 23 }
    Or   A Δ B = ( A \ B )   (B \ A) = { 2, 3 5, 9, 15,  21, 23 }
2.6 	Operations with Collections of Sets
Suppose we have n sets:	A1, A2, A3,  , An.
Definition 2.15:   The union of these n sets A1  A2  A3  ,   An, denoted by  is defined as the set of all elements that belong to either of the given n sets.
	i.e.  = { x  x  , for some i = 1, 2, 3,  , n } 
Definition 2.16:   The intersection of these n sets A1  A2  A3  ,   An, denoted by  is defined as the set of all elements that belong to each of the given n sets.
	i.e.  = { x  x  , for each i = 1, 2, 3,  , n } 
Example 2.8:	Let 	A1 = { 1, 2, 3, 4, 5, 6 },		A2 = { 4, 5, 8, 9 },                  A3 = { 1, 3, 5, 7, 9 }
			A4 = { 2, 3, 4, 5, 6 },		A5 = { 1, 2, 4, 5, 7, 8 },	        A6 = { 3, 6, 9, 10 }
	Find	i)	 			iii)				v)	
		ii)					iv)				vi)	
						
2.7 	Laws of Algebra of Propositions

Suppose A, B and C are three arbitrary sets.
(1) Idempotent Laws
a)	A  A = A					b)	A  A = A
(2)	Commutative Laws
a)	A  B = A  B					b)	A  B = A  B	
(3)	Associative Laws
a)	(A  B)   C =	A  (B   C)			b)	(A  B)   C =	A  (B   C)	 
(4)	Distributive Laws
a)	A  (B    C) = (A  B)   (A   C)		b)	A  (B  C) = (A  B)   (A   C) 
(5)	De Morgan’s Laws
a)	(A  B)  = A  B 				b)	(A  B)  = A  B 	
(6)	The Law of Double Negation
			(A )  = A
(7)	Identity Laws
a)	A  U = U	b)	A   = A	c)	A  U = A	d)	A   = 
(8)	Complement Laws
a)	A  A = U				b)	A  A =  
(9)	Definitions
a)	A Δ B = ( A  B ) \ ( A  B ) = ( A \ B )  (B \ A)		b)	 A \ B = A  B .
Example 2.9:	Using the laws of Algebra of sets simplify each of the following complex sets.
a. (A   B)   (A    B)				d.	[ (A \ B)   B ]	 [ B  (A   B)  ]
b. (A  B)   (A \ B)				e.	A \ [(A  B)   (A  B )  ]
c. [(A   B)    (A \ B)]  (A   B)  
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