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Preface

Functional analysis was invented and developed in the twentieth century. Besides
being an area of independent mathematical interest, it provides many fundamental
notions essential for modeling, analysis, numerical approximation, and computer
simulation processes of real-world problems. As science and technology are
increasingly refined and interconnected, the demand for advanced mathematics
beyond the basic vector algebra and differential and integral calculus has greatly
increased. There is no dispute on the relevance of functional analysis; however,
there have been differences of opinion among experts about the level and
methodology of teaching functional analysis. In the recent past, its applied nature
has been gaining ground.

The main objective of this book is to present all those results of functional
analysis, which have been frequently applied in emerging areas of science and
technology.

Functional analysis provides basic tools and foundation for areas of vital
importance such as optimization, boundary value problems, modeling real-world
phenomena, finite and boundary element methods, variational equations and
inequalities, inverse problems, and wavelet and Gabor analysis. Wavelets, formally
invented in the mid-eighties, have found significant applications in image pro-
cessing and partial differential equations. Gabor analysis was introduced in 1946,
gaining popularity since the last decade among the signal processing community
and mathematicians.

The book comprises 15 chapters, an appendix, and a comprehensive updated
bibliography. Chapter 1 is devoted to basic results of metric spaces, especially an
important fixed-point theorem called the Banach contraction mapping theorem, and
its applications to matrix, integral, and differential equations. Chapter 2 deals with
basic definitions and examples related to Banach spaces and operators defined on
such spaces. A sufficient number of examples are presented to make the ideas clear.
Algebras of operators and properties of convex functionals are discussed. Hilbert
space, an infinite-dimensional analogue of Euclidean space of finite dimension, is
introduced and discussed in detail in Chap. 3. In addition, important results such as
projection theorem, Riesz representation theorem, properties of self-adjoint,

vii
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positive, normal, and unitary operators, relationship between bounded linear
operator and bounded bilinear form, and Lax—Milgram lemma dealing with the
existence of solutions of abstract variational problems are presented. Applications
and generalizations of the Lax—Milgram lemma are discussed in Chaps. 7 and 8.
Chapter 4 is devoted to the Hahn—Banach theorem, Banach—Alaoglu theorem,
uniform boundedness principle, open mapping, and closed graph theorems along
with the concept of weak convergence and weak topologies. Chapter 5 provides an
extension of finite-dimensional classical calculus to infinite-dimensional spaces,
which is essential to understand and interpret various current developments of
science and technology. More precisely, derivatives in the sense of Gateau, Fréchet,
Clarke (subgradient), and Schwartz (distributional derivative) along with Sobolev
spaces are the main themes of this chapter. Fundamental results concerning exis-
tence and uniqueness of solutions and algorithm for finding solutions of opti-
mization problems are described in Chap. 6. Variational formulation and existence
of solutions of boundary value problems representing physical phenomena are
described in Chap. 7. Galerkin and Ritz approximation methods are also included.
Finite element and boundary element methods are introduced and several theorems
concerning error estimation and convergence are proved in Chap. 8. Chapter 9 is
devoted to variational inequalities. A comprehensive account of this elegant
mathematical model in terms of operators is given. Apart from existence and
uniqueness of solutions, error estimation and finite element methods for approxi-
mate solutions and parallel algorithms are discussed. The chapter is mainly based
on the work of one of its inventors, J. L. Lions, and his co-workers and research
students. Activities at the Stampacchia School of Mathematics, Erice, Italy, are
providing impetus to researchers in this field. Chapter 10 is devoted to rudiments of
spectral theory with applications to inverse problems. We present frame and basis
theory in Hilbert spaces in Chap. 11. Chapter 12 deals with wavelets. Broadly,
wavelet analysis is a refinement of Fourier analysis and has attracted the attention of
researchers in mathematics, physics, and engineering alike. Replacement of the
classical Fourier methods, wherever they have been applied, by emerging wavelet
methods has resulted in drastic improvements. In this chapter, a detailed account of
this exciting theory is presented. Chapter 13 presents an introduction to applications
of wavelet methods to partial differential equations and image processing. These are
emerging areas of current interest. There is still a wide scope for further research.
Models and algorithms for removal of an unwanted component (noise) of a signal
are discussed in detail. Error estimation of a given image with its wavelet repre-
sentation in the Besov norm is given. Wavelet frames are comparatively a new
addition to wavelet theory. We discuss their basic properties in Chap. 14. Dennis
Gabor, Nobel Laureate of Physics (1971), introduced windowed Fourier analysis,
now called Gabor analysis, in 1946. Fundamental concepts of this analysis with
certain applications are presented in Chap. 15.

In appendix, we present a resume of the results of topology, real analysis,
calculus, and Fourier analysis which we often use in this book. Chapters 9, 12, 13,
and 15 contain recent results opening up avenues for further work.
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The book is self-contained and provides examples, updated references, and
applications in diverse fields. Several problems are thought-provoking, and many
lead to new results and applications. The book is intended to be a textbook for
graduate or senior undergraduate students in mathematics. It could also be used for
an advance course in system engineering, electrical engineering, computer engi-
neering, and management sciences. The proofs of theorems and other items marked
with an asterisk may be omitted for a senior undergraduate course or a course in
other disciplines. Those who are mainly interested in applications of wavelets and
Gabor system may study Chaps. 2, 3, and 11 to 15. Readers interested in variational
inequalities and its applications may pursue Chaps. 3, 8, and 9. In brief, this book is
a handy manual of contemporary analytic and numerical methods in
infinite-dimensional spaces, particularly Hilbert spaces.

I have used a major part of the material presented in the book while teaching at
various universities of the world. I have also incorporated in this book the ideas that
emerged after discussion with some senior mathematicians including Prof. M. Z.
Nashed, Central Florida University; Prof. P. L. Butzer, Aachen Technical
University; Prof. Jochim Zowe and Prof. Michael Kovara, Erlangen University; and
Prof. Martin Brokate, Technical University, Munich.

I take this opportunity to thank Prof. P. Manchanda, Chairperson, Department of
Mathematics, Guru Nanak Dev University, Amritsar, India; Prof. Rashmi
Bhardwaj, Chairperson, Non-linear Dynamics Research Lab, Guru Gobind Singh
Indraprastha University, Delhi, India; and Prof. Q. H. Ansari, AMU/KFUPM, for
their valuable suggestions in editing the manuscript. I also express my sincere
thanks to Prof. M. Al-Gebeily, Prof. S. Messaoudi, Prof. K. M. Furati, and
Prof. A. R. Khan for reading carefully different parts of the book.

Greater Noida, India Abul Hasan Siddiqi
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Chapter 1 ®)
Banach Contraction Fixed Point Geda
Theorem

Abstract The main goal of this chapter is to introduce notion of distance between
two points in an abstract set. This concept was studied by M. Fréchet and it is known
as metric space. Existence of a fixed point of a mapping on a complete metric space
into itself was proved by S. Banach around 1920. Application of this theorem for
existence of matrix, differential and integral equations is presented in this chapter.

Keywords Metric space - Complete metric space + Fixed point - Contraction
mapping + Hausdorff metric

1.1 Objective

The prime goal of this chapter is to discuss the existence and uniqueness of a fixed
point of a special type of mapping defined on a metric space into itself, called con-
traction mapping along with applications.

1.2 Contraction Fixed Point Theorem by Stefan Banach

Definition 1.1 Let
d(-,): XxX—>R

be a real-valued function on X x X, where X is a nonempty set. d(-, -) is called a
metric and (X, d) is called a metric space if d (-, -) satisfies the following conditions:

1. dix,y) >0Vx,ye X,d(x,y) =0ifand only if x = y.
2. dx,y)=d(y,x)forallx,y € X,
3. d(x,y) <d(x,z)+d(z,y) forall x, y, z € X.

Remark 1.1 d(x, y) is also known as the distance between x and y belonging to X.
It is a generalization of the distance between two points on real line.

© Springer Nature Singapore Pte Ltd. 2018 1
A.H. Siddiqi, Functional Analysis and Applications, Industrial and Applied Mathematics,
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2 1 Banach Contraction Fixed Point Theorem
It may be noted that positivity condition:
dx,y)>0Vx,yeX

follows from second part of condition (i). d(x,y) < d(x,z) + d(z,y) by (iii).
Choosing x = y, we get:

dx,x) <d(x,z)+d(z,x)or0<2d(x,z)forx,ze X

because

d(x,x) =0and d(x, z) = d(z, x).

Hence for all x, z € X, d(x, z) > 0, namely positivity.

Remark 1.2 A subset Y of a metric space (X, d) is itself a metric space. (¥, d) is a
metric space if ¥ € X and

di(x,y)=dx,y)Vx,yeY

Examples of Metric Spaces

Example 1.1 Let
d(-,):RxR— R (1.1)
be defined by
dix,y)=|x—y|Vx,y €R.

Then d (-, -) is ametric on R (distance between two points of R) and (R, d) is a metric
space.

Example 1.2 Let R? denote the Euclidean space of dimension 2. Define a func-
tion d(-,-) on R? as follows: d(x,y) = ((u; — u2)> + (vi — v2)>)'/?, where
x = (ur,uz), y = (v1, v2).

d(-, ) is a metric on R? and (R?, d) is a metric space,

Example 1.3 Let R" denote the vector space of dimension n. For u = (u;, us, ...,
u,) € R"andv = (v, v2,...,v,) € R". Define d(-, -) as follows:

(@) d(u.v) = <ki g — i)V,
=1

(R", d) is a metric space.

Example 1.4 For a number p satisfying 1 < p < oo, let £, denote the space of
o0

infinite sequencesu = (uy, ua, ..., Uy, ..) such thatthe series > |ux|? is convergent.
k=1

(€, d(-,-)) is a metric space, where d (-, -) is defined by
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00 1/p
d(u,v) = (Zm —vk|”> :
k=1

w= Uy, U, ..., U, ..),v=_0W1,v2, ..., %, ..) €L,
d(-, -) is distance between elements of £,.

Example 1.5 Suppose Cla, b] represents the set of all real continuous functions
defined on closed interval [a, b]. Letd (-, -) be a function defined on C[a, b] x C[a, b]
by:

(@) d(f.¢) = Supblf(X) — 8.V f.g € Cla, b]

GSZS 172
(b) d(f.g) = (f () = g<x>|2dx) .V f.g € Cla.b].

(Cla, b], d(-, -)) is a metric space with respect to metrices given in (a) and (b).

Example 1.6 Suppose L;[a, b] denote the set of all integrable functions f defined
b
on [a, b] such that lim |f|2 dx is finite. Then, (L,[a, b], d(-, -)) is a metric space if

b
d(f.g) = (/ |f(x) — g()Pdx)'?, f, g € Lola, b]

d(-,-) is a metric on L;[a, b].

Definition 1.2 Let {u,} be a sequence of points in a metric space (X, d) which is
called a Cauchy sequence if for every ¢ > 0, there is an integer N such that

dy,,u,) <eV¥n,m>N.

It may be recalled that a sequence in a metric space is a function having domain as the
set of natural numbers and the range as a subset of the metric space. The definition
of Cauchy sequence means that the distance between two points u,, and u,, is very
small when n and m are very large.

Definition 1.3 Let {u,} be asequence in ametric space (X, d).Itis called convergent
with limit u in X if, for ¢ > 0, there exists a natural number N having property

du,,u) <evVn>N

If {u,} converges to u, that is, {u,} — u as n — oo, then we write, lim u, = u.
n—oo

Definition 1.4 Let every Cauchy sequence in a metric space (X, d) is convergent.
Then (X, d) is called a complete metric space.
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Complete Metric Spaces

Example 1.7 (a) Spaces R, R2, R", £,, Cla, b] withmetric (a) of Example 1.5 and
Ly[a, b] are examples of complete metric spaces.

(b) (0, 1] is not a complete metric space.

(¢) Cla, b] with integral metric is not a complete metric space.

(d) The set of rational numbers is not a complete metric space.

(e) Cla, b] with (b) of Example 1.5 is not complete metric space.

Definition 1.5 (a) A subset M of a metric space (X, d) is said to be bounded if
there exists a positive constant k such that d(u, v) < k for all u, v belonging to
M.

(b) A subset M of a metric space (X, d) is closed if every convergent sequence {u,}
in M is convergent in M.

(c) If every bounded sequence M C (X, d) has a convergent subsequence then the
subset M is called compact.

(d) LetT : (X,d) — (Y,d).Tiscalled continuous if u, — wimplies that 7' (u,)) —
Tu; thatis, d(u,,u) — 0asn — oo implies that d(T (u,), Tu) — 0.

Remark 1.3 1. It may be noted that every bounded and closed subset of (R", d) is
a compact subset.
2. Itmay be observed that each closed subset of a complete metric space is complete.
As we see above, a metric is a distance between two points. We introduce now
the concept of distance between the subsets of a set, for example, distance between
a line and a circle in R?. This is called Hausdorff metric.

Distance Between Two Subsets (Hausdorff Metric)
Let X be a set and H(X) be a set of all subsets of X. Suppose d(-, -) be a metric on
X. Then distance between a point u# of X and a subset M of X is defined as

du, M) = inf{d(u,v)/v € M}

or = inf {d(u, v)}
veM

Let M and N be two elements of H (X). Distance or metric between M and N denoted
by (M,N) is defined as

d(M,N) = sup inf d(u, v)
ueM VEN
= supd(u, N).

ueM

It can be verified that

d(M,N) #d(N, M)
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where

d(N, M) = sup in{ld(v, u)

veN UE

= sup inf d(u, v).
ueM ueN

Definition 1.6 The Hausdorff metric or the distance between two elements M and
N of a metric (X, d), denoted by h(M, N), is defined as

h(M, N) = max{d(M, N),d(N, M)}

Remark 1.4 1f H(X) denotes the set of all closed and bounded subsets of a metric
space (X, d) then h(M, N) is a metric. If X = R? then H (R?) the set of all compact
subsets of R? is a metric space with respect to 4(M, N).

Contraction Mapping

Definition 1.7 (Contraction Mapping) A mapping T : (X, d) — (X, d) is called a
Lipschitz continuous mapping if there exists a number « such that

d(Tu,Tv) <adu,v)Vu,v e X.

If @ lies in [0, 1), thatis, 0 < o < 1, then T is called a contraction mapping. « is
called the contractivity factor of T'.

Example 1.8 LetT: R — Rbedefined as Tu = (1+u)'/. Then finding a solution
to the equation Tu = u is equivalent to solving the equation u® —u — 1 =0.T isa
contraction mapping on I = [1, 2], where the contractivity factor is & = (3)!/3 — 1.

Example 1.9 (a) Let Tu = 1/3u,0 <u < 1. Then T is a contraction mapping on
[0, 1] with contractivity factor 1/3.

(b) Let S(u) = u + b, u € R and b be any fixed element of R. Then S is not a
contraction mapping.

Example 1.10 Let I = [a,b] and f: [a, b] — [a, b] and suppose that f’(u) exist
and | f'(x)| < 1. Then f is a contraction mapping on [ into itself.

Definition 1.8 (Fixed Point) Let T be a mapping on a metric space (X, d) into itself.
u € X is called a fixed point if

Tu=u
Theorem 1.1 (Existence of Fixed Point-Contraction Mapping Theorem by Stefan

Banach) Let (X, d) be a complete metric space and let T be a contraction mapping
on (X, d) into itself with contractivity factor «. Then there exists only one point u in X
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such that Tu = u, that T has a unique fixed point. Furthermore, for any u € (X, d),

the sequence x, T (x), T%(x), ..., T*(x) converges to the point u; that is
lim 7F = u
k—o00

Proof We know that 72(x) = T(T (x)), ..., T*(x) = T(T* Y (x)), and

d(T" (x), T"(x)) < ad(T"~"(x), T""(x))
S amd(.x, Tn—m(x))

<" ) (T (), TH)
k=1

n—m

<a” Zak_ld(x, T (x))
k=1
This we obtain by applying contractivity (k — 1) times. It is clear that

d(T"(x), T"(x)) = 0as m,n — o0

and so 7" (x) is a Cauchy sequence in a complete metric space (X, d). This sequence
must be convergent, that is

Iim T"x =u

m—00

We show that u is a fixed point of T, that is, 7' (#) = u. In fact, we will show that u
is unique. 7' () = u is equivalent to showing that d(T (u), u) = 0.

d(T(u),u) =du, T u))
< d(u, TF(x)) + d(T*(x), T (w))
<d@u, T*(x)) + ad(u, T*"'(x)) > 0as k — oo

It is clear that
lim d(u, T*(x)) =0
k— 00
asu = klim T*(x) and klim du, T*'(x) =0 (u= klim T*(x)).
Let v be another element in X such that 7' (v) = v. Then
du,v) =d(T ), T(v)) <ad(u,v)

This implies d(u, v) = 0 or u = v (Axiom (i) of the metric space).
Thus, 7" has a unique fixed point.
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1.3 Application of Banach Contraction Mapping Theorem

1.3.1 Application to Matrix Equation

Suppose we want to find the solution of a system of n linear algebraic equations with
n unknowns

anxi +apxy + -+ apx, = by
ayxy +anxy + -+ ayx, = by (12)

ap1X1 + ap2X2 +---+ AppXp = bn
Equivalent matrix formulation Ax = b, where

app ap --- dn
da) az - Ay

Ap) Ap2 -+ - App

x = (1, X2, 0, )T ¥ = (1, V25 00 Y0) T
The system can be written as

x1 =0 —ai)x1 —apxy--- —apx, +by
Xo = —ayx; — (1 —axn)xy - — axx, + b (1.3)
Xy = —Ap1 X1 — QX3+ + (1 - ann)xn + bn

By letting ®jj = —daij + (S,‘j where

5. — 1, fori=j
Y0, fori#j

Equation (1.2) can be written in the following equivalent form

n

xi = Za,,-xj +b,i=12,...n (1.4)
j=1
Ifx = (x, x2,...,x,) € R", then Eq. (1.1) can be written in the equivalent form
x—Ax+b=x (1.5)

Let Tx = x — Ax + b. Then the problem of finding the solution of system Ax = b
is equivalent to finding fixed points of the map 7.
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Now, Tx — Tx" = (I — A)(x — x’) and we show that T is a contraction under a
reasonable condition on the matrix.

In order to find a unique fixed point of 7', i.e., a unique solution of system of
equations (1.1), we apply Theorem 1.1. In fact, we prove the following result.

Equation (1.1) has a unique solution if

Dol =) I —aij+8;1<k<1 i=12..n
j=i j=1

For x = (x1, x2, ..., x,) and x" = (x{, x}, ..., x,), we have

d(Tx, Tx"y =d(y,y")

where
yz(yl’yZ""vyn)eRn
Y =01 y) €ER"
n
Vi =Zaijxj-l-bi
j=1
n
y _Zotijxj~|—b,z_l,2, n
j=1
‘We have

d(y,y) = sup |y; — yil

1<izn

n
= Sup Zaij(xj—x_;)
j=1

n
= sup Y layjllx; — x|
j=1

1<i<n "._

n
sup |x; —x;| sup Z|a,-j|
1<i<n Tol<i<n =1

IA

IA

k sup |x; —x}|
1<i<n
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SinceZ'}=1 lij| <k < 1fori =1,2,...,nandd(x,x’) =supl < j < n|x‘,~—x}|,
we have d(Tx, Tx') < kd(x,x),0 <k < 1;i.e, T is a contraction mapping on R"
into itself. Hence, by Theorem 1.1, there exists a unique fixed point x* of 7 in R";
i.e., x* is a unique solution of system (1.1).

1.3.2 Application to Integral Equation

Here, we prove the following existence theorem for integral equations.

Theorem 1.2 Let the function H(x, y) be defined and measurable in the square
A={(x,y)/a <x <b,a <y < b}. Further, let

b b
f/|H<x,y)|2<oo

and g(x) € Ly(a, b). Then the integral equation

b
fx) =gk) +/Lf H(x,y)f(y)dy (1.6)

possesses a unique solution f(x) € L,(a, b) for every sufficiently small value of the
parameter (L.

Proof For applying Theorem 1.1, let X = L,, and consider the mapping 7

T: Ly(a,b) — Ly(a,b)
Tf=h

b
where h(x) = g(x) +u [ H(x, y) f(y)dy € La(a, b).

a
This definition is valid for each f € L,(a, b), h € L,(a, b), and this can be seen
as follows. Since g € L,(a, b) and u is scalar, it is sufficient to show that

b

Yx) = f K(x.y) f()dy € La(a, b)

a

By the Cauchy—Schwarz inequality
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b
< / H(x. y) f(5)ldy

b 172 b 1/2
< /|H(x,y)|2dy (/ If(y)|2)

b
/ H(x,y)f(y)dy

Therefore
b 2
WP = (| / H(x,y)f(y)dy)
) b
< ( f |H(x,y>|2dy) ( f If(y)lzdy)
or
b b b b
f|w(x)|2dx < f(/|H<x,y>|2dy></|f(y>|2dy>dx
By the hypothesis,
b b
// |H (x, y)|*dxdy < oo
and
b
/If(y)lzdy <00
Thus

b
v = [ He ) f 0y € Lata.b)
We know that L, (a, b) is a complete metric space with metric

b 1/2
d(f,g) = ( / | f(x) — g(x)|2dx)
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Now we show that T is a contraction mapping. We have d(Tf, T f) = d(h, hy),
where
b
hx) = (o) + u/ Hx, y) fi(3)dy
a
b 2

b
d(h,h1>=|u|(/ /K(x,y)[f(y)—fl(y)]dy an)'”

b b 72 1/2
< lul //|H(x,y>|2dx dy flf(y)—fl(y)lzdy
a a a
by using Cauchy—Schwarz—Bunyakowski inequality. a
Hence, d(Tf, Tf1) < |ul| (ff |K (x, y)|2dxdy> d(f, f1). By definition of
the metric in L,, we have o
b 1/2
d(f. f) = f If ) = fi(y)I*dy
If
b b 1/2
i<y | [ [P
then
d(Tf, Tf) =kd(f, f1)
where
1/2

b b
0<k=ul //|H(x,y>|2dxdy <1

Thus, T is a contraction and, so 7 has a unique fixed point, say, there exists a unique
f* € Lyla, b] such that T f* = f*. Therefore, f* is a solution of equation (1.6).
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1.3.3 Existence of Solution of Differential Equation

We prove Picard theorem applying contraction mapping theorem of Banach.

Theorem 1.3 Picard’s Theorem Let g(x, y) be a continuous function defined on a
rectangle M = {(x,y)/a < x < b,c <y < d} and satisfy the Lipschitz condition
of order 1 in variable y. Moreover, let (ug, vo) be an interior point of M. Then the
differential equation

dy
o =8 (1.7)
X

has a unique solution, say y = f(x) which passes through (ug, vy).

Proof We examine in the first place that finding the solution of equation (1.6) is
equivalent to the problem of finding the solution of an integral equation. If y = f(x)
satisfies (1.6) and satisfies the condition that f (uo) = vy, then integrating (1.6) from
ug to x, we have

X

J @) = fluo) = fg(t, f@)dt

uo

X

FG) = vo + / o, F(0)dt (1.8)

uo

Thus, solution of (1.6) is equivalent to a unique solution of (1.7).

Solution of (1.7): |g(x, y1) — g(x, y2)| < qly1 — y21, ¢ > 0 as g(x, y) satisfies
the Lipschitz condition of order 1 in the second variable y. g(x, y) is bounded on M;
that is, there exists a positive constant k such that |g(x, y)| < mV(x, y) € M. This
is true as f (x, y) is continuous on a compact subset M of R2.

Find a positive constant p such that pg < 1 and the rectangle N = {(x, y)/ —
p+us<x<p+uy, —pm+vy <y =< pm+vy}iscontained in M.

Suppose X is the set of all real-valued continuous functions y = f(x) defined on
[—p + ug, p + up] such that d(f(x), ug) < mp. Itis clear that X is a closed subset
of Clug — p, ug + p] with sup metric (Example 1.5(a)). It is a complete metric space
by Remark 1.3.

Remark 1.5 Define a mapping 7: X — X by Tf = h, where h(x) = vy +

X
/g(t, f(t)dt). T is well defined as

uo

X

d(h(x),vo) = sup /g(t, f@)dt| <m(x —ug) < mp

uo
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h(x) € X.
For f, fi e X

X

A(TF,TR) = dh, hy) = sup / o(t, £ (1) — g(t. fi(o))di

X0

= 61/ Lf @) — fr@)lde

< gpd(f, f1)

or

d(Tf, Tfl) = ad(g’ gl)

where 0 <o =¢gp < 1

Therefore, T is a contraction mapping or complete metric space and by virtue
of Theorem 1.1, T has a unique fixed point. This fixed point say f* is the unique
solution of equation (1.6).

For more details, see [Bo 85, Is 85, Ko Ak 64, Sm 74, Ta 58, Li So 74].

1.4 Problems

Problem 1.1 Verify that (R?, d), where d(x,y) = |x; — yi| + |x2 — y»| for all
x = (x1,%2), y = (y1, y2) € R?, is a metric space.

Problem 1.2 Verify that (R?, d), where d(x, y) = max{|x; — yi|, |x2 — y»|} for all

x = (x1,%2),y = (b1, y2) € R?, is a metric space.

Problem 1.3 Verify that (R?, d), whered (x, y) = (3 |x;—y;|*)!/*forallx, y € R,
i=1

is a metric space.
Problem 1.4 Verify that (C[a, b], d), where d(f, g) = sup |f(x) — g(x)] for all

a<x<b

f, g € Cla, b], is a complete metric space.

b
Problem 1.5 Verify that (Ly[a, b], d), where d(f, g) = (| f(x) — g(x)|)/%, isa

complete metric space.

Problem 1.6 Prove that £,, 1 < p < oo is a complete metric space.
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Problem 1.7 Letm = {., denote the set of all bounded real sequences. Then check
that m is a metric space. Is it complete?

Problem 1.8 Show that C[a, b] with integral metric defined on it is not a complete
metric space.

Problem 1.9 Verify that A(-, -), defined in Definition 1.6, is a metric for all closed
and bounded sets A and B.

Problem 1.10 Let 7: R — R be defined by Tu = u>. Find fixed points of 7.
Problem 1.11 Find fixed points of the identity mapping of a metric space (X, d).

Problem 1.12 Verify that the Banach contraction theorem does not hold for incom-
plete metric spaces.

Problem 1.13 Let X = {x € R/x > 1} C Randlet T: X — X be defined
by Tx = (1/2)x 4+ x'. Check that T is a contraction mapping on (X, d), where
d(x,y) = |x — y|, into itself.

Problem 1.14 Let7 — Rt — R and Tx = x + ¢, where R™ denotes the set of
positive real numbers. Check that T is not a contraction mapping.

Problem 1.15 Let T: R> — R? be defined by T (x;, x») = (x21/3, x11/3). What are

the fixed points of 7'? Check whether T is continuous in a quadrant?

Problem 1.16 Let (X, d) be a complete metric space and 7 a continuous mapping
on X into itself such that for some integern, 7" =T oT oT ---oT is a contraction
mapping. Then show that 7 has a unique fixed point in X.

Problem 1.17 Let (X, d) be acomplete metric space and 7 be a contraction mapping
on X into itself with contractivity factor &, 0 < o < 1. Suppose that u is the unique
fixed point of T and x; = Tx, xp = Txy, x3 = Txp,..., x, = T(T" 'x) =
T"x,...forany x € X is a sequence. Then prove that

Lo d@xpu) < (#5)Vm

2. d(xm,u) < ﬁd(xm—l’xm) Vm

Problem 1.18 Prove that every contraction mapping defined on a metric space X is
continuous, but the converse may not be true.



Chapter 2 ®)
Banach Spaces oo

Abstract The chapteris devoted to a generalization of Euclidean space of dimension
n, namely R" (vector space of dimension n), known as Banach space. This was
introduced by a young engineering student of Poland, Stefan Banach. Spaces of
sequences and spaces of different classes of functions such as spaces of continuous
differential integrable functions are examples of structures studied by Banach. The
properties of set of all operators or mappings (linear/bounded) have been studied.
Geometrical and topological properties of Banach space and its general case normed
space are presented.

Keywords Normed space  Banach space + Toplogical properties + Properties of
operators * Spaces of operators - Convex sets * Convex functionals - Dual space -
Reflexive space + Algebra of operators

2.1 Introduction

A young student of an undergraduate engineering course, Stefan Banach of Poland,
introduced the notion of magnitude or length of a vector around 1918. This led to
the study of structures called normed space and special class, named Banach space.
In subsequent years, the study of these spaces provided foundation of a branch of
mathematics called functional analysis or infinite-dimensional calculus. It will be
seen that every Banach space is a normed linear space or simply normed space and
every normed space is a metric space. It is well known that every metric space is
a topological space. Properties of linear operators (mappings) defined on a Banach
space into itself or any other Banach space are discussed in this chapter. Concrete
examples are given. Results presented in this chapter may prove useful for proper
understanding of various branches of mathematics, science, and technology.

© Springer Nature Singapore Pte Ltd. 2018 15
A.H. Siddiqi, Functional Analysis and Applications, Industrial and Applied Mathematics,
https://doi.org/10.1007/978-981-10-3725-2_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-10-3725-2_2&domain=pdf

16 2 Banach Spaces

2.2 Basic Results of Banach Spaces

Definition 2.1 Let X be a vector space over R. A real-valued function || - || defined
on X and satisfying the following conditions is called a norm:

@) |lx[| = 0; ||x|] = 0if and only if x = 0.
(i) [lax]| = || ||x|| forallx € X and @ € R.
(i) [P+ yll < [lxll+[IyIVx,y € X.

(X, 1] - I, vector space X equipped with || - || is called a normed space.

Remark 2.1 (a) Norm of a vector is nothing but length or magnitude of the vector.
Axiom (7) implies that norm of a vector is nonnegative and its value is zero if
the vector is itself is zero.

(b) Axiom (i) implies that if norm of x € X is multiplied by ||, then it is equal to
the norm of ax, that is || ||x|| = |Jax]|| for all X in X and @ € R.

(c) Axiom (iii) is known as the triangle inequality.

(d) It may be observed that the norm of a vector is the generalization of absolute
value of real numbers.

(e) Itcan be checked (Problem2.1) that normed space (X, d) is a metric space with
metric:

dx,y) =|lx—y|l,Vxand y € X.

Since d(x,0) = ||x — O|| = ||x|| so that the norm of any vector can be treated
as the distance between the vector and the origin or the zero vector of X. The
concept of Cauchy sequence, convergent sequence, completeness introduced in
a metric space can be extended to a associate normed space. A metric space is
not necessarily a normed space (see Problem2.1).

(f) Different norms can be defined on a vector space; see Example2.4.

(g) A norm is called seminorm if the statement ||x|| = 0 if and only if x = 0 is
dropped.

Definition 2.2 A normed space X is called a Banach space, if its every Cauchy
sequence is convergent, that is ||x, — x,,|| — 0 as n, m — 00 Vx,, x,, € X implies
that 3 x € X such that ||x, — x|| > 0 as n — 00).

Remark 2.2 (i) Let (X, || -||) be a normed space and Y be a subspace of vector X.
Then, (Y, || - ||) is a normed space.

(ii) LetY be a closed subspace of a Banach space (X, || - ||). Then, (Y, || - ||) is also
a Banach space.
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2.2.1 Examples of Normed and Banach Spaces

Example 2.1 Let R denote the vector space of real numbers. Then, (R, ||.||) is a
normed space, where ||x|| = |x|,x € R (|x| denotes the absolute value of real
number x).

Example 2.2 The vector space R” (the plane where points have coordinates with
respect to two orthogonal axes) is a normed space with respect to the following
norms:

1. |lall; = |x| + |y|, where a = (x,y) € R.
2. |lall, = max{|x|, |yl}.
3. lalls = (x* + yH)/2

Example 2.3 The vector space C of all complex numbers is a normed space with

respect to the norm ||z|| = |z|, z € C(] - |denotes the absolute value of the complex
number).
Example 2.4 The vector space R" of all n-tuples x = (uy, u, . .., u,) of real numbers

is a normed space with respect to the following norms:

Lo lxlh = 224y el

; 1/2
2. x|l = (Z |uk|2> :
k=1
n 1/p
3. |x]|z = (Z|uk|" where | < p < oo.
k=1
4. |lxlla = max{lu|, |ua] . .. |unl}.
Notes

L. R" equipped with the norm defined by (3) is usually denoted by £;.
2. R" equipped with the norm defined by (4) is usually denoted by £ .

Example 2.5 The vector space m of all bounded sequences of real numbers is a
normed space with the norm ||x|| = sup |x,|. (Sometimes £* or £, is used in place
n

of m).

Example 2.6 The vector space ¢ of all convergent sequences of real numbers u =
{uz} is a normed space with the norm ||u|| = sup |u,]|.
n

Example 2.7 The vector space of all convergent sequences of real numbers with
limit zero is denoted by ¢y which is a normed space with respect to the norm of c.

o0
Example 2.8 The vector space £,, 1 < p < oo, of sequences for which ) [u |’ <
k=1

00 1/p
0o is a normed space with norm ||x||, = |:Z |uk|"i|
k=1
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Example 2.9 The vector space Cla, b] of all real-valued continuous functions
defined on [a, b] is a normed space with respect to the following norms:

b
@ IIflh = [ If (0)]dx.

) 1/2
®) [Ifll2 = <afb V(X)I) dx
© Iflls = aililzblf(X)L
(where || - ||3 ;s ;alled uniform convergence norm).

Example 2.10 The vector space P[0, 1] of all polynomials on [0, 1] with the norm

[lx]| = sup |x(2)]
0<t<1

is a normed space.

Example 2.11 Let M be any nonempty set, and let B(M) the class of all bounded
real-valued functions defined on M. Then, B(M ) is a normed space with respect to
the norm

Il = sup [f(1)].
teM

Note If M is the set of positive integers, then m is a special case of B(M).

Example 2.12 Let M be a topological space, and let BC(M) denote the set of all
bounded and continuous real-valued functions definedon M . Then, B(M ) © BC(M),
and BC (M) is a normed space with the norm ||f || = sup |f (#)|Vf € BC(M).

teA

Note If M is compact, then every real-valued continuous function defined on A is
bounded. Thus, if M is a compact topological space, then the set of all real-valued
continuous functions defined on M, denoted by C(M) = BC (M), is a normed space
with the same norm as in Example 2.12. If M = [a, b], we get the normed space of
Example 2.9 with || - ||5.

Example 2.13 Suppose p > 1 (p is not necessarily an integer). .}, denotes the class
of all real-valued functions f (¢) such that f (¢) is defined for all ¢, with the possible
exception of a set of measure zero (almost everywhere or a.e.), is measurable and
[f (1|7 is Lebesgue integrable over (0o, 00). Define an equivalence relation in .Z),
by stating that f'(r) ~ g(¢) if f(#) = g(¢t)a.e. The set of all equivalence classes into
which .}, is thus divided is denoted by L, or L”. L, is a vector space and a normed
space with respect to the following norm:
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1/p

A= f IF' () Pde

Notes

1. Inplace of (—o0, 00), one can consider (0, co) or any finite interval (a, b) or any
measurable set E.

2. £V represents the equivalence class [f].

3. .Z, is notanormed space if the equality is considered in the usual sense. However,
%, is a seminormed space, which means ||f|| = 0, while f # 0.

4. The zero element of %, is the equivalence class consisting of all f € L, such that
f(@) =0a.e.

Example 2.14 Let [a, b] be a finite or an infinite interval of the real line. Then,
a measurable function f (¢) defined on [a, b] is called essentially bounded if there
exists k£ > 0 such that the set {t/f (#) > k} has measure zero; i.e., f () is bounded a.e.
on [a, b]. Let Ly[a, b] denote the class of all measurable and essentially bounded
functions f' (1) defined on [a, b]. Ly is inrelation to L., just as we define L, in relation

t0 €. Lo Or Lo is a normed space with the norm |[f (V|| = sgp If ()| [ essential least
t
upper bound of |f (¢)| or essential supremum of |f (#)| over the domain of definition

of f1.

Example 2.15 The vector space BV [a, b] of all functions of bounded variation on
[a, b] is a normed space with respect to the norm ||f || = |f (a)|+ Vab (x), where Vab (x)
denotes the total variation of f (¢) on [a, b].

Example 2.16 The vector space C*[a, b] of all infinitely differentiable functions on
[a, b] is a normed space with respect to the following norm:

I/p

b n
1l = /Z|D7(z)|f’dt lsp<oo
i=0

a
where D; denotes the ith derivative.
Note The vector space C*[a, b] can be normed in infinitely many ways.

Example 2.17 Let C*(£2) denote the space of all real functions of n variables defined
on £2 (an open subset of R") which are continuously differentiable up to order k. Let

n
a = (a1, a2, ..., a,) Where o’s are nonnegative integers, and || = Y «. Then for
i=1
f € C*(£2),the following derivatives exist and are continuous:

gl
DYf — M—fa|a| <k
o1y, ..., 0t,"
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Ck(£2) is a normed space under the norm

Iflke = max sup|D°f]

O<ler|<k

Example 2.18 Let C§°(£2) denote the vector space of all infinitely differentiable
functions with compact support on £2 (an open subset of R"). C;°(£2) is a normed
space with respect to the following norm:

1/p

Fllp = /Z |Df (1)|Pdt

o lal=k

where §2 and D*f are as in Example2.17.
For compact support, see Definition A.14(7) of Appendix A.3.

Example 2.19 The set of all absolutely continuous functions on [a, b], which is
denoted by ACla, b], is a subspace of BV [a, b]. AC|a, b] is normed space with the
norm of Example 2.15.

Example 2.20 The class Lip,[a, b], the set of all functions f satisfying the condition

[lflle = sup

t>0,x

<lf(X+t)—f(X)|) >

tO(

is a normed space for a suitable choice of «.

2.3 Closed, Denseness, and Separability

2.3.1 Introduction to Closed, Dense, and Separable Sets

Definition 2.3 (a) Let X be a normed linear space. A subset Y of X is called a
closed set if it contains all of its limit points. Let Y’ denote the set of all limit
points of Y, then ¥ U Y’ is called the closure of Y and is denoted by Y, that is,
Y=YUY'.

(b) LetS,(a) ={x e X/|lx—all <r, r> 0}.S,(a) is called the open sphere with
radius r and center a of the normed space X. If @ = 0 and r = 1, then it is called
the unit sphere.

(c) LetS,(a) = {x € X/||x—al| <r, r> 0}, then S,(a) is called the closed sphere
with radius r and center a. S (0) is called the unit closed sphere.

Remark 2.3 (1) It is_clear that Y c Y. It follows immediately that Y is closed if
andonlyif Y =Y.
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(i1) It can be verified that C[—1, 1] is not a closed subspace in Ly[—1, 1].
(iii)) The concept of closed subset is useful while studying the solution of equation.

Definition 2.4 (Dense Subsets) Suppose A and B are two subsets of X such that
A C B. A is called dense in B if for each v € B and every ¢ > 0, there_exists an
element u € A such that ||[v — u||x < €. If A is dense in B, then we write A = B.

Example 2.21 (i) The set of rational numbers Q is dense in the set of real numbers
R, thatis O = R.

(i) The space of all real continuous functions defined on §£2 C R denoted by C (£2)
is dense in L, (£2), that is, C'(.Q) = 1,(£2).

(iii) The set of all polynomials defined on £2 is dense in L,(£2).

Definition 2.5 (Separable Sets) Let X possess a countable subset which is dense in
it, then X is called a separable normed space.

Example 2.22 (i) Qisacountable dense subset of R. There R is a separable normed
linear space.
(i) R"is separable.
(iii) The set of all polynomials with rational coefficients is dense and countable in
L,(82). Therefore, L, (£2) is separable.

It may be observed that a normed space may contain more than one subset which is
dense and countable.

Definition 2.6 Normed linear spaces (X, || - ||1) and (Y, || - ||2) are called isomet-
ric and isomorphic if following conditions are satisfied: There exists a one-to-one
mapping 7 of X and Y having properties:

(@)
dr(Tx, Ty) = ||Tuy — Tuzl|o = |lug — wuz||1 = d(ui, up) or ||Tx||2 = ||x||;

T is linear, namely

(ii)
Tx+y) =Tx+T1Ty,Vx,y e X
(iii)
T(ax) =aTx,Vxe X, a e Ror C
If X and Y are isometric and isomorphic, then we write X = Y. It means that

two isometric and isomorphic spaces can be viewed as the same in two different
guises. Elements of two such spaces may be different, but topological and algebraic
properties will be same. In other words distance, continuity, convergence, closedness,
denseness, separability, etc., will be equivalent in such spaces. We encounter such
situations in Sect.2.5.
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Definition 2.7 (a) Normed spaces (X, ||-]|;) and (X, ||-||2) are called topologically
equivalent, or equivalently two norms || - ||; and || - || are equivalent if there
exist constants k; > 0 and k, > O such that

killxllr < llxll2 < kallx]].

(b) A normed space is called finite-dimensional if the underlying vector space has a
finite basis; that is, it is finite-dimensional. If underlying vector space does not
have finite basis, the given normal space is called infinite-dimensional.

Theorem 2.1 Allnorms defined on a finite-dimensional vector space are equivalent.

Theorem 2.2 Every normed space X is homeomorphic to its open unit ball S (0) =
{x e X/IIx|]| <1}

2.3.2 Riesz Theorem and Construction of a New Banach
Space

If M is a proper closed subspace of a normed space X, then a theorem by Riesz tells
us that there are points at a nonzero distance from Y. More precisely, we have

Theorem 2.3 (Riesz Theorem) Let M be a proper closed subspace of a normed
space X, and let ¢ > 0. Then, there exists an x € X with ||x|| = 1 such that
dx,M)>1—e.

Riesz theorem can be used to prove that a normed space is finite-dimensional if and
only if its bounded closed subsets are compact.

The following result provides us the most useful method of forming a new Banach
space from a given Banach space:

Theorem 2.4 Let M be a closed subspace of a Banach space X. Then, the factor or
quotient vector space X /M is a Banach space with the norm

[lx+M|| = inﬁg{||u+x||}f0reachu eX
XE

2.3.3 Dimension of Normed Spaces

R, R", Z;, C are examples of finite-dimensional normed spaces. In fact, all real
finite-dimensional normed spaces of dimension n are isomorphic to R".

Cla,bl, ¢,, L,, P[0,1], BV]a,b], Ck(£2), etc., are examples of infinite-
dimensional normed spaces.
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2.3.4 Open and Closed Spheres

Fig. 2.1 The geometrical
meaning of open and closed
unit spheres in Example 2.2

@

. Consider a normed space R of real numbers, an open sphere with radius » > 0

and center a which we denote by S,(a). This is nothing but an open interval
(a — r,a + r). The closed sphere S, (a) is the closed interval [a — r, a + r]. The
open unit sphere is (—1, 1), and the closed unit sphere is [—1, 1].

(a)

(b)

Consider the normed space R? (plane) with the norm (1) (see Example2.2).
Let

x = (x1,x) € Rz,a = (a1, ar) € R?
Then,
Sr(@) ={x € Ro/llx —all <r} ={x € Ro/{lx1 — a1l + |x2 — az|}}
and

Si(a) = {x e R*/{Ix1 —ai]| + |x2 — ax]} <1}
S; = {x € R¥{[xi]| + x|} < 1}
Si={{x e R¥lx| +Ixl}} <1

Figure 2.1 illustrates the geometrical meaning of the open and closed unit
spheres.

S1 = Parallelogram with vertices (—1, 0), (0, 1), (1,0), (0, —1).

S1 = Parallelogram without sides AB, BC, CD, and DA. Surface or boundary
of the closed unit sphere is lines AB, BC, CD, and DA.

If we consider R* with respect to the norm (2) in Example 2.2, Fig. 2.2 repre-
sents the open and closed unit spheres. The rectangle ABCD = S|, where S;
is the rectangle without the four sides.
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Fig. 2.2 The geometrical X
. 2
meaning of open and closed
unit spheres in Example 2.2
@)
1
A B
~1 1
X
D C
-1

Sp = {x = (x1,x) € R*/max(|x|, |x2]) < 1}

Si = {x = (v1,0) € R*/max(Ix], ) < 1}
Surface or boundary S is given by

S = {x = (x1,x) € Ry/max(|x{], [xz|) = 1}
= Sides AB, BC, CD and DA

(c) Figure2.3 illustrates the geometrical meaning of the open and closed unit
spheres in R> with respect to norm (3) of Example 2.2.

Sp={x=(x,x) € R?/(x] +x)'* < 1)
S) = {x=(x1,x) € R®/(x] +x3)'* < 1}

S is the circumference of the circle with center at the origin and radius 1.

Sy is the interior of the circle with radius 1 and center at the 0rigin.§ 1 is the

circle (including the circumference) with center at the origin and radius 1.
3. Consider C[0, 1] with the norm [|f|| = sup |f(¢)]. Let S,.(g) be a closed sphere

0<t<l1
in C[0, 1] with center g and radius r. Then,

S:(g) = {h € CI0, 1]/]lg — hl| <1}
= {h € C[0, 1]/ sup [g(x) —h(x)| <r}
0<x<l
This implies that |g(x) — h(x)| < r or h(x) € [g(x) — r, g(x) + r]; see Fig.2.4.
h(x) lies within the broken lines. One of these is obtained by lowering g(x) by r
and other raising g(x) by the same distance r. It is clear that 2(x) € S7(g). If h(x)
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Fig. 2.3 The geometrical
meaning of open and closed
unit spheres of Example 2.2
3

Fig. 2.4 The geometrical
meaning of open and closed
unit spheres in C[0, 1]

25
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1
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X
-1
y
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hhhhh o —
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lies between broken lines and never meets one of them, ||h — g|| < r and then
h(x) € S,(g) that is h(x) belongs to k and open ball with center g and radius r. If
|lg — h|| = r, then h lies on the boundary of open ball S,(g).

2.4 Bounded and Unbounded Operators

2.4.1 Definitions and Examples

Definition 2.8 Let U and V be two normed spaces. Then,

1. A mapping T from U into V is called an operator or a transformation. The value

of T atx € U is denoted by T (x) or Tx.

2. T is called a linear operator or linear transformation if the following conditions

are satisfied:
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@ Tx+y)=Tx+Ty, Vx,yeU.
() T(ax) =aTx, Vx € U and real «.

3. The operator T is called bounded if there exists a real k > 0 such that ||Tx|| <
klx|[|]YxeU.

4. T is called continuous at a point xy € U if, given ¢ > 0, there exists a § > 0,
depending on ¢ and x; such that ||Tx — Txy|| < &, whenever ||x — xo|| < &. T is
called continuous on X if it is continuous at every point of X .

5. T is called uniformly continuous if, for ¢ > 0, there exists a § > 0, independent
of xg, such that for any xy and x € X with ||x —xg|| < 8, we have ||Tx —Txy|| < ¢.

6. |IT]| = sup{%/x = 0} is called the norm of the bounded operator 7' (For an
unbounded operator, the sup may not exist).

7. If Y = R, the normed space of real numbers, then T is called a functional and it
is usually denoted by F.

8. For the operator 7', the set R = {T'(x) € U/x € V} and the set
N={xeU/Tkx) =0}

are called the range and null spaces, respectively.

Remark 2.4 1. When we write ||Tx|| or ||Tx — Txg||, it is clear that we are consid-
ering the norm of V. If V = R, then ||Tx|| and ||Tx — Txy|| will be replaced by
|Tx| and |Tx — Txy|, respectively.

2. In recent years, the study of nonlinear operators has attracted the attention of

mathematicians in view of their important applications.

Two operators 7 and T, are equal (T} = 1) if T1x = Tox forallx € U.

4. The two conditions in Definition2.8(2) may be replaced by a single condition

T (ax + By) = aTx + BTy, where a and B are real numbers and x, y € U.
5. (@) If Tx = 0 forall x € X, then T is called the zero operator, null operator, or
trivial operator.
(b) If Tx = x for all x € X, then T is called the identity operator and is usually
denoted by /.

6. The first and second conditions of Definition2.8(2) are known as additive and

homogeneous properties, respectively.

(O8]

Example 2.23 Any real-valued function f : R — R, such as

1. f(x) =x
2. f(x) = sin(x) or cos(x)
3. fx) =€

4. f(x) =x*orx’®
5. f(x)=4x4+3x+4

are operators defined on the normed space of real numbers into itself. In fact, each
one is a functional. It can be easily seen that all are nonlinear except 1. The following
fact can be verified: A real-valued function is linear if and only if it is of the form
f(x) = ax, where « is a fixed real number, x € R.
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Example 2.24 Let four mappings be defined on R? as follows:

1.

Ti(x,y) = (ax, ay), where x, y € R and « is a fixed positive real number.

2. Th(x,y) = (xcos(f)—ysin(F), x sin(f) +y cos(F)); that is, T is a mapping which

»

rotates each point of the plane about the origin and through an angle (0).
T3(x,y) = x for all (x,y) € R%.
T4(x,y) =y for all (x, y) € R%.

OP = (& + )
00 = a(x* +y*)'?

where O is the origin in R?, and P and Q are arbitrary points in R?.

If (x, y) is any point P in the plane, then its image («x, oy) under 7T is point Q which
is colinear with P and the origin and « times as far from the origin as P.
If we take the norm (3) of Example 2.2, then

d((x, ), (0,0) = [|(x,y) — (0,0)]] = [|(x, D] = & +yH)"?

Ty, T», T5, and Ty are linear operators.

Example 2.25 Let A = (a;) be an m x n matrix. Then, the equations

n
ni= Y agki=1,23...m
j=1

define an operator 7 on R" into R™.

T:R"— R"

Tx =ywherex = (£1,&,...,&) €eR,y=01,n2,...,0n) € R"

1.

T is linear if

(@ T(x+x)=Tx+Tx
(b) T(ax) =aT(x)

LHS of (a)

=Ta+x) =T +&), E+E), ..., E+En)
where x = (&1, &, ..., &), x = (§],&},...,&)). Thus,
Ta+x)=) aj&+&) =Y ag& + Y az&)

j=1 j=1 j=1
= Tx + Tx' = RHS of (a)
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LHS of (b)

T(ax) =T (x(81, 82, - -, 80))

= T(O{E], Olé], ey aél)
= > ajag) =a ) a§) = aTx = RHS of (b)
j=1 j=1

2. T is uniformly continuous and hence continuous if A # 0.

Letx' = (&1,&,...,&,) € R" be fixed and let y’ = Tx'. Then, for an arbitrary
x=(£,&,...,&) € R", if y = Tx, we have

Iy = y'I1? = |1Tx — TxX'||?

2
D aiE) =Y ay(E)
j=1 j=1

1> a& —&IP
j=1

2
=Y 1> ay& &)
i=1 | j=1
Also,

172

e —xll = | D1 — &P
j=1

By applying the Cauchy—Schwartz—Bunyakowski’s inequality, we get

m n

n
y=YIP=Y D e | [ D15 — &
j=1

i=1 \ j=1

m n n
2 2
= E ;] E & — &1
! =

i=1 \ j=

m n

2 2

=" laglllx — x|
i=1 j=1

2
Iy =yl < cllx = x|
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where ¢2 = Z:il Z;l=1 |a,;,~|2

Thus, for a given ¢ > 0, we may choose § = ¢/c, provided ¢ # 0 such that
[lx = x'|| < &/cimplies ||Tx — Tx'|| = ||y — y|| < ce/c = e. This proves that T
is uniformly continuous provided A is a nontrivial matrix.

Remark 2.5 We shall see in Problem 2.6 that all linear operators defined on finite-
dimensional spaces are continuous.

Example 2.26 LetT: P,[0, 1] — P,[0, 1] be defined as follows:
d o .
Tp(t) = ap(t) (first derivative of the polynomial)

P,[0, 1] denotes the space of all polynomials on [0, 1] of degree less than or equal
to n which is a finite-dimensional normed space.

T is alinear operator on P, [0, 1] into itself as the following relations hold good by
the well-known properties of the derivative: T'(p; + p») = Tpy + Tp and T (ap;) =
aTp; for p; and p, € P,[0, 1] and for « real number. We have

Thus, ||x,|| = 1, but ||Tx,|| = n. In view of this, T is not bounded and by
Theorem 2.5; it is not continuous.

Example 2.27 Let X be a normed space under a norm || - ||. Then, a mapping T,
defined on X in the following way:

Tx = ||x]|
is a nonlinear operator. If we consider X = C[0, 1], with sup norm, then

Tf = sup |f(1)]

0<t<1

T(h+1h) = SUPI(I(fl +2)0) = SUPI(I(fl(t) +LOD

0<t< 0<t<
which may not be equal to [ sup |fi(#)|+ sup |f2(?)|]; thatis, T (f, +12) # Tf1 +Tf>.
0=<t=<1 0<t<1

Example 2.28 Let T be defined on ¢ as
Tx =0

where 0 = {0,} or o is the nth (C, 1) mean or Cesdro mean of order 1 of the sequence
x = {x,} € c. Then, T is a linear transformation on c into itself.
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Example 2.29 Let x = {x,} € m, then Tx =y, where

. xil
y=1{=
n
is a linear transformation of m into cy.

Example 2.30 Let T be a mapping on B(M ) defined as follows:

If =1 (1)
where t, is a fixed point of M, then T is a linear mapping on B(M ).

Example 2.31 Let T be a mapping on C[0, 1] which maps every function of C[0, 1]
t
to its Riemann integral, i.e., If = [ f(t)dz. Then, T is linear by the well-known

0
properties of the Riemann integral. We define an operator D on C[0, 1] by taking the
derivative of functions belonging to C[0, 1]; i.e.,

d
Df = 2

It is clear that D is not defined for all f () € C[O0, 1], and even if Df exists, it may
not belong to C[0, 1]. If, however, D is defined over a subspace of C[0, 1] which
consists of all functions having first continuous derivatives, the range of D is also
contained in C[0, 1]. D is linear but not continuous.

Example 2.32 Consider £,({,, p = 2), the mapping S defined below maps £, into
itself. For {x,} € £5, Sx, = ax, 1 + Bx,_1, where « and B are real constants. S is a
linear operator on £;.

Example 2.33 Let A be the subset of C[a, b] consisting of elements f () which
have first and second derivatives continuous on [a, b] such that f (a) = f'(a) = 0.
Let p and g belong to A. Let us define S on Cla, b] by Sf = g, where g(¢) =
@)+ p@)f'(t) + q@)f (¢). S is a linear operator on C[a, b] into A.

Example 2.34 Let H(s, t) be a continuous function on the square a < s < b,a <
b

t <bandf € Cla,b]. Then, S, defined by Sf = g, where g(s) = fH(s, nf (n)dt,

is a linear operator on C[a, b] into itself. S, defined by S|f = g, where g(s) =

b
f(s) — f K (s, t)f (t)dt, is also a linear operator on Cla, b] into itself.

a

Remark 2.6 Some well-known initial and boundary value problems can be expressed
in terms of S and S;.
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Fig. 2.5 LCR circuit

Example 2.35 Consider the LCR circuit as shown in Fig. 2.5. The differential equa-
tion for the charge f on the condenser is

d*f a f
Ry S A A 2.1
aw Ny Ty @)

where v(?) is the applied voltage at time t. If the initial conditions are assumed to be
£0) =0, L2 = 0and R* > 4L/C, then the solution of this differential equation is
given by

f(s) = /H(s—t)v(t)dt
0

where

e)»]S _ ekzs

Hs)= ——
L(A1 —22)
and A, A, are the distinct real roots of LA%2 + R + 1/C =0.If v € C[0, 00), then
so is f and, in this case, the previous equation may be written as f = Sv where S is
a linear operator on C[0, 00).

Thus, Eq. (2.1) can be written in the form

v=Tf
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where T is a linear operator defined on a subspace of C[0, 00).

Example 2.36 Letf(x) € Li(—m, ) and

Fx) ~ %ag + Xl:(a,, cos(nx) + sin(nx))

b/ T
where a, = (1/7) [ f(x)cosnxdx, b, = (1/7) [ f(x)sinnxdx. If Tf = {a,}, T
is a linear operator on L. B

Example 2.37 Let T: £, — £,, 1/p + 1/q = 1 be defined by Tx = y, where
X=X, X2, ..., %,...) €L,

o0
Y=01Y2 - Yns-..) €Ly withy; = Za[jxj
j=1

oo o0

and {a;;} is an infinite matrix satisfying the condition ) > |a;|? < 00, ¢ > 1. Then,
i=1j=1

T is a linear operator on £, into £,.

o0
Example 2.38 LetX = {x = {x}/ Y x| < o0, xis are real}.X is anormed space
1

o0
with respect to the norm ||x|| = sup |x;|. Let Tx = >_ x;. Then, 7 is a linear functional
i i=1
on X but it is not continuous:

o0

[o¢] o0
Ta+y) =) (i+y) =y x+y yi=Tx+Ty

i=1 i=1 i=1

and
o0 o0
T (ax) = Zoexi =« in =aT(x).
i=1 i=1
T is linear.
Letx=(1,1,...,1,0,0,...) be an element of X having the first n entries 1 and the

o0

rest 0. Then, ||x|| = sup |x;| = 1 and Tx = )_ x; = n. Therefore, T is not bounded.
i=1

In view of Theorem 2.5, it is not continuous.
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2.4.2 Properties of Linear Operators

The following results provide the interesting properties of linear operators:

Proposition 2.1 1. If S is a linear operator, then SO = 0.
2. Ifxi,x2, ..., x, belong to anormed space U and oy, a3, . . ., o, are real numbers,
then for any linear operator S defined on U

S (Xn: Ol,'xi> = ia(sxi)
i=1 i=1

3. Any operator S on a normed space is continuous if and only if x,, — xo implies
Sx,, — Sxo [x, € X and xy € X ].
4. The null space of a nonzero continuous linear operator is a closed subspace.

Theorem 2.5 Let U and V be normed spaces and S a linear operator on U into V.
Then, the following statements are equivalent:

1. S is continuous.

2. S is continuous at the origin.
3. S is bounded.

4. S8, is a bounded subset of Y.

Theorem 2.6 For a bounded linear operator S, the following conditions are equiv-
alent:

1. ||S]| = sup{'l‘ml/x # 0} or sup{‘lll‘iﬂl}.
x7#0
2. |ISI| = inf{k/[|Sx|| < kI|x|[}
3. NIS1 = sup{[ISx|| [Ix]| = 1}
4. [IS1l = sup{||Sx||/l|x]| = 1} or sup [[Sx]|

[lxl1=1

Theorem 2.7 The set Z[U, V] of all bounded linear operators on a normed space
U into a normed space V is a normed space. If V is a Banach space, then B[U, V]
is also a Banach space.

Remark 2.7 1. Tt can be verified that the right-hand side of (1) in Theorem2.6
exists and that ||Sx|| < [|S]| ||x|| holds good for bounded S.
2. In view of Theorem 2.5, the concepts of continuity and boundedness for linear
operators are equivalent.

Remark 2.8 In Theorem 2.7, if we take V as the Banach space of real numbers, then
we get the following result. “The set of all bounded linear functionals defined on
a normed space U is a Banach space.” This is usually denoted by U* or U and is
called the dual space, the conjugate space, the adjoint space, or first dual space of
the normed space U. U*™* denotes the space of bounded linear functionals of U* and
is called the second dual of U. For the representation of the elements of U* for some
well-known spaces, see Sect.2.4.
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Proof (Proof of Proposition?2.1)

1. S0+ 0) = So + Sp, by the additivity property of S. Also, LHS = S(0). Thus,
S0 = SO + SO. This implies that SO = 0.
2. Since S is linear, the result is true for n = 1, 2. Suppose it is true for n =k, i.e.,

S

k
E Q;X;
i=1

k

= aS(x)
i=1

Then clearly,

S((a1xy 4+ axy + -+ 4 o X)) + O 1 Xk41)

= a18x] + 0aSxp + - - -+ o Sxp + A1 SXg

that is, the result is true for n = k + 1. By the principle of finite induction, the
result is true for all finite n.

3. This is a special case of Theorem A.6(2) of Appendix A. In fact, the linearity is
not required.

4. Let N be the null space of S # 0 (S = 0) such that

X, yeEN=Sx=0andSy=0=Sx+y)=0=x+yeN.
XeEN=Sx=0=allx) =0= S(ax) =0= ax e N.

Thus, N is a subspace. Let x, € N and x,, — x. In order to show that N is closed,
we need to show that x € N. Since x, € N, Sx, = 0V n. As § is continuous
Sx, = Sx,s0 lim Sx, =Sx=0=xe X
n—oo
Proof (Proof of Theorem2.5) We shall prove that (1) < (2), (2) & (3), 3) & (4)
which means that all are equivalent.

1. (1) < (2): Suppose S is continuous, which means that S is continuous at every
point of X. Thus, (1) = (2) is obvious. Now suppose that S is continuous at the
origin, that is, for x, € X with x, — 0, Sx, — 0. This implies that if x, — x,
then S(x, — x) = Sx, — Sx — 0. That is, for x, — x in X, Sx, — Sx in Y. By
Proposition?2.1, S is continuous and (2) = (1).

2. (2) < (3): Suppose that S is continuous at the origin. Thenx, — 0 = Sx, — 0
by Proposition2.1. Suppose further that S is not bounded. This implies that for
each natural number n, we can find a vector x,, such that

1
[1Sxull > nllxal| 0r ——[[Sx,|| > 1
nf|x,||
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HS <n||)1cn||x”> H -

By choosing y, = on 7, We see that y, — 0 but Sy, - 0. This contradicts the
first assumption. Hence, S is bounded whenever S is continuous at the origin, i.e.,
2) = (3).

To prove the converse, assume that S is bounded, i.e., there exists k& > 0 such
that ||Sx|| < klJx]||. It follows immediately that if x, — O, then Sx, — 0.
Thus,(3) = (2).

3. (3) & (4): Suppose S is bounded, that is, there exists k > 0 such that ||Sx|| <
k||x||. From this, it is clear that if ||x|| < 1, then ||Sx|| < k. This means that the
image of closed unit sphere S, under S is a bounded subset of V. Thus ,3) = (4)
For the converse, assume that S 1 is a bounded subset of V. This means that SS; 1
is contained in a closed sphere of radius k centered at the ‘0’ of V If x = 0, then

Sx = 0 and ||Sx|| < k, and the result is proved. In case x # 0,7+ € S and so
||S(HXH)|| < k or ||Sx|| < k[|x]|. This shows that (4) = (3).

or

’IIXH

Proof (Proof of Theorem?2.6)
1. (1) < (2): First, we prove that if ||S|| is given by (1), then it is equal to

inf{k||Sx|| < k|x|[}
I|S||=SUP{H/ 7 }

or

NE Hf X #0

or
[1Sx[| < [ISI] [lx]| as SO =0

Thus, ||S]| is one of the k’s satisfying the relation ||Sx|| < k||x||. Hence,
[[ST] = inf{k/[|Sx[| =< k[lx[[} (2.2)

On the other hand, for x # 0 and for a k satisfying the relation ||Sx|| < k||x||, we

have I‘\lellll < k. This implies that

o[fgee] o
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or ||S|| < k. Since this relation is satisfied by all k and ||S]| is independent of x
and k, we get

[IS1] < inf{k/[|Sx|| < k[|x|[} (2.3)
By Eqgs.(2.2) and (2.3), we have
[IS|| = inf{k/[[Sx|| < k[|x|[}

This proves that (1) < (2).
(1)< (3): Let

(sl
S]] —sup{—/x#O}

11|

Then,
Sx[| < [ISI] 1lxll < ST [x]] < 1
Thus,

sup{[[Sx|[/[lx]| = 1} = [IS]| (2.4)

Since ||S|| = sup{%/x # 0}, for any ¢ > 0, there exists an x; #% 0, such that

[1Sx1]]
1]

By taking y = x;/[|x1]l, (|lyl| = 1), we find that

> |IS]] —¢

sup{IISxl/I1xll < 1} > [1y]] = HS (L> H
el

1
= —|ISxll > lIS|| — ¢
x|

Therefore,
sup{[[Sx|| [Ix]| < 1} > [IS]] (2.5)

By Egs. (2.4) and (2.5), we find that (1) < (3).

. (1) & (4): Suppose

S| = sup{M/x + 0}

x|
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Then, as in the previous case

[1SxI[ < 1IST] T1x|] < [ISI]if [l =1

{HH ||—1} < Isl|

18xll
Tl ~

or

Further,

and

|1Sx]]
su P{WII Il = 1} = [ISyll

where y = Hji or

{H” “—1} > liSyll -

Thus,

{HII Il = 1} = [IS]]

By Eqgs. (2.6) and (2.7), we have (1) < (4).

Proof (Proof of Theorem?2.7)

37

(2.6)

2.7)

1. Weintroduce in Z[U, V] the operations of addition (4) and scalar multiplication

(+) in the following manner: For T', S € A[U, V]
a. (T + S)(x) = Tx + Sx.

b. (@T)x = oTx, where « is a real number. It can be easily verified that the

following relations are satisfied by the above two operations:

i f 7,8 € BIU, V], thenT + S € BU, V].

i (T+S)+W=T+(S+W),forall T,S,U e B[U, V]

ili. There is an element 0 € AU, V] suchthat 0 +7 = T forall T €

AU, V].

iv. Forevery T € AU, V], thereisaT; € AB[U, V]suchthat T+ T, = 0.

v.T4+S=8S+T.
vi. aT € BIU, V]forallreala and T € A[U, V].
vii. (T +S) =aT + «S.
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viii. (o« + B)T = aT + BT.
ix. (@B)T = a(BT).
x. 1T =T.

These relations mean that B[U, V] is a vector space.
2. Now we prove that

T =

p| e 0

is a norm on AU, V] and so A[U, V] is a normed space with respect to this
norm or equivalent norms given by Theorem 2.6. It is clear that ||T'|| exists. Since
{lllixll\‘ /x # 0} is a bounded subset of real numbers, its least upper bound or sup
must exist.

(a) ||T|] = 0 as ||T]| is the sup of nonnegative numbers. Let ||T|| = 0. Then,
[|Tx|| = 0 or Tx = 0 for all x € X or T = 0, which is the zero element of
AU, V]. Conversely, assume that 7 = 0. Then, ||Tx|| = ||0x|| = ||0]| = 0.

This means that ||T|| = sup ‘ HTx‘”/x * O’ = 0. Thus, ||T'|| = 0 if and only

(11

if7 =0.
(b)
llaT]| = sup M/x;éo}
[|x]]
= sup %/x#O}
= p T, #0}

(By applying property (2) of the norm on V)

= |a|sup {H/ #0} = la| [IT1|

T + S| = Sup{w
[[x]]

B {||Tx+Sx||
(x|

/x # O}
/X # 0}
By the property (3) of the norm on V, we have

[T + Sx|| < [ITx[| + [|Sx]|
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This implies that

Tx + Sx
[IT 4 S|| < sup w/x 750‘
T: S.
— sup |1 T[] n I XII/X#O‘
el {1l
|1 T[] |1Sx]]
= sup + sup
[l ol

(by using Appendix A, Remark A.1.D)
= [IT1I + 1IS]]
or
T+ SI < T+ [IS1]

This proves that Z[U, V] is a normed space.

(c) Now, we prove that Z[U, V] is a Banach space provided V is a Banach
space. Let T, be a Cauchy sequence in Z[U, V]. This means that for ¢ > 0,
there exists a natural number N such that ||T,, — T,,|| < € foralln,m > N.
This implies that, for any fixed vector x €, we have

Twx — Topx[| < [T — Tl 11xI] < ellx|l, forn, m >N

that s, 7,,x is a Cauchy sequence in V. Since V is a Banach space, lim T,x =
n—00

Tx, say. Now, we verify that (a) T is a linear operator on U into V, (b) T is
bounded on X into V, and (c) ||T,, — T|| < ¢ form > N.
(1) Since T is defined for arbitrary x € U, it is an operator on U into V.

Tx+y) = lim T,(x +y)
= lim [T,x + T,y] as all T, s are linear

= lim T,x+ lim T,y

n—oQ n— o0
=Tx+Ty

T(ax) = nlirglo T, (ax) = lim,aT,x since T,s are linear

=« lim T,x = aTx
n—oo
(i) Since T,,’s are bounded, there exists M > 0 such that ||T,x|| < M for
all n. This implies that for all n and any x € X, ||T,x|| < ||T,]] |Ix]] <
M ||x||.Taking the limit, we have
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lim [[T,x|| < M ||x|]
n— o0
or
1 Tx|| < M||x||

[lim T,x = Tx. Since norm is a continuous function lim,,_, » || T,x|| =
n—oo

||Tx]|] This proves that 7' is bounded.
(iii) Since T, is a Cauchy sequence, for each ¢ > 0 there exists a positive
integer N such that ||T,, — T,,|| < € for all n, m > N. Thus, we have

Twx = Tox|| < [ITn — Tl lIx[| < ellx|lfor n,m > N

or

. (T — Ty)x||
lim [|T —Ty||=sup| —————/x#0| <eVm >N,
n—>00 [1xl|

thatis, 7, — T as m — oo.

2.4.3 Unbounded Operators

Example 2.39 Suppose that T is an operator defined as

H:%m@ﬂﬂ

Let f,, = sinnx. Then,

[Ifull = sup |fux] = 1Vn

0<x<l1
and
Tf, = ncosnx, ||Tf,|| =n

Since ||f,|| = 1 and Tf, increases indefinitely for n — oo, there is no finite constant
k such that ||Tf|| € k||f|| V.f € C'[0, 1]. Thus, T is an unbounded operator.

Definition 2.9 An operator 7: X — Y is called bounded below if and only if there
exists a constant m > 0 such that

Tx[| = mllx[|x, Yx eX
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The differential operator considered in Example2.31 is unbounded on Cy[0, 1] =
{f € C[0,1]1/f(0) = f(1) = 0} as well. However, it is bounded below on Cy[0, 1]
as follows: For f € C[0, 1]

X

d d
fx) = ; d—J;dsf sup |£|

0<x<l1
or || Tf || = supg<,<1 If ()] = [[f1l, that is, T is bounded below.

Example 2.40 Suppose T: U — V is continuous, where X is a Banach space. Let
A be a scalar. Then, the operator Al — T, where I is the identity operator, is bounded
below for sufficiently large A.

Verification

[[(A = T)x[| = [|ALx — Tx||
= [0 = [ Tx]|

Since T is bounded, ||Tx|| < k||x||. Hence, ||[(Alx — Tx)|| = (JA| — k)||x]||. This
implies that (A — T') is bounded below for sufficiently large A.

An important feature of linear bounded below operators is that even though they may
not be continuous, they always have a continuous inverse defined on their range. More
precisely, we have following theorem.

Theorem 2.8 Let S be a linear bounded below operator from a normed space U
into a normed space V. Then, S has a continuous inverse S~ from its range R(S)
into U. Conversely, if there is a continuous inverse S~': R(S) — U, then there is a
positive constant m such that

[|Sx||y > ml||x||x for every x € U.

2.5 Representation of Bounded and Linear Functionals

Representation of elements of the dual space X of a normed linear space which are
bounded and linear functionals has been studied extensively. In the first place, we
introduce the concept of a reflexive Banach space X that can be identified in a natural
way with the space of all bounded and linear functionals defined on its dual space
X*. A Banach space X is called the reflexive Banach space if the second dual of
X is equal to X; that is, (X*)* = X*™ = X (equality in the sense of isometric and
isomorphic explained earlier). A mapping J : X — X** defined by J (x) = Fx, where
Fx(f) = f(x) Vf € X7, is called the natural embedding. It can be verified that J is
isometry, linear, and one-one. X isreflexive if J is onto. The Hungarian mathematician
Riesz found a general representation of a bounded and linear functional on a Hilbert
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space which is discussed in Chap. 3. Here, we give a representation of the elements
of the dual spaces of R", £, [,[0, 1] and L,. We also indicate a close relationship
between the basis of a normed space X and the basis of its dual X *.

Example 2.41 Any element F of the dual space of Rn can be written in the form

Fx) =) ax (2.8)
i=1
where x = (x1,x2,...,%,) € Ry, « = (a1,a2,...,0,) € R". In fact, F(x) =

(x,y) = Z:’Zl vix;; that is, for every x € R,, there exists a unique y € R, such
that the value of a bounded and linear functional F can be expressed as the “inner
product”. ({x, y) is called the inner product of x and y and will be studied in Chap. 3).

Example 2.42 Let X = L,[0, 1] and define functional F on X by

1
F(f) = /f(x)g(x)dxfor all f € 1,0, 1] (2.9)
0

and g is an arbitrary function. F' is linear and bounded and hence an element of
(L[0, 1D*.

Example 2.43 F € (L,)* can be defined by

b
I 1
F(f)=/f(X)g(X)dx,f€L,gGLq,]—jJré—]:l (2.10)
Example 2.44 Let ¢; be a basis of X. Define a bounded linear functional F; by
Fi(x) = a; € R, where x = Zaitpi 2.11)

i=1

We can prove that F; is linear and bounded. The relationship between F; and ¢; is
characterized by

Fi(p)) =6;V1i,j (2.12)

Since ¢; are linearly independent, F; are also linearly independent. Thus, the set F;
forms a basis for the dual space U™*. F; is called the dual basis or conjugate basis.

Example 2.45 Let M be the n-dimensional subspace of L,[0, 1], spanned by the
set ¢;%_, and F be the bounded and linear functional defined by Eq.(2.9). Then for
f € M, we have
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1
F(f) = /f(X)g(X)dx
0

1 n
:/(Zai(pi(x)> g(x)dx
0 i=1
n 1
=> / 2(0)gi(x)dx
=

l

or

1

F(f) =) aipi, where p; = fg(x)soi(x)dx (2.13)
i=1

0

Example 2.46 a. {,,L,, 1 < p < 00, are examples of reflexive Banach space.
b. Every finite-dimensional normed space say M is a reflexive Banach space.
c. £y,c,Li(a,b) and Cla, b] are examples of nonreflexive Banach space.

2.6 Space of Operators

Definition 2.10 a. A vector space A, in which multiplication is defined having the
following properties, is called an algebra

i x(yz) = (xy)zVx, y, z€A.
ii. x(y+z2)=xy+xzVx, y, z€A
ii. x+y)z=xz+yzVx, y, z€A.
iv. a(xy) = (ex)y = x(«y), for every scalar & and x, y € A.

An algebra, A, is called commutative if
xy=yxVx,yeA
An element e € Xis called the identity of A if
ex=xe=xVxecA
b. A Banach algebra A is a Banach space which is also an algebra such that

eyl < [IxI[ Iyl ¥V x, y € A.
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Remark 2.9 If A has an identity e, then
llell = L, [Ilx[| = [|xel| < [lxI| [le]| = [le]| = 1]

In such cases, we often suppose that ||e|| = 1.

Remark 2.10 In a Banach algebra, the multiplication is jointly continuous; that is,
if x, - x and y, — y, then x,,y, — xy.
Verification We have

120y = xy1l = X (Y0 = ) + (6w = )|
< Pallllyn = 11 + 110 = xl[lIyll = 0 asn — oo

which gives the desired result.

Remark 2.11 Every element x of a Banach algebra, A satisfies ||x"|| < ||x||".
Verification The result is clearly true for n = 1. Let it be true for n = m. Then,

1
[ = 1< ]

1
< [el™ [1xl] = [lx)1™

or |[x™*1|| < ||x||"*!; i.e., the result is true for m + 1, and thus by the principle of
induction, the desired result is true for every n.

o0
Theorem 2.9 If x is an element of a Banach algebra A, then the series Y x" is

1
convergent whenever ||x|| < 1.

The following lemma is required in the proof.

Lemma 2.1 Let x1, X2, ..., X,, ... be a sequence of elements in a Banach space A.
n

o0
Then, the series > x" is convergent in A; that is, s, = Y_ xi is convergent in A
n=1 k=1

o0
whenever the series of real numbers Y, ||x¢|| is convergent.
n=1

q 00
Proof (Proof of Lemma?2.1) We have that || >~ x;|| < ZZZP X x| IE D7 x| s
k=p n=1

q [o'¢)
convergent. Then, ) ||xx|| — 0 as p, ¢ — oo and in turn, the remainder of >_ x,
k=p n=1

oo
tends to zero. Therefore, ) x, is convergent.

n=1
Proof (Proof of Theorem?2.9) Since ||x"|| < ||x||" for all n, therefore, Y oo ||x,|| is
less than equal to the sum of a convergent geometric series. By Lemma2.1, Y {° x"
is convergent.
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Definition 2.11 Let B(A) denote the set of all bounded linear operators on a normed
space X into itself and S, T € B(A).
The multiplication in B(A) is defined as follows:

ST(x) =S(T(x)), VxeA
T € B(A) is called invertible if there exists T! € B(A) called inverse of T such that
T' =T7T'T =1

In view of Theorem?2.7, B(X) is a normed space and it is a Banach space whenever
A is a Banach space.

Theorem 2.10 Let A be a Banach space. Then, B(X) is a Banach algebra with
respect to the multiplication defined in Definition2.11 with identity I such that
[lI|| = 1.

Proof By Theorem?2.7, B(A) is a Banach space with respect to the norm

1T = ”SHI_)I{IIT(X)II}

. {||T(X)||}
=sup| ——
o | lxll

B(X) is an algebra as the following results can be easily checked:

US+T)=USH+TS
S+TYU=SU+TU
UST)=USTVYU,S, T € BX)

a(ST) = (aS)T = S(aT) for every scalar and all S, T € B(A). We have

ST = Sup{IIST(X)II}

x|

x7#0
{IIS(TX)II IIT(X)II}
=supy——-
a0 L INTGOI (x|
By definition,
INESlI
NI =Sup{ ;
v=0 L (X[l

If ' = T'(x), then clearly T'(x) # 0; otherwise ||ST|| = 0, and the desired result is
trivial. In case T'(x) # 0, we get
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OO s
ol =

and

[T o)l
ST < IISIISl;g{W = [ISIIIT]]

Therefore, B(A) is a Banach algebra.

Ix)=x,VxeX
|l = sup [[I(x)]| = sup {[|x]|} = 1.

[lxll=1 [lxl1=1

Theorem 2.11 If X is a Banach space and T € B(A) such that ||T|| < 1, then the
operator I — T is invertible.

Proof We have

I-TYI+T+Tr+-+Tp)
=(U+T+T 4+ +TH—T+T*+---+T""
:I_Tn+1

and ||T"*'|| < ||T||""' — 0as n — oo, by the hypothesis ||T|| < 1. Hence,
lim (I —-T)P,) =1
n— 00

where

n
P, = Tk
k=0

Since ||T|| < 1, and B(A) is a Banach algebra, by Theorem?2.9, lim,,_, o, P, exists
(say P = lim,,_, o, P,,); therefore,

I-T)P=1I
In fact,
(I —T)P=(1—-T)P,+UI—T)P—P,)
=1+ -T)P—P,)
But

I =T)P =PIl < [II =T |IP = Pul| = 0asn— oo
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therefore,
(I—T)P =1
Thus, (I — T) is invertible and (I — T)' = P, where
P=I+T+To4 T+

Example 2.47 The set of all n x n(n finite) matrices is a Banach algebra. For

Ay ... Aup

we can consider the following equivalent norms (I is the identity matrix):

a. |[M|| = sup|a;| where [|[I|| =1
b. |IM]|| = Zi‘j |a;;| where ||I]| = n

1/2
e M1l = (X, lagl?)  where 1] = V7

Example 2.48 Let T € B(X) be defined as follows:

; T2 "
=l AT+ o —
2! n!
Then,
17" lscx
" sy < 11 1acx) + 11T llacry 4 - =P -

Since B(A) is a Banach algebra, ||T"|| < ||T||" for all n

lle”|| < 1+k+’;_j+...’;_’:+.._
where
k:”T”B(A)
or

T k
lle" llpx) < e

47
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Therefore,
el € B(A)
Example 2.49 The operation equation
Ix =y

has a unique solution x = T~y if T~! exists and it is bounded.

It may be observed that finding the inverse 7~ could be quite difficult, but the inverse

of a neighboring operator Ty (T} is close to T in the sense that ||T — Ty|| < ”TI,,”)
0

can be found as follows: Given this condition it can be shown that

1T 1IPIT = Toll

=" -1, < =
1= ITy I 1T = Tl

hence if xo = T, 'y, we have
llx —xoll = 1Ty = Ty 'yl < 1T~ = T 11 Iyl

which provides an estimate for the error ||x — xp||. Let T be a square matrix and the
elements of the matrix are subject to error which are at most of magnitude ¢. If T
is the matrix actually used for computation, we can assess the possible error in the
solution.

For more detailed account of themes discussed in Sects.2.1-2.5, see [8, 12, 63,
64, 67, 117, 144, 158, 182].

2.7 Convex Functionals

We discuss here basic properties of convex sets, affine operators, and convex func-
tionals.

2.7.1 Convex Sets

Definition 2.12 Let U be a normed space, and let K its subset. Then,

a. Kis called convex if ax 4+ By € K whenever x,y € M, where « > 0, § > 0 and
a+ B =1
b. Kis called affine if ax 4+ By € K whenever x,y € M, where« + = 1.
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Remark 2.12 a. A subset K of a normed space is convex if and only if for all x; €
M,i=12...,nrealea; >0,i=1,2,...,m; > 0 ;=127 ax; €M.

b. Every affine set is convex, but the converse may not be true.

c. The normed space U, null set ¢, and subsets consisting of a single element of X
are convex sets. In R2, line segments, interiors of triangles, and ellipses are its
convex subsets. A unit ball in any normed space is its convex subset.

d. The closure of a convex subset of a normed space U is convex.

e. If T is alinear operator on the normed linear space U, then the image of a convex
subset of X under T is also convex.

Properties of Convex Sets
a. Let A; be a sequence of convex subsets of a normed space X . Then,

i. M_,A; is a convex subset of X.
ii. IfA; CAj,i=1,2,..., then UZ A; is convex.
iii. liminf A; = U2, N2, A; is convex.

i— 00 J

b. For any subsets A and B of a normed space U, suppose that
A+B={x+y/x€A,y€B, and aA = ax/x € A and «a real}

If A and B are convex, then (a) A = B and @A, (b)) A = @A + (1 — a)A for
0<a<1,and (¢c) (a;+)A = ajA + oA for a; > 0, o, > 0 are convex.

Definition 2.13 Let K be a subset of a normed space U. Then, the intersection of
all convex subsets of X containing M is the smallest convex subset of X containing
K. This is called the convex hull or the convex envelope of K and is usually denoted
by CoK. [CoM = N{A;/A;’s are convex and K C A;}]. The closure of the convex
hull of M, that is, CoK, is called the closed convex hull of M .

Properties of Convex Hull

a. The convex hull of the subset K of a normed space U consists of all vectors of
the form Z;’Zl o;x;, where the x; € K, o; > Q arereal fori = 1,2,...,n and
D= 1.

b. LetA =N{M /K D N, Mconvex and closed}.In other words, A is the intersection
of all closed and convex sets containing N. Let N, be equal to the convex hull
of N. Then, A = N.[Mazur Lemma (for the proof see Dunford and Schwartz
DuSc58]).

c. Let A be a compact subset of a Banach space, then CyA is compact.

Definition 2.14 Let U be a normed space and F' a nontrivial fixed functional on U.
Then,

a. H={xeU/F(x) =c,cisareal constant} is called a hyperplane in U.
b. HH={x e U/F(x) <c,cisareal constant} and H, = {x e U/F(x) > ¢,cis a
real constant} are called half-spaces determined by H, where H is defined in (7).
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Example 2.50 Lines are hyperplanes in R?, and planes are hyperplanes in R>.

Definition 2.15 a. A hyperplane H is called the support of U atxg € V ifxg € H
and V is a subset of one of the half-spaces determined by H.
b. A point xj of a convex set K is called an extreme point if there do not exist points
x1,X € K and o € (0, 1) such that xp = ax; + (1 — a)x».

Remark 2.13 The extreme points of a closed ball are its boundary points. A half
space has no extreme point even if it is closed.

2.7.2 Affine Operator

Definition 2.16 An operator 7' on a normed space U into a normed space V is called
affine if forevery x € U, Tx = Sx+b, where S is a linear operator and b is a constant
inV.

Remark 2.14 1If Y = R, then Sx = ax, for x € X and real «. In this case, affine
operators (affine functionals) are described by Tx = ax + b. In this case, T is called
an affine functional.

Theorem 2.12 An operator T is affine if and only if
T (Z oz,x,-) = ai(Tx) (2.14)
i=1 i=1

n
for every choice of x; € U and real o;’s such that Y o; = 1.

i=1
The proof is a straightforward verification of axioms.

Convex Functionals

Definition 2.17 Let K be a convex subset of a normed space U. Then, a functional
F defined on K is called a convex functional if

Flox+ (1 —a)y] <aFx+ (1 —a)FyVYa €[0,1]and Vx,y € K
F is called strictly convex if
Flox+ (1 —a)yl <aFx+ (1 —a)FyVx,y € K and o € [0, 1]

F is called concave if —F is convex. If X = R", F is called a convex function.

Remark 2.15 IfFisaconvex functionalon K, x;, x>, ..., x, € K,and oy, as, ..., a,
n

are positive real numbers such that ) «; = 1, then
i=1
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F [i Olix,':| < iaiF(x,-) (2.15)
i=1 i=1

Equation (2.15) is called Jensens inequality. Very often this relation is taken as the
definition of a convex functional. By virtue of Theorem2.12, every affine functional
is convex. The converse of this may not be true. It may be noted that each linear
functional is a convex functional.

Example 2.51 a. f(x) = x>, x € (=1,1) and f(=1) = f(1) = 2. The function
defined in this manner is convex on [—1, 1].

b. f(x) = x2 is a convex function on (—oo, 00).
c. f(x) = sinx is a convex function on [—pi, 0].
d. f(x) = |x| is a convex function on (—00, 00).
e. f(x) = e"is aconvex function on (—o0, 00).
f. f(x) = —logx is a convex function on (0, ).
g. f(x)=xPforp > 1andf(x) = —x, for 0 < p < 1, are convex functionals on
[0,).
h. f(x) = xlogx is a convex function on (0, 00).
i. f(x,y) =x*+ 3xy + 5y% is a convex function on a subset of R>.
j. f(x1,x2, ..., x,) = x;j is a convex function on R".
,
k. f(x1, X%, ..., %) = Y |xi + b;|, r < nis aconvex function on R".
i=1
r
L fGx,x, .o, x) = > I +bilP,0; > 0,p > 1,r < nisaconvex function on
i=1
R.

n
m. g(x) = sup{d_xyi/y = V1,2, ..., Yn) belongs to a convex set of R"} is a
i=1

convex function.

n. g(x) = inf{A > 0/x € AM, where M is a convex subset of R"} is a convex
function.

0. gx) = inf{||x — y|ly = (b1, 2, ... yu) belongs to a convex subset M of R"} is
a convex function.

Definition 2.18 Let F be a functional on a normed space U into R. In other words,
let F be a real-valued function defined on U which may take the values +o0o and
—o0. The set

epi F ={(x,a) e U x R/F(x) < «}
is called the epigraph of F. .
Let K be a convex subset of U, then F': K — R is called convex if for all x and y

of K, we have

Fx+ (1 —X)y) <AF(x)+ (1 —=X)F(y) forall » € [0, 1]
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while the expression on the right-hand side must be defined. domF = {x € U/F (x) <
oo} is called the effective domain of F.

It may be observed that the projection of epi F on U is the effective domain of F.

Theorem 2.13 Let U be a normed space (we can take only a vector space). Then,
F: X — Ris convex if and only if epi F is convex.

Proof Let F be convex and (x, o) and (y, 8) be in epi F. By the definition of epi F,
F(x) <a < ooand F(y) << oo. Then, we have

FOx+ A —=0y) <AFx)+ (1 —-MF@Y) <ia+ (1—-21)B
This implies that
(Ax+ (A =My, da+ 1 =1B) = (x,a) + (1 = 1), B) € epiF

and so epi F is the convex subset of U x R.

For the converse, suppose epi F is convex. Then, dom F is also convex. For x and
y €domF,F(x) <aand F(y) < a.By hypothesis, A(x, &) + (1 — 1) (y, B) € epiF
for A € [0, 1], which implies that

FOx+ =My <ia+ (-1

If F(x) and F(y) are finite, it is sufficient to take « = F(x) and 8 = F(y). In case
F(x) or F(y) are —o0, it is sufficient to take « or B tending to —oo and we obtain
that

FAx+ A —=2)y) <AFx)+ {0 =0MF(©y)

Thus, F is convex.

Properties of Convex Functionals

1. If F and G are convex functionals, then (a) F + G and (b) F v G = max(F, G)
are also convex functionals.

2. If F is a convex functional, then «F is also a convex functional, where « is a
nonnegative real number.

3. If F, is a sequence of convex functionals defined on the sequence of convex
subsets K, of a normed space U and K = NK,, # ¢, then the subset of M on
which Fx = sup F,x < oo is convex and F is convex on it.

4. The limit of ansequence of convex functionals is convex.

5. LetF: X — Rand G: Y — R be convex functionals defined on a normed space
X and a subspace Y of R such that the range of F C Y C R and G is increasing.
Then, G o F is a convex functional on X .

6. If F is a convex functional, then G(x) = F(x) + H(x) + a (where H is a linear
functional and « is a constant) is also a convex functional.
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7. If F(x) = G(x) + a, where G is a linear functional and « is constant, then |F|,
for p > 1 is also a convex functional.

Continuity of Convex Functionals

We may observe that convex functional is not necessarily continuous.

2.7.3 Lower Semicontinuous and Upper Semicontinuous
Functionals

Definition 2.19 Let U be a metrizable space. A real-valued function f defined on
X is called lower semicontinuous (Isc) at a point xo € U if f(xo) > lim,,_, f (yn)
whenever y, — xo as n — oo. f is called Isc on U if f is Isc at every point of X . f
is called upper semicontinuous (usc) at xo € U if —f is Isc at xy. f is called usc on
U if it is usc at each point of U.

Remark 2.16 a. Every continuous function is lower and upper semicontinuous, but
the converse may not be true.

b. Every convex lsc function, defined on an open subset of a Banach space, is
continuous.

Theorem 2.14 Let U be a metrizable space and F: U — R. Then, F is Isc if and
only if the epigraph of F is closed in U x R.

Proof Suppose epi F is closed and let x, — x. We want to show that F is Isc, i.e.,

F(x) <lim,_,

F(x,)
Let

o= li_mn_>ooF(xn)

1. If o = 00, then F(x) < a Vx € X and so the desired result is true.

2. Let —o0 < a < oo. Choose a subsequence x,, such that F'(x,) — oco. Then,
(X, F(x,)) € epi F. This implies that F(x) < o = lim,_, » F(x,,), and we get
the desired result.

3. Leta = —o0. Choose a subsequence x,, such that F' (x,,) converges decreasingly to
—oo asm — 00. Then (x,,, F (x,,)) € epiF form > my, since F (x,,) > F (x,,0) for
m > mgy and (X0, F (xn0)) = (x, F (x,0)) for m — oo. Hence,(x, F (x,,0) € epiF
or F(x) > F(x,0) for every my. But then, F(x) > o = —o0o, and this is a
contradiction. Hence, F(x) = o = —o0.

For the converse, suppose F is Isc, and (x,, o) — (x, &) as n — oo with

F(x) < li_mn%ooF(xn) < lim,

n—oon = Q.
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This implies that (x, &) € epi F, and epi F is closed in X x R. Thus, we have proved
the desired result.

Advanced discussion on Convex analysis can be found in [140, 154, 161-164].

2.8 Problems

2.8.1 Solved Problems

Problem 2.1 1. Show that every normed space is a metric space but that the con-
verse may not be true.
2. Show that

@ [lxll =1yl = llx = yll.
®) 11xll = Iyl < |lx + y|| for all x, y belonging to a normed space X .

3. Prove that the mappings
d(x,y) =x+yonX x X into X
and
Y(a,x) =axon R x X into X

where X is a normed space and R is the field of real numbers, are continuous.
4. Prove that a norm is a real-valued continuous function.

Solution 2.1 1. Let (X, || - ||) be a normed space. Let d(x,y) = ||x — y||,x,y €
X.d(-,-)is well defined as x — y € X and so ||x — y|| is defined.

(i) d(x,y) = 0as ||x —y|| > 0, by the first property of the norm. d(x,y) = 0 &
[lx —y|| =0 & x —y = 0 (by the first condition on the norm). Therefore,
d(x,y) =0ifandonly ifx = y.

i) de,y)=Ilx=yll=1-=0=—ll==1ly—xll=Ily—xll=d(,x).
(i) d(x,y) =|lx—z+z—yl| <|lx—z|| + |lz — y|| (by the third condition on the
norm).

Thus, d(x,y) < d(x,z) + d(z,y). Therefore, all the conditions of the metric are
satisfied. So, d(-, -) is a metric.

In order to show that the converse is not true, consider the following example:
Let X be a space of all complex sequences {x;} and d (-, -) a metric defined on X as
follows:

o 1 xi =il

dix,y) =y ——— 20
CN = L T~
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where x = (x1, X2, ..., Xy, ...)andy = (¥1, Y2, -+« Yu, - ..). In fact, d (-,

all the three conditions of the metric.

(1) d(x,y) >0,d(x,y) =0if and only if x = y.

Verification
lx; — yil - 0Vi
L+ —yil — '
and so
1 fxi =il S0V
201+ x —yil T .
Consequently,
o0
1 v
day =S L Pzl
<201+ |xi — il

Ifd(x,y) =0, then

1 Y
o L baoul |=0Vi
1

2T+ [ —
= —yl=0Vi
Sxi=yVi

.X:(.X],xz,...,.xn,...), y:(ylay27--'5yna~")-

Conversely, if x = y, then |x; —y;| =0V iand d(x,y) = 0.

2.d(x,y) =d(y,x)
Verification

l lx; — yil
201+ |x; — yil

>
R = N (G VI
_gz 1+ (=Dl — yil
>

1 i
21+ Iy, —

55

-) satisfies
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3.d(x,y) < d(x,z) +d(z,y) where x = (x1,x2,...,%,...), ¥y = V1, Y2, .-+,

Vs ou)y 2= (215225 ++sZn---)-
Verification
1.
A y) = ool lx; — yil
Y 22 1+ |xi — yil
_il lx; — zi + 2 — il
201+ | —zi + 2 — il
0 1 xi— > 1 Z
- L _
—22 +|x,—z, gz U+ 2 — yzl

by applying the inequality given in Theorem A.12 of Appendix A.4. Thus,
d(x,y) <d(x,2) +d(z,)

Therefore, (X, d) is a metric space. This metric space cannot be a normed space
because if there is a norm || - || such that d (x, y) = ||x — y||, then

d(ax, ay) = |lax —ay|| = laf [lx — y[| = |eld (x, y)

must be satisfied. But for the metric under consideration, this relation is not valid
as

1 ol Jx — il

dax.ay) =S — iz yil
(@) = 25 T o s — i

and

jld (x, y) = |a|221 . +|x

z|
2. @ |lxll = llx =y +yll < [lx = yl[ +[Iyll, or

el = [yl < llx =yl

Also,

I = 1lxll < Tlx =yl
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or

=(xl = 1yID =< [lx =yl

Thus, we get

x| = 1< e =yl (2.16)

(b) In (a), replace y by —y. Then, we get

[l =1 =yl = [lx+yll (2.17)
Since
[ =yl = Iyl
[IxI] = [yl < [lx +yll (2.18)

which is the desired result.
3. In order to prove that ¢ is continuous, we need to show for ¢ > 0,35 > 0, such
that ||¢ (x, y) — ¢ (x, y)|| < &, whenever ||(x, y) — (X', y')|| < 8, or equivalently

Nx =2,y =l =[x =X+ 1y =yl <8
and we have

g (x, y) — (" ) =[x +y) — &' + )
=[x =)+ -l
Slx=xl+lly—yll<d=e¢

This shows that ¢ is continuous. Similarly, 1 is continuous as

1 (. x) — ¥ (B, )] = |lax — Bx'[| = [lox — ax’ + ox” — Bx|

< el llx =] + o — Bl lIxl| < &
whenever
1, x) = BB, X = ll(e = B, x = X)) =l — Bl + |Ix = x| <8
4. By Solved Problem2.1(2), for all x, ||x]|| — [|[y]| < [|x — y||. This implies that

if |]x — y|| < §, then ||x|| — ||[yl]| < &, where ¢ = §. This shows that ||x]|| is a
real-valued continuous function.
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Alternative Solution If x, — x asn — oo;ie., ||x, —x|| > 0asn — o0,
then ||x,|| — ||x|| in view of the above relation. Thus, by Theorem A.6(2) of
Appendix A.3, ||x|| is a real-valued continuous function.

Problem 2.2 Prove that the set X of all convergent sequences in a normed space
X is a normed space.

Solution 2.2 We can easily verify that X is a vector space. For x = (x1, x2, ...,
Xy ...) € X, let ||x|| = sup]|x,||. The right-hand side is well defined as every

n
convergent sequence is bounded.

a. ||x|]| = 0as ||x,|| = 0. ||x|]] = 0 if and only if x = 0. ||x|]| = 0 & sup, ||x,|| =
05 |lx:|=0Vn< x=0.
b flax|| = la| [|x]|: [lax|| = sup |lax,|| = || sup [|x,]| = e] [|x]].

n n
¢ |lx 4 yll = sup [lxy + yall < sup [[x,[| 4 sup [[yall = [Ix|[ + [I¥]].
n n n

Problem 2.3 a. Show that C[a, b] is a normed space with respect to the norm
b
IIFIl = (f If (1)|*dr)"/? but not a Banach space.
b. Show that R,,, £,, ¢, C[a, b] (with sup norm) and BV [a, b] are Banach spaces.

Solution 2.3 1. (a)

b
Ifll = Oas /lf(t)l2 > 0.

=04 f(OFF =0« f(1)=0.

[It may be observed that the continuity of f implies the continuity of |f| and
SO

b
/lf(t)lzdt =0

implies f () = 0 on [a, b]jz]

Y I , 172
®) llefll = (f Iotf(t)lzdt) = o] (f lf(t)lzdt) = lal 1]
(©)

1 1/2

b 1/2 b
If + gl /lf+g|2dt < /lf(t)lzdt

I+ Tlgll

2o,
4 / 2P
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by Minkowski’s inequality (Theorem A.14(b) of Appendix A.4).

Thus, C[a, b] is anormed space as it is well known that C[a, b] is a vector space.
[In fact, for operations of addition and scalar multiplication, defined by

(f+)® =f1)+g®
(af)(@) = af (1)

the axioms of vector space follow from the well-known properties of continuous
functions].

In order to show that C[a, b] is not a Banach space with the integral norm, we

consider the following example: Takea = —1,b =1
0, -1 <r=<0
@ ={{nt, 0O<t<1/n
I, I/n<r<l

We can show that {f,, (¢)} is a Cauchy sequence in C[—1, 1], but it cannot converge
to an element of C[—1, 1]. (See Solved Problem 3.4).
2. i. R"is a Banach space. R" is a vector space with the operations

V= (X1, X2, ., %), Y = (V1, Y2, - -+, Yn) €R"
x+y =0 +y,x+y, .., X +yn)
ax = (axy, axa, ..., 0Xy,)

We verify axioms of the norm of || - ||4 of Example 2.4. R" is a Banach space
with respect to all norms defined on it.

x| = max(|xil, [x2l, ..., [xa]), x = (x1,x2,...,%,) €R"

[|x|| = 0 is obvious. ||x|]| =0 < |xi| =0Vi x = (x1,x2,...,x,) =0

[lax|| = max(foxy], laxa|, . .., laxa])
= [of max(|xil, ..., [xa])
= o [|x]]
[lx + yIl = max(lxy + yil, |2 +y2l, -, [xn =+ yal)
< max(lxi| + [yil, 2| + [y2l, - ., EARSVA)
< max(|xi], ..., [xXnl) + max(ly1l, ..., [ynl)
= [lxll + [1¥ll
[e.¢]

ii. €, ={x={x}/) x|’ <oowherel <p < 0.
i=1
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£, is a vector space with respect to operations of addition and scalar multi-
plication defined as follows:

X = (X1, X5 0oy Xps o)y Y=V Y25 o2 Yy --2) €4
xX+y=0+y,LXx2+yY,. s Xnt+Yu...)

oax = (0X], AX2, ..., AXp,, .. .)

By Minkowski’s inequality and the fact that

o0 1/p 00 1/p
(Z |xi|"> < o0, (Z |yi|"> < o0
i=1 i=1

we have

o0 1/p [e%e) 1/p 00 1/p
(Z Ix; +yi|f’) < (Z |xi|"> + (Z w)
i=1 i=1 i=1

o0

This shows that x +y € £,,. Since ) |ax;|’ < 00, V scalar o, we see that
i=1

ax € £,.

All the axioms of vector space can be verified easily. Now, we verify the

i=1

0 1/p
norm axioms for the norm defined by ||x|| = <Z |x; |”> on&,.
It is clear that ||x|| > 0.

Ix]| =0 |x]P =0Viex,=0Vicx=0

00 1/p
llox|| = (Z |ax,»|P>
i=1
o0 1/p
= <|a|"2|x,~|">
i=1

= lee| [|x[]

00 1/p
b+l = (Z |xi+yi|P)

i=1
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exists and

00 1/p 00 1/p 0 1/p
(Z Ix; +y,-|f’) < (Z |xl~|"> + (Z |y,-|")
i=1 i=1 i=1

in view of the Minkowski’s inequality and the fact that x = {x;} € £,, and
y = {yi} € £,. This shows that ||x 4+ y[| < [[x|| + |[y]l.

In order to show that £, is a Banach space, we need to show that every
Cauchy sequence in £, is convergent in it.

Letx, = {a!} € £, be a Cauchy sequence. This implies that

Io%) 1/p
X0 — Xml| = (Z|a§'—a§”|”> <eforn,m>N (2.19)
i=1

Equation (2.19) implies that
la! —a'| < eforn, m>Nand Vi (2.20)

For fixed i, Eq. (2.20) implies that a}' is a Cauchy sequence of real numbers
and, by the Cauchy criterion of real sequences, it must converge, say, to a;;
ie.,

lim a! = a; (2.21)

n— o0

From Eq.(2.19), we have

k
Z la} —al'|P < &P, for every k

i=1
Making m — oo in this relation, we have
k
E la! —al'l’ < &P, forn >N
i=1

Making k — oo, we get

oo

n_gmp < P
E laj — a'IP < &P, for every k
i=1
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This implies that
—(Xy—x)=x—x, €4,
where x = (a1, a2, ..., a,,...);hence x = (x —x,) +x, € ¢,

Furthermore,

00 1/p
[y — x| = (Z laj — aiV’) < sgforn> N
i=1

i.e.

[|x, — x|] > 0asn — oo
Therefore, x,, is convergent to x € £,,which shows that £,, is a Banach space.
¢ = {x,/lim,_, » x, = x} is a vector space with operations of addition and

scalar multiplication defined by

X+y=@+yLx2+y, .. X+ Yn, .. 0)

ox = (0X], XD, ..., AXp, .. .)
where
X = (X1, X0, ..y Xy, ens)
Yy=006Y2 Y -)
belong to ¢ and « is a scalar. For x € ¢, ||x|| = sup,, |x,|. This is a norm.

We shall now show that ¢ is a Banach space. Let x, = {a} be a Cauchy
sequence in c. This implies that for ¢ > 0 3N such that

X, — Xp|| = sup |a! —a'| < & forn,m >N
p 1 1
1

This implies that
la! —al"| < e forn,m > N. (2.22)

This means that {a'} is a Cauchy sequence of real members and, by the
Cauchy criterion, for fixed i

lim a' = a;. (2.23)

m—00

By Egs. (2.22) and (2.23), we obtain
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iv.

la; — a}'| < e forn>N (2.24)
Since x, € ¢, we have lim; a} = a,, which implies that
la, — al'l < & fori > N(g,n)
Therefore,

lam — ax| = |ay — a) + ay, — ay, + a, — a} + af — ay|
<law — a,| + |a,, — a,| + |a" — a;| + |ag — a|

<e+e4+e+e=4¢

forn > N and m, k > N (g, n). Thus, the sequence {qa;} satisfies the Cauchy
criterion. There exists lim a; = a, and hence, x = {a;} € ¢. We find from
Eq.(2.19) that

[1x, — x]| =sqp|ai—af'| —0asn— o0
1

i.e., x, = x as n — oo in c. Therefore, c is a Banach space.
In order to prove that Cla, b] with ||f|| = sup |f(#)| is a Banach space,

a<t<b
we need to show that every Cauchy sequence in Cl[a, b] is convergent. Let

{f.(1)} be a Cauchy sequence, that is, for ¢ > 0,3 N such that

[[fn = finll = sup |[fu () — fu(®)| < & forn,m > N,

This implies that {f,,(#)} converges uniformly to a continuous function, say,
f(®) in Cla, b]. Therefore, ||f, — f|| = sup |f,(t) —f ()] = O asn — oo;
t

i.e.,fy = f in Cla, b] and so C[a, b] is a Banach space.

. BV]a,b] = {f, a real — valued function defined on |a,b]|

sup Y |f(#) — f (tx—1)| < oo, where P is an arbitrary partition of [a, b];
p k=l
i.e., the set of points #; such thata =ty < t; < t,...t, = b} is equal to the

class of functions of bounded variation defined on [a, b].
Let, for f € BV|[a, b]

IF1l = If @] + V2(F) (2.25)

where Vab(f) = supp Yy [f (&) — f (tx—1)| is called the total variation of
the function f (t).

IIfIl = Oas |f(@)] =0 and V() =0
Il =0« |f(@| =0, and V(f) =0 < f(a) = 0 and |f (tx) — f (tx1)| = O for
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all iy < f () =f (), and f(a) =0 < f(%) =0V < f =0

llaf || = laf ()| + Sl;pz la[f () — f (te-D]
k=1

@llf @]+ sup Y I (1) = f (1)
k=1
= l| IIf 1l

Letf,g € BVla,b]landh=f + g.
For any partition of the interval [a,b]:a =t) <t) <th < --- < 1, =

b, |h(@)| = |f (@) +g(a)| = |f (@] +|g(a)|and |A(ty) — h(ti—1)| < [f () —
f@®)+1g() —gty_1)| where k = 1,2, 3, ..., n. Therefore

1] = |h@] + sup D Ih(t) = k(i)
k=1

< F @]+ 1g@] +sup Y [F (1) —f (tx—)| +sup Y 1g(tx) — gltx—y)|
P o=l P o=l
= IIF11 + llgll

Thus, ||f|| defined by Eq.(2.25) is a norm on BV [a, b].
Now, we shall show that BV [a, b] is a Banach space. Let {f,} be a Cauchy
sequence in BV [a, b]. {f,(¢)} is a Cauchy sequence of real numbers as

n(®) = (O] < @) — £,(D] = (@) — [ (@]] + [fiu(@) — fu(@)]
< (@ = ful@)| + V2 — £)
- Hfm _ﬁl”

Hence, {f,,(#)} must be convergent, say to f (1)V t € [a, b]. f(¢t) € BV]a, b]
as

sup ) If (1) —f (te-n)| = lim sup D Ifu(t) = fulti—)] < 00
k=1

k=1

V=1l = (@) =f @] +sup > (1) = F @0
k=1

n
+sup Y fultemt) —f (1)
Pz
— 0asn — oo.

Hence, f,, — f in BV [a, b], and consequently BV [a, b] is a Banach space.
See also [146],
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2.8.2 Unsolved Problems

Problem 2.4 a. Let L be the space of real-valued Lipschitz functions of order 1
defined on [0, 1]; that is, the class of functions f such that

F®—rol
Sllp _— =

(x,)€[0,11x[0,1],x7£y x=Y

K(f) < o0

Show that L is a subspace of C[O0, 1].
b. Let||f||; = sup [f ()| +K() =||f||+K(). Show that || -]||; isanormon L.
1

O<t<

c. Show that (L, || - ||1) is a Banach space.

Problem 2.5 Let C,[0, 1]denote the vector space of all real-valued functions defined
on [0, 1] having first-order continuous derivatives. Show that the expressions given
below are equivalent norms.

IWfih = sup FOI+ 1f )

O=<t=<

IFlli = sup [f(O]+ sup [f'(@)]

0=<r<l1 0<t<1

Problem 2.6 Prove that all linear operators, defined on a finite-dimensional normed
space into an arbitrary normed space, are bounded.

Problem 2.7 Prove that the natural embedding J is an isometric isomorphism of X
into X**.

Problem 2.8 Let p(x) = [|f]| ||x||, where f is a bounded linear functional on a
normed space X . Show that

(@ px+y) =px)+pQy)Vxand y.
) plax) =apx) Va > 0and x.

Problem 2.9 LetC;[0, 1]denote the vector space of all real-valued functions defined
on [0, 1] which have a first-order continuous derivative.

a. Show that p(f) defined by the expression
1
P =120 + / (' (0))*de
0

is a norm, and that convergence in this norm implies uniform convergence.
b. Show that if C![0, 1] is equipped with the norm

IFIl = sup [f(1)]

0<t<1
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then, the functional F definedon C'[0, 1]by F (f) = f(0) is linear but not continuous.

Problem 2.10 (a) Let X be the vector space of all the sequences {x,} of complex

numbers such that the series Y _ n!|x,| is convergent. Assume that
n>1

el =Y nllx|

n<l

Show that (X, || - ||) is a normed space.
(b) LetT: £, — X be defined by

Xn
T(x)) =

Show that T is a bounded linear operator and find its norm. Deduce that X is a
Banach space.

Problem 2.11 Every finite-dimensional normed space is a Banach space.
Problem 2.12 Prove that a normed space is homeomorphic to its open unit ball.
Problem 2.13 Prove that £,, 1 < p < 00, is a Banach space.

Problem 2.14 Let X and Y be two real Banach spaces such that

(a) A: D(A) € X — Yis a bounded linear operator.
(b) D(A) is dense in X; that is, D(A) = X. Show that A can be uniquely extended
to a bounded linear operator defined on the whole space X .

Problem 2.15 a. Let x, and y, be two sequences in a normed space X, and {A,}
be a sequence of real numbers. Further, suppose that x, — x and y, — y, as
n — oo, in X and A, — X in R as n — oo. Show that x,, +y, — x + y and
AnXn = AXx asn — o0.

b. If {x,} is a Cauchy sequence in a normed space, show that {Ax,} is a Cauchy
sequence.

c. Show that a metric d (-, -) induced by a norm on a normed space X is translation
invariant, i.e., d(x + b,y + b) = d(x,y), where b is a fixed element of X, and
d(ax, ay) = |a|d(x,y), where « is a scalar.

Problem 2.16 Give an example of a seminorm that is not a norm.
Problem 2.17 Show that P[0, 1] with ||[f|| = sup |f(¢)] is a normed space but not
te[0,1]

a Banach space.

Problem 2.18 Let X = {x;/x; = 0 for i > n}. Show that X is a normed space with
||x|| = sup |x;|, but it is not a Banach space.
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Problem 2.19 If X and Y are Banach spaces, show that X x Y is also a Banach
space.

Problem 2.20 Let X and Y be two real normed spaces and T an operator on X into
Y such that

a Tx+y=TxX)+T(y)Vx,yeX.
b. T is bounded on the unit ball of X . Prove that T is a continuous linear operator.

Problem 2.21 Let X and Y be normed spaces and T an operator of X into Y. Show
that 7 is a continuous linear operator if and only if

T (Z oz,-xi) = ZO[Z‘T()CZ‘)
i=1 i=1

o0
for every convergent series »_ o;x;.
i=1

Problem 2.22 Show that R", C, C[0, 1], £,, L, are separable normed spaces.

1
Problem 2.23 LetT: C[0, 1] — C[0, 1], T(f) = fK(s, nf (1)dt, where K(s, t) is
0

continuous on the unit square 0 < s < 1, 0 <t < 1. Compute||T]||.

Problem 2.24 Show that if T is a linear operator on a normed space X into a normed
space Y, then 7! is linear provided it exists.

Problem 2.25 Show that the dual of R" is R".

Problem 2.26 Show that the dual of £,, 1 < p < 00, is £,, where 1/p +1/q = 1.
Also, show that £, is reflexive for 1 < p < 0o, but £; is nonreflexive.

Problem 2.27 Prove that the set M,, , of all m x n matrices is a normed space with
respect to the following equivalent norms:

a. [|Alloo = max;la;| and A = (a;) € My p.

b. Al =) Z;l=1 la;j| and A = (a;) € My, .
i=1

e Al = (X X0, lay?}? and A = (ay) € My
i=1

Problem 2.28 Prove that the space of all real sequences converging to 0 is a normed
space.

Problem 2.29 Let T be a functional defined on X x Y, the product of normed spaces
X and Y, such that
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a Tx+x,y+y) =Ty +Tky)+TE,y) +TE, Y)Y (x,y) € X x
Y,(x,y)eX x7Y.

b. T(ax, By) = aBT(x,y)V (x,y) € X x Y with « and § being scalars, i.e., T is
bilinear. Show that T is continuous if and only if there exists k > 0 such that
NT e, I < kx| 1y]]

Let

IITll=sup |T(x,y)l

[xll=L.[lyllI=1

Show that |[T'(x, )|| < [IT]] [lx[| [ly[l-

Problem 2.30 A linear operator T defined on a normed space U into a normed space
V is called compact or (completely continuous) if, for every bounded subset M of
U, its image T (M) is relatively compact; i.e., the closure 7' (M) is compact.

a. Show that the operator in Problem2.23 is compact.

b. Show thatif S and T are compact operators, then S + 7 and «T, where « is scalar,
are compact.

c. Show that every compact operator is bounded and hence continuous.

Problem 2.31 Show that the identity operator defined on an infinite-dimensional
normed space X is not compact.

Problem 2.32 Let 7: U — U (U is a normed space) be defined by the relation
T (x) = F(x)z, where z is a fixed element of U and F € U*. Show that T is compact.

Problem 2.33 Show that the space of all compact operators on a Banach space X
into a Banach space Y is a Banach space which is a closed subspace of Z[X, Y].

Problem 2.34 Let T: ¢, — {,, p > 1, be defined by T(x) = y, where y =

(xi/1, x2/2, x3/3, ..., xp/n,...) for x = (X1, X2, X3, ..., X, ...) € £,. Show that
T is compact.

Problem 2.35 Let T be a linear operator with its domain D(7") and range R(T)
contained in a normed space U. A scalar A such that there exists an x € D(T),
x # 0, satisfying the equation 7' (x) = Ax, is called an eigenvalue or characteristic
value or proper value of 7. The corresponding x is called an eigenvector of T. If A
is an eigenvalue of T, the null space of the operator Al — T', N (Al — T), is called the
eigenmanifold (eigenspace) corresponding to the eigenvalue A. The dimension of the
eigenmanifold is called the multiplicity of the eigenvalue L. The set of A such that
(M —T) has a continuous inverse defined on its range is said to be the resolvent set of
T and is denoted by p(T'). The set of all complex numbers that are not in the resolvent
set is said to be the spectrum of T and denoted by o (T). R, (T) = (Al — ) 'is
called the resolvent of T.Let T: U — U, U being Banach space, and

16(T) = sup|r/x € o(T)]

is called the spectral radius of T.
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Let T: X — X, X being a normed space, be a linear operator on X, and let

A1, A2, A3, ... be a set of distinct eigenvalues of T. Further, let {x,} be an eigen-
vector associated with ,, n = 1, 2, .. .. Show that the set x;, x5, . . ., X, is linearly
independent.

Show that the set of eigenvalues of a compact linear operator 7: X — X on
a normed space X is countable and the only possible point of accumulation is
A=0.

Find o (T), where T is defined as in Problem2.23 on L,[0, 1] into itself.

Let T: X — X, X being a Banach space, be linear and continuous. If |A] >
||T||,then A is in the resolvent set of T. Moreover, (\l — T)~! is given by

o0
W =T)'=3 A7 '"T"and ||(AM — T)7 Y| < (IA] = ||T|])~". Show that the
n=0
spectrum of T is contained in the circle, {A|A| < limsup(||T"|])'/"}, which is
contained in (A/|A| < ||T]]).
Show that for a bounded linear operator 7', o (T) is closed and p(T) is open.
LetT: Cla, b] — Cla, b] be as in Problem2.23, then (\] —T) " 'u = v, A # 0,
[o¢]

has a unique solutionu = A Y A" — T"v.
n=0

Problem 2.36 Inverse Operator Theorem: Let T be a bounded linear operator on a
normed space U onto a normed space V. If there is a positive constant m such that

mllx|| < [T()||VxeX

then show that 7~!': V — U exists and is bounded. Conversely, show that if there is
a continuous inverse T7~': ¥ = R(T) — U, then there is a positive constant m such
that the above inequality holds for all x in U.

t
Problem 2.37 Let T': Cla, b] — Cla, b] be defined by f (1) — g(t) = ff(x)dx.
0

Find R(T) and T~!: R(T) — Cla, b]. Is T~! linear and bounded.



Chapter 3 ®)
Hilbert Spaces oo

Abstract In this chapter, we study a special class of Banach space in which the
underlying vector space is equipped with a structure, called an inner product or a
scalar product providing the generalization of geometrical concepts like angle and
orthogonally between two vectors. The inner product is nothing but a generalization
of the dot product of vector calculus. Hilbert space method is a powerful tool to tackle
problems of diverse fields of classical mathematics like linear equations, variational
methods, approximation theory, differential equations.

Keywords Inner product space (pre-Hilbert space) *
Cauchy—Schwarz—Bunyakowski inequality - Hilbert space - Parallelogram law -
Polarization identity - Orthogonal complements - Projection theorem * Projection
on convex sets + Orthonormal systems Fourier expansion - Bessel’s inequality -
Projections - Orthogonal bases - Riesz representation theorem - Duality of Hilbert
space - Adjoint operator - Self-adjoint operator - Positive operator + Unitary
operator - Normal operator *+ Adjoint of an unbounded operator * Bilinear forms -
Lax—Milgram lemma

3.1 Introduction

In Chap. 1, we have studied concept of distance between two elements of an abstract
set X as well as the distance between two subsets of X. Chapter2 is devoted to
concepts of magnitude of vectors. An important notion of angle and related concept
of orthogonality or perpendicularity between two vectors is missing in the previous
chapter. David Hilbert, a Professor at Gottingen, Germany, introduced the space of
sequences denoted by I, = {{x}/ Zzozl |x,|*> < oo} which is the first example of
a structure whose axiomatic definition was given around 1927 by Von Neumann
and now known as Hibert space. A Hilbert space is a special class of Banach space
in which the underlying vector space is equipped with a structure known as inner
product or scalar product. This concept enables us to study geometric properties like
Pythagorean theorem and parallelogram law of classical geometry, and vector space
equipped with inner product that is completely known as Hilbert space is a powerful
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apparatus to solve problems of different fields such as linear equations, minimization
problems, variational methods, approximation theory, differential equations. The
concept of orthogonality leads to the celebrated projection theorem and theory of
Fourier series extending numerous classical results concerning trigonometric Fourier
series. The structure of inner product has consequences of vital importance that
every real Hilbert space is reflexive. Besides these results, the Hilbert space exhibits
some interesting properties of linear operators which are very useful for the study of
certain systems occurring in physics and engineering. The chapter is concluded by
the famous Lax—Milgram lemma proved by Abel prize recipient P.D. Lax and A.N.
Milgram in 1954 which is applied to prove existence of solution of different types
of boundary value problems.

3.2 Fundamental Definitions and Properties

3.2.1 Definitions, Examples, and Properties of Inner Product
Space

Definition 3.1 Suppose H is a real or complex vector space. Then, a mapping,
denoted by (-, -), on H x H into the underlying field R or C, is said to be an inner
product of any two elements x, y € H if the following conditions are satisfied:

. (x+x,y)=(x,y)+ &/, y)Vx,x',y € H.

ax,y) =oa(x,y),Vx,y € H and o belongs to R or C.

(x,y) = (y,x) Vx,y € H and — denotes complex conjugate.

(x,x) >0, Vx € X;and (x, x) = 0if and only if x = 0. (x, x) is denoted by
|1x[1?, that is, [|x]|| = ((x, x))"/.

—_

Sl o

(X, (-, -)) [X equipped with inner product (-, -)] is called an inner product space or
pre-Hilbert space.

Remark 3.1 (a) Sometimes symbol (-, -) is used to denote the inner product (-, -).

(b) For real inner product (-, -), (x, y) = (x, y) = (y, x).

(c) Since a complex number z is real if and only if z =7, (x, x) =z =7 = (x, x),
that is (x, x) is real.

(d) (-, -) is linear in the first variable x by virtue of Definition3.1(a) and (b). If
underlying vector space is real, then (-, -) is also linear in the second variable,
that is,

@ (xy+y)=xy+xy).

(i) (x, By) = B(x,y).
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(e) It may be checked that

n n
<zam,zﬂm>=
k=1 =1

) (x,0)=0, VxeX.

(g) If, for a given element y € X, (x, y) = 0, then y must be zero.

(h) Theinner product, (-, -),is acontinuous function with respect to the norm induced
by it. See Remark 3.4 and Solved Problem 3.3.

n

n
E By (xi, yi)

k=1 I=1

Example 3.1 Letx = (x1, x3) and y = (y;, y2) belong to RZ. Then,

(x,¥) = x1y1 + 0232
is an inner product on R? and (R?, (-, -)) is an inner product space.

Example 3.2 For x = (x1,x2,...,%x,) € R",y = (31, Y2, ..., ¥u) € R" belonging
toR", n>1,

(x,y) =x1y1 +x2y2 + -+ + Xy Y

is an inner product and (R", (-, -)) is an inner product space.

Example 3.3 Let C[a, b] denote the vector space of continuous functions defined
on [a, b]. Cla, b] is an inner product space with respect to an inner product (-, -)
defined as

@ (f.g) = fbf(x)@dx, V f,g € Cla, b]. For f, g € Cla, b], another inner
product c;n be defined as follows:

®) (f,g) = f f(x)mw(x)dx, where w(x) € Cla, b] and w(x) > 0.
w(x) is called a weight function. For w(x) = 1, (b) reduces to (a).
Example 3.4 Let

0

t = {x = {x)/ ) bal® < o0
n=1

Then,

00
y> = Zxkﬁ’
k=1
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forx = (x1,x2, ..., %, ...)and y = (31, ¥2, .-+, V&, - . .) belonging to £,, an inner
product, and (45, (-, -)), an inner product space. If sequences {x;} and {y;} are real,
then (x, y) = Z,fil X1y and £; is called real inner product space.

This space was introduced by David Hilbert.

Example 3.5 Let Lr(a,b) ={f : [a,b] = RorC/ fab | f(x)|?dx < oo}. Then,

b
(o) = / FOFdx

is an inner product on L, (a, b) and L;(a, b) is an inner product space equipped with
this inner product. L, (a, b) is called the space of finite energy.

Remark 3.2 (a) An inner product space is called finite-dimensional inner product
space if the underlying vector space is finite-dimensional. Sometime a finite-
dimensional complex inner product space is called Hermitian space or unitary
space. It is called Euclidean space if underlying field is real.

(b) All inner product spaces considered in this book will be defined over the field
of complex numbers unless explicitly mentioned.

Theorem 3.1 (Cauchy—Schwarz—Bunyakowski Inequality)

[, )P < (e, x) (0, ) 3.1
forall x, y belonging to an inner product space X.

Proof 1Ttis clear that (x, y) = 0if y = 0 and (y, y) = 0 for y = 0. Therefore, (3.1)
is satisfied for y = 0. Let us prove it for y # 0. For y # 0, (y, y) # 0. Let

- (x, y>‘
(¥, )
Then,
[(x, y)|? _ ety
(¥, ¥) (¥, »)

= Ax,y) = Ay, x)

by virtue of condition (3) of Definition3.1. Also, A(y, x) = A(x, y) by the same
reasoning. Thus,

=My, x) = Alx, y) = A2y, ) (3.2)
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By Definition 3.1(a), (b) and Remark 3.1, we get

0<{(x—Ay,x —Ay) = (x,x) + (x, —=Ay) + (=Ay, x) + (=Ay, —Ay)
= (x,x) — A(x, y) — Ay, x) + A (v, ) (3.3)

By (3.2) and (3.3), we get

[ P K )P T )P

0 , _
= (%, x) (y, y) (v, y) (v, y)

or

[(x, y)|?
(v, y)

0<(x,x)— 3.4)

or

e, P < (e X0 (v, ).

Theorem 3.2 Every inner product space defines a norm, and so every inner product
space is anormed space. Let (X, (-, -)) be an inner product space, and then, (X, ||-])
is a normed space, where

x| = (x,x)/?Vx € X.

Proof (a) ||x|| = ({x,x))"/%. Let ||x|| = 0, and then, (x, x) = 0 implying x =
0 by Definition3.1(d) and also x = 0 implies (x,x) = 0 or [|x|]] = 0. By
Definition3.1(d) (x, x) > 0. Thus, condition of the norm is satisfied.

(b)

x| = ((ax, ax)'/? = (Jee|* (x, x))'/2
= la|({x, x))"/* = |a| ||x]|
Here, we used @ x @ = |a|? and (ax, ax) = aa(x, x) by Definition 3.1 and
Remark 3.1(d).
© llx+yll <Ixll + Iyl Vx, yeX.

lefthandside = ||x + y||*> = (x + y, x + y)
= (x, x) + (x, y) + (e, y) + (0, y)

by Definition 3.1 and Remark 3.1.
or

[lx + 1P < [1x]1> 4+ 2Re(x, y) + I1yI?
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by Definition 3.1 and Appendix A.4. By Theorem3.1.,

Relx, y) < [{x, ) < (b, x>y, y)'72.

Therefore,
e+ Y117 < {1l 4 201l Iy ]+ [yl (3.5
or
[lx + yll = lxIl + 1yl
Thus, ||x]|| is a norm and (X, || - ||) is a normed space.

Remark 3.3 (a) In view of Theorem 3.2, Theorem 3.1 can be written as

[, )< [lx[] Iyl

(b) In Theorem 3.1, equality holds, that is,

1Ge = 11yl

if and only if x and y are linearly dependent.
Verification

Let [(x, ¥)| = [|x|| lIy]l, x # 0and y # 0. If eitherx = 0 or y = 0O, then x and y
are linearly dependent; that is, the result follows. Since x # 0,y # 0, (x,y) # 0
and (y,y) Z#0.If

A= (x,y)’ then
(¥, ¥)
A#0
and
2
()c—)»y,)c—)xy)=()c,)c)—M
(¥, ¥)
o xIPIIR
= |lx|? - 2 =
[yl

By Definition 3.1(d), it follows that x — Ay = 0. Hence, x and y are linearly
dependent. Conversely, if x and y are linearly dependent, then we can write x = Ay.
This implies that
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16 vl = [(ky, vl = A [{y, Y)[(By Definition 3.1)
= (ALY I = ALY 1yl
= [lx[ Iyl

Remark 3.4 (a) The norm ||x|| = |{x, x)|'/? is called the norm induced by an inner
product.

(b) All notions discussed in Chap.2 can be extended for inner product space as it
is a normed space with respect to the norm given in part (a). For example, a
sequence {x,} in an inner product space (X, (-, -)) is called a Cauchy sequence
if, for ¢ > 0, there exists N such that

1/2
X0 — Xl | = [0 — X, X0 — x)]"% < &
for n and m > N, that is,

lim (x, — X, X, — X)) = 0.

Hilbert Spaces

Definition 3.2 If every Cauchy sequence in an inner product space (H, (-, -)) is
convergent, that is, for x,,, x,, € H with (x, — x,,,, x, — x,,) = 0asn,m — o0, we
get there exists u € H such that (x,, —u, x, —u) = 0asn — oo. Then, H is called a
Hilbert space. Thus, an inner product space is called a Hilbert space if it is complete.

Example 3.6 (a) R", {,, and L;(a, b) are examples of Hilbert spaces.

(b) Cla, b] andP [a, b] are examples of inner product spaces but they are not Hilbert
space.

An inner product (-, -) on Pla, b] is defined as follows: For f, g € Pla, b],

b
(f &) =/f(l)g(t)dt.

Example 3.7 LetY = {f : [a,b] — R/f is absolutely continuous on [a, b] with
f, ‘2—’; € Ly(a,b) and f(a) = f(b) = 0}. Then, Y is a dense subspace of L;(a, b).
Y is a Hilbert space with respect to

df dg
(f gly = ([ 8iaan + <dx "dx >Lz<a,b) ‘

Example 3.8 Let £2 be an open subset of R® and C{°(£2) = {f : 2 — R/finfinitely
differentiable with compact support in £2}.
For f, g € C*(82),
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(fs8) = / <fg + %8_5' + %B_g + %B_g) dxidxydx;
2

X1 X1 X2 X2 X3 X3

is an inner product on Cg°(£2).
(C5°(82), (-, -)) is inner product space but not a Hilbert space.
This inner product induces the norm:

1/2

|un=‘ﬁvﬁ+Wﬂ%mm@w3
2

However, C;°(£2) is not a Hilbert space.

Remark 3.5 (a) David Hilbert discovered space ¢, in 1910. In fact, abstract Hilbert
space (Definitions 3.1 and 3.2) was introduced by J. von Neumann in 1927.

(b) Inthe beginning of the study of this interesting space, a separable complete inner
product space was called Hilbert space and this continued up to 1930.

(c) It can be proved that every separable Hilbert space is isometric and isomorphic
to ¢5.

3.2.2 Parallelogram Law

In classical geometry, the sum of the squares of the diagonals of a parallelogram is
equal to the sum of the squares of its sides. We prove extension of this result in the
following theorem.

Theorem 3.3 (Parallelogram Law)
[|x + y||2 + ||x — y||2 = 2|\x||2 + ||y||2Vx, y belonging to an inner product space X.
Proof By Theorem 3.2, we have

llx +yII* = (x + y,x +y) and
lx —yIIF = (x —y,x — y)

By Definition 3.1 and Remark 3.1(d), we get
x4yl = (x,x) + (6, ) + (3, x) + (3, )
or

e+ yI1P = 11X 11 + (e, 3) + (0 + 1yl (3.6)
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Similarly, we can show that
lx = yII> = 1xI* = (x. y) = (v, x) + |yl 3.7)
By adding Eqgs. (3.5) and (3.6), we get
[lx 4+ 11>+ llx — yII> = 2[1x[1* + 211yI*.

This proves the theorem.

Remark 3.6 The parallelogram law is not valid for an arbitrary norm as demonstrated
below. Let X = C[0, 2] be the Banach space where

I[fIl = sup |f(@)| for f € X.

0<t<2m

This norm does not satisfy the parallelogram law. Let f(f) = max(sint, 0) and
g(t) = max(—sint, 0). Then,

fll=Lllgll=1LI11f+gll=1 and || f —gll =1
Thus,
200F11F +2lgl> =4and ||f +gll*+11f — gl =2

Hence,

If+gl>+I1f —gll* # 211711 +2llgl?

In fact, we see in Theorem 3.5 that any norm satisfying the parallelogram law is
defined by an inner product.

Theorem 3.4 (Polarization Identity) Let x, y € X (inner product space), and then

(o, y) = Al + I = fle = Yl il + iy l1° = il — iyl
Proof Using definition of inner product and Remark 3.1, we get

1x + yII> = (x, x) + (6, 9) + (v, %) + (v, )
—[lx = yII* = —(x, x) + (6, 3) + (v, x) — (7, )
illx +iy|lF =i, x) + (x, ) + (v, x) +i(y, )
—illx 4+ y|I* = —i{x,x) + (x,y) — (y, x) — iy, y)

By adding these four relations, we obtain
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e+ Y117 = 1l = yIIP 4 illx + iyl]> = illx — iyl]* = 4(x, y)
or

1 2 2 . . 2 . . 2
(x,y>=Z[IIX+yI| — [lx = ylI" +illx +iyll” —illx —iyl|l"].

Theorem 3.5 (Jordan-von-Neumann, 1935) A normed space is an inner product
space if and only if the norm of the normed space satisfies the parallelogram law.

Theorem 3.6 A Banach space is a Hilbert space if and only if its norm satisfies the
parallelogram law.
For proof of above theorems, one may see, for example, Siddiqi [169].

3.3 Orthogonal Complements and Projection Theorem

3.3.1 Orthogonal Complements and Projections

Definition 3.3 1. Two vectors x and y in an inner product space are called orthog-
onal, denoted by x L y if

{(x,y)=0.

2. A vector x of an inner product space X is called orthogonal to a nonempty subset
A of X, denoted by x L A,if (x,y) =0foreachy € A.

3. Let A be a nonempty subset of an inner product space X. Then, the set of all
vectors orthogonal to A, denoted by AL, is called the orthogonal complement
of A; that is,

At ={x e X/(x,y) =0 for each y € A}.

A+t = (AL will denote orthogonal complement of A+
4. Two subsets A and B of an inner product space X are called orthogonal denoted
byA L Bif (x,y)=0VvxeAandVye B.

Remark 3.7 1. Since (x,y) = (y,x) , (x,y) = 0 implies that (y,x) = 0 or
(v, x) = 0 and vice versa. Hence, x L yif and only if y L x.

2. In view of Remark 3.1 (6), x L O for every x belonging to an inner product
space. By condition (4) of the definition of the inner product, O is the only vector
orthogonal to itself.

It is clear that 0+ = X and X+ = 0.

Itis clear thatif A L B,then AN B = 0.

5. Nonzero mutually orthogonal vectors, xi, x2, X3, ..., x, of an inner product
space are linearly independent.

Rl
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Theorem 3.7 Let X be an inner product space and A its arbitrary subset. Then, the
Jfollowing results hold good:

1. A'tis a closed subspace of X.

2. ANALt C{0}. AN AL =0 ifand only if A is a subspace.
3. Ac At

4. If B C A, then B+ > A*.

Proof 1. Letx,y € A+. Then, (x,z) =0V z € A and (y, z) = OVz € A. Since
for arbitrary scalars «, 3,

(ax + By, z) = afx, z) + B(y, 2),
by Definition 3.1, we get (ax + By, z) =0, i.e.,
ax + By € AL

So, At is a subspace of X. For showing that A is closed, let {x,} € A* and
x, — y. We need to show that y must belong to A*. By definition of A+, for
every x € X, (x, x,) = 0V n. This implies that

lim (x, x,) = lim (x,, x) = 0 (Remark 3.7).
n—oo n—oo

Since (-, -) is a continuous function

(lim x,,x) =0
n—00

or (y,x) =0.Hence, y € A*.

2. Ifye ANAt and y € A+, by Remark3.7, y € {0}. If A is a subspace, then
0cAand0 e AN At Hence, AN AL+ = {0}.

3. Let y € A, but y ¢ AL, Then, there exists an element z € A* such that
(y,z) #0.Since z € A+, (y, z) = 0 which s a contradiction. Hence, y € A+,

Definition 3.4 The angle 6 between two vectors x and y of an inner product space
X is defined by the following relation:

(x, )

= — 3.8
] 1] 38

Remark 3.8 1. By the Cauchy—Schwarz—Bunyakowski inequality, the right-hand
side of Eq.(3.8) is always less than or equal to 1, and so the angle 6 is well
defined, i.e., 0 < 6 < m, for every x and y different from O.

2. f X = R?, x = (x1,x2,x3), y = (y1, Y2, y3), then

X1y1 + X2)2 + X3y3
(2 +x3 +xH12(37 + y2 + yH)1/2

cosf =
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This is a well-known relation in three-dimensional Euclidean space.

3. If x L y, thencos® = 0;1i.e., 0 = /2. In view of this, orthogonal vectors are
also called perpendicular vectors.

A well-known result of plane geometry is the sum of the squares of the base, and
the perpendicular in a right-angled triangle is equal to the square of the hypotenuse.

This is known as the Pythagorean theorem. Its infinite-dimensional analogue is as
follows.

Theorem 3.8 Let X be an inner product space and x,y € X. Then for x L y, we
have

lx + yI1* = lIx]* + Iyl

Proof

Ix + yII* = (x +y,x +y) = (x,x) + (y, x) + (x, ) + (v, y) (by Definition 3.1).

Since x L y, (x,y) =0 and (y, x) = 0 (by Definition 3.3 and Remark 3.7). Hence,
X + V1P = (x> + 11yl

Example 3.9 Let X = R3, the three-dimensional Euclidean space, and M = {x =
(x1, x2, x3)} be its subspace spanned by a nonzero vector x. The orthogonal comple-
ment of M is the plane through the origin perpendicular to the vector x (Fig.3.1).

Example 3.10 Let A be a subspace of R3 generated by the set {(1, 0, 1), (0, 2, 3)}.
A typical element of A can be expressed as

Fig. 3.1 Orthogonal
complement in Example 3.9
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x = (x1, x2, x3) = A(1,0, 1) + (0, 2, 3)
=M +2uj + X+ 3k
=X =A, X2 =21, x3=A+4+3u

Thus, a typical element of A is of the form (xl, X2, X1 + %xz). The orthogonal com-
plement of A can be constructed as follows: Let x = (x, x2, x3) € AL, Then for
y = (1, Y2, ¥3) € A, we have

3
(x,y) =x1y1 +X2y2 +X3y3 = X1y1 +X2)2 + X3 <y1 + 5y2>

3
(x1 +x3)y1 + <X2 + §X3) =0
Since y; and y, are arbitrary, we have
3
(x1 +x3) =0and xZ+§)C3 =0
Therefore

L _ __3
AT = 1x = (X1, X2, X3) /X1 = —X3, X2 = %3

3
= {x € R3/x = (—X3, —Exs,x_%)}

3.4 Orthogonal Projections and Projection Theorem

As we know, an algebraic projection P on a vector space X is a linear operator P
on X into itself such that P> = P. A projection P on an inner product space X
is called an orthogonal projection if its range and null space are orthogonal, that
is, R(P) L N(P)({u,v) =0V u € N(P), v e N(P)), where R(P) and N(P)
denote, respectively, the range and null space. It can be easily verified that if P is
an orthogonal projection, then so is I — P. Important properties of an orthogonal
projection are contained in the following theorem:

Theorem 3.9 Let P be an orthogonal projection of an inner product space X. Then,

1. Each element 7 € X can be written uniquely as
z=Xx-+y, wherex € R(P)and y € N(P)

2. lzl1? = {1xI1P + [yl
3. Every orthogonal projection is continuous, and moreover, ||P|| = 1 for P # 0.
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N(P) and R(P) are closed linear subspaces of X.
N(P) = R(P)* and R(P) = N(P)".

Proof We know that for an algebraic projection P on X

X = R(P) + N(P)

where R(P)N N (P) = {0}. Thus, every element z in X can be expressed in the form
z=x4+Yy, x € R(P),y € N(P). To show the uniqueness, let

z=x1+y1, x1 € R(P), y1 € N(P)
z=Xx2+ Y2, X € R(P), yo € N(P)

Then, x; + y1 = x2 +y2 0r x; — X2 = y2 — y1.

1.

Since x; — x, € R(P) as R(P) is a subspace of X and y, — y; € N(P) as
N (P) is a subspace of X, we find that x; — x; = y, — y; = 0. Therefore, the
representation is unique.

Sincez=x+y,x € R(P),and y € N(P), we have

zIl* = llx + yII* = (x + y, x +y)
= (x,x)+(x,y) + (¥, x) +{y,y)
= [|x|I> + [IyII* as (x,y) = 0 and (y, x) = 0. (3.9)

By parts (1.) and (2.) for all z € X, we have
1Pz||* = [|P(x + YII” = |Px|* + [|Py]I*, x € R(P), y € N(P).
[|Py||> =0asy € N(P). Thus,
1PzI? = [|Px]I> = |IxII* < |Iz]I*.
This means that P is bounded and hence continuous. Let P # 0; then, for

x € R(P), we have Px = x. Therefore, ||Px|| = ||x|| which implies that
[|1P|| = 1.

. Itis clear that R(P) is the null space of / — P. By Proposition 2.1(4), the result

follows.

. Since N(P) L R(P), N(P) C R(P)*. To prove the assertion, it is sufficient

to show that N(P) D R(P)‘. Let z € R(P)*. Then, there exists a unique
X0 € R(P) and yo € N(P) such that z = x¢ + yo. Since z € R(P)*, we have
(z,u) =0 forall u € R(P). Then, 0 = (z, u) = (xo, u) for all u € R(P). This
implies that xo = 0 and z = yo € N(P) which shows that R(P)* C N(P).
Similarly, we can prove that R(P) = N(P)> .
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The existence of orthogonal projection is guaranteed by the following theorem:

Theorem 3.10 (Projection Theorem) If M is a closed subspace of a Hilbert space
X, then

X=Me&M (3.10)

Remark 3.9 1. Theorem 3.10 implies that a Hilbert space is always rich in pro-
jections. In fact, for every closed subspace M of a Hilbert space X, there exists
an orthogonal projection on X whose range space is M and whose null space is
M*.

2. Equation(3.10) means that every z € X is expressible uniquely in the form
z=x+y, wherex € M and y € M*. Since M N M+ = {0}, in order to prove
Theorem 3.10, it is sufficient to show that X = M + M+,

Equation (3.10) is called the orthogonal decomposition of Hilbert space X.

3. i. LetX = R?.Then, Figure 3.2 provides the geometric meaning of the orthog-

onal decomposition of R? as

H:Rz,zeR2,z=x+y,xEM,yeMl

ii. Theorem 3.10 is not valid for inner product spaces (see Problem 3.20).
We require the following results in the proof of Theorem 3.10 (Fig.3.2).

Lemma 3.1 Let M be a closed convex subset of a Hilbert space X and p = inﬁf/l [[y]].
ye
Then, there exists a unique x € M such that l|x|| = p.
Lemma 3.2 Let M be a closed subspace of a Hilbert space X, x ¢ M, and let the
distance between x and M be p, i.e., p = in}; [lx — ul|. Then, there exists a unique
ue
vector w € M such that ||x — w]|| = p.

Lemma 3.3 If M is a proper closed subspace of a Hilbert space X, then there exists
a nonzero vector u in X such thatu 1. M.

Fig. 3.2 Geometrical Y
meaning of the orthogonal
decomposition in R?
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Lemma 3.4 If M and N are closed subspaces of a Hilbert space X, such that
M 1 N, then the subspace

M+ N={x+yeX/xeMandy e N}

is also closed.

Remark 3.10 Lemma 3.2 can be rephrased as follows: Let M be a closed convex
subset of a Hilbert space X, and for x € X, let p = inf,cpm||x — u||. Then, there
exists a unique element w € M such that p = ||x — w||. w is called the projection of
x on M, and we write Px = w (Definition 3.5).

Proof (Proof of Lemma3.1) Since M is a convex subset of X, ax + (1 —a)y € M,
for o = 1/2 and every x, y € M. By the definition of p, there exists a sequence of
vectors {x, } in M such that ||x,|| — p. For x = x,, and y = x,,, we have

X, +x X, + X,
onoom eMand||%|I >p

Hence,
X0 + x|l = 2p (3.11)
By the parallelogram law for elements x,, and x,,

2 2 2 2
o 4 X |17 10 = 2|7 = 2[|2a |17 + 2 x|

or
20 — X1 = 201212 4 2[|x ] [* = 112 + x|
> 2|[x,]12 + 2||x 1> — 4p” by Eq. (3.11)
Since 2||x,||> = 2p2 and 2||x,||> — 2p%, we have ||x, — xu||> = 2p% + 2p% —

4p> = 0 as n,m — oo. Hence, {x,} is a Cauchy sequence in M. Since M is a
closed subspace of a Banach space X, it is complete (see Remark 1.3). Thus, {x,} is

convergent in M i.e., there exists a vector x in M such that lim x, = x. Since the
n—oo

norm is a continuous function, we have
p = lim |[x,||
n—oo
= lim x = ||x]|.
n—o00
Thus, x is an element of M with the desired property. Now, we show that x is unique.

Let x” be another element of M such that p = ||x’||. Since x,x’ € M, and M is
convex,
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x+x
2

e M.

By the parallelogram law for the elements 35 and £ we have

’ 712

n x' x
2 2

2 2
= ZIIX||2+ ZIIX’II2

or

x+x
2

2
e [ e e
2 2 2
2 2
1| 15 e
2 2

or

x+x

2

<p

which contradicts the definition of p. Hence, x is unique.

Proof (Proof of Lemma3.2) The set
N=x4+M={x+v/ve M}
is a closed convex subset of X, and
p= xilvlgN 10— (x + W)l
is the distance of 0 from N. Since —v € M for all

veM, PZEEAEIIO—(X-FV)II

By Lemma 3.1, there exists a unique vector u € N such that p = ||u||. The vector

87

w=x—u=—(u—x)belongsto M [aswehave M = N —x ={z—x/z€ N;x ¢
M} and M is a subspace, therefore,—(z — x) € M |. Thus, ||x —w|| = ||lu]| = p. w
is unique. For if w is not unique, w; # w is a vector in M such that ||x — w;|| = p.
This implies that u; = (x — wy) is a vector in N such that ||u;|| = ||x — w|| = p.

This contradicts that u is unique. Hence, w is unique.

Proof (Proof of Lemma3.3) Letx ¢ M and p = in/\f4 [lx — v||, the distance from x
Ve

to M. By Lemma 3.2, there exists a unique element w € M such that ||x — w|| = p.
Letu =x—w.u #0asp > 0.Ifu =0, thenx —w = 0 and [|x —w|| = 0 implies

that p = 0.)



88 3 Hilbert Spaces

Now, we show thatu 1 M. For this, we show that for arbitrary y € M, (u, y) = 0.
For any scalar o, we have ||lu —ay|| = [|[x —w —ay|| = ||x — (W + ay)]|. Since M
is a subspace, w + oy € M whenever w, y € M. Thus, w + oy € M implies that

llu — ayl| = p = |ull,
or [lu — ayl)* — [lu|]* > 0,
or (u —ay,u —ay) — |Ju||* > 0.
Since
(w—oy,u—ay) = (u,u) —aly,u)
—afu, y) +aa(y,y)
= |lull — afu,y) —aly, u) + la*(y, y),
we have

—@u,y) —ofu, y) + eIyl 2 0 (3.12)
By putting &« = B(u, y) in Eq.(3.12), B being an arbitrary real number, we get

= 2B1(u, )P + B2, )Pl = 0 (3.13)
If we put o = [(u, y)|>and b = ||y]|? in Eq. (3.12), we obtain

—2Ba + B*ab > 0.

Ba(Bb —2) > 0V real B (3.14)

If a > 0, Eq.(3.13) is false for all sufficiently small positive 8. Hence, @ must be
zero,i.e.,a = |(u, y)|> =0or (u,y) =0V y e M.

Proof (Proof of Lemma 3.4) It is a well-known result of vector spaces that M + N is
a subspace of X. We show that it is closed; i.e., every limit point of M + N belongs
to it. Let z be an arbitrary limit point of M + N. Then, there exists a sequence {z,}
of points of M 4+ N such that z, — z (see Theorem A.2 of Appendix A.3). M L N
implies that M N N = {0}. So, every z, € M + N can be written uniquely in the
form z, = x, + y,, where x, € M and y, € N. By the Pythagorean theorem for
elements (x,, — x,,) and (y,, — ¥,,), we have

Hzm — 2ol = 11 — X0) + G — Y|
= [1xXm — Xal* + [1ym — yul? (3.15)
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(It is clear that (x,, — x,) L (ym — y») Y m, n.) Since {z,} is convergent, it is a
Cauchy sequence and so ||z, — z.||> — 0. Hence, from Eq.(3.15), we see that
Xm — xu|l = O and ||y, — yull & 0 as m,n — oo. Hence, {x,,} and {y,} are
Cauchy sequences in M and N, respectively. Being closed subspaces of a complete
space, M and N are also complete. Thus, {x,,} and {y,} are convergent in M and N,
respectively, say x,, > x e Mandy, > ye N.x+ye M+ Nasx € M and
y € N. Then,

z = lim z, = lim (x, + y,) = lim x, + lim y
n—0oQ n—oo n—oQ n—oQ

=x+yeM+N

This proves that an arbitrary limit point of M + N belongs to it and so it is closed.

Proof (Proof of Theorem3.10) By Theorem 3.9, M _L is also a closed subspace of
X. By choosing N = M~ in Lemma 3.4, we find that M + M~ is a closed subspace
of X.First, we wanttoshow that X = M+ M+ . Let X # M +M~';ie, M+ M*'is
a proper closed subspace of X. Then by Lemma 3.3, there exists a nonzero vector u
such that u 1. M 4+ M*. This implies that (u,x +y) =0, Vx € M,andy ¢ M L.
If we choose y = 0, then (1, x) = 0,Y € M;i.e.,u € M L. On the other hand, if
we choose x = 0, then (u, y) = Oforally e M 1;ie.,u € M+ (Since M and
M+ are subspaces, this choice is possible.) Thus, u € M+ N M*+. By Theorem 3.7
for A = M*, we obtain that u = 0. This is a contradiction as u # 0. Hence, our
assumption is false and X = M + M=. In view of Remark 3.9 (2), the theorem is
proved.

Remark 3.11 Sometimes, the following statement is also added in the statement of
the projection theorem. “Let M be a closed subspace of a Hilbert space X, and then
M = M+ (Problem 3.8).”

Remark 3.12 1. Let X = L,(—1,1). Then, X = M & M~*, where M = {f €
Ly(—1,1)/f(—=t) = f(t) Vt € (—1,1), i.e., the space of even functions};
M+ = {f € Ly(—1,1)/f(=t) = —f ()Yt — (=1, 1), i.e., the space of odd
functions}.

2. Let X = Ljla,b]. For c € [a,b],let M = {f € Lyla,b]/f(t) = 0 almost
everywhere in (a, ¢)} and Mt = {f € Lsla, b]/f(t) = 0 almost everywhere in
(¢,b)}). Then, X =M & M~.

Remark 3.13 The orthogonal decomposition of a Hilbert space, i.e., Theorem 3.10,
has proved quite useful in potential theory (Weyl [195]). The applications of the
results concerning orthogonal decomposition of Hilbert spaces can be found in spec-
tral decomposition theorems which deal with the representation of operators on
Hilbert spaces. For example, for a bounded self-adjoint operator, T, (T x, y) is rep-
resented by an ordinary Riemann—Stieltjes integral. For details, see Kreyszig [117],
and Naylor and Sell [144].
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Example 3.11 Let X = L,[0, 7] and Y = {f € L,[0,7]/f is constant}. It can
be checked that Y is a closed subspace of X and hence itself a Hilbert space. Every
h € L,[0, ] can be decomposed as

h=f+g, feYandgeY" (by projection theorem)

For example, 4 = sin x can be decomposed as sinx = a + (sinx —a),a € Y. The
constant a is determined from the orthogonality of g = sinx — a to every element
cinY.

T

(c,g) = /c(sinx —a)dx =0
0
=c(2 —am)

Since c is arbitrary, we have a = % Thus, the projection of 7 = sinx on Y is the
function f(x) = % Let us define an operator P on L;[0, 7] by

Ph=P(f+g) =/f feY

Pg=0geYt
1/2
2\2
sinx — —| = (sinx——) dx
b4 T
0
7 1/2
4 4
:|: /(sin2x+—2——sinx)dx
T b4
0
4 8\'?
=<Z+___> ~ 0.545
2 T oo
. 1/2
[|sinx —cl|| = |:/(sin2x+c2 — 2csinx)dx
0

T ) 4 1/2
—[5+”— C]

3.5 Projection on Convex Sets

We discuss here the concepts of projection and projection operator on convex sets
which are of vital importance in such diverse fields as optimization, optimal control,
and variational inequalities.
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Definition 3.5 (a) Let X be a Hilbert space and K C X a nonempty closed convex
set. For x € X, by projection of x on K, we mean the element z € K denoted
by Pk (x) such that

[lx = Pkl = [lx = yllxVyeK

or |lx —z|| = inf ||x — y|| (3.16)
yek

or (x—z,x—=z)<{(x—y,x—y)Vyek

(b) An operator on X into K, denoted by Pk, is called the projection operator if
Pk (x) = z, where z is the projection of x on K.

Theorem 3.11 (Existence of Projection on Convex Sets) Let K be a closed convex
subset of a Hilbert space X. Then for any x in X, there is a unique element in K
closest to x; that is, there is a unique element z in K such that (3.15) is satisfied.

Theorem 3.12 (Variational Characterization of Projection) Let K be a closed convex
set in a Hilbert space X. For any x € X, z € K is the projection of x if and only if

(x—z,y—2)<0VyekK (3.17)

Proof (Proof of Theorem3.11) The proof follows from Lemma 3.2 and Remark 3.10
if we observe that the set x — K consisting of all elements of the form x — y for all
y € K is a closed convex set.

Proof (Proof of Theorem3.12) Let z be the projection of x € X. Then for any «,
0 <« < 1,since K is convex, «y + (1 —a)z € K forall y € K. Now,

llx = (@y + (1 = )2)|* = g(@) (3.18)
is a twice continuously differentiable function of «. Moreover

g =2 —ay—(I-z,z-Y) (3.19)
g @) =2(z—y.z2—) (3.20)

Now, for z to be the projection of x, it is clear that g’(0) > 0, which is (3.17). In order
to prove the converse, let (3.17) be satisfied for some element z in K. This implies
that g’(0) is nonnegative, and by (3.20) g”(«) is nonnegative. Hence, g(0) < g(1)
for all y € K such that (3.16) is satisfied.

Remark 3.14 A geometrical interpretation of the characterization (3.16) is given in
Fig.3.3. The left hand side is just the cosine of the angle 6 between lines connecting
the point Pk (x) = z with the point x and with the arbitrary point y € K, respectively,
and we have that cosf < (0as6 > % necessarily holds. Conversely, for every other
point 7 € K, 7/ # Pg(x), there exists a point y’ € K so that the angle between the

. . PR . s .
lines connecting the point 7 with points x and y” is less than 5.
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Fig. 3.3 Geometrical
interpretation of the
characterization of projection

T
Pe(x)=1z2 625

7 # Pe(x) oc<§

Theorem 3.13 The projection operator Py defined on a Hilbert space X into its

nonempty closed convex subset K possesses the following properties:

(@) 1Pk () — Pkl < llu —v|[Vu,veX

b)) (Pk(u) — Pk(),u—v) >0Vu,veX

(c) Pg does not satisfy (Pg(u) — Pk(v),u —v) > 0Vu,v e X.
(d) Pk is nonlinear.

(e) Pk is continuous.

Proof (Proof of Theorem3.13)
1. (a) In view of (3.17)

(Px(u) —u, Pk(u) —v) <0Vvek
Put u = u; in (3.24) to get
(Px(uy) —uy, Pe(u)) —v) <0Vvek
Put u = u, in (3.24) to get

(P (uz) —uz, Pg(up) —v) <0Vvek

(3.21)
(3.22)
(3.23)

(3.24)

(3.25)

(3.26)

Since Pg(u;) and Px(u;) € K, choose v = Pg(u;) and v = Pg(uy),

respectively, in (3.25) and (3.26); therefore, we get
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(Px(u1) —uy, Pg(u1) — Pg(u2))
(Px (u2) — uz, Px(uz) — Pg(uy))

(3.27)

<0
<0 (3.28)

By (3.27) and (3.28), we get

(Pg (1) —uy — Pg(uz) + up, Pg(uy) — Px(uz)) <0 (3.29)

or
(Px (ur) — Pg (1), Px (uy) — Py (u2))
< {uy —ua, Pg(uy) — Pg(uz))
or
[Pk (1) = P (u2)|I> < (uy — ua, Px(uy) — Px(u))  (3.30)
or

|| Pk (1) = P (u2) 1> < |luy — u|| || Px (1) — Px (ua)l|  (3.31)
by the Cauchy—Schwarz—Bunyakowski inequality, or
[| Pk (u1) — Pg (u2)|| < [luy — ual| (3.32)

2. Tt follows from (3.30) as || Px (u;) — Px (u2)||*> > OV uy, u € X.
3. If K = X, then Py = I (identity operator); then,

(u—viu—v)>0ifus#v

However, if K # X, thatis, up € X and uy ¢ K, then Pg(ug) # uo but
Py (Pk (uo)) = Pk (uo).

4. Ttis clear that Pk is nonlinear.

5. Continuity follows from (3.32) because u,, — u implies that Pg (u4,) — Px(u)
asn — 00.

3.6 Orthonormal Systems and Fourier Expansion

Fourier Expansion in Hilbert Space

Definition 3.6 A set of vectors {u,} in an inner product space is called orthonormal
if

(Ui, uj) = 6;; (3.33)
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where §;; is the Kronecker delta.
Theorem 3.14 An orthonormal set of nonzero vectors is linearly independent.

Proof (Proof of Theorem3.14) Let {u;} be an orthonormal set. Consider the linear
combination

oguy +arur + -+ opu, =0
For u; # 0,

0=1(0,u1) = (@ru; +azuy + -+ -+ ouuty, uy)

= a{ur, ur) +oou, ur) + -+ oty (g, ur).

Since (u;, u;) = 8;j, wehave 0 = oy (uy, uy) oray = Oasu; # 0. Similarly, we find
that o) = a3 = -+ = o, = 0. This shows that {u;} is a set of linearly independent
vectors.

Example 3.12 (i) In the first place, it may be noted that any nonzero set of orthog-
onal vectors of an inner product space can be converted into an orthonormal set
by replacing each vector u; with u; /||u;]||.

(i1) Let us consider the set {cosnx},2 in Ly[—, ] which is orthogonal.

——, —— COSX, —— COS2x

NEEINE ved

is a set of orthonormal vectors in L,[—m, 7].
(i) Let X = Ly[—1,1J.u =1, v = bx € Ly[—1, 1], where b is a constant. u and v

are orthogonal as
x27
(u,v) = /bxdx = |:b—:| =0
21,

1
=2ifu=v=1

—_

The functions i = - = L and 9 = L = \/gx are orthonormal.

[eel| V2 il

Definition 3.7 a. An orthogonal set of vectors {;} in an inner product space X is
called an orthogonal basis if for any u € X, there exist scalars «; such that

[e.¢]
=y oy
i=1

If elements ; are orthonormal, then it is called an orthonormal basis.
An orthonormal basis {1;} in a Hilbert space X is called maximal or complete
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if there is no unit vector ¥y in X such that {v, ¥, ¥», ...} is an orthonormal
set. In other words, the sequence {1;} in X is complete if and only if the only
vector orthogonal to each of ;s is the null vector.

b. Let {1;} be an orthonormal basis in a Hilbert space X, and then, the numbers
o; = (u, ;) are called the Fourier coefficients of the element u with respect to
the system {v;} and >_ «; v, is called the Fourier series of the element u.

Theorem 3.15 (Bessel’s Inequality) Let {1;} be an orthonormal basis in a Hilbert
space X. For eachu € X,

Dl i) P < lul? (3.34)

i=1

Theorem 3.16 Let {1;} be a countably infinite orthonormal set in a Hilbert space
X. Then, the following statements hold:

o0
a. The infinite series Y a, Y, where a,,’s are scalars, converges if and only if the
n=1

o0
series Y |a,|* converges.
n=1

oo
b. If > oy, converges and
n=I1

o0

= Zanwn = Zﬁnl//n
n=1 n=1

o0
then a, = B, Y nand ||ul)* = Y |a,|?
n=l1

Proof (Proof of Theorem3.15) We have

N

e = (e Yi)yil> = 0

i=1

L.H.S.

N N N
= ul* =2 (i) i) + D> (s Wi (e i) (W)
i=1

i=1 j=I

by using properties of inner product and we get

ul|* — Z| D=0
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by applying the fact that

_s _|0ifi#Fj
(I//“I/f]>_8”_{llfl=]

This gives us

Ly ¥ |* < [ul)?

M=

Taking limit N — oo, we get

oy ¥ri)|* < [ul)?

oL

1

Proof (Proof of Theorem3.16)

o0
1. Let Y a,v, be convergent, and assume that
n=1

o0
u= Zarﬂpn
n=1

2
=0

N
u— Z anl/fn
n=1

or equivalently, Nlim
-0

(u, Y) = <Zan‘/fna ¢m>
n=1

= (YY) m=1,2,...

n=1

= a,, (by Definition 3.6)

By the Bessel inequality, we get

Dl )l = ot > < [Jul?

m=1 m=1

oo n

which shows that Y |, |2 converges. Consider the finite sum s, = Y o; ;. We
n=1 i=1

have
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n n
<Z oy, Z Olil/fi>
i=m+1 i=m+1
n
= Z |ai|2—>0asn,m — 00
i=m+1

2
||sn_sm||

This means that {s,} is a Cauchy sequence. Since X is complete, the sequence of
o0

partial sums {s,,} is convergent in X and therefore the series Y o, ¥, converges.
i=1

2. We first prove that [|u||> = Y |a,|*> . We have

n=1

N N N
el P = ol = () = Y Y (cuVrn, @)
n=1

n=1 m=1

N N N
=<M,M—Zan¢n>+<zanlﬁn,u—zan%>
Nn:l n=1 N n=1
u=y ay (||u||+ >t )=M
n=1 n=1
N

Since Y o, Y, converges to u, the M converges to zero, proving the result.
n=1

=<

fu=>Y o= Bun, then
n=1 n=1

N oo
0= nlir{)lo |:Z (an — Bn) wn:| =0= Z let, — :3n|2
n=1 n=1

by part 1, implying that o, = B, for all n.

Theorem 3.17 (Fourier Series Representation) Let Y be the closed subspace spanned
by a countable orthonormal set {\;} in a Hilbert space X. Then, every elementu € Y
can be written uniquely as

=y {u i)y (3.35)
i=1

Theorem 3.18 (Fourier Series Theorem) For any orthonormal set {,,} in a sepa-
rable Hilbert space X, the following statements are equivalent:
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a. Every u in X can be represented by the Fourier series in X; that is
oo
W=y (u, yi)¥i (3.36)
i=1
b. For any pair of vectors u,v € X, we have

w,v) =G, i (i, ) (3.37)
i=1

i=
o0
> b
i=1

where o; = (u, ;) = Fourier coefficients of u. B = (v, ¥;) = Fourier coefficients
of v. [Relation (3.38) is called the Parseval formula]
c. Foranyu € X, one has

el =) G, i) P (3.38)
i=1

d. Any subspace Y of X that contains {\;} is dense in X.

Proof (Proof of Theorem3.17) Uniqueness of (3.36) is a consequence of Theorem
3.16(2). For any u € Y, we can write

as Y is closed. From Theorems 3.10 and 3.16, it follows that

M
u— Zaﬂﬂi ‘
izl

Proof (Proof of Theorem3.18) (a) = (b). This follows from (3.36) and the fact that
{1} is orthonormal. (b) = (c). Put u = v in (3.37) to get (3.37). (a) = (d). The
statement (d) is equivalent to the statement that the orthogonal projection onto S,
the closure of S, is the identity. In view of Theorem 3.17, statement (d) is equivalent
to statement (a).

<

M
W= Yy
i=1

and as N — oo, we get the desired result.
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Example 3.13 (Projections and Orthonormal Bases)

1. We now show that the Fourier analysis described above can be used to construct
orthogonal projections onto closed subspaces of Hilbert spaces. Let {i,} be an
orthonormal basis of a Hilbert space X. Then, each u € X can be written as

=Zai Zazlﬂl Z a; i
i=1

i=1 i=N+1

where «,,’s are Fourier coefficients.
Let the set {1, ¥», ..., Yy} forms a basis for an N-dimensional subspace Y of
X. The operator P defined by

N

Pu=) (u, yu)¥n

n=1
is an orthogonal projection of X onto Y. In fact, P is linear and P?> = P; that is
N

P(u+v)=Pu+Pv:Pu+v) =Y (u+v, )y

n=1

N N
> G ¥ + Y (v, Y)W (by Definition 3.1(1)

n=1 n=1

Pu + Pv

N
PQat) = AP (u) : POat) =Y (e, Y)Y
n=1
N
33 (. Y)Y (by Definition 3.1(2))

n=1

N

PPu = P(Pu) =) (Pu, Yu)¥n

n=1

(s Y rm) V) U

Il
tjz
M=

n=1 m=1
N N
= Z (u, ) Z (Vns Y)W
n=1 m=1
N
= Z(u Y)W (by using orthonormality of ¥,
n=1
= PuVueX

Thus, P2 = P.
2. R(P) =Y. Toshowthat R(P) L N(P),letv € N(P),and u € R(P) such that
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N
= > (v, Y, )
n_N
= Z I/fn Yns >
=1
(Pv,u)

Since v € N(P), we have Pv = 0 and hence N(P) L R(P).
Now, we show that the projection error, that is, # — Pu, is orthogonal to Y: For
vevy,

(u — Pu,v) = < Z oy, v>
n=N+1

= Z o (Y, v) =0as N — oo.

n=N+1

Furthermore,

|| Pull? Z| VP andifvey

n=1
||u—v||2=(u—v+Pu—Pu,u—v+Pu—Pu)
= |lu— Pu|*+|lv— Pul’veY

Hence, to make ||u — v||? as small as possible u ¢ Y, we must take v = Pu;that
is

inf [lu —v|| = ||lu — Pul|
veY

Remark 3.15 Results ogo Theorem 3.16 can be stated in alternative terms as follows:

For an element u € X, Y _(u, ¥;)¢; converges to ug = Pu in the closed subspace Y
i=1

spanned by the 1; ’s. The vector u — ug = u — Pu is orthogonal to Y.
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3.7 Duality and Reflexivity

3.7.1 Riesz Representation Theorem

In this section, we prove a theorem which gives the representation of a bounded
linear functional defined on a Hilbert space, and with the help of this theorem, the
relationship between a Hilbert space and its dual is studied.

Theorem 3.19 (Riesz Representation Theorem) If f is a bounded linear functional
on a Hilbert space X, then there exists a unique vector 'y € X such that f(x) =
(x, »)Vx € X, and || f1| = IIyll.

Proof 1. Inthe first place, we prove that there exists an element y such that f(x) =
(x,y)Vx € X.

(a) If f =0,then f(x) =0V x € X. Therefore, y = 0 is the vector for which
(x,0) =0V x € X. We have seen that (x, 0) = 0. Thus, the existence of
vector y is proved when f = 0.

(b) Let f # 0. By Proposition 2.1, the null space N of f is a proper closed
subspace of X and by Lemma 3.3, and there exists a nonzero vector u € X
such that u 1. N. We show that if « is a suitably chosen scalar, y = au
satisfies the condition of the theorem.

(¢c) If x € N C X, then whatever be «, f(x) =0 = o(x,u) asu L N. Thus,
f(x) = (x, au). Hence, the existence of y = i is proved for all x € N.

(d) Sinceu L N,u ¢ Nyletx =u € X — N.If f(u) = (u, au) = @||ul|?,

then
_ fw
o= 2
[lull
Therefore, for
Sw)
o= >
[lull

the vector y = au satisfies the condition of the theorem in this case, that is,

fu) = (u, au).
(e) Sinceu ¢ N, f(u) # 0 and so ;Ei; is defined for any x € X. Consider
x — Bu, where B = L% Then, f(x — Bu) = f(x) — Bf (u). This implies

T .
that x — fu € N. Every x € X can be written as x = x — Bu + Bu.

Therefore, for each x € X
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f) = flx —Bu+ Bu) = f(x — Bu) + f(Bu)
= f(x — Bu)+ Bf(u) (fislinear)
= (x — Bu, au) + B{u, au)

by (iii) and (iv), where

fu)
o=

lee] 12

Since x — Bu € N, by (iii), f(x — pu) = (x — Bu, au) for every o and so for
a = £ This gives us f(x) = (x — Bu, au) + (Bu, au) = (x, au). Thus,

[ul|?
for an arbitrary x € X, there exists a vector y = «u such that f(x) = (x, y).

2. We now show that y is unique. Let y; and y, be two vectors such that f(x) =
(x,y1) Vx € X and f(x) = (x, y2) Vx € X. Then, (x, y1) = (x, ») Vx € X
or (x,y; — y) =0Vx € X. By Remark 3.1(7), yy — y» = 0 or y; = y,. This
proves the uniqueness of the vector y.

3. For each x € X, there exists a unique y € X such that

F&) = (x,y)or | f(O)] = [{x, y)]

By the Cauchy—Schwarz—Bunyakowski inequality

[Ce, ) < Hlx[Hyll

Hence, | f ()| < [Iyll I1x]].
By the definition of the norm of a functional, we have

A1 <1yl (3.39)
If [|y]] = 0ory =0, then | f(x)| = |{x, 0)| = 0, for all x and so

1Al = Sup{m—x)'/x # 0} =0,

x|

ie., || f1]l = ||yll- Suppose y # 0. Then by Theorem (2.6),

1 = sup{[f()I/[Ix]| = 1}

Y Y
z|f<—>|as||—=1
1] 1311
y
= (25, )
1]
_IyIP
1]

= m()”)’)

= Iyl (3.40)
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or || Il = |lyll. By Egs.(3.39) and (3.40), we have || f|| = [|y]l.

Theorem 3.20 Let y be a fixed element of a Hilbert space X. Then, the functional
[y defined below belongs to X*

fy) = (x.y) Vx € X

The mapping ¥ : y — f, of X into X* satisfies the following properties:
A= 11yl

1
2. Y is onto.

3.y + ) =vOn) + ¥ ().
4. Y(ay) = ay(y).

5

. is one-one.

Remark 3.16 1If X is areal Hilbert space, then in property (4) of ¥, we have ¥ (ay) =
a(y). Then, Theorem (3.20) means that every real Hilbert space X can be identified
with its dual, i.e., X = X*. (See Definition 2.6 and Remark thereafter.)

Proof In order to show that f, € X*, we need to verify that

@) fy(xi+x2) = fy(x) + fy(x2)
Verification
By the definition of the inner product

Sy 4+ x) = (x1 +x2, y) = (x1, y) + (x2, y)

or
fy(xl +x2) = fy(xl) + fy(x2)
b) filax) =afy(x)

Verification f,(ax) = (ax, y) = a(x, y) by the definition of the inner product,
or fy(ax) = afy(x).

(c) fyis bounded.
Verification |/, (x)| = [(x,y)| < [Ix]| [lyll, by the Cauchy—Schwarz—-
Bunyakowski inequality. Thus, there exists a k = ||y|| > O such that | f,,(x)| >
k||x||. Thatis, f, is bounded.
Now, we verify the properties of ¥. ||/ (y)|| = [| f,||. By the second part of The-
orem 3.19, || fyIl = |lyll. Hence, ||¥ (y)|| = |ly||. Since Theorem (3.19) states
that for every f € X*, there exists a unique y such that f(x) = (x, y)Vx € X,
and the mapping ¥ : y — f, is onto.
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Y1+ ) (x) = fy 4, (x) = (x, y1 + y2)
= (x, y1) + (x, y2) (by Remark 3.1(4a))
= fu () + fy,(x)
=Yy (&) + () x)
=W +Y¥O)x) VxeX

Hence,
Y1+ y2) =90 +vOn)
Y(ay)(x) = fop(x) = (x, ay)
=a(x,y) (by Remark 3.1(4b))
or

Yay)(x) =ay(y)x)Vx e X

Therefore, ¥ (ay) = ayr(y).
Let ¢ (y1) = ¥ (y2). Then,

i) = fmE)VxeX

or

(x, y1) = {x, y2)

or

(x,y1 — y2) =0.

By Remark 3.1(7), y; — y» = 0. Hence, y; = y,. Conversely, if y; = y,, then

(x, ¥y1 — y2) = 0 by Remark 3.1(4a) or (x, y;) = (x, y») or ¥(y1) = ¥ (y2). Hence,
Y is one-one.

Remark 3.17 1. Theorem 3.19 was proved by the Hungarian mathematician Riesz
around 1910. Itis one of the most important results of Hilbert space. It has several
applications of vital importance. Applying this theorem, we prove in the next
subsection that every Hilbert space is reflexive.

2. Since R", ¢,, L,(a, b) are Hilbert spaces, by Theorem 3.19, bounded linear
functionals defined on R", £,, and L,(a, b) are, respectively, of the following
forms:
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(a) For F € (R")*, there exists a unique a = (a;, a», a3, ...,a,) € R" such
that

n
F(x) = Zx,-ai, where x = (x1,x3,...,%x,) € R"
i=1

= (x,a) = (a, x)

(b) For F € (£;)*, there exists a unique a = (ay, a2, as, ..., d, ...) € € such
that

o0
F(x) = ina_i, where x = (x1,X2,...,X,) € {»
i=1

= (x,a)

(c) For F € (L,)*, there exists a unique g € L, such that

b
F(f) = / FOEWL, €L

=(f. 8

3.7.2 Reflexivity of Hilbert Spaces

Let us recall that a Banach space X is called a reflexive Banach space if it can be
identified with its second dual (X*)**" = X**. This means that a Banach space X is
reflexive if there exists a mapping J on X into X** which is linear, norm preserving,
1-1, and onto. In view of Problem 2.7, to verify whether a Banach space is reflexive
or not, it is sufficient to show that the natural mapping is an onto mapping.

Theorem 3.21 Every Hilbert space X is reflexive.

Proof To show that the natural embedding J: x — F, of X into X** is an onto
mapping, we have to show that for an arbitrary element F € X™*, there exists z € X
such that J, = F. Let g be a functional on X defined as follows:

8x) = Fr )y (x) = fr € X"

Properties of i are given by Theorem 3.20. Using the properties of v and the fact
that F € X**, we see that
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gx1 +x2) = F(¥(x1 +x2))

= F({(x) + F (Y (x2))
glax) = F(y(x)) = aF (¥ (x))
= aF (Y (x))
and |g(x)| = |[F(Y)| = [F )| < [IFI] [I¥ ()]
= [IF]] [lx]].

Hence, g is a bounded linear functional on X. By Theorem 3.19, there exists a unique
z € X such that
g(x) = (x,z)Vx € X
orF(y(x)) = (x,2z)
F(y(x)) = F(y(x)) = (x,2) = (z, x) (3.41)

From the definition of the natural imbedding J and Theorem 3.20,

J(Y(x) =¥ (x)(2) = fe(z) = (2, x) (3.42)

From Egs. (3.40) and (3.41), we have J, = F which is the desired result.

3.8 Operators in Hilbert Space

3.8.1 Adjoint of Bounded Linear Operators on a Hilbert
Space

Definition 3.8 Let X be a Hilbert space and 7 : X — X be a bounded linear
operator on X into itself. Then, the adjoint operator T* is defined by

(Tx,y)={(x,T*y)Vx,y e X.

Remark 3.18 1. T* always exists.
Verification Let (Tx, y) = f,(x).

S +x2) =(T(x +x2),y) = (Tx1,y) +(Tx2,y)
= f1(x) + fH(x2)
fylax) = (T (ax),y) =a({Tx,y) = afy(x)

Now, |f,(x)| = [{Tx,y)| < [ITx|| |lyll (by Cauchy—Schwarz—Bunyakowski
inequality) < ||T'[| ||x|| lly|| < k ||x||fora fixedy € X. Thus, f, € X* and
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by the Riesz theorem, there exists a y* € X such that

(Tx,y)=f(x) =(x,y)xeX

Thus, T induces a linear map y — y* and we write y* =

defined on X into itself.
. T* is bounded, linear, and unique.
Verification

IT*x||* = (T*x,

T"x) =(T(T"x),x) < IT(T"0)]| [Ix]|
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T*y, where T* is

by Cauchy—Schwarz—Bunyakowski inequality. Since T is bounded, there exists

k > 0 such that
T (T*x)|| < k||T*x||
Hence,

(T 011 < kllx]| 1T *x]]

or [[T*x|| < kl||x||. Hence, T* is bounded. For all z € X,

(2, T"x+y) =(Tz, x + )
Tz,x)+(Tz,y)

T*x +T*y)

or

(
= (
= (7, T"x) + (2, T*y)
= (z,

(7, [T*"x+ W] —[T*x+T*y])=0Vze X

This implies (see Remark 3.1(7)) that T*(x +y) = T*x + T*y Vx,y € X.

(z, T"(ax)) = (Tz, ax)
= @(Tz, x)
=a(z, T*(x))
= (z,aT*(x))

or

(z, T"(ax) —aT*(x)) =0Vz € X.
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Hence,
T*(ax) = aT*(x)Vx € X and a scalar.

Thus, T* is linear.
Suppose that for a given T, there exist two operators T;* and 7, such that

(Tx,y) = (x,T{y)
and

(Tx,y) = (x,T5y)
Then, we have

(x, I/'y) = (x, I'y) =0
or
(x, TYy—T;y) =0V x e X

This implies that 7'y = T,y Vy € X;i.e., T = T;. Hence, the adjoint of T is

unique.
3. The adjoint operator of 7™ is denoted by 7.

Example 3.14 Let X = R" be a real Hilbert space of dimension n, and for all
x = (x1,X2,...,x,) € R", let T be defined as follows:

Tx = ywherey = (y1, Y2, .-, Yn); Vi = 2 a;jx; and (g;;) is an n X n matrix;
j=1
and T is bounded linear operator on R" into itself.

(Tx,y) = Z Za,,x, Vi

i=1 \ j=1

()
_ Zx, Zla,.jyj

:xT*)

where T*y =z, 2= (21,22, - -+ » Zn)
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n

7 = Zajiyj

j=1

Thus, if a bounded linear operator 7 on R" is represented by an n x n matrix (a;;),
the adjoint 7* of T is represented by (a;;), transpose matrix of (a;;).

Example 3.15 Let X = L,(a,b) andlet T: X — X, defined by

b

Tf(t)Z/K(S,t)f(t)dt,

a

where K (s,1), a <s < b, a <t < b, is a continuous function be a bounded linear
operator. Then,

b
(Tf.g) = / (TF(1)g®)ds

b/ b

:/ /K(s,t)f(t)dt g(s)ds
ub ’ b

:/f(s) /K(s,t)g(f)dt ds

K(s,t)g(t)dt | ds

Il
—
~
z
Se—

b —
where T*g = [ K(t, s)g(t)dt. Thus, the adjoint operator T* of T is given by

b
T*g:/[((t,s)g(t)dt.

a

Example 3.16 LetX = £,and T : ¢, — £, bedefined by T (o, otp, 0¢3, ...,y .. )
=0, 01,a,...,0,,...,). For
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x={ule, €lrand y ={B}2, € lr

(Tx,y) =Y By
k=1
= (x, T"y)

where T*{(B1, B2, B3, - ..)} = (B2, B3, ...). Thus, the adjoint of T is T*. T is known
as the right shift operator and T* the left shift operator.

Theorem 3.22 Let T be a bounded linear operator on a Hilbert space X into itself.
Then, its adjoint operator T* has the following properties:

I* = I where I is the identity operator.
(TH+S*=T"+ 5"

(aT)  =oT™.

(TS =ST~

=T

T = 1Tl

NT*T|| =TI

If T is invertible, then so is T* and (T*)~' = (T ~H*.

o NSRRI~

Proof 1. Since Ix = xVx € X,wehave (Ix, y) = (x, y), and by the definition of
I*, (Ix,y) = (x, I*y). Hence, (Ix,y) = (x, [*y)or (x,y—I*y) =0Vx € X.
Thus,y — I*y =0or I*y = y;ie., [ =I*.

2. (T+S=T"+S* < (T+9*(x) = T*(x)+S*(x) Vx € X.By the definition
of (T + 8)*,Vx € X, we have

(T + Sz, x) = (z, (T + S)*x).
Also,

(T + Sz, x) =(Tz+ Sz, x)
=(Tz,x)+ (Sz, x)
= (z, T*x) + (z, $*x)

Thus, (z, (T + S)*x) = (z, T*x + $*x) V x and z € X, which implies that
(T+ S x=T*x+ S*x.
3. ((a@T)z,x) = (z, (aT)*x)

((@T)z,x) = a(Tz, x) = alz, T"(x))
= (z,aT"(x))

These two relations show that (z, («T)*xaT*x) = 0V z and x. Hence, («T)* =
ol™.
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4. (TS (x)=T(Sx))

(TS)(x), y) =(T(S(x)), y)
= (Sx,T"y)
= (x, ST (») = (x, (S TH()

On the other hand,

(T$H(x), y) = (x, (TS"y)
(x, (S*T")y) = (x, (TS)"y)

or (TS)* = S*T*.

(Tx,y) = (x,T"y)
= ((T")*x, )

or (T —T*)x,y) =0V y € X, whereT*™ = (T*)*. Hence, T = T**.
6. ITI =T*l & ITI| < IT*|| and ||T*|| < ||T]|. We have

IT*()|1* = (T*x, T*x) = (T(T*(x)), x)
< IT(T*)II 11x]]
< UT*IITI x|

or
NT*COI < T {11
This implies that ||7*]| < ||T|| (see Theorem 2.6). Applying this relation to 7*,
we have ||T**|| < ||T*||. However, T** = T and, therefore, ||T|| < ||T*||.
T NT*TI < IT|? as ||T « T < |IT || Tl x|l = [IT|]* [lx]| (in view of

Theorem 2.6 and the previous relation). On the other hand,

||ITx||* = (Tx, Tx) = (T*Tx, x)
< |T*Tx|| [|x|]
< T*T]| |Ix]]?

or ||Tx|| < (IT*TI)"/?||x|| or ||T]|*> < ||T*T||. Hence,
UT*T|| = [|T*

8. Since I*=TandTT ' =T"'T =1, (ITT'Y=I"=1I;by®),(TT ) =
(T~Y*T*. Therefore, (T~")*T* = I and consequently
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(T*)—l — (T_l)*.

Remark 3.19 1. The definition of the adjoint operator may be extended to bounded
linear operators defined on a Hilbert space X into another Hilbert space Y in the
following manner:

(Tx,y)yy =, T*y)xVx € X, yeY
T: X—>Y
T:Y - X

2. Let T: X — Y be a bounded linear operator on a Hilbert space X into another
Hilbert space Y. Then, the null and range spaces of T and its adjoint 7* are related
by the following relations:

i. (R(T))* = N(T™).
ii. R(T)=(N(T*)*.
iii. (R(T*)* = N(T).
iv. R(T*) = (N(T))™".

3.8.2 Self-adjoint, Positive, Normal, and Unitary Operators

Definition 3.9 Let 7' be a bounded linear operator on a Hilbert space X into itself.
Then,

a. T is called self-adjoint or Hermitian if T = T*.

b. A self-adjoint operator T is called a positive operator if (Tx,x) > 0Vx € X
is called strictly positive if (Tx,x) = 0 only for x = 0. Let S and T be two
self-adjoint operators on X. We say that S > T if ((S — T)x, x) > 0Vx € X.

c. T iscalled normal it TT* =T*T.

d. T iscalled unitary if TT* = T*T = I, where [ is the identity operator.

Example 3.17 1. T given in Example 3.14 is self-adjoint if the matrix (a;;) is

symmetric, i.e., a;; = a;; Vi and j.
2. T given in Example 3.15 is self-adjoint if

K(s,t) =K(t,s)Vsandt.

3. The identity operator / is self-adjoint.
4. The null operator O is self-adjoint.

Example 3.18 Let T: Ly(0,1) — L,(0, 1) be defined as follows:

Tft)=tf(@)
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T is a self-adjoint operator. T is bounded, linear

1 1

u%m=/r@w=/#m%wt

0 0

and

1
meszﬁm
0

1
= / f(rg(t)de
0

1

= /zf(t)mdt ast e (0,1)

0

Hence, (T f, g) = (f. Tg).

Example 3.19 Let X = {,,and T: £, — £, be defined as

o
T () = {7"}
T is bounded, linear, and
oo Olk
(T = —
X, y) Z A B
k=1
= (x,Ty)

Thus, T is self-adjoint.

Example 3.20 T given in Example 3.14 is positive if the matrix (a;;) is symmetric
and positive.

Example 3.21 LetT: X — X begivenby T = 2i1, where I is the identity operator.
Then, T is normal.

= QiHQRil) = —
and

T*T = 2i1)*2il) = —
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Example 3.22 T given in Example 3.14 is unitary if the matrix g;; coincides with
the inverse matrix of g;;.

Remark 3.20 1. Every self-adjoint operator is normal but the converse is not true,
in general.
2. Every unitary operator is normal but the converse need not be true.
Verification:

1. Let T be self-adjoint. Then, T* = T = TT* = T? and T*T = T?Z. Hence,
T*T = TT* and T is normal. For the converse, consider T as given in Example
321.T* = (2i)*I* = =2il # T.Hence, T is not self-adjoint.

2. Since T is unitary, 7*T = [ = T*T and so T is normal. For the converse, we
consider the above operator where 7*T = T*T = —41 # I. Hence, T is normal
but not unitary.

The theorems given below provide interesting properties of self-adjoint, positive,
normal, and unitary operators.

Theorem 3.23 Let X be a real Hilbert space. The set A(X) of all self-adjoint oper-
ators of a Hilbert space X into itself is a closed subspace of the Banach space 8(X)
of all bounded linear operators of X into itself, and therefore, it is a real Banach
space containing the identity operator.

Theorem 3.24 Let Ty and T, be two self-adjoint operators on a Hilbert space X.
Then, their product Ty T; is self-adjoint if and only if T\ T, = T»T;.

Theorem 3.25 An operator T on a Hilbert space X is self-adjoint if and only if
(Tx, x)isrealVx € X.

Theorem 3.26 . IfT and S are two positive operators defined on a Hilbert space
X suchthat TS = ST, then ST is positive.
2. If T is a bounded linear operator, then T*T and TT™* are positive.

Theorem 3.27 The set of all normal operators on a Hilbert space X is a closed
subset of B(X), the Banach space of bounded linear operators of X into itself,
which contains the set o7 (X) of all self-adjoint operators and is closed under scalar
multiplication.

Theorem 3.28 If T\ and T, are normal operators on a Hilbert space X with the
property that either commutes with the adjoint of the other, then, Ty + T, and T\ T,
are normal.

Theorem 3.29 A bounded linear operator T on a Hilbert space X is normal if and
only if ||T*x|| = ||T x|| for every x € X.

Theorem 3.30 If T is a normal operator, then ||T?|| = ||T||>.



3.8 Operators in Hilbert Space 115

Theorem 3.31 Let T be a bounded linear operator on a Hilbert space X into itself
and T* be its adjoint. Further, suppose that

_T+T T-T*

A and B =

(T =A+iB)

i

and T* = A — i B. A and B are called real and imaginary parts. T is normal if and
only if AB = BA.

Theorem 3.32 A bounded linear operator T on a Hilbert space X into itself is
unitary if and only if it is an isometry of X onto itself.

Proof (Proof of Theorem3.23) Let A and B be self-adjoint operators

(@A + BB)* = (@ A)* + (BB)* (by Theorem 3.22(2))

= —aA* + —BB* (by Theorem 3.22(3))

Thus, for real scalars @ and 8, (¢ A+ BB)* = ¢ A+aB;i.e.,a A+ BB is self-adjoint,
and the set of all self-adjoint operators A(X) is a subspace of B(X).
To show that this subspace is closed, it is sufficient to show that if {7} is a

sequence of self-adjoint operators on X, lim 7, = T is also self-adjoint. We have
n—00

WT =T =T =T, +T,— T, + T, =T
=T =Tl + 1T, = T+ 1T = T7|
=T = Tl + 1T, — Tl + IT,; — T

as T,’s are self-adjoint. Thus, the limit of right-hand side tends to 0 as n — oo and
consequently T = T*. I € A(X) as I = I'* by Theorem 3.22(1).

Proof (Proof of Theorem3.24) Let T\ T, be self-adjoint. Then, (T173)* = T\T>. By
Theorem 3.22(4), (T1T>)* = T, T} and as T} and T are self-adjoint, (77 7>)* = T>T;.
Thus, T\ T, = T, T). Conversely, let 71T, = T,T;. Then,

(x, (MT)*(y)) = (x, ;T ()
= {(x, LT1(y))
= (x, T L (y))

or (x, (T'T,)* — T)T,)y) = 0. Hence, T T, is self-adjoint. For proving Theorem
3.25, we require the following lemma:

Lemma 3.5 If T is a bounded linear operator on a Hilbert space X, then T = 0 if
(Tx,x)=0VxeX.
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Proof We have

(T (ox + By), ax + By) — la*(Tx, x) — |BI*(Ty. y)
=aB(Tx,y) +a&p(Ty, x)
LHS = aa(Tx,x) + Boa(Ty,x) +ap(Tx,y)
+ BB(Ty,y) — la|*(Tx, x) — |BI*(Ty, )
:a,B(Tx y)+apB{Ty,x) = RHS.

By putting @ = i and B = 1 in the above equation, we get
i(Tx,y)—i(Ty,x) =0 (3.43)
and by putting « = 1 and 8 = 1 in the above equation, we get
(Tx,y)+(Ty,x)=0 (3.44)

From Eqgs. (3.42) and (3.43), we find that (Tx, y) = 0V x and y. Hence, Tx =0V x,
ie, T =0.

Proof (Proof of Theorem3.25) Let T be self-adjoint. Then, (Tx, x) = (x, Tx) =
(T*x,x) = (Tx,x). Hence, (Tx,x)isreal Vx € X. Let (Tx, x) be real Vx € X.
Then,

(Tx,x)=(Tx,x) =(x,Tx) = (T"x, x)
or
(T -T"(x),x)y=0VxeX

ByLemma3.5,7 —T*=0o0r T =T*;i.e., T is self-adjoint.
Proof (Proof of Theorem 3.26)

1. Since T is self-adjoint, (Trx,x) = (Tx, Tx) > 0;ie., T, > 0. Let T # 0. We
define a sequence of operators {7} in the following manner:

T

T)=—T, =T —T?
IT1] !
=TT, Tu=T— T}
Ty =T, — Tn2

n
It can be verified that 7,’s are self-adjoint, where 0 < 7, < land ) _ Tizx — Tix.
i=1
For verification, one may see [8, pp. 415-416]. Since S commutes with 7', it must
commute with every T,,. This implies that
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(T'Sx, y) = |IT[I{STix, x)

— ||T||<SlimZTﬁx,x>

i=1

= |IT||lim ) (ST2x. x)

i=1

= ||T[|1im ) (ST;x, Tix)

i=1

Since S > 0 implies that (ST;x, T;x) > O for every i, we have (T Sx, x) > O;
i.e., TS is positive.

2. (TT*x,x) = (T*x, T*x) = ||T*x||> > 0 = TT* is positive. Similarly, (T
Tx,x)=(Tx,Tx)as T* = T. Hence,

(T*Tx,x) = ||Tx|]> = 0,
i.e., T*T is positive.

Proof (Proof of Theorem3.27) To prove the closedness, we show that the limit of

the sequence of normal operators is a normal operator. Let lim 7, = 7. Then,
nlirglo T, =T". o
N\rr>-7r|=|ITT"-1,7T;,+ 1,7, - T,;T,+ T;T, — T*T|]
=TT =TT+ LT = Ty T+ T, =TT — 0
asn— oo

which implies that T77* = T*T; i.e., T is normal.

By Remark 3.20(1), every self-adjoint operator is normal, and so the set of nor-
mal operators contains the set of self-adjoint operators. («7T)(a¢T)* = aa(TT*) =
a(T*T) as T is normal. Thus,

(@T)(aT) = (@) (aT),
and hence T is normal.

Proof (Proof of Theorem3.28) We have T1 T = T, T} and T, T} = T} T». Using this
fact and the fact that 7} and 7, are normal, we get

M+ )N+ 1) =T+ )T +T5)
=T Tl* + 715 Tl* + T TZ* + 715 Tz*
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and

(T + ) (T + To) = (T} + T)(Th + T)
=TT+ T+ T T+ T,
=TTy + T\T} + LT} + T; T,

which shows that 77 + 75 is normal. Similarly, it can be seen that 777, is normal
under the given condition.

Proof (Proof of Theorem3.29)

IT*x|| = ITx|| < ||T*x|”
= ||ITx|]* & (T*x, T*x)
= (Tx,Tx) & (TT*x, x)
=(T"Tx,x) & (TT*—T"T)x, x)
=0VxeX.

In view of this relation, Lemma 3.5 givesus TT* = T*T. Thus, T is normal if and
only if ||T*x|| = ||Tx]|.

Proof (Proof of Theorem 3.30) By Theorem 3.29, ||T?x|| = ||TTx|| = ||T*Tx|| for
every x, which implies that || T'||> = ||T*T||. By Theorem 3.22(7), ||T*T|| = ||T||?
and so ||T|| = ||T||?

Proof (Proof of Theorem3.31) Let AB = BA, and then, we have

TT* = (A+iB)(A—iB)
= A+ B>+ i(BA— AB)

and

T*T = (A—iB)(A+iB)
= A+ B> +i(AB — BA)

Since AB = BA, TT* =T*T;i.e., T isnormal. Conversely, let TT* = T*T;i.e.,
A’ 4+ B>+ i(BA— AB) = A’ + B>+ i(AB — BA)
or

AB — BA=BA — AB



3.8 Operators in Hilbert Space 119
or
2AB =2BA

Hence, AB = BA.
We need the following Lemma for the proof of Theorem 3.32.

Lemma 3.6 If T is a bounded linear operator on a Hilbert space X, then the fol-
lowing conditions are equivalent:

1. T*'T =1.

2. (Tx,Ty)=(x,y)Vxandy.

3. ITx|| = ||x|| V x.

Proof (1) = (2): Let T*T = I. Then, (T*Tx,y) = (x,y) or (Tx,Ty) =
(x,¥).2) = 3): Let (Tx,Ty) = (x,y) VY x and y. Then, for y = x, we have
IITx[)* = [|x|[* or [|Tx|| = [|x]|. 3) = (1): Let ||Tx|| = ||x||V x. Then,

Tx|]* = [|x|I* = (Tx, Tx) = (x, x)
= (T*Tx,x) = (x, x)

or
(T*T — Dx,x) =0V x

Then, by Lemma 3.5, we get T*T — I =0or T*T = 1.

Proof (Proof of Theorem3.32) Let T be unitary. Then by Lemma 3.6, T is an iso-
metric isomorphism of X onto itself. Conversely, if 7 is an isometric isomorphism
of X onto itself, then T~ ! exists, and by Lemma 3.6, we have

T*°T =1
ST ' =1T " or T*(IT Yy = IT!

or
T*=T""
or
TT* =TT '=1

which shows that 7 is unitary.

Definition 3.10 Let T be an operator on a Hilbert space X into itself, and then, a
nonzero vector x such that 7(x) = Ax, A being a scalar is called an eigenvector
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or characteristic vector or proper vector of T. The corresponding A is called an
eigenvalue or characteristic value or proper value.

Theorem 3.33 The proper values of a self-adjoint operator are real numbers. Two
proper vectors corresponding to two different proper values of a self-adjoint operator
are orthogonal.

Theorem 3.34 The proper values of a unitary operator are complex numbers such
that |A| = 1.

Proof (Proof of Theorem3.33) Let T be self-adjoint and 7'(x) = Ax. We want to
show that A is real, i.e., A = A.

(Tx,x)={x,T"x) = (x, Tx)

or
(x, x) = (x, Ax)
or
Mo, x) = Alx, x)
or

A=A

Leti; # Ay, Tx = Ayxand Ty = Apy. Then, (Tx, y) = (Aix,y) = A {x, y). As
T =T~

(Tx,y)=(x,Txy) =(x,Ty) = (x, 12y) = (Aax, y)

Thus, A1 (x, y) = Aa{(x, y). Since A; # Xy, {x, y) must be zero. Hence, x L y.

Proof (Proof of Theorem3.34) Let Tx = Ax, x # 0. Then,

(Tx, Tx) = (hx, Ax) = Ar{x, x)
= [AP[x] P

On the other hand, (Tx, Tx) = (x, T*Tx) = ||x||?> as T is unitary, i.e., T*T = I.
Hence,[A[*||x|| = |Ix]| = |A| = 1.
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3.8.3 Adjoint of an Unbounded Linear Operator

In Sect.3.7.2, we have studied the concept of the adjoint of a bounded linear operator
on a Hilbert space. This concept may be extended to unbounded linear operators on
a Banach space, in general, and on a Hilbert space, in particular. From the point of
view of applications, the concept of adjoint of unbounded linear operators on Hilbert
spaces is more useful and, therefore, we discuss it here in brief.

Definition 3.11 Let 7 be an unbounded linear operator on a Hilbert space X, and
assume that the domain of T, Z(T), is dense in X. The adjoint operator of 7', T*,is
defined by

(Tx,y)={(x,T*y)Vx € 2(T),y € D(T*)

where 2(T*) = {y € X/(Tx,y) = {(x, z) for some z € X and all x € Z(T)}. For
each such y € 2(T*), the adjoint operator 7* of T is defined in terms of that z by
z=T*y.

Remark 3.21 If T is also closed, then Z(T*) is dense in X and 7™ is closed. More-
over, T** = T; that is, Z(T**) = Z(T), and the operators agree on these domains.
For closed operators, see Sect.4.7.

Example 3.23 Let X = Ly(a, b) and T be defined by
df
T() = —
(T o

and 2(T) = {f € X/f is absolutely continuous with % € X and f(a) = 0}. Then,
b if
rr.g) = [ S etar
b d
_ b _ a8
=[f()g®)], / f@ o dt
b
dg .
= tr@eon - [ roEa= 1)

d d
where (T*g) = —d—‘j and 2(T*) = {g € X /g is absolutely continuous with d_ét) €
X, g(b) = 0}.

Definition 3.12 If the linear operator 7 on a Hilbert space X is 1-1 on Z(T'), then
the linear operator 7~ on X defined on 2(T ') = R(T) by
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TN (T(x))=x, Yxe2T)

is called the inverse of T.

Theorem 3.35 Let T be a 1-1 linear operator on a Hilbert space X such that T~
exists and 2(T) = 2(T—') = X. Then, T* is also 1-1, and

(T*)—l — (T—I)*

Proof The theorem will be proved if we show that (T~")*T* = I and T(T~YHY* =1.
For verification of the first relation, take anyy € D(T*). Then forevery x € D(T '),
we have T~!'x € D(T) and so

(T7'x, T*y) =(TT 'x,y) = (Ix, y) = (x, y).
This implies that T*y € 9((T*1)*) and (T*l)*T*y = (TT*I)*y =TIy =y.In

order to verify the second relation, take an arbitrary y € 2((T~")*). Then, for every
x € 9(T), we have Tx € 2(T~") and therefore

(Tx, (T™Y*y) = (T "Tx, y) = (x, ).

This shows that (T~)*y € 2(T*) and T*(T~)*y = y.

Definition 3.13 An unbounded linear operator 7 on a Hilbert space X is called
symmetric if T* extends T in the sense that T* = T on Z(T) and D(T*) 2 2(T).In
this case, (T*x,y) = (x, Ty) YV x,y € Z(T*). A symmetric operator is self-adjoint
if 2(T*) = 2(T).

It can be checked that every self-adjoint operator 7' is symmetric.

Example 3.24 Let X = Ly(a, b), and T be defined by

2
(TH) = f

and 2(T) = {f € X/f and 9 are absolutely continuous with £ € X and
f(a) =0= f(b)}. Then,

\@_
Oq
~
N
<.

-~

(Tf, g) =

=[d—fg(r>] —[ @&} / f(t)
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_ (4 (Y d’g
- (dt>,:bg(b) (m),: ¢(a )+ff<t) dr

d2
so that (T*g)(t) = _g where 2(T*) = {g € X/g and > are absolutely continuous

Wlth £ ¢ X and g(a) = g(b) =0} = Z(T). Hence, T is self-adjoint.

Example 3.25 Let X = £, and T be defined by
ok

Tk = {2}
(k) =1~

T is self-adjoint and one-one. The subspace T¢, = Z(T ') is everywhere dense.
9(T~") is the set of all sequences {8} € £, such that

o0
> KB < oo.
k=1

Then, the inverse 7! is defined on 2(T ") by T~1(B¢) = {kB}. T is linear.
Let {ex} be the basis of £,, where ¢ is the vector of all the components which are
zero except the kth one which is 1. 7~! is unbounded as

T~ (el = kllel]
and

lim ||7 "e|| = o0

k—00

By Theorem 3.35, (T~YH* = (r*)~' = T~'. Therefore, T~ is self-adjoint.

3.9 Bilinear Forms and Lax-Milgram Lemma

3.9.1 Basic Properties

Definition 3.14 Let X be a Hilbert space. A mappinga (-, -): XxX — Con X x X
into C is called a sesquilinear functional if the following conditions are satisfied:

a(xy + xz,y) = a(xy, y) +alxa, y).
a(ax,y) = aa(x,y).
a(x, y1 +y2) = a(x, y)) +a(x, y2).
a(x, By) = Ba(x, y)

el



124 3 Hilbert Spaces

Remark 3.22 1. The sesquilinear functional is linear in the first variable but not
so in the second variable. A sesquilinear functional which is also linear in the
second variable is called a bilinear form or a bilinear functional. Thus, a bilinear
forma(-, -) is a mapping defined on X x X into C which satisfies conditions (a)
through (c) of Definition 3.14 and (d). a(x, By) = Ba(x, y).

2. If X is a real Hilbert space, then the concepts of sesquilinear functional and

bilinear forms coincide.

3. Aninner productis an example of a sesquilinear functional. The real inner product

is an example of a bilinear form.

4. If a(-, -) is a sesquilinear function, then g(x, y) = a(y, x) is a sesquilinear func-

tional.

Definition 3.15 Let a(-, -) be a bilinear form. Then,

—_

a(-, ) is called symmetric if a(x, y) = a(y,x) V (x,y) € X x X.

2. a(-,-) is called positive if a(x, x) > 0 Vx € X.

3. a(, ) is called positive definite if a(x, x) > 0V x € X and a(x, x) = 0 implies
that x = 0.

4. F(x) = a(x, x) is called quadratic form.

5. a(-, ) is called bounded or continuous if there exists a constant M > 0 such that
la(x, M| = Mllx|[ Iyl

6. a(-, ) is said to be coercive (X-coercive) or X-elliptic if there exists a constant
a > 0 such that a(x, x) > «||x||*> Vx € X.

7. A quadratic form F is called real if F'(x) is real for all x € X.

Remark 3.23 1. Ifa(-,-): X x X — R, then the bilinear form a(:, -) is symmetric
ifa(x,y) =a(y,x).
2.
la(x, y)I
x20,y20 [[XIT 1Yl xz0,y20
= SUP|jx||=|jy||=1 |4 (X, Y)]

X Y

la(z—,
[l [yl

)]

llall =

Itis clear that [a(x, y)| < [lal| [Ix]| [[y]]-
3. |IF|l = sup [F(x)]
llxll=1

4. Ifa(-, ) is any fixed sesquilinear form and F(x) is an associated quadratic form
on a Hilbert space X, then

1
a(x,y) = Z[F(x—i—y) —Fx—y)+iF(x+iy)—iF(x —iy)l]
Verification: By using linearity of the bilinear form a, we have

Fx+y) =alx+yx+y) =alx,x)+aly,x)+alx,y) +aly,y)
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and
F(x—y)=alx -y, x—y)=alx, x)—a(y,x) —alx,y) +a(y,y).
By subtracting the second of the above equation from the first, we get
F(x+y)—F(x —y)=2a(x,y)+2a(y, x) (3.45)
Replacing y by iy in Eq. (3.45), we obtain
F(x+iy)— F(x —iy) =2a(x,iy) 4+ 2a(iy, x)
or
F(x +iy) — F(x —iy) = 2ia(x, y) + 2ia(y, x) (3.46)

Multiplying Eq. (3.46) by i and adding it to Eq. (3.45), we get the result.

Theorem 3.36 Ifabilinearforma(-, -) is bounded and symmetric, then ||a|| = || F||,
where F is the associated quadratic functional.

Theorem 3.37 Let T be a bounded linear operator on a Hilbert space X. Then, the
complex-valued function a(-, -) on X x X defined by

a(x,y) = (x,Ty) (3.47)

is a bounded bilinear form on X, and ||a|| = ||T||. Conversely, let a(-,-) be a
bounded bilinear form on a Hilbert space X. Then, there exists a unique bounded
linear operator T on X such that

ax,y)=(x,Ty)V(x,y) e X x X (3.48)

Corollary 3.1 Let T be a bounded linear operator on a Hilbert space X. Then, the
complex-valued function b(-, -) on X x X defined by b(x,y) = (Tx, y) is a bounded
bilinear form on X and ||b|| = ||T||. Conversely, let b(-, -) be a bounded bilinear
form on X. Then, there is a unique bounded linear operator T on X such that

bx,y)=(Tx,y)¥(x,y) € X x X.
Corollary 3.2 If T is a bounded linear operator on X, then

IT[l=sup [{x,Ty)l= sup [(Tx,y)l.
lxli=IlylI=1 lxli=IlylI=1

Theorem 3.38 Let T be a bounded linear operator on a Hilbert space X. Then, the
following statements are equivalent:
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1. T is self-adjoint.
2. The bilinear form a(-, -) on X defined by a(x,y) = (Tx, y) is symmetric.
3. The quadratic form F (x) on X defined by F(x) = (Tx, x) is real.

Corollary 3.3 If T is a bounded self-adjoint operator on X, then ||T|| = sup
[lx]l=1
{Tx, x)].

The following lemmas are needed for the proof of Theorem 3.36.

Lemma 3.7 A bilinear form a(x,y) is symmetric if and only if the associated
quadratic functional F (x) is real.

Proof If a(x, y) is symmetric, then we have

F(x) =a(x,x)
=a(x,x)
= F(x)

This implies that F'(x) is real. Conversely, let F(x) be real, and then by Remark
3.23(4) and in view of the relation

F(x) = F(—x) = F(ix)(F(x) = a(x, x), F(—x) = a(x, x) = a(—x, —x)
and
F(ix) = alix,ix) = iia(x, x) = a(x, x))
we obtain
a(x,y) = %[F(x +yY)—F(y—x)+iF(y+ix)—iF(y —ix)]

= %[F(x + )= F(x —y) +iF(x —iy) —iF(x +iy)]

= %[F(x+y)—F(x—y)+iF(x+iy)—iF(x—iy)]

=a(x,y)

Hence, a(-, -) is symmetric.

Lemma 3.8 a(-, -) is bounded if and only if the associated quadratic form F is
bounded. If a(-, -) is bounded, then ||F|| > ||a|| = 2||F||.

Proof Suppose a(-, -) is bounded. Then, we have

sup [F(x)[ = sup la(x,x)| = sup |a(x,y)[ = [lall
llxll=1 llxll=1 llxli=IlylI=1
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and, therefore, F is bounded and ||F|| < ||a||. On the other hand, suppose F is
bounded. From Remark 3.23(4) and the parallelogram law, we get

1 . .
late, I = ZIIFII(1x + 1P+ 1lx = Y1+ lx + iyl + [lx —iyl®)

1
= Z||F||2(||x||2+ I+ lx ] + [y]%)
= [[FIIA1xI1* + 1IyI1%)

or

sup |a(x, y)| < 2[|F]|
lxli=l1ylI=1

Thus, a(-, -) is bounded and ||a|| < 2||F||.

Proof (Proof of Theorem3.36) By Lemma 3.7, F is real. In view of Lemma 3.8,
we need to show that ||a|| < ||F]|. Let a(x, y) = ye®, where y € R, y > 0, and
a € R.Then by using Remark 3.23(4) and bearing in mind that the purely imaginary
terms are zero, we get

—ia 1 / 1
la. =y =ale™y.y) = 2[Fx +y)+ Flx —y)]
where x' = ye'®. This implies that
1 ’ 2 4 2
laCe, M =Z1IFIA1x"+ yII7 + lx = yII%)

4
1
= §||F||(||x'||2 + ||y||2 (by the parallelogram law)

or
sup la(x’, )| < [IF]|

[xl1=1lyll=1

or

llall < [IF]|

Proof (Proof of Theorem3.37)

1. Let T be a bounded linear operator on X. Then, a(x, y) = (x, Ty) satisfies the
following condition:

@ atx +x',y) = (x+x",Ty)=(x,Ty) + (x', Ty) = alx,y) +a(x', y)

(b) a(ax,y) = (ax, Ty) = a{x, Ty) = aa(x, y)

© latx, | = Kx,Ty)| < ITIl lixIl Ilyll, by the Cauchy—-Schwarz—
Bunyakowski inequality.
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This implies that  sup  |a(x, y)| < |[|T]||or ||a]| < ||T]|. Infact, ||a|| = ||T||
[Ix[|=[lyll=1
(see Eq.(3.51)).
2. For the converse, let a(-, -) be a bounded bilinear form on X. For any y € X, we
define f, on X as follows:

fy(x) =ax,y) (3.49)
We have
fy(xr+x2) =alxp +x2,y) =alxr, y) +alxz, y) fylax) = alex, y) = aalx, y)
and
Lyl = laCe, )| < lall llx]] Iyl

or

A= Hall Iyl

Thus, f, is abounded linear functional on X. By the Riesz representation theorem,
there exists a unique vector 7y € X such that

Srx)={x,Ty)Vx e X (3.50)
and

Tyl = 11411 < Hlall 1yl (3.51)

The operator 7: y — Ty defined by T(y) = (x, Ty) is linear in view of the
following relations:

(x, T(ay)) = fay(x) = (x,ay) = a(x,y)
=afy(x) =a(x, Ty)
(x, T(ay)) = (x,aTy)

or

(x, T(ay) —a(T(y)=0VxeX
= T(ay) =al(y)
(X, Ty+y)) = fray@) = (x,y+y)
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= (. 3) + (0, Y) = f@) + fl(x)
= Ty + (0 TY) = (. T + TN Vx € X

or
TG+ -ITM+HTO)) =0VxeX
which gives
TO+Y)=TM+TG)
Equation (3.51) implies that || T|| < [|a||. By Eqgs. (3.49) and (3.50), we have
a(x,y) = fy(x) =@ Ty)V(x,y) € X x X.
Then, for every fixed y € X, we get (x, Ty) = (x, Sy) or {(x, (T — S)y) = 0.

This implies that (T — S)y =0V y € X,i.e.,T = S. This proves that there exists
a unique bounded linear operator T such that a(x, y) = (x, T'y).

Proof (Proof of Corollary3.1)
1. Define the function a(x, y) on X x X by

a(x,y) =b(y,x) = {x,Ty)

By Theorem 3.37, a(x, y) is a bounded bilinear form on X and ||a|| = [|T||.
Since we have b(x, y) = a(y, x), b is also bounded bilinear on X and

bl = sup [b(x,y)| sup |a(y,x)|=[lall =|IT]|
llxll=IlylI=1 llxll=IlylI=1

2. If b is given, we define a bounded bilinear form a on X by
a(x,y) =b(y, x)
Again, by Theorem 3.37, there is a bounded linear operator 7 on X such that

ax,y)=x, Ty)V(x,y) e X x X

Therefore, we have b(x, y) = a(y,x) = (y, Tx) = (Tx, y)V(x,y) € X x X.

Proof (Proof of Corollary3.2) By Theorem 3.37, for every bounded linear operator
on X, there is a bounded bilinear form a such thata(x, y) = (x, Ty) and||a|| = ||T]|.
Then,

llall = sup la(x,y)|= sup (x,Ty)
llxli=IlylI=1 llxli=IlylI=1
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From this, we conclude that ||T|| = sup [(x, Ty)|

[lxlI=Ilyll=1
Proof (Proof of Theorem3.38) (1) = (2): F(x) = (Tx,x) = (x,Tx) =
(Tx,x) = F(x).In view of Lemma 3.7, we obtain the result.
(3) = (2): By Lemma 3.7, F(x) = (Tx, x) is real if and only if the bilinear form
a(x,y) = (Tx,y) is symmetric.
2)= (): (Tx,y) = a(x,y) = a(y,x) = (Ty,x) = (x, Ty). This shows that
T* = T that T is self-adjoint.

Proof (Proof of Corollary3.3) Since T is self-adjoint, we can define a bounded
bilinear form a(x, y) = (Tx, y) = (x, T'y). By Corollary 3.2 and Theorem 3.36,

T = lall = IIFl|

= sup [F(x)]
llxli=1

= sup [(Tx,x)|
IIxll=1
IT|| = sup [{Tx,x)]|

[lx[l=1

The following theorem, known as the Lax—Milgram lemma proved by PD Lax and
AN Milgram in 1954 [119], has important applications in different fields.

Theorem 3.39 (Lax—Milgram Lemma) Let X be a Hilbert space and a(-,-): X X
X — R a bounded bilinear form which is coercive or X-elliptic in the sense that
there exists o > 0 such that

a(x,x) < a||x||§( VxeX.

Also, let f: X — R be a bounded linear functional. Then, there exists a unique
element x € X such that

alx,y) = f(»)VyeX (3.52)

Proof (Proofof Theorem3.39) Since a(-, -) is bounded, there exists aconstant M > 0
such that

la(u, v)| = M{lull [Iv]]. (3.53)

By Corollary 3.1 and Theorem 3.19, there exists a bounded linear operator T on X
and f, € X* such that equation a(u, v) = f(v) can be rewritten as

(ATu,v) = (Afy, v) (3.54)
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or
(ATu — Afy,v) =0VveX.
This implies that
ATu = Af, (3.55)
We will show that (3.55) has a unique solution by showing that for appropriate values
of parameter p > 0, the affine mapping forv € X,v — v —p(ATv —Af)) € Xisa

contraction mapping. For this, we observe that

[lv — /okTv||2 = (v—pATv,v — pATV)
= ||v||2 —2p(ATv,v) + pz\lkTsz (by applying inner product axioms)
< VI = 2palVII* + o> M| VI ?

as
a(v,v) = (ATv,v) > a||v||*> (by the coercivity) (3.56)
and
[IATv]| < M||v|| (by boundedness of T)
Therefore,
v — pATV|P(1 = 2pa + p>M?)||v|? (3.57)
or
v — pATV[| < (1 = 2pa + p>M*)' 2| v]| (3.58)

Let Sv =v — p(ATv — Af,). Then,

[[Sv = Sw|| = [|[(v = pATv = Afy)) — (W — p(ATw — pfy))l]
=[(v=w) = p(AT (v —w)l|
< (1 =2pa+ p>M*»'?||lv — w|| (by 3.58) (3.59)

This implies that S is a contraction mapping if 0 < 1 — 2pa + p>M? < 1 which is
equivalent to the condition that p € (0, 2/ M?). Hence, by the Banach contraction
fixed point theorem (Theorem 1.1), S has a unique fixed point which is the unique
solution.

The following problem is known as the abstract variational problem.
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Problem 3.1 Find an element x such that

alx,y)=f()VyeX

where a(x, y) and f are as in Theorem 3.39.
In view of the Lax—Milgram lemma, the abstract variational problem has a unique
solution.

Solution 3.1 Note: A detailed and comprehensive description of the Hilbert
space theory and its applications is given by Helmberg [97], Schechter [166], and
Weidmann [194].

See also [10, 11, 19, 54, 86, 93, 97, 100, 101, 118, 119].

3.10 Problems

3.10.1 Solved Problems

Problem 3.2 If X # {0} is a Hilbert space, show that

x|l = sup [{x, y)|.
[lyll=1

Solution 3.2 If x = 0, the result is clearly true as both sides will be 0. Let x # 0.
Then

P x) o x
x| = =(x, —

[1x1] [x1]

[1x]]
< sup (x,y)
lIyll=1
< sup [|x|| |Iyll, (by the Cauchy—Schwarz—Bunyakowski inequality)
[lyll=1
= |l

This implies that |[|x|| = sup [{x, y)].

[Iyll=1
Problem 3.3 Let x, — x and y, — y in the Hilbert space X and «, — o, where
o,’s and « are scalars. Then, show that

@ xp+ys —>x+y.
(b) a,x, — ax.
(©) nlgrgo<x,l, n) = {x, ).
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Solution 3.3 The last relation shows that the inner product is a continuous function.

1.

1o+ yn) — @+ I = (G — 1) 4+ Gn — ), 6w = X) + (G — )
= ((xn — x), (ot — X)) + (= ¥)s (n — )
+ (G = x), (Yn = ) + (O — ¥), (X — X)
Since x, — x and y, = ¥, [|x, — x|]*> = (x, —x,x, —x) = Oasn — o0

and ||y, — y|I> = (yu — ¥, Y — ¥) — 0 as n — oo. By the Cauchy—Schwarz—
Bunyakowski inequality, we have

e =), v = YN = MIxn = X[l lyn = ¥l > 0asn — o0
and
(G = ), G = )] = 113w = Y11 11 = ¥I| = Oas n — o0
In view of these relations, we have ||(x, + y,) — (x + y)|| = Oasn — oo i.e.,
Xp+ Yy —> X+ y.
2. In view of these relations, we have ||(x, + y,) — (x + y)|| = Oasn — o0;

i1e,x, +y, = x4+ y.

2 _
l[(@nxn — ax)||” = — ax, apX, — oX)

4
=

(an

(Ol Xy — X, + 00X, — X, 00X, — OX, + X, — aX)
(opxy, —ax,, anxnox,) + (o,x, — ax,, €x, — ox)
(ax, —ax,ax, —ax +ax,) — (ox, &, x,ax,)

[ —a|2||xn||2+|an — ol [1xal] 1%, — x[]ler

+ Lol llx, = x1 + lerl 0 — x| 2] llety — ] = 0

asn — oo under the given conditions

Hence, o, x,, — ax asn — o0

Xy Yn) — (X, Yu) + (X, ya) — (x, ¥)|

[(Xn, yu) — (X, ) = I
[{xXn — x5 yu) + (x5 Y — Y)I
[ {xn
(X

=X, ya) |+ X, yu — W)
= X[ Hyall + 1x1] [y — Yl

<

<
Since x, — x and y, — y,thereexists M > Osuchthat||x,|| < M, ||x,—x]|| —
0, and ||y, — y|| = 0 asn — oo. Therefore, |{x,, y,) — (x, y)| = Oasn — oo;
or
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<xn’ yl’l> g (x7 )’> asn — o0

In view of Theorem A.6(2) of Appendix A.3, the inner product (-, -rangle is
continuous.

Problem 3.4 Show that R", ¢,, and L, (a, b) are Hilbert spaces, while C[a, b] is not
a Hilbert space.

Solution 3.4 R" is a Hilbert space. For x, y € R", we define the inner product by

n
y) =2 xiyi
=

1. (@ (x+x',y)= Z(x,- +x),yi = in.Yi + in/yi =(x,x)+ (x",y)

) (x,y) = é(ax»y, —a;x,y, —a(x, y)
©) (x,y) = éxzy, = éTy,= éxzy = (x,y)
@ (ox) = Yxx = Yo x?

I’
—_
I
=

= (x,x) >0and (x,x) =0& Y x?
i=1

< x; =0
< x=(0,0,...)
< x=0

Thus, (-, -) is an inner product on R" and it induces the norm given by

n 1/2
llx]] = V/{x. x) = <Zx,?)
i=1

R™ is complete with respect to any norm and so R" is a Hilbert space.
2. ¢, is a Hilbert space: For x = (xy, X2, ..., Xy, ...)y Y= (Vs Y2y --vs Yns...) €

£,, we define the inner product (-, -) on £, by (x, y) Z Xiyi

@ (x+x'sy) = 3 +x) () where
i=1

)H:(xi,xé,... x;,...)
(x+x,y) = nymLnyl
=(x,y>+<x,y)

(b) (ax,y) = ;(axi)% =« ;xiﬁ = a(x,y)
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M2
=
=
I
o8
kel
=l
I
M2
<

© (x.y)= X = (y, x)

I
—
I
—_
Il
-

gk
=
=

I
gk
=

(d) (x,x) =

Il
-
Il
-

oo
(x, x) > 0 as all the terms of the series Y _ |x;|* are positive.
i=1

(x, x)—0<:>2|x,|2—0<:>|x,|2—0<:>x,—OVl
=1
< x=1(0,0,...,0,..)=0€¢,

In view of the above relations, £, is an inner product space with the inner product

o0
(x,¥) = X x;yi. Let x, {a(") o k=1,2,3,... and {x,} be a Cauchy
i=1
o0
sequence in ¢,. From the relation |a,((m) - a,&") 1> < > = ||xn — x4||*, we obtain
k=1
that for every fixed k£ > 1 the sequence {a,ﬁ") }o2 , is a Cauchy sequence of complex
numbers and, therefore, it converges to a complex number, say a;. (We know that
C is complete.) Let

(n)yo0

x ={a; '},

For every & > 0, we have ||x,, — x,||*> = Z |a(m) - a,?”l2 < g% forallm > n(e)

P
and n > n(g), and therefore, for every fixed index p > 1, > |a,§m) — a,E")|2 <
i=1
P
e2V m < n(e) and n > n(e). Letting m to 0o, we obtain Y |a; — a\”|? <
i=1
&2Vn< n(e) and p > 1. Now, we let p to oo and we get

P
> la — a> < &¥Vn <n(e) (3.60)

The sequence x — x, = {ay —a; )}k 1» therefore, belongs to £5, and since £; is a
vector space, the sequence x = (x —x,,) +x, € ¢». From Eq.(3.59), we conclude
that ||x — x,|| < e Vn > n(e); i.e., {x,} is convergent in ¢,. Thus, ¢, is a Hilbert
space.

3. Ly(a, b) is a Hilbert space: L,(a, b) is a vector space (see Appendix A.5). We

define the inner product by ( f, g) f f(gt)dtY f, g € La(a, b).

b o b o b
@ (f +hg) = [f+hgndr = [f)gt)ydt + [h()gt)dt =
(f,8)+(h, g).
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b _ b _
(b) (af, g) = fotf(t)g(t)dt =a [ f(ngn)dt =alf, g).
r b .
= [ f(ngdt = [g@) f()dt = (g, f).
o b
@ (f, = ff(t)f(t) = [1f®*dt = (f, f) = 0as | f()]* = 0implying
b
[1f®Pdt = 0.0f, f) =0 & | f(t)| =0ae. & f=0ae.

a
Thus, (-, -) is an inner product on L, (a, b) which is complete with respect
to the norm

1/2

b
I = /If(t)lzdt

induced by the above inner product. For f € L,(a, b), we have

/ |fOlde = (£, 1) < [IFI[[IL]] (by the CSB inequality)

= Wb—-allfll (3.61)
Suppose { f,} is a Cauchy sequence in L,(a, b). By induction, we construct an
increasing sequence of natural numbers ny < n, < ---n; < --- such that

1
||fm_fn|| < ?Vm > ng and n > ng.

Consider the sequence { f;,,,, — fu, }io € L2(a, b). By Theorem D.7(3), we have

b o0 o0
/ > U @ = fuldt = Y- [ 1 = i
k=1

k=1

< Wb=a) Yl fu @ = L @I
k=1

S(Vb—a)2%=(vb—a)<oo
k=1

oo
By Beppo Levi’s theorem (see Appendix A.4), the series D | fy,., (1) — fi (0]
k=1

converges for almost every ¢ € [a, b] and so does the series
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@)+ D U @) = fu, O] = Tim £, (1)

k=1

As a consequence, the function f defined a.e. on [a, b] by f(¢) = klim S (@) s
—00

finite a.e. and Lebesgue measurable on [a, b]. Furthermore, by Theorem A.16(3),

we have
b o 2
/ [Z anl(r)—fm(r)} dt
2 Lk=t

b
= hm [Z fnk+l (t) fn/\ (t)i|

2

IA

/ Lf(t) = fu, (O] dt

2

= lim
m—0o0

|:Z f;1k+l - an:|

k=1

m 2
lim (annm —fnk||) dt
k=1

00 1 2 1 2
<m (25) = (57)
k=1

This implies that (f — f,,) € La(a,b) and [|f — f,, || < 2,%, Therefore, we
have f = (f — fu,) + fa, € L2(a, b). Forn > n,, we obtain

IA

111
+oot o <

W= Al = =Sl e =Sl = 55+ 55 + 55 < 5,3

This shows that { f,,} converges to f € Ly(a, b) and hence L,(a, b) is a Hilbert
space.
4. Cla, b] is an inner product space but not a Hilbert space: For f, g € Cla, b], we

define the inner product by ( f, g) f f(Hgt)dr.

It can be seen, as in the case of L;(a, b), that (-, -) satisfies the axioms of the inner
product. We now show that it is not complete with respect to the norm induced by this
inner product; i.e., there exists a Cauchy sequence in C|[a, b], which is not convergent
in Cla, b]. Leta = —1,b =1 and

0 for —1<t<0
fu@®) =1 nt forO<t<1/n
l forl/n<t <1
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be a sequence of real-valued continuous function on [—1, 1].
We prove the desired result by showing that this is a Cauchy sequence with respect

to the norm induced by the inner product

1/2

1
£l = | f(0)*dt
/

but it is not convergent to a function f € C[—1, 1].
We have (take m > n)

fm(l)_fn(t)z()for —1=<t<0
0= fu(®) — fu®) 1= fu(t) for0 <t <1

and so

1
||fm_fn||2= /lfm(t)—fn(l)|2dl‘
1
0 1
=fUMﬂ—ﬁmﬁh+/UMO—ﬂmﬁh
0

S/H—ﬁth

1/n
/|1—fn(t)|2dt+/|1—fn(t)|2dt
1/n
1/n

sz—ﬂth
0

asl—fn(t):0f0r5<t§10r

1/n 1/n

1
Hh—ﬂWs/H—mﬁhsfmzz
0

0

or

form>n

[ fm = full = f
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This shows thatVe > 0, m > n > N(g)[N(e) = %2 + 1], where [%2] denotes the

integral part of %2, [fm — full < e. Hence, fn is a Cauchy sequence in C[—1, 1].
Suppose f, — f € C[—1, 1];i.e., fis a real-valued continuous function on [—1, 1]
and ¢ > 0; IN(¢e) such that || f, — f|| < e forn > N(g). Let —1 < o < 0. Since
(f. — f)? is positive

o 1
/ o) — f(t)dr < / (ul0) — F0))dr
5 5

= ||fu — fI? <& forn > N(e)

or
/(fz)(t)dt <elas f,t)) =0 for 1 <t <a, Ve >0
—1

Hence,

/ fAt)dt =0 (3.62)
—1

The mapping t — f2(t) is positive and continuous on [—1, «](asf € C[—1, 1]).
Then, by Eq.(3.61), fz(t) = 0on [—1,«]. Thus, f(t) =0, —1 <t < «, where
—l<a<0.Let0O < B <1land Ny = [%] + 1. Forn > v = sup{N (¢), N}, we
have f,(t) = 1 fort € [B, 1], ||f» — fl| < e. Then,

1 1
/ (1= f@)*dt = / (fu(t) — f(t))*dt
B B

1
< / o)) — FOYdl <V 6
5

and, consequently

1
/(1 — f(1))*dt =0 (3.63)
B
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The function t — (1 — f(t))2 is positive on [B, 1] as f is continuous on [—1, 1)].
Then, Eq. (3.62) implies that [1 — f(t)]> =0Vt € [B, 1]or f(¢) = 1fort € [B, 1],
where 0 < B < 1. In short, we have shown that

_JO for —1<t<0
f(’)_{ | for0<rt<1 (3.64)
This is a contradiction to the fact that f is continuous f given by Eq.(3.63) is
discontinuous. Hence, our assumption that f, — f € C[—1, 1] is false, and so
C[—1, 1] is not a Hilbert space.

Problem 3.5 Let V be abounded linear operator on a Hilbert space H; into a Hilbert

space H,. Then, ||I — V*V|| < lifandonly if Vx € H;, 0 < Hiﬂ£1 = ||Vx]|| <

sup ||Vx||=[V]| < /2, where I is the identity operator on H;.

[lx[I=1

Solution 3.5 Since / — V*V is self-adjoint by Corollary 3.3

11 =V*V[l = sup [{x, (I = V*V))x)|

[lx]l=1

= sup [1—[|Vx|P’| <1
[lx][=1

Therefore, the condition that ||/ — V*V|| < 1 is equivalent to the two conditions

sup (1 —[|Vx|[H) =1-— Hiﬂfl [IVx|]> <1
[lx]|=1 xi=

and

sup ([|[Vx|> = 1) = sup ||[Vx|?—1<1
[lx[]=1 [lxl|1=1

which is equivalent to

O<|inf Vx| < sup ||[Vx]* <2
|

[xf|=1 []x]1=1

3.10.2 Unsolved Problems

Problem 3.6 a. Give an example of a nonseparable Hilbert space.
b. If A is any orthonormal set of a separable Hilbert space X, show that A is
countable.

Problem 3.7 Prove that every separable Hilbert space is isometrically isomorphic
to 62.
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Problem 3.8 If M is a closed subset of a Hilbert space X, prove that M = M++

Problem 3.9 If A is an arbitrary subset of a Hilbert space X, then prove that
1. At = (A_li) L.
2. At =[AL

Problem 3.10 Show that for a sequence {x,} in an inner product space, the condi-
tions ||x,|| — ||x|| and (x,, x) — ||x||> imply ||x, — x|| = 0 as n — oo.

Problem 3.11 Lete, = (0,0,...,1,0,...), where 1 is in the nth place. Find F{e,}
for F € (£»)*.

Problem 3.12 Let K = {x = (x1,X2,...,Xs,...) € €a/|x,]| < % for all n }. Show
that K is a compact subset of ¢5.

Problem 3.13 In an inner product space, show that ||x 4+ y|| = ||x]|| + [|y]| if and
only if [[x — y[| = [l|x[| — [[¥]].

Problem 3.14 (a) Show that the vectors x; = (1,2,2), x, = (2,1, —2), x3 =
(2, =2, 1) of R? are orthogonal.

(b) Show that the vectors (1/3,2/3,2/3), (2/3,1/3,-2/3), (2/3,-2/3,1/3) of
R? are orthonormal.

(c) Show that £,, p # 2isnot an inner product space and hence not a Hilbert space.

Problem 3.15 Consider R? with norm ||x]||; = |x{| + |x2].

(a) Show that every closed convex set in (R?, ||-||;) has a point of minimum norm.
(b) Show, by an example, that this may not be unique.
(c) What happens with ||x||,c = max |x1][, |x2|?

Problem 3.16 Let P: Ly(—a,a) — Ly(—a, a), where 0 < a < oo, be defined by
y = Px,where y(t) = %[x(t) + x(—1)]. Find the range and domain of P. Show that
P is an orthogonal projection.

Problem 3.17 Let T': Ly(—00, 00) — L,(—00, 00) be defined by

Tf(@)=f() fort =0
=—f@) fort <0

Show that T is a unitary operator.

Problem 3.18 For any elements X, y, z of an inner product space, show that

1 1
llz = xI* + 11z = yII* = Sl —yIP 421z - E(Xer)le2

Problem 3.19 Show that in an inner product space, x L y if and only if we have
llx + ay|| = ||x — ay]| for all scalars «.



142 3 Hilbert Spaces

Problem 3.20 Let E[—1,1] = {f € C[-1,1]1/f(—t) = f(t), for allt €
[—1,1]} and O[1,1] = {f € C[-1,1]1/f(=t) = —f (@) for all t € [—1, 1]}.
Show that C[—1, 1] = E[—1,1] & O[—1, 1].

(a) Let X = R?. Find M+ if M = {x}, x = (x;, x2) #0 € X.

(b) Show that Theorems 3.10 and 3.19 are not valid for inner product spaces.

(¢c) Let H = {f € Lsla,bl/f is absolutely continuous with f’ € Lj[a, b]}.
b

Show that for f € Lsla, b], there is a g € H such that F(f) = fgtdt is

a solution of the differential equation g(¢r) — g”(¢t) = f(z) with the boundary
condition g’(a) = g’'(b) = 0.

Problem 3.21 Let H be an inner product space and y a fixed vector of H. Prove that
the functional f(x) = (x, y) Vx € H is a continuous linear functional.

Problem 3.22 Show that every bounded linear functional F on £, can be represented
in the form

F(x)=) x%
i=1

where x = (x1, x2,...,Xn,...) €lband fixedy = (31, y2, ..., Yn,...) € £a.

Problem 3.23 Let T: C> — C? be defined by
T(x) = (x1 +ixp,x1 —ixp), where x = (x1, x2)

Find T*. Show that 7*T = TT* = 2/. Find }(T + T*) and 5-(T — T*)

Problem 3.24 If ||x,|| < 1, n = 1,2,..., in a separable Hilbert space H, then
discuss the properties of Fx,,, where F' € H* and x,, is a subsequence of {x,}.

Problem 3.25 Show that T# is a self-adjoint operator provided T is a self-adjoint
operator.

Problem 3.26 Let T be an arbitrary operator on a Hilbert space H into itself, and if
o and B are scalars such that |a| = |8|. Show that «T + BT* is normal.

Problem 3.27 Show that the unitary operators on a Hilbert space H into itself form
a group.

Problem 3.28 LetT be acompact normal operator on a Hilbert space X, and consider
the eigenvalue problem (Al — T)(x) = y on X. If A is not an eigenvalue of T, then
show that this equation has a unique solution x = (Al — T)~'y.

Problem 3.29 Prove the results (a) through (d) of Remark 3.19(2).

Problem 3.30 If S, 7: X — X, where X is a complex inner product space such
that (Sx,x) = (Tx,x) Vx € X, then show that S = T'.



3.10 Problems 143

Problem 3.31 Give an example of a self-adjoint operator without eigenvalues.

Problem 3.32 If H is a finite-dimensional inner product space, show that every
isometric isomorphism on H into itself is unitary.

Problem 3.33 Let X be a Hilbert space. If T is a self-adjoint operator (not neces-
sarily bounded) mapping a subset of X into X such that Dy = X, prove that the
operator U = (T —i)(T — i)~ is defined on all of X and is unitary.

Problem 3.34 Let T be a compact normal operator on a Hilbert space H. Show that
there exists an orthonormal basis of eigenvectors {e,, } and corresponding eigenvalues

{un} such that if x = > (x,e,)e, is the Fourier expansion for x, then T'(x) =

Y tnlx, en)e,.
n



Chapter 4 ®)
Fundamental Theorems G

Abstract This chapter is devoted to five fundamental results of functional analy-
sis, namely Hahn—Banach theorem, Banach—Alaoglu theorem, uniform boundedness
principle, open mapping theorem, and closed graph theorem. These theorems have
played significant role in approximation theory, Fourier analysis, numerical analysis,
control theory, optimization, mechanics, mathematical economics, and differential
and partial differential equations.

Keywords Hahn-Banach theorem - Topological Hahn—Banach theorem - Strong
topology + Weak topology - Weak convergence - Weak convergence in Hilbert
spaces - Weak star topology + Graph of a linear operator + Open mapping

4.1 Introduction

There are five basic results of functional analysis known as Hahn—Banach theo-
rem, Banach—Alaoglu theorem, uniform boundedness principle, open mapping and
closed graph theorem. These theorems have been very useful in approximation the-
ory, Fourier analysis, numerical analysis, control theory, optimization, mechanics,
mathematical economics, and differential equations. Topological Hahn—Banach the-
orem tells us that properties of functional defined on a subspace are preserved if
the functional is extended over the whole space. It is well known that existence and
uniqueness of solutions of problems in science and technology depend on topol-
ogy and associated convergence of the underlying space. In this chapter, we present
strong, weak, and weak* topologies and related convergence such as convergence of
convex sets [138], I" convergence [6, 57], and two-scale convergence [101]. The uni-
form boundedness principle indicates that the uniform boundedness of a sequence of
bounded linear operators is implied by the boundedness of the set of images under the
given bounded linear operators. The converse of this result is known as the Banach—
Steinhaus theorem which is given in the solved example (Problem4.2). It states that
uniform boundedness of a sequence of bounded linear operators, along with point-
wise convergence on a dense subset of the entire space. A one-to-one continuous
operator from a Banach space into another has inverse that is continuous. In other
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words, the images of open sets are open sets. This result is called open mapping
theorem. The concept of graph of linear operator is defined, and it is proved that a
linear operator with a closed graph is continuous. We call this result the closed graph
theorem. This chapter deals with these five theorems along with their consequences.
Interested readers may go through references [Hu 68], [130, 168], [Si 71], [174].

4.2 Hahn-Banach Theorem

Theorem 4.1 (Hahn—Banach theorem) Let X be a real vector space, M a subspace
of X, and p a real function defined on X satisfying the following conditions:

1. p(x+y) <px)+pQ»)
2. p(ax) = ap(x)

Y x,y € X and positive real o.

Further, suppose that f is a linear functional on M such that f(x) < p(x) Vx € M.
Then, there exists a linear functional F defined on X for which F(x) = f(x) Vx e M
and F(x) < p(x) Y x € X. In other words, there exists an extension F' of f having
the property of f.

Theorem 4.2 (Topological Hahn—Banach theorem) Let X be a normed space, M a
subspace of X, and { a bounded linear functional on M. Then, there exists a bounded
linear functional F on X such that

1. Fx)=fx)VxeM
2. 0IFN =11

In other words, there exists an extension F of f which is also bounded linear and
preserves the norm.

The proof of Theorem4.1 depends on the following lemma:

Lemma 4.1 Let X be a vector space and M its proper subspace. For xo € X — M,
let N = [M U {xo}]. Furthermore, suppose that f is a linear functional on M and p a
functional on X satisfying the conditions in Theorem4.1 such that f(x) < p(x)Vx €
M . Then, there exists a linear functional F defined on N suchthat F (x) = f(x)Vx €
M and F(x) <p(x)Vx eN.

In short, this lemma tells us that Theorem 4.1 is valid for the subspace generated
or spanned by M U {x,}.

Proof Since f(x) < p(x), forx € M,and f is linear, we have for arbitrary y,, y, €
M

fO1=y) =)= f02) <pO1—y)
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or

SO = f2) < pOi +x0 — y2 — x0)
< p(y1 +xp) + p(=y2 — x0)

by condition (1) of Theorem4.1.
Thus, by regrouping the terms of y, on one side and those of y; on the other side,
we have

—p(=y2 —x0) — f(2) <pO1+x0) — f1) 4.1)

Suppose y; is kept fixed and y; is allowed to vary over M, then (4.1) implies that the
set of real numbers {—p(—y> — x0) — f(y2)/y2 € M} has upper bounds and hence
the least upper bound (See Remark A.1(A)).

Let o = sup{—p(—y> —x0) — f(2)/y> € M}. If we keep y, fixed and y; is
allowed to vary over M, (4.1) implies that the set of real numbers {p(y; + xo) —
f(1)/y1 € M} has lower bounds and hence the greatest lower bound (See Remark
A.1(A)).

Let B = inf{p(y; +x0) — f(1)/y1 € M}. From (4.1), it is clear that « < . As
it is well known that between any two real numbers there is a always a third real
number, let y be a real number such that

a<y=p (4.2)

It may be observed that if « = 8, then y = o = B. Therefore, for all y € M, we
have

—p(=y—x) —f =y =py+x)—f) (4.3)
From the definition of N, it is clear that every element x in N can be written as
x=y+ ixy “4.4)

where xo #M or xo € X — M, A is a uniquely determined real number and y a
uniquely determined vector in M .
We now define a real-valued function on N as follows:

Fx)=FQ+ M) = fQ)+ Ay 4.5)

where y is given by inequality (4.2) and x is as in Eq. (4.4).
We shall now verify that the well-defined function F (x) satisfies the desired con-
ditions, i.e.,

1. F is linear.
2. Fx) = fx)VxeM.
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3. Fix) <p(x) YxeN.

a. F is linear: For

21,22 € N(z1 = y1 + Aixo, 22 = Y2 + AaXo)
F(z1 +z2) = F(y1 + Aixo + y2 + Aaxo)
= F((1 +y2) + (A1 + A2)x0)
= f1+y2) + 1+ Ay
= fO)+ fO2) + Ay + Ay

as f is linear; or

F(zi+z2) =1f0)+ Myl + 102 + 2ap]
=F(z1) + F(z)

Similarly, we can show that F(uz) = uF(z) Vz € N and for real p.
b. If x € M, then A must be zero in (4.4) and then Eq. (4.5) gives F'(x) = f(x).
c. Here, we consider three cases. (See (4.4)).

Case 1: A =0 We have seen that F(x) = f(x) and as f(x) < p(x), we get that
F(x) < p(x).
Case 2: A > 0 From (4.3), we have

y =p(y+x0) = f() (4.6)

Since N is a subspace, + € N. Replacing y by £ in (4.6), we have

pEen) ()
or VSP(%(V—F)»xo))—f(%)-

By condition (2) of Theorem4.1,

1 1
4 <X0’ + kxo)) = Xp(y + Axo), fori >0,
and

7(2) =350

as f is linear. Therefore,

Ay < pOy + Axo) — ()
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or f(y) + Ay < p(y + Axp). Thus, from (4.4) and (4.5), we have F (x) < p(x) Vx €
N.
Case 3: A < 0 From (4.3), we have

—p(=y—x0) — f) <y 4.7)

Replacing y by y/X in (4.7), we have

(F o))

or

S(Fe)orerty
1
=V+xf()’)

as f is linear, i.e.,

- < ! 4.8
—P<T—XO>_V+Xf(Y) (4.8)

Multiplying (4.8) by A, we have
w (=2 > Ay 4 f )
_ 2 -
14 3 0) =AY 3
(the inequality in (4.8) is reversed as A is negative), or

—1
(=Mp ((T) v+ Mo)) > F(x)

Since ’Tl > 0, by condition (2) of Theorem4.1, we have

—1 1
P((T) (y + Axp) = TP()’ + Axo)
and so
1
(=A) <T>P()’ + Axg) > F(x)
or

Fx) <px)VxeN
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Proof (Proof of Theorem4.1) Let S be the set of all linear functionals F' such that
F(x)= f(x) Vx e M and F(x) < p(x) ¥ x € X. That is to say, S is the set of all
functionals F extending f and F(x) < p(x) over X. S is nonempty as not only does
f belong to it but there are other functionals also which belong to it by virtue of
Lemma4.1. We introduce a relation in S as follows.

For Fy, F, € S, we say that F| is in relation to F;, and we write F; < F, if DF} C
DF, and F,/DF, = F, (Let DF and DF, denote, respectively, the domain of F
and F,. F,/DF; denotes the restriction of F, on the domain of F;). S is a partially
ordered set. The relation < is reflexive as | < F|. < is transitive, because for | <
F,, F» < F3, we have DF\ C DF,, DF, C DF5. F,/DF, = F; and F3/DF, = F»,
which implies that DFy C DF5 and F3/DF, = F,. < is antisymmetric. For F| < F,

DF, C DF,
F,/DF, = F,
For F, < F,
DF, C DF,
F\/DF; = F,
Therefore, we have
Fi=F

We now show that every totally ordered subset of S has an upper bound in S. Let
T = F, be a totally ordered subset of S. Let us consider a functional, say F defined
over | JDF,.If x € | DF,, there must be some o such that x € DF,, and we define

a o

F(x) = F,(x). F is well defined, and its domain | DF, is a subspace of X.
\JDF, is a subspace: Let x,y € | J DF,. This implies that x € DF,,, and y €

[ o
DF,,. Since T is totally ordered, either DF,,, C DF,, or DF,, C DF,, . Let DF, C
DF,,. Then, x € DF,, and so x +y € DF,,, or x +y € | JDF,. Let x € | JDF,,
o o

then x € DF,;, which implies that ux € | J DF, V real j. This shows that | DF, is a

subspace. F' is well defined: Suppose x g DF, and x € DF,,.. Then by thegdeﬁnition
of F, we have F (x) = F,(x) and F (x) = F, (x). By the total ordering of 7', either F,
extends F, or vice versa, and so F,; (x) = F,(x) which shows that F' is well defined.

It is clear from the definition that F is linear, F(x) = f(x) forx € Df = M, and
F(x) < p(x) VY x € Dp. Thus, for each F, € T, F, < F; i.e., F is an upper bound
of T. By Zorn’s lemma (Theorem A.2 of the Appendix A.1), there exists a maximal
element F in S; i.e., F is a linear extension of f, F x) <pX),and F < F for every
F € S. The theorem will be proved if we show that Dz = X . We know that D C X .
Suppose there is an element x € X such that xo ¢ Dj. By Lemma4.1, there exists F
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such that F is linear, F(x) = F(x) V x € Dj, and F(x) < p(x) for x € [Dr U xo] (F
is also an extension of f). This implies that F is not a maximal element of S which
is a contradiction. Hence, Dr = X.

Proof (Proof of Theorem4.2) Since f is bounded and linear, we have |f(x)| <
NI 1x]l, ¥ x (see Remark2.7).

If we define p(x) = || f1] ||x]|, then p(x) satisfies the conditions of Theorem4.1
(see Problem?2.8). By Theorem4.1, there exists F extending f which is linear and
Fx) <px)VxeX.

We have —F (x) = F(—x) as F is linear, and so by the above relation,

—F @) < p(=x) = [l fI[ I = x| =[] Ix]] = p(x).
Thus, |F(x)| < p(x) = ||fI| ||x|] which implies that F' is bounded and

IIF|l = sup [F(x)| < [|f]l (4.9)

[lxl1=1

On the other hand, forx € M, | f(x)| = |F(x)| < ||F]|] ||x||, and so

A= HSUP Lf @l < [IF]| (4.10)

xl|=1
Hence, by Egs. (4.9) and (4.10), || ]| = ||F]|.

Remark 4.1 The Hahn—Banach theorem is also valid for normed spaces defined over
the complex field.

The proofs of the following important results mainly depend on Theorem4.2:

Theorem 4.3 Let w be a nonzero vector in a normed space X. Then, there exists a
continuous linear functional F, defined on the entire space X, such that ||F|| = 1 and
Fw) = [Iw]l.

Theorem 4.4 [f X is a normed space such that F(w) =0V F € X*, thenw = Q.

Theorem 4.5 Let X be a normed space and M its closed subspace. Further, assume
thatw € X — M (w € X butw ¢ M ). Then, there exists F € X* such that F (m) = 0
forallm e M, and F(w) = 1.

Theorem 4.6 Let X be a normed space, M its subspace, and w € X such that d =
in{/l [lw — m|| > O (It may be observed that this condition is satisfied if M is closed
me.

andw € X — M ). Then, there exists F € X* with ||F|| =1, F(w) # 0, and F(m) =
Oforallme M.

Theorem 4.7 If X* is separable, then X is itself separable.
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Proof (Proof of Theorem4.3) Let M = [{w}] = {m/m =Aw,A € R}and f: M —

R such that f(m) = A||w||. f is linear [f(m; + my) = (A1 + A2) ||w||, where
my = hw and my = Aow or f(mi +my) = (A + A)||wll = AilIwl] + Aaflw]| =
f(my) + f(my)]. Similarly, f(um) = uf (m)Vi € R. fisbounded (| f (m)| = [|Aw]| =
|Im|] and so | f(m)| < k||m|| where O < k < 1) and f(w) = ||w]|| (If m = w, then

A =1). By Theorem?2.6

fll="sup |f(m)| = sup [A][Iw]|= sup [[m|l =1

meM, ||m||=1 [lml=1 [lmll=1

Since f, defined on M, is linear and bounded (and hence continuous) and satisfies
the conditions f(w) = ||w]|| and || f|| = 1, by Theorem 4.2, there exists a continuous
linear functional F over X extending f such that ||F|| = 1 and F(w) = ||w||.

Proof (Proof of Theorem4.4) Suppose w # 0 but F(w) = 0 for all F € X*. Since
w # 0, by Theorem4.3, there exists a functional F € X* such that ||F|| = 1 and
F(w) = ||w||. This shows that F (w) # 0 which is a contradiction. Hence, if F(w) =
0V F € X*, then w must be zero.

Proof (Proof of Theorem4.5) Letw € X — M andd = inlg |lw — m]|. Since M is a
me.

closed subspace and w ¢ M, d > 0. Suppose N is the subspace spanned by w and
M ;ie., n e N if and only if

n=xw-+m, A eR, meM “4.11)
Define a functional on N as follows:

fn) =2

f is linear and bounded: f(n; 4+ np) = A1 + Ap, where n; = Ayw +m and np =
Mw +m. So f(n; +ny) = f(n) + f(np). Similarly, f(un) = uf(n) for real u.
Thus, f is linear. In order to show that f is bounded, we need to show that there
exists k > O such that | f(n)| < k||n|| YV n € N. We have

il = [lm + awl| = | —A(—= —w)|| = ] | —=
nil =|m w|| = k w = )\, wil .

)
|Ald, or |A| <|ln|l/d. By definition, |f(n)| = |A| < |Inll/d, or |f(n)| < kl|nl,
where k > 1/d > 0. Thus, f is bounded. n = w implies that > = 1, and therefore,
f(w) =1.n=m € M implies that . = 0 (see Eq.4.11). Therefore, from the defini-
tionof f, f(m) = 0. Thus, f is bounded linear and satisfies the conditions f(w) = 1
and f(m) = 0. Hence, by Theorem4.2 there exists F defined over X such that F is
an extension of f, and F is bounded linear, i.e., F € X*, F(w) = 1,and F(m) =0
forallme M.

Since —mA € M andd = in{l |lw — m||, we see that ||_—’" - w“ > d.Hence, ||n|| >
me.
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Proof (Proofof Theorem4.6) Let N be the subspace spanned by M and w (see (4.11)).
Define f on N as f(n) = Ad. Proceeding exactly as in the proof of Theorem4.5, we
can show that f is linear and bounded on N[| f (n)| = |Ald < ||n]|], f(w) =d # 0O,
and f(m) =0 forallm € M. Since | f(n)| < ||n||, we have

A <1 (4.12)

For arbitrary ¢ > 0, by the definition of d, there must exist an m € M such that
[lw —m|| < d + . Let

w—m
7=—
[lw —ml|
Then,
w—m
llzll = ——— =
[lw —ml]|
and

1
f@)=————fw—m)=d/[lw—ml||

[lw —ml|

[By definition, f(n) = Ad;ifn =w — m, then A = 1, and so

fw—m)=d
or
4.13
f@) > d1e (4.13)
By Theorem?2.6, || f|| = sup |f(m)|. Since ||z|| = 1, Eq.4.13 implies that
[Im||=1
d
NI > m
Since ¢ > 0 is arbitrary, we have
IIfII=1 (4.14)

From (4.12) and (4.14), we have || f|| = 1. Thus, f is bounded and linear, f(m) =
OVmeM, f(w)#0,and || f|| = 1. By Theorem4.2, there exists F € X* such
that F(w) # 0, F(m) =0forallm e M, and ||F|| = 1.
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Proof (Proof of Theorem4.7) Let {F,} be a sequence in the surface of the unit sphere

S of X*[S = {F € X*/||F|| = 1}] such that {F, F>, ..., F,} is a dense subset of S.

By Theorem?2.6, ||F|| = sup |F(v)| and so for ¢ > 0, there exists v € X such that
[vll=1

vl =1
and
(I=9IIF[l < [FO)| (4.15)
Putting ¢ = % in (4.15), there exists v € X such that
[lv]| =1
and
1IIFII |F(v)]
— = V).
2
Let {v,} be a sequence such that
[vall =1

and
2 n nWn

Let M be a subspace spanned by {v,}. Then, M is separable by its construction. In
order to prove that X is separable, we show that M = X . Suppose X # M ; then,
there exists w € X, w ¢ M. By Theorem4.6, there exists /' € X* such that

[lF|l =1
F(w) #£0 (4.16)

and
Fm)=0VmeM.

In particular, F(v,) = 0V n where

1
§||Fn|| S |Fa)l = [Fa(vy) — F(vy) + F(vy)|
=< Fn(vn) - F(vn) + F(vn)
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Since ||v,|| = 1 and F(v,) = 0V n, we have
1
§||Fn||§||Fn_F||Vn (4.17)
We can choose {F,} such that
lim ||[(F, — F)||=0 (4.18)
n—>00
because {F},} is a dense subset of S. This implies from (4.17) that
[1Fall =0V n
Thus, using (4.16)—(4.18), we have

L= |IF|l = [|F = Fy + Fall = |[IF — Fyll + ||Fll
< IF = Full +2[|F — Fyl|

or
IL=]F]|=0

which is a contradiction. Hence, our assumption is false and X = M.

4.3 Topologies on Normed Spaces

4.3.1 Compactness in Normed Spaces

The concept of compactness is introduced in topological and metric spaces in Appen-
dices (Definition A.91 and Theorem A.7). In a metric space, concepts of compactness
and sequentially compactness are identical. A subset A of a normed space X is called
compact if every sequence in A has a convergent subsequence whose limit is an ele-
ment of A. Properties of compactness in normed spaces can be described by the
following theorems.

Theorem 4.8 A compact subset A of a normed space X is closed and bounded. But
the converse of this statement is in general false.

Theorem 4.9 In a finite-dimensional normed space X, any subset A of X is compact
if and only if A is closed and bounded.

Theorem 4.10 If a normed space X has the property that the closed unit ball M =
{x/||x||} is compact, then X is finite-dimensional.
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Proof (Proof of Theorem4.8) We prove here that every compact subset A of X is
closed and bounded. For the converse, we refer to Sect. 4.4 where noncompactness
of unit closed ball is shown.

Let A be acompact subset of a normed space X . Forevery x € A, there is a sequence
{x,} in A such that x,, — x by Theorem A.6(3). Since A is compact, x € A. Hence,
A is closed because x € A was arbitrary. Now we prove that A is bounded. If A were
unbounded, it would contain an unbounded sequence {y,} such that ||y, — b|| > n,
where b is any fixed element. This sequence could not have a convergent subsequence,
since a convergent subsequence must be bounded, by Theorem A.6(4).

We need the following lemma in the proof of Theorem4.9.

Lemma 4.2 Let {xy, x2, ..., X,} be alinearly set of vectors in a normed space X (of
any dimension). Then, there is a number ¢ > 0 such that for every choice of scalars
oy, 0, ..., 0, we have

lopxy + aaxs + -+ - + apxyl| > c(lag| + laz| + - - + o)

See Chap. 11 for proof.

Proof (Proof of Theorem4.9) Compactness implies closedness and boundedness by
Theorem 4.8, and we prove the converse. Let A be closed and bounded. LetdimX = n
and {ey, es, ..., e,} be a basis for X. We consider any sequence {x,,} in A. Each x,,
has representation x,, = o (m)e; + ax(m)e; + - - - + o, (m)e,. Since A is bounded,
so is the sequence {x,,}, say, ||x,,|| < k for all m. By Lemma4.2

m

m
k=l = | ™| = e lo™)
j=1

j=1

where ¢ > 0. Hence, the sequence of numbers {c;(m)}, j fixed, is bounded and, by
Theorem A.10(2), has a limit point «j, 1 <j < n. As in the proof of Theorem4.8,
we conclude that {x,,} has subsequence {z,,} which converges to z = ) «;e;. Since
A is closed, z € A. This shows that arbitrary sequence {x,,} in A has a subsequence
which converges in A. Hence, A is compact.

Proof (Proof of Theorem4.10) Let M be compact but dimX = oo, then we show
that this leads to a contradiction. We choose any x; of norm 1. This x; generates
a one-dimensional subspace X; of X, which is closed, by Theorem C.10, and is a
proper subspace of X since dimX = oo. By Riesz’s theorem, there is an x, € X of
norm 1 such that

1
X2 —X1|| = o= =
Il I 7
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The elements x;, x, generate a two-dimensional proper closed subspace X, of X.
Again by Riesz’s theorem (Theorem 2.3, see proof in Problem 4), there is an x3 € X
of norm 1 such that for all x € X, we have

1
[lx3 — x|| > 5
In particular,
1
[lx3 — x1]| > 3
1
[lx3 — x2|| > 5

Proceeding by induction, we obtain a sequence {x,} of elements x, € M such that

1
||-xm_-xn|| > E m ;éi’l

It is clear that {x,} cannot have a convergent subsequence. This contradicts to the
compactness of M. Hence, our assumption dimX = oo is false and dimX < oo.

4.3.2 Strong and Weak Topologies

A normed space can be a topological space in many ways as one can define different
topologies on it. This leads to alternative notions of continuity, compactness, and
convergence for a given normed space. As shown in Chap. 2, every normed space X
is a metric space and hence it is a topological space. More precisely, a basis for the
strong topology is the class of open balls centered at the origin

S0 ={xeX/|lxl]| <r,r>0} (4.19)

A weak topology is generated by the base comprising open sets determined by
bounded linear functionals on X ; namely

B,(0)={xeX/|IFx)|=I|(F,x)| <r, forall finite
family of elements F € X*, r > 0} (4.20)

If T is the topology generated by the norm (4.19) and 75 is the topology induced by
linear functionals (Eq. (4.20)), then 7, C T}; that is, T is weaker than 7.

Let X be the dual of a Banach space Y; thatis, X = Y*. Then, the weak*-topology
(weak star topology) is generated by the base at the origin consisting of the open
sets
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xeX =Y"/|(F,x)| = |F,)| <,
forall finite family of elementsv € Y, r > 0} 4.21)

where
(Fo,u)=u,vVuectY, veYt 4.22)

{F,/v € Y} defined by (4.22) is a subspace of X* = Y™**.
It may be observed that the notions of weak topology and weak*M-topology
coincide in a reflexive Banach space in general, and Hilbert space in particular.

4.4 Weak Convergence

4.4.1 Weak Convergence in Banach Spaces

Definition 4.1 Let X be a normed space, X * and X ** the first and second dual spaces
of X, respectively. Then,

1. A sequence {x,} in X is called weakly convergent in X, in symbols x, = xor
X, — x, if there exists an element x € X such that lim f(x,) — f(x) =0 for
n—oo

all f € X*;1i.e., for ¢ > 0, there exists a natural number N such that | f(x,) —
fx)) <eforn>NandV f € X*.
2. A sequence {f,} in X* is called weakly* convergent to f in X* if lim f,(x) —
n—oo

f(x)=0forallx € X.

Remark 4.2 1. If X is a Banach space which is the dual of the normed space Y, and
if we bear in mind that Y is a subspace of its second dual, then we define weak*
convergence as follows: A sequence {x,} in X is called weakly* convergent to
x e X if lim |x,(y) —x(»)| = lim |y(x,) —y(x)| =0V y e Y. It is clear that

n—0oo n—oo
the elements of Y define the linear functionals on Y* = X.

2. It may be verified that every convergent sequence in X is weakly convergent but
the converse may not be true. However, these two notions are equivalent if X is
finite-dimensional.

3. Weak convergence implies weak* convergence, but the converse is not true in
general. However, these two notions are equivalent if X is a reflexive space.

4. Asequence {x,}in X converges tox in the weak topology if and only if it converges
weakly.

Definition 4.2 1. A subset A of a normed space X is called compact in the weak
topology or weakly compact if every sequence {x,} in A contains a subsequence
which converges weakly in A.
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2. A subset A of a normed space X is called compact in the weak* topology or
weak* compact if every sequence in A contains a subsequence which is weakly*
convergent in A.

The statements of the following theorem can be easily verified:

Theorem 4.11 1. The limit of a weakly convergent sequence is unique.

2. Every convergent sequence in a normed space is weakly convergent.

3. If{x,}and{y,} converge weakly to x andy, respectively, then {x,} + {y,} converges
weakly to x + y.

4. If {x,} converges weakly to x and a sequence of scalars {a,} converges to a, then
{aux,} converges weakly to ax.

Definition 4.3 1. A sequence {x,} in a normed space X is called a weak Cauchy
sequence if { f(x,)} is a Cauchy sequence for all f € X*.
2. A normed space X is called weakly complete if every weak Cauchy sequence of
elements of X converges weakly to some other member of X .

Theorem 4.12 In the normed space X, every weak Cauchy sequence is bounded
and hence every weakly convergent sequence with limit x is bounded; i.e., the set

{xell/k = 1,2,3, ...} is bounded in X and

||| < lim inf | |x]|
k— 00

Also, x belongs to the subspace of X generated by the sequence {x,}. For proof, see
Bachman and Narici [8].

Now, we mention some theorems giving the characterizations of weak conver-
gence in spaces £,, L,, and C[a, b]. The proofs can be found, for example, in Kan-
torovich and Akilov [107] and Liusternik and Sobolev [122].

Theorem 4.13 A sequence {x,}, x, = (af, a3, ..., af,...) €¥£,, 1 <p < 00 con-
verges weakly to x = (a1, &2, ..., 0, ...) € £y, if and only if

1. ||x,ll <M (M is a positive constant) for all n.
2. Foreveryi, o;” — a;jasn — oc.

Remark 4.3 In view of the above theorem for bounded sequences, the concept of
the weak convergence in ¢, is equivalent to the coordinatewise convergence.

Theorem 4.14 A sequence { f,(t)} in L,(0,1), 1 < p < oo, is weakly convergent
to f(t) € L,(0, 1) if and only if

L. || full <M Y n (M being a positive constant)
A )

2. [ fuydt — [ f(t)dt for arbitrary A € [0, 1].
0 0

Theorem 4.15 A sequence { f,,(t)} in Cla, b] is weakly convergent to f(t) in Cla, b]
if and only if
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1. | fu(®)| < M, where M is a positive constant, uniformly ink,n = 1,2, 3, ... and
t € [a, b].

2. lim f,(t) = f(¢) foreveryt € [a, b].
n—0o0

After slight modification of the proof of Theorem4.15, we get the following theorem
(See A.H. Siddiqi [122]).

Theorem 4.16 A sequence of continuous functions { f,f‘ (t)} converges weakly (uni-
formly in k) to a continuous function f(t) if and only if

1. |f5@)| < M where M is a positive constant, uniformly in k, n=1,2,3, ...,
andt € [a, b].

2. lim ,f (t) = f(t) uniformly in k for every t € [a, b].
n— o0

Remark 4.4 J.A. Siddiqi [168], [Si 60], Mazhar and A.H. Siddiqi [130, 131], and
A.H. Siddiqi [168] have applied Theorems4.5 and 4.6 to prove several interesting
results concerning Fourier coefficients, Walsh—Fourier coefficients, and summability
of trigonometric sequences.

Example 4.1 Show that weak convergence does not imply convergence in norm.

Solution 4.1 By the application of the Riesz representation theorem to the Hilbert
space L, (0, 2), we find that

2

f)=(x,¢g = /x(t)g(t)dt (4.23)

0
Consider the sequence {x,(¢)} defined below

sin(nt)

X, (1) = forn=1,2,3,...

We now show that {x,(¢)} is weakly convergent in L,(0, 2r) but is not norm-
convergent in L, (0, 27). From Eq. (4.23), we have

2

FO) = (i g) = % / SN oyt (4.24)

T
0

The right-hand side of Eq. (4.24) is the trigonometric Fourier coefficient of g(¢) €
L,(0, ). By the Riemann-Lebesgue theorem concerning the behavior of trigono-
metric Fourier coefficients

2
1 in(nt
—/ sin(n )g(t)dt — 0asn — o0
b4 b4

0
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or f(x,) - 0asn — oo;i.e., {x,} converges weakly to 0.

We have
.- 1/2
2
=0l = bt = | [ b0
0
2 1/2
/ | sin nt|? gt 1
N 2 T

0

- 1/2

Since % f | sin? nt|dt # 0V n, ||x, —0|| cannot tend to zero, and therefore,
0

{x,} cannot converge in the norm. Thus, a weakly convergent sequence {x,} need not
be convergent in the norm.

Example 4.2 Show that weak™ convergence does not imply weak convergence.

Solution 4.2 Let X = ¢; (we know that ¢, is the dual of ¢y) and Y = ¢y. Then,
Y* = ¢,. Thus, the dual of Y is X. Let {x;} be a sequence in X defined by the
relation

x@_{Oifk#j
P T 1ifk=

Fory = (1, Y2, Yk - - .) € co, let X (y) = yi (x* belongs to the dual of co; i.e., itis a
bounded linear functional on cy).

Since y € ¢y, lim y, =0 and so lim y*(y) = lim y; =0 Therefore, the

k— 00 k— 00 k— 00

sequence {x;} of the dual space of Y = ¢y converges weakly* to zero. Now, if
7€ X* =Ly withz = (21, 22, . . .), then x; (z) = zx. Since z € £, {zx} is bounded
with respect to k but need not converge to zero as k — oo. In fact, if z = (1, 1, .. .),
then x; (z) — 1 as k — oo. Therefore, {x;} does not converge weakly.

This example shows that weak* convergence does not imply weak convergence
and, by Example 4.1, it does not imply norm convergence.

Example 4.3 Prove that the notions of weak and strong convergence are equivalent
in finite-dimensional normed spaces.

Solution 4.3 Solution See Bachman and Narici [8] and Kreyszig [117].

4.4.2 Weak Convergence in Hilbert Spaces

By virtue of the Riesz representation theorem, a sequence {x,} in a Hilbert space X
is weakly convergent to the limit x € X if and only if
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lim (x,, z) = (x,2)
n—oo

forallz € X.

Theorem 4.17 (The weak compactness property) Every bounded sequence in a
Hilbert space X contains a weakly convergent subsequence.

Proof Let {x;} denote the bounded sequence with bound M, ||x;|| < M. Let Y be
the closed subspace spanned by the elements {x;}. Suppose that Y+ denotes the
orthogonal complement of Y. Consider the sequence (x, x,). Being the bounded
sequence of real numbers, we can extract from it a convergent subsequence by the
Bolzano-Weierstrass theorem. Denote this subsequence by o} = (x;, x!). Similarly,
(x2, x,i) contains a convergent subsequence oz,% = (xp, xﬁ). Proceeding in this manner,
consider the diagonal sequence x],. For each m,(x,, x);) converges, since for n >
m, it is the subsequence of the convergent sequencenm. Define F(x) = lirgn(x, X

whenever this limit exists. This limit clearly exists for finite sums of the form

n
X = E ag Xy
k=1

which are dense in Y. Hence, for any y € Y, we can find a sequence y, such that
[lyn — yIl = 0and

F(y) = lim(y,, x2)
Now,
s X)) = Ops Xim) + (¥ = ¥ps Xp)
where
Iy = yp, XV < M |ly — y,|| = 0 as p — oo uniformly in M
Therefore, {(y, x];)} converges. Since forany zin Y L (z, x) = 0, it follows that F (-)

is defined for every element of X in view of Theorem3.10. It can be seen that F is
linear. F is continuous as |F (y, — y)| = lim [{(y,, — y, x;)| < M ||y, — y|| — O for
n

Ym — . By the Riesz representation theorem
F(x) = (x, h) forsome h € X, infact € Y

It is also clear that ||k]| < M as |F(x)| = |{x, h)| < M ||h]|.

Theorem 4.18 Suppose x, — x and ||x,|| — ||x||. Then, x, converges strongly
1o Xx.
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Proof We know that

2
||xn _x” = (X” — X, Xp —X)

2 2
= [1al17 A [Ix[17 = 60, x) = (X, x0)
or

. 2 . 2 2 . .
lim ], —x|[7 = lim [|x, |[” + [|x][" = lim (x,, x) — lim (x, x,)
n—oo n—o00o n— 00

= 2|[x[1* = (x, x) — (x, x) = 2||x||* — 2||x]|*
=0.

Theorem 4.19 Let {x,} converge weakly to x. Then, we can extract a subsequence
{x,, } such that its arithmetic mean

1 m

oy 2

me
converges strongly to x.

Proof Without loss of generality, we can assume x to be zero. Let the first term of
Xy, be x,, = x;. By weak convergence, we can choose x,, such that [(x,,, x,,)| < 1.
Having chosen x,,, ..., x,,, we can clearly choose x,,,, so that

1
[ (s X )| < s i=1,2,3...k

By the uniform boundedness principle (Theorem4.26), ||x,, || < M < oo. Therefore,
S PR
= (% ;xn,-, % ;xn,->
2 kil
< (E) KM +2> " |, %)

i=2 j=I

1 k
S,

2
< (%) kM +2(k —1)) > 0ask - o0

Corollary 4.1 Let F(-) be a continuous convex functional on a Hilbert space X.
Then,

F(x) < liminf F(x,) forall x, — x.
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Proof Let us consider a subsequence and, if necessary, renumber it so that
liminf F(x,) = lim F(x,,) and further renumber the sequence so that by

Theorem4.19, % > x,, converges strongly to x. Then, we have by convexity of F
1

% D Fu) = F (% ZW«))
k=1

k=1

Hence,

l « 1 «
F () = lim ~ ZF(xk) > lim F (Z ;(xk)> = F(x).

k=1

4.5 Banach-Alaoglu Theorem

In the first place, we observe that the closed unit ball in a Banach space need not be
compact in its norm topology. To prove the statement, consider the normed space ¢5.
The closed unit ball §; of ¢,, namely

oo
Si={r= L% . X X1 .)€ 6/ Y InF < 1)

i=1

is both bounded and closed. That s, S is a bounded closed subset of £,. We now show
that S_l is not compact. For this, it is sufficient to show that there exists a sequence
in S|, every subsequence of which is divergent. Define a sequence {x,} in S, in the
following manner.

x, = (0,0,...,1,0,...) (All coordinates are zero and nth coordinate is 1). Thus,

x1 = (1,0,0,...)
x =(0,1,0,...)
x=(0,0,1,...)

x,=1(0,0,0,1,...) 1at pth coordinate
x;=10,0,0,0,1,...) 1atqthcoordinate
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~ 12
For p #q, |lx, — x4l = <Z|xp_xq|> :(O+"'+12+"'+12+"')1/2
1

= /2. Therefore, the sequence {x,} and all its subsequences are divergent.

As seen above, the closed unit sphere of £, = £3 is not compact with respect to
its norm topology. However, the following theorem proved by Alaoglu in the early
forties, often called Banach—Alaoglu theorem, shows that the closed unit sphere in
the dual of every normed space is compact with respect to the weak™ topology.

Theorem 4.20 Suppose X is a normed space and X* is its dual. Then, the closed
unit sphere St = {f € X*/|| f1| < 1} is compact with respect to the weak*topology.

Proof Let C, = [—||x]], ||x||]] forx € X and

C = l_[ C, = cross-product of all C,.

xeX

By the Tychonoff theorem (Theorem A.4(1)), C is a compact topological subspace
of R*.If f € S7, then [ f ()| < |[fI| llx[| < [Ix|| and so f(x) € Ci.

We can consider ST € C where f € Sy isassociated with (f(x), f(x2), ..., f(x,)
..)eCforx;,xo,...,x,,... € X.

Since C is compact, in view of Theorem A.4(5), it is sufficient to prove that S} is
a closed subspace of C. For this, we show that if g € S¥, then g € S7; that is to say,
S_l* = S}, which implies that S} is closed. Let g € S7; then, g € C [as ST C C=C
in view of Th. A.4(2)], and |g(x)| < ||x]].

Now, we show that g is linear. Let ¢ > 0 be given and x,y € X. Since every
fundamental neighborhood of g intersects ST, there exists an f € S} such that

lg@) — fX)| <
g — fMI <

lgx+y) — fx+W] < 3

MW ™MW| ™

W

Since f is linear, f(x +y) — f(x) — f(y) = 0 and we have

lgx+y) —gx) — gl
=g+ - f&x+M]—-[g) — fXO)]—-[g(») — fWM]I
<lg+y) = fE+NI+1gx) — f@I+1g() — fFOI
& £ &

As this relation is true for arbitrary ¢ > 0, we have g(x +y) = g(x) + g(v). In the
same way, we can show that g(ax) = ag(x) for all real «. Thus, g is linear and
bounded. Moreover, x # 0
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s ()| =

as g is linear (For x = 0, g(x) = 0 and so |g(x)| = 0 < 1). Therefore, g € S7.

1
—|g@)| < lor
[Ix]]

4.6 Principle of Uniform Boundedness and Its Applications

4.6.1 Principle of Uniform Boundedness

Theorem 4.21 Let X be a Banach space, Y a normed space, and {Ti} a sequence
of bounded linear operators over X into Y such that {Ti(x)} is a bounded subset of
Y for all x € X. Then, {||T;||} is a bounded subset of real numbers; i.e., {T;} is a
bounded sequence in the normed space B|X, Y.

Remark 4.5 1. This principle was first discovered by the French mathematician
Henri Leon Lebesgue in 1908 during his investigation concerning the Fourier
series, but the principle in its general form was given by Stefan Banach and
another famous mathematician H. Steinhaus.

2. Some Russian mathematicians call Solved Problem4.2 as the Banach—Steinhaus

theorem (See Kantorovich and Akilov [107]).
3. Completeness of the space X is essential for the validity of this principle (see
Solved Problem4.3)

Proof (Proof of Theorem4.21) In the first step, we shall show that the hypothesis
of the theorem implies the following condition. For some w € X and some positive
A > 0, there exists a constant k > 0 such that

T, ()|l <k (4.25)

for all n and x € S, (w). In the second step, we shall show that this condition implies
the desired result. Suppose (4.25) is false; i.e., for any sphere S with an arbitrary
point as the center and an arbitrary > 0 as the radius, there exists an integer ny and
w € S such that

NTw Wl =7 (4.26)

Since the function f(x) = ||T,,(x)|| is a real-valued function of x that is greater
than r at xo, the continuity implies that there must be a neighborhood of w in which
f(x) > r; furthermore, we can assume that this neighborhood of w is wholly con-
tained in S. Symbolically, we are asserting the existence of a neighborhood of w, S,
such that S, C S and T,,,(x) > rVx € S..

If we choose r = 1, then by the above fact, there exists some closed set S; such
that S; C S and an integer n such that 7,,, (x) > 1 Vx € S,. Further, we can assume
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that diameter of S;, §(S1) < 1. We repeat the above procedure for S; instead of §,
and r = 2. Thus, we get a closed set S, C S; such that §(S>) < 1/2 such that for
some 1y, Ty, (x) > 2V x € S,. Continuing this process, we get a sequence of closed
sets {S;} satisfying the conditions of Theorem A.6(7) of Appendix A.3, and hence
by this theorem, there exists some point y € (), S which implies that ||T,,(y)|| > i
for every i.

This will imply that the hypothesis of the theorem that {||7i(x)||} is a bounded
subsetof Y V x € X cannot be true, and this is a contradiction. Hence, our assumption
is false and (4.25) holds good.

Let (4.6.1) be true and x be such that ||x|| < A. Then,

T, (O = [ITa(x +w) = Tywl|
= ITaGx +w [ + [ Tawl| (4.27)

Since |[(x +w) —w|| = [|x]| < A, x +w € Sy. This implies, by Eq.(4.25), that
[|IT,,(x +w)]|| < k forevery n. Since ||T,w|| < k, Eq.(4.27) implies that V n||T,.x|| <
2k for all x such that [[x|| < A. Let x be any nonzero vector and consider

Ax

[l
Then,

x|
T @) = IITT (m)ll_ )LIIXIIVn

The above result also holds good for x = 0.

From the definition of the norm of an operator, we have ||T,|| < 2k/X for all n;
i.e., {||T,]|} is a bounded sequence in Z[X, Y]. This proves the theorem.

Several applications of Theorem4.21 in the domain of Fourier analysis and
summability theory can be found in Kantorovich and Akilov [107], Goffman and
Pedrick [86], Dunford and Schwartz [67], and Mazhar and Siddiqi [130, 131, 190,
190].

4.7 Open Mapping and Closed Graph Theorems

4.7.1 Graph of a Linear Operator and Closedness Property

Definition 4.4 Let X and Y be two normed spaces and D a subspace of X. Then,
the linear operator 7', defined on D into Y, is called closed if for every convergent
sequence {x,} of points of D with the limit x € X such that the sequence {Tx,}



168 4 Fundamental Theorems

is a convergent sequence with the limit y, x € D and y = Tx. This means that if
lim x, =x € X, and lim Tx, =y, thenx € Dandy = Tx.

n—oo n—0o0

Definition 4.5 LetX and Y be two normed spaces, D a subspace of X, and T a linear
operator defined on D into Y. Then, the set of points Gy = {(x, Tx) € X x Y /x € D}
is called the graph of T.

Remark 4.6 If X and Y are two normed spaces, then X x Y is also a normed space
with respect to the norm ||(x, ¥)|| = ||x||1 + |[y|l2, || - |l1 and || - || are norms on X
and Y, respectively. We see in the next theorem that G is a subspace of X x Y and
hence, a normed subspace of X x Y with respect to the norm

[1Ce, T)|| = |Ix[| + [|Tx[| forx € D
The following theorem gives a relationship between the graph of a linear operator
and its closedness property.

Theorem 4.22 A linear operator T is closed if and only if its graph Gt is a closed
subspace.

Proof Suppose that the linear operator T is closed, then we need to show that the
graph G of T is a closed subspace of X x Y (D is a subspace of the normed space
X, T :D — Y). In other words, we have to verify the following relations:

1. If (x, Tx), (X', Tx') € Gr; x,x € D, then (x, Tx) + (x', Tx') € Gr.
2. If (x, Tx) € Gy, x € D, then A(x, Tx) € G V real.
3. For x, € D, if (x,, Tx,) € Gr converges to (x, y), then (x,y) € Gr.

Verification

1. We have (x, Tx) + (X', Tx') = (x +x/, T(x + x')) as T is linear. Since D is a sub-
space, x + x' € D. Therefore, (x + x', T(x + x')) € Gr.

2. Ax, Tx) = (Ax, ATx) = (Ax, T(Ax)) as T is linear. Ax € D as D is a subspace.
Therefore, (Ax, T (Ax)) € Gr.

3. (x,, Tx,) converges to (x, y) is equivalent to

G, Toxa) — Qe W = 110G — x, Toty = Y|
= |lxa — x|l + [|Tx, — yI| = 0

or
[1x, — x|| = O and ||Tx, —y|| > 0n — o0
that is

lim x, =xand lim Tx, =y
n— 00 n—0o0
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Since T is closed, x € D and y = Tx. Thus, (x,y) = (x, Tx), where x € D, and so
(x,y) = (x,Tx) € Gr.

To prove the converse, assume that Gy is closed and that x, — x, x, € D for all
n, and Tx, — y.

The desired result is proved if we show thatx € D andy = Tx. The given condition
implies that (x,, Tx,) — (x,y) € Gr. Since Gy is closed, G = Gr; i.e., (x,y) €
Gr. By the definition of Gy, y = Tx, x € D.

Remark 4.7 1. In some situations, the above characterization of the closed linear

operator is quite useful.

2. If Disaclosed subspace of anormed space X and T is a continuous linear operator
defined on D into another normed space Y, then T is closed (Since x,, — x and T'is
continuous, Tx,, — Tx which implies that if Tx, — y, the Tx = y, and moreover,
x € D as D is a closed subspace of X.)

3. A closed linear operator need not be bounded (The condition under which a
closed linear operator is continuous is given by the closed graph theorem). For
this, we consider X = Y = C[0, 1] with sup norm (see Example 2.9), and P[0, 1]
the normed space of polynomials (see Example2.10).

We know that P[0, 1] € C[0, 1]. Let T: D = P[0, 1] — [0, 1] be defined as

d
vt

i. T is a linear operator; see Example 2.31.
ii. T is closed; let f, € P[O, 1].

lim f, = f and lim dJn

n—00 n—oo dt

To prove that T is closed, we need to show that 7 f = % = g (It may be
observed that the convergence is uniform). We have

t t

d fu
/g(s)ds:/ lim f ds
n—oo ds

0 0
fd
= lim fo ds
n—00 ds

0
= lim [fu(1) = f(0)]
or

1

/g(S)dS = f(1) = f(0).

0
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Differentiating this relation, we obtain

_df _
8= r =17

iii. T is not bounded (continuous); see Example2.31.

Definition 4.6 An operator T on a normed space X into a normed space Y is called
open if TA is an open subset of ¥ whenever A is an open subset of X; i.e., T maps
open sets into open sets.

4.7.2 Open Mapping Theorem

Theorem 4.23 (Open mapping theorem) If X and Y are two Banach spaces and
T is a continuous linear operator on X onto Y, then T is an open operator (open

mapping).

The proof of this theorem requires the following lemma whose proof can be found
in Simmons [174, 235-236].

Lemma 4.3 [fX and Y are Banach spaces, and if T is a continuous linear operator
of X onto Y, then the image of each open sphere centered on the origin in X contains
an open sphere centered on the originin Y.

Proof (Proof of Theorem4.23) In order to prove that T is an open mapping, we need
to show that if O is an open set in X, then 7(0) is also an open set in Y. This is
equivalent to proving that if y is a point in 7'(0), then there exists an open sphere
centered on y and contained in 7 (0). Let x be a point in O such that 7'(x) = y. Since
O is open, x is the center of an open sphere, which can be written in the form x + S,,
contained in O. By Lemma4.3, T(S,) contains an open sphere, say S, . It is clear
that y + S/ is an open sphere centered on y, and the fact that it is contained in 7'(0)
follows from the following relation:

y+S, Sy+TES) =T +T(S,) =Tx+S,) S TO)

The following result is a special case of Theorem4.23 which will be used in the proof
of the closed graph theorem.

Theorem 4.24 A one-to-one continuous linear operator of one Banach space onto
another is a homeomorphism. In particular, if a one-to-one linear operator T of a
Banach space onto itself is continuous, its inverse T~ is automatically continuous.
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4.7.3 The Closed Graph Theorem

Theorem 4.25 (Closed graph theorem) If X and Y are Banach spaces, and if T is a
linear operator of X into Y, then T is continuous if and only its graph Gr is closed.

Remark 4.8 In view of the following result of topology, the theorem will be proved
if we show that T is continuous whenever G is closed.

“If f is a continuous mapping of a topological space X into a Hausdorff space Y,
then the graph of f is a closed subset of the product X x Y.”

Proof (Proof of Theorem4.25) Let X; be the space X renormed by ||x||; = [|x]| +
[IT (x)||. X; is a normed space. Since [|T'(x)|| < [|x]| + ||T (x)|| = ||x||1, T is con-
tinuous as a mapping of X; into Y.

We shall obtain the desired result if we show that X and X have the same topology.
Since ||x|| < [|x]| + ||T (x)|| = ||x]|1, the identity mapping of X; onto Y is contin-
uous. If we can show that X; is complete then, by Theorem4.24, this mapping is a
homeomorphism and, in turn, X and X; have the same topology.

To show that X is complete, let {x,} be a Cauchy sequence in it. This implies that
{x,} and {T'(x,)} are also Cauchy sequences in X and Y, respectively. Since X and
Y are Banach spaces, there exist vectors x and y in X and Y, respectively, such that
||x, — x|| = Oand ||T (x,) — y|| = 0asn — oo. The assumption that G is closed
in X x Y implies that (x, y) lies on G and so T (x) = y. Furthermore,

[oen = x|l = {10 = X[ + [IT (X — 1)
= [l = x[| + [T (xy) = T )]

= |lxn = x| + [T ) —yll = Oasn — oo

Therefore, X; is complete.

4.8 Problems

4.8.1 Solved Problems

Problem 4.1 Let {7,} be a sequence of continuous linear operators of a Banach
space X into a Banach space Y such that lim 7,(x) = T (x) exists for every x € X.
n— o0

Then, prove that T is a continuous linear operator and

Tl = lim inf ||7,||
n—oo
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Solution
1. T is linear:

(a) We have T'(x +y) = lim T,(x + y). Since each T}, is linear

Tn(x +y) = Tn(x) + Tn(y)
nll>n<;lo Tn(x + y) = nlinolo[Tn(X) + Tn(y)]
= lim T,(x) + lim T,(y)
=T +T0)
or
Tx+y)=Tx) +T()
(b)

T(ax) = lim T, (ax)
n— 00
= lim aT,(x) as each T, is linear
n— oo
T(ax) =a lim T,(x) = aT (x)
n— o0
Thus, 7 is linear.

2. Since lim T,(x) = T (x)
n—oo
[| im T,(x) || = [IT ()]
n— 00
or
lim [|7,(x)|| = [T (x)|]
n—oo

as a norm is a continuous function and 7T is continuous if and only if x, — x
implies Tx, — Tx (see Proposition 2.1(3)).

Thus, [|T,(x)|| is a bounded sequence in Y. By Theorem4.21 (the principle of
uniform boundedness), ||7,]|| is a bounded sequence in the space B[X, Y]. This
implies that

T = lim [|T,(x)|| < lim inf [|T]] |]x]] (4.28)
n—oo n—oo

By the definition of ||T'||, we get ||T|| < liminf ||7,]|| (see Appendix A.4 for
n—oo

lim inf and Definition (2.8(6)) for ||T||.
In view of Eq. (4.28), T is bounded and hence continuous as 7 is linear.
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Problem 4.2 Let X and Y be two Banach spaces and {7},} a sequence of continuous
linear operators. Then, the limit 7x = lim,_, o, 7}, (x) exists for every x € X if and
only if

1. ||T,]| <M forn=1,2,3,...
2. Thelimit Tx = lim T, (x) exists for every element x belonging to a dense subset
n— 00

of X.

Solution Suppose that the limit 7x = lim 7, (x) exists for all x € X. Then clearly
n—00

Tx = lim T,(x) exists for x belonging to a dense subset of X .
n— o0

Tl <M forn=1,2,3,..., follows from Problem 4.1
Suppose (1) and (2) hold; then, we want to prove that
Tx = lim T,(x)
n—oo

exists, i.e., for & > 0, there exists an N such that ||T,(x) — T (x)|| < ¢ forn > N. Let
A be a dense subset of X, then for arbitrary x € X, we can find x” € A such that

[lx — x'|| <8, for an arbitrary § > 0 (4.29)
We have
T, () = T < 1T,(x) = TnCHI + [|T,(x") = T (]I (4.30)
By condition (2)
IT,(x) = T(X)|| <& forn>N (4.31)

as x’ € A, a dense subset of X. Since 7),s are linear
1T (x) — T, ()| = ||Tn(x — x|
By condition (1) and Eq. (4.29), we have

NTa(x = X)) < Tl 11x = x|
<M3d, foralln 4.32)

From Egs. (4.30)-(4.31), we have
HT,(x) —TX)|| <MSs+¢e <¢, foralln> N.

This proves the desired result.
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Problem 4.3 Show that the principle of uniform boundedness is not valid if X is
only a normed space.

Solution To show this, consider the following example. Let Y = R and X be the
normed space of all polynomials

o0
x=x() = Zant” where a, =0V n>N
n=0

with the norm ||x|| = sup |a,|. X is not a Banach space. Define T,,: X — Y as fol-
n

lows:

n—1
T,(0) =) a
k=0

one can check that ||T},|| is not bounded.
Problem 4.4 Prove Riesz’s lemma (Theorem2.3).

Solution Since Y is a proper subspace, there must exist an element yp € X — Y. Sup-
posed = inlli [|lx — yo||. We have d > 0, otherwise x = yy € Y =Y, a contradiction
Xe

of the fact that yg € X — Y. For B > 0, we can find an element xy € ¥ such that
d <llxo—yll <d+B (4.33)
Since yg ¢ Y, the element y = (xo — yo)/(||xo — Yol|) ¢ Y. Moreover

[yl = [{Cxo — yo)/(Ilxo — yol D}
= [lxo — yoll/llx0 — yoll = 1

we have

e = yII = llx = {(xo — yo) /(Ilxo — yol D}
= [Ix([Ixo — yol[) = xo + yoll/(I1x0 — yoll)
= [lyo —x1[1/1lxo — yoll

where x| = xo — x||xo — yo|| € Y. Using the definition of d and (4.33), we get

B

=1- -

X — > —
[lx =yl 4+ P d+ P

If B is chosen such that % < «, then ||x — y|| > 1 — «. This proves the lemma.
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4.8.2 Unsolved Problems

Problem 4.5 Prove the Hahn—Banach theorem for a Hilbert space.

Problem 4.6 Show that p(x) = lim sup x,,, where x = (x,) € ¢, x, real and satis-
fies conditions (1) and (2) of Theorem4.1.

Problem 4.7 If p is a functional satisfying conditions (1) and (2) of Theorem4.1,
show that p(0) = 0 and p(—x) > —p(x).

Problem 4.8 If F'(x) = F(y) for every bounded linear functional F on a normed
space X, show that x = y.

Problem 4.9 A linear function F defined on m, satisfying the following conditions,
is called a Banach limit:

1. F(x) >0ifx = (x1,x2,x3,...,%,,...)and x, > 0V n.
2. F(x) = F(ox), where ox = o (x1, X2, X3, ...) = (x2, X3, ...).
3. Fx) =1lifx=(1,1,1,...).

Show that liminf x,, < F(x) < limsupx, Yx = (x,) € m, where F is a Banach limit.
n— 00 =00

Problem 4.10 Let 7, = A,, where the operator A : £, — ¢, is defined by A(xy, x2,
X3, X4, ...) = (x3, x4, ...). Find

lim (|7, )], [Tyl and lim ||T,]|
n— 00 n— 00

Problem 4.11 Prove that the normed space P[0, 1] of all polynomials with norm
defined by ||x|| = sup |«;|, where «, a3, . . . are the coefficients of x, is not complete.

Problem 4.12 Show that in a Hilbert space X , a sequence {x,} is weakly convergent
to x if and only (x,, z) converges to (x, z) forall z € X.

Problem 4.13 Show that weak convergence in ¢, is equivalent to convergence in
norm.

Problem 4.14 Show that all finite-dimensional normed spaces are reflexive.
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Differential and Integral Calculus oo
in Banach Spaces

Abstract In this chapter, differentiation and integration of operators defined on a
Banach space into another Banach space are introduced. Basic concepts of distri-
bution theory and Sobolev spaces are discussed, both concepts play very significant
role in the theory of partial differential equations. A lucid presentation of these two
topics is given.

Keywords Gateaux derivative - Fréchet derivative - Chain rule - Mean value
theorem implicit function theorem - Taylor formula - Generalized gradient
(subdifferential) - Compact support * Test functions - Distribution - Distributional
derivative - Dirac delta distribution - Regular distribution - Singular distribution
Distributional convergence - Integral of distribution - Sobolev space - Green’s
formula for integration by parts + Friedrich’s inequality - Poincaré inequality
Sobolev spaces of distributions + Sobolev embedding theorems + Bochner integral

5.1 Introduction

As we know, the classical calculus provides foundation for science and technology
and without good knowledge of finite-dimensional calculus a systematic study of
any branch of human knowledge is not feasible. In many emerging areas of science
and technology calculus in infinite-dimensional spaces, particularly function spaces,
is required. This chapter is devoted to differentiation and integration of operators
and distribution theory including Sobolev spaces. These concepts are quite useful
for solutions of partial differential equations modeling very important problems of
science and technology.
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5.2 The Gateaux and Fréchet Derivatives

5.2.1 The Gdteaux Derivative
Throughout this section, U and V denote Banach spaces over R, and S denotes an
operatoron U into V (S: U — V).

Definition 5.1 (Gdteaux Derivative) Let x and ¢ be given elements of U and

Jim | 2810 =5 =0 (5.1)
n—0 n

forevery t € X, where n — 0in R. DS(x)t € Y is called the value of the Gateaux
derivative of S at x in the direction ¢, and S is said to be Gdteaux differentiable at x
in the direction ¢. Thus, the Gateaux derivative of an operator S is itself an operator
often denoted by DS(x).

Remark 5.1 (a) If S is a linear operator, then
DS(x)t = S(t), thatis, DS(x) =S forallx e U

(b) If S = F is areal-valued functional on U; thatis, S: U — R, and F is Gateaux
differentiable at some x € U, then

DS(x)t = |:iF(x + nt)] 5.2)
d’? n=0

(c) We observe that the Gateaux derivative is a generalization of the idea of the
directional derivative well known in finite dimensions.

Theorem 5.1 The Gateaux derivative of an operator S is unique provided it exists.

Proof Let two operators S;(t) and S,(¢) satisfy (5.1). Then, for every ¢+ € U and
every 11 > 0, we have

S -8
11S1(1) = 20| = II(W D))

_<§u+m2—su)_&00

(e )

S - S
Hwﬁi%—iﬂ—&mmeo

as n—0
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Therefore, ||S;(t) — S»2(¢)|| = O for all # € X which implies that S;(z) = S, ().

Definition 5.2 (Gradient of a Functional) Let F be a functional on U. The mapping
x — DF(x) is called the gradient of F and is usually denoted by V F'.

It may be observed that the gradient V is a mapping from U into the dual space
U*of U.

Example 5.1 LetU =R", V=R, e; =(1,0,0,...),e2=1(0,1,0,0,...),...,¢,
=(0,0,...,0,1). Then

oF .
DF(x)e,=—,i=1,2,...n
ax

i

where F: R" — R and 3—F is the partial derivative of F.

Example 5.2 Let F: R*> — R be defined by

xlxg

F(x) =
x12+x§

where x = (x1, x2) € R?, x ¢ (0,0) and F(0) = 0. Then, for t = (11, 1)

FO+nt) — F(0)
n

DF(0)t = lim
n—0

’ F(nt)
= l1im
n—0 n
(nt) (nt2)?
= I i + ()7
n—0 n[(nt))* + (nt2)?]
tt3
m 3 3
=017 + 15
nt3
1+ 13

Example 5.3 Let F: R*> — R be defined as

Fx) = 522 x = (x1,x%) # 0 and F(0) =0.
xXi + x5
Then
Fnt
DFO)r = lim —1
n—0 n
n*tt

= lim — 2>
=0 it} + n*t3]
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where t = (11, ).
DF(0)¢ exists if and only if

t=(t1,0)or t = (0, 1)

It is clear from this example that the existence of the partial derivatives is not a
sufficient condition for the existence of the Gateaux derivative.

Example 54 Let U = R", F: R" — R, x = (x,...,X,) € R' andt =
(t1,t2,...,t,) € R". If F has continuous partial derivatives of order 1, then the
Gateaux derivative of F is

n

DF) =Y. oFx) (5.3)

0x
k=1 k

For a fixed a € U, the Giteaux derivative

n

DF(x)t = [Z 8F(x)zk} (5.4)

0x
k=1 k

is a bounded linear operator on R” into R” (we know that (R")* = R"). DF (a)t can
also be written as the inner product

DF(a)t = (y,t) (5.5)

where

. <8F(a) dF (a) BF(a))

ax; ~ 9xy T dxy,

Example 5.5 Let X = R", Y = R",and F = (F|, F>, F3,..., F,): R" — R"
be Ga teaux differentiable at some x € R”". The Ga teaux derivative can be
identified with an m x n matrix (a;;). If ¢ is the jth coordinate vector, t = ¢; =
0,0,...,1,0,...,0), then

F ty— F
fim | FEF = F® el =0
n—0 n
implies
F ) — F;
lim (x + ne‘]) (X) —4ij|| = 0
n—0 n

foreveryi =1,2,3,...,mand j = 1,2,3, ..., n. This shows that F; ’s have partial
derivatives at x and% = a;j, foreveryi =1,2,3,...,mand j =1,2,3,...,n.
J
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The Gateaux derivative of F at x has the matrix representation

9F (x) 9F (x)
x| R E
0F(x) 9Fu(x)
0xy Tt 0xy,

This is called the Jacobian matrix of F at x. It is clear that if m = 1, then the matrix
reduces to a row vector which is discussed in Example 5.4.

Example 5.6 Let U = Cla, b], K (u,v) be a continuous real function on [a, b] X
[a, b] and g(v, x) be a continuous real function on [a, b] x R with continuous partial
derivative g—i on [a, b] x R. Suppose that F is an operator defined on C[a, b] into
itself by

b

F(x)(s) = / K(s,v)g(v,x(v))dv 5.7

a

Then

b
DF(x)h = / K(s,v) [a%g(v, x(v))] h(v)dv

a

Theorem 5.2 (Mean Value Theorem) Suppose that the functional F has a Gdteaux
derivative DF (x)t at every point x € U. Then for any points x, x +t € U, there
exists a & € (0, 1) such that

F(x+1t)— F(x) =DF(x + &)t (5.8)
Proof Put p(a) = F(x + at). Then

ioos o [elat+ B) —gla)
w(a)—élg})[—]

B
. Fx+oat+Bt) — F(x +at)
= lim
B—0 B
= DF(x + at)t

By the Mean Value Theorem for real function of one variable applied to ¢, we get
¢(1) — ¢(0) = ¢'(§) for some & € (0, 1).
This implies that

Fx+1t)—F(x)=DF(x+&t)t
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5.2.2 The Fréchet Derivative

Definition 5.3 (Fréchet Derivative) Let x be a fixed point in a Banach space U and
V be another Banach space. A continuous linear operator 7: U — V is called the
Fréchet derivative of the operator §: X — Y at x if

Sx+1)—Sx)=T#)+ e, 1) (5.9)

and

leGe. DIl _,

5.10
[llI=0 [z ( )

or, equivalently,

IS +1) = SC) = TOIl _

0. 5.11
[1£]]—0 [12]] ( )

The Fréchet derivative of T at x is usually denoted by dT (x) or T’(x). T is called
Fréchet differentiable on its domain if T'(x) exists at every point of the domain.

Remark 5.2 (a) If U = R, V = R, then the classical derivative f’(x) of real
function f: R — R at x defined by

fx+0 - fx)

; (5.12)

f/(x) =1lim

t—0

is anumber representing the slope of the graph of the function f at x. The Fréchet

derivative of f is not a number, but a linear operator on R into R. The existence

of the classical derivative f’(x) implies the existence of the Fréchet derivative
at x, and by comparison of Eqs. (5.9) and (5.12) written in the form

fa+ = fO) = f)r+1g() (5.13)

we find that T is the operator which multiplies every ¢ by the number f'(x).

(b) Inclassical calculus, the derivative at a point x is a local linear approximation of
the given function in the neighborhood of x. Fréchet derivative can be interpreted
as the best local linear approximation. One can consider the change in S when
the argument changes from x to x + ¢, and then approximate this change by a
linear operator 7' so that

Sx+t)=Sx)+T@)+E (5.14)

where E is the error in the linear approximation.
Thus, E has the same order of magnitude as ¢ except when S is equal to the
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Fréchet derivative of T. E = 0(¢), so that £ is much smaller than t as t — 0.
Thus, the Fréchet derivative provide the best linear approximation of T near x.
(c) Itis clear from the definition (Eq.(5.11)) that if T is linear, then

dS(x) = S(x)

that is, if S is a linear operator, then the Fréchet derivative (linear approximation)
of §is § itself.

Theorem 5.3 If an operator has the Fréchet derivative at a point, then it has the
Gateaux derivative at that point and both derivatives have equal values.

Proof LetT: X — Y, and suppose T has the Fréchet derivative at x, then

[1SCx +1) = Sx) =T
lle[|—0 21| o

0

for some bounded linear operator S: X — Y. In particular for any fixed nonzero
t € X, we have

lim ||S(x +n) —Tx) S| = lim [S(x +nt) — S(x) — T ()] el
n—0 n n—0 [[ne]]

Thus we see that T is the Gateaux derivative of S at x.

By Theorem 5.1, Gateaux derivative is unique and hence the Fréchet derivative
is also unique. Example 5.7 shows that the converse of Theorem 5.3 does not hold
true, in general.

Theorem 5.4 Let 2 be an open subset of X and S: 2 — Y have the Fréchet
derivative at an arbitrary point a of §2. Then S is continuous at a. This means that
every Fréchet differentiable operator defined on an open subset of a Banach space
is continuous.

Proof Fora € §2,let ¢ > 0 be such that a + ¢ € £2 whenever ||t|| < ¢. Then
[1S(a+1) = S@ll =T + ¢l - O0as ||t]| - 0

Therefore, T is continuous at a.

It may be observed that results of classical calculus can be extended to Fréchet
derivatives. For example, the usual rules of sum and product in case of functions of
two or more variables apply to Fréchet derivatives.

We present now extension of the Chain Theorem, the Mean Value Theorem, the
Implicit Function Theorem, and Taylor’s Formula to Fréchet differentiable operators.
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Theorem 5.5 (Chain Rule) Let X, Y, Z be real Banach spaces. If T: X — Y and
S: Y — Z are Fréchet differentiable at x and y = T (x) € Y, respectively, then
U = SoT is Fréchet differentiable at x and

U'(x) = S"(T(x)T'(x)
Proof For x,t € X, we have

Ux+1)—Ux) = ST x+1)—S(T(x))
=STx+t)—Tkx)+T(x)) —SO»)
=Sz+y)—SO»)

where z = T (x +1t) — T (x). Thus
U(x +1) = Ux) = 8" (zll = o(llzl])
Since ||z — T’ (x)t|| = o(||¢]]), we get

UG +1) = U) —SOMT (]|
=[lUx+1) —U@) = SMz+ 8z = SMT )]
= (lle1D) + Azl

In view of the fact that 7 is continuous at x, by Theorem 5.4, we obtain ||z|| = o(]|¢]])
and so

U'(x)=T'(Sx))S (x).

We require the following notation in the Mean Value Theorem and Taylor’s formula:
If a and b are two points of a vector space, the notation

[a,b] ={x =aa+ (1 —a)b € X/a € [0, 1]}
la,p[={x =aa+ (1 —a)b e X/a € (0, 1)}

are used to denote, respectively, the closed and open segments with end-points a
and b.

Theorem 5.6 (Mean Value Theorem) Let S: K — Y, where K is an open convex
set containing a and b, Y is a normed space and S'(x) exists for each x €la, b[ and
S(x) is continuous on la, b[. Then

I1S®) = S@]Il = sup [ISOII b —all (5.15)

y€la,b[

Proof Let F € Y* and the real function 4 be defined by
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h(ae) = F(T(1 —a)a + a(b)) fora € [0, 1]

Applying the Mean Value Theorem of the classical calculus to /2, we have, for some
aec[0,1]andx = (1 —@)a +ab
F(S(b) — S(a)) = F(S(b)) — F(S(a))
= h(1) — h(0)
=h'(@@) = F(S'X) (b —a))

where we have used the chain rule and the fact that a bounded linear functional is its
own derivative. Therefore, for each F € Y*

[F(S®B) = S|l < IFII IS' G| b — all (5.16)
Now, if we define the function F; on the subspace [S(b) — S(a)] of Y as
Fo(A(F (b)) — F(a) = A

then || Fy|| = ||T (b) — T (a)||~". If F is a Hahn—Banach extension of Fj to the entire
space Y (Theorem 4.2), we find by substituting in (5.16) that

L= [F(S(®) — S@)ll = 1S®) = S@l| = LIT'®| 16 —all

which gives (5.15).

Theorem 5.7 (Implicit Function Theorem) Suppose that X, Y, Z are Banach spaces,
C is an open subset of X X Y and T : C — Z is continuous. Suppose further that
for some (x1, y;) € C

(i) T(x1,y1) =0
(ii) The Fréchet derivative of S(-, -) when x is fixed is denoted by S,(x, y), called
the partial Fréchet derivative with respect to y, exists at each point in a neigh-
borhood of (x1, y1) and is continuous at (x, y)
(iii) [Sy(x1, yD1™" € BlZ,Y]

Then there is an open subset D of X containing x| and a unique continuous mapping
y: D — Y such that S(x, y(x)) = 0 and y(x;) = y.

Proof For the sake of convenience, we may take x; = 0, y; = 0. Let A =
[7,(0, 0)]~' € #[Z, Y]. Since C is an open set containing (0, 0), we find that

0eC,={yeY/(x,y) e C}

for all x sufficiently small, say ||x|| < §. For each x having this property, we define
a function
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Tx,):C, —>Y

S(x,y) =y —AS(x, y).

In order to prove the theorem, we must prove (i) the existence of a fixed point for
T (x, -) under the condition that ||x|| is sufficiently small, and (ii) continuity of the
mapping x — y(x) and y(x;) = y;. Now

Sy(x, y)(u) =u— ASy(x, y)(u)

and AA~! = AS,(0, 0); therefore, assumptions on S guarantee the existence of
Ty(x, y) for sufficiently small [|x|| and [|y]||, and

Ty(x, y)(u) = A[T,(0,0) — T\ (x, y)1(u).
Hence

Ty e, I < 1A 118y(0,0) — Sy (x, I
Since S, is continuous at (0, 0), there exists a constant L > 0 such that
[1Sy(x, Ml = L (5.17)

for sufficiently small ||x|| and [|y]|, say, ||x]] < & < § and ||y|| < &;. Since T is
continuous at (0, 0), there exists an & < & such that

[T (x, 0)l| = |[AS(x, 0)]| < &2(1 — L) (5.18)

for all x with ||x|| < e.

We now show that T (x, -) maps the closed ball S¢(0) = {y € Y/||y|| < &} into
itself. For this, let [|x]| < ¢ and [|y]| < &;. Then by (5.15), (5.17), and (5.18), we
have

NT Ce, I = 1T (x, y) =T (x, )| + 1T (x, 0)]]

sup [Ty (e, WIHIYI+ 1T (e, 0)]]

0<a<l

<Leyt+e(l—-L)=¢&

Therefore, for ||x|| < &, S(x,-): S, (0) — S, (0). Also, for y;, y, € S,,(0), we
obtain by (5.15) and (5.17)

T (x, y1) = T(x, y)Il = sup [|Ty(Cx, y)[l|yr = y2ll

[lyll<e2

Lilyr — y2ll

IA
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The Banach Contraction Mapping Theorem (Theorem 1.1) guarantees that for each
x with ||x|| < ¢, there exists a unique y(x) € S, (0) such that

y@) =T(x, y(x)) = y(x) = AS(x, y(x)).

that is, 7'(x, y(x)) = 0. By uniqueness of y, we have y(0) = 0 since 7(0,0) = 0.
Finally, we show that x — y(x) is continuous. For if ||x;|| < € and ||x3|| < ¢, then
selecting yp = y(x») and y; = T (x1, yo), we have by the error bound for fixed point
iteration on the mapping 7' (xy, -) (Theorem 1.1, Problem 1.17)

[ly(x2) — y(x)Il < [lyo — ¥l

1-L

‘We can write

Yo — Y1 = y(x2) — S(x1, y(x2)) = S(x2, y(x2)) — S(x1, y(x2))
= —A[T (x2, y(x2)) — T (x1, y(x2))]

Therefore, by the continuity of 7', ||y(x2) — y(x1)|| can be made arbitrarily small
for ||x, — x| sufficiently small.

Corollary 5.1 If, in addition to conditions of Theorem 5.7, S;(x, y) also exists on
the open set and is continuous at (xy, y1), then F : x — y(x) has a Fréchet derivative
at xy given by

F'(e) = =[Sy (1, yD] ™' S, 1) (5.19)
Proof We setx = x; +h and G(h) = F(x) — y;. Then G(0) = 0, and

[1G(h) + [Sy(x1, yD1 Al
< ISy Gers YOI LISy ety y1)G (R) + Se(x1, yi)A|

and

Sy(x1, yOG(h) — Sy (x1, yDh = =S +h, y1 + G(h)) + S(x1, y1)
+ 8, (x1, yDG(h) + Sy (x1, y1)h

If 6, 6, are numbers in (0, 1), then

1Sy (e, yDG () + Sx(x1, yDhI| < sup [|Sx(x1 + 61h, y1 +62G(h)

01,02

— Sx (1, YOI Al + supe, 6, 1Sy (x1 + 61h, y1 + 62G (1)
= Sy, yDIHIG )]
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Thus, applying continuity of §,, S, for & > 0, we find that § = §(¢&) such that on
[]x — x1|] <6, we have

G (h) + [Sy(x1, yD1~ ' Se(xr, y)hl|
_ S5Ga, yOI e[l + 118y Ger, yDT7 'Sy G, y)1I1A]]
- 1 — ISy Cer, y0) 7

The coefficient of ||&|| can be made as small as needed as ||#|| — 0. Thus
IF(x) = [F(x1) = [Sy(xr, yD]1 " S (xr, y) (x = x)]1l] = (llx — x1]])

Definition 5.4 Let S: X — Y be Fréchet differentiable on an open set £2 C X and
the first Fréchet derivative S” at x € §2 is Fréchet differentiable at x, then the Fréchet
derivative of S’ at x is called the second derivative of S at x and is denoted by S”(x).

It may be noted thatif S: X — Y is Fréchet differentiable on an open set £2 C X,
then S’ is a mapping on X into Z[X, Y]. Consequently, if S”(x) exists, it is a
bounded linear mapping from X into ZA[X, Y]. If T” exists at every point of £2,
then 7"7: X — AB[X, B[X, Y]]

LetS: £2 C X — Y andlet [a, a+h]be any closed segment in £2. If T is Fréchet
differentiable at a, then

S(a+h) = S(a) + S'(a)h + |||l (h), }111_1)1}1 e(h) =0

Theorem 5.8 (Taylor ’s Formula for Twice Fréchet Differentiable Functions) S: 2
C X — Y and let [a, a 4+ h] be any closed segment lying in $2. If S is differentiable
in §2 and twice differentiable at a, then

1
S@+h) =S@ + S @h+ (S @hh + |17]|%e ()
%ir%s(h) =0

For proofs of these two theorems and other related results, we refer to Cartan [34],
Dieudonné [64], Nashed [143].

Example 5.7 Let S: R> — R be defined by

x3 .
S(r.y) = ﬁ,tfx #0and y #0
0, if x=0and y=0.
It can be verified that S has the Gateau derivative at (0, 0) and its value is 0. However,
it is not Fréchet differentiable at (0, 0) as
|S(x, x2)| lx3x2| 1 1 1
= —asx —> 0

1
10l - P+ St 2d0 a0 2
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Example 5.8 LetT: H — R be a functional on a Hilbert space H. Let it be Fréchet
differentiable at some x € H, then its Fréchet derivative 7’ must be a bounded
linear functional on H; that is, 7’ € H*. By the Riesz Representation Theorem
(Theorem 3.19), there exists an element y € H such that 7’ (x)(z) = (z, y) for every
z € H. The Fréchet derivative T’(x) can thus be identified as y which is named the
gradient of T with x denoted by VT (x); thatis, T'(x)v = (VT (x),v) Vv € H.

Example 5.9 Let T: H — H be a bounded linear operator on a Hilbert space H

into itself and F: H — R be a functional defined by F(x) = (x, Tx). Then the
Fréchet derivative of F' is written as

F'(x)z = (z, (T + T")x)
where 7™ is adjoint of T'.

Example 5.10 Let T be a self-adjoint bounded operator on a Hilbert space H and ¢
the quadratic functional defined by

p(x) = %(Tx,ﬂ

Then ¢ is Fréchet differentiable and gradient of ¢, Vo = T. Furthermore, ¢ is
convex if T is strictly positive.

Example 5.11 Let T : €3 — R be defined by
T(x) =x1xy + xlz.
Then
T'(x) =dT (x) = (x2 + 2x1, x1).
Example 5.12 Let T : C[0, 1] — C]O0, 1] be defined by
T (x (1)) = x2(1).
Then

T'(x)z = 2xz or
dT (x) =T'(x) = 2x and
T"(x) = 21.

Example 5.13 Let F : L,(0, 1) — R be defined by

1
F(f) = / .
0
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Then

dF(f) = F'(f) =2f.
d*F(f) = F'(f) =2I.

Example 5.14 Let the Hammerstein operator T : C[a, b] — Cla, b] be given by

b

(T (u(1))) (x) =/K(x,t)f(t,u(t))dt

a

where K(-,-) : [a,b] x [a,b] — R and f : [a,b] x R — R are known. The
following relation holds for infinitely differentiable functions:

b
dT (u(1))(z) = /K(x,t)%(r,u(t))z(t)dt.

Equivalently, the Fréchet derivative of the Hammerstein operator is another integral
operator with the kernel K (x, t) g—i (t,u(t))

Example 5.15 Consider the map S : R — X, defined by
S@t) = eMx
where x € X, A € B(X) and e” is defined as in Example 2.48. Then

dS(r) = Ae?'x = AS(t).

5.3 Generalized Gradient (Subdifferential)

Definition 5.5 (Lipschitz Continuity) Let 2 C X, S an operator from 2 into Y.
We say that T is Lipschitz (with modulus o > 0) on £2, if

I1SCe) = S| < aflx) — x2|[ V X1, x2 € £2.

S is called Lipschitz near x (with modulus «) if, for some ¢ > 0, T is Lipschitz with
modulus @ on S, (x). If S is Lipschitz near x € §2, we say that S is locally Lipschitz
on §2. « is called the Lipschitz exponent.

Definition 5.6 (Monotone Operators) Let S : X — X*, then § is called monotone
if

Su—Sv,u—v) >0 for allu,ve X
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Note (-, -) denotes the duality between X and X*; that is, also the value of Su — Sv
at u — v. In Hilbert space setting, (-, -) becomes the inner product. In this chapter,
we have used the notation (-, -) also for the duality.

S is called strictly monotone if

(Su—Sv,u—v) >0 forallu,ve X
T is called strongly monotone if there is a constant k > 0 such that
(Tu —Tv,u—v)>kl|lu—v||*> forallu,veX

Definition 5.7 Let S : H — 2" be a multivalued operator on H into H*. The
operator 7 is said to be monotone if

E—nu—v)>0Yu,ve Hand V& € S(u) and n € S(v)

A monotone operator S is called maximal monotone if it is monotone and there does
not exist S: H — 2" such that S is monotone and Gr(S) SZ Gr(S); that is, the
graph of S does not have any proper extension which is the graph of a monotone
operator.

Definition 5.8 (Generalized Gradient) The generalized gradient (subdifferential) of
F : X — Ratx € X, denoted by d F (x), is the set

OF(x) ={F € X*/F'(h) < F(x+h) — F(x), h € X}.

An element F’ of d F (x) is called a subgradient or support functional at x.

Theorem 5.9 ([200]) If F: X — R is a convex functional on a normed space X,
and F has a Gateaux derivative at x € X, then F(x) has a unique generalized
gradient at x and dF (x) = DF (x). Conversely, if F(x) < oo and the generalized
gradient 0 F (x) reduces to a unique subgradient, then F (x) has a Gdteaux derivative
at x and 0F (x) = DF (x).

Theorem 5.10 Let F : H — R U {oo}, where let H be a Hilbert space, then the
generalized gradient 9 F (x) is a monotone operator.

Proof If 9 F (x) or d F(y) is empty, then clearly
(0F(x) —9F(y),x —y) =0
is satisfied. If this is not the case, choose F; € 0 F(x) and F> € d F(y). Then

(Fi,x —y) > F(x)—F(y) forally e H
(F2,y —x) > F(y) = F(x) (5.20)
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By changing sign in second inequality of (5.20), we get
(=F,x—y) = F(y) — F(x) (5.21)
By adding (5.20) and (5.21), we get
(Fi — F2,x —y) = 0.

Hence, 0 F(x) is a monotone operator.

Example 5.16 Let

f@)=Ixl, f:R—> R
af (x) = {sgnx}if x # 0, sgnx = |;C—|, x#0
af (x) =[—1,1]ifx =0.

For more details of generalized gradient, we refer to Outrata, Kog¢vara and Zowe
[148] and Rockafellar and Wets [163].

5.4 Some Basic Results from Distribution Theory and
Sobolev Spaces

Distribution theory was invented by the French Mathematician Laurent Schwartz
around 1950 to resolve the discrepancy created by the Dirac delta function having
value zero at all points except one point and having Lebesgue integral

1. This function is named after the famous physicist P.M. Dirac who introduced it
in 1930. This contradicted the celebrated Lebesgue theory of integral. A class
of Lebesgue integrable functions was introduced by the Russian scientist S.L.
Sobolev around 1936 which has been found very useful in many areas of current
interest and now known as Sobolev space. The theory of Sobolev space provides a
solid foundation for modern theory of ordinary and partial differential equations.
We present here important features of these two topics, namely distributions and
Sobolev spaces.

5.4.1 Distributions

Let n be a positive integer. A vector of n-tuples @« = (ay, o, ..., ®,), Where
o, i = 1,2,...,n are nonnegative integers, is called multi-index of dimension
n. The number |o| = Y7, o; is called the magnitude or length of the multi-index.
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For given o, B, a + B means (o) + B, a2 + B2, ..., oy + By)

a! =olon! ... ay,!
e —__ %
P Bla —B)!
x® =x{"x3? ... xy" where x = (x1,X2,...%,) € R"

We say that multi-index «, 8 are related by « < Bif o; < B; foralli = 1,2, 3, n.

Calculus of functions of several variables, specially partially differential for a
function of n variables f = f(x), x = (x1, x2, ..., X,). Laurent Schwartz intro-
duced the concept of multi-index and a new notation of derivatives given below. In
the new terminology, D will denote the expression

glel
o] Al oy
FE I

D f

8L which is
X1

the classical derivative of a function of single variable denoted by %(xl = x). For

will be called derivative of f of order |¢|. Forn =1, oy =1, D*f = 9

n=2a1=1La=1 = D¢ f. This is nothing but the partial derivative of

’ dx 3xz

the function of two variables f(x;, x») which is denoted by ﬁ ‘We have also
2
pinp— 9 _ 9 (3
3)(2 Bxl 3)(2 ax2

which is equal to

92 3% [ of
0x 1 3)(2 8)6 1 8x2
for f € C*°(£2). In distributional derivatives to be defined later, we shall not distin-

guish between —~— and

9’ 9’
8 BXZ axzaxl

FOI‘O{[ = ],Ol2=2

3
DU f = o
dx19x3
FOI‘O([ = 1, (0%) =2, o3 = 1
piah = *f
dx]9x30x!

We have
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Of ' f af
DOO £ — = f DGO £ — =
! 8x?8xg f ! Bxllﬁxg 0x1
D(O'l)f = a]f — ﬁ
axVaxl  0xy
pOLY f _ ’f  _ f
| Z)x?ale 8x31 0X20Xx3
DO ¢ _ 3 f _ 9 f

axVaxfox3  ax?’

All functions are defined on a bounded _subset 2 of R" into R. The bound-

ary of §2 is denoted by I" or 052 and 2 = £ + I'. We say that f € L,
if | f|? is Lebesgue integrable on £2. As we have seen in Chap.3, L,(£2) is a

Hilbert space with respect to [|f|| = ([, [f1?dx)"* and (f,g) = [, fedx
(where ffdx stands for f...ff(xl,xz...xn)dxl ...dx,,).
2 2

Throughout our discussion, £2 is a bounded subset of R” with Lipschitz boundary
I'. A technical definition is slightly complicated; however, broadly it means that
the boundary will not contain cuspidal points and edges. For example, in two and
three dimensions, domains having the boundary satisfying Lipschitz condition are
circles, squares, triangles, spheres, cubes, annuli, etc. In one dimension, 2 = (a, b).
It may be observed that the function representing such a boundary will be smooth or
piecewise smooth and will have no singularities.

A function f defined on £2 into R is said to satisfy the Holder condition with
exponent A, 0 < A < 1, if there exists a constant M > 0 such that

|f(x) = fO)I <Mllx—ylI"Vx,yeR

where || - || is the Euclidean norm on R". K = suppf = {x € £2/f(x) # 0} is
called the support of f.If K is compact, f is said to have compact support.

It can be easily seen that C§°(£2), then space of functions with compact support
and having continuous derivatives of all order, is a vector space with respect to usual
operations. A sequence {¢,} in C§° is said to converge to an element ¢ in C;°(£2);
namely, ¢, — ¢, if

1. there is a fixed compact set K C §2 such that suppg, C K for all n.
2. ¢, and all its derivatives converge uniformly to ¢(x) and its derivatives, that is,
D%p, — D¢ for all o uniformly.

Definition 5.9 (Test Functions) C§°($2) equipped with the topology induced through
the convergence is called the space of test functions and often denoted by D(£2).
Thus, a test function is an infinitely differentiable function on R" identically zero
outside a compact set.

Definition 5.10 A bounded and linear functional defined on D(£2) is known as a
distribution or Schwartz distribution.
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It may be observed that the space of distributions is nothing but the dual space
of D(£2) and is denoted by D*(£2) or D'(£2). If 2 = R", we simply write D*. A
functional F defined on D(£2) is a distribution if it satisfies:

i) Fle+v)=F(p)+ F)
(i) F(ag) =aF(p)
(i) If ¢, — @, then F(¢,) F ()

Definition 5.11 (Distributional Derivative) Distributional derivative of distribution
or generalized derivative is a continuous linear functional denoted by D F defined
as follows: For F € D*(2), (D“F, ¢) = (—1)I*I(F, D%¢) for all ¢ € D(£2).

Definition 5.12 A function f: 2 — R is called locally integrable if for every
compact set K C §2, f |fldx < oo; that is, f is Lebesgue integrable over any
K

compact set K.

It may be noted that all Lebesgue integrable functions and consequently all con-
tinuous functions are locally integrable over [a, b]. If 2 = S, is equal to a ball of
radius » > 0 and center (0, 0) in RZ, then f@r) = Ly = |x| is locally integrable on

S,. Locally integrable functions f can be identiﬁeé with distributions F; defined as
follows:

b
(Ff.¢) = / fodx.If n =1, then(Fy.,¢) = / f)p()dx.Fy = f.
2 a

or simply F = f.
Example 5.17 (a)

exp[—(x_l’)(lx_3)], l<x<3
0, outside the open interval (1,3)

p(x) = {

¢(x) is a test function with support [1, 3].
(b) Let

9(x) = exp(—x%), x > 0
=0,x<0

@(x) is a test function.

Example 5.18 F(¢) =0, F is linear and continuous on D(£2), §2 = (a, b) and so
F is a distribution.

b
Example 5.19 Let F(p) = f f(x)ex)dx, f isalocally integrable function. F is

a
linear and continuous on D(£2) and therefore it is a distribution.
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b
Example 5.20 Let F(p) = f lo(x)|?dx, F is continuous on D(£2), but not linear;

therefore F is not a distributcion.
Example 5.21 The Dirac delta distribution is defined as
(8,9) =90) Vo e P(2)

6 is linear and continuous on D(£2) and hence a distribution.
Two distributions F and G are equal if (F, ¢) = (G, ¢) for all ¢ € Z(£2) such
that supp(¢) C (a, b). The Heaviside function H is defined by

0, x<0
Hx)=131/2,x=0
1, x>0
Let H; be defined by
0, x<0
Hl(x):{l,x>0

H and H; generate the same distribution and such functions are identified in distri-
bution theory.

Definition 5.13 (Regular and Singular Distribution) A distribution F € 2* is said
to be a regular distribution if there exists a locally integrable function f such that

(F, ) =/f<0dx (5.22)
2

for every ¢ € D. A distribution is called a singular distribution if (5.22) is not
satisfied. In case n = 1

b
(F, ) =/ f @) (x)dx (5.23)

Remark 5.3 (a) We check below that (5.22) and, in particular, (5.23) defines a dis-

tribution. Since any ¢ in Z(R) has bounded support contained in [a, b], we
b

note [ f(x)¢(x)dx exists (being integral of the product of an integrable and a

a
continuous function). Thus, F is a well-defined functional on 2(R). Linearity
is clear as
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b b
(F,o1+ @) = / Fx) (@1 + p2)dx = / J @)1 (x)dx +
/f(X)¢2(X)dx = (F, 1) + (F. )

(F,ap) = / J ) (ap(x))dx = a(F, ¢)

Let ¢, — ¢, then

b
I(F, ¢n) = (F. @) = /f(x)((pn(x) —@(x))dx

A

< sup @, (x) — @(x)| / | f(x)|dx — 0asn — oo

This implies that F is continuous.

(b) (F, ¢) is treated as an average value of F' and so distributions are objects having
average values in the neighborhoods of every point. Very often, distributions do
not have values at points which resemble physical interpretation: If quantity is
measured, then it does not yield exact value at a single point.

Example 5.22 Let §2 be an open or just a measurable set in R". The function F
defined by

(F.g) = / pdx
2
is a distribution. It is a regular distribution since
(F. o) = / Xapdx.
Rﬂ

where y, is a characteristic function of §2. In particular, if £2 = (0, 00) x ... (0, 00),
we obtain a distribution

oo o0 o0
(H, @) :// /(pdxldxz
0 0 0
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which is also called the Heaviside function.

Example 5.23 Let o be a multi-index. The functional F on D defined by

(F,¢) =D%(0)

is a distribution. In particular, for n = 1, F defined by (F, ¢) = ¢’(0) = the value
of the first derivative of ¢ at ‘0’is a distribution. In case n = 2, F defined by

9
(F.o) =2 0),k=12...
8xk

18 a distribution.

Example 5.24 |x| is a locally integrable. It is differentiable in the classical sense at
all points except x = 0. It is differentiable in the sense of distribution at x = 0 and
distributional derivative at x = 0 is computed below:

(=D(lxl. ¢)

(IxI. @)

- f x| (x)dx

0 oo

= /xgo/(x)dx—}—/mp’(x)dx

—00 0

0 00

. f o(0)dx + / p()dx

—00 0

integrating by part and using the fact that ¢ vanishes at infinity. Let a function sgn
(read as signum of x) be defined by

—1, forx <0
sgn(x) =4 0, forx =0
1, forx >0

Then

o0

(Ix|", @) = f sgn(x)p(x)dx Yo € D(£2).

—0o0
This means that x| = sgn(x).

Example 5.25 Let us consider the Heaviside function H defined by
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0, forx <0
H={1,f0rx>0

H is locally integrable and can be identified with a distribution. The generalized
derivative of this is the Dirac distribution distributional derivative of Heaviside func-
tion

(H', ¢) = —f H(x)¢'(x)dx
0
=—f¢qu=wm
0

Hence, H'(x) = §(x).

Example 5.26 The generalized (distributional) derivative of the Dirac delta distri-
bution is defined by

(6", ) =(8,¢") = —¢'(0)
The nth derivative §(n) of § is given by
(8", 0) = (=1)"9"(0)
Definition 5.14 Let F' and G be distributions and « and § be scalars, then F + G

is defined by

i. (Addition) (F + G, ) = (F, ¢) + (G, @) for all ¢ € D.
ii. (Scalar multiplication) o F' is defined by (« F, ¢) = o(F, ¢), for all ¢ € D
where « is a scalar.

iii. If F is a distribution and 4 is an infinitely differentiable (smooth) function, then
hF is defined by

(hF,¢) = (F,hp) ¥ ¢ in D.

It may be remarked that smoothness of / is essential for defining the operation
product.

Theorem 5.11 Let F and G be distributions and h a smooth function. Then their
distribution derivatives satisfy the following relation:

(F+G) =F +G'
(aF) =aF'
(hFY = h'F + hF'.
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Proof

(F+G),9)=—(F+G,¢'y=—(F,¢') — (G, ¢)
=(F,9)+(G,9)=(F +G',¢)

This implies (F + G)' = F' 4+ G’. Similarly, we get (¢« F) = a F’.

—(hF.¢)

—(F, h¢') by Definition 5.14

—(F, (he) — h'¢)

—(F, (b)) + (F, h'¢) by Definition 5.11
(hF', @) + (h'F, @) by Definition 5.14
= (hF' +1'F, ¢)

((hFY, ¢)

Thus, (hF) =hF' +hF =hF +hF'.

It may be observed that the distribution generated by the derivative f” of a function
f: R — R is the same as the derivative of the distribution f; these two possible
ways of interpreting the symbol F’ for a differentiable function f are identical. The
main advantage of distribution theory over classical calculus is that every distribution
has distributional derivative while there are functions which are not differential in
the classical sense.

Theorem 5.12 If F is any distribution, then D*F (Definition 5.11) is a distribu-
tion for any multi-index «. In particular, F' defined by (F’',¢) = —(F,¢') is a
distribution.

Proof (1)

(D"F, p) = (=1)*(F, D*(rp))
= M=DI(F, D*¢p)

or
(D*F, hp) = MD"F, ¢)
(i)

(D“F, ¢ +¥) = (=DI*NF, D“(¢p + ¥))
= (=D)(F, D) + (—=D*)(F, D*y)
= (D°F, @)+ (D“F, )

Thus, D% is linear. We now show that D* is continuous. Let ¢, — ¢; that
is, [l¢, — @l| = 0 as noo, then ||¢, — ¢’|| - 0 as n — oo and, in general,



5.4 Some Basic Results from Distribution Theory and Sobolev Spaces 201
|| D%p,—D*p|| — 0asn — oo by awell-known result on uniform convergence

(D*F, @) — (D*F, @)| = |(=DI*"(F, D“¢,) — (~1)*(F, D“p)|
= [(=D“|(F, D*¢, — D"¢)|
< IFI| ID*p, — D*¢|| — 0
as n — oo by CSB inequality

and the fact that || F|| is finite and || D¢, — D*¢|| — 0 as n — oo.

Convergence of Distributions

Definition 5.15 (Convergence of Distribution) A sequence of distributions {F}} is
called convergent to a distribution F if

(Fy, @) — (F, @) forevery p €

It may be observed that this definition does not involve the existence of a limiting
distribution toward which the sequence tends. It is presented in terms of the sequence
itself unlike the usual definitions of convergence in elementary analysis, where one
is required to introduce the concept of limit of a sequence before the definition of
convergence.

Theorem 5.13 (Distributional Convergence) Let F, Fy, F5, ..., F, ... be locally
integrable functions such that F,, — F uniformly in each bounded set, then D* F,, —
D*F (in the sense of distribution Definition 5.15).

Proof We have

(D“F,, ¢) = (=1)*(F,, D*¢) — (—=DI*I(F, D*¢)
= (D“F, ¢)

for every test function ¢. This proves the desired result.
For « = 1, we obtain that

(F'n, @) — (F', ¢) whenever (F,, ¢) — (F, ¢) uniformly

Example 5.27 Let

Sa(x) = (1 + n2x2)

We show that the sequence f;, (x) converges in the distributional sense (Definition
5.15) to the Dirac delta function § (x). Let ¢ be a test function. To prove our assertion,
we must show that (Fig.5.1)
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Fig. 5.1 Graph of A

fix), f2(x), f3(x) of
Example 5.27

5

5

5

Y

/ fi(X)e(x)dx — @(0)as n — oo

Or equivalently
o0
/ fu()ex)dx — @) - 0asn — o0
-
Since
o0 o0
/ Jn(x)d / ndx IVneN
n X X = _—— = n
(1 + n%x?)
% e
we have

/ Fn()e(x)dx —¢(0) = / Fn(x)(@(x) — @(0))dx

f [0 (@00 — p(0))dx + / [0 — 9(0))dx

+ /fn(x)(w(x)dx — ¢(0))dx
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where [—a, a] is an interval containing the support of ¢. Consequently

/fn(X)w(X)dx—w(O) = /fn(X)(w(x)—w(O))dx

IA

¢(0) / Jn(x)dx| + /fn(X)(fﬂ()C)dx—w(O))

o0
+ |¢(0) / fn(x)dx
a
By direct integration, we obtain that
—a 0
lim [¢(0) / fu(x)dx| =0and lim |¢p(0) / fu(x)dx| =0
n—oo n—0oQ
— 0 a
Now we show that
Jim /fn(X)(fp(X) — ¢(0))dx
We have

ffn(X)(fp(X)—<p(0))dx S/Ifnl lp(x) — ¢(0)|dx

=< maX|¢’(X)|/Ian(X)|dx

This holds because |¢(x) — ¢(0)| < max |¢'(x)| |x|, by the mean value theorem. It
can be seen that

lim /|xfn(x)|dx =0
n—oQ

Therefore, we have the desired result.

Example 5.28 Let f,(x) be as in Example 5.27. Then
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2 n3x

T d ey oW

£ = -

in the distributional sense. However, f, (x) — 0in the sense of classical convergence
(elementary analysis convergence).

Theorem 5.14 (Termwise Differentiation) If ', Fy, F», ..., F, ... are distributions
such that F, — F asn — oo, then F, — F'. In fact, this result is true for any
multi-index «; that is

D*F, — D*F

Proof (F'n,¢) = —(Fy,¢) — —(F,¢) = (F,¢). Also (D*F,, ) = (~1)*!
(F,, D) — (—1)I*I{F, D%p) = (D*F, ¢) for every test function.

It may be noted that for termwise differentiation in the classical case the sequence
{F,,} must converge uniformly and the differentiated sequence also must converge
uniformly. It may be observed that in view of Theorem 5.14 a series of distributions
can be differentiated term-by-term without imposing uniform convergence condition.

The Integral of a Distribution

Definition 5.16 (Integral or Antiderivative of a Distribution) If F is a distribution.
Then a distribution G is called an integral or antiderivative of F provided G’ = F
(first distributional derivative of G is equal to F).

Theorem 5.15 (Existence of Integral of a Distribution) Every distribution F €
D*(R) has an integral.

Proof Let ¢y € D(R) be a fixed test function such that

[ee]

/ po(x)dx =1

—00

Then, for every test function ¢ € D(R), there exists a test function ¢; € D(R) such
that

¢ = Kgo+ @1

o0 o0
where K = [ ¢(x)dx and [ ¢ (x)dx Let F € D*(R). Define a functional G on
-0 —00
D(R) by

(G,9) =(G.Kpo+¢1) = KCo — (F., V)

where Cj is a constant and v is the test function defined by



5.4 Some Basic Results from Distribution Theory and Sobolev Spaces 205

X

Y = / o1 (1)t

—00

Thus G is a distribution and G’ = F.

Theorem 5.16 [f distributional derivative of distribution F is zero then it must be
constant. As a consequence any two integrals of a distribution differ by a constant
function.

Proof Let ¢ € D(R). Using the notation of the proof of Theorem 5.15, we get

<Fa§0>:(F»K‘P0+‘Pl>=<F»K‘P0>+(Fafpl>

e¢]

= (F, @o) / @(x)dx

—0Q

Since (F, ¢1) = —(F,y) = 0. Thus, F is a regular distribution generated by the
constant function C = (F, ¢y). Let G| and G, be two integrals of a distribution F.
Then G| = F, G, = F. This implies that G} — G5 = 0 or (G| — G»)' = 0. By
the first part, G; — G, is a constant function. Every f € C4(£2) having classical
derivative has also distributional derivative.

Before the conclusion of this section, we make certain useful observations required
in the next subsection.

Remark 5.4 (1) If f € C,,(£2), then all the classical partial derivatives of f to order
m are also generalized derivatives (distributional derivatives).
(i1) Let f be locally integrable such that f € L;(K) for any compact subset K of
£2. Then

F(p) = / F®e)dx, ¢ € D(£2)
2

defines a distribution on £2 denoted by Fy.If f = g a.e. then Fy = F,

(i) S(R") =T ={fe€C>® Va,B e N", x*Df — 0as |x| - oo} is the space
of functions of C* of rapid decay at infinity. This is not a normed space but a
complete metric space with respect to the metric

daﬂ(f_g)
d(f,g) = T [ N

where dog(f) = sup [x*Df (x)| and a.pg are chosen such that

XER"
Zaa, B=1.

a.fp
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It can be proved that S is dense in L, for all p with 1 < p < oo but S is not
dense in L. § is also a vector space. For F € §, the Fourier transform of F is
defined as

ﬁ@%:ff@ﬁi/fmfuMLyER?

R"

Space of tempered distributions is the vector space of all continuous linear functionals
defined on S introduced above, denoted by S’. Each element of S’ is a distribution
and is called a tempered distribution. An interesting characterization of tempered
distribution can be found in [{DaLi 90}, p.508, see H*(R")]. The elements of
L,, 1 < p < oo can be identified with tempered distributions (and in particular
Scs).

It may be observed that an arbitrary distribution F will not have a Fourier trans-
form, at least as a distribution. However, we can define a Fourier transform denoted
by F for each tempered distribution 7 € S’ as (f, @) = (T, ¢)forallp € S.

For detailed discussion on Fourier transform of tempered distribution, see
{DaLi90}.

5.4.2 Sobolev Space

H™(2) ={f € L,(82)|D*f € L,($2), || < m}, m being any positive integer, is
called the Sobolev space of order m. H™(§2) is a Hilbert space with respect to the
inner product

(f. &) umey = Y (D"f. D*8) 1,2

loe|<m

df
Form =1, 2 = (a, b), D"‘f:d;
X
df dg>
dx’ dx Lo(a.b)

/f(x)g(x)dx+/——d

It can be checked that H'(a, b) is a Hilbert space.

Form =2, 2 =S, = {(x, y)/)c2 + y2 < r} = circle with origin as the center;
or 2 ={(x,y)/a < x < b, c <y < d} =arectangle with sides of length b — a
andd — ¢

(fs 8 @ = {f & Laab) +<
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(f. &) i) = Y_(D"f. D)1y
lo|=<2

where
a=(0,0),(0,1),(,0),1,1),(0,2),(2,0)
lof = a1 +or =2, Z (D*f, D*g) = (D f, D*Vg) 1,0

o] =<2
+ (DD £, D) 1y@) + DO f. DMV g) 1)
+ (DD £, DN Vg) @) + DO £ DOV g) 1 )

af og
+ (DO £, DOV 1,0 = (. &) La2) +< >
ax;’ 0x Ly (£2)

<8f 8g> < 92 32 >
+{== = e —
BXQ axz L(2) 8)613)62 8x18x2 Lr(2)
32f 92 % f 3%g
(i), ant 3d)
oxi’ 0xt/p,g) \0x] 0x3 La(2)
b d ar
=//fg dxldxz+//—f—gdx1dx2
Bx] 8}61
a C
b 97 2
8
—dxdx dxid
+// 8x2 0x 2 i 2+//8x18xz 0x10x2 a8

H"™(I") ={f € Lo(I")/D* f € Lo(I), || < m}

where I = 952 denotes the boundary of £2. For L,(I"), see Appendix A.4.

H™(I') is a Hilbert space with respect to

(f.&)umay = Y (D" f. D*) 1,

lorl <m

(fs & uar —/fgdx+/——d

(f. &) mar) = Z (D*f, D*g) L)

la|<m

/fng+ U

0x X1 3)62
af g /32f g
———=dr —=—dr
+ / 0xp 0xo + 8x12 8x12
r r

82f 82g
—=—=dTr.
+ / 8x12 8x12
r

207
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The restriction of a function f € H™(§2) to the boundary I is the trace of f and is
denoted by I'y; thatis, I'y = f(I") = value of f at I'.

Hy'($2) ={f € H"(2)/T'y = 0} = closure of D(82) in H"(§2)
H™"(R") = HJ"(R"), m > 0.

The dual space of H{"(§2), that is, the space of all bounded linear functionals on
Hy'(§2) is denoted by H ™" (£2).

f € H™"(£2) if and only if

f= Z D%g for some g € L,(£2)

lee|<m
Sobolev Space with a Real Index: H*(R")

A distribution is a tempered distribution if and only if it is the derivative of a con-
tinuous function with slow growth in the usual sense, that is, a function which is the
product of P(x) = (1 + |x|*)*/2, k € N by a bounded continuous function on R”".
Fors € R, H*(R") is the space of tempered distributions F, such that

(1+1y1»*?F € Ly(R"), y € R"

where F is the Fourier transform of F. H*(R") equipped with the inner product

<RGn=/a+wﬁWﬁwmw@

R"

172
(with associated norm|| F||; = (Rf(l + |y|2)S|F(y)|2dy> ) is a Hilbert space

(for proof see Solved Problem 5.7).

If s > 55, then H*(R") C H*(R") and the injection is continuous (Solved
Problem 5.7). For s = m € N, the space H*(R") coincides with H™ (R") introduced
earlier. It is interesting to note that every distribution with compact support in R” is
in H(R") for a certain s € R. For more details, see Dautray and Lions {DaLi 90}.

Theorem 5.17 (Green’s Formula for Integration by Parts)
(i) [vAudx + [grad u.grad vdx = [ 3dI
Q2 2

r
(ii) [(wAv —vAwydx = [Wg —v3dr
2 r

It is clear that (i) is a generalization of the integration by parts formula stated below

(forn =1, 2 =la,b])
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b b

/u”(x)v(x)dx =u'(b)v(b) — u'(a)v(a) — / u' (x)V' (x)dx

a a

Theorem 5.18 (The Friedrichs Inequality) Let §2 be a bounded domain of R" with
a Lipschitz boundary. Then there exists a constant ky > 0, depending on the given
domain, such that for every f € H|(§2)

n af 2
S 1) < ki ;/(E) dx+/f2dF (5.24)
-2 r

Theorem 5.19 (The Poincaré Inequality) Let §2 be a bounded domain of R" with a
Lipschitz boundary. Then there exists a constant, say k,, depending on §2 such that

for every f € H' ()
—|dx + (ﬂ/fdx

The above two inequalities hold for elements of L,(52).
For f € H'(R2) such thatff(x)dx =0
2

2
11 <

, k1 > 0 constant depending on §2.
Ly(2)

1f11200) <

8xj

Definition 5.17 (Sobolev Space of Distributions) Let H™(52) denote the space of
all distributions F such that D*F € L,($2) for all ¢, || < m equipped with the
norm

172

IFllw = Y IID*Fli7,0) (5.25)

loe|<m

Here, the derivatives are taken in the sense of distributions and the precise meaning of
the statement D*F € L,(§2) is that there is a distribution F'y constructed in Remark
5.4.2 with f € L,(§2) such that D*F = F;. Hence

[(F, D*Q) 1,2l

(5.26)
el

[ID*F||L,(2) = sup

Theorem 5.20 H'(£2) is a Hilbert space with respect to the inner product
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(F,G) = Z (D“F, D*G) 1,2 (5.27)

o] <m

More generally, if H™7?(82) or WP (82) denotes the space of all functions [ €
L,(82) such that D*f € L,, 1 < p < o0, |a| < m, then this space is a Banach
space. W™ P (82) is usually called Sobolev space with index p or generalized Sobolev
space.

Proof 1t is easy to check conditions of inner product. We prove completeness of
H"™(82).Let {F;} be aCauchy sequencein H” (£2). Thenforany |«| < m, {D*F}is
a Cauchy sequence in L,($2) and since L, (§2) is complete, there exists F* € L,(£2)
such that

lim [ |D*F, — F*(x)]’dx =0
k—o00
Q
Now, since D F}, is locally integrable, we may compute
Frro) = [ D*Rpidx = 0 [ RoDtpeods
Q

2
= (—=D)“NF(x), D*@(xX)) 1,(2), ¢ € D(2)

Also,
D*Fro = (=)*'(F", D*p()) 12
Thus
|| Fp«g, — D Fpo|| = sup [{(Fi — F°. D*¢)1,0)|
¢ ol )
and

Fpep, = D Fpo as k — 00.
We also have

F, — F° D*
”FD"‘Fk_FFaH:Sup'( k ¢>L2(Q)|

— 0Qas k — o0
¢ el

sothat D* Fro = Fp; a < m and the distributional derivative of F° is the distribution
associated with F*. Hence, H™(£2) is complete.
Letforl < p < o0



5.4 Some Basic Results from Distribution Theory and Sobolev Spaces 211

1/p
Nl = /If(x)lpdx (5.28)
2
and
1/p
fln = 2 [ 10700 (5.29)
O<la|<m &
Df(x) = ;ﬁ D'f=f (5.30)
X
(f. &) a2 = / fgdx (5.31)
2
(frgma=| D, | D*f D"gdx (5.32)
0<|0t|§ﬂ19
Note that
1/p
Wfllmp = | D IIDFI? (5.33)
O0<|a|=m
(f.8ma= Y (D*f. D82 (5.34)
0<|a|<m

For m = 0, we obtain that || ||, , = || fIl, and (f, g)o,» = (f, &) L,(2)- Conditions
of norm for || f1|,, can be easily checked using Minkowski’s inequality. Completeness
of H™ P (§2) can be proved on the lines of the proof of Theorem 5.20.

Definition 5.18 H,"”(52) denotes the closure of C{°(§2) in H™ 7 ($2).
Equivalently f € H™"(£2) belongs to Hy"”(§2) if and only if there exists a
sequence { f,} in C§°(£2) with || f, — f|| — Oasn — oo.

Theorem 5.21 H)""($2) is a Banach space, 1 < p < oo, withnorm ||-||,,, , defined
by Eq.(5.33) and H(’)”’Z(SZ) is a Hilbert space with the scalar product (-, -) given by
Egq.(5.34).

5.4.3 The Sobolev Embedding Theorems

Definition 5.19 (Embedding Operator) Let X and Y be Banach spaces with X C Y.
The embedding operator j: X — Y is defined by j(x) = x forall x € X. The
embedding X C Y is called continuous if and only if j is continuous, that is
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[lx|ly < kl|lx|lx Vx € X and k is a constant

The embedding X C Y is called compact if and only if j is compact, that is, it
is continuous and each bounded sequence {x,} in X contains a sub-sequence {x,, }
which is convergent in Y.

One may consider an embedding as an injective linear operator j : X — Y. Since
J is injective, we can identify u# with j (u). In this sense, we write X C Y. Let

12
2 LAY
ff dx+;<BXi> (5.35)
2 =

1,2
n 9 2

1120 = ("/Z (%) dx (5.36)
i=1 !

Theorem 5.22 Let 2 be a bounded region in R" withn > 1. Then

I1F 1.2

(a) The norms || f||1.2 and || f|1 2.0 are equivalent on Hol‘z(.Q).
(b) The embedding H"*(§2) usually denoted by H(§2) C L,(82) is compact.
(c) The embeddings

Ly(2) 2 Hy*(2) 2 Hy*(2) 2 Hy*(2) 2 ...

are compact.

Theorem 5.23 Let §2 be a bounded region in R", n > 1 and have sufficiently
smooth boundary, that is, 052 € co! (If n = 1, then $2 is a bounded open interval).
Then

(a) (Density). C*(82) is dense in H"?(£2).
(b) (Compact Embedding). The embedding HY2(2) C L, (£2) is compact.
(c) (Equivalent Norms). Each of the following norms

PP o 172
1£1l5, = /Z(§> ax+| [ gax (5.37)
i=1 !
? ? 1/2
n of 2 )
1T = /Z(E) dx+/f dQ (5.38)
o i=l ! o

<In casen = 1, we take f fzd(.? = (f(a))2 + (f(b))2> is an equivalent nor-
s
m on H"2(82), namely
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/If(x)lzdx+/‘%
0x
2 2

N 172
(||f||2+H—8f )
0x

(d) (Regularity). For m — j > n/2, the embedding

, 12
dx

Sz

H™(2) € C1(2)

is continuous, that is, each continuous function f € H™?(82) belongs to C/(R2)
after changing the value of f on a set of n-dimensional Lebesgue measure zero,
if necessary.

(e) (Generalized boundary function). There exists only one linear continuous oper-

ator A: Hy»(82) — L,(382) with the property that, for each f € C'(2), the
function Af: 0§2 — R is the classical boundary function to u; that is, Af is
the restriction of f: 2 — R to the boundary 952.
For f € HY2(R2), the function Af € L,(382) is called the generalized boundary
function of f. The values of Af are uniquely determined on 92 up to changing
the values on a set of surface measure zero. Let f € Hol’z(.Q), then Af =0in
L, (82); that is

Af(x) =0 for almost all x € 982 (5.39)

Corollary 5.2 Let 2 be a bounded region in R" withn > 1 and 382 € C%'. Then

(a) C*®(R2) isdensein H"?(2) form =0,1,2, ...
(b) The embeddings

Ly(2) D2 HY(2) 2 H*(2) 2 H(2) 2 ...

are compact.
(c) If f € H(;”’Z(Q) withm > 1, then A(Djf.) =0in Ly(082) for |0| <m — 1, that
is, D*f =00nd2 fora:|:|<m—1,f =00n0ds2.

We may observe that embedding theorems provide conditions under which Sobolev
spaces are embedded in spaces of continuous functions, C*(£2). In one dimension
(n = 1)82 is a subset of the real line and the functions in H'(2) are continuous.
For 2 C R*(n = 2, subsets of the plane), one require that a function be in H?(£2)
in order to ensure its continuity.

Remark 5.5 (i) Equivalent norms || - ||;2 and || - |[12.,0 given, respectively, by
(5.35) and (5.36) on Hol’z(.Q) are applied for solving the first boundary value
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problem for linear second-order elliptic equations. This corresponds to Poincaré
- Friedrichs inequality.

(i1) For solving the second-order (respectively third-order) boundary value prob-
lems, we require the equivalence of the norms || - [[12 and || - ||}, (respec-
tively || - |12 and || - ||3*) on H'2(£2). This also corresponds to classical in-
equalities obtained by Poincaré and Friedrichs. It may be observed that norms
[+ 11, 112, |l -1l3and || - ||4 defined below are equivalent.

2 1/2

b b 2\ b
Al = /(f’)zdx+/fdx Sl = /(f’)zdx+f2(a)+f2(b)

172 172

b b
I1flls = / 2+ (fHPdx and || flls = /((f/)z)dx

where f’ denotes the derivative of f in the classical sense.
(ii1) Compactness of certain embeddings is used to prove the equivalence of norms
on Sobolev spaces.

(iv) For solving eigenvalue problems, we require the compactness of the embedding
Hy?(2) € La(82).

(v) Regularity statement of Theorem 5.23(d) is applied to prove regularity of gen-
eralized solutions. We are required to show that f € H™?(£2) for sufficiently
large m; that is, the generalized solution f has generalized derivatives up to
order m. Then, for j < m —n/2, we obtain f € C/(2); that is, f has classical
derivatives up to order j. In particular, H™2(2) C C’"l(ﬁ), m=1,2,3,...,
if 2 C R.In R? and R, we have that

H™2(2)C C"2(2), m=2,3...

(vi) The boundary operator A is vital for the formulation of boundary conditions in
the generalized sense. For example, let f € H 12(2) and g € H"?(£2). Then
the boundary condition

f=gonds2
is to be understood in the sense

Af = Agin Lr(2)

thatis, Af (x) = Ag(x) for almost all x € 952. For proofs of the above results,
we refer to Zeidler [201].
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5.5 Integration in Banach Spaces

We discuss here some definitions and properties of spaces comprising functions on a
real interval [0, T'] into a Banach space X. These concepts are of vital importance for
studying parabolic differential equations, modeling problems of plasticity, sandpile
growth, superconductivity, and option pricing.

Definition 5.20 Let (£2, A, 1) be a finite measure space and X a Banach space.
u: 2 — X is called strongly measurable if there exists a sequence {u,} of simple
functions such that ||u,, (W) — u(w)||x — O for almost all w as n — 0.

Definition 5.21 (Bochner Integral) Let (§2, A, 1v) be a finite measure space, and X a
Banach space. Then, we define the Bochner integral of a simple function u: 2 — X
by

/M dp = ZCilL(E NE;)

E i=1

for any E € o7, where ¢;’s are fixed scalars.

The Bochner integral of a strongly measurable function u: £2 — X is the strong
limit (if it exists) of the Bochner integral of an approximating sequence {u, } of simple
functions. That is,

/udu: Iim | u,du.

n—00
E E

Remark 5.6 (i) The Bochner integral is independent of the approximating se-
quence.

(i) If u is strongly measurable, u is Bochner integrable if and only if ||u(-)||x is
integrable.

Definition 5.22 L,(0,7;X), 1 < p < oo consists of all strongly measurable
functions f: [0, T] — X for which

T
/Ilf(t)llf(dt < 0.
0

Theorem 5.24 C™([0, T'], X) consisting of all continuous functions f: [0, T] —
X that have continuous derivatives up to order m on [0, T| is a Banach space with
the norm

11l = Zosup TGP (5.40)

k=0 0=t=T
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Theorem 5.25 L ,(0, T; X) is a Banach space with the norm

172

T
A= /Ilf(t)llﬁdt (5.41)
0

Let X be a Hilbert space, then L,(0, T; X) is a Hilbert space with respect to the
inner product

T
8ot = f (f. g)xd (5.42)
0

Remark 5.7 (a) In L,(0,T; X), two functions are identifically equal if they are
equal except on a set of measure zero.

(b) L (0, T; X) denotes the space of all measurable functions which are essentially
bounded. It is a Banach space with the norm

Il = ess sup |[f()]lx

0<r<T
(c) If the embedding X C Y is continuous, then the embedding

is also continuous.

(d) Let X* be the dual space of a Banach space X, then (L,(0, T; X))*, the du-
al of L,(0, T; X) can be identified with L,(0, T'; X*); that is, we can write
(L,(0,T; X)*=L,0,T; X*).

(e) Proofs of Theorems 5.24 and 5.25 are on the lines of Problems 2.3, 3.4, and 2.22.

Definition 5.23 (Generalized Derivative)Let f € L1(0,T; X)andg € L1(0,T;Y)
where X and Y are Banach spaces. The function g is called the nth generalized deriva-
tive of the function f on (0, T) if

T

T
/ "W (@) f(t)dt = (—1)”/¢(r)g(t)dz forallg € C°(0,T)  (5.43)
0

0

We write g = ™.

Remark 5.8 (a) (Uniqueness of generalized derivative). The nth generalized deriva-
tive is unique, that s, if h is another nth generalized derivative, then 7 = g almost
everywhere on (0, T'); thatis, h = gin L{(0, T; Y).

(b) (Relationship between generalized derivative and distributions). Let f € L;
(0, T; X), then a distribution F is associated with f by the relation
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T

F(p) = fgo(t)f(t)dt forall ¢ € C§°(0,T)
0

For each n, this distribution has an nth derivative F(n) defined by
(F™, ) = (=1)"(F,¢™) forall g € C°(0, T) (5.44)

If (5.43) holds, then F™ can be represented by

T

(F™ @) = /q)(t)f(")(t)dt forall € C(0,T) (5.45)
0

As we know, the advantage of the distribution concept is that each function

f € Li(0, T; X) possesses derivatives of every order in the distributional sense.
The generalized derivative (Definition 5.23) singles out the cases in which by
(5.44), the nth distributional derivative of f can be represented by a function g €
L1(0, T; Y).In this case, we set f(”) = g and write briefly f € L(0, T; X), f(”) IS
L0, T;Y).

Theorem 5.26 (Generalized Derivative and Weak Convergence) Let X and Y be
Banach spaces and let the embedding X C Y be continuous. Then it follows from

& =gron (0,T)Vkand fixedn > 1

and fr — fin L,(0,T; X)ask —> oo, gr —~ginLy(0,T;Y)ask — oo, 1 <
p,q < oo that f™ = g on (0, T). (See Zeidler [201, 419-420], for proof).

Theorem 5.27 For a Banach space X, let H™?(0, T'; X) denote the space of all
functions f € L,(0,T; X) such that f("> € L,(0,T; X), where n < m and f(”)
denote the nth generalized derivative of f. Then H™?(0, T; X) is a Banach space
with the norm

1/p
||f||Hm-p<o,T;x>=<Z|| %”)n) fO=n (5.46)

If X is a Hilbert space and p = 2, then H™?(0, T; X) is a Hilbert space with the
inner product

T
(f, &) uma0.7:) / D (fh g xdt (5.47)
0

i=0

Remark 5.9 (a) The Proof of Theorem 5.27 is similar to that of Theorem 5.20.
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(b) Forx <y

y
I1F ) = fllx S/||f/(l‘)||xdf (5.48)

holds
(¢) The embedding H'“2(0,T; X) c C([0,T], H), where H is a Hilbert space, is
continuous, that is, there exists a constant k > 0 such that

1 fllcqo, 1,5y < kI flla207: 1)

Example 529 Let X =Y, f € C"([0,T],Y), n > 1. Then the continuous nth
derivative f ™ .10, T] — Y is also the generalized nth derivative of f on (0, T). For
feC0,T];Y)and ¢ € CP(0,T), (pf) = ¢ f + ¢f'. We obtain the classical
integration by parts formula

T T
[orac==[orar
0 0
Repeated applications of this formula give
T T
/ ¢" (1) f()dt = (=D)" / @) f"@)dt
0 0

For more details we refer to [1, 61, 62, 88, 181, 201], [A 71, Hr 80].

5.6 Problems

5.6.1 Solved Problems

Problem 5.1 Ifthe gradient V F'(x) of afunction F': X — Rexistsand ||VF (x)|| <
M for all x € K, where K is a convex subset of X, then show that

[F(u) — F(v)| < M|lv — ul|
Solution 5.1 By Theorem 5.2, we have

|Fu) = FO = |F'(u+ 1y —u)(v —w)
= NVF@u+r(v—u), v —u)h|
S IVE@uAA@ =) v — ull
= My —ul|
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as |[|[VF(u)|| < M forall u € K [Since K is convex; forall u,v € K, (1 —AM)u+ A
v € K.

Problem 5.2 Let f: R® — R possess continuous second partial derivatives with
respect to all three variables, and let F : C'[a, b] — R be defined by

b
F(x) =/f(x(t),x’(t),t)dt

Show that the Fréchet derivative of F, d F (x)h, is given by
‘Ta d (d ar 1°
dF(x)h:[ —f—— —f hdt+ —fh
ox dt \ox’ ax' ],

Solution 5.2

b
F(x+h)—F(x) = / fx@) +h@),x' () +h(),1)

— f(x(@®),x' (1), ndt

b
ad
:/((8—f(x(t),x’(t),t)>h(t)
X

+ (g(x(t), x'(1), t)) h®)dt +r(h, h) (5.49)

!/

where r(h, h) = O(Hh”C[a,b]), ie.

r(h, h)

— Oas ||hllcla,py — 0
17l cta,m

Hence

frof T
dF(x)h = / [—(x(t),x (1), D) + 2 (x(1), x (t),t)h(t)] dt
dIx ox’

b
5 b
N A PP
dx  dx ox’ ox’ |,

after integration by part.
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Problem 5.3 Leta(:,-): X x X — R be a bounded symmetric bilinear form on a
Hilbert space X and J a functional on X, often called “energy functional”, defined
by

1
J(u) = Ea(u’ u) — F(u), where F € X*

Find the Fréchet derivative of J.

Solution 5.3 For an arbitrary ¢ € X

1
Ju+¢) = Ea(u+¢,u+¢)— F(u+¢)
1 1 1 1
= Ea(u, u) + Ea(rﬁ, u) + Ea(u, )+ Ea(cﬁ, ®)
—Fu) — F(¢)
by the bilinearity of a(-, -). Using the symmetry of a(-, -), [a(u, ¢) = a(¢, u)], we

get

1 1 1
J(u+¢) = {Ea(u,u) - F(u)} + {Ea(u,fb) - F(¢>)} + Ea(¢,¢)

1
= Jw) +{a(u, p)F (@)} + 549 9)
or

IS+ ¢) — Jw) —{a(u,¢) — F(@)} _ 1la(¢, )|
l#1lx 2 ligllx

1M [|$]lx lI¢]lx

2 ll#1lx

< as a(-,-) is bounded.

This implies that

I+ ¢) = Jw) —{a@. ¢) - FOHI _ 1la@. ) _

1m =
l1gllx—0 lollx 2 lollx

or

dJ ()¢ = a(u,p) — F().

Since J defined in this problem is Fréchet differentiable, it is also Gateaux differ-
entiable and DJ (u)¢ = dJ(u)¢. The derivative of this function is often used in
optimal control problems and variational inequalities.

Problem 5.4 Prove that a linear operator 7" from a Banach space X into a Banach
space Y is Fréchet differentiable if and only if 7 is bounded.



5.6 Problems 221

Solution 5.4 LetT be alinear operator and Fréchet differentiable at a point. Then 7 is
continuous (and hence bounded) by Theorem 5.4. Conversely, if T is a bounded linear
operator, then ||T (x +t) — Tx — T't|| = 0, proving that T is Fréchet differentiable
and 7' =T.

Problem 5.5 Prove that for f € C°(£2), £2 C R?, thereis a constant K depending

on 2 such that
, of 2 af 2
K/fd"f/[(a—xl) + (%) }’x'
2 2

Solution 5.5_Let f € Cg°(£2). Consider a rectangle Q = [a, b] x [c,d] as in
Fig.5.2 with £ C Int Q. Note that f vanishes outside §2. Then

y
fx,y)= / %f(x,t)dt forall (x,y) € Q.

By Holder’s inequality, we get

y y d

2 2
|f(x,y)|2 < /dt /(%) dt | < (d—c)/ (ﬁ(x,t)) dx.
dy dy

c c c

Integrating over Q, we get

2
/fzdxf (d—c)2/<%) dx
dy
(9]

0

Problem 5.6 Let Q be a closed square in R2, with side length 1, then show that

2
2 2
/fzdngZGT”) dx + /fdx forall f e CY(K).
X 1
0 o =t K

Solution 5.6 We consider the square

O={E&neR:—1/2<&n<2).

Let f € C'(Q), and let x = (£, 1) and y = («, B). Then
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Fig. 5.2 Geometrical A
explanation in Problem 5.5 y d

A 4
X

& n
S = f) =/fs(t,ﬂ)dt+/fn(n,t)dt-
a B

By the inequality (a + b)? < 2(a® + b?) and by the Holder inequality

(fx) = fON? = fF?* 4+ fO)? =2f ) f(»)
1,2
<2 f [(fe(t, B+ (f, (&, 0)1dr.

—1/2

Integration over Q with respect to (x, y) yields

2

2/f2dx529/(f§+f,f)dx+2 /fdx

2 2

This is the desired result. Here, fz = %, C°(£2) is equal to the space of continuous
functions on 2 into R; C*(£2) is equal to the space of all functions defined on §2 into
R with compact support whose derivatives up to kth order exist and are continuous;
and C§°(2) = ﬂ,'?:o C*(£2) is equal to space of all functions defined on §2 into R

having derivatives of all orders.

Problem 5.7 For each real numbers s, the space H*(R") has the following proper-
ties:
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(i) H*(R")is a Hilbert space.
(ii) Ifs; > s, then H*'(R") C H*(R") and the injection is continuous.

Solution 5.7 (i) We verify the completeness of H*(R") as checking of inner prod-
uct conditions are straightforward. Let {F;} be a Cauchy sequence in H*(R"),
then {(1 + |y|2)1/2sﬁj} is a Cauchy sequence in L, (R") which is complete and
so {(1 + |y]»)1/* ﬁj} — G in L, (R"). Hence, G is a tempered distribution and
since (1+|y|?)~1/?*G is of slow growth (14 |y|?)~/%G is a tempered distribu-
tion. Thus, there exists a tempered distribution F such that (1+|y|?)~ /%G = F.
Then F(14|y[*)/* F € L,(R"); thatis, F € H*(R") and F; — Fin H*(R").

(ii) This follows from the fact that (1 4+ |y|?)*> < (1 + [y|>)* if 51 > s,.

5.6.2 Unsolved Problems

Problem 5.8 Let F': C[0, 1] — R defined by

1
F(f) = / WF @)+ (fEDd
0

Then find the Géteaux derivative of F.

Problem 5.9 Let F : ¢3 — R be defined by
F(x) = x12 + xle, where x = (x1, x7)

Find the Fréchet derivative of F.

Problem 5.10 Let 7T : R — £, be defined by

T e t2 "
0= (Lt g

Find the Fréchet derivative of T.

Problem 5.11 Let H, and H, be two Hilbertspacesand T € B(H,, H,).Fory € H»,
let F : Hl — R be defined by

F(x) =||Tx — yl|[*/2
Prove that

VF(x)=T"Tx —T*y
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Problem 5.12 (a) Let fi, f> : R" — R be Lipschitz near x, then show that 9 ( f; +
) (x) C afi(x) + af2(x).

(b) If f; is Lipschitz near x and f; is continuously differentiable on a neighborhood
of x, then show that

A(fi+ L)) =0fi(x) +V fo(x).

Problem 5.13 Let f : R” — R be Lipschitz on an open set containing the line
segment [x, y]. Then show that there is a point # € (x, y) such that f(y) — f(x) €
(0f ), y — x).

Problem 5.14 Let F : X — R be a functional. If F has a subgradient at x, then
show that F is weakly lower semicontinuous at x. If F has a subgradient at all x
in some open convex set K C X, then show that F is convex and weakly lower
semicontinuous in K.

Problem 5.15 Let F : X — R be a convex functional on an open convex set K of
X. Then prove that at every x € K, there exists at least one subgradient.

Problem 5.16 (a) Justify that

«2=n-"
_Je , iflx] <1
o) = { 0, otherwise

is a test function. Is the function

Yo = {(xlz +'”3.x"2 -

a test function on R"?

(b) Show that p(ax + Bx), f(x)@(x), and ¢® (x); where « and B are constants, ¢
isasin (a), f(x) is an arbitrary smooth function and k is a positive integer, are
test functions.

(¢c) Let gy, @2, ..., @, be test functions on R. Then

0(x) = p(x)p(x2), - - ., Pu(xn)
is a test function on R".
t
Problem 5.17 Show that || f(¢) — f(s)||x < f [l f'(u)||xdu, where X is a Banach
space. *

Problem 5.18 Define the concept of convolution for distributions and give exam-
ples.

Problem 5.19 Show that D*§(At — 1) (¢) = |A|]/\“ D5 (t — &), where §(-) denotes
the Dirac delta function.
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Problem 5.20 Show that the sequence of regular distribution {sinnt} converges to
the zero distribution.

Problem 5.21 Let H'(£2), £2 C R? denote the set of all f € L,(82) such that first
partial derivative % € Ly(£2), i = 1,2. Then show that H'(£2) is a Hilbert space

with respect to the inner product (f, g)1 = [(fg + V f - Vg)dx where
Q

2

viovg=Y 282

im1 8X,’ 8)6,'
Show further that
ffv2<pdsz = —/Vf~V<pd.Q
Q Q

Problem 5.22 (Rellich’s Lemma) If §2 is abounded region in R", n > 1, then prove
that embedding Hol’z(.Q) C L,($2) is compact.

Problem 5.23 Prove Green’s formula, namely, the equation
ou
vAudx + | (grad u, grad v)dx = v/Fa—d.Q
v
2 2 e

Problem 5.24 Show that the embedding L (0, T'; X) € L,(0, T'; X) is continuous
forall1 < p < oo.

Problem 5.25 Let f : R — R be defined by

. lu|P=2u, if u#0
f(“)_{ 0, ifu=0

Show that

(a) if p > 1, then f is strictly monotone,
(b) if p = 2, then f is strongly monotone.

Problem 5.26 Show that for u € L,(0, T; H) and 2* € L,(0, T; H*)

at
d ou
Z(M, V) = <§, V>.



Chapter 6 ®)
Optimization Problems ez

Abstract Notion of optimization of a functional defined on a normed space by
Banach space and Hilbert space is discussed in this chapter. All classical results con-
cerning functions defined on R" are obtained as special cases. Well-known algorithms
for optimization are presented.

Keywords Optimization in Hilbert space -+ Convex programming + Quadratic
programming - Linear programming + Calculus of variation + Minimization of
energy functional - Newton algorithm - Conjugate gradient methods

6.1 Introduction

Finding maximum and minimum (extremum) of a real-valued function defined on a
subset of real line is an optimization problem. It is an important topic of calculus.
There is a close connection between this problem and derivative of the associated
function. Celebrated mathematician Pierre de Fermat has obtained a simple result that
if extremum of real-valued function exists at a point, then its derivative at that point
is zero. In eighties, several books appeared devoted to optimization problem in the
setting of vector spaces involving functionals particularly in the setting of R", Hilbert
spaces, C[a, b] etc. Applications of optimization problems to diverse fields have been
studied. We discuss in this chapter main results of this theme. Current developments
concerning algorithmic optimization and related software may be seen in [46, 52,
71, 87,99, 109, 115, 124, 137, 150, 151].

6.2 General Results on Optimization

Definition 6.1 Let U be a normed space and f a real-valued function defined on a
nonempty closed convex subset K of X. The general optimization problem denoted
by (P) is finding an element u € K such that f (u) < f(v) for all v € K. If such an
element u exists, we write

© Springer Nature Singapore Pte Ltd. 2018 227
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fu) =inf f(v)
vekK

If right-hand side exists, we say that f attains minimum at u. If K # U, this problem
is referred to as the constrained optimization problem, while the case K = U is
called the unconstrained optimization problem.

Definition 6.2 Suppose A is a subset of a normed space X and f a real-valued
function on A. f is called to have a local or relative minimum (maximum) at a point
Xxo € A if there is an open sphere S, (xp) of U such that f (xg) < f(x) (f (x) < f(x0))
holds for all x € S, (xp) NA. If f has either a relative minimum or relative maximum
at xo, then f is called to have a relative extremum. The set A on which an extremum
problem is defined is often called the admissible set.

Theorem 6.1 Suppose f: U — R is a Gateaux differentiable functional at x, € U
and f has a local extremum at xo, then Df (xo)t = 0 forallt € U.

Proof For every t € U, the function f (xo + «t) (of the real variable) has a local
extremum at « = 0. Since it is differentiable at 0, it follows from classical calculus
that

d
[%f(xo + oet)} =0

a=0
This implies that Df (xp)t = O for all ¢ € U, that is, the proof of the theorem.

Remark 6.1 (i) Theorem 6.1 implies that if a functional f: X — R is Fréchet
differentiable at xy € X and has a relative extremum at x, then dT (xy) = O.

(i) Suppose f is a real-valued functional on a normed space U and xj a solution of
(P) on a convex set K. If f is a Gateaux differentiable at x, then

Df (xo)(x —xp) = O0Vx € K

Verification Since K is a convex set, xo + a(x — xp) € K for all « € (0, 1) and
x € K. Hence

d
Df (x0)(x — x0) = [ﬁf(xo +o(x— xo))} >0
a=0

Theorem 6.2 Suppose K is a convex subset of a normed space U.

i. IfJ :K — Risa convex function, then existence of a local minima of J implies
existence of solution of problem (P).

ii. Let J: O C U — R is a convex function defined over an open subset of X
containing K and let J be Fréchet differentiable at a point u € K. Then, J has a
minimum at u (u is a solution of (P) on K) if and only if

J'(u)(v —u) > 0 foreveryv € K 6.1)
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If K is open, then (6.1) is equivalent to
J'w)=0 (6.2)

Equation (6.2) is known as the Euler’s equation.

Proof 1. Letv = u + w be any element of K. By the convexity of J
Ju+aw) <1 —-—a)J(u)+aJ(@),0<a=<1
which can also be written as
Ju+aw)—Jw) <a(lJv)—Jw),0<a <1.
As J has a local minimum at u, there exists «y such that ¢y > 0 and 0 <
J(u + apw) — J (u), implying J (v) > J (u).
2. The necessity of (6.1) holds even without convexity assumption on J by Remark
6.1(ii). For the converse, let
JW) —J ) = J (u)(v — u) forevery v € K.
Since J is convex
J(1—a)u+av) <1 —-—a) ) +aJO) forall x € [0, 1]
or

Ju+alv—u)
o

JO) =J(w) =
or

J0) = J @ = lim W = I ()(v —u) > 0.

This proves that for J'(u)(v — u) > 0, J has a minimum at u.

A functional J defined on a normed space U is called coercive if ! ll}m J(x) = 0.
X||— 00

Theorem 6.3 (Existence of Solution in R") Suppose K is a nonempty, closed con-
vex subset of R" and J: R" — R a continuous function which is coercive if K is
unbounded. Then, (P) has at least one solution.

Proof Let {u;} be a minimizing sequence of J, that is, a sequence satisfying con-
ditions u; € K for every integer k and klim J(uy) = inf,cg J (v). This sequence is
—00

necessarily bounded, since the functional J is coercive, so that it is possible to find
a subsequence {uy '} which converges to an element u € K (K being closed). Since J
is continuous, J (1) = klim J(uy) = inlf( J (v). This proves the theorem.

'—o00 Ve



230 6 Optimization Problems

Theorem 6.4 (Existence of Solution in Infinite-Dimensional Hilbert Space) Sup-
pose K is a nonempty, convex, closed subset of a separable Hilbert space H and
J: H — R is a convex, continuous functional which is coercive if K is unbounded.
Then, the optimization problem (P) has at least one solution.

Proof As in the previous theorem, K must be bounded under the hypotheses of
the theorem. Let {x;} be a minimizing sequence in K. Then, by Theorem 4.17,
{ur} has a weakly convergent subsequence uy — u. By Corollary 4.1, J(u) <
liminf J (uy'), up — u which, in turn, shows that u is a solution of (P).

It only remains to show that the weak limit u of the sequence {u; '} belongs to
the set K. For this, let P denote the projection operator associated with the closed,
convex set K; by Theorem 3.12

wy € K implies (Pu — u, wg — Pu) > 0 for every integer £
The weak convergence of the sequence {w,} to the element u implies that

0 < lim (Pu — u, wy — Pu) = (Pu—u, u — Pu) = —||lu — Pu||* <0

{—o00

Thus, Pu =uandu € K.

Remark 6.2 (i) Theorem 6.4 remains valid for reflexive Banach space and continu-
ity replaced by weaker condition, namely weak lower semicontinuity. For proof,
see Ekeland and Temam [71] or Siddiqi [169].

(i1) The set S of all solutions of (P) is closed and convex.
Verification
Let uy, u, be two solutions of (P); thatis, u;, up € S.oqu1+ (1 —a)ur € K, a €
(0, 1) as K is convex. Since J is convex

J(ouy + (1 —)u2) < o (ur) + (I — a)J (u2)

LetA = in1f<J(v) =J(u) and A = inf,cx J (v) = J (i), then
Ve

A<J(u+ 1 —-a)up) <ar+ (1 —a)h=A
thatis, A = J (ou; + (1 — o)up) implying cu; + (1 — @)up € S. Therefore, S is
convex.
Let {u,} be a sequence in S such that u, — u. For proving closedness, we need

to show that u € S. Since J is continuous

J(u) =liminf J (u,) < A <J(u)
n— o0
This gives

J(u)=rand sou e S
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(iii)) The solution of Theorem 6.4 is unique if J is strictly convex.
Verification
Letu;, u; € S and u; # uy. Then @ € S as S is convex.
Therefore, J (“4*2) = A. Since J is strictly convex.

(e Lo s Lia = s Lo
R R A YA Y

This is a contradiction. Hence, u; # u, is false and u; = u5.

6.3 Special Classes of Optimization Problems

6.3.1 Convex, Quadratic, and Linear Programming

ForK={veX/p;(v) <0,1 <i<m, o;(v) =0, m' +1 <i <mj}, (P)is called
a nonlinear programming problem. If ¢; and J are convex functionals, then (P) is
called a convex programming problem. For X = R", K = {v € R"/¢;(v) < d;, 1 <
i <m},JWv) = %(Av, v) — (b, v),A = (a;), an n x n positive definite matrix, and
pi(v) = 21'7:1 a;vj; (P) is called a quadratic programming problem. If

n n
Jo)=> awi. X =R" K= {veR"/Y ay<d.1<i<mg,
j=1 j=1

A = (a;), n x n positive definite matrix, then (P) is called a linear programming
problem.
6.3.2 Calculus of Variations and Euler-Lagrange Equation

The classical calculus of variation is a special case of (P) where we look for the
extremum of functionals of the type

b
J(w) = / F(x,u, u)dx (u/(x) = @> (6.3)
a dx

u is a twice continuously differentiable function on [a, b]; F is continuous in x, u
and «’ and has continuous partial derivatives with respect to u and u’.
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Theorem 6.5 In order that functional J: U — R, where U is a normed space

has a minimum or maximum (extremum) at a point u € U must satisfy the Euler—
Lagrange equation

oF d [0F
— — — | —)=0 (6.4)
ou dx \ ou’

in [a, b] with the boundary condition u(a) = o and u(b) = B. J and F are related
by (6.3).

Proof Letu(a) = 0 and u(b) = 0, then

b
Jw+av) —J) = / [FCe,u+av,u +av) —F(x,u, u)]dx (6.5)

Using the Taylor series expansion

Feou+av,u +av)=F )+ <3F+/3F)+a2(aF+’aF>2+
u+av,u +av)=Fx,u,u) +a« VE vg e va vﬁ
it follows from (6.5) that
o2
Jw+av) =Jw) + adl (w)(v) + adzJ ww)+--- (6.6)
where the first and the second Fréchet differentials are given by
b dF  OF
dJ (u)yv = v— 4+ v — | dx (6.7)
; au ou’
broaF  OF\?
d*J (u)yv = / v— +Vv — | dx (6.8)
a ou au’

The necessary condition for the functional J to have an extremum at u is that dJ (u)v =
0 for all v € C?[a, b] such that v(a) = v(b) = 0; that is

brdF  OF
0=dJ/(uy = / (v— +v —) dx (6.9)
p u

Integrating the second term in the integrand in (6.9) by parts, we get

b b
oF d (0F oF
/ — = — | — ) |vd&x+|v—| =0 (6.10)
. Lou dx \ouw o' |,
Since v(a) = v(b) = 0, the boundary terms vanish and the necessary condition
becomes
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brorF d (dF
/ — — — | =— ) | vdx =0 for all v e C*[a, b] (6.11)
« Lou dx \ouw

for all functions v € C?[a, b] vanishing at a and b. This is possible only if

oF d (0F
ou dx

— | = 0 (see Problem 6.1)
au’

Thus, we have the desired result.

6.3.3 Minimization of Energy Functional (Quadratic
Functional)

A functional of the type
1
J(v) = Ea(v, v) = F(v) (6.12)

where a(-, -) is a bilinear and continuous form on a Hilbert space H and F is an
element of the dual space H* of H, which is called an energy functional or a quadratic
functional.

Theorem 6.6 Suppose a(-, -) is coercive and symmetric, and K is a nonempty closed
convex subset of H. Then (P) for J in (6.12) has only one solution on K.

Proof Thebilinear form induces an inner product over the Hilbert space H equivalent
to the norm induced by the inner product of H. In fact, the assumptions imply that

1/2
Valvll = (a, )" < llalllv]] (6.13)
where ||a|| is given in Remark 3.23. Since F is a linear continuous form under this
new norm, the Riesz representation theorem (Theorem 3.19), there exists a unique
element u € X such that

F()=a(u,v)foreveryv € K (6.14)

In view of the remark made above and (6.14), (6.12) can be rewritten as

J() = %a(v, v) —a(u,v) = %a(v —u,v—u)— %a(u, u)

1
= E(v—u,v —u)y — E(u, u) for all v € K and unique u.



234 6 Optimization Problems

Therefore, inlf( J(v) is equivalent to inlf( |lv — ul||. Thus, in the present situation,
VE VE

(P) amounts to looking for the projection x of the element u on to the set K. By
Theorem 3.11, (P) has a unique solution.

Example 6.1 LetX =K =R",J:v € R" — J(v), where
) = 211Bv — el — Sl (6.15)
V) = =||Bv —cl||; — =l|c||5, .
2 m 2 m
B is an m x n matrix, and || - ||,, denotes the norm in R™. Since
1 12 12
J(v) = §<B Bv,v), — (B'u,v),

the problem is one of quadratic programming if and only if the symmetric matrix is
positive definite. Theorem 6.6 yields the existence of the solution.

We will examine in Chap.7 existence of solutions of boundary value problems
representing interesting physical phenomena formulating in terms of minimization
of the energy functional.

6.4 Algorithmic Optimization

6.4.1 Newton Algorithm and Its Generalization

The Newton method deals with the search of zeros of the equation F(x) = 0, F :
U CX — Y,X and Y are normed spaces, in particular forX =Y =R, F : R — R
orX =R'andY =R", F : R" — R" and U an open subset of X (open interval of
R or open ball of R"). Once we have this method, the functional F can be replaced
by F’ or VF to obtain the algorithm for finding the extrema of F, that is, zeros of F’
or VF which are extremum points of . One can easily check that if F : [a, b] — R
and |F’(x)| < 1, then F(x) = 0 has a unique solution; that is, F has a unique zero.
For the function F : U C R — R, U the open subset of R, the Newton method is
defined by the sequence

Fao 5o (6.16)

Uk+1 =Mk—m, =

up is an arbitrary point of open set U. The geometric meaning of (6.16) is that each
point i is the intersection of the axis with the tangent at the point u; . This particular
case suggests the following generalization for the functional ¥ : U C X — Y : For
an arbitrary point uy € U, the sequence {u} is defined by

Uit = we — {F' ()} F () (6.17)
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under the condition that all the points u; liein U. If X = R", Y = R", F(u) =01is
equivalent to

Fi(u) =0, u=(u,up,...,u,) €R"

Fz(bl) =0
F3(M) = 0
F,(u)y =0
where F; : R" — R, i = 1,2,...,n. A single iteration of the Newton method

consists in solving the linear system

F'(uy) Auy = —F (uy), with matrices
F'(uy) = 250

and then setting

Uyl = U + Auy.

It may be noted that if F' is an affine function, that is, F'(x) = A(x) — b, A = (ay) is
a square matrix of size n; thatis, A € A,(R) and b € R", then the iteration described
above reduces to the solution of the linear system Au+; = b. In that case, the method
converges in a single iteration.

We now look for

(i) sufficient conditions which guarantee the existence of a zero of the function F,
and

(i1) an algorithm for approximating such an element u, that is, for constructing a
sequence {u;} of points of U such that

lim u, = u.
k— 00

We state below two theorems concerning the existence of a unique zero of F.

Theorem 6.7 Let X be a Banach space, U an open subset of X, Y a normed linear
space and F : U C X — Y differentiable over U. Suppose that there exist three
constants o, B and y such that @ > 0 and S, () = {u € X/|lu —uwol| <a} C U

(1) SUPk=( SUPyces, (uo) ||A,:1 W)||sx.v] < B, Ak(u) = Ay € B[X, Y] is bijective.
(ii) SUPg= SUPyes, (o) [1F () — Ac () lpix .y < 5. and y < 1.
(iii) [IF (uo)|| = 5(1 = ).
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Then, the sequence defined by
st = e — A ) F (), k = k' =0 (6.18)

is entirely contained within the ball and converges to a zero of F in S, (uy) which is
unique. Furthermore

ur — U
<||1 oll k

e — ull = = (6.19)
—-Y

Theorem 6.8 Suppose X is a Banach space, U is an open subsetof X, F : U C X —
Y, and Y a normed space. Moreover, suppose that F is continuously differentiable
over U. Suppose that u is a point of U such that

F(u)=0,A=F'(u) : X — Y, bounded linear and bijective

A |
SuP=o 1Ak = Allsx.v1 = 75 gy ype 90 A < -

Then, there exists a closed ball, S,(u), with center u and radius r such that for every
point uy € S,(u), the sequence {u;} defined by

g1 = ug — A F(uy), k>0 (6.20)

is contained in S,(u) and converges to a point u, which is the only zero of F in the
ball S, (u). Furthermore, there exists a number y such that

y < land ||luy — ul| < y*|lug —ull, k >0 (6.21)

Theorem 6.7 yields the following result:

Corollary 6.1 Let U be an open subset of a Banach space X and F: U C X — R
which is twice differentiable in the open set U. Suppose that there are three constants:
o, B,y such that o« > 0 and S,(uy) = {v € X| |lv—up|| < a} C U, Ar(v) €
B[X, X*] and bijective for every v € S, (u) and

SUP;~0 SUP,es, (o) ||A;:l )|lpx=x1 < B
SUP;=0 SUPyes, (o) 1" (V) — Ak (M |Bx x4 < %7 and
y <L [IF@o)lly- < &(1— ).
Then, the sequence {u;} defined by

i1 = g — A () F (), k> k' >0

is contained in the ball S, (uy) and converges to a zero of F', say u, which is the only
zero in this ball. Furthermore
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llu —uoll
f— 1_‘)/ .

Theorem 6.8 yields the following result.

Corollary 6.2 Let U be an open subset of a Banach space X and F : U C X — R
a function which is twice differentiable in U. Moreover, let u be a point of U such
that

F'(u) =0, F"(u) € B[X, X*] and bijective

A 1

sup ||Ax — F" ()] lpx x1 < —— and ) < =
X = F @) e 2

Then, there exists a closed ball S,(u) with center u and radius r > 0 such that,
for every point uy € S,(u), the sequence {uy} defined by uyy1 = uy — A,'(F(uk) is
contained in S,(u) and converges to the point u, which is the only zero of F' in the
ball. Furthermore, up1; = up — A,:l(uk)F "(uy) converges geometrically; namely,
there exists a y such that y < 1 and ||lux — u|| < y*||lup — ul|, k > 0.

Remark 6.3 (i) LetX = R", the generalized Newton method of Corollary 6.2 takes
the form

ey = we — A ) VF (), k> k' >0 (6.22)

where Ay (1) are invertible matrices of order n, and VF (u;) denotes the gradient
vector of the function F at the point u; ((R")* is identified with R"). In particular,
the original Newton method corresponds to

wes1 =y — (VEF )}y 'VF ), k>0 (6.22a)

where the matrix V2F (i) is Hessian of the function F at the point u.
(ii) The special case, Ay (u;) = ¢'I, is known as the gradient method with fixed
parameter.
(iii) The special case, Ay (ur) = —¢; 17, 1s called the gradient method with variable
parameter.
(iv) The special case, Ay (ury) = —(@(ux))~'1, is called the gradient method with
optimal parameter, where the number ¢ () (provided it exists) is determined
from the condition

Fue — o)) VF (ur) = ;I;gF(uk — @V F (uy). (6.23)

General Definition of the Gradient Method

Every iterative method for which the point ;. is of the form

Uy = Uy — G VF ), o >0
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is called a gradient method. If ¢y is fixed, it is called a gradient method with fixed
parameter, whereas if ¢ is variable, it is called a gradient method with variable
parameters.

Theorem 6.9 Suppose X = R" and suppose that the functional F : X — R is
elliptic, that is, there is a positive constant « such that F(x) > a||x||* for all x € X.
Then, the gradient method with optimal parameter converges.

Remark 6.4 (a) The following properties of elliptic functionals are quite useful (For
details, we refer to Ciarlet [46]):

(a) Suppose F : H — R (H is a Hilbert space, in particular X = R") is strictly
convex and coercive, then it satisfies the inequality

Fw)—Fw) > (VF(u),v —u)+ %Hv — u||2f0r every u,v € X(6.24)
(b) If Fis twice differentiable, then it is elliptic if and only if
(V2F (wyw, w) > a||w||? for every w € H (6.25)
(c) A quadratic functional F over R"

F@) = %(Av, v) — (y,v), Aisthe n x n matrix and
A = A', is elliptic if and only if (6.26)
(VEF(w)w, w) = (Aw,w) = A [|w|[*, Yu,w € R"

where 1| denotes the smallest eigenvalue of A.
(d) Let J(v) = %(Av, v) — (y,v),A: R" — (R")* = R". Since VJ () and
VJ (ur+1) are orthogonal and VJ (v) = Av — y, we have

(VJ (1), VI () = (Alug — @) (A — y)) — y, Aug —y) =0
This implies that ¢ (i) = A”;; 'jfw where wy = Au; —y = VJ (g). A single
iteration of the method is done as follows:

(1) calculate vector wy = Auy — y

(i1) calculate the number

[lwe

o(u) = m

(ii1) calculate the vector
U1 = up — @) wie

Theorem 6.10 Suppose F : R" — R is a differentiable functional. Let there be two
positive constants a and 8 such that
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(i) (VF(v) —VFu),v—u) > allv—ul||®forall v,u € R" and @ > 0
(ii) |IVF(v) — VF@)|| < B||lv — ul| for every u,v € R".

Moreover, there are two numbers a and b such that
20
0<a§¢k§b<ﬁf0reveryk

Then, the gradient method with variable parameter converges and the convergence
is geometric in the sense that there exists a constant y depending on «, 8, a, b such
thaty < 1 and |lux — ul| < yilluo — ull.

Remark 6.5 (i) If F is twice differentiable, then condition (ii) can also be written
in the form sup || V2F (u)|| < B.

(i) In the case of an elliptic quadratic functional F(v) = %(Av, v) — (y,v), one
iteration of the method takes the form

U1 = (A — y), k=0
and by Theorem 6.10 that the method is convergent if 0 < o < ¢ < b <

2A1/A2, where A and A, are, respectively, the least and the largest eigenvalues
of the symmetric positive definite matrix A.

Proof (Proof of Theorem 6.7) First, we prove that for every integer k > 1

ux — w1 || < BIIF (ur—1)|
llur — uoll < o equivalently uy € S, (1)

14
[1F (ui)]] < E”uk — uy1|

We apply the finite induction principle for the proof. Let us show that the results are
true for k = 1; that is

lur — uol| < BIIF (uo)||

4
[ur — uol| < o, ||IF(uy)|] < B”u] — up|

Putting k = 0 in relation (6.18), we get
ur — uy = —Ay " (uo) F (o) (6.27)

which implies that ||u; — ug|| < B||F (up)|| < a(1 — y) < « by the hypotheses of
the theorem. Further, from (6.27), we can write

F(uy) = F(u) — F(uo) — Ao(uo) (11 — uo)

By the Mean Value Theorem applied to the function u — F(u) — Ap(u9)u, we have
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IF @Il = sup [|F'(u) — Ao (uo)l| |1 — up)l| < %”(“1 — uo)||

u€S,y (uo)

by condition (ii) of the theorem.

Let us assume that the desired results are true for the integer k = n — 1. Since
Up—Uy = _A;,ll (u(n—l)’)F(un—l), it follows that | |un —Up—1 | | = :3| |F(un—1)” which
gives the first relation for k = n. Then, we have

ity — 1 || = 1AL a1y )F )| < BIIF (1) |
Y
< ,3—||I/t,,,1 _un72||
B
< ¥ "ur — uoll

This implies that

n n
n — 40l = i Wi—1ll = i 1 — %o
n —uoll = ) lui — uia|l = Vi Ny — uol|
i=1 i=1

[lur — uol| o
< —— < «a, by condition(iii)
-y

which means that u,, € S, ().
For proof of the last relation, we write

F(”n) = F(Mn) - F(unfl) - Anfl(u(nfl)’)(un - unfl)

By applying the Mean Value Theorem to the function u — F (1) —A¢—1) X (Up—1y)U,
we get

IF@oll < sup [[F'(u) — Apt (-1 |ty — ttp—11]

ueSy (uo)

14
< =up — up—1l|
B

and the last relation is established for n. Hence, these three relations are true for all
integral values of k.

We now prove the existence of a zero of the functional F in the ball S, ().
Since

-1
etk om — uil| < Z:n:l etk tiv1 — uiqill
m=1 k (6.28)
<y* Y yillu — uoll < i |lur —ugll = O as k — oo
i=0
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where {u;} is a Cauchy sequence of points in the ball S, (ug) which is a closed
subspace of a complete metric space X (X, a Banach space). This implies that there
exists a point u € S, (up) such that

lim uy =u
k—o00

Since F is differentiable and therefore continuous, we get
. Y ..
F@)|l = lim [|[FQu)|l < = lim [Jux — ]| =0
k— 00 ﬂ k— 00

which, in turn, implies F'(«) = 0 by the first axiom of the norm. By taking the limit
m — o0 in (6.28), we find that

k

[lug — uol]|

up —ul| <
I I I

is the desired result concerning geometric convergence. Finally, we show that u is
unique. Let v be another zero of F; that is, F'(v) = 0. Since F(u) = F(v) =0

v—u=—Ay (Fu) — F(v) — Ao(up) (v — u))
from which it follows that

v —ull = [|A; ' wo)l| sup [IF'(v) = Ao(uo)|| [|(v = w)| < y|lv — ull

u€Sy (uo)

which implies thatu = vasy < 1.
Proof (Proof of Theorem 6.8)

(i) First, we show the existence of constants and 8 such that
a>0, Sswy={xeX/|lx—ul|l<a}CU (6.29)
and

sup sup [l —A'F' )l <y <1 (6.30)
k>0 x€8, (up)

For every integer k, we can write Ay = A(I + A~'(A; — A)) with A~ (Ax —
A)||A < 1 in view of a condition of the theorem. Thus, A; are isomorphisms
from X onto Y, and moreover

A = AT + A7 A —A)) 7|

1 “1yy a-1 A~
=T +AT A=A HIAT = 77—
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(ii)

(iii)
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by Theorem 2.11 and ||(I + B) || < m. This implies that
1 —A'All = A A — ACMAL < 1A (1A — Al
A for i !
= o JorA < g
At 2
—1
_lagh ):1
L= (1A

or
11 —A Al < A =p <1
k 11—

Let be such that ' < 8+ 8 = y < 1. This implies that
11— A )] < 11T — A AN+ 1A A = F'w)|

from which (6.29) and (6.30) follow immediately keeping in mind the continuity
of the derivative F’ and the fact that A = F'(u).

Let uy be any point of the ball S,(«) and {u;} be the sequence defined by
Upy] = Ug — A,:lF (uy); each of these elements lies in S, (). This implies that
{u;} is well defined. Since F (1) = 0, we have

wert — = — A F () — (u — AL F (w)

By the Mean Value Theorem applied to the function, x — x — Ak_lF (x) shows
that

-1
[l —ull < sup [ — A7 F Q| |lux — ull < yllw — ul|
X€S, (1)

By (6.30) and continuing in this way, we get
et = wll < v* = ul]

which is the geometric convergence. This relation also implies that u; — u as
k—ocoasy < 1.

The zero of F, point u, is unique. For this, let v be another point such that
F(v) = 0. The sequence {i} corresponding to uy = v is a stationary sequence,
since u; = uy — A,:lF (up) = ugp, and on the other hand, it converges to the
point u by the above discussion. This implies u = v.

We cite Ciarlet [46, pp. 300-301] for the proof of Theorem 6.9; here, we prove
Theorem 6.10.
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Proof (Proof of Theorem 6.10) In a gradient method with variable parameter, we
have ur+1 = up — @ VF (uy). Since VF(u) = 0 for a minima at u, we can write
w1 —u = (u — u) — @ {VF(uy) — VF (u)}. This implies that |[u;, — u||* =

llue — ull* = 2@ < VF(u) — VFW),ue —u > +¢f||[VF ) — VF@)|* <
{1 —20¢r + ,32¢,f}||uk — u||?, under the condition that ¢; > 0. If

then
1 —2a¢; +,82(p,% <1
and so
Nitrr = ull < ylug = ul] < vl — uol|

where y < 1 which depends on «, a, b and S. This also implies the geometric
convergence of {u}.

6.4.2 Conjugate Gradient Method

The conjugate gradient method deals with the minimization of the quadratic func-
tional on X = R"; that is

1
J:veR”—>§(Av,v)—(b,v)

or
1
J(v) = E(AV’ v) — (b, v)

where A is the n x n matrix. Starting with an initial arbitrary vector ugy, we set
dy = VJ (up). If VJ(up) = 0, the algorithm terminates. Otherwise, we define the
number

(VJ (o), do)

ro =
(Ady, dy)

then the numbers u; are given by

uy = uyg — r()d()
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Assuming that the vectors uy, di, ..., u;—1, dr—1, 4 have been constructed which
assumes that the gradient vectors VJ (u¢), 0 < £ < k — 1 are all nonzero, one of the
two situations will prevail: VJ (u;) = 0 and the process terminates, or V.J (u;) # 0,
in which case we define the vector

IV ()|

di, = VJ () +
¢ NIV ()| iy

then the numbers ry and u;; are given by

(VJ (ux), d)
(Ady, d)

Iy =
and
U1 = U — Iidy

respectively.

This beautiful algorithm was invented by Hestenes and Stiefel in 1952. The method
converges in at most # iterations.

The study of the conjugate gradient method for nonquadratic function on R” into R
began in sixties. Details of these methods and their comparative merits may be found
in Polak [150] and other Refs. [151, 153]. We present here the essential ingredients
of these two best methods, namely Fletcher—Reeves (FR) and Polak—Ribiére (PR).

Let F : R* — R; we look for 3215 F(v) where F is twice differentiable. The

point at which inf, <z F (v) is attained will be denoted by arg inf (x). Starting with an
arbitrary vector ug, one assumes the vectors uy, up, ..., uy to have been constructed,
which means that the gradient vectors VF (1;), 0 < i < n — 1, are nonzero. In
such situations, either VF (u,,) = 0 and the algorithm terminates, or VF (u,) # 0, in
which case, vectors u,,+ are defined (if they exist and are unique) by the relations

Upy1 = Uy — Tudy and F(upy1) = ingF(un — pdy)
pe

the successive descent directions d; being defined by the recurrence relation

do = VF(up)
. o (VF@), VF(u;) = VF(uiy)) .
dl—VF(ul)+ ||VF(M,_1)||2 i—1» 1 <i=n
_ (VF(u), VF(u;) — VF (ui-1))
o [IVF (ui—1)| 2

is called the Polak—Ribiére formula, and in this case, the conjugate gradient method
is called the Polak—Ribiére conjugate gradient method, and one denotes r; by r®.
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The case

|IVF (u)|I”
[IVF (u;—1)]|?

P =

is called the Fletcher—Reeves formula, and the corresponding method is called the
Fletcher—Reeves conjugate gradient method. Such r; is denoted by rf R It may be
noted that the Polak—Ribiére conjugate gradient method is more efficient in practice.

Polak-Ribiére Conjugate Gradient Algorithm

Data uy € R
Step 0. Seti = 0, dy = VF(up), and hy = —d.
Step 1. Compute the step size

A =arg ingF(ui + Ahy)

Step 2. update: Set u; 1 = u; + Ah;.

diy1 = VF(uiq1)
PR _ (diy1,diy1 — d;)
' [1d;||?

higy = —digy + 1] %h;.
Step 3. Replace i by i 4+ 1 and go to Step 1.

Polak—Reeves Conjugate Gradient Algorithm

Data. uy € R".
Step 0. Seti =0, dy = VF(up), and hy = —d.
Step 1. Compute the step size

A =arg ingF(ui + Ah;)
Step 2. Update: Set u; | = u; + Ah;

diy1 = VF(uir1)

FFR _ ||di+l | |2
’ |di| 2

FR
hiyy = —dipy + 177

Step 3. Replace i by i + 1 and go to Step 1.
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6.5 Problems

b
Problem 6.1 If f € C[a, b] and ff(t)h(t)dt = 0 for all 4 € C'[a, b] with h(a) =

h(b) = 0, then prove that f = 0.

Problem 6.2 Let H be aHilbert space, K aconvex subsetof H, and {x, } a sequence in
K such that lim ||x,|| = inlg ||x]|. Show that {x,} converges in X . Give an illustrative
n—oo Xe

example in R?.

Problem 6.3 Let K = {x = (X1, X0, - X)) DX = 1} be a subset of R". Find a
i=1

vector of minimum norm in K.

Problem 6.4 Let H be a normed space and K a subset of H. An element X € K is
called a best approximation to an arbitrary element x € H if

d(x,K) = inf ||y — x|| = [|x — x[|
yek

The approximation problem is a special type of optimization problem which deals
with minimizing a translate of the norm function, orif x = 0, it deals with minimizing
the norm function itself. Let K be a finite-dimensional closed subset of a normed
space U. Show that every point of U has a best approximation.

Problem 6.5 Let X = C[—m, 7] be an inner product space with the inner product
T
9 = [ reeear

and K be the subspace spanned by the orthonormal set

{ \/1_ \/_ cos(x), \/1_ sin(x), . \/IE cos(nx), % sin(nx)}

Find the best approximation to:

1. f(x) =x
2. f(x) = |xl.

Problem 6.6 Show that for each f € Cla, b], there exists a polynomial P, (¢) of
maximum degree n such that for every

g €Y =span{fo(t), fi(1), ..., fu(D)}, fi() =1,
max [f () = P,(®)] < max [f () — g(@®)].
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Problem 6.7 Letm > n > 0and A = (g),i =1,2,...,m, j =1,2,...,nand
y € R™. Then, write down the solution of optimization problem for the function

F(x) = ||Ax — y|| over R".

Problem 6.8 Let Ax = y, where A is an n x n matrix and x and y are elements of R".
Write down a sequence of approximate solutions of this equation and examine its
convergence. Under what condition on A, this equation has necessarily the unique

solution?

Problem 6.9 Explain the concept of the steepest descent and apply it to study the

optimization of the functional F defined on a Hilbert space H as follows:

F(x) = (Ax, x) = 2(y, x)

where A is a self-adjoint positive definite operate on H, x,y € H. For any x; € H,

construct a sequence {x,} where

<Zn, Zn)
Xntl =Xn + ———n
(Azy, 20)

for appropriately chosen z, and show that {x,} converges to xy in H which is the

unique solution of Ax = y. Furthermore, show by defining
F(x) = (A(x — x0), x — xo)
that the rate of convergence satisfies

m

F(x,) < % (1 - M)"_l Fx)).

Problem 6.10 Write a short note on nonsmooth optimization problem.
Problem 6.11 Develop Newton ’s method for nonsmooth optimization.

Problem 6.12 Verify Euler’s Equation (6.2).



Chapter 7 ®)
Operator Equations and Variational Guca i

Methods

Abstract In this chapter, existence of solution of some well-known partial differ-
ential equations with boundary conditions is studied.

Keywords Neumann-Dirichlet boundary value problem - Galerkin method - Ritz
method - Eigenvalue problems - Laplace equation - Poisson equation - Stoke
problem - Navier—Stokes equation + Heat equation - Telegrapher’s equation
Helmbholtz equation + Wave equation + Schrodinger equation

7.1 Introduction

The chapter deals with representation of real-world problems in terms of opera-
tor equations. Existence and uniqueness of solutions of such problems explored.
Approximation methods like Galerkin and Ritz are presented.

7.2 Boundary Value Problems

Let £2 be abounded or unbounded region of R” (in application,n = 1,2, 3), " ord$2
be its boundary, L and S be linear differential operators, u(x), x = (x1, X2, ...X,) €
R" be a function on R" belonging to a Hilbert or Banach space of functions, and
f(x) and g(x) be given functions of x. Then,

Lu(x) = f(x)in £2 (7.1)
Su(x) =gx)on I’ (7.2)

is known as linear boundary value problem (BVP) for u. u is an unknown function
which is called a solution. The boundary value problems of the type
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ou .

Lu:f(x,-,u,—,...) in $2 (7.3)
an

Su=gkxjponl, j=1,2,3,... (7.4)

is known as nonlinear boundary value problems.

We shall see that these problems can be expressed in the form of finding solution
of the abstract variation problem, namely: Find u € H (H is a Hilbert space) such
that

a(u,vy=FWv)Vve H (7.5)

where a(-, -) is a bilinear form with appropriate conditions and F' € H*.
A boundary value problem can also be expressed in the form of the operator
equation

Au=v (7.6)

where A is a linear or nonlinear operator on a Hilbert or Banach space into another
one of such spaces. Existence and uniqueness of solutions of (7.5) and (7.6) is
given by the Lax—Milgram Lemma. We present a general form of this lemma in
Theorem 7.5.

Example 7.1 Consider the BVP

A Cu SN fing .7)
—Au=—-—|—+4+—1)=Ffin .
ax2  9y?
u=0onTl (7.8)
where 2 C R
In this example,
L=az B0 70 t
= = — ——F— = L.aplacian operator
0x2 dy? P P
S=1,g=0

This is called the Dirichlet boundary value problem. The equation in (7.7) is known
as Poisson’s equation.

By the classical solution of this BVP, we mean the function u(x, y) which is
continuous in the closed domain £2, satisfies (7.7) in the open domain £2 and is equal
to zero on the boundary I". By assumption f € C(£2), the solution u € C*(£2), the
space of continuous functions with continuous partial derivatives up to second-order
inclusive, and equals zero on I". The set D4 of these admissible functions
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Dy={ux)eC*(2), xe2CR* u=00nT}
forms a vector space. If the boundary condition (7.8) is nonhomogeneous; that is,

u = g(x), g(x) # 0, then D, is not a vector space.
In one dimension, the boundary value problem (7.7)—(7.8) takes the form

U fin @b (79
i x)in (a, .
u(a) =ub) =0 (7.10)
Example 7.2 The BVP of the type
—Au = fon$2 (7.11)
d
M gonr (7.12)
on

where g—z denotes the derivative of u in the direction of outward normal to the bound-

ary, I, is called the linear non-homogeneous Neumann BVP.

Example 7.3 The BVP

—Au= fonS2 (7.13)
u=0 onl (7.14)
ad
M eonh (7.15)
an

where I = I'1 U I is known as the mixed BVP of Dirichlet and Neumann. Dirichlet
and Neumann BVPs are of elliptic type.

Example 7.4 The BVP of the type

9
a—btt—l—Lu:fon.QT:(O,T)x.Q (7.16)
Su=gonTy =(0,T)x T (7.17)
u(0,x) = ugon 2 (7.18)

where f = f(t,x), g = g(t, x), and up = uop(x) is known as the initial-boundary
value problem of parabolic type.
Ifwetake L = —A, S =1, g =0,and f = 0, then we obtain the heat equation

9
A AU=00n][0,T] x 2 (7.19)

at
u=00n[0,T] x 2 (7.20)
u(0, x) = uo (7.21)
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The one-dimensional heat equation with initial-boundary conditions is given as

0 92
—Mz—u, O<x<b
ot 0x?

P

w©0,1) = (b, x) =0, fors > 0
0x

ux,0) =K, for 0<x <b

Example 7.5 Hyperbolic equations with initial-boundary conditions:
®

u u

—+a— =0,t>0, x € Rwherea € R/{0}.
ot ax

(@) u(0,x) =up(x), x € R.
®) u(,0)=¢1(@®)if a>0, u(t,0) =¢()if a <O.
where ¢; and ¢, are given functions.

(i)

9%u ) 3%u

F:CQ’I>O’XGR

(wave equation) with initial data

u(0, x) = ug and E;—I:(O,x) = uy(x)
(iii)

ou n oF (u)
ot ax

=0,1r>0, xeR

where F(u) is a nonlinear function of u, and u(0, x) = uy(x).
A special case

u n du 0
J— u— =
ot 0x

is Burger’s equation.
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7.3 Operator Equations and Solvability Conditions

7.3.1 Egquivalence of Operator Equation and Minimization
Problem

Let T be a positive operator on a Hilbert space H and let D7 denote domain of 7.
Dy C H. U is called a solution of the operator equation

Tx=y (7.22)

if Tu = y. It will be that if u is a solution, then energy functional J (Sect.6.3.3)
attains its minimum at u. The converse also holds.

Theorem 7.1 Let T : Dy € H — H, where H is a Hilbert space, be shown
self-adjoint and positive operator on Dy and let y € H. Then, the energy functional

1
J(u) = E(Tu, u) —(y, u) (7.23)

attains its minimum value at x € Dy if and only if x is a solution of (7.22).

Proof Suppose x is the solution of Eq.(7.22). Then, Tx = y and we have

Jw) = =(Tu,u) — (Tx, u)

| = N =

(T (u—x), u) — (Tx, u)]
Using properties of self-adjointness.

J) = %[(T(u —x),u) — (Tu,x) + (Tx,x) — (Tx, x)]

= %[(T(u —x),u) —(Tu —Tx,x) —(Tx, x)]

%[(T(u —x),u—x)—(Tx,x)]
=Jx)+ %(T(u —X),u —Xx).
We have

(T(u — x),u —x) > 0foreveryu € Dy
= O if and only if u — x = 0 in Dy (by positiveness of T).

from which we conclude that



254 7 Operator Equations and Variational Methods
J(u) > J(x) (7.24)

where the equality holds if and only if u = x.

Inequality (7.23) implies that the quadratic functional J (¢) assumes its minimum
value at the solution x € Dy of Eq.(7.22); any other u € Dy makes J (u) larger than
J(x).

To prove the converse, suppose that J (1) assume its minimum value at x € Dr.
This implies J (u) > J(x) for u € Dy. In particular, foru = x + av, v € Dy, and
« areal number, we get

J(x +av) > J(x).
We have

2J(x +av) = (T(x +av), x + av) —2(y, x + av)

(keeping in mind definition of J)
or

2J(x +av) = (Tx, x) + 2a(Tx, v)
+aX(Tv,v) —2a(y,v) — 2(y, x) (7.25)

Since x € Dr and y € H are fixed elements, it is clear from Eq. (7.25) that for fixed
v € Dy, J(x 4+ av) is a quadratic function of «. Then, J(x 4+ «v) has a minimum
Dy at @ = 0 (i.e., J has a minimum at x) if the first derivative of J(x + av) with
respect to « is zero at « = 0. We have

[iJ( + )} =0
Ja X +av Q:O—

or
2(Tx,v) —2(y,v) =0
or
(Tx —y,vy=0VYve Dr.
Forv=Tx —y,(Tx —y, Tx —y) =0. This implies that Tx —y =0or Tx = y.

Thus, we have proved that the element x € Dy that minimizes the energy functional
is a solution of Eq. (7.22).

Remark 7.1 (i) Theorem 7.1 isimportant as it provides an equivalence between the
solution of operator equation Au = y in D7 with the element at which minimum
of the energy (quadratic) functional is attained. This variational formulation,
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that is, expressing the operator equation as the problem of minimizing an energy
functional, helps in establishing existence and uniqueness results and yields the
approximate solutions. Theorem 6.6 yields existence and uniqueness of the
minimization problem of the energy functionals where 7 is associated with a
coercive and symmetric bilinear form a(u, v) via Theorem 3.37. Therefore, for
such a T, operator equation (7.22) has a unique solution.

(i1) Let T be associated with bilinear form through Theorem 3.37. Then, operator
equation (7.22) has a unique solution by the Lax—Milgram Lemma (Theorem
3.39).

(iii) Finding the solution of (7.22), one can use algorithms of Chap. 6.

7.3.2 Solvability Conditions

Suppose T is a linear operator with domain D7, where Dy is a dense in a Hilbert
space H. Determine y for which Eq.(7.22), namely

Tu=y ueDr.

has solution. The existence of solution of non-homogeneous equation (7.22) depends
on the homogeneous adjoint equation

T*v =0 (7.26)

where T* is the adjoint operator of 7T'.

Theorem 7.2 Suppose that T is a closed bounded below linear operator defined on
a Hilbert space H. Then, Eq.(7.22) has solutions if and only if

N(T** = R(T), (7.27)

namely the orthogonal complement of the null space of the adjoint operator T* of T
(Definitions 2.8(8), (3.3(3)) and (3.8) is equal to the range of T.

Proof We first prove that m = R(T); that is, the range of closed and bounded
below operator is closed. Let y, € R(T) with y, — y and Tv, = y,. Our goal is to
show that y € R(T). Let u, = v, — Pv,, where P is the projection operator from
Dy onto N(T). Then, u,, € Dy N N(T)* and Tu, = yn- Since T is bounded below,
we have

1 1
[y — upll < ;HT(Mn —uy)ll = ;”yn = Yull
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which shows that {u,} is a Cauchy sequence in D7, and therefore u, — u in H.
Tu, — y and u, — u implies that u € Dy and Tu = y by virtue of closedness of
T. Therefore, R(T') is closed. Now, we show that (7.27) is equivalent to

(y,v) =0forallv e N(T") (7.28)
where yisdatain (7.22). R(T)** = R(T) = N(T*)* or R(T)* = N(T*) asR(T)is
closed. From this, we obtain (Tu, v) = (u, T*v) = 0forallu € Dy andv € N(T™*).
Thus, (7.27) and (7.28) are equivalent. Let y € R(T') implying u € Dy such that
Tu = y. Since T is bounded below, T has a continuous inverse T~ defined on its
range, and therefore, u = T~'y. Moreover, we have

el | = 11Tyl < ellyll

To prove the converse, let u = T‘ly. Hence, Tu = y and (Tu,v) = (y, v) for any
v € R(T). By the definition of T*

(Tu,v) = (u, T*v) = 0forany v € N(T").

In other words, u € N(T*)*.

The Lax—Milgram Lemma (Theorem 3.39) can be given as:

Theorem 7.3 Suppose T : H — H is alinear bounded operator on a Hilbert space
H into itself. Let there be a constant a > 0 such that

(Tu,u)| > a|lul>*VueH,

that is, T is strongly monotone (elliptic or coercive). Then for each given 'y € H, the
operator equation

Tu=y,uecH

has a unique solution.
The following generalization of the Lax—Milgram Lemma is known:

Theorem 7.4 Suppose T is a linear bounded operator defined on a Hilbert space
H into its adjoint space H*. Furthermore, let T be strongly monotone; that is,

(Tu,u) > a||u|*>VueH @@= 0)
Then,
Tu=f, ueH

for each given f € H*, has a unique solution.



7.3 Operator Equations and Solvability Conditions 257

Proof By the Riesz Representation Theorem (Theorem 3.19), there exists an element
w € H such that

(Tu,v) = {(w,v)Vve H

and ||w|| = ||Tul||. (Tu,v), Tu € H*, denotes the value of the functional Tu € H*
at the point v. Let Su = w. Then

[1Sull = [ITull < [IT]] |lu]].
S : H — H is linear and bounded. Moreover,
(Su,u) = (Tu,u) > o|lu|*VueH.

(Su, u) is real as H is a real Hilbert space. By the Riesz Representation Theorem,
there exists an element y € H such that

(f,v)={(y,v)VveH.
The operator equation Tu = f can be written as
(Tu,v) =(f,v)Vve H
or equivalently
(Su,v)y=---(f,v)VveH
or
Su=f, feH

which has a unique solution by Theorem 7.3.

The Lax—Milgram Lemma has been generalized [201, pp. 174—175] in the following
form:

Theorem 7.5 SupposeT : Dr € H — H be alinear operator on the Hilbert space
H over the field of real or complex numbers. Then for each y € H, the operator
equation

Tu=yueH

has at most one solution in case one of the following five conditions is satisfied:

(a) Strict monotonicity (positivity):

Re(Tu,u) >0V u e Dy withu # 0.
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(b) A priori estimate (stability):
Bllull <||Tul|Yu € Dy and fixed B >0
(c) Contractivity of (T-1):
NTu —ul| < |lu||Yu € Dr withu € 0
(d) Monotone type: With respect to an order cone on H

Tu <Tvimpliesu <v
(e) Duality: There exists an operator S : Dg € H — H with R(S) = H and
(Tu,v) = (u, Sv) forallu € Dr, v € Dg.

Corollary 7.1 SupposeT : Dr € H — H isalinear operator on the Hilbert space
H, where Dt and D+ are dense in H. Then we have the following two statements
are equivalent:

(a) Foreachy € H, the equation Tu = y has at most one solution.
(b) R(T*) is dense in H, that is, R(T*) = H.

Theorem 7.6 Equation Tu =y, where T : Dy € H — H is an operator on the
Hilbert space H, has at most one solution if the operator T : Dy € H — H is
strictly monotone (elliptic) and Re(Tu — Tv,u —v) > 0 for all u,v € Dy with

u .

7.3.3 Existence Theorem for Nonlinear Operators

Theorem 7.7 Let H be a Hilbert space and T an operator on H into itself satisfying
the conditions

[|Tu — Tv||H < A|u —v||g(T Lipschitz continuous) (7.29)
and
(Tu—Tv,u—v)H > pu|lu — v||%1(str0ngly monotone) (7.30)
where A > 0, u > 0 and A > . Then, the equation
Tu=y (7.31)

has exactly one solution for every y € H.
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Proof Lety € H,and ¢ > 0. Let the operator S, be defined as Scuu = u —e(Tu—y).
For any u, v € H, we have

|Sett — Sev||* = [|lu — v||3; — 26(Tu — Tu,u —v) + &||Tu — Tv||
< (1= 2ep+&22)[Ju — vl
Thus, if we choose ¢ > Osothate < i—‘z‘ andif we take o = (1 —2ep+£222)'/2, then

the operator S, is a contraction with constant @ < 1. The operator equation (7.31)
has a unique solution by the Banach contraction mapping theorem.

It may be observed that Theorem 7.4 has been proved in a general form by F.E.
Browder (see, for example, [78, p. 243]) where Hilbert space is replaced by reflex-
ive Banach space, Lipschitz continuity is replaced by a weaker condition, namely,
demicontinuity, and monotonicity coercivity is replaced by strong monotonicity.

7.4 Existence of Solutions of Dirichlet and Neumann
Boundary Value Problems

One-dimensional Dirichlet Problem

The Dirichlet problem in one dimension is as follows: Find « such that
u'=—for - — = <x<
dx?

u(0) =u(l)=0
A variational formulation Eq. (7.5) of this problem is
a(u,v) = F®v)forve H, 0, 1)

1 1
where a(u, v) = [ u'(x)V'(x)dx and F(v) = [v(x) f(x)dx
—1 0

H = HOI(O, 1) (See Sect.54.2, m=1,8 = (0,1),9082 = {0, 1}.
“denotes the first derivative, while ” denotes the second derivative.

Verification Multiply both sides of the given equation by v(x) and apply integration
by parts and the boundary condition #(0) = u(1) = 0 to get

1

1
/u/(x)v/(x)dx =/f(x)v(x)dx
0

0
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which is the desired equation for v € Hg (0, 1). This equation has unique solution if
a(-, -) is bilinear, bounded, and coercive, and F is linear and bounded.

1 1 1
a(u+w,v) = /(u/ +wWdx = /u/v/dx +/w/v/dx
0 0 0

=a(u,v)+aw,v)
1 1

a(au,v) = /om/v/dx :oc/u/v/dx = aa(u,v)
0 0

1 1
la(u, v)| < /|u’<x)v/<x)|dx < (/ |u’(x>|2dx)
0 0

< M||u|| ||v]| by Remark 5.5(i).

1/2

A

1
(/Iv/(X)Fdx) (By the CSB)
0

Thus a(-, -) is bilinear and bounded.

|
la(u, u)| = / ' () Pdx = allull
0
a > 0 by the Poincaré Inequality (see Remark 5.5(i)).

Therefore, a(-, -) is coercive, and by the Lax Milgram Lemma, the one-dimensional
Dirichlet problem has a unique solution. Since a(u,v) = a(v, u); that is, a(u, v)
is symmetric, the solution of this is equivalent to the solution of the minimization
problem for the energy functional

1 1
J(u) = %a(u, u) — Fu) = %/(u(x)fdx — / fx)u(x) dx
0 0

Algorithms of Chap.6 can also be applied, if necessary, to find a solution to the
minimization problem and consequently to the original problem.

The n-dimensional Dirichlet Problem

Finding u defined on £2 such that

Au= fin 2 (7.32)
u=0onr (7.33)

i.e., finding the solution of the linear elliptic BVP or Dirichlet problem is equivalent
to determining the solution u of the variational problem

a(u,v) = L) (7.34)
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forallv e HO1 (£2)

" du v
a(u,v) = Z — —dx (7.35)
el s E)xi 8x,~
and
L(v):/fv dx (7.36)
2

Verification Let f € L*(2), u € H?(£2). Multiplying Eq.(7.32) by a function
v € Hy (£2) and by integrating the resulting equation, we have

- / Auv dx = / fvdx (7.37)
2 2
By Theorem 5.17, we have

82

—/Auvdx:— /—Zvdx
‘ X;
_Q 1

2 =

Since v € HO1 (£2), v/I" =y, = 0 and consequently
n 8”
Z v—ds =0
4 on
i=1 T
Therefore, we get
" du v
— | Auvdx = — ——d 7.38
/ rax Z/ 8x,~ Bx,- o ( )
2 i=lg

By Egs.(7.37) and (7.38), we obtain Eq.(7.34) where a(-,-) and L are given by
Egs. (7.35) and (7.36), respectively.
Existence of the solution of Eq. (7.34): Since

. du d
a(u,v):Z a—za—;dx

i=1 o



262 7 Operator Equations and Variational Methods

a(-, -) is symmetric.

- du du
a(u,u) = Z/ — —dx
izl P 8xi Bxi

> k1||u||H01 (by Theorem 5.18, see also Remark 5.5)

Thus, a(-, -) is coercive. We have

Lvi+w) = /f(vl + V) dx
2

/fV1 dx+/fv2dx:L(v1)+L(v2)

2 2
L(A\v) /f(kv):/f(kv) dx:)»/fvdx
2 2 2

where A is a scalar. Also

12
L] = I/fvdxl < /If|2dx /|v|2dx
2 2 2

by the CSB inequality. Since

172

172

feLIfll= /|f|2dx <k k>0
2

and
12

bl () = [ [ 1
2

we get

LW = kl[v]| g (£2).
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Thus, L is a bounded linear functional on Hol. By Theorem 3.39, Eq.(7.34) has a
unique solution.

On the lines of Dirichlet boundary value problem, it can be shown that Neumann
BVP of Example 7.2 is the solution of the variation problem (7.39)

a(u,v) = L) (7.39)

forv e Hol(.Q)
a(u v)—Xn:/ ou audx
el P Bxi 8x,~

L(v) = /fv dx—i—/gv dr (7.40)
2

r

and vice versa.

7.5 Approximation Method for Operator Equations

7.5.1 Galerkin Method

Let us consider the operator equation
Tu=y ucH (7.41)

together with the Galerkin equations
P,Tu, =P,y u,€e H, n=1,2,... (7.42)

where H is a real separable infinite-dimensional Hilbert space, H, = span{wy,
wa, ... wy}, {w,} is a basis in H, and P, : H — H, is the orthogonal projection
operator from H into H,. Since P, is self-adjoint, Eq. (7.42) is equivalent to

(Tutn, wj) = {y, wjluy € Hy, j=1,2.3,...n (7.43)

Definition 7.1 For given y € H, Eq.(7.41) is called uniquely approximation-
solvable if the following conditions hold:

(a) Equation(7.41) has a unique solution u.
(b) There exists a number m such that for all n > m, the Galerkin Equation (7.42)
or (7.43) has a unique solution ,,.
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(c) The Galerkin method converges; that is, ||u, — u||g — Oasn — oo.

Theorem 7.8 Under the given conditions, for each y € H, Eq.(7.41) is uniquely
approximation-solvable in the case where the linear operator T : H — H satisfies
one of the following four properties:

(a) T =1+ S, where S : H — H is linear and k-contractive, namely ||S|| < 1.
Forn>m

e = unll = (1 = 1ISID~" d(u, Hy) (7.44)

holds.

(b) T =14 U, where U : H— H is linear and compact (image of a bounded set
A under U is precompact; that is, U (A) is compact), and Tu = 0 impliesu = 0.
Under these conditions,

[luu,|| < const.d(u, H,) (7.45)

(c) T is linear, bounded, and strongly monotone (or coercive); that is, (Tu,u) >
al|lul|? for all u € H and fixed o > 0. Under the hypotheses for o > 0,

allu — un|| < [|Tu, — yl| (7.46)

(d T =S+ U, where S : H — H is linear continuous and coercive and U is
linear and compact, and u = 0 whenever Tu = Q.

In cases (a) and (c), m = 1. In case (b), m is independent of y. We prove here cases
(a) and (c) and refer to Zeidler [201 ] for the other cases.

Proof A. Since P,u, = u, foru, € H, and ||P,S|| < |IS]| < 1, (||P.]] = 1 by
Theorem 3.9(3)). The following equations

u+Su=y, ue H (7.47)
and
u, + P,Su, = P,y, u, € H, (7.48)

have unique solutions by the Banach contraction mapping theorem
(Theorem 1.1). Furthermore,

[e¢]
<Y st

k=0

f}m&k

k=0
==/

(I + P,S)7 | =

By (7.47) and (7.48)
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1+ P,S)u—u,) =u— Pu
Hence,
= wnll < A= ISI7Du = Pyl = (1 = [IS]7)d (u, Pyu)
B. We have P,u = u forallu € H, and so
(P,Tu,u) = (Tu, Pyu) > al||u|? (7.49)
Thus, the operator P,T : H, — H, is strongly monotone. The two operator
Egs.(7.42) and (7.43) have unique solutions by the Lax—Milgram Lemma. If

n > j, then it follows from (7.43) that

(Tup, wj) = (y,wj) (7.50)
(Tup, un) = (y, un) (7.51)

By (7.51)
allunll* < (v, un) < 11y] |lunl]
This yields a priori estimate
cllunll < lIyll; thatis, {u,}is bounded
Let {u, } be a weakly convergent subsequence with u,, — vasn — oo (Theorem
4.17).By (7.50),(Tu,s, w) — (y,w)asn — ooforallw € | J, H,.Since | J, H,
is dense in H and {T'u,,} is bounded, we obtain
Tu, — yas n — oo (Theorem 4.17)
Since T is linear and continuous,

Tu, — Tvas n — oo (Theorem4.11(Q))

Hence, Tv = y; thatis, v = u. Since the weak limit u is the same for all weakly
convergent subsequences of {u,}, we get u, — uasn — oo. It follows from

O[”Ltn - I,t||2 = (T(un - u), Uy — u>

= (y,up) — (Tuy,u) — (Tu,u, —u) - 0as n — oo;
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that is, u, — uasn — oo. Therefore,
2
afluy —ull” < [|Tuy — Tull [lup — ull

and Tu = y. Therefore, o||u, — u|| < ||Tu, — y||.

7.5.2 Rayleigh—Ritz—Galerkin Method

The Rayleigh—Ritz—Galerkin method deals with the approximate solution of (7.41)
in the form of a finite series

Uy = ZCj(bj + @0 (7.52)

j=1

and its weak formulation (variation formulation), a(u, v) = F(v), where the coeffi-
cients c;, named the Rayleigh—Ritz—Galerkin coefficients, are chosen such that the
abstract variational formulation a(v, w) = F(v) holds forv = ¢;, i = 1,2,...m;
that is,

aléi.) cipj+oo|=F@) i=12...m (7.53)

j=1

Since a(-, -) is bilinear, (7.53) becomes

ia(% pi)e; = F(¢i) — aldi, do) (7.54)
j=1
or
Ac=b (7.55)
where
A = (a(di, $0))ij
is a matrix

b" =1[by, by, ..., byl withb; = F(¢;)
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and

c=lcr,ca, . ml

which gives a system of m linear algebraic equations in m unknowns c;. The columns
(and rows) of coefficient matrix A must be linearly independent in order that the coef-
ficient in (7.55) can be inverted. Thus, for symmetric bilinear forms, the Rayleigh—
Ritz—Galerkin method can be viewed as one that seeks a solution of the form in
Eq.(7.52) in which the parameters are determined by minimizing the quadratic func-
tional (energy functional) given by Eq. (6.12). After substituting um of Eq. (7.52) for
uinto J(u) = %a(u, u) — F(u) and integrating the functional over its domain, J ()

becomes an ordinary function of the parameters cy, ¢y, . . .. The necessary condition
for the minimum of J(cy, ¢z, ..., ¢,) is that
aJ(... aJ(... aJ(...
() _0JC) G 756)
dcy dcy dcy
This leads to m linear algebraic equations incj, j = 1,2, ..., m. It may be noted

that (7.54) and (7.56) are the same in the symmetric case while they differ in the
non-symmetric case. Thus, we obtain the same c¢;’s by solving (7.54) and (7.56)
separately. In the non-symmetric case, we get the m unknowns by solving the linear
algebraic equations (matrix equations) (7.55). The selectionof {¢;}, j =1,2,...,m
is crucial, and this should be the basis of the Hilbert space under consideration.

7.6 Eigenvalue Problems

7.6.1 Eigenvalue of Bilinear Form

Suppose a(u, v) is a symmetric coercive and bounded bilinear form defined on the
Hilbert space H associated with the operator equation

T HCLy(R2)— H Tu=yin,2CR" (7.57)

H = H"($2).
The problem of finding a number A and a nonzero function u € H such that

a(u,v) = Au,v)r,@) (7.58)

is called the eigenvalue problem of the bilinear form a(u,v). The weak problem
associated with the operator equation

Tu—Au=y (7.59)



268 7 Operator Equations and Variational Methods
comprises finding # € H such that

a(u,v) — Au, v),@) = (¥, V)1,@) (7.60)

7.6.2 Existence and Uniqueness

Theorem 7.9 An element u € H is the weak solution of Problem (7.59) if and only

if
u—ATu=Ty (7.61)

holds in H. The number X\ is an eigenvalue of the bilinear form a(u,v), and the
function u(x) is the corresponding eigenfunction if and only if

Uu—ATu=0, u#0 (7.62)

holds in H.

Proof Suppose u(x) is a weak solution of Problem (7.60); namely,
a(u,v) = (y +Au,v)r,(2)
Then by the definition of operator T, we get
u=Ty+Aru)oru—ATu=Ty

To see the converse, let u —ATu = Ty, and then it is clear that u is the weak solution
of (7.59). If Problem (7.58) has a nontrivial solution, then by given T we get

a(u,v) = (Au, V), = u=TQu) =ATu

Thus, Eq.(7.62) holds in H and vice versa.

In view of a well-known result (see Rektorys [159] or Reddy [158] or Zeidler
[201]), the symmetric, coercive, and bounded bilinear form a(u, v) has a countable
set of eigenvalues, each of which being positive

M< <A <., lmA, = (7.63)
n—oo

The corresponding orthogonal system of eigenfunctions {¢;} constitutes a basis in
the space Hy'(£2), hence in H. Furthermore, we have

(v, V)u (uy, us)y
min 3 =
veH, v#0 ||V||L2(.Q) (ul, uz)Lz(_Q)

(7.64)

Al
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Forl # X,, n=1,2,3, ..., Problem (7.58) has exactly one weak solution for every
y € L,(82). If the eigenfunctions ¢, (x) belong to the domain D7 of the operator T,
then the relation

(Tpj,v) =a(g;,v) =Arj(¢;,v) foreveryv € H
gives the classical eigenvalue problem

To; =x;¢p; (7.65)

If we choose {¢;} as the basis of H'(£2), then for the N-parametric Ritz solution of
Tu =y, we write

N
un(x) =Y cjd;

j=1

where ¢; = (y, j).
Thus, eigenfunctions associated with the eigenvalue problem 7u = Au can be
used to advantage in the Ritz method to find the solution of the equation

Tu=y

7.7 Boundary Value Problems in Science and Technology

Example 7.6 (The Laplace Equation)
Au=0 (7.66)

where
A= —+—+ — (7.67)

The operator A is known as the Laplace operator in dimension three. Equation
(7.66) represents the electrostatic potential without the charges, the gravitational
potential without the mass, the equilibrium displacement of a membrane with a given
displacement of its boundary, the velocity potential for an inviscid, incompressible,
irrotational homogeneous fluid in the absence of sources and sinks, the temperature
in steady-state flow without sources and sinks, etc.
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Example 7.7 (The Poisson Equation)
Au=—f(x,y,2) (7.68)

where f is known.

Equation (7.68) is the model of the electrostatic potential in the presence of charge,
the gravitational potential in the presence of distributed matter, the equilibrium dis-
placement of a membrane under distributed forces, the velocity potential for an invis-
cid, incompressible, irrotational homogeneous fluid in the presence of distributed
sources or sinks, the steady-state temperature with thermal sources or sinks, etc.

Example 7.8 (The Nonhomogeneous Wave Equation)

9%u
o Au=—f(x,y,2) (7.69)

This equation represents many interesting physical situations. Some of these are the
vibrating string, vibrating membrane, acoustic problems for the velocity potential
for the fluid flow through which sound can be transmitted, longitudinal vibrations
of an elastic rod or beam, and both electric and magnetic fields without charge and
dielectric.

Example 7.9 (Stokes Problem) Find u such that

—uAu+Vp=fin$2 (7.70)
divu =0 in 2 (7.71)
u=0onrl (7.72)

This BVP represents the phenomenon of the motion of an incompressible viscous
fluid in a domain £2, where u = (uy, us, ..., u,) is the velocity of the fluid, p denotes
the pressure, f = (f1, f2, ..., fu) € (L2(82))" represents the body force per unit
volume, and p is the viscosity

n

0
VP=gVadP=Za—5€i, e, =(0,0,...,1,0..)
i=1 !

i.e., the ith coordinate is 1

n
al/t,'

divu= .
Bxi

i=1

Example 7.10 (The Navier—Stokes Equation) The stationary flow of a viscous New-
tonian fluid subjected to gravity loads in a bounded domain £2 of R? is governed by
the BVP
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—rAu+23:%+Vp=fin.Q (7.73)
P Bxi
divu=0 inf2 (7.74)
u=0ontl=082 (7.75)
where u represents the velocity, p the pressure, f the body force per unit volume
and Vp, divu have the same meaning as in Example 7.9 forn =3.r = ﬁ =1/R,

where R is called the Reynolds number. Here p is the viscosity of the fluid, d, a
length characterizing the domain £2, v a characteristic velocity of the flow, and p the
density of the fluid.

Example 7.11 (Heat Equation) The following equation governs the diffusion pro-
cess or heat conduction to a reasonable approximation:

u 3%u

5 =33 %€ (=1, 1), t € (0, 00) (7.76)
X

This equation is called the heat equation.
The boundary conditions for this equation may take a variety of forms. For exam-

ple, if the temperatures at the end points of a rod are given, we would have the
BVP

u _u o (.0 —1 1,0 <1t < oo
—_— = —— 0n = X — <x < < <
ot ax2 ’ ’ ’

u(El, ) =e'0<t <0

ux,0)=11xl <1

Letu(x,0) = ug(x) = 1.

The solution of this BVP, u(x, t), will give the temperature distribution in the rod
at time ¢. The heat equation has recently been applied for predicting appropriate bet
for shares (for details, see [145] and references therein).

Example 7.12 (The Telegrapher’s Equation)

2 2

%+a%—f+b¢=27¢2) (7.77)
where o and B are constants. This equation arises in the study of propagation of
electrical signals in a cable transmission line. Both the current I and the voltage V
satisfy an equation of the form (7.77). We also find such equation in the propagation of
pressure waves in the study of pulsatile blood flow in arteries, and in one-dimensional
random motion of bugs along a hedge.
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Example 7.13 (The Inhomogeneous Helmholtz Equation)

AY + Ay = —f(x,y,2) (7.78)
where A is a constant.

Example 7.14 (The Biharmonic Wave Equation)

1 9%y
AY ——=—=0 7.79
In elasticity theory, the displacement of a thin elastic plate in small vibrations satisfies
this equation. When v is independent of time t, then

APy =0 (7.80)

This is the equilibrium equation for the distribution of stress in an elastic medium
satisfied by Airy’s stress function ¥ . In fluid dynamics, the equation is satisfied by
the stream function ¥ in an incompressible viscous fluid flow. Equation (7.80) is
called the Biharmonic equation.

Example 7.15 (The Time-Independent Schrodinger Equation in  Quantum
Mechanics)

2
h—Al/f+(E—V)1//=0 (7.81)
2m

where m is the mass of the particle whose wave function is ¥, £ is the universal
Planck’s constant, V is the potential energy, and E is a constant. If V = 0, in (7.81)
we obtain the Helmholtz equation.

We prove here the existence of the solution of Stokes equation and refer to Chipot
[39], Debnath and Mikusinski [63], Quarteroni and Valli [155], Reddy [156], Reddy
[158] and Siddiqi [169] for variational formulation and existence of solutions of
other boundary value problems. A detailed presentation of variational formulation
and study of solution of parabolic equations including classical heat equation is given
in Chipot [39], Chaps. 11 and 12.

Existence of the Solution of Stokes Equations We have

—pnAu—+gradp — f =0inu € §2 (7.82)
divu=0inuec 2 (7.83)
u=0onTl (7.84)

where f € L,(S2) is the body force vector, u = (u, us, u3) is the velocity vector,
p is the pressure, and u is the viscosity. We introduce the following spaces:
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D = {u e C*(2)/div
H = {u e H}(£2) x H}(£22)/div u = 0}

(7.85)
0= {p € Lo(2)/ [ pdx =0}
2
The space H is equipped with the inner product
(vu)y = Z/grad v;.grad u;dx (7.86)

i=1 Q

where n is the dimension of the domain £2 C R".

The weak formulation of Eqgs. (7.82)—(7.84) is obtained using the familiar procedure
(i.e., multiply each equation with a test function and applying Greens formula for
integration by parts (Theorem 5.17). We obtain for v € D

(—uAu + gradp — f,v) =0

n
or [ Z / grad u;.grad vidx = (gradp,v) + (f,v)
i=1 5
= (f,v) foreveryv € D

Asforv € D, we have divv =0and v = 0on I, giving
a(v,u) = (v, f) foreveryv € D
where
a(v,u) = Z/,ugrad vi.grad u;dx (7.87)
i=1 5
We now have the following weak problem: find u € H such that
av,u) = (v, f) (7.88)
holds for every v € H.
The proof that the weak solution of Eq.(7.88) is the classical solution of
Eqgs. (7.82)—(7.84) follows from the argument (see Temam [183])

(v, —wAu — f)r,2) =0foreveryv e V (7.89)

This does not imply that —uAu — f = 0 because v is subjected to the constraint
(because v € H) divv = 0. Instead, Eq. (7.89) implies that
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— nAu — f = —grad p (7.90)

because (necessary and sufficient)
(v, gradp) = (div v, p) = 0forevery p € O (7.91)

The bilinear form in Eq. (7.88) satisfies the conditions of the Lax—Milgram Lemma.
The continuity follows from Eq. (7.87) using the CBS inequality

la(v,u)| = Z/,u,grad v;.grad/u;dx

=15

% Z/|grad vi|2dx

i=l g i=1

= plvila lully

172 172

/ lgrad u;|*dx
Q2

IA

The V-ellipticity of a(-, -) follows from

la(v,v)| = /LZ/grad v;.grad/vidx
i=1 5

2 2
< ulvlly = alvlly

for @ > p. Thus, (7.88) has one and only solution in space H.

7.8 Problems

Problem 7.1 Prove the existence of solution of the following boundary value
problem

d*u  du )
—ﬁ+ﬁ+u(x)=fm[0,l]

du du 0
(d'x>x=0 B <dx>x=1 B
Problem 7.2 Suppose a(u, v) is a coercive and bounded bilinear form on H =
H™($2) (Sobolev space of order m). Then prove the continuous dependence of the
weak solution of the operator equation Su = y, where S is induced by the given
bilinear form, on the given data of the problem; that is, if the function changes

slightly in the norm of L,(2) to §, then the weak solution u also changes slightly in
the norm of H™(£2) to 1. Prove that
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[lu —illgn2) < Blly — YL, @)

Problem 7.3 Find the solution of the following equation using the Raleigh—Ritz
method.

2

—ﬁ =cos(mrx), 0 <x <1

with (a) the Dirichlet boundary condition
u) =u(l)=0
and (b) the Neumann boundary condition
W) =u'(1)=0
Problem 7.4 Prove the existence of the following boundary value problem

Tu= fin2 CR"
u=0o0n0s2

where
"9 u
Tu=— — |a;;—
! Z x; [ jax.i] - aon

a; € CY(R), 1 <i,j,<n, agpe C'[R2], x = (x1,x2,...,%,) € R".

Problem 7.5 Let £2 C R". Show that the Robin boundary condition value problem

—Au+t+u=fin2, fe€ L))

0
—u+au=00n8.{2,a>0
on

has a unique solution.

Problem 7.6 Prove that sup ||u — P,u|| — Oasn — oo provided the nonempty
ueM
subset M of H is compact, where { P, } is a projection operator on a Hilbert space H

into H,, a finite-dimensional subspace of H, dim H, = n.

Problem 7.7 Suppose T is a bounded linear operator on a Banach space X into
another Banach space Y. Suppose that the equation

Tu=y, uecX (7.92)
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has an approximate solution, namely 3 constants K > 0 and u € (0, 1) such that for
each a € Y, there exists a u(a) € X with

[ITu(a) — all < pllall, llu(@)|] < Kllall

Show that, for each b € Y, the Eq. (7.92) has a solution u# with ||u|| < K (1 —u)||b]|.

Problem 7.8 Let us consider the operator equation
u+Su=y,ueX (7.93)
together with the corresponding approximation equation
uy, + Suy, = Pyyu, € X,, n=1,2,3,... (7.94)

Let us make the following assumptions:

(i) X, is a subspace of the Banach space X and dim X,, = nand P, : X — X,, is
a projection operator onto X,.
(i) The operators S : X — X and S, : X, — X, are linear and bounded and
I+ S:X — Xisonto.
(iii) There exists a constant 8, with d(Su, X,)) < B,||lul| forall u € X.
(iv) Asn — oo, [|P,S — Sullx, = O, [|Pal|Bn — O and || P,[|d(y, X,) — O for
all y € X hold. Show that Eq. (7.94) is uniquely approximation-solvable and

luy — ull < K (I|1PyS — Sullx, + 1Pl (By +d (v, X,)))
Hun — ull < K (I1PyS = Sullx, + 1Pl d(y, X1)))

where K is an appropriate constant. (This problem was studied by Kontorovich).
Problem 7.9 Show that uAv =V - (uVv) — (Vu) - (Vv).

Problem 7.10 Suppose that H is a real Hilbert space and S is a linear operator on
H. Prove that S is continuous and S~ exists if

”iﬂgl(wx, x) 4+ [|Sx|]) > 0.

(This is a generalized version of the Lax—Milgram Lemma proved by Jean Saint
Raymond in 1997).



Chapter 8 ®)
Finite Element and Boundary Element e

Methods

Abstract In this chapter, finite element and boundary element methods are
introduced. Functional analysis plays important role to reduce the problem in dis-
crete form amenable to computer analysis. The finite element method is a general
technique to construct finite-dimensional spaces of a Hilbert space of some classes
of functions such as Sobolev spaces of different orders and their subspaces in order
to apply the Ritz and Galerkin methods to a variational problem. The boundary ele-
ment method comprises transformation of the partial differential equation describing
the behavior of an unknown inside and the boundary of the domain into an integral
equation relating to any boundary values, and their finding out numerical solution.

Keywords Abstract error estimation + Céa lemma - Strange first lemma - Strange
second lemma - Internal approximations + Finite elements - Finite element method
for boundary value problem - Weighted residual methods - Boundary element
method

8.1 Introduction

Finite and boundary element methods are well-known numerical methods to solve
different types of boundary value problems (BVPs) representing real-world systems.
Concepts of functional analysis play very significant role in formulation of bound-
ary value problems amenable to computer simulation. The finite element method
mainly deals with approximation of a Hilbert space as a Sobolev space with a finite-
dimensional subspace. It also encompasses error estimation solution on the function
space with a solution on the finite-dimensional space. This method is based on pro-
cedure like partition of domain £2 in which the problem is posed into a set of simple
subdomains, known as elements; often these elements are triangles, quadrilaterals,
tetrahedra etc.

A Sobolev space defined on £2 is approximated by functions defined on subdo-
mains on 2 with appropriate matching conditions at interfaces. It may be observed
that finite element method is nothing but approximation in Sobolev spaces.
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A systematic study of variational formulation of the boundary value problems
and their discretization began in the early seventies. In early 1950s, engineer Argyris
started the study of certain techniques for structural analysis which are now known
as the primitive finite element method. The work representing the beginning of finite
element was contained in a paper of Turner, Clough, Martin, and Topp [187], where
endeavor was made for a local approximation of the partial differential equations
of linear elasticity by the usage of assembly strategies, an essential ingredient of
finite element method. In 1960, Clough termed these techniques as “finite element
method.” Between 1960 and 1980, several conferences were organized in different
parts of the world, mainly by engineers, to understand the intricacies of the method.
A paper by Zlamal [203] is considered as the first most significant mathematical
contribution in which analysis of interpolation properties of a class of triangular ele-
ments and their application to the second- and fourth-order linear elliptic boundary
value problems is carried out. Valuable contributions of Ciarlet, Strang, Fix, Schultz,
Birkhoff, Bramble and Zlamal, Babuska, Aziz, Varga, Raviart, Lions, Glowinski,
Nitsche, Brezzi have enriched the field. Proceedings of the conferences edited by
Whiteman [196] and the book by Zienkiewicz and Cheung [202] have popularized
the method among engineers and mathematicians alike. The Finite Element Hand-
book edited by Kardestuncer and Norrie [108, 112] and the Handbook of Numerical
Analysis edited by Ciarlet and Lions [47] provide contemporary literature. Wahlbin
[189] presents some of the current research work in this field. References [28, 29]
are also interesting references for learning the finite element. In short, there is no
other approximation method which has had such a significant impact on the the-
ory and applications of numerical methods. It has been practically applied in every
conceivable area of engineering, such as structural analysis, semiconductor devices,
meteorology, flow through porous media, heat conduction, wave propagation, elec-
tromagnetism, environmental studies, safing sensors, geomechanics, biomechanics,
aeromechanics, and acoustics.

The finite element method is popular and attractive due to the following reasons:
The method is based on weak formulation (variational formulation) of boundary and
initial value problems. This is a critical property because it provides a proper setting
for the existence of even discontinuous solution to differential equations, for example,
distributions, and also because the solution appears in the integral of a quantity over a
domain. The fact that the integral of a measurable function over an arbitrary domain
can be expressed as the sum of integrals over an arbitrary collection of almost disjoint
subdomains whose union is the original domain and is a very important point in this
method. Due to this fact, the analysis of a problem can be carried out locally over a
subdomain, and by making the subdomain sufficiently small, polynomial functions
of various degrees are sufficient for representing the local behavior of the solution.
This property can be exploited in every finite element program which allows us to
focus the attention on a typical finite element domain and to find an approximation
independent of the ultimate location of that element in the final mesh. The property
stated above has important implications in physics and continuum mechanics, and
consequently, the physical laws will hold for every finite portion of the material.
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Some important features of the finite element methods are

1. Arbitrary geometries,

2. Unstructured meshes,

3. Robustness,

4. Sound mathematical foundation.

Arbitrary geometries means that, in principle, the method can be applied to
domains of arbitrary shapes with different boundary conditions. By unstructured
meshes, we mean that, in principle, one can place finite elements anywhere from
the complex cross-sections of biological tissues to the exterior of aircraft, to inter-
nal flows in turbomachinery, without the use of a globally fixed coordinate frame.
Robustness means that the scheme developed for assemblage after local approxi-
mation over individual elements is stable in appropriate norms and insensitive to
singularities or distortions of the meshes (this property is not available in classical
difference methods).

The method has a sound mathematical basis as convergence of an approximate
solution of the abstract variational problem (a more general form is variational
inequality problem) and error estimation of the abstract form in a fairly general
situation, and their special cases have been systematically studied during the last two
decades. These studies make it possible to lift the analysis of important engineering
and physical problems above the traditional empiricism prevalent in many numerical
and experimental studies.

The main objective is to discuss tools and techniques of functional analysis
required in finite element and boundary element methods.

Boundary Element Method

The classical theory of integral equations is well known; see, for example, Tri-
comi [186], Kupradze [118], Mikhlin [135, 136]. Attention of engineers was drawn
toward boundary element methods by systematic work of researchers at Southamp-
ton University in the eighties and nineties. Real-world problems were modeled by
integral equations on boundary of a region. Appropriate methods were developed to
solve it. This method has been applied in a variety of physical phenomena like tran-
sient heat conduction, thermo-elasticity, contact problems, free boundary problems,
water waves, aerodynamics, elastoplastic material behavior, electromagnetism, soil
mechanics. There is a vast literature published on these topics in the last fifteen years
which can be found in books by Brebbia [22-27], Antes and Panagiotopoulos [3],
Chen and Zhou [37], and Hackbusch [92]. The boundary element method is a rapidly
expanding area of practical importance. We illustrate here the basic ingredients of
this method with examples.
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8.2 Finite Element Method

8.2.1 Abstract Problem and Error Estimation

Suppose H is a Hilbert space and a(-, -) is a bounded bilinear form on H x H into
R.Foreach F € H*, the dual space of H (the space of all bounded linear functionals
on H). The variational problem is to find # € H such that

a(u,vy=FWv)Vve H (8.1)

Equation (8.1) has a unique solution in view of the Lax—Milgram Lemma (Theo-
rem 3.39) provided a(-, -) is coercive or elliptic. Finding a finite-dimensional sub-
space Hj, of H such that 3 u;, € H,

a(up,vy) = F(vp) Vv, € Hy (8.2)
isknown as finite element method. Equation (8.1) is known as the abstract variational
problem, and Eq. (8.2) is called the approximate problem. If Hj, is not a subspace of
H, the above method is known as the nonconformal finite method.

Equation (8.2) can be written as

AU = B (8.3)

where U = (a1, a2, o3, ..., dypy), N(h) = dimension of H),

A" = (a(wi,wi)i, j (8.4)

B = (F(Wl), F(Wg), ey F(WN(h)) (85)
N(h)

up = ZO[,'W,' (86)
i=1
N(h)

vi= Y Biwi (8.7)
i=1

a; and B; are real numbers, i, j =1, 2, 3, ..., N(h). The choice of the basis {w;}; of
Hy,i = 1,2, ..., N(h) is of vital importance; namely, choose a basis of Hj, which
makes A a sparse matrix so that the computing time is reasonably small. In the
terminology of structural engineers, A and F(w;) are called the stiffness matrix and
the load vector, respectively.

If a(-, -) is symmetric, then finding the solution of (8.1) is equivalent to finding a
solution of the optimization problem

J() = inf J(v) (8.8)
veH
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where J(v) = %a(v, v) — F(v) is called the energy functional. Here, finite ele-
ment method is known as Rayleigh—Ritz—Galerkin method. Equation (8.2) and the
approximate problems of (8.8), namely

J(@uy) = inf J(vy) (8.9)

vpeHy

where J(vh) = %a(vh, vp) — F(v;) have unique solutions.
Finding ||u —uy||, where u and u,, are the solutions of (8.1) and (8.2), respectively, is

known as the error estimation. The problemu;, — uash — 0;thatis, ||u,—ul|| — 0

ash — QOorn = % — 00 is known as the convergence problem.

Error Estimation

Theorem 8.1 (Céa’s Lemma) There exists a constant C independent of the subspace
H,, such that

e —unlly = € inf [ju—vylly, = Cd(u, Hy) (8.10)
Vh €y

where C = % is independent of Hy,, M is the constant associated with the continuity
(boundedness) of a(-, -), and o is the coercivity constant. If a(-, -) is symmetric, then

. . . . . . _ M . .
the degree of approximation is improved; that is, we get C = |/ == which is less than
the constant in the nonsymmetric case.

Proof By (8.1) and (8.2), we geta(u, v) —a(uy, vy) = F(v) — F(v;,) and this gives
a(u,vy) —a(uy, vy) = 0, for v = v;,. By bilinearity of a(-, -), we get

alu—up,vy) =0Vv, e H,=alu —up, v, —uy) =0 (8.11)
by replacing v;, by v;, — u;,. Since a(-, -) is elliptic
a(u —up, u—up) = allu —up|?
or
;(H —up, = v+ vy —up) = |lu—uyll
or
;[(u —up,u—vp) +au —up, v —up)l = u —up.

Using (8.11), this becomes

2
;[(u —up, u—vp)] = u—uy|
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or
2
2 Mllu = unl lu = vall = llu = unll

using boundedness of a(-, -); namely
lla@u, v)I| < M|[ul] [|v]]

This gives us

M
lu —unll = —llu —will Vv e H
or

[lu —upl| < C inf |Ju — vyl
vi€H)

When the bilinear form a(, -) is symmetric, it leads to a remarkable interpretation of
the approximate solution; namely, the approximate solution uy, is the projection of the
exact solution u over the subspace H;, with respect to the inner producta(-, -) (induced
by the bilinear form which is denoted by the bilinear form itself.) as a (u —u;, v;) = 0
for all v, € Hy,. Thus, we get

a(u —up,u —uy) = inf a(u — vy, u —vy).
vhE€H),

By the properties of ellipticity and boundedness of a(-, -), we get

aflu —up|l < Mlu — vyl [lu = val]

M
llu —upl| < \/gllu —wpllY vh € Hy

. IM
[lu — uy|| < C inf ||lu —v,||, where C =,/ —,
vi€H)y o

where we have a smaller constant ,/ % as M > a.

or

Thus

Remark 8.1 Inequality (8.10) indicates that the problem of estimating the error ||u —
uy|| is equivalent to a problem in approximation theory, namely, the determination of
the distance d (u, H;) = inf,, cp, ||u — v, || between a function u € H and a subspace
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H,, of H. Under appropriate condition on u, one can show that d(u, H,) < C (u)h?
for B > 0, where C(u) is independent of h and dependent on u, and so ||u — u;|| <
C(u)hP. In this case, we say that the order of convergence is f or, equivalently, we
have an order O (h?), and we write ||u — u,|| = O (hP).

We prove below a theorem for the abstract error estimation, called as the first Strang
lemma due to Gilbert Strang, [180]. Here, the forms a;, (-, -) and Fj,(-) are not defined
on the space H, since the point values are not defined in general for functions in the
space H L().

Theorem 8.2 (First Strang Lemma) Suppose H is a Hilbert space and Hj(-) its
finite-dimensional subspace. Further, let a(-, -) be a bilinear bounded and elliptic
formon Hand F € H*. Assume that uy, is the solution of the following approximate
problem: Find u;, € Hy, such that

ap(up, vi) = Fyp(vy) for all v, € Hy (8.12)

where ay, (-, -) is a bilinear and bounded form defined on H;, and F,(-) is a bounded
linear functional defined on H). Then there exists a constant C independent of H},
such that

i
inf {nu v || + sup

h h

la(vp, wp) } N F(wp) — Fp(wp)
[lwall wheH [lwall

llu —un|l = Cu) (V

provided ay, (-, -) is uniformly Hy-elliptic, that is, 38 > 0 such that a, (v, vy) >
BlIvul|? for all v, € Hy, and all h.

It may be observed that although ay, (-, -) and Fy,(+) are not defined for all the elements
of H, Eq.(8.12) has a unique solution under the given conditions.

Proof We have
llu — upll < [lu —vall + [lup — vall
by the triangular inequality of the norm and
Bllun — vull> < an(up, — vi, up — vi) by coercivity (8.13)
By continuity of the bilinear form a(-, -), (8.13) takes the form

Bllun — vill* < alu — vy, up — vi) + {a(p, up — vi) — an vy, up — vp)}
+ {Fn(up —vi) — F(up — i)}

or

Bllup — vpll < M||lu — vyl
la(p, up — vp) — ap(vp, up — vp)l

_l’_
[ten — vall
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| Fp(up, — vi) — F(up — )|
Nun = vall
la(vn, wi) — an(vh, wi)|
[lwall

< M||lu — vp|| + sup

4o | Fp(wp) — F(wp)|

wieH, [[wall

By putting the value of ||uj;, — v, || in the first inequality and taking the infimum over
Hj, the desired result is proved.

Now, we present a theorem on abstract error estimation known as the Second
Strang Lemma due to Gilbert Strang [180]. In this lemma, H}, is not contained in
the space H. The violation of the inclusion H, C H results from the use of finite
elements that are not of class CY; that is, that are not continuous across adjacent finite
elements.

Theorem 8.3 (Second Strang Lemma) Suppose uy, is a solution of the following
approximate problem (discrete problem): Find u;, € H), (a finite-dimensional space
having the norm equivalent to the norm of H'(£2)) such that

ap(up, vy) = F(vy) for all v, € Hy, (8.14)

where ay (-, -) is as in Theorem 8.2 and F € H*. Then there exists a constant C
independent of the subspace Hj, such that

v €H wi€Hy, [W]]

i ap(u, wy) — F(w
o — upllm EC(lnf i — vul] + sup |lan (e, wi) ( h)||>

where Hj, need not be a subspace of H = H'(£2).

Proof Let v, be an arbitrary element in the space Hj,. Then in view of the uniform
Hj-ellipticity and continuity of the bilinear forms ah and of the definition of the
discrete problem, we may write

2
Bllup —vally < an(up — vy, up — vy)
=ap(u — vy, up — vi){(F(up —vp) —ap(u, up, — vp)}
from which we deduce

|F(up —vi) — ap(u, up — )
up — villa
| F(wp) — ap(u, wp)|

Bllup —villy < Mllu — villg +

< M|lu —vpllg + sup
WhEV;, ||Wh||H
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We obtain the desired result from the above inequality and the triangular inequality
[lu —upl|H < [lu—villa + llun — valln

Remark 8.2 (i) Theorem 8.2 is a generalization of Céa ’s lemma as a;(-,-) =
a(-,-) and F,(-) = F(-) in the case of conformal finite element method (the case
when H, C H).

(i) Problem (8.1) can be expressed in the form

Au=f (8.15)

where A : H — H bounded and linear.

By Theorem 3.37, there exists a bounded linear operator A on H into itself

(H* = H) if H is a real Hilbert space such that (Au,v) = a(u,v). By the

Riesz theorem for each v, there exists a unique f € H such that F(v) = (f, v).

Therefore, (8.1) can be expressed as (Au, v) = (f, v) implying (8.15).
Convergence Results As a consequence of Theorem 8.1, we find that ||u, —u|| — 0
as h — 0; equivalently, the approximate solution u; converges to the exact solution
of (8.1) subject to the existence of a family { H,} of subspaces of the space H such
that for eachu € H

inf |lu—w||=0ash—0 (8.16)
v;,EHh

If |lu — uy|] < Ch® for ¢ > 0 where C is a positive constant independent of u
and u;, and A is the characteristic length of an element, then « is called the rate
of convergence. It may be noted that the convergence is related to the norm under
consideration, say, L;-norm, energy norm (L,-norm), or Ls,-norm (or sup norm).

Corollary 8.1 Letthere exist a dense subspace U of H and a mappingr, : H — H),
such that limy,_.o ||v — rpv|| = 0V u € U. This implies

lim ||u — uy|| = 0.
h—>()|| al

Proof Lete > 0. Letv € U such that for C > 0, ||lu —v|| < ¢/2C (U is dense in
H) and h sufficiently small such that ||v — r,v|| < &/2C. Then by Theorem 8.1, and
in view of these relations

llu —upll < C inf |lu —vyl]
vi€H)

< Cllu — rpvl|, because rpv € H),

IA |

Cllu =v|[+ [lv — rpvl|
- C8+C8
- 2C 2C

E.
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Therefore

lim ||u — uy|| = 0.

h—0

We refer to Wahlbin [189], Ciarlet [45], Ciarlet and Lions [47], Kardestuncer and
Norrie [108] for further study.

8.2.2 Internal Approximation of H'(R2)

This is related to finding a finite-dimensional subspace H, of H'(£2). To achieve
this goal, first, we define a triangulation.

Definition 8.1 Let 2 C R? be a polygonal domain. A finite collection of triangles
T), satisfying the following conditions is called a triangulation:

A 2 =Ug T, K, K denotes a triangle with boundary sides.

B. KﬂK] =¢fOI'K,K1 ETh, K#K]

C. K N K; =a vertex or a side; i.e., if we consider two different triangles, their
boundaries may have one vertex, common or one side common.

Remark 8.3 Let P(K) be a function space defined on K € T}, such that P(K) C
H'(K) (Sobolev space of order 1 on K). Generally, P(K) will be a space of polyno-
mials or functions close to polynomials of some degree

Theorem 8.4 LetC 0(82) be the space of continuous real-valued functions on 2 and
Hy, = {v;, € C°%(2)/vy,/K € P(K), K € T}, where v,/ K denotes the restriction
of vy on K and P(K) C H'(K). Then H, C H'(£2).

Proof Letu € Hj and v; be a function defined on £2 such that v; /K = %(M/K).

vi/K is well defined as u/K € H'(K). Moreover v; € L,(£2) as v;/K =
%(u /K) € L,(K). The theorem will be proved if we show that

ou

Vi =
8x,-

€ D*(£2)

[2“ € D*(£2) implies that u € H'(£2) which, in turn, implies H), C H'(£2)]. For
all € D(£2), we have

0.6) = [vpax = 3 [uods

KEThK

2
=¥ [ - wigpdx

KeTy, K

KeTy

=¥ |- Jamgtas [ wmoetar
K

Ir'=oK
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by the generalized Green’s formula, where nf-‘ denotes the ith component of the outer
normal at I". Therefore

0no) = [uzlar+ Y [wmortar

Q KeTy r

The second term on the right-hand side of the above relation is zero as u is continuous
in £2, and if K; and K, are two adjacent triangles, then niK = —nik '. Therefore

. a¢ _ u
vir ) = / gt dx = <_ax,-’¢)
2

which implies that

ou

Bx,-

Vi = — € D*(£2)

Remark 8.4 Let h = maxger, (diameter of K), N (h) = the number of nodes of the
triangulation, P(K) = P;(K) = space of polynomials of degree less than or equal
tolinx andy

Hy ={v/K € P(K), K € T;}

It can be seen that H, C C°(£2).
The functions w;, i = 1,2, ..., N(h), defined by

@ >

w; = 1 at the ith node

0 at other nodes

form a basis of H,,.
C. In view of (2) and Theorem 8.4, H; defined in this remark is a subspace of
H'(£2) of dimension N (h).

8.2.3 Finite Elements

Definition 8.2 In R", a (nondegenerate) n-simplex is the convex hull K of (n + 1)
points a; = (a;;)7_, € R", which are called the vertices of the n-simplex, and which
are such that the matrix
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ap a2 ... Aip+1
az; azy ... Az p+1
aszy) aszp ... Az p4

Al 8.17)

Apl Ap2 ... Ay p+1

I 1 .. 1

is regular; i.e., (n + 1) points a; are not contained in a hyperplane. In other words,
K is n-simplex if

n+1 n+l
K = )CZZ)LJCIJ/OS)WSl,lf]fn'i‘l’Z)"j:l
j=1 =1

Remark 8.5 A. 2-simplex is a triangle.
B. 3-simplex is a tetrahedron.

Definition 8.3 The barycentric coordinates A; = A;(x), 1 < j < n + 1, of any
point x € R", with respect to the (n + 1) points a;, are defined to be the unique
solution of the linear system

n+1
Zaijkaxi, l<i<n (8.18)
j=1
n+1
Z,\j =1 (8.19)
j=1

whose matrix is precisely the matrix A given in (8.17).

Remark 8.6 (i) If K is a triangle with vertices ay, a», a3, and a;;, j =1, 2, are the
coordinates of a;, i = 1,2, 3, thenforany x € R?, the barycentric coordinates
Xi(x), i =1,2,3, of x will be the unique solution of the linear system

3
S =1 (8.20)

(i) The barycentric coordinates are affine functions of xp, x», ..., x,; i.e., they
belong to the space P (the space of all polynomials of degree 1).
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)"iZZbijxj'i'bin-‘rl’ I<i<n+1 (8.21)
j=1

where the matrix B = (b;;) is the inverse of matrix A.
(ii1) The barycentric or center of gravity of an n-simplex K is that point of K all of
whose barycentric coordinates are equal to 1/(n + 1).

Example 8.1 Let n = 2, then K is a triangle. Let a;, ay, az be its vertices.
The barycentric coordinates of ay, a,, az are A; = (1,0,0), A, = (0,1,0), and
A3 = (0,0, 1), respectively. The barycentric coordinates of the centroid G of K are

(1/3,1/3,1/3).

Remark 8.7 Using Cramers rule, we determine from Eq. (8.20) that

X1 dz1 4asj
X2 dpp azp
1 1 .1
aj az) asp
ajp dax as
1 1 1

area of the triangle xasas

A=

area of the triangle ajazas
Similarly,

area of the triangle a;xas

Ay = -
area of the triangle aja,as

N area of the triangle ajax
3 —

area of the triangle aja,as

Remark 8.8 A. The equation of the side a,a; in the barycentric coordinates is
A =0.

B. The equation of the side a;a3 in the barycentric coordinates is A, = 0.

C. The equation of the side a;a; in the barycentric coordinates is A3 = 0.

Definition 8.4 (Ciarlet, 1975) Suppose K is a polyhedron in R"; P is the space of
polynomials of dimension m, and ) is a set of distributions with cardinality m.
Then the triplex (K, Pk, Y x) 1s called a finite element if

Z{L,-eD*/i:l,Z,...,m}
k

is such that for a given o; € R, 1 <i < m, the system of equations

Li(p)=aijforl<i<m
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has a unique solution p € Pg. The elements L;, i = 1,2, ..., n are called degrees
of freedom of Pg.

Remark 8.9 1. If K is n-simplex, (K, Px, Y k) 1s called the simplicial finite ele-

ment.

2. If K is 2-simplex, i.e., a triangle, then (K, Pg, ZK) is called a triangular finite
element.

3. If K is 3-simplex, i.e., a tetrahedron, the finite element (K, Pg, Y k) is called
tetrahedral.

4. If K is a rectangle, then (K, Px, Y ) 1s called a rectangular finite element.

Remark 8.10 1. Very often, ¢ 1s considered as the set of values of p € Pk atthe
vertices and middle points of the triangle and rectangle in the case of triangular
and rectangular elements, respectively.

2. Generally, L; may be considered the Dirac mass concentrated at the vertices and
the middle point and X'y may comprise the Dirac mass or Dirac delta distribution
and its derivative (for Dirac mass, see Examples 5.21 and 5.26).

Remark 8.11 1. Very often, K itself is called a finite element.
2. The triplex (K, Pj, {a,-}?zl), where K is a triangle, P; a space of polynomials of
degree < 1,and ay, a», as the vertices of K, is called the triangular finite element
of type (I).
3. The triplex (K, Py, {a;};_,), where K is a rectangle with sides parallel to the
axes and ay, a,, az, and a4 are corners, is called a rectangular finite element of

type (1).

Example 8.2 (Finite Element of Degree 1) Let K be a triangle, Px = P;(K) is equal
to the space of polynomials of degree less than or equal to 1 and the space generated
by Ix,y =[1,x,yl

Z = {04 /ai,i =1,2,3 are vertices}
K

where §,, is the Dirac mass concentrated at the point ¢;. Then

(K, Pg, Z) isa finite element of degree 1

K

Remark 8.12 1. L; = §,, is defined as §,,(p) = p(a;), i = 1,2,3. Itis a distri-
bution. In order to show that L;(p) = «;, 1 <i < 3, has a unique solution, we
are required to show that p(a;) = «;, 1 <i <3,and p € P;(K) has a unique
solution. This is equivalent to showing that p(a;) = 0 has a unique solution.
It suffices to show that it is unique existence of solution is assured. We know
that a polynomial p € P;(K) is completely determined if its values at three
noncollinear points are given; so p(a;) = 0 has a unique solution.
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2. If A; are the barycentric coordinates
8o, (X)) = Xj(a;) =

Hence, A;, j = 1,2, 3, forms a basis for P;(K), andif p € P{(K), then

3
p=Y_ plah
i=l

Example 8.3 (Finite Element of Degree 2) Let K be a triangle. Then

Py = Po(K) =[1,x,y,x*, xy, y°]

ZZ{Sa,aSa;//1§i§3,1§i§j§3}
K

where a; denote the vertices of K and g;; the middle points of the side a;a;.
(K, Xk, Pg) is a finite element of degree 2.

Example 8.4 (Finite Element of Degree 3) Let K be a triangle

Px = P3(K) = Span{l, x, y,xz,xy, yz,x3, xzy,xyz, yz}

dimPg = 10
D = {8ays Bayr ba /1 i <3, 1< j <3)
K

where g; denote the vertices of K, §,,,, is the centroid of K and a;;; = %ai + %a iz
Then (K, Pk, Xx) is a finite element of degree 3.

Definition 8.5 If p; € Pg, 1 < j < m, is such that
Li(pj))=46;, 1<i<m,1<j=<m,L; EZ
K
then {p;} forms a basis of Px and any p € Pg can be written as
m
p=Y_ Lip)(p)
i=1
{p;} is called the sequence of basis functions of the finite element.

Definition 8.6 Let (K, Px, Xx) be a finite element for each K € T}, where T}, is a
triangulation of a polygonal domain §2. Let ), = Ugcz, 2 g and

Hy, ={vw/vi/K € Px, K € T}}
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We say that the finite element method is conforming if H, C H'(£2). Otherwise, it
is called nonconforming.

8.3 Applications of the Finite Method in Solving Boundary
Value Problems

We explain here how the finite element method can be used to solve boundary value
problems. This can be also used to solve problems of Chap.7.

Example 8.5 Let us illustrate different steps in the finite element method solution
of the following one-dimensional two-boundary problem:

d’u
——4u=f(x), 0<x<l1 (8.22)
dx?

u(©0) = u(1) =0 (8.23)

where f(x) is a continuous function on [0, 1].

We further assume that f is such that Eq. (8.22) with (8.23) has a unique solution.

Let H = {v|v is a continuous function on [0, 1] and V" is piecewise continuous
and bounded on [0, 1], and v(0) = v(1) = 0}. Multiplying both sides of (8.22) by
an arbitrary function v € H and integrating the left-hand side by parts, we get

1 1
du dv
/ —— 4 uv |dx = / fx)vx)dx (8.24)
dx dx
0 0
We can write (8.24) as
a(u,v) = F(v) foreveryv e H (8.25)
where
1 du d
udv
a(u,v) = / (EE —}—uv) dx (8.26)
0
and

1
FOv) = / Fx)v(x) dx (8.27)
0
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It can be seen that a(-, -) given by (8.26) is symmetric and bilinear form. It can be
shown that finding the solution of (8.25) is equivalent to finding the solution of (8.22)
and (8.23).

Now, we discretize the problem in (8.25). We consider here H, = {v,|v; is
continuous piecewise linear function},h = % Let0=xp <x1 <x2<---<2x, <
Xu41 = 1beapartition of the interval [0, 1]into subintervals I; = [x;_;, x;] of length
hj=xj—x;_1, j=1,2,...,n+ 1. With this partition, Hn is associated with the
set of all functions v(x) that are continuous on [0, 1] linear on each subinterval
I;, j=1,2,...,n+ 1, and satisfy the boundary conditions v(0) = v(1) = 0. We
define the basis function {¢1, @2, ..., ¢,} of H, as follows:

0ifi#j
(ii) @;(x) is a continuous piecewise linear function.
@;(x) can be computed explicitly to yield

X —Xj—1 .
@j(x) = . if xj-1 < x <x;
j
Xit] —X
j+1 .
h.—H 1ij§x§xj+1
j

See Fig.8.1
Since @1, ¢, ..., ¢, are the basis functions, any v € H, can be written as

v(x) = Z Vigi(x), where v; =v(x;)
i=1

Itis clear that H, C H. The discrete analogue (8.25) reads: Find u#,, € H, such that

a(u,,v) = F() for everyv € H, (8.28)

Fig. 8.1 Basis function in
Example 8.5

P <

¢,
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Now, if we choose u,, = Z?=1 o;@; (x) and observe that Eq. (8.28) holds for every
function ¢, (x), j =1,2,3, ..., n, we get n equations, namely

a (Za[(p[(x), (p,-()()) = F(pj), forevery j =1,2,3,...,n
i=I

By the linearity of a(, -), we get

Y @a(@i(x), ;(0) = F(g)) forevery j=1,2,3,...n
i=1

This can be written in the matrix form

AS = (F,) (8.29)
where A = (a;;) is a symmetric matrix given by

aij = aji = a(@;, ¢;)

o]
o2

T
S =(xy,02,...,a,) =
oy

and (F,,); = F(¢;). The entries of the matrix A can be computed explicitly. We first
notice that

aij =aji =algi, ;) =0if i — j| =2
This holds due to the local support of ¢; (x). A direct computation gives us

J ) 2 Jj+1 2
X —Xj—1 Xjt1 — X
aj,jza(wj,goj): / |:—+—:| dx—i—/ |: 7 +2—:| dx
h? h? ) h, 2,

-1 J

1 1 1
= [E+_:| +§[hj+hj+1]

hjt
o ) )
aj,j— /|:__2 xhx. o :|dx
Jj—1 J !
1 hy
="n "%
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Thus, system (8.29) can be written as

o] (Fn)l
aby ... 0 2% (F)2
0 .. bn—l ay .
Ay (Fo)n
where a; = 7 + h,-l“ + 1lh; + hjii] and b; = —hij + %.In the special case of

1
hj
uniform grid h j =h =1/n+ 1, the matrix takes the form

2 —1.. .. 0 41 0

1 -1 2 ...
A=l 4 1.
h 6l ........ 1
0o ... .. —-12 0..14

Example 8.6 Let us consider the Neumann homogeneous boundary problem

Au+u=f in $2, Q2 CR?
ou
— =0onTl (8.31)
on

The variational formulation of Eq. (8.31) is as follows:

H=H"(9)
2
a(u,v):/{ a—uﬂ+uv}dx
N Bx,- Bx,»
Q i=1
L) =/fv dx (8.32)
2

An internal approximation of this problem is as follows:
Hy, = v, € C°%(2)/VK € Ty, vi/K € P(K) (8.33)
This is the result of Theorem 8.4. A basis of H), is given by the following relation:

wi(aj) =68, 1<i<N(), 1<j=<N®h)
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where ay, ay, ..., an(n) are the vertices of the triangulation 7j,. We have

N(h)
Yvn € Hy, vy = th(ai)wi
i=1

The finite element solution of Eq. (8.32) is equivalent to finding u;, such that

a(uh, Vh) = L(Vh) V\/h € Hh (834)

Since {w,-}fvz(f') is a basis of Hj,, the solution

N(h)
u, = Z YWk (8.35)
k=1
of Eq.(8.34) is such that the coefficients y; are the solutions of the following linear
system:

N(h)

D alwe, woye = L(we) for 1 << N(h) (8.36)
k=1
where
2 dwy dw
a(wg, we) = Z / (Z 8_xk8_xl + wkwe> dx (8.37)
KeT) % i=1 ! !
and
Lw) =) / fwe) dx (8.38)

KET/,K

Thus, if we know the stiffness matrix a(wy, w,) and the load vector L(w;), yx can
be determined from Eq. (8.36), and putting these values in Eq. (8.35), the solution of
Equation (8.34) can be calculated.

Practical Method to Compute
a(wj, w;). We have

a(u,v) = /(VM.VV + uv)/dx
2

= Z (Vu.Vv + uv)/dx (8.39)
KET;, Q
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In the element K, we can write
3
W) =Yty rN ()
a=1
3
V) =D VA ()
p=1

where (myk)a=1,2.3 denotes the three vertices of the element K and kf (x) the asso-
ciated barycentric coordinates. Then Eq. (8.39) can be rewritten as

3
K
a(u,v) = E E Uk Vg Qop
KeT, a,p=1

where

ak =/(ka.VA§+A§kf)dx
K

8.4 Introduction of Boundary Element Method

In this section, we discuss weighted residual methods, inverse problem, and boundary
solutions. We explain here the boundary element method through Laplace equation
with Dirichlet and Neumann boundary conditions. We refer to [3, 13, 23, 25, 26, 26,
27, 37, 61, 92, 165, 178] for further details of error estimation, coupling of finite
element and boundary element methods, and applications to parabolic and hyperbolic
partial differential equations.

8.4.1 Weighted Residuals Method

Let us consider a boundary value problem in terms of operators:

Tu=—finS$2 (8.40)
Su=gonl (8.41)
Lu=honl), (8.42)

where 2 C R?, ¢ =TI+ I, =boundary of 2, T : Dy € H — H is a bounded
linear self-adjoint operator, and H is a Sobolev space of order 1 or 2 (H!(£2) or
H?*(2)). Equations (8.40)—(8.42) can be written as
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Au = fin 2 (8.43)
If v € D7 is such that
(Av — oY) =0 foreveryk=1,2,3, ... (8.44)
where {1} is a basis in H, then Av — f = 0 in H; that is, v is a solution of (8.43).
Thus, finding a solution of (8.43) is equivalent to finding a solution of (8.44).
This is the essence of the weighted residuals method. We note that an element w is

not necessarily represented by the basis {y;}. Any basis {¢;} in D7 can be used to
represent w, while the residual

R=Awy - f (8.45)
with
N
wy =Y g (8.46)
i=1

and N is an arbitrary but fixed positive integer and is made orthogonal to the subspace
spanned by yy; that is,

(Awy — fo) =0 k=1,2,3, ... (8.47)

Equation (8.47) is recognized by different names for different choices of . The
general method is called weighted residuals method. This method is related to finding
solution (8.43) in terms of Eq. (8.46) where «; are determined by (8.47). This leads to
N equations for determining N unknowns «;, o2, ..., oy. For linear A, (8.47) takes
the form.

N
Zai(Agoi,lpk) =(fix), k=1,2,3,..,N (8.48)
i=1

¢; € D, means that ¢; are differentiable 2m times provided A is a differentiable
operator of order 2m, and satisfies the specified boundary conditions. For more
details, see Finlayson [75].
Let y; be Dirac delta functions. Then(R, w) = f Rw d$2 = 0, where
Q

w=B181 + P62+ B8+ -+ By, &, i=1,2,...,n

are Dirac delta functions.
In this framework, the weighted residuals method is called the collocation method
(see, for example, [27, 61, 157]).
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8.4.2 Boundary Solutions and Inverse Problem

299

We look for functions satisfying the boundary conditions in the weighted residual
method but do not satisfy exactly the governing equations. On the other hand, namely,
one looks for functions satisfying exactly the governing equation and approximately
satisfying the boundary conditions. Let us explain the ideas with Laplace equation.

T = A = Laplace’s operator
Su=uonly
ou
Lu=—onl>
on
=0

/(Au —bywds2
Q

We have

where g = % by the integration by parts.

Integrating (8.53), we get
ow
/(Aw)udﬂ=/ua—d1"—/qwd1"+/bwd.9.
n
2 r r 2

By introducing the boundary conditions

Su =

u=u onl)
Lu=q=q onl)

Equation (8.54) can be written as

_ow ow
MwudS2 = | u—dI' + | u—dI’
on an
Q n

I}

—/qwd]"—i—/c}wd]"-l—/bwd(z

I I ko)

By the boundary conditions and integrating (8.55) twice, we obtain

/(Au—b)wd.Q:/(q—c})wd]“—/(u—ﬁ)g—wdj“
2 I8 I "

(8.49)
(8.50)

(8.51)

(8.52)

(8.53)

(8.54)

(8.55)

(8.56)
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Equation (8.56) can be written in terms of three errors or residuals as

3
wa A =/R2w dF—/Rla—W dr, (8.57)
n

Q D n

where
R:Au—b, R1=M—L_t, R2=q—6}.

For homogeneous Laplace equation Au = 0 on £2, Eq. (8.56) takes the form

/(Au)w ds2 = f(q —gwdl — f(u —ﬁ)z—w ar (8.58)
Q e I "

as b = 0. As Au = 0, we have to satisfy

_ _ ow
f(q —qwdl = /(u _M)E ar (8.59)

We obtain for u = w a method known as the method of Trefftz.
By Green’s theorem

/(MAW —w(Au))ds2 = <8_uw — ua—w) ar (8.60)
n n

where I' = I} + I5.
By choosing u and w as the same function, we have Au = Aw = 0 and can write
w = du. In view of this, (8.60) becomes

R
/—5 dr = /u—” dr (8.61)
on
Equation (8.61) reduces to
_ _0éu odu
/q&u dF-l—/qSu dF:/u—dF+fu—dF (8.62)
on an
F] F?. r] Fz

by applying boundary conditions.
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8.4.3 Boundary Element Method

Boundary element schemes are related to inverse relationship (8.55). For the weight-
ing function, one uses a set of basis functions which eliminates the domain integrals
and reduces the problem to evaluating integrals on boundary. Steps involved in the
boundary element method:

(1) Converting boundary value problem into the boundary integral equation.

(i1) Discretization of the boundary into a series of elements over which the poten-
tial and its normal derivatives are supposed to vary according to interpolation
functions. Elements could be straight line, circular areas, parabolas, etc.

(iii) By the collocation method, the discretized equation is applied to a number
of particular nodes within each element where values of the potential and its
normal derivatives are associated.

(iv) Evaluation of the integrals over each element by normally using a numerical
quadrature scheme.

(v) Toderive a system of linear algebraic equations imposing the prescribed bound-
ary conditions and to find its solution by direct or iterative methods.

(vi) Finding u at the internal points of given domain.

We illustrate these steps with the help of the following example: Let us consider the
boundary value problem

Au(x) =0in 2
u(x) =uon I (8.63)
an =a(x)on I

where I = I} 4+ I3, I' = boundary of the region £2 C R%. The weighted residual

Equation (8.56) takes the following form for this boundary value problem:

/Au(x) u*(x,y)d2(x) =
2

[(q(x) — u*(x,y)dI"

I}

- 8.64
~ [(x) — )g*(x.y) dT (869
I
where u*(-, -) is interpreted as the weighting function and
. u*(x,y)
q*(x,y) = = (8.65)
n

Integrating by parts (8.64) with respect to x;, we have
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_/‘ ou(x) du*(x,y) 42 (x) =

Bxi 8x,»
2

[ q()u*(x, y)dI'(x)
I
_1[2 q(x)u*(x,y) dI'(x) (8.66)
— [lu(x) — iu(x)]g*(x, y)d I (x)
I

wherei = 1, 2 and Einstein’s summation convention is followed for repeated indices.
Using integration by parts once more, we get

/ Au(r, Yu(x) dQ(x) = f gy (x, y) T (x)

2 r

+ fu(x)q*(x,y)d['(x) (8.67)
r

keeping in mind that I" = I'} + I>.
Recalling the following properties of the Dirac delta function §(x, y):

3(x,y) =0, ifx £y
= 0o, ifx =y (8.68)
Ju(x)s(x, y) d2(x) = u(y)

2

assuming u* (x, y) to be the fundamental solution of two-dimensional Poisson’s equa-
tion; namely

Au*(x, y) = —278(x, ) (8.69)

and putting the value of Au*(x, y) from (8.69) into (8.67), we have

2u(y) +fu(X)q*(x,y) dr'(x) = /Q(X)u*(x,y) dr'(x) (8.70)
r r

Considering the point y to be on the boundary and accounting for the jump of the
left hand, (8.70) gives the integral equation on the boundary of the given domain £2
(boundary integral equation)

C(y)u(y)+/u(X)q*(x,y) drI'(x) = /q(X)M*(x,y) dr (x) (8.71)

r r
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Fig. 8.2 Constant boundary Nodes
elements ol /
(0]
Fig. 8.3 Linear boundary Nodes
elements AN
'

(i)

Remark 8.13 (i) For a Neumann boundary problem, we are required to solve a
Fredholm equation of the second kind.
(i) For a Dirichlet boundary problem, we are required to solve a Fredholm equation
of first kind in unknown ¢ (x) = 5’7“ (normal derivative).
(iii) For Cauchy boundary problem, we are required to solve a mixed integral
equation for the unknown boundary data. Equation (8.71) can be discretized
into a large number of elements; see Figs. 8.2 and 8.3.

For the constant element case, the boundary is discretized into N elements. Let
Nj belong to I'y and N, to I, where the values of u and ¢ are taken to be constant
on each element and equal to the value at the mid node of the element. We observe
that in each element the value of one of the two variables u or ¢ is known. Equation
(8.71) can be converted to (8.72).

Cil; —I—/uq* ar =/qu* dar (8.72)
r r

where u* = % log (}) Here, we have chosen u;(y) = u; and c(y) = ¢;.
Equation (8.72) can be discretized as follows:

N N
ci; + Z/uq* dr = Z/u*q dar (8.73)

jzlrj j=11"j

It can be checked that ¢; is % as for a constant element, and the boundary element
is always smooth. (8.73) is the discrete form of the relationship between node i at
which the fundamental solution is applied and all the j elements, including the case
i = j, on the boundary. The values of u and g inside the integrals in Eq. (8.73) are
constants at one element and, consequently,
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N N
1 N *
bt /q ar | =y /u dr | ¢; (8.74)
J=L\r. j=1 I
Let
I:Iij = fq* dI’, and G;; = /u* ar (8.75)

(A symbol involving i and j is used to indicate that the integrals || . q* dI’ relate
J
the ith node with the element j over which the integral is taken).
Equation (8.74) takes the form

N N

1 -

Eu,- + E H,-juj = E Gijqj (876)
j=1 j=1

Here, the integrals in (8.75) are simple and can be evaluated analytically but, in
general, numerical techniques will be employed. Let us define

H;;, ifi#j
Hjj=1 - o . 8.77
{H[j—i-%,lfl——] ( )

then (8.76) can be written as

N N
D Hijuj =) Gija
j=1 j=1
which can be expressed in the form of matrix equation as

AX=F (8.78)

where X is the vector of unknown u’s and q’s, and A is a matrix of order N. Potentials
and fluxes at any point are given by

up = /qu* dF—fuq* dar (8.79)
r r

Equation (8.79) represents the integral relationship between an internal point, the
boundary values of u and ¢ and its discretized form is
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N N
u; = ZCIjGij — Zuiﬁ,‘j (880)
j=1 j=1

The values of internal fluxes can be determined by Eq.(8.79) which gives us

9 u* 3g*
l://q”dr—//uqdr (8.81)
0x; 0x; ax;

r r r r

where x; are the coordinates, [ = 1, 2.

Remark 8.14 (i) The values of u(x) at any internal point of the domain are deter-
mined by Eq.(8.71).

(ii) The values of derivatives of u, at any internal point y with Cartesian coordinates
x;(y), i = 1,2, can be determined from the equation

ou*(x,y)
ey 1| JewEEarw

. - _ 0g* (x,y)
ox;(v) 2am Ifu(x) fodr(x)

(8.82)

Differentiating (8.70), we get (8.82) by applying appropriate conditions.

(ii1) A significant advantage of the boundary element method is the relaxation of
the condition that the boundary surface is smooth (Lyapunov); that is, it can be
used for surfaces having corners or edges.

Remark 8.15 H, ; and G;; can be determined by simple Gauss quadrature values for
all elements (except one node under consideration) as follows:

- I &
H;j = /q* dr = E’Zq;wk (8.83)
I k=1
and
li
Gij = /u dr = Efzu;wk (8.84)
T k=1

where [; is the element length and wy is the weight associated with the numerical
integration point k.

Example 8.7 Solve

d*u — _y 7 =
du g xmsz,sz—(O,l)} (8.85)

u0) =u(l)=0
(by the boundary value problem)
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Since Aw = ‘;7’2” 4+ w and b = —x, by Eq.(8.55), we get

\ d*w \ | dw ="
—_ = _ U — =
f (dx2 + w) udx + / xwdx + [gw] 2, |:u T j|x0 0 (8.86)
0 0

In boundary element method, one can choose the fundamental solution as the weight-
ing function w. Denote this solution by w*, to emphasize its special character and is
the solution of

d*w* .
s +w" =4 (8.87)

where §; indicates a Dirac delta function which is different from zero at the point i
of coordinate &£. The Dirac delta function is such that

| |
d2 *

/ i +w ludx = /&-u dx = u; (8.88)
dx?

0 0

In view of this and taking into account u = 0, we get

1
= / xw* dx — [qw=) (8.89)
0

The function w* which satisfies

1
d*u _dw !
—du+x|wdx+|(u—u)— =0 (8.90)
dx? dx |._,
0
or (8.88) is w* = 1 sinr, where r = |x — £|.

Putting the value of w* into Eq.(8.89) to obtain a system of equations (one at
x = 0; the other at x = 1) from which the two values of g at x = 0, x = 1 can be
found. That is,

cos 1

go=—7-1,qg=—-—
sin 1

Equation (8.89) can be used to calculate the values of the u function at any internal
point. If we choose £ to be at the midpoint of our internal domain, we obtain the

value of u at x = % as
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1 1

1 1
A 1 . 1
ul=-)=—=fxsin{-—x)dx——= ] xsin{x— = )dx
2 2 2 2 2
0 1/2

. 1+ 1
q18in - + go sin -

in which

2

%—x for0 <x < 1
"= L for L 1
X—E 0r§<x<

Thus, we obtain

1y 1 1 —1 ,1,1 1/1 1 1/1 1 1
u<§>_—§[(cos — 1)/sin ]51n§—§< —s1n7>— < )

= —| = +sinz —cos =
2 2 2\2 2 2
= 0.06974694

which is the same as the exact solution; that is,

1 sin %
ul=\)=— —1=0.06974694
2 sin 1

8.5 Problems

Problem 8.1 Tllustrate application of the finite element method to solve the follow-
ing boundary value problem

with y(0) = 0, y'(0) = 0.

Problem 8.2 Find numerical solution using the finite element method:
d’u
——4ux)=f(x), 0<x <1
dx?

u) =u(l)=0

Problem 8.3 Discuss the error estimation between the exact and finite element solu-
tion of the following differential equation:

_du
dx?
u@) =u(l) =0

=4,0<x<1
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Problem 8.4 Let0) = xp < x; < x» < ... < x, = | be a partition of [0, 1] and V
the vector space of functions v such that

(i) v e CO([0, 1]).
(ii) v/[x;_1, x;]1s a linear polynomial, i = 1, ..., n.
(i) v(0) =0.

Let
! 2
dv
H = 1velLQO, 1)// <d_) dx <ooandv(0) =0
X
0

Let foreachi = 1,2, ...,n, ¢; be defined as ¢; (x;) = §;; = Kronecker delta. Let
interpolant v; € V forv € C 010, 1] be defined as

n

Vi=Y v(x)e:.

i=1

Show that ||u — u;|| < ChHZ%

the interpolant of u and C is independent of # and u.

forallu € H, where h = max (x; — x;_1), uyis

1<i<n

Problem 8.5 Let H and V be two Hilbert spaces. Let P denote the problem of
finding # € H such that

Au,v)y=F(»)VYveV

where A : H x V — R and F € V*, dual space of V. Prove that P has a unique
solution u € H provided there exist constants & and 8 such that

(a) |A(u,v)| < Bllull |Ivl| for allu € H andv € V.
(b) sup A“ﬁl’v) > «ollully for all u e H.
vily
ueV, u#0
(c) sup A(u,v) >0 for all ve V,v#0.
ueH

[1F]lv

Furthermore, |[u||p < =

Problem 8.6 Formulate a theorem analogous to Theorem 8.1 for the bilinear form
considered in Problem 8.5.

Problem 8.7 Find the error between the exact solution and a finite element solution
of the following boundary value problem:

d d
—E[(1+x)£:|=0, 0<ux<I

du
u(0) =0, |:(l +x)a] =1

x=1
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Problem 8.8 Solve the following BVP:
—Au=2(x+y) —4

in the square with vertices (0, 0), (1,0), (1, 1), (0, 1), where the boundary condi-
tions are

w(©,) =y u(x, 00 =% u(l,y) =1—y, u(x. ) =1-x
Problem 8.9 Solve the Poisson equation

d*u  d*u

a tayp =

with boundary conditions # = O on I'(x = £1, y = %1) by the boundary element
method.



Chapter 9 ®)
Variational Inequalities and Applications | o

Abstract In this chapter, we discuss mathematical models of real-world prob-
lems known as variational inequalities introduced systematically by J.L. Lions and
S. Stampachia in early seventies. Modeling, discretization, algorithms, and visual-
ization of solutions along with updated references are presented.

Keywords Signorini contact problems + Complementarily problem - Rigid punch
problem - Lions—Stampacchia theorem * Minti lemma - Ritz—Galerkin method -
Finite element methods for variational inequalities - Parallel algorithm - Obstacle
problem - Membrane problem

9.1 Motivation and Historical Remarks

The study of variational inequalities was systematically initiated in the early sixties
by J.L. Lions and G. Stampacchia. We have seen in Chap.7 that boundary value
problems can be expressed in terms of operator equations. However, in many situa-
tions, boundary conditions are uncertain and such problems are expressed in terms
of operator inequalities. These problems occur in well-known branches of physics,
engineering, economics, business, and trade.

This development provided solutions to several problems of science, technology,
and finance earlier thought to be inaccessible. The beauty of this study lies in the fact
that an unknown part of an elastic body that is in contact with a rigid body becomes
an intrinsic part of the solution and no special technique is required to locate it. In
short variational inequalities model free boundary value problems. The techniques
of variational inequalities are based on tools, and techniques of functional analysis
discussed in this book. Methods of variational inequalities have been applied to
modeling, error estimation, and visualization of industrial problems.

9.1.1 Contact Problem (Signorini Problem)

In practically every structural and mechanical system, there is a situation in which
a deformable body contact with another body comes in. The contact of two

© Springer Nature Singapore Pte Ltd. 2018 311
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bodies tells how loads are distributed into a structure where structures are supported
to sustain loads. Thus, properties of contact may play a significant role in the behav-
ior of the structure related to deformation, motion, and the distribution of stresses,
etc.

In 1933, Signorini studied the general equilibrium problem of a linear elastic body
in contact with a rigid frictionless body. He himself refined his results in 1959 by
considering a rigid body a base on which an elastic body is placed. In 1963, Fichera
presented a systematic study by formulating the problem in the form of an inequality
involving an operator or bilinear form and a functional. He proved an existence
theorem for a convex subset of a Hilbert space. In 1967, Lions and Stampacchia
presented an existence theorem of variational inequalities and proved an existence
theorem for nonsymmetric bilinear form. Modeling important phenomena of physics
and engineering formulated in terms of variational inequalities was presented in a
book form by Duvaut and Lions [DuLi 72]. This is one of the best source for applied
research in this area.

Mosco and Bensoussan introduced several generalization of variational inequali-
ties in seventies. Their results and other related results are presented in Mosco [139],
Bensoussan and Lions [17, 18], Baiocchi and Capelo [9], and Kinderlehrer and
Stampacchia [112]. The book of Kinderlehrer and Stampacchia presents interesting
fundamental results and applications to free boundary problems of lubrication, fil-
tration of a liquid through porous media, deflection of an elastic beam, and Stefan
problem. Applications of finite element methods for numerical solutions of varia-
tional inequalities were presented in book form by Glowinski, Lions and Tfemolieres
[85], and Glowinski [83]. A comprehensive study of solid mechanics through varia-
tional inequalities was presented by Jayme Mason [105]. Applications of the theory
of variational inequalities to the dam problem were systematically presented by
Baiocchi and Capelo [9]. During the same period, the book of Chipot [38] entitled
variational inequalities and Flow in Porous Media appeared which treated the obsta-
cle and the dam problems. A monograph on the study of contact problems in elasticity
through variational inequalities and the finite element methods (discretization, error
estimation, and convergence of approximate solution to the variational solution of
the problem) was written by Kikuchi and Oden [111]. See also [53, 68].

9.1.2 Modeling in Social, Financial and Management
Sciences

Complementarity problem is a well-known topic of operations research. This includes
as special cases linear and quadratic programming. Cottle, Karmardian, and Lions
noted in 1980 that the problems of variational inequality are a generalization of
the complementarity problem. Interesting results have been obtained on finite-
dimensional spaces like R"; see [81, 82]. It was also noted that the equilibrium condi-
tions of the traffic management problem had the structure of a variational inequality.
This provided a study of more general equilibrium systems. Stella Deformas iden-
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tified network equilibrium conditions with a variational inequality problem. Since
the equilibrium theory is very well established in economics, game theory, and other
areas of social sciences, the link of variational inequality could be established with
all those themes.

Stella and Anna Nagurney jointly developed a general multinetwork equilibrium
model with elastic demands and a asymmetric interactions formulating the equilib-
rium conditions as a variational inequality problem. They studied a projection method
for computing the equilibrium pattern. Their work includes a number of traffic net-
work equilibrium models, spatial price equilibrium models, and general economic
equilibrium problems with production. There are series of papers on successful appli-
cation of variational inequality theory in the setting of finite-dimensional spaces to
qualitative analysis and computation of perfectly and imperfectly competitive prob-
lems, for example [68, 141, 142]. Studied problems are: (i) dynamical evolution
of competitive systems underlying many equilibrium problems and (i7) existence,
uniqueness, and iterative methods. It has been shown that American option pricing
of financial mathematics and engineering is modelled by an evolution variational
inequality [198]. A refined numerical method is presented in the Ref. [SiMaKo 00].

9.2 Variational Inequalities and Their Relationship
with Other Problems

9.2.1 Classes of Variational Inequalities

Let H be a real Hilbert space with the inner product (-, -). Let || - || denote the norm
induced by (-, -) and let (-, -) denote the duality between H and H*, where H* is
the dual of H. In case of the real Hilbert space, (-, ) = (-, ). Let K be a closed
convex subset of H. Assume that T, S, A are nonlinear operators on H into H* and
a(-, -) is bilinear form on H. Let F be a fixed element of H*. The following forms
of variational inequalities are used to model problems of different areas:

Model 1 [Stampacchia—Lions] Find u € K such that

a(u,v—u) > (F,v—u) forallveK 9.1)

where a(-, -) is a bilinear form on H x H into R.
Model 2 [Stampacchia—Hartman-Browder] Find u € K such that

(Tu,v—u) > (F,v—u) forallve K 9.2)
Model 3 [Duvaut-Lions] Find u € K such that
au,v—u)+jw)—jw) > (F,v—u) forallve K 9.3)

where j(-) is an appropriate real-valued function.
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Model 4 Find # € K such that
(Tu,v —u) > (Au,v—u) forallvekK 9.4)
Model 5 Find u# € K such that
(Tu,v—u)+¢u,v) —¢u,u) > (Au,v —u) forallveK (9.5)

where ¢ (-, ) : H x H — R is an appropriate function.
Model 6 [Bensoussan—Lions] Find u € K(u), K : H — 2H such that

(Tu,v—u) > (Fu,v—u)Vve K@ (9.6)

This model is known as the quasi-variational inequality. In particular, T can be
chosen as (Tu,v) = a(u,v) and K(u) as K(u) = m(u) + K, m : H - Hisa
nonlinear map, or K(u) = {v € H/u < Mv,M : H — H, where < is an ordering
of H}.

Model 7 Find u € K (1) such that

(Tu,v—u)+¢w,v) — ¢, u) > (Au,v —u) forallv € K(u) 9.7

where ¢ (-, -) and K () are the same as in Model 5 and Model 6, respectively.
Model 8 Find u € K (u) such that

(Tu, Sv — Su) > (Au, Su — Sv) for all Sve K, Su e K (9.8)

It may be observed that the variational inequalities in Models 1 to 8 are called the
elliptic variational inequalities.

Model 9 (Parabolic Variational Inequalities) Find u(¢), where u : [0,T] — H
and [0, T'] is a time interval, 0 < T < oo such that

0
<8—’:,v—u>+a(u,v—u)z(F,v—u):F(v—u)VveK,and

t € (0,T), u(t) € K for almost all ¢ 9.9)

Here, F € L,(0,T,H*) = {F : [0,T] — H*|F(t) € L,}, a Hilbert space. For
%—’; = 0, we get the elliptic variational inequality.

Model 10 (Rate-independent Evolution Variational Inequality) Findu : [0, T] — H
such that

<2—I;,v—u> +aw,v—u)+jwv)—jw)

>Fv—u) forve H (9.10)

where u' = —.
0
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For information concerning more general form of inequalities like vectorvalued
variational inequalities, simultaneous variational inequalities, generalized quasi-
variational inequalities, and implicit variational problems, we refer to Siddiqi, Man-
chanda, and Kocvara [SiMa 00], [167], Brokate and Siddiqi [31], and Giannessi
[82].

9.2.2 Formulation of a Few Problems in Terms of Variational
Inequalities

(1) Minimization of a Single-valued Real Function
Let f : [a, b] — R be adifferentiable real-valued function defined on the closed
interval of R. We indicate here that finding the point xo € I = [a, b] such that

f(xo) < f(x) forall x € I; that is
fxo) =inff(x), x €l

is equivalent to finding the solution of a variational inequality. We know that

(a) ifa < xo < b, then f'(x9) =0
(b) if xg = a, then f'(x9) >0
() if xo = b, then f'(xo) < 0

From this, we see that
(f'(x0), x — x0) >0 for all x € [a, b], xy € [a, b] 9.11)

that is, x¢ is a solution of Model 1, where F = 0, a(u,v—u) = (f'(u),v—u) =
(Bu,v—u), B= f": R — R linear or x is solution of Model 2, where F = 0
and T = f.
(4) Minimization of a Function of n Variables

Let f be a differentiable real-valued function defined on the closed convex set
K of R". We shall show that finding the minima of f, that is, searching the point
xo € K such that f(x9) = inf,cx f(x), thatis, f(xg) < f(x),forallx € K is
equivalent to finding the point xo € K, which is a solution of Model 1 or Model
2. Let xg € K be a point where the minimum is achieved and let x € K. Since
K is convex, the segment (1 — #)xo +tx = xo +t(x — xp), 0 <t < 1, lies in
K.¢'(t) = f(xo+ t(x — x0)), 0 <t < 1, attains its minimum at t = 0 as in
(D).

@'(0) = (gradf(xp), (x — x0)) > 0 forany x € K, where gradf = Vf(x) =

axy? dxp? "7 dx, )

solution of the variational inequality, (gradf (xy), (x —xp)) > O forany x € K,
or xo solves Model 2 where u = xo,v = x, T = gradf = Vf, F = 0.
Thus, if f is a convex function and # € K is a solution of variational inequality

x = (x1,x2,...,x,) € K.This shows that, xo € K is a
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(Model 2) for T = gradf = V f, then

f(x) = inf f(v)
Consider the Following Boundary Value Problem (BVP)

dzu_ 0.1 )
—m—f(x)on(, ) (@)

u0) = 0; u(l) =0 (i)

du

du -0
<a>x=l B (lV)

u(x) (j—i) =0, xe{0,1} (v) (9.12)
x=0

Let H = H'(0,1), K = {u € H'(0,1)/u(0) > 0, u(1) > 0}. It can be
observed that if K is a cone with vertex 0 in Model 1 (the convex set K is called
cone with vertex at 0, if for every pair of elementsv,w € K, v+w € K, tv € K
holds for every ¢ > 0), then (9.1) is equivalent to the pair of relations

a(u,v) = (Bu,v) > (F,v)a(u,u) = (Bu,u) = (F, u) (9.13)

(B is a bounded linear operator associated with a(-, -) given in the beginning of
Sect.7.3). To verify this, let Q(u) = B(u) — F; so (9.12) and (9.13) reduce to

(Qu,v) >0; (Qu,u) =0 9.14)

From Equation (9.14), subtracting the second from the first, (Qu,v — u) > 0
for all v € K. Now if we choose v = 2u, which is permissible since K is a
cone, we obtain (Qu, u) > 0. By choosing v = 0, we have (Qu, u) < 0. By
combining these two inequalities, we obtain (Qu, u) = 0 and, finally adding
this to (Qu, v — u) > 0, we get the desired result. We show now that Model 1,
where H and K are as chosen above

du dv

1 1
a(u,v) = (Bu,v) = / d——dx and (F,v) = f fx)vx)dx
0 x dx 0

is equivalent to (BVP) (9.11). Model 1 takes the form

Ydu[dv du - 1 , o
/o E[E_E]—/O FEEE) —u@x))dx (9.15)
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for all v(x) € K. It can be checked that K is a cone with vertex 0 and so by the
above remark, (9.15) can be rewritten as

——dx >/ fx)v(x)dx (9.16)

' rdu
/ <—> dx:/ fx)u(x)dx 9.17)
0o \dx 0

Assume that the solution u of (9.16) is smoother than strictly required for it to be
in H'(0, 1), for example u € C?(0, 1) and v € C{°(0, 1). Integrating by parts
the left-hand side of (9.16), we find

U du du du
[t (2) ()l
I
Zf Fv(x)dx (9.18)
0

Since v € K N C§°(0, 1) and (9.16) also holds for (—v), we conclude that

Ydu dv !
——dx < fx)v(x)dx (9.19)
dx dx 0
This together with (9.16) implies
Udu dv !
——dx = fx)v(x)dx (9.20)
0 dx dx 0

An integration by parts here yields (9.17) and, as v € C§°(0, 1); that is, v(0) =
v(1), the boundary term vanishes and we obtain

d*u

2 = f(x)in (0, 1)

In view of (9.17), (9.18) gives us

(du) (du>
— v(l) — | — v(0) >0, foru,vekK 9.21)
dx )., dx /.

If we choose v(1) = 1, and v(0) = 01in (9.21), we get (‘”‘)x_1 >0 (BVP)9.11

(iv)). On the other hand, by choosing v(1) = 0, and v(0) = 1 in (9.21), we obtain
(ZZ)X o> >0or (d ) < 0 which is (BVP) 9.11 (iii).

Since u € K, we have (BVP) 9.11 (ii). (BVP)9.11) (v) is obtained in a similar

way from (9.17). Thus if u is a solution of (9.15), then it is the solution of (BVP)

9.11(i — v). If uis a solution of (BVP) 9.11(i — v), then multiplying both sides
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of (BVP) 9.11(i) by v(x) and integrating by parts and using other conditions,
we get (9.16) and (9.18). This implies that u is a solution of (9.15).
(6) Complementarity Problem and Variational Inequality

The following problem is known as the nonlinear complementarity problem
(NCP): Find u € R" such that u > 0, F(u) > 0 and u, and F(u) are
orthogonal, that is, (u, F(u)) = 0, where F : R" — R". The NCP has been
used as a general framework for quadratic programming, linear complemen-
tarity problems, mathematical programming, and some equilibrium problems.
For details, we refer to Cottle, Pang and Store [53]. It can be easily checked
that u is a solution to the NCP if and only if it is a solution of the variational
inequality: Find u € R such that (F(u),v —u) > O for all v € R/, where
Rl ={v=0,v2,....,v) €ER"v; >0, i=1,2,...,n}

Proof Let u be a solution to the NCP. Then
(F(u),v) 20Vve R}, so0

(F(u),v —u) = (Fu),v) — (F(u), u)
= (F(u),v) > 0 because (F(u),u) =0

Thus, u is a solution of the variational inequality.

To prove the converse, let u be a solution of the variational inequality. Then
v=u-+e, ¢ = (0,0,...,1,0,...) (1 in the ith place) is an element of R",
00 < (F(u),u +e; —u) = (F(u),e;) = Fi(u) or F(u) € R!. Thus, since
v=0¢€ R}, (F(u),u) <0.Butu, F(u) € R" implies that (F (1), u) > 0. Hence,
(F(u), u) = 0; that is u is a solution of the NCP.

(7) Rigid Punch Problem

The variational inequality approach for studying the contact problems is well
established in the methodology see, for example, Kikuchi and Oden [111],
Duvaut and Lions [69], and Brokate and Siddiqi [31, 32] for an extended dis-
cussion of the rigid punch problem. In the rigid punch problem, one considers a
material body deformed by another body (the punch rigid body of definite shape).
If we consider a specific situation as shown in (9.1) for the initial and equilib-
rium configurations, then the deformation u in the elastic body is a solution of
the variational inequality: Find u € K such that

a(u,v—u) > (F,v—u)VYvek

where a(-, -) is the usual bilinear form of linear elasticity on a suitable Hilbert
space H

alu, v) = / ity (6w (P)dx
2

B 1
&) = 5(5i“j +8ui)
u = (ﬁ, y) = (ulau27 y) €H
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The linear elastic material body occupies at rest the domain £2 C R? and is
kept fixed at a part £y of its boundary. The punch has one degree of freedom,
namely the motion in the vertical direction, and presses from above with a fixed
force resulting from its own weight onto the material body. Frictionless contact
is assumed. Here, the unknown (the deformation) is u = (uy, u», y), where
u; 1 2 — R?>and y € R is the vertical displacement in the downward direction
of the rigid punch and

(F,u):/ fiu;dx + Py
2

where P > 0 corresponds to the weight of the punch. The constraint set K
represents a linearized form of the nonpenetration conditions (i.e., the condition
that the punch is always above the elastic body). A general form is

K = {1, v2, Dlei ()i (x) + B(x)z < p(x), x € £e, i = 1,2}

Here, £, is the part of the upper boundary of §2, where the contact may possibly
occur. The function ¢ denotes the vertical distance (or some modification of it)
of the punch from the elastic body in the initial configuration, and the functions
o;, B are connected to the unit normal of the boundary of the punch or of the
elastic body. Various forms are possible; for example

ni(x)vi(x) +z < p(x)
ni ()i (x) + m(x)z < n2(x)P(x)
va(x) + 7z < (%)

Reasonable Price System

Let M = {p = (p1,p2,--..pn) € R" : 0 < p; < 1} and let N be
a compact, convex, nonempty set in R". Suppose there are n commodities
Cy,Cy,Cs,...,C,. Let p; be the price of C; with 0 < p; < 1. We assign a set
K(p) € N to each price vector p € M. q € K(p) withqg = (q1,92,---., qn)
means that the difference between the supply and demand for C; is equal to g;.
The number

n
(p.a) =) pigi
i=1

is, therefore, equal to the difference between the value of the commodities which
are supplied to the market and the value of the commodities which are demanded
by the market. Thus,

(p.q) =0, g € K(p)
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Fig. 9.1 Rigid punch

is the mathematical formulation of the situation “supply equals demand.” This
ideal situation cannot always be realized. We are therefore satisfied with a weaker
condition. First, it is reasonable to assume that

(p,q) >0, forall p e M, qg € K(p).

This is the so-called the law of Walras. Roughly, it means that we only consider
economical situations with a supply excess.

We call (p, g) with g € K(p) a Walras equilibrium if and only if the following
holds. 0 < (p, q) < (p, q) forall p € M. Broadly speaking, this means that the
value difference between the supply and demand becomes minimal. The vector p
is called the equilibrium price system. The fundamental problem of mathematical
economics is to find conditions for the supply excess map K which ensures the
existence of the Walras equilibrium. This is equivalent to finding the solution
of Model 6, where H = R", M = unit cube, (Tu,v) = (u, v) inner product in
R". Mosco [139] has given a theorem dealing with the solution of this model
(Fig9.1).

9.3 Elliptic Variational Inequalities

Let H be a Hilbert space and K a nonempty closed convex subset of H. Further, let
a(-, ) be a bilinear form on H x H into R and F € H* which is identified with
element, say Fu or y of H, by the Reisz representation theorem. Then the Model 1
(variational inequality problem or VIP for short) takes the form: Find u € K such
that

au,v—u)>F@—u)=(y,v—u) forallveK (9.22)
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or
(Au,v—u)y>FWv —u)=(F,v—u)=(y,v—u) (9.23)

where A : H — H*, (Au,v) = a(u,v), ||A]|| = ||la]|. In Model 2, we find u € K
such that

(Tu,v—u) >{(F,v—u)VYv e kK (9.24)

where T : H — H™* or into itself in the case of real Hilbert space.

In Sect.9.3.1, we shall study the existence of solution of (9.1) where a(-, -) is
bounded and coercive bilinear form (not necessarily symmetric). This is the Lions—
Stampacchia theorem. Prior to this theorem, we prove that, for the bilinear bounded
coercive and symmetric bilinear form, the optimization problem for the energy func-
tional is equivalent to a variational inequality problem, that is, “Find u € K such
that J(u) < J(v)Vv € K, where J(v) = %a(v, v) — F(v) is equivalent to (9.1).”

Section9.3.2 is devoted to the existence theorem for the VIP (9.1)—(9.3) along
with the Ritz—Galerkin and Penalty methods.

9.3.1 Lions—Stampacchia Theorem

The Lions—Stampacchia theorem for symmetric bilinear form follows from
Theorem 6.6 and Theorem 9.1 given below.

Theorem 9.1 LetJ(v) = %a(v, v)—FW).Ifa(., ) is bilinear bounded coercive and
symmetric then the problem of optimization, (P) for J(-) and (VIP) are equivalent.
That is to say “Find u € K such that J(u) < J(v) Vv € K” holds if and only if
(9.1) holds, namely there exists u € K such that a(u,v —u) > F(v —u) Vv € K.

Proof Let (9.1) hold for all v € K, then we have

1
](v):](u+v—u):Ea(u+v—u,u+v—u)—F(u+v—u)

1 1 1
:>J(u+v—u)=Ea(u,u)—i—za(v—u,v—u)—l—ia(u,v—u)

+alv—u,u)— Fu)— FW —u)
sJu+v—u)=Jw) +lau,v—u)— FQ@ —u)]

1
+ Ea(v—u,v—u).

Since a(-, -) is coercive, the third term is greater than or equal to 0 and the second term
is also nonnegative by the assumption that (9.1) holds. Therefore, J(u) < J(v) Vv €
K . For the converse, suppose that there exists u € K suchthat J(u) < J(v)Vv € K.
Therefore,



322 9 Variational Inequalities and Applications

lir% J(u+t(v—tu))—J(u) -

0

or the Gauteax derivative of J in the direction of (v — u) is greater than or equal to
0, thatis, DJ (u)(v —u) > 0.
Applying Theorem 5.3 and Problem 5.3, we get

DJw)v—-—u)=DJw)(v—u)=alu,v—u)—Fv—u) >0
or alu,v—u)>F@yv—-—u)Vvek

Hence, (9.1) holds.

Theorem 9.2 Ifa(-, -) is bilinear bounded and coercive, then VIP (9.1) has a unique
solution. Furthermore, the mapping F — u of H* into H is Lipschitz continuous, that
is, if uy and u, are solutions corresponding to F\ and F> of (9.1), then ||lu; — uz|| <
1

SF — Fallg-.

o

Proof (1) Lipschitz Continuity
Let u; and u, be two solutions. Then

@ a(u,v—uy) = Fi(v—uy).
(b) a(uz,v—uz) > Fo(v —uz) = (F2,v — uy).

Putv = u; in (a), then we geta(uy, up —uy) > Fi(uy—uy)ora(uy, up —uy) <
—F(up — uy) by linearity of a(-, -) and F;(-). Put v = u; in (b), then we get
a(uz,u; — up) > Fp(uy — up) or a(uy, uy — uy) < Fr(up — uy) by linearity
of a(-, -) and F,(-). These two inequalities imply a(u| — up, u; — up) < (F; —
F>, uy — uy). Since a(-, -) is coercive and F; — F, is bounded

2
alluy —u||” < || F1 — P2l [luy — u2]|

1
or |luy —ua| = —|[Fy = Bl

(3) Uniqueness of Solution
Solution is unique for F| = F3, ||lu; — uz|| = 0 = u; = u,, = solution is
unique.

(4) Existence and Uniqueness
We have (Au,v) = a(u,v) by Corollary3.1, and F(v) = (y, v) by the Riesz
representation theorem. VIP < (Au,v—u) > (y,v—u)Vv € K & (pAu,v—
u) < p(—y,v—u)forany p > Oor{up(Au—y)—u,v—u) <0Vv € K orfind
u € K such that Pg (u — p(Au —y)) = u (see Theorem3.11). Let 7T, : H — H
defined by T, (v) = Px (v — p(Av — y)).
We show that T}, has a unique fixed point, say u, which is the solution of VIP
9.1).
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1T, (v1) — T,)I* = || Pk (v — p(Avy — ) — Pk (v2 — p(Ava — Y)I|?
< |1 = p(Avi — ¥)) — (v2 — p(Ava — Y)II* (By Theorem 3.12)
= |1 —v2) — pAW1 — v)II* = |lvi = v2lI* = 2pa(vy — vi, v2 — V1)
+ P lA(v2 —v)I?
< (1 =2pa + p2[|AIP)]|(v2 —v)I?

If0 < p < 3, then ||T,(n) = T,(n)I* < Bllm =), 0 < B < 1.By
Theorem 1.1, T, has a unique fixed point which is the solution of (9.1).

Remark 9.1 The proof of the above theorem gives a natural algorithm for solving
the variational inequality since v — Px (v — p(Av — y)) is a contraction mapping
for0 < p < Hiﬁ' Hence, we can use the following algorithm to find u :

Letu’ € H, arbitrarily given, then for n > 0 assuming that u,, is known, define
u™ by u"t! = Pg(u" — p(Au" — y)). Then u” — u strongly in H, where u
is a solution of the VIP. In practice, it is not easy to calculate y and A except the
case H = H*. If a(-, -) is symmetric, then dJ(u) = J'(u) = Au — y and hence
upy1 = Px(" — p(J'(u")), where J is the energy functional (Theorem9.1). This
method is known as the gradient-projection method with constant step p.

9.3.2 Variational Inequalities for Monotone Operators

Anoperator T : K — H* or, in particular H is called monotone if (Tu—Tv, u—v) >
0V u,v € K. The monotone mapping 7 is called strictly monotone if (Tu —Tv, u —
v) = 0 implies u = v. T is called coercive if there exists vop € K such that

(Tv,v —vg)

— ooas ||v||g = o0
[V|l#

Lemma 9.1 (Minty lemma) Let K be a nonempty closed and convex subset of a
Hilbert space H and let T : K — H* be monotone and continuous and F € H*.
Then the element u € K is the solution of the variational inequality
(Tu,v—u)>(F,v—u)VYvek (9.25)
if and only if
(Tv,v—u)>(F,v—u)VvekK (9.26)
Proof Let (9.25) hold. We have

(Tv,v —u) =(Tu,v—u)+{Tv—Tu,v—u)Vve kK 9.27)
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by keeping inmind 7v =Tu — Tu + Tv = Tu + Tv — Tu. Since T is monotone
(Tv —Tu,v —u) >0, (9.27) gives us (Tv,v —u) > (Tu,v — u). This inequality
together with (9.25) implies (9.26). To prove the converse, let (9.26) hold for every
v € K. In particular, choose v = (1 — f)u + tw where w € K is arbitrary and
t€[0,1]. Thenv —u =t(w—u) andv = u + t(w — u). By (9.26), we have

(Tv,v—u)=(Tw+tw—u),tlw—u)) =t(T(u+tw—u)), (w—u))
>(F,v—u)=(F,t(w—u)) =t{(F,w —u)

For t > 0, we have
(Tu+tw—u)),w—u)>(F,w—u) (9.28)

By taking limit as # — 0 in (9.28) we get (9.25), by the continuity of 7 and the fact
that w is arbitrary. We get the following result applying Minty lemma.

Theorem 9.3 Under the conditions of the Minty lemma, the set of solutions of the
variational inequality (9.24) is convex and closed.

See Problem 9.6.

Theorem 9.4 Let K be a closed and convex subset of a Hilbert space H and T a
continuous, monotone, bounded, and coercive operator defined on K into H*.

Then (9.24) has a solution for every F € H*. Furthermore, if in addition, T is
strictly monotone, then VIP (9.24) has a unique solution.

We will obtain Theorem 9.4 as a consequence of Theorem 9.7.

As we have seen in Sect. 3.4, the projection of an element x € H onto the set K
is characterized by the variational inequality

(x — Px(x),y — Px(x)) <O0holdsVy e K (9.29)

This is evident from (9.2).

The left-hand side of (9.29) is just the cosine of the angle o between lines con-
necting the point Py (x) with the point x and with the arbitrary point y € K (see
Fig.9.2), respectively, and we have that cosa < 0 as o > % necessarily holds.

Conversely, for every other point x' € K, x' # Pg(x), there exists a point
y' € Ksuch that the angle between the lines connecting the point x' with the points

7
x and y' is less then >

Theorem 9.5 Let K be a nonempty closed convex subset of a Hilbert space H and
T an operator on K into H, F € H*, « > 0. Then u is a solution of the variational
inequality (9.24) if and only if

u=Px(u—oa(Tu — F)) (9.30)
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Fig. 9.2 Geometrical
interpretation of
characterization of
projection in terms of
variational inequality

that is, u is the projection of the point (u — a(Tu — F)) or u is the fixed point of the
operator S given by the equation

Su=Px(u—a(Tu — F)) (9.31)
Proof Letw = u —a(Tu— F).By (9.29), (9.30) is equivalent to the inequality: For
uek, (u—a(Tu—F)—u,v—u) <0Vve K,or—a{(Tu—F,v—u) <0VveK,
or (Tu,v—u) > (F,v—u)Vv € K asa > 0. Thus, u is the solution of the variational

inequality (9.24).

Theorem 9.6 Suppose the hypothesis of Theorem (9.5) satisfied besides the follow-
ing conditions: There exist constants (1 > 0 and . > 0 such that

Ty —Tw|| < ullv — wl| (9.32)
and

(Tv —Tw,v—w) > Allv—wl|]>, Vv,we K (9.33)

Then, (9.24) for every F € H has a unique solution. If a is so chosen that0 < a < %

and if ug is an arbitrary element of K, then

u = lim u,
n—0oQ

where
up1 = Px(u, —a(Tu, — F)), n=0,1,2,... (9.34)

Proof By Theorem9.5, it is sufficient to show that the operator S (defined by (9.31))
is a contraction operator. Equations (9.32) and (9.33) give
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1Sy — Swl* = [|Pk (v — a(Tv — F)) = Px(w — a(Tw — F))|I”
<||v—a(Tv—F)) — (w—a(Tw— F))|J
by Theorem 3.12(a)
=10 =w) —a(Tv =Tw)| = |lv —wl
—2a(v —w,Tv — Tw) + &?||Tv — Tw]||?
by Remark 3.4(1) and properties of the inner product  (9.35)
< v = wlf? = 2allv = wi* + a?p 2|l — w|?

= (1 —2ar+a?ud)|lv — w|?

f0<a< %, the operator S is a contraction operator with constant

V1 =20\ +a?2u? = & < 1. Thus, we have the desired result by Theorem 1.1
and Problem 1.17.

The Ritz—Galerkin Methods

In the Ritz—Galerkin methods, we find a finite-dimensional subspace H,, of separable
Hilbert space H and an element u,, € K N H,,, where K # ¢ is closed convex subset
of H such that

(Tu,,v—u,) > (F,v—u,)Vve Handeach F € H*.

The solution of the VI (9.24) is obtained as the weak limit of the sequence {u,}.
The Penalty Method

Suppose K is a nonempty closed convex subset of a separable Hilbert space H and
J is a functional on H. The penalty method is to find the conditions under which
optimization of J on K is equivalent to solving (9.24). Instead of finding u € K
such that J(u) < J(v) Vv € K, we look for u, € H at which a new functional
J : H — R attains a minimum, that is

Je(ug) < J.(M)VveK
or
Je(ue) = inf Je(v)

veK
We write here

1

Je ) =J(W)+ -¢pv), ¢ >0,

&

where ¢ is a functional on H for which ¢ (v) =0, Vv € K, ¢(v) >0Vv ¢ K.

Under appropriate conditions, u, — u € K as ¢ — 0. ¢ is called the penalty
functional.
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Let T be an operator on H into H* and a bounded continuous monotone operator
B exists which also maps H into H* such that

Bv=0ifandonlyifvek (9.36)

Then g is called the penalty operator with respect to K. Let ¢ > 0 be arbitrary and
let us look for the point u, € H such that

1
<Tl,t5 + —Bu,, V> = (F,v) (9.37)
1>
or
1
Tu, + —-Bu, = F
&

Thus, variational inequality (9.24) on K is replaced by variational Eq. (9.36) on H.
The basic idea is to convert a problem of variational inequality into one of variational
equations.

Theorem 9.7 Let H, T, K be as in Theorem9.5 and let 8 be the penalty operator
corresponding to the set K and 0 € K. Then there exists a solution u. of (9.36) for
& > 0and a sequence {,} such that e, — 0 and u., converges weakly to the solution
u of variational inequality (9.24). If, in addition, T is strictly monotone, then VIP
(9.24) has a unique solution.

Proof (1) Uniqueness
Let u; and u; be two solutions of (9.24), that is

(Tuy,v—u) > (F,v—u;)Vvek (9.38)

(F,v—u))Vvek (9.39)

=
(Tup, v —up) >

Puttingv = u,in (9.37) and v = u; in (9.38) and adding the resulting inequalities
we get (Tu; — Tus, u, —uy) > 0. Consequently, (Tu; — Tuy, u; —uy) < 0.
Suppose T is strictly monotone u; = u, must hold.

(2) Existence of Solution of (9.36)
Since T and B are continuous and monotone for a given ¢ > 0, the operator
Se =T + éﬁ is continuous and monotone. The operator S, is also coercive
because (9.35) implies that 0 = 0, and furthermore, we have Vv € K

(Sev,v) = (Tv,v) + (Bv,v)
=(Tv,v)+ é(,Bv — B0, v—=0) > (Tv,v)

as 1(Bv — B0, v — 0) > 0. This implies that
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(Sev, v) - (Tv,v)

Ivlle — lIvila

— ooas ||v||lg = o0

Since S, satisfies all the conditions of Theorem 7.7, we find that there exists
u, € H such that S,u, = F, for each F' € H*. This means that (9.36) holds for
all v € H, and u, is a solution of (9.36).

us — ug € K: We now show that {u,,} is a bounded sequence. For ¢ > 0, we
have

(Tug, ug) < Seue, ug = (F, ug) < [|FI] [|ugl

(Tue, ug)
—=—L <||F||n.
e || 1

This implies that {u., ¢ > 0} is bounded; otherwise, T is noncoercive, a con-
tradiction of the hypothesis. By Theorem4.17, there exists a sequence {g,},
en > 0,8, — 0, such that the sequence of elements u,,, n € N converges
weakly to some element up € H.

Now, we show that uy € K. Since 8 is monotone

(Bv — Bug,v—u.) >0, VYve H (9.40)

By (9.36), Bu, = €,(F — Tu,, . Since T is bounded {T u, } is bounded and thus
Pu., — 0 forn — oo. By taking limit in (9.39), we get

(Bv, v —ug) >0VveH

By choosing v = ug + tw, where t > 0 and w € H; we get v — uy = tw and
(B(up + tw), w) > 0. By the continuity of the operator g, it follows that

(Bug, w) > 0 for every w € H (by letting t — 0+) 9.41)
The inequality also holds for —w and so
(Bug,w) <0 for everyw € H. (9.42)
(9.40) and (9.41) imply that (Bug, w) = 0 for each w € H. This implies that
Bup = 0 and so by (9.35) up € K.

u is the Solution of the Variational Inequality (9.24)
(9.35) and (9.36) and the monotonicity of the operator T and 8 imply that

(Tv - F,v— u8n> = (Tv —Tug,,v— ugn) + <Tu5n - F,v— ug)

1

= (Tv —Tug,,v— ugn) + - (,BV — Bug,, v — ugu)
e

>0VveK, by (9.39) and monotonicity of T
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or
(Tv,v —ug) > (F,v — ug) (9.43)

up is a solution of (9.24) by virtue of Minty lemma (Lemma9.1) and (9.42).

9.4 Finite Element Methods for Variational Inequalities

In this section, we present results concerning convergence of the solution of the
discretized variational inequality to the solution of continuous form and the error
estimation between these two solutions. In Sect.9.3.1, results concerning Model 1
are presented, whereas a concrete case is discussed in Sect.9.3.2.

9.4.1 Convergence and Error Estimation

Let H be a real Hilbert space, K a nonempty closed and convex subset of H and
a(-, -) bilinear bounded and coercive form on H and F € H*. We are interested in
the approximation or discretization of the variational inequality (9.22), namely

uekK:au,v—u)>F@y—uVvek (9.44)

As shown earlier, there exists a bounded linear operator A : H — H such that
(Au,v) = a(u,v) and ||A|| = ||a||. Let {H}};, be a sequence of finite-dimensional
subspaces of H, where h is a given parameter converging to 0. Furthermore, let
{Kn}n VY h be a sequence of closed convex subsets of H (K may not be a subset of
K) satisfying the following conditions:

If {v;,};, is such that v, € K, YV h and {v;}, is bounded in H, then the weak limit
points of {v;} belong to K.
There exist x € H, x = K and rj, : x — K}, such that

lim ||r, —Vv||lg =0v e
’H0||h [z X

Remark 9.2 (a) If K, C K, then (1) is trivially satisfied as K is weakly closed.

(b) MKy, € K.

(c) A variant of condition (2) is as follows: 3 a subset x € H such that xy = K and
ry © X — Kj with the property that foreachv € x, 3 ho = ho(v) withr,v € K,
for all & < hgy(v), and %i_l)l})“rh —v||lg =0.

Approximate Problem P, Find u;, € K}, such that

a(up, vy —up) = F(v, —up) Vv, € Ky (9.45)
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It is clear that variational inequalities (9.43) and (9.44) have a unique solution under
the hypothesis. Here, we present two theorems, one related to the convergence of
{un} as h — 0 with respect to the norm of H; thatis, ||u;, — u||g — Oash — 0,
where u and u, are the solutions of (9.43) and (9.44), respectively; the other provides
the order or the upper bound of ||u;, — u||y. It may also be observed that (9.44) will
be a system of matrix inequalities which are to be evaluated in practical situations.

It may be noted that if a(-, ) is also symmetric, then the solution of (Py) is
equivalent to solving the following programming problem:

Problem P, Find u;, € K, such that

J(up) = inf J(vp) (9.46)
€Ky

where J (v) = 3a(vy, vi) — (F, )

Theorem 9.8 Theorem 9.8 We have limy, ¢ ||u — uy|| = 0, where the above condi-

tions are satisfied.

Proof The proof is divided into three parts:

1. Priori estimates of {uy,}
2. Weak convergence of uy,
3. Strong convergence

1. Estimates for {u;,} We show that 3 constants C; and C, such that
un|* < Cillunll + Ca Vh
Since {u,} is the solution of P, (9.44), we have

a(up,vp —up) = Fp—up) Vv, € Ky
or aup,vp) = alup,up) + Fvp) — F(up)
or aup,up) =< aup,vp)— Fp —up)
by linearity of a(-,-) and F(-)
or allupll® = aup,up) < |[A[] unll ||val|
+  FIAall + [lupl]) ¥ vy € Ky,
by applying coercivity of a(-, -) , boundedness of F'
, and A induced by a(-, -).

Let vo € x and v, = r,vy € Kj. By condition 2 on Kj, we have r,vyg — vy
strongly in H and hence ||v;|| uniformly bounded by constant .

1
lun] > < o Lonl AT TE D unll + m{IFlI} = ciflunll + c2

where ¢; = 3 (m[|A|| + ||F|]) and ¢; = 2||F|| = ||uy|| < ¢V h.
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Weak Convergence of {u,}

{up} is uniformly bounded = {u;} has a weakly convergent subsequence, say
{up,} , such that u;, — u* in H (by condition 1 on {K}};, u* € K) by Theorem
4.17. Now, we show that u* is a solution of (VIP). We have,

a(up,, up,) < a(”h,-,w,,.) — F(vp, —up) Vv, € Ky,. Letv € x and vy, = rp,v.
Then this equation takes the form a(up,, up,) < a(up,, rp,v) — F(rp,v — up,).
Since uy, — u* and rj,,v — v as h; — 0, taking the limit in this inequality, we
get

li}lln igfa(uh,., up) <a*,v)—F(v—u)Vvegy (9.47)

On the other hand, 0 < a(up, — u*, up, — u*) < a(up,, up,) — aup,, u*) —
a*, up,) +aW*, u*) or a(uy,, u*) +aW*, up,) —aw*, u*) < a(up,, up,). By
taking the limit, we get

a(w*,u*) < liin il(}fa(uhi, Up,) (9.48)

From (9.46) and (9.47), we get

aw*,u*) < li}lln igfa(uh‘., up) <a*,v)—F(v—u)Vveyx (949)

Therefore, a(u*,v —u*) > Fv —u*) Vv € x,u* € K. Since y is dense in K
and a(-, -), F are continuous by the hypotheses; from this inequality, we obtain

aw*,v—u)>Fv—-—u)Vvand u* € K
Since conditions of Theorem9.2 are satisfied, solution u* must be equal to u.
Hence, u is the only limit point of {u, }; in the weak topology of H, and therefore,
{up}y converges weakly to u.
Strong Convergence

Since a(-, -) is coercive, we get

0 < alluy —ull* < alu, — u, uy, — u)
= a(up, up) — aluy, u) —au, uy) + a(u, u) (9.50)

Since v € K, for any v € x, we have
a(up,up) < a(up,rpv) — F(rpy —up) Vv ey (9.51)

From (9.49) and (9.50) and keeping in mind limj,_.ou, = u weakly in H and
}llin%) rpv = v strongly in H, we get
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o liminf |juy — u|* < o limsup ||uj, — ul|?
a(u,v—u)— F(v —u) (9.52)
= lim ||u, —ul]> =0

h—0

=
=

by density and continuity and letting v = u in (9.51). Therefore, u; converges
strongly to u.

Theorem 9.9 Assume that (Au — Fy) € H, where A is defined through a(-, -) and
Fy by F (Theorem3.19). Then there exists C independent of the subspace Hy, of H
and a nonempty closed convex subset K, of H such that

lun —ull < CCinf {[lu — |l + ||Au — Fy|| [|lu — vy]|}
vh€Ky

+ [1Au = Fyl|inf ||u, —vI)'/? (9.53)

Corollary 9.1 If K = H, then Au — Fy = 0, so that with the choice of K, = H},
the error estimate (9.52) reduces to the well-known estimate known as Céa’s Lemma
(Theorem8.1).

It may be noted that K need not be a subset of K.
Proof

allu —up|)* < a(u —up, u—up) = a(u, u) + aluy, uy)

—a(u, uy) —aluy, u) (9.54)
VveKk, alu,u) <a(u,v)+ F(u—v) by (9.43) (9.55)
Y, € Ky, atup, up) < aluy, vy) + F(up —vy) by (9.44) (9.56)

Therefore we have, for all v € K and for all v, € K}, by (9.53)—(9.55)

allu—up|l® < alu,v—up) + alup, vp —u) + Fu—v) + F(up — vy)
=au,v—up) — FOv—up)+alu,v, —u)— F(v, —u)
+a(up —u, v, —u)
=(F—Au,u—vy)+(F —Au,u, —v) +a(u —up, u —vy)

Thus, we have, for all v € K and for all v, € K},
allu — up|* < [|F — Aull |lu — vyl + [|F — Aul| |lup — vI| + M|l — up|| [|u — vpl|

: 1 M
Since |lu — up| llu —vall < 3 (3711w — unll> + 3 llu — val|?), we get

2
o

—llu —upl)* < IIF — Aul|([lu — vull + lup — vI]) + =l — vyl >
2 2a

This implies the error estimation (9.52).
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9.4.2 Error Estimation in Concrete Cases

Approximation in One Dimension

Let us consider the variational inequality: Find u € K

1

1
du (dv du
— = - — > - v K .
,/dx (dx dx)dx_/f(v u)dx Vv € (9.57)
0 0

where H = H}(0,1) = {v € H'(0, 1)/v(0) = v(1) = 0}

K:{VEH/'ﬂ

<la.e.in (0, 1)}

d dv
a(u,v) = dud F@) = /f(x)v(x)dx f e L0,1)
0
Let N be a positive integer and 7 = % Let x;, = ih fori = 0,1,..., N and

ei = [xi—1,x], 1 = 1,2,...,N. Let H, = {v;, € C[0, 1]/v;(0) = v, (1) =
0,vi/e; € Pr,i =1,2,..., N}. Then

Ky =KNH,={v, € Hy/Ivyp(x;) — vu(xi—1)]
<h, fori=1,2,...,N}

The approximation problem (Py,) takes the form

1 1
duy, (d d
/ﬂ dvi _dwi oo / FOn — up)dx¥v, € Ky, up € Ky (9.58)
dx \ dx dx

0

or, a(up, vy, — up) > F(vy, — up).

Theorem 9.10 Let u and uy, be the solutions of (9.56) and (9.57), respectively, then
[lu —unllp = O(h) for f € La(0,1)

Proof Since uy, € K;, C K, from (9.56) we have

1
(v — ) > / Flun — wdx 9.59)
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Adding (9.57) and (9.58), we obtain

a(up —u,up, —u) >alvy, —u,up —u)+au, vy, —u)

— / f(Vh — u)dx,Vv;, € K;,

which, in turn, implies that

1
1 , 1 5 du (dv, du
— _ < — _ — — — |d
Sl = ul” = 31w +/d (dx dx) ¥
0

- /f(Vh —u)dx, Vv, € Ky (9.60)

Since u € K N H2(0, 1), we obtain

1 1
/d”d< )d /d2“< ax < |24 =
— — (v, —wydx = | — (v, —u)dx — v, —u
dedx " dax2 " |l dx? L, h =
But we have
2
— < 9.61
dez L2_||f||L2 9.61)

Therefore, (9.59) becomes

1 2 1 2

Sllun = ully = Sllvi = ully + 201l llvn = ull, You € Ky (9.62)
Let v € K, then the linear interpolation is defined by

rpv € Hy, (rpv)(x;)) =v(x;), i=0,1,2,...,N

and we have

vy ey = LI Vi) V(x’ D _ f Y dx (9.63)
dx
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Hence, we obtain

<1, since <1l,a.e., in (0,1)

¢

d
’E(”h")

Thus, r,v € K. Let us replace v, by rpu in (9.61), then

1 1
Sl = ullyy = Sl = ullf + 201 fllzallrne = wlle, (9.64)
From (9.60) and by well-known approximation results, we get

lrnu — ullag < Chllullg20,1) = Chll fllL, (9.65)

llrnu — ull o) < CHNlull w2, < CRP(I £, (9.66)

where C denotes constants independent of u and &. By (9.63)—(9.65), we get
Nup —ully = O(h).

9.5 Evolution Variational Inequalities and Parallel
Algorithms

9.5.1 Solution of Evolution Variational Inequalities

Variational inequalities of evolution were introduced by Lions and Stampacchia (see,
e.g., Lions [121] for updated references). Let V and H be Hilbert spaces such that

V C H, Vdensein H, V — H being continuous (9.67)

We identify H with its dual so that if V* denotes the dual of V, then
VcHCV” (9.68)
We shall use the following notations: Here, L,(0, T, H) denote the space of all

measurable functions u : [0, T] — H, which is a Hilbert space with respect to the
inner product

T
(t, V) 1,00.7.H) /u(t) v(t))ydt (9.69)
0

If H* is the topological dual of H, then the dual of L,(0, T, H) = L,(0, T, H*) for
any Hilbertspace H. H'2(0, T; H) (H"'(0, T; H)) will denote the space of all those
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elements of L,(0, T; H) ((L1(0, T; H)) such that their distributional derivatives Df
also belong to L,(0, T; H) (L1(0, T; H)).
We also have a set K C V such that

K is a closed convex subset of V (9.70)

We do not restrict ourselves generally (it suffices to make a translation) by assuming
that

0ekK (9.71)
Let f be given such that
f€La0,T; V") 9.72)
We now consider a bilinear form

(u, 1) — a(u, w)which is continuous on V x V
a(u, ) is symmetric or not
a(u,u) > allull}, « >0VueV (9.73)

where we denote by ||u||y the norm of u in V. We look for u such that

uely)0,T;V)NL>®O0,T; H), ut) €K a.e.
d
<8—1:,ﬁ—u>+a(u,ﬁ—u) >(f,u—u)Viu € K
u(0) =0 (9.74)

The solution has to be thought of as being a weak solution of (9.73); otherwise,
the condition #(0) = 0 in (9.75) is somewhat ambiguous. This condition becomes
precise if we add the condition

9
a_L; € Ly, T: V*) (9.75)

but this condition can be too restrictive. We can introduce weak solutions in the
following form: We consider smooth functions # such that

0
i€ Ly0,T: V), a—”; € L0, T; V*)

0
i e Ly(0,T; V), a—f € Ly(0,T; V*)

unek forae., 1(0)=0 (9.76)
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Then, if u satisfies (9.72) and is supposed to be smooth enough, we have (we write
(u, u) instead of (u, i)y

T

/ [<8a—':,12—u>+a(u,ﬁ—u)—(f,ﬁ—u)}dt

0

T
s mamni—ars f{(2m2)
0

The last term equals %||12(T) —u(T)||% (since u(0) = 0, #1(0) = 0, so that

T
/|:<2—L;,ﬁ—u>+a(u,ﬁ—u)—(f,ﬁ—u):|dtZO 9.77)
0

for all & satisfying (9.75).
We then define a weak solution of (9.73) as a function u such that

ueLy0,T;V), ut) € K a.e. (9.78)

and which satisfies (9.76) for all & satisfying (9.75). The following existence and
approximation results are well known:

Theorem 9.11 If the bilinear form is coercive, symmetric, and bounded, then the
evolution variational inequality given by (9.73) has a unique solution.

Proof (Uniqueness of Solution) Let u; and u, be two solutions. By putting u = u
and u, in (9.73), adding these inequalities and setting w = u; — u, in the resultant
inequality, we obtain

—(W' (@), wt)) —aw(t),w()) >0

By coercivity, this inequality gives us

1d
Eww(mz +allw®|* <0

1d 2
——|w®)|* <0
2dtIW()I <

This implies that w(¢) = 0 or u; = u,. For existence see, for example, Duvaut and
Lions [69].
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9.5.2 Decomposition Method and Parallel Algorithms

We introduce N couples of Hilbert spaces V; and H;, and N convex sets K;:

VVCH CV'i=12...,N (9.79)
K; C Vi, K; closed convex subset of V;, nonempty (9.80)

We are given linear operators r; such that

ri € L(H,H)NLV,V)
rimaps KintoK;i=1,2,...,N (9.81)

We are also given a family of Hilbert spaces H;; such that
Hijj=H;Vi, jell,2,...,N] (9.82)
and a family of operators r;; such that
ri; € L(Hj, H;j) (9.83)
The following hypotheses are made:
ririiQ =ririjo¥o € V (9.84)
If N elements u; are given such that
u; € Ki Vi, riju; =rju; Vi, j (9.85)

then there exists # € K such that
N
u; = riu, and moreover |lul|> < c¢ <Z ||u;||%,i> (9.86)
i=1
The hypothesis
K; =V; for a subset of [1,2,3,..., N] (9.87)
is perfectly acceptable!
We now proceed with the decomposition of the problem. We introduce the follow-

ing bilinear forms: ¢; (u;, 1;) is continuous, symmetric on H; x H;, and it satisfies

ci(uiui) = o|uillg,, o >0, Vu; € H; (9.88)
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a; (u;, 4;) is continuous, symmetric or not, on V; x V;, and it satisfies

ai(ui, up) = Billuilly,, i >0, Yu; € Vi (9.89)
‘We assume that
N
> cilriu i) = (u, i)y, u it € H (9.90)
i=1
N
> ai(riu, i) = a(u, i), u i€V (9.91)

i=1

Finally, we assume that the function f is also decomposed as follows: We are given
functions f; € L,(0, T;; V;*) such that

N
D (i) = (f.a) = {f.0) i€V (9.92)
i=l

We are now ready to introduce the decomposed approximation. We look for functions
u;(i =1,2,3,..., N) such that

314,‘ N N 1 ~
ci <E, u; — Mi) +a(u;, u; —u;) + Z ;<rjiui —rijuj,rj (U — Mi))H”_
> (fi, ﬁ,‘ —u) Vﬁl e K; (9.93)

u; € L,0,T;V,), u;(t) € K;a.e., u;(0) =0 (9.94)

Remark 9.3 1. Itmay be remarked that each of the variational inequalities in (9.92)
has to be thought of in its weak formulation as introduced above.
2. In (9.92), ¢ is positive and small. The corresponding term in this equation is a
penalty term.
3. In the examples, ||7;;|| is a sparse matrix.

Theorem 9.12 The set of (decomposed) variational inequalities (9.92)—(9.93)

admits a unique solution u; = u;(i =1,2,3,..., N). Further, as ¢ — 0, one has
ui — u; in Ly(0, T; V;) weakly (9.95)
and
u; =riu

where u is the solution of (9.73) (weak form (9.76)).
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Proof Step 1 A Priori Estimates We can assume, without loss of generality, that
0 € K;. Therefore, taking u; = 0 in (9.92) is allowed (for a complete proof, the
technical details are much more complicated. One has to work first on approximations

of (9.92), by using (other) penalty arguments; see the bibliographical references. This
simplification gives (we write u; instead of u; for the time being)

u; 1
¢ (a—“t u,-) +au )+ -Xi < (frou) (=1.....N)  (9.96)
€
where
X; :Z<rjiui_rijuj)[_]‘.j ©9.97)
J
We can write
1 2 1 2 1 2
Xi =5 D Mrjies = rijully, + 5 3 il y, = 5 3 lrijul17, (9-98)
J J J

But one easily verifies that

1
ZX[ = 3 Z [rjiu; — Vij”j“%iij (9.99)
i J

Therefore, by integration in ¢, in the interval (0, ¢), of (9.95), and by summing in i,
using (9.98), we obtain

1 t
3 E ci(ui(t)) + E /ai(“i(s))ds
i 0

t t
1
+oo Z/ llrjiws — rijugll, ds < Z/(f,-, ui)ds (9.100)
Li Lo

Step 2 It follows from (9.87), (9.88) and (9.99) that, as ¢ — 0 (and we now use the
notation u; ), u; remains in a bounded set of

Ly(0,T; V) N Le(0, T Hy), ui(r) € K;  (9.101)

1
—(rjiu; — rijuj) remains in a bounded set of (0, T; H;)  (9.102)

NG

Therefore, we can extract a subsequence, still denoted by u;, such that

u; — u; in L,(0, T; V;) weakly, u;(t) € K. (9.103)
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and, by virtue of (9.101), we have
Tl =l”ijbthi,j (9104)

Notice that we have not used the fact that «; remains in abounded setof L, (0, T'; H;).
It follows from (9.102), (9.102), and the hypothesis (9.85) that

u; =riu*, u*(t) € Ka.e u € L,0,T;V) (9.105)
It remains to show that u* = u is the solution of (9.73) or (9.76).

Step 3 We use the weak formulation. To avoid slight technical difficulties, we further
weaken (9.76), by writing it

T
/[(8—” A—u) +a(12,ﬁ—u)—(f,ﬁ—u)]dt >0
0
for all u satisfying (5.75) (9.106)

We introduce #; such that

/\

u; € L,(0,T; V), teLz(OTV)
u;(t) € K; fora.e.t, u(0)=0 (9.107)

and we replace (9.92) by its (very) weak form

f e (24 i iy — 1)

Ci —u—u a;i(Uj, ujy —u;
0 at

1 ~ ~ ~ &

- Z(rﬂui —rijuj, rj,'(lzt,' — Ml)> Hij]df

&5

T
> / (fis ity — uy) (9.108)
0

Let us now assume that

ui =rig

@ € Ly(0,T; V*), —teLz(O T: VY, 9(0) =0, p(t) € K (9.109)

Since rjirip =1t @, the terms in (9.107) drop out so that
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St~

d
|:Ci (E(Mi)), rip — Mf) +a;(rip,rigp — Mf)] dt

> /(ﬁ, rip — u;)dt (9.110)
0

We can pass to the limit in € in (9.109). Because of (9.104), we obtain

T
/ |:Ci (—(w) i@ ,-*) +ai(rip,rig — u?)} dt
0

2/(fiari</)—r,-*)dt (9.111)
0

Summing (9.110) in i and using (9.89)—(9.91), we obtain

T
/[(%,w—u,)+a(¢a¢_ut)—(fv(ﬂ_“*):|dt20
0

so that (by uniqueness) u* = u.

Parallel Algorithm

We introduce the time step At and a semidiscretization. We denote by u} (what we
hope is) an approximation of u; (n At). We then define u by

n n—1
u —u'
1 1 ~ n n A n
Ci<—At ,u—ui>—|—a,~(ui,u—ui)

23 Gy — ) By = (i — ) Vi € K
- riiuf — g~ Gl — u ij = s Ui —Uu;) Vi € K;
P - J J J i J i i
u;’eKi n=1,2,..)09.112)
where
| nAt
Ji i f fi@®)dt, u; ( )

(n—1)At

Remark 9.4 The algorithm (9.111) is parallel. Each u} is computed through the
solution of statlonary variational inequality. Once the u” ! are computed, in the
computation of u}, only those j such that r;; # 0 are used
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Let us now show the stability of the algorithm. Replacing #; by 0in (9.111), we
obtain

1
ci(wf — ™' u) + ai(uf, —uf) + X7 < (ffuf) O-114)
&

where

XP =Y G} — i ), (9.115)

J

We observe that

Y Ly 4 ) — e ) ©.116)
Ci = ci(uj — u; AT ci(u; ci(u; .

At 2At !
so that
m n n—1
ZC. el SRR I Lc(u'-”) + LE 9.117)
— a0 24t T 248" '
where
Em =Y i} —ul™) (9.118)
n=1

We observe next that

1 1
—12
X§1=§ E [[rjiui — riju] ||H;j+5§ :||rﬂ"‘?||Hij

J
1 .
=5 2 rijady I, (9.119)
J

If we define

Y' ="l lln, (9.120)
i,j
then

Y Xi=2"+y -y (9.121)

where
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Z||r],u —riju I, (9.122)

Consequently, by summing (9.113) in i and in n, we obtain

2At ch( m) + E Z&m + Zza,(uh)
+EY’" +- ;Z” < Z:;Z(f ;) 0.123)

where notations ¢; (u;, u;) = ¢;(u;) and a; (u;, u;) = a; (u;) are used. But
n n 1 n ¢ ny 2
( i 7ui) =< gai(ui) + §||fl ||Vi’

so that (9.122), after multiplying by 2 A¢, gives

Zci(u?’) +Z§im +Atzzai(u,'~’)

2At 2At
+—Y’“+—ZZ” <,\At2||f"||2 <u (9.124)

hence stability follows. Here, A and p are constants.

Remark 9.5 (i) Other time-discretization schemes could be used in (9.111).
(i) An open problem. The previous methods do not apply (at least without new
ideas) for nonlocal constraints; for example, for variational inequalities of the

type

<8—u,lft—u> +a(u,u—u)+j@)—jw) > (f,u—u)
ot H

VieV,u(t) eV, u(0)=0 (9.125)

where V = H()' (£2), H = L,(82), and where, for instance

1/2

j) = / |Vi|*dx (9.126)

(iii) One can extend the present method to some quasi-variational inequalities.

(iv) The examples of decomposition given here correspond to decomposition of
domains. Other possibilities can be envisioned, e.g., multi-Galerkin methods,
using replica equations (in our case, replica variational inequalities).
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9.6 Obstacle Problem

In this section, we discuss obstacle problem in one and two dimensions. We have seen
in Sect. 9.1, how a one-dimensional obstacle problem expressed as a boundary value
problem can be written in the form of a variational inequality. We briefly mention
how a two-dimensional obstacle problem can be modeled in the form of a variational
inequality.

9.6.1 Obstacle Problem

Let us consider a body A C RZ?, which we shall call the obstacle, and two points P
and P, not belonging to A (see Fig.9.3); let us connect P; and P, by a weightless
elastic string whose points can not penetrate A. Finding the shape assumed by the
string is known as the one-dimensional obstacle problem.

We consider a system of Cartesian axes O XY with respect to which P; and P,
have coordinates (0, 0) and (0, £), and the lower part of the boundary of the obstacle A
is a Cartesian curve of equation y = W(x). By experience, we know that if y = u(x)
is the shape assumed by the string, then

u0)=u®) =0 (9.127)
Since the string connects P; and P,
u(x) < W(x) (9.128)
because the string does not penetrate the obstacle.
u’(x) >0 (9.129)

because the string being elastic and weightless must assume a convex shape,
and

Fig. 9.3 Obstacle problem Y
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u(x) <¥x)=u"(x)=0 (9.130)

that is, the string takes a linear shape where it does not touch the obstacle.

Since the string tends to the shape with the minimum possible length (in particular,
in the absence of an obstacle this would be ¢), (9.126)—(9.129) are equivalent to
(9.126)—(9.128) and

[u(x) — W) (x) =0 (9.131)

A physicist may prefer to formulate the obstacle problem by saying that the con-
figuration that the string takes such as to minimize the energy of the system. In the
system made up of the string and the obstacle, given that the only energy involved is
that due to elastic deformation (the string being weightless) and so by the principle
of minimum energy, the configuration u taken by the string is that which minimizes
the energy of the elastic deformation.

L

ﬂﬂ:%/ﬂ@%x (9.132)
0

under given conditions. Let K = {v € HOl 0,0)/v(x) < W(x) forall x € (0, )},
and assume that & € H'(0, ¢) satisfies the conditions.

max, ¥ >0 (9.133)
v(0) <0, ¥(0) <0 (9.134)
The following formulations of the obstacle problem are equivalent:

Problem 9.1 Find u € K such that E(u) < E(v) Vv € K.

¢
Problem 9.2 Model 1 where a(u,v) = [u'vdx and F =0, H = HO1 0,9), K as
0

above.

Problem 9.3 Findu € HO1 (0, £) such that u(0) = u(€) =0, u(x) < ¥(x), u” >0
in the sense of distribution and u” = 0 whenever u < V.

9.6.2 Membrane Problem (Equilibrium of an Elastic
Membrane Lying over an Obstacle)

This problem consists of finding the equilibrium position of an elastic membrane,
with tension 7, which
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e passes through a curve I'; that is, the boundary of an open set §2 of the horizontal
plane of the coordinates (xp, x»),

e is subjected to the action of a vertical force of density G = f,

e must lie over an obstacle which is represented by a function x : £ — R

(see Fig.9.4). This physical situation is represented by the following boundary value
problem:

—Au > fin 2
u > xin £2
(—Au — f)u— x)in 2
u=0onTI"
u=yxonl*
ou __ 0 %
ik ﬁ on I’
where I"* is the interface between the sets {x € £2|u(x) = x(x)} and
{x € 2|u(x) > x(x)} and 9/9n is the normal derivative operator along I"*. I'*
is an unknown of the problem. Finding a solution to this boundary value problem is
equivalent to solving Model 1 where H = HO1 (£2),
K={e HOI(O, 0/v=>x,a.e € 2}

2

ou 0
a(u,v):Z a—;a—;dx

i=1 o

(F,v) :/fvdx

2

As an illustration, we verify that the following boundary value problem:

Fig. 9.4 Equilibrium of Unknown contact zone
elastic string

u

G dx
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2
3%u
—Au+u=—2@+u=f0n[2 c R?

(82 is boundary, subset, of, Rz)

0
u >0, —uzO on, 052
on

ou
u— =0 on, 082 (9.135)
on

is equivalent to solving Model 1, where H = HOl (£2),
K ={ve H(R)/(restriction u on 32)u/32 > 0}, u/d$2 is understood in
the sense of traces

(F,v) =/f(X)V(X) dx

Since K is a cone, the argument of Sect.9.1 could be applied. By Green’s theorem
(in place of integration by parts), we have

!( 3x,) ,/_Vds>/fvdx

Following the arguments of Sect. 9.1, it can be shown that f g—,‘jvds > 0.
2

However, v/0$2 > 0 for all v € K which implies that % > 0 on 052. Thus, we
have (BVP) (9.134). If u is a solution of (9.134), then on the lines of the Sect.7.3,
we can show that u is a solution of Model 1.

9.7 Problems

Problem 9.4 Prove the existence of solution of Model 3.

Problem 9.5 Find u € H| (0, 2) such that

u(0) =u) =0
u(x) < W(x)

u’ > 0inthe sense of distribution

u’ = 0 whenever u < ¥
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Problem 9.6 Give a proof for Theorem9.3.

Problem 9.7 Show that the variational inequality
au,v—u)>Fw —u) forallve K

has a unique solution where
2
ou o
a(u,v) = / 2 —vdx
axk 8xk
k=1
K={veHj(2)/v=>0a.e.in )}
H = Hy(2)
Problem 9.8 Discuss the existence of solution of Model 4.
Problem 9.9 Obtain the Lax—Milgram Lemma (Theorem 3.39) from Theorem9.2.
Problem 9.10 Sketch the proof of the existence of solution of Model 9.
Problem 9.11 Sketch the proof of the solution of Model 6.

Problem 9.12 Discuss the properties of the mapping J : F — u where u is a
solution of Model 9 corresponding to F € H*.

Problem 9.13 Discuss a parallel algorithm for the following boundary value prob-
lem on the lines of Sect.9.4.2

V =H)(2)C H=Ly)
K={/v=0in$2, veV}

(u,v) = /uvdx

2

a(u,v) =/Au.Avdx
2

Problem 9.14 Discuss the existence of solution of the variational inequality prob-
lem: Findu € L,(0,T; HYN Ly(0,T; H), u(t) € K a.e. such that

A. a(u(t),v—u'(t)) = (F,v—u'(r))

B. a@/'(t),v—u'(t)) > (F,v—u'(t))
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Problem 9.15 Let 2 = (0, 1) and

1

FQv) = c/vdx, c >0, (9.136)
0
K ={veH)(2)/IV|<1lae. on ). (9.137)

Write down the explicit form of the variational inequality.

alu,v—u)>FWv—-—u)Vve Kuek



Chapter 10 ®)
Spectral Theory with Applications ez

Abstract This chapter deals with the introduction of the resolvent and the spectrum
set of a bounded linear operator as well as introduction of inverse problems and their
regularization.

Keywords Resolvent of a closed linear operator + Spectrum of a closed linear
operator compact operator + Spectrum of compact operator - Hilbert—Schmidt
theorem - Inverse problems + Singular value decomposition + Regularization -
Morozov’s discrepancy principle

10.1 The Spectrum of Linear Operators

We have studied properties of linear operators on Banach and Hilbert spaces in
Chaps.2 and 3. Concepts of compact operators, resolvent and spectrum of linear
operators were introduced through problems 2.30-2.35. In this chapter, we recall
the definition of the resolvent and the spectrum set of a bounded linear operator and
present a few illustrative examples.

Extensions of classical results of spectral theory of linear operator to nonlinear
operator are discussed in [4]. References [7, 63, 97, 100, 117] deal with basic results
of the spectral theory.

Definition 10.1 Let 7 be a linear operator on a normed space X into itself. The
resolvent set p(T) is the set of complex numbers for which (A — T')~! is a bounded
operator with domain which is dense in X. Such points of C are called regular points.
The spectrum, o (T'), of T is the complement of p (7). We say that A belongs to the
continuous spectrum of 7 if the range of (A — T') is dense in X, (A\I — T)~! exists,
but it is unbounded. We say that A belongs to the residual spectrum of T if (A1 —T)~!
exists, but its domain is not dense in X. A is called an eigenvalue if there is a nonzero
vector satisfying 7x = Ax, and such a vector x is called an eigenvector of 7.
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Remark 10.1 In continuum mechanics, we often encounter operator equations of the
form

x—=Twx=f (10.1)
in a Banach space X, where T (1) is a linear operator depending on a real or complex

parameter 1. An important example is the equation governing the steady vibration
of an elastic body with frequency w = A!/2, namely

M—Tx=f (10.2)

In particular, the natural vibration of a string is governed by the boundary value
problem

Aax+x"=0,x0=0=x (10.3)
Example 10.1 Consider a matrix operator defined on R" (Example 2.25). This oper-

ator has only a point spectrum consisting of no more than n eigenvalues. All other
points of the complex plane are regular points.

Example 10.2 Consider the differential operation
d ¢)
dt

on C[a, b]. Any point in the complex plane belongs to the point spectrum, since for
any A the equation

df B
=0 (10.4)

has a solution f = e*'. Thus, the operator has no regular points.

Example 10.3 Consider the following operator 7' defined on C|a, b] by
Tu(t) = tu(t) (10.5)
It is clear that 7 has no eigenvalues. If A ¢ [a, b], then the equation
Au(t) —Tu(r) = f(1),
that is,
A —=Du() = f()

has the unique solution
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f@
A—1)

u(t) = (10.6)

in C[a, b]. Thus, X belongs to the resolvent set. If A € [a, b], then the inverse (10.6)
is defined for, that is, has the domain of, functions f(¢) of the form f(¢t) = (¢)z(¢),
where z(¢) € Cla, b]. This domain is not dense in C[a, b], which means that points
A € [a, b] belong to the residual spectrum.

Example 10.4 Consider the boundary value problem

Py O ry xyen
s s = X, y), X,
0x2 = 9y? Y Y
u=0, x,yecadf2 (10.7)

where £2 is the square 2 = (0, 7) x (0, ). Let f(x, y) € L,(£2), then, givene > 0,
we can find N such that

If (e, y) = v, 0l <&

where

fulx,y) = Z sinmx sinny

m,x=1

Thus, the set S of all such fy(x, y) is dense in L,(£2), and

7'[2 ad
113 = D [fml* <00

m,n=1

Consider Eq.(10.7) for fy(x, y). Suppose A € C, but X is not on the negative real
axis. The unique solution of (10.7) is

N
uy(x,y)=— Z Lsinmxsinny

m? + An?
m,n=1

To show that u € L,(£2), we need to show that |m? 4 An?| is bounded away from
zero; that is, there is a § > 0 such that

Im?> +an*| >8>0 forallm,n (10.8)
If A = Ay + iAy, then

Im? + an?)? = (m® 4+ A n?)? + (An?)?
> (m? + an?)? + 43
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Thusif A, # 0, then we may take 8 = |A>|.If A = 0,and &; > 0, then |m?+An?|> >
m* > 1. Thus, (10.8) holds with

§ =kl if 22 #0

=1if =0
Thus
2 N 2 2 N
2T | fonl™ 7" 2
w3 = = m;] e = 3 m;lmnﬂ
1 1
= ZlIAIE < S
so that

llully < 512||f||§.
This means that if Eq. (10.7) is written as the operator equation
TMu=f
the inverse operation (T'(2))~" is a bounded linear operation on L,(£2); that is, A

belongs to the resolvent set p(T').
It can be verified that if A is on the negative real axis, that is

where p, ¢ are integers; then, sin px sin gy is a solution of

Bzy Bzy

— 4+ — =0, x,ye R

ax2  9y? Y
u=0, on 082

so that A is an eigenvalue of T'.
It can be also checked that for A = —b*/g* where p and g are integers, there is
no solution of (10.7) for f(x, y) = sin pxsingy.

Remark 10.2 1. An eigenvector is called an eigenfunction if the normed space X
is taken as a function space say L,[a, b], C(a, b] and BV|a, b].
2. The set of all eigenvectors corresponding to one particular eigenvalue of an
operator is a vector space.
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3. Every eigenvector corresponds to exactly one eigenvalue, but there are always
infinitely many eigenvectors corresponding to an eigenvalue. In fact, every scalar
multiple of an eigenvector of a bounded linear operator corresponding to an
eigenvalue is also an eigenvector.

10.2 Resolvent Set of a Closed Linear Operator

The concept of a closed linear operator is given in Definition 4.4. Here, we introduce
the concept of the resolvent operator and study its properties.

Definition 10.2 Let T be a closed linear operator on a Banach space X into itself.
For any A € p(T), the resolvent operator denoted by R(Ag, T') is defined as

R(ho, T) = (hol —T)7! (10.9)

Definition 10.3 Let G be a nonempty open subset of C. The function f()) is said
to be holomorphic in G if at every point Ay € G it has a power series expansion

o0

fO) =) el —20)" (10.10)

n=0

with nonzero radius of convergence.
Theorem 10.1 The resolvent operator is a bounded linear operator on X into itself.

Proof Let D, R denote the domain and range of Ao/ — T. Thus, D = D(,A oI — T),
R = Rkl —T) = D((hoI — T)™") = D(R(Xy, T)). By the definition of the
resolvent set, (Ao, T7) is bounded on S. Thus, there is C > 0 such that

oI —=T) 'yl < Cliyll, ye R (10.11)

our goal is to show that D = R = X.If x € D, there is an y € R such that
y = (Aol — T)x, so that (10.11) gives

[lx|] < Cl|(M — T)x]|, x € D (10.12)

Let y be an arbitrary element in X: Since S is dense in X, we can find {y,} € R such
that

lim y, =y

n—oo

Since R =range of (A¢l — T'), we can find {x,} € D such that

()‘()I - T)xn =Yn
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and thus
(Aol = T)(Xp — Xp) = Yn — Im
Applying the inequality (10.12) to x,, — x,,, we find
X0 — Xmll = Cllyn — Ymll (10.13)

Since y, — ¥, {ym} is a Cauchy sequence and so {x,} is a Cauchy sequence by
(10.13). Since X is a Banach space, there is an element x € X such that

lim x, =y
n—o00

Since Aol — T is a closed operator, we have
(Aol =T)x =y

But y was an arbitrary element in X; thus, the range of AgI — T is R and the domain of
R (Ao, T)is X: Thus, the inequality (10.11) holds on X, so that R(X¢, T') is continuous
on X.

Theorem 10.2 Let T be a closed linear operator on a Banach space X into itself.
The resolvent set p(T) is an open set of C, and the resolvent operator R(A, T) is
holomorphic with respect to A in p(T).

Proof Suppose Ay € p(T): By Theorem 10.1, R(X, T') is acontinuous linear operator
on X. Thus, the series

ROw.T)+ Y _(h—r)"R"™ (. T) (10.14)

n=1

is convergent in the circle |[Ag — A| - ||R (Ao, T)|| < 1 of C and thus is a holomorphic
function of in this circle. Multiplying the seriesby Al — T = (A —Ag) ] + (Aol —T),
we obtain 7; that is, (10.14)is W] — T)"' = R(A, T).

10.3 Compact Operators

In this section, we prove some of the results concerning compact operators on Banach
as well as on Hilbert spaces given in Chaps.2 and 3 as remarks and problems.

In the first place, we prove the following theorem containing results announced
in Remark 3.19.
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Theorem 10.3 Let T be a bounded linear operator on a Hilbert space X into another
Hilbert space Y. Then

(a) R(T)= N(T*™".
(b) R(T*) = N(T)*-.

Proof Suppose y € R(T). This means that there is a sequence {y,} € R(T) such
that y, = Tx, and y, — y.If z € N(T*), then

T*z=0and (y,,2) = (Tx,,2) =0

Thus

Iyl =1y =yn+ 2 = [y = yu2)l = Iy = yall llzll = 0 so that
(y,z) = 0; that is, y is orthogonal to every z € N(T*). y € N(T*)* which implies
R(T) C N(T*)* .

Now suppose y ¢ R(T). We will show that y ¢ N(T*)‘. R(T) is a closed
subspace of the Hilbert space Y. By Lemmas 3.2 and 3.3, there is a unique element
z in R(T) such that

[y —zll = min_[[y —v[| #0
veR(T)

and
(y —z,v) =0forallv e R(T).

Put y — z = u, then (1, v) = O forall v € R(T) so that, in particular, (u, z) = 0 and
thus

(you) = (u+z,u) = (u,u) + (z,u) = ||u]|* #0

or

(y,u) = [Jull* # 0. (10.15)
But since (z, v) = 0 for all v € R(T), it is zero for all v € R(T), that is

(z, Tx) =(T*z,x) =0forall x € X.
Hence Tz* = 0, sothat z € N(T™*). Thus, Eq. (10.15) states that y is not orthogonal
to a nonzero element u € N (T*); that is, y is not in N(T*)*. Therefore, N(T*)* C
R(T) and so N(T*)*+ = R(T).
(b) follows immediately by changing T to 7™ in (a).

A useful characterization of compact operators (see Problems 2.30-2.34 for basic
properties of compact operators) can be formulated in the following form.



358 10 Spectral Theory with Applications

Theorem 10.4 A linear operator T on a normed space X into a normed space Y
is compact if and only if it maps every bounded sequence {x,} in X onto a sequence
{Tx,}in Y which has a convergent subsequence.

A few authors consider characterization of Theorem 10.4 as the definition of the
compact operator.

Example 10.5 (Example of Compact Operators) Let T be an operator on Ly(a, b)
defined by

b

(Tx)(s) = / K(s. 0x(t)dt

a

where a and b are finite and K (-, -) is continuous on [a, b] X [a, b]. T is a compact
operator that can be checked as follows.
Letx, € Ly(a,b) and ||x,|| < M forn =1,2,3,...,and some M > 0. Then

b
[(Txa(s))| = / |K (s, 1)|xn(t)dt < M max [K(s,1)[vVb—a

and thus the sequence {T'x,} is uniformly bounded. Moreover, for every s, s, €
[a, b], we have

b

f K (51,1) — K (52, )] [xn(0)]d

a

[(Tx,)(s1) — (Tx,)(s52)|

IA

IA

b b
/lK(Sl,t)—K(Sz,t)l /Ixn(t)lzdf

IA

M~b —a n(la);) |K(s1,t) — K(s2,1)].
te(a,

Since K is uniformly continuous, the last inequality implies that the sequence {7 x,,}
is equicontinuous. Therefore, by Ascoli’s Theorem (Theorem A.8), the set {7 x,,} is
compact.

We prove now two theorems giving properties of compact operators on a Hilbert
space.

Theorem 10.5 Let Ty, T», Ts, ..., be compact operators on a Hilbert space X into
itself and let ||T,, — T|| — 0 as n — oo for some operator T on H into itself, then
T is compact.
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Proof Let {x,} be a bounded sequence in X. Since 7; is compact, by Theorem 10.4,
these exists a subsequence {x;, n} of {x, } such that {Tx;, n} is convergent. Similarly,
the sequence {7>x, n} contains a convergent subsequence {7>x,, n}. In general, for
k > 2, let {Tixy, n} be a subsequence of {x;|, n} such that {T;x;, n} is convergent.
Consider the sequence {x;, n}. Since it is a subsequence of {x,}, we can put x,, =
Xn.n» Where p,, is an increasing sequence of positive integers. Obviously, the sequence
{Tix,,} converges for every k € N. We will show that the sequence {T'x,} also
converges. Lete > 0. Since ||T,, —T|| — 0, there exists k € N suchthat||7T, —T|| <
I/ﬁ, where M is a constant such that ||x,|| < M foralln € N: Next, let k; € N be
such that

€
||Tkxpn - Tkxpm“ < 5
for all n, m > k. Then

||Txp/x - T'xpm” S ”T'xpn - Tk'xpnll + ||Tkxp/x - Tk'xpm”
+ ”Tkxpm + Txpm”
& + & + &
< = - - =¢&
3 3 3

for sufficiently large n and m. Thus, {T x, } is a Cauchy sequence in the Hilbert space
and so it is convergent.

Theorem 10.6 The adjoint of a compact operator is compact.

Proof Let T be a compact operator on a Hilbert space X. Let {x,} be a bounded
sequence in X, thatis, ||x,|| < M for some M for alln € N. Define y, = T*x,, n =
1,2,.... Since T* is bounded, the sequence {y,,} is bounded. It thus contains a
subsequence {yx, } such that the sequence {7y, } converges in X. Now, forany m, n €
N, we have

2 2
Yk — i, 117 = T x — T xg, |1
= (T™(x, — xx,), T™(xx,,, — X))
< T T*(xg, — xi)I xk, — x|l

< 2M|ITyx, = Ty, Il = 0O
as m, n — oo. Therefore, {y;} is a Cauchy sequence in X, which implies that {y, }
converges.

This proves that 7* is compact.

Remark 10.3 1t can be proved that an operator T defined on a Hilbert space X is
compact if and only if x, — x implies Tx, — Tx.
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10.4 The Spectrum of a Compact Linear Operator

In this section, we prove theorems related to the spectrum of a compact operator
T () defined on a Hilbert space X.

Definition 10.4 The null space and range of / — T'(1¢) denoted by N () and R(u),
respectively, are defined as N(u) = {x € X : x — T(w)x = 0} and

R(p)={yeX:y=x—-T(wx;x € X}.

Similarly null space and range of / — T*(u) are denoted by N*(x) and R*(u) and
are defined as

N ={xeX:x—T"(uwx =0}
R () ={yeX:y=x—-T"(wx;x € X}

Remark 10.4 (a) N(u) and N*(w) are finite dimensional.
(b) N(u)t, N*(u)* denote the orthogonal complements of N (i), N*(i) on X,
respectively (for orthogonal complements, see Sect. 3.2).

Theorem 10.7 N (u)* = R*() and N*(u)* = R(uw). In the proof of this theorem,
we require the following lemma.

Lemma 10.1 There are constants My, M, > 0 such that
M|lx]] < llx = T (x|l < Ma||x]]| (10.16)
forall x € N(u)*.

Proof (Proof of Lemma 10.1) The right-hand inequality holds because 7 (i), being
compact, is bounded. Let us prove the left-hand inequality. Suppose that there is no
such m; > 0 for all x € N(u)". This means that there is a sequence x, C Nt
such that ||x, || = 1 and ||x, — T'()x,|| — O0asn — oco. Because T'(w) is compact,
the sequence {7 (1)x, } contains a Cauchy subsequence. But this means that xn must
also contain a Cauchy subsequence because

Xp =T (w)x, + (x, — T ()x,) (10.17)

Let us rename this Cauchy subsequence {x,}. Since N (u)* is complete, {x,} will
converge to x € N(u)*; since ||x,|| = 1, we have ||x|| = 1. On the other hand,
x, — x and T is continuous so that 7' (u)x, — T (u)x. But ||x, — T (w)x,|| — 0
so that x — T (u)x = O that is, x € N(u). But ||x|| = 1; so that x is not zero, but
it belongs to both of the mutually orthogonal sets N (), N (). This is impossible.
Therefore, the left-hand inequality holds.
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Proof (Proof of Theorem 10.7) To prove the first result, we must show that the equa-
tion

x—T*(wWx =y (10.18)

has a solution if and only if y € N(u)*.
Suppose that, for some y, Eq.(10.18) has a solution x, i.e. y € R*(u). Let z €
N (), then, by using definition of adjoint we find

(z,y) = (2, x = T*(Wx) — (2 = T(wz,x) =0

Now suppose that y € N (). The functional (x, y) is linear and continuous on X
and therefore on N (u)*. The space N (w)™* is a Hilbert space. Therefore, by Rieszs
representation theorem, there is y* € N (w)* such that

(x,y) = (x, y*) = (x = T(wx, y* — T(w)y*), x € N(w*

This equality holds for x € N(u)*, but it also holds for x € X. For if x € X, we
may write x = x| + xp, where x; € N(M)L and x, € N(u), and use

(-x’ )’> = ()Cl +.X2, y) = <)C1, y)
x—=Twx =x —T(wx; +x2—T(wx2=x —T(ux
(,y)=x—=T@x,z) =(x,z =T (Wz), x€X

so that
=T (Wz=y

In other words, if y € N()*, then Eq. (10.18) has a solution, i.e. y € R*(u); thus,
N(u)* C R*(n) and N(u)* = R*(u). The second part follows similarly from
(10.1) applied to T*(w).

Remark 10.5 (a) R(u) = X if and only if N(u) = 0.

(b) If R(w) = X, then (I — T(u)~" is continuous.

(c) A compact linear operator 7 (1) in a Hilbert space X has only a point spectrum.

(d) The spaces N (), N*(i0) have the same dimension.

(e) The set of eigenvalues of a compact linear operator 7 () = uT has no finite
limit point in C.

10.5 The Resolvent of a Compact Linear Operator

It can be verified that if the domain of a linear operator 7 on a Hilbert space is finite
dimensional, then 7 is compact. We have seen (Theorem 10.2) that the resolvent
(I — T(u)~" of a closed operator is a holomorphic operator function of i in the
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resolvent set. We will examine here its behavior near the spectrum when T is a
finite-dimensional operator, a special type of compact operator, namely 7,, having
the general form

n

T,x = Z(x, )Xk, xp € X (10.19)
k=1
where x1, X, X3, ..., X, are linearly independent.

For a general compact operator, we refer to Lebedev, Vorovich, and Gladwell
[120, Theorem 7.4].
The equation

(I —uTyx = f

is
X — L1 Z(x, a)xe = f (10.20)
k=1
Its solution has the form

x:f—l—chxk

k=1

and, on substituting this into (10.19), we find

f+Y) e — Mz<f + ZC.ij’ak>xk =/
k=1 k=1 k=1

Since the x; are linearly independent, we have
Ck —pLZ(xj,ak) =u(fax), k=1,2,...,n.
j=1

This system may be solved by Cramer’s rule to give

Dy (1;
o= PR s

D()

and thus

oo DO+ 3 Dl

10.21
D(p) ( )




10.5 The Resolvent of a Compact Linear Operator 363

The solution is a ratio of two polynomials in u of degree not more than n. All ©
which are not eigenvalues of T are points where the resolvent is holomorphic; thus,
they cannot be roots of D(). If 1 is an eigenvalue of 7, then D(uy) = 0. If this
were not true, then (10.21) would be solution of (10.20) which means p is not an
eigenvalue R(u) = X implies N () = 0 by Remark (10.5). Thus, the set of all roots
of D(u) coincides with the set of eigenvalues of 7,,, and so each eigenvalue of 7}, is
a pole of finite multiplicity of the resolvent (I — uT;,)~".
A general result can be formulated as follows:

Theorem 10.8 Every eigenvalue of a compact linear operator T in a separable
Hilbert space is a pole of finite multiplicity of the resolvent (I — LA,)~".

10.6 Spectral Theorem for Self-adjoint Compact Operators

We have examined certain properties of compact operators related to eigenvalues in
Sects. 10.3 and 10.4, but results for existence of eigenvalues were missing. In this
section, we present existence results for self-adjoint compact operators.

It may be recalled that a linear operator 7" on a Hilbert space X is self-adjoint if
and only if (Tx, x) is real for all x € X (Theorem3.25). Properties of eigenvalues
(proper values) and eigenvectors (proper vectors) are given by Theorem 3.33.

Theorem 10.9 (Existence Theorem) If T is a nonzero, compact, self-adjoint oper-
ator on a Hilbert X, then it has an eigenvalue X equal to either ||T || or —||T]||.

Proof Let {u,} be a sequence of elements of X such that ||u,|| = 1, foralln € N,
and

Tuyll = IT|lasn — X (10.22)
then

NT2un — T w120 11> = (Tun — Tttt T?un — || Tt |1t
= |T%un|l* = 2| Tun| (Tt ) + [T ||* 10,11
= |1 T?unl > = 2| Tun| (T, Tun) + | Tun||*lunl|?
= [|1T?unl > = [|Tu,|*
< NTIPNTuall> = [1Tunll*
= | Tu,|PUITI? = [Tl

Since ||Tu,|| converges to ||T||, we obtain

||T2un—||T||uﬁ||—>Oasn—>oo (10.23)
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The operator 72, being the product of two compact operators, is also compact. Hence,
there exists a subsequence (u ,, ) of (u,,) such that (T%u p,) converges. Since ||T|| # O,
the limit can be written in the form || T'||>v, v # 0. Then, for every n € N, we have

INT1Pe = 0TI wp, | < [NT1P0 = T2up, | + | Tup, — 11T uy, |Puy,
+ 11T up, 1Pup, = T 1Puy, |

Thus, by (10.22) and (10.23), we have
NTlv = NT11Pup, | = 0as n — oo
or
||||T2||(v - up”)” — 0asn— o0
This means that the sequence (i, ) converges to v, and therefore
T?v = ||T|*v
The above equation can be written as
(T =TT +IT]i)v = 0.

Ifw= (T +||T|li)v # 0O, then (T — ||T||i)w = 0O, and thus, ||7'|| is an eigenvalue
of T. On the other hand, if w = 0, then —||T’|| is an eigenvalue of 7.

Corollary 10.1 If T is a nonzero compact self-adjoint operator on a Hilbert space
X, then there is a vector w such that ||w|| = 1 and

KTw,w)| = sup [{Tx,x)]

[lx][=1

Proof Letw, ||w|| = 1, be an eigenvector corresponding to an eigenvalue such that
[X] = |IT]|. Then

(Tw, w)| = 1(aw)] = A [Iwl]> = [Al = [IT]| = sup [(Tx,x)|.

[lx]l=1

Corollary 10.2 Theorem 10.9 guarantees the existence of at least one nonzero eigen-
value, but no more in general. The corollary gives a useful method for finding that
eigenvalue by maximizing certain quadratic expression.

Theorem 10.10 The set of distinct nonzero eigenvalues (A,) of a self-adjoint com-

pact operator is either finite or lim X, = 0.
n—00
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Proof Suppose T is a self-adjoint compact operator that has infinitely many distinct
eigenvalues A,, n € N. Let un be an eigenvector corresponding to A, such that
[lu,|| = 1. By Theorem3.33, {u,} is an orthonormal sequence. Since orthonormal
sequences are weakly convergent to 0, Remark 10.3 implies

0= lim ||Tu,||* = lim (Tu,, Tu,)
n—oo n—oo

= lim (Ayuy, Aptty) = lHm A2[|u,|[* = lim A2
n—oo n—oo

n—oo

Example 10.6 We will find the eigenvalues and eigenfunctions of the operator T on
L>([0, 27r]) defined by

2

(Tu)(x) = / K(x —tHu(t)dt

0

where K is a periodic function with period 2, square integrable on [0, 2]. As a
trial solution, we take

inx

un(x) =e
and note that
2 ¥
(Tuy) = / K(x —t)e"dt = ™ / K (s)e'™ds
0 x—2m
Thus
Tu, = Au,,ne€”zZ
where
2
An :/K(S)eimds,
0

The set of functions {u,}, n € Z, is a complete orthogonal system in L, ([0, 27]).

Note that 7T is self-adjoint if K (x) = K (—x) for all x, but the sequence of eigen-
functions is complete even if T is not self-adjoint

Theorem 10.11 (Hilbert—Schmidt Theorem) For every self-adjoint, compact oper-
ator T on an infinite-dimensional Hilbert space X, there exists an orthonormal
system of eigenvectors (u,) corresponding to nonzero eigenvalues (X,) such that
every element x € X has a unique representation in the form
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X
X =) oy +v (10.24)
n=1

where o, € C and v satisfies the equation Tv = 0. If T has infinitely many distinct
eigenvalues Ay, Ay, . .., then A, — Q0 asn — oo.

Proof By Theorem 10.9 and Corollary 10.1, there exists an eigenvalue A; of T such
that

[A1] = sup [{Tx,x)|

[lxll=1
Let u; be a normalized eigenvector corresponding to A;. We set
Or={xeX:x Lu}

i.e., Qg is the orthogonal complement of the set {u#;}. Thus, Q; is a closed linear
subspace of X. If x € Oy, then

(Tx,u) = (x, Tuy) = A{x,u) =0

which means that x € Q| implies Tx € Q. Therefore, T maps the Hilbert space
Q) into itself. We can again apply Theorem 10.9 and Corollary 10.1 with Q, in place
of X. This gives an eigenvalue A, such that

|A2| = sup {[(ATx,x)| : x € Qn}

[lxll=1

Let u, be a normalized eigenvector of A,. Clearly, u; L u,. Next, we set

Or={x€Q1:x Lus}

and repeat the above argument. Having eigenvalues A, Ay, ..., A, and the corre-
sponding normalized eigenvectors u, ..., u,, we define

an{xe On-1 I.XJ_I/{”}
and choose an eigenvalue X, ; such that

|Ang1l = sup {{Tx,x)| :x € Qn} (10.25)

llxll=1

For u, 1, we choose a normalized vector corresponding to A, 1.
This procedure can terminate after a finite number of steps. Indeed, it can happen
that there is a positive integer k such that (7Tx, x) = 0 for every x € Q.
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Then, every element x of X has a unique representation

X =au+---+ogup+v
where Tv = 0, and

Tx = Aoquy + - -+ + Aoy
which proves the theorem in this case.

Now suppose that the described procedure yields an infinite sequence of eigen-
values {A,} and eigenvectors {u,}. Then, {u,} is an orthonormal sequence, which
converges weakly to 0. Consequently, by Remark 10.3, the sequence (Tu,) con-
verges strongly to 0. Hence

|Anl = [Anttnll = [ITunll - O0as n — oc.

Denote by M the space spanned by the vectors uy, us, .... By the projection theorem
(Theorem 3.10), every x € X has a unique decomposition x = u + v, or

o0
X = E ayu, +v
n=1

where v € M. It remains to prove that Tv = 0 for all v € M.
Letv € S*, v # 0: Define w = v/||v||. Then

(Tv, v) = [[v][*(Tw, w)
Since w € M+ C Q, forevery n € N, we have

(Tv, v)l = [Iol* sup {[(ATx, x)| : x € Qu} = [[]P[Ansa] = O

[lx]l=<1

This implies (Tv, v) = 0 for every v € M. Therefore by Corollary 3.3, the norm
of T restricted to M+ is 0; thus, Tv = O forall v € M.

Theorem 10.12 (Spectral Theorem for Self-adjoint Compact Operators) Let T be
a self-adjoint, compact operator on an infinite-dimensional Hilbert space X. Then,
there exists in X a complete orthonormal system (an orthonormal basis) {vy, v, ...}
consisting of eigenvectors of T. Moreover; for every x € X

Tx = hlx. va)v, (10.26)

where A, is the eigenvalue corresponding to v,.
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Proof Most of this theorem is already contained in Theorem 10.11. To obtain a
complete orthonormal system {v;, vy, ...}, we need to add an arbitrary orthonormal
basis of M to the system {u,, us, ...} (defined in the proof of Theorem 10.11). The
eigenvalues corresponding to those vectors from M+ are all equal to zero. Equality
(10.26) follows from the continuity of 7.

10.7 Inverse Problems and Self-adjoint Compact Operators

10.7.1 Introduction to Inverse Problems

Problems possessing the following properties are known as the well-posed problems.

(1) Existence, that is, the problem always has a solution.
(i) Uniqueness, namely the problem cannot have more than one solution.
(iii) Stability, that is, small change in the cause (input) will make only small in the
effect (output).

These three characteristics of problems were identified at the turn of this century by
the French mathematician Jacques Salomon Hadamard who lived during 1865-1963.
A major part of research in theoretical mechanics and physics during the twentieth
century has been devoted to showing that under appropriate conditions the classical
problems in these fields are well posed. Only in the last four decades, it has been
observed that there are important real-world problems which do not have some or
all properties termed above as the well-posed problems. The problems, which are
not well posed, that is, they fail to have all or some of three properties, are called
ill-posed problems.

Examples of well-posed problems are of the type:

Find the effect of a cause, for example (i) find the effect on the shape of a structure
(deformation in a structure) when a force is applied to it (ii) how heat diffuses through
a body when a heat source is applied to a boundary. Well-posed problems are also
known as the direct problems. Finding cause, when an effect is known, is often ill-
posed, and such problems are called inverse problems, for example finding the force
applied when the deformation is known. Identification of parameters in a differential
equation when a solution is given is an example of an inverse problem.

Tikhonov and Arsenin [185] is an invaluable guide to the early literature on inverse
problems. It uses methods of functional analysis and contains several instructive
examples from the theory of Fredholm integral equations. Groetsch [91] introduces
inverse problems with the help of examples taken from various areas of mathematics,
physics, and engineering. It treats inverse problems in the form of Fredholm integral
equations of the first kind, or more generally in the form of the operator equation
Tx = y. Applications of the results from the spectral theory to inverse problems are
very well treated in Refs. [77, 103, 120, 152].
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It can be noted that many ill-posed and/or inverse problems can be reduced, maybe
after some linearization, to the operator equation

Tx =y (10.27)

where x, y belong to normed spaces X, Y, and T in an operator from X into Y.
Properties of equation (10.27) are discussed in Sects. 1.1, 1.2, 2.3.3, 2.5, 3.7, 3.8,
4.6,7.1,72,74,75,7.6, 8.1, 8.3, 9.2, 9.4. We close this section by introducing
Moore—Penrose generalized inverse of an operator 7.

Let T be abounded linear operator on a Hilbert space X into a Hilbert space Y. The
closure R(T) of the range of T is a closed subspace of Y. By Theorem 3.10, Y can be
written as ¥ = R(T) + R(T)L = R(T) + R(T)* because orthogonal complement
is always closed. Thus, the closure of R(T) 4+ R(T)* in Y or, in other words, the
subspace R(T) + R (T)* of Y is dense in Y. We show now how one can extend the
inverse operator from R(T) to R(T) + R(T)*. Suppose y € R(T) + R(T)*, then
its projection Py onto R(7') is actually in R(T"). This implies that there is an x € X
such that

Tx = Py (10.28)

This T x, being the projection of y onto R(T'), is the element of R(7") which is closest
to y, that is, by Lemma 3.2 and Remark 3.10

1T = yI| = inf [T = yl| (10.29)

By the projection theorem (Theorem 3.10), any y € Y may be written as
y=m+n, mem, nER(T)l
Here m = Py. By saying that m € R(T), we state that there is an x € X such that
y—Tx=ne R(T)"* (10.30)

Such an x is called a least squares solution of the equation because it minimizes the
norms ||Tu — y||. Suppose T does have a null space, so that solution of (10.28) is
not unique. There will then be a subset M of solutions x satisfying

Tx|| = Cllxl (10.31)

It can be verified that M is closed and convex. By Lemma3.1, there is a unique
Xx € M whichminimizes ||x|| on M. x is called the generalized solution of Eq. (10.27);
it gives a unique solution for y € R(T) + R(T)* which is a dense subspace of Y.
This solution is called the least squares solution of minimum norm.
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The mapping 77 from D(T") = R(T) + R(T)* into D(T) which associates y
to the unique least squares solution of minimum norm, 7'y, is called the Moore—
Penrose generalized inverse of 7.

Remark 10.6 Let T be a continuous linear operator on Hilbert space X into Hilbert
space Y. Suppose y € D(T"). Then T'(y) is the unique least squares solution in
N(T)*.

Theorem 10.13 Let X, Y be Hilbert spaces and T be continuous linear operator
from X into Y. The generalized inverse TT on Y is a closed operator. It is continuous
if and only if R(T) is closed.

Proof We recall Definition 4.4 and reword it for our case. T is closed if and only if
the three statements

n} DT, yo =y, TNy —> x
together imply
y € D(T") and x = TTy

Note Remark 10.6 states that x, = T ¥, 1s the unique solution of 7*Tx,, = T*y,
in N(T)*. Thus, {x,} C N(T)*, x, — x,and N(T)" is closed, imply x € N(T)".
Also T*Tx, — T*Tx and T*Tx, = T*y, — T*y imply T*Tx = T*y. But
T*Tx = T*y implies T*(Tx —y) = 0, so that Tx —y € N(T) = R(T)* and
y € R(T) 4+ R(T)* = D(T") and x is a solution of A*Tx = T*y in N(T)*. Again
Remark 10.6 states that x = T7y. Thus 77 is a closed operator.

Now suppose that 7" is continuous. Let {y, } be a convergent sequence in R(T),
converging to y. Let x, = TTy,, then x, € N(T)*. Since T" is continuous and
N(T)* is closed, x, — x = T'y € N(T). On the other hand, Tx, = y, so that
Tx, > xandy, > Tx € R(T). Thus, y = Tx and y € R(T). Therefore, R(T) is
closed.

Now suppose D(T) is closed, then D(T) = R(T) + R(T)* = X, so that T7
is a closed linear operator on X into Y, so that, by Theorems4.22 and 4.25, it is
continuous.

10.7.2 Singular Value Decomposition

Let T be a compact linear operator on a Hilbert space X into another Hilbert space
Y. T*T and T T* are compact self-adjoint linear operators on X and Y, respectively,
keeping in mind Theorem 10.6 and the fact that product of two compact operators is
a compact operator. It can be also verified that 7*7T and T T* are positive operators
and both have the same positive eigenvalue say A > 0, that is, (7*T)x = Ax, so that
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Tx #0.Then T(T*Tx) = (TT*)(Tx) = A(Tx), so Tx is an eigenvector of TT*
corresponding to A. The converse can be checked similarly.

By Theorem 10.12, existence of positive eigenvalues A; > Ay > A3 > — — —
and finite or infinite set of orthonormal eigenvectors corresponding to eigenvalues
A, Ao, ... A, ... can be checked.

Theorem 10.14 Let u; = \/Ajandu; = ,lL;lTMj, then
T*uj= ;' T*Tuj = ' djuj = pjv; (10.32)
so that
TT*j; =p,;Tv; = puju; = hju, (10.33)

Thus {u;} form an orthonormal set of eigenvectors for TT*, and Theorem 10.13
states that they are complete in the closure R(TT*) = N(TT*)* = N(T*)*.

Definition 10.5 The system {v;, u;, j;} is called a singular system for the operator
T, and the members p; are called singular values of 7'.

o0 o0
Tx = Zaijj = Zaj,ujuj (10.34)
j=1 j=1
where o; = (x,v;), is called the singular value decomposition (SVD) of the

operator 7.

Remark 10.7 (a) Lety € R(T) then

x:ZW”’ff)v,-Jrv (10.35)

where v € N(T), is a solution of the operator equation Tx = y provided

o0

> 3y up) P < oo (10.36)

J=1

(b) The operator equation Gx = y has a solution if and only if y € R(T) and
(10.36) are satisfied.

(c) Condition (10.36) is often called Picard’s existence criterion.

(d) It may be observed that in order for the operator equation 7x = y to have a
solution equivalently Picard’s existence criterion to hold, |{y, u ;)| must tend to
zero faster than .

A Regular Scheme for Approximating Ty" We have seen earlier that for y €

R(T) + R(T)*, TTy gives the unique element in N (T)* which satisfies (10.29).
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Equation (10.36) shows that when T is compact this solution is the one obtained by
taking v = 0. Thus

iy =y (10.37)

=1 R

If we denote this by x, then

[e¢]

Tx = Z(y,uj)vj = Py

J=1

in the notation of (10.28).
Equation (10.37) shows that if there are an infinity of singular values, then T is
unbounded because, for example, ||u|| = 1, while

1
T ur|| = — — Oas k — oo
ok

In order to obtain an approximation to 7'y, we may truncate the expansion (10.37)
and take the nth approximation as

"—Z y’”f (10.38)
j=1

then
llx, — TTy|| = 0as n — oo

Suppose that, instead of evaluating (10.38) for y, we actually evaluate it for some
near by y® such that ||y — y®|| < 8. We will obtain a bound for the difference between
the x,, formed from y?, which we will call x,f, and the true x,, formed from y; that is,
we estimate ||x, — x?||.

[y — ¥, uy)|?
[, — X317 Z 212 =) —

j=1 I'Lj

)
<= -YuP=<= (10.39)
MZ ' K

=

A. This bound on the solution error exhibits the characteristic properties of a solution
to an ill-posed problem, namely for fixed n, the error decreases with §, but for
a given § the error tends to infinity as n — oo. The inequality (10.39) implies
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that in choosing an n, say n(§), corresponding to a given data error §, we must
do so in such a way that

8;: —0asé—0
Thus, there are two conflicting requirements on n; namely, it must be large
enough to mark ||x, — 77y|| small, but not so large as to make 8;”1
B. A choice of n(§) such that

xX— T'yas§—0

is called a regular scheme for approximating 7'7y.

10.7.3 Regularization

Let o be a positive parameter. Let us consider the problem of finding x € X(X an
arbitrary Hilbert space) which minimizes

F(u) = ||Tu = y|Iy + a|lullx (10.40)
where Y is another Hilbert space.

It can be verified that H = X x Y is a Hilbert space with respect to the following
inner product.

(21, 22)H = (Y1, y2)y +alx;, x2)x (10.41)
and

zll3 = 11y + Ixl% (10.42)

Remark 10.8 1f (x,, Tx,) € R(Ty) converges to (x, y) in the norm of (10.42), then
Tx = y; thatis, R(Ty) is closed (range of an operator defined on H is closed).

Remark 10.9 Using Lemma3.2 (see also Remark 3.2), Theorems3.10, 10.3, and
3.19, it can be shown that

x=xa=(T"T +al)'T*y (10.43)
is the unique solution of

(T*T +al)x = T*y (10.44)



374 10 Spectral Theory with Applications

Theorem 10.15 x, given by (10.43) converges to T'y as a — 0 when y satisfies
Picard’s condition, that is, if Ty exists.

Proof We note that
ax =T"y —T*y —T*Tx € R(T") (10.45)

But R(T) = N(T)*, so thatx € N(T)T. But we showed that the v; span N (7)* so
that we many write

oo
X =Xy = chvj, cj = (x,vj)
j=1

Substituting this into (10.44), we find

o0

Z()\j +Ol)ijj = T*y

=1
so that

(}\.j +Ol)Cj = (T*y’ Uj> = (y’ ij> = Mj()’, “j)
and hence
Xg = M (1046)
)\.]‘ —|—Ol

To show that x, — Ty, we proceed in two steps; first, we show that this operator
which gives x, in terms of y is bounded. We note that since the A ; are positive and
tend to zero, we can find N > 0 such that

Aj=1for j<N,0<ij <1 forj>N

Thus when j < N

whileif j > N

A
|
A

so that if § = max(1, 1/«), we may write
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[o.¢]
2 2 2 2 2
kol < B2 1y, up)l” < 211 (10.47)
Jj=1

Now we show the convergence of x,, to Ty, for those y for which Picard’s existence
criterion holds. We note that

< /1

i
T —xa =Y (f y la) Ry, i),

j=1

so that

00 2

ITT — x,|* = ( ) [y, u;))?
E wOg+a)

y’uj

IA

(10.48)

Choose ¢ > 0. Since the series in (10.48) converges, the sum from N + 1 to co must
tend to zero as N tends to infinity. Therefore, we can find N such that sum is less
than ¢/2 and

2
I\t —xa||2<Z<M o +a)> [y, uj))* +e/2
J

But now the sum on the right is a finite sum, and we can write

N N2
||TT—xa||2§a2ZE|<y’A+>|+§:SNa2+§ (10.49)
j=1 J

Finally, we choose « so that o < +/¢/(2Sy), then [1TFy — x0])? < &, so that
lim [|T7 — x4 =0
0—0

We have proved that, for any «, for any «, x, is a continuous operator and that, for
those y for which 7'y exists, x converges to T'y as & — 0. Let the data y is subject
to error. This means that instead of solving (10.44) for y, we actually find below a
bound for the difference between the x,, formed from y°, which we call x2, and the
actual x, formed from y. Thus, we wish to estimate ||x, — xg ||. We have

[od] Wi
J )
= —y,u;i)v
E’ Aj+a(y Yo, uj)v;
j=1
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so that, by proceeding as in (10.46), (10.47), we have

oo

A
8112 J B 2 2 5112
Xg — X0l = —L Ny =y’ u)|F < —
[1Xa — xg ?:] *; O5)2I<y Yoult = By =yl
where 8 = max (1, 1/a). Since the series convergence, we may, for any given ¢ > 0,

find N such that the sum from N + 1 to oo is less than . Now

Aj Aj Aj
= . < 1.
()»j+Ol)2 ()»j—i‘Ol) ()»j—i‘Ol) o

so that
5112
512 )2 [y — ¥l
[lxa = 311 < §:| PP e < =t

and hence, since this is true for all ¢ > 0, we must have

IIy—yII )

Ve a

Again, this bound on the solution error illustrates the characteristic properties of a
solution to an ill-posed problem: for fixed «, the error decreases with §, but for a
given §, the error tends to infinity as @« — 0. The inequality (10.50) implies that in
choosing an «, say «(§), corresponding to a given data error 6, we must do so in such
a way that

s
llXe — x| <

(10.50)

8
ﬁ—>0as8—>0 (10.51)

when we choose «(8) so that (10.51) holds, the difference between xf((é) and TTy
satisfies the inequality

8 )
||xa(5) - TT)’” = ||xa(5) — Xo@s) || + 1xa() — TT)’H

1)
<% 4 |xee =TT 10.52
_\/&Jrllx ) vl ( )

and we have already shown that the second term tends to zero with «. A choice of
«(8) such that

xg(a) =T'yass -0

is called a regular scheme for approximating 7' y.



10.7 Inverse Problems and Self-adjoint Compact Operators 377
Remark 10.10 The inequality (10.52) gives a bound for the error in T7y. The error
has two parts: the first is that due to the error in the data, while the second is that
due to using « rather than the limit as « — 0. It is theoretically attractive to ask
whether we can choose the way in which o depends on delta, i.e. «(§), so that both
error terms are of the same order.

To bound the second term, we return to the inequality (10.49). This holds for
arbitrary ¢. If we take & = 2Sya?, we find

Ty — xol|? <2Sye?asa — 0
so that
Ty — xoll = O(@)
This means that if we use the simple choice «(8) = k4§, then the first term in (10.52)
will be of order §, while the second will be of order §. On the other hand, if we take
a(8) = C8%3, then 8/a(8) and o will both be of order §*/3, so that
X0 — Tyl = 0(6*)

Remark 10.11 A. The solution of the problem

1T = yI +allx|* = inf {||Tu — y|* +alju| "}

converges to T7y.
B. The effect of error (10.50)

Xy — x2]| < —~0as8—0

(=2
«l|oo

—ooaso — 0

=V

10.8 Morozov’s Discrepancy Principle

In 1984, Morozov {Mo 84} put forward a discrepancy principle in which the choice
of o is made so that the error in the prediction of y°, that s, ||7x} — y°|| is equal to

NTx] =yl =1y — | =6 (10.53)

Theorem 10.16 For any § > 0, there is a unique value of a satisfying (10.53).

Proof Tt can be verified that
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oo
Z Vo, uju; + Py’
j=1

where Py? is the projection of y® on R(T)*.
Applying T to x? given by (10.45) to get

Ayu
Tx— Aj.
Z A+a
o0

Aj
because ||Tx2||2 Z((A n )>/|y y])|2<||y I&

Thus
s s o (Y’ uju s
—Tx° = 7 Jap
Yy = Tx} Z T ta y
j=1
and
o0 o 2
Txd — o2 = 5y P2,
1T =5 ; ) BCRUTIR Ll
This equation shows that f(«) = ||Tx§ —y?|| is a monotonically increasing function

of o for « > 0. In order to show the existence of a unique value of « such that
f () = &, we must show that

lim f(a) <§and lim f(a) > 3§
oa—>00 oa—>00
Since

y € R(T), Py =0and thus
lim f(o) = ([Pl = IP(y = y)Il < [ly =yl <6

on the other hand, by Theorem 3.18
lim f(a) =[1y°|| > ¢
o—>00

Theorem 10.17 Choosing a(§) according to the discrepancy principle does provide
a regular scheme for approximating Ty, that is

X = TTyass—0 (10.54)
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or equivalently Morozov’s discrepancy principle provides a regular scheme for solv-
ing Tx =y.

Proof Without loss of generality, we may take y € R(T) so that there is a unique
u € N(T)*, which we call x = T"’y, such that y = Tx. Since we have shown that
« is uniquely determined, we may write xg(s) as x(9).

First, we show that the x(6) are bounded. We find x(§) as the minimum of

Fu) = [|Tu—y°|* +allul]?

forallu € X. Thus if u € X, then

F(x(8)) = F(u)
so that in particular

F(x(8)) = F(x)
But we choose x(8) so that ||Tx(8) — y°|| = 8, so that

F(x(8) = 8 +al|lx@®)|

while

F(x) = |ITx — Y’|I* + aflx|?
=y = Y’ II* + allx||* = 8 + af|x|*

from which we conclude that
[x(OI < [|x]]

i.e., the x(§) are bounded. Now suppose that {y,} is a sequence converging to y and
that ||y, —y|| = &,. Each such pair y,, §, will determine an ¢s,) and a corresponding
x%(8,) which we will call x,,.

It can be proved that there is subsequence of (§,) for which the x, converge to
x = T Ty provided T is compact linear operator on X into Y.

Thus, we have shown that Morozov’s discrepancy principle provides a regular
scheme for solving the operator equation 7x = y, where T is a compact linear
operator on X into Y.
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10.9 Problems

Problem 10.1 (a) Let T be a compact operator on a Hilbert space X and let S be a
bounded operator on X, then show that 7S and ST are bounded.

(b) Show that 77* and T*T are self-adjoint compact operator whenever T is a
compact operator on a Hilbert space X.

Problem 10.2 Prove that a bounded set A in a finite-dimensional normed space is
precompact; that is, its closure A is compact

Problem 10.3 Show that a linear operator 7 on a normed space X into another
normed space Y is compact if and only if it maps bounded sets of X onto precompact
sets of Y.

Problem 10.4 Let 7 be a linear operator on normed space X into normed space Y:
Show that

(a) T is compact whenever it is bounded and dim R(T') is finite.
(b) T is compact provided dim of the domain of 7 is finite.

Problem 10.5 Prove Remark 10.3.

Problem 10.6 Prove the last assertion; namely, there is a subsequence of §, for
which the x,, — x = Ty, in the proof of Theorem 10.17.



Chapter 11 ®)
Frame and Basis Theory in Hilbert e
Spaces

Abstract Duffin and Schaeffer introduced in 1951 a tool relaxing conditions on the
basis and named it frame. Every element of an inner product space can be expressed
as a linear combination of elements in a given frame where linear independence is
not required. In this chapter, frame and basis theory are presented.

Keywords Orthonormal basis - Bessel sequence - Riesz bases + Biorthogonal
system * Frames in Hilbert spaces

11.1 Frame in Finite-Dimensional Hilbert Spaces

In the study of vector spaces, a basis is among the most important concepts, allowing
every element in the vector space to be written as a linear combination of the elements
in the basis. It may be observed that conditions to be a basis are quite restrictive such
as no linear dependence between the elements is possible, and sometimes we even
want the orthogonality of elements with respect to an inner product. Due to these
limitations, one might look for a more flexible concept. In 1951, Duffin and Schaeffer
[66] introduced a tool, relaxing conditions on the basis, called a frame. A frame for
an inner product space also allows each element in the space to be written as a
linear combination of the elements in the frame, but linear independence between
the frame elements is not required. In this chapter, we present basic properties of
frames in finite-dimensional Hilbert spaces.

Definition 11.1 Let H be a finite-dimensional inner product space. A sequence { f; }
in H is called a basis if the following two conditions are satisfied

(a) H = span{fi}, thatis, every element f of H is a linear combination of f;
(b) {fi}{_, is linearly independent, that is, if ) ;" ox fr = O for some scalar coef-
ficients o, k=1,2,3,...m,thenay =0forallk =1,2,...m.

Definition 11.2 A basis { fy};_, is called an orthonormal basis if

(Ji- fi)=6;=1ifk=]
=0ifk#j
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Theorem 11.1 If { f} is an orthonormal basis, then any element f € H can be
written as

f=YAfff

k=1

Proof
fs fi) = <Zakfk,fj>
k=1

= > alfi. f))

= (];;1
SO

f= Za f/—foj)fj
k=1

Definition 11.3 A sequence of elements { fi }xc; in a finite-dimensional inner prod-
uct space H is called a frame if there exist constants A, B > 0 such that

ANFIP < Y 1 P < BIFIP. forall f e H (11.1)
k=1

The constants A and B are called frame bounds.

Remark 11.1 A. Constants A and B are not unique.

B. In a finite-dimensional space, it is somehow artificial to consider sequences
having infinitely many elements. Therefore, we focus here only finite families
{fiYie,» m € N.With thisrestriction in finite-dimensional inner product spaces,
the upper frame condition is automatically satisfied.

C. In order that the lower condition in (11.1) is satisfied, it is necessary that span
{fi};—;, = H. This condition turns out to be sufficient; in fact, every finite
sequence is a frame for its span.

Theorem 11.2 Let { fi}}, be a sequence in a finite inner product space H. Then
{fiYie, is a frame for span { fi}i,.

Proof We can assume that not all f; are zero. As we have seen, the upper frame
condition is satisfied with B = ) /", || fill?. Now let

M = span{fi}j_,
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and consider the continuous mapping

¢:M— R.o(f)=_I{f fi)l?
k=1

The unit ball in M is compact, so we can find g € M with ||g|| = 1 such that

m

A=Y "|(g. fi)l* =inf {Zuf, Ol feM,|Ifll = 1}
k=1 k=1

It is clear that A > 0. Now given f € M, f # 0, we have

<||f|| >

Remark 11.2 Remark 11.1 shows that a frame might contain more elements than
needed to be a basis. In particular, if { fi};_, is a frame for H and {g¢};_, is an
arbitrary finite collection of vectors in H, then { fi};.; U {gk};_, is also a frame for
H. A frame which is not a basis is said to be over complete or redundant.

m

iu‘fk =>

=1 k=1

2= AP

Remark 11.3 Consider now a vector space H equipped with a frame { f;};, and
define

(1) a linear mapping
T:C"— H, T{aio, =Y che (11.2)
k=1

T is usually called the preframe operator or the synthesis operator. The adjoint
operator is given by

T*:H — C", T*={{f. foll, (11.3)
(i)
S:H—H, Sf=TT"f = (f fi) fe (11.4)
k=1

is called the frame operator.

(S =Y WL fIP feV (11.5)
k=1
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the lower frame condition can thus be considered as some kind of “lower bound”
on the frame operator.
(iii) A frame { f};_, is tight if we can choose A = B in the definition, i.e., if

STHE S =ANfIP. Y feV (11.6)

k=1
For a tight frame, the exact value A in (11.6) is simply called the frame bound.

Theorem 11.3 Let { fi};" | be a frame for H with frame operator S. Then

(i) S is invertible and self-adjoint.
(ii) Every f € H can be represented as

m

F=Y) (LS fio =D A f fdS T e (11.7)

k=1 k=1

(iii) If f € H also has the representation f =Y |, ci f for some scalar coeffi-
cients {c}i,, then

Dl =Y A ST i+ Dl — (£ ST
k=1 k=1 k=1

Proof Since § = TT*,itis clear that § is self-adjoint. We now prove (ii). Let f € H
and assume that Sf = 0. Then

0=(Sf. ) =Y 1L Sl
k=1

implying by the same condition that f = 0: That § is injective actually implies that S
surjective, but let us give a direct proof. The frame condition implies by Remark 11.1
that span{ fi};'_; = H, so the preframe operator T is surjective. Given f € H, we
can therefore find g € H such that Tg = f; we can choose g € N+ = R™*, so it
follows that R¢ = Ryp- = H. Thus, S is surjective, as claimed. Each f € H has
the representation

f=85"f
=TT*S'f

=) STV fo) S

k=1
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using that S is self-adjoint, we arrive at
f=Y LS o) s
k=1

The second representation in (11.7) is obtained in the same way, using that f =
S=1Sf. For the proof of (iii), suppose that f = Y ;— cx fi. We can write

fediey = fediy = (A ST i b, + {UA ST

By the choice of {c;};,, we have
D ek = (£ ST NS =0

e, {aie, — {(fs S’lfk)} | € Nr = RT, since

(ST N = (ST f fiolje, € R™
we obtain (iii).

Theorem 11.4 Let { fi}}', be a frame for a subspace M of the vector space H. Then
the orthogonal projection of H onto M is given by

Pf =Y (f£.S"fu)fk (11.8)
k=1

Proof Tt is enough to prove that if we define Pf by (11.8), then
Pf = ffor f € Mand Pf =0 for f € M*+

The first equation follows by Theorem 11.3, and the second by the fact that the range
of 7! equals M because S is a bijection on M.

Example 11.1 Let { fk}zz1 be an orthonormal basis for a two-dimensional vector
space H with inner product. Let

g1=/fi, &=fi—f &= fi+ fo

Then { gk},3€=1 is a frame for H. Using the definition of the frame operator

3
Sf =Y (f g
k=1
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we obtain that

Sfi=hA+N—-L+ A+ L=3h
SHh=i— L)+ HL=2f

Thus,

Sflf _l s1 _l
1—3f1, f2—2f2.

Therefore, the canonical dual frame is
(ST gl = (2 fio S fi = 2 fou s fi 4 2 )
8kik=1 = 3 1,3 1 ) 2,3 1 ) 2

By Theorem 11.3, the representation of f € V in terms of the frame is given by

(f. S g g

l
M-

~
Il

1

1 1 1 1
(L h+ g h =5 L= L)+ 3 hi+ 2R+ )

W =

11.2 Bases in Hilbert Spaces

11.2.1 Bases

The concept of orthonormal basis in a Hilbert space is discussed in Sect.3.5. We
introduce here bases in Banach spaces in general and Hilbert spaces in particular.
For classical work on bases theory, we refer to [129, 175].

Definition 11.4 Let X be a Banach space. A sequence of elements {f;};2, of X
is called a basis (very often Schauder basis) for X if, for each f € X, there exists
unique scalar coefficients {oy )2, such that

f=) afi (11.9)
k=1

Remark 11.4 A. ays depend on f.

B. Sometimes one refers to (11.9) as the expansion of f in the basis { fz}72; (11.9)
means that the series on the right side converges f in the norm of X with respect
to the chosen order of the elements.
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C. Besides the existence of an expansion of each f € X. Definition 11.4 demands
for uniqueness. This can be obtained by imposing the condition of linear inde-
pendence on { f¢}72 ;. In infinite-dimensional Banach spaces, different concepts
of independence exist [40, p. 46]; however, we discuss here only classical linear
independence.

Definition 11.5 Let { f;};2, be a sequence in a Banach space X. { i}z, is called
linearly independent if every finite subset of { f;}72, is linearly independent. { f;}72
is called a basis in X if (11.9) is satisfied and { f }72 ; is linear independent

Definition 11.6 Sequence of vector { f};2, in a Banach space X is called complete
if

span{ fili2, = X (11.10)
Theorem 11.5 A complete sequence of nonzero vectors { fi};2, in a Banach space

X is a basis if and only if there exists a constant K such that for all m, n € N with
m<n

<K (11.11)

oo
>k
k=1

o0
> i
k=1

Sfor all scalar sequences {o}72 ;.

Corollary 11.1 The coefficient functionals {oy} associated to a basis { fi}72, for
X are continuous and can be as elements in the dual X*. If there exists a constant
C > O such that || fr|| = C forall k € A, then the norms of {a )72 | are uniformly
bounded.

The proof of Theorem 11.5 and Corollary 11.1 we refer to [40, pp. 47-50].

Definition 11.7 (Bessel Sequences) A sequence { f} in a Hilbert space H is called
a Bessel sequence if there exists a constant B > 0 such that

o0
Y UL SO < BISIP, forall f € H (11.12)
k=1

contact B occurring in (11.12) is called a Bessel bound for { fi}32;.

Theorem 11.6 A sequence { f.}72, in a Hilbert space H is a Bessel sequence with
Bessel bound B if and only if

T : {Olk}]?il e Zakfk

k=1

is a well-defined bound operator from I, into H and ||T|| < B.
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We require the following lemma in the proof.

Lemma 11.1 Let { f}72, be a sequence in H, and suppose that convergent for all
{fk }](:Ozl € l. Then

T:lh— A, Tlle, =Y acfe (11.13)

k=1

defines a bounded linear operator. The adjoint operator is given by

T*: 0 — b, T*f = {{f, flis (11.14)
Furthermore,

SOUA FOP < UTIPILIR YVf € (11.15)

k=1

Proof Consider the sequence of bounded linear operators

o0
T, :bN — A, T2, =Y o fi
k=1

Clearly 7, — T pointwise as n — 00, so T is bounded by Theorem4.21. In order
to find the expression for 7%, let f € H, {o} € [. Then

oo

(f. T{eudiZy) <f Zakfk> =Y (s fow (11.16)

A k=1
We mention two ways to find 7* f from here:

1. The convergence of the series Zz‘;l (fs fyo for all {oyg )72, € ? implies that
{(f, fi)}22, € [>. Thus, we can write

(f T{au iz oe = {(fs fid)s {oud)

and conclude that

T f = {{f, fi)lie,

2. Alternatively, when T : [, — H is bounded we already known that 7* is a
bounded operator from .77 to [,. Therefore, the kth coordinate function is bounded
from 77 to C; by Riesz’representation theorem, 7* therefore has the form

T f = {{f &)}z
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for some {gi}2, in 7. By definition of T*, (11.16) now shows that

Y (fog)@ =Y _(f fodk Vi, € PN), f e A
k=1 k=1

It follows from here that g, = f;.

First assume that { f }72 | is a Bessel sequence with Bessel bound B. Let {a }p2 | €
[>. First we want to show that T {e; }72 | } is well defined, i.e., that o } 2 | is convergent.
Consider n,m € N, n > m. Then

m
>k
k=1

n

> afi

k=m+1
n

= sup [( Y afi:g)

llgll=1 k=m+1
> sup Z | (fir 8

llgll= lk =m+1

n 1/2 1/2

z(Z |ak|2> sup (Z (fi- 8 )

k=m+1 Hell=1 \g—pi11

n 1/2
<VB ( > |ak|2)

k=m+1
Since {a )32, € I, we know that {3 °}_,,, lex|*} _, is a Cauchy sequence in C.
The above calculation now shows that {ZZ:] Qg fk}zozl is a Cauchy sequence in

€, and therefore convergent. Thus, T{cy};2, is well defined. Clearly, T is linear;

since ||T{ax}72 1l = sup [(T{a}72,, &), a calculation as above shows that T is
lgll=1

bounded and that ||T'|| < +/B. For the opposite implication, suppose that T is well

defined and that ||T'|| < +/B. Then (11.5) shows that {fi}ie, is a Bessel sequence

with Bessel Bound B.

11.3 Riesz Bases

Definition 11.8 A Riesz basis for a Hilbert space H is a family of the form {U f}72 .,
where { f;} is an orthonormal basis for H and U : H — H is a bounded bijective
operator.

The following theorem gives an alternative definition of a Riesz basis which is con-
venient to use (see Definition 12.5).
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Theorem 11.7 [40] For a sequence { fy}72, in a Hilbert space H, the following
conditions are equivalent:

(i)
(ii)

(iii)
(iv)

{fi}z2, is a Riesz basis for H
{fi}i2, is complete in H, and there exist constants A, B > 0 such that for
every finitely nonzero sequences {oy} € [, one has

2 o0
<BY |l (11.17)
k=1

o0
AN leul* <
k=1

o0
Dk
k=1

{fx} is complete, and its Gram matrix {{ fx, f;) szl defines a bounded, invert-
ible operator on .

{fi}2, is a complete Bessel sequence, and it has a complete biorthogonal
sequence {g 172, which is also a Bessel sequence.

Remark 11.5 1. Any sequence {fi}7, satisfying (11.17) for all finite sequence

{ar} is called a Riesz sequence. By Theorem 11.10, a Riesz sequence { f, )2, is
a Riesz basis for span { f;};2,, which might just be a subsequence of H. It is
clear that if (11.17) is satisfied by a sequence { f;}32,, then it will be satisfied by
its every subsequence. This gives us the result: “Every subsequence of a Riesz
basis is itself a Riesz basis.”

Let span{ fi};=, = H, B = 1 and let equality hold on the right-hand side of
(11.17) for all finite scalar sequences {oy }. Then { f}2, is an orthonormal basis
for H.

Definition 11.9 (Biorthogonal Systems) A sequence {g};2, in H is called biorthog-
onal to a sequence { f;} in H if

<gk, f]) = (Sk,ja where
8y = 0,if k # j
=1, ifk=j

Very often we say that {g,}72 ; is the biorthogonal system associated with { fi}72;.

The following theorem guarantees the existence of a biorthogonal system.

Theorem 11.8 Let {fi} be a basis for the Hilbert space H. Then there exists a
unique family {gi )2, in H for which

f=) (f. &) fe: forall feH (11.18)

[}
k=1

{172, is a basis for H, and { fy} and {gi} are biorthogonal.

Definition 11.10 The basis {g;} satisfying (11.18) is called the dual basis, or the
biorthogonal basis, associated to { fi}.
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11.4 Frames in Infinite-Dimensional Hilbert Spaces
The concept of frame in a finite-dimensional Hilbert space discussed in Sect. 11.1
can be extended to infinite-dimensional case.

Definition 11.11 Let{ f;} be sequence of elements in an infinite-dimensional Hilbert
space.

A. {fi}is called a frame if there exist constants A, B > 0 such that

ANFIP <Y 1A fOP < BIAIP. forall feH — (11.19)
k=1

B. If A = B, then { f;} is called a tight frame.

C. If aframe ceases to be a frame when an arbitrary element is removed, it is called
an exact frame.

D. {fi}z2, is called a frame sequence if it is a frame for span{ fi }72 ;.

Example 11.2 Let { fi}72, be an orthonormal basis for a Hilbert space .77

A. By repeating each element in { f}72 , twice, we obtain

{fidimy = {1, fis o, for )

which is a tight frame with frame bound A = 2. If only f) is repeated, we obtain

{ihZy =1 fi o o)

which is a frame with bounds A =1, B = 2.
B. Let

00 1 1 1
{fk}k1 {flv 2 2 ,ﬁf3,ﬁf3,¢—§f3,...}

S g0 = Zk H<f f}fk> 2

k=1

s0 {gk}e, is a tight frame for .77 with frame bound A = 1.

C. If I C Nis a pure subset, then { fi }«c; is not complete in .77 and cannot be a
frame for 7. However, { fi}kes is a frame for span{ fi}72,, i.e., it is a frame
sequence.

D. {fx};2, is called a frame sequence if it is a frame for span{ fi};¢;. Since a frame
{ fid2, is a Bessel sequence, this operator

o0
T:lh— H T2, = Zakfk (11.20)
k=1
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is abounded by Theorem 11.6. T is called the preframe operator or the synthesis
operator. The adjoint is given by

T*:H — L, T*={f{f, fi)lie (11.21)
in view of Lemmal11.1.

T™ is called the analysis operator. By composing 7" and 7, we obtain the frame
operator

S:H— H.Sf=TT"f =Y (f fi)fe (11.22)

k=1

Theorem 11.9 Let { fi} be a frame with frame operator S. Then

(f, ST ) fe, forall feH (11.23)

M

f:

»
Il

1

Remark 11.6 Tt may observed that (11.23) means that
| f =22 (f. ST fi) fi]| = 0asn — oo. This is possible if f; is replaced by
fo@ Where o is any permutation of the natural numbers.

We require the following for the proof.

Lemma 11.2 Let { f¢ )32, be a frame with frame operator S and frame bounds A, B.
Then the following holds:

A. Sis bounded, invertible, self-adjoint, and positive.

B. {S‘lfk},‘(’i] is a frame with bounds B~', A=\, if A, B are the optimal bounds for
{fi}22,, then the bounds B~', A=" are optimal for {S™' fi}32,. The frameoper-
ator for {S7' fi}22 is ST

Proof A. S isbounded a composition of two bounded operators. By Theorem 11.6
IS =TT*|=ITIIIT*| =TI < B

Since S* = (TT*) = TT* = S, the operator S is self-adjoint. The inequality
(11.19) means that A||f||> < (Sf, f) < B||f]|* forall f € H, or, AI <
S < BI; thus, S is positive. Furthermore, 0 < [ — B7'S < % < I, and
consequently

B—A
<1

I =B7'Sll= Y WUI—B'S)f, )l <
[1fl=1

which shows that S is invertible.
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B. Note that for f € 77

DTHAST LI =D USSP
k=1 k=1
< BIIST'fI?

for the remaining part see [40, 11.91].

Proof (Proof of Theorem11.9) Let f € H. By Lemmall.2

[e.¢] [ee}

f=SST =) UST L S fe= Y (ST RS

k=1 k=1
{fi}72, is a Bessel sequence and {{ f, S‘lfa)},‘jil €b.

Remark 11.7 It can checked that a Riesz basis in H is a frame, and the Riesz basis
bounds coincide with the frame bounds.

The following interesting characterization of a frame without involving frame bounds
has been proved by Christensen [40].

Theorem 11.10 A sequence { fi};2., in a Hilbert space F is a frame if and only

T :A{alpe, — Zakfk

k=1
is a well-defined mapping of I, onto .

Proof First, suppose {fi}72; is a frame. By Theorem 11.6, T is a well-defined
bounded operator from 12 into H, and by Lemma 11.2, the frame operator S = TT*
is surjective. Thus, T is surjective. For the opposite implication, suppose that T is a
well-defined operator from /; (N) onto 7. Then Lemma 11.1 shows that T is bounded
and that { f;}72, is a Bessel sequence. Let TT: H — I, denote the pseudo-inverse
of T (see [40, A7] for Definition or Chap. 13). For f € H, we have

f=TTf =) (T Pk

k=1

where (T f); denotes the kth coordinate of (T f). Thus,
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4 2
AT =1 I

‘ > T i f>
k=1

<Y TP YU P
k=1 k=1

< WTHIPUAIP YIS folP

k=1

2

we conclude that

; ffoP = HTTHZIIfII

11.5 Problems

Problem 11.1 Prove Theorem 11.5.

Solution 11.1 We write s = |oy| + -+ + |o,|. If s = 0, all or; are zero, so that
(11.11) holds for any K. Let s > 0. Then (11.11) is equivalent to the inequality
which we obtain from (11.11) inequality of Theorem 11.5 (f; = x;) by dividing by
s and writing 8; = o /s, that is

1B1x1 + Boxa + -+ Buxall = [ D181 (11.24)
=1

Hence, it suffices to prove the existence of a K > 0 such that (11.24) holds for every
n-tuple of scalars B, ..., with )" |B;| = 1.
Suppose that this is false. Then there exists a sequence (y,,) of vectors

Y = Bl 4+ Brxa + -+ B, Z|,3’l"|=1 (11.25)

such that
Hymll = 0as m — oo

Now we reason as follows. Since |ﬁj(-'")| = 1, we have | ﬂ;?ll < 1. Hence for each
fixed j, the sequence
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1 2
By =B B

is bounded. Consequently, by the Bolzano—Weierstrass theorem, (8 {'")) has a conver-
gent subsequence. Let B denote the limit of that subsequence, and let (y, ;) denote
the corresponding subsequence of (y,,). By the same argument, (y; ,,) has a subse-

A . (m) .
quence (y2,,) for which the corresponding subsequence of scalars B, ~ converges;
let B, denote the limit. Continuing in this way, after n steps we obtain a subsequence
Vpm) = Dn.1s Y2, - - .) of (y,,) whose terms are of the form

n n
yam =y v | Do =1
j=1 j=1

with scalars yj('") satisfying yj('") — B; as m — oo. Hence, as m — 00

n
Ynom —> Y = Z:Bjxj

j=1

where ) |B;| = 1, so that not all B; can be zero. Since {xi, ..., x,} is a linearly
independent set, we thus have y # 0. Onthe other hand, y, ,, — y implies ||y, .|| —
[|y]], by the continuity of the norm. Since ||y,,|| — O by the assumption and (y,, )
is a subsequence of (y,,), we must have ||y, .|| — 0. Hence, ||y|| = 0,sothaty =0
by the second axiom of the norm. This contradicts y # 0, and the desired result is
proved.

Problem 11.2 Let {g,,(x)} be a sequence of functions in L,[a, b] and suppose that
there is a sequence {f,(x)} in Ly[a, b] biorthogonal to {g,(x)}. Then show that
{gn(x)} is linearly independent.

Solution 11.2 Let {a )32, € >, and satisfy

9]
Z Un&n (.X) =0
n=1

in Ly[a, b]. Then for each m € N.

0= <O’ fm(—x)) = <Z angn(x)v fm(x)>

n=1
00

= fon(gn(x), Fn(X)) = ay

n=1

by virtue of biorthogonality. Therefore, {g,(x)} is linearly independent.
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Problem 11.3 Show that the vectors { f}72, defined by

k—1
fi(j) = f STV i =1,2,3,...n
n
that is
1
leri%
1 e47‘ri%
fi = ﬁ Jk=1,2, N
ezm‘(n—l)%

Solution 11.3 Since {fi}72, are n vectors in an n-dimensional vector space, it is
enough to prove that they constitute an orthonormal system. It is clear that || f || = 1
for all k. Now, given k # [

n—1

1 =1 1 Py
fk fl _;Z 27'[1(/ Hes ;Ze2m; -

s =0
Using the formula (1 — x)(1 +x 4+ --- +x"~1) with x = ¢*'5 | we get

1 — ( Znt—)n

kt_O

1
(fo fi)y = =
n

1 —e2mi®t

Problem 11.4 Let {f};2, be a frame for a finite-dimensional inner product space
H with bounds A, B and let P denote the m orthogonal projection of H onto a
subspace M. Prove that { Pf;};", is a frame for M with frame bounds A, B.

Problem 11.5 Letm > n and define the vectors { fi}72, in C™ by

27111‘;1
1 e
Jo=—= Jhk=1,2,....m
Jm
eZni(nfl)%

Then prove that { fi};"_, is a tight frame for C™ with frame bound equal to one, and

I fell = \/%forallk.
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Problem 11.6 Prove that for a sequence { f¢}72 , in a finite-dimensional inner prod-
uct space H, the following are equivalent:

A. {fi} is a Bassel sequence with bounds B.
B. The Gram matrix associated to { fi}2,, namely {{ fx, f;) ;"k:l defines a bounded
operator on /,, with norm at most B.

Problem 11.7 Let {fi};2, be an orthonormal basis and consider the sequence
{gk}lix; = {e; + %ekv ek}]?ig

A. Prove that {g;} is not a Bessel sequence.
B. Find all possible representation of f; as linear combinations of {g¢}72,.



Chapter 12 ®)
Wavelet Theory Guca i

Abstract This chapter deals with wavelet theory developed in the eighties that is
the refinement of Fourier analysis. This has been developed by the serious interdis-
ciplinary efforts of mathematicians, physicists, and engineers. A leading worker of
this filed, Prof. Y. Meyer, has been awarded Abel Prize of 2017. It has interesting
and significant applications in diverse fields of science and technology such as oil
exploration and production, brain studies, meteorology, earthquake data analysis,
astrophysics, remote sensing, tomography, biometric.

Keywords Continuous wavelet transform - Haar wavelets - Gabor wavelet
Mexican hat wavelet - Parsevals formula for wavelet transform
Calderon—Grossman wavelet theorem - Discrete wavelet transform

Wavelet coefficients - Wavelet series - Multiresolution analysis

12.1 Introduction

The study of wavelets was initiated by Jean Morlet, a French geophysicist in 1982.
The present wavelet theory is the result of joint efforts of mathematicians, scien-
tists, and engineers. This kind of work created a flow of ideas that goes well beyond
the construction of new bases and transforms. Joint efforts of Morlet and Gross-
man yielded useful properties of continuous wavelet transforms, of course, without
realization that similar results were obtained by Caldéron, Littlewood, Paley, and
Franklin more than 20 years earlier. Rediscovery of the old concepts provided a new
method for decomposing signals (functions). In many applications, especially in the
time—frequency analysis of a signal, the Fourier transform analysis is inadequate
because Fourier transform of the signal does not contain any local information. It
is a serious drawback of the Fourier transform as it neglects the idea of frequencies
changing with time or, equivalently, the notion of finding the frequency spectrum of a
signal locally in time. As a realization of this flaw, as far back as 1946, Dennis Gabor
first introduced the windowed Fourier transform (short-time Fourier transform), com-
monly known as the Gabor transform, using a Gaussian distribution function as the
window function. The Gabor transform faced some algorithmic problems which were

© Springer Nature Singapore Pte Ltd. 2018 399
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resolved by Henric Malvar in 1987. Malvar introduced a new wavelet called Mal-
var wavelet, which is more effective and superior to Morlet—-Grossmann and Gabor
wavelets.

In 1985, Yves Meyer accidentally found a dissertation by Stephane Mallat on
wavelets. Being the expert of the Caldron—Zygmund operators and the Littlewood—
Paley theory, he succeeded to lay the mathematical foundation of wavelet theory.
Daubechies, Grossman, and Meyer received a major success in 1986 for construct-
ing a painless nonorthogonal expansion. A collaboration of Meyer and Lemarié
yielded the construction of smooth orthonormal wavelet during 1985-86 in the set-
ting of finite-dimensional Euclidean spaces. As anticipated by Meyer and Mallat
that the orthogonal wavelet bases could be constructed systematically from a gen-
eral formalism, they succeeded in inventing the multiresolution analysis in 1989.
Wavelets were constructed applying multiresolution analysis. Decomposition and
reconstruction algorithms were developed by Mallat. Under the inspiration of Meyer
and Coifmann, Daubechies made a remarkable contribution to wavelet theory by con-
structing families of compactly supported orthonormal wavelets with some degree
of smoothness. Her work found a lot of applications in digital image processing.

Coifman and Meyer constructed a big library of wavelets of various duration,
oscillation, and other behavior. With an algorithm developed by Coifman and Victor
Wickerhauser, it became possible to do very rapidly computerized searches through
an enormous range of signal representations in order to quickly find the most eco-
nomical transcription of measured data [20, 51, 76, 110, 113, 116, 197]. This devel-
opment allowed, for example, the FBI to compress a fingerprint database of 200
terabytes into a less than 20 terabytes, saving millions of dollars in transmission and
storage costs. As explained by the author of this book during the course of a seminar
in the Summer of 1989 at the Kaiserslautern University, Germany, Coifman, Meyer,
and Wickerhauser introduced the concept of “wavelet packets.”

The wavelet method is a refinement of Fourier method which enables to simplify
the description of a cumbersome function in terms of a small number of coefficients.
In wavelet method, there are fewer coefficients compared to the Fourier method.

The remaining sections of this chapter are devoted to continuous and discrete
wavelets (Sect. 12.2), Multiresolution Analysis and Wavelets Decomposition and
Reconstruction (Sect.12.3), Wavelets and Smoothness of Functions (Sect.12.4),
Compactly supported Wavelets (Sect. 12.5), Wavelet Packets (Sect. 12.6), Problems
(Sect. 12.7), and References.

12.2 Continuous and Discrete Wavelet Transforms

12.2.1 Continuous Wavelet Transforms

Definition 12.1 Let v € L,(R). It is called a wavelet if it has zero average on
(—00, 00), namely
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o]

/ W(t)dt =0 (12.1)

—00

Remark 12.1 If Y € L,(R) N L;(R) satisfying

cy =21 @dw < 00 (12.2)

R
where 1} (w) is the Fourier transform of vy, and then, (12.1) is satisfied. The condition
(12.2) is known as the wavelet admissibility condition.

Verification By the Riemann-Lebesgue theorem (Theorem A.27), limw — ooy
(w) = 0 and the Fourier transform is continuous which implies that 0 = ¥ (w)(0) =
o0
[oo Wyt
The following lemma gives a method to construct a variety of wavelets:
Lemma 12.1 Let ¢ be a nonzero n-times (n > 1) differentiable function such that
@"(x) € Ly(R). Then

Y x) =" (x) (12.3)

is a wavelet.

Proof From the property of the Fourier transform (Corollary A.1), |1/A/(w)| =
[w[¥|@(w)|. Then

e Z/de
R w
2k 2 2
=/|W| lo(w)| dw
R [w
1 2k 2 2
=/ |w|2k’1¢)(w)|2dw+/ WIZlemI” .,
-1

[w|>1 |W|

< 27 (llgll7, llgll},) < oo
Hence, (12.2) holds which proves that i is a wavelet by Remark 12.1.

Lemma 12.2 Let0 # ¢ € Li(R)NLy(R) with [, ¥ (1) = 0and [, x| (x)dx < oo
fora B > 1/2. Then  is a wavelet.

Proof Without loss of generality, we may assume that 1/2 < § < 1. From this, it
follows that 1 + [x|? > (1 + [x)f and [,(1 + |x])P |y (x)|dx < oo.

We know that the function ¢ (x) = f foo Y (t)dt is differentiable almost everywhere
and ¢(x) = ¥ (x). For x < 0, we find (Fig. 12.1)
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Fig. 12.1 Haar wavelet
1 L

T >
0 s
_1 - I—i
ol = [ A+ Pas v
lp(0)] < s | A+ P /(1+|t|)’3¢(t)dt (12.4)
If x > 0, the zero mean value of v implies that ¢(x) = — fx *© Y (t)dt. This shows

that (12.4) holds for all x € R, and therefore, ¢ € L,(R). Since ¢ = ¢ € L,(R), by
Lemma 12.1, ¥ is a wavelet.

Corollary 12.1 Let  # 0, ¥ € Ly(R) with compact support, the following state-
ments are equivalent:

A. The function  is a wavelet.
B. Relation (12.2) is satisfied.

Proof (b) = (a) (Remark 12.1). (a) = (b): Let { be a wavelet, that is, 1 € L(R)
and f r ¥ (0)dt = 0. Since ¥ € L(R), and ¥ has compact support, |/ (x)| € Li(R);
that is

/ Ix|P 1y (x)|dt < 0o forallp >0
R

In particular

/|x|ﬂ|¢(x)|df < oo forallB > %
R

As seen in the proof of Lemmas 12.1 and 12.2, we have the desired result.
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Examples of Wavelet
Example 12.1 (Haar Wavelet) Let
1
vx) =1, O§x<§

=-1, - <x<1
2

=0, otherwise

It is clear that
o0
/ Y(x)dx =0
—00

and v (x) has the compact support [0, 1] (Fig. 12.2). It can be verified that

W2
b= 1 (sing) o iv—1)/2
w

V2

* g w)? 8 [ |sin¥|*
/ [ (w)| dw=—/ sin g
—00 [w| T Joo W[
¥ (x) defined above is called the Haar wavelet in honor of the Hungarian mathe-

matician Alfred Haar who studied it in 1909. The Haar wavelet is discontinuous at
x=0,11

and

Example 12.2 (Mexican Hat Wavelet) The function defined by the equation
Y@ =1 —xe "

is called the Mexican hat wavelet.  (x) satisfies Eq. (12.3) of Lemma 12.1, namely

Fig. 12.2 Mexican hat 1
wavelet 4

v
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2

d
YW =——se = (=)
X

We can observe that the Mexican hat wavelet has no discontinuity. ¥ (x) is a wavelet
by Lemma 12.1.

Example 12.3 (Gabor Wavelet) A Gabor wavelet, with width parameter w and fre-
quency parameter v, is defined as

Y(x) = W—I/Ze—rr(x/w)zeﬂnvx/w

It is a complex-valued function. Its real part ¥g(x) and imaginary part y; are given
by

Yr(x) = w2/ cos(2mvx/w)

Y (x) = w2 O sin(2mvx /w)

With the help of the following theorem, one can obtain new wavelets:

Theorem 12.1 Let v be a wavelet and ¢ a bounded integrable function, then the
convolution function W x ¢ is a wavelet.

Proof Since

/‘Z Vroole= /_Z V_Z Y= Dendr
/: (/: V(e - t)||<ﬂ(l)|dt)2dx

/_Z </_Z V(= Dl f: |<p(t)|dt> dx
/_Z |§0(t)|dt/_0; /: I (x — 02| (0)|dxdt

00 2 00
(/ Icp(t)ldt>/ [ (x)|?dx < 00

we have ¥ x ¢ € L,(R). Moreover

2
dx

IA

IA

o0 p 2 % D
/ Wr eI [T YO0 4 Theorem F13
o vl oWl
= [ b

) 7 2
5/ (WWH dw) sup [§w)[? < oo

o\ Wl
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Fig. 12.3 Convolution of 4
Haar wavelet and r 0.2

o) =

Therefore, { % ¢ is a wavelet.

Example 12.4 By convolving the Haar wavelet with ¢ (x) = e, we get the function
represented in Fig. 12.3.

It is interesting to observe that the set of nonzero wavelets with compact support
is a dense subset of L, (R); that is, we have the following theorem:

Theorem 12.2 Let
A= {w € Ly(R)/Y¥ # 0, ¥ has compact support and [ Y(Hdt = 0}
R

then A is a dense subset of L, (R).

Proof Let h € L,(R), then he L>(R). Let h, be defined by

he(w) = h(w) |w| > ¢

=0 |w|>e¢

Then, for every ¢, h satisfies (A12.2) and so by Corollary 12.1, k, is a wavelet. Since
by Theorem A.32, ||A||z, = ||h]|L,, it follows that || A, —hlli2 = f_gs |h(w)|>dw — 0.
This means that every function /4 in L, can be considered as a limit of a sequence of
wavelets and hence A is dense in L, (R).

Definition 12.2 (Continuous Wavelet Transform) The continuous wavelet transform
Ty of a function f € L,(R) with respect to the wavelet ¥ is defined as

fa,b) =Ty f(a,b) = |a]”"/? / oy (#) dt (12.5)
R

where a € R/0, b € R, and ¥ denotes complex conjugate.

We note that for real ¥, ¥/ = . We consider here real wavelet.

Remark 12.2 (i) If we consider v, ;(¢) as a family of functions given by
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t—>b

Vap(t) = |a| "y (T) ,a>0,beR (12.6)

where v is a fixed function, often called mother wavelet, then (12.5) takes form:
Ty f(a,b) = (f, Yap) = the inner product of f with (12.7)

(i) The wavelet transform is linear as it can be written in terms of the inner product.
The following properties hold in view of properties of the inner product given
in Sect.3.1.

Let i and ¢ be wavelets and let f, g € L,(R). Then, the following relations hold:

(@) Ty(af + Bg)(a,b) =aTy f(a,b) + BTyg(a,b) forany o, B € R.

(b) Ty(Scf)(a,b) =Ty f(a,b— c), where S, is a translation operator defined by
Scf@) = ft—o).

(©) TyD.f)a,b) = (1/c)Ty f(a/c, b/c), where ¢ is a positive number and D, is
the dilation operator defined by D, f (1) = (1/¢) f(t/c).

(d) Ty¢(a,b) =Ty (1/a, —b/a), a # 0.

() Tyi¢(a,b) =aTy f(a,b) + BTy f(a, b), for any scalar o, .

(f) TayAf(a,b) =Ty f(a, —b) where A is defined by Ay (1) = Y (—1).

(&) (Ts.¥(f)a,b)) =Ty f(a,b+ ca).

(hy (Tp.¥f)a,b) =1/c(Ty f)(ac,b), ¢ > 0.

Remark 12.3 We note that the wavelet transform Ty, f (a, b) is a function of the scale
or frequency a and the spatial position or time b. The plane defined by the variables
(a, b) is called the scale-space or time—frequency plane.Ty, f (a, b) gives the variation
of f in a neighborhood of b. If i is a compactly supported wavelet, then wavelet
transform T, f (a, b) depends upon the value of f in a neighborhood of b of size
proportional to the scale a.

For a small scale, Ty, f (a, b) gives localized information such as localized regu-
larity of f(x): The local regularity of a function (or signal) is often measured with
Lipschitz exponents. The global and local Lipschitz regularity can be characterized
by the asymptotic decay of wavelet transformation at small scales. For example, if
f is differentiable at b, T f(a, b) has the order a*?* as a — 0. For more details, see
[59] and Sect. 12.4.

We prove now analogue of certain well-known results of Fourier analysis such as
Parseval’ s formula, Isometry formula, and Inversion formula.

Theorem 12.3 (Parseval’ s Formula for Wavelet Transforms) Suppose ¥ belongs
to Ly(R) satisfying (12.2), that is, ¥ is a wavelet. Then, for all f, g € Ly(R), the
following formula holds:

o]

1 *© _
(f,g>=a/f (Ty f)a, b)Tyg(a, b)

—00

dbda
a2

(12.8)
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Proof By Parseval’ s formula for the Fourier transforms (Theorem A.32), we have

(Ty )@, b) = (f, Yas)
= (f. Vup)

= /Oo Flal'er (ax)dx

= Q)" 2Z{|a|'” f )P (ax)}(—b)

and
il ©____ s t—>b
Ty @by = [ g0y (—)ar
= f g0 lal' e (ay)dy
= 2m)' 2 F {|alV/2g (x) ¥ (ax)}(—b)
Then

[.1.

=27T/ / T @Y (@)} (—b) F{§ ()Y (ax)}(—b)

dbda

o0 0 - . 5 da
=27T/ / J@)g)|Y (ax)["dx—
oo a

by Parseval's formula for Fourier trans form (Theorem A.32)
RN da (* , —

=27 / ¥ (@) — / J 0§ (0dx
o a J «
by Fubini's theorem (Theorem A.17)

2
- WP,
o Wl
:cl/f(.ﬂg)v

by Parseval's formula for Fourier trans f orm (Theorem A.32)

Theorem 12.4 (Calderon, Grossman, Morlet) Let v € L,(R) satisfying (12.2).
Then, for any [ € Ly(R), the following relations hold:
Inversion formula

d
f(t)—— / / (T, f)a. b)|a|‘/2w( - )db—" (12.9)
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Isometry
|f Ol dt = — |(Ty f)(a, b)|"db— (12.10)
—0 Cy J—00 J -0 a
Equation(12.9) can be written as
, dadb
A1l = 1Ty f(a, b)||r, | R”, 7 (12.11)

Proof For any g € L,(R), we have

cy(f.8) =Ty [, Tyg)

-1

[ s e
Y Y dadb——
= / / / Ty f(a, b)ilfafb(t)Tg(t)dt

o ree dadb
—f | mr@pno®.e

by Theorem 10.3

by Fubini's theorem

or
o[ dadb
of = [T @b g =0 forai s € L@

By Remark 3.1(7), we get

ddb
ey f — / / T, f(a. bmb(r)“

and thus we have (12.8). A
We now prove (12.9). Since Fourier transform in b of (T, f)(§,b) is f(w +

£)¥ (w), Theorem A.32 concerning isometry of the Fourier transform applied to the
right-hand side of (12.9) gives

// Ty £)(E, b)|2db / / v+ )5 () Pdw d&



12.2 Continuous and Discrete Wavelet Transforms 409

By the Fubini theorem (Theorem A.17) and Theorem A.32, we get

I [™ 4
—/ |fw+&)Pdg = || fII?
Cy J-x

This proves (12.9).

It may be remarked that Theorem 12.4 was first proved by Caldéron in 1964 in
Mathematica Studia, a journal started by the proponent of Functional Analysis Stefan
Banach, without the knowledge of the concept of wavelets in explicit form. Grossman
and Morlet rediscovered it in the context of wavelet in their paper of 1984 without
the knowledge of Caldéron’ s result

12.2.2 Discrete Wavelet Transform and Wavelet Series

In practical applications, especially those involving fast algorithms, the continuous
wavelet transform can only be computed on a discrete grid of point (a,, b,), n € Z.
The important issue is the choice of this sampling so that it contains all the information
on the function f. For a wavelet ¥/, we can define

1/fm,n(l‘) = ag/zl/f(agt - bOm), mne”Z

where ap > 1 and by > 0 are fixed parameters. For such a family, two important
questions can be asked?

A. Does the sequence {{f, ¥u.n)}mnez completely characterize the function f ?
B. Is it possible to obtain f from this sequence in a stable manner?

These questions are closely related to the concept of frames which we introduce
below.

Definition 12.3 (Frames) A sequence {¢,} in a Hilbert space H is called a frame if
there exist positive constants o and § such that

allfIP<D Wfr o> <BIFIP Y feH (12.12)

n=1

The constants « and S are called frame bounds.

If @ = B, then equality holds in (12.12). In this case, the frame is often called the
tight frame. It may be observed that the frame is an orthonormal basis if and only
ifa=8=1.

Definition 12.4 (Frame Operator) Let {¢,} be a frame in a Hilbert space H: Then
the operator F from H into ¢, defined as
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F(f)=(fien), neZ
F is called a frame operator.
It may be checked that the frame operator F' is linear, invertible, and bounded.

Consider the adjoint operator F* of a frame operator F' associated with the frame ¢,,.
For arbitrary {«,} € £,, we have

(F* (o), f) = (o). F f) = Zan (@n. f
= <05n(ﬂm f>

Therefore, the adjoint operator F* of a frame operator F has the form

oo
F*({an)) = ) aupn (12.13)
n=1
Since Zf;l [(f, o) |> = ||F f1|> = (F*F f, f), (12.12) can be expressed as
Al < F*F < BI (12.14)

where I is the identity operator and < is an ordering introduced in Definition 3.9.
It can be checked that F*F has a bounded inverse.

Theorem 12.5 Let {¢,} be a frame with frame bounds A and B and F the associated
frame operator. Let §, = (F*F) '@,. Then {¢,} is a frame with bounds 1/8 and
1/a.

The sequence {@,} is called the dual frame of the {p,}.

Proof We have
(F*F)~ = (FF)")
by Theorem 3.32(8). Hence
(fs @) = (fs F*F) @) = ((F*F)™" f, ¢a)

We can check that

STHE e =D HEF)™ foo)
n=1 n=1
= IFF*F)~" fI?

= (F(F*F)"' f,F(F*F)"" f)
= ((F*F)"'f, f)
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By virtue of (12.14), it can be checked that
11 <(F*'F) ' < l1 (12.15)
B ~ A )
This implies that

1 nd 1
EIIfIIZZHf,q?n)Ff 11112

n=1

2 |

Thus, ¢, is the dual frame of ¢, with bounds % and 11—3.
The sequence ¢, is called the dual frame.
Verification of (12.5) It follows from the following results.

A. Inverse T~ of T is positive, if T is an invertible positive operator.
B. If T is a positive operator on a Hilbert space H such that Al < T < BT for some
0 <A < B, then

I<T'<-I.

| —
| =

Lemma 12.3 Let F be a frame operator associated with the frame {¢,} and F the
frame operator associated with its dual frame ¢,. Then

F*F=1=FF

Proof By
FE'F)™ f = (FF)7' foon) = (£, o)}
=Ff
we obtain
F*F = (F(F*F)""YF = (F*F) — F*F =1
and

F*F =F'F(F'F)"' =1.

Theorem 12.6 Let {¢,} be a frame in a Hilbert space H and ¢, the dual frame.
Then

o]

=Y (f 0 (12.16)

n=1
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[ =) {f @ (12.17)

forany f € H.

Proof Let F be the frame operator associated with frame {¢,} and F the frame
operator associated with the dual frame {¢,}. Since I = F*F by Lemma 12.3, for
any f € H, we have

oo

f=FFf=F(f o))=Y _(f ou)dnby (12.13)

n=1
Therefore, we get (12.16). Equation (12.17) can be proved similarly.
Remark 12.4 For tight frame, then ¢, = A~ 'g,; so (12.17) becomes
1 o0
f = K Z<f’ (pn>(pn
n=1
For orthonormal basis instead of frame, we have

oo

= {f 0n)n.

n=1

Definition 12.5 (Riesz Basis) A sequence of vectors {¢,} in a Hilbert space H is
called a Riesz basis if the following conditions are satisfied:

(a) There exist constants & and 8,0 < o < f8 such that

Allel] < | Y engn| < Bllal|
neN
n1/2
where ||| = (e [l?) 7 x = (G, x2, o Xy )

() [{en}] = H; thatis, H is spanned by {¢,}.

A sequence {¢,} in H satisfying (a) is called Riesz sequence.

It may be observed that a Riesz basis is a special case of frames and an orthonormal
basis is a particular case of a Riesz basis, where « = f = 1. Such cases can be
obtained for the particular choice ¢y = 2 and by = 1,m = j and n = k; that is,

Yk (0) = 2Py (2t — k).

Definition 12.6 A function s € L,(R) is a wavelet if the family of functions ; x ()
defined by

Vi (t) = 229 (2t — k), (12.18)
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where j and k are arbitrary integers, is an orthonormal basis in the Hilbert space
Ly(R).

It may be observed that the admissibility condition (12.2) is a necessary condition
under which v; x (¢); that is, ¥ (1) = 2?4 (2t — k) is a frame, in general, and an
orthonormal basis, in particular. For more discussion, one can see [59, 65].

Definition 12.7 (Wavelet Coefficients) Wavelet coefficients of a function f € L,(R),
denoted by d; «, are defined as the inner product of f with ; x(?); that is

iy = (f () = / FOV Ot (12.19)
R
The series
DO U YO0 (12.20)
Jj€Z kez

is called the wavelet series of f. The expression

£=) 0 U YO

jeZ kez

is called the wavelet representation of f.

Remark 12.5 A. v (¢) is more suited for representing finer details of a signal as it
oscillates rapidly. The wavelet coefficients d; ; measure the amount of fluctuation
about the point ¢ = 27k with a frequency measured by the dilation index ;.

B. It is interesting to observe that d; , = Ty f (277, k27/). Wavelet transform of f
with wavelet 1 at the point (27, k27).

We conclude this section by a characterization of Lipschitz « class, 0 < o < 1, in

terms of the wavelet coefficients.

Theorem 12.7 f € Lipa; thatis, |f(x) — f(0)| < K|x —y|* 0 <« < 1 ifand
only if

|dj x| =< K2G+e)

where K is a positive constant and r is smooth and well localized.
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Proof Let f € C*. Then

|dj| = /f(X)lﬂj,k(X)dx
R

_ f () — FUR27)) s () dx
R

; 2i/2 p
<K — k277 |* -
= /'(x T c—ep®
R

< K2(%+Ot)]

as f f(k277 )Y (x)dx vanishes and |y (x)| < m in view of the assumption.
R

Conversely, if |dj x| < K2-(GF)i | then

@) = fOI <KDY 27 Gy () — ¥ )]
j k

J

Let J be such that 27/ < |x — y| < 27/*!. Using the Mean Value Theorem

Y3 2 Gy ) — )]

J=<Jk

. 1 !
Y3 | x —
<D > K2 ylsuP((l + 1= k27 (141 k2‘-’|2)>

J=J ok

The sum in k is bounded by a constant independent of j, and the sum in j is bounded
by K2U=9/|x — y| < K|x — y|*. Furthermore

o2 2 V) — Y o)
j>J k
< 222V @I + D

j>J k

2—on )
<2K — < K2™% < K|x—y|*
=KL 2 g < K2 K

by the given property of .
Theorem 12.7 is about global smoothness. Using localization of the wavelets, a
similar result for pointwise smoothness of f will be proved in Sect. 12.4.
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12.3 Multiresolution Analysis, and Wavelets Decomposition
and Reconstruction

12.3.1 Multiresolution Analysis (MRA)

The concept of multiresolution analysis (MRA) is called as the heart of wavelet
theory.

Definition 12.8 (Multiresolution Analysis, Mallat, 1989) A multiresolution analysis
is a sequence {V;} of subspaces of L,(R) such that

@ ---cVoy,cVwcvic:--,
(6) spanJ V; = Ly(R),
jezZ
© NV ={0}
jezZ
(d) f(x) € V;ifandonlyif f(2x) € Vj,
(e) f(x) € Vyifandonlyif f(x —m) € Vyforallm € Z, and
(f) There exists a function ¢ € Vj called scaling function, such that the system
{o(t — m)},uez is an orthonormal basis in V.

For the sake of convenience, we shall consider real functions unless explicitly stated.

Some authors choose closed subspace V; in Definition 12.8.

Definition 12.9 (1) Translation Operator: A translation operator 7}, acting on func-
tions of R is defined by

Th(f)x) = fx —h)

for every real number /.
(2) Dilation Operator: A dyadic dilation operator J; acting on functions defined on
R by the formula

Ji(H @) = f(2x)

for an integer j.
It may be noted that (i) we can define dilation by any real number, not only by 2/,
(ii) T;, and J; are invertible and 7, ' = T_;, and Jj_1 = J_;, and (iii) T;, and 2//2J; are
isometries on L, (R).

Remark 12.6 (a) Conditions (i) to (iii) of Definition 12.8 signify that every function
in L,(R) can be approximated by elements of the subspaces V;, and precision
increases as j approaches co.

(b) Conditions (iv) and (v) express the invariance of the system of subspaces {V;}
with respect to the dilation and translation operators. These conditions can be



416 12 Wavelet Theory

expressed in terms of 7, and J; as (iv)” V; = Jj(Vy) forallj € Z (v)’ Vo = T,,(Vp)
for all n € Z. (vi)’ Since 2°J; and T,, are isometries, (vi) can be rephrased as:
For each j € Z the system {272 (2x — k)}xez is an orthonormal basis in V.
(c) Condition (vi) implies Condition (vi).
(d) If we define the dilation operator D,, a > 0, as D, f (x) = a'/? f (ax), translation
operator as above for b € R, modulation operator E, as

E.f(x) = ™ f(x), fx)yeLiorlyonR, ceR

then the following results can be easily verified

(1) DT, f(x) =a'’? f(ax — b)
(2) DTy f(x) = Ta1pDq f (%)
() (f.T.8) = (Da1 [, 8)

@ (f.Tpg) =(T-pf, g)

(5) (Daf,Dag) =(f,8)

6) (Tpf, Trg) = (f. 8)

() TyE:f(x) = ™™ E.T, f (x)
8) (f.Ecg) =(E.[. 8)

The following theorems describe the basic properties of an MRA whose proofs can
be found in any of the standard references on wavelet theory (see, e.g., [199]).

Theorem 12.8 Let ¢ € Ly(R) satisfy

(i) {@p( — m)} ez is a Riesz sequence in L,(R)

(ii) ¢(x/2) =Y arp(x — k) converges on L(R)
kezZ
(iii) @(&) is continuous at 0 and ¢(0) # 0.

Then the spaces V; = span{p(Yx — k)}xez with j € Z form an MRA.

Theorem 12.9 Let {V;} be an MRA with a scaling function ¢ € Vy. The function
YeWy=V,6Vy (W@ Vo= V1) is a wavelet if and only if

V(&) = & PvEmy €2+ 1)P(E/2) (12.21)

for some 2m-periodic function v(§) such that [v(§)| = 1 a.e, where my(§) =
% 3" a,e™". Each such wavele V has the property that spans Witkez, ] <s =V

neZ
foreverys € Z.

Remark 12.7 (i) For a given MRA {V;} in L,(R) with the scaling function ¢, a
wavelet is obtained in the manner described below; it is called the wavelet
associated with the MRA {V;}. Let the subspace W; of L,(R) be defined by the
condition

Vi@ W= Vi, V; LWV
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(i)

(iii)
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Since 2//2J; is an isometry, from Definition 12.8, J;(V;) = V;;1. Thus
Vier = Ji(Vo @ Wo) = J;(Vo) @ J;(Wo) = V; @ J;(Wo)
This gives
W, = J:(Wo) foralljeZ (12.22)

From conditions (i)—(iii) of Definition 12.8, we obtain an orthogonal decompo-
sition
Lz(R)z@Zsz Wew, oW, --
JjeZ
=) W (12.23)

jezZ

We need to find a function » € Wy such that {y (t — m)},,cz is an orthonormal
basis in Wj. Any such function is a wavelet; it follows from (12.22) and (12.23).

Let ¢ be a scaling function of the MRA {V}}, then
Y =Y a(—1)"9pQx+n+1) (12.24)
neZ
where
[o¢]
ay =Y p(x/2)p(x —n) (12.25)
—00

is a wavelet. In fact, assuming that integer translates of generate an orthonormal
basis for V), wavelet ¢ can be constructed as follows: By conditions (i) and (ii)
of MRA, there exists ¢, such that (see Sect. 12.4.3)

P = cap(2x —n)

neZ

Then, ¥ (x) is given by

Y =Y (=1)"car19(2x +n)

neZ

It should be observed that the convention of increasing subspaces {V;} used
here is not universal, as many experts like Daubechies and Mallat use exactly
the opposite convention by choosing decreasing sequence {V;}, where (iv) is
replaced by f(x) € V;ifandonlyif f(2x) € Voand V;@ W; = Vi 1V, L W;
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is replaced by V; @ W; = V;;, V; L W,. Broadly speaking, in the convention
of increasing subspaces adapted by Meyer, the functions in V; scale like 277,
whereas in the convention of decreasing subspaces followed by Daubechies and
Mallat, they scale like 2.

(vi) With a smooth wavelet v, we can associate an MRA. More precisely, let be an
L, (R) function such that {2//2vs(2/x — k), j € Z, k € Z} is an ONB of L, (R).
Is ¢ the mother wavelet of an MRA? For any v, the answer is no. However,
under mild regularity conditions, the answer is yes (for details, see references
in [94], p. 45).

12.3.2 Decomposition and Reconstruction Algorithms

Decomposition Algorithm Let ¢;; and d;; denote, respectively, the scaling and
wavelet coefficients for j and k € Z defined by

Ck = f @)@ (x)dx (12.26)
R

and

djx = / S )Y (x)dx (12.27)
R

where

@k(x) =272 x — k)
Vi (x) = 229 (2x — k)

¢ (x) and ¥ (x) are, respectively, the scaling function (often called the father wavelet)
and the wavelet (mother wavelet).
Since ¢; x (x) = 2/2¢(2x — k), there exists &, such that

@ik (x) = Zh52j/2<p1$g(2jx —k)
tez
= > h2Ut @y — 2k — 0)
tez

= Z ho@js1, 426 (x)

teZ

= > " he i @isre(x) (12.28)
teZ
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Substituting this value into (12.26), we get

Cjk = / £ heoi i o)
R

teZ

= Y b [ g
R

tezZ
= E he_okCit1,e
teZ
or
Cjk = E he—2kCjs1.e (12.29)
ez

Since Vy C Vi, every ¢ € Vj also satisfies ¢ € V). Since {¢,,k € Z} is an
orthonormal basis for V|, there exists a sequence {/;} such that

P = hipr () (12.30)

keZ

and that the sequence element may be written in the form
he = (@, ¢1.k) and {h} € £,

The two-scale relationship (12.29), relating functions with differing scaling factors,
is also known as the dilation equation or the refinement equation. It can be seen that
for the Haar basis

1
Nk
=0, otherwise (12.31)

hy = k=01

Scaling function ¢ (father wavelet) and ¥ (mother wavelet) are related with the
following relation:

Y@ =Y (D () (12.32)

keZ

Substituting the value of v (x) from (12.31) in (12.27), we obtain

djx = Z(_l)lhfl+2k+lcj+l,e (12.33)
teZ
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Fig. 12.4 Schematic v diy,
representation of the N \ \ '\ '\

decomposition algorithm ke,

Fig. 12.5 Schematic d. . T
representation of the N
reconstruction algorithm

e
All lower-level scaling coefficients (j > i) can be computed from scaling function
coefficients applying (12.33). Given scaling coefficients at any level j > i can be
computed recursively applying (12.29).

Figure 12.4 is schematic representation of the decomposition algorithm for scaling
and wavelet coefficients d; and c;, respectively, at level j. Equations (12.29) and
(12.33) share an interesting feature; that if, any one of them, the dilation index k is
increased by one, then indices of the {h,} are all offset by two. It may be observed
that computation by the decomposition algorithm yields fewer coefficient at each
level. Mallat named it pyramid algorithm, while Daubechies called it the cascade
algorithm.

Reconstruction Algorithm

Let {g; r}rez and {¥;  }kez be generated, respectively, by the father wavelet ¢ and
the mother wavelet v/; that is, g x (x) = 2/2¢(2x — k) and ¥; x (x) = 22y (Px—k)
form the orthonormal basis, respectively, of V; and W; of a given MRA for each k
(Fig. 12.5). Further, let

axy = (91,0, Yo,k )a2%—-1 = (¥1,0, Po,k)
bor = (91,0, 90.k)b2k—1 = (@10, Po.k)

where a; = h_y and by = (—1)*h;41. Then

Cjk = Zaﬂfkcjfl,l + b idj—1, (12.34)
teZ
or
Cjk = th—Zle—l,l + (=D hoe—gs1di-1 0 (12.35)
leZ

Verification of Equation (12.35)

P10X) = Y (@0 (X) + bai Yo (x)) (12.36)

keZ

and
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P11 =Y (@ 190k (¥) + by 1Yo (x) (12.37)
kez

By (12.36) and (12.37), we can write a similar expression for any ¢y ;. First, we
derive the formula for even k

k
01,1(x) = @10 (x - 5)

k
= aupor <X - 5) + baeoe

leZ

= Z (azz¢o,§+e + b2€w0,§+l)
ez
=) (@2-kp0.0(x) + bar— kP00 (x)) (12.38)

tezZ

A similar result holds for odd k. For even (odd) k, only the even-indexed (oddindexed)
elements of the sequences {a;} and {b,} are accessed. On similar lines, an expression
relating each scaling function ¢; ; to scaling functions and wavelets at level j — 1 can
be derived; that is, we have

@i k(x) = Z(azz—kwj—l,e(x) + bap kY1) (12.39)
tezZ

Equation (12.35) is obtained from (12.26). We obtain (12.36) by substituting the
values of ay,_; and byy_; in terms of /.

Remark 12.8 (i) The scaling coefficients at any level can be computed from only
one set of low-level scaling coefficients and all the intermediate wavelet coef-
ficients by applying (12.36) recursively.

(i) Each wavelet basis is completely characterized by two-scale sequence {/;}.

(iii) /7y will consist of finite number of elements for wavelets having compact sup-
port.

12.3.3 Wavelets and Signal Processing

Signals are nothing but functions which represent real-world problems arising in

different fields. Signal processing deals with denoising, compression, economic stor-

age, and communication synthesis, and the signal processing has been used in brain

studies, global warming, and prediction by calamities. For a lucid introduction and

updated literature, we refer to [43, 44, 50, 51, 55, 58, 59, 94, 98, 133, 145, 147,

149, 179, 188, 191, 192, 197, 199]. Let f(z), t € R denote a signal. A signal
o0

f (1) is said to have a finite energy, if [ |f (1)|?dt < oo, equivalently, f € Ly(R).
—00
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00 2
E(f)= < [ 1f@® |2dt> is called the energy of signal f.The main idea is to store
—00

or transmit certain values of f(¢) instead of entire values. It has been shown that
wavelet orthonormal system yields very economical results. Let {¢,} be an ONB in
L,(R), then we can write

= {f o

neN

Thus, instead of transmitting the function f, it suffices to transmit the sequence of
coefficients {{ f, ¢,)} and let the recipient sum the series himself. If the ONB {¢, } is
given by a compactly supported wavelet {1; ;} (Definition 12.6 or wavelet associated
with an MRA), then, in view of Remark 12.8, we achieve our objective.

Now, we express decomposition and reconstruction algorithms in terms of a con-
cept of the signal processing called the filtering processing. A filter can be considered
as an operator on ¢, into itself. Thus, applying a filter (operator or sequence) to a
signal of ¢, (discrete form of L,(R)) results in another signal. It may be observed
that the term filter is taken from its real-life uses. We know that a filter is used in a
laboratory either to purify a liquid from solid impurities (if the liquid is of interest)
or to remove a solid from a suspension in a liquid (if the solid is of interest), and our
filter applied to a pure signal contaminated with noise might attempt either to isolate
the pure signal or to extract the noise, depending on our primary interest, signal or
noise. Applying the decomposition algorithm involves a down-sampling operation.
The operation of filtering, called subband filtering, which we consider here, operates
exactly as the decomposition algorithm; namely, applying a subband filter to a signal
yields a signal with length half that of the original signal. In practice, we deal only
with signals having a finite number of nonzero terms; usually, we consider an even
number of nonzero terms.

In general, a filter A is defined by

Afy = Za%—kfﬁ (12.40)

tezZ

where f = (f1, fa, -+, fu,---)- {Afr} € £2; that is, the filtering process consists of
a discrete convolution of the filter sequence with the signal. Let H be a filter defined
by the relation

HC]‘“ = Cj—1,. (1241)

which corresponds to (12.29), where j is replaced by j — 1; that is

Ci—1k = E hoe—icje

tezZ

Applying the filter H m-times, we get
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H"¢j = cj—m, (12.42)

Let G be another filter defined by
GCj,_ = djfl,_ (1243)

which corresponds to (12.33) where j is replaced by j — 1, that is

di—1k = Z(_l)[hfﬁ+2k+lcj,é (12.44)
leZ

By (12.41) and (12.43), we get
di—m,. = GH" '¢;. (12.45)

This means that the wavelet coefficients at any lower level can be computed from
scaling function coefficients at level j. Thus, the decomposition algorithm has been
written in terms of filter H and G. In engineering literature, H is called the low-pass
filter while G is called high-pass filter. Both are examples of quadrature mirror filters
of signal processing. Broadly speaking, low-pass filters correspond to the averaging
operations which yield trend, while high-pass filters correspond to differencing and
signify difference or fluctuation.

Example 12.5 Let us consider the Haar wavelet in which hy = h; = 1/ V2. Let
= ey fio o) ={fx} € £2. Then

Hf = fi
where fi = \/%(fzk + far-1) ,and
Gf = fk*

where f = 55 (fu + fa-1). Choose f = (4,6, 10,12,8,6,5,5). Then

Hf =(5v2,11v2,72,5V2)
Gf = (=2, =2, —+/2,0).

12.3.4 The Fast Wavelet Transform Algorithm

Cooley and Tukey algorithm developed in 1965 known as fast Fourier transform is
treated as a revolution in computational techniques. It reduces computational cost
to O (n log n), a very significant development, see [145]. The pertinent point is
to reduce the number of computations applying recursively computing the discrete
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Fourier transform of subsets of given data. This is obtained by reordering the given
data to find advantage of some redundancies in the usual discrete Fourier transform
algorithm. Proceeding on the lines of fast Fourier transform, we could choose appro-
priate wavelet transforms by replacing the function f in the definition of wavelet
coefficients by an estimate such as

o]

djx = / gk (x)dx

—00

where

g =X, k—1<t<k

=0, otherwise

Similar technique could be used to evaluate the following scaling function coefficients
as well:

o0

Gk = /g(x)wj,k(x)dx

—00

>~ Xej i (x)

Let us begin with a set of high-level scaling function coefficients, which are finite.
This assumption is appropriate, as any signal f € L,(R) must have rapid decay
in both directions; so d; x can be neglected for large |k|. Rescale the original func-
tion, if necessary, so that the scaling function coefficients at level m are given by
Cm.0s - - - » Cmn—1- Computing the scaling function and wavelet coefficients at level
m — 1 is accomplished via Eqgs.(12.29) and (12.33). As noticed earlier, the {/;}
sequence used in these calculations has only finite number of nonzero values if the
wavelets are compactly supported; otherwise, /; values decay exponentially; so it
can be approximated by finite number of terms. In either case, let K denote the num-
ber of nonzero terms used in the sequence, possibly truncated. Computing a single
coefficient at level m — 1 according to either (12.29) or (12.33) would take at most K
operations. If scaling function coefficients c,, x for k # {0, ..., n— 1} are set to zero,
they give exactly n nonzero coefficients at level m and then the number of nonzero
scaling function coefficients at level m — 1 would be at most

5+ (5]

where [x] denotes the greatest integer less than or equal to x. The total number of
nonzero scaling function coefficients at level m — 1 is approximately 7, and the total
number of operations required to compute the one-level-down wavelet and scaling
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function coefficients is approximately 2K 5. Let n; be the number of nonzero scaling
function coefficients at level m — 1. Applying the decomposition again requires no

more than
[ l ]
2 2

operations to compute the scaling function coefficients and no more than the same
number of operations to compute the wavelet coefficients. There will be approxi-
mately n;/2 or n/4 nonzero scaling function coefficients at level m — 2, and the
computation will require approximately 2K .n; /2 or 2K .n/4 operations.

Continuing in this manner, we find that the total number of operations required
to do all decompositions is approximately

2K@+Z+§+~)=OW

Thus, the fast wavelet transform algorithm described above is faster than the fast
Fourier transform algorithm.

12.4 Wavelets and Smoothness of Functions

In this section, we will discuss a relationship between smoothness of functions and
properties of wavelets.

12.4.1 Lipschitz Class and Wavelets

Definition 12.10 (Vanishing Moments) A wavelet ¥ is said to have n vanishing
moments if

fﬁwmm=0fmo§k<n (12.46)

—0Q

A wavelet ¥ has n vanishing moments and is C, with derivatives that have a fast
decay means that for any O < k < n and m € N, there exists M,, such that

M,
VieR, |[v®P @) < n 12.47
[ ()] < NPT ( )

Definition 12.11 (Pointwise Lipschitz Regularity) A function f is pointwise Lips-
chitz o, @ > 0, at v if there exists K > 0 and a polynomial p, of degree m = [«]
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such that
|lf() —=py(] < K|t —V|*, VtER (12.43)

Theorem 12.10 (Jaffard, 1991) If f € L,(R) is Lipschitz o, « < n at v, then there
exists a positive constant M such that

V(a,b) € R" xR (12.49)

b—v

a

Ty f(a, b)| < Ma®*'/? (1 + ’

Conversely, if @ < n is not an integer and there exist M and o' < o such that

a’)
b

Y(a,b) e R" xR (12.50)

b—v
a

Ty f(a, b)| < Ma“*"/* (1 + ‘

then f is Lipschitz « at v.

Proof Since f is Lipschitz « at v, there exists a polynomial p, of degree [«] < n
and a positive constant K such that

[f(®) —pu(®)] < K|t —v|*

A wavelet with n vanishing moments is orthogonal to polynomials of degree n — 1
(clear from Definition 12.10). Since o < n, the polynomial pv has degree at most
n — 1. With the change of variable ¢ = (¢ — u) /s, we check that

r 1 t—b
ITypv(a, b)| = /pv(t)ﬁw%dtzo (12.51)

In view of (12.51), we get

r 1 t—b
Ty (@, b)] = /(f(t)—pv(t))ﬁth dr

Sl —b
< K|t — | ﬁ wT dt

The change of variable x = % yields
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[o¢]
Ty f(a. bl = va [ Kiar b= vl eolds

—0o0

Since |a + b|* < 2%(|al” + [b|%),
o0 o0

Ty f(a,b)| < K2*a | a* / IxX|*|¥ () |dx + |b — v|* / [¥ (x)|dx
where M is a constant and that is the desired result (12.49).
Converse: f can be decomposed by (12.8) in the form

b—v

a

S MaOH-l/Z <1 + ‘

f =Y 40 (12.52)
j=—00
with
oo 2!
Ai(t) = L / /T fla b)iw (ﬂ) i (12.53)
J - C]/; v 5 \/E a a2 .
—00 Qj

Let A}k) be its kth order derivative. In order to prove that f is Lipschitz « at v, we
shall approximate f with a polynomial that generalizes the Taylor polynomial

o] o0

_ ® (t — v
=3 | 3 a0 | —— (12.54)

k=0 \j=—0o0

If f is n times differentiable at v, then p,, corresponds to the Taylor polynomial, but

o0
this may not be true. We shall first prove that > A;“ (v) is finite by getting upper

J=—00
bounds on |A;k) ] .
To simplify the notation, let K be a generic constant which may change value
from one line to the next but that does not depend on j and ¢. The hypothesis (12.50)
and the asymptotic decay condition (12.47) imply that
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0o 2! v
— M, d
|A(t)|<—//Ka T L X
a 1+ |(t —Db)/al™ a>

—00
K/Z“f 1+ bv[" ! L (1255)
= a T+ —b)/2%|" 2 '
—0oQ

Since |b — v|¥ < 2%(|b — t|* + |t — v|%), the change of variable b’ = 277 (b — 1)
gives

1A <K2a// L+ 6| + v — /2"
s 1+ [/

—00

dr’

Choosing m = «' 4 2 yields

—t
14| = K2% (1 + 'V—

a’)
The same derivations applied to the derivatives of A;(?) give

—t o
IA;")(t)I < K270 (1 + ‘VT ) Vik<la]+1

At t = v, it follows that

AR W) < K2 vk < [a] (12.56)
J

This guarantees a fast decay of |A;k)(v)| when 2/ goes to zero, because « is not an

integer soa > [a]. Atlarge scales 2/, since Ty f(a, b)| < || fIl ||| with the change
of variable, b’ = % in (12.28), we have

2/+1

A9 < IIfIIIIWII/W/ (b,)db,|/ o (1257

and hence |A]’.‘ ()| < K2=®+1/2J which together with (12.58) proves that the poly-
nomial p defined in (12.54) has finite coefficients. With (12.52), we compute

00 [a]
FO=pl = (Aj(t)—ZA(k)() - ) (12.58)

j=—00 k=0
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The sum over scales is divided into two at 2J such that 27 > |tv|2/!. Forj > J, we
can use the classical Taylor theorem to bound the Taylor expansion of A; as follows:

= o o, =k
I=> 1410 =) A >(v)T
j=J k=0

o (l _ v)[a]+1

<Y ———— sup [A ()]
Z ([e]+ D! he[tg] /

j=J
[ ¢t o
I <Kl — vt 7 gnitedti-o v
j=J
and since 2/ > |t —v| > 2/ we getI < K|v — t|*.
Let us now consider the case j < J.
J—1 [o] k
_ , W)y E=V)
= Z A;(t) —ZAJ. )=
j=—00 k=0
J—1 o (o] k
o v—t (t—v) (a—h)j
<K ) (2-1 (1+ > +Z—k! 2
j:—oo k=0

la]
<K (2 4207 =y 1+ e 2@=hi
- p k!

=0

andsince 2’ > |t—v| > 2/~ we getII < K|v—t|*. Thisproves that | f(t)—p, ()| >
K|v —t|%; hence, f is Lipschitz « at v.

12.4.2 Approximation and Detail Operators

First of all, we discuss approximation and detail operators in the context of the Haar
wavelet.

Definition 12.12 (a) For each pair of integers, j, k, let
Ly =127k, 27k + 1)]

The collection of all such intervals is known as the family of dyadic intervals.

(b) A dyadic step function is a step function f(x) with the property that for some
integer j, f(x) is constant on all dyadic intervals ; , for any integer k. For any
interval 7, a dyadic step function on [ is a dyadic step function that is supported
onl.
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(c) Given a dyadic interval at scale j, I; x, we write [;; = Ifk U1, where Ifk and
I]’ . are dyadic intervals at scale j + 1, to denote the left half and right half of the
interval ]j,k~ In fact, []Ek = Ij+],2k and [Jlk = [‘/‘_;_1,2](_;,_1 .

Definition 12.13 (a) Let ¢(x) = x[0, 1), and for each j, k € Z define ¢;;(x) =
22¢(2x — k) = DyTrp(x). The collection g; 4 (%), oz is called the system of
Haar scaling functions at scale j.

(b) Lgt w()g) = x0,1/2 &) — xr1/2,11(x), and for each j, k € Z define ¥ (x) =
224 (Yx — k) = DTy (x). The collection Yjk(x); o7 1s called the Haar
wavelet system.

(c) Foreachj € Z, we define the approximation operator P; for functions f(x) € L,
and for Haar scaling system by

Pif(x) =Y (f 000 (12.59)

k

(d) For eachj € Z, we define the approximation space V; by
Vi = span{; () }rez

Remark 12.9 (i) By Example 3.13, P; f (x) is the function in V; best approximating
f(x)in L,.
(ii) Since @; x(x) = 2j/251j,k (x)

(fs 9 @i (x) = <2j / f (t)dt) X1 (%)

Lk

Thus, P; f(x) is the average value of f(x) on ;. Due to this reason, one may
consider the function P; f (x) as containing the features of f(x) at resolution or
scale 27,

Lemma 12.4 (i) Forj € Z, P; is a linear operator on L,.

(ii) P; is idempotent, that is, sz =P,
(iii) Given integers j,j withj <j', and g(x) € V;, Pyg(x) = g(x).
(vi) Givenj € Z and f(x) € L,

P fll, = £z,

Proof (a) and (b) follow from Example 3.13 and (c¢) from (b); we prove here (d).
Since {¢; 1 (x)}xez is an orthonormal system (Lemma 12.9), by Theorem 3.18(c)

WP FIIE, = Y 1f g0l
k

=> " [ f@adi)?
k Tk
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By the Cauchy—Schwartz inequality (Holders inequality for p = 2)

2
< ( / 2f'dr) ( f If(t)lzdt) - / \f (1)t
Ik Lk Tk

272 / f(0)dt
Ik
Therefore

1P 1, sZ/|f(r)|2dr=/R|f<t>|2dr= I£1E,
k Ik

Lemma 12.5 Let f be a continuous function on R with compact support. Then
(i) lim [|P;f = fll, =0

j—oo
(it) lim [|P; fl, =0

J—00

Proof (i) Let f(x)have compact support [—2", 2V ] for some integer N. By Problem
12.13, there exists an integer p and a function g(x) € V; such that

1 = gllo = sup 100 = g < ———

Ifj > p, then by Lemma 12.4(c), Pjg(x) = g(x) and by Minkowski’ s inequality
and Lemma 12.4(d)

1P f — flle, = IPif — Piglle, +11Pjg — glle, + 118 — fllL,
= IP;(f = &I, + 118 = fllz,

<2|lg = fllL, (12.60)
Since
2 N 2 &2
2 2 _
g — f1}, = f 18(0) — f () 2dx < LN Sl =
_JN
£

g — fllL, < = (12.61)

2

The desired result follows by (i) and (ii) of MRA.
Part (b) follows from the fact that f has compact support on R and Minkowski’s
inequality.

Definition 12.14 For each j € Z, we define the detail operator Q; on L,(R) into R,
by

Qi f(x) =P f(x) — P f(x) (12.62)
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The proof of the following lemma is on the lines of the previous lemma:

Lemma 12.6 A. The detail operator Q; on Ly (R) is linear
B. Q; is idempotent.
C. Ifg(x) € Wjand ifj is an integer with j' # j then

Qrg(0) =0

d. Givenj € Z, and f(x) € Ly(R), [|1Q; fllL, = | fllL,-

Lemma 12.7 Givenj € Z and a continuous function f (x) with compact support on
R:

Qif(x) =Y (f Vi)V (12.63)

k
where the sum is finite.

Proof (Proof of Lemma 12.7) Let j € Z be given and let f (x) have compact support
on R. Consider Q; f (x) for x € I; ;. We observe that

P f) = 2% f fod if xe T,
It

J.k

:y“/fumtuxeqk
I

and that

ﬂﬂD:?/fmﬁﬁxem

1
¢
For x € IJk

Q;f (%) = Pjp1 f(x) — P f(x)

zyszmm—/fmm—/fmm
Ije.k Ijé,‘k Ijrk

=2 /fmm—ffmm
\ 7

= 2(f, Yx)
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by the definition of the Haar wavelet, and on IJ’ ¢

070 =2~ [ rwar+ / Fdt | = —220F v 0)
¢ 1y

Lk

Since

Yiat) =27 ifxel,
=27 ifxel,
=0, otherwise

O fx) = (L ¥i)Vx

Remark 12.10 (i) Aswehave seen thatin passing from f (x) to P; f (x), the behavior
of f(x) on the interval /;; is reduced to a single number, the average value of
f(x) on ;. In this sense, P; f (x) can be thought of as a blurred version of f(x)
at scale 27/; that is, the details in f (x) of size smaller than 2 are invisible in the
approximation of P; f (x), but features of size larger than 27 are still discernible
in P; f(x).

(ii) The wavelet space W; for every j € Z is given by

W; = span{y; i (x) }kez

Since {; x (X)}rez is an orthonormal system on R, in light of Lemma 12.7 and
Example 3.13, Q; f(x) is the function in Wj best approximating f(x) in the L,
sense.

As discussed P; f (x), the blurred version of f(x) atscale 27/, we can interpret 0, f(x)
as containing those features of f(x) that are of size smaller than 2~/ but larger than
27/~1 This means that, Q; f (x) has those details invisible to the approximation P; f (x)
but visible to the approximation P;; f (x).

Approximation and Detail Operators for an Arbitrary Scaling Function ¢(x)
and v/ (x) be, respectively, general scaling and wavelet functions of an MRA {V;}.

Definition 12.15 For eachj, k € Z, let

gk = 20(2x — k) = Do jTip(x)

Pif(x) = Z(f, @k )Pk (12.64)
k
Q;f (x) = Ppp1 f(x) — P f (x) (12.65)

{9k (0)}j kez 1s an orthonormal basis for V; [Lemma 12.9].
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Lemma 12.8 For all continuous f (x) having compact support on R

Nim |17} f = fllz, =0 (12.66)
lim [|P; fllz, =0 (12.67)
J—=>00

Proof (a) Lete > 0. By Definition 12.8(ii), there exists p € Z and g(x) € V, such
that || f — gl|L, < &/2. By Definition 12.8(i), g(x) € V; and P;g(x) = g(x)for
all j > p. Thus

I1f =Piflle, = IIf — & —Pig = PifllL,
=If =gl +1IP(f = &)L,
=2/f —gll, <«

by Minkowski’ s and Bessel’ s inequality.
Since this inequality holds for all j > p, we get
Jim 1P = fllu, = 0.

(b) Let f(x) be supported on [-M, M] and let ¢ > 0. By the orthonormality of
{9 x(x)}, and applying the Cauchy—Schwarz (Holder’ s inequality for p = 2)
and Minkowski inequalities

2

WP FIIZ, = | D _(f o i

k

=Y W onl
k

Ly

F)220(2x — k)dx

>

T~

M M
=3 | [irera) 2 ( [le@s-pras
k M

M
UM —k
=IfII5, Y / | (x)|dx
K _oim—k
We need to show that
UM —k

lim 2dx =0
j;_kaj f o (o) Pdx

—2M —k
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For this, let ¢ > 0 and choose K so large that

12—k
> / lo ()| 2dx = / (12.68)
\k|ZK_]/2_k |x|>J
Therefore, if M < 1/2, then
M —k 1/2—k
> / lp()Pdx < Y / lp(o)Pdx < ¢
K oMk K=K _y /5 g
M —k
Since foreachk € Z, lim [ |o(x)|?dx =0
I==0 oM —k
UM —k
Jtim PR, < 71, Gm [ e
—2M —k
M —k 2M—k
= IFIZ, tim | 37 f ) Pdx + Y / lop(x) Pdx
! K=K _pips —k k1=K _pipg —k
M —k
< IfII7, lim e+ > / | (x)|*dx
j—o>—00
k1=K _ipg
= If1IL,e

Since ¢ > 0 was arbitrary, the result follows.

12.4.3 Scaling and Wavelet Filters

In this subsection, we prove existence of scaling filters, present a construction of
wavelet with a given scaling filter, and prove certain properties of scaling and wavelet
filters.

Theorem 12.11 Let ¢ be a scaling function of the MRA, {V;}. Then there exists a
sequence hy € £, such that

o) =Y m2"Pp2x — k)
k

is a function in Ly(R). Moreover, we may write
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@(1) = my(t/2)¢(1/2)

where
m (t) _ L the—Zﬂikt
o) =
V2 5

We require the following lemma in the proof:

Lemma 12.9 For eachj € Z, {¢; i (x)} ez given in Sect. 10.3 is an orthonormal
basis.

Proof (Proof of Lemma 12.9) Since ¢ ; € Vj for all k, Definition 12.8(iv) implies
that Dy (x) € V; for all k. Also, since {go«(x)} is an orthonormal sequence of
translates, Remark 12.6(d) (v) implies that

(©0.k» ©0,m) = (D2i@o.x» D2iwo,m) = {@jk» ¥j.m) = Ok—m

Hence, {¢; «(x)} is an orthonormal sequence.
Given f(x) € V;, Dy f(x) € Vy so that by Definition 12.8(v) and Remark
12.6(d)

Dy f(0) =) (Drs f(X), 90.x(0))p0 k()

k

=Y (£, Dygos)pox(x)

Applying D, to both sides of this equation, we obtain

J () = DDy f (x)

=Dy Y _(f. Dyo.x)Dapo.s (x)
k

=D ([ e
k

This proves the theorem since {g; x (x)} is an orthonormal sequence and every element
of V; is its linear combination.

Proof (Proof of Theorem 12.11) Since ¢ € V C Vi, and since by Lemma 12.9,
{¢1.£(x)}xez 1s an orthonormal basis for V;
Px) =Y (¢, 014)220(2x — k)

k

Thus, (12.68) holds with h; = (¢, ¢ xrangle, which is in £, by Theorem 3.15.
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By taking the Fourier transform of both sides of (12.68), we get (12.69).

Definition 12.16 The sequence {/;} in Theorem 12.11 is called the scaling filter
associated with the scaling function ¢ of MRA V;. The function m,,(t) defined by
(12.69) is called the auxiliary function associated with ¢ (x). Equation (12.68) which
is nothing but Eq. (12.29) is called the refinement or two-scale difference (dilation)
equation. g = (—1)*h;_y is called the wavelet filter.

Theorem 12.12 Let {V;} be an MRA with scaling function ¢(x), and let {h;} and
{gx} be, respectively, the scaling and wavelet filter. Let

Y =) a2 Ppx—k)

k

Then {Y; x (X))} kez is a wavelet orthonormal basis on R. We refer to {Wa 00} for the
proof.

Theorem 12.13 Let {V;} be an MRA with scaling filter hy and wavelet filter gy, then
(i) Yhy=+2

(i) 380 =0

(iii) Zn: Mihg—2n = 3 8k8k—2n = &n

(vi) Xk: grhi_on = Okfor alln € Z.

(v) éhm—Zkhn—Zk + ; 8m—2k8n—2k = Sn—m

We require the following lemma in the proof.

Lemma 12.10 Let ¢(x) be a scaling function of an MRA, {V;} belonging to Li(R) N
L>(R); and let  be the associated wavelet defined by (12.70) and r also belong to
Li(R). Then

(i)

Zw(x)dXH =1
R

(ii) HZ Y dx| =0
R

(iii) ¢(n) = 0 for all integers n # 0.

(vi) Y px+n=1)

Proof (i) Let f(x) be given such that || f||;, = 1, f (#) is continuous and supported
in [—a, o], @ > 0. It can be verified that

(ﬁj,k — 2j/2¢)(27jt)6727'[ik2jt

(by using properties o f the Fourier trans f orm)
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By Parseval’ s formula (Theorem A.32)

WPfIIE, =Y el =Y F ol
k k
2

= Z /f(l)z_]ﬂ@(2_jf)€_2nik2j[
kR

Since {277/ 2 2mik?t Jkez 1s a complete orthonormal system on the interval
[—2/~1, 271, therefore as long as 27/ > «, the above sum is the sum of the squares
of the Fourier coefficients of the period 2/ extension of the function

Fwe@7.
By the Plancherel Theorem (Theorem F18), we have

1P £117, = / IO dr

Since ¢ € Li(R), ¢(¢) is continuous on R by the Riemann-Lebesgue theorem
(Theorem A.27). It follows that

lim ¢(2771) = $(0) uni formly on [—a, «]
J—> 00
By taking the limit under the integral sign, we conclude that
o o
lim f |fOPIg@7DPdr = 1§O)F f |f ()Pt
Since lim [|P; f1lr, = || f1lL,
J—>00
F11Z, = Lim (1P £II7,
Jj—o0o
= lim / |FOP1GQ 70 Pdr
J—00
= ¢ / |f(0)Pat
—o

= 19O I f11Z,

Hence, |¢(0)|*> = 1, and since ¢(x) € L,
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Since ¢(1) = my(t/2)¢(t/2) and ¢(0) # 0 as we have seen above, m,(0) = 1. By
taking the Fourier transform of both sides in Eq. (12.70), we get

V(1) = mi(t/2)§(1/2) (12.69)
where
ml(t) — L Zg 672nim
V2
_ e_z”“H/z—mw(t X172 (12.70)
(m,, is given by (12.69).
”l:hus, we can write
Y (1)e 22T D (1/2 +1/2)¢(t/2) and since by the orthonormality of
{Thep(x)}

lmy (£)[* + [my(t + 1/2)|* = 1(see for example[Wo97])
my(1/2) = 0, and hence 12/(0) = 0. Therefore, we have the desired result as {(x) €
Li(R).

Step I: First, we prove that the sequence {7, g(x)}, where g(x) € Ly(R) and T}, is
as in Definition 12.9(a) for & = n, is orthonormal if and only if for all € R

Z|§(t+n)|2 =1 (12.71)

We observe that
(Thg, Tog) = (g, To—x&) = dk—e

if and only if (g, Ty g) = &x. By Parsevals formula

/ (gt — kydt = / 2B e

R R
— / |gft)|26—2ﬂiktdt
R

n+1

— Z / |g€l)|26_2ﬂiktd[
1
— / Dol +m e ar
0 n
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By the uniqueness of Fourier series

1
/ D1+ m)Pe ™M dt = & forallk € Z
0 n

if and only if

S 18+l =1 forallteR

n

Step 2: In view of Step 1

Y 1¢+mP =1 forallt e R

In particular, Y |¢(n)|* = 1 by choosing ¢ = 0. By part (i), $(0) = 0 which implies

Y 1emIF =0

n#0

Hence, ¢(n) = 0 for n # 0.
We observe that Y @(x + n) € Li[0, 1) and has period 1. By parts (i) and (iif),

we have
@) = 1and ¢(k) =0 for all integersk # 0

Therefore, for each k € Z

1

1
[e—ZﬂiktZ¢(x+n)dx: Z/E—Zﬂikl(p(x+n)dx
n n 0

0
n+1

=2/672ﬂik1¢(x)dx

= ¢(k) = &

The only function with period 1 and Fourier coefficients equal to § is the function
that is identically 1 on [0, 1). Therefore, we get Eq. (12.76).
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Proof (Proof of Theorem 12.13)
(i) By Lemma 12.103), f @(x)dx # 0 so that
R

/(p(x)dx = /ZhnZI/zw(Zx — n)dt
R R n
= Zhn / 2129 (2x — n)dx

n R

- Zhnz-lﬂ/go(x)dx
n R

Canceling the nonzero factor [ ¢(x)dx from both sides, we get
R

hy =2

n

(ii) By Lemma 12.10(ii), / v (x)dx = 0 so that
R

0= /W(x)dx
R
= / Z 2220 (2x — n)dx
R n
= Zgn / 212¢(2x — n)dx
" R
= Zgn2*1/2/¢(x)dx
" R

1
= —g,as x)dx =1
ﬁg /w()

R

Thus, Y g, =0.

(iii) Since {¢p ,(x)} and {¢; ,(x)} are orthonormal systems on R, we have

441
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S
S
Il

/ p(X)p(x —n)

R

/ Z M1k (x) Z @1 (X — n)dx
R

= Z thhmon / D1,k (x)¢1,m(x —n)dx
nom °
= Z hkhk72n

Therefore, Y hyhy_on = 8p-
3

The above argument gives us that

Z 8k8k—2n = 8

is an orthonormal system of R.
(vi) Since (@o n(x), @o.m(x)) = 0 for all n, m € Z, the above argument yields

D g0, =0

Proof Proof of (v) Since for any signal (sequence) co ,
Con= Y Clahno+ Y diignan
k k

where

Copn = E €o,mhm—2k
k

diy = Z co.m8m—2x (see also Sect.10.3.2)
k

it follows that

Con=Y_ > Comhmaihnok+Y > > ComEm2kgn2k
k m k m m
= Z Co,m <Z hm—Zkhn—Zk + Z gm—Zkgn—2k>
m k k

Hence, we must have

Z n—ok ok + Z 8m—2k8n—2k = Sn—m-
k k
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12.4.4 Approximation by MRA-Associated Projections
The main goal of this section is to discuss relationship between smoothness of func-
tions measured by modulus of continuity and properties of wavelet expansions

Definition 12.17 Let f be a real-valued function defined on R. For 1 < p < oo and
6 >0, let

wp(f5 5)=OSE|p8||f(X)—f(x—h)llp (12.72)

where w),(f; 8) is called the p-modulus of continuity of f, and we say that f has a
p-modulus of continuity if w,(f; 8) is finite for some § > 0 (equivalently, for all §).
The set of all functions having a p-modulus of continuity is denoted by W,(R).

Remark 12.11 (a) Foreach f and p the function w,(f; 8) is an increasing function
of 8.

(b) wy(f:8) — Oasd — Oifeither f € L,, 1 < p < oo or f is continuous and
has compact support. For any positive integer m, w,(f; §) < mw,(f; 6).

(c) Foreaché > 0

wp(f38) =21 flle,

(d) Iflims~'w, (f: 8), then

wp(f;8) =0 (12.73)

Conversely, if w,(f; 8) = 0, then f is a constant function.
(e) For translation and dilation operators (Definition 12.9(a) and (b)).

@) w(Tnf;8) =wp(f:d) (12.74)
(b) w,(Juf; 8) = 27w, (f:298) (12.75)

(f) f satisfies Holder’ s condition with exponent o, 0 < o < 1 if wo(f;8) <

8, ¢ > 0 constant.
(g) Foreach$ > 0, w,(f;d) is a seminorm on W, (R), that is

wplaf + g 8) < lalwp(f58) + |Blwy(g: 8) (12.76)
and
wp(f:8) =0 if and onlyif f = constant (12.77)

With each MRA, {V;} we can associate projections P; defined by the following
equation:
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Pif(x)= f FOYp@t, Yx)dt (12.78)
where
o(t, x) = Z ot — k)p(x — k) (12.79)
keZ

and ¢(x) is a real scaling function satisfying the conditions

lp()| < CA+Ix)?, 8>3
') < CA+x)?, 8>3

/ p(x)dx =1 (12.80)

—00

It may be observed that (12.91) is automatically satisfied in view of (12.89) and
Lemma 12.10().
It follows from (12.89) that

lpt. 0| <CY ! ! (12.81)
X)) = .
Y S (It |t — kIP) (L + [x — kI7)
(4
or
2] < C— (12.82)
XN =0 .
¢ A+l —xf 1)
From (12.91) and (12.76), it follows that
o0
/w(x, ndt =1 (12.83)
—00

Theorem 12.14 (Jackson’ s Inequality) There exists a constant C such that for any
e Wp(R)

ILf — PifI| < Cwy(f.27) foralljeZ (12.84)

It may be observed that in view of Remark 12.11(iii) for f € L,, 1 <p < 00(12.97)
takes the form

If =PifllL, = CllfllL, (12.85)
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Proof Let (12.97) hold for j = 0 and some constant C. Then in view of the relations

W £l =271 £l

PjJ. = J,P;_,, where J; is the dilation operator (Definition 10.9(b)) and (12.84), we
obtain

1S = Piflle, = 2771 f = Pod e,
< C27Mw,(Jif1 1) = Cwy(f.27)

so it suffices to consider the case j = 0.
From (12.87) and (12.94), we can write

FG) = Pof(x) = / LF () — F(Olo(t, di
From (12.93), we get

oo | oo p
IIf = Poflly, = /L [f(x) = fD]e@, x)dt| dx

o0 00 P
_ C/ | f(x) — f(0)ldt
- 1+ |t —x|A-!
o0 oo P
=C/ | f(x) — f(x+uw)ldu A
(1 + [ul)?~!

—0Q o0

Writing 8 — 1 =a+bwitha,b>0,ap > p+1and bg > lwhereﬁ—f— [l, = land
applying Holder’ s inequality to the inside integral, we get

. = 00 r/q
|/ = fx+wl / du
_P <C d d
||f 0f||p = / (1+|u|ap) u 1+|I/l|b[7 X
o0 o0

1
EC/ W/M(x)—f(x—i—u)l”dxdu

o0

1
< c_/ T
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By splitting the last integral into two parts and estimating each part separately as
follows, we get the desired result:

1

/Wp(f )P —— 1+| = < Cwp(f3 1)

-1

and

-1 00
P 1+ |u|w
—00 1

du
<2 [t
1
< Cfupw (f; D? d—(Remark 12.11(ii0))
B 1 P A wy
uPdu
< Cwp(f1 1 f(l e
S pr(fs 1)

The last inequality holds from choice of a. The case p = oo requires the standard
modifications.

12.5 Compactly Supported Wavelets

12.5.1 Daubechies Wavelets

Daubechies (see for details [58, 59] and Pollen in [44]) has constructed, for an
arbitrary integer V, an orthonormal basis for L, (R) of the form

Dy x—k), jkeZ

having the following properties: The support of ¥y is contained in [-N + 1, N]. To
emphasize this point, ¥ is often denoted by yy.
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/I/IN(x)dxz /wa(x)dxz---z /XNWN(x)dx=0 (12.86)

Yy (x) has yN continuous derivatives, where the

positive constant y is about 1/5 (12.87)

In fact, we have the following theorem:

Theorem 12.15 (Daubechies) There exists a constant K such that for each N =
2,3, ..., there exists an MRA with the scaling function ¢ and an associated wavelet
Y such that

A. @(x) and ¥ (x) belong to CV.
B. @(x) and ¥ (x) are compactly supported and both suppp and suppyr(x) are
contained in [—KN, KN].
oo o0 o0
C. f Yy (x)dx = f xYy@)dx =--- = f Ny (x)dx =0
—00 —00 —00
We refer to {Da 92} for a proof of the theorem. Here, we present a construction of

the Daubechies scaling function and wavelet on [0, 3] due to Pollen (for details, see
[199]).

Theorem 12.16 Let D = | D; where D; = (k277 /k € Z} (D is a ring, that is,
jez

sums, difference and product of elements of D are also in D. It is a dense subset of

R). Then there exists a unique function ¢ : D — R having the following properties:

@) = {ap(2x) + (1 = b)p(2x — 1)

+ (1 —a)e2x —2) + bp(2x — 3)} (12.88)
Y k) =1 (12.89)
keZ
¢od)=0ifd <0ord >3 (12.90)
where a = #g,bz '%5 (Itisclearthat% <a< land_T1 <b<0)

Theorem 12.17 The function ¢ defined in Theorem 12.16 extends to a continuous
function on R which we also denote by ¢: This continuous function ¢ has the following
properties:

o]

/ pXx)dx =1

—00

and
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o0

/fﬂ(x)ga(x—k)dx:liszo

=0ifk#0 (12.91)

In other words, ¢ is a scaling function.

Theorem 12.18 The function Y defined as
V) = —bp2x) + (1 —)p2x — 1) — (1 — B)p(2x — 2) + apx —3)  (12.92)
satisfies the following conditions:

suppyr (x) C [0, 3]

/W(x)i/f(x—k)dx:liszo

=0ifk#0 (12.93)
/ p@)dx =1 (12.94)

Thus, {22y (Yt — k)}jez kez 1s an orthonormal basis in L,(R).

To prove Theorem 12.18, we need the following lemmas (D is as in Theorem 12.17).

Lemma 12.11 For every x € D, we have

D=k =1

keZ

and

Z<3_2ﬁ+k><p(x—k):x

keZ

Lemma 12.12 I[fx € Dand 0 < x < 1, then

20) + x4+ 1) =x+ 1+2‘/§ (12.95)
20x+2) + px+1) = —x + 3 _2“/3 (12.96)
—1

o0 +o+2) =t FY3 (12.97)

2
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Lemma 12.13 For 0 < x < 1 and x € D, the following relations hold:

0 (0%) e

¢<1+x> :bw(x)+ax+2+ﬁ

2 4
2+ 3
go( x> :a<p(1+x)+bx£
2 4
3+x o n 1
=ap(x) —ax+ -
¢ 3 @ p
4+ 3-243
0] s =ap2+x) —bx+ —\/—
2 4
S5+
® (—2 x) =bp(2 + x).
N .
Lemma 12.14 Suppose that m() = > are™* is a trigonometric polynomial
k=M
such that
m@)* + |m( +7) =1 forall§ €R (12.98)
m(0) =1 (12.99)
-1 7
m() #0 foré e [7 5] (12.100)
Then the infinite product
oo
0 =[[me7® (12.101)
j=1

converges almost uniformly. The function 6(&) is thus continuous. Moreover, it
belongs to Ly(R). The function ¢ given by ¢ = ﬁ@(é ) has the support contained
in [M, N] and is a scaling function of an MRA. In particular, {¢(x — k)} is an ONB
in Ly (R). The function v (x) defined by

N
Y =2 (=Dap@x+k+1) (12.102)
k=M

is a compactly supported wavelet with suppyr C [M_TN_I %]

We give an outline of the proofs of Theorems 12.17 and 12.18 and refer to [199] for
more details and proofs of Lemmas.
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Proof (Proof of Theorem 12.17) Let K be a nonlinear operator acting on the space of
functions on R. Let us define K (f) for x € [0, 1] by the following set of conditions:

0
K(f)( ;x) = af ()
K(f) (%) =bf(x)+ax+ 2+4\/§

K(f) <2%) —af(l+x) jLz;)/T§

34x 1
K(f) <T> =af(x) —ax+ 1

4 3-2V3
—;—x) :af(2+x)—bx+T¢_

K(f) (
5
K(f) (%) —bfQ+2)

This definition gives two values of K (/) at the points 0, % 1, %, 2, %, 3. Letus denote
by ¢;,j = 0,1,2, ..., the continuous, piecewise linear function on R which on D;
equals ¢. The function K (¢;) is well defined at each point, and in fact, K (¢;) = @j4i.

Letx € [0, 3] and j > O, then we immediately get from the definition of K ( f)

@ir1(x) — 9 (x) = K(g;)(x) — K(¢j—1)(x)
= n(g;(y) — ¢i-1(0)

where n = aorn = b and y € R is a point depending on x. Since K(f)(x) = 0 for
x ¢ [0, 3] and max(|al, |b]) = a, from (12.116), we get

gjr1 — @illoo < allgj — @j—1lloo

so by induction, we get

ll@i+1 — @illoo < @101 — @0l oo

Since ||¢1 — ¢oll«o 1s finite, the sequence {¢;} converges uniformly to a continuous
function which is denoted by ¢. This proves the first part of the theorem.
We know that (12.106) holds for all x € R. Since suppe C [0, 3] for each x € R,

there are at most three nonzero terms in the Y ¢(x — k). For a positive integer M,
keZ
let

M

Fu() =Y ¢bx—k

k=—M
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From (12.101), we conclude that

|Fyr(x)| < C for some constant C
and

Fyx)=1if|x] <M -3
=0if x| =M +3
Thus, for every integer M

2M —3)—12C < / Fy (0)dx <2(M —3) + 12C

—00

From the definition of F;, we also conclude that

/FM(x)dx =02M +1) / o(x)dx

451

(12.103)

(12.104)

Since (12.118) and (12.119) hold for every positive integer M, making M — o0,

we obtain (12.101). To prove (12.102), let

o0

L= / o (x — K)dx

—o0
Since suppy C [0, 3], we find that
Ly =0 for k| >3
It is clear that
Ly =L,

By a change of variable, we see that, for any ¢, m,n € Z

o]

1
/ ¢Qx = m)e2x — 26 — m)dx = S Lovn-m

—00

(12.105)

(12.106)

(12.107)

(12.108)

Substituting value of ¢(x) given by (12.119) into (12.119) for £ = 0, 1, 2 and apply-

ing (12.120) and (12.121), we obtain the following equations
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(a(1 = a) +b(1 —b))Ly = (1 — ab)L; + (a(1 — a) + b(1 — b))L,
2Ly = (a(1 — a) + b(1 — b))Lo + (1 — b)L,
+ (1 =02+ —-a)l+b)L,
2L, = abL + (a(1 — a) + b(1 — b))L,

From given values of a and b (see Theorem 12.16), we have
a(l—a)+b(1-0b)=0 (12.109)

Thus, the above system of equations becomes

0= (1 —ab)L,
2Ly = (1 —ab)Ly + (1 = b)* + (1 —a)* + b*)L,
2L2 = abLl

This implies that L; = L, = 0. Thus, Ly = 0 for k # 0. By (12.101), (12.100), and
(12.102), we can compute

[e¢] [e¢]

1= f @(x)dx / o (x) Zgo(x — k)dx
—00 —00 keZ
=> Li=L
kezZ

This proves (12.102).

Proof (Proof of Theorem 12.18) Supp ¥ (x) C [0, 3] follows immediately from
(12.103) and the fact that suppg C [0, 3]. To obtain (12.104), substitute 1 (x) given
by (12.103) into the left-hand side of (12.104). We find (12.104) using (12.122),
(12.102), (12.123) and values of a and b. To obtain (12.105), we proceed similarly,
but we substitute both ¥/ (x) given by (12.103) and ¢ (x) given by (12.98) into the left-
hand side of (12.105). It follows directly from (12.104) and (12.105) that {212 (Yt —
k)}jez.kez 1s orthonormal.

12.5.2 Approximation by Families of Daubechies Wavelets

Let P, denote the orthogonal projection of L,(R) onto V,, and let Q,, denote the
orthogonal projection of L, (R) onto W, (recall L,(R) =V, & >_ SW; = & Wy, for
j=n

any n € Z).



12.5 Compactly Supported Wavelets 453

For every integer N > 1, Daubechies constructed a pair of functions ¢ and v that
are, respectively, x [0, 1] and the Haar function for N = 1 and that generalize these
functions for N > 1. The construction is on the following lines. Step I Construct a

finite sequence hg, hy, ..., hoy—; satisfying the conditions
Z hihgiom = 8,y for every integer m (12.110)
k
thzﬁ (12.111)
k
> gk =0 (12.112)
k
whenever

0<m<N —1,where g = (—l)khl,k

It can be observed that (12.123) and (12.124) imply (12.125) for m = 0.
Step 2 Construct the trigonometric polynomial mg(y) by

mo(y) =2y he™ (12.113)
k

Step 3 Construct the scaling function ¢ so that its Fourier transform satisfies

@) = (1/vV2m) [ Tmo@7y) (12.114)

k>1

Step 4 Construct the wavelet function ¥ by

Yx) =) qpx—k) (12.115)
k

Definition 12.18 (Coifiman Wavelets or Coiflets) For N > 1, ¢(x) and ¥ (x) define
sets and subspaces of MRA V,, and W, of L,(R) having the following additional
properties:

Puk = hi-gnirj and
J

Yni = Zgj—2k<ﬂn+1,j
J

for any integer n (12.116)
supp@ni = [27"k, 27" (k + 2N — 1)]
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Fig. 12.6 Scaling functions
(-) and wavelet functions
(...) (top: N = 2, middle

N =3, bottom N = 4)

(

IS Y S T [N T—— —

supp¥ue = 27"k +2N — 1),27"(k + N)] 12.117)
Z Y.k (0)x"dx = 0 for all integers j and k

and any integer 0 <m < N — 1 (12.118)

@k and Yy € C*™ = Lipi(n) (12.119)

with exponent A(n), where A(2) = 2 — log, (1 + V3) ~ 5500, A(3) ~ 1.087833,
A(4) =~ 1.617926, and A(N) =~ .3485N for large N.

Graphs of the Daubechies scaling functions and wavelet functions for2 < N < 4
are given in Fig. 12.6.

ForN =2
14++/3 3+43
hy=——F=—, i = ——=—
42 42
3-43 1-43
= ——F+, 3= ———
42 42

3
1 .
I’H()(y) = ﬁ E hkeilky
k=0

Theorem 12.19 f € C{°(R), ¢ and € H™(R), then there exists a K > 0 such
that

I1f = Pu(H)llgmmy < K27"V=™ (12.120)
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where P,(f) denotes the orthogonal projection of Ly(R) on V,, and N is the order of
Daubechies wavelet \s. For proof, see Problem 13.1

Coifman Wavelets [Coiflets]

Coifman wavelets are similar to Daubechies wavelets in that they have maximal
number of vanishing moments; however in Coifman wavelets, the vanishing moments
are equally distributed between the scaling function and the wavelet function. These
are very useful for numerical solutions of partial differential equations as they have
very good order of approximation (see {ReWa 98} for a comprehensive account).

An orthonormal wavelet system with compact support is called a Coifman wavelet
system of degree N if the moments of associated scaling function ¢ and wavelet ¥
satisfy the conditions

Momy(¢) =Y _x‘px)dx=1if £=0 (12.121)
Momy(p) =Y x'o)dx=0if £=1,2,3,....N (12.122)
Mom, () = Y x'y(x)dx =0if £=0,1,2,....N (12.123)

It may be observed that (12.134), (12.135), and (12.136) are equivalent to the
following conditions:

D @) hy =Y 2k + Dy =0, fort=1,2,....N (12.124)
k k
Y hy=) hyp=1 (12.125)
k k

where Ay, is the scaling filter of ¢ (x).

Lemma 12.15 Let ¢ (x) be a continuous Coifman scaling function of degree N, then

Y x—kfox—k) =0, fort=0,1.2,....N (12.126)
k

Proof We prove it by the principle of finite induction. Let (12.139) hold for ¢ < n,
where 0 < n < N — 1, and define

fo) =Y (x—k)" ok -k
k

Then, f(x) is well defined and continuous; moreover
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2 ) =2 Y (=) e(r — k)
k
= 2" (= k)" (2 — 2k — m))
k m
= 2" Z Z(h,;yc (x = k)" p2x — i)

= Z Z(h, 2(2x — i+ =2k p(2x — i)

= ZZZ( i—2k <n+ 1) 2x — )P (i — 2k)"T17P x (p(2x—l))
= Z Z ((” + 1) (Z(i - 2k)”+1"’h,-2k> x (2x — )P p(2x — i))
k

Applying (12.137) and (12.138), >_(i — 2k)" "1 "Ph;_y = 017, Thus
X

2 ) =) (2x— i) e2x — i) = f(2x)

1
Since f (x) is continuous and [ f(x)dx = 0
0

fO =Y @=kb"ox—k =0
k

It is clear that the result is true forn = £ = 1.

Theorem 12.20 (Tian and Wells Jr., 1997) For an orthogonal Coifman wavelet
system of degree N with scaling function ¢(x), let {h;} be finite. For f(x) € CV(R)
having compact support, define

SD £ (x) _2—1/22f< )W(x) VjieZ (12.127)
keZ
then
I1f @) —SPf )], < 27N (12.128)

where C depends only on f(x) and ¢(x).

Proof By the Taylor expansion of f at the point x, we have
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N—-1 N
k 1 k 4 1 k
o) — r@ - ) B
1(5) =S Grew G- ) (5-)
for some o on the line segment joining x and § By Lemma 12.15,for 1 < g <N,
we get
k 4 o . .

> (5 — x> () = 2PN "k — Ux)ip@x —k) =0 (12.129)
keZ keZ

and

Z‘Pj,k(x) =2/ pr(zjx —k) =27

keZ keZ

Assume supp(f) C [—K, K], and supp(¢) C [—K, K] for some positive number K,
and then

q
> <§ —x) fP@e(x) =0, forl <g<N

lk|<(@+DK

> @) =27 f(x)

[kl=@/+1)K

and

. . k
SO fm =273 5 <5> ey

keZ

. k
= 7/2 Z f(g) @k (x)

k=@ +DK

Putting the Taylor expansion of f at x, we get

- . N-1 1 k q
S(’)f(x) — 0—i/2 Z Z Ef@ (x) (5 — x)

kl<@+DK \¢=0 =

L k N
+mf (ar) 5 @ik (x)

A N—1 1 k q
— -2 Z Z —'f(‘f)(x) <E—x> @k (xX)

q=0 [k|<@+DK
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_in Lo k !
) > qi/ e | 5 =X ) e

|k|<(2Z+DK

, 1 k N
= f(x)+ 2-i/2 Z (ﬁf(]v)(ak) (5 — x> (ﬂj,k(x)>

|k|<(2+1DK
Thus
0 .y I k N
SO f) — flx) =2 Z il Ve (5 —x) e
[k|<(2@+1)K
and

. . 1 k N
f=SPf@ll, = 277 > (mﬂm(au (5 - x) go,»,k(x))
L,

|k|<(2+1)K
2=i(1/2+N)

== X ¢ME@k-»Yew-k)

k<@ +DK L

where we make the substitution y = 2/x. Let
g = N () k =) oy — k)

then g, (¥) has compact support [-K 4k, K+k], and || g« () ||, is uniformly bounded,
[1gx W) lz, < C, where C depends on f(x) and ¢(x). This gives

1/2
) 2—i(1/2+N)
17 @ =8P flIL, = =7 ( / ( > 8k <y)gk2<y>) dy)
R

ki ],k | <27+ DK

1/2
2—j(1/24+N)
— / Z 8ky 8k, ) | dy

R \lki ]Ik | <Q/+DK k) —kp| <2K

S-i24N) 12
|2 + DK -4K n]l(axz

N! ky,kpe
Definition 12.19 S;(f)(x) defined by Eq.(12.140) is called the wavelet sampling
approximation of the function f(x) at the level j.

[ 8y )8k, )dy
R

o—i(1/24N) .
T(8(2/ +DK2.cH2 < cpIN
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Corollary 12.2 Let
Piy=Y" / F )@ ()dx | @i (x)
kez \%
Under the hypotheses of Theorem 12.20
I1f ) = Py (@], <227 (12.130)

where A is a positive constant which depends only on f and the scaling factor hy.

Proof By Theorem 3.8, we have

Lf = SPOIL, = I1f = PO, + 1P = SO, (213D

Remark 12.12 This theorem holds for nonorthogonal wavelets. More precisely in
the following theorem:

Theorem 12.21 [{ResWa 98}] Suppose {hi} is a finite filter. Let {h} satisfy the
following conditions:

Z(Zk)thk = Z(zk + 1)qh2k+1 =0

kezZ kez
forq=123_. Ny hy=>» hy=1 (12.132)
kezZ kezZ
Define
1 ,
Foy) = 5 3 e (12.133)
kezZ
and

o0 =[] Fo27y)

j=1
If o(x) € Ly(R), then for any function f(x) € CY(R) with compact support
1f ) =SSP (P, < 227N (12.134)

where A depends on f and the sequence {hi}, and S;(f)(x) is the wavelet sampling
approximation.

Error estimation can be obtained in terms of the order of smoothness of the scaling
function {Res 98}.
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Theorem 12.22 For ¢(x) € C"(R), 0 < n < N, under the conditions of Theorem
12.21, the inequality

I1f @) = SO gn < 227N (12.135)

holds, where )\ depends on f and {h;}.

Remark 12.13 Existence of Coifman wavelets of degree N, say N =9, can be proved
by using a fundamental result of Kantorovich (see, e.g., Res 98, pp. 216-218). It is
clear from definition that the degree 0 orthogonal Coifman wavelet system is exactly
the same as the Haar wavelet system {hy = 1, h; = 1}. The Coifman wavelet system
of degree N = 1, 2, 3, etc., can be computed. Interested readers may find details in
{Res 98}.

12.6 Wavelet Packets

Wavelet packets are generalizations of wavelets. They are organized into collections,
and each collection is an orthonormal basis for L, (R). This makes possible compari-
son of the advantages and disadvantages of the various possible decompositions of a
signal in these orthonormal bases and selection of the optimal collection of wavelet
packets for representing the given signal. The Walsh system is the simplest example
of wavelet packets.

Definition 12.20 (Wavelet Packets) Let {h;} and {g;} be two sequences of ¢, such
that

Z hyp—akchn—20 = Sk (12.136)
nez
> h=+2 (12.137)
nez
g = (=D hg_y (12.138)

Furthermore, let ¢ (x) be a continuous and compactly supported real-valued function
on R that solves the equation

0(0)p(x) = 2'/? Z hep(2x — k) (12.139)
k

with ¢(0) = 1.

Let ¥ (x) be an associated function defined by

Vx) =22 Z grp(2x — k) (12.140)
k



12.6 Wavelet Packets 461

A family of functions w, € L,(R), n = 0, 1,2, ..., defined recursively from ¢ and
Y as follows, is called the wavelet packet

wok = @x, w1(x) = Y (x)

0 () =22 Y ", 2x — k)
k

w21 (¥) =27 grw, (2x — k) (12.141)
k

As in the case of wavelets, ¢(x) and ¥ (x) are often called, respectively, father and
mother wavelets.

It has been proved that {w,(x — k)}, k € Z, is an orthonormal basis of L, (R) for
all n > 0 where

wn(x - k) = % ;hk—zinH (g - l)
+ % Xi:gkfziwbwl (g - i) (12.142)

For f € L,(R)

f@= 3" cuponx —k) (12.143)

n=—00 k=—00

where
cnx = (f, op(x — k)) (12.144)

is called the wavelet packet series and ¢, are called wavelet packet coefficients of

f.
The Walsh system {W,}7° ; is defined recursively on [0, 1] by Wy (x) = x [0, 1)(x)

and Wy, o (x) = W,2x) + (—D)*W,,2x — 1), =0,1;n=0,1,....
This is an emerging area; for a comprehensive account, we refer to Wickerhauser
{Wi 30} and Meyer {Me 93}.

12.7 Problems

Problem 12.1 Let v, and v, be two wavelets, then show that vr; + 1, is a wavelet.

Problem 12.2 Verify that the Haar function is a wavelet.
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Problem 12.3 Check that the characteristic function x[o.1(x) of the closed interval
[0, 1] is the scaling function of the Haar function.

Problem 12.4 Compute the wavelet transform of f(x) = sinx for the Haar and the
Mexican hat wavelet.

Problem 12.5 Analyze a meteorological data using Haar wavelet.

Problem 12.6 Describe the procedure for constructing mother wavelets from a
father wavelet.

Problem 12.7 Examine whether B-spline is a wavelet?

Problem 12.8 Explain the concept of the multiresolution with the help of the signal
given in Example 12.5.

Problem 12.9 Let7, f(x) = f(x—h),D,f(x) = al/zf(ax), E.f(x)= ez’”c"‘f(x),
a,b,c € R,a > 0. Then show that for f, g € L;:

(1) DT, f(x) =a'? f(ax — b)

(2) DTy f (x) = Ty-1pDq f (x)

(3) (f.Dug) = (Du-1 £, g)

@ (f.Trg) =(T_pf g)

(5) (f.DuTpg) = (T_pDy1 f, g)

(6) (Daf,Dag) =(f.8)

(7 (Tpf. Trg) = (f. &)

(8) ThEcf(x) = e 2" E,.T, f(x)
(9) <fv Ecg> = (E—cfv g) )
(10) (f, TyE.g) = (T_yE_ f, g)e*™ "

Problem 12.10 Given jo, ko, ji, k1 € Z, with either jo # j; or kg # ki, then show
either

ey Ijlakl mIjn,kn =¢
@) Ijl,kl - IJ'O,kO or
3 Liyk < Lk,

Problem 12.11 Verify that the Haar system on R is an orthonormal system.

Problem 12.12 Show that for each integer N > 0, the scale N Haar system on [0, 1]
is a complete orthonormal system on [0, 1].

Problem 12.13 Given f(x) continuous on [0, 1], and ¢ > 0, thereis N € Z, and a
scale N dyadic function g(x) supported in [0, 1] such that | f (x) — g(x)| < &, for all
x € [0, 1]; that is, sup | f(x) — g(x)| < e.

Problem 12.14 Let the scaling function ¢(x) be given by ¢(x) = % Then find
the corresponding wavelet 1.
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Problem 12.15 Prove that if {¢,} is a tight frame in a Hilbert space H with frame
bound A, then

o0

ACf g) =Y (f tudLn, 8)

n=1
forall f,g € H.
Problem 12.16 Let ¢(x)be defined by

px) =0, x<0

=1, 0<x<1

=0, x>1

Draw the graph of the wavelet obtained by taking the convolution of the Haar wavelet
with ¢ (x).

Problem 12.17 Prove that {w,(-, —k)}rez, 0 < n < 2/, where {w, (-, -) denotes a
family of wavelet packets, is an orthonormal basis of L, (R).



Chapter 13 )
Wavelet Method for Partial Differential ez
Equations and Image Processing

Abstract In this chapter, applications of wavelet theory to partial differential equa-
tions and image processing are discussed.

Keywords Wavelet-based Galerkin method - Parabolic problems - Viscous
Burger equations - Korteweg—de Vries equation + Hilbert transform and wavelets -
Error estimation using wavelet basis + Representation of signals by frames -
Iterative reconstruction + Frame algorithm + Noise removal from signals *
Threshold operator + Model and algorithm - Wavelet method for image
compression - Linear compression + Nonlinear compression

13.1 Introduction

There has been a lot of research papers on applications of wavelet methods; see, for
example, [2, 14-16, 20, 30, 33, 34, 52, 55, 56, 60, 65, 70, 80, 84, 99, 128, 132, 134,
145]. Wavelet analysis and methods have been applied to diverse fields like signal
and image processing, remote sensing, meteorology, computer vision, turbulence,
biomedical engineering, prediction of natural calamities, stock market analysis, and
numerical solution of partial differential equations. Applications of wavelet methods
to partial differential equations (PDEs) and signal processing will be discussed in
this chapter.

We require trial spaces of very large dimension for numerical treatment of PDEs
by Galerkin methods which means we have to solve large systems of equations.
Wavelets provide remedy for removing obstructions in applying Galerkin methods.
It has been observed that the stiffness matrix relative to wavelet bases is quite close to
sparse matrix. Therefore, efficient sparse solvers can be used without loss of accuracy.
These are obtained from the following results:

1. Weighted sequence norm of wavelet expansion coefficients is equivalent to
Sobolev norms in a certain range, depending on the regularity of the wavelets.

2. For a large class of operators, in the wavelet basis are nearly diagonal.

3. Smooth part of a function is removed by vanishing moments of wavelets.

© Springer Nature Singapore Pte Ltd. 2018 465
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Asdiscussed in Sect. 12.3.4, a signal is a function of one variable belonging to L, (R)
and wavelet analysis is very useful for signal processing. An image is treated as a
function f defined on the unit square Q = [0, 1] x [0, 1]. We shall see here that
image processing is closely linked with wavelet analysis. The concept of wavelets
in dimension 2 is relevant for this discussion. Let ¢ be a scaling function and v (x)
be the corresponding mother wavelet, then the three functions

Yi(x, y) = v )y (y)
Ya(x,y) = Y ()e(y)
Yi(x, y) = ()P (y)

form, by translation and dilation, an orthonormal basis for L,>(R?); that is
2729, x — k1, 2y — ko)), j € Z, k= (ki ky) € Z*

m = 1,2, 3 is an orthonormal basis for L,(R?). Therefore, each f € L,(R?) can be
represented as

f=> ditjx (13.1)

j.kezZ

where ¥ is any one of the three v, (x, y) and

djir={fs¥jx)-

13.2 Wavelet Methods in Partial Differential and Integral
Equations

13.2.1 Introduction

It has been shown that wavelet methods provide efficient algorithms to solve partial
differential equations in the following sense:

(a) exact solution of given PDE must be very near to approximate solution. In
mathematical language

inf d(u,v) << 1 (13.2)
ued

(« means very small) and <7, set of approximate solutions needs to be small
enough to allow the computation of the numerical solution.

(b) The algorithm should be fast, that is, takes less time-consuming. It may be
observed that in order to reduce time of computation, the algorithm needs to
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select the minimal set of approximations at each step so that the computed
solution remains close to the exact solution. This point is called adaptivity, which
means no unnecessary quantity is computed. Some properties of wavelets are
quite appropriate for adaptive algorithms. For example, if the solution of the
partial differential equation we wish to compute is smooth in some regions,
only a few wavelet coefficients will be needed to get a good approximation of
the solution in those regions. Practically, only the wavelet coefficients of low
frequencies wavelets whose supports are in these regions will be required. On
the other hand, the greatest coefficients (in absolute value) will be localized
near the singularities; this allows us to define and implement easily criteria of
adaptivity through time evaluation.

13.2.2 General Procedure

General Procedure 1

Suppose U is a finite-dimensional subspace of a Sobolev space H in which we search
for a weak solution of a partial differential equation (PDE). Then as seen in Chaps. 7
and 8, the differential equation reduces to a matrix equation in U. A solution of the
matrix equation is an approximate solution to the partial differential equation and
we shall try to find that solution of the matrix equation and in fact, that matrix for
which the distance between the solutions of the partial differential equation and the
associated matrix equation is minimum. More precisely, let £2 be a bounded open
set in R? with Lipschitz boundary; that is, the boundary 92 is a Lipschitz function.
Let

Uj={f€X;/suppf N2 # ¢}

Here, X; = V; @ V; which is spanned by the products ¢; (x)@; «(y), fork, £ € Z
whereas usual ; ;(x) = 2/ /29p(2/x — k), ¢;x(y) = 27 /2¢(2/y — k), where ¢(x)
is a scaling function.

Since §2 is bounded, U; is a finite-dimensional subspace of V; ® V;; U; is the
Galerkin approximation space in this context. If a Sobolev space H;(§2) is con-
sidered, then U; C H;(£2) and hence, we can use elements of U; to represent
approximations to a solution of a differential equation which are in H;(£2). It may
be noted that if we use the wavelet v associated with scaling function ¢, we obtain
a system

AJU]:FJ

where Uy is the coordinate vector of Uy in the basis {v/;, k(x)}, F; = ((f, ¥nrangle)
Al < J and A; = ((AY,, Yurangle)|A|, || < J is the associated stiffness matrix
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with the operator A (see Sect.8.1). One can choose H = HO1 (£22), A = —Aor
A=1—Aor A= A(A) = A%

Example 13.1 (Wavelet-based Galerkin Method) We consider here for solution of
example to illustrate the application of wavelets in solving differential equations. Itis
clear from the MRA that any function of L, (R) can be approximated arbitrarily well
by the piece-wise constant functions from V; provided j is large enough. V; is the
space of piece-wise constant functions L,(R) with breaking at the dyadic integers
k-277, j, k € Z. Let us consider the following Dirichlet boundary value problem:

—u"(x) +Cu(x) = f(x), x €2 =(0,1)
u(0)=u(l) =0 (13.3)

with C > 0, a constant, f € H'(£2) and find its solution. We apply the variational
method of approximation (Galerkin method) for solving Eq. (13.3). As the existence
of the solution of variational problem is guaranteed only in a complete space, we
consider the Sobolev space H' (£2). The objective is to solve variational equation on a
finite-dimensional subspace of H 1(£2). In variational form, the solution u € H'(£2)
of the above equation satisfies

/(u’v/—i-uv) =/fv (13.4)
2 2

forallv e H'(£2) and C = 1.

To approximate u# by the Galerkin’s method, we choose a finite-dimensional sub-
space of H'(£2) which is a space spanned by wavelets defined on the interval [0, 1].
We have already discussed the wavelet bases ¢ x, ¥« and spaces V;, W; generated
by them respectively in Chap. 12. For getting numerical solution of (13.3), we choose
a positive value m and approximate u by an element u,, € V,, that satisfies

/(u’mv’ +up,v) = / f(x)vdx, v eV, (13.5)
2 2

where u,, can be written as

m—1

t = Pottyy + ) Qutt (13.6)
k=0

Py is the projection from H 1(£2) onto Vi and Qi) = Py — P;_;. Therefore

m—12/—1

wn = Codoo+ Y > dixtjx (13.7)

j=0 k=0
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Here, ¢ ¢ is identically ‘one’ on §2, and Cj is the average of u,, on £2. We have used
a “multiresolution” approach; i.e., we have written a successive coarser and coarser
approximation to u,,.

Therefore, for all practical purposes, u,, can be approximated to an arbitrary pre-
cision by a linear combination of wavelets. We need now to determine d; ;. Equation
(13.7) together with (13.5) gives the following:

m—12/—

)3

dix / Wiathyw + Vyaty s )dx = / foppds  (138)
2 2

~
Il

0

fork' =0,...,2/ —1 and j'=0,...,m — 1 or, more precisely
AU = F (13.9)
where A is the stiffness matrix relative to the wavelet basis functions v, and U, F

are corresponding vectors U = (d; ), fi = (f, ¥ k).

Example 13.2 Consider the following Neumann problem:

d*u

du
_ d2+'3 +yd——fm(0 D, feH 0,1
du du
“(a>x _e. “(dx> —d (13.10)

Proceeding on the lines of Sect.7.3, it can be seen that (13.10) can be written in the
following form. Find u € U such that

a(u,v) = L) forallv e U, whereU = HI(O, 1)
1

a(u,v) = /ot(x)——+f,3(x) uv dx (13.11)
0
1

d
+ /y(x)—uvdx forallu,veU
dx
0

L) = ffvdx +dv(1) 4+ cv(0) forallveU

By the Lax—Milgram Lemma (3.39), Eq. (13.11) has a unique solution if

0<ag<ax)ay a.e.on0,1) (13.12)
0< Bo<Bx)Bya.e.on(0,1) (13.13)
Yy € L2(0, 1), [I7llL,0.1) < min(eo, Bo) (13.14)
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Let ¢(x) be a scaling function and let us consider the Daubechies wavelet for N = 3
(see Sect. 12.1). Let n be any integer and V,, be as in Sect. 10.5.2. Let V,,(0, 1) denote
the set of all elements of V,, restricted to (0, 1). In Theorem 12.19, every function in
H'(0, 1) can be approximated very closely by an element in V,,(0, 1) for sufficiently
large n; hence

U, V,(0,1) = H'(0, 1) (13.15)

Therefore, the family of subspaces V, (0, 1) of H'(0, 1) is very appropriate for
Galerkin solution of the Neumann problems (13.9) and (13.10) formulated as given
in (13.11)—(13.12). The Galerkin formulation of this problem: For any integer n, find
u, € V,(0, 1) such that

a(u,,v) =LW) forallv e V,(0,1) (13.16)

Since (0, 1) is bounded, V, (0, 1) is finite-dimensional and is a closed subspace of
H'(0, 1). This implies that (13.15) has a unique solution. In view of Corollary 8.1
and (13.14)

lim |ju, — ull = 0in H'(0, 1) (13.17)

n—00

For any integer n, the solution u,, of approximate problem (13.16) can be represented
as

14
Un =) UnkPuk-2V11 (13.18)
k=1

where p =2"+2N —2and u;, u,, ..., u, € R, where functions are considered to
be restricted to (0, 1).
This yields the following system of linear equations in p unknowns:

P
Y a(@uk-ant1s njon )tk = L(@n j-2n11) (13.19)
k=1

forevery j = 1,2, ..., p. This can be written in matrix form as

AU = F (13.20)
where
A=a;j,a;;=al@nj-2N+1> Pni-2N+1) (13.21)

F=(f), fi = L(@ni-ant1)
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and

U = (uy,i) (13.22)

In the case where the bilinear form a (-, -) defined by (13.11) is elliptic on H1

(0, 1), the above matrix A is positive, implying the existence of a unique solution of

(13.19). If the bilinear form a(-, -) is symmetric, then (13.19) can be solved by the
conjugate gradient method.

Remark 13.1 The evaluation of a; ; and f; given by (13.20) and (13.21), which are
required to compute the solution of the matrix equation (13.19), can be performed
using well-known numerical quadrature methods.

13.2.3 Miscellaneous Examples

Example 13.3 (Parabolic Problems) We discuss in this example problems of the
type

9
a_b; 4 Au+ B@w) =0 (13.23)

u(-,0) =uo(-) (13.24)

where A is an elliptic operator and B is a possibly nonlinear function of u or a first
derivative of u.

Special cases are the heat equation, the viscous Burgers equation, and the
Korteweg-de-Vries equation.

Heat Equation
a”—82”+ffrt 0and x € (0, 1) (13.25)
o = a2 ort > 0and x , .
au ou
u@©,t) =u(l, 1), —©0,1) = —(,1) (13.26)
ax ax

u(x,0) = wuglx) (13.27)

Viscous Burgers Equation Forv > 0
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32
(x 1) = -I-u(x t) (x 1)

fort > OandO <x<l1 (13.28)
u(x,0) = up(x) (13.29)
Reaction diffusion equation : — “_ u& + u?
ot dx?
p>0,v>0 (13.30)

with appropriate boundary conditions.

Korteweg-de Vries Equation

—4au—+p—=0 (13.31)
t X >

with appropriate boundary conditions.

We consider here the solution of (13.24)—(13.26). Let f (t) and u(t) denote, respec-
tively, the functions x — f(x,7) and x — u(x,t). It is assumed that, for almost
everyt > 0, f(t) € V* (dual of V = H;(R)) and u(t) € V. A variational formula-
tion is obtained by multiplying Eq. (13.24) by v € HO1 (0, 1) and integrating by parts
with respect to x. This yields

1
ou du v |
—. v+ | ——dx = (f,v), foreveryv e H,(0,1) (13.32)
ox dat 0x
0

Here, (-, -) denotes the duality pairing between V* and V which reduces to the inner
product (-, -) of L, when both arguments are in L,. It may be observed that outside
[0, 1], the functions v € HO1 (0, 1) are defined by periodicity with period 1.

Let N > 3, n > 1,and V, = H,(0, 1) be the subspace of V = H;(0, 1).
Approximate problem of (13.24)—(13.26): Find u,(¢) satisfying for almost every
t>0

1 1

1
[ 5 [ Srwgiax = [ pwwax
0

0 0
forallv eV, (13.33)
un(0) = uo.n (13.34)

where u , is the L, projection P, (u() of the initial data uo on V, and where f,,(t) =
Px(f(t)) is the projection of f(¢) on V" identified with V, in the sense of Definition
2.6; indeed f,(¢) is the unique element of V,, satisfying
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1
/fn(t)vdt = (f(t),V) forallveV, (13.35)

The problem described by (13.31) and (13.33) is equivalent to a system of first-order
ordinary differential equations obtained by substituting v in (13.31) with elements of
a basis in H, (0, 1). The system is equivalent to the following initial value problem
in H,(0, 1).

ou,
” = fu fort>20 (13.36)
un(0) = ug (13.37)
where A, = P*AP, is the approximation of A = — (,327

The problem (13.34)—(13.35) has the following closed-form solution:

1
U () = A0 4 / e £ ()ds (13.38)
0

Conventional numerical schemes are now obtained by expanding the evolution op-
erator e =% For example, the Taylor expansion for u, (t + At) by the following
quadratic polynomial in Az gives us

un(t + A1) = uy (1) + ALfu (1) — Aputn (1)]
+ 0.5A2[0f,(1) /31 — Ap(fo(1) = Ayun ()] (13.39)

—AtA,

Any such approximation ¢ to e provides

u(nAt) ~ u" = &"u’ + Zg"*"f (13.40)
i=1

as a discrete counter part of (13.36).

[ = we() = uk2™ 000, f = (O, fu) = f*277,D)]. The sim-
plestexamplesaree = (I — %A,,)A (1 + 4A,),and they correspond to the Crank-
Nicholson scheme. Suppose we are interested in long-time solutions of the heat

equation. This requires high powers of ¢. In particular, the powers 2 canbe obtained
2 —1
by repeated squaring. Setting S, = ¢*",C,, = Y_ &' f, and noting that

i=1
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]
Zsi =I+e+e?(U+e)+e*U+e+e?+e)+---
i=I

+ e T +e+--+2" =1 (13.41)
the following algorithm approximates the solution at time t = 2" At after m steps.
Algorithm 13.1 Set So =¢,Co= f.Fori =1,2,...,m:

S =SE,
Ci={U+Si-1)Ci_
Then u®" = S,,u® + C,, is an approximate solution of (13.37) and (13.38) at times
2" At.
Transform Algorithm 13.11n such a way that the S; become sparse (within some

tolerance). For this we exploit the fact that wavelet representations of Caldéron-
Zygmund operator 7 defined below (and their powers) are nearly sparse:

(Tf.g) = f / K(x. y)f () 3@ dydx
R R

where T is continuous on L,(R) and

|K(x, y)| =

< ,x#y, C>0
lx — ¥l

Jx —x)°

|K(X7Y)_K(X/7)’)| + |K(y7x)_K(y’x/)| SC—I(S’
lx —yI'*

§>0

(13.42)

|x — x| <|x — y|/2 and f and g have disjoint compact support.

Example 13.4 (Integral Operators and Wavelets) Let T be defined by

1 1
Tf(x) = / (1= x)yf ()dy + / (1= yxf()dy
0 x

1

= / K(x,y) f(y)dy

0

where

K@, y)=0-x)y if0<y=x
={1-yx ifx<y=<l1
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The wavelet coefficients
1
Mk ik =//K(X,y)l”j,k(x)llfj/,k/()’)dXdy
0 0

are zero if ¥ and ¥, have disjoint supports, provided that v or v  is
orthogonal to polynomials of degree 1. For j > j’,k > k’, and v/, ; belonging to
Lip o which is orthogonal to polynomials of degree n + 2 withn > o — 1, we get

1

|m kx| = /TI/fj,k(x)l/fj',k'(x)dx
0
T (X)L, gig Nk — 8l LauppTv;p)

IA

where P, is the space of polynomials of degree less than or equal ton, or [m ¢ jr x| <
2= @+5/)1j=j'lp=2G+j")

Example 13.5 (Hilbert Transform and Wavelets) The Hilbert transform of a function
f(x), denoted by H f (x), is defined as

Hf(x) = lim — f(t)dt_l / f(x_t)
e—=>0 71T

X — e—0 7'[
[x—t]>e [t|>e

provided that the limit exists in some sense. It is often written as

Hf(x) = — %dt

where p.v. means principal value; that is,
p.v. / fx)dx = hm [ fx)dx
R\( LX)

Let H(j k), e.my = (HYem, ¥ i); see Definition 12.6 for ¥; x(x). We show by using
the Haar wavelet that Hj r) (¢,m) exhibit a decay with increasing distance of scales.
Let ¢ be Haar wavelet and

(©0,0, ¥jk) Z/lﬁj,k(x)dx =0,k=0,...,2/ -1, j>0
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Suppose now that 2=(m + 1) < 277k, and £ > j, i.e., the support of ¢, and ¥/
is disjoint. Then, by the above relation and Taylor’s expansion around y = 2 ‘m,
one obtains

277 (k1) | 278 (k+1)
1

X =Yy

1
T Hjgo,em] v 2‘3m) Vem Ay ¢ Yijn(x)dx
2k | 2tm
27 m+1) | 277 (k+1)

_ ¢
= / / %W(j,k)dx Yem(¥)dy

2=tm 2-7k

for some y, ,, in the support 27 %m, 27 (m + 1)] of Y¥e.m. Repeating the same argu-
ment, one can subtract a constant in x which yields

27 Cm+1) [ 277 (k+1)

¢ ¢
y—2'm y—2'm
7 H(jky,(0.m)| = (

— . . d dy
= yem)?  Q7Tk— ye,m)2> Vi Vem

2=lm 2=Jk
On account of Taylor’s expansion around x = 277k, the factor in front of ¥ 4 (x)

can be written as —2(y — 27 ¢m) (x — 2’jk)/(xj,k — Ye.m)®, where Xk is some point
in the support [277k, 27/ (k + 1)] of the wavelet ¥/; 1. Noting that

/ [ () ldx < 27972
R

a straightforward estimate provides

T Hj gy, em| = 2=+ =i =ty 3
2—1i=t13/2

= —. 13.43
|k —2i~tm|3 ( )

13.2.4 Error Estimation Using Wavelet Basis

In this section, we prove results concerning the elliptic equation with Neumann
boundary condition which indicate that order of approximation is improved if Coif-
man or Daubechies wavelets are used as basis functions. Consider the elliptic equa-
tion

—Autu=f inQ2CR (13.44)

with the Neumann boundary condition
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a
a_“ — g, on iR (13.45)
n

where n is the unit outward normal vector of 9£2. If u is a solution of (13.42) and
(13.43) and if A is a test function in H'(£2), then multiplying (13.42) by & and
integration by parts over Omega, one has from (13.43) that

/Vthdxdy—f—/uhdxdy =/fhdxdy+/ghds (13.46)
2 2 2 2

Solving (13.42) and (13.43) is equivalent to finding u € H'(£2) so that (13.46) is
satisfied for all h € H'(£2). Let u; be a solution (13.44) where u; € U; C H' ()
and (13.46) is satisfied for all & € U;. Let N > 2 be the degree of the Coifman
wavelet.

Theorem 13.1 Let u be a solution to (13.42) and (13.43), then
= wjll g < 22770

where A depends on the diameter of §2, on N, and on the maximum modulus of the
first and second derivatives of u.

Proof We first show thatif v € U}, then
o — w12y < llu— vl (13.47)

To prove this, let v € U;, w = u; — v. Then, since u and u; both satisfy (13.44) for
h e Uj and w € Uj

f(w — Vu') - Vwdxdy + /(u —u’)wdxdy =0 (13.48)
2 2

Therefore, by (13.44) and the Cauchy—Schwartz—Bunyakowski inequality
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e — |13 o) = / |Vu — V! *dxdy + /(u —u’)dxdy

2 Q

= /(w — Vul) - (Vu — Vv — Vw)dxdy
2

+ /(u —uu—v-— w)dxdy
2

= /(Vu —Vul)y - (Vu — Vv)dxdy
2

+ /(u —ul)(u — v)dxdy (13.49)
2

or
- ‘
llu — w1510y < Nlu —w! llg@)llu —vilm 2 (13.50)

If u = u/, (13.47) is evident; otherwise (13.48) implies (13.45). Suppose now that
v = §;(u) is an approximation of u given by Theorem 12.20, then S;(u) € U;. The
proof follows from the following two-dimensional analogue of Theorem 12.20. “Let
f € C*(£2), where £2 is open and bounded in R?. If

SiHE =Y . D)9 (), (x,y) €2

P.qEef2

then

=S (Pllsg) < 227N

and, more generally

f = Si(H ey < 227/ND
for some constant A”.
Corollary 13.1 Let u be a solution to (13.42) and (13.43), and let u’ be the wavelet
Galerkin solution to the following equation:
/ VuVhdxdy + / udxdy = / fihdxdy + f g’ hds (13.51)
2 Q2 2 2

where f; and g; are, respectively, wavelet approximation for f and g of order j.
Then
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||u —I/tj”Hl(_Q) =< AZ_I(N_I) (1352)

where A depends on the diameter of §2, on N, and on the maximum modulus of the
first derivatives of u.

Proof From (13.44) and (13.45), we obtain

/(Vu — Vu') - Vwdxdy + /(u — ulywdxdy
2 2

Z/(f—fj)wdxdy-l-/(g—gj)WdS
2 2

Therefore, similar to the derivation of (13.48), we have

- .
llu — w510y < Nu —ullme)llu — vl e)

+ / I(f = )W’ —v)ldxdy
2

+ / (g — g/ —v)|ds (13.53)
2

Since

/ [flds < M| fllae) (13.54)
2

where 02 is Lipschitz continuous and A depends only on the dimension of the
underlying space and §2. From (13.50), (13.51), putting estimates of f — f/ and
g — g’ from the two-dimensional analogue of Theorem 12.20 mentioned above,
replacing v by u/, and applying the Cauchy—Schwartz—Bunyakowski inequality, we
get (13.51).

It may be observed that Theorem 13.1 holds true for many other wavelets including
Daubechies wavelet.

13.3 Introduction to Signal and Image Processing

Signals are functions of one variable while functions of two variables represent
images. These concepts are essential concepts in information technology. Tools of
functional analysis and wavelet methods are quite helpful to prove interesting results
in fields of signal analysis and image processing. There exists a vast literature but we
present here applications of frame wavelets and orthonormal wavelets to denoising
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(removal of unwanted element from the signal). Section 13.5 is devoted to represen-
tation of signals by frames while we discuss denoising in Sect. 13.6. One treats the
image compression problem as one of approximating f by another function f(f
represents compressed image). The goal of a compression algorithm (procedure or
method), an important ingredient of image processing, is to represent certain classes
of pictures with less information than was used to represent original pictures. For a
lossless algorithm, the original and compressed images will be the same, and the error
between them will be zero. Very often algorithms, where original and compressed
images are different, are studied. This kind of algorithms are of vital importance for
minimizing storing space in a computer disk or diskettes or minimizing transmission
time from one source to the other by sacrificing a bit of the quality of the image
obtained after decompression of the compressed image. In mathematical language,
it means that algorithms are related to:

In what metric or norm the error || f — f || be measured?

How should one measure the efficiency of algorithms?

For which pictures does an algorithm give good results?

Is there an optimal level of compression that cannot be exceeded within a given
class of compression algorithms and pictures?

E. What are near-optimal algorithms?

Sow>

L, norm, 0 < p < o0, and Besov norm have been used to study these problems.
Usually f is represented by a wavelet series (12.20) or its truncated version or series
associated with scaling function ¢, namely > > cjx9jk(x) [see Eq.(12.26) for c; ;]
or its partial sum of certain order.

Theorem 12.7, Decomposition and Reconstruction Algorithms of Mallat
[Sect. 10.3], Theorems 12.10, 12.19, 12.20, Corollary 12.2, and Theorem 12.22 are
important results in the area of image compression. In Sect. 12.5, Besov space and
linear and nonlinear image compression are introduced. Readers interested in indepth
study of this field are referred to [2, 20, 30, 34, 126, 128, 149, 197] and references
therein.

13.4 Representation of Signals by Frames

13.4.1 Functional Analytic Formulation

We discuss here representation of signals on a Hilbert space H and L, (R) in particular
in the context of frames (orthonormal wavelets are special type of frames).
Let T : H — {, be an operator defined by

Tf =(f, wa) (13.55)

where {w,} is a frame in H. T is called the frame representation or frame discretiza-
tion operator. 7* : £, — H defined by
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T*a = Zanwn (13.56)

where {a,} € ¢, is the adjoint of 7T'.
Let an operator S associated with the frame w, be defined on H as

Sf =Y (frwa)wn (13.57)

It can be easily checked that
Sf = {frwa)wy =T*Tf

or
S=T"T (13.58)

S is called the frame operator. It may be called a generalized frame operator to avoid
confusion with Definition 12.4.

Definition 13.1 Let {w),} be a frame for a Hilbert space H with frame representation
operator T'. The frame correlation operator is defined as R = TT™.

Remark 13.2 1. The frame representation operator 7 is injective (one-to-one).
2. T(H) is closed.
3. T* is surjective (onto).

Definition 13.2 Let R™' be the inverse of R, then
R' = R ' Prem (13.59)

where Pr gy denotes the orthogonal projection operator on to the range of 7', namely
T (H), is called a pseudo-inverse of frame correlation R.

Remark 13.3 (i) The frame correlation has matrix representation
R = (Rm,n) = ((Wm9 Wn)) (1360)
(ii) R maps T (H) bijectively to itself. This implies that R™! exists.

(iii) R = PrmR = RPr).
(iv) R is self-adjoint.

(v)y R>0.
(vi) If A and B are frame bounds (Definition 12.3), then
(@ A=|R™"

(b) B =[IR]].
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Remark 13.4 1t can be verified that

R'R = RR' = Pry) (13.61)

13.4.2 Iterative Reconstruction

Let f be an arbitrary element of a Hilbert space H and let {w, } be a frame for H with
frame bounds A and B, frame representation 7', and frame correlation R. We describe
here an iterative method for the recovery of a signal f from its frame representation
T f. The iterative method generates a sequence {c,} in 7 (H) that converges to a
c € T(H) such that f = T*c. Moreover, the sequence converges at an exponential
rate.

Algorithm 13.2 (Frame Algorithm)
Letco =Tf.Setdy =0.For A =2/(A + B) define d, and g, as

dpi1 =dy + (I —AR)"co
8n = )\T*Cn
Then

A. limg, = f,and
B. llgn = fII/IIfIl < B/A - ay, where & = || — AR||rm) < 1.

The following lemma is required in the proof of (a) and (b).

Lemma 13.1 For A =2/(A + B), the following relations hold

A f=3U=28IGS)S
i=0

B. ||I = AR||py = sup LU=ARCAl < ppax()1 — AA|, |1 — A, |1 —AB|} < 1

(c.e)

ceT(H)
o) .

C. f=A1Y.T*U—IR)Tf, where T*c =) _ cywy for ¢ = {cp}.
Jj=0 k

Proof A. Since ||I — ﬁS” < % < 1, so that by the Neumann expansion

2 & 2 /
R p—— I ———S8) ,(See Theorem 2.11) (13.62)
A+ B pars A+ B

where [ is the identity operator. By applying this to Sf, we get the desired result.
B. It can be verified that

FABSWSFM
(¢, c)
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Since I — AR is self-adjoint and |1 — AA| = |1 — AB| = 2=2 < 1, we get the
desired result keeping in mind Theorem 2.6.
C. Since (T'g, c) = (g, T*c) and

(Tg.c) =) (g, wn)
= (g, chwn>

Because of (i) and relation (13.58), it is sufficient to prove
LY T = ARYTf =Y (I —AT*T) WT*T) f (13.63)
j=0 j=0

This is proved by the principle of induction. It is true for j = 0 as terms on both
sides are the same.
Let it be true for j = m;i.e.,

AT*(I —AR)"Tf = —AT*T)"O\T*T) f (13.64)
Then, applying (13.63), we obtain

AT*(I — A\RY"™'Tf = AT*(I — AR)mTf — AT*(I — AR)"ARTf
=M = AT*T) (I = A\T*T)T*Tf
= A —AT*T)"T'T*Tf
Thus, (13.63) is true for m + 1. Hence, (13.62) is true.

Proof (Proof of Algorithm 13.1)

A. By induction argument, we have
gyl = AT* Z(I — AR/ | o, foralln
j=0
Lemma 13.1 (iii) implies that

lim g, = f

n—o0o

B. We can write



484 13 Wavelet Method for Partial Differential Equations and Image Processing

llgn — fII = 11(8nt1 — &n) + (8nt2 — &n+1) + (8n43 — &na2) + ...

<> llges — gl

k>n
= Y IIAT*(I = AR} Tf]|
k>n
< M = 2R lranITI ]
k>n
< B (Zak> A1
k>n
an
= (1 >/\B||f||
-«
B .. .
< Xa”llfll, by Lemma 13.1(ii) and using (13.65)

relationships between frame bounds, ||T||, ||T*||, and || f]].

13.5 Noise Removal from Signals

13.5.1 Introduction

An unwanted element of a signal is known as noise, for example, cock-pit noise in
an aircraft or thermal noise in a weak radio transmission. The noise of a signal is
noncoherent part. In audio signals, noise can be readily identified with incoherent
hissing sound. The main goal of this section is to discuss functional analytic methods
for the suppression of noise. For comprehensive account, we refer to Teolis [184].

With respect to frame or wavelet representations of analog signals, there are certain
domains in which noise may perturb a signal, namely the (analog) signal domain and
the (discrete) coefficient domain. Let these two domains be specified as a Hilbert
space H C L;,(R), and the signal domain’s image under T'; that is, T(H) C {5,
where T is the frame representation operator for the frame w,,.

A signal is said to be coherent with respect to a set of functions if its inner product
representation with respect to that set is succinctive in the sense that relatively few
coefficients in the representation domain have large magnitudes (see Definition 13.4)
and Remark 13.5 (iii). In the contrary case, the signal will be called incoherent.

Let f* € H be coherent with respect to the frame {w,} and let f be a noise
corrupted version of f*; that is,

f=f+o-u (13.66)

where u is noncoherent with respect to w,, and o is known as noise level.
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Definition 13.3 (Threshold Operator) Let {w,} be a frame for H and let a* € ¢,
and 4, called threshold, > 0. A threshold operator F5 = F; ,» is defined on T (H)
into ¢, by

(Fsa), = ay, |a;| >4
=0, otherwise (13.67)

where T is the frame representation operator of {w,}.

It may be observed that a threshold element of 7 (H) is in general not in T (H).
It can be verified that F; is a linear continuous operator and || Fs|| = 1. Often, the
threshold operator F;s, a for a € T(H), is written as Fs p, where a is given by the
unique coefficient sequence satisfying f = T*a.

Definition 13.4 Let {w,} be a frame for the Hilbert space H with the frame repre-
sentation operator 7. Let f* € H be a fixed element. Coherence functional, denoted
by Cohs, is a mapping which maps f € H to

||1Fs, .. TfII?

e <1

The coherence distribution, denoted by Coh; f, is a function of § given by

|1Fs, .. TfII

Cohste =" 7715

Remark 13.5 A. As afunction §, the coherence distribution describes how the en-
ergy in a §-truncated representation decays.

B. A reconstruction procedure that starts from the truncated sequence Fj T f*
gives

fs=T*R'Fs ;,Tf (13.68)

The operator T*R'F; ¢, is used to recover coherent portion (pure signal) and
suppress the incoherent portion (noise) (see Algorithm 13.2).

C. Thresholding of the discrete representation of Ty, f, where T, is the frame rep-
resentation operator for wavelet frame may be identified with suppression of
noise. Let

(Tf)n,m = (fv 1pn,m) = (f*v an,m) +o- (u, 1pn,m) (13.69)

where ¥, ,, is associated with ¢ as in Eq. (10.2.18).
By the property of coherence,  fi, ¥,.») must be large and (u, v, ,,) must be small.
Thus, for an appropriate choice of §, the contribution of noise will be nullified while
the pure signal will be preserved. The iterative Algorithm 13.2 is the technique for
the removal or suppression of noise.
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Threshold
u F
f
Wavelet .
f*—éi representation CX) Reconstruction— f;
Mask M

Fig. 13.1 Noise suppression processing model

13.5.2 Model and Algorithm

Figure 13.1presentsessentialingredients of the Noises Suppression Processing Model.
Step 1: (Pure signal f*). A pure signal, f* € H is input into the model.

Step 2: (Noise u). Noise u is mixed with f* and represents an incoherent disturbance
with respect to wavelet system {v,, ,}.

Step 3: (Wavelet Representation Ty, ). The observed polluted signal f is transformed
to the wavelet domain to yield the wavelet coefficients (f, ¥, ,,) = (Ty f)pm,n OF
dpm-

Step 4: (Threshold Operator Fj). Thresholding is performed so as to eliminate coef-
ficients of small magnitude and to preserve coefficients having large magnitudes. In
this case, we choose a* = a in Definition 13.3 to get

(Fé‘a)m,n = dm,n, |am,n > 8|

=0, otherwise

where a € T(H) C 5.
Step 5: (Masking Operator M). Mask operator M is defined by

(Ma)m,n = dm,n>» lf (m, i’l) € Q
=0, otherwise

where Q € N x N is fixed but arbitrary.

It is clear that the concept of mask operator is more general than that of threshold
operator.
Step 6: (Reconstruction 77 Rf/,). Threshold coefficients are used to construct a noise
removal version via an appropriate reconstruction algorithm (Algorithm 13.2).

Remark 13.6 1. Forall§ > 0,0 < Cohs f < 1 (boundedness)
2. &1 < & implies Cohs, f > Cohs, f (Monotonicity decreasing)
3. (a) gin(l) Cohs f =1 (Closed range)

(b) lLim Cohsf =0

3=>1Tf oo
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(¢) Cohs(af) = Cohp -y f (Scaling) for all scalar « (real or complex).

Theorem 13.2 For a signal f* € H, let {w,} be a frame for H with representation
operator T, frame correlation R, and frame bounds A and B. Then for all § > 0

Lfs = f5l
1fell?

where fs = T*R'Fs T f* and Coh; f* is the coherence distribution for the frame
{wn}.

Proof By (13.61)

B
= 1 —Cohs f.]

Tfs=TT*R Fs pTf* = PraFs . Tf.
Since T is a frame representation for all g € H
Allgl® < ITgl* < Bligl?
In particular, choosing g = f5 — f; yields

Allfo = KIF < IT = WIP
= |ITf, — TfslI?
= ITf. — PranFs. 1. TfI?
= |Pran(I — F5 )Tl
< WPrapll - I — Fs p)TL.1?
= ||(I — Fs ;)Tf.II?
= [1 — Cohs fITf.lI?
< [1 — Cohs f.1B|| f.II?

This gives the desired result.

It may be observed that while making above calculation, we have used linearity
of T at (f, — f5), T f« = Pr¢myT fi and || Prm)|| = 1 and properties of norm, frame
bounds, and coherence distribution (|[(/ — Fs ;)T f.ll < [1 — Cohs fulllT filD)-

Corollary 13.2 [fthe frame {w,} in Theorem 11.5.1 is orthonormal wavelet, then

L = £l
Lfell?

Proof Inthiscase, A = B,T(H) = {2, fi— fs|I* = IT (fi—f5)||*.and Premy = 1,
and so we have the result.

=1 — Cohs f.

Now, we modify Algorithm 13.1 so as to raise the problem of initialization with
a coefficient sequence outside the range 7 (H). We may recall that Algorithm 13.1
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deals with the reconstruction of a signal from its frame representation. However, this
does not converge for arbitrary initial data. We now present the modified algorithm.

Algorithm 13.3 Let {w,} be a frame for a Hilbert space H with frame representa-
tion T, correlation R, and bounds A and B. Suppose ¢ € ¢; is the polluted frame
representation of a signal f € H.Setcy = Réanddy = 0.If A = /2/(A + B) and
d, and g, are defined as

dup1 = dy + (I — LR "¢
gn = AZT*dn
then
A. lim g, = f, = T*R'¢, and
n—oo

B. ||f, — gull < Ma", where M < oo and @ = ||I — (AR)?|| < 1. We need the
following lemma in the proof of Algorithm 13.2.

Lemma 13.2 Let A = v/2/(A + B), then R' = nlLrI;o 22 ki)(l — (MBHFR.

Proof Choose V = AR and H; = H, = T (H) in Solved Example 3.5. Then
VIl = AllRI| = vV2/(A+ B)B <2

and

inf ||ARe]| > 0

since by Remark 13.3(ii), Ris 1 — 1 on T(H) and ||c|| = 1. By virtue of Solved
Example 3.5, we get

1T — (R)?|Ir) < 1

o0
which, in turn, implies that the series A> > (1 — (A(R)?)* convergesto R~>on T (H).
k=0
With ¢ an arbitrary element from ¢, and ¢y = R¢

WY (U= (R

k=0

converges to (R™2)R¢ as ¢y € T(H). Thus

22 2(1 — AR)DFR

k=0
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is the pseudo-inverse R’ of R.

Proof (Proof of Algorithm 13.2) As in the proof of Algorithm 13.1, the principle of
induction is used to show that for all n

o0

gup1 =T (U — R ) ¢
j=0

This implies that

lim f, = T*R'¢

n—00

We have

l1gnt1 — &nll = [IAT*(I — AR)H)"E||
< AT AT = GRAID"IIREN)
< M'a"

where M’ = 1, B3/?||¢|| < oo since ¢ € £,. Therefore

n

Mo".

, o
1fi = gall = 3 M'e* = M’

—
k>n

13.6 Wavelet Methods for Image Processing

Function spaces, specially a generalization of Sobolev space known as Besov space,
are quite appropriate for studying image processing; see [35].

13.6.1 Besov Space

We introduce here the notion of Besov space and equivalence of the Besov norm
with a norm defined by wavelet coefficients. For any & € R?, we define

AV f(x) = f(x)
ALF() = AN fx) = fx —h) — f(x)
A2 f(x) =AM f(x) = f(x —2h) —2f(x + h) + f(x)

AT () = A f (e +h) — AF f(x), k=1,2,3...
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Now, we define the rth modulus of continuity in L, as

1/p

(.0 = sup [ 145 scorax (13.70)

where I,, = {x e I/x+rh € I, I =[0,1] x [0, 1]}, 0 < p < oo; with usual
change to an essential supremum when p = oo.

Givena > 0,0 < p <00, 0 < g <oo,chooser € Zwithg >a >r — 1.
Then the space By (Ly(1)), called Besov space, consists of those functions f for
which the norm || f || g2 (z,(1)) defined by

1/q

o0
_ at
N e,y = WL,y + /[l we(f,)plT < 00,
0
when g < 00 (13.71)
and
1B @,y = IS llL,a) + suplt™“w, (f, 1)1 is finite when g = 0o
>0
Remark 13.7 A. If 0 < p < lor0 < ¢ < 1, then, || - ||ger(z,(1) does not

satisfy the triangle inequality. However, there exists a constant C such that for
all 1, ¢ €perr, )

f =+ gllserw,ay =C (||f||B;~’(Lp(1)) + ||g||B;""(L,,(I))) (13.72)

B. Since, for any r > o, 1’ > V,||f||35~’<L,,(1)) and ||f||35,rf(Lp(,)) are equivalent
norms, we define the Besov space B;‘ (L,(I)) to be B (L,(I)) for any r > «.

C. For p =q =2, B§(L,(82)) is the Sobolev space Ha (L,(£2)).

D. Fora < 1,1 <= p < 00, and ¢ = oo, B;(£2) is Lip(e, L,(2)) = {f €
L,(D/IIf(x+h)— fX)||Lp < kh*, k > 0 constant}.

E. || f1lBg(Ly(ry) is equivalent to the norm

/g
22 2
ko
E 11 fllBe L,y 1s equivalent to the norm

1/q

DO il
ko j
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L A |
whereq_2+2.

13.6.2 Linear and Nonlinear Image Compression

We discuss here wavelet-based image compression of observed pixel values. In digi-
tized image, the pixel values (observations) are samples which depend on the measur-
ing device of an intensity field F'(x) for x in / = [0, 1] x [0, 1]. In the simplest case,
the pixel samples are modeled by averages of the intensity function F' over small
squares. In this case, one may choose a wavelet, say the Haar wavelet on the square.
We assume that 22" pixel values p; are indexed by j = (ji, j2),0 < ji, jo < 2"
in the usual arrangement of rows and columns, and that each measurement is the
average value of F on the subsquare covered by that pixel. To fix notation, we note
that the jth pixel covers the square /; ,, with sidelength 27" and lower left corner at
the point j/2™. We denote the characteristic function of 7 by x = x I and the L, (1)
normalized characteristic function of ; ,, by X = 2" x1;,, =2" x(2"x — j).
One can write each pixel value as

p;=2"Y x(@"x — j)F(x)dx
=2"(Xjm, F)
The normal practice in wavelet-based image processing is to use the observed
pixel values p; to construct the function

fu= pix@"x = j)
J

- (Xj,ma F)Xj,m
which we call the observed image. Thus, if the wavelet expansion of the intensity
field F is

F= Z Zdj,klﬁj,k

0<k j

then the wavelet expansion of image f is

fo= D D disvix

O<k<m j

The important point is that f,, is the Lo(/) projection of F' onto span{y ;j} =
span{y; i Yo<k<m.n. Moreover, if F is in any function space whose norm is deter-
mined by a sequence norm of Haar wavelet coefficients, then so is f,,, and the
sequence space norm of f;, is less than the sequence space norm of F. In practice,
we use smoother wavelets than the Haar wavelet.
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Linear Compression

Let ¢ be a wavelet and let F be an observed image mentioned above. Let fN =,
that is, we include in the approximation all coefficients dj,k with frequency less than
2N N < m (fy is the projection onto V,,). fy is called the wavelet approximation
of F. We have

WF = flli, = Y D ldjl

f=N j
220(k

<22 g il

fzN

< ey Z Z 220@ |dj,k|2
ko

2" F ey (By Remark 11.6.1(e))
Therefore

WE — fnllaay < 27V F ey
Nonlinear Compression

For nonlinear compression algorithm, we take

fHh= Z djxVjk

k<m,|d; z]>h

Thus, we consider all large coefficients without consideration of frequency but £ <
m. If we assume that F € BZ(L,(I)), 5 = «/2 + 1/2, then N, the number of
coefficients greater than A, satisfies

_ q
NAT < Z |dj 7 = ||F||B;’(L[,(1))
Jik

So

N < 279 F||" (13.73)

o (L, (1)

and
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> il

|d,',1(|<)\
-
E 27 d 1
|dj,k|<)\

— )"za/(aJrl)“F”qg(Lp(I)) (13.74)

IA

2
Ifo = Sl Ly

IA

as2—qg =2a/l +a.
If N is nonzero, then (13.75) implies that

= N7V F NG, 0, (13.75)
By (13.74) and (13.75), we get
1 = fnllzay <= NP ey (13.76)

It may be remarked that the above analysis can be applied to any compression scheme
that satisfies

f= Z‘zj,kwj,kv dik = (f, V)
with
\djx —d;x| < rand |d; | < »implying d;; =0
It may also be noted that a given image, say f, will have greater smoothness in
one of the nonlinear smoothness spaces By (L (1)), L — /2 4+ 1/2 than in the

Sobolev spaces H(L2(I)); that is, if a given image f is in H*(L,([)), then it is also
in B4(L,(I)), Il =B/2+41/2,for B > a.

13.7 Problems

Problem 13.1 Let Pn denote the orthogonal projection of L,(R) onto a scaling
subspace V,,, then show that

f = Puflln, < K277

where K is a positive constant, f € H,,(R), for Daubechies wavelet of order N

Problem 13.2 Let V,, be an r-regular MRA and let [ € By (L,(1)). Then prove
that foralln > 0

ILf = PufllBzc,an < ClL g, an2™™
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Problem 13.3 Show that f € L,(R) if and only if

1/2

STHA VPP | € Ly(R)

Jj-k

Problem 13.4 Write down the orthogonal wavelet decomposition of a time series,
xt,fort =1, ..., n and apply it to analyze a real-world data

Problem 13.5 Apply the wavelet method for solving the boundary value problem

—(au') + pu+yu' = f
u©)=c, u(l) =d, where f € H'(0, 1)

Problem 13.6 Apply the wavelet method for solving the Regularized Burgers
Equation defined with i > 0 by

0 0 92
—M(x, t) —u(x, t)—u(x, 1) = ,u—u(x,t) fort>0and 0 <x <1
ot ax ax2

u(x,0) = uo(x)
ou
5(0, l) = O, M(], l) =1

Problem 13.7 Show that for f € BV (R), the space of functions of bounded varia-
tion

1/p
N Ndulrt < (L) e
T p=1

1 < p < 00, c is a positive constant.
Problem 13.8 Show that the Besov space B (L, (R)) is a Hilbert space.

Problem 13.9 Prove that f € BY(R)) if and only if
/ |F©P(1 +ED>™dE < oo

Problem 13.10 Let v/ (x) be a wavelet such that
W) <CA+xDX C>0and K >0

are constants. Show that
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Zdj,klﬂj.k Zdj,kl/fj,k

keZ keZ

o P

Problem 13.11 Verify Remark 13.2.

Problem 13.12 Let {w,} be a frame for H with representation 7". Show that
FIl = [|RYATF|| forall f e H

where R’ denote the pseudo-inverse of correlation R.
Problem 13.13 Verify Remark 13.3.
Problem 13.14 Verify Remark 13.6.

Problem 13.15 Let ¢(x) be defined by

p(x)=0x<0
=10<x<l1

=0x>1

Draw the graph of the wavelet obtained by taking the convolution of the Haar wavelet
with ¢(x).

Problem 13.16 Prove that {w, (-, —k)}xez, 0 < n < 27, where {w, (-, -)} denotes a
family of wavelet packets, is an orthonormal basis of L,(R).



Chapter 14 ®)
Wavelet Frames G

Abstract Wavelet frames are introduced in this chapter.

Keywords Wavelet frame - Dyadic wavelet frames + Frame multiresolution
analysis

14.1 General Wavelet Frames

In this section, we shall discuss how we can choose a discrete subset and a function
Y such that

Viab) (x¥) = (T D) (x) (14.1)

is a frame of L,(R).

For the sake of convenience, we consider the case where the points (a, b) are
restricted to discrete sets of the type {(a;, kba;)}jrez where a > 1,b > 0, a is the
dilation parameter or scaling parameter and b is the translation parameter.

Definition 14.1 Leta > 1,b > 0, and ¥ € L, (R). If the sequence {a//?>y(a/x —
kb)) j.kez satisfies the condition of a frame (Definition 11.11), then it is called a
general wavelet frame or a wavelet frame.

The main goal of this section is to present the following sufficient conditions in
terms of Go(y) and G (y) defined below for {a//?y (a’x — k®)}; xe7 to be a frame.
Let

Go(y) =Y _Wr(a'y)P (14.2)
JEZ
A A . k
Gi(y) = ZZ V(@ y)y (W + Z) , 7 €R (14.3)
k#0 jeZ
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Theorem 14.1 Leta > 1,b > 0, and € L,(R) be given. Suppose that

<0 (14.4)

B=1 sip Y |[hay)d (afy + ’g)

byt 52,

Then {a’/*v (a'x — kh)}.,-,kez is a Bessel sequence with bound B, and for all functions
f € Ly(R) for which f € C.(R)

D IS Do Tn )

j.keZ
f|f<y>| > Waly)lPdy
JEZ

1 A S
322 / FFy —alk/byfra=iy)a/y —k/bydy  (14.5)

kA0 jeZ_‘sy

If furthermore

1
A= inf wa(afyn =Y > Wr@y)aly +k/b)l | >0

k#£0 jeZ

then {a’/*yr(a’x — kb)}j,keZ is a frame for L,(R) with bounds A, B.

The proof of the theorem is quite technical and we refer to Christensen [40] for
its proof.
We have the following theorem providing sufficient conditions for small values b.

Theorem 14.2 Let € L,(R) and a > 1 be given. Assume that

A inf Y [W(aiy)? > 0.
lylell.al jez

B. There exists a constant C > 0 such that

¥ ()] < COJ/W a.e. (14.6)

Then {a’/*y (a’ x —k®)} ; xez is aframe for L,(R) for all sufficiently small translation
parameters b > 0.
The following lemmas are required in the proof.

Lemma 14.1 Let x,y € R. Then, forall § € [0, 1]

1 <1+x2)8
<2
1+ (x+y)? 1+y?
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14x2
1+y?

prove the result for § = 0 and § = 1. The case § = 0 is clear; for § = 1, we use that
2ab < a*> 4+ b2 forall a, b € R to obtain that

s
Proof Given x, y € R, the function § — 2 ( ) is monotone, so it is enough to

1+y* =1+ +x) —x)7°
= 1+(y+x)2+x2—2x(y + x)
< 14+2((y +x)*+x%)
<21+ (y+0)H +x%)

Lemma 14.2 Let € L,(R) and assume that there exists a constant C > 0 such
that

~ 7l
W (y)l < CW a.e.

Then, foralla > 1 and b > 0
Y W@y)d@y +k/b) >0

k£0 jeZ

e Y S (14.7)
- a—1 a2k -1 '

Proof The decay condition on i gives that
Ao s laly| la’y + k/b|
j Iy +k/b)| < C? ‘ ‘
Wa'y)y(a’y +k/b)| < A+ laiy P2 (A laiy + kb
2yl (+laly +k/b)'
T (4 laly)? (a+ laly +k/b|?)3?

2 |ajV| 1
(I +laiy®)*2 (1 + laly + k/b|*)3/?

Applying Lemma 14.1 on (1 + |a/y + k/b[*)1 with § = 2 gives

[ @ y)Pr(a’y +k/b)| < 2C?

laly| 1+ laly 2\
A+ laiy )32 \ 1+ k/bP

O 4 L
T (U lalyP)YS N1+ [k/bP

In this last estimate, j and k appear in separate terms. Thus
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DO W@ y)yir@ly + k/b)|

k#0 jeZ
laly| < 1 )2/3
<202 e . — (14.8)
%(HWPW g 1+ |k/bJ?

For the sum over k # 0

1 2/3 © b3
Z<1+|k/b|2> :22(b2+k2)2/3
k=<0 k=1

=1
4/3 _
=25 Z 43
k=1

< 2p*3 f Pdr + 1
1

=8p*?

In order to estimate the sum over j € Z in (14.8), we define the function

la’y|
=3 ariTomwe YER
(U laly Py

We want to show that f is bounded. Note that f(ay) = f(y) forall y; itis therefore
enough to consider |y| € [1, a], so we can use that

laly| <aj, 1+ 1a’y P = 1 +d”
Thus

Y e < L
(L+laly 2>/ = &= (1 +a*)/°

JEZ JEL

0 i o0
alt!

B Z W+ZZ(1+612J)5/6

j:—oo j:l alt!

0 o0 ;
alt!

Z alt! +Zlm
j=

j=—00

o0 o0
=ay alt+a)y (@)
j=0 j=1

IA
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That is, f is bounded as claimed. Putting all information together, and using (14.8)

YO W@ y)yir@ly +k/b)|

k#0 jeZ
laly| 1 3
2 (2 N (e
= 215/6 2
S+ 1aly P |\ S \ T+ kel
2
T o G

a—1  a?B -1

Proof (Proof of Theorem 14.2) We first prove that {a’/?y (a/x —k®)}; xe7 is a Bessel
sequence for all b > 0. Arguments similar to the one used in the proof of Lemma
14.2 show that

Y Wl s -
a
= v = at*—1 a?2-1
Via Lemma 14.2 it follows that
< + a
“at—1 a?2-1

by Theorem 14.1 we conclude that {a//* (a’x — k®)}; re7 is a Bessel sequence. By
choosing b sufficiently small, the assumption (i) implies that

2
inf F@ ) —16c2p*P (L L 0 (149
|ywler%1,a1 j% V@)l a—1 + a3 —1 - ( )

and in this case, by Lemma 14.2

inf | Y W@ y)F =YY W@ y)i@y —k/bl | >0
JEZ

€[l,a
lylell,a] 20 jez

Theorem 14.1 now gives the desired conclusion.
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Example 14.1 Let a = 2 and consider the function

VU(x) = —n_1/4(1 2)e(1/2)x2

V3

Due to its shape, v is called the Mexican hat. It can be shown that

A 2 P
w(,}/) _ 8_7_[9/4)/2672712)/

/3

A numerical calculation shows that

ZW(ZW)IZ >3.27

\VIG[l 2]

Also, (14.6) is satisfied for ¢ = 4, so a direct calculation using (14.10) shows that
{27724 (2/x — k®)}; kez is a frame if b < 0.0084. This is far from being optimal:
numerical calculations based on the expressions for A, B in Theorem 14.1 gives that
{2724 (27 x — k®)}j kez is a frame if b < 1.97!

14.2 Dyadic Wavelet Frames

In this section, we consider the question of finding conditions on a system of the
form

Yix(x) =22y 2Ix —k), jkeZ (14.10)

generated by translations and dilations of a single function ¢ € L,(R), so that it
becomes a frame in L, (R). Obviously, every orthonormal wavelet is a frame of this
type, but we shall show that the converse is not true. Nevertheless, they still have
perfect reconstruction and they have been used in several applications.

If (14.11) is a frame, the general theory provides us with the dual frame ¥ ik =
S~ x, where S = .Z*.Z and .Z is the frame operator. The operator § = .#*.%
commutes with the dilations (D" f)(x) = 27 f@2"x), m e Z:

(FFND"Hx) =Y > (D" ) ju(x)

JEZ keZ

=3 S Vi)V ()

JEZ kel
= 2% Z Z(f, ij—m.k)wj—n%k(zmx)
JEZ kel
=22 (FF)*Q"x) = D"(F*F f)(x)
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Thus, S~! also commutes with these dilations, and we have

Vi) = (S0 = (S718,v0.) (x)
= 5;5 " Wor(x) = 8 Yor(X) = 275, (2 x)

Thus, for k fixed, the functions m are all dilations of a single function ;[/_(\)_;.
Unfortunately, this is not the case for translations (7})(x) = f(x — k).

(F*FYTNE) =D Y (Tf ()

keZ jel

= Z Z(fv Yik—2i) W)k (x)

keZ jel

=D Y (L) Vinan () = T(FF f)(x)

neZ jeri

is validif 271 is an integer, which is true for every / only when j > 0. Thus, in general,
one cannot expect the dual frame to be generated by dilations and translations of a
single function (for details see [59]).

We now address the problem of finding sufficient conditions on ¥ for (14.11) to
be a frame. It turns out that this problem shares some features with the one that led
to the basic equations that characterize wavelets.

Define
(&) =Y PQE)QIE +2mn)), E€R.me
=0
and
SE =) _IWQ@EP £eRr
JEZ
Consider
§¢ = essgrelg SE&), Sy = ess;lelg S(&)

and

By (m) = ess inf su |, (25
v EERéegg
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Observe that all the expressions inside the infimum and suprema in the above defi-
nitions are invariant under the usual dilations (scaling) by 2, so that these infimum
and suprema need only be computed over 1 < || < 2 (a dilation ‘period’).

Theorem 14.3 Let v € L,(R) be such that

Ay =S,— > [Br@By(—1"* >0

q€27+1

and

By =Sy — Y [By@By(-)1"* > o0
qe27+1
Then, {;x : j, k € Z} is a frame with frame bounds Ay and By,.

Remark 14.1 If S(§) = 1 forae. & € R and 1,(§) = O for a.e. £ € R and all
m e 2Z+1, Ay = By = 1.If, in addition, |[/||, = 1, then frame {;; : j, k € Z}
is an orthonormal basis of L,(R), and thus a wavelet.

To prove Theorem 14.3, we need the following lemma.

Lemma 14.3 Suppose that {e; : j = 1,2, ...} is a family of elements in a
ANFIP < Y 1 f e < BIFIP
j=1

for all belonging to a dense subset P of H. Then, the same inequalities are true for
all f € H; thatis, {e; : j =1,2,...}is aframe for H.

Proof 1t can be verified that

> K fepl < BIFIP

oo
j=1

for all f € H. To show the other inequality, we choose ¢ > 0 and g € D such that
|lg — fI| < e. Then, by Minkowski’ s inequality in 12, the above inequality, and

/B .
A <llgll+& < llgll + 16 we obtain

VB VB VB
1wl —Zﬁs =< llgll = ﬁs =< llgll = ﬁllg = fli
1/2 1/2

IA
—
\m

1 & VB[1&
= g el ——= =) HUg—fienl
R A S

(14.11)
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This finishes the proof since ¢ is arbitrary.

Proof (Proof of Theorem 14.3) Let D be the class of all f € L>(R) such that
f € Loo(R) and f is compactly supported in R/{0}. By Proposition 1.19 [59], we
have

DY WA= /If(é:‘)l S(§)dk

JEZ kel

/ F&Y > fE&+2r2gm),(27%)dk

peZ qe2Z+1

1

- Foen2 1
= / I E)I"S(E)ds + — R¢(f) (14.12)
R

for all f € D. The Schwarz inequality gives us

1/2

172
Ry(HI< > > (/If(n)l lltg 2~ ””)Idn) ~(/If(n+2”2q7f)|2|tq(2_"”)|dn)
R

qe2Z+1 peZ

In the second integral, we change variables to obtain
1/2

/ |f () 212, (277" — 2g70)|dn

Since 1,(§ — 2qm) = t_,;(&§), we deduce, after applying Schwarz’s inequality for
series

1/2 1/2
IRy ()] < (Z/|f(n)| [en ”")Idn) (Z/f(n)l [Sea ”")Idn)
qe2Z+1

pGZR pEZ]R

> Be @By —1"211f115

qe2Z+1

Hence,

S Be@B OV NAIE < Ry(H) = > 1By @By~ 11 f113

q€2Z+1 ge2Z+1
(14.13)

These inequalities, together with (14.12), give us

AgllFIE < YD KA Y0P < Byl f1

JEZ keZ



506 14 Wavelet Frames

for all f € 2. Since Z is dense in L,(Z), the same inequalities hold for all f €
L>(R) by Lemma 14.3. This finishes the proof of Theorem 14.4.

Example 14.2 Letr € S be such that supp(x@) is contained in the set {£ € R :
€] < 2} and

1
= <<
2 =

D @& =1 forall& #0

JE€Z

Then t,(§) = 0 for all £ € R and, consequently, Ay = By = 1. Thus, {{ :
J.k € Z} is a tight frame.

Example 14.3 An example of a frame of the type discussed in this section is the one
generated by the Mexican hat function. This is the function

2 2
V() = ——g VA1 = x2)e 1/

/3

which coincides with —I;% (e‘l/ 2x2> when normalized in L, (R).

Daubechies has reported frame bounds of 3.223 and 3.596 for the frame obtained by
translations and dilations of the Mexican hat function (see 1/}(5 )). An approximate
quotient of these frame bounds is 1.116, which indicates that this frame is ‘close’ to
a tight frame.

14.3 Frame Multiresolution Analysis

We have presented the concept of multiresolution analysis in Chap. 12 (Definition
12.1) which was introduced in 1989 by Mallat. Frame multiresolution was introduced
by Benedetto and Li [15] and an updated account can be found in [40], [SiddiqiO3].
We discuss here the definition, a sufficient condition for a function of L,(R) to
generate a multiresolution analysis and an example of frame multiresolution analysis.

Definition 14.2 A frame multiresolution analysis for L,(R) and a function ¢ € V)
such that

A ...V icCcVcCV...

B. U,;V; = Ly(R) and N;V; = {0}
C. V; =DV,

D. feVy=>TfeWVkeZ
E. {Ti¢}icz 1s a frame for V
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TheOIA‘em 14.4 Suppose that ¢ € Lr(R), that {Ti¢}kez is a frame sequence, and
that |¢| > 0 on a neighborhood of zero. If there exists a function Hy € Lo (T) such

that

b2 =0 (3)5(2)

then ¢ generates a frame multiresolution analysis.
For the proof, we refer to [40].

Example 14.4 Define the function ¢ via its Fourier transform

A 1
&) = X[-a.a), for somea € (0, 5)
It can be seen that {T;¢}ic is a frame sequence. Note that
PQ2y) = xi-5.5H(N¥)
For |y| < 1, let

Hy(y) = (-2«

2°2

(14.14)

(14.15)

extending Hj to a 1-periodic function we see that (14.13) is satisfied. By Theorem

14.5, we conclude that ¢ generates a frame multiresolution analysis.

Given a continuous non-vanishing function 6 on [—«, «], we can generalize the

example by considering

() = 0(¥) X—aer (V)

Defining

extending H periodically, it again follows that é generates a frame multiresolution

analysis.
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14.4 Problems

Problem 14.1 Prove Lemma 14.1.

Problem 14.2 Prove Lemma 14.2.

14 Wavelet Frames

Problem 14.3 Let ¢ = 2 and ¥ (x) = %nl/“(l — xz)e’l/zx2 Show that

{2724 (27 x — k®)}} kez is a frame if b < 1.97.
Problem 14.4 Prove that
1 a*

Y W@l <

JEZ

a®

—1+a2—1



Chapter 15 ®)
Gabor Analysis ez

Abstract A system based on translation and rotation called Gabor system was in-
troduced by Gabor in 1946. In this chapter, we discuss basic properties of Gabor
system.

Keywords Orthonormal Gabor system - Heil-Ramanathan—Topiwala conjecture
(HRT conjecture) + HRT conjecture for wave packets Digital communication -
Image representation - Biological vision

15.1 Orthonormal Gabor System

Dennis Gabor recepient of 1971 Physics Nobel prize introduced a system of function-
s, now known as the Gabor system, while studying shortcomings of Fourier analysis
[79]. Gabor proposed to expand a function f into a series of elementary functions
which are constructed from a single building block by translation and modulation.
More precisely, he suggested to represent f by the series

FO=Y" cnngnnt) (15.1)

n,mezZ

where the elementary functions g, , are given by

2mimbt

gmn(t) = gt —na)e ,m,ne€’Z (15.2)
for a fixed function g and time—frequency shift parameters a, b > 0. A typical g
could be chosen as

gx) =e " (15.3)

Here, a denotes the time shift and b denotes frequency shift.
Detailed account of the Gabor system can be found in references [39, 40, 42, 74,
89] [Fe 98].
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In this section, we discuss orthonormal Gabor system while Sects.15.1-15.3
are respectively devoted to the introduction of Gabor frames, Heil-Ramanitation—
Topiwala conjecture and applications of Gabor system.

We know that the functions f;) form an orthonormal basis for
2metmx ) ez

L,(—m, );since they are periodic with period 27, they actually form an orthonormal

basis for L,(—m +2mn, 7 +2mn) for any n € Z. If we want to put emphasis on the

fact that we look at the exponential functions on the interval [—7 427 n, 7, m +2mn|[,
we can also write that

1 .
{ elmXX[—n+2ﬂn.n+2ﬂn[(x)}

V2

is an orthonormal basis for L, (—m +2mn, w +2mn). Now observe that the intervals
[-7 + 27n, w + 27n[, n € Z, form a partition of R: They are disjoint and cover
the entire axis R. This implies that the union of these bases, i.e., the family

m,nez

imx
e X[n+2nn,n+2nnl(x)}

7%

is an orthonormal basis for L, (R). We can write this orthonormal basis on a slightly
more convenient form as

m,nez

1
—F——X[-n2an,m+27n (-x - 27”7)}
{ o [ +27n,m4+27n] -

The system in (15.4) is the simplest case of a Gabor system. Basically, (15.4) con-
sists of the function \/427 X[—n+27n,n+27n (x) and translated versions and modulated
versions, i.e., functions which are multiplied by complex exponential functions. It is
called orthonormal Gabor system. A general Gabor system is obtained by replacing
the function \/427 X{—=.»{ With an arbitrary function in L,(R) and allowing certain
parameters to appear in the translation and in the complex exponential function:

Definition 15.1 Leta, b > 0 and g € L,(R). Then, the family of functions
{7 g (x — na)hmner (15.4)

is called a Gabor system.
The Gabor system in (15.4) corresponds to the choice

1 1
a = 27[7 b = g = _X[—7T,7T[

2 2

Gabor systems are often used in time—frequency analysis, i.e., in situations where we
want to know how a certain signal f changes with time, and also which frequencies
appear at which times. In order to extract this information, one might try to expand
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the signal via a Gabor basis; in other words, to pick @, b > 0 and g € L,(R) such
that the system in (15.5) forms an orthonormal basis for L,(R) and then expand f
via equation

f(x) = Z Cm,nezﬂimbxg(x — na) (155)
m,ne’
with
o0
Con = / f(x)g(x — na)e*™ ™ dx
—00

If g has compact support, this expansion contains useful information about the func-
tion values f(x). In fact, for a given x € R, g(x — na) is only nonzero for a finite
number of values of n € Z, and the size of the corresponding coefficients c,, , will
give an idea about f(x). This feature gets lost if g does not have compact support;
but if g decays quickly, for example exponentially, the argument still gives a good
approximation if we replace g by a function which is zero outside a sufficiently large
interval.

Doing time—frequency analysis, we would also like to have information about f;
using the rules for calculation with the Fourier transform indeed shows that

f()/) — Z eZniabmnxcmyneZﬂibaxg(y — mb)

m,nez

Now, in order for this to be useful, we would like that ¢ has compact support, or at
least decays fast.

15.2 Gabor Frames

Definition 15.2 A Gabor frame is a frame for L,(R) of the form {E,,, 748} m.nez,
where a, b > 0 and g € L,(R) is a fixed function.

Frames of this type are also called Weyl-Heisenberg frames. The function g is
called the window function or the generator. Explicitly

EnpTrag(x) = ¥ (x — na)

Note the convention, which is implicit in our definition: When speaking about a
Gabor frame, it is understood that it is a frame for all of L,(R); i.e., we will not deal
with frames for subspaces.

The Gabor system {E,;T,,8}mnez only involves translates with parameters
na,n € Z and modulation with parameters mb, m € Z. The points {(na, mb)},, nez
form a lattice in R2, and for this reason, one frequently calls{E,,; T,,, 8} m.nez aregular
Gabor frame.
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We now move to the question about how to obtain Gabor frames {E,,; T, 8} m.nez
for L,(R). One of the most fundamental results says that the product ab decides
whether it is possible for {E,,, 7,48 }m.ner to be a frame for L, (R):

Theorem 15.1 (Necessary Conditions) Let g € L,(R) and a, b > 0 be given. Then
the following holds:

(i) Ifab > 1, then {E,;p Tha8}m.nez is not a frame for L(R).
(ii) If {EmpT0a8}mnez is a frame, then ab = 1 & {EmbTnag}, nez is a Riesz
basis.

Theorem 15.2 (Necessary and Sufficient Condition) Let A, B > 0 and the Gabor
system {E,p T8 mnez be given. Then {E,pTya8}m.nez 1S a frame for Ly(R) with
bounds A, B if and only if

bAI < M(x)M(x)* <bBI a.e. x
where I is the identity operator on l,, M (x) is given by
M(x) = {g(x —na —m/b)}mnez, x €R

and M (x)* is the conjugate transpose of the matrix M (x).

Sufficient conditions for { E;p Tyq 8 Ym.nez to be a frame for L, (R) have been known
since 1988. The basic insight was provided by Daubechies. A slight improvement was
proved by Heil and Walnut.

Theorem 15.3 (Sufficient Condition) Let g € Lo(R) and a,b > 0 be given. Sup-
pose that

JdA,B > 0: A§Z|g(x—na)|2§Bfora.e.xeR

nez

and

2

k0

Y TagTharipd| <A (15.6)

nez

oo
Then, {EnpTna8Ymnez is a Gabor frame for L, (R). For the proof, we cite [39].

We discuss now some well-known functions and the range of parameters a, b for
which they generate frames. First we consider the Gaussian

Theorem 15.4 Let a,b > 0 and consider g(x) = e, Then, the Gabor system
{EnbTha8}mnez is a frame if and only if ab < 1. The Gaussian generates another
function for which the exact range of parameters generating a frame is known, is the
hyperbolic secant, which is defined by
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1

8 = cosh(mx)

This function was studied by Janssen and Strohmer who proved that {E,,, Tya8}m.nez
is a frame whenever ab < 1. The hyperbolic secant does not generate a frame when
ab=1.

Let us now consider characteristic functions

g:=xl0,c[, c>0

The question is which values of ¢ and parameters a, b > 0 will imply that
{EnpTha8}mnez is a frame. A scaling of a characteristic function is again (mul-
tiple of) a characteristic function, so we can assume that b = 1. A detailed analysis
shows [39] that

(i) {EmpTha&}mnez is not aframe ifc < aora > 1.
(”) {Emanag}m,nEZ is aframe lfl >c=a.
(iii) {EwpTha8Ymnez " is not a frame if a = 1 and ¢ > 1. Assuming now that
a < 1,c > 1, we further have
(vi) {EmpTra8tmnez is aframeifa ¢ Q and c €]1,2].
(V) {Emanag}m,nEZ is notaframe ifa = P/q S Q; ng(p’ CI) = l’ and 2 — é <
c<2.
(vi) {EnpT1a8}m.nez is not a frame if a > % andc = L — 1+ L(1 — a) with
LeN,L>3.
(vii) {EnpTha&}m.nez is a frame iﬂc — |lc] — %| < % —a

Heil-Ramanath-Topiwal Cojecture

Let (o, B¢) be distinct points in R?, then {¢?*"t g (1 —ay)}_, is linearly independent
set of functions in L, (R).

Despite the striking simplicity of the statement of this conjecture, it remains open
today in the generality stated. Some partial results were obtained there, including the
following:

(i) Ifanonzero g € L,(R) is compactly supported or just supported on a half line,
then the independence conclusion holds for any value of N.

() Ifgx) = p(x)e‘x2 is a nonzero polynomial, then the independence conclusion
holds for any value of N.

(iii) The independence conclusion holds for any nonzero g € L,(R) if N < 3.

(vi) Ifthe independence conclusion holds for a particular g € L,(R) and a particular
choice of points { (o, ,Bk)},f’:, , then there exists an ¢ > 0 such that it also holds
for any h satisfying ||g — h||L, < €, using the same set of points.

(v) If the independence holds for one particular g € L,(R) and particular choice
of points {(ax, Br)} ,’{Vzl, then there exists € > 0 such that it holds for that g and
any set of N points in R? within & of original ones.

Given g € L,(R) and a sequence A C R x R™, the wavelet system generated by g
and A is the collection of time scale shifts
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W(g, A) = {TuDpg}a,pyea (15.7)

Analogue of the HRT conjecture fails, for details see [95].

While the analogue of the HRT conjecture fails for wavelet system in general but
Christensen and Linder [42] have interesting partial results on when independence
holds, including estimates of the frame bounds of finite sets of time—frequency or
timescale shifts.

For a comprehensive and update account of the HRT conjecture, we refer to Heil
[95].

Theorem 15.5 Let g € Ly(R) be nonzero and compactly supported, then {e*™ P!

gt — otk)},i\’:1 is linearly independent for any value of N.

Theorem 15.6 Let g(x) = p(x)e_xz, where p is a nonzero polynomial, then
{e¥P g(t + o)}, is linearly independent in L,(R) for any value of N.

Theorem 15.7 Let g € La(R) and A = {(ak, B}, be such that 4 (g, N) =
{e*Pu g (t — )}, is linearly independent in Ly (R) for any value of N. Then, the
following statement hold:

(a) There exists ¢ > 0, such that (g, N') is linearly independent for any set \' =
{(o, BOYY, such that | — o) |,|Bc — Byl < efork=1,...,N.

(b) There exists € > 0, such that 4 (h, A) is linearly independent for any h € L,(R)
with ||g — hl|L, < &, where g € 9(g, N).

Proof (Proof of Theorem 15.5) Let Mg T, g(x) = 2Bl g(t — o) and my(x) =

M,
Z Ck.je2ﬂiﬂk'jx~
=1
Choose any finite set A C R? and let g € L,(R) be compactly supported on half
line. Given scalar, ¢, let

N M N
0= > cujMp,Tug() =) m(x)gx — ) ae.
k=1 j=1 k=1

Since g is compactly supported, it can be argued that
myg(x — o) = 0 a.e. for some single k

We can find a subset of the support g(x — o) of positive measure for which this
is true, inturn we find that trigonometric polynomials m;(x) vanishes on a set of
positive measure. But this can only happen in ¢ ; = 0 for all j. We can repeat this
argument and get ¢, ; = O forall k and j. For all details, see Heil [95] and references
theorem, specially HRT {65}.
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Proof (Proof of Theorem 15.6) Let g(x) = p(x)e"‘z, where p is a nonzero polyno-
mial. Further, let

Mg Ty, (x) = P g(x — o)

My
and m(x) = E ck,jezmﬁ“‘
Jj=1

Given scalars, ¢, let

N M
s(x) = chk,_jMﬂkTakp(x)
k=1 j=1
N My
2 2 i
=e Z Zch,ie’“k TPl o2 p (x + o)
k=1 j=1

N
= Z Ek(t)e_2”kp(x — ay)
k=1

Since N > 1, we must have either &y < 0 or ay > 0. Suppose that a; < 0. Then
since a; < ap < -+ < ay and p is polynomials, le™>% p(t — or)| increases as
x — oo exponentially faster than |e=>% p(t + a)| fork =2,..., N.

Moreover, each Ej is a trigonometric polynomial. In particular, E; is periodic
almost everywhere and E;, ..., Ey are bounded. Hence, if E; is nontrivial, then
we can find a sequence {x,} with n — oo such that |E 1 (xp,) e 2o p(x, + ay)l
increases exponentially faster than | Ej (x,)e™>% p(x, +,)| foranyk =2, ..., N.
Therefore, s(x) # O for large enough N. Since s(x) is continuous, we find that
{e*™Px g (x + o)}, is linearly independent in L, (R) for any value of N.

Similarly, it can be proved for oy > O.

Proof (Proof of Theorem 15.7)

(a) Let {T'x},cr and {M_},cp be translation and modulation groups. They satisfy
the conditions for all f € L,(R),

im [|7x = flle, = 0= lim [|M. f — fll1,

This implies that we can choose ¢ small enough such that ||T, g — gllz, < 6,
[IM,g — gl|L, follows from |x| < &, where A, B are frame bounds for ¢ (g, A)
as a frame for its spanand 0 < § < AY/2/(2N1/?).

Let lax — o] < eand By — B;| <efork =1,2,..., N. Then for any scalars
c1,C2,...,Cyn, We have
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N
Z CkMﬁk (Tak - Ta;\)g
k=1

Ly Ly

N
> aMyTyg
k=1

N
Y (Mg, — Mg)Ty g

Ly Ly

N
Tug = Tyg|, + 2 lexl |, — My Tge|
k=1

N
< el ‘
k=1

N
+ | DMy Ty
k=1 L
N
= Ytel | Tz~ 2], +Z|ck||\Mﬁk 58— 8l
k=1
N
2 My Ty
k=1 Ly
N N
<203 ekl + | DMy Ty g
k=1 k=1 Ly

Following a result of Christensen 2003, Theorem 3.6, we get

N 1/2
Al? (Z |ck|2> <
k=1

Combining these inequalities, we get

N
D My Ty
k=1

L,

N 1/2
(A2 —25N'/%) (Z |ck|2> <

k=1

L,

N
Since A2 — 28N1/2 > 0, it follows that if > Mg Ty g = Oae., thenc; =
k=1

cp=---=cy=0.
This proves the desired result.

(b) Let A = {(ox, Br)}" and define the continuous, linear mapping T : C¥ —
L>(R) by

N
T(ci,c2,...,cN) = ch o, Br),

k=1
where  pla, Br) = P f(t + ).
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T is injective as ¥ (g, A) is linearly independent.

Therefore, T is continuously invertible on the range of 7. In particular, there
exists A, B > 0 such that

N N
AY el < |3 crolen. B
k=1 k=1
N

< BZ|ck| for each (c1,ca,...,cN) € cV.
k=1

Hence, if || f — g|| < A and (c1, 2, ..., cy) € CV, then

N
D enlow, BOg

k=1

>

N
> eplaw, B = f) H

k=1

N
chp(ak,ﬁk)fH -

k=1

N N
> A e = D leel llp(aw, B — @)
k=1

k=1

N
=(A—1IIf—glh)_ lad

k=1

N

If > cvplog, Br)g = 0, then ¢’s are zero which in turn implies 4 (h, A) is
k=1

linearly independent if ||g — hl|| < €.

15.3 HRT Conjecture for Wave Packets

Given g € Ly(R) and a subset A C R x R™, the collection of the type
{Dy(Mp, Ty, 8)(0)} = {p'22 P g (bt — o)} (15.8)

is called the wave packet system.

The wave packet systems have been studied by Cordoba and Feffermen, Hogan
and Lakey, Kalisa and Torrésani, Siddiqi and Ahmad, Hernandez et al. and Labate,
Weis, Wilson.

Recently Siddiqi et al. have examined the HRT conjecture for wave packet sys-
tems. Analogous results to the ones given in (b), (d) and (e) above hold for wave
packet systems under appropriate conditions.
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15.4 Applications

Gabor systems are applied in numerous engineering applications, many of them
without obvious connection to the traditional field of time—frequency analysis for
deterministic signals.

Any countable set of test functions { f,,} in a Hilbert space conveys a linear map-
ping between function spaces and sequence spaces. In one direction, scalar products
(f, fu)aretaken (analysis mapping), and in the other direction, the members ¢ = {c, }
from the sequence space are used as coefficient sequences in a series of the form
>, cn fu (synthesis mapping). In our concrete context, the analysis mapping is given
by the Gabor transform and the synthesis mapping is given by the Gabor expansion.
In principle, there exists two basic setups for the use of Gabor systems which pervade
most applications:

e The overall system acts on the sequence space £,(%) where ¢ has appropriate
structure, and in particular, we can choose & = [0, 1] or unit sphere by (i) Ga-
bor synthesis, (ii) (desired or undesired and mostly linear but probably nonlinear)
modification, (iii) Gabor analysis. This setup underlies, e.g., the so-called multi-
carrier modulation schemes in digital communication, but also applies to system
identification and radar tracking procedures.

e The overall system acts on the function space L,(%¥) by (i) Gabor analysis, (ii)
(desired or undesired and mostly nonlinear but also linear) modification, (iii) Ga-
bor synthesis. Typical tasks where one encounters this setup may include signal
enhancement, denoising, or image compression.

Speech Signal Analysis

Speech signals are one of the classical applications of linear time—frequency repre-
sentations. In fact, the analysis of speech signals was the driving force that led to the
invention of (a nondigital filter bank realisation of) the spectrogram. The advent of
the FFT and the STFT up to now to the standard tool of speech analysts.

Representation and Identification of Linear Systems

The theory of linear time-invariant (LTI) systems and in particular the symbolic
calculus of transfer functions is a standard tool in all areas of mechanical and electrical
engineering. Strict translation invariance is however almost always a pragmatical
modeling assumption which establishes a more or less accurate approximation to the
true physical system. Hence, it is a problem of longstanding interest to generalize
the transfer function concept from LTI to linear time-varying (LTV) systems. Such
a time-varying transfer function was suggested by Zadeh in 1950. It is formally
equivalent to the Weyl-Heisenberg operator symbol of Kohn and Nirenberg. Pseudo-
differential operators are the classical way to establish a symbol classification that
keeps some of the conceptual power which the Fourier transform has for LTI systems.
Recently, Gabor frames have turned out to be a useful tool for the analysis of pseudo-
differential operators.
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Digital Communication

Digital communication systems transmit sequences of binary data over a continuous
time physical channel. An ideal physical channel is bandlimited without in-band dis-
tortions. Under this idealized assumption, digital communication systems can be im-
plemented by selecting a Gabor-structured orthonormal system, transmitting a linear
combination of the elementary signals, weighted by the binary coefficients (Gabor
synthesis) and the receiver recovers the coefficients by computing inner products
with the known basis functions (matched filter receiver = Gabor analysis). How-
ever, in wireless communication systems which is one of the challenging research
areas, the physical channel is subject to serve linear distortions and hundreds of users
communicate over the same frequency band at the same time. Traditional orthogonal
frequency division multiplex (OFDM) systems can be interpreted as orthonormal Ga-
bor systems with critical sampling ab = 1 and come therefore with the well-known
bad time—frequency localization properties of the building blocks.

Since completeness is not a concern here, recent works suggest the use of a coarser
grid ab > 1, together with good TF-localized atoms to obtain more robustness.

Image Representation and Biological Vision

Gabor functions were successfully applied to model the response of simple calls in
the visual cortex. In our notation, each pair of adjacent cells in the visual cortex
represents the real and imaginary part of the coefficient ¢, , corresponding to g, ,.
Clearly, the Gabor model cannot capture the variety and complexity of the visual
system, but it seems to be a key in further understanding of biological vision.

Among the people who paved the wave for the use of Gabor analysis in pattern
recognition and computer vision one certainly has to mention Zeevi, M. Porat, and
their coworkers and Daugmn. Motivated by biological findings, Daugman and Zeevi
and Porat proposed the use of Gabor functions for image processing applications,
such as image analysis and image compression. Since techniques from signal pro-
cessing are of increasing importance in medical diagnostics, we mentioned a few
applications of Gabor analysis in medical signal processing. The Gabor transform
has been used for the analysis of brain function, such as for detection of epileptic
seizures in EEG signals, study of sleep spindles. The role of the Heisenberg group
in magnetic resonance imaging has been recently analyzed.
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Key words: Set theoretic concepts, Topological concepts, Elements of Metric spaces,
Notation and definition of concrete spaces, Lebesgue integration, Integral equations,
Surface integrals, Vector spaces, and Fourier analysis are introduced in appendices.
Results related to these fields provide foundation for Chaps. 1-15.

A.1 Set Theoretic Concepts

Definition A.1 A. Let X and Y be two nonempty sets. A function or mapping or
transformation or correspondence or operator, which we denote by f, is a rule
assigning to each element x in X a single fully determined element y in Y. The
y which corresponds in this way to a given x is usually written as f(x) or fx,
and is called the image of x under the rule f, or the value of f at the element
x. The set X is called the domain of f, the set of all f(x)Vx € X is called the
range of f, and it is a subset of Y. The symbol f : X — Y will mean that f is
a function whose domain is X, and whose range is contained in Y.

B. Let f: X — Yand g :Y — Z. Then gf, which is called the product of these
mappings, is defined as (gf)(x) = g(f(x))and gf : X — Z.

C. Let f: X — Yand A C X. Then f(A) = {f(x)/x € A} is called the image
of A under f.

D. Let f: X — Y. f is called into if the range of f is not equal to Y. f is called
onto if the range of f equals Y. f is called one-one if two different elements
always have different images.

E. Let f : X — Y be both one-one and onto. Then we define its inverse mapping
f~':Y — X as follows: For each y in Y we find a unique element x in X such
that f(x) = y; we then define x to be f~!(y).

F. Let f: XY and B be a subset of Y. Then f~'(B) = {x/f(x) € B}. f~(B) is
called the inverse image of B under f.

G. A function f is called an extension of a function g if f(x) = g(x)Vx belonging
to K, the domain of g and K C domf.
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Note A.1 A. Theterm functionin (1)is generally used in real and complex analysis.
If the range of a function consists of real numbers, it is called a real function;
and if the range consists of complex numbers, it is called a complex function.
The term operator of (1) is generally used if X and Y are normed spaces.

The term transformation is generally used in linear algebra.

The term mapping is preferred in cases when Y is not necessarily a set of numbers.
The term operator is replaced by functional if X is a normed space and Y is a
set of real or complex numbers or some other field.

moONw

Theorem A.1 If f: X — Y, Ay, Ay, ..., A, are subsets of X and By, By, ..., B,
are subsets of Y, then

A f@)=¢

B. f(X)CY

C. Al C A= F(A) C f(A)

o (Ua)=Uran

E f (mAi) = mf(Ai)

F f~'@¢)=¢

G. fl(Y)cx

H B, CB,= f'(B)C f (B
L f! (U B,-) =U s B
Jf (m Bi) =N/7'B)

K. f~Y(B") = (f~'(B)), B' and (f~'(B)) denote the complements of B and
f~1(B), respectively.

Definition A.2 Let X be a nonempty set, then

1. A partition of X is a disjoint class {X;} of nonempty subsets of X whose union
is the full set X itself. The X/s are called partition sets.

2. A relation ~ (other symbols used in the literature for relations are <, C, C, =
and y) on (or in) the set X is a nonempty A subset of X x X. We say that x is
related by ~ to y and we write x ~ y if (x, y) € A.

3. Arelation ~ on X is called an equivalence relation if it has the following prop-
erties:

(a) x ~ x for every x € X (reflexive property),
(b) if x ~ y, then y >~ x (symmetric property), and
(c) if x ~ y and y >~ z, then x =~ z (transitive property).

4. A partial order relation on X is a relation which is symbolized by < and satisfies
the following properties:

(a) x < x forevery x (reflexivity),



Appendix 523

(b) ifx < yand y < x then x = y (anti-symmetry), and

(c) ifx < yandy < zthen x < z (transitivity). X is called a partially ordered
set. Two elements of the partially ordered set X are called comparable if
either x < yory <ux.

Note A.2 The word “partial” in (4) emphasizes that there may be pairs of elements
in X which are not comparable.

Definition A.3 A. A partially ordered set in which any two elements are compa-
rable is called a totally ordered set or a linearly ordered set or a chain or a
completely ordered set.

B. Anelement x in a partially ordered set X is called maximal if y > x implies that
y = x; i.e., if no element other than x itself is greater than or equal to x.

Definition A.4 Let A be a nonempty subset of a partially ordered set X. An element
x in X is called a lower bound of A if x < a for each a € A. A lower bound of A is
called the greatest lower bound (glb) of A if it is greater than or equal to every lower
bound of A. An element y in X is called an upper bound of A if a < y for every
a € A. An upper bound of A is called the least upper bound (lub) of A if it is less
than or equal to every upper bound of A. [This means that if M is the set of all upper
bounds of A, then an element m of M is lub of A provided m < b for all b € M].

Remark A.1 A. The set R of real numbers is a partially ordered set, where x <y
means that y — x is nonnegative. It is well known that if a nonempty subset A of
R has a lower bound, then it has a greatest lower bound which is usually called
its infimum and written as inf A. Similarly, if a nonempty subset A of R has an
upper bound, then it has a least upper bound and is usually called the supremum
and written sup A.

B. If A is a finite subset of R, then the supremum is often called maximum and
infimum is often called minimum.

C. If A is a nonempty subset of R which has no upper bound and hence no least
upper bound in R, then we express this by writing supA = 400 and if A is an
empty subset of R, we write sup A = —oo. Similarly, if A has no lower bound
and hence no greatest lower bound, we write inf A = —o0, and A is empty,
then we say that inf A = 400. Let A be any subset of the extended real number
system (the real number system with the symbols +o00 and —oo adjoined). Then
sup A and inf A exist. Thus, if we consider the extended real number system, no
restriction on A is required for the existence of its supremum and infimum.

D. If A and B are two subsets of real numbers, then

sup(A + B) <supA +sup B

E. Let C be the set of all real functions defined on a nonempty set X, and let f < g
mean that f(x) < g(x) for every x € X. Then C is a partially ordered set and
sup | f(x) + g(x)| < sup[f(x)| + sup|g(x)].
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Theorem A.2 (Zorn’s Lemma) If X is a partially ordered set in which every chain
or totally ordered set has an upper bound, then X contains at least one maximal
element.

Note A.3 Zorn’s lemma is equivalent to the axiom of choice and therefore it can
itself be regarded as an axiom. It is an exceedingly powerful tool for the proofs of
several important results of functional analysis.

Definition A.5 A partially ordered set L in which each pair of elements has a greatest
lower bound and a least upper bound is called a lattice. If x, y € L and L is a lattice,
then x \/ y and x /\ y represent the least upper bound and the greatest lower bound
of x and y, respectively.

The set of all subsets of a set X is often denoted by 2%.

A.2 Topological Concepts

Definition A.6 A. A family F of subsets of a set X is called a topology in X if the
following conditions are satisfied:

A. Null set ¢ and X belong to (§).

B. The union of any collection of sets in (§§) is again a set in (§).

C. The intersection of a finite collection of sets of (§) is a set in (F). (X, (§)) is
called a fopological space. However, for the sake of simplicity we write only X
for a topological space, bearing in mind that a topology (g) is defined on X. The
sets in (§) are called the open sets of (X, (§)).

D. A point p is called a limit point or a point of accumulation of a subset B of X if
every neighborhood of p contains at least one point of B other than p.

E. The interior of a subset of X is the union of its all open subsets. A point of
interior of a set is called its interior point.

F. A subset of a topological space (X, (§)) is closed if its complement is open.

G. The intersection of all closed sets containing a subset A of a topological space
(X, (%)) is called the closure of A and is usually denoted by A. The set of points
in A, which are not interior points of A, is called the boundary of A.

H. A collection ‘B of open subsets of a topological space (X, (§)) is called a base
for the topology < if every element of () can be written as a union of elements
of .

I. A collection ‘Bx of open subsets of (X, (§)) is called a basis at the pointx € X if,
for any open set O containing x, there exists a set A in 3, such thatx € A C O.

J. A nonempty collection ‘I3 of open subsets of a topological space (X, (§)) is
called a subbase if the collection of all finite intersections of elements of 3 is a
base for (§).

K. If (X, (F))isatopological space and Y C X, then the topology (F)y = {A/A =
BNY, B e (§)} is called the natural relative topology of Y generated by ().



Appendix 525

L. Let Fi, F, be two topologies on a set X. (), is said to be weaker than (), (or
(), is said to be stronger than F;) if F; C F>; i.e., if every open set of (§);
is an open set in (§),. Two topologies F| and (§), are said to be equivalent if
(&)1 = (8),; 1.e., if they have the same open sets. The stronger topology contains
more open sets.

M. A sequence {a,} in a topological space X is said to be convergent to a € X if
every neighborhood of a contains all but a finite number of the points a,,.

Definition A.7 A. Suppose (X, (§),) and (Y, (§),) are two topological spaces, and
f : X — Y isafunction. f is called continuous if f~1(A) € (§),, for every A
in ().

B. If f is a continuous one-to-one map of X onto Y such that the inverse function
£~ is also continuous, then f is called a homeomorphism or topologically iso-
morphic. X and Y are called homeomorphic if there exists a homeomorphism
between X and Y.

Theorem A.3 Let P be a collection of subsets of an arbitrary set X, and () the
collection of arbitrary unions of elements of *B. Then (§) is a topology for X if and

only if

A. Forevery pair A, B € Pandx € AN B, there isa C € P such that x € C C
AN B.
B X=UJ
Bep

Ways of Generating a Topology

Let X be any set. Then from the definition, it is clear that there are always two
topologies on X: one consisting of X and the other consisting of all subsets of X; the
firstis known as an indiscrete topology and the second as a discrete topology. Methods
of generating topologies between these two extremes are described as follows:

1. Let S be a collection of subsets of an arbitrary set X. The weakest topology
containing S is the topology formed by taking all unions of finite intersections of
elements of S, together with ¢ and X.

2. Let X be any set and let Y a topological space with the topology F(Y) and
{ fu/a € A}acollection of functions, each defined on X with range in Y. The weak
topology generated by {f,/a € A} is the weakest topology on X under which
each of the function f, is continuous. This requires that £, (O) be an open subset
of X foreacha € A, O € (F)(Y).Let S = {f;1(0)/a € A, O € (F)(Y)}.Then
as in (1), we can generate a topology. This topology with S as a subbase is then
the weak topology generated by { f,,}.

Definition A.8 (a) A topological space X is called a Hausdorff space if, for dis-
tinct points x, y € X, there are neighborhoods N, of x and N, of y such that
NN N, = ¢.

(b) A topological space X is called regular if for each closed set A, and each x ¢ A,
there exist disjoint neighborhoods of x and A.
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(c) Atopological space is called normal if, for each pair of disjoint closed sets A, B,
there exist disjoint neighborhoods U, V of A and B, respectively.

Note A.4 Here, the topological space satisfies the condition that sets consisting of
single points are closed. Sets A and B are called disjointif A N B = ¢.

Definition A.9 1. A covering of a set A in a topological space X is a collection of
open sets whose union contains A. The space X is said to be compact if every
covering of X contains a finite subset which is also a covering of X.

2. A topological space X is said to be locally compact if every point has a neigh-
borhood whose closure is compact.

3. Atopological space X is called connected if it cannot be represented as a union of
two disjoint nonempty open sets. X is called disconnected if it is not connected.

4. A family of sets is said to have a finite intersection property if every finite sub-
family has a nonvoid intersection.

Definition A.10 Let X, X,, ..., X,, be topological spaces, with I3; a base for the
topology of X;. Their topological product X| x X, x --- x X, is defined as the set
of all n-tuples (xy, x2, ..., x,) with x; € X;, taking as a base for the topology all
products U; x U, x - -- x U, of U; in (P);.

Theorem A.4 . (Tychonoff theorem) The topological product of compact spaces

is compact.

2. Every compact subspace of a Hausdorff topological space is closed.

3. A topological space is compact if and only if every family of closed sets with the
finite intersection property has a nonvoid intersection.

4. If f is a continuous function defined on a topological space X into a topological
space Y and A is a compact subset of X, then f(A) is compact and if Y = R,
then f attains its supremum and infimum on A.

5. Every closed subset of a compact topological space is compact.

6. A continuous one-to-one function from a compact topological space on to a
Hausdorff topological space is a homeomorphism.

A.3 Elements of Metric Spaces

Definition A.11 1. Let X be a set, and d a real function on X x X, with the
properties

d(x,y)>0Vx,ye X, d(x,y) =0if and only if x = y.
d(x,y) =d(y,x)Vx,y € X (symmetry property).
d(x,y) <d(x,z) +d(z,y) (the triangle inequality).

A D=

Then d is called a metric, or a metric function on or over or in X. (X, d) is called
a metric space.
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5.

6.

S, (x) = {y/d(x,y) < r}is called an open sphere with radius r and center x in
X.
Let A and B be subsets of a metric space (X, d). Then

1. d(A, B) = supgngd(a, b).
acA b€
2. The diameter of A, which we denote by §(A), is the number, sup d(a, b).

a,beA

3. S(A,¢e) ={x/d(A, x) < &} is called the e-neighborhood of A.
4. A is bounded if §(A) < oo.

A sequence in a metric space is a function whose domain is the set of positive
integers and range is a subset of the metric space.

A sequence {A,} of subsets of a metric space is called a decreasing sequence if
AlDA DA D, ...

Theorem A.5 1. The collection of open spheres in a metric space (X, d) forms a

2.

base for the metric topology.
Every metric space is normal and hence a Hausdorff topological space.

Definition A.12 1. A sequence {a,} in a metric space (X, d) is said to be con-

vergent to an element a € X if lim,_.~d(a,,a) = 0. {a,} is called a Cauchy
sequence if  lim  d(x,,x,) =0.
oo oo

m—00,n—

A metric space is called complete if every Cauchy sequence in it is convergent
to an element of this space.

Let (X, d;) and (Y, d,) be metric spaces, and f amapping of X into Y. f is called
continuous at a point x in X if either of the following equivalent conditions is
satisfied:

1. For every ¢ > 0, there exists a § > 0 such that d;(x, x0) < & implies

dr(f(x), f(x0)) < e.

2. For each open sphere S:(f(xo)) centered on f (x0), there exists an open
sphere S;(xo) centered on xq such that f(S5(xg)) € S.(f(x0)). f is called
continuous if it is continuous at each point of its domain.

. In (3), it can be seen that the choice of § depends not only on ¢ but also on the

point xo. The concept of continuity, in which for each ¢ > 0,aé > 0 can be
found which works uniformly over the entire metric space X, is called uniform
continuity

Theorem A.6 [. If a convergent sequence in a metric space has infinitely many

distinct points, then its limit is a limit point of the set of points of the sequence.
A convergent sequence in a metric space is bounded and its limit is unique.

Let X and Y be metric spaces and f a mapping of X into Y. Then f is continuous
if and only if {x,} in X converges to x € X implies that f(x,) in Y converges to

fx)evy.

3. A point p is in the closure of a set A in a metric space if and only if there is a

sequence {p,} of points of A converging to p.
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4. Let (X, dy) and (Y, d») be metric spaces and f a mapping of X into Y. Then f
is continuous if and only if f~'(0) is open in X whenever O is openinY.

5. Principle of extension by continuity: Let X be a metric space and Y a complete
metric space. If f : A — Y is uniformly continuous on a dense subset A of
X, then f has unique extension g which is a uniformly continuous mapping of X
intoY.

6. Every continuous mapping defined on a compact metric space X into a metric
space Y is uniformly continuous.

7. Cantor’s intersection theorem: Let X be a complete metric space, and {F,} a
decreasing sequence of nonempty closed subsets of X such that §(F,) — 0.

oo

Then F = (| F, contains exactly one point.
n=1
8. Baire’s category theorem: Every complete metric space is of the second category
(if a complete metric space is the union of a sequence of its subsets, the closure

of at least one set in the sequence must have a nonempty interior).

Definition A.13 1. Let B be a subset of (X, d). A subset A of X is called an e-net
for the set B if for each x € B, there exists a y € A such thatd(x, y) < ¢.

2. A subset B of a metric space (X, d) is called totally bounded if for any ¢ > O,
there exists a finite e-net for B.

3. A subset A of a metric space X is called compact if every sequence in A has a
convergent subsequence having its limit in A.

Example A.1 1. In the metric space R?, the subset A = {(m,n)/m,n = 0, £1,
+2,...}is an e-net for ¢ > \/5/2.

2. Inty, A ={x € £,/d(x,0) = 1}; i.e., the points of the surface of the unit sphere
in ¢, are bounded but not totally bounded.

Note A.5 Every totally bounded set is bounded.

Theorem A.7 1. Every compact subset of a metric space is totally bounded and
closed.

2. A metric space is compact if and only if it is totally bounded and complete.

3. Every compact metric space is separable.

Definition A.14 1. A metric space in which the triangle inequality is replaced by
a stronger inequality d(x, y) < max{d(x, z),d(z, y)} is called an ultra-metric
space or a nonarchimedean metric space.

2. Let A be any nonempty set of real or complex functions defined on an arbitrary
nonempty set X. Then the functions in A are said to be uniformly bounded if
there exists a k such that | f(x)| < k for every x in X and every f in A.

3. Let X be a compact metric space with metric d and A a set of continuous real
or complex functions defined on X. Then A is said to be equicontinuous if, for
each e > 0,aé > 0 can be found such that | f(x) — f(x")] < & whenever
d(x,x') <8Vf eA.
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4. Let (X, d;) and (Y, d,) be metric spaces. Then a mapping f of X into Y is called
an isometry if d;(x, y) = do(f(x), f(y)) for all x, y € X. If, in addition, f is
onto, then X and Y are said to be isometric.

5. Asubset A of ametric space X is called everywhere dense or dense in it if A=X:
i.e., every point of X is either a point or a limit point of A. This means that, given
any point x of X, there exists a sequence of points in A that converges to x.

6. Let (X, d) be an arbitrary metric space. A complete metric space (Y, d;) is called
a completion of (X, d) if

1. (X, d) is isometric to a subspace (W, dy) of (Y, d), and

2. the closure of W, W, is all of Y; thatis, W = Y (W is everywhere dense
inY).

3. Let X be a metric space. A real-valued function f : X — R is said to have
compact support if f(x) = 0 outside a compact subset of X. The closure of the
set {x/f (x) # 0} is called the support of f. It is denoted by supp f.

Theorem A.8 (Ascoli’s Theorem) If X is a compact metric space and C(X, R)
denotes the set of all real-valued continuous functions defined on X, then a closed
subspace of C (X, R) is compact if and only if it is uniformly bounded and equicon-
tinuous.

Note A.6 The theorem is also valid if R is replaced by the set of complex numbers
C.

Theorem A.9 (Completion Theorem) Every metric space has a completion and all
its completions are isometric.

Example A.2 1. Thesets R, C, R", c,m,tp,, L,, BV]a, b], ACla, b], co, Lipa,
which are defined in Appendix D, are metric spaces with respect to the metric
induced by the norm (see Sect. 1.2) defined on the respective spaces.

2. Let s be the set of all infinite sequences of real numbers. Then s is a metric space
with respect to the metric d, defined in the following manner:

o0

1o = Bil
d(x,y) = T —
P + | — Bil
where x = (), @2, ..., 0, ...)and (B1, B2, - .., B, . ..) belong to s.

3. Let K be the set of all nonempty compact subsets A, B of R"” and d(x, A) =
inf{d(x,a)/a € A}. Then K is a metric space with metric d;, where

1
di(A. B) = 3lsupd(a. B) + supd (b, A)]
acA eB

A metrizable space is a topological space X with the property that there exists at
least one metric on the set X whose class of generated open sets is precisely the given
topology.
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A.4 Notations and Definitions of Concrete Spaces

1. R, Z, N, Q, and C will denote, respectively, the set of real numbers, inte-
gers, positive integers, rational numbers, and complex numbers unless indicated
otherwise.

2. The coordinate plane is defined to be the set of all ordered pairs (x, y) of real
numbers. The notation for the coordinate plane is R x R or R? which reflects the
idea that it is the result of multiplying together two replicas of the real line R.

3. If z is a complex number, and if it has the standard form x + iy (x and y are
real numbers), then we can identify z with the ordered pair (x, y), and thus with
an element of R%. When the coordinate plane R2 is thought to be consisting of
complex numbers and is enriched by the algebraic structure indicated below, it is
called the complex plane and denoted by C. Let z; = a +ib and z, = ¢ + id
belong to C. Then

1. z; = zp if and only if @ = ¢ (real parts of z; and z, are equal) and b = d
(imaginary parts of z; and z, are equal).

a1t =(@xc)+i(bxd).

. 2122 = (ac — bd) + i(bc + ad).

Z1 __ ac+bd - bc—ad

i  2+d? +1 c2+d?

. The conjugate of a complex number z = a + ib is denoted by z or z* and is

equal to a — ib. The real part of z is given by Rez = “*. The imaginary part
=2

of z =55+

Rez = {z/Imaginary partof z =0} = {z/7 =z}
The properties of the conjugate of a complex number are listed below:
ntn=u+2

12 =721t+722
lz| = IZ] (A.])

and
z=01iffz=0

6. The absolute value of z or mod of z is denoted by |z| = (@ + b»)'/2, where
z =a +ib. C is called the space of complex numbers.

4. Letn be a fixed natural number. Then R, will denote the set of all ordered n-tuples
x = (x1, X2, ..., x,) of real numbers.

Note A.7 Note For a detailed discussion of spaces R?, C, and R,, one may see
Simmons [10, pp. 22, 23, 52-54 and 85-87].
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5. A sequence of real numbers is a real-valued function whose domain is the set of
natural numbers. A sequence {x, } of real numbers is called bounded if there exists
a real number k£ > 0 such that |x,| < k Vn. The set of all bounded sequences of
real numbers is usually denoted by m, and it is called the space of bounded real
sequences. Every bounded sequence of real numbers always contains a convergent
subsequence.

6. A sequence {x,} of real numbers is said to be convergent to x € R if for every
¢ > 0 there exists a positive integer N such that |x, — x| < &€ Vn > Njie., itis
convergent if [x, — x| — 0 as n — oo. The set of all convergent sequences in R
is denoted by ¢ and called the space of real convergent sequences. ¢y denotes the

subset of ¢ for which x = 0. c, denotes the space of all real sequences x = {x,}
oo o0

for which the series Y x, < oo i.e., the series ) _ x, is convergent.

n=1 1
Let x,, be a sequence. A real number M is called a superior bound of {x,} if
X, < M Vn. A real number L is called an inferior bound of {x,} if L < x, Vn.

The limit superior {x,} which we denote by 1im,,_, oox,, OF lim sup x, is defined
n— 00
as the greatest lower bound of the set of superior bounds of {x,}. The limit

inferior of {x,} which we denote by lim,_, . x, or lim inf x, is defined as the
n—0o0

least upper bound of the set of inferior bounds of {x,}. If x,, is convergent, then

lim x, =lim inf x, =lim sup x,.
n—00 n—00 s 00

The unit impulse signal §,, is defined by
8, =1lifn=0=0ifn#0,8; =1ifi #j (A.2)

This is known as the Kronecker delta

Note_A.S 1. For a bounded sequence, limx, and limx,, always exist.

2. lim,o0x, = sup{ lim x,,/{x,} subsequence of {x,} and lim, x, =
ng—>00
inf{ lim x,,/{x,,} subsequence of {x,}.
ng— 00
3. The set of all sequences x = {x, X2, ..., X,, ...} of real numbers such that

D xul? < oo forl < p < oo is denoted by £,. Sometimes {,, in the case
n=1
p = 2, is called the infinite-dimensional Euclidean space.

4. Fora,b € Randa < b, [a,b] ={x € R/a < x <b}(a,b) ={x € R/a <
x < b} and (a,b] = {x € R/a < x < b} are called, respectively, the closed,
open, semiclosed, and semiopen-interval of R. R is a metric space with the metric
d(x,y) = |x—y|, and therefore, a closed and bounded subset of R can be defined.
As a special case, a real-valued function f(x) on [a, b] is called bounded if there
exists areal number k such that | f(x)| < kVx € [a, b]. Itis said to be continuous
at xo € [a, b] if, for ¢ > 0, there exists § < 0 such that | f(x) — f(x9)| < ¢
whenever |x — xg| < §. It is called uniformly continuous on [a, b] if the choice
of does not depend on the point x0 in the definition of continuity. We can define
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a continuous function in a similar fashion on an arbitrary subset of R. C[a, b]
denotes the set of all continuous real functions defined on [a, b]. It is called the
space of continuous functions on [a, b]. Similarly, C(T"), where T C R, is called
the space of continuous functions on 7. If X is an arbitrary topological space,
then C(X) is called the space of continuous real functions on the topological
space X.

5. p(x) = ap + ayx + --- + a,x, for x € [a,b], where ay, ay, ..., a, are real
numbers, is called a polynomial of degree n. It is a continuous real function.
Pla, b] denotes the set of all polynomials over [a, b]. P,[a, b] denotes the set of
all polynomials of degree less than or equal to n over [a, b]. C,[0, 7] denotes the
set of all functions on [0, 7r] of the form

f(x) =bycosx + bycos2x + --- + b, cosnx

6. Let f(x) be areal-valued function defined on [a, b]. The limits

Py tim T @
Yy—>X,y<x y—x
and
e tim TO @
y—>X,y>X y—X

are called left and right derivatives, respectively. The function f is said to be
differentiable if the right and left derivatives at x exist and their values are equal.
This value is called the first derivative of f at x and is denoted by f’ or f! or
f or %. If the first derivative exists at every point of [a, b], then it is said to be
differentiable over [a, b]. If the first derivative of f is also differentiable, then
f is called twice differentiable. In general, the nth derivative of the function f
is the derivative of the (n — 1)th derivative. f is called n times differentiable
over [a, b] if nth derivative exists at every point of [a, b]. C ™[a, b] denotes the
set of all functions which have continuous derivatives up to and including the
n-th order over [a, b]. [The derivatives of all orders on [a, b], are called infinitely
differentiable.] C*°[a, b] denotes the class of all infinitely differentiable functions
over [a, b].

7. Let f(x) be a real-valued function defined on [a, b]. Let P : a = xo < x1 <
X < --- < x, = b be a partition of [a, b], 1()sup variation of f(x) over [a, b].
f(x) is called a function of bounded variation on [a, b] if VZ (x) < 00. BV]a, b]
denotes the space of all functions of bounded variation over [a, b].

8. Areal function f(x) defined on [a, b] is called absolutely continuous on [a, b] if,
for ¢ > 0, there exists a § > 0 such that for any collection {(a;, b;)} of disjoint
open subintervals of [a, b],  holds whenever Y (b; —a;) < §. AC[a, b] denotes

—00

the class of all absolutely continuous functions on [a, b].
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9. A real function f(x) defined on [a, b] is said to satisfy a Holder condition of
exponent a over [a, b] or to be Holder continuous or Lipschitz class if

NGRS

x,y€la,b] |)C - )’|°‘

The class of Holder continuous functions or Lipschitz class on [a, b] is denoted
by Cyla, b] or Lipyla, b].

10. We write f(x) = O(g(x)) if there exists a constant K > 0 such that
Lo < Kf(x) = 0(g(x)) if L5 — 0

These relationships are valid when x — oo, for x — —o0 or x — x¢, where xg
is some fixed number. If b, > 0, n =0,1,2, ... and ;}’— — 0 asn — oo, then
n

we write a, = o(b,). If % is bounded, then we write a,, = O (b,).

Remark A.2 1. Every function of the Lipschitzian class over [a, b] belongs to
ACla, b].

2. ACla, b] C Cla,b].

3. ACla,b] C BV]a,Db].

4. All continuous differentiable functions over [a, b] are absolutely continuously
over [a, b].

Theorem A.10 /. (Generalized Heine—Borel Theorem) Every closed and bounded
subset of R" is compact.

2. (Bolzano—Weierstrass Theorem) Every bounded sequence of real numbers has at
least one limit point.

Theorem A.11 Let f(x,t) be continuous and have a continuous derivative 2—£ in

a domain of the xt-plane which includes the rectangle a < x < b, t; <t < t). In
addition, let o (t) and B(t) be defined and have continuous derivatives fort; <t < tp.
Thenfort; <t <t

d B(@)

7 / fx,ndx = fIB(0), t1B'(t) — fla(r), tla' (1)

a(r)
B

a
+ / a—{(x,t)dx
a(t)

Inequalities

Theorem A.12 Let a and b be any real or complex numbers. Then

ja+bl _lal I
T=la+bl = T+lal " 1+ |
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Theorem A.13 . Holder’s inequality for sequences: If p > 1 and q is defined by
% + é =1, then

n n 1/p n 1/q
> vl < [Z |x,-|"} [Z m—r*}
i=1 i=1 i=1

for any complex numbers X1, X2, ..., Xuy Y1, Y2y -+« vy Yu-
2. Holder’s inequality for integrals: Let f(t) € L, and g(t) € L,. Then

1/q

b b e /o
/lf(l)g(f)ldli /|f(t)|”dt /lg(t)lqdl

where p and q are related by the relation % + é =1

Theorem A.14 . Minkowski’s inequality for sequences: If p > 1, then

n 1/p n 1/p n 1/p
[Z Jx; +y,»|”} < [Z |xi|P} + [Z |y,-|"}
i=1 i=1 i=1

for any complex numbers X1, X2, ..., Xuy Y1, Y2y -+ s Yu-
2. Minkowski’s inequality for integrals: Let f(t) € L, and g(t) € L,.Then

1/p b 1/p

b
/If(t)+g(t)|"dt = /If(t)ldt

+ /Ig(t)|”dt forp>1 (A3)

Lebesgue Integration

1. A o-algebra ‘P on an abstract set §2 is a collection of subsets of £2 which contains
the null set ¢ and is closed under countable set operations. A measurable space is
a couple (£2, 3) where £2 is an abstract set and *J3 a o - algebra of subsets of £2.
A subset A of §2 is measurable if A € 3. A measure 1 on a measurable space
(£2,°B) is a nonnegative set function defined on 3 with the properties: u(¢) = 0,

o0 o0
= (U E,-) = Y w(E;) where E; are disjoint sets in 9. The triple (£2, B, )
i=1 i=1
is called a measure space. If X is a normed space, (X, 3) is a measurable space
if %P is the smallest o-algebra containing all open subsets of X. 3 is called the
Borel algebra and sets in 3 are called Borel sets.
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2.

Let £2 be a set of infinitely many points, and 3 the class of all subsets of §2. Then
(£2,B) is a measurable space and a measure on (§2, 1) is defined by n(E) =
the number of points in E if E is finite and (E) = oo otherwise. Consider the
length function A on the following class of subsets of R

oo
E={E/E = U C;, C; aredisjoint half intervals(a;, b;]

i=1

Then
(o]
ME) =Y |b; —ajl
i=1

The smallest o -algebra containing & is the algebra of Borel sets, 3 of R. A may
be extended to the measurable space (R, J3) as follows

A(A) = UiIIgA > A

where [, is a countable collection of intervals covering A. So (R, 3, 1) is a
measure space. In fact, A is a measure on a larger o -algebra, called the class of
Lebesgue measurable sets £. So (R, £, 1) is a measure space, and A is called
the Lebesgue measure. Not all subsets of R are Lebesgue measurable but most
reasonable sets are, e.g., all sets which are countable, are unions or intersections
of open sets.

. Let E; be subsets of §2, then the characteristic function of E; is defined as

xe W) = Lif we E
=0ifW€Ei

A function f : £ — R|Joo is called a simple function if there are nonzero
constants ¢; and disjoint measurable sets E; with u(E;) < oo such that

fov) =" cixe,w)
i=1

The integral of a simple function f is defined as

/ fdu=7 ¢ (Ad)
E i=1
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for any E € ‘P. If u is a nonnegative measurable function on (£2, B, u), then
ulw) = lirn u,(w)VYw € £2,for some sequence {u, } of monotonically increasing

nonnegatlve 51mple functions. We define f udp = lim f updin VE € P . A

measurable function f on (£2, B, n) is 1ntegrable on E e Pif fd < oo. If
in particular we consider the Lebesgue measure space (R, £, 1), then we get a

Lebesgue integral, and in such a case we write f fdtor [ fdi.

[a,b]
L,[a, b] is defined as

Ly(a,b) ={f :[a,b] = R Lebesguemeasurable/f | £ (1)]2dt < oo}
For p > 1
L,(a,b) ={f Lebesguemeasurable on [a, b] into R// |f(0)2dt < o0}

Theorem A.15 (Lebesgue’s Dominated Convergence Theorem)

1. If the sequence { fy} € Li(a,b) has the property that klim fx is finite a.e., on
—00

(a, b] and if | fi| < h for some nonnegative function h € Li(a, b] and for all
k > 1, then klim fr € Li(a, b) and
—00

b

b
/ lim fidx = lim / frdx
k—o00 k— 00

a

o0
2. If the sequence {gi} € Li(a,b) has the property that ) g, converges a.e. on
k=1

(a,b) and if | Y_ gk| < h for some nonnegative function h € Li(a, b) and all

o0
n>1,then Yy gr € Li(a,b) and

k=1
b b
/(Hm gk> dx = lim /gkdx
k—00 k—00

a

Theorem A.16 [. Beppo Levi’s Theorem: If the sequence {g;} € Li(a, b) has the
property that
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o b
Z/|gk|dx < 00
k=17,

o0
then Y g converges a.e. on (a, b) to an integrable function and

=1
b o b

/(Z&) dx = Z/gkdx
k=1 k=1

a

2. Fatou’s Lemma: If { f,,} is a sequence of nonnegative measurable functions and
fa(x) = f(x) everywhere on a set E, then

Ef fdx <lim E/ fudx

3. Monotone Convergence Theorem: If f1(x), fo(x), ..., fu(x)...isasequence of
nonnegative functions such that

fi) = o(x) = filx) =--- < fulx) ...

and lim f,(x) = f(x) on a set E, then
n—o0

lim /fn(x)dxsz(x)dx
E E

Theorem A.17 (Fubini’s Theorem)

1. If f(x,y) is integrable in the rectangle Qla < x < b,c <y < d], then for all
x € [a, b] except a set of measure zero, the function f(x,y) is integrable with
respectto y in [c, d], and forall y € [c, d] except a set of measure space f(x,y)
is integrable with respect to x in [a, b], the following equality holds

b d d b
//f(m)dxdy=/dxff(x,wdy:/dy/f(x,wdx
E a c c a

2. If f is Lebesgue measurable in R?, say a continuous function except at finite

number of points such that
[c ol o)
/ / J(x,y)dxdy

—00 —00
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and

f / Fx, vdyde

—00 —OQ0
exist and one of them is absolutely convergent, then the two are equal.

Integral Equations

Equations of the type:
b
1. o(x) = [ K(x,t) f()dt

b
2. f(x) = [K(x,t) f(t)dt + ¢(x)

are called, respectively, Fredholm equations of the first kind and the second kind.
Surface Integral

Suppose f(x,y, z) is a function of three variables, continuous at all points on a
surface Y. Suppose I" is the graph of z = S(x, y) for (x, y) in a set D in the xy
plane. It is assumed that I” is smooth and that D is bounded. The surface integral of
f over a surface I" denoted by f f dI' and is defined by

r

/fdr=//f<x,y,z>dr=//f<x,y,s<x,y)>ds
r r D

where

aS\*  [3S\?
dS=.14+|(—) +|=— ) dxdy
ox ay

L, (€) denotes the space of functions f for which f | f1?dT exists.
r

A.5 Vector Spaces

A vector space or a linear space X over a field K consists of a set X, a mapping
(x,¥) > x +yof X x X into X, and a mapping (&, x) — ax of K x X into X,
suchthat()x+y=y+x2Q)x+ (O +z2)=x+y)+zB3)I0 € X withx4+0=x
forall x € X (4) foreach x € X3x' € X withx +x' =0 (5) (¢ + B)x = ax + Bx
G)ax+y) =ax +ay (7)) (¢f)x = B(ax) (8) 1x = x. Asubset Y C X is called
a vector subspace or simply a subspace of X if it is itself a vector space with the
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same operations as for X. A subset Y C X is subspace of X if and only if for every
Xx1,Xxp € Yand e, B € K, ax; + Bxy € K. A subspace of a vector space X different
from {0} and X is called a proper subspace. If K = R, a vector space X over R is
called the real vector space. If K = C, a vector space over C is called the complex
vector space. Let S be any subset of X. Then the subspace generated by S or spanned

by S, which we denote by [S], is the intersection of all subspaces of X containing S.

It can be shown that [S] is the set of all linear combinations Y a;x; of finite sets in
i=1

S. Let § = {x1,x2,...,x,} be a finite nonempty subset of a vector space X. Then

S is called linearly dependent if there exist scalars «;, i = 1,2, ..., n such that

> aijx; = 0 does not imply that all /s are zero. If S is not linearly dependent, i.e.,
i=1

n

> a;x; = Oimplies thatall o;, i = 1,2, ..., n, are zero, then it is said to be linearly
i=1

independent. An arbitrary nonempty subset S is called linearly independent if its
every finite nonempty subset is linearly independent. It can be seen that a subset S of
a vector space X is linearly independent if and only if each vector in [S] is uniquely
expressible as a linear combination of the vectors in S. A subset S of a vector space X
of linearly independent elements is called a Hamel basis or algebraic basis or basis
in X if [S] = X. A vector space X may have many Hamel bases but all have the
same cardinal number. This cardinal number is called the dimension of X. X is called
finite-dimensional if its dimension is O or a positive integer and infinite-dimensional
otherwise.

R" is a vector space of dimension n while C[a, b] is a vector space of infinite
dimensions. Let Y be a subspace of a vector space X. We say that x,y € X are
in relation denoted by x ~ y, if x —y € Y. This is an equivalence relation. This
equivalence relation induces equivalence classes of X which are called cosets. If the
coset of an element x in X is defined by x + Y = {x + y/y € Y}, then the distinct
cosets form a partition of X. If addition and scalar multiplication are defined by

x+Y)+G@+Y)=x+2)+7Y)
ax+Y)=ax+Y

then these cosets constitute a vector space denoted by X /Y and are called the quotient
or factor space of X with respect to Y. The origin in X/Y is the coset0+ Y =Y,
and the negative inverse of x + Y is (—x) + Y.
A mapping T defined on a vector space X into a vector space Y is called linear if
Tx+y)=Tx)+T(y)T(ax) =aT (x) where a is a scalar  (A.S)

The set of all linear mappings defined on X into R is called the algebraic dual of X.

Let M and N be subspaces of a vector space X. We say that X is the direct sum
of M and N and write X = M @ N if every z € X can be written uniquely in the
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form z = x + y with x € M and y € N. The mapping P, defined on X into itself
by the relation P(z) = x, is called an algebraic projection or projection on M along
N. A linear mapping P of X into itself is a projection if and only if

P* = P[P(P(x)) = P(x) ¥x € X]

A vector space X over the field K (= R or C) equipped with a topology is called a
topological vector space if the mappings

I. XxX—> X:(x,y)—> x+y,and

2. KxX — X :(a,x) = axiscontinuous. If M and N are subspaces of a vector
space X, then M @ N is a subspace of X. C, £, P,[a, bl, BV|a, b], Ly(a, b),
and ACla, b] are examples of a vector space, where operations of addition and
scalar multiplication are defined in a manner indicated below.

In the space of real-valued continuous functions defined on [a, b], Cla, b], the
operations of addition and scalar multiplications are defined as follows:

L (f+8x) =f(x)+gx)Vxe€la,b]
2. (af)(x) =af(x) VY x € [a, b], « real scalar.

The operations of addition and scalar multiplication in L,(a, b), which is essen-
tially the space of continuous functions on [a, b] having possible finite number of
discontinuities, are defined in a similar way.

These operations are defined similarly in P,[a, b], BV [a, b], and AC|a, b]. In p
and other spaces of sequences, the operations of addition and scalar multiplication
are defined as follows: Let

X = (X1, %2, X3, .o, Xny o)y, Y=(V1,Y2, Y35 - o5 Vs -..) € 4o
x+y=0@+yLx2+y2,x3+¥, ... X+ Vu, .. )

ax = (oxy, AX2, AX3, ...,0X,,...), ¢ is a scalar

A.6 Fourier Analysis

Let f(¢) be a periodic function with period 7 and Lebesgue integrable continuous
functions having at most finite discontinuities over (—7/2, T /2). Then the Fourier
series of f(¢) is the trigonometric series

2wk
_AO + Z <Ak coS —x + By sin %x)
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where

A

Ao

and we write it as

1 = 2k 2k
f~ §A0+Z(Akcos%x+3ksin%x

Here we take

k=1

k
W= —, k=0,1,2,3
T

2wkt
/f(t)sin ”T di, k=1,2,3...

541

(A.6)

(A7)

Very often, we choose T = 27. Ay and By are called cosine Fourier coefficient and
sine Fourier coefficient, respectively. The set of triplex (Ay, By, wy) where Ay, By, wy
are given by Equations (F.2), (F.3), and (F.6), respectively, is called the Fourier

series frequency content.

The complex form of the Fourier series of f(x) is

where

o0
§ : CneZmnt/T

k=—00
A, +iB,
Cn = T n>0
2
Co = Ao
An an 0
= n>
=n 2
n
w,=—,n=-2,—1,0,1,2
T
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Let
T =2mand S,(f)(x) = Y Cre™
k=—n
1 . .
= EAO + Z(A,, coskx + By sinkx)
k=1
be the nth partial sum of the Fourier series of f. Then
1 T
Sp(f)(x) = ;/f(x — 1) D, (t)dt
0
| 2
= —/f(z)Dn(x —t)dt
T
0
where
sin (n + )
D, — kx =
x) = + Z coskx = 25int
is the “Dirichlet kernel,” and
S S Sy
oy 2 SISO+ 8 /f(x_t)K (i
n+1
where
. n+1
Koy = @A D+ D) L sin ("5) @)

n+1 T n41 ZSinz(%C)

is called the “Fejer kernel.”
Theorem A.18 (Bessel’s Inequality)

[ee]

2 2
Z |Cr]™ < ||f||L2(0,27T)

k=—00

or

1 00
ZA(Z) + Z(Ai —+ B,%) < ||f||%2(0,2n)

n=1

Appendix

(A.8)

(A9)

(A.10)

(A.11)
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This also means that { Ay} and { By} are elements of {5.

Theorem A.19 (Riesz-Fisher Theorem) Let {C;} € €, . Then there exists f €
Ly(—m, ) such that {Cy} is the kth Fourier coefficient of f. Furthermore

o0
2 2
Do IGP <A

k=—00

For {Ay}, {Bk} belonging to €,, there exists f € L,(0,2m) such that Ay, By are,
respectively, kth cosine and sine Fourier coefficients of f. Furthermore

T
l o0
SAG+ D (AL + BY) = / |f ar
n=1 T

Theorem A.20 Letf € Ly(—m, ), then
lim || f = Sy fllLy(-2m) =0
n—00

Theorem A.21 Let f € C[0, 2] such that

2

/ YD oo wifin = sup | f (v 1) = ()

8

Then the Fourier series of f converges uniformly to f ; that is
lim |[f = S fllLo-mm) =0
n—o0o

Ifw(f, n) = 0(n%), then the condition of the theorem holds.

Theorem A.22 If f is a function of bounded variation, then

+_ —
sy LI g

where

f@) = lim f (x4 h)
far) = lim f(x = h)

exists at every x, a < x < b.
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o0
Theorem A.23 Let f € Li(R), then the series Y (00)f(x + 2mk) converges

k=—o00
almost everywhere to a function 1.(x) € L(0, 21r). Moreover, the Fourier coefficients
cx of A(x) are given by ¢ = %f(k)
The Fourier Transform

Definition A.15 (Fourier transform in L1(R)) Let f € L(R). Then the function f
defined by

fw) = Y f(x)dx

o0
=
— | e

2
—00
is called the Fourier transform of f. Very often, .7 { f (x)} is used as the notation for

the Fourier transform instead of f .
It can be verified that

2 2 1 2
(e—x ) — y{e—x } — ¥ /4
! 7
Theorem A.24 Let f,g € L1(R) anda, B € C. Then

Faf +Bg) = aF(f) + BF(g)
Theorem A.25 The Fourier transform of an integrable function is a continuous
function.

Theorem A.26 If fi, f>, ..., fu,eLi(R) and || f, — fllo, = 0 asn — oo, then
fn — f uniformly on R.

Theorem A.27 (Riemann-Lebesgue Theorem) If f € L(R), then
lim |f(w)| =0
|lw|—o00

Theorem A.28 Let f € Li(R). Then

1. Fle f(x)} = fA(w — ) (translation)
2. F{f(x —w)} = f(w)e ™ (shifting)
3. F{fe)y=1f (%), a > 0(scaling)

4. F(f(0) = F(f(—x)) (conjugate)

Example A.3 1If f(x) = ei”"_"z/z, then f(w) = e~ W-w)?/2,

Theorem A.29 If f is a continuous piecewise differentiable function, f, f' €
Li(R), and im lim |y, 71y f(x) = 0, then

T =iwZ (f)
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Corollary .1 If f is a continuous function, n-time piecewise differentiable, and
i f's ..., f™ e Li(R), and

lim f(k)(x)=0f0rk=0,...,n—l

|x]—o00

then
F{f ") = (iw)"Z(f)

Definition A.16 Let f, g € L;(R) then the convolution of f and g is denoted by
f * g and is defined by

1 o0
F=(f*8)x) = N / S —u)g(u)du

Theorem A.30 For f,g € L{(R), Z(f xg) = F(f)F(g) holds.

Theorem A.31 Let f be a continuous function on R vanishing outside a bounded
interval. Then f € Ly(R) and

WS Loy = S lLacr)

Definition A.17 (Fourier transform in L,(R)) Let f € L,(R) and {¢,} be a
sequence of continuous functions with compact support convergent to f in L,(R);
that is,

[lf — @nllL,ry = 0. The Fourier transform of f is defined by

f = lim ¢,

n—0o0

where the limit is with respect to the norm in L, (R).
Theorem A.32 If f € L,(R), then

1. (f.8)r, = (f. &)L, (Parseval’s formula)
2. I fll, = I flL, (Plancherel formula)

In physical problems, the quantity || f||., is a measure of energy while ||]3||L2 rep-
resents the power spectrum of f.

Theorem A.33 [. Let f € Ly(R). Then

f(w) = lim \/L_ M F(x)dx
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2. If f, g € Ly(R), then
/ F(x)g(x)dx = / f0)g()dx

Theorem A.34 (Inversion of the Fourier transform in L,(R)) Let f € Ly(R). Then

fx)= nlLII;O \/%_ﬂ_/ e f(w)dw

where the convergence is with respect to the norm in Ly(R).

Corollary A.2 [. If f € L1(R) N Ly(R), then the equality

1

f(X)ZE

[e.¢]

f M f(w)ydw
—00
holds almost everywhere in R.

2. F(F(f(x))) = f(—x) almost everywhere in R.

Theorem A.35 (Plancherel’s Theorem) For every f € Ly(R), there exists f €
L (R) such that:

1. If f € Li(R) N Ly(R), then f(w) = \/427 7) e f(x)dx

2. Hf(w)—\/%—nfeiwxf(x)dx —0asn — oo
e L

3. Hf(x)—\/;z—ﬂfe"wxf(w)dw — 0asn — o0
2 L

4113, = 1F113,
5. The map f — f is an isometry of Ly(R) onto L,(R).

Theorem A.36 The Fourier transform is a unitary operator on L;(R).

Example A4 1. If f(x) = (1 — xz)e’xz/2 = Second derivative of a Gaussian
function, then

f(w) — er—w2/2
2. If the Shannon function is defined by

sin2mwx — sinmwx

J)=——7""—"" (A.12)

X
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then

A 1
= —ifm<|w <27
f ﬁf

= 0 otherwise
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M

Maximal, 94

Method of Trefftz, 300
Metric, 1

Metric Space, 1

N

Navier—Stokes Equation, 270
Non-conformal finite method, 280
Nonlinear boundary value problems, 249
Norm, 20

Normal, 112

Normed space, 15

Null spaces, 26
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Open mapping, 170
Operator, 25
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Orthogonal complement, 80
Orthogonal projection, 83
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Parseval formula., 98

Picard’s Theorem, 12

Poincaré inequality, 209

Poisson’s equation, 250

Polak-Reeves Conjugate Gradient Algo-
rithm, 245

Polak-Ribiére Conjugate Gradient Algo-
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Positive, 124

Positive operator, 112

Projection, 86

Pythagorean theorem, 82

Q
Quadratic functional, 233
Quadratic Programming, 231

R

Range, 26

Rayleigh-Ritz-Galerkin method, 266, 281
Regular distribution, 196

Rellich’s Lemma, 225

Resolvent, 68

Riesz representation theorem, 101

S

Schrodinger equation, 272
Schwartz distribution, 194
Self-adjoint operator, 112
Separable, 21

Sesquilinear functional, 123
Signorini problem, 311
Singular value decomposition, 370
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Space of finite energy, 74
Space of operators, 43
Spectral radius, 68

Stiffness matrix, 280
Stokes problem, 270
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Taylor’s formula, 183
Telegrapher’s equation, 271
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Unbounded operator, 26

Uniquely approximation-solvable, 263
Unitary, 112
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W

Wave equation, 252

Wavelet, 399, 400

Wavelet admissibility condition, 401
Wavelet coefficients, 413
Wavelet filter, 435

Wavelet packet, 400

Wavelet series, 413

Weak convergence, 175
Weak* convergence, 161
Weakly convergent, 158
Weak topology, 157
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