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Preface

Functional analysis was invented and developed in the twentieth century. Besides
being an area of independent mathematical interest, it provides many fundamental
notions essential for modeling, analysis, numerical approximation, and computer
simulation processes of real-world problems. As science and technology are
increasingly refined and interconnected, the demand for advanced mathematics
beyond the basic vector algebra and differential and integral calculus has greatly
increased. There is no dispute on the relevance of functional analysis; however,
there have been differences of opinion among experts about the level and
methodology of teaching functional analysis. In the recent past, its applied nature
has been gaining ground.

The main objective of this book is to present all those results of functional
analysis, which have been frequently applied in emerging areas of science and
technology.

Functional analysis provides basic tools and foundation for areas of vital
importance such as optimization, boundary value problems, modeling real-world
phenomena, finite and boundary element methods, variational equations and
inequalities, inverse problems, and wavelet and Gabor analysis. Wavelets, formally
invented in the mid-eighties, have found significant applications in image pro-
cessing and partial differential equations. Gabor analysis was introduced in 1946,
gaining popularity since the last decade among the signal processing community
and mathematicians.

The book comprises 15 chapters, an appendix, and a comprehensive updated
bibliography. Chapter 1 is devoted to basic results of metric spaces, especially an
important fixed-point theorem called the Banach contraction mapping theorem, and
its applications to matrix, integral, and differential equations. Chapter 2 deals with
basic definitions and examples related to Banach spaces and operators defined on
such spaces. A sufficient number of examples are presented to make the ideas clear.
Algebras of operators and properties of convex functionals are discussed. Hilbert
space, an infinite-dimensional analogue of Euclidean space of finite dimension, is
introduced and discussed in detail in Chap. 3. In addition, important results such as
projection theorem, Riesz representation theorem, properties of self-adjoint,
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positive, normal, and unitary operators, relationship between bounded linear
operator and bounded bilinear form, and Lax–Milgram lemma dealing with the
existence of solutions of abstract variational problems are presented. Applications
and generalizations of the Lax–Milgram lemma are discussed in Chaps. 7 and 8.
Chapter 4 is devoted to the Hahn–Banach theorem, Banach–Alaoglu theorem,
uniform boundedness principle, open mapping, and closed graph theorems along
with the concept of weak convergence and weak topologies. Chapter 5 provides an
extension of finite-dimensional classical calculus to infinite-dimensional spaces,
which is essential to understand and interpret various current developments of
science and technology. More precisely, derivatives in the sense of Gâteau, Fréchet,
Clarke (subgradient), and Schwartz (distributional derivative) along with Sobolev
spaces are the main themes of this chapter. Fundamental results concerning exis-
tence and uniqueness of solutions and algorithm for finding solutions of opti-
mization problems are described in Chap. 6. Variational formulation and existence
of solutions of boundary value problems representing physical phenomena are
described in Chap. 7. Galerkin and Ritz approximation methods are also included.
Finite element and boundary element methods are introduced and several theorems
concerning error estimation and convergence are proved in Chap. 8. Chapter 9 is
devoted to variational inequalities. A comprehensive account of this elegant
mathematical model in terms of operators is given. Apart from existence and
uniqueness of solutions, error estimation and finite element methods for approxi-
mate solutions and parallel algorithms are discussed. The chapter is mainly based
on the work of one of its inventors, J. L. Lions, and his co-workers and research
students. Activities at the Stampacchia School of Mathematics, Erice, Italy, are
providing impetus to researchers in this field. Chapter 10 is devoted to rudiments of
spectral theory with applications to inverse problems. We present frame and basis
theory in Hilbert spaces in Chap. 11. Chapter 12 deals with wavelets. Broadly,
wavelet analysis is a refinement of Fourier analysis and has attracted the attention of
researchers in mathematics, physics, and engineering alike. Replacement of the
classical Fourier methods, wherever they have been applied, by emerging wavelet
methods has resulted in drastic improvements. In this chapter, a detailed account of
this exciting theory is presented. Chapter 13 presents an introduction to applications
of wavelet methods to partial differential equations and image processing. These are
emerging areas of current interest. There is still a wide scope for further research.
Models and algorithms for removal of an unwanted component (noise) of a signal
are discussed in detail. Error estimation of a given image with its wavelet repre-
sentation in the Besov norm is given. Wavelet frames are comparatively a new
addition to wavelet theory. We discuss their basic properties in Chap. 14. Dennis
Gabor, Nobel Laureate of Physics (1971), introduced windowed Fourier analysis,
now called Gabor analysis, in 1946. Fundamental concepts of this analysis with
certain applications are presented in Chap. 15.

In appendix, we present a resume of the results of topology, real analysis,
calculus, and Fourier analysis which we often use in this book. Chapters 9, 12, 13,
and 15 contain recent results opening up avenues for further work.
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The book is self-contained and provides examples, updated references, and
applications in diverse fields. Several problems are thought-provoking, and many
lead to new results and applications. The book is intended to be a textbook for
graduate or senior undergraduate students in mathematics. It could also be used for
an advance course in system engineering, electrical engineering, computer engi-
neering, and management sciences. The proofs of theorems and other items marked
with an asterisk may be omitted for a senior undergraduate course or a course in
other disciplines. Those who are mainly interested in applications of wavelets and
Gabor system may study Chaps. 2, 3, and 11 to 15. Readers interested in variational
inequalities and its applications may pursue Chaps. 3, 8, and 9. In brief, this book is
a handy manual of contemporary analytic and numerical methods in
infinite-dimensional spaces, particularly Hilbert spaces.

I have used a major part of the material presented in the book while teaching at
various universities of the world. I have also incorporated in this book the ideas that
emerged after discussion with some senior mathematicians including Prof. M. Z.
Nashed, Central Florida University; Prof. P. L. Butzer, Aachen Technical
University; Prof. Jochim Zowe and Prof. Michael Kovara, Erlangen University; and
Prof. Martin Brokate, Technical University, Munich.

I take this opportunity to thank Prof. P. Manchanda, Chairperson, Department of
Mathematics, Guru Nanak Dev University, Amritsar, India; Prof. Rashmi
Bhardwaj, Chairperson, Non-linear Dynamics Research Lab, Guru Gobind Singh
Indraprastha University, Delhi, India; and Prof. Q. H. Ansari, AMU/KFUPM, for
their valuable suggestions in editing the manuscript. I also express my sincere
thanks to Prof. M. Al-Gebeily, Prof. S. Messaoudi, Prof. K. M. Furati, and
Prof. A. R. Khan for reading carefully different parts of the book.

Greater Noida, India Abul Hasan Siddiqi
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Chapter 1
Banach Contraction Fixed Point
Theorem

Abstract The main goal of this chapter is to introduce notion of distance between
two points in an abstract set. This concept was studied by M. Fréchet and it is known
as metric space. Existence of a fixed point of a mapping on a complete metric space
into itself was proved by S. Banach around 1920. Application of this theorem for
existence of matrix, differential and integral equations is presented in this chapter.

Keywords Metric space · Complete metric space · Fixed point · Contraction
mapping · Hausdorff metric

1.1 Objective

The prime goal of this chapter is to discuss the existence and uniqueness of a fixed
point of a special type of mapping defined on a metric space into itself, called con-
traction mapping along with applications.

1.2 Contraction Fixed Point Theorem by Stefan Banach

Definition 1.1 Let

d(·, ·) : X × X → R

be a real-valued function on X × X , where X is a nonempty set. d(·, ·) is called a
metric and (X, d) is called ametric space if d(·, ·) satisfies the following conditions:
1. d(x, y) ≥ 0 ∀ x, y ∈ X , d(x, y) = 0 if and only if x = y.
2. d(x, y) = d(y, x) for all x, y ∈ X ,
3. d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X .

Remark 1.1 d(x, y) is also known as the distance between x and y belonging to X.
It is a generalization of the distance between two points on real line.
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2 1 Banach Contraction Fixed Point Theorem

It may be noted that positivity condition:

d(x, y) ≥ 0 ∀ x, y ∈ X

follows from second part of condition (i). d(x, y) ≤ d(x, z) + d(z, y) by (i i i).
Choosing x = y, we get:

d(x, x) ≤ d(x, z) + d(z, x) or 0 ≤ 2d(x, z) for x, z ∈ X
because
d(x, x) = 0 and d(x, z) = d(z, x).
Hence for all x, z ∈ X , d(x, z) ≥ 0, namely positivity.

Remark 1.2 A subset Y of a metric space (X, d) is itself a metric space. (Y, d) is a
metric space if Y ⊆ X and

d1(x, y) = d(x, y) ∀ x, y ∈ Y

Examples of Metric Spaces

Example 1.1 Let

d(·, ·) : R × R → R (1.1)

be defined by

d(x, y) = |x − y| ∀ x, y ∈ R.

Then d(·, ·) is a metric on R (distance between two points of R) and (R, d) is a metric
space.

Example 1.2 Let R2 denote the Euclidean space of dimension 2. Define a func-
tion d(·, ·) on R2 as follows: d(x, y) = ((u1 − u2)2 + (v1 − v2)2)1/2, where
x = (u1, u2), y = (v1, v2).

d(·, ·) is a metric on R2 and (R2, d) is a metric space,

Example 1.3 Let Rn denote the vector space of dimension n. For u = (u1, u2, . . . ,
un) ∈ Rn and v = (v1, v2, . . . , vn) ∈ Rn . Define d(·, ·) as follows:
(a) d(u, v) = (

n∑

k=1
|uk − vk |2)1/2.

(Rn, d) is a metric space.

Example 1.4 For a number p satisfying 1 ≤ p < ∞, let �p denote the space of

infinite sequences u = (u1, u2, . . . , un, ..) such that the series
∞∑

k=1
|uk |p is convergent.

(�p, d(·, ·)) is a metric space, where d(·, ·) is defined by
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d(u, v) =
( ∞∑

k=1

|uk − vk |p
)1/p

,

u = (u1, u2, . . . , uk, ..), v = (v1, v2, . . . , vk, ..) ∈ �p.
d(·, ·) is distance between elements of �p.

Example 1.5 Suppose C[a, b] represents the set of all real continuous functions
defined on closed interval [a, b]. Let d(·, ·) be a function defined onC[a, b]×C[a, b]
by:

(a) d( f, g) = sup
a≤x≤b

| f (x) − g(x)|,∀ f, g ∈ C[a, b]

(b) d( f, g) =
(

b∫

a
| f (x) − g(x)|2dx

)1/2

, ∀ f, g ∈ C[a, b].

(C[a, b], d(·, ·)) is a metric space with respect to metrices given in (a) and (b).

Example 1.6 Suppose L2[a, b] denote the set of all integrable functions f defined

on [a, b] such that b
lim
a

| f |2 dx is finite. Then, (L2[a, b], d(·, ·)) is a metric space if

d( f, g) = (

b∫

a

| f (x) − g(x)|2dx)1/2, f, g ∈ L2[a, b]

d(·, ·) is a metric on L2[a, b].
Definition 1.2 Let {un} be a sequence of points in a metric space (X, d) which is
called a Cauchy sequence if for every ε > 0, there is an integer N such that

d(um, un) < ε ∀ n,m > N .

It may be recalled that a sequence in ametric space is a function having domain as the
set of natural numbers and the range as a subset of the metric space. The definition
of Cauchy sequence means that the distance between two points un and um is very
small when n and m are very large.

Definition 1.3 Let {un} be a sequence in ametric space (X, d). It is called convergent
with limit u in X if, for ε > 0, there exists a natural number N having property

d(un, u) < ε ∀ n > N

If {un} converges to u, that is, {un} → u as n → ∞, then we write, lim
n→∞ un = u.

Definition 1.4 Let every Cauchy sequence in a metric space (X, d) is convergent.
Then (X, d) is called a complete metric space.
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Complete Metric Spaces

Example 1.7 (a) Spaces R, R2, Rn, �p,C[a, b]withmetric (a) of Example 1.5 and
L2[a, b] are examples of complete metric spaces.

(b) (0, 1] is not a complete metric space.
(c) C[a, b] with integral metric is not a complete metric space.
(d) The set of rational numbers is not a complete metric space.
(e) C[a, b] with (b) of Example1.5 is not complete metric space.

Definition 1.5 (a) A subset M of a metric space (X, d) is said to be bounded if
there exists a positive constant k such that d(u, v) ≤ k for all u, v belonging to
M.

(b) A subset M of a metric space (X, d) is closed if every convergent sequence {un}
in M is convergent in M .

(c) If every bounded sequence M ⊂ (X, d) has a convergent subsequence then the
subset M is called compact.

(d) Let T : (X, d) → (Y, d). T is called continuous if un → u implies that T (un) →
Tu; that is, d(un, u) → 0 as n → ∞ implies that d(T (un), Tu) → 0.

Remark 1.3 1. It may be noted that every bounded and closed subset of (Rn, d) is
a compact subset.

2. Itmaybeobserved that each closed subset of a completemetric space is complete.
As we see above, a metric is a distance between two points. We introduce now

the concept of distance between the subsets of a set, for example, distance between
a line and a circle in R2. This is called Hausdorff metric.

Distance Between Two Subsets (Hausdorff Metric)

Let X be a set and H(X) be a set of all subsets of X . Suppose d(·, ·) be a metric on
X. Then distance between a point u of X and a subset M of X is defined as

d(u, M) = inf{d(u, v)/v ∈ M}
or = inf

v∈M{d(u, v)}

LetM andN be two elements of H(X). Distance or metric betweenM andN denoted
by (M,N) is defined as

d(M, N ) = sup
u∈M

inf
v∈N d(u, v)

= sup
u∈M

d(u, N ).

It can be verified that

d(M, N ) 
= d(N , M)
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where

d(N , M) = sup
v∈N

inf
u∈M d(v, u)

= sup
u∈M

inf
u∈N d(u, v).

Definition 1.6 The Hausdorff metric or the distance between two elements M and
N of a metric (X, d), denoted by h(M, N ), is defined as

h(M, N ) = max{d(M, N ), d(N , M)}

Remark 1.4 If H(X) denotes the set of all closed and bounded subsets of a metric
space (X, d) then h(M, N ) is a metric. If X = R2 then H(R2) the set of all compact
subsets of R2 is a metric space with respect to h(M, N ).

Contraction Mapping

Definition 1.7 (Contraction Mapping) A mapping T : (X, d) → (X, d) is called a
Lipschitz continuous mapping if there exists a number α such that

d(Tu, T v) ≤ αd(u, v) ∀ u, v ∈ X.

If α lies in [0, 1), that is, 0 ≤ α < 1, then T is called a contraction mapping. α is
called the contractivity factor of T .

Example 1.8 Let T : R → R be defined as Tu = (1+u)1/3. Then finding a solution
to the equation Tu = u is equivalent to solving the equation u3 − u − 1 = 0. T is a
contraction mapping on I = [1, 2], where the contractivity factor is α = (3)1/3 − 1.

Example 1.9 (a) Let Tu = 1/3u, 0 ≤ u ≤ 1. Then T is a contraction mapping on
[0, 1] with contractivity factor 1/3.

(b) Let S(u) = u + b, u ∈ R and b be any fixed element of R. Then S is not a
contraction mapping.

Example 1.10 Let I = [a, b] and f : [a, b] → [a, b] and suppose that f ′(u) exist
and | f ′(x)| < 1. Then f is a contraction mapping on I into itself.

Definition 1.8 (Fixed Point) Let T be a mapping on ametric space (X, d) into itself.
u ∈ X is called a fixed point if

Tu = u

Theorem 1.1 (Existence of Fixed Point-Contraction Mapping Theorem by Stefan
Banach) Let (X, d) be a complete metric space and let T be a contraction mapping
on (X, d) into itself with contractivity factor α. Then there exists only one point u in X
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such that T u = u, that T has a unique fixed point. Furthermore, for any u ∈ (X, d),
the sequence x, T (x), T 2(x), . . . , T k(x) converges to the point u; that is

lim
k→∞ T k = u

Proof We know that T 2(x) = T (T (x)), . . . , T k(x) = T (T (k−1)(x)), and

d(Tm(x), T n(x)) ≤ αd(Tm−1(x), T (n−1)(x))

≤ αmd(x, T n−m(x))

≤ αm
n−m∑

k=1

d(T k−1(x), T k(x))

≤ αm
n−m∑

k=1

αk−1d(x, T (x))

This we obtain by applying contractivity (k − 1) times. It is clear that

d(Tm(x), T n(x)) → 0 as m, n → ∞

and so Tm(x) is a Cauchy sequence in a complete metric space (X, d). This sequence
must be convergent, that is

lim
m→∞ Tmx = u

We show that u is a fixed point of T , that is, T (u) = u. In fact, we will show that u
is unique. T (u) = u is equivalent to showing that d(T (u), u) = 0.

d(T (u), u) = d(u, T (u))

≤ d(u, T k(x)) + d(T k(x), T (u))

≤ d(u, T k(x)) + αd(u, T k−1(x)) → 0 as k → ∞

It is clear that

lim
k→∞ d(u, T k(x)) = 0

as u = lim
k→∞ T k(x) and lim

k→∞ d(u, T k−1(x)) = 0 (u = lim
k→∞ T k(x)).

Let v be another element in X such that T (v) = v. Then

d(u, v) = d(T (u), T (v)) ≤ αd(u, v)

This implies d(u, v) = 0 or u = v (Axiom (i) of the metric space).
Thus, T has a unique fixed point.
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1.3 Application of Banach Contraction Mapping Theorem

1.3.1 Application to Matrix Equation

Suppose we want to find the solution of a system of n linear algebraic equations with
n unknowns

a11x1 + a12x2 + · · · + a1nxn = b1
a21x1 + a22x2 + · · · + a2nxn = b2
.............................................

an1x1 + an2x2 + · · · + annxn = bn

⎫
⎪⎪⎬

⎪⎪⎭

(1.2)

Equivalent matrix formulation Ax = b, where

A =

⎛

⎜
⎜
⎝

a11 a12 · · · a1n
a21 a22 · · · a2n
... ... · · · ...

an1 an2 · · · ann

⎞

⎟
⎟
⎠

x = (x1, x2, ..., xn)T , y = (y1, y2, ..., yn)T

The system can be written as

x1 = (1 − a11)x1 − a12x2 · · · − a1nxn + b1
x2 = −a21x1 − (1 − a22)x2 · · · − a2nxn + b2

......................................................

xn = −an1x1 − an2x2 · · · + (1 − ann)xn + bn

⎫
⎪⎪⎬

⎪⎪⎭

(1.3)

By letting αi j = −ai j + δi j where

δi j =
{
1, f or i = j
0, f or i 
= j

Equation (1.2) can be written in the following equivalent form

xi =
n∑

j=1

αi j x j + bi , i = 1, 2, . . . n (1.4)

If x = (x1, x2, . . . , xn) ∈ Rn , then Eq. (1.1) can be written in the equivalent form

x − Ax + b = x (1.5)

Let T x = x − Ax + b. Then the problem of finding the solution of system Ax = b
is equivalent to finding fixed points of the map T .
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Now, T x − T x ′ = (I − A)(x − x ′) and we show that T is a contraction under a
reasonable condition on the matrix.

In order to find a unique fixed point of T , i.e., a unique solution of system of
equations (1.1), we apply Theorem1.1. In fact, we prove the following result.

Equation (1.1) has a unique solution if

n∑

j=i

|αi j | =
n∑

j=1

| − ai j + δi j | ≤ k < 1, i = 1, 2, . . . n

For x = (x1, x2, . . . , xn) and x ′ = (x ′
1, x

′
2, . . . , x

′
n), we have

d(T x, T x ′) = d(y, y′)

where

y = (y1, y2, . . . , yn) ∈ Rn

y′ = (y′
1, y

′
2, . . . , y

′
n) ∈ Rn

yi =
n∑

j=1

αi j x j + bi

y′
i =

n∑

j=1

αi j x
′
j + bi i = 1, 2, . . . n

We have

d(y, y′) = sup
1≤i≤n

|yi − y′
i |

= sup
1≤i≤n

|
n∑

j=1

αi j + bi −
n∑

j=1

αi j x
′
j − bi |

= sup
1≤i≤n

∣
∣
∣
∣
∣
∣

n∑

j=1

αi j (x j − x ′
j )

∣
∣
∣
∣
∣
∣

= sup
1≤i≤n

n∑

j=1

|αi j ||x j − x ′
j |

≤ sup
1≤i≤n

|x j − x ′
j | sup

1≤i≤n

n∑

j=1

|αi j |

≤ k sup
1≤i≤n

|x j − x ′
j |
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Since
∑n

j=1 |αi j | ≤ k < 1 for i = 1, 2, . . . , n andd(x, x ′) = sup 1 ≤ j ≤ n|x j−x ′
j |,

we have d(T x, T x ′) ≤ kd(x, x ′), 0 ≤ k < 1; i.e, T is a contraction mapping on Rn

into itself. Hence, by Theorem1.1, there exists a unique fixed point x� of T in Rn;
i.e., x� is a unique solution of system (1.1).

1.3.2 Application to Integral Equation

Here, we prove the following existence theorem for integral equations.

Theorem 1.2 Let the function H(x, y) be defined and measurable in the square
A = {(x, y)/a ≤ x ≤ b, a ≤ y ≤ b}. Further, let

b∫

a

b∫

a

|H(x, y)|2 < ∞

and g(x) ∈ L2(a, b). Then the integral equation

f (x) = g(x) + μ

b∫

a

H(x, y) f (y) dy (1.6)

possesses a unique solution f (x) ∈ L2(a, b) for every sufficiently small value of the
parameter μ.

Proof For applying Theorem1.1, let X = L2, and consider the mapping T

T : L2(a, b) → L2(a, b)

T f = h

where h(x) = g(x) + μ
b∫

a
H(x, y) f (y)dy ∈ L2(a, b).

This definition is valid for each f ∈ L2(a, b), h ∈ L2(a, b), and this can be seen
as follows. Since g ∈ L2(a, b) and μ is scalar, it is sufficient to show that

ψ(x) =
b∫

a

K (x, y) f (y)dy ∈ L2(a, b)

By the Cauchy–Schwarz inequality
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∣
∣
∣
∣

∫ b

a
H(x, y) f (y)dy

∣
∣
∣
∣ ≤

∫ b

a
|H(x, y) f (y)|dy

≤
⎛

⎝

b∫

a

|H(x, y)|2dy
⎞

⎠

1/2 (∫ b

a
| f (y)|2

)1/2

Therefore

|ψ(x)|2 =
⎛

⎝|
b∫

a

H(x, y) f (y)dy

⎞

⎠

2

≤
⎛

⎝

b∫

a

|H(x, y)|2dy
⎞

⎠

⎛

⎝

b∫

a

| f (y)|2dy
⎞

⎠

or

b∫

a

|ψ(x)|2dx ≤
b∫

a

(

b∫

a

|H(x, y)|2dy)(
b∫

a

| f (y)|2dy)dx

By the hypothesis,

b∫

a

b∫

a

|H(x, y)|2dxdy < ∞

and

b∫

a

| f (y)|2dy < ∞

Thus

ψ(x) =
b∫

a

H(x, y) f (y)dy ∈ L2(a, b)

We know that L2(a, b) is a complete metric space with metric

d( f, g) =
(∫ b

a
| f (x) − g(x)|2dx

)1/2
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Now we show that T is a contraction mapping. We have d(T f, T f1) = d(h, h1),
where

h1(x) = g(x) + μ

b∫

a

H(x, y) f1(y)dy

d(h, h1) = |μ|(
b∫

a

∣
∣
∣
∣
∣
∣

⎡

⎣

b∫

a

K (x, y)[ f (y) − f1(y)]dy
⎤

⎦

∣
∣
∣
∣
∣
∣

2

dx)1/2

≤ |μ|
⎛

⎝

b∫

a

b∫

a

|H(x, y)|2dx dy

⎞

⎠

1/2 ⎛

⎝

b∫

a

| f (y) − f1(y)|2dy
⎞

⎠

1/2

by using Cauchy–Schwarz–Bunyakowski inequality.

Hence, d(T f, T f1) ≤ |μ|
(

b∫

a

b∫

a
|K (x, y)|2dxdy

)1/2

d( f, f1). By definition of

the metric in L2, we have

d( f, f1) =
⎛

⎝

b∫

a

| f (y) − f1(y)|2dy
⎞

⎠

1/2

If

|μ| < 1/

⎛

⎝

b∫

a

b∫

a

|H(x, y)|2dxdy
⎞

⎠

1/2

then

d(T f, T f1) ≤ kd( f, f1)

where

0 ≤ k = |μ|
⎛

⎝

b∫

a

b∫

a

|H(x, y)|2dx dy

⎞

⎠

1/2

< 1

Thus, T is a contraction and, so T has a unique fixed point, say, there exists a unique
f � ∈ L2[a, b] such that T f � = f �. Therefore, f � is a solution of equation (1.6).
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1.3.3 Existence of Solution of Differential Equation

We prove Picard theorem applying contraction mapping theorem of Banach.

Theorem 1.3 Picard’s Theorem Let g(x, y) be a continuous function defined on a
rectangle M = {(x, y)/a ≤ x ≤ b, c ≤ y ≤ d} and satisfy the Lipschitz condition
of order 1 in variable y. Moreover, let (u0, v0) be an interior point of M. Then the
differential equation

dy

dx
= g(x, y) (1.7)

has a unique solution, say y = f (x) which passes through (u0, v0).

Proof We examine in the first place that finding the solution of equation (1.6) is
equivalent to the problem of finding the solution of an integral equation. If y = f (x)
satisfies (1.6) and satisfies the condition that f (u0) = v0, then integrating (1.6) from
u0 to x , we have

f (x) − f (u0) =
x∫

u0

g(t, f (t))dt

f (x) = v0 +
x∫

u0

g(t, f (t))dt (1.8)

Thus, solution of (1.6) is equivalent to a unique solution of (1.7).
Solution of (1.7): |g(x, y1) − g(x, y2)| ≤ q|y1 − y2|, q > 0 as g(x, y) satisfies

the Lipschitz condition of order 1 in the second variable y. g(x, y) is bounded on M;
that is, there exists a positive constant k such that |g(x, y)| ≤ m∀(x, y) ∈ M . This
is true as f (x, y) is continuous on a compact subset M of R2.

Find a positive constant p such that pq < 1 and the rectangle N = {(x, y)/ −
p + u0 ≤ x ≤ p + u0,−pm + v0 ≤ y ≤ pm + v0} is contained in M.

Suppose X is the set of all real-valued continuous functions y = f (x) defined on
[−p + u0, p + u0] such that d( f (x), u0) ≤ mp. It is clear that X is a closed subset
of C[u0 − p, u0 + p] with sup metric (Example1.5(a)). It is a complete metric space
by Remark1.3.

Remark 1.5 Define a mapping T : X → X by T f = h, where h(x) = v0 +
x∫

u0

g(t, f (t)dt). T is well defined as

d(h(x), v0) = sup

∣
∣
∣
∣
∣
∣

x∫

u0

g(t, f (t))dt

∣
∣
∣
∣
∣
∣
≤ m(x − u0) ≤ mp
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h(x) ∈ X .
For f, f1 ∈ X

d(T f, T f1) = d(h, h1) = sup

∣
∣
∣
∣
∣
∣

x∫

x0

[g(t, f (t) − g(t, f1(t))]dt
∣
∣
∣
∣
∣
∣

≤ q

x∫

x0

| f (t) − f1(t)|dt

≤ qpd( f, f1)

or

d(T f, T f1) ≤ αd(g, g1)

where 0 ≤ α = qp < 1
Therefore, T is a contraction mapping or complete metric space and by virtue

of Theorem1.1, T has a unique fixed point. This fixed point say f � is the unique
solution of equation (1.6).

For more details, see [Bo 85, Is 85, Ko Ak 64, Sm 74, Ta 58, Li So 74].

1.4 Problems

Problem 1.1 Verify that (R2, d), where d(x, y) = |x1 − y1| + |x2 − y2| for all
x = (x1, x2), y = (y1, y2) ∈ R2, is a metric space.

Problem 1.2 Verify that (R2, d), where d(x, y) = max{|x1 − y1|, |x2 − y2|} for all
x = (x1, x2), y = (y1, y2) ∈ R2, is a metric space.

Problem 1.3 Verify that (R2, d), where d(x, y) = (
n∑

i=1
|xi−yi |2)1/2 for all x, y ∈ R,

is a metric space.

Problem 1.4 Verify that (C[a, b], d), where d( f, g) = sup
a≤x≤b

| f (x) − g(x)| for all
f, g ∈ C[a, b], is a complete metric space.

Problem 1.5 Verify that (L2[a, b], d), where d( f, g) = (
b∫

a
| f (x) − g(x)|2)1/2, is a

complete metric space.

Problem 1.6 Prove that �p, 1 ≤ p ≤ ∞ is a complete metric space.
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Problem 1.7 Let m = �∞ denote the set of all bounded real sequences. Then check
that m is a metric space. Is it complete?

Problem 1.8 Show that C[a, b] with integral metric defined on it is not a complete
metric space.

Problem 1.9 Verify that h(·, ·), defined in Definition1.6, is a metric for all closed
and bounded sets A and B.

Problem 1.10 Let T : R → R be defined by Tu = u2. Find fixed points of T .

Problem 1.11 Find fixed points of the identity mapping of a metric space (X, d).

Problem 1.12 Verify that the Banach contraction theorem does not hold for incom-
plete metric spaces.

Problem 1.13 Let X = {x ∈ R/x ≥ 1} ⊂ R and let T : X → X be defined
by T x = (1/2)x + x1. Check that T is a contraction mapping on (X, d), where
d(x, y) = |x − y|, into itself.
Problem 1.14 Let T → R+ → R+ and T x = x + ex , where R+ denotes the set of
positive real numbers. Check that T is not a contraction mapping.

Problem 1.15 Let T : R2 → R2 be defined by T (x1, x2) = (x1/32 , x1/31 ). What are
the fixed points of T ? Check whether T is continuous in a quadrant?

Problem 1.16 Let (X, d) be a complete metric space and T a continuous mapping
on X into itself such that for some integer n, T n = T ◦ T ◦ T · · · ◦ T is a contraction
mapping. Then show that T has a unique fixed point in X .

Problem 1.17 Let (X, d)be a completemetric space and T be a contractionmapping
on X into itself with contractivity factor α, 0 < α < 1. Suppose that u is the unique
fixed point of T and x1 = T x, x2 = T x1, x3 = T x2, . . . , xn = T (T n−1x) =
T nx, . . . for any x ∈ X is a sequence. Then prove that

1. d(xm, u) ≤ ( αm

1−α
) ∀ m

2. d(xm, u) ≤ α
1−α

d(xm−1, xm) ∀ m

Problem 1.18 Prove that every contraction mapping defined on a metric space X is
continuous, but the converse may not be true.



Chapter 2
Banach Spaces

Abstract The chapter is devoted to a generalization of Euclidean space of dimension
n, namely Rn (vector space of dimension n), known as Banach space. This was
introduced by a young engineering student of Poland, Stefan Banach. Spaces of
sequences and spaces of different classes of functions such as spaces of continuous
differential integrable functions are examples of structures studied by Banach. The
properties of set of all operators or mappings (linear/bounded) have been studied.
Geometrical and topological properties of Banach space and its general case normed
space are presented.

Keywords Normed space · Banach space · Toplogical properties · Properties of
operators · Spaces of operators · Convex sets · Convex functionals · Dual space ·
Reflexive space · Algebra of operators

2.1 Introduction

A young student of an undergraduate engineering course, Stefan Banach of Poland,
introduced the notion of magnitude or length of a vector around 1918. This led to
the study of structures called normed space and special class, named Banach space.
In subsequent years, the study of these spaces provided foundation of a branch of
mathematics called functional analysis or infinite-dimensional calculus. It will be
seen that every Banach space is a normed linear space or simply normed space and
every normed space is a metric space. It is well known that every metric space is
a topological space. Properties of linear operators (mappings) defined on a Banach
space into itself or any other Banach space are discussed in this chapter. Concrete
examples are given. Results presented in this chapter may prove useful for proper
understanding of various branches of mathematics, science, and technology.
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2.2 Basic Results of Banach Spaces

Definition 2.1 Let X be a vector space over R. A real-valued function || · || defined
on X and satisfying the following conditions is called a norm:

(i) ||x|| ≥ 0; ||x|| = 0 if and only if x = 0.
(ii) ||αx|| = |α| ||x|| for all x ∈ X and α ∈ R.
(iii) ||x + y|| ≤ ||x|| + ||y|| ∀ x, y ∈ X .

(X , || · ||), vector space X equipped with || · || is called a normed space.

Remark 2.1 (a) Norm of a vector is nothing but length or magnitude of the vector.
Axiom (i) implies that norm of a vector is nonnegative and its value is zero if
the vector is itself is zero.

(b) Axiom (ii) implies that if norm of x ∈ X is multiplied by |α|, then it is equal to
the norm of αx, that is |α| ||x|| = ||αx|| for all x in X and α ∈ R.

(c) Axiom (iii) is known as the triangle inequality.
(d) It may be observed that the norm of a vector is the generalization of absolute

value of real numbers.
(e) It can be checked (Problem2.1) that normed space (X , d) is a metric space with

metric:

d(x, y) = ||x − y||,∀x and y ∈ X .

Since d(x, 0) = ||x − 0|| = ||x|| so that the norm of any vector can be treated
as the distance between the vector and the origin or the zero vector of X. The
concept of Cauchy sequence, convergent sequence, completeness introduced in
a metric space can be extended to a associate normed space. A metric space is
not necessarily a normed space (see Problem2.1).

(f) Different norms can be defined on a vector space; see Example2.4.
(g) A norm is called seminorm if the statement ||x|| = 0 if and only if x = 0 is

dropped.

Definition 2.2 A normed space X is called a Banach space, if its every Cauchy
sequence is convergent, that is ||xn − xm|| → 0 as n, m → ∞ ∀xn, xm ∈ X implies
that ∃ x ∈ X such that ||xn − x|| → 0 as n → ∞).

Remark 2.2 (i) Let (X , || · ||) be a normed space and Y be a subspace of vector X.
Then, (Y , || · ||) is a normed space.

(ii) Let Y be a closed subspace of a Banach space (X , || · ||). Then, (Y , || · ||) is also
a Banach space.
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2.2.1 Examples of Normed and Banach Spaces

Example 2.1 Let R denote the vector space of real numbers. Then, (R, ||.||) is a
normed space, where ||x|| = |x|, x ∈ R (|x| denotes the absolute value of real
number x).

Example 2.2 The vector space R2 (the plane where points have coordinates with
respect to two orthogonal axes) is a normed space with respect to the following
norms:

1. ||a||1 = |x| + |y|, where a = (x, y) ∈ R2.
2. ||a||2 = max{|x|, |y|}.
3. ||a||3 = (x2 + y2)1/2.

Example 2.3 The vector space C of all complex numbers is a normed space with
respect to the norm ||z|| = |z|, z ∈ C(| · |denotes the absolute value of the complex
number).

Example 2.4 The vector spaceRn of all n-tuples x = (u1, u2, . . . , un) of real numbers
is a normed space with respect to the following norms:

1. ||x||1 =∑n
k=1 |uk |.

2. ||x||2 =
(

n∑

k=1
|uk |2

)1/2

.

3. ||x||3 =
(

n∑

k=1
|uk |p

)1/p

where 1 ≤ p < ∞.

4. ||x||4 = max{|u1|, |u2| . . . |un|}.
Notes

1. Rn equipped with the norm defined by (3) is usually denoted by �n
p.

2. Rn equipped with the norm defined by (4) is usually denoted by �n∞.

Example 2.5 The vector space m of all bounded sequences of real numbers is a
normed space with the norm ||x|| = sup

n
|xn|. (Sometimes �∞ or �∞ is used in place

of m).

Example 2.6 The vector space c of all convergent sequences of real numbers u =
{uk} is a normed space with the norm ||u|| = sup

n
|un|.

Example 2.7 The vector space of all convergent sequences of real numbers with
limit zero is denoted by c0 which is a normed space with respect to the norm of c.

Example 2.8 The vector space �p, 1 ≤ p < ∞, of sequences for which
∞∑

k=1
|uk |p <

∞ is a normed space with norm ||x||p =
[ ∞∑

k=1
|uk |p

]1/p
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Example 2.9 The vector space C[a, b] of all real-valued continuous functions
defined on [a, b] is a normed space with respect to the following norms:

(a) ||f ||1 =
b∫

a
|f (x)|dx.

(b) ||f ||2 =
⎛

⎝

(
b∫

a
|f (x)|

)2

dx

⎞

⎠

1/2

.

(c) ||f ||3 = sup
a≤x≤b

|f (x)|.

(where || · ||3 is called uniform convergence norm).

Example 2.10 The vector space P[0, 1] of all polynomials on [0, 1] with the norm

||x|| = sup
0≤t≤1

|x(t)|

is a normed space.

Example 2.11 Let M be any nonempty set, and let B(M ) the class of all bounded
real-valued functions defined on M . Then, B(M ) is a normed space with respect to
the norm

||f || = sup
t∈M

|f (t)|.

Note If M is the set of positive integers, then m is a special case of B(M ).

Example 2.12 Let M be a topological space, and let BC(M ) denote the set of all
bounded and continuous real-valued functions definedonM . Then,B(M ) ⊇ BC(M ),
and BC(M ) is a normed space with the norm ||f || = sup

t∈A
|f (t)|∀f ∈ BC(M ).

Note If M is compact, then every real-valued continuous function defined on A is
bounded. Thus, if M is a compact topological space, then the set of all real-valued
continuous functions defined on M , denoted by C(M ) = BC(M ), is a normed space
with the same norm as in Example2.12. If M = [a, b], we get the normed space of
Example2.9 with || · ||3.
Example 2.13 Suppose p ≥ 1 (p is not necessarily an integer).Lp denotes the class
of all real-valued functions f (t) such that f (t) is defined for all t, with the possible
exception of a set of measure zero (almost everywhere or a.e.), is measurable and
|f (t)|p is Lebesgue integrable over (∞,∞). Define an equivalence relation in Lp

by stating that f (t) ∼ g(t) if f (t) = g(t)a.e. The set of all equivalence classes into
which Lp is thus divided is denoted by Lp or Lp. Lp is a vector space and a normed
space with respect to the following norm:
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||f 1|| =
⎛

⎝

∞∫

−∞
|f 1(t)|pdt

⎞

⎠

1/p

Notes

1. In place of (−∞,∞), one can consider (0,∞) or any finite interval (a, b) or any
measurable set E.

2. f (1) represents the equivalence class [f ].
3. Lp is not a normed space if the equality is considered in the usual sense. However,

Lp is a seminormed space, which means ||f || = 0, while f �= 0.
4. The zero element ofLp is the equivalence class consisting of all f ∈ Lp such that

f (t) = 0 a.e.

Example 2.14 Let [a, b] be a finite or an infinite interval of the real line. Then,
a measurable function f (t) defined on [a, b] is called essentially bounded if there
exists k ≥ 0 such that the set {t/f (t) > k} has measure zero; i.e., f (t) is bounded a.e.
on [a, b]. Let L∞[a, b] denote the class of all measurable and essentially bounded
functions f (t) defined on [a, b]. L∞ is in relation to L∞ just as we define Lp in relation

to �p. L∞ or L∞ is a normed space with the norm ||f (1)|| = 0
sup

t
|f (t)| [ essential least

upper bound of |f (t)| or essential supremum of |f (t)| over the domain of definition
of f ].

Example 2.15 The vector space BV [a, b] of all functions of bounded variation on
[a, b] is a normed space with respect to the norm ||f || = |f (a)|+V b

a (x), where V b
a (x)

denotes the total variation of f (t) on [a, b].
Example 2.16 The vector space C∞[a, b] of all infinitely differentiable functions on
[a, b] is a normed space with respect to the following norm:

||f ||n,p =
⎛

⎝

b∫

a

n∑

i=0

|Dif (t)|pdt

⎞

⎠

1/p

, 1 ≤ p ≤ ∞

where Di denotes the ith derivative.

Note The vector space C∞[a, b] can be normed in infinitely many ways.

Example 2.17 LetCk(Ω) denote the space of all real functions of n variables defined
on Ω (an open subset of Rn) which are continuously differentiable up to order k. Let

α = (α1, α2, . . . , αn) where α’s are nonnegative integers, and |α| =
n∑

i=1
α. Then for

f ∈ Ck(Ω),the following derivatives exist and are continuous:

Dαf = ∂ |α|f
∂tα

1

1 , . . . , ∂tαn
n

|α| ≤ k



20 2 Banach Spaces

Ck(Ω) is a normed space under the norm

||f ||k,α = max
0≤|α|≤k

sup |Dαf |

Example 2.18 Let C∞
0 (Ω) denote the vector space of all infinitely differentiable

functions with compact support on Ω (an open subset of Rn). C∞
0 (Ω) is a normed

space with respect to the following norm:

||f ||k,p =
⎛

⎝
∫

Ω

∑

|α|≤k

|Dαf (t)|pdt

⎞

⎠

1/p

where Ω and Dαf are as in Example2.17.

For compact support, see DefinitionA.14(7) of AppendixA.3.

Example 2.19 The set of all absolutely continuous functions on [a, b], which is
denoted by AC[a, b], is a subspace of BV [a, b]. AC[a, b] is normed space with the
norm of Example2.15.

Example 2.20 The class Lipα[a, b], the set of all functions f satisfying the condition

||f ||α = sup
t>0,x

( |f (x + t) − f (x)|
tα

)

< ∞

is a normed space for a suitable choice of α.

2.3 Closed, Denseness, and Separability

2.3.1 Introduction to Closed, Dense, and Separable Sets

Definition 2.3 (a) Let X be a normed linear space. A subset Y of X is called a
closed set if it contains all of its limit points. Let Y ′ denote the set of all limit
points of Y , then Y ∪ Y ′ is called the closure of Y and is denoted by Ȳ , that is,
Ȳ = Y ∪ Y ′.

(b) Let Sr(a) = {x ∈ X /||x − a|| < r, r > 0}. Sr(a) is called the open sphere with
radius r and center a of the normed space X . If a = 0 and r = 1, then it is called
the unit sphere.

(c) Let S̄r(a) = {x ∈ X /||x −a|| ≤ r, r > 0}, then S̄r(a) is called the closed sphere
with radius r and center a. S̄1(0) is called the unit closed sphere.

Remark 2.3 (i) It is clear that Y ⊂ Y . It follows immediately that Y is closed if
and only if Y = Y .
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(ii) It can be verified that C[−1, 1] is not a closed subspace in L2[−1, 1].
(iii) The concept of closed subset is useful while studying the solution of equation.

Definition 2.4 (Dense Subsets) Suppose A and B are two subsets of X such that
A ⊂ B. A is called dense in B if for each v ∈ B and every ε > 0, there exists an
element u ∈ A such that ||v − u||X < ε. If A is dense in B, then we write Ā = B.

Example 2.21 (i) The set of rational numbers Q is dense in the set of real numbers
R, that is Q̄ = R.

(ii) The space of all real continuous functions defined on Ω ⊂ R denoted by C̄(Ω)

is dense in L2(Ω), that is, C̄(Ω) = L2(Ω).
(iii) The set of all polynomials defined on Ω is dense in L2(Ω).

Definition 2.5 (Separable Sets) Let X possess a countable subset which is dense in
it, then X is called a separable normed space.

Example 2.22 (i) Q is a countable dense subset of R. There R is a separable normed
linear space.

(ii) Rn is separable.
(iii) The set of all polynomials with rational coefficients is dense and countable in

L2(Ω). Therefore, L2(Ω) is separable.

It may be observed that a normed space may contain more than one subset which is
dense and countable.

Definition 2.6 Normed linear spaces (X , || · ||1) and (Y , || · ||2) are called isomet-
ric and isomorphic if following conditions are satisfied: There exists a one-to-one
mapping T of X and Y having properties:

(i)

d2(Tx, Ty) = ||Tu1 − Tu2||2 = ||u1 − u2||1 = d(u1, u2) or ||Tx||2 = ||x||1
T is linear, namely

(ii)

T (x + y) = Tx + Ty,∀x, y ∈ X

(iii)

T (αx) = αTx,∀x ∈ X , α ∈ R or C

If X and Y are isometric and isomorphic, then we write X = Y . It means that
two isometric and isomorphic spaces can be viewed as the same in two different
guises. Elements of two such spaces may be different, but topological and algebraic
propertieswill be same. In otherwords distance, continuity, convergence, closedness,
denseness, separability, etc., will be equivalent in such spaces. We encounter such
situations in Sect. 2.5.
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Definition 2.7 (a) Normed spaces (X , ||·||1) and (X , ||·||2) are called topologically
equivalent, or equivalently two norms || · ||1 and || · ||2 are equivalent if there
exist constants k1 > 0 and k2 > 0 such that

k1||x||1 ≤ ||x||2 ≤ k2||x||1.

(b) A normed space is called finite-dimensional if the underlying vector space has a
finite basis; that is, it is finite-dimensional. If underlying vector space does not
have finite basis, the given normal space is called infinite-dimensional.

Theorem 2.1 All norms defined on a finite-dimensional vector space are equivalent.

Theorem 2.2 Every normed space X is homeomorphic to its open unit ball S1(0) =
{x ∈ X /||x|| < 1}.

2.3.2 Riesz Theorem and Construction of a New Banach
Space

If M is a proper closed subspace of a normed space X , then a theorem by Riesz tells
us that there are points at a nonzero distance from Y . More precisely, we have

Theorem 2.3 (Riesz Theorem) Let M be a proper closed subspace of a normed
space X, and let ε > 0. Then, there exists an x ∈ X with ||x|| = 1 such that
d(x, M ) ≥ 1 − ε.

Riesz theorem can be used to prove that a normed space is finite-dimensional if and
only if its bounded closed subsets are compact.

The following result provides us the most useful method of forming a newBanach
space from a given Banach space:

Theorem 2.4 Let M be a closed subspace of a Banach space X . Then, the factor or
quotient vector space X /M is a Banach space with the norm

||x + M || = inf
x∈M

{||u + x||} for each u ∈ X

2.3.3 Dimension of Normed Spaces

R, Rn, �n
p, C are examples of finite-dimensional normed spaces. In fact, all real

finite-dimensional normed spaces of dimension n are isomorphic to Rn.
C[a, b], �p, Lp, P[0, 1], BV [a, b], Ck(Ω), etc., are examples of infinite-

dimensional normed spaces.
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2.3.4 Open and Closed Spheres

1. Consider a normed space R of real numbers, an open sphere with radius r > 0
and center a which we denote by Sr(a). This is nothing but an open interval
(a − r, a + r). The closed sphere ¯Sr(a) is the closed interval [a − r, a + r]. The
open unit sphere is (−1, 1), and the closed unit sphere is [−1, 1].

2. (a) Consider the normed space R2 (plane) with the norm (1) (see Example2.2).
Let

x = (x1, x2) ∈ R2, a = (a1, a2) ∈ R2

Then,

Sr(a) = {x ∈ R2/||x − a|| < r} = {x ∈ R2/{|x1 − a1| + |x2 − a2|}}

and

Sr(a) = {x ∈ R2/{|x1 − a1| + |x2 − a2|} ≤ r}
S1 = {x ∈ R2|{|x1| + |x2|} < 1}
S̄1 = {{x ∈ R2||x1| + |x2|}} ≤ 1

Figure2.1 illustrates the geometrical meaning of the open and closed unit
spheres.
S1 = Parallelogram with vertices (−1, 0), (0, 1), (1, 0), (0,−1).
S1 = Parallelogramwithout sides AB, BC, CD, and DA. Surface or boundary
of the closed unit sphere is lines AB, BC, CD, and DA.

(b) If we consider R2 with respect to the norm (2) in Example2.2, Fig. 2.2 repre-
sents the open and closed unit spheres. The rectangle ABCD = S1, where S1
is the rectangle without the four sides.

Fig. 2.1 The geometrical
meaning of open and closed
unit spheres in Example2.2
(1)

x2

x1

1 B

– 1 D

– 1

A

1

C
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Fig. 2.2 The geometrical
meaning of open and closed
unit spheres in Example2.2
(2)

x2

x1

1
B

– 1
D

– 1

A

1

C

S1 = {x = (x1, x2) ∈ R2/max(|x1|, |x2|) ≤ 1}
S1 = {x = (x1, x2) ∈ R2/max(|x1|, |x2|) < 1}

Surface or boundary S is given by

S = {x = (x1, x2) ∈ R2/max(|x1|, |x2|) = 1}
= Sides AB, BC, CD and DA

(c) Figure2.3 illustrates the geometrical meaning of the open and closed unit
spheres in R2 with respect to norm (3) of Example2.2.

S̄1 = {x = (x1, x2) ∈ R2/(x21 + x22)
1/2 ≤ 1}

S1 = {x = (x1, x2) ∈ R2/(x21 + x22)
1/2 < 1}

S is the circumference of the circle with center at the origin and radius 1.
S1 is the interior of the circle with radius 1 and center at the origin.S̄1 is the
circle (including the circumference) with center at the origin and radius 1.

3. Consider C[0, 1] with the norm ||f || = sup
0≤t≤1

|f (t)|. Let S̄r(g) be a closed sphere

in C[0, 1] with center g and radius r. Then,

S̄r(g) = {h ∈ C[0, 1]/||g − h|| ≤ r}
= {h ∈ C[0, 1]/ sup

0≤x≤1
|g(x) − h(x)| ≤ r}

This implies that |g(x) − h(x)| ≤ r or h(x) ∈ [g(x) − r, g(x) + r]; see Fig. 2.4.
h(x) lies within the broken lines. One of these is obtained by lowering g(x) by r
and other raising g(x) by the same distance r. It is clear that h(x) ∈ S�

r (g). If h(x)
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Fig. 2.3 The geometrical
meaning of open and closed
unit spheres of Example2.2
(3)

x2

x1

1

– 1

– 1 1

Fig. 2.4 The geometrical
meaning of open and closed
unit spheres in C[0, 1]

y

y = g(x)

0
1

x

lies between broken lines and never meets one of them, ||h − g|| < r and then
h(x) ∈ Sr(g) that is h(x) belongs to k and open ball with center g and radius r. If
||g − h|| = r, then h lies on the boundary of open ball Sr(g).

2.4 Bounded and Unbounded Operators

2.4.1 Definitions and Examples

Definition 2.8 Let U and V be two normed spaces. Then,

1. A mapping T from U into V is called an operator or a transformation. The value
of T at x ∈ U is denoted by T (x) or Tx.

2. T is called a linear operator or linear transformation if the following conditions
are satisfied:
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(a) T (x + y) = Tx + Ty, ∀ x, y ∈ U .
(b) T (αx) = αTx, ∀ x ∈ U and real α.

3. The operator T is called bounded if there exists a real k > 0 such that ||Tx|| ≤
k||x|| ∀ x ∈ U .

4. T is called continuous at a point x0 ∈ U if, given ε > 0, there exists a δ > 0,
depending on ε and x0 such that ||Tx − Tx0|| < δ, whenever ||x − x0|| < ε. T is
called continuous on X if it is continuous at every point of X .

5. T is called uniformly continuous if, for ε > 0, there exists a δ > 0, independent
of x0, such that for any x0 and x ∈ X with ||x−x0|| < δ, we have ||Tx−Tx0|| < ε.

6. ||T || = sup{ ||Tx||
||x|| /x �= 0} is called the norm of the bounded operator T (For an

unbounded operator, the sup may not exist).
7. If Y = R, the normed space of real numbers, then T is called a functional and it

is usually denoted by F .
8. For the operator T , the set R = {T (x) ∈ U/x ∈ V } and the set

N = {x ∈ U/T (x) = 0}

are called the range and null spaces, respectively.

Remark 2.4 1. When we write ||Tx|| or ||Tx − Tx0||, it is clear that we are consid-
ering the norm of V . If V = R, then ||Tx|| and ||Tx − Tx0|| will be replaced by
|Tx| and |Tx − Tx0|, respectively.

2. In recent years, the study of nonlinear operators has attracted the attention of
mathematicians in view of their important applications.

3. Two operators T1 and T2 are equal (T1 = T2) if T1x = T2x for all x ∈ U .
4. The two conditions in Definition2.8(2) may be replaced by a single condition

T (αx + βy) = αTx + βTy, where α and β are real numbers and x, y ∈ U .
5. (a) If Tx = 0 for all x ∈ X , then T is called the zero operator, null operator, or

trivial operator.
(b) If Tx = x for all x ∈ X , then T is called the identity operator and is usually

denoted by I .
6. The first and second conditions of Definition2.8(2) are known as additive and

homogeneous properties, respectively.

Example 2.23 Any real-valued function f : R → R, such as

1. f (x) = x
2. f (x) = sin(x) or cos(x)
3. f (x) = ex

4. f (x) = x2 or x3

5. f (x) = 4x4 + 3x + 4

are operators defined on the normed space of real numbers into itself. In fact, each
one is a functional. It can be easily seen that all are nonlinear except 1. The following
fact can be verified: A real-valued function is linear if and only if it is of the form
f (x) = αx, where α is a fixed real number, x ∈ R.
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Example 2.24 Let four mappings be defined on R2 as follows:

1. T1(x, y) = (αx, αy), where x, y ∈ R and α is a fixed positive real number.
2. T2(x, y) = (x cos(θ)−y sin(θ), x sin(θ)+y cos(θ)); that is, T is a mapping which

rotates each point of the plane about the origin and through an angle (θ).
3. T3(x, y) = x for all (x, y) ∈ R2.
4. T4(x, y) = y for all (x, y) ∈ R2.

OP = (x2 + y2)1/2

OQ = α(x2 + y2)1/2

where O is the origin in R2, and P and Q are arbitrary points in R2.

If (x, y) is any point P in the plane, then its image (αx, αy) under T is point Q which
is colinear with P and the origin and α times as far from the origin as P.
If we take the norm (3) of Example2.2, then

d((x, y), (0, 0)) = ||(x, y) − (0, 0)|| = ||(x, y)|| = (x2 + y2)1/2

T1, T2, T3, and T4 are linear operators.

Example 2.25 Let A = (aij) be an m × n matrix. Then, the equations

ηi =
n∑

j=1

aijξj, i = 1, 2, 3, . . . , m

define an operator T on Rn into Rm.

T : Rn → Rm

Tx = y where x = (ξ1, ξ2, . . . , ξn) ∈ Rn, y = (η1, η2, . . . , ηm) ∈ Rm

1. T is linear if

(a) T (x + x′) = Tx + Tx′
(b) T (αx) = αT (x)

LHS of (a)

= T (x + x′) = T ((ξ1 + ξ ′
1), (ξ2 + ξ ′

2), . . . , (ξn + ξ ′n))

where x = (ξ1, ξ2, . . . , ξn), x = (ξ ′
1, ξ

′
2, . . . , ξ

′
n). Thus,

T (x + x′) =
n∑

j=1

aij(ξj + ξ ′
j ) =

n∑

j=1

aij(ξj) +
n∑

j=1

aij(ξ
′
j )

= Tx + Tx′ = RHS of (a)
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LHS of (b)

T (αx) = T (α(ξ1, ξ2, . . . , ξn))

= T (αξ1, αξ1, . . . , αξ1)

=
n∑

j=1

aij(αξj) = α

n∑

j=1

aij(ξj) = αTx = RHS of (b)

2. T is uniformly continuous and hence continuous if A �= 0.

Let x′ = (ξ1, ξ
′
2, . . . , ξ

′
n) ∈ Rn be fixed and let y′ = Tx′. Then, for an arbitrary

x = (ξ1, ξ2, . . . , ξn) ∈ Rn, if y = Tx, we have

||y − y′||2 = ||Tx − Tx′||2 =
∥
∥
∥
∥
∥
∥

n∑

j=1

aij(ξj) −
n∑

j=1

aij(ξ
′
j )

∥
∥
∥
∥
∥
∥

2

= ||
n∑

j=1

aij(ξj − ξ ′
j )||2

=
m∑

i=1

∣
∣
∣
∣
∣
∣

n∑

j=1

aij(ξj − ξ ′
j )

∣
∣
∣
∣
∣
∣

2

Also,

||x − x′|| =
⎛

⎝
n∑

j=1

|(ξj − ξ ′
j )|2
⎞

⎠

1/2

By applying the Cauchy–Schwartz–Bunyakowski’s inequality, we get

||y − y′||2 ≤
m∑

i=1

⎛

⎝
n∑

j=1

|aij|2
⎞

⎠

⎛

⎝
n∑

j=1

|ξj − ξ ′
j |2
⎞

⎠

=
m∑

i=1

⎛

⎝
n∑

j=1

|aij|2
⎞

⎠

⎛

⎝
n∑

j=1

|ξj − ξ ′
j |2
⎞

⎠

=
m∑

i=1

n∑

j=1

|aij|2||x − x′||2

||y − y|| ≤ c||x − x′||2
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where c2 =∑m
i=1

∑n
j=1 |aij|2

Thus, for a given ε > 0, we may choose δ = ε/c, provided c �= 0 such that
||x − x′|| < ε/c implies ||Tx − Tx′|| = ||y − y|| < cε/c = ε. This proves that T
is uniformly continuous provided A is a nontrivial matrix.

Remark 2.5 We shall see in Problem2.6 that all linear operators defined on finite-
dimensional spaces are continuous.

Example 2.26 Let T : Pn[0, 1] → Pn[0, 1] be defined as follows:

Tp(t) = d

dt
p(t)(first derivative of the polynomial)

Pn[0, 1] denotes the space of all polynomials on [0, 1] of degree less than or equal
to n which is a finite-dimensional normed space.

T is a linear operator on Pn[0, 1] into itself as the following relations hold good by
the well-known properties of the derivative: T (p1 + p2) = Tp1 + Tp2 and T (αp1) =
αTp1 for p1 and p2 ∈ Pn[0, 1] and for α real number. We have

Txn = d

dx
xn = nxn−1

Thus, ||xn|| = 1, but ||Txn|| = n. In view of this, T is not bounded and by
Theorem2.5; it is not continuous.

Example 2.27 Let X be a normed space under a norm || · ||. Then, a mapping T,
defined on X in the following way:

Tx = ||x||

is a nonlinear operator. If we consider X = C[0, 1], with sup norm, then

Tf = sup
0≤t≤1

|f (t)|

T (f1 + f2) = sup
0≤t≤1

(|(f1 + f2)(t)|) = sup
0≤t≤1

(|(f1(t) + f2(t)|)

which may not be equal to [ sup
0≤t≤1

|f1(t)|+ sup
0≤t≤1

|f2(t)|]; that is, T (f1+ f2) �= Tf1+Tf2.

Example 2.28 Let T be defined on c as

Tx = σ

where σ = {σn} or σ is the nth (C, 1)mean or Cesáromean of order 1 of the sequence
x = {xn} ∈ c. Then, T is a linear transformation on c into itself.
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Example 2.29 Let x = {xn} ∈ m, then Tx = y, where

y =
{xn

n

}

is a linear transformation of m into c0.

Example 2.30 Let T be a mapping on B(M ) defined as follows:

Tf = f (t0)

where t0 is a fixed point of M , then T is a linear mapping on B(M ).

Example 2.31 Let T be a mapping on C[0, 1] which maps every function of C[0, 1]
to its Riemann integral, i.e., Tf =

t∫

0
f (t)dt. Then, T is linear by the well-known

properties of the Riemann integral. We define an operator D on C[0, 1] by taking the
derivative of functions belonging to C[0, 1]; i.e.,

Df = d

dt
f (t)

It is clear that D is not defined for all f (t) ∈ C[0, 1], and even if Df exists, it may
not belong to C[0, 1]. If, however, D is defined over a subspace of C[0, 1] which
consists of all functions having first continuous derivatives, the range of D is also
contained in C[0, 1]. D is linear but not continuous.

Example 2.32 Consider �2(�p, p = 2), the mapping S defined below maps �2 into
itself. For {xn} ∈ �2, Sxn = αxn+1 + βxn−1, where α and β are real constants. S is a
linear operator on �2.

Example 2.33 Let A be the subset of C[a, b] consisting of elements f (t) which
have first and second derivatives continuous on [a, b] such that f (a) = f ′(a) = 0.
Let p and q belong to A. Let us define S on C[a, b] by Sf = g, where g(t) =
f ′′(t) + p(t)f ′(t) + q(t)f (t). S is a linear operator on C[a, b] into A.
Example 2.34 Let H (s, t) be a continuous function on the square a ≤ s ≤ b, a ≤
t ≤ b and f ∈ C[a, b]. Then, S, defined by Sf = g, where g(s) =

b∫

a
H (s, t)f (t)dt,

is a linear operator on C[a, b] into itself. S1, defined by S1f = g, where g(s) =
f (s) −

b∫

a
K(s, t)f (t)dt, is also a linear operator on C[a, b] into itself.

Remark 2.6 Somewell-known initial and boundary value problems can be expressed
in terms of S and S1.
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v (t)

C

RL

Fig. 2.5 LCR circuit

Example 2.35 Consider the LCR circuit as shown in Fig. 2.5. The differential equa-
tion for the charge f on the condenser is

L
d2f

dt2
+ R

df

dt
+ f

c
= v (2.1)

where v(t) is the applied voltage at time t. If the initial conditions are assumed to be
f (0) = 0, df (0)

dt = 0 and R2 > 4L/C, then the solution of this differential equation is
given by

f (s) =
s∫

0

H (s − t)v(t)dt

where

H (s) = eλ1s − eλ2s

L(λ1 − λ2)

and λ1, λ2 are the distinct real roots of Lλ2 + Rλ + 1/C = 0. If v ∈ C[0,∞), then
so is f and, in this case, the previous equation may be written as f = Sv where S is
a linear operator on C[0,∞).

Thus, Eq. (2.1) can be written in the form

v = Tf
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where T is a linear operator defined on a subspace of C[0,∞).

Example 2.36 Let f (x) ∈ L1(−π, π) and

f (x) ∼ 1

2
a0 +

∞∑

1

(an cos(nx) + sin(nx))

where an = (1/π)
π∫

−π

f (x) cos nxdx, bn = (1/π)
π∫

−π

f (x) sin nxdx. If Tf = {an}, T

is a linear operator on L1.

Example 2.37 Let T : �p → �p, 1/p + 1/q = 1 be defined by Tx = y, where
x = (x1, x2, . . . , xn, . . .) ∈ �p

y = (y1, y2, . . . yn, . . .) ∈ �q with yi =
∞∑

j=1

aijxj

and {aij} is an infinite matrix satisfying the condition
∞∑

i=1

∞∑

j=1
|aij|q < ∞, q > 1. Then,

T is a linear operator on �p into �q.

Example 2.38 LetX =
{

x = {xi}/
∞∑

1
|xi| < ∞, x′

is are real

}

.X is a normed space

with respect to the norm ||x|| = sup
i

|xi|. Let Tx =
∞∑

i=1
xi. Then, T is a linear functional

on X but it is not continuous:

T (x + y) =
∞∑

i=1

(xi + yi) =
∞∑

i=1

xi +
∞∑

i=1

yi = Tx + Ty

and

T (αx) =
∞∑

i=1

αxi = α

∞∑

i=1

xi = αT (x).

T is linear.

Let x = (1, 1, . . . , 1, 0, 0, . . .) be an element of X having the first n entries 1 and the

rest 0. Then, ||x|| = sup |xi| = 1 and Tx =
∞∑

i=1
xi = n. Therefore, T is not bounded.

In view of Theorem2.5, it is not continuous.
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2.4.2 Properties of Linear Operators

The following results provide the interesting properties of linear operators:

Proposition 2.1 1. If S is a linear operator, then S0 = 0.
2. If x1, x2, . . . , xn belong to a normed space U and α1, α2, . . . , αn are real numbers,

then for any linear operator S defined on U

S

(
n∑

i=1

αixi

)

=
n∑

i=1

α(Sxi)

3. Any operator S on a normed space is continuous if and only if xn → x0 implies
Sxn → Sx0 [xn ∈ X and x0 ∈ X ].

4. The null space of a nonzero continuous linear operator is a closed subspace.

Theorem 2.5 Let U and V be normed spaces and S a linear operator on U into V .
Then, the following statements are equivalent:

1. S is continuous.
2. S is continuous at the origin.
3. S is bounded.
4. SS1 is a bounded subset of Y.

Theorem 2.6 For a bounded linear operator S, the following conditions are equiv-
alent:

1. ||S|| = sup{ ||Tx||
||x|| /x �= 0} or sup

x �=0
{ ||Sx||

||x|| }.
2. ||S|| = inf{k/||Sx|| ≤ k||x||}
3. ||S|| = sup{||Sx|| ||x|| ≤ 1}
4. ||S|| = sup{||Sx||/||x|| = 1} or sup

||x||=1
||Sx||

Theorem 2.7 The set B[U, V ] of all bounded linear operators on a normed space
U into a normed space V is a normed space. If V is a Banach space, then B[U, V ]
is also a Banach space.

Remark 2.7 1. It can be verified that the right-hand side of (1) in Theorem2.6
exists and that ||Sx|| ≤ ||S|| ||x|| holds good for bounded S.

2. In view of Theorem2.5, the concepts of continuity and boundedness for linear
operators are equivalent.

Remark 2.8 In Theorem2.7, if we take V as the Banach space of real numbers, then
we get the following result. “The set of all bounded linear functionals defined on
a normed space U is a Banach space.” This is usually denoted by U ∗ or U and is
called the dual space, the conjugate space, the adjoint space, or first dual space of
the normed space U. U ∗∗ denotes the space of bounded linear functionals of U ∗ and
is called the second dual of U. For the representation of the elements of U* for some
well-known spaces, see Sect. 2.4.
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Proof (Proof of Proposition2.1)

1. S(0 + 0) = S0 + S0, by the additivity property of S. Also, LHS = S(0). Thus,
S0 = S0 + S0. This implies that S0 = 0.

2. Since S is linear, the result is true for n = 1, 2. Suppose it is true for n = k, i.e.,

S

∣
∣
∣
∣
∣

k∑

i=1

αixi

∣
∣
∣
∣
∣
=

k∑

i=1

αiS(xi)

Then clearly,

S((α1x1 + α2x2 + · · · + αkxk) + αk+1xk+1)

= α1Sx1 + α2Sx2 + · · · + αkSxk + αk+1Sxk+1

that is, the result is true for n = k + 1. By the principle of finite induction, the
result is true for all finite n.

3. This is a special case of TheoremA.6(2) of AppendixA. In fact, the linearity is
not required.

4. Let N be the null space of S �= 0 (S ≡ 0) such that

x, y ∈ N ⇒ Sx = 0 and Sy = 0 ⇒ S(x + y) = 0 ⇒ x + y ∈ N .

x ∈ N ⇒ Sx = 0 ⇒ α(Sx) = 0 ⇒ S(αx) = 0 ⇒ αx ∈ N .

Thus, N is a subspace. Let xn ∈ N and xn → x. In order to show that N is closed,
we need to show that x ∈ N . Since xn ∈ N , Sxn = 0 ∀ n. As S is continuous
Sxn → Sx, so lim

n→∞ Sxn = Sx = 0 ⇒ x ∈ X

Proof (Proof of Theorem2.5)We shall prove that (1) ⇔ (2), (2) ⇔ (3), (3) ⇔ (4)
which means that all are equivalent.

1. (1) ⇔ (2) : Suppose S is continuous, which means that S is continuous at every
point of X . Thus, (1) ⇒ (2) is obvious. Now suppose that S is continuous at the
origin, that is, for xn ∈ X with xn → 0, Sxn → 0. This implies that if xn → x,
then S(xn − x) = Sxn − Sx → 0. That is, for xn → x in X, Sxn → Sx in Y. By
Proposition2.1, S is continuous and (2) ⇒ (1).

2. (2) ⇔ (3) : Suppose that S is continuous at the origin. Then xn → 0 ⇒ Sxn → 0
by Proposition2.1. Suppose further that S is not bounded. This implies that for
each natural number n, we can find a vector xn such that

||Sxn|| > n||xn|| or
1

n||xn|| ||Sxn|| > 1
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or
∥
∥
∥
∥S

(
1

n||xn||xn

)∥
∥
∥
∥ > 1

By choosing yn = xn
n||xn|| , we see that yn → 0 but Syn � 0. This contradicts the

first assumption. Hence, S is bounded whenever S is continuous at the origin, i.e.,
(2) ⇒ (3).
To prove the converse, assume that S is bounded, i.e., there exists k > 0 such
that ||Sx|| ≤ k||x||. It follows immediately that if xn → 0, then Sxn → 0.
Thus,(3) ⇒ (2).

3. (3) ⇔ (4) : Suppose S is bounded, that is, there exists k > 0 such that ||Sx|| ≤
k||x||. From this, it is clear that if ||x|| ≤ 1, then ||Sx|| ≤ k. This means that the
image of closed unit sphere S̄1 under S is a bounded subset of V . Thus,(3) ⇒ (4).
For the converse, assume that SS̄1 is a bounded subset of V . This means that SS̄1
is contained in a closed sphere of radius k centered at the ‘0’ of V . If x = 0, then
Sx = 0 and ||Sx|| ≤ k, and the result is proved. In case x �= 0, x

||x|| ∈ S̄1 and so
||S( x

||x|| )|| ≤ k or ||Sx|| ≤ k||x||. This shows that (4) ⇒ (3).

Proof (Proof of Theorem2.6)

1. (1) ⇔ (2) : First, we prove that if ||S|| is given by (1), then it is equal to
inf{k||Sx|| ≤ k||x||}

||S|| = sup

{ ||Sx||
||x|| /x �= 0

}

or

||S|| ≥ ||Sx||
||x|| for x �= 0

or

||Sx|| ≤ ||S|| ||x|| as S0 = 0

Thus, ||S|| is one of the k’s satisfying the relation ||Sx|| ≤ k||x||. Hence,

||S|| ≥ inf{k/||Sx|| ≤ k||x||} (2.2)

On the other hand, for x �= 0 and for a k satisfying the relation ||Sx|| ≤ k||x||, we
have ||Sx||

||x|| ≤ k. This implies that

sup

{ ||Sx||
||x|| /x �= 0

}

≤ k
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or ||S|| ≤ k. Since this relation is satisfied by all k and ||S|| is independent of x
and k, we get

||S|| ≤ inf{k/||Sx|| ≤ k||x||} (2.3)

By Eqs. (2.2) and (2.3), we have

||S|| = inf{k/||Sx|| ≤ k||x||}

This proves that (1) ⇔ (2).
2. (1) ⇔ (3) : Let

||S|| = sup

{ ||Sx||
||x|| /x �= 0

}

Then,

||Sx|| ≤ ||S|| ||x|| ≤ ||S|| if ||x|| ≤ 1

Thus,

sup{||Sx||/||x|| ≤ 1} ≤ ||S|| (2.4)

Since ||S|| = sup{ ||Sx||
||x|| /x �= 0}, for any ε > 0, there exists an x1 �= 0, such that

||Sx1||
||x1|| > ||S|| − ε

By taking y = x1/||x1||, (||y|| = 1), we find that

sup{||Sx||/||x|| ≤ 1} ≥ ||Sy|| =
∥
∥
∥
∥S

(
x

||x1||
)∥
∥
∥
∥

= 1

||x1|| ||Sx1|| > ||S|| − ε

Therefore,

sup{||Sx|| ||x|| ≤ 1} ≥ ||S|| (2.5)

By Eqs. (2.4) and (2.5), we find that (1) ⇔ (3).
3. (1) ⇔ (4) : Suppose

||S|| = sup

{ ||Sx||
||x|| /x �= 0

}
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Then, as in the previous case

||Sx|| ≤ ||S|| ||x|| ≤ ||S|| if ||x|| = 1

or

sup

{ ||Sx||
||x|| ||x|| = 1

}

≤ ||S|| (2.6)

Further,

||Sx1||
||x1|| > ||S|| − ε

and

sup

{ ||Sx||
||x|| ||x|| = 1

}

≥ ||Sy||

where y = x1
||x1|| or

sup

{ ||Sx||
||x|| ||x|| = 1

}

> ||Sy|| − ε

Thus,

sup

{ ||Sx||
||x|| ||x|| = 1

}

≥ ||S|| (2.7)

By Eqs. (2.6) and (2.7), we have (1) ⇔ (4).

Proof (Proof of Theorem2.7)

1. We introduce inB[U, V ] the operations of addition (+) and scalar multiplication
(·) in the following manner: For T , S ∈ B[U, V ]
a. (T + S)(x) = Tx + Sx.
b. (αT )x = αTx, where α is a real number. It can be easily verified that the

following relations are satisfied by the above two operations:
i. If T , S ∈ B[U, V ], then T + S ∈ B[U, V ].
ii. (T + S) + W = T + (S + W ), for all T , S, U ∈ B[U, V ].
iii. There is an element 0 ∈ B[U, V ] such that 0 + T = T for all T ∈

B[U, V ].
iv. For every T ∈ B[U, V ], there is a T1 ∈ B[U, V ] such that T +T1 = 0.
v. T + S = S + T .
vi. αT ∈ B[U, V ] for all real α and T ∈ B[U, V ].
vii. α(T + S) = αT + αS.
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viii. (α + β)T = αT + βT .
ix. (αβ)T = α(βT ).
x. 1T = T .

These relations mean that B[U, V ] is a vector space.
2. Now we prove that

||T || = sup

∣
∣
∣
∣
||Tx||
||x|| /x �= 0

∣
∣
∣
∣

is a norm on B[U, V ] and so B[U, V ] is a normed space with respect to this
norm or equivalent norms given by Theorem2.6. It is clear that ||T || exists. Since
{ ||Tx||

||x|| /x �= 0} is a bounded subset of real numbers, its least upper bound or sup
must exist.

(a) ||T || ≥ 0 as ||T || is the sup of nonnegative numbers. Let ||T || = 0. Then,
||Tx|| = 0 or Tx = 0 for all x ∈ X or T = 0, which is the zero element of
B[U, V ]. Conversely, assume that T = 0. Then, ||Tx|| = ||0x|| = ||0|| = 0.

This means that ||T || = sup
∣
∣
∣
||Tx|||
||x|| /x �= 0

∣
∣
∣ = 0. Thus, ||T || = 0 if and only

if T = 0.
(b)

||αT || = sup

{ ||(αT )x||
||x|| /x �= 0

}

= sup

{ ||α(Tx)||
||x|| /x �= 0

}

= sup

{ |α| ||Tx||
||x|| /x �= 0

}

(By applying property (2) of the norm on V )

= |α| sup
{ ||Tx||

||x|| /x �= 0

}

= |α| ||T ||

||T + S|| = sup

{ ||(T + S)(x)||
||x|| /x �= 0

}

= sup

{ ||Tx + Sx||
||x|| /x �= 0

}

By the property (3) of the norm on V , we have

||Tx + Sx|| ≤ ||Tx|| + ||Sx||
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This implies that

||T + S|| ≤ sup

∣
∣
∣
∣
||Tx + Sx||

||x|| /x �= 0

∣
∣
∣
∣

= sup

∣
∣
∣
∣
||Tx||
||x|| + ||Sx||

||x|| /x �= 0

∣
∣
∣
∣

= sup

∣
∣
∣
∣
||Tx||
||x||

∣
∣
∣
∣+ sup

∣
∣
∣
∣
||Sx||
||x||

∣
∣
∣
∣

(by using AppendixA, RemarkA.1.D)

= ||T || + ||S||

or

||T + S|| ≤ ||T || + ||S||

This proves that B[U, V ] is a normed space.
(c) Now, we prove that B[U, V ] is a Banach space provided V is a Banach

space. Let Tn be a Cauchy sequence inB[U, V ]. This means that for ε > 0,
there exists a natural number N such that ||Tn − Tm|| < ε for all n, m > N .
This implies that, for any fixed vector x ∈, we have

||Tnx − Tmx|| ≤ ||(Tn − Tm)|| ||x|| < ε||x||, for n, m > N

that is,Tnx is aCauchy sequence inV . SinceV is aBanach space, lim
n→∞ Tnx =

Tx, say. Now, we verify that (a) T is a linear operator on U into V , (b) T is
bounded on X into V , and (c) ||Tm − T || ≤ ε form > N .
(i) Since T is defined for arbitrary x ∈ U , it is an operator on U into V.

T (x + y) = lim
n→∞ Tn(x + y)

= lim
n→∞[Tnx + Tny] as all T ′

ns are linear

= lim
n→∞ Tnx + lim

n→∞ Tny

= Tx + Ty

T (αx) = lim
n→∞ Tn(αx) = limnαTnx since T ′

ns are linear

= α lim
n→∞ Tnx = αTx

(ii) Since Tn’s are bounded, there exists M > 0 such that ||Tnx|| ≤ M for
all n. This implies that for all n and any x ∈ X , ||Tnx|| ≤ ||Tn|| ||x|| ≤
M ||x||.Taking the limit, we have
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lim
n→∞ ||Tnx|| ≤ M ||x||

or

||Tx|| ≤ M ||x||

[ lim
n→∞ Tnx = Tx. Since norm is a continuous function limn→∞||Tnx|| =

||Tx||] This proves that T is bounded.
(iii) Since Tn is a Cauchy sequence, for each ε > 0 there exists a positive

integer N such that ||Tn − Tm|| < ε for all n, m > N . Thus, we have

||Tnx − Tmx|| ≤ ||Tn − Tm|| ||x|| < ε||x||for n, m > N

or

lim
n→∞ ||T − Tm|| = sup

∣
∣
∣
∣
||(T − Tm)x||

||x|| /x �= 0

∣
∣
∣
∣ ≤ ε ∀ m > N ,

that is, Tm → T as m → ∞.

2.4.3 Unbounded Operators

Example 2.39 Suppose that T is an operator defined as

Tf = df

dx
on C1[0, 1]

Let fn = sin nx. Then,

||fn|| = sup
0≤x≤1

|fnx| = 1∀n

and

Tfn = n cos nx, ||Tfn|| = n

Since ||fn|| = 1 and Tfn increases indefinitely for n → ∞, there is no finite constant
k such that ||Tf || ∈ k||f || ∀ f ∈ C1[0, 1]. Thus, T is an unbounded operator.

Definition 2.9 An operator T : X → Y is called bounded below if and only if there
exists a constant m > 0 such that

||Tx|| ≥ m||x||X , ∀ x ∈ X
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The differential operator considered in Example2.31 is unbounded on C0[0, 1] =
{f ∈ C[0, 1]/f (0) = f (1) = 0} as well. However, it is bounded below on C0[0, 1]
as follows: For f ∈ C[0, 1]

f (x) =
∫ x

0

df

ds
ds ≤ sup

0≤x≤1
|df

dx
|

or ||Tf || ≥ sup0≤x≤1 |f (x)| = ||f ||, that is, T is bounded below.

Example 2.40 Suppose T : U → V is continuous, where X is a Banach space. Let
λ be a scalar. Then, the operator λI − T , where I is the identity operator, is bounded
below for sufficiently large λ.

Verification

||(λI − T )x|| = ||λIx − Tx||
≥ ||(λx)|| − ||Tx||

Since T is bounded, ||Tx|| ≤ k||x||. Hence, ||(λIx − Tx)|| ≥ (|λ| − k)||x||. This
implies that (λI − T ) is bounded below for sufficiently large λ.

An important feature of linear bounded below operators is that even though they may
not be continuous, they always have a continuous inverse defined on their range.More
precisely, we have following theorem.

Theorem 2.8 Let S be a linear bounded below operator from a normed space U
into a normed space V. Then, S has a continuous inverse S−1 from its range R(S)

into U. Conversely, if there is a continuous inverse S−1 : R(S) → U, then there is a
positive constant m such that

||Sx||Y ≥ m||x||X for every x ∈ U.

2.5 Representation of Bounded and Linear Functionals

Representation of elements of the dual space X of a normed linear space which are
bounded and linear functionals has been studied extensively. In the first place, we
introduce the concept of a reflexive Banach space X that can be identified in a natural
way with the space of all bounded and linear functionals defined on its dual space
X �. A Banach space X is called the reflexive Banach space if the second dual of
X is equal to X; that is, (X �)� = X �� = X (equality in the sense of isometric and
isomorphic explained earlier). Amapping J : X → X �� defined by J (x) = Fx, where
Fx(f ) = f (x) ∀f ∈ X �, is called the natural embedding. It can be verified that J is
isometry, linear, andone-one.X is reflexive if J is onto.TheHungarianmathematician
Riesz found a general representation of a bounded and linear functional on a Hilbert
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space which is discussed in Chap. 3. Here, we give a representation of the elements
of the dual spaces of Rn, �p, L2[0, 1] and Lp. We also indicate a close relationship
between the basis of a normed space X and the basis of its dual X �.

Example 2.41 Any element F of the dual space of Rn can be written in the form

F(x) =
n∑

i=1

αixi (2.8)

where x = (x1, x2, . . . , xn) ∈ Rn, α = (α1, α2, . . . , αn) ∈ Rn. In fact, F(x) =
〈x, y〉 = ∑n

i=1 yixi; that is, for every x ∈ Rn, there exists a unique y ∈ Rn such
that the value of a bounded and linear functional F can be expressed as the “inner
product”. (〈x, y〉 is called the inner product of x and y and will be studied in Chap. 3).

Example 2.42 Let X = L2[0, 1] and define functional F on X by

F(f ) =
1∫

0

f (x)g(x)dx for all f ∈ L2[0, 1] (2.9)

and g is an arbitrary function. F is linear and bounded and hence an element of
(L2[0, 1])�.
Example 2.43 F ∈ (Lp)

� can be defined by

F(f ) =
b∫

a

f (x)g(x)dx, f ∈ Lp, g ∈ Lq,
1

p
+ 1

q
= 1 (2.10)

Example 2.44 Let ϕi be a basis of X. Define a bounded linear functional Fi by

Fi(x) = αi ∈ R, where x =
n∑

i=1

αiϕi (2.11)

We can prove that Fi is linear and bounded. The relationship between Fi and ϕi is
characterized by

Fi(ϕj) = δij ∀ i, j (2.12)

Since ϕj are linearly independent, Fi are also linearly independent. Thus, the set Fi

forms a basis for the dual space U �. Fi is called the dual basis or conjugate basis.

Example 2.45 Let M be the n-dimensional subspace of L2[0, 1], spanned by the
set ϕi

n
i=1 and F be the bounded and linear functional defined by Eq. (2.9). Then for

f ∈ M , we have
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F(f ) =
1∫

0

f (x)g(x)dx

=
1∫

0

(
n∑

i=1

αiϕi(x)

)

g(x)dx

=
n∑

i=1

αi

1∫

0

g(x)ϕi(x)dx

or

F(f ) =
n∑

i=1

αiβi, where βi =
1∫

0

g(x)ϕi(x)dx (2.13)

Example 2.46 a. �p, Lp, 1 < p < ∞, are examples of reflexive Banach space.
b. Every finite-dimensional normed space say M is a reflexive Banach space.
c. �1, c, L1(a, b) and C[a, b] are examples of nonreflexive Banach space.

2.6 Space of Operators

Definition 2.10 a. A vector space A, in which multiplication is defined having the
following properties, is called an algebra

i. x(yz) = (xy)z ∀ x, y, z ∈ A.
ii. x(y + z) = xy + xz ∀ x, y, z ∈ A.
iii. (x + y)z = xz + yz ∀ x, y, z ∈ A.
iv. α(xy) = (αx)y = x(αy), for every scalar α and x, y ∈ A.

An algebra, A, is called commutative if

xy = yx ∀ x, y ∈ A

An element e ∈ X is called the identity of A if

ex = xe = x ∀ x ∈ A

b. A Banach algebra A is a Banach space which is also an algebra such that

||xy|| ≤ ||x|| ||y|| ∀ x, y ∈ A.
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Remark 2.9 If A has an identity e, then

||e|| ≥ 1, [||x|| = ||xe|| ≤ ||x|| ||e|| ⇒ ||e|| ≥ 1]

In such cases, we often suppose that ||e|| = 1.

Remark 2.10 In a Banach algebra, the multiplication is jointly continuous; that is,
if xn → x and yn → y, then xnyn → xy.
Verification We have

||xnyn − xy|| = ||xn(yn − y) + (xn − x)y||
≤ ||xn||||yn − y|| + ||xn − x||||y|| → 0 as n → ∞

which gives the desired result.

Remark 2.11 Every element x of a Banach algebra, A satisfies ||xn|| ≤ ||x||n.
Verification The result is clearly true for n = 1. Let it be true for n = m. Then,

||xm+1|| = ||xmx|| ≤ ||xm||||x||
≤ ||x||m ||x|| = ||x||m+1

or ||xm+1|| ≤ ||x||m+1; i.e., the result is true for m + 1, and thus by the principle of
induction, the desired result is true for every n.

Theorem 2.9 If x is an element of a Banach algebra A, then the series
∞∑

1
xn is

convergent whenever ||x|| < 1.

The following lemma is required in the proof.

Lemma 2.1 Let x1, x2, . . . , xn, . . . be a sequence of elements in a Banach space A.

Then, the series
∞∑

n=1
xn is convergent in A; that is, sn =

n∑

k=1
xk is convergent in A

whenever the series of real numbers
∞∑

n=1
||xk || is convergent.

Proof (Proof of Lemma2.1) We have that

∥
∥
∥
∥
∥

q∑

k=p
xk || ≤∑q

k=p xn

∥
∥
∥
∥
∥

xk ||. If
∞∑

n=1
||xk || is

convergent. Then,
q∑

k=p
||xk || → 0 as p, q → ∞ and in turn, the remainder of

∞∑

n=1
xn

tends to zero. Therefore,
∞∑

n=1
xn is convergent.

Proof (Proof of Theorem2.9) Since ||xn|| ≤ ||x||n for all n, therefore,
∑∞

n=1 ||xn|| is
less than equal to the sum of a convergent geometric series. By Lemma2.1,

∑∞
1 xn

is convergent.
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Definition 2.11 Let B(A) denote the set of all bounded linear operators on a normed
space X into itself and S, T ∈ B(A).

The multiplication in B(A) is defined as follows:

ST (x) = S(T (x)), ∀ x ∈ A

T ∈ B(A) is called invertible if there exists T 1 ∈ B(A) called inverse of T such that

TT 1 = T 1T = I

In view of Theorem2.7, B(X ) is a normed space and it is a Banach space whenever
A is a Banach space.

Theorem 2.10 Let A be a Banach space. Then, B(X ) is a Banach algebra with
respect to the multiplication defined in Definition2.11 with identity I such that
||I || = 1.

Proof By Theorem2.7, B(A) is a Banach space with respect to the norm

||T || = sup
||x||=1

{||T (x)||}

= sup
x �=0

{ ||T (x)||
||x||

}

B(X ) is an algebra as the following results can be easily checked:

U (S + T ) = US + TS

(S + T )U = SU + TU

U (ST ) = (US)T ∀ U, S, T ∈ B(X )

α(ST ) = (αS)T = S(αT ) for every scalar and all S, T ∈ B(A). We have

||ST || = sup
x �=0

{ ||ST (x)||
||x||

}

= sup
x �=0

{ ||S(Tx)||
||T (x)||

||T (x)||
||x||

}

By definition,

||S|| = sup
x′=0

{ ||S(x′)||
||x′||

}

If x′ = T (x), then clearly T (x) �= 0; otherwise ||ST || = 0, and the desired result is
trivial. In case T (x) �= 0, we get
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S[T (x)]
||T (x)|| ≤ ||S||

and

||ST || ≤ ||S|| sup
x �=0

{ ||T (x)||
||x||

}

= ||S|| ||T ||

Therefore, B(A) is a Banach algebra.

I(x) = x, ∀ x ∈ X

||I || = sup
||x||=1

||I(x)|| = sup
||x||=1

{||x||} = 1.

Theorem 2.11 If X is a Banach space and T ∈ B(A) such that ||T || < 1, then the
operator I − T is invertible.

Proof We have

(I − T )(I + T + T2 + · · · + Tn)

= (I + T + T 2 + · · · + T n) − (T + T 2 + · · · + T n+1)

= I − T n+1

and ||T n+1|| ≤ ||T ||n+1 → 0 as n → ∞, by the hypothesis ||T || < 1. Hence,

lim
n→∞(I − T )(Pn) = I

where

Pn =
n∑

k=0

T k

Since ||T || < 1, and B(A) is a Banach algebra, by Theorem2.9, limn→∞ Pn exists
(say P = limn→∞ Pn); therefore,

(I − T )P = I

In fact,

(I − T )P = (I − T )Pn + (I − T )(P − Pn)

= I + (I − T )(P − Pn)

But

||(I − T )(P − Pn)|| ≤ ||I − T || ||P − Pn|| → 0 as n → ∞
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therefore,

(I − T )P = I

Thus, (I − T ) is invertible and (I − T )1 = P, where

P = I + T + T2 + · · · Tn + · · ·

Example 2.47 The set of all n × n(n finite) matrices is a Banach algebra. For

M =

⎡

⎢
⎢
⎢
⎢
⎣

a11 ... a1n

. . .

. . .

. . .

a1n ... ann

⎤

⎥
⎥
⎥
⎥
⎦

we can consider the following equivalent norms (I is the identity matrix):

a. ||M || = sup |aij| where ||I || = 1
b. ||M || =∑i,j |aij| where ||I || = n

c. ||M || =
(∑

i,j |aij|2
)1/2

where ||I || = √
n

Example 2.48 Let T ∈ B(X ) be defined as follows:

eT = 1 + T + T 2

2! + · · · T n

n! + · · ·

Then,

||eT ||B(X ) ≤ ||I ||B(X ) + ||T ||B(X ) + · · · ||T n||B(X )

n! + · · ·

Since B(A) is a Banach algebra, ||T n|| ≤ ||T ||n for all n

||eT || ≤ 1 + k + k2

2! + · · · kn

n! + · · ·

where

k = ||T ||B(A)

or

||eT ||B(X ) ≤ ek
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Therefore,

eT ∈ B(A)

Example 2.49 The operation equation

Tx = y

has a unique solution x = T −1y if T −1 exists and it is bounded.

It may be observed that finding the inverse T −1 could be quite difficult, but the inverse
of a neighboring operator T0 (T0 is close to T in the sense that ||T − T0|| < 1

||T −1
0 || )

can be found as follows: Given this condition it can be shown that

||T −1 − T −1
0 || <

||T −1
0 ||2||T − T0||

1 − ||T −1
0 || ||T − T0||

hence if x0 = T −1
0 y, we have

||x − x0|| = ||T −1y − T −1
0 y|| ≤ ||T −1 − T 1

0 || ||y||

which provides an estimate for the error ||x − x0||. Let T be a square matrix and the
elements of the matrix are subject to error which are at most of magnitude ε. If T0

is the matrix actually used for computation, we can assess the possible error in the
solution.

For more detailed account of themes discussed in Sects. 2.1–2.5, see [8, 12, 63,
64, 67, 117, 144, 158, 182].

2.7 Convex Functionals

We discuss here basic properties of convex sets, affine operators, and convex func-
tionals.

2.7.1 Convex Sets

Definition 2.12 Let U be a normed space, and let K its subset. Then,

a. K is called convex if αx + βy ∈ K whenever x, y ∈ M , where α ≥ 0, β ≥ 0 and
α + β = 1.

b. K is called affine if αx + βy ∈ K whenever x, y ∈ M , where α + β = 1.
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Remark 2.12 a. A subset K of a normed space is convex if and only if for all xi ∈
M , i = 1, 2, . . . , n, real αi ≥ 0, i = 1, 2, . . . , n;∑n

i=1 αi = 1,
∑n

i=1 αixi ∈ M .
b. Every affine set is convex, but the converse may not be true.
c. The normed space U , null set φ, and subsets consisting of a single element of X

are convex sets. In R2, line segments, interiors of triangles, and ellipses are its
convex subsets. A unit ball in any normed space is its convex subset.

d. The closure of a convex subset of a normed space U is convex.
e. If T is a linear operator on the normed linear spaceU , then the image of a convex

subset of X under T is also convex.

Properties of Convex Sets

a. Let Ai be a sequence of convex subsets of a normed space X . Then,

i. ∩n
i=1Ai is a convex subset of X.

ii. If Ai ⊆ Ai+1, i = 1, 2, . . ., then ∪∞
i=1Ai is convex.

iii. lim inf
i→∞ Ai = ∪∞

j=1 ∩∞
i=1 Ai is convex.

b. For any subsets A and B of a normed space U , suppose that

A + B = {x + y/x ∈ A, y ∈ B, and αA = αx/x ∈ A and α real}

If A and B are convex, then (a) A ± B and αA, (b) A = αA + (1 − α)A for
0 ≤ α ≤ 1, and (c) (α1+)A = α1A + α2A for α1 ≥ 0, α2 ≥ 0 are convex.

Definition 2.13 Let K be a subset of a normed space U . Then, the intersection of
all convex subsets of X containing M is the smallest convex subset of X containing
K . This is called the convex hull or the convex envelope of K and is usually denoted
by C0K . [C0M = ∩{Ai/Ai’s are convex and K ⊆ Ai}]. The closure of the convex
hull of M , that is, C0K , is called the closed convex hull of M .

Properties of Convex Hull

a. The convex hull of the subset K of a normed space U consists of all vectors of
the form

∑n
i=1 αixi, where the xi ∈ K , αi ≥ 0 are real for i = 1, 2, . . . , n and∑n

i=1 αi = 1.
b. LetA = ∩{M /K ⊃ N , Mconvex and closed}. In otherwords,A is the intersection

of all closed and convex sets containing N . Let Nc be equal to the convex hull
of N. Then, A = N̄c[Mazur Lemma (for the proof see Dunford and Schwartz
DuSc58]).

c. Let A be a compact subset of a Banach space, then C0A is compact.

Definition 2.14 Let U be a normed space and F a nontrivial fixed functional on U.
Then,

a. H = {x ∈ U/F(x) = c, c is a real constant} is called a hyperplane in U.
b. H1 = {x ∈ U/F(x) ≤ c, c is a real constant} and H2 = {x ∈ U/F(x) ≥ c, c is a

real constant} are called half-spaces determined by H, where H is defined in (i).
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Example 2.50 Lines are hyperplanes in R2, and planes are hyperplanes in R3.

Definition 2.15 a. A hyperplane H is called the support of U at x0 ∈ V if x0 ∈ H
and V is a subset of one of the half-spaces determined by H .

b. A point x0 of a convex set K is called an extreme point if there do not exist points
x1, x2 ∈ K and α ∈ (0, 1) such that x0 = αx1 + (1 − α)x2.

Remark 2.13 The extreme points of a closed ball are its boundary points. A half
space has no extreme point even if it is closed.

2.7.2 Affine Operator

Definition 2.16 An operator T on a normed spaceU into a normed space V is called
affine if for every x ∈ U, Tx = Sx+b, where S is a linear operator and b is a constant
in V .

Remark 2.14 If Y = R, then Sx = αx, for x ∈ X and real α. In this case, affine
operators (affine functionals) are described by Tx = αx + b. In this case, T is called
an affine functional.

Theorem 2.12 An operator T is affine if and only if

T

(
n∑

i=1

αixi

)

=
n∑

i=1

αi(Txi) (2.14)

for every choice of xi ∈ U and real αi’s such that
n∑

i=1
αi = 1.

The proof is a straightforward verification of axioms.

Convex Functionals

Definition 2.17 Let K be a convex subset of a normed space U . Then, a functional
F defined on K is called a convex functional if

F[αx + (1 − α)y] ≤ αFx + (1 − α)Fy ∀ α ∈ [0, 1] and ∀ x, y ∈ K

F is called strictly convex if

F[αx + (1 − α)y] < αFx + (1 − α)Fy ∀x, y ∈ K and α ∈ [0, 1]

F is called concave if −F is convex. If X = Rn, F is called a convex function.

Remark 2.15 If F is a convex functional onK, x1, x2, . . . , xn ∈ K , andα1, α2, . . . , αn

are positive real numbers such that
n∑

i=1
αi = 1, then
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F

[
n∑

i=1

αixi

]

≤
n∑

i=1

αiF(xi) (2.15)

Equation (2.15) is called Jensens inequality. Very often this relation is taken as the
definition of a convex functional. By virtue of Theorem2.12, every affine functional
is convex. The converse of this may not be true. It may be noted that each linear
functional is a convex functional.

Example 2.51 a. f (x) = x2, x ∈ (−1, 1) and f (−1) = f (1) = 2. The function
defined in this manner is convex on [−1, 1].

b. f (x) = x2 is a convex function on (−∞,∞).
c. f (x) = sinx is a convex function on [−pi, 0].
d. f (x) = |x| is a convex function on (−∞,∞).
e. f (x) = ex is a convex function on (−∞,∞).
f. f (x) = − log x is a convex function on (0, ).
g. f (x) = xp for p > 1 and f (x) = −xp, for 0 < p < 1, are convex functionals on

[0, ).
h. f (x) = x log x is a convex function on (0,∞).
i. f (x, y) = x2 + 3xy + 5y2 is a convex function on a subset of R2.
j. f (x1, x2, . . . , xn) = xj is a convex function on Rn.

k. f (x1, x2, . . . , xn) =
r∑

i=1
|xi + bi|, r ≤ n is a convex function on Rn.

l. f (x1, x2, . . . , xn) =
r∑

i=1
|xi + bi|p, αi ≥ 0, p ≥ 1, r ≤ n is a convex function on

Rn
n.

m. g(x) = sup{
n∑

i=1
xiyi/y = (y1, y2, . . . , yn) belongs to a convex set of Rn} is a

convex function.
n. g(x) = inf{λ ≥ 0/x ∈ λM , where M is a convex subset of Rn} is a convex

function.
o. g(x) = inf{||x − y||y = (y1, y2, . . . yn) belongs to a convex subset M of Rn} is

a convex function.

Definition 2.18 Let F be a functional on a normed space U into R̄. In other words,
let F be a real-valued function defined on U which may take the values +∞ and
−∞. The set

epi F = {(x, α) ∈ U × R/F(x) ≤ α}

is called the epigraph of F .
Let K be a convex subset of U , then F : K → R̄ is called convex if for all x and y

of K, we have

F(λx + (1 − λ)y) ≤ λF(x) + (1 − λ)F(y) for all λ ∈ [0, 1]
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while the expression on the right-hand sidemust be defined. domF = {x ∈ U/F(x) <

∞} is called the effective domain of F.

It may be observed that the projection of epi F on U is the effective domain of F.

Theorem 2.13 Let U be a normed space (we can take only a vector space). Then,
F : X → R̄ is convex if and only if epi F is convex.

Proof Let F be convex and (x, α) and (y, β) be in epi F. By the definition of epi F,
F(x) ≤ α < ∞ and F(y) ≤< ∞. Then, we have

F(λx + (1 − λ)y) ≤ λF(x) + (1 − λ)F(y) ≤ λα + (1 − λ)β

This implies that

(λx + (1 − λ)y, λα + (1 − λ)β) = (x, α) + (1 − λ)(y, β) ∈ epiF

and so epi F is the convex subset of U × R.
For the converse, suppose epi F is convex. Then, dom F is also convex. For x and

y ∈ dom F , F(x) ≤ α and F(y) ≤ α. By hypothesis, λ(x, α) + (1− λ)(y, β) ∈ epiF
for λ ∈ [0, 1], which implies that

F(λx + (1 − λ)y) ≤ λα + (1 − λ)β

If F(x) and F(y) are finite, it is sufficient to take α = F(x) and β = F(y). In case
F(x) or F(y) are −∞, it is sufficient to take α or β tending to −∞ and we obtain
that

F(λx + (1 − λ)y) ≤ λF(x) + (1 − λ)F(y)

Thus, F is convex.

Properties of Convex Functionals

1. If F and G are convex functionals, then (a) F + G and (b) F ∨ G = max(F, G)

are also convex functionals.
2. If F is a convex functional, then αF is also a convex functional, where α is a

nonnegative real number.
3. If Fn is a sequence of convex functionals defined on the sequence of convex

subsets Kn of a normed space U and K = ∩Kn �= φ, then the subset of M on
which Fx = sup

n
Fnx < ∞ is convex and F is convex on it.

4. The limit of a sequence of convex functionals is convex.
5. Let F : X → R and G : Y → R be convex functionals defined on a normed space

X and a subspace Y of R such that the range of F ⊆ Y ⊆ R and G is increasing.
Then, G ◦ F is a convex functional on X .

6. If F is a convex functional, then G(x) = F(x) + H (x) + a (where H is a linear
functional and a is a constant) is also a convex functional.
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7. If F(x) = G(x) + a, where G is a linear functional and a is constant, then |F |p
for p ≥ 1 is also a convex functional.

Continuity of Convex Functionals

We may observe that convex functional is not necessarily continuous.

2.7.3 Lower Semicontinuous and Upper Semicontinuous
Functionals

Definition 2.19 Let U be a metrizable space. A real-valued function f defined on
X is called lower semicontinuous (lsc) at a point x0 ∈ U if f (x0) ≥ limn→∞f (yn)

whenever yn → x0 as n → ∞. f is called lsc on U if f is lsc at every point of X . f
is called upper semicontinuous (usc) at x0 ∈ U if −f is lsc at x0. f is called usc on
U if it is usc at each point of U .

Remark 2.16 a. Every continuous function is lower and upper semicontinuous, but
the converse may not be true.

b. Every convex lsc function, defined on an open subset of a Banach space, is
continuous.

Theorem 2.14 Let U be a metrizable space and F : U → R̄. Then, F is lsc if and
only if the epigraph of F is closed in U × R.

Proof Suppose epi F is closed and let xn → x. We want to show that F is lsc, i.e.,

F(x) ≤ limn→∞F(xn)

Let

α = limn→∞F(xn)

1. If α = ∞, then F(x) ≤ α ∀ x ∈ X and so the desired result is true.
2. Let −∞ < α < ∞. Choose a subsequence xm such that F(xm) → ∞. Then,

(xm, F(xm)) ∈ epi F . This implies that F(x) ≤ α = limn→∞ F(xn), and we get
the desired result.

3. Letα = −∞. Choose a subsequence xm such thatF(xm) converges decreasingly to
−∞ as m → ∞. Then (xm, F(xm)) ∈ epiF form ≥ m0, since F(xm) ≥ F(xm0) for
m ≥ m0 and (xm0, F(xm0)) → (x, F(xm0)) for m → ∞. Hence,(x, F(xm0) ∈ epiF
or F(x) ≥ F(xm0) for every m0. But then, F(x) ≥ α = −∞, and this is a
contradiction. Hence, F(x) = α = −∞.

For the converse, suppose F is lsc, and (xn, αn) → (x, α) as n → ∞ with

F(x) ≤ limn→∞F(xn) < limn→∞αn = α.
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This implies that (x, α) ∈ epi F , and epi F is closed in X × R. Thus, we have proved
the desired result.

Advanced discussion on Convex analysis can be found in [140, 154, 161–164].

2.8 Problems

2.8.1 Solved Problems

Problem 2.1 1. Show that every normed space is a metric space but that the con-
verse may not be true.

2. Show that

(a) ||x|| − ||y|| ≤ ||x − y||.
(b) |||x|| − ||y||| ≤ ||x + y|| for all x, y belonging to a normed space X .

3. Prove that the mappings

φ(x, y) = x + y on X × X into X

and

ψ(α, x) = αx on R × X into X

where X is a normed space and R is the field of real numbers, are continuous.
4. Prove that a norm is a real-valued continuous function.

Solution 2.1 1. Let (X , || · ||) be a normed space. Let d(x, y) = ||x − y||, x, y ∈
X .d(·, ·) is well defined as x − y ∈ X and so ||x − y|| is defined.
(i) d(x, y) ≥ 0 as ||x − y|| ≥ 0, by the first property of the norm. d(x, y) = 0 ⇔

||x − y|| = 0 ⇔ x − y = 0 (by the first condition on the norm). Therefore,
d(x, y) = 0 if and only if x = y.

(ii) d(x, y) = ||x − y|| = || − (y − x)|| = | − 1| ||y − x|| = ||y − x|| = d(y, x).
(iii) d(x, y) = ||x − z + z − y|| ≤ ||x − z|| + ||z − y|| (by the third condition on the

norm).

Thus, d(x, y) ≤ d(x, z) + d(z, y). Therefore, all the conditions of the metric are
satisfied. So, d(·, ·) is a metric.

In order to show that the converse is not true, consider the following example :
Let X be a space of all complex sequences {xi} and d(·, ·) a metric defined on X as
follows :

d(x, y) =
∞∑

i=1

1

2i

|xi − yi|
1 + |xi − yi|
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where x = (x1, x2, . . . , xn, . . .) and y = (y1, y2, . . . , yn, . . .). In fact, d(·, ·) satisfies
all the three conditions of the metric.

(i) d(x, y) ≥ 0, d(x, y) = 0 if and only if x = y.
Verification

|xi − yi|
1 + |xi − yi| ≥ 0 ∀ i,

and so

1

2i

|xi − yi|
1 + |xi − yi| ≥ 0 ∀ i.

Consequently,

d(x, y) =
∞∑

i=1

1

2i

|xi − yi|
1 + |xi − yi| ≥ 0

If d(x, y) = 0, then

∞∑

i=1

1

2i

|xi − yi|
1 + |xi − yi| = 0

⇒ 1

2i

|xi − yi|
1 + |xi − yi| = 0 ∀ i

⇒ |xi − yi| = 0 ∀ i

⇒ xi = yi ∀ i

x = (x1, x2, . . . , xn, . . .), y = (y1, y2, . . . , yn, . . .).

Conversely, if x = y, then |xi − yi| = 0 ∀ i and d(x, y) = 0.
2. d(x, y) = d(y, x)
Verification

d(x, y) =
∞∑

i=1

1

2i

|xi − yi|
1 + |xi − yi|

=
∞∑

i=1

1

2i

|(−1)||xi − yi|
1 + |(−1)||xi − yi|

=
∞∑

i=1

1

2i

|yi − xi|
1 + |yi − xi|
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3. d(x, y) ≤ d(x, z) + d(z, y) where x = (x1, x2, . . . , xn . . .), y = (y1, y2, . . . ,
yn, . . .), z = (z1, z2, . . . , zn . . .).
Verification

1.

d(x, y) =
∞∑

i=1

1

2i

|xi − yi|
1 + |xi − yi|

=
∞∑

i=1

1

2i

|xi − zi + zi − yi|
1 + |xi − zi + zi − yi|

≤
∞∑

i=1

1

2i

|xi − zi|
1 + |xi − zi| +

∞∑

i=1

1

2i

|zi − yi|
1 + |zi − yi|

by applying the inequality given in TheoremA.12 of AppendixA.4. Thus,

d(x, y) ≤ d(x, z) + d(z, y)

Therefore, (X , d) is a metric space. This metric space cannot be a normed space
because if there is a norm || · || such that d(x, y) = ||x − y||, then

d(αx, αy) = ||αx − αy|| = |α| ||x − y|| = |α|d(x, y)

must be satisfied. But for the metric under consideration, this relation is not valid
as

d(αx, αy) =
∞∑

i=1

1

2i

|α| |xi − yi|
1 + |α| |xi − yi|

and

|α|d(x, y) = |α|
∞∑

i=1

1

2i

|xi − yi|
1 + |xi − yi|

2. (a) ||x|| = ||x − y + y|| ≤ ||x − y|| + ||y||, or

||x|| − ||y|| ≤ ||x − y||

Also,

||y|| − ||x|| ≤ ||x − y||
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or

−(||x|| − ||y||) ≤ ||x − y||

Thus, we get

|||x|| − ||y||| ≤ ||x − y|| (2.16)

(b) In (a), replace y by −y. Then, we get

||x|| − || − y|| ≤ ||x + y|| (2.17)

Since

|| − y|| = ||y||
||x|| − ||y|| ≤ ||x + y|| (2.18)

which is the desired result.
3. In order to prove that φ is continuous, we need to show for ε > 0, ∃δ > 0, such

that ||φ(x, y)−φ(x′, y′)|| < ε, whenever ||(x, y)− (x′, y′)|| < δ, or equivalently

||(x − x′, y − y′)|| = ||x − x′|| + ||y − y′|| < δ

and we have

||φ(x, y) − φ(x′, y′)|| = ||(x + y) − (x′ + y′)||
= ||(x − x′) + (y − y)||
≤ ||x − x′|| + ||y − y′|| < δ = ε

This shows that φ is continuous. Similarly, ψ is continuous as

||ψ(α, x) − ψ(β, x)|| = ||αx − βx′|| = ||αx − αx′ + αx′ − βx||
≤ |α| ||x − x′|| + |α − β| ||x|| < ε

whenever

||(α, x) − β(β, x′)|| = ||(α − β, x − x′)|| = |α − β| + ||x − x′|| < δ

4. By Solved Problem2.1(2), for all x, ||x|| − ||y|| ≤ ||x − y||. This implies that
if ||x − y|| < δ, then ||x|| − ||y|| ≤ ε, where ε = δ. This shows that ||x|| is a
real-valued continuous function.
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Alternative Solution If xn → x as n → ∞; i.e., ||xn − x|| → 0 as n → ∞,
then ||xn|| → ||x|| in view of the above relation. Thus, by TheoremA.6(2) of
AppendixA.3, ||x|| is a real-valued continuous function.

Problem 2.2 Prove that the set X c of all convergent sequences in a normed space
X is a normed space.

Solution 2.2 We can easily verify that X c is a vector space. For x = (x1, x2, . . . ,
xn, . . .) ∈ X c, let ||x|| = sup

n
||xn||. The right-hand side is well defined as every

convergent sequence is bounded.

a. ||x|| ≥ 0 as ||xn|| ≥ 0. ||x|| = 0 if and only if x = 0. ||x|| = 0 ⇔ supn ||xn|| =
0 ⇔ ||xn|| = 0 ∀ n ⇔ x = 0.

b. ||αx|| = |α| ||x|| : ||αx|| = sup
n

||αxn|| = |α| sup
n

||xn|| = |α| ||x||.
c. ||x + y|| = sup

n
||xn + yn|| ≤ sup

n
||xn|| + sup

n
||yn|| = ||x|| + ||y||.

Problem 2.3 a. Show that C[a, b] is a normed space with respect to the norm

||f || = (
b∫

a
|f (t)|2dt)1/2 but not a Banach space.

b. Show that Rn, �p, c, C[a, b] (with sup norm) and BV [a, b] are Banach spaces.

Solution 2.3 1. (a)

||f || ≥ 0 as

b∫

a

|f (t)|2 ≥ 0.

||f || = 0 ⇔ |f (t)|2 = 0 ⇔ f (t) = 0.

[It may be observed that the continuity of f implies the continuity of |f | and
so

b∫

a

|f (t)|2dt = 0

implies f (t) = 0 on [a, b]. ]
(b) ||αf || =

(
b∫

a
|αf (t)|2dt

)1/2

= |α|
(

b∫

a
|f (t)|2dt

)1/2

= |α| ||f ||
(c)

||f + g|| =
⎛

⎝

b∫

a

|f + g|2dt

⎞

⎠

1/2

≤
⎛

⎝

b∫

a

|f (t)|2dt

⎞

⎠

1/2

+
⎛

⎝

b∫

a

|g(t)|2
⎞

⎠

1/2

= ||f || + ||g||
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by Minkowski’s inequality (TheoremA.14(b) of AppendixA.4).

Thus, C[a, b] is a normed space as it is well known that C[a, b] is a vector space.
[In fact, for operations of addition and scalar multiplication, defined by

(f + g)(t) = f (t) + g(t)

(αf )(t) = αf (t)

the axioms of vector space follow from the well-known properties of continuous
functions].

In order to show that C[a, b] is not a Banach space with the integral norm, we
consider the following example : Take a = −1, b = 1

fn(t) =
⎧
⎨

⎩

0, −1 ≤ t ≤ 0
nt, 0 < t ≤ 1/n
1, 1/n < t ≤ 1

We can show that {fn(t)} is aCauchy sequence inC[−1, 1], but it cannot converge
to an element of C[−1, 1]. (See Solved Problem3.4).

2. i. Rn is a Banach space. Rn is a vector space with the operations

∀x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn) ∈ Rn

x + y = (x1 + y1, x2 + y2, . . . , xn + yn)

αx = (αx1, αx2, . . . , αxn)

We verify axioms of the norm of || · ||4 of Example2.4. Rn is a Banach space
with respect to all norms defined on it.

||x|| = max(|x1|, |x2|, . . . , |xn|), x = (x1, x2, . . . , xn) ∈ Rn

||x|| ≥ 0 is obvious. ||x|| = 0 ⇔ |xi| = 0 ∀ i ⇔ x = (x1, x2, . . . , xn) = 0

||αx|| = max(|αx1|, |αx2|, . . . , |αxn|)
= |α|max(|x1|, . . . , |xn|)
= |α| ||x||

||x + y|| = max(|x1 + y1|, |x2 + y2|, . . . , |xn + yn|)
≤ max(|x1| + |y1|, |x2| + |y2|, . . . , |xn| + |yn|)
≤ max(|x1|, . . . , |xn|) + max(|y1|, . . . , |yn|)
= ||x|| + ||y||

ii. �p = {x = {xi}/
∞∑

i=1
|xi|p < ∞ where 1 ≤ p < ∞.
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�p is a vector space with respect to operations of addition and scalar multi-
plication defined as follows :

x = (x1, x2, . . . , xn, . . .), y = (y1, y2, . . . , yn, . . .) ∈ �p

x + y = (x1 + y1, x2 + y2, . . . , xn + yn . . .)

αx = (αx1, αx2, . . . , αxn, . . .)

By Minkowski’s inequality and the fact that

( ∞∑

i=1

|xi|p
)1/p

< ∞,

( ∞∑

i=1

|yi|p
)1/p

< ∞

we have

( ∞∑

i=1

|xi + yi|p
)1/p

≤
⎛

⎝

( ∞∑

i=1

|xi|p
)1/p

⎞

⎠+
( ∞∑

i=1

|yi|p
)1/p

This shows that x + y ∈ �p. Since
∞∑

i=1
|αxi|p < ∞, ∀ scalar α, we see that

αx ∈ �p.
All the axioms of vector space can be verified easily. Now, we verify the

norm axioms for the norm defined by ||x|| =
(∞∑

i=1
|xi|p

)1/p

on �p.

It is clear that ||x|| ≥ 0.

||x|| = 0 ⇔ |xi|p = 0 ∀ i ⇔ xi = 0 ∀ i ⇔ x = 0

||αx|| =
( ∞∑

i=1

|αxi|p
)1/p

=
(

|α|p
∞∑

i=1

|xi|p
)1/p

= |α| ||x||

||x + y|| =
( ∞∑

i=1

|xi + yi|p
)1/p
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exists and
⎛

⎝

( ∞∑

i=1

|xi + yi|p
)1/p

⎞

⎠ ≤
( ∞∑

i=1

|xi|p
)1/p

+
( ∞∑

i=1

|yi|p
)1/p

in view of the Minkowski’s inequality and the fact that x = {xi} ∈ �p, and
y = {yi} ∈ �p. This shows that ||x + y|| ≤ ||x|| + ||y||.

In order to show that �p is a Banach space, we need to show that every
Cauchy sequence in �p is convergent in it.

Let xn = {an
i } ∈ �p be a Cauchy sequence. This implies that

||xn − xm|| =
( ∞∑

i=1

|an
i − am

i |p
)1/p

< ε for n, m ≥ N (2.19)

Equation (2.19) implies that

|an
i − am

i | < ε for n, m ≥ N and ∀ i (2.20)

For fixed i, Eq. (2.20) implies that an
i is a Cauchy sequence of real numbers

and, by the Cauchy criterion of real sequences, it must converge, say, to ai;
i.e.,

lim
n→∞ an

i = ai (2.21)

From Eq. (2.19), we have

k∑

i=1

|an
i − am

i |p < εp, for every k

Making m → ∞ in this relation, we have

k∑

i=1

|an
i − am

i |p < εp, for n ≥ N

Making k → ∞, we get

∞∑

i=1

|an
i − am

i |p < εp, for every k
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This implies that

−(xn − x) = x − xn ∈ �p

where x = (a1, a2, . . . , an, . . .); hence x = (x − xn) + xn ∈ �p

Furthermore,

||xn − x|| =
( ∞∑

i=1

|an
i − ai|p

)1/p

≤ εforn ≥ N

i.e.

||xn − x|| → 0 as n → ∞

Therefore, xn is convergent to x ∈ �p,which shows that �p is a Banach space.
iii. c = {xn/ limn→∞ xn = x} is a vector space with operations of addition and

scalar multiplication defined by

x + y = (x1 + y1, x2 + y2, . . . , xn + yn, . . .)

αx = (αx1, αx2, . . . , αxn, . . .)

where

x = (x1, x2, . . . , xn, . . .)

y = (y1, y2, . . . , yn, . . .)

belong to c and α is a scalar. For x ∈ c, ||x|| = supn |xn|. This is a norm.
We shall now show that c is a Banach space. Let xn = {an

i } be a Cauchy
sequence in c. This implies that for ε > 0 ∃N such that

||xn − xm|| = sup
i

|an
i − am

i | < ε for n, m ≥ N

This implies that

|an
i − am

i | < ε for n, m ≥ N . (2.22)

This means that {an
i } is a Cauchy sequence of real members and, by the

Cauchy criterion, for fixed i

lim
m→∞ am

i = ai. (2.23)

By Eqs. (2.22) and (2.23), we obtain
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|ai − an
i | < ε for n ≥ N (2.24)

Since xn ∈ c, we have limi an
i = an, which implies that

|an − an
i | < ε for i ≥ N (ε, n)

Therefore,

|am − ak | = |am − an
m + an

m − an + an − an
k + an

k − ak |
≤ |am − an

m| + |an
m − an| + |an − an

k | + |an
k − ak |

< ε + ε + ε + ε = 4ε

for n ≥ N and m, k ≥ N (ε, n). Thus, the sequence {ai} satisfies the Cauchy
criterion. There exists lim ai = a, and hence, x = {ai} ∈ c. We find from
Eq. (2.19) that

||xn − x|| = sup
i

|ai − an
i | → 0 as n → ∞

i.e., xn → x as n → ∞ in c. Therefore, c is a Banach space.
iv. In order to prove that C[a, b] with ||f || = sup

a≤t≤b
|f (t)| is a Banach space,

we need to show that every Cauchy sequence in C[a, b] is convergent. Let
{fn(t)} be a Cauchy sequence, that is, for ε > 0,∃ N such that

||fn − fm|| = sup
t

|fn(t) − fm(t)| ≤ ε for n, m ≥ N ,

This implies that {fn(t)} converges uniformly to a continuous function, say,
f (t) in C[a, b]. Therefore, ||fn − f || = sup

t
|fn(t) − f (t)| → 0 as n → ∞;

i.e., fn → f in C[a, b] and so C[a, b] is a Banach space.
v. BV [a, b] = {f , a real − valued function defined on [a, b]|

sup
p

n∑

k=1
|f (tk) − f (tk−1)| < ∞, where P is an arbitrary partition of [a, b];

i.e., the set of points tk such that a = t0 < t1 < t2 . . . tn = b} is equal to the
class of functions of bounded variation defined on [a, b].
Let, for f ∈ BV [a, b]

||f || = |f (a)| + V b
a (f ) (2.25)

where V b
a (f ) = supP

∑n
k=1 |f (tk) − f (tk−1)| is called the total variation of

the function f (t).

||f || ≥ 0 as |f (a)| ≥ 0 and V b
a (f ) ≥ 0

||f || = 0 ⇔ |f (a)| = 0, and V b
a (f ) = 0 ⇔ f (a) = 0 and |f (tk ) − f (tk1)| = 0 for
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all tk ⇔ f (tk) = f (tk1), and f (a) = 0 ⇔ f (tk) = 0 ∀ ⇔ f = 0

||αf || = |αf (a)| + sup
P

n∑

k=1

|α[f (tk) − f (tk−1)]|

|α|[|f (a)| + sup
P

n∑

k=1

|f (tk) − f (tk−1)|]

= |α| ||f ||

Let f , g ∈ BV [a, b] and h = f + g.
For any partition of the interval [a, b] : a = t0 < t1 < t2 < · · · < tn =
b, |h(a)| = |f (a)+ g(a)| ≤ |f (a)|+ |g(a)| and |h(tk)−h(tk−1)| ≤ |f (tk)−
f (t)| + |g(t) − g(tk−1)| where k = 1, 2, 3, . . . , n. Therefore

||h|| = |h(a)| + sup
P

n∑

k=1

|h(tk ) − h(tk−1)|

≤ |f (a)| + |g(a)| + sup
P

n∑

k=1

|f (tk ) − f (tk−1)| + sup
P

n∑

k=1

|g(tk ) − g(tk−1)|

= ||f || + ||g||

Thus, ||f || defined by Eq. (2.25) is a norm on BV [a, b].
Now, we shall show that BV [a, b] is a Banach space. Let {fn} be a Cauchy
sequence in BV [a, b]. {fn(t)} is a Cauchy sequence of real numbers as

|fm(t) − fn(t)| ≤ |[fm(t) − fn(t)] − [fm(a) − fn(a)]| + |fm(a) − fn(a)|
≤ |fm(a) − fn(a)| + V b

a (fm − fn)

= ||fm − fn||

Hence, {fn(t)} must be convergent, say to f (t)∀ t ∈ [a, b]. f (t) ∈ BV [a, b]
as

sup
P

n∑

k=1

|f (tk) − f (tk−1)| = lim
n→∞ sup

P

n∑

k=1

|fn(tk) − fn(tk−1)| < ∞

||fn − f || = |fn(a) − f (a)| + sup
P

n∑

k=1

|fn(tk) − f (tk)|

+ sup
P

n∑

k=1

|fn(tk−1) − f (tk−1)|

→ 0 as n → ∞.

Hence, fn → f in BV [a, b], and consequently BV [a, b] is a Banach space.

See also [146],
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2.8.2 Unsolved Problems

Problem 2.4 a. Let L be the space of real-valued Lipschitz functions of order 1
defined on [0, 1]; that is, the class of functions f such that

sup
(x,y)∈[0,1]×[0,1],x �=y

|f (x) − f (y)|
x − y

= K(f ) < ∞

Show that L is a subspace of C[0, 1].
b. Let ||f ||1 = sup

0≤t≤1
|f (t)| + K(f ) = ||f || + K(f ). Show that || · ||1 is a norm on L.

c. Show that (L, || · ||1) is a Banach space.

Problem 2.5 LetC1[0, 1]denote the vector spaceof all real-valued functions defined
on [0, 1] having first-order continuous derivatives. Show that the expressions given
below are equivalent norms.

||f ||1 = sup
0≤t≤1

|f (t)| + |f ′(t)|
||f ||1 = sup

0≤t≤1
|f (t)| + sup

0≤t≤1
|f ′(t)|

Problem 2.6 Prove that all linear operators, defined on a finite-dimensional normed
space into an arbitrary normed space, are bounded.

Problem 2.7 Prove that the natural embedding J is an isometric isomorphism of X
into X ��.

Problem 2.8 Let p(x) = ||f || ||x||, where f is a bounded linear functional on a
normed space X . Show that

(a) p(x + y) ≤ p(x) + p(y) ∀ x and y.
(b) p(αx) = αp(x) ∀ α ≥ 0 and x.

Problem 2.9 LetC1[0, 1]denote the vector spaceof all real-valued functions defined
on [0, 1] which have a first-order continuous derivative.

a. Show that p(f ) defined by the expression

p2(f ) = f 2(0) +
1∫

0

(f ′(t))2dt

is a norm, and that convergence in this norm implies uniform convergence.
b. Show that if C1[0, 1] is equipped with the norm

||f || = sup
0≤t≤1

|f (t)|
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then, the functionalF defined onC1[0, 1]byF(f ) = f (0) is linear but not continuous.

Problem 2.10 (a) Let X be the vector space of all the sequences {xn} of complex
numbers such that the series

∑

n≥1
n!|xn| is convergent. Assume that

||(xn)|| =
∑

n≤1

n!|xn|

Show that (X , || · ||) is a normed space.
(b) Let T : �p → X be defined by

T ({xn}) = xn

n! .

Show that T is a bounded linear operator and find its norm. Deduce that X is a
Banach space.

Problem 2.11 Every finite-dimensional normed space is a Banach space.

Problem 2.12 Prove that a normed space is homeomorphic to its open unit ball.

Problem 2.13 Prove that �p, 1 ≤ p ≤ ∞, is a Banach space.

Problem 2.14 Let X and Y be two real Banach spaces such that

(a) A : D(A) ⊆ X → Y is a bounded linear operator.
(b) D(A) is dense in X ; that is, D(A) = X . Show that A can be uniquely extended

to a bounded linear operator defined on the whole space X .

Problem 2.15 a. Let xn and yn be two sequences in a normed space X, and {λn}
be a sequence of real numbers. Further, suppose that xn → x and yn → y, as
n → ∞, in X and λn → λ in R as n → ∞. Show that xn + yn → x + y and
λnxn → λx as n → ∞.

b. If {xn} is a Cauchy sequence in a normed space, show that {λxn} is a Cauchy
sequence.

c. Show that a metric d(·, ·) induced by a norm on a normed space X is translation
invariant, i.e., d(x + b, y + b) = d(x, y), where b is a fixed element of X, and
d(αx, αy) = |α|d(x, y), where α is a scalar.

Problem 2.16 Give an example of a seminorm that is not a norm.

Problem 2.17 Show that P[0, 1] with ||f || = sup
t∈[0,1]

|f (t)| is a normed space but not

a Banach space.

Problem 2.18 Let X = {xi/xi = 0 for i > n}. Show that X is a normed space with
||x|| = sup

i
|xi|, but it is not a Banach space.
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Problem 2.19 If X and Y are Banach spaces, show that X × Y is also a Banach
space.

Problem 2.20 Let X and Y be two real normed spaces and T an operator on X into
Y such that

a. T (x + y) = T (x) + T (y) ∀ x, y ∈ X .

b. T is bounded on the unit ball of X . Prove that T is a continuous linear operator.

Problem 2.21 Let X and Y be normed spaces and T an operator of X into Y. Show
that T is a continuous linear operator if and only if

T

( ∞∑

i=1

αixi

)

=
∞∑

i=1

αiT (xi)

for every convergent series
∞∑

i=1
αixi.

Problem 2.22 Show that Rn, C, C[0, 1], �p, Lp are separable normed spaces.

Problem 2.23 Let T : C[0, 1] → C[0, 1], T (f ) =
1∫

0
K(s, t)f (t)dt, where K(s, t) is

continuous on the unit square 0 ≤ s ≤ 1, 0 ≤ t ≤ 1. Compute||T ||.
Problem 2.24 Show that if T is a linear operator on a normed space X into a normed
space Y, then T −1 is linear provided it exists.

Problem 2.25 Show that the dual of Rn is Rn.

Problem 2.26 Show that the dual of �p, 1 < p < ∞, is �q, where 1/p + 1/q = 1.
Also, show that �p is reflexive for 1 < p < ∞, but �1 is nonreflexive.

Problem 2.27 Prove that the set Mm,n of all m × n matrices is a normed space with
respect to the following equivalent norms:

a. ||A||∞ = maxi,j |aij| and A = (aij) ∈ Mm,n.

b. ||A||1 =
m∑

i=1

∑n
j=1 |aij| and A = (aij) ∈ Mm,n.

c. ||A||2 = {
m∑

i=1

∑n
j=1 |aij|2}1/2 and A = (aij) ∈ Mm,n.

Problem 2.28 Prove that the space of all real sequences converging to 0 is a normed
space.

Problem 2.29 Let T be a functional defined onX ×Y , the product of normed spaces
X and Y , such that
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a. T (x + x′, y + y′) = T (x, y) + T (x, y′) + T (x′, y) + T (x′, y′)∀ (x, y) ∈ X ×
Y , (x′, y′) ∈ X × Y .

b. T (αx, βy) = αβT (x, y)∀ (x, y) ∈ X × Y with α and β being scalars, i.e., T is
bilinear. Show that T is continuous if and only if there exists k > 0 such that
||T (x, y)|| ≤ k||x|| ||y||

Let

||T || = sup
||x||≤1,||y||≤1

|T (x, y)|.

Show that ||T (x, y)|| ≤ ||T || ||x|| ||y||.
Problem 2.30 A linear operator T defined on a normed spaceU into a normed space
V is called compact or (completely continuous) if, for every bounded subset M of
U , its image T (M ) is relatively compact; i.e., the closure T (M ) is compact.

a. Show that the operator in Problem2.23 is compact.
b. Show that if S and T are compact operators, then S +T and αT, where α is scalar,

are compact.
c. Show that every compact operator is bounded and hence continuous.

Problem 2.31 Show that the identity operator defined on an infinite-dimensional
normed space X is not compact.

Problem 2.32 Let T : U → U (U is a normed space) be defined by the relation
T (x) = F(x)z, where z is a fixed element of U and F ∈ U �. Show that T is compact.

Problem 2.33 Show that the space of all compact operators on a Banach space X
into a Banach space Y is a Banach space which is a closed subspace of B[X , Y ].
Problem 2.34 Let T : �p → �p, p ≥ 1, be defined by T (x) = y, where y =
(x1/1, x2/2, x3/3, . . . , xn/n, . . .) for x = (x1, x2, x3, . . . , xn, . . .) ∈ �p. Show that
T is compact.

Problem 2.35 Let T be a linear operator with its domain D(T ) and range R(T )

contained in a normed space U . A scalar λ such that there exists an x ∈ D(T ),
x �= 0, satisfying the equation T (x) = λx, is called an eigenvalue or characteristic
value or proper value of T . The corresponding x is called an eigenvector of T . If λ

is an eigenvalue of T, the null space of the operator λI − T , N (λI − T ), is called the
eigenmanifold (eigenspace) corresponding to the eigenvalue λ. The dimension of the
eigenmanifold is called the multiplicity of the eigenvalue λ. The set of λ such that
(λI −T ) has a continuous inverse defined on its range is said to be the resolvent set of
T and is denoted by ρ(T ). The set of all complex numbers that are not in the resolvent
set is said to be the spectrum of T and denoted by σ(T ). Rλ(T ) = (λI − T )−1 is
called the resolvent of T. Let T : U → U , U being Banach space, and

rσ (T ) = sup |λ/λ ∈ σ(T )|

is called the spectral radius of T.
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(a) Let T : X → X , X being a normed space, be a linear operator on X, and let
λ1, λ2, λ3, . . . be a set of distinct eigenvalues of T. Further, let {xn} be an eigen-
vector associated with n, n = 1, 2, . . .. Show that the set x1, x2, . . . , xn is linearly
independent.

(b) Show that the set of eigenvalues of a compact linear operator T : X → X on
a normed space X is countable and the only possible point of accumulation is
λ = 0.

(c) Find σ(T ), where T is defined as in Problem2.23 on L2[0, 1] into itself.
(d) Let T : X → X , X being a Banach space, be linear and continuous. If |λ| ≥

||T ||,then λ is in the resolvent set of T . Moreover, (λI − T )−1 is given by

(λI − T )−1 =
∞∑

n=0
λ−n−1T n and ||(λI − T )−1|| ≤ (|λ| − ||T ||)−1. Show that the

spectrum of T is contained in the circle, {λ|λ| ≤ lim sup(||T n||)1/n}, which is
contained in (λ/|λ| ≤ ||T ||).

(e) Show that for a bounded linear operator T , σ(T ) is closed and ρ(T ) is open.
(f) Let T : C[a, b] → C[a, b] be as in Problem2.23, then (λI −T )−1u = v, λ �= 0,

has a unique solution u = λ
∞∑

n=0
λ−n − T nv.

Problem 2.36 Inverse Operator Theorem : Let T be a bounded linear operator on a
normed space U onto a normed space V . If there is a positive constant m such that

m||x|| ≤ ||T (x)|| ∀ x ∈ X

then show that T −1 : V → U exists and is bounded. Conversely, show that if there is
a continuous inverse T −1 : Y = R(T ) → U , then there is a positive constant m such
that the above inequality holds for all x in U .

Problem 2.37 Let T : C[a, b] → C[a, b] be defined by f (t) → g(t) =
t∫

0
f (x)dx.

Find R(T ) and T −1 : R(T ) → C[a, b]. Is T −1 linear and bounded.



Chapter 3
Hilbert Spaces

Abstract In this chapter, we study a special class of Banach space in which the
underlying vector space is equipped with a structure, called an inner product or a
scalar product providing the generalization of geometrical concepts like angle and
orthogonally between two vectors. The inner product is nothing but a generalization
of the dot product of vector calculus. Hilbert spacemethod is a powerful tool to tackle
problems of diverse fields of classical mathematics like linear equations, variational
methods, approximation theory, differential equations.

Keywords Inner product space (pre-Hilbert space) ·
Cauchy–Schwarz–Bunyakowski inequality · Hilbert space · Parallelogram law ·
Polarization identity · Orthogonal complements · Projection theorem · Projection
on convex sets · Orthonormal systems Fourier expansion · Bessel’s inequality ·
Projections · Orthogonal bases · Riesz representation theorem · Duality of Hilbert
space · Adjoint operator · Self-adjoint operator · Positive operator · Unitary
operator · Normal operator · Adjoint of an unbounded operator · Bilinear forms ·
Lax–Milgram lemma

3.1 Introduction

In Chap.1, we have studied concept of distance between two elements of an abstract
set X as well as the distance between two subsets of X . Chapter2 is devoted to
concepts of magnitude of vectors. An important notion of angle and related concept
of orthogonality or perpendicularity between two vectors is missing in the previous
chapter. David Hilbert, a Professor at Göttingen, Germany, introduced the space of
sequences denoted by l2 = {{x}/∑∞

n=1 |xn|2 < ∞} which is the first example of
a structure whose axiomatic definition was given around 1927 by Von Neumann
and now known as Hibert space. A Hilbert space is a special class of Banach space
in which the underlying vector space is equipped with a structure known as inner
product or scalar product. This concept enables us to study geometric properties like
Pythagorean theorem and parallelogram law of classical geometry, and vector space
equipped with inner product that is completely known as Hilbert space is a powerful
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apparatus to solve problems of different fields such as linear equations, minimization
problems, variational methods, approximation theory, differential equations. The
concept of orthogonality leads to the celebrated projection theorem and theory of
Fourier series extending numerous classical results concerning trigonometric Fourier
series. The structure of inner product has consequences of vital importance that
every real Hilbert space is reflexive. Besides these results, the Hilbert space exhibits
some interesting properties of linear operators which are very useful for the study of
certain systems occurring in physics and engineering. The chapter is concluded by
the famous Lax–Milgram lemma proved by Abel prize recipient P.D. Lax and A.N.
Milgram in 1954 which is applied to prove existence of solution of different types
of boundary value problems.

3.2 Fundamental Definitions and Properties

3.2.1 Definitions, Examples, and Properties of Inner Product
Space

Definition 3.1 Suppose H is a real or complex vector space. Then, a mapping,
denoted by 〈·, ·〉, on H × H into the underlying field R or C , is said to be an inner
product of any two elements x , y ∈ H if the following conditions are satisfied:

1. 〈x + x ′, y〉 = 〈x, y〉 + 〈x ′, y〉 ∀x, x ′, y ∈ H .
2. 〈αx, y〉 = α〈x, y〉, ∀x, y ∈ H and α belongs to R or C .
3. 〈x, y〉 = 〈y, x〉 ∀x, y ∈ H and − denotes complex conjugate.
4. 〈x, x〉 ≥ 0, ∀ x ∈ X ; and 〈x, x〉 = 0 if and only if x = 0. 〈x, x〉 is denoted by

||x ||2, that is, ||x || = (〈x, x〉)1/2.
(X, 〈·, ·〉) [X equipped with inner product 〈·, ·〉] is called an inner product space or
pre-Hilbert space.

Remark 3.1 (a) Sometimes symbol (·, ·) is used to denote the inner product 〈·, ·〉.
(b) For real inner product 〈·, ·〉, 〈x, y〉 = 〈x, y〉 = 〈y, x〉.
(c) Since a complex number z is real if and only if z = z, 〈x, x〉 = z = z = 〈x, x〉,

that is 〈x, x〉 is real.
(d) 〈·, ·〉 is linear in the first variable x by virtue of Definition3.1(a) and (b). If

underlying vector space is real, then 〈·, ·〉 is also linear in the second variable,
that is,

(i) 〈x, y + y′〉 = 〈x, y〉 + 〈x, y′〉.
(ii) 〈x, βy〉 = β〈x, y〉.
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(e) It may be checked that

〈
n∑

k=1

αk xk,
n∑

l=1

βl yl

〉

=
n∑

k=1

n∑

l=1

αkβl 〈xk, yl〉

(f) 〈x, 0〉 = 0, ∀ x ∈ X .
(g) If, for a given element y ∈ X , 〈x, y〉 = 0, then y must be zero.
(h) The inner product, 〈·, ·〉, is a continuous functionwith respect to the norm induced

by it. See Remark 3.4 and Solved Problem 3.3.

Example 3.1 Let x = (x1, x2) and y = (y1, y2) belong to R2. Then,

〈x, y〉 = x1y1 + x2y2

is an inner product on R2 and (R2, 〈·, ·〉) is an inner product space.

Example 3.2 For x = (x1, x2, . . . , xn) ∈ Rn, y = (y1, y2, . . . , yn) ∈ Rn belonging
to Rn, n ≥ 1,

〈x, y〉 = x1y1 + x2y2 + · · · + xn yn

is an inner product and (Rn, 〈·, ·〉) is an inner product space.

Example 3.3 Let C[a, b] denote the vector space of continuous functions defined
on [a, b]. C[a, b] is an inner product space with respect to an inner product 〈·, ·〉
defined as

(a) 〈 f, g〉 =
b∫

a
f (x)g(x)dx , ∀ f, g ∈ C[a, b]. For f, g ∈ C[a, b], another inner

product can be defined as follows:

(b) 〈 f, g〉 =
b∫

a
f (x)g(x)w(x)dx , where w(x) ∈ C[a, b] and w(x) > 0.

w(x) is called a weight function. For w(x) = 1, (b) reduces to (a).

Example 3.4 Let

�2 =
{

x = {xn}/
∞∑

n=1

|xn|2 < ∞
}

Then,

〈x, y〉 =
∞∑

k=1

xk yk,
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for x = (x1, x2, . . . , xk, . . .) and y = (y1, y2, . . . , yk, . . .) belonging to �2, an inner
product, and (�2, 〈·, ·〉), an inner product space. If sequences {xk} and {yk} are real,
then 〈x, y〉 = ∑∞

k=1 xk yk and �2 is called real inner product space.
This space was introduced by David Hilbert.

Example 3.5 Let L2(a, b) = { f : [a, b] → RorC/
∫ b
a | f (x)|2dx < ∞}. Then,

〈 f, g〉 =
b∫

a

f (x)g(x)dx

is an inner product on L2(a, b) and L2(a, b) is an inner product space equipped with
this inner product. L2(a, b) is called the space of finite energy.

Remark 3.2 (a) An inner product space is called finite-dimensional inner product
space if the underlying vector space is finite-dimensional. Sometime a finite-
dimensional complex inner product space is called Hermitian space or unitary
space. It is called Euclidean space if underlying field is real.

(b) All inner product spaces considered in this book will be defined over the field
of complex numbers unless explicitly mentioned.

Theorem 3.1 (Cauchy–Schwarz–Bunyakowski Inequality)

|〈x, y〉|2 ≤ 〈x, x〉〈y, y〉 (3.1)

for all x, y belonging to an inner product space X.

Proof It is clear that 〈x, y〉 = 0 if y = 0 and 〈y, y〉 = 0 for y = 0. Therefore, (3.1)
is satisfied for y = 0. Let us prove it for y �= 0. For y �= 0, 〈y, y〉 �= 0. Let

λ = 〈x, y〉
〈y, y〉 .

Then,

|〈x, y〉|2
〈y, y〉 = 〈x, y〉〈x, y〉

〈y, y〉
= λ〈x, y〉 = λ〈y, x〉

by virtue of condition (3) of Definition3.1. Also, λ〈y, x〉 = λ〈x, y〉 by the same
reasoning. Thus,

|〈x, y〉|2
〈y, y〉 = λ〈y, x〉 = λ〈x, y〉 = |λ|2〈y, y〉 (3.2)
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By Definition3.1(a), (b) and Remark 3.1, we get

0 ≤ 〈x − λy, x − λy〉 = 〈x, x〉 + 〈x,−λy〉 + 〈−λy, x〉 + 〈−λy,−λy〉
= 〈x, x〉 − λ〈x, y〉 − λ〈y, x〉 + |λ|2〈y, y〉 (3.3)

By (3.2) and (3.3), we get

0 ≤ 〈x, x〉 − |〈x, y〉|2
〈y, y〉 − |〈x, y〉|2

〈y, y〉 + |〈x, y〉|2
〈y, y〉

or

0 ≤ 〈x, x〉 − |〈x, y〉|2
〈y, y〉 (3.4)

or

|〈x, y〉|2 ≤ 〈x, x〉〈y, y〉.

Theorem 3.2 Every inner product space defines a norm, and so every inner product
space is a normed space. Let (X, 〈·, ·〉) be an inner product space, and then, (X, ||·||)
is a normed space, where

||x || = 〈x, x〉1/2 ∀ x ∈ X.

Proof (a) ||x || = (〈x, x〉)1/2. Let ||x || = 0, and then, 〈x, x〉 = 0 implying x =
0 by Definition3.1(d) and also x = 0 implies 〈x, x〉 = 0 or ||x || = 0. By
Definition3.1(d) 〈x, x〉 ≥ 0. Thus, condition of the norm is satisfied.

(b)

||αx || = (〈αx, αx〉)1/2 = (|α|2〈x, x〉)1/2
= |α|(〈x, x〉)1/2 = |α| ||x ||

Here, we used α × α = |α|2 and 〈αx, αx〉 = αα〈x, x〉 by Definition 3.1 and
Remark 3.1(d).

(c) ||x + y|| ≤ ||x || + ||y|| ∀ x, y ∈ X .

le f thandside = ||x + y||2 = 〈x + y, x + y〉
= 〈x, x〉 + 〈x, y〉 + 〈x, y〉 + 〈y, y〉

by Definition 3.1 and Remark 3.1.
or

||x + y||2 ≤ ||x ||2 + 2Re〈x, y〉 + ||y||2



76 3 Hilbert Spaces

by Definition 3.1 and Appendix A.4. By Theorem3.1.,

Re〈x, y〉 ≤ |〈x, y〉| ≤ (〈x, x〉)1/2(〈y, y〉)1/2.

Therefore,

||x + y||2 ≤ ||x ||2 + 2||x || ||y|| + ||y||2 (3.5)

or

||x + y|| ≤ ||x || + ||y||.

Thus, ||x || is a norm and (X, || · ||) is a normed space.

Remark 3.3 (a) In view of Theorem3.2, Theorem 3.1 can be written as

|〈x, y〉| ≤ ||x || ||y||.

(b) In Theorem 3.1, equality holds, that is,

|〈x, y〉| = ||x || ||y||,

if and only if x and y are linearly dependent.

Verification

Let |〈x, y〉| = ||x || ||y||, x �= 0 and y �= 0. If either x = 0 or y = 0, then x and y
are linearly dependent; that is, the result follows. Since x �= 0, y �= 0, 〈x, y〉 �= 0
and 〈y, y〉 �= 0. If

λ = 〈x, y〉
〈y, y〉 , then

λ �= 0

and

〈x − λy, x − λy〉 = 〈x, x〉 − |〈x, y〉|2
〈y, y〉

= ||x ||2 − ||x ||2||y||2
||y||2 = 0.

By Definition 3.1(d), it follows that x − λy = 0. Hence, x and y are linearly
dependent. Conversely, if x and y are linearly dependent, then we can write x = λy.
This implies that
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|〈x, y〉| = |〈λy, y〉| = |λ| |〈y, y〉|(By Def ini tion 3.1)

= |λ| ||y|| ||y|| = (|λ| ||y||) ||y||
= ||x || ||y||

Remark 3.4 (a) The norm ||x || = |〈x, x〉|1/2 is called the norm induced by an inner
product.

(b) All notions discussed in Chap.2 can be extended for inner product space as it
is a normed space with respect to the norm given in part (a). For example, a
sequence {xn} in an inner product space (X, 〈·, ·〉) is called a Cauchy sequence
if, for ε > 0, there exists N such that

||xn − xm || = [〈xn − xm, xn − xm〉]1/2 < ε

for n and m > N , that is,

lim
n,m→∞〈xn − xm, xn − xm〉 = 0.

Hilbert Spaces

Definition 3.2 If every Cauchy sequence in an inner product space (H, 〈·, ·〉) is
convergent, that is, for xn, xm ∈ H with 〈xn − xm, xn − xm〉 = 0 as n,m → ∞, we
get there exists u ∈ H such that 〈xn −u, xn −u〉 = 0 as n → ∞. Then, H is called a
Hilbert space. Thus, an inner product space is called aHilbert space if it is complete.

Example 3.6 (a) Rn, �2, and L2(a, b) are examples of Hilbert spaces.
(b) C[a, b] and P [a, b] are examples of inner product spaces but they are not Hilbert

space.
An inner product 〈·, ·〉 on P[a, b] is defined as follows: For f, g ∈ P[a, b],

〈 f, g〉 =
b∫

a

f (t)g(t)dt.

Example 3.7 Let Y = { f : [a, b] → R/ f is absolutely continuous on [a, b] with
f , d f

dt ∈ L2(a, b) and f (a) = f (b) = 0}. Then, Y is a dense subspace of L2(a, b).
Y is a Hilbert space with respect to

〈 f, g〉Y = 〈 f, g〉L2(a,b) +
〈
d f

dx
,
dg

dx

〉

L2(a,b)

.

Example 3.8 LetΩ be an open subset of R3 andC∞
0 (Ω) = { f : Ω → R/f infinitely

differentiable with compact support in Ω}.
For f, g ∈ C∞

0 (Ω),
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〈 f, g〉 =
∫

Ω

(

f g + ∂ f

x1

∂g

x1
+ ∂ f

x2

∂g

x2
+ ∂ f

x3

∂g

x3

)

dx1dx2dx3

is an inner product on C∞
0 (Ω).

(C∞
0 (Ω), 〈·, ·〉) is inner product space but not a Hilbert space.

This inner product induces the norm:

|| f || =
⎛

⎝
∫

Ω

(| f |2 + |∇ f |2)dx1dx2dx3
⎞

⎠

1/2

However, C∞
0 (Ω) is not a Hilbert space.

Remark 3.5 (a) David Hilbert discovered space �2 in 1910. In fact, abstract Hilbert
space (Definitions3.1 and 3.2) was introduced by J. von Neumann in 1927.

(b) In the beginning of the study of this interesting space, a separable complete inner
product space was called Hilbert space and this continued up to 1930.

(c) It can be proved that every separable Hilbert space is isometric and isomorphic
to �2.

3.2.2 Parallelogram Law

In classical geometry, the sum of the squares of the diagonals of a parallelogram is
equal to the sum of the squares of its sides. We prove extension of this result in the
following theorem.

Theorem 3.3 (Parallelogram Law)

||x + y||2 + ||x − y||2 = 2||x ||2 + ||y||2∀x, y belonging to an inner product space X.

Proof By Theorem 3.2, we have

||x + y||2 = 〈x + y, x + y〉 and
||x − y||2 = 〈x − y, x − y〉

By Definition 3.1 and Remark 3.1(d), we get

||x + y||2 = 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉

or

||x + y||2 = ||x ||2 + 〈x, y〉 + 〈y, x〉 + ||y||2 (3.6)
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Similarly, we can show that

||x − y||2 = ||x ||2 − 〈x, y〉 − 〈y, x〉 + ||y||2 (3.7)

By adding Eqs. (3.5) and (3.6), we get

||x + y||2 + ||x − y||2 = 2||x ||2 + 2||y||2.

This proves the theorem.

Remark 3.6 The parallelogram law is not valid for an arbitrary norm as demonstrated
below. Let X = C[0, 2π ] be the Banach space where

|| f || = sup
0≤t≤2π

| f (t)| f or f ∈ X.

This norm does not satisfy the parallelogram law. Let f (t) = max(sin t, 0) and
g(t) = max(− sin t, 0). Then,

|| f || = 1, ||g|| = 1, || f + g|| = 1, and || f − g|| = 1

Thus,

2|| f ||2 + 2||g||2 = 4 and || f + g||2 + || f − g||2 = 2

Hence,

|| f + g||2 + || f − g||2 �= 2|| f ||2 + 2||g||2

In fact, we see in Theorem 3.5 that any norm satisfying the parallelogram law is
defined by an inner product.

Theorem 3.4 (Polarization Identity) Let x, y ∈ X (inner product space), and then

〈x, y〉 = 1

4
{||x + y||2 − ||x − y||2 + i ||x + iy||2 − i ||x − iy||2}

Proof Using definition of inner product and Remark 3.1, we get

||x + y||2 = 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉
−||x − y||2 = −〈x, x〉 + 〈x, y〉 + 〈y, x〉 − 〈y, y〉
i ||x + iy||2 = i〈x, x〉 + 〈x, y〉 + 〈y, x〉 + i〈y, y〉

−i ||x + y||2 = −i〈x, x〉 + 〈x, y〉 − 〈y, x〉 − i〈y, y〉

By adding these four relations, we obtain
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||x + y||2 − ||x − y||2 + i ||x + iy||2 − i ||x − iy||2 = 4〈x, y〉

or

〈x, y〉 = 1

4
[||x + y||2 − ||x − y||2 + i ||x + iy||2 − i ||x − iy||2].

Theorem 3.5 (Jordan-von-Neumann, 1935) A normed space is an inner product
space if and only if the norm of the normed space satisfies the parallelogram law.

Theorem 3.6 A Banach space is a Hilbert space if and only if its norm satisfies the
parallelogram law.

For proof of above theorems, one may see, for example, Siddiqi [169].

3.3 Orthogonal Complements and Projection Theorem

3.3.1 Orthogonal Complements and Projections

Definition 3.3 1. Two vectors x and y in an inner product space are called orthog-
onal, denoted by x ⊥ y if

〈x, y〉 = 0.

2. A vector x of an inner product space X is called orthogonal to a nonempty subset
A of X , denoted by x ⊥ A, if 〈x, y〉 = 0 for each y ∈ A.

3. Let A be a nonempty subset of an inner product space X . Then, the set of all
vectors orthogonal to A, denoted by A⊥, is called the orthogonal complement
of A; that is,

A⊥ = {x ∈ X/〈x, y〉 = 0 f or each y ∈ A}.

A⊥⊥ = (A⊥)⊥ will denote orthogonal complement of A⊥.
4. Two subsets A and B of an inner product space X are called orthogonal denoted

by A ⊥ B if 〈x, y〉 = 0∀ x ∈ A and ∀ y ∈ B.

Remark 3.7 1. Since 〈x, y〉 = 〈y, x〉 , 〈x, y〉 = 0 implies that 〈y, x〉 = 0 or
〈y, x〉 = 0 and vice versa. Hence, x ⊥ y if and only if y ⊥ x .

2. In view of Remark 3.1 (6), x ⊥ 0 for every x belonging to an inner product
space. By condition (4) of the definition of the inner product, 0 is the only vector
orthogonal to itself.

3. It is clear that 0⊥ = X and X⊥ = 0.
4. It is clear that if A ⊥ B, then A ∩ B = 0.
5. Nonzero mutually orthogonal vectors, x1, x2, x3, . . . , xn of an inner product

space are linearly independent.
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Theorem 3.7 Let X be an inner product space and A its arbitrary subset. Then, the
following results hold good:

1. A⊥ is a closed subspace of X.
2. A ∩ A⊥ ⊂ {0}. A ∩ A⊥ = 0 if and only if A is a subspace.
3. A ⊂ A⊥⊥
4. If B ⊂ A, then B⊥ ⊃ A⊥.

Proof 1. Let x, y ∈ A⊥. Then, 〈x, z〉 = 0 ∀ z ∈ A and 〈y, z〉 = 0∀z ∈ A. Since
for arbitrary scalars α, β,

〈αx + βy, z〉 = α〈x, z〉 + β〈y, z〉,

by Definition 3.1, we get 〈αx + βy, z〉 = 0, i.e.,

αx + βy ∈ A⊥.

So, A⊥ is a subspace of X . For showing that A⊥ is closed, let {xn} ∈ A⊥ and
xn → y. We need to show that y must belong to A⊥. By definition of A⊥, for
every x ∈ X , 〈x, xn〉 = 0 ∀ n. This implies that

lim
n→∞〈x, xn〉 = lim

n→∞〈xn, x〉 = 0 (Remark 3.7).

Since 〈·, ·〉 is a continuous function

〈 lim
n→∞ xn, x〉 = 0

or 〈y, x〉 = 0. Hence, y ∈ A⊥.
2. If y ∈ A ∩ A⊥ and y ∈ A⊥, by Remark3.7, y ∈ {0}. If A is a subspace, then

0 ∈ A and 0 ∈ A ∩ A⊥. Hence, A ∩ A⊥ = {0}.
3. Let y ∈ A, but y /∈ A⊥⊥. Then, there exists an element z ∈ A⊥ such that

〈y, z〉 �= 0. Since z ∈ A⊥, 〈y, z〉 = 0 which is a contradiction. Hence, y ∈ A⊥⊥.

Definition 3.4 The angle θ between two vectors x and y of an inner product space
X is defined by the following relation:

cos θ = 〈x, y〉
||x || ||y|| (3.8)

Remark 3.8 1. By the Cauchy–Schwarz–Bunyakowski inequality, the right-hand
side of Eq. (3.8) is always less than or equal to 1, and so the angle θ is well
defined, i.e., 0 ≤ θ ≤ π , for every x and y different from 0.

2. If X = R3, x = (x1, x2, x3), y = (y1, y2, y3), then

cos θ = x1y1 + x2y2 + x3y3
(x21 + x22 + x23 )

1/2(y21 + y22 + y23 )
1/2
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This is a well-known relation in three-dimensional Euclidean space.
3. If x ⊥ y, then cos θ = 0; i.e., θ = π/2. In view of this, orthogonal vectors are

also called perpendicular vectors.
A well-known result of plane geometry is the sum of the squares of the base, and
the perpendicular in a right-angled triangle is equal to the square of the hypotenuse.
This is known as the Pythagorean theorem. Its infinite-dimensional analogue is as
follows.

Theorem 3.8 Let X be an inner product space and x, y ∈ X. Then for x ⊥ y, we
have

||x + y||2 = ||x ||2 + ||y||2.

Proof

||x + y||2 = 〈x + y, x + y〉 = 〈x, x〉 + 〈y, x〉 + 〈x, y〉 + 〈y, y〉 (by Def ini tion 3.1).

Since x ⊥ y, 〈x, y〉 = 0 and 〈y, x〉 = 0 (by Definition 3.3 and Remark 3.7). Hence,
||x + y||2 = ||x ||2 + ||y||2.
Example 3.9 Let X = R3, the three-dimensional Euclidean space, and M = {x =
(x1, x2, x3)} be its subspace spanned by a nonzero vector x . The orthogonal comple-
ment of M is the plane through the origin perpendicular to the vector x (Fig. 3.1).

Example 3.10 Let A be a subspace of R3 generated by the set {(1, 0, 1), (0, 2, 3)}.
A typical element of A can be expressed as

Fig. 3.1 Orthogonal
complement in Example 3.9

M⊥

M = {x}

x3

x1

x2
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x = (x1, x2, x3) = λ(1, 0, 1) + μ(0, 2, 3)

= λi + 2μj + (λ + 3μ)k

⇒ x1 = λ, x2 = 2μ, x3 = λ + 3μ

Thus, a typical element of A is of the form
(
x1, x2, x1 + 3

2 x2
)
. The orthogonal com-

plement of A can be constructed as follows: Let x = (x1, x2, x3) ∈ A⊥. Then for
y = (y1, y2, y3) ∈ A, we have

〈x, y〉 = x1y1 + x2y2 + x3y3 = x1y1 + x2y2 + x3

(

y1 + 3

2
y2

)

(x1 + x3)y1 +
(

x2 + 3

2
x3

)

y2 = 0

Since y1 and y2 are arbitrary, we have

(x1 + x3) = 0 and

(

x2 + 3

2
x3

)

= 0

Therefore

A⊥ =
{

x = (x1, x2, x3)/x1 = −x3, x2 = −3

2
x3

}

=
{

x ∈ R3/x =
(

−x3,−3

2
x3, x3

)}

3.4 Orthogonal Projections and Projection Theorem

As we know, an algebraic projection P on a vector space X is a linear operator P
on X into itself such that P2 = P . A projection P on an inner product space X
is called an orthogonal projection if its range and null space are orthogonal, that
is, R(P) ⊥ N (P)(〈u, v〉 = 0 ∀ u ∈ N (P), v ∈ N (P)), where R(P) and N (P)

denote, respectively, the range and null space. It can be easily verified that if P is
an orthogonal projection, then so is I − P . Important properties of an orthogonal
projection are contained in the following theorem:

Theorem 3.9 Let P be an orthogonal projection of an inner product space X. Then,

1. Each element z ∈ X can be written uniquely as

z = x + y, where x ∈ R(P) and y ∈ N (P)

2. ||z||2 = ||x ||2 + ||y||2
3. Every orthogonal projection is continuous, and moreover, ||P|| = 1 for P �= 0.
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4. N (P) and R(P) are closed linear subspaces of X.
5. N (P) = R(P)⊥ and R(P) = N (P)⊥.

Proof We know that for an algebraic projection P on X

X = R(P) + N (P)

where R(P)∩N (P) = {0}. Thus, every element z in X can be expressed in the form
z = x + y, x ∈ R(P), y ∈ N (P). To show the uniqueness, let

z = x1 + y1, x1 ∈ R(P), y1 ∈ N (P)

z = x2 + y2, x2 ∈ R(P), y2 ∈ N (P)

Then, x1 + y1 = x2 + y2 or x1 − x2 = y2 − y1.

1. Since x1 − x2 ∈ R(P) as R(P) is a subspace of X and y2 − y1 ∈ N (P) as
N (P) is a subspace of X , we find that x1 − x2 = y2 − y1 = 0. Therefore, the
representation is unique.

2. Since z = x + y, x ∈ R(P), and y ∈ N (P), we have

||z||2 = ||x + y||2 = 〈x + y, x + y〉
= 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉
= ||x ||2 + ||y||2 as 〈x, y〉 = 0 and 〈y, x〉 = 0. (3.9)

3. By parts (1.) and (2.) for all z ∈ X , we have

||Pz||2 = ||P(x + y)||2 = ||Px ||2 + ||Py||2, x ∈ R(P), y ∈ N (P).

||Py||2 = 0 as y ∈ N (P). Thus,

||Pz||2 = ||Px ||2 = ||x ||2 ≤ ||z||2.

This means that P is bounded and hence continuous. Let P �= 0; then, for
x ∈ R(P), we have Px = x . Therefore, ||Px || = ||x || which implies that
||P|| = 1.

4. It is clear that R(P) is the null space of I − P . By Proposition 2.1(4), the result
follows.

5. Since N (P) ⊥ R(P), N (P) ⊂ R(P)⊥. To prove the assertion, it is sufficient
to show that N (P) ⊃ R(P)⊥. Let z ∈ R(P)⊥. Then, there exists a unique
x0 ∈ R(P) and y0 ∈ N (P) such that z = x0 + y0. Since z ∈ R(P)⊥, we have
〈z, u〉 = 0 for all u ∈ R(P). Then, 0 = 〈z, u〉 = 〈x0, u〉 for all u ∈ R(P). This
implies that x0 = 0 and z = y0 ∈ N (P) which shows that R(P)⊥ ⊂ N (P).
Similarly, we can prove that R(P) = N (P)⊥.
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The existence of orthogonal projection is guaranteed by the following theorem:

Theorem 3.10 (Projection Theorem) If M is a closed subspace of a Hilbert space
X, then

X = M ⊕ M⊥ (3.10)

Remark 3.9 1. Theorem 3.10 implies that a Hilbert space is always rich in pro-
jections. In fact, for every closed subspace M of a Hilbert space X , there exists
an orthogonal projection on X whose range space is M and whose null space is
M⊥.

2. Equation (3.10) means that every z ∈ X is expressible uniquely in the form
z = x + y, where x ∈ M and y ∈ M⊥. Since M ∩ M⊥ = {0}, in order to prove
Theorem3.10, it is sufficient to show that X = M + M⊥.
Equation (3.10) is called the orthogonal decomposition of Hilbert space X .

3. i. Let X = R2. Then, Figure 3.2 provides the geometricmeaning of the orthog-
onal decomposition of R2 as

H = R2, z ∈ R2, z = x + y, x ∈ M, y ∈ M⊥

ii. Theorem 3.10 is not valid for inner product spaces (see Problem 3.20).
We require the following results in the proof of Theorem3.10 (Fig. 3.2).

Lemma 3.1 Let M be a closed convex subset of aHilbert space X andρ = inf
y∈M ||y||.

Then, there exists a unique x ∈ M such that ||x || = ρ.

Lemma 3.2 Let M be a closed subspace of a Hilbert space X, x /∈ M, and let the
distance between x and M be ρ, i.e., ρ = inf

u∈M ||x − u||. Then, there exists a unique

vector w ∈ M such that ||x − w|| = ρ.

Lemma 3.3 If M is a proper closed subspace of a Hilbert space X, then there exists
a nonzero vector u in X such that u ⊥ M.

Fig. 3.2 Geometrical
meaning of the orthogonal
decomposition in R2

M⊥

Y

y

M

z

x
0 X
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Lemma 3.4 If M and N are closed subspaces of a Hilbert space X, such that
M ⊥ N, then the subspace

M + N = {x + y ∈ X/x ∈ M and y ∈ N }

is also closed.

Remark 3.10 Lemma 3.2 can be rephrased as follows: Let M be a closed convex
subset of a Hilbert space X , and for x ∈ X , let ρ = in fu∈M ||x − u||. Then, there
exists a unique element w ∈ M such that ρ = ||x −w||. w is called the projection of
x on M, and we write Px = w (Definition 3.5).

Proof (Proof of Lemma3.1) Since M is a convex subset of X , αx + (1− α)y ∈ M ,
for α = 1/2 and every x, y ∈ M . By the definition of ρ, there exists a sequence of
vectors {xn} in M such that ||xn|| → ρ. For x = xn and y = xm , we have

xn + xm
2

∈ M and || xn + xm
2

|| ≥ ρ.

Hence,

||xn + xm || ≥ 2ρ (3.11)

By the parallelogram law for elements xn and xm

||xn + xm ||2 + ||xn − xm ||2 = 2||xn||2 + 2||xm ||2

or

||xn − xm ||2 = 2||xn||2 + 2||xm ||2 − ||xn + xm ||2
≥ 2||xn||2 + 2||xm ||2 − 4ρ2 by Eq. (3.11)

Since 2||xn||2 → 2ρ2 and 2||xm ||2 → 2ρ2, we have ||xn − xm ||2 → 2ρ2 + 2ρ2 −
4ρ2 = 0 as n,m → ∞. Hence, {xn} is a Cauchy sequence in M . Since M is a
closed subspace of a Banach space X , it is complete (see Remark 1.3). Thus, {xn} is
convergent in M ; i.e., there exists a vector x in M such that lim

n→∞ xn = x . Since the

norm is a continuous function, we have

ρ = lim
n→∞ ||xn||

= lim
n→∞ x = ||x ||.

Thus, x is an element of Mwith the desired property. Now, we show that x is unique.
Let x ′ be another element of M such that ρ = ||x ′||. Since x, x ′ ∈ M , and M is
convex,
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x + x ′

2
∈ M.

By the parallelogram law for the elements x
2 and x ′

2 , we have

∥
∥
∥
∥
x

2
+ x ′

2

∥
∥
∥
∥

2

+
∥
∥
∥
∥
x ′

2
− x ′

2

∥
∥
∥
∥

2

= 2

4
||x ||2 + 2

4
||x ′||2

or

∥
∥
∥
∥
x + x ′

2

∥
∥
∥
∥

2

= ||x ||2
2

+ ||x ′||2
2

− ||x − x ′||2
2

<
||x ||2
2

+ ||x ′||2
2

= ρ2

or
∥
∥
∥
∥
x + x ′

2

∥
∥
∥
∥ < ρ

which contradicts the definition of ρ. Hence, x is unique.

Proof (Proof of Lemma3.2) The set

N = x + M = {x + v/v ∈ M}

is a closed convex subset of X , and

ρ = inf
x+v∈N ||0 − (x + v)||

is the distance of 0 from N . Since −v ∈ M for all

v ∈ M, ρ = inf
v∈M ||0 − (x + v)||

By Lemma 3.1, there exists a unique vector u ∈ N such that ρ = ||u||. The vector
w = x −u = −(u− x) belongs to M [as we have M = N − x = {z− x/z ∈ N ; x /∈
M} and M is a subspace, therefore,−(z − x) ∈ M ]. Thus, ||x − w|| = ||u|| = ρ. w
is unique. For if w is not unique, w1 �= w is a vector in M such that ||x − w1|| = ρ.
This implies that u1 = (x − w1) is a vector in N such that ||u1|| = ||x − w1|| = ρ.
This contradicts that u is unique. Hence, w is unique.

Proof (Proof of Lemma3.3) Let x /∈ M and ρ = inf
v∈M ||x − v||, the distance from x

to M . By Lemma 3.2, there exists a unique element w ∈ M such that ||x −w|| = ρ.
Let u = x −w. u �= 0 as ρ > 0. (If u = 0, then x −w = 0 and ||x −w|| = 0 implies
that ρ = 0.)
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Now,we show that u ⊥ M . For this, we show that for arbitrary y ∈ M, 〈u, y〉 = 0.
For any scalar α, we have ||u − αy|| = ||x −w− αy|| = ||x − (w+ αy)||. Since M
is a subspace, w + αy ∈ M whenever w, y ∈ M . Thus, w + αy ∈ M implies that

||u − αy|| ≥ ρ = ||u||,
or ||u − αy||2 − ||u||2 ≥ 0,

or 〈u − αy, u − αy〉 − ||u||2 ≥ 0.

Since

〈u − αy, u − αy〉 = 〈u, u〉 − α〈y, u〉
− α〈u, y〉 + αα〈y, y〉
= ||u|| − α〈u, y〉 − α〈y, u〉 + |α|2〈y, y〉,

we have

− α〈u, y〉 − α〈u, y〉 + |α|2||y||2 ≥ 0 (3.12)

By putting α = β〈u, y〉 in Eq. (3.12), β being an arbitrary real number, we get

− 2β|〈u, y〉|2 + β2|〈u, y〉|2||y||2 ≥ 0 (3.13)

If we put α = |〈u, y〉|2 and b = ||y||2 in Eq. (3.12), we obtain

−2βa + β2ab ≥ 0.

Or

βa(βb − 2) ≥ 0 ∀ real β (3.14)

If a > 0, Eq. (3.13) is false for all sufficiently small positive β. Hence, a must be
zero, i.e., a = |〈u, y〉|2 = 0 or 〈u, y〉 = 0 ∀ y ∈ M .

Proof (Proof of Lemma3.4) It is a well-known result of vector spaces that M + N is
a subspace of X . We show that it is closed; i.e., every limit point of M + N belongs
to it. Let z be an arbitrary limit point of M + N . Then, there exists a sequence {zn}
of points of M + N such that zn → z (see TheoremA.2 of Appendix A.3). M ⊥ N
implies that M ∩ N = {0}. So, every zn ∈ M + N can be written uniquely in the
form zn = xn + yn , where xn ∈ M and yn ∈ N . By the Pythagorean theorem for
elements (xm − xn) and (ym − yn), we have

||zm − zn||2 = ||(xm − xn) + (ym − yn)||2
= ||xm − xn||2 + ||ym − yn||2 (3.15)
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(It is clear that (xm − xn) ⊥ (ym − yn) ∀ m, n.) Since {zn} is convergent, it is a
Cauchy sequence and so ||zm − zn||2 → 0. Hence, from Eq. (3.15), we see that
||xm − xn|| → 0 and ||ym − yn|| → 0 as m, n → ∞. Hence, {xm} and {yn} are
Cauchy sequences in M and N , respectively. Being closed subspaces of a complete
space, M and N are also complete. Thus, {xm} and {yn} are convergent in M and N ,
respectively, say xm → x ∈ M and yn → y ∈ N . x + y ∈ M + N as x ∈ M and
y ∈ N . Then,

z = lim
n→∞ zn = lim

n→∞(xn + yn) = lim
n→∞ xn + lim

n→∞ y

= x + y ∈ M + N

This proves that an arbitrary limit point of M + N belongs to it and so it is closed.

Proof (Proof of Theorem3.10) By Theorem 3.9, M ⊥ is also a closed subspace of
X . By choosing N = M⊥ in Lemma 3.4, we find that M + M⊥ is a closed subspace
of X . First, we want to show that X = M +M⊥. Let X �= M +M⊥; i.e., M +M⊥ is
a proper closed subspace of X . Then by Lemma 3.3, there exists a nonzero vector u
such that u ⊥ M + M⊥. This implies that 〈u, x + y〉 = 0, ∀ x ∈ M , and y ∈ M ⊥.
If we choose y = 0, then 〈u, x〉 = 0,∀ ∈ M ; i.e., u ∈ M ⊥. On the other hand, if
we choose x = 0, then 〈u, y〉 = 0 for all y ∈ M ⊥; i.e., u ∈ M⊥⊥. (Since M and
M⊥ are subspaces, this choice is possible.) Thus, u ∈ M⊥ ∩ M⊥⊥. By Theorem 3.7
for A = M⊥, we obtain that u = 0. This is a contradiction as u �= 0. Hence, our
assumption is false and X = M + M⊥. In view of Remark 3.9 (2), the theorem is
proved.

Remark 3.11 Sometimes, the following statement is also added in the statement of
the projection theorem. “Let M be a closed subspace of a Hilbert space X , and then
M = M⊥⊥ (Problem 3.8).”

Remark 3.12 1. Let X = L2(−1, 1). Then, X = M ⊕ M⊥, where M = { f ∈
L2(−1, 1)/ f (−t) = f (t) ∀ t ∈ (−1, 1), i.e., the space of even functions};
M⊥ = { f ∈ L2(−1, 1)/ f (−t) = − f (t)∀t − (−1, 1), i.e., the space of odd
functions}.

2. Let X = L2[a, b]. For c ∈ [a, b], let M = { f ∈ L2[a, b]/ f (t) = 0 almost
everywhere in (a, c)} and M⊥ = { f ∈ L2[a, b]/ f (t) = 0 almost everywhere in
(c, b)}. Then, X = M ⊕ M⊥.

Remark 3.13 The orthogonal decomposition of a Hilbert space, i.e., Theorem3.10,
has proved quite useful in potential theory (Weyl [195]). The applications of the
results concerning orthogonal decomposition of Hilbert spaces can be found in spec-
tral decomposition theorems which deal with the representation of operators on
Hilbert spaces. For example, for a bounded self-adjoint operator, T, 〈T x, y〉 is rep-
resented by an ordinary Riemann–Stieltjes integral. For details, see Kreyszig [117],
and Naylor and Sell [144].
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Example 3.11 Let X = L2[0, π ] and Y = { f ∈ L2[0, π ]/ f is constant}. It can
be checked that Y is a closed subspace of X and hence itself a Hilbert space. Every
h ∈ L2[0, π ] can be decomposed as

h = f + g, f ∈ Y and g ∈ Y⊥ (by projection theorem)

For example, h = sin x can be decomposed as sin x = a + (sin x − a), a ∈ Y . The
constant a is determined from the orthogonality of g = sin x − a to every element
c in Y .

〈c, g〉 =
π∫

0

c(sin x − a)dx = 0

= c(2 − aπ)

Since c is arbitrary, we have a = 2
π
. Thus, the projection of h = sin x on Y is the

function f (x) = 2
π
. Let us define an operator P on L2[0, π ] by

Ph = P( f + g) = f, f ∈ Y

Pg = 0 g ∈ Y⊥

∥
∥
∥
∥sin x − 2

π

∥
∥
∥
∥ =

⎛

⎝

π∫

0

(

sin x − 2

π

)2

dx

⎞

⎠

1/2

=
⎡

⎣

⎛

⎝

π∫

0

(

sin2 x + 4

π2
− 4

π
sin x

)

dx

⎞

⎠

⎤

⎦

1/2

=
(

π

2
+ 4

π
− 8

π

)1/2

� 0.545

|| sin x − c|| =
⎡

⎣

π∫

0

(sin2 x + c2 − 2c sin x)dx

⎤

⎦

1/2

=
[π

2
+ c2π − 4c

]1/2

3.5 Projection on Convex Sets

We discuss here the concepts of projection and projection operator on convex sets
which are of vital importance in such diverse fields as optimization, optimal control,
and variational inequalities.
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Definition 3.5 (a) Let X be a Hilbert space and K ⊂ X a nonempty closed convex
set. For x ∈ X , by projection of x on K , we mean the element z ∈ K denoted
by PK (x) such that

||x − PK (x)||x ≥ ||x − y||X ∀ y ∈ K

or ||x − z|| = inf
y∈K ||x − y|| (3.16)

or 〈x − z, x − z〉 ≤ 〈x − y, x − y〉 ∀ y ∈ K

(b) An operator on X into K , denoted by PK , is called the projection operator if
PK (x) = z, where z is the projection of x on K .

Theorem 3.11 (Existence of Projection on Convex Sets) Let K be a closed convex
subset of a Hilbert space X. Then for any x in X, there is a unique element in K
closest to x; that is, there is a unique element z in K such that (3.15) is satisfied.

Theorem 3.12 (VariationalCharacterization of Projection)Let K be a closed convex
set in a Hilbert space X. For any x ∈ X, z ∈ K is the projection of x if and only if

〈x − z, y − z〉 ≤ 0 ∀ y ∈ K (3.17)

Proof (Proof of Theorem3.11) The proof follows from Lemma 3.2 and Remark 3.10
if we observe that the set x − K consisting of all elements of the form x − y for all
y ∈ K is a closed convex set.

Proof (Proof of Theorem3.12) Let z be the projection of x ∈ X . Then for any α,
0 ≤ α ≤ 1, since K is convex, αy + (1 − α)z ∈ K for all y ∈ K . Now,

||x − (αy + (1 − α)z)||2 = g(α) (3.18)

is a twice continuously differentiable function of α. Moreover

g′(α) = 2〈x − αy − (1 − α)z, z − y〉 (3.19)

g′′(α) = 2〈z − y, z − y〉 (3.20)

Now, for z to be the projection of x , it is clear that g′(0) ≥ 0, which is (3.17). In order
to prove the converse, let (3.17) be satisfied for some element z in K . This implies
that g′(0) is nonnegative, and by (3.20) g′′(α) is nonnegative. Hence, g(0) ≤ g(1)
for all y ∈ K such that (3.16) is satisfied.

Remark 3.14 A geometrical interpretation of the characterization (3.16) is given in
Fig. 3.3. The left hand side is just the cosine of the angle θ between lines connecting
the point PK (x) = zwith the point x andwith the arbitrary point y ∈ K , respectively,
and we have that cos θ ≤ 0 as θ ≥ 2

π
necessarily holds. Conversely, for every other

point z′ ∈ K , z′ �= PK (x), there exists a point y′ ∈ K so that the angle between the
lines connecting the point z′ with points x and y′ is less than π

2 .
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Fig. 3.3 Geometrical
interpretation of the
characterization of projection
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Theorem 3.13 The projection operator PK defined on a Hilbert space X into its
nonempty closed convex subset K possesses the following properties:

(a) ||PK (u) − PK (v)|| ≤ ||u − v|| ∀ u, v ∈ X (3.21)

(b) 〈PK (u) − PK (v), u − v〉 ≥ 0∀ u, v ∈ X (3.22)

(c) PK does not satis f y 〈PK (u) − PK (v), u − v〉 > 0∀ u, v ∈ X. (3.23)

(d) PK is nonlinear.

(e) PK is continuous.

Proof (Proof of Theorem3.13)

1. (a) In view of (3.17)

〈PK (u) − u, PK (u) − v〉 ≤ 0 ∀ v ∈ K (3.24)

Put u = u1 in (3.24) to get

〈PK (u1) − u1, PK (u1) − v〉 ≤ 0 ∀ v ∈ K (3.25)

Put u = u2 in (3.24) to get

〈PK (u2) − u2, PK (u2) − v〉 ≤ 0 ∀ v ∈ K (3.26)

Since PK (u2) and PK (u1) ∈ K , choose v = PK (u2) and v = PK (u1),
respectively, in (3.25) and (3.26); therefore, we get
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〈PK (u1) − u1, PK (u1) − PK (u2)〉 ≤ 0 (3.27)

〈PK (u2) − u2, PK (u2) − PK (u1)〉 ≤ 0 (3.28)

By (3.27) and (3.28), we get

〈PK (u1) − u1 − PK (u2) + u2, PK (u1) − PK (u2)〉 ≤ 0 (3.29)

or

〈PK (u1) − PK (u2), PK (u1) − PK (u2)〉
≤ 〈u1 − u2, PK (u1) − PK (u2)〉

or

||PK (u1) − PK (u2)||2 ≤ 〈u1 − u2, PK (u1) − PK (u2)〉 (3.30)

or

||PK (u1) − PK (u2)||2 ≤ ||u1 − u2|| ||PK (u1) − PK (u2)|| (3.31)

by the Cauchy–Schwarz–Bunyakowski inequality, or

||PK (u1) − PK (u2)|| ≤ ||u1 − u2|| (3.32)

2. It follows from (3.30) as ||PK (u1) − PK (u2)||2 ≥ 0 ∀ u1, u2 ∈ X .
3. If K = X , then PK = I (identity operator); then,

〈u − v, u − v〉 > 0 i f u �= v

However, if K �= X , that is, u0 ∈ X and u0 /∈ K , then PK (u0) �= u0 but
PK (PK (u0)) = PK (u0).

4. It is clear that PK is nonlinear.
5. Continuity follows from (3.32) because un → u implies that PK (un) → PK (u)

as n → ∞.

3.6 Orthonormal Systems and Fourier Expansion

Fourier Expansion in Hilbert Space

Definition 3.6 A set of vectors {un} in an inner product space is called orthonormal
if

〈ui , u j 〉 = δi j (3.33)
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where δi j is the Kronecker delta.

Theorem 3.14 An orthonormal set of nonzero vectors is linearly independent.

Proof (Proof of Theorem3.14) Let {ui } be an orthonormal set. Consider the linear
combination

α1u1 + α2u2 + · · · + αnun = 0

For u1 �= 0,

0 = 〈0, u1〉 = 〈α1u1 + α2u2 + · · · + αnun, u1〉
= α1〈u1, u1〉 + α2〈u2, u1〉 + · · · + αn〈un, u1〉.

Since 〈ui , u j 〉 = δi j , we have 0 = α1〈u1, u1〉 or α1 = 0 as u1 �= 0. Similarly, we find
that α2 = α3 = · · · = αn = 0. This shows that {ui } is a set of linearly independent
vectors.

Example 3.12 (i) In the first place, it may be noted that any nonzero set of orthog-
onal vectors of an inner product space can be converted into an orthonormal set
by replacing each vector ui with ui/||ui ||.

(ii) Let us consider the set {cos nx}∞n=0 in L2[−π, π ] which is orthogonal.

1√
2π

,
1√
π
cos x,

1√
π
cos 2x

is a set of orthonormal vectors in L2[−π, π ].
(iii) Let X = L2[−1, 1].u = 1, v = bx ∈ L2[−1, 1], where b is a constant. u and v

are orthogonal as

〈u, v〉 =
1∫

−1

bxdx =
[

b
x2

2

]1

−1

= 0

= 2 i f u = v = 1

The functions ũ = u
||u|| = 1√

2
and ṽ = v

||v|| =
√

3
2 x are orthonormal.

Definition 3.7 a. An orthogonal set of vectors {ψi } in an inner product space X is
called an orthogonal basis if for any u ∈ X , there exist scalars αi such that

u =
∞∑

i=1

α1ψi

If elements ψi are orthonormal, then it is called an orthonormal basis.
An orthonormal basis {ψi } in a Hilbert space X is called maximal or complete
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if there is no unit vector ψ0 in X such that {ψ0, ψ1, ψ2, . . .} is an orthonormal
set. In other words, the sequence {ψi } in X is complete if and only if the only
vector orthogonal to each of ψi ’s is the null vector.

b. Let {ψi } be an orthonormal basis in a Hilbert space X , and then, the numbers
αi = 〈u, ψi 〉 are called the Fourier coefficients of the element u with respect to
the system {ψi } and∑αiψi is called the Fourier series of the element u.

Theorem 3.15 (Bessel’s Inequality) Let {ψi } be an orthonormal basis in a Hilbert
space X. For each u ∈ X,

∞∑

i=1

|〈u, ψi 〉|2 ≤ ||u||2 (3.34)

Theorem 3.16 Let {ψi } be a countably infinite orthonormal set in a Hilbert space
X. Then, the following statements hold:

a. The infinite series
∞∑

n=1
αnψn, where αn’s are scalars, converges if and only if the

series
∞∑

n=1
|αn|2 converges.

b. If
∞∑

n=1
αnψn converges and

u =
∞∑

n=1

αnψn =
∞∑

n=1

βnψn

then αn = βn ∀ n and ||u||2 =
∞∑

n=1
|αn|2

Proof (Proof of Theorem3.15) We have

||u −
N∑

i=1

〈u, ψi 〉ψi ||2 ≥ 0

L.H.S.

= ||u||2 − 2
N∑

i=1

〈u, ψi 〉〈u, ψi 〉 +
N∑

i=1

N∑

j=1

〈u, ψi 〉〈u, ψi 〉〈ψiψ j 〉

by using properties of inner product and we get

||u||2 −
N∑

i=1

|〈u, ψi 〉|2 ≥ 0
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by applying the fact that

〈ψi , ψ j 〉 = δi j =
{
0 i f i �= j
1 i f i = j

This gives us

N∑

i=1

|〈u, ψi 〉|2 ≤ ||u||2

Taking limit N → ∞, we get

∞∑

i=1

|〈u, ψi 〉|2 ≤ ||u||2

Proof (Proof of Theorem3.16)

1. Let
∞∑

n=1
αnψn be convergent, and assume that

u =
∞∑

n=1

αnψn

or equivalently, lim
N→∞

∥
∥
∥
∥u −

N∑

n=1
αnψn

∥
∥
∥
∥

2

= 0

〈u, ψm〉 =
〈 ∞∑

n=1

αnψn, ψm

〉

=
∞∑

n=1

αn〈ψn, ψm〉 m = 1, 2, . . .

= αm (by Def ini tion 3.6)

By the Bessel inequality, we get

∞∑

m=1

|〈u, ψm〉| =
∞∑

m=1

|αm |2 ≤ ||u||2

which shows that
∞∑

n=1
|αn|2 converges. Consider the finite sum sn =

n∑

i=1
αiψi . We

have



3.6 Orthonormal Systems and Fourier Expansion 97

||sn − sm ||2 =
〈

n∑

i=m+1

αiψi ,

n∑

i=m+1

αiψi

〉

=
n∑

i=m+1

|αi |2 → 0 as n,m → ∞

This means that {sn} is a Cauchy sequence. Since X is complete, the sequence of

partial sums {sn} is convergent in X and therefore the series
∞∑

i=1
αnψn converges.

2. We first prove that ||u||2 =
∞∑

n=1
|αn|2 . We have

||u||2 −
N∑

n=1

|αn|2 = 〈u, u〉 −
N∑

n=1

N∑

m=1

〈αnψn, αmψm〉

=
〈

u, u −
N∑

n=1

αnψn

〉

+
〈

N∑

n=1

αnψn, u −
N∑

n=1

αnψn

〉

≤
∥
∥
∥
∥
∥
u −

N∑

n=1

αnψn

∥
∥
∥
∥
∥

(

||u|| +
∥
∥
∥
∥
∥

N∑

n=1

αnψn

∥
∥
∥
∥
∥

)

= M

Since
N∑

n=1
αnψn converges to u, the M converges to zero, proving the result.

If u =
∞∑

n=1
αnψn =

∞∑

n=1
βnψn , then

0 = lim
n→∞

[
N∑

n=1

(αn − βn) ψn

]

⇒ 0 =
∞∑

n=1

|αn − βn|2

by part 1, implying that αn = βn for all n.

Theorem 3.17 (Fourier SeriesRepresentation)LetY be the closed subspace spanned
by a countable orthonormal set {ψi } in a Hilbert space X. Then, every element u ∈ Y
can be written uniquely as

u =
∞∑

i=1

〈u, ψi 〉ψi (3.35)

Theorem 3.18 (Fourier Series Theorem) For any orthonormal set {ψn} in a sepa-
rable Hilbert space X, the following statements are equivalent:
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a. Every u in X can be represented by the Fourier series in X; that is

u =
∞∑

i=1

〈u, ψi 〉ψi (3.36)

b. For any pair of vectors u, v ∈ X, we have

〈u, v〉 =
∞∑

i=1

〈u, ψi 〈ψi , v〉 (3.37)

=
∞∑

i=1

αiβi

where αi = 〈u, ψi 〉= Fourier coefficients of u. β = 〈v, ψi 〉= Fourier coefficients
of v. [Relation (3.38) is called the Parseval formula]

c. For any u ∈ X, one has

||u||2 =
∞∑

i=1

|〈u, ψi 〉|2 (3.38)

d. Any subspace Y of X that contains {ψi } is dense in X.

Proof (Proof of Theorem3.17) Uniqueness of (3.36) is a consequence of Theorem
3.16(2). For any u ∈ Y , we can write

u = lim
N→∞

M∑

i=1

αiψi , M ≥ N

as Y is closed. From Theorems3.10 and 3.16, it follows that

∥
∥
∥
∥
∥
u −

M∑

i=1

〈u, ψi 〉ψi

∥
∥
∥
∥
∥

≤
∥
∥
∥
∥
∥
u −

M∑

i=1

αiψi

∥
∥
∥
∥
∥

and as N → ∞, we get the desired result.

Proof (Proof of Theorem3.18) (a) ⇒ (b). This follows from (3.36) and the fact that
{ψi } is orthonormal. (b) ⇒ (c). Put u = v in (3.37) to get (3.37). (a) ⇒ (d). The
statement (d) is equivalent to the statement that the orthogonal projection onto S,
the closure of S, is the identity. In view of Theorem 3.17, statement (d) is equivalent
to statement (a).
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Example 3.13 (Projections and Orthonormal Bases)

1. We now show that the Fourier analysis described above can be used to construct
orthogonal projections onto closed subspaces of Hilbert spaces. Let {ψn} be an
orthonormal basis of a Hilbert space X . Then, each u ∈ X can be written as

u =
∞∑

i=1

αiψi =
N∑

i=1

αiψi +
∞∑

i=N+1

αiψi

where αn’s are Fourier coefficients.
Let the set {ψ1, ψ2, . . . , ψN } forms a basis for an N -dimensional subspace Y of
X . The operator P defined by

Pu =
N∑

n=1

〈u, ψn〉ψn

is an orthogonal projection of X onto Y . In fact, P is linear and P2 = P; that is

P(u + v) = Pu + Pv : P(u + v) =
N∑

n=1

〈u + v, ψn〉ψn

=
N∑

n=1

〈u, ψn〉ψn +
N∑

n=1

〈v, ψn〉ψn (by Def ini tion 3.1(1))

= Pu + Pv

P(λu) = λP(u) : P(λu) =
N∑

n=1

〈λu, ψn〉ψn

= λ

N∑

n=1

〈u, ψn〉ψn (by Def ini tion 3.1(2))

P2u = P(Pu) =
N∑

n=1

〈Pu, ψn〉ψn

=
N∑

n=1

〈
N∑

m=1

〈u, ψmψm〉ψn〉ψn

=
N∑

n=1

〈u, ψn〉
N∑

m=1

〈ψn, ψm〉ψm

=
N∑

n=1

〈u, ψn〉ψn (by using orthonormali t y o f ψn)

= Pu ∀ u ∈ X

Thus, P2 = P .
2. R(P) = Y . To show that R(P) ⊥ N (P), let v ∈ N (P), and u ∈ R(P) such that
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〈v, u〉 = 〈v, Pu〉 =
〈

v,
N∑

n=1

〈u, ψn〉ψn

〉

=
N∑

n=1

〈v, ψn〉〈u, ψn〉

=
〈

N∑

n=1

〈v, ψn〉ψn, u

〉

= 〈Pv, u〉

Since v ∈ N (P), we have Pv = 0 and hence N (P) ⊥ R(P).
Now, we show that the projection error, that is, u − Pu, is orthogonal to Y : For
v ∈ Y ,

〈u − Pu, v〉 =
〈 ∞∑

n=N+1

αnψn, v

〉

=
∞∑

n=N+1

αn〈ψn, v〉 = 0 as N → ∞.

Furthermore,

||Pu||2 =
N∑

n=1

|〈u, ψn〉|2, and i f v ∈ Y

||u − v||2 = 〈u − v + Pu − Pu, u − v + Pu − Pu〉
= ||u − Pu||2 + ||v − Pu||2v ∈ Y

Hence, to make ||u − v||2 as small as possible u /∈ Y , we must take v = Pu;that
is

inf
v∈Y ||u − v|| = ||u − Pu||

Remark 3.15 Results of Theorem 3.16 can be stated in alternative terms as follows:

For an element u ∈ X,
∞∑

i=1
〈u, ψi 〉ψi converges to u0 = Pu in the closed subspace Y

spanned by the ψi ’s. The vector u − u0 = u − Pu is orthogonal to Y .
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3.7 Duality and Reflexivity

3.7.1 Riesz Representation Theorem

In this section, we prove a theorem which gives the representation of a bounded
linear functional defined on a Hilbert space, and with the help of this theorem, the
relationship between a Hilbert space and its dual is studied.

Theorem 3.19 (Riesz Representation Theorem) If f is a bounded linear functional
on a Hilbert space X, then there exists a unique vector y ∈ X such that f (x) =
〈x, y〉∀x ∈ X, and || f || = ||y||.
Proof 1. In the first place, we prove that there exists an element y such that f (x) =

〈x, y〉 ∀x ∈ X .

(a) If f = 0, then f (x) = 0 ∀ x ∈ X . Therefore, y = 0 is the vector for which
〈x, 0〉 = 0 ∀ x ∈ X . We have seen that 〈x, 0〉 = 0. Thus, the existence of
vector y is proved when f = 0.

(b) Let f �= 0. By Proposition 2.1, the null space N of f is a proper closed
subspace of X and by Lemma 3.3, and there exists a nonzero vector u ∈ X
such that u ⊥ N . We show that if α is a suitably chosen scalar, y = αu
satisfies the condition of the theorem.

(c) If x ∈ N ⊂ X , then whatever be α, f (x) = 0 = α〈x, u〉 as u ⊥ N . Thus,
f (x) = 〈x, αu〉. Hence, the existence of y = αu is proved for all x ∈ N .

(d) Since u ⊥ N , u /∈ N ; let x = u ∈ X − N . If f (u) = 〈u, αu〉 = α||u||2,
then

α = f (u)

||u||2 .

Therefore, for

α = f (u)

||u||2 ,

the vector y = αu satisfies the condition of the theorem in this case, that is,
f (u) = 〈u, αu〉.

(e) Since u /∈ N , f (u) �= 0 and so f (x)
f (u)

is defined for any x ∈ X . Consider

x − βu, where β = f (x)
f (u)

. Then, f (x − βu) = f (x) − β f (u). This implies
that x − βu ∈ N . Every x ∈ X can be written as x = x − βu + βu.
Therefore, for each x ∈ X



102 3 Hilbert Spaces

f (x) = f (x − βu + βu) = f (x − βu) + f (βu)

= f (x − βu) + β f (u) ( f is linear)

= 〈x − βu, αu〉 + β〈u, αu〉

by (iii) and (iv), where

α = f (u)

||u||2 .

Since x−βu ∈ N , by (iii), f (x−βu) = 〈x−βu, αu〉 for every α and so for

α = f (u)

||u||2 .This gives us f (x) = 〈x − βu, αu〉 + 〈βu, αu〉 = 〈x, αu〉. Thus,
for an arbitrary x ∈ X , there exists a vector y = αu such that f (x) = 〈x, y〉.

2. We now show that y is unique. Let y1 and y2 be two vectors such that f (x) =
〈x, y1〉 ∀x ∈ X and f (x) = 〈x, y2〉 ∀x ∈ X . Then, 〈x, y1〉 = 〈x, y2〉 ∀x ∈ X
or 〈x, y1 − y2〉 = 0 ∀x ∈ X . By Remark 3.1(7), y1 − y2 = 0 or y1 = y2. This
proves the uniqueness of the vector y.

3. For each x ∈ X , there exists a unique y ∈ X such that

f (x) = 〈x, y〉 or | f (x)| = |〈x, y〉|

By the Cauchy–Schwarz–Bunyakowski inequality

|〈x, y〉| ≤ ||x || ||y||

Hence, | f (x)| ≤ ||y|| ||x ||.
By the definition of the norm of a functional, we have

|| f || ≤ ||y|| (3.39)

If ||y|| = 0 or y = 0, then | f (x)| = |〈x, 0〉| = 0, for all x and so

|| f || = sup{ | f (x)|||x || /x �= 0} = 0,

i.e., || f || = ||y||. Suppose y �= 0. Then by Theorem (2.6),

|| f || = sup{| f (x)|/||x || = 1}
≥ | f

(
y

||y||
)

| as || y

||y|| = 1

= 〈 y

||y|| , y〉 = 1

||y|| 〈y, y〉

= ||y||2
||y|| = ||y|| (3.40)
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or || f || ≥ ||y||. By Eqs. (3.39) and (3.40), we have || f || = ||y||.
Theorem 3.20 Let y be a fixed element of a Hilbert space X. Then, the functional
fy defined below belongs to X �

fy(x) = 〈x, y〉 ∀x ∈ X

The mapping ψ : y → fy of X into X � satisfies the following properties:

1. ||ψ(y)|| = ||y||.
2. ψ is onto.
3. ψ(y1 + y2) = ψ(y1) + ψ(y2).
4. ψ(αy) = αψ(y).
5. ψ is one-one.

Remark 3.16 If X is a real Hilbert space, then in property (4) ofψ , we haveψ(αy) =
αψ(y). Then, Theorem (3.20) means that every real Hilbert space X can be identified
with its dual, i.e., X = X �. (See Definition 2.6 and Remark thereafter.)

Proof In order to show that fy ∈ X �, we need to verify that

(a) fy(x1 + x2) = fy(x1) + fy(x2)
Verification
By the definition of the inner product

fy(x1 + x2) = 〈x1 + x2, y〉 = 〈x1, y〉 + 〈x2, y〉

or

fy(x1 + x2) = fy(x1) + fy(x2)

(b) fy(αx) = α fy(x)
Verification fy(αx) = 〈αx, y〉 = α〈x, y〉 by the definition of the inner product,
or fy(αx) = α fy(x).

(c) fy is bounded.
Verification | fy(x)| = |〈x, y〉| ≤ ||x || ||y||, by the Cauchy–Schwarz–
Bunyakowski inequality. Thus, there exists a k = ||y|| > 0 such that | fy(x)| ≥
k||x ||. That is, fy is bounded.
Now, we verify the properties ofψ . ||ψ(y)|| = || fy||. By the second part of The-
orem 3.19, || fy|| = ||y||. Hence, ||ψ(y)|| = ||y||. Since Theorem (3.19) states
that for every f ∈ X �, there exists a unique y such that f (x) = 〈x, y〉∀x ∈ X ,
and the mapping ψ : y → fy is onto.
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ψ(y1 + y2)(x) = fy1+y2(x) = 〈x, y1 + y2〉
= 〈x, y1〉 + 〈x, y2〉 (by Remark 3.1(4a))

= fy1(x) + fy2(x)

= ψ(y1)(x) + ψ(y2)(x)

= (ψ(y1) + ψ(y2))(x) ∀ x ∈ X

Hence,

ψ(y1 + y2) = ψ(y1) + ψ(y2)

ψ(αy)(x) = fαy(x) = 〈x, αy〉
= α〈x, y〉 (by Remark 3.1(4b))

or

ψ(αy)(x) = αψ(y)(x) ∀ x ∈ X

Therefore, ψ(αy) = αψ(y).
Let ψ(y1) = ψ(y2). Then,

f y1(x) = f y2(x) ∀ x ∈ X

or

〈x, y1〉 = 〈x, y2〉

or

〈x, y1 − y2〉 = 0.

By Remark 3.1(7), y1 − y2 = 0. Hence, y1 = y2. Conversely, if y1 = y2, then
〈x, y1 − y2〉 = 0 by Remark 3.1(4a) or 〈x, y1〉 = 〈x, y2〉 or ψ(y1) = ψ(y2). Hence,
ψ is one-one.

Remark 3.17 1. Theorem 3.19 was proved by the Hungarian mathematician Riesz
around 1910. It is one of themost important results ofHilbert space. It has several
applications of vital importance. Applying this theorem, we prove in the next
subsection that every Hilbert space is reflexive.

2. Since Rn, �2, L2(a, b) are Hilbert spaces, by Theorem 3.19, bounded linear
functionals defined on Rn, �2, and L2(a, b) are, respectively, of the following
forms:
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(a) For F ∈ (Rn)�, there exists a unique a = (a1, a2, a3, . . . , an) ∈ Rn such
that

F(x) =
n∑

i=1

xiai , where x = (x1, x2, . . . , xn) ∈ Rn

= 〈x, a〉 = 〈a, x〉

(b) For F ∈ (�2)
�, there exists a unique a = (a1, a2, a3, . . . , an . . .) ∈ �2 such

that

F(x) =
∞∑

i=1

xiai , where x = (x1, x2, . . . , xn) ∈ �2

= 〈x, a〉

(c) For F ∈ (L2)
�, there exists a unique g ∈ L2 such that

F( f ) =
b∫

a

f (t)g(t)dt, f ∈ L2

= 〈 f, g〉

3.7.2 Reflexivity of Hilbert Spaces

Let us recall that a Banach space X is called a reflexive Banach space if it can be
identified with its second dual (X �)star = X ��. This means that a Banach space X is
reflexive if there exists a mapping J on X into X �� which is linear, norm preserving,
1-1, and onto. In view of Problem 2.7, to verify whether a Banach space is reflexive
or not, it is sufficient to show that the natural mapping is an onto mapping.

Theorem 3.21 Every Hilbert space X is reflexive.

Proof To show that the natural embedding J : x → Fx of X into X �� is an onto
mapping, we have to show that for an arbitrary element F ∈ X ��, there exists z ∈ X
such that Jz = F . Let g be a functional on X defined as follows:

g(x) = F(ψ(x))ψ(x) = fx ∈ X �.

Properties of ψ are given by Theorem 3.20. Using the properties of ψ and the fact
that F ∈ X ��, we see that
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g(x1 + x2) = F(ψ(x1 + x2))

= F(ψ(x1)) + F(ψ(x2))

g(αx) = F(ψ(x)) = αF(ψ(x))

= αF(ψ(x))

and |g(x)| = |F(ψ)| = |F(ψ(x))| ≤ ||F || ||ψ(x)||
= ||F || ||x ||.

Hence, g is a bounded linear functional on X . By Theorem 3.19, there exists a unique
z ∈ X such that

g(x) = 〈x, z〉∀x ∈ X

or F(ψ(x)) = 〈x, z〉
F(ψ(x)) = F(ψ(x)) = 〈x, z〉 = 〈z, x〉 (3.41)

From the definition of the natural imbedding J and Theorem 3.20,

Jz(ψ(x)) = ψ(x)(z) = fx (z) = 〈z, x〉 (3.42)

From Eqs. (3.40) and (3.41), we have Jz = F which is the desired result.

3.8 Operators in Hilbert Space

3.8.1 Adjoint of Bounded Linear Operators on a Hilbert
Space

Definition 3.8 Let X be a Hilbert space and T : X → X be a bounded linear
operator on X into itself. Then, the adjoint operator T � is defined by

〈T x, y〉 = 〈x, T �y〉 ∀ x, y ∈ X.

Remark 3.18 1. T � always exists.
Verification Let 〈T x, y〉 = fy(x).

fy(x1 + x2) = 〈T (x1 + x2), y〉 = 〈T x1, y〉 + 〈T x2, y〉
= fy(x1) + fy(x2)

fy(αx) = 〈T (αx), y〉 = α〈T x, y〉 = α fy(x)

Now, | fy(x)| = |〈T x, y〉| ≤ ||T x || ||y|| (by Cauchy–Schwarz–Bunyakowski
inequality) ≤ ||T || ||x || ||y|| ≤ k ||x || f or a f i xed y ∈ X . Thus, fy ∈ X � and
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by the Riesz theorem, there exists a y� ∈ X such that

〈T x, y〉 = fy(x) = 〈x, y�〉 x ∈ X

Thus, T induces a linear map y → y� and we write y� = T �y, where T � is
defined on X into itself.

2. T � is bounded, linear, and unique.
Verification

||T �x ||2 = 〈T �x,

T �x〉 = 〈T (T �x), x〉 ≤ ||T (T �x)|| ||x ||

by Cauchy–Schwarz–Bunyakowski inequality. Since T is bounded, there exists
k > 0 such that

||T (T �x)|| ≤ k||T �x ||

Hence,

||(T �x)||2 ≤ k||x || ||T �x ||

or ||T �x || ≤ k||x ||. Hence, T � is bounded. For all z ∈ X ,

〈z, T �(x + y)〉 = 〈T z, (x + y)〉
= 〈T z, x〉 + 〈T z, y〉
= 〈z, T �x〉 + 〈z, T �y〉
= 〈z, T �x + T �y〉

or

〈z, [T �(x + y)] − [T �x + T �y]〉 = 0 ∀ z ∈ X

This implies (see Remark 3.1(7)) that T �(x + y) = T �x + T �y ∀ x, y ∈ X .

〈z, T �(αx)〉 = 〈T z, αx〉
= α〈T z, x〉
= α〈z, T �(x)〉
= 〈z, αT �(x)〉

or

〈z, T �(αx) − αT �(x)〉 = 0 ∀z ∈ X.
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Hence,

T �(αx) = αT �(x)∀x ∈ X and α scalar.

Thus, T � is linear.
Suppose that for a given T , there exist two operators T �

1 and T �
2 such that

〈T x, y〉 = 〈x, T �
1 y〉

and

〈T x, y〉 = 〈x, T �
2 y〉

Then, we have

〈x, T �
1 y〉 − 〈x, T �

2 y〉 = 0

or

〈x, T �
1 y − T �

2 y〉 = 0 ∀ x ∈ X

This implies that T �
1 y = T �

2 y ∀ y ∈ X ; i.e., T �
1 = T �

2 . Hence, the adjoint of T is
unique.

3. The adjoint operator of T � is denoted by T ��.

Example 3.14 Let X = Rn be a real Hilbert space of dimension n, and for all
x = (x1, x2, . . . , xn) ∈ Rn , let T be defined as follows:

T x = y where y = (y1, y2, . . . , yn); yi =
n∑

j=1
ai j x j and (ai j ) is an n × n matrix;

and T is bounded linear operator on Rn into itself.

〈T x, y〉 =
n∑

i=1

⎛

⎝
n∑

j=1

ai j x j

⎞

⎠ yi

=
n∑

j=1

x j

(
n∑

i=1

ai j yi

)

=
n∑

i=1

xi

⎛

⎝
n∑

j=1

ai j y j

⎞

⎠

= 〈x, T �y〉

where T �y = z, z = (z1, z2, . . . , zn)
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zi =
n∑

j=1

a ji y j

Thus, if a bounded linear operator T on Rn is represented by an n × n matrix (ai j ),
the adjoint T � of T is represented by (a ji ), transpose matrix of (ai j ).

Example 3.15 Let X = L2(a, b) and let T : X → X , defined by

T f (t) =
b∫

a

K (s, t) f (t)dt,

where K (s, t), a ≤ s ≤ b, a ≤ t ≤ b, is a continuous function be a bounded linear
operator. Then,

〈T f, g〉 =
b∫

a

(T f (t))g(s)ds

=
b∫

a

⎛

⎝

b∫

a

K (s, t) f (t)dt

⎞

⎠ g(s)ds

=
b∫

a

f (s)

⎛

⎝

b∫

a

K (s, t)g(t)dt

⎞

⎠ ds

=
b∫

a

f (s)

⎛

⎜
⎝

b∫

a

K (s, t)g(t)dt

⎞

⎟
⎠ ds

= 〈 f, T �g〉

where T �g =
b∫

a
K (t, s)g(t)dt . Thus, the adjoint operator T � of T is given by

T �g =
b∫

a

K (t, s)g(t)dt.

Example 3.16 Let X = �2 and T : �2 → �2 be defined by T (α1, α2, α3, . . . , αn, . . .)

= (0, α1, α2, . . . , αn, . . . , ). For
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x = {αk}∞k=1 ∈ �2 and y = {β}∞k=1 ∈ �2

〈T x, y〉 =
n∑

k=1

αkβk+1

= 〈x, T �y〉

where T �{(β1, β2, β3, . . .)} = (β2, β3, . . .). Thus, the adjoint of T is T �. T is known
as the right shift operator and T � the left shift operator.

Theorem 3.22 Let T be a bounded linear operator on a Hilbert space X into itself.
Then, its adjoint operator T � has the following properties:

1. I � = I where I is the identity operator.
2. (T + S)� = T � + S�.
3. (αT )� = αT �.
4. (T S)� = S�T �.
5. T �� = T
6. ||T �|| = ||T ||
7. ||T �T || = ||T ||2
8. If T is invertible, then so is T � and (T �)−1 = (T−1)�.

Proof 1. Since I x = x ∀ x ∈ X , we have 〈I x, y〉 = 〈x, y〉, and by the definition of
I �, 〈I x, y〉 = 〈x, I �y〉. Hence, 〈I x, y〉 = 〈x, I �y〉 or 〈x, y − I �y〉 = 0 ∀x ∈ X .
Thus, y − I �y = 0 or I �y = y; i.e., I = I �.

2. (T +S)� = T �+S� ⇔ (T +S)�(x) = T �(x)+S�(x) ∀ x ∈ X . By the definition
of (T + S)�,∀ x ∈ X , we have

〈(T + S)z, x〉 = 〈z, (T + S)�x〉.

Also,

〈(T + S)z, x〉 = 〈T z + Sz, x〉
= 〈T z, x〉 + 〈Sz, x〉
= 〈z, T �x〉 + 〈z, S�x〉

Thus, 〈z, (T + S)�x〉 = 〈z, T �x + S�x〉 ∀ x and z ∈ X , which implies that
(T + S)�x = T �x + S�x .

3. 〈(αT )z, x〉 = 〈z, (αT )�x〉

〈(αT )z, x〉 = α〈T z, x〉 = α〈z, T �(x)〉
= 〈z, αT �(x)〉

These two relations show that 〈z, (αT )�xαT �x〉 = 0 ∀ z and x . Hence, (αT )� =
αT �.
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4. (T S)(x) = T (S(x))

〈(T S)(x), y〉 = 〈T (S(x)), y〉
= 〈Sx, T �y〉
= 〈x, S�(T �(y)〉 = 〈x, (S�T �)(y)〉

On the other hand,

〈(T S)(x), y〉 = 〈x, (T S)�y〉
〈x, (S�T �)y〉 = 〈x, (T S)�y〉

or (T S)� = S�T �.
5.

〈T x, y〉 = 〈x, T �y〉
= 〈(T �)�x, y〉

or 〈(T − T ��)x, y〉 = 0 ∀ y ∈ X,whereT �� = (T �)�. Hence, T = T ��.
6. ||T || = ||T �|| ⇔ ||T || ≤ ||T �|| and ||T �|| ≤ ||T ||. We have

||T �(x)||2 = 〈T �x, T �x〉 = 〈T (T �(x)), x〉
≤ ||T (T �(x))|| ||x ||
≤ ||T �(x)|| ||T || ||x ||

or

||T �(x)|| ≤ ||T || ||x ||

This implies that ||T �|| ≤ ||T || (see Theorem 2.6). Applying this relation to T �,
we have ||T ��|| ≤ ||T �||. However, T �� = T and, therefore, ||T || ≤ ||T �||.

7. ||T �T || ≤ ||T ||2 as ||T ∗ T (x)|| ≤ ||T ∗ || ||T || ||x || = ||T ||2 ||x || (in view of
Theorem 2.6 and the previous relation). On the other hand,

||T x ||2 = 〈T x, T x〉 = 〈T �T x, x〉
≤ ||T �T x || ||x ||
≤ ||T �T || ||x ||2

or ||T x || ≤ (||T �T ||)1/2||x || or ||T ||2 ≤ ||T �T ||. Hence,

||T �T || = ||T ||2.

8. Since I � = I and T T−1 = T−1T = I, (T T−1)� = I � = I ; by (4), (T T−1)� =
(T−1)�T �. Therefore, (T−1)�T � = I and consequently
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(T �)−1 = (T−1)�.

Remark 3.19 1. The definition of the adjoint operator may be extended to bounded
linear operators defined on a Hilbert space X into another Hilbert space Y in the
following manner:

〈T x, y〉Y = 〈x, T �y〉X ∀ x ∈ X, y ∈ Y

T : X → Y

T � : Y → X

2. Let T : X → Y be a bounded linear operator on a Hilbert space X into another
Hilbert space Y . Then, the null and range spaces of T and its adjoint T � are related
by the following relations:

i. (R(T ))⊥ = N (T �).
ii. R(T ) = (N (T �))⊥.
iii. (R(T �))⊥ = N (T ).
iv. R(T �) = (N (T ))⊥.

3.8.2 Self-adjoint, Positive, Normal, and Unitary Operators

Definition 3.9 Let T be a bounded linear operator on a Hilbert space X into itself.
Then,

a. T is called self-adjoint or Hermitian if T = T ∗.
b. A self-adjoint operator T is called a positive operator if 〈T x, x〉 ≥ 0 ∀ x ∈ X

is called strictly positive if 〈T x, x〉 = 0 only for x = 0. Let S and T be two
self-adjoint operators on X . We say that S ≥ T if 〈(S − T )x, x〉 ≥ 0 ∀x ∈ X .

c. T is called normal if T T � = T �T .
d. T is called unitary if T T � = T �T = I , where I is the identity operator.

Example 3.17 1. T given in Example 3.14 is self-adjoint if the matrix (ai j ) is
symmetric, i.e., ai j = a ji ∀ i and j .

2. T given in Example 3.15 is self-adjoint if

K (s, t) = K (t, s) ∀ s and t.

3. The identity operator I is self-adjoint.
4. The null operator 0 is self-adjoint.

Example 3.18 Let T : L2(0, 1) → L2(0, 1) be defined as follows:

T f (t) = t f (t)
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T is a self-adjoint operator. T is bounded, linear

〈T f, g〉 =
1∫

0

T f gdt =
1∫

0

t f (t)g(t)dt

and

〈 f, Tg〉 =
1∫

0

f T gdt

=
1∫

0

f (t)tg(t)dt

=
1∫

0

t f (t)g(t)dt as t ∈ (0, 1)

Hence, 〈T f, g〉 = 〈 f, Tg〉.
Example 3.19 Let X = �2, and T : �2 → �2 be defined as

T (αk) =
{αk

k

}
.

T is bounded, linear, and

〈T x, y〉 =
∞∑

k=1

αk

k
βk

= 〈x, T y〉

Thus, T is self-adjoint.

Example 3.20 T given in Example 3.14 is positive if the matrix (ai j ) is symmetric
and positive.

Example 3.21 Let T : X → X be given by T = 2i I , where I is the identity operator.
Then, T is normal.

T T � = (2i I )(2i I )� = −4I

and

T �T = (2i I )�(2i I ) = −4I
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Example 3.22 T given in Example 3.14 is unitary if the matrix ai j coincides with
the inverse matrix of ai j .

Remark 3.20 1. Every self-adjoint operator is normal but the converse is not true,
in general.

2. Every unitary operator is normal but the converse need not be true.
Verification:

1. Let T be self-adjoint. Then, T � = T ⇒ T T � = T 2 and T �T = T 2. Hence,
T �T = T T � and T is normal. For the converse, consider T as given in Example
3.21. T � = (2i)� I � = −2i I �= T . Hence, T is not self-adjoint.

2. Since T is unitary, T �T = I = T �T and so T is normal. For the converse, we
consider the above operator where T �T = T �T = −4I �= I . Hence, T is normal
but not unitary.

The theorems given below provide interesting properties of self-adjoint, positive,
normal, and unitary operators.

Theorem 3.23 Let X be a real Hilbert space. The set A(X) of all self-adjoint oper-
ators of a Hilbert space X into itself is a closed subspace of the Banach spaceB(X)

of all bounded linear operators of X into itself, and therefore, it is a real Banach
space containing the identity operator.

Theorem 3.24 Let T1 and T2 be two self-adjoint operators on a Hilbert space X.
Then, their product T1T2 is self-adjoint if and only if T1T2 = T2T1.

Theorem 3.25 An operator T on a Hilbert space X is self-adjoint if and only if
〈T x, x〉 is real ∀x ∈ X.

Theorem 3.26 1. If T and S are two positive operators defined on a Hilbert space
X such that T S = ST , then ST is positive.

2. If T is a bounded linear operator, then T �T and T T � are positive.

Theorem 3.27 The set of all normal operators on a Hilbert space X is a closed
subset of B(X), the Banach space of bounded linear operators of X into itself,
which contains the setA (X) of all self-adjoint operators and is closed under scalar
multiplication.

Theorem 3.28 If T1 and T2 are normal operators on a Hilbert space X with the
property that either commutes with the adjoint of the other, then, T1 + T2 and T1T2
are normal.

Theorem 3.29 A bounded linear operator T on a Hilbert space X is normal if and
only if ||T �x || = ||T x || for every x ∈ X.

Theorem 3.30 If T is a normal operator, then ||T 2|| = ||T ||2.
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Theorem 3.31 Let T be a bounded linear operator on a Hilbert space X into itself
and T � be its adjoint. Further, suppose that

A = T + T �

2
and B = T − T �

2i
(T = A + i B)

and T � = A − i B. A and B are called real and imaginary parts. T is normal if and
only if AB = BA.

Theorem 3.32 A bounded linear operator T on a Hilbert space X into itself is
unitary if and only if it is an isometry of X onto itself.

Proof (Proof of Theorem3.23) Let A and B be self-adjoint operators

(αA + βB)� = (αA)� + (βB)� (by T heorem 3.22(2))

= −αA� + −βB� (by T heorem 3.22(3))

Thus, for real scalars α and β, (αA+βB)� = αA+αB; i.e., αA+βB is self-adjoint,
and the set of all self-adjoint operators A(X) is a subspace of B(X).

To show that this subspace is closed, it is sufficient to show that if {Tn} is a
sequence of self-adjoint operators on X , lim

n→∞ Tn = T is also self-adjoint. We have

||T − T �|| = ||T − Tn + Tn − T �
n + T �

n − T �||
≤ ||T − Tn|| + ||Tn − T �

n || + ||T �
n − T �||

= ||T − Tn|| + ||Tn − Tn|| + ||T �
n − T �||

as Tn’s are self-adjoint. Thus, the limit of right-hand side tends to 0 as n → ∞ and
consequently T = T �. I ∈ A(X) as I = I � by Theorem 3.22(1).

Proof (Proof of Theorem3.24) Let T1T2 be self-adjoint. Then, (T1T2)� = T1T2. By
Theorem 3.22(4), (T1T2)� = T �

2 T
�
1 and as T1 and T2 are self-adjoint, (T1T2)� = T2T1.

Thus, T1T2 = T2T1. Conversely, let T1T2 = T2T1. Then,

〈x, (T1T2)�(y)〉 = 〈x, T �
2 T

�
1 (y)〉

= 〈x, T2T1(y)〉
= 〈x, T1T2(y)〉

or 〈x, ((T1T2)� − T1T2)y〉 = 0. Hence, T1T2 is self-adjoint. For proving Theorem
3.25, we require the following lemma:

Lemma 3.5 If T is a bounded linear operator on a Hilbert space X, then T = 0 if
〈T x, x〉 = 0 ∀ x ∈ X..
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Proof We have

〈T (αx + βy), αx + βy〉 − |α|2〈T x, x〉 − |β|2〈T y, y〉
= αβ〈T x, y〉 + αβ〈T y, x〉

LHS = αα〈T x, x〉 + βα〈T y, x〉 + αβ〈T x, y〉
+ ββ〈T y, y〉 − |α|2〈T x, x〉 − |β|2〈T y, y〉
= αβ〈T x, y〉 + αβ〈T y, x〉 = RHS.

By putting α = i and β = 1 in the above equation, we get

i〈T x, y〉 − i〈T y, x〉 = 0 (3.43)

and by putting α = 1 and β = 1 in the above equation, we get

〈T x, y〉 + 〈T y, x〉 = 0 (3.44)

From Eqs. (3.42) and (3.43), we find that 〈T x, y〉 = 0 ∀ x and y. Hence, T x = 0 ∀ x,
i.e., T = 0.

Proof (Proof of Theorem3.25) Let T be self-adjoint. Then, 〈T x, x〉 = 〈x, T x〉 =
〈T �x, x〉 = 〈T x, x〉. Hence, 〈T x, x〉 is real ∀ x ∈ X . Let 〈T x, x〉 be real ∀x ∈ X .
Then,

〈T x, x〉 = 〈T x, x〉 = 〈x, T x〉 = 〈T �x, x〉

or

〈(T − T �)(x), x〉 = 0 ∀ x ∈ X

By Lemma 3.5, T − T � = 0 or T = T �; i.e., T is self-adjoint.

Proof (Proof of Theorem 3.26)

1. Since T is self-adjoint, 〈T2x, x〉 = 〈T x, T x〉 ≥ 0; i.e., T2 ≥ 0. Let T �= 0. We
define a sequence of operators {Tn} in the following manner:

T1 = T

||T || T2 = T1 − T 2
1

T3 = T2 − T 2
2 , T4 = T3 − T 2

3

Tn+1 = Tn − T 2
n

It can be verified that Tn’s are self-adjoint, where 0 ≤ Tn ≤ 1 and
n∑

i=1
T 2
i x → Ti x .

For verification, one may see [8, pp. 415–416]. Since S commutes with T , it must
commute with every Tn . This implies that
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〈T Sx, y〉 = ||T ||〈ST1x, x〉

= ||T ||
〈

S lim
n

n∑

i=1

T 2
i x, x

〉

= ||T || lim
n

n∑

i=1

〈ST 2
i x, x〉

= ||T || lim
n

n∑

i=1

〈STi x, Ti x〉

Since S ≥ 0 implies that 〈STi x, Ti x〉 ≥ 0 for every i , we have 〈T Sx, x〉 ≥ 0;
i.e., T S is positive.

2. 〈T T �x, x〉 = 〈T �x, T �x〉 = ||T �x ||2 ≥ 0 ⇒ T T � is positive. Similarly, 〈T ∗
T x, x〉 = 〈T x, T x〉 as T �� = T . Hence,

〈T �T x, x〉 = ||T x ||2 ≥ 0,

i.e., T �T is positive.

Proof (Proof of Theorem3.27) To prove the closedness, we show that the limit of
the sequence of normal operators is a normal operator. Let lim

n→∞ Tn = T . Then,

lim
n→∞ T �

n = T �.

||T T � − T �T || = ||T T � − TnT
�
n + TnT

�
n − T �

n Tn + T �
n Tn − T �T ||

≤ ||T T � − TnT
�
n || + ||TnT �

n − T �
n Tn|| + ||T �

n Tn − T �T || → 0

as n → ∞

which implies that T T � = T �T ; i.e., T is normal.
By Remark 3.20(1), every self-adjoint operator is normal, and so the set of nor-

mal operators contains the set of self-adjoint operators. (αT )(αT )� = αα(T T �) =
αα(T �T ) as T is normal. Thus,

(αT )(αT )� = (αT )�(αT ),

and hence αT is normal.

Proof (Proof of Theorem3.28) We have T1T �
2 = T �

2 T1 and T2T
�
1 = T �

1 T2. Using this
fact and the fact that T1 and T2 are normal, we get

(T1 + T2)(T1 + T2)
� = (T1 + T2)(T

�
1 + T �

2 )

= T1T
�
1 + T2T

�
1 + T1T

�
2 + T2T

�
2
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and

(T1 + T2)
�(T1 + T2) = (T �

1 + T �
2 )(T1 + T2)

= T �
1 T1 + T �

2 T1 + T �
1 T2 + T �

2 T2
= T �

1 T1 + T1T
�
2 + T2T

�
1 + T �

2 T2

which shows that T1 + T2 is normal. Similarly, it can be seen that T1T2 is normal
under the given condition.

Proof (Proof of Theorem3.29)

||T �x || = ||T x || ⇔ ||T �x ||2
= ||T x ||2 ⇔ 〈T �x, T �x〉
= 〈T x, T x〉 ⇔ 〈T T �x, x〉
= 〈T �T x, x〉 ⇔ 〈(T T � − T �T )x, x〉
= 0 ∀ x ∈ X.

In view of this relation, Lemma 3.5 gives us T T � = T �T . Thus, T is normal if and
only if ||T �x || = ||T x ||.
Proof (Proof of Theorem3.30) By Theorem 3.29, ||T 2x || = ||T T x || = ||T �T x || for
every x , which implies that ||T ||2 = ||T �T ||. By Theorem 3.22(7), ||T �T || = ||T ||2
and so ||T || = ||T ||2

Proof (Proof of Theorem3.31) Let AB = BA, and then, we have

T T � = (A + i B)(A − i B)

= A2 + B2 + i(BA − AB)

and

T �T = (A − i B)(A + i B)

= A2 + B2 + i(AB − BA)

Since AB = BA, T T � = T �T ; i.e., T is normal. Conversely, let T T � = T �T ; i.e.,

A2 + B2 + i(BA − AB) = A2 + B2 + i(AB − BA)

or

AB − BA = BA − AB
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or

2AB = 2BA

Hence, AB = BA.

We need the following Lemma for the proof of Theorem 3.32.

Lemma 3.6 If T is a bounded linear operator on a Hilbert space X, then the fol-
lowing conditions are equivalent:

1. T �T = I .
2. 〈T x, T y〉 = 〈x, y〉 ∀ x and y.
3. ||T x || = ||x || ∀ x.

Proof (1) ⇒ (2) : Let T �T = I . Then, 〈T �T x, y〉 = 〈x, y〉 or 〈T x, T y〉 =
〈x, y〉.(2) ⇒ (3) : Let 〈T x, T y〉 = 〈x, y〉 ∀ x and y. Then, for y = x , we have
||T x ||2 = ||x ||2 or ||T x || = ||x ||. (3) ⇒ (1) : Let ||T x || = ||x || ∀ x . Then,

||T x ||2 = ||x ||2 ⇒ 〈T x, T x〉 = 〈x, x〉
⇒ 〈T �T x, x〉 = 〈x, x〉

or

〈(T �T − I )x, x〉 = 0 ∀ x

Then, by Lemma 3.5, we get T �T − I = 0 or T �T = I .

Proof (Proof of Theorem3.32) Let T be unitary. Then by Lemma 3.6, T is an iso-
metric isomorphism of X onto itself. Conversely, if T is an isometric isomorphism
of X onto itself, then T−1 exists, and by Lemma 3.6, we have

T �T = I

⇒ (T �T )T−1 = I T−1 or T �(T T−1) = I T−1

or

T � = T−1

or

T T � = T T−1 = I

which shows that T is unitary.

Definition 3.10 Let T be an operator on a Hilbert space X into itself, and then, a
nonzero vector x such that T (x) = λx , λ being a scalar is called an eigenvector



120 3 Hilbert Spaces

or characteristic vector or proper vector of T . The corresponding λ is called an
eigenvalue or characteristic value or proper value.

Theorem 3.33 The proper values of a self-adjoint operator are real numbers. Two
proper vectors corresponding to two different proper values of a self-adjoint operator
are orthogonal.

Theorem 3.34 The proper values of a unitary operator are complex numbers such
that |λ| = 1.

Proof (Proof of Theorem3.33) Let T be self-adjoint and T (x) = λx . We want to
show that λ is real, i.e., λ = λ.

〈T x, x〉 = 〈x, T �x〉 = 〈x, T x〉

or

〈λx, x〉 = 〈x, λx〉

or

λ〈x, x〉 = λ〈x, x〉

or

λ = λ

Let λ1 �= λ2, T x = λ1x and T y = λ2y. Then, 〈T x, y〉 = 〈λ1x, y〉 = λ1〈x, y〉. As
T = T �,

〈T x, y〉 = 〈x, T ∗ y〉 = 〈x, T y〉 = 〈x, λ2y〉 = 〈λ2x, y〉

Thus, λ1〈x, y〉 = λ2〈x, y〉. Since λ1 �= λ2, 〈x, y〉 must be zero. Hence, x ⊥ y.

Proof (Proof of Theorem3.34) Let T x = λx, x �= 0. Then,

〈T x, T x〉 = 〈λx, λx〉 = λλ〈x, x〉
= |λ|2||x ||2.

On the other hand, 〈T x, T x〉 = 〈x, T �T x〉 = ||x ||2 as T is unitary, i.e., T �T = I .
Hence,|λ|2||x || = ||x || ⇒ |λ| = 1.
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3.8.3 Adjoint of an Unbounded Linear Operator

In Sect. 3.7.2, we have studied the concept of the adjoint of a bounded linear operator
on a Hilbert space. This concept may be extended to unbounded linear operators on
a Banach space, in general, and on a Hilbert space, in particular. From the point of
view of applications, the concept of adjoint of unbounded linear operators on Hilbert
spaces is more useful and, therefore, we discuss it here in brief.

Definition 3.11 Let T be an unbounded linear operator on a Hilbert space X , and
assume that the domain of T , D(T ), is dense in X . The adjoint operator of T , T �,is
defined by

〈T x, y〉 = 〈x, T �y〉 ∀ x ∈ D(T ), y ∈ D(T �)

where D(T �) = {y ∈ X/〈T x, y〉 = 〈x, z〉 for some z ∈ X and all x ∈ D(T )}. For
each such y ∈ D(T �), the adjoint operator T � of T is defined in terms of that z by
z = T �y.

Remark 3.21 If T is also closed, then D(T �) is dense in X and T � is closed. More-
over, T �� = T ; that is, D(T ��) = D(T ), and the operators agree on these domains.
For closed operators, see Sect. 4.7.

Example 3.23 Let X = L2(a, b) and T be defined by

(T f )(t) = d f

dt

andD(T ) = { f ∈ X/ f is absolutely continuous with d f
dt ∈ X and f (a) = 0}. Then,

〈T f, g〉 =
b∫

a

d f

dt
g(t)dt

= [ f (t)g(t)]ba −
b∫

a

f (t)
dg

dt
dt

= [ f (b)g(b)] −
b∫

a

f (t)
dg

dt
dt = 〈 f, T �g〉

where (T �g) = −dg

dt
and D(T �) = {g ∈ X/g is absolutely continuous with

dg

dt
∈

X, g(b) = 0}.
Definition 3.12 If the linear operator T on a Hilbert space X is 1-1 on D(T ), then
the linear operator T−1 on X defined on D(T−1) = R(T ) by
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T−1(T (x)) = x, ∀ x ∈ D(T )

is called the inverse of T.

Theorem 3.35 Let T be a 1-1 linear operator on a Hilbert space X such that T−1

exists and D(T ) = D(T−1) = X. Then, T � is also 1-1, and

(T �)−1 = (T−1)�

Proof The theoremwill be proved if we show that (T−1)�T � = I and T �(T−1)� = I .
For verification of the first relation, take anyy ∈ D(T �). Then for every x ∈ D(T−1),
we have T−1x ∈ D(T ) and so

〈T−1x, T �y〉 = 〈T T−1x, y〉 = 〈I x, y〉 = 〈x, y〉.

This implies that T �y ∈ D((T−1)�) and (T−1)�T �y = (T T−1)�y = I �y = y. In
order to verify the second relation, take an arbitrary y ∈ D((T−1)�). Then, for every
x ∈ D(T ), we have T x ∈ D(T−1) and therefore

〈T x, (T−1)�y〉 = 〈T−1T x, y〉 = 〈x, y〉.

This shows that (T−1)�y ∈ D(T �) and T �(T−1)�y = y.

Definition 3.13 An unbounded linear operator T on a Hilbert space X is called
symmetric if T � extends T in the sense that T � = T onD(T ) and D(T �) ⊇ D(T ).In
this case, 〈T �x, y〉 = 〈x, T y〉 ∀ x, y ∈ D(T �). A symmetric operator is self-adjoint
if D(T �) = D(T ).

It can be checked that every self-adjoint operator T is symmetric.

Example 3.24 Let X = L2(a, b), and T be defined by

(T f )(t) = d2 f

dt2

and D(T ) = { f ∈ X/ f and d f
dt are absolutely continuous with d2 f

dt2 ∈ X and
f (a) = 0 = f (b)}. Then,

〈T f, g〉 =
b∫

a

d2 f

dt2
g(t)dt

=
[
d f

dt
g(t)

]b

a

−
[

f (t)
g(t)

dt

]b

a

+
b∫

a

f (t)
d2g

dt2
dt
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=
(
d f

dt

)

t=b

g(b) −
(
d f

dt

)

t=a

g(a) +
b∫

a

f (t)
d2g

dt2
dt

so that (T �g)(t) = d2g

dt2
whereD(T �) = {g ∈ X/g and dg

dt are absolutely continuous

with d2g
dt2 ∈ X and g(a) = g(b) = 0} = D(T ). Hence, T is self-adjoint.

Example 3.25 Let X = �2 and T be defined by

T (αk) =
{αk

k

}

T is self-adjoint and one-one. The subspace T �2 = D(T−1) is everywhere dense.
D(T−1) is the set of all sequences {βk} ∈ �2 such that

∞∑

k=1

k2|β2| < ∞.

Then, the inverse T−1 is defined on D(T−1) by T−1(βk) = {kβk}. T−1 is linear.
Let {ek} be the basis of �2, where ek is the vector of all the components which are

zero except the kth one which is 1. T−1 is unbounded as

||T−1(ek)|| = k||ek ||

and

lim
k→∞ ||T−1ek || = ∞

By Theorem 3.35, (T−1)� = (T �)−1 = T−1. Therefore, T−1 is self-adjoint.

3.9 Bilinear Forms and Lax–Milgram Lemma

3.9.1 Basic Properties

Definition 3.14 Let X be a Hilbert space. Amapping a (·, ·) : X×X → C on X×X
into C is called a sesquilinear functional if the following conditions are satisfied:

1. a(x1 + x2, y) = a(x1, y) + a(x2, y).
2. a(αx, y) = αa(x, y).
3. a(x, y1 + y2) = a(x, y1) + a(x, y2).
4. a(x, βy) = βa(x, y)
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Remark 3.22 1. The sesquilinear functional is linear in the first variable but not
so in the second variable. A sesquilinear functional which is also linear in the
second variable is called a bilinear form or a bilinear functional. Thus, a bilinear
form a(·, ·) is a mapping defined on X × X into C which satisfies conditions (a)

through (c) of Definition 3.14 and (d). a(x, βy) = βa(x, y).
2. If X is a real Hilbert space, then the concepts of sesquilinear functional and

bilinear forms coincide.
3. An inner product is an example of a sesquilinear functional. The real inner product

is an example of a bilinear form.
4. If a(·, ·) is a sesquilinear function, then g(x, y) = a(y, x) is a sesquilinear func-

tional.

Definition 3.15 Let a(·, ·) be a bilinear form. Then,

1. a(·, ·) is called symmetric if a(x, y) = a(y, x) ∀ (x, y) ∈ X × X .
2. a(·, ·) is called positive if a(x, x) ≥ 0 ∀x ∈ X .
3. a(·, ·) is called positive definite if a(x, x) ≥ 0 ∀ x ∈ X and a(x, x) = 0 implies

that x = 0.
4. F(x) = a(x, x) is called quadratic form.
5. a(·, ·) is called bounded or continuous if there exists a constant M > 0 such that

|a(x, y)| ≤ M ||x || ||y||.
6. a(·, ·) is said to be coercive (X-coercive) or X-elliptic if there exists a constant

α > 0 such that a(x, x) ≥ α||x ||2 ∀x ∈ X .
7. A quadratic form F is called real if F(x) is real for all x ∈ X .

Remark 3.23 1. If a(·, ·) : X × X → R, then the bilinear form a(·, ·) is symmetric
if a(x, y) = a(y, x).

2.

||a|| = sup
x �=0,y �=0

|a(x, y)|
||x || ||y|| = sup

x �=0,y �=0
|a(

x

||x || ,
y

||y|| )|
= sup||x ||=||y||=1 |a(x, y)|

It is clear that |a(x, y)| ≤ ||a|| ||x || ||y||.
3. ||F || = sup

||x ||=1
|F(x)|

4. If a(·, ·) is any fixed sesquilinear form and F(x) is an associated quadratic form
on a Hilbert space X , then

a(x, y) = 1

4
[F(x + y) − F(x − y) + i F(x + iy) − i F(x − iy)].

Verification: By using linearity of the bilinear form a, we have

F(x + y) = a(x + y, x + y) = a(x, x) + a(y, x) + a(x, y) + a(y, y)
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and

F(x − y) = a(x − y, x − y) = a(x, x) − a(y, x) − a(x, y) + a(y, y).

By subtracting the second of the above equation from the first, we get

F(x + y) − F(x − y) = 2a(x, y) + 2a(y, x) (3.45)

Replacing y by iy in Eq. (3.45), we obtain

F(x + iy) − F(x − iy) = 2a(x, iy) + 2a(iy, x)

or

F(x + iy) − F(x − iy) = 2ia(x, y) + 2ia(y, x) (3.46)

Multiplying Eq. (3.46) by i and adding it to Eq. (3.45), we get the result.

Theorem 3.36 If a bilinear forma(·, ·) is boundedand symmetric, then ||a|| = ||F ||,
where F is the associated quadratic functional.

Theorem 3.37 Let T be a bounded linear operator on a Hilbert space X. Then, the
complex-valued function a(·, ·) on X × X defined by

a(x, y) = 〈x, T y〉 (3.47)

is a bounded bilinear form on X, and ||a|| = ||T ||. Conversely, let a(·, ·) be a
bounded bilinear form on a Hilbert space X. Then, there exists a unique bounded
linear operator T on X such that

a(x, y) = 〈x, T y〉 ∀(x, y) ∈ X × X (3.48)

Corollary 3.1 Let T be a bounded linear operator on a Hilbert space X. Then, the
complex-valued function b(·, ·) on X × X defined by b(x, y) = 〈T x, y〉 is a bounded
bilinear form on X and ||b|| = ||T ||. Conversely, let b(·, ·) be a bounded bilinear
form on X. Then, there is a unique bounded linear operator T on X such that

b(x, y) = 〈T x, y〉 ∀ (x, y) ∈ X × X.

Corollary 3.2 If T is a bounded linear operator on X, then

||T || = sup
||x ||=||y||=1

|〈x, T y〉| = sup
||x ||=||y||=1

|〈T x, y〉|.

Theorem 3.38 Let T be a bounded linear operator on a Hilbert space X. Then, the
following statements are equivalent:
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1. T is self-adjoint.
2. The bilinear form a(·, ·) on X defined by a(x, y) = 〈T x, y〉 is symmetric.
3. The quadratic form F(x) on X defined by F(x) = 〈T x, x〉 is real.
Corollary 3.3 If T is a bounded self-adjoint operator on X, then ||T || = sup

||x ||=1

|〈T x, x〉|.
The following lemmas are needed for the proof of Theorem 3.36.

Lemma 3.7 A bilinear form a(x, y) is symmetric if and only if the associated
quadratic functional F(x) is real.

Proof If a(x, y) is symmetric, then we have

F(x) = a(x, x)

= a(x, x)

= F(x)

This implies that F(x) is real. Conversely, let F(x) be real, and then by Remark
3.23(4) and in view of the relation

F(x) = F(−x) = F(i x)(F(x) = a(x, x), F(−x) = a(x, x) = a(−x,−x)

and

F(i x) = a(i x, i x) = i ia(x, x) = a(x, x))

we obtain

a(x, y) = 1

4
[F(x + y) − F(y − x) + i F(y + i x) − i F(y − i x)]

= 1

4
[F(x + y) − F(x − y) + i F(x − iy) − i F(x + iy)]

= 1

4
[F(x + y) − F(x − y) + i F(x + iy) − i F(x − iy)]

= a(x, y)

Hence, a(·, ·) is symmetric.

Lemma 3.8 a(·, ·) is bounded if and only if the associated quadratic form F is
bounded. If a(·, ·) is bounded, then ||F || ≥ ||a|| ≥ 2||F ||.
Proof Suppose a(·, ·) is bounded. Then, we have

sup
||x ||=1

|F(x)| = sup
||x ||=1

|a(x, x)| ≤ sup
||x ||=||y||=1

|a(x, y)| = ||a||
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and, therefore, F is bounded and ||F || ≤ ||a||. On the other hand, suppose F is
bounded. From Remark 3.23(4) and the parallelogram law, we get

|a(x, y)| ≤ 1

4
||F ||(||x + y||2 + ||x − y||2 + ||x + iy||2 + ||x − iy||2)

= 1

4
||F ||2(||x ||2 + ||y||2 + ||x ||2 + ||y||2)

= ||F ||(||x ||2 + ||y||2)

or

sup
||x ||=||y||=1

|a(x, y)| ≤ 2||F ||

Thus, a(·, ·) is bounded and ||a|| ≤ 2||F ||.
Proof (Proof of Theorem3.36) By Lemma 3.7, F is real. In view of Lemma 3.8,
we need to show that ||a|| ≤ ||F ||. Let a(x, y) = γ eiα , where γ ∈ R, γ ≥ 0, and
α ∈ R. Then by using Remark 3.23(4) and bearing in mind that the purely imaginary
terms are zero, we get

|a(x, y)| = γ = a(e−iαγ, y) = 1

4
[F(x ′ + y) + F(x ′ − y)]

where x ′ = γ eiα . This implies that

|a(x, y)| =1

4
||F ||(||x ′ + y||2 + ||x ′ − y||2)

= 1

2
||F ||(||x ′||2 + ||y||2 (by the parallelogram law)

or

sup
||x ′||=||y||=1

|a(x ′, y)| ≤ ||F ||

or

||a|| ≤ ||F ||

Proof (Proof of Theorem3.37)

1. Let T be a bounded linear operator on X. Then, a(x, y) = 〈x, T y〉 satisfies the
following condition:

(a) a(x + x ′, y) = 〈x + x ′, T y〉 = 〈x, T y〉 + 〈x ′, T y〉 = a(x, y) + a(x ′, y)
(b) a(αx, y) = 〈αx, T y〉 = α〈x, T y〉 = αa(x, y)
(c) |a(x, y)| = |〈x, T y〉| ≤ ||T || ||x || ||y||, by the Cauchy–Schwarz–

Bunyakowski inequality.
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This implies that sup
||x ||=||y||=1

|a(x, y)| ≤ ||T || or ||a|| ≤ ||T ||. In fact, ||a|| = ||T ||
(see Eq. (3.51)).

2. For the converse, let a(·, ·) be a bounded bilinear form on X . For any y ∈ X , we
define fy on X as follows:

fy(x) = a(x, y) (3.49)

We have

fy(x1 + x2) = a(x1 + x2, y) = a(x1, y) + a(x2, y) fy(αx) = a(αx, y) = αa(x, y)

and

| fy(x)| = |a(x, y)| ≤ ||a|| ||x || ||y||

or

|| fy|| ≤ ||a|| ||y||

Thus, fy is a bounded linear functional on X . By theRiesz representation theorem,
there exists a unique vector T y ∈ X such that

fy(x) = 〈x, T y〉∀x ∈ X (3.50)

and

||T y|| = || fy|| ≤ ||a|| ||y|| (3.51)

The operator T : y → T y defined by T (y) = 〈x, T y〉 is linear in view of the
following relations:

〈x, T (αy)〉 = fαy(x) = 〈x, αy〉 = α〈x, y〉
= α fy(x) = α〈x, T y〉

〈x, T (αy)〉 = 〈x, αT y〉

or

〈x, T (αy) − α(T (y))〉 = 0 ∀ x ∈ X

⇒ T (αy) = αT (y)

〈x, T (y + y′)〉 = fy+y′(x) = 〈x, y + y′〉
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= 〈x, y〉 + 〈x, y′〉 = fy(x) + f ′
y(x)

= 〈x, T y〉 + 〈x, T y′〉 = 〈x, T (y) + T (y′)〉 ∀ x ∈ X

or

〈x, [T (y + y′)] − [T (y) + T (y′)]〉 = 0 ∀ x ∈ X

which gives

T (y + y′) = T (y) + T (y′)

Equation (3.51) implies that ||T || ≤ ||a||. By Eqs. (3.49) and (3.50), we have

a(x, y) = fy(x) = 〈x, T y〉 ∀ (x, y) ∈ X × X.

Then, for every fixed y ∈ X , we get 〈x, T y〉 = 〈x, Sy〉 or 〈x, (T − S)y〉 = 0.
This implies that (T − S)y = 0 ∀ y ∈ X , i.e., T = S. This proves that there exists
a unique bounded linear operator T such that a(x, y) = 〈x, T y〉.

Proof (Proof of Corollary3.1)

1. Define the function a(x, y) on X × X by

a(x, y) = b(y, x) = 〈x, T y〉

By Theorem 3.37, a(x, y) is a bounded bilinear form on X and ||a|| = ||T ||.
Since we have b(x, y) = a(y, x), b is also bounded bilinear on X and

||b|| = sup
||x ||=||y||=1

|b(x, y)| sup
||x ||=||y||=1

|a(y, x)| = ||a|| = ||T ||

2. If b is given, we define a bounded bilinear form a on X by

a(x, y) = b(y, x)

Again, by Theorem 3.37, there is a bounded linear operator T on X such that

a(x, y) = 〈x, T y〉 ∀ (x, y) ∈ X × X

Therefore, we have b(x, y) = a(y, x) = 〈y, T x〉 = 〈T x, y〉∀(x, y) ∈ X × X .

Proof (Proof of Corollary3.2) By Theorem 3.37, for every bounded linear operator
on X , there is a bounded bilinear form a such that a(x, y) = 〈x, T y〉 and ||a|| = ||T ||.
Then,

||a|| = sup
||x ||=||y||=1

|a(x, y)| = sup
||x ||=||y||=1

〈x, T y〉
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From this, we conclude that ||T || = sup
||x ||=||y||=1

|〈x, T y〉|

Proof (Proof of Theorem3.38) (1) ⇒ (2) : F(x) = 〈T x, x〉 = 〈x, T x〉 =
〈T x, x〉 = F(x). In view of Lemma 3.7, we obtain the result.
(3) ⇒ (2) : By Lemma 3.7, F(x) = 〈T x, x〉 is real if and only if the bilinear form
a(x, y) = 〈T x, y〉 is symmetric.
(2) ⇒ (1) : 〈T x, y〉 = a(x, y) = a(y, x) = 〈T y, x〉 = 〈x, T y〉. This shows that
T � = T that T is self-adjoint.

Proof (Proof of Corollary3.3) Since T is self-adjoint, we can define a bounded
bilinear form a(x, y) = 〈T x, y〉 = 〈x, T y〉. By Corollary 3.2 and Theorem 3.36,

||T || = ||a|| = ||F ||
= sup

||x ||=1
|F(x)|

= sup
||x ||=1

|〈T x, x〉|
||T || = sup

||x ||=1
|〈T x, x〉|

The following theorem, known as the Lax–Milgram lemma proved by PD Lax and
AN Milgram in 1954 [119], has important applications in different fields.

Theorem 3.39 (Lax–Milgram Lemma) Let X be a Hilbert space and a(·, ·) : X ×
X → R a bounded bilinear form which is coercive or X-elliptic in the sense that
there exists α > 0 such that

a(x, x) ≤ α||x ||2X ∀ x ∈ X.

Also, let f : X → R be a bounded linear functional. Then, there exists a unique
element x ∈ X such that

a(x, y) = f (y)∀y ∈ X (3.52)

Proof (Proof of Theorem3.39) Since a(·, ·) is bounded, there exists a constantM > 0
such that

|a(u, v)| ≤ M ||u|| ||v||. (3.53)

By Corollary 3.1 and Theorem 3.19, there exists a bounded linear operator T on X
and fy ∈ X � such that equation a(u, v) = f (v) can be rewritten as

〈λTu, v〉 = 〈λ fy, v〉 (3.54)
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or

〈λTu − λ fy, v〉 = 0 ∀ v ∈ X.

This implies that

λTu = λ fy (3.55)

Wewill show that (3.55) has a unique solution by showing that for appropriate values
of parameter ρ > 0, the affine mapping for v ∈ X, v → v − ρ(λT v − λ fy) ∈ X is a
contraction mapping. For this, we observe that

||v − ρλT v||2 = 〈v − ρλT v, v − ρλT v〉
= ||v||2 − 2ρ〈λT v, v〉 + ρ2||λT v||2 (by applying inner product axioms)

≤ ||v||2 − 2ρα||v||2 + ρ2M2||v||2

as

a(v, v) = 〈λT v, v〉 ≥ α||v||2 (by the coercivi t y) (3.56)

and

||λT v|| ≤ M ||v|| (by boundedness of T )

Therefore,

||v − ρλT v||2(1 − 2ρα + ρ2M2)||v||2 (3.57)

or

||v − ρλT v|| ≤ (1 − 2ρα + ρ2M2)1/2||v|| (3.58)

Let Sv = v − ρ(λT v − λ fy). Then,

||Sv − Sw|| = ||(v − ρ(λT v − λ f y)) − (w − ρ(λTw − ρ f y))||
= ||(v − w) − ρ(λT (v − w))||
≤ (1 − 2ρα + ρ2M2)1/2||v − w|| (by 3.58) (3.59)

This implies that S is a contraction mapping if 0 < 1 − 2ρα + ρ2M2 < 1 which is
equivalent to the condition that ρ ∈ (0, 2α/M2). Hence, by the Banach contraction
fixed point theorem (Theorem 1.1), S has a unique fixed point which is the unique
solution.

The following problem is known as the abstract variational problem.
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Problem 3.1 Find an element x such that

a(x, y) = f (y) ∀ y ∈ X

where a(x, y) and f are as in Theorem 3.39.
In view of the Lax–Milgram lemma, the abstract variational problem has a unique

solution.

Solution 3.1 Note: A detailed and comprehensive description of the Hilbert
space theory and its applications is given by Helmberg [97], Schechter [166], and
Weidmann [194].

See also [10, 11, 19, 54, 86, 93, 97, 100, 101, 118, 119].

3.10 Problems

3.10.1 Solved Problems

Problem 3.2 If X �= {0} is a Hilbert space, show that

||x || = sup
||y||=1

|〈x, y〉|.

Solution 3.2 If x = 0, the result is clearly true as both sides will be 0. Let x �= 0.
Then

||x || = ||x ||2
||x || = 〈x, x〉

||x || =
〈

x,
x

||x ||
〉

≤ sup
||y||=1

〈x, y〉

≤ sup
||y||=1

||x || ||y||, (by the Cauchy−Schwarz−Bunyakowski inequali t y)

= ||x ||

This implies that ||x || = sup
||y||=1

|〈x, y〉|.

Problem 3.3 Let xn → x and yn → y in the Hilbert space X and αn → α, where
αn’s and α are scalars. Then, show that

(a) xn + yn → x + y.
(b) αnxn → αx .
(c) lim

n→∞〈xn, yn〉 = 〈x, y〉.
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Solution 3.3 The last relation shows that the inner product is a continuous function.

1.

||(xn + yn) − (x + y)||2 = 〈(xn − x) + (yn − y), (xn − x) + (yn − y)〉
= 〈(xn − x), (xn − x)〉 + 〈(yn − y), (yn − y)〉
+ 〈(xn − x), (yn − y〉 + 〈(yn − y), (xn − x〉

Since xn → x and yn → y, ||xn − x ||2 = 〈xn − x, xn − x〉 → 0 as n → ∞
and ||yn − y||2 = 〈yn − y, yn − y〉 → 0 as n → ∞. By the Cauchy–Schwarz–
Bunyakowski inequality, we have

|〈(xn − x), (yn − y)〉| ≤ ||xn − x ||, ||yn − y|| → 0 as n → ∞

and

|〈(yn − y), (xn − x)〉| ≤ ||yn − y|| ||xn − y|| → 0 as n → ∞

In view of these relations, we have ||(xn + yn) − (x + y)|| → 0 as n → ∞; i.e.,
xn + yn → x + y.

2. In view of these relations, we have ||(xn + yn) − (x + y)|| → 0 as n → ∞;
i.e.,xn + yn → x + y.

||(αnxn − αx)||2 = 〈αnxn − αx, αnxn − αx〉
= 〈αnxn − αxn + αxn − αx, αnxn − αxn + αxn − αx〉
= 〈αnxn − αxn, αnxnαxn〉 + 〈αnxn − αxn, αxn − αx〉
+ 〈αxn − αx, αxn − αx + αxn〉 − 〈αx, αnxnαxn〉
≤ |αn − α|2||xn||2 + |αn − α| ||xn|| ||xn − x |||α|
+ |α|2||xn − x ||2 + |α|||xn − x || ||xn|||αn − α| → 0

as n → ∞ under the given conditions

Hence, αnxn → αx as n → ∞
3.

|〈xn, yn〉 − 〈x, y〉| = |〈xn, yn〉 − 〈x, yn〉 + 〈x, yn〉 − 〈x, y〉|
= |〈xn − x, yn〉 + 〈x, yn − y〉|
≤ |〈xn − x, yn〉| + |〈x, yn − y〉|
≤ ||xn − x || ||yn|| + ||x || ||yn − y||

Since xn → x and yn → y, there existsM > 0 such that ||xn|| ≤ M, ||xn−x || →
0, and ||yn − y|| → 0 as n → ∞. Therefore, |〈xn, yn〉− 〈x, y〉| → 0 as n → ∞;
or
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〈xn, yn〉 → 〈x, y〉 as n → ∞

In view of Theorem A.6(2) of Appendix A.3, the inner product 〈·, ·rangle is
continuous.

Problem 3.4 Show that Rn , �2, and L2(a, b) are Hilbert spaces, whileC[a, b] is not
a Hilbert space.

Solution 3.4 Rn is a Hilbert space. For x, y ∈ Rn , we define the inner product by

〈x, y〉 =
n∑

i=1
xi yi

1. (a) 〈x + x ′, y〉 =
n∑

i=1
(xi + x ′

i ), yi =
n∑

i=1
xi yi +

n∑

i=1
x ′
i yi = 〈x, x〉 + 〈x ′, y〉

(b) 〈αx, y〉 =
n∑

i=1
(αxi )yi = α

n∑

i=1
xi yi = α〈x, y〉

(c) 〈x, y〉 =
n∑

i=1
xi yi =

n∑

i=1
xi yi =

n∑

i=1
xi yi = 〈x, y〉

(d) 〈x, x〉 =
n∑

i=1
xi xi =

n∑

i=1
x2i

⇒ 〈x, x〉 ≥ 0 and 〈x, x〉 = 0 ⇔
n∑

i=1
x2i

⇔ xi = 0
⇔ x = (0, 0, . . .)
⇔ x = 0

Thus, 〈·, ·〉 is an inner product on Rn and it induces the norm given by

||x || = √〈x, x〉 =
(

n∑

i=1

x2i

)1/2

Rn is complete with respect to any norm and so Rn is a Hilbert space.
2. �2 is a Hilbert space: For x = (x1, x2, . . . , xn, . . .), y = (y1, y2, . . . , yn, . . .) ∈

�2, we define the inner product 〈·, ·〉 on �2 by 〈x, y〉 =
n∑

i=1
xi yi

(a) 〈x + x ′, y〉 =
n∑

i=1
(xi + x ′

i )(yi ) where

x ′ = (x ′
1, x

′
2, . . . , x

′
n, . . .)

〈x + x ′, y〉 =
∞∑

i=1

xi yi +
∞∑

i=1

x ′
i yi

= 〈x, y〉 + 〈x ′, y〉

(b) 〈αx, y〉 =
∞∑

i=1
(αxi )yi = α

∞∑

i=1
xi yi = α〈x, y〉
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(c) 〈x, y〉 =
∞∑

i=1
xi yi =

∞∑

i=1
xi yi =

∞∑

i=1
yi xi = 〈y, x〉

(d) 〈x, x〉 =
∞∑

i=1
xi xi =

∞∑

i=1
|xi |2

〈x, x〉 ≥ 0 as all the terms of the series
∞∑

i=1
|xi |2 are positive.

〈x, x〉 = 0 ⇔
∞∑

i=1
|xi |2 = 0 ⇔ |xi |2 = 0 ⇔ xi = 0 ∀ i

⇔ x = (0, 0, . . . , 0, . . .) = 0 ∈ �2

In view of the above relations, �2 is an inner product space with the inner product

〈x, y〉 =
∞∑

i=1
xi yi . Let xn = {a(n)

k }∞n=1, k = 1, 2, 3, . . . and {xn} be a Cauchy

sequence in �2. From the relation |a(m)
k − a(n)

k |2 ≤
∞∑

k=1
= ||xm − xn||2, we obtain

that for every fixed k ≥ 1 the sequence {a(n)
k }∞n=1 is a Cauchy sequence of complex

numbers and, therefore, it converges to a complex number, say ak . (We know that
C is complete.) Let

x = {a(n)
k }∞n=1

For every ε > 0, we have ||xm − xn||2 =
∞∑

i=1
|a(m)

k − a(n)
k |2 < ε2 for all m ≥ n(ε)

and n ≥ n(ε), and therefore, for every fixed index p ≥ 1,
p∑

i=1
|a(m)

k − a(n)
k |2 <

ε2 ∀ m ≤ n(ε) and n ≥ n(ε). Letting m to ∞, we obtain
p∑

i=1
|ak − a(n)

k |2 <

ε2 ∀ n ≤ n(ε) and p ≥ 1. Now, we let p to ∞ and we get

p∑

i=1

|ak − a(n)
k |2 < ε2 ∀ n ≤ n(ε) (3.60)

The sequence x − xn = {ak − a(n)
k }∞k=1, therefore, belongs to �2, and since �2 is a

vector space, the sequence x = (x − xn)+ xn ∈ �2. From Eq. (3.59), we conclude
that ||x − xn|| ≤ ε ∀n ≥ n(ε); i.e., {xn} is convergent in �2. Thus, �2 is a Hilbert
space.

3. L2(a, b) is a Hilbert space: L2(a, b) is a vector space (see Appendix A.5). We

define the inner product by 〈 f, g〉 =
b∫

a
f (t)g(t)dt ∀ f, g ∈ L2(a, b).

(a) 〈 f + h, g〉 =
b∫

a
f + h(t)g(t)dt =

b∫

a
f (t)g(t)dt +

b∫

a
h(t)g(t)dt =

〈 f, g〉 + 〈h, g〉.
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(b) 〈α f, g〉 =
b∫

a
α f (t)g(t)dt = α

b∫

a
f (t)g(t)dt = α〈 f, g〉.

(c) 〈 f, g〉 =
b∫

a
f (t)g(t)dt =

b∫

a
g(t) f (t)dt = 〈g, f 〉.

(d) 〈 f, f 〉 =
b∫

a
f (t) f (t) =

b∫

a
| f (t)|2dt ⇒ 〈 f, f 〉 ≥ 0 as | f (t)|2 ≥ 0 implying

b∫

a
| f (t)|2dt ≥ 0.〈 f, f 〉 = 0 ⇔ | f (t)| = 0 a.e. ⇔ f = 0 a.e.

Thus, 〈·, ·〉 is an inner product on L2(a, b) which is complete with respect
to the norm

|| f || =
⎛

⎝

b∫

a

| f (t)|2dt
⎞

⎠

1/2

induced by the above inner product. For f ∈ L2(a, b), we have

b∫

a

| f (t)|dt = 〈| f |, 1〉 ≤ || f || ||1|| (by the CSB inequali t y)

= (
√
b − a)|| f || (3.61)

Suppose { fn} is a Cauchy sequence in L2(a, b). By induction, we construct an
increasing sequence of natural numbers n1 < n2 < · · · nk < · · · such that

|| fm − fn|| <
1

2k
∀ m ≥ nk and n ≥ nk .

Consider the sequence { fnk+1 − fnk }∞k=1 ∈ L2(a, b). By Theorem D.7(3), we have

b∫

a

∞∑

k=1

| fnk+1(t) − fnk (t)|dt =
∞∑

k=1

b∫

a

| fnk+1 − fnk |dt

≤ (
√
b − a)

∞∑

k=1

|| fnk+1(t) − fnk (t)||

≤ (
√
b − a)

∞∑

k=1

1

2k
= (

√
b − a) < ∞

By Beppo Levi’s theorem (see Appendix A.4), the series
∞∑

k=1
| fnk+1(t) − fnk (t)|

converges for almost every t ∈ [a, b] and so does the series
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fn�
(t) +

∞∑

k=1

[ fnk+1(t) − fnk (t)] = lim→∞ fnk (t)

As a consequence, the function f defined a.e. on [a, b] by f (t) = lim
k→∞ fnk (t) is

finite a.e. and Lebesgue measurable on [a, b]. Furthermore, by Theorem A.16(3),
we have

b∫

a

| f (t) − fn p (t)|2dt ≤
b∫

a

[ ∞∑

k=1

fnk+1(t) − fnk (t)

]2

dt

= lim
m→∞

b∫

a

[
m∑

k=1

fnk+1(t) − fnk (t)

]2

dt

= lim
m→∞

∥
∥
∥
∥
∥

[
m∑

k=1

fnk+1 − fnk

]∥
∥
∥
∥
∥

2

dt

≤ lim
m→∞

(
m∑

k=1

|| fnk+1 − fnk ||
)2

dt

≤ lim
m→∞

( ∞∑

k=1

1

2k

)2

=
(

1

2p−1

)2

This implies that ( f − fnt ) ∈ L2(a, b) and || f − fn p || ≤ 1
2p−1 . Therefore, we

have f = ( f − fn p ) + fn p ∈ L2(a, b). For n ≥ np, we obtain

|| f − fn|| ≤ || f − fn p || + || fn − fn p || ≤ 1

2p−1
+ 1

2p
+ 1

2p
<

1

2p−2

This shows that { fn} converges to f ∈ L2(a, b) and hence L2(a, b) is a Hilbert
space.

4. C[a, b] is an inner product space but not a Hilbert space: For f, g ∈ C[a, b], we
define the inner product by 〈 f, g〉 =

b∫

a
f (t)g(t)dt .

It can be seen, as in the case of L2(a, b), that 〈·, ·〉 satisfies the axioms of the inner
product.We now show that it is not complete with respect to the norm induced by this
inner product; i.e., there exists a Cauchy sequence inC[a, b], which is not convergent
in C[a, b]. Let a = −1, b = 1 and

fn(t) =
⎧
⎨

⎩

0 f or − 1 ≤ t ≤ 0
nt f or 0 ≤ t ≤ 1/n
1 f or 1/n ≤ t ≤ 1
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be a sequence of real-valued continuous function on [−1, 1].
We prove the desired result by showing that this is a Cauchy sequence with respect

to the norm induced by the inner product

|| f || =
⎛

⎝

1∫

−1

| f (t)|2dt
⎞

⎠

1/2

but it is not convergent to a function f ∈ C[−1, 1].
We have (take m > n)

fm(t) − fn(t) = 0 f or − 1 ≤ t ≤ 0

0 ≤ fm(t) − fn(t) ≤ 1 − fn(t) f or 0 ≤ t ≤ 1

and so

|| fm − fn||2 =
⎛

⎝

1∫

−1

| fm(t) − fn(t)|2dt
⎞

⎠

=
0∫

−1

| fm(t) − fn(t)|2dt +
1∫

0

| fm(t) − fn(t)|2dt

≤
1∫

0

|1 − fn(t)|2dt

=
1/n∫

0

|1 − fn(t)|2dt +
1∫

1/n

|1 − fn(t)|2dt

=
1/n∫

0

|1 − fn(t)|2dt

as 1 − fn(t) = 0 for 1
n < t ≤ 1 or

|| fm − fn||2 ≤
1/n∫

0

|1 − nt |2dt ≤
1/n∫

0

dt = 1

n

or

|| fm − fn|| ≤ 1√
n

f or m > n
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This shows that ∀ ε > 0, m > n ≥ N (ε)[N (ε) = 1
ε

2 + 1], where [ 1
ε

2] denotes the
integral part of 1

ε

2
, || fm − fn|| ≤ ε. Hence, fn is a Cauchy sequence in C[−1, 1].

Suppose fn → f ∈ C[−1, 1]; i.e., f is a real-valued continuous function on [−1, 1]
and ε > 0; ∃N (ε) such that || fn − f || ≤ ε for n ≥ N (ε). Let −1 < α < 0. Since
( fn − f )2 is positive

α∫

−1

( fn(t) − f (t))2dt ≤
1∫

−1

( fn(t) − f (t))2dt

= || fn − f ||2 ≤ ε2 f or n ≥ N (ε)

or

α∫

−1

( f 2)(t)dt ≤ ε2 as fn(t) = 0 f or 1 ≤ t ≤ α, ∀ε ≥ 0

Hence,

α∫

−1

f 2(t)dt = 0 (3.62)

The mapping t → f 2(t) is positive and continuous on [−1, α](as f ∈ C[−1, 1]).
Then, by Eq. (3.61), f 2(t) = 0 on [−1, α]. Thus, f (t) = 0, −1 ≤ t ≤ α, where
−1 < α < 0. Let 0 < β < 1 and N1 = [ 1

β
] + 1. For n ≥ υ = sup{N (ε), N1}, we

have fn(t) = 1 for t ∈ [β, 1], || fn − f || ≤ ε. Then,

1∫

β

(1 − f (t))2dt =
1∫

β

( fn(t) − f (t))2dt

≤
1∫

−1

( fn(t) − f (t))2dt ≤ ε2 ∀ ε

and, consequently
1∫

β

(1 − f (t))2dt = 0 (3.63)
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The function t → (1 − f (t))2 is positive on [β, 1] as f is continuous on [−1, 1)].
Then, Eq. (3.62) implies that [1− f (t)]2 = 0 ∀ t ∈ [β, 1] or f (t) = 1 for t ∈ [β, 1],
where 0 < β < 1. In short, we have shown that

f (t) =
{
0 f or − 1 ≤ t < 0
1 f or 0 < t ≤ 1

(3.64)

This is a contradiction to the fact that f is continuous f given by Eq. (3.63) is
discontinuous. Hence, our assumption that fn → f ∈ C[−1, 1] is false, and so
C[−1, 1] is not a Hilbert space.
Problem 3.5 Let V be a bounded linear operator on aHilbert space H1 into a Hilbert
space H2. Then, ||I − V �V || < 1 if and only if ∀ x ∈ H1, 0 < inf||x ||=1

= ||V x || ≤
sup

||x ||=1
||V x || = ||V || <

√
2, where I is the identity operator on H1.

Solution 3.5 Since I − V �V is self-adjoint by Corollary 3.3

||I − V �V || = sup
||x ||=1

|〈x, (I − V �V ))x〉|

= sup
||x ||=1

|1 − ||V x ||2| < 1

Therefore, the condition that ||I − V �V || < 1 is equivalent to the two conditions

sup
||x ||=1

(1 − ||V x ||2) = 1 − inf||x ||=1
||V x ||2 < 1

and

sup
||x ||=1

(||V x ||2 − 1) = sup
||x ||=1

||V x ||2 − 1 < 1

which is equivalent to

0 < inf||x ||=1
||V x ||2 ≤ sup

||x ||=1
||V x ||2 < 2

3.10.2 Unsolved Problems

Problem 3.6 a. Give an example of a nonseparable Hilbert space.
b. If A is any orthonormal set of a separable Hilbert space X, show that A is

countable.

Problem 3.7 Prove that every separable Hilbert space is isometrically isomorphic
to �2.
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Problem 3.8 If M is a closed subset of a Hilbert space X , prove that M = M⊥⊥

Problem 3.9 If A is an arbitrary subset of a Hilbert space X , then prove that

1. A⊥ = (A⊥⊥) ⊥.
2. A⊥⊥ = [A].
Problem 3.10 Show that for a sequence {xn} in an inner product space, the condi-
tions ||xn|| → ||x || and 〈xn, x〉 → ||x ||2 imply ||xn − x || → 0 as n → ∞.

Problem 3.11 Let en = (0, 0, . . . , 1, 0, . . .), where 1 is in the nth place. Find F{en}
for F ∈ (�2)

�.

Problem 3.12 Let K = {x = (x1, x2, . . . , xn, . . .) ∈ �2/|xn| ≤ 1
n for all n }. Show

that K is a compact subset of �2.

Problem 3.13 In an inner product space, show that ||x + y|| = ||x || + ||y|| if and
only if ||x − y|| = |||x || − ||y||.
Problem 3.14 (a) Show that the vectors x1 = (1, 2, 2), x2 = (2, 1,−2), x3 =

(2,−2, 1) of R3 are orthogonal.
(b) Show that the vectors (1/3, 2/3, 2/3), (2/3, 1/3,−2/3), (2/3,−2/3, 1/3) of

R3 are orthonormal.
(c) Show that �p, p �= 2 is not an inner product space and hence not a Hilbert space.

Problem 3.15 Consider R2 with norm ||x ||1 = |x1| + |x2|.
(a) Show that every closed convex set in (R2, || · ||1) has a point of minimum norm.
(b) Show, by an example, that this may not be unique.
(c) What happens with ||x ||∞ = max |x1|, |x2|?
Problem 3.16 Let P : L2(−a, a) → L2(−a, a), where 0 < a ≤ ∞, be defined by
y = Px , where y(t) = 1

2 [x(t)+ x(−t)]. Find the range and domain of P . Show that
P is an orthogonal projection.

Problem 3.17 Let T : L2(−∞,∞) → L2(−∞,∞) be defined by

T f (t) = f (t) f or t ≥ 0

= − f (t) f or t < 0

Show that T is a unitary operator.

Problem 3.18 For any elements x, y, z of an inner product space, show that

||z − x ||2 + ||z − y||2 = 1

2
||x − y||2 + 2||z − 1

2
(x + y)2||2

Problem 3.19 Show that in an inner product space, x ⊥ y if and only if we have
||x + αy|| = ||x − αy|| for all scalars α.
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Problem 3.20 Let E[−1, 1] = { f ∈ C[−1, 1]/ f (−t) = f (t), f or all t ∈
[−1, 1]} and O[1, 1] = { f ∈ C[−1, 1]/ f (−t) = − f (t) f or all t ∈ [−1, 1]}.
Show that C[−1, 1] = E[−1, 1] ⊕ O[−1, 1].
(a) Let X = R2. Find M⊥ if M = {x}, x = (x1, x2) �= 0 ∈ X .
(b) Show that Theorems3.10 and 3.19 are not valid for inner product spaces.
(c) Let H = { f ∈ L2[a, b]/ f is absolutely continuous with f ′ ∈ L2[a, b]}.

Show that for f ∈ L2[a, b], there is a g ∈ H such that F( f ) =
b∫

a
gtdt is

a solution of the differential equation g(t) − g′′(t) = f (t) with the boundary
condition g′(a) = g′(b) = 0.

Problem 3.21 Let H be an inner product space and y a fixed vector of H. Prove that
the functional f (x) = 〈x, y〉 ∀ x ∈ H is a continuous linear functional.

Problem 3.22 Show that every bounded linear functional F on �2 can be represented
in the form

F(x) =
∞∑

i=1

xi yi

where x = (x1, x2, . . . , xn, . . .) ∈ l2 and fixed y = (y1, y2, . . . , yn, . . .) ∈ �2.

Problem 3.23 Let T : C2 → C2 be defined by

T (x) = (x1 + i x2, x1 − i x2), where x = (x1, x2)

Find T �. Show that T �T = T T � = 2I . Find 1
2 (T + T �) and 1

2i (T − T �)

Problem 3.24 If ||xn|| ≤ 1, n = 1, 2, . . . , in a separable Hilbert space H, then
discuss the properties of Fxnk , where F ∈ H � and xnk is a subsequence of {xn}.
Problem 3.25 Show that T 4 is a self-adjoint operator provided T is a self-adjoint
operator.

Problem 3.26 Let T be an arbitrary operator on a Hilbert space H into itself, and if
α and β are scalars such that |α| = |β|. Show that αT + βT � is normal.

Problem 3.27 Show that the unitary operators on a Hilbert space H into itself form
a group.

Problem 3.28 LetTbe a compact normal operator on aHilbert spaceX, and consider
the eigenvalue problem (λI − T )(x) = y on X. If λ is not an eigenvalue of T, then
show that this equation has a unique solution x = (λI − T )−1y.

Problem 3.29 Prove the results (a) through (d) of Remark 3.19(2).

Problem 3.30 If S, T : X → X , where X is a complex inner product space such
that 〈Sx, x〉 = 〈T x, x〉 ∀ x ∈ X , then show that S = T .
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Problem 3.31 Give an example of a self-adjoint operator without eigenvalues.

Problem 3.32 If H is a finite-dimensional inner product space, show that every
isometric isomorphism on H into itself is unitary.

Problem 3.33 Let X be a Hilbert space. If T is a self-adjoint operator (not neces-
sarily bounded) mapping a subset of X into X such that DT = X , prove that the
operator U = (T − i)(T − i)−1 is defined on all of X and is unitary.

Problem 3.34 Let T be a compact normal operator on a Hilbert space H . Show that
there exists an orthonormal basis of eigenvectors {en} and corresponding eigenvalues
{μn} such that if x = ∑

n
〈x, en〉en is the Fourier expansion for x , then T (x) =

∑

n
μn〈x, en〉en .



Chapter 4
Fundamental Theorems

Abstract This chapter is devoted to five fundamental results of functional analy-
sis, namelyHahn–Banach theorem, Banach–Alaoglu theorem, uniform boundedness
principle, open mapping theorem, and closed graph theorem. These theorems have
played significant role in approximation theory, Fourier analysis, numerical analysis,
control theory, optimization, mechanics, mathematical economics, and differential
and partial differential equations.

Keywords Hahn–Banach theorem · Topological Hahn–Banach theorem · Strong
topology · Weak topology · Weak convergence · Weak convergence in Hilbert
spaces · Weak star topology · Graph of a linear operator · Open mapping

4.1 Introduction

There are five basic results of functional analysis known as Hahn–Banach theo-
rem, Banach–Alaoglu theorem, uniform boundedness principle, open mapping and
closed graph theorem. These theorems have been very useful in approximation the-
ory, Fourier analysis, numerical analysis, control theory, optimization, mechanics,
mathematical economics, and differential equations. Topological Hahn–Banach the-
orem tells us that properties of functional defined on a subspace are preserved if
the functional is extended over the whole space. It is well known that existence and
uniqueness of solutions of problems in science and technology depend on topol-
ogy and associated convergence of the underlying space. In this chapter, we present
strong, weak, and weak� topologies and related convergence such as convergence of
convex sets [138],Γ convergence [6, 57], and two-scale convergence [101]. The uni-
form boundedness principle indicates that the uniform boundedness of a sequence of
bounded linear operators is implied by the boundedness of the set of images under the
given bounded linear operators. The converse of this result is known as the Banach–
Steinhaus theorem which is given in the solved example (Problem4.2). It states that
uniform boundedness of a sequence of bounded linear operators, along with point-
wise convergence on a dense subset of the entire space. A one-to-one continuous
operator from a Banach space into another has inverse that is continuous. In other
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words, the images of open sets are open sets. This result is called open mapping
theorem. The concept of graph of linear operator is defined, and it is proved that a
linear operator with a closed graph is continuous. We call this result the closed graph
theorem. This chapter deals with these five theorems along with their consequences.
Interested readers may go through references [Hu 68], [130, 168], [Si 71], [174].

4.2 Hahn–Banach Theorem

Theorem 4.1 (Hahn–Banach theorem) Let X be a real vector space, M a subspace
of X , and p a real function defined on X satisfying the following conditions:

1. p(x + y) ≤ p(x) + p(y)
2. p(αx) = αp(x)

∀ x, y ∈ X and positive real α.

Further, suppose that f is a linear functional on M such that f (x) ≤ p(x) ∀ x ∈ M .
Then, there exists a linear functional F defined on X for which F(x) = f (x) ∀ x ∈ M
and F(x) ≤ p(x) ∀ x ∈ X . In other words, there exists an extension F of f having
the property of f .

Theorem 4.2 (Topological Hahn–Banach theorem) Let X be a normed space, M a
subspace of X , and f a bounded linear functional onM. Then, there exists a bounded
linear functional F on X such that

1. F(x) = f (x) ∀ x ∈ M
2. ||F || = || f ||
In other words, there exists an extension F of f which is also bounded linear and
preserves the norm.

The proof of Theorem4.1 depends on the following lemma:

Lemma 4.1 Let X be a vector space and M its proper subspace. For x0 ∈ X − M,
let N = [M ∪ {x0}]. Furthermore, suppose that f is a linear functional on M and p a
functional on X satisfying the conditions in Theorem4.1 such that f (x) ≤ p(x) ∀ x ∈
M. Then, there exists a linear functional F defined on N such that F(x) = f (x) ∀ x ∈
M and F(x) ≤ p(x) ∀ x ∈ N.

In short, this lemma tells us that Theorem4.1 is valid for the subspace generated
or spanned by M ∪ {x0}.
Proof Since f (x) ≤ p(x), f or x ∈ M , and f is linear, we have for arbitrary y1, y2 ∈
M

f (y1 − y2) = f (y1) − f (y2) ≤ p(y1 − y2)
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or

f (y1) − f (y2) ≤ p(y1 + x0 − y2 − x0)

≤ p(y1 + x0) + p(−y2 − x0)

by condition (1) of Theorem4.1.
Thus, by regrouping the terms of y2 on one side and those of y1 on the other side,

we have

− p(−y2 − x0) − f (y2) ≤ p(y1 + x0) − f (y1) (4.1)

Suppose y1 is kept fixed and y2 is allowed to vary over M, then (4.1) implies that the
set of real numbers {−p(−y2 − x0) − f (y2)/y2 ∈ M } has upper bounds and hence
the least upper bound (See Remark A.1(A)).

Let α = sup{−p(−y2 − x0) − f (y2)/y2 ∈ M }. If we keep y2 fixed and y1 is
allowed to vary over M, (4.1) implies that the set of real numbers {p(y1 + x0) −
f (y1)/y1 ∈ M } has lower bounds and hence the greatest lower bound (See Remark
A.1(A)).

Let β = inf{p(y1 + x0) − f (y1)/y1 ∈ M }. From (4.1), it is clear that α ≤ β. As
it is well known that between any two real numbers there is a always a third real
number, let γ be a real number such that

α ≤ γ ≤ β (4.2)

It may be observed that if α = β, then γ = α = β. Therefore, for all y ∈ M , we
have

− p(−y − x0) − f (y) ≤ γ ≤ p(y + x0) − f (y) (4.3)

From the definition of N , it is clear that every element x in N can be written as

x = y + λx0 (4.4)

where x0 �= M or x0 ∈ X − M , λ is a uniquely determined real number and y a
uniquely determined vector in M .

We now define a real-valued function on N as follows:

F(x) = F(y + λx0) = f (y) + λγ (4.5)

where γ is given by inequality (4.2) and x is as in Eq. (4.4).
We shall now verify that the well-defined function F(x) satisfies the desired con-

ditions, i.e.,

1. F is linear.
2. F(x) = f (x) ∀ x ∈ M .
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3. F(x) ≤ p(x) ∀ x ∈ N .

a. F is linear: For

z1, z2 ∈ N (z1 = y1 + λ1x0, z2 = y2 + λ2x0)

F(z1 + z2) = F(y1 + λ1x0 + y2 + λ2x0)

= F((y1 + y2) + (λ1 + λ2)x0)

= f (y1 + y2) + (λ1 + λ2)γ

= f (y1) + f (y2) + λ1γ + λ2γ

as f is linear; or

F(z1 + z2) = [ f (y1) + λ1γ ] + [ f (y2) + λ2γ ]
= F(z1) + F(z2)

Similarly, we can show that F(μz) = μF(z) ∀ z ∈ N and for real μ.
b. If x ∈ M , then λ must be zero in (4.4) and then Eq. (4.5) gives F(x) = f (x).
c. Here, we consider three cases. (See (4.4)).

Case 1: λ = 0 We have seen that F(x) = f (x) and as f (x) ≤ p(x), we get that
F(x) ≤ p(x).
Case 2: λ > 0 From (4.3), we have

γ ≤ p(y + x0) − f (y) (4.6)

Since N is a subspace, y
λ

∈ N . Replacing y by y
λ
in (4.6), we have

γ ≤ p
( y
λ

+ x0
)

− f
( y
λ

)

or γ ≤ p

(
1

λ
(y + λx0)

)
− f

( y
λ

)
.

By condition (2) of Theorem4.1,

p

(
1

λ
(y + λx0)

)
= 1

λ
p(y + λx0), f or λ > 0,

and

f
( y
λ

)
= 1

λ
f (y)

as f is linear. Therefore,

λγ ≤ p(y + λx0) − f (y)
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or f (y) + λγ ≤ p(y + λx0). Thus, from (4.4) and (4.5), we have F(x) ≤ p(x) ∀ x ∈
N .
Case 3: λ < 0 From (4.3), we have

− p(−y − x0) − f (y) ≤ γ (4.7)

Replacing y by y/λ in (4.7), we have

−p

(−y

λ
− x0

)
− f

( y
λ

)
≤ γ

or

−p

(−y

λ
− x0

)
≤ γ + f

( y
λ

)

= γ + 1

λ
f (y)

as f is linear, i.e.,

− p

(−y

λ
− x0

)
≤ γ + 1

λ
f (y) (4.8)

Multiplying (4.8) by λ, we have

−λp

(−y

λ
− x0

)
≥ λγ + 1

λ
f (y)

(the inequality in (4.8) is reversed as λ is negative), or

(−λ)p

((−1

λ

)
(y + λx0)

)
≥ F(x)

Since −1
λ

> 0, by condition (2) of Theorem4.1, we have

p(

(−1

λ

)
(y + λx0) = −1

λ
p(y + λx0)

and so

(−λ)

(−1

λ

)
p(y + λx0) ≥ F(x)

or

F(x) ≤ p(x) ∀ x ∈ N
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Proof (Proof of Theorem4.1) Let S be the set of all linear functionals F such that
F(x) = f (x) ∀x ∈ M and F(x) ≤ p(x) ∀ x ∈ X . That is to say, S is the set of all
functionals F extending f and F(x) ≤ p(x) over X . S is nonempty as not only does
f belong to it but there are other functionals also which belong to it by virtue of
Lemma4.1. We introduce a relation in S as follows.

For F1,F2 ∈ S, we say that F1 is in relation to F2 and we write F1 < F2 ifDF1 ⊂
DF2 and F2/DF1 = F1 (Let DF1 and DF2 denote, respectively, the domain of F1

and F2. F2/DF1 denotes the restriction of F2 on the domain of F1). S is a partially
ordered set. The relation < is reflexive as F1 < F1. < is transitive, because for F1 <

F2, F2 < F3, we have DF1 ⊂ DF2, DF2 ⊂ DF3. F2/DF1 = F1 and F3/DF2 = F2,
which implies thatDF1 ⊂ DF3 and F3/DF1 = F1. < is antisymmetric. For F1 < F2

DF1 ⊂ DF2

F2/DF1 = F1

For F2 < F1

DF2 ⊂ DF1

F1/DF2 = F2

Therefore, we have

F1 = F2

We now show that every totally ordered subset of S has an upper bound in S. Let
T = Fσ be a totally ordered subset of S. Let us consider a functional, say F defined
over

⋃
σ

DFσ . If x ∈ ⋃
σ

DFσ , there must be some σ such that x ∈ DFσ , and we define

F(x) = Fσ (x). F is well defined, and its domain
⋃
σ

DFσ is a subspace of X .
⋃
σ

DFσ is a subspace: Let x, y ∈ ⋃
σ

DFσ . This implies that x ∈ DFσ1 , and y ∈
DFσ2 . Since T is totally ordered, either DFσ1 ⊂ DFσ2 or DFσ2 ⊂ DFσ1 . Let DFσ1 ⊂
DFσ2 . Then, x ∈ DFσ2 and so x + y ∈ DFσ2 , or x + y ∈ ⋃

σ

DFσ . Let x ∈ ⋃
σ

DFσ ,

then x ∈ DFσ1 which implies thatμx ∈ ⋃
σ

DFσ ∀ realμ. This shows that
⋃
σ

DFσ is a

subspace. F is well defined: Suppose x ∈ DFσ and x ∈ DFν . Then by the definition
of F , we have F(x) = Fσ (x) and F(x) = Fν(x). By the total ordering of T , either Fσ

extends Fν or vice versa, and so Fσ (x) = Fν(x) which shows that F is well defined.
It is clear from the definition that F is linear, F(x) = f (x) for x ∈ D f = M , and

F(x) ≤ p(x) ∀ x ∈ DF . Thus, for each Fσ ∈ T , Fσ < F ; i.e., F is an upper bound
of T . By Zorn’s lemma (Theorem A.2 of the Appendix A.1), there exists a maximal
element F̂ in S; i.e., F̂ is a linear extension of f , F̂(x) ≤ p(x), and F < F̂ for every
F ∈ S. The theorem will be proved if we show thatDF̂ = X . We know thatDF ⊂ X .
Suppose there is an element x ∈ X such that x0 /∈ DF̂ . By Lemma4.1, there exists F̂
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such that F̂ is linear, F(x) = F̂(x) ∀ x ∈ DF̂ , and F̂(x) ≤ p(x) for x ∈ [DF ∪ x0] (F̂
is also an extension of f ). This implies that F̂ is not a maximal element of S which
is a contradiction. Hence, DF = X .

Proof (Proof of Theorem4.2) Since f is bounded and linear, we have | f (x)| ≤
|| f || ||x||, ∀ x (see Remark2.7).

If we define p(x) = || f || ||x||, then p(x) satisfies the conditions of Theorem4.1
(see Problem2.8). By Theorem4.1, there exists F extending f which is linear and
F(x) ≤ p(x) ∀ x ∈ X .

We have −F(x) = F(−x) as F is linear, and so by the above relation,

−F(x) ≤ p(−x) = || f || || − x|| = || f || ||x|| = p(x).

Thus, |F(x)| ≤ p(x) = || f || ||x|| which implies that F is bounded and

||F || = sup
||x||=1

|F(x)| ≤ || f || (4.9)

On the other hand, for x ∈ M , | f (x)| = |F(x)| ≤ ||F || ||x||, and so

|| f || = sup
||x||=1

| f (x)| ≤ ||F || (4.10)

Hence, by Eqs. (4.9) and (4.10), || f || = ||F ||.
Remark 4.1 TheHahn–Banach theorem is also valid for normed spaces defined over
the complex field.

The proofs of the following important results mainly depend on Theorem4.2:

Theorem 4.3 Let w be a nonzero vector in a normed space X. Then, there exists a
continuous linear functional F, defined on the entire space X, such that ||F || = 1 and
F(w) = ||w||.
Theorem 4.4 If X is a normed space such that F(w) = 0 ∀ F ∈ X �, then w = 0.

Theorem 4.5 Let X be a normed space and M its closed subspace. Further, assume
that w ∈ X − M (w ∈ X but w /∈ M). Then, there exists F ∈ X � such that F(m) = 0
for all m ∈ M, and F(w) = 1.

Theorem 4.6 Let X be a normed space, M its subspace, and w ∈ X such that d =
inf
m∈M ||w − m|| > 0 (It may be observed that this condition is satisfied if M is closed

and w ∈ X − M). Then, there exists F ∈ X � with ||F || = 1, F(w) �= 0, and F(m) =
0 for all m ∈ M.

Theorem 4.7 If X � is separable, then X is itself separable.
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Proof (Proof of Theorem4.3) Let M = [{w}] = {m/m = λw, λ ∈ R} and f : M →
R such that f (m) = λ||w||. f is linear [ f (m1 + m2) = (λ1 + λ2) ||w||, where
m1 = λ1w and m2 = λ2w or f (m1 + m2) = (λ1 + λ2)||w|| = λ1||w|| + λ2||w|| =
f (m1) + f (m2)]. Similarly, f (μm) = μ f (m)∀μ ∈ R. f is bounded (| f (m)| = ||λw|| =
||m|| and so | f (m)| ≤ k||m|| where 0 ≤ k ≤ 1) and f (w) = ||w|| (If m = w, then
λ = 1). By Theorem2.6

|| f || = sup
m∈M , ||m||=1

| f (m)| = sup
||m||=1

|λ| ||w|| = sup
||m||=1

||m|| = 1

Since f , defined on M , is linear and bounded (and hence continuous) and satisfies
the conditions f (w) = ||w|| and || f || = 1, by Theorem4.2, there exists a continuous
linear functional F over X extending f such that ||F || = 1 and F(w) = ||w||.
Proof (Proof of Theorem4.4) Suppose w �= 0 but F(w) = 0 for all F ∈ X �. Since
w �= 0, by Theorem4.3, there exists a functional F ∈ X � such that ||F || = 1 and
F(w) = ||w||. This shows that F(w) �= 0 which is a contradiction. Hence, if F(w) =
0 ∀ F ∈ X �, then w must be zero.

Proof (Proof of Theorem4.5) Let w ∈ X − M and d = inf
m∈M ||w − m||. SinceM is a

closed subspace and w /∈ M , d > 0. Suppose N is the subspace spanned by w and
M ; i.e., n ∈ N if and only if

n = λw + m, λ ∈ R, m ∈ M (4.11)

Define a functional on N as follows:

f (n) = λ

f is linear and bounded: f (n1 + n2) = λ1 + λ2, where n1 = λ1w + m and n2 =
λ2w + m. So f (n1 + n2) = f (n1) + f (n2). Similarly, f (μn) = μ f (n) for real μ.
Thus, f is linear. In order to show that f is bounded, we need to show that there
exists k > 0 such that | f (n)| ≤ k||n|| ∀ n ∈ N . We have

||n|| = ||m + λw|| =
∥∥∥∥−λ(

−m

λ
− w)

∥∥∥∥ = |λ|
∥∥∥∥
−m

λ
− w

∥∥∥∥ .

Since−mλ ∈ M and d = inf
m∈M ||w − m||, we see that ∥∥−m

λ
− w

∥∥ ≥ d . Hence, ||n|| ≥
|λ|d , or |λ| ≤ ||n||/d . By definition, | f (n)| = |λ| ≤ ||n||/d , or | f (n)| ≤ k||n||,
where k ≥ 1/d > 0. Thus, f is bounded. n = w implies that λ = 1, and therefore,
f (w) = 1. n = m ∈ M implies that λ = 0 (see Eq.4.11). Therefore, from the defini-
tion of f, f (m) = 0. Thus, f is bounded linear and satisfies the conditions f (w) = 1
and f (m) = 0. Hence, by Theorem4.2 there exists F defined over X such that F is
an extension of f , and F is bounded linear, i.e., F ∈ X �, F(w) = 1, and F(m) = 0
for all m ∈ M .
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Proof (Proof of Theorem4.6) LetN be the subspace spanned byMandw (see (4.11)).
Define f on N as f (n) = λd . Proceeding exactly as in the proof of Theorem4.5, we
can show that f is linear and bounded on N [| f (n)| = |λ|d ≤ ||n||], f (w) = d �= 0,
and f (m) = 0 for all m ∈ M . Since | f (n)| ≤ ||n||, we have

|| f || ≤ 1 (4.12)

For arbitrary ε > 0, by the definition of d , there must exist an m ∈ M such that
||w − m|| < d + ε. Let

z = w − m

||w − m|| .

Then,

||z|| = w − m

||w − m|| = 1

and

f (z) = 1

||w − m|| f (w − m) = d/||w − m||

[By definition, f (n) = λd ; if n = w − m, then λ = 1, and so

f (w − m) = d

or

f (z) >
d

d + ε
(4.13)

By Theorem2.6, || f || = sup
||m||=1

| f (m)|. Since ||z|| = 1, Eq.4.13 implies that

|| f || >
d

d + ε
.

Since ε > 0 is arbitrary, we have

|| f || ≥ 1 (4.14)

From (4.12) and (4.14), we have || f || = 1. Thus, f is bounded and linear, f (m) =
0 ∀ m ∈ M , f (w) �= 0, and || f || = 1. By Theorem4.2, there exists F ∈ X � such
that F(w) �= 0, F(m) = 0 for all m ∈ M , and ||F || = 1.
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Proof (Proof of Theorem4.7) Let {Fn} be a sequence in the surface of the unit sphere
S of X �[S = {F ∈ X �/||F || = 1}] such that {F1,F2, . . . ,Fn} is a dense subset of S.
By Theorem2.6, ||F || = sup

||v||=1
|F(v)| and so for ε > 0, there exists v ∈ X such that

||v|| = 1

and

(1 − ε)||F || ≤ |F(v)| (4.15)

Putting ε = 1
2 in (4.15), there exists v ∈ X such that

||v|| = 1

and

1

2
||F || = |F(v)|.

Let {vn} be a sequence such that

||vn|| = 1

and

1

2
||Fn|| = |Fn(vn)|.

Let M be a subspace spanned by {vn}. Then, M is separable by its construction. In
order to prove that X is separable, we show that M = X . Suppose X �= M ; then,
there exists w ∈ X , w /∈ M . By Theorem4.6, there exists F ∈ X � such that

||F || = 1

F(w) �= 0 (4.16)

and

F(m) = 0 ∀ m ∈ M .

In particular, F(vn) = 0 ∀ n where

1

2
||Fn|| ≤ |Fn(vn)| = |Fn(vn) − F(vn) + F(vn)|

≤ Fn(vn) − F(vn) + F(vn)
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Since ||vn|| = 1 and F(vn) = 0 ∀ n, we have

1

2
||Fn|| ≤ ||Fn − F || ∀ n (4.17)

We can choose {Fn} such that

lim
n→∞ ||(Fn − F)|| = 0 (4.18)

because {Fn} is a dense subset of S. This implies from (4.17) that

||Fn|| = 0 ∀ n

Thus, using (4.16)–(4.18), we have

1 = ||F || = ||F − Fn + Fn|| ≤ ||F − Fn|| + ||Fn||
≤ ||F − Fn|| + 2||F − Fn||

or

1 = ||F || = 0

which is a contradiction. Hence, our assumption is false and X = M .

4.3 Topologies on Normed Spaces

4.3.1 Compactness in Normed Spaces

The concept of compactness is introduced in topological andmetric spaces in Appen-
dices (DefinitionA.91 and TheoremA.7). In ametric space, concepts of compactness
and sequentially compactness are identical. A subset A of a normed space X is called
compact if every sequence in A has a convergent subsequence whose limit is an ele-
ment of A. Properties of compactness in normed spaces can be described by the
following theorems.

Theorem 4.8 A compact subset A of a normed space X is closed and bounded. But
the converse of this statement is in general false.

Theorem 4.9 In a finite-dimensional normed space X , any subset A of X is compact
if and only if A is closed and bounded.

Theorem 4.10 If a normed space X has the property that the closed unit ball M =
{x/||x||} is compact, then X is finite-dimensional.
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Proof (Proof of Theorem4.8) We prove here that every compact subset A of X is
closed and bounded. For the converse, we refer to Sect. 4.4 where noncompactness
of unit closed ball is shown.

LetAbe a compact subset of a normed spaceX . For every x ∈ Ā, there is a sequence
{xn} in A such that xn → x by Theorem A.6(3). Since A is compact, x ∈ Ā. Hence,
A is closed because x ∈ Ā was arbitrary. Now we prove that A is bounded. If A were
unbounded, it would contain an unbounded sequence {yn} such that ||yn − b|| > n,
whereb is anyfixed element. This sequence could not have a convergent subsequence,
since a convergent subsequence must be bounded, by Theorem A.6(4).

We need the following lemma in the proof of Theorem4.9.

Lemma 4.2 Let {x1, x2, . . . , xn} be a linearly set of vectors in a normed space X (of
any dimension). Then, there is a number c > 0 such that for every choice of scalars
α1, α2, . . . , αn, we have

||α1x1 + α2x2 + · · · + αnxn|| ≥ c(|α1| + |α2| + · · · + |αn|)

See Chap.11 for proof.

Proof (Proof of Theorem4.9) Compactness implies closedness and boundedness by
Theorem4.8, andwe prove the converse. LetA be closed and bounded. Let dimX = n
and {e1, e2, . . . , en} be a basis for X. We consider any sequence {xm} in A. Each xm
has representation xm = α1(m)e1 + α2(m)e2 + · · · + αn(m)en. Since A is bounded,
so is the sequence {xm}, say, ||xm|| ≤ k for all m. By Lemma4.2

k ≥ ||xm|| =
∥∥∥∥∥∥

m∑
j=1

α
(m)
j

∥∥∥∥∥∥
≥ c

m∑
j=1

|α(m)
j |

where c > 0. Hence, the sequence of numbers {αj(m)}, j fixed, is bounded and, by
Theorem A.10(2), has a limit point αj, 1 ≤ j ≤ n. As in the proof of Theorem4.8,
we conclude that {xm} has subsequence {zm} which converges to z = ∑

αjej. Since
A is closed, z ∈ A. This shows that arbitrary sequence {xm} in A has a subsequence
which converges in A. Hence, A is compact.

Proof (Proof of Theorem4.10) Let M be compact but dimX = ∞, then we show
that this leads to a contradiction. We choose any x1 of norm 1. This x1 generates
a one-dimensional subspace X1 of X, which is closed, by Theorem C.10, and is a
proper subspace of X since dimX = ∞. By Riesz’s theorem, there is an x2 ∈ X of
norm 1 such that

||x2 − x1|| ≥ α = 1

2
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The elements x1, x2 generate a two-dimensional proper closed subspace X2 of X .
Again by Riesz’s theorem (Theorem 2.3, see proof in Problem 4), there is an x3 ∈ X
of norm 1 such that for all x ∈ X2 we have

||x3 − x|| ≥ 1

2

In particular,

||x3 − x1|| ≥ 1

2

||x3 − x2|| ≥ 1

2

Proceeding by induction, we obtain a sequence {xn} of elements xn ∈ M such that

||xm − xn|| ≥ 1

2
m �= n

It is clear that {xn} cannot have a convergent subsequence. This contradicts to the
compactness ofM . Hence, our assumption dimX = ∞ is false and dimX < ∞.

4.3.2 Strong and Weak Topologies

A normed space can be a topological space in many ways as one can define different
topologies on it. This leads to alternative notions of continuity, compactness, and
convergence for a given normed space. As shown in Chap.2, every normed space X
is a metric space and hence it is a topological space. More precisely, a basis for the
strong topology is the class of open balls centered at the origin

Sr(0) = {x ∈ X /||x|| < r, r > 0} (4.19)

A weak topology is generated by the base comprising open sets determined by
bounded linear functionals on X ; namely

Br(0) = {x ∈ X /|F(x)| = |(F, x)| < r, f or all f inite

f amily o f elements F ∈ X �, r > 0} (4.20)

If T1 is the topology generated by the norm (4.19) and T2 is the topology induced by
linear functionals (Eq. (4.20)), then T2 ⊂ T1; that is, T2 is weaker than T1.

Let X be the dual of a Banach space Y ; that is, X = Y �. Then, theweak�-topology
(weak star topology) is generated by the base at the origin consisting of the open
sets
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{x ∈ X = Y �/|〈Fv, x〉| = |Fv(x)| < r,

f or all f inite f amily o f elements v ∈ Y , r > 0} (4.21)

where

(Fv, u) = (u, v) u ∈ Y �, v ∈ Y (4.22)

{Fv/v ∈ Y } defined by (4.22) is a subspace of X � = Y ��.
It may be observed that the notions of weak topology and weak�M-topology

coincide in a reflexive Banach space in general, and Hilbert space in particular.

4.4 Weak Convergence

4.4.1 Weak Convergence in Banach Spaces

Definition 4.1 LetX be a normed space,X � andX �� the first and second dual spaces
of X , respectively. Then,

1. A sequence {xn} in X is called weakly convergent in X , in symbols xn
w−→ x or

xn ⇀ x, if there exists an element x ∈ X such that lim
n→∞ f (xn) − f (x) = 0 for

all f ∈ X �; i.e., for ε > 0, there exists a natural number N such that | f (xn) −
f (x)| ≤ ε for n > N and ∀ f ∈ X �.

2. A sequence { fn} in X � is called weakly� convergent to f in X � if lim
n→∞ fn(x) −

f (x) = 0 for all x ∈ X .

Remark 4.2 1. If X is a Banach space which is the dual of the normed space Y, and
if we bear in mind that Y is a subspace of its second dual, then we define weak�

convergence as follows: A sequence {xn} in X is called weakly* convergent to
x ∈ X if lim

n→∞ |xn(y) − x(y)| = lim
n→∞ |y(xn) − y(x)| = 0 ∀ y ∈ Y . It is clear that

the elements of Y define the linear functionals on Y � = X .
2. It may be verified that every convergent sequence in X is weakly convergent but

the converse may not be true. However, these two notions are equivalent if X is
finite-dimensional.

3. Weak convergence implies weak� convergence, but the converse is not true in
general. However, these two notions are equivalent if X is a reflexive space.

4. A sequence {xn} inX converges to x in theweak topology if and only if it converges
weakly.

Definition 4.2 1. A subset A of a normed space X is called compact in the weak
topology or weakly compact if every sequence {xn} in A contains a subsequence
which converges weakly in A.
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2. A subset A of a normed space X is called compact in the weak� topology or
weak� compact if every sequence in A contains a subsequence which is weakly�

convergent in A.

The statements of the following theorem can be easily verified:

Theorem 4.11 1. The limit of a weakly convergent sequence is unique.
2. Every convergent sequence in a normed space is weakly convergent.
3. If {xn}and {yn} convergeweakly to x and y, respectively, then {xn} + {yn} converges

weakly to x + y.
4. If {xn} converges weakly to x and a sequence of scalars {αn} converges to α, then

{αnxn} converges weakly to αx.

Definition 4.3 1. A sequence {xn} in a normed space X is called a weak Cauchy
sequence if { f (xn)} is a Cauchy sequence for all f ∈ X �.

2. A normed space X is called weakly complete if every weak Cauchy sequence of
elements of X converges weakly to some other member of X .

Theorem 4.12 In the normed space X , every weak Cauchy sequence is bounded
and hence every weakly convergent sequence with limit x is bounded; i.e., the set
{||xk ||/k = 1, 2, 3, . . .} is bounded in X and

||x|| ≤ lim inf
k→∞

||xk ||

Also, x belongs to the subspace of X generated by the sequence {xn}. For proof, see
Bachman and Narici [8].

Now, we mention some theorems giving the characterizations of weak conver-
gence in spaces �p,Lp, and C[a, b]. The proofs can be found, for example, in Kan-
torovich and Akilov [107] and Liusternik and Sobolev [122].

Theorem 4.13 A sequence {xn}, xn = (αn
1, α

n
2, . . . , α

n
k , . . .) ∈ �p, 1 < p < ∞ con-

verges weakly to x = (α1, α2, . . . , αk , . . .) ∈ �p if and only if

1. ||xn|| ≤ M (M is a positive constant) for all n.
2. For every i, α(n)

i → αi as n → ∞.

Remark 4.3 In view of the above theorem for bounded sequences, the concept of
the weak convergence in �p is equivalent to the coordinatewise convergence.

Theorem 4.14 A sequence { fn(t)} in Lp(0, 1), 1 < p < ∞, is weakly convergent
to f (t) ∈ Lp(0, 1) if and only if

1. || fn|| ≤ M ∀ n (M being a positive constant)

2.
λ∫
0
fn(t)dt →

λ∫
0
f (t)dt for arbitrary λ ∈ [0, 1].

Theorem 4.15 A sequence { fn(t)} in C[a, b] is weakly convergent to f (t) in C[a, b]
if and only if
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1. | fn(t)| ≤ M, where M is a positive constant, uniformly in k, n = 1, 2, 3, . . . and
t ∈ [a, b].

2. lim
n→∞ fn(t) = f (t) for every t ∈ [a, b].

After slight modification of the proof of Theorem4.15, we get the following theorem
(See A.H. Siddiqi [122]).

Theorem 4.16 A sequence of continuous functions { f kn (t)} converges weakly (uni-
formly in k) to a continuous function f (t) if and only if

1. | f kn (t)| ≤ M where M is a positive constant, uniformly in k, n = 1, 2, 3, . . . ,
and t ∈ [a, b].

2. lim
n→∞ f kn (t) = f (t) uniformly in k for every t ∈ [a, b].

Remark 4.4 J.A. Siddiqi [168], [Si 60], Mazhar and A.H. Siddiqi [130, 131], and
A.H. Siddiqi [168] have applied Theorems4.5 and 4.6 to prove several interesting
results concerning Fourier coefficients,Walsh–Fourier coefficients, and summability
of trigonometric sequences.

Example 4.1 Show that weak convergence does not imply convergence in norm.

Solution 4.1 By the application of the Riesz representation theorem to the Hilbert
space L2(0, 2π), we find that

f (x) = 〈x, g〉 =
2π∫

0

x(t)g(t)dt (4.23)

Consider the sequence {xn(t)} defined below

xn(t) = sin(nt)

π
f or n = 1, 2, 3, . . .

We now show that {xn(t)} is weakly convergent in L2(0, 2π) but is not norm-
convergent in L2(0, 2π). From Eq. (4.23), we have

f (xn) = 〈xn, g〉 = 1

π

2π∫

0

sin(nt)

π
g(t)dt (4.24)

The right-hand side of Eq. (4.24) is the trigonometric Fourier coefficient of g(t) ∈
L2(0, π). By the Riemann–Lebesgue theorem concerning the behavior of trigono-
metric Fourier coefficients

1

π

2π∫

0

sin(nt)

π
g(t)dt → 0 as n → ∞
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or f (xn) → 0 as n → ∞; i.e., {xn} converges weakly to 0.
We have

||xn − 0|| = ||xn|| =
⎛
⎝

2π∫

0

|xn(t)|2dt
⎞
⎠

1/2

=
⎛
⎝

2π∫

0

| sin nt|2
π2

dt

⎞
⎠

1/2

= 1√
π

Since 1
π

(
2π∫
0

| sin2 nt|dt
)1/2

�= 0 ∀ n, ||xn − 0|| cannot tend to zero, and therefore,

{xn} cannot converge in the norm. Thus, a weakly convergent sequence {xn} need not
be convergent in the norm.

Example 4.2 Show that weak� convergence does not imply weak convergence.

Solution 4.2 Let X = �1 (we know that �1 is the dual of c0) and Y = c0. Then,
Y � = �1. Thus, the dual of Y is X. Let {xk} be a sequence in X defined by the
relation

xkj =
{
0 i f k �= j
1 i f k = j

For y = (y1, y2, yk , . . .) ∈ c0, let xk(y) = yk(xk belongs to the dual of c0; i.e., it is a
bounded linear functional on c0).

Since y ∈ c0, lim
k→∞

yk = 0 and so lim
k→∞

yk(y) = lim
k→∞

yk = 0 Therefore, the

sequence {xk} of the dual space of Y = c0 converges weakly� to zero. Now, if
z ∈ X � = �∞ with z = (z1, z2, . . .), then xk(z) = zk . Since z ∈ �∞, {zk} is bounded
with respect to k but need not converge to zero as k → ∞. In fact, if z = (1, 1, . . .),
then xk(z) → 1 as k → ∞. Therefore, {xk} does not converge weakly.

This example shows that weak� convergence does not imply weak convergence
and, by Example 4.1, it does not imply norm convergence.

Example 4.3 Prove that the notions of weak and strong convergence are equivalent
in finite-dimensional normed spaces.

Solution 4.3 Solution See Bachman and Narici [8] and Kreyszig [117].

4.4.2 Weak Convergence in Hilbert Spaces

By virtue of the Riesz representation theorem, a sequence {xn} in a Hilbert space X
is weakly convergent to the limit x ∈ X if and only if
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lim
n→∞〈xn, z〉 = 〈x, z〉

for all z ∈ X .

Theorem 4.17 (The weak compactness property) Every bounded sequence in a
Hilbert space X contains a weakly convergent subsequence.

Proof Let {xk} denote the bounded sequence with bound M , ||xk || ≤ M . Let Y be
the closed subspace spanned by the elements {xk}. Suppose that Y⊥ denotes the
orthogonal complement of Y . Consider the sequence 〈x1, xn〉. Being the bounded
sequence of real numbers, we can extract from it a convergent subsequence by the
Bolzano–Weierstrass theorem. Denote this subsequence by α1

n = 〈x1, x1n〉. Similarly,
〈x2, x1n〉 contains a convergent subsequence α2

n = 〈x2, x2n〉. Proceeding in this manner,
consider the diagonal sequence xnn. For each m,〈xm, xnn〉 converges, since for n >

m, it is the subsequence of the convergent sequencenm. Define F(x) = lim
n

〈x, xnn〉
whenever this limit exists. This limit clearly exists for finite sums of the form

x =
n∑

k=1

akxk

which are dense in Y. Hence, for any y ∈ Y , we can find a sequence yn such that
||yn − y|| → 0 and

F(yn) = lim
m

〈yn, xmm〉

Now,

〈y, xmm〉 = 〈yp, xm〉 + 〈y − yp, x
m
m〉

where

|〈y − yp, x
m
m〉| ≤ M ||y − yp|| → 0 as p → ∞ uniformly in M

Therefore, {〈y, xmm〉} converges. Since for any z in Y⊥, 〈z, xk〉 = 0, it follows that F(·)
is defined for every element of X in view of Theorem3.10. It can be seen that F is
linear. F is continuous as |F(ym − y)| = lim

n
|〈ym − y, xnn〉| ≤ M ||ym − y|| → 0 for

ym → y. By the Riesz representation theorem

F(x) = 〈x, h〉 for some h ∈ X , in fact ∈ Y

It is also clear that ||h|| ≤ M as |F(x)| = |〈x, h〉| ≤ M ||h||.
Theorem 4.18 Suppose xn ⇀ x and ||xn|| → ||x||. Then, xn converges strongly
to x.
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Proof We know that

||xn − x||2 = 〈xn − x, xn − x〉
= ||xn||2 + ||x||2 − 〈xn, x〉 − 〈x, xn〉

or

lim
n→∞ ||xn − x||2 = lim ||xn||2 + ||x||2 − lim

n→∞〈xn, x〉 − lim
n→∞〈x, xn〉

= 2||x||2 − 〈x, x〉 − 〈x, x〉 = 2||x||2 − 2||x||2
= 0.

Theorem 4.19 Let {xn} converge weakly to x. Then, we can extract a subsequence
{xnk } such that its arithmetic mean

1

m

m∑
1

xnk

converges strongly to x.

Proof Without loss of generality, we can assume x to be zero. Let the first term of
xnk be xn1 = x1. By weak convergence, we can choose xn2 such that |〈xn1 , xn2〉| < 1.
Having chosen xn1 , . . . , xnk , we can clearly choose xnk+1 so that

|〈xni , xnk+1〉| <
1

k
, i = 1, 2, 3 . . . , k

By theuniformboundedness principle (Theorem4.26), ||xnk || ≤ M < ∞. Therefore,

∥∥∥∥∥
1

k

k∑
i=1

xni

∥∥∥∥∥
2

= 〈1
k

k∑
i=1

xni ,
1

k

k∑
i=1

xni 〉

≤
(
1

k

)2
⎛
⎝kM + 2

k∑
i=2

i−1∑
j=1

|〈xnj , xni 〉|
⎞
⎠

≤
(
1

k

)2

(kM + 2(k − 1)) → 0 as k → ∞

Corollary 4.1 Let F(·) be a continuous convex functional on a Hilbert space X.
Then,

F(x) ≤ lim inf F(xn) f or all xn ⇀ x.
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Proof Let us consider a subsequence and, if necessary, renumber it so that
lim inf F(xn) = lim F(xm) and further renumber the sequence so that by

Theorem4.19, 1
n

n∑
1
xm converges strongly to x. Then, we have by convexity of F

1

n

n∑
k=1

F(xk) ≥ F

(
1

n

n∑
k=1

(xk)

)

Hence,

F(xn) = lim
1

n

n∑
k=1

F(xk) ≥ lim F

(
1

n

n∑
k=1

(xk)

)
= F(x).

4.5 Banach–Alaoglu Theorem

In the first place, we observe that the closed unit ball in a Banach space need not be
compact in its norm topology. To prove the statement, consider the normed space �2.
The closed unit ball S1 of �2, namely

S1 = {x = (x1, x2, . . . , xn, xn+1 . . .) ∈ �2/

∞∑
i=1

|xi|2 ≤ 1}

is both bounded and closed. That is, S1 is a bounded closed subset of �2.We now show
that S1 is not compact. For this, it is sufficient to show that there exists a sequence
in S1, every subsequence of which is divergent. Define a sequence {xn} in S1 in the
following manner.
xn = (0, 0, . . . , 1, 0, . . .) (All coordinates are zero and nth coordinate is 1). Thus,

x1 = (1, 0, 0, . . .)

x2 = (0, 1, 0, . . .)

x3 = (0, 0, 1, . . .)

.

.

.

xp = (0, 0, 0, 1, . . .) 1 at pth coordinate

xq = (0, 0, 0, 0, 1, . . .) 1 at qth coordinate
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For p �= q, ||xp − xq|| =
( ∞∑

1
|xp − xq|

)1/2

= (0 + · · · + 12 + · · · + 12 + · · · )1/2

= √
2. Therefore, the sequence {xn} and all its subsequences are divergent.

As seen above, the closed unit sphere of �2 = ��
2 is not compact with respect to

its norm topology. However, the following theorem proved by Alaoglu in the early
forties, often called Banach–Alaoglu theorem, shows that the closed unit sphere in
the dual of every normed space is compact with respect to the weak� topology.

Theorem 4.20 Suppose X is a normed space and X � is its dual. Then, the closed
unit sphere S�

1 = { f ∈ X �/|| f || ≤ 1} is compact with respect to the weak�topology.

Proof Let Cx = [−||x||, ||x||] for x ∈ X and

C =
∏
x∈X

Cx = cross-product of all Cx.

By the Tychonoff theorem (Theorem A.4(1)), C is a compact topological subspace
of Rx. If f ∈ S�

1 , then | f (x)| ≤ || f || ||x|| ≤ ||x|| and so f (x) ∈ Cx.
Wecan considerS�

1 ⊆ Cwhere f ∈ S�
1 is associatedwith ( f (x1), f (x2), . . . , f (xn)

. . .) ∈ C for x1, x2, . . . , xn, . . . ∈ X .
Since C is compact, in view of Theorem A.4(5), it is sufficient to prove that S∗

1 is
a closed subspace of C. For this, we show that if g ∈ S�

1 , then g ∈ S�
1 ; that is to say,

S�
1 = S�

1 , which implies that S�
1 is closed. Let g ∈ S�

1 ; then, g ∈ C [as S�
1 ⊆ C̄ = C

in view of Th. A.4(2)], and |g(x)| ≤ ||x||.
Now, we show that g is linear. Let ε > 0 be given and x, y ∈ X . Since every

fundamental neighborhood of g intersects S∗
1 , there exists an f ∈ S�

1 such that

|g(x) − f (x)| <
ε

3

|g(y) − f (y)| <
ε

3

|g(x + y) − f (x + y)| <
ε

3

Since f is linear, f (x + y) − f (x) − f (y) = 0 and we have

|g(x + y) − g(x) − g(y)|
= |[g(x + y) − f (x + y)] − [g(x) − f (x)] − [g(y) − f (y)]|
≤ |g(x + y) − f (x + y)| + |g(x) − f (x)| + |g(y) − f (y)|
<

ε

3
+ ε

3
+ ε

3

As this relation is true for arbitrary ε > 0, we have g(x + y) = g(x) + g(y). In the
same way, we can show that g(αx) = αg(x) for all real α. Thus, g is linear and
bounded. Moreover, x �= 0
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1

||x|| |g(x)| ≤ 1 or

∣∣∣∣g
(

x

||x||
)∣∣∣∣ ≤ 1

as g is linear (For x = 0, g(x) = 0 and so |g(x)| = 0 < 1). Therefore, g ∈ S�
1 .

4.6 Principle of Uniform Boundedness and Its Applications

4.6.1 Principle of Uniform Boundedness

Theorem 4.21 Let X be a Banach space, Y a normed space, and {Ti} a sequence
of bounded linear operators over X into Y such that {Ti(x)} is a bounded subset of
Y for all x ∈ X . Then, {||Ti||} is a bounded subset of real numbers; i.e., {Ti} is a
bounded sequence in the normed space B[X ,Y ].
Remark 4.5 1. This principle was first discovered by the French mathematician

Henri Leon Lebesgue in 1908 during his investigation concerning the Fourier
series, but the principle in its general form was given by Stefan Banach and
another famous mathematician H. Steinhaus.

2. Some Russian mathematicians call Solved Problem4.2 as the Banach–Steinhaus
theorem (See Kantorovich and Akilov [107]).

3. Completeness of the space X is essential for the validity of this principle (see
Solved Problem4.3)

Proof (Proof of Theorem4.21) In the first step, we shall show that the hypothesis
of the theorem implies the following condition. For some w ∈ X and some positive
λ > 0, there exists a constant k > 0 such that

||Tn(x)|| < k (4.25)

for all n and x ∈ Sλ(w). In the second step, we shall show that this condition implies
the desired result. Suppose (4.25) is false; i.e., for any sphere S with an arbitrary
point as the center and an arbitrary r > 0 as the radius, there exists an integer n0 and
w ∈ S such that

||Tn0(w)|| ≥ r (4.26)

Since the function f (x) = ||Tn0(x)|| is a real-valued function of x that is greater
than r at x0, the continuity implies that there must be a neighborhood of w in which
f (x) > r; furthermore, we can assume that this neighborhood of w is wholly con-
tained in S. Symbolically, we are asserting the existence of a neighborhood of w, Sr
such that Sr ⊂ S and Tn0(x) > r ∀ x ∈ S̄r .

If we choose r = 1, then by the above fact, there exists some closed set S1 such
that S1 ⊂ S and an integer n such that Tn1(x) > 1 ∀x ∈ S1. Further, we can assume
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that diameter of S1, δ(S1) < 1. We repeat the above procedure for S1 instead of S,
and r = 2. Thus, we get a closed set S2 ⊂ S1 such that δ(S2) < 1/2 such that for
some n2, Tn2(x) > 2 ∀ x ∈ S2. Continuing this process, we get a sequence of closed
sets {Si} satisfying the conditions of Theorem A.6(7) of Appendix A.3, and hence
by this theorem, there exists some point y ∈ ⋂

i S which implies that ||Tni (y)|| > i
for every i.

This will imply that the hypothesis of the theorem that {||Ti(x)||} is a bounded
subset of Y ∀ x ∈ X cannot be true, and this is a contradiction. Hence, our assumption
is false and (4.25) holds good.

Let (4.6.1) be true and x be such that ||x|| ≤ λ. Then,

||Tn(x)|| = ||Tn(x + w) − Tnw||
≤ ||Tn(x + w)|| + ||Tnw|| (4.27)

Since ||(x + w) − w|| = ||x|| ≤ λ, x + w ∈ Sλ(w). This implies, by Eq. (4.25), that
||Tn(x + w)|| < k for every n. Since ||Tnw|| < k, Eq. (4.27) implies that ∀ n||Tnx|| <

2k for all x such that ||x|| ≤ λ. Let x be any nonzero vector and consider

λx

||x|| .

Then,

||Tn(x)|| = || ||x||
λ

Tn(
λx

||x|| )|| ≤ 2k

λ
||x|| ∀n

The above result also holds good for x = 0.
From the definition of the norm of an operator, we have ||Tn|| ≤ 2k/λ for all n;

i.e., {||Tn||} is a bounded sequence inB[X ,Y ]. This proves the theorem.
Several applications of Theorem4.21 in the domain of Fourier analysis and

summability theory can be found in Kantorovich and Akilov [107], Goffman and
Pedrick [86], Dunford and Schwartz [67], and Mazhar and Siddiqi [130, 131, 190,
190].

4.7 Open Mapping and Closed Graph Theorems

4.7.1 Graph of a Linear Operator and Closedness Property

Definition 4.4 Let X and Y be two normed spaces and D a subspace of X . Then,
the linear operator T , defined on D into Y , is called closed if for every convergent
sequence {xn} of points of D with the limit x ∈ X such that the sequence {Txn}
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is a convergent sequence with the limit y, x ∈ D and y = Tx. This means that if
lim
n→∞ xn = x ∈ X , and lim

n→∞ Txn = y, then x ∈ D and y = Tx.

Definition 4.5 LetX and Y be two normed spaces,D a subspace ofX , and T a linear
operator defined onD into Y . Then, the set of pointsGT = {(x,Tx) ∈ X × Y /x ∈ D}
is called the graph of T .

Remark 4.6 If X and Y are two normed spaces, then X × Y is also a normed space
with respect to the norm ||(x, y)|| = ||x||1 + ||y||2, || · ||1 and || · ||2 are norms on X
and Y , respectively. We see in the next theorem that GT is a subspace of X × Y and
hence, a normed subspace of X × Y with respect to the norm

||(x,Tx)|| = ||x|| + ||Tx|| f or x ∈ D

The following theorem gives a relationship between the graph of a linear operator
and its closedness property.

Theorem 4.22 A linear operator T is closed if and only if its graph GT is a closed
subspace.

Proof Suppose that the linear operator T is closed, then we need to show that the
graph GT of T is a closed subspace of X × Y (D is a subspace of the normed space
X , T : D → Y ). In other words, we have to verify the following relations:

1. If (x,Tx), (x′,Tx′) ∈ GT ; x, x′ ∈ D, then (x,Tx) + (x′,Tx′) ∈ GT .
2. If (x,Tx) ∈ GT , x ∈ D, then λ(x,Tx) ∈ GT ∀ realλ.
3. For xn ∈ D, if (xn,Txn) ∈ GT converges to (x, y), then (x, y) ∈ GT .

Verification

1. We have (x,Tx) + (x′,Tx′) = (x + x′,T (x + x′)) as T is linear. Since D is a sub-
space, x + x′ ∈ D. Therefore, (x + x′,T (x + x′)) ∈ GT .

2. λ(x,Tx) = (λx, λTx) = (λx,T (λx)) as T is linear. λx ∈ D as D is a subspace.
Therefore, (λx,T (λx)) ∈ GT .

3. (xn,Txn) converges to (x, y) is equivalent to

||(xn,Txn) − (x, y)|| = ||(xn − x,Txn − y)||
= ||xn − x|| + ||Txn − y|| → 0

or

||xn − x|| → 0 and ||Txn − y|| → 0 n → ∞

that is

lim
n→∞ xn = x and lim

n→∞Txn = y
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Since T is closed, x ∈ D and y = Tx. Thus, (x, y) = (x,Tx), where x ∈ D, and so
(x, y) = (x,Tx) ∈ GT .

To prove the converse, assume that GT is closed and that xn → x, xn ∈ D for all
n, and Txn → y.

The desired result is proved ifwe show that x ∈ D and y = Tx. The given condition
implies that (xn,Txn) → (x, y) ∈ GT . Since GT is closed, GT = GT ; i.e., (x, y) ∈
GT . By the definition of GT , y = Tx, x ∈ D.

Remark 4.7 1. In some situations, the above characterization of the closed linear
operator is quite useful.

2. IfD is a closed subspace of a normed spaceX and T is a continuous linear operator
defined onD into another normed space Y, then T is closed (Since xn → x and T is
continuous, Txn → Tx which implies that if Txn → y, the Tx = y, and moreover,
x ∈ D as D is a closed subspace of X.)

3. A closed linear operator need not be bounded (The condition under which a
closed linear operator is continuous is given by the closed graph theorem). For
this, we consider X = Y = C[0, 1]with sup norm (see Example2.9), and P[0, 1]
the normed space of polynomials (see Example2.10).
We know that P[0, 1] ⊂ C[0, 1]. Let T : D = P[0, 1] → [0, 1] be defined as

T f = d f

dt

i. T is a linear operator; see Example2.31.
ii. T is closed; let fn ∈ P[0, 1].

lim
n→∞ fn = f and lim

n→∞
d fn
dt

= g

To prove that T is closed, we need to show that T f = d f
dt = g (It may be

observed that the convergence is uniform). We have

t∫

0

g(s)ds =
t∫

0

lim
n→∞

d fn
ds

ds

= lim
n→∞

t∫

0

d fn
ds

ds

= lim
n→∞[ fn(t) − f (0)]

or

t∫

0

g(s)ds = f (t) − f (0).
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Differentiating this relation, we obtain

g = d f

dt
= T f

iii. T is not bounded (continuous); see Example2.31.

Definition 4.6 An operator T on a normed space X into a normed space Y is called
open if TA is an open subset of Y whenever A is an open subset of X ; i.e., T maps
open sets into open sets.

4.7.2 Open Mapping Theorem

Theorem 4.23 (Open mapping theorem) If X and Y are two Banach spaces and
T is a continuous linear operator on X onto Y , then T is an open operator (open
mapping).

The proof of this theorem requires the following lemmawhose proof can be found
in Simmons [174, 235–236].

Lemma 4.3 If X and Y are Banach spaces, and if T is a continuous linear operator
of X onto Y , then the image of each open sphere centered on the origin in X contains
an open sphere centered on the origin in Y .

Proof (Proof of Theorem4.23) In order to prove that T is an open mapping, we need
to show that if O is an open set in X , then T (O) is also an open set in Y . This is
equivalent to proving that if y is a point in T (O), then there exists an open sphere
centered on y and contained in T (O). Let x be a point inO such that T (x) = y. Since
O is open, x is the center of an open sphere, which can be written in the form x + Sr ,
contained in O. By Lemma4.3, T (Sr) contains an open sphere, say S ′

r1 . It is clear
that y + S ′

r1 is an open sphere centered on y, and the fact that it is contained in T (O)

follows from the following relation:

y + S ′
r1 ⊆ y + T (Sr) = T (x) + T (Sr) = T (x + Sr) ⊆ T (O)

The following result is a special case of Theorem4.23 which will be used in the proof
of the closed graph theorem.

Theorem 4.24 A one-to-one continuous linear operator of one Banach space onto
another is a homeomorphism. In particular, if a one-to-one linear operator T of a
Banach space onto itself is continuous, its inverse T−1 is automatically continuous.
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4.7.3 The Closed Graph Theorem

Theorem 4.25 (Closed graph theorem) If X and Y are Banach spaces, and if T is a
linear operator of X into Y , then T is continuous if and only its graph GT is closed.

Remark 4.8 In view of the following result of topology, the theorem will be proved
if we show that T is continuous whenever GT is closed.

“If f is a continuous mapping of a topological space X into a Hausdorff space Y ,
then the graph of f is a closed subset of the product X × Y .”

Proof (Proof of Theorem4.25) Let X1 be the space X renormed by ||x||1 = ||x|| +
||T (x)||. X1 is a normed space. Since ||T (x)|| ≤ ||x|| + ||T (x)|| = ||x||1, T is con-
tinuous as a mapping of X1 into Y .

We shall obtain the desired result if we show thatX andX1 have the same topology.
Since ||x|| ≤ ||x|| + ||T (x)|| = ||x||1, the identity mapping of X1 onto Y is contin-
uous. If we can show that X1 is complete then, by Theorem4.24, this mapping is a
homeomorphism and, in turn, X and X1 have the same topology.

To show that X1 is complete, let {xn} be a Cauchy sequence in it. This implies that
{xn} and {T (xn)} are also Cauchy sequences in X and Y , respectively. Since X and
Y are Banach spaces, there exist vectors x and y in X and Y , respectively, such that
||xn − x|| → 0 and ||T (xn) − y|| → 0 as n → ∞. The assumption that GT is closed
in X × Y implies that (x, y) lies on GT and so T (x) = y. Furthermore,

||xn − x||1 = ||xn − x|| + ||T (xn − x)||
= ||xn − x|| + ||T (xn) − T (x)||
= ||xn − x|| + ||T (xn) − y|| → 0 as n → ∞

Therefore, X1 is complete.

4.8 Problems

4.8.1 Solved Problems

Problem 4.1 Let {Tn} be a sequence of continuous linear operators of a Banach
space X into a Banach space Y such that lim

n→∞ Tn(x) = T (x) exists for every x ∈ X .

Then, prove that T is a continuous linear operator and

||T || ≤ lim
n→∞ inf ||Tn||
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Solution

1. T is linear:

(a) We have T (x + y) = lim
n→∞ Tn(x + y). Since each Tn is linear

Tn(x + y) = Tn(x) + Tn(y)

lim
n→∞ Tn(x + y) = lim

n→∞[Tn(x) + Tn(y)]
= lim

n→∞ Tn(x) + lim
n→∞ Tn(y)

= T (x) + T (y)

or

T (x + y) = T (x) + T (y)

(b)

T (αx) = lim
n→∞ Tn(αx)

= lim
n→∞ αTn(x) as each Tn is linear

T (αx) = α lim
n→∞Tn(x) = αT (x)

Thus, T is linear.

2. Since lim
n→∞ Tn(x) = T (x)

|| lim
n→∞ Tn(x)|| = ||T (x)||

or

lim
n→∞ ||Tn(x)|| = ||T (x)||

as a norm is a continuous function and T is continuous if and only if xn → x
implies Txn → Tx (see Proposition 2.1(3)).
Thus, ||Tn(x)|| is a bounded sequence in Y . By Theorem4.21 (the principle of
uniform boundedness), ||Tn|| is a bounded sequence in the space B[X ,Y ]. This
implies that

||T (x)|| = lim
n→∞ ||Tn(x)|| ≤ lim

n→∞ inf ||T || ||x|| (4.28)

By the definition of ||T ||, we get ||T || ≤ lim inf
n→∞ ||Tn|| (see Appendix A.4 for

lim inf and Definition (2.8(6)) for ||T ||.
In view of Eq. (4.28), T is bounded and hence continuous as T is linear.
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Problem 4.2 Let X and Y be two Banach spaces and {Tn} a sequence of continuous
linear operators. Then, the limit Tx = limn→∞ Tn(x) exists for every x ∈ X if and
only if

1. ||Tn|| ≤ M for n = 1, 2, 3, . . .
2. The limit Tx = lim

n→∞ Tn(x) exists for every element x belonging to a dense subset

of X .

Solution Suppose that the limit Tx = lim
n→∞ Tn(x) exists for all x ∈ X . Then clearly

Tx = lim
n→∞Tn(x) exists for x belonging to a dense subset of X .

||Tn|| ≤ M f or n = 1, 2, 3, . . . , f ollows f rom Problem 4.1

Suppose (1) and (2) hold; then, we want to prove that

Tx = lim
n→∞ Tn(x)

exists, i.e., for ε > 0, there exists an N such that ||Tn(x) − T (x)|| < ε for n > N . Let
A be a dense subset of X , then for arbitrary x ∈ X , we can find x′ ∈ A such that

||x − x′|| < δ, for an arbitrary δ > 0 (4.29)

We have

||Tn(x) − T (x)|| ≤ ||Tn(x) − Tn(x′)|| + ||Tn(x′) − T (x′)||. (4.30)

By condition (2)

||Tn(x′) − T (x′)|| < ε1 f or n > N (4.31)

as x′ ∈ A, a dense subset of X . Since T ′
ns are linear

||Tn(x) − Tn(x
′)|| = ||Tn(x − x′)||

By condition (1) and Eq. (4.29), we have

||Tn(x − x′)|| ≤ ||Tn|| ||x − x′||
≤ M δ, f or all n (4.32)

From Eqs. (4.30)–(4.31), we have

||Tn(x) − T (x)|| ≤ M δ + ε1 < ε, f or all n > N .

This proves the desired result.



174 4 Fundamental Theorems

Problem 4.3 Show that the principle of uniform boundedness is not valid if X is
only a normed space.

Solution To show this, consider the following example. Let Y = R and X be the
normed space of all polynomials

x = x(t) =
∞∑
n=0

ant
n where an = 0 ∀ n > N

with the norm ||x|| = sup
n

|an|. X is not a Banach space. Define Tn : X → Y as fol-

lows:

Tn(x) =
n−1∑
k=0

ak

one can check that ||Tn|| is not bounded.
Problem 4.4 Prove Riesz’s lemma (Theorem2.3).

Solution Since Y is a proper subspace, there must exist an element y0 ∈ X − Y . Sup-
pose d = inf

x∈Y ||x − y0||. We have d > 0, otherwise x = y0 ∈ Y = Y , a contradiction

of the fact that y0 ∈ X − Y . For β > 0, we can find an element x0 ∈ Y such that

d ≤ ||x0 − y0|| < d + β (4.33)

Since y0 /∈ Y , the element y = (x0 − y0)/(||x0 − y0||) /∈ Y . Moreover

||y|| = ||{(x0 − y0)/(||x0 − y0||)}||
= ||x0 − y0||/||x0 − y0|| = 1

we have

||x − y|| = ||x − {(x0 − y0)/(||x0 − y0||)}||
= ||x(||x0 − y0||) − x0 + y0||/(||x0 − y0||)
= ||y0 − x1||/||x0 − y0||

where x1 = x0 − x||x0 − y0|| ∈ Y . Using the definition of d and (4.33), we get

||x − y|| >
d

d + β
= 1 − β

d + β

If β is chosen such that β

d+β
< α, then ||x − y|| > 1 − α. This proves the lemma.
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4.8.2 Unsolved Problems

Problem 4.5 Prove the Hahn–Banach theorem for a Hilbert space.

Problem 4.6 Show that p(x) = lim sup xn, where x = (xn) ∈ �∞, xn real and satis-
fies conditions (1) and (2) of Theorem4.1.

Problem 4.7 If p is a functional satisfying conditions (1) and (2) of Theorem4.1,
show that p(0) = 0 and p(−x) ≥ −p(x).

Problem 4.8 If F(x) = F(y) for every bounded linear functional F on a normed
space X, show that x = y.

Problem 4.9 A linear function F defined on m, satisfying the following conditions,
is called a Banach limit:

1. F(x) ≥ 0 if x = (x1, x2, x3, . . . , xn, . . .) and xn ≥ 0 ∀ n.
2. F(x) = F(σx), where σx = σ(x1, x2, x3, . . .) = (x2, x3, . . .).
3. F(x) = 1 if x = (1, 1, 1, . . .).

Show that lim inf
n→∞ xn ≤ F(x) ≤ lim sup

n→∞
xn ∀ x = (xn) ∈ m, where F is a Banach limit.

Problem 4.10 Let Tn = An, where the operator A : �2 → �2 is defined by A(x1, x2,
x3, x4, . . .) = (x3, x4, . . .). Find

lim
n→∞ ||Tn(x)||, ||Tn|| and lim

n→∞ ||Tn||

Problem 4.11 Prove that the normed space P[0, 1] of all polynomials with norm
defined by ||x|| = sup

i
|αi|, where α1, α2, . . . are the coefficients of x, is not complete.

Problem 4.12 Show that in a Hilbert space X , a sequence {xn} is weakly convergent
to x if and only 〈xn, z〉 converges to 〈x, z〉 for all z ∈ X .

Problem 4.13 Show that weak convergence in �1 is equivalent to convergence in
norm.

Problem 4.14 Show that all finite-dimensional normed spaces are reflexive.



Chapter 5
Differential and Integral Calculus
in Banach Spaces

Abstract In this chapter, differentiation and integration of operators defined on a
Banach space into another Banach space are introduced. Basic concepts of distri-
bution theory and Sobolev spaces are discussed, both concepts play very significant
role in the theory of partial differential equations. A lucid presentation of these two
topics is given.

Keywords Gâteaux derivative · Fréchet derivative · Chain rule · Mean value
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(subdifferential) · Compact support · Test functions · Distribution · Distributional
derivative · Dirac delta distribution · Regular distribution · Singular distribution
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5.1 Introduction

As we know, the classical calculus provides foundation for science and technology
and without good knowledge of finite-dimensional calculus a systematic study of
any branch of human knowledge is not feasible. In many emerging areas of science
and technology calculus in infinite-dimensional spaces, particularly function spaces,
is required. This chapter is devoted to differentiation and integration of operators
and distribution theory including Sobolev spaces. These concepts are quite useful
for solutions of partial differential equations modeling very important problems of
science and technology.
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5.2 The Gâteaux and Fréchet Derivatives

5.2.1 The Gâteaux Derivative

Throughout this section, U and V denote Banach spaces over R, and S denotes an
operator on U into V (S : U → V ).

Definition 5.1 (Gâteaux Derivative) Let x and t be given elements of U and

lim
η→0

|| S(x + ηt) − S(x)

η
− DS(x)t || = 0 (5.1)

for every t ∈ X , where η → 0 in R. DS(x)t ∈ Y is called the value of the Gâteaux
derivative of S at x in the direction t , and S is said to be Gâteaux differentiable at x
in the direction t . Thus, the Gâteaux derivative of an operator S is itself an operator
often denoted by DS(x).

Remark 5.1 (a) If S is a linear operator, then

DS(x)t = S(t), that is, DS(x) = S f or all x ∈ U

(b) If S = F is a real-valued functional on U ; that is, S : U → R, and F is Gâteaux
differentiable at some x ∈ U , then

DS(x)t =
[

d

dη
F(x + ηt)

]
η=0

(5.2)

(c) We observe that the Gâteaux derivative is a generalization of the idea of the
directional derivative well known in finite dimensions.

Theorem 5.1 The Gâteaux derivative of an operator S is unique provided it exists.

Proof Let two operators S1(t) and S2(t) satisfy (5.1). Then, for every t ∈ U and
every η > 0, we have

||S1(t) − S2(t)|| = ||( S(x + ηt) − S(x)

η
− S1(t))

−
(

(
S(x + ηt) − S(x)

η
− S2(t)

)

≤
∥∥∥∥
(

S(x + ηt) − S(x)

η
− S1(t)

)∥∥∥∥
+||( S(x + ηt) − S(x)

η
− S2(t))|| → 0

as η → 0
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Therefore, ||S1(t) − S2(t)|| = 0 for all t ∈ X which implies that S1(t) = S2(t).

Definition 5.2 (Gradient of a Functional) Let F be a functional onU . The mapping
x → DF(x) is called the gradient of F and is usually denoted by ∇F .

It may be observed that the gradient ∇ is a mapping from U into the dual space
U � of U .

Example 5.1 LetU = Rn, V = R, e1 = (1, 0, 0, . . .), e2 = (0, 1, 0, 0, . . .), . . . , en

= (0, 0, . . . , 0, 1). Then

DF(x)ei = ∂ F

∂xi
, i = 1, 2, . . . n

where F : Rn → R and ∂ F
∂xi

is the partial derivative of F .

Example 5.2 Let F : R2 → R be defined by

F(x) = x1x2
2

x2
1 + x2

2

where x = (x1, x2) ∈ R2, x /∈ (0, 0) and F(0) = 0. Then, for t = (t1, t2)

DF(0)t = lim
η→0

F(0 + ηt) − F(0)

η

= lim
η→0

F(ηt)

η

= lim
η→0

(ηt1)(ηt2)2

η[(ηt1)2 + (ηt2)2]
= lim

η→0

t1t22
t21 + t22

= t1t22
t21 + t22

Example 5.3 Let F : R2 → R be defined as

F(x) = x1x2
x2
1 + x2

2

, x = (x1, x2) �= 0 and F(0) = 0.

Then

DF(0)t = lim
η→0

F(ηt)

η

= lim
η→0

η2t1t2
η[η2t21 + η2t22 ]
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where t = (t1, t2).
DF(0)t exists if and only if

t = (t1, 0) or t = (0, t2)

It is clear from this example that the existence of the partial derivatives is not a
sufficient condition for the existence of the Gâteaux derivative.

Example 5.4 Let U = Rn, F : Rn → R, x = (x1, . . . , xn) ∈ Rn and t =
(t1, t2, . . . , tn) ∈ Rn . If F has continuous partial derivatives of order 1, then the
Gâteaux derivative of F is

DF(x)t =
n∑

k=1

∂ F(x)

∂xk
tk (5.3)

For a fixed a ∈ U , the Gâteaux derivative

DF(x)t =
[

n∑
k=1

∂ F(x)

∂xk
tk

]
(5.4)

is a bounded linear operator on Rn into Rn (we know that (Rn)� = Rn). DF(a)t can
also be written as the inner product

DF(a)t = 〈y, t〉 (5.5)

where

y =
(

∂ F(a)

∂x1
,
∂ F(a)

∂x2
, . . . ,

∂ F(a)

∂xn

)
.

Example 5.5 Let X = Rn, Y = Rm, and F = (F1, F2, F3, . . . , Fm) : Rn → Rm

be Gâ teaux differentiable at some x ∈ Rn . The Gâ teaux derivative can be
identified with an m × n matrix (ai j ). If t is the j th coordinate vector, t = e j =
(0, 0, . . . , 1, 0, . . . , 0), then

lim
η→0

∥∥∥∥ F(x + ηt) − F(x)

η
− DF(x)t

∥∥∥∥ = 0

implies

lim
η→0

∥∥∥∥ F(x + ηe j ) − Fi (x)

η
− ai j

∥∥∥∥ = 0

for every i = 1, 2, 3, . . . , m and j = 1, 2, 3, . . . , n. This shows that Fi ’s have partial
derivatives at x and ∂ Fi (x)

∂x j
= ai j , for every i = 1, 2, 3, . . . , m and j = 1, 2, 3, . . . , n.
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The Gâteaux derivative of F at x has the matrix representation

⎡
⎣

∂ F1(x)

∂x1
. . . ∂ F1(x)

∂xn

. . . . . . .
∂ Fm (x)

∂x1
. . . ∂ Fm (x)

∂xn

⎤
⎦ = (ai j ) (5.6)

This is called the Jacobian matrix of F at x . It is clear that if m = 1, then the matrix
reduces to a row vector which is discussed in Example 5.4.

Example 5.6 Let U = C[a, b], K (u, v) be a continuous real function on [a, b] ×
[a, b] and g(v, x) be a continuous real function on [a, b]× R with continuous partial
derivative ∂g

∂x on [a, b] × R. Suppose that F is an operator defined on C[a, b] into
itself by

F(x)(s) =
b∫

a

K (s, v)g(v, x(v))dv (5.7)

Then

DF(x)h =
b∫

a

K (s, v)

[
∂

∂x
g(v, x(v))

]
h(v)dv

Theorem 5.2 (Mean Value Theorem) Suppose that the functional F has a Gâteaux
derivative DF(x)t at every point x ∈ U. Then for any points x, x + t ∈ U, there
exists a ξ ∈ (0, 1) such that

F(x + t) − F(x) = DF(x + ξ t)t (5.8)

Proof Put ϕ(α) = F(x + αt). Then

ϕ′(α) = lim
β→0

[
ϕ(α + β) − ϕ(α)

β

]

= lim
β→0

F(x + αt + βt) − F(x + αt)

β

= DF(x + αt)t

By the Mean Value Theorem for real function of one variable applied to ϕ, we get

ϕ(1) − ϕ(0) = ϕ′(ξ) for some ξ ∈ (0, 1).

This implies that

F(x + t) − F(x) = DF(x + ξ t)t
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5.2.2 The Fréchet Derivative

Definition 5.3 (Fréchet Derivative) Let x be a fixed point in a Banach space U and
V be another Banach space. A continuous linear operator T : U → V is called the
Fréchet derivative of the operator S : X → Y at x if

S(x + t) − S(x) = T (t) + ϕ(x, t) (5.9)

and

lim||t ||→0

||ϕ(x, t)||
||t || = 0 (5.10)

or, equivalently,

lim||t ||→0

||S(x + t) − S(x) − T (t)||
||t || = 0. (5.11)

The Fréchet derivative of T at x is usually denoted by dT (x) or T ′(x). T is called
Fréchet differentiable on its domain if T ′(x) exists at every point of the domain.

Remark 5.2 (a) If U = R, V = R, then the classical derivative f ′(x) of real
function f : R → R at x defined by

f ′(x) = lim
t→0

f (x + t) − f (x)

t
(5.12)

is a number representing the slope of the graph of the function f at x . The Fréchet
derivative of f is not a number, but a linear operator on R into R. The existence
of the classical derivative f ′(x) implies the existence of the Fréchet derivative
at x , and by comparison of Eqs. (5.9) and (5.12) written in the form

f (x + t) − f (x) = f ′(x)t + tg(t) (5.13)

we find that T is the operator which multiplies every t by the number f ′(x).
(b) In classical calculus, the derivative at a point x is a local linear approximation of

the given function in the neighborhood of x . Fréchet derivative can be interpreted
as the best local linear approximation. One can consider the change in S when
the argument changes from x to x + t , and then approximate this change by a
linear operator T so that

S(x + t) = S(x) + T (t) + E (5.14)

where E is the error in the linear approximation.
Thus, E has the same order of magnitude as t except when S is equal to the
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Fréchet derivative of T . E = 0(t), so that E is much smaller than t as t → 0.
Thus, the Fréchet derivative provide the best linear approximation of T near x .

(c) It is clear from the definition (Eq. (5.11)) that if T is linear, then

d S(x) = S(x)

that is, if S is a linear operator, then the Fréchet derivative (linear approximation)
of S is S itself.

Theorem 5.3 If an operator has the Fréchet derivative at a point, then it has the
Gâteaux derivative at that point and both derivatives have equal values.

Proof Let T : X → Y , and suppose T has the Fréchet derivative at x , then

lim||t ||→0

||S(x + t) − S(x) − T (t)||
||t || = 0

for some bounded linear operator S : X → Y . In particular for any fixed nonzero
t ∈ X , we have

lim
η→0

|| S(x + ηt) − T (x)

η
− S(t)|| = lim

η→0

||S(x + ηt) − S(x) − T (ηt)||
||ηt || ||t ||

Thus we see that T is the Gâteaux derivative of S at x .

By Theorem 5.1, Gâteaux derivative is unique and hence the Fréchet derivative
is also unique. Example 5.7 shows that the converse of Theorem 5.3 does not hold
true, in general.

Theorem 5.4 Let Ω be an open subset of X and S : Ω → Y have the Fréchet
derivative at an arbitrary point a of Ω . Then S is continuous at a. This means that
every Fréchet differentiable operator defined on an open subset of a Banach space
is continuous.

Proof For a ∈ Ω , let ε > 0 be such that a + t ∈ Ω whenever ||t || < ε. Then

||S(a + t) − S(a)|| = ||T (t) + ϕ(a, t)|| → 0 as ||t || → 0

Therefore, T is continuous at a.

It may be observed that results of classical calculus can be extended to Fréchet
derivatives. For example, the usual rules of sum and product in case of functions of
two or more variables apply to Fréchet derivatives.

We present now extension of the Chain Theorem, the Mean Value Theorem, the
Implicit Function Theorem, and Taylor’s Formula to Fréchet differentiable operators.
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Theorem 5.5 (Chain Rule) Let X, Y, Z be real Banach spaces. If T : X → Y and
S : Y → Z are Fréchet differentiable at x and y = T (x) ∈ Y, respectively, then
U = SoT is Fréchet differentiable at x and

U ′(x) = S′(T (x))T ′(x)

Proof For x, t ∈ X , we have

U (x + t) − U (x) = S(T (x + t)) − S(T (x))

= S(T (x + t) − T (x) + T (x)) − S(y)

= S(z + y) − S(y)

where z = T (x + t) − T (x). Thus

||U (x + t) − U (x) − S′(y)z|| = o(||z||)

Since ||z − T ′(x)t || = o(||t ||), we get

||U (x + t) − U (x) − S′(y)T ′(x)t ||
= ||U (x + t) − U (x) − S′(y)z + S′(y)z − S′(y)T ′(x)t ||
= (||t ||) + (||z||)

In view of the fact that T is continuous at x , by Theorem 5.4, we obtain ||z|| = o(||t ||)
and so

U ′(x) = T ′(S(x))S′(x).

We require the following notation in the Mean Value Theorem and Taylor’s formula:
If a and b are two points of a vector space, the notation

[a, b] = {x = αa + (1 − α)b ∈ X/α ∈ [0, 1]}
]a, b[ = {x = αa + (1 − α)b ∈ X/α ∈ (0, 1)}

are used to denote, respectively, the closed and open segments with end-points a
and b.

Theorem 5.6 (Mean Value Theorem) Let S : K → Y , where K is an open convex
set containing a and b, Y is a normed space and S′(x) exists for each x ∈]a, b[ and
S(x) is continuous on ]a, b[. Then

||S(b) − S(a)|| ≤ sup
y∈]a,b[

||S′(y)|| ||b − a|| (5.15)

Proof Let F ∈ Y � and the real function h be defined by
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h(α) = F((T (1 − α)a + α(b)) for α ∈ [0, 1]

Applying the Mean Value Theorem of the classical calculus to h, we have, for some
α ∈ [0, 1] and x = (1 − α)a + αb

F(S(b) − S(a)) = F(S(b)) − F(S(a))

= h(1) − h(0)

= h′(α) = F(S′(x)(b − a))

where we have used the chain rule and the fact that a bounded linear functional is its
own derivative. Therefore, for each F ∈ Y �

||F(S(b) − S(a))|| ≤ ||F || ||S′(x)|| ||b − a|| (5.16)

Now, if we define the function F0 on the subspace [S(b) − S(a)] of Y as

F0(λ(F(b))) − F(a) = λ

then ||F0|| = ||T (b)− T (a)||−1. If F is a Hahn–Banach extension of F0 to the entire
space Y (Theorem 4.2), we find by substituting in (5.16) that

1 = ||F(S(b) − S(a))|| ≤ ||S(b) − S(a)|| − 1||T ′(x)|| ||b − a||

which gives (5.15).

Theorem 5.7 (Implicit Function Theorem) Suppose that X, Y, Z are Banach spaces,
C is an open subset of X × Y and T : C → Z is continuous. Suppose further that
for some (x1, y1) ∈ C

(i) T (x1, y1) = 0
(ii) The Fréchet derivative of S(·, ·) when x is fixed is denoted by Sy(x, y), called

the partial Fréchet derivative with respect to y, exists at each point in a neigh-
borhood of (x1, y1) and is continuous at (x, y)

(iii) [Sy(x1, y1)]−1 ∈ B[Z , Y ]
Then there is an open subset D of X containing x1 and a unique continuous mapping
y : D → Y such that S(x, y(x)) = 0 and y(x1) = y1.

Proof For the sake of convenience, we may take x1 = 0, y1 = 0. Let A =
[Ty(0, 0)]−1 ∈ B[Z , Y ]. Since C is an open set containing (0, 0), we find that

0 ∈ Cx = {y ∈ Y/(x, y) ∈ C}

for all x sufficiently small, say ||x || ≤ δ. For each x having this property, we define
a function
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T (x, ·) : Cx → Y

by

S(x, y) = y − AS(x, y).

In order to prove the theorem, we must prove (i) the existence of a fixed point for
T (x, ·) under the condition that ||x || is sufficiently small, and (ii) continuity of the
mapping x → y(x) and y(x1) = y1. Now

Sy(x, y)(u) = u − ASy(x, y)(u)

and AA−1 = ASy(0, 0); therefore, assumptions on S guarantee the existence of
Ty(x, y) for sufficiently small ||x || and ||y||, and

Ty(x, y)(u) = A[Ty(0, 0) − Ty(x, y)](u).

Hence

||Ty(x, y)|| ≤ ||A|| ||Sy(0, 0) − Sy(x, y)||.

Since Sy is continuous at (0, 0), there exists a constant L > 0 such that

||Sy(x, y)|| ≤ L (5.17)

for sufficiently small ||x || and ||y||, say, ||x || ≤ ε1 ≤ δ and ||y|| ≤ ε2. Since T is
continuous at (0, 0), there exists an ε ≤ ε1 such that

||T (x, 0)|| = ||AS(x, 0)|| < ε2(1 − L) (5.18)

for all x with ||x || ≤ ε.
We now show that T (x, ·) maps the closed ball Sε(0) = {y ∈ Y/||y|| ≤ ε2} into

itself. For this, let ||x || ≤ ε and ||y|| ≤ ε2. Then by (5.15), (5.17), and (5.18), we
have

||T (x, y)|| ≤ ||T (x, y) − T (x, 0)|| + ||T (x, 0)||
≤ sup

0≤α<1
||T ′y(x, y)|| ||y|| + ||T (x, 0)||

≤ Lε2 + ε2(1 − L) = ε2

Therefore, for ||x || < ε, S(x, ·) : Sε2(0) → Sε2(0). Also, for y1, y2 ∈ Sε2(0), we
obtain by (5.15) and (5.17)

||T (x, y1) − T (x, y2)|| ≤ sup
||y||≤ε2

||Ty(x, y)||||y1 − y2||
≤ L||y1 − y2||
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The Banach Contraction Mapping Theorem (Theorem 1.1) guarantees that for each
x with ||x || < ε, there exists a unique y(x) ∈ Sε2(0) such that

y(x) = T (x, y(x)) = y(x) − AS(x, y(x)).

that is, T (x, y(x)) = 0. By uniqueness of y, we have y(0) = 0 since T (0, 0) = 0.
Finally, we show that x → y(x) is continuous. For if ||x1|| < ε and ||x2|| < ε, then
selecting y0 = y(x2) and y1 = T (x1, y0), we have by the error bound for fixed point
iteration on the mapping T (x1, ·) (Theorem 1.1, Problem 1.17)

||y(x2) − y(x1)|| ≤ 1

1 − L
||y0 − y1||

We can write

y0 − y1 = y(x2) − S(x1, y(x2)) = S(x2, y(x2)) − S(x1, y(x2))

= −A[T (x2, y(x2)) − T (x1, y(x2))]

Therefore, by the continuity of T, ||y(x2) − y(x1)|| can be made arbitrarily small
for ||x2 − x1|| sufficiently small.

Corollary 5.1 If, in addition to conditions of Theorem 5.7, Sx (x, y) also exists on
the open set and is continuous at (x1, y1), then F : x → y(x) has a Fréchet derivative
at x1 given by

F ′(x1) = −[Sy(x1, y1)]−1Sx (x1, y1) (5.19)

Proof We set x = x1 + h and G(h) = F(x) − y1. Then G(0) = 0, and

||G(h) + [Sy(x1, y1)]−1h||
≤ ||[Sy(x1, y1)]−1|| ||Sy(x1, y1)G(h) + Sx (x1, y1)h||

and

Sy(x1, y1)G(h) − Sx (x1, y1)h = −S(x1 + h, y1 + G(h)) + S(x1, y1)

+ Sy(x1, y1)G(h) + Sx (x1, y1)h

If θ1, θ2 are numbers in (0, 1), then

||Sy(x1, y1)G(h) + Sx (x1, y1)h|| ≤ sup
θ1,θ2

||Sx (x1 + θ1h, y1 + θ2G(h))

− Sx (x1, y1)|| ||h|| + supθ1,θ2 ||Sy(x1 + θ1h, y1 + θ2G(h))

− Sy(x1, y1)|| ||G(h)||



188 5 Differential and Integral Calculus in Banach Spaces

Thus, applying continuity of Sx , Sy for ε > 0, we find that δ = δ(ε) such that on
||x − x1|| ≤ δ, we have

||G(h) + [Sy(x1, y1)]−1Sx (x1, y1)h||
≤ [Sy(x1, y1)]−1ε[1 + ||[Sy(x1, y1)]−1Sx (x1, y1)]||h||

1 − ||[Sy(x1, y1)−1||
The coefficient of ||h|| can be made as small as needed as ||h|| → 0. Thus

||F(x) − [F(x1) − [Sy(x1, y1)]−1Sx (x1, y1)(x − x1)]|| = (||x − x1||)

Definition 5.4 Let S : X → Y be Fréchet differentiable on an open set Ω ⊆ X and
the first Fréchet derivative S′ at x ∈ Ω is Fréchet differentiable at x , then the Fréchet
derivative of S′ at x is called the second derivative of S at x and is denoted by S′′(x).

It may be noted that if S : X → Y is Fréchet differentiable on an open setΩ ⊂ X ,
then S′ is a mapping on X into B[X, Y ]. Consequently, if S′′(x) exists, it is a
bounded linear mapping from X into B[X, Y ]. If T ′′ exists at every point of Ω ,
then T ′′ : X → B[X,B[X, Y ]].

Let S : Ω ⊂ X → Y and let [a, a+h] be any closed segment inΩ . If T is Fréchet
differentiable at a, then

S(a + h) = S(a) + S′(a)h + ||h||ε(h), lim
h→h

ε(h) = 0

Theorem 5.8 (Taylor ’s Formula for Twice Fréchet Differentiable Functions) S : Ω

⊂ X → Y and let [a, a + h] be any closed segment lying in Ω . If S is differentiable
in Ω and twice differentiable at a, then

S(a + h) = S(a) + S′(a)h + 1

2
(S′′(a)h)h + ||h||2ε(h)

lim
h→0

ε(h) = 0

For proofs of these two theorems and other related results, we refer to Cartan [34],
Dieudonné [64], Nashed [143].

Example 5.7 Let S : R2 → R be defined by

S(x .y) =
{

x3 y
x4+y2 , i f x �= 0 and y �= 0
0, i f x = 0 and y = 0.

It can be verified that S has the Gâteau derivative at (0, 0) and its value is 0. However,
it is not Fréchet differentiable at (0, 0) as

|S(x, x2)|
||(x, x2)|| = |x3x2|

(x4 + x4)

1√
x2 + x4

= 1

2

1
3
√

(1 + x2)
→ 1

2
as x → 0
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Example 5.8 Let T : H → R be a functional on a Hilbert space H . Let it be Fréchet
differentiable at some x ∈ H , then its Fréchet derivative T ′ must be a bounded
linear functional on H ; that is, T ′ ∈ H �. By the Riesz Representation Theorem
(Theorem 3.19), there exists an element y ∈ H such that T ′(x)(z) = 〈z, y〉 for every
z ∈ H . The Fréchet derivative T ′(x) can thus be identified as y which is named the
gradient of T with x denoted by ∇T (x); that is, T ′(x)v = 〈∇T (x), v〉 ∀ v ∈ H .

Example 5.9 Let T : H → H be a bounded linear operator on a Hilbert space H
into itself and F : H → R be a functional defined by F(x) = 〈x, T x〉. Then the
Fréchet derivative of F is written as

F ′(x)z = 〈z, (T + T �)x〉
where T � is adjoint of T .

Example 5.10 Let T be a self-adjoint bounded operator on a Hilbert space H and ϕ

the quadratic functional defined by

ϕ(x) = 1

2
〈T x, x〉.

Then ϕ is Fréchet differentiable and gradient of ϕ, ∇ϕ = T . Furthermore, ϕ is
convex if T is strictly positive.

Example 5.11 Let T : �22 → R be defined by

T (x) = x1x2 + x2
1 .

Then

T ′(x) = dT (x) = (x2 + 2x1, x1).

Example 5.12 Let T : C[0, 1] → C[0, 1] be defined by

T (x(t)) = x2(t).

Then

T ′(x)z = 2xz or

dT (x) = T ′(x) = 2x and

T ′′(x) = 2I.

Example 5.13 Let F : L2(0, 1) → R be defined by

F( f ) =
1∫

0

f 2(t)dt.
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Then

d F( f ) = F ′( f ) = 2 f.

d2F( f ) = F ′′( f ) = 2I.

Example 5.14 Let the Hammerstein operator T : C[a, b] → C[a, b] be given by

(T (u(t)))(x) =
b∫

a

K (x, t) f (t, u(t))dt

where K (·, ·) : [a, b] × [a, b] → R and f : [a, b] × R → R are known. The
following relation holds for infinitely differentiable functions:

dT (u(t))(z) =
b∫

a

K (x, t)
∂ f

∂u
(t, u(t))z(t)dt.

Equivalently, the Fréchet derivative of the Hammerstein operator is another integral
operator with the kernel K (x, t) ∂ f

∂u (t, u(t))

Example 5.15 Consider the map S : R → X , defined by

S(t) = eAt x

where x ∈ X, A ∈ B(X) and eA is defined as in Example 2.48. Then

d S(t) = AeAt x = AS(t).

5.3 Generalized Gradient (Subdifferential)

Definition 5.5 (Lipschitz Continuity) Let Ω ⊂ X, S an operator from Ω into Y .
We say that T is Lipschitz (with modulus α ≥ 0) on Ω , if

||S(x1) − S(x2)|| ≤ α||x1 − x2|| ∀ x1, x2 ∈ Ω.

S is called Lipschitz near x (with modulus α) if, for some ε > 0, T is Lipschitz with
modulus α on Sε(x). If S is Lipschitz near x ∈ Ω , we say that S is locally Lipschitz
on Ω . α is called the Lipschitz exponent.

Definition 5.6 (Monotone Operators) Let S : X → X �, then S is called monotone
if

(Su − Sv, u − v) ≥ 0 f or all u, v ∈ X
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Note (·, ·) denotes the duality between X and X �; that is, also the value of Su − Sv
at u − v. In Hilbert space setting, (·, ·) becomes the inner product. In this chapter,
we have used the notation 〈·, ·〉 also for the duality.
S is called strictly monotone if

〈Su − Sv, u − v〉 > 0 f orall u, v ∈ X

T is called strongly monotone if there is a constant k > 0 such that

〈T u − T v, u − v〉 ≥ k||u − v||2 f or all u, v ∈ X

Definition 5.7 Let S : H → 2H �

be a multivalued operator on H into H �. The
operator T is said to be monotone if

(ξ − η, u − v) ≥ 0 ∀ u, v ∈ H and ∀ ξ ∈ S(u) and η ∈ S(v)

Amonotone operator S is called maximal monotone if it is monotone and there does
not exist S : H → 2H �

such that S is monotone and Gr(S) � Gr(S); that is, the
graph of S does not have any proper extension which is the graph of a monotone
operator.

Definition 5.8 (Generalized Gradient) The generalized gradient (subdifferential) of
F : X → R at x ∈ X , denoted by ∂ F(x), is the set

∂ F(x) = {F ′ ∈ X �/F ′(h) ≤ F(x + h) − F(x), h ∈ X}.

An element F ′ of ∂ F(x) is called a subgradient or support functional at x .

Theorem 5.9 ([200]) If F : X → R is a convex functional on a normed space X,
and F has a Gâteaux derivative at x ∈ X, then F(x) has a unique generalized
gradient at x and ∂ F(x) = DF(x). Conversely, if F(x) < ∞ and the generalized
gradient ∂ F(x) reduces to a unique subgradient, then F(x) has a Gâteaux derivative
at x and ∂ F(x) = DF(x).

Theorem 5.10 Let F : H → R ∪ {∞}, where let H be a Hilbert space, then the
generalized gradient ∂ F(x) is a monotone operator.

Proof If ∂ F(x) or ∂ F(y) is empty, then clearly

〈∂ F(x) − ∂ F(y), x − y〉 ≥ 0

is satisfied. If this is not the case, choose F1 ∈ ∂ F(x) and F2 ∈ ∂ F(y). Then

〈F1, x − y〉 ≥ F(x) − F(y) f or all y ∈ H

〈F2, y − x〉 ≥ F(y) − F(x) (5.20)
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By changing sign in second inequality of (5.20), we get

〈−F2, x − y〉 ≥ F(y) − F(x) (5.21)

By adding (5.20) and (5.21), we get

〈F1 − F2, x − y〉 ≥ 0.

Hence, ∂ F(x) is a monotone operator.

Example 5.16 Let

f (x) = |x |, f : R → R

∂ f (x) = {sgnx} if x �= 0, sgnx = x

|x | , x �= 0

∂ f (x) = [−1, 1] if x = 0.

For more details of generalized gradient, we refer to Outrata, Koçvara and Zowe
[148] and Rockafellar and Wets [163].

5.4 Some Basic Results from Distribution Theory and
Sobolev Spaces

Distribution theory was invented by the French Mathematician Laurent Schwartz
around 1950 to resolve the discrepancy created by the Dirac delta function having
value zero at all points except one point and having Lebesgue integral

1. This function is named after the famous physicist P.M. Dirac who introduced it
in 1930. This contradicted the celebrated Lebesgue theory of integral. A class
of Lebesgue integrable functions was introduced by the Russian scientist S.L.
Sobolev around 1936 which has been found very useful in many areas of current
interest and now known as Sobolev space. The theory of Sobolev space provides a
solid foundation for modern theory of ordinary and partial differential equations.
We present here important features of these two topics, namely distributions and
Sobolev spaces.

5.4.1 Distributions

Let n be a positive integer. A vector of n-tuples α = (α1, α2, . . . , αn), where
αi , i = 1, 2, . . . , n are nonnegative integers, is called multi-index of dimension
n. The number |α| =∑n

i=1 αi is called the magnitude or length of the multi-index.
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For given α, β, α + β means (α1 + β1, α2 + β2, . . . , αn + βn)

α! = α1!α2! . . . αn!
Cα

β = α

β!(α − β)!
xα = xα1

1 xα2
2 . . . xαn

n where x = (x1, x2, . . . xn) ∈ Rn

We say that multi-index α, β are related by α ≤ β if αi ≤ βi for all i = 1, 2, 3, n.
Calculus of functions of several variables, specially partially differential for a

function of n variables f = f (x), x = (x1, x2, . . . , xn). Laurent Schwartz intro-
duced the concept of multi-index and a new notation of derivatives given below. In
the new terminology, Dα will denote the expression

∂ |α|

∂
α1
x1 ∂

α2
x2 . . . ∂

αn
xn

Dα f

will be called derivative of f of order |α|. For n = 1, α1 = 1, Dα f = ∂1 f
∂x1

which is

the classical derivative of a function of single variable denoted by d f
dx (x1 = x). For

n = 2, α1 = 1, α2 = 1, ∂2

∂x1∂x2
= Dα f . This is nothing but the partial derivative of

the function of two variables f (x1, x2) which is denoted by ∂2

∂x1∂x2
We have also

D(1,1) f = ∂2

∂x2∂x1
= ∂

∂x2

(
∂ f

∂x2

)

which is equal to

∂2

∂x1∂x2
= ∂2

∂x1

(
∂ f

∂x2

)

for f ∈ C∞(Ω). In distributional derivatives to be defined later, we shall not distin-
guish between ∂2

∂x1∂x2
and ∂2

∂x2∂x1
.

For α1 = 1, α2 = 2

D(1,2) f = ∂3 f

∂x1∂x2
2

For α1 = 1, α2 = 2, α3 = 1

D(1,2,1) f = ∂4 f

∂x1
1∂x2

2∂x1
3

We have
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D(0,0) f = ∂0 f

∂x0
1∂x0

2

= f, D(1,0) f = ∂1 f

∂x1
1∂x0

2

= ∂ f

∂x1

D(0,1) f = ∂1 f

∂x0
1∂x1

2

= ∂ f

∂x2

D(0,1,1) f = ∂2 f

∂x0
1∂x1

2∂x1
3

= ∂2 f

∂x2∂x3

D(0,0,2) f = ∂2 f

∂x0
1∂x0

2∂x2
3

= ∂2 f

∂x2
3

.

All functions are defined on a bounded subset Ω of Rn into R. The bound-
ary of Ω is denoted by Γ or ∂Ω and Ω = Ω + Γ . We say that f ∈ L2

if | f |2 is Lebesgue integrable on Ω . As we have seen in Chap.3, L2(Ω) is a
Hilbert space with respect to || f || = (∫

Ω
| f |2dx

)1/2
and 〈 f, g〉 = ∫

Ω
f gdx(

where
∫
Ω

f dx stands f or
∫
Ω

. . .
∫

f (x1, x2 . . . xn)dx1 . . . dxn

)
.

Throughout our discussion,Ω is a bounded subset of Rn with Lipschitz boundary
Γ . A technical definition is slightly complicated; however, broadly it means that
the boundary will not contain cuspidal points and edges. For example, in two and
three dimensions, domains having the boundary satisfying Lipschitz condition are
circles, squares, triangles, spheres, cubes, annuli, etc. In one dimension,Ω = (a, b).
It may be observed that the function representing such a boundary will be smooth or
piecewise smooth and will have no singularities.

A function f defined on Ω into R is said to satisfy the Hölder condition with
exponent λ, 0 < λ ≤ 1, if there exists a constant M > 0 such that

| f (x) − f (y)| ≤ M ||x − y||λ ∀ x, y ∈ Ω

where || · || is the Euclidean norm on Rn . K = supp f = {x ∈ Ω/ f (x) �= 0} is
called the support of f . If K is compact, f is said to have compact support.

It can be easily seen that C∞
0 (Ω), then space of functions with compact support

and having continuous derivatives of all order, is a vector space with respect to usual
operations. A sequence {ϕn} in C∞

0 is said to converge to an element ϕ in C∞
0 (Ω);

namely, ϕn → ϕ, if

1. there is a fixed compact set K ⊂ Ω such that suppϕn ⊂ K for all n.
2. ϕn and all its derivatives converge uniformly to ϕ(x) and its derivatives, that is,

Dαϕn → Dαϕ for all α uniformly.

Definition 5.9 (Test Functions)C∞
0 (Ω) equippedwith the topology induced through

the convergence is called the space of test functions and often denoted by D(Ω).
Thus, a test function is an infinitely differentiable function on Rn identically zero
outside a compact set.

Definition 5.10 A bounded and linear functional defined on D(Ω) is known as a
distribution or Schwartz distribution.
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It may be observed that the space of distributions is nothing but the dual space
of D(Ω) and is denoted by D�(Ω) or D′(Ω). If Ω = Rn , we simply write D�. A
functional F defined on D(Ω) is a distribution if it satisfies:

(i) F(ϕ + ψ) = F(ϕ) + F(ψ)

(ii) F(αϕ) = αF(ϕ)

(iii) If ϕn → ϕ, then F(ϕn)F(ϕ)

Definition 5.11 (Distributional Derivative) Distributional derivative of distribution
or generalized derivative is a continuous linear functional denoted by Dα F defined
as follows: For F ∈ D�(Ω), 〈Dα F, ϕ〉 = (−1)|α|〈F, Dαϕ〉 for all ϕ ∈ D(Ω).

Definition 5.12 A function f : Ω → R is called locally integrable if for every
compact set K ⊂ Ω,

∫
K

| f |dx < ∞; that is, f is Lebesgue integrable over any

compact set K.
It may be noted that all Lebesgue integrable functions and consequently all con-

tinuous functions are locally integrable over [a, b]. If Ω = Sr is equal to a ball of
radius r > 0 and center (0, 0) in R2, then f (r) = 1

r , r = |x | is locally integrable on
Sr . Locally integrable functions f can be identified with distributions Ff defined as
follows:

〈Ff , ϕ〉 =
∫
Ω

f ϕdx . I f n = 1, then〈Ff , ϕ〉 =
b∫

a

f (x)ϕ(x)dx .F f ≡ f.

or simply F ≡ f .

Example 5.17 (a)

ϕ(x) =
{
exp[ −1

(x−1)(x−3) ], 1 < x < 3
0, outside the open interval (1,3)

ϕ(x) is a test function with support [1, 3].
(b) Let

ϕ(x) = exp(−x2), x > 0

= 0, x ≤ 0

ϕ(x) is a test function.

Example 5.18 F(ϕ) = 0, F is linear and continuous on D(Ω), Ω = (a, b) and so
F is a distribution.

Example 5.19 Let F(ϕ) =
b∫

a
f (x)ϕ(x)dx, f is a locally integrable function. F is

linear and continuous on D(Ω) and therefore it is a distribution.
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Example 5.20 Let F(ϕ) =
b∫

a
|ϕ(x)|2dx, F is continuous on D(Ω), but not linear;

therefore F is not a distribution.

Example 5.21 The Dirac delta distribution is defined as

〈δ, ϕ〉 = ϕ(0) ∀ ϕ ∈ D(Ω)

δ is linear and continuous on D(Ω) and hence a distribution.
Two distributions F and G are equal if 〈F, ϕ〉 = 〈G, ϕ〉 for all ϕ ∈ D(Ω) such

that supp(ϕ) ⊂ (a, b). The Heaviside function H is defined by

H(x) =
⎧⎨
⎩

0, x < 0
1/2, x = 0
1, x > 0

Let H1 be defined by

H1(x) =
{
0, x ≤ 0
1, x > 0

H and H1 generate the same distribution and such functions are identified in distri-
bution theory.

Definition 5.13 (Regular and Singular Distribution) A distribution F ∈ D� is said
to be a regular distribution if there exists a locally integrable function f such that

〈F, ϕ〉 =
∫
Ω

f ϕdx (5.22)

for every ϕ ∈ D. A distribution is called a singular distribution if (5.22) is not
satisfied. In case n = 1

〈F, ϕ〉 =
∫ b

a
f (x)ϕ(x)dx (5.23)

Remark 5.3 (a) We check below that (5.22) and, in particular, (5.23) defines a dis-
tribution. Since any ϕ in D(R) has bounded support contained in [a, b], we
note

b∫
a

f (x)ϕ(x)dx exists (being integral of the product of an integrable and a

continuous function). Thus, F is a well-defined functional on D(R). Linearity
is clear as



5.4 Some Basic Results from Distribution Theory and Sobolev Spaces 197

〈F, ϕ1 + ϕ2〉 =
b∫

a

f (x)(ϕ1 + ϕ2)dx =
b∫

a

f (x)ϕ1(x)dx +

b∫
a

f (x)ϕ2(x)dx = 〈F, ϕ1〉 + 〈F, ϕ2〉

〈F, αϕ〉 =
b∫

a

f (x)(αϕ(x))dx = α〈F, ϕ〉

Let ϕn → ϕ, then

|〈F, ϕn〉 − 〈F, ϕ〉| =
∣∣∣∣∣∣

b∫
a

f (x)(ϕn(x) − ϕ(x))dx

∣∣∣∣∣∣

≤ sup |ϕn(x) − ϕ(x)|
b∫

a

| f (x)|dx → 0 as n → ∞

This implies that F is continuous.
(b) 〈F, ϕ〉 is treated as an average value of F and so distributions are objects having

average values in the neighborhoods of every point. Very often, distributions do
not have values at points which resemble physical interpretation: If quantity is
measured, then it does not yield exact value at a single point.

Example 5.22 Let Ω be an open or just a measurable set in Rn . The function F
defined by

〈F, ϕ〉 =
∫
Ω

ϕdx

is a distribution. It is a regular distribution since

〈F, ϕ〉 =
∫
Rn

χΩϕdx .

where χΩ is a characteristic function ofΩ . In particular, ifΩ = (0,∞)× . . . (0,∞),
we obtain a distribution

〈H, ϕ〉 =
∞∫
0

∞∫
0

. . .

∞∫
0

ϕdx1dx2 . . . dxn
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which is also called the Heaviside function.

Example 5.23 Let α be a multi-index. The functional F on D defined by

〈F, ϕ〉 = Dαϕ(0)

is a distribution. In particular, for n = 1, F defined by 〈F, ϕ〉 = ϕ′(0) = the value
of the first derivative of ϕ at ‘0’is a distribution. In case n = 2, F defined by

〈F, ϕ〉 = ∂ϕ

∂xk
(0), k = 1, 2 . . .

is a distribution.

Example 5.24 |x | is a locally integrable. It is differentiable in the classical sense at
all points except x = 0. It is differentiable in the sense of distribution at x = 0 and
distributional derivative at x = 0 is computed below:

〈|x |, ϕ〉 = (−1)〈|x |, ϕ〉

= −
∞∫

−∞
|x |ϕ′(x)dx

=
0∫

−∞
xϕ′(x)dx +

∞∫
0

xϕ′(x)dx

= −
0∫

−∞
ϕ(x)dx +

∞∫
0

ϕ(x)dx

integrating by part and using the fact that ϕ vanishes at infinity. Let a function sgn
(read as signum of x) be defined by

sgn(x) =
⎧⎨
⎩

−1, for x < 0
0, for x = 0
1, for x > 0

Then

〈|x |′, ϕ〉 =
∞∫

−∞
sgn(x)ϕ(x)dx ∀ϕ ∈ D(Ω).

This means that |x |′ = sgn(x).

Example 5.25 Let us consider the Heaviside function H defined by
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H =
{
0, for x ≤ 0
1, for x > 0

H is locally integrable and can be identified with a distribution. The generalized
derivative of this is the Dirac distribution distributional derivative of Heaviside func-
tion

〈H ′, ϕ〉 = −
∞∫
0

H(x)ϕ′(x)dx

= −
∞∫
0

ϕ′(x)dx = ϕ(0)

Hence, H ′(x) = δ(x).

Example 5.26 The generalized (distributional) derivative of the Dirac delta distri-
bution is defined by

〈δ′, ϕ〉 = 〈δ, ϕ′〉 = −ϕ′(0)

The nth derivative δ(n) of δ is given by

〈δ(n), ϕ〉 = (−1)nϕ(n)(0)

Definition 5.14 Let F and G be distributions and α and β be scalars, then F + G
is defined by

i. (Addition) 〈F + G, 〉 = 〈F, ϕ〉 + 〈G, ϕ〉 f or all ϕ ∈ D.
ii. (Scalar multiplication) αF is defined by 〈αF, ϕ〉 = α〈F, ϕ〉, f or all ϕ ∈ D

where α is a scalar.
iii. If F is a distribution and h is an infinitely differentiable (smooth) function, then

hF is defined by

〈hF, ϕ〉 = 〈F, hϕ〉 ∀ ϕ in D.

It may be remarked that smoothness of h is essential for defining the operation
product.

Theorem 5.11 Let F and G be distributions and h a smooth function. Then their
distribution derivatives satisfy the following relation:

(F + G)′ = F ′ + G ′

(αF)′ = αF ′

(hF)′ = h′F + hF ′.
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Proof

〈(F + G)′, ϕ〉 = −〈F + G, ϕ′〉 = −〈F, ϕ′〉 − 〈G, ϕ′〉
= 〈F ′, ϕ〉 + 〈G ′, ϕ〉 = 〈F ′ + G ′, ϕ〉

This implies (F + G)′ = F ′ + G ′. Similarly, we get (αF)′ = αF ′.

〈(hF)′, ϕ〉 = −〈hF, ϕ′〉
= −〈F, hϕ′〉 by Definition 5.14

= −〈F, (hϕ)′ − h′ϕ〉
= −〈F, (h)′〉 + 〈F, h′ϕ〉 by Definition 5.11

= 〈hF ′, ϕ〉 + 〈h′F, ϕ〉 by Definition 5.14

= 〈hF ′ + h′F, ϕ〉

Thus, (hF)′ = hF ′ + h′F = h′F + hF ′.
It may be observed that the distribution generated by the derivative f ′ of a function

f : R → R is the same as the derivative of the distribution f ; these two possible
ways of interpreting the symbol F ′ for a differentiable function f are identical. The
main advantage of distribution theory over classical calculus is that every distribution
has distributional derivative while there are functions which are not differential in
the classical sense.

Theorem 5.12 If F is any distribution, then Dα F (Definition 5.11) is a distribu-
tion for any multi-index α. In particular, F ′ defined by 〈F ′, ϕ〉 = −〈F, ϕ′〉 is a
distribution.

Proof (i)

〈Dα F, λϕ〉 = (−1)|α|〈F, Dα(λϕ)〉
= λ(−1)|α|〈F, Dαϕ〉

or

〈Dα F, λϕ〉 = λ〈Dα F, ϕ〉

(ii)

〈Dα F, ϕ + ψ〉 = (−1)|α|〈F, Dα(ϕ + ψ)〉
= (−1)|α|〈F, Dαϕ〉 + (−1)|α|〈F, Dαψ〉
= 〈Dα F, ϕ〉 + 〈Dα F, ψ〉

Thus, Dα is linear. We now show that Dα is continuous. Let ϕn → ϕ; that
is, ||ϕn − ϕ|| → 0 as n∞, then ||ϕ′

n − ϕ′|| → 0 as n → ∞ and, in general,
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||Dαϕn−Dαϕ|| → 0 as n → ∞ by awell-known result on uniformconvergence

|〈Dα F, ϕn〉 − 〈Dα F, ϕ〉| = |(−1)|α|〈F, Dαϕn〉 − (−1)α〈F, Dαϕ〉|
= |(−1)|α|〈F, Dαϕn − Dαϕ〉|
≤ ||F || ||Dαϕn − Dαϕ|| → 0

as n → ∞ by CSB inequality

and the fact that ||F || is finite and ||Dαϕn − Dαϕ|| → 0 as n → ∞.

Convergence of Distributions

Definition 5.15 (Convergence of Distribution) A sequence of distributions {Fn} is
called convergent to a distribution F if

〈Fn, ϕ〉 → 〈F, ϕ〉 for every ϕ ∈ D

It may be observed that this definition does not involve the existence of a limiting
distribution toward which the sequence tends. It is presented in terms of the sequence
itself unlike the usual definitions of convergence in elementary analysis, where one
is required to introduce the concept of limit of a sequence before the definition of
convergence.

Theorem 5.13 (Distributional Convergence) Let F, F1, F2, . . . , Fn . . . be locally
integrable functions such that Fn → F uniformly in each bounded set, then Dα Fn →
Dα F (in the sense of distribution Definition 5.15).

Proof We have

〈Dα Fn, ϕ〉 = (−1)|α|〈Fn, Dαϕ〉 → (−1)|α|〈F, Dαϕ〉
= 〈Dα F, ϕ〉

for every test function ϕ. This proves the desired result.
For α = 1, we obtain that

〈F ′n, ϕ〉 → 〈F ′, ϕ〉 whenever 〈Fn, ϕ〉 → 〈F, ϕ〉 uni f ormly

Example 5.27 Let

fn(x) = n

π(1 + n2x2)

We show that the sequence fn(x) converges in the distributional sense (Definition
5.15) to the Dirac delta function δ(x). Let ϕ be a test function. To prove our assertion,
we must show that (Fig. 5.1)
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Fig. 5.1 Graph of
f1(x), f2(x), f3(x) of
Example 5.27

f3

f2

f1

∞∫
−∞

fn(x)ϕ(x)dx → ϕ(0) as n → ∞

Or equivalently

∞∫
−∞

fn(x)ϕ(x)dx − ϕ(0) → 0 as n → ∞

Since

∞∫
−∞

fn(x)dx =
∞∫

−∞

ndx

π(1 + n2x2)
= 1 ∀ n ∈ N

we have

∞∫
−∞

fn(x)ϕ(x)dx − ϕ(0) =
∞∫

−∞
fn(x)(ϕ(x) − ϕ(0))dx

=
−a∫

−∞
fn(x)(ϕ(x) − ϕ(0))dx +

a∫
−a

fn(x)(ϕ(x) − ϕ(0))dx

+
∞∫

a

fn(x)(ϕ(x)dx − ϕ(0))dx
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where [−a, a] is an interval containing the support of ϕ. Consequently

∣∣∣∣∣∣
∞∫

−∞
fn(x)ϕ(x)dx − ϕ(0)

∣∣∣∣∣∣ =
∣∣∣∣∣∣

∞∫
−∞

fn(x)(ϕ(x) − ϕ(0))dx

∣∣∣∣∣∣

≤
∣∣∣∣∣∣ϕ(0)

−a∫
−∞

fn(x)dx

∣∣∣∣∣∣+
∣∣∣∣∣∣

a∫
−a

fn(x)(ϕ(x)dx − ϕ(0))

∣∣∣∣∣∣

+
∣∣∣∣∣∣ϕ(0)

∞∫
a

fn(x)dx

∣∣∣∣∣∣
By direct integration, we obtain that

lim
n→∞

∣∣∣∣∣∣ϕ(0)

−a∫
−∞

fn(x)dx

∣∣∣∣∣∣ = 0 and lim
n→∞

∣∣∣∣∣∣ϕ(0)

∞∫
a

fn(x)dx

∣∣∣∣∣∣ = 0

Now we show that

lim
n→∞

∣∣∣∣∣∣
a∫

−a

fn(x)(ϕ(x) − ϕ(0))dx

∣∣∣∣∣∣
We have

∣∣∣∣∣∣
a∫

−a

fn(x)(ϕ(x) − ϕ(0))dx

∣∣∣∣∣∣ ≤
a∫

−a

| fn| |ϕ(x) − ϕ(0)|dx

≤ max |ϕ′(x)|
a∫

−a

|x fn(x)|dx

This holds because |ϕ(x) − ϕ(0)| ≤ max |ϕ′(x)| |x |, by the mean value theorem. It
can be seen that

lim
n→∞

a∫
−a

|x fn(x)|dx = 0

Therefore, we have the desired result.

Example 5.28 Let fn(x) be as in Example 5.27. Then
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f ′
n(x) = − 2

π

n3x

(1 + n2x2)2
→ δ′(x)

in the distributional sense. However, f ′
n(x) → 0 in the sense of classical convergence

(elementary analysis convergence).

Theorem 5.14 (Termwise Differentiation) If F, F1, F2, . . . , Fn . . . are distributions
such that Fn → F as n → ∞, then F ′

n → F ′. In fact, this result is true for any
multi-index α; that is

Dα Fn → Dα F

Proof 〈F ′n, ϕ〉 = −〈Fn, ϕ
′〉 → −〈F, ϕ′〉 = 〈F ′, ϕ′〉. Also 〈Dα Fn, ϕ〉 = (−1)|α|

〈Fn, Dαϕ〉 → (−1)|α|〈F, Dαϕ〉 = 〈Dα F, ϕ〉 for every test function.
It may be noted that for termwise differentiation in the classical case the sequence

{Fn} must converge uniformly and the differentiated sequence also must converge
uniformly. It may be observed that in view of Theorem 5.14 a series of distributions
can be differentiated term-by-termwithout imposing uniform convergence condition.

The Integral of a Distribution

Definition 5.16 (Integral or Antiderivative of a Distribution) If F is a distribution.
Then a distribution G is called an integral or antiderivative of F provided G ′ = F
(first distributional derivative of G is equal to F).

Theorem 5.15 (Existence of Integral of a Distribution) Every distribution F ∈
D�(R) has an integral.

Proof Let ϕ0 ∈ D(R) be a fixed test function such that

∞∫
−∞

ϕ0(x)dx = 1

Then, for every test function ϕ ∈ D(R), there exists a test function ϕ1 ∈ D(R) such
that

ϕ = Kϕ0 + ϕ1

where K =
∞∫

−∞
ϕ(x)dx and

∞∫
−∞

ϕ1(x)dx Let F ∈ D�(R). Define a functional G on

D(R) by

〈G, ϕ〉 = 〈G, Kϕ0 + ϕ1〉 = K C0 − 〈F, ψ〉

where C0 is a constant and ψ is the test function defined by
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ψ(x) =
x∫

−∞
ϕ1(t)dt

Thus G is a distribution and G ′ = F .

Theorem 5.16 If distributional derivative of distribution F is zero then it must be
constant. As a consequence any two integrals of a distribution differ by a constant
function.

Proof Let ϕ ∈ D(R). Using the notation of the proof of Theorem 5.15, we get

〈F, ϕ〉 = 〈F, Kϕ0 + ϕ1〉 = 〈F, Kϕ0〉 + 〈F, ϕ1〉

= 〈F, ϕ0〉
∞∫

−∞
ϕ(x)dx

Since 〈F, ϕ1〉 = −〈F, ψ〉 = 0. Thus, F is a regular distribution generated by the
constant function C = 〈F, ϕ0〉. Let G1 and G2 be two integrals of a distribution F .
Then G ′

1 = F, G2 = F . This implies that G ′
1 − G ′

2 = 0 or (G1 − G2)
′ = 0. By

the first part, G1 − G2 is a constant function. Every f ∈ C∞(Ω) having classical
derivative has also distributional derivative.

Before the conclusion of this section,wemake certain useful observations required
in the next subsection.

Remark 5.4 (i) If f ∈ Cm(Ω), then all the classical partial derivatives of f to order
m are also generalized derivatives (distributional derivatives).

(ii) Let f be locally integrable such that f ∈ L1(K ) for any compact subset K of
Ω . Then

F(ϕ) =
∫
Ω

f (x)ϕ(x)dx, ϕ ∈ D(Ω)

defines a distribution on Ω denoted by Ff . If f = g a.e. then Ff = Fg

(iii) S(Rn) = T = { f ∈ C∞; ∀ α, β ∈ N n, xα D f → 0 as |x | → ∞} is the space
of functions of C∞ of rapid decay at infinity. This is not a normed space but a
complete metric space with respect to the metric

d( f, g) =
∑

α, β∈N n

aαβ

dαβ( f − g)

1 + dαβ( f − g)
, f, g ∈ S

where dαβ( f ) = sup
x∈Rn

|xα D f (x)| and aαβ are chosen such that

∑
α,β

aα, β = 1.
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It can be proved that S is dense in L p for all p with 1 ≤ p < ∞ but S is not
dense in L∞. S is also a vector space. For F ∈ S, the Fourier transform of F is
defined as

F̂(y) = F f (y) =
∫
Rn

e−i xy f (x)dx, y ∈ Rn.

Space of tempered distributions is the vector space of all continuous linear functionals
defined on S introduced above, denoted by S′. Each element of S′ is a distribution
and is called a tempered distribution. An interesting characterization of tempered
distribution can be found in [{DaLi 90}, p.508, see H s(Rn)]. The elements of
L p, 1 ≤ p ≤ ∞ can be identified with tempered distributions (and in particular
S ⊂ S′).

It may be observed that an arbitrary distribution F will not have a Fourier trans-
form, at least as a distribution. However, we can define a Fourier transform denoted
by F̂ for each tempered distribution T ∈ S′ as 〈T̂ , ϕ〉 = 〈T, ϕ̂〉 for all ϕ ∈ S.

For detailed discussion on Fourier transform of tempered distribution, see
{DaLi90}.

5.4.2 Sobolev Space

H m(Ω) = { f ∈ L2(Ω)|Dα f ∈ L2(Ω), |α| ≤ m}, m being any positive integer, is
called the Sobolev space of order m. H m(Ω) is a Hilbert space with respect to the
inner product

〈 f, g〉H m (Ω) =
∑

|α|≤m

〈Dα f, Dαg〉L2(Ω)

For m = 1, Ω = (a, b), Dα f = d f

dx

〈 f, g〉H 1(a,b) = 〈 f, g〉L2(a,b) +
〈

d f

dx
,

dg

dx

〉
L2(a,b)

=
b∫

a

f (x)g(x)dx +
b∫

a

d f

dx

dg

dx
dx

It can be checked that H 1(a, b) is a Hilbert space.
For m = 2, Ω = Sr = {(x, y)/x2 + y2 ≤ r} = circle with origin as the center;

or Ω = {(x, y)/a < x < b, c < y < d} = a rectangle with sides of length b − a
and d − c
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〈 f, g〉H 2(Ω) =
∑
|α|≤2

〈Dα f, Dαg〉L2(Ω)

where

α = (0, 0), (0, 1), (1, 0), (1, 1), (0, 2), (2, 0)

|α| = α1 + α2 ≤ 2,
∑
|α|≤2

〈Dα f, Dαg〉 = 〈D(0,0) f, D(0,0)g〉L2(Ω)

+ 〈D(0,1) f, D(0,1)g〉L2(Ω) + D(1,0) f, D(1,0)g〉L2(Ω)

+ 〈D(1,1) f, D(1,1)g〉L2(Ω) + D(2,0) f, D(2,0)g〉L2(Ω)

+ 〈D(0,2) f, D(0,2)g〉L2(Ω) = 〈 f, g〉L2(Ω) +
〈

∂ f

∂x1
,

∂g

∂x1

〉
L2(Ω)

+
〈

∂ f

∂x2
,

∂g

∂x2

〉
L2(Ω)

+
〈

∂2

∂x1∂x2
,

∂2

∂x1∂x2

〉
L2(Ω)

+
〈
∂2 f

∂x2
1

,
∂2g

∂x2
1

〉
L2(Ω)

+
〈
∂2 f

∂x2
1

,
∂2g

∂x2
2

〉
L2(Ω)

=
b∫

a

d∫
c

f g dx1dx2 +
b∫

a

d∫
c

∂ f

∂x1

∂g

∂x1
dx1dx2

+
b∫

a

b∫
a

∂2 f

∂x2
2

∂2g

∂x2
2

dx1dx2 +
b∫

a

d∫
c

∂2 f

∂x1∂x2

∂2g

∂x1∂x2
dx1dx2

H m(Γ ) = { f ∈ L2(Γ )/Dα f ∈ L2(Γ ), |α| ≤ m}
where Γ = ∂Ω denotes the boundary of Ω . For L2(Γ ), see Appendix A.4.
H m(Γ ) is a Hilbert space with respect to

〈 f, g〉H m (Γ ) =
∑

|α|≤m

〈Dα f, Dαg〉L2(Γ )

〈 f, g〉H 1(Γ ) =
∫
Γ

f gdx +
∫
Γ

d f

dx

dg

dx
dx

〈 f, g〉H 2(Γ ) =
∑

|α|≤m

〈Dα f, Dαg〉L2(Γ )

=
∫
Γ

f g dΓ +
∫
Γ

∂ f

∂x1

∂g

∂x2
dΓ

+
∫
Γ

∂ f

∂x2

∂g

∂x2
dΓ +

∫
Γ

∂2 f

∂x2
1

∂2g

∂x2
1

dΓ

+
∫
Γ

∂2 f

∂x2
1

∂2g

∂x2
1

dΓ.
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The restriction of a function f ∈ H m(Ω) to the boundary Γ is the trace of f and is
denoted by Γ f ; that is, Γ f = f (Γ ) = value of f at Γ .

H m
0 (Ω) = { f ∈ H m(Ω)/Γ f = 0} = closure of D(Ω) in H m(Ω)

H m(Rn) = H m
0 (Rn), m ≥ 0.

The dual space of H m
0 (Ω), that is, the space of all bounded linear functionals on

H m
0 (Ω) is denoted by H−m(Ω).

f ∈ H−m(Ω) if and only if

f =
∑

|α|≤m

Dαg f or some g ∈ L2(Ω)

Sobolev Space with a Real Index: H s(Rn)

A distribution is a tempered distribution if and only if it is the derivative of a con-
tinuous function with slow growth in the usual sense, that is, a function which is the
product of P(x) = (1 + |x |2)k/2, k ∈ N by a bounded continuous function on Rn .
For s ∈ R, H s(Rn) is the space of tempered distributions F , such that

(1 + |y|2)s/2 F̂ ∈ L2(Rn), y ∈ Rn

where F̂ is the Fourier transform of F . H s(Rn) equipped with the inner product

〈F, G〉s =
∫
Rn

(1 + |y|2)s/2 F̂(y)Ĝ(y)dξ

(
with associated norm||F ||s =

(∫
Rn

(1 + |y|2)s |F̂(y)|2dy

)1/2
)

is a Hilbert space

(for proof see Solved Problem 5.7).
If s1 ≥ s2, then H s1(Rn) ⊂ H s2(Rn) and the injection is continuous (Solved

Problem 5.7). For s = m ∈ N , the space H s(Rn) coincides with H m(Rn) introduced
earlier. It is interesting to note that every distribution with compact support in Rn is
in H s(Rn) for a certain s ∈ R. For more details, see Dautray and Lions {DaLi 90}.
Theorem 5.17 (Green’s Formula for Integration by Parts)

(i)
∫
Ω

vΔudx + ∫
Ω

grad u.grad vdx = ∫
Γ

∂u
∂n dΓ

(ii)
∫
Ω

(uΔv − vΔu)dx = ∫
Γ

(u ∂v
∂n − v ∂u

∂n )dΓ

It is clear that (i) is a generalization of the integration by parts formula stated below
(for n = 1, Ω = [a, b])
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b∫
a

u′′(x)v(x)dx = u′(b)v(b) − u′(a)v(a) −
b∫

a

u′(x)v′(x)dx

Theorem 5.18 (The Friedrichs Inequality) Let Ω be a bounded domain of Rn with
a Lipschitz boundary. Then there exists a constant k1 > 0, depending on the given
domain, such that for every f ∈ H1(Ω)

|| f ||2H 1(Ω) ≤ k1

⎧⎨
⎩

n∑
j=1

∫
Ω

(
∂ f

∂x j

)2

dx +
∫
Γ

f 2dΓ

⎫⎬
⎭ (5.24)

Theorem 5.19 (The Poincaré Inequality) Let Ω be a bounded domain of Rn with a
Lipschitz boundary. Then there exists a constant, say k2, depending on Ω such that
for every f ∈ H 1(Ω)

|| f ||2H 1(Ω) ≤ k2

⎧⎨
⎩
∫
Ω

n∑
j=1

∣∣∣∣ ∂ f

∂x j

∣∣∣∣ dx +
⎛
⎝∫

Ω

f dx

⎞
⎠

2⎫⎬
⎭

The above two inequalities hold for elements of L2(Ω).
For f ∈ H 1(Ω) such that

∫
Ω

f (x)dx = 0

|| f ||2L2(Ω) ≤ k1

n∑
j=1

∣∣∣∣
∣∣∣∣ ∂ f

∂x j

∣∣∣∣
∣∣∣∣
2

L2(Ω)

, k1 > 0 constant depending on Ω.

Definition 5.17 (Sobolev Space of Distributions) Let H m(Ω) denote the space of
all distributions F such that Dα F ∈ L2(Ω) for all α, |α| ≤ m equipped with the
norm

||F ||m =
⎛
⎝∑

|α|≤m

||Dα F ||2L2(Ω)

⎞
⎠

1/2

(5.25)

Here, the derivatives are taken in the sense of distributions and the precisemeaning of
the statement Dα F ∈ L2(Ω) is that there is a distribution Ff constructed in Remark
5.4.2 with f ∈ L2(Ω) such that Dα F = Ff . Hence

||Dα F ||L2(Ω) = sup
|〈F, Dαϕ〉L2(Ω)|

||ϕ|| (5.26)

Theorem 5.20 H m(Ω) is a Hilbert space with respect to the inner product
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〈F, G〉 =
∑

|α|≤m

〈Dα F, DαG〉L2(Ω) (5.27)

More generally, if H m,p(Ω) or W m,p(Ω) denotes the space of all functions f ∈
L p(Ω) such that Dα f ∈ L p, 1 ≤ p < ∞, |α| ≤ m, then this space is a Banach
space. W m,p(Ω) is usually called Sobolev space with index p or generalized Sobolev
space.

Proof It is easy to check conditions of inner product. We prove completeness of
H m(Ω). Let {Fk} be aCauchy sequence in H m(Ω). Then for any |α| ≤ m, {Dα Fk} is
a Cauchy sequence in L2(Ω) and since L2(Ω) is complete, there exists Fα ∈ L2(Ω)

such that

lim
k→∞

∫
Ω

|Dα Fk − Fα(x)|2dx = 0

Now, since Dα Fk is locally integrable, we may compute

FDα Fk (ϕ) =
∫
Ω

Dα Fk(x)ϕ(x)dx = (−1)|α|
∫

Ω

Fk(x)Dαϕ(x)dx

= (−1)|α|〈Fk(x), Dαϕ(x)〉L2(Ω), ϕ ∈ D(Ω)

Also,

Dα FF0 = (−1)|α|〈F0, Dαϕ(x)〉L2(Ω)

Thus

||FDα Fk − Dα FF0 || = sup
ϕ

|〈Fk − F0, Dαϕ〉L2(Ω)|
||ϕ||L2(Ω)

and

FDα Fk → Dα FF0 as k → ∞.

We also have

||FDα Fk − FFα || = sup
ϕ

|〈Fk − F0, Dαϕ〉L2(Ω)|
||ϕ||L2(Ω)

→ 0 as k → ∞

so that Dα FF0 = FF ; α ≤ m and the distributional derivative of F0 is the distribution
associated with Fα . Hence, H m(Ω) is complete.

Let for 1 ≤ p < ∞
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|| f ||p =
⎛
⎝∫

Ω

| f (x)|pdx

⎞
⎠

1/p

(5.28)

and

|| f ||m,p =
⎛
⎝ ∑

0≤|α|≤m

∫
Ω

|Dα f (x)|p

⎞
⎠

1/p

(5.29)

D f (x) = d f

dx
, D0 f = f (5.30)

〈 f, g〉L2(Ω) =
∫
Ω

f g dx (5.31)

〈 f, g〉m,2 =
⎛
⎝ ∑

0≤|α|≤m

∫
Ω

Dα f Dαg dx

⎞
⎠ (5.32)

Note that

|| f ||m,p =
⎛
⎝ ∑

0≤|α|≤m

||Dα f ||p
p

⎞
⎠

1/p

(5.33)

〈 f, g〉m,2 =
∑

0≤|α|≤m

〈Dα f, Dαg〉L2(Ω) (5.34)

For m = 0, we obtain that || f ||o,p = || f ||p and 〈 f, g〉0,2 = 〈 f, g〉L2(Ω). Conditions
of norm for || f ||m can be easily checked usingMinkowski’s inequality. Completeness
of H m,p(Ω) can be proved on the lines of the proof of Theorem 5.20.

Definition 5.18 H m,p
0 (Ω) denotes the closure of C∞

0 (Ω) in H m,p(Ω).
Equivalently f ∈ H m,p(Ω) belongs to H m,p

0 (Ω) if and only if there exists a
sequence { fn} in C∞

0 (Ω) with || fn − f || → 0 as n → ∞.

Theorem 5.21 H m,p
0 (Ω) is a Banach space, 1 ≤ p < ∞, with norm ||·||m,p defined

by Eq. (5.33) and H m,2
0 (Ω) is a Hilbert space with the scalar product 〈·, ·〉 given by

Eq. (5.34).

5.4.3 The Sobolev Embedding Theorems

Definition 5.19 (Embedding Operator) Let X and Y be Banach spaces with X ⊆ Y .
The embedding operator j : X → Y is defined by j (x) = x for all x ∈ X . The
embedding X ⊆ Y is called continuous if and only if j is continuous, that is
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||x ||Y ≤ k||x ||X ∀ x ∈ X and k is a constant

The embedding X ⊆ Y is called compact if and only if j is compact, that is, it
is continuous and each bounded sequence {xn} in X contains a sub-sequence {xnk }
which is convergent in Y .

One may consider an embedding as an injective linear operator j : X → Y . Since
j is injective, we can identify u with j (u). In this sense, we write X ⊆ Y . Let

|| f ||1,2 =
⎛
⎝∫

Ω

f 2dx +
n∑

i=1

(
∂ f

∂xi

)2
⎞
⎠

1/2

(5.35)

|| f ||1,2,0 =
⎛
⎝∫

Ω

n∑
i=1

(
∂ f

∂xi

)2

dx

⎞
⎠

1/2

(5.36)

Theorem 5.22 Let Ω be a bounded region in Rn with n ≥ 1. Then

(a) The norms || f ||1,2 and || f ||1,2,0 are equivalent on H 1,2
0 (Ω).

(b) The embedding H 1,2(Ω) usually denoted by H(Ω) ⊆ L2(Ω) is compact.
(c) The embeddings

L2(Ω) ⊇ H 1,2
0 (Ω) ⊇ H 2,2

0 (Ω) ⊇ H 3,2
0 (Ω) ⊇ . . .

are compact.

Theorem 5.23 Let Ω be a bounded region in Rn, n ≥ 1 and have sufficiently
smooth boundary, that is, ∂Ω ∈ C0,1 (If n = 1, then Ω is a bounded open interval).
Then

(a) (Density). C∞(Ω) is dense in H 1,2(Ω).
(b) (Compact Embedding). The embedding H 1,2(Ω) ⊆ L2(Ω) is compact.
(c) (Equivalent Norms). Each of the following norms

|| f ||�1,2 =
⎛
⎝∫

Ω

n∑
i=1

(
∂ f

∂xi

)2

dx +
∣∣∣∣∣∣
∫
Ω

f dx

∣∣∣∣∣∣
2⎞
⎠

1/2

(5.37)

|| f ||��1,2 =
⎛
⎝∫

Ω

n∑
i=1

(
∂ f

∂xi

)2

dx +
∫
Ω

f 2dΩ

⎞
⎠

1/2

(5.38)

(
I n case n = 1, we take

∫
dΩ

f 2dΩ = ( f (a))2 + ( f (b))2
)

is an equivalent nor-

m on H 1,2(Ω), namely
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|| f ||1,2 =
⎛
⎝∫

Ω

| f (x)|2dx +
∫
Ω

∣∣∣∣∂ f

∂x

∣∣∣∣
2

dx

⎞
⎠

1/2

=
(

|| f ||2 +
∣∣∣∣
∣∣∣∣∂ f

∂x

∣∣∣∣
∣∣∣∣
2
)1/2

(d) (Regularity). For m − j > n/2, the embedding

H m,2(Ω) ⊆ C j (Ω)

is continuous, that is, each continuous function f ∈ H m,2(Ω) belongs to C j (Ω)

after changing the value of f on a set of n-dimensional Lebesgue measure zero,
if necessary.

(e) (Generalized boundary function). There exists only one linear continuous oper-
ator A : H1,2(Ω) → L2(∂Ω) with the property that, for each f ∈ C1(Ω), the
function A f : ∂Ω → R is the classical boundary function to u; that is, A f is
the restriction of f : Ω → R to the boundary ∂Ω .
For f ∈ H 1,2(Ω), the function A f ∈ L2(∂Ω) is called the generalized boundary
function of f . The values of A f are uniquely determined on ∂Ω up to changing
the values on a set of surface measure zero. Let f ∈ H 1,2

0 (Ω), then A f = 0 in
L2(Ω); that is

A f (x) = 0 f or almost all x ∈ ∂Ω (5.39)

Corollary 5.2 Let Ω be a bounded region in Rn with n ≥ 1 and ∂Ω ∈ C0,1. Then

(a) C∞(Ω) is dense in H m,2(Ω) for m = 0, 1, 2, . . .
(b) The embeddings

L2(Ω) ⊇ H 1,2(Ω) ⊇ H 2,2(Ω) ⊇ H 3,2(Ω) ⊇ . . .

are compact.
(c) If f ∈ H m,2

0 (Ω) with m ≥ 1, then A(Dα
f ) = 0 in L2(∂Ω) for |∂| ≤ m − 1, that

is, Dα f = 0 on ∂Ω for α : | : | ≤ m − 1, f = 0 on ∂Ω .

We may observe that embedding theorems provide conditions under which Sobolev
spaces are embedded in spaces of continuous functions, Ck(Ω). In one dimension
(n = 1)Ω is a subset of the real line and the functions in H 1(Ω) are continuous.
For Ω ⊂ R2(n = 2, subsets of the plane), one require that a function be in H 2(Ω)

in order to ensure its continuity.

Remark 5.5 (i) Equivalent norms || · ||1,2 and || · ||1,2,0 given, respectively, by
(5.35) and (5.36) on H 1,2

0 (Ω) are applied for solving the first boundary value
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problem for linear second-order elliptic equations. This corresponds to Poincaré
- Friedrichs inequality.

(ii) For solving the second-order (respectively third-order) boundary value prob-
lems, we require the equivalence of the norms || · ||1,2 and || · ||�1,2 (respec-
tively || · ||1,2 and || · ||��2 ) on H 1,2(Ω). This also corresponds to classical in-
equalities obtained by Poincaré and Friedrichs. It may be observed that norms
|| · ||1, || · ||2, || · ||3 and || · ||4 defined below are equivalent.

|| f ||1 =

⎛
⎜⎜⎝

b∫
a

( f ′)2dx +

∣∣∣∣∣∣∣
b∫

a

f dx

∣∣∣∣∣∣∣

2
⎞
⎟⎟⎠
1/2

, || f ||2 =
⎛
⎜⎝

b∫
a

( f ′)2dx + f 2(a) + f 2(b)

⎞
⎟⎠
1/2

|| f ||3 =
⎛
⎜⎝

b∫
a

( f 2 + ( f ′)2)dx

⎞
⎟⎠
1/2

and || f ||4 =
⎛
⎜⎝

b∫
a

(( f ′)2)dx

⎞
⎟⎠
1/2

where f ′ denotes the derivative of f in the classical sense.
(iii) Compactness of certain embeddings is used to prove the equivalence of norms

on Sobolev spaces.
(iv) For solving eigenvalue problems, we require the compactness of the embedding

H 1,2
0 (Ω) ⊆ L2(Ω).

(v) Regularity statement of Theorem 5.23(d) is applied to prove regularity of gen-
eralized solutions. We are required to show that f ∈ H m,2(Ω) for sufficiently
large m; that is, the generalized solution f has generalized derivatives up to
order m. Then, for j < m − n/2, we obtain f ∈ C j (Ω); that is, f has classical
derivatives up to order j . In particular, H m,2(Ω) ⊆ Cm1(Ω), m = 1, 2, 3, . . .,
if Ω ⊂ R. In R2 and R3, we have that

H m,2(Ω) ⊆ Cm−2(Ω), m = 2, 3 . . .

(vi) The boundary operator A is vital for the formulation of boundary conditions in
the generalized sense. For example, let f ∈ H 1.2(Ω) and g ∈ H 1,2(Ω). Then
the boundary condition

f = g on ∂Ω

is to be understood in the sense

A f = Ag in L2(Ω)

that is, A f (x) = Ag(x) for almost all x ∈ ∂Ω . For proofs of the above results,
we refer to Zeidler [201].
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5.5 Integration in Banach Spaces

We discuss here some definitions and properties of spaces comprising functions on a
real interval [0, T ] into a Banach space X . These concepts are of vital importance for
studying parabolic differential equations, modeling problems of plasticity, sandpile
growth, superconductivity, and option pricing.

Definition 5.20 Let (Ω, A, μ) be a finite measure space and X a Banach space.
u : Ω → X is called strongly measurable if there exists a sequence {un} of simple
functions such that ||un(w) − u(w)||X → 0 for almost all w as n → ∞.

Definition 5.21 (Bochner Integral) Let (Ω, A, μ) be a finitemeasure space, and X a
Banach space. Then, we define the Bochner integral of a simple function u : Ω → X
by

∫
E

u dμ =
∞∑

i=1

ciμ(E ∩ Ei )

for any E ∈ A , where ci ’s are fixed scalars.
The Bochner integral of a strongly measurable function u : Ω → X is the strong

limit (if it exists) of the Bochner integral of an approximating sequence {un} of simple
functions. That is,

∫
E

udμ = lim
n→∞

∫
E

undμ.

Remark 5.6 (i) The Bochner integral is independent of the approximating se-
quence.

(ii) If u is strongly measurable, u is Bochner integrable if and only if ||u(·)||X is
integrable.

Definition 5.22 L p(0, T ; X), 1 ≤ p < ∞ consists of all strongly measurable
functions f : [0, T ] → X for which

T∫
0

|| f (t)||p
X dt < ∞.

Theorem 5.24 Cm([0, T ], X) consisting of all continuous functions f : [0, T ] →
X that have continuous derivatives up to order m on [0, T ] is a Banach space with
the norm

|| f || =
∑
k=0

sup
0≤t≤T

|| f k(t)||X (5.40)
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Theorem 5.25 L p(0, T ; X) is a Banach space with the norm

|| f || =
⎛
⎝

T∫
0

|| f (t)||p
X dt

⎞
⎠

1/2

(5.41)

Let X be a Hilbert space, then L2(0, T ; X) is a Hilbert space with respect to the
inner product

〈 f, g〉L2(0,T ;X) =
T∫

0

〈 f, g〉X dt (5.42)

Remark 5.7 (a) In L p(0, T ; X), two functions are identifically equal if they are
equal except on a set of measure zero.

(b) L∞(0, T ; X) denotes the space of all measurable functions which are essentially
bounded. It is a Banach space with the norm

|| f || = ess sup
0≤t≤T

|| f (t)||X

(c) If the embedding X ⊆ Y is continuous, then the embedding

L p(0, T ; X) ⊆ Lq(0, T ; Y ), 1 ≤ q ≤ p ≤ ∞

is also continuous.
(d) Let X � be the dual space of a Banach space X , then (L p(0, T ; X))�, the du-

al of L p(0, T ; X) can be identified with L p(0, T ; X �); that is, we can write
(L p(0, T ; X))� = L p(0, T ; X �).

(e) Proofs of Theorems 5.24 and 5.25 are on the lines of Problems 2.3, 3.4, and 2.22.

Definition 5.23 (Generalized Derivative)Let f ∈ L1(0, T ; X) and g ∈ L1(0, T ; Y )

where X andY areBanach spaces. The function g is called the nth generalized deriva-
tive of the function f on (0, T ) if

∫ T

0
ϕ(n)(t) f (t)dt = (−1)n

T∫
0

ϕ(t)g(t)dt for all ϕ ∈ C∞
0 (0, T ) (5.43)

We write g = f (n).

Remark 5.8 (a) (Uniqueness of generalized derivative). The nth generalized deriva-
tive is unique, that is, if h is another nth generalized derivative, then h = g almost
everywhere on (0, T ); that is, h = g in L1(0, T ; Y ).

(b) (Relationship between generalized derivative and distributions). Let f ∈ L1

(0, T ; X), then a distribution F is associated with f by the relation
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F(ϕ) =
T∫

0

ϕ(t) f (t)dt f or all ϕ ∈ C∞
0 (0, T )

For each n, this distribution has an nth derivative F(n) defined by

〈F (n), ϕ〉 = (−1)n〈F, ϕ(n)〉 f or all ϕ ∈ C∞
0 (0, T ) (5.44)

If (5.43) holds, then F (n) can be represented by

〈F (n), ϕ〉 =
T∫

0

ϕ(t) f (n)(t)dt f or all ϕ ∈ C∞
0 (0, T ) (5.45)

As we know, the advantage of the distribution concept is that each function
f ∈ L1(0, T ; X) possesses derivatives of every order in the distributional sense.

The generalized derivative (Definition 5.23) singles out the cases in which by
(5.44), the nth distributional derivative of f can be represented by a function g ∈
L1(0, T ; Y ). In this case, we set f (n) = g and write briefly f ∈ L1(0, T ; X), f (n) ∈
L1(0, T ; Y ).

Theorem 5.26 (Generalized Derivative and Weak Convergence) Let X and Y be
Banach spaces and let the embedding X ⊆ Y be continuous. Then it follows from

f (n)
k = gk on (0, T ) ∀ k and f i xed n ≥ 1

and fk ⇀ f in L p(0, T ; X) as k −→ ∞, gk ⇀ g in Lq(0, T ; Y ) as k → ∞, 1 ≤
p, q < ∞ that f (n) = g on (0, T ). (See Zeidler [201, 419–420], for proof).

Theorem 5.27 For a Banach space X, let H m,p(0, T ; X) denote the space of all
functions f ∈ L p(0, T ; X) such that f (n) ∈ L p(0, T ; X), where n ≤ m and f (n)

denote the nth generalized derivative of f . Then H m,p(0, T ; X) is a Banach space
with the norm

|| f ||H m,p(0,T ;X) =
(

m∑
i=0

|| f (i)
L p(0,T ;X)||

)1/p

( f (0) = f ) (5.46)

If X is a Hilbert space and p = 2, then H m,2(0, T ; X) is a Hilbert space with the
inner product

〈 f, g〉H m,2(0,T ;X) =
T∫

0

m∑
i=0

〈 f i , gi 〉X dt (5.47)

Remark 5.9 (a) The Proof of Theorem 5.27 is similar to that of Theorem 5.20.
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(b) For x < y

|| f (y) − f (x)||X ≤
y∫

x

|| f ′(t)||X dt (5.48)

holds
(c) The embedding H 1,2(0, T ; X) ⊂ C([0, T ], H), where H is a Hilbert space, is

continuous, that is, there exists a constant k > 0 such that

|| f ||C([0,T ],H) ≤ k|| f ||H 1,2(0,T ;H)

Example 5.29 Let X = Y, f ∈ Cn([0, T ], Y ), n ≥ 1. Then the continuous nth
derivative f (n) : [0, T ] → Y is also the generalized nth derivative of f on (0, T). For
f ∈ C1([0, T ]; Y ) and ϕ ∈ C∞

0 (0, T ), (ϕ f )′ = ϕ′ f + ϕ f ′. We obtain the classical
integration by parts formula

T∫
0

ϕ′ f dt = −
T∫

0

ϕ f ′dt

Repeated applications of this formula give

T∫
0

ϕn(t) f (t)dt = (−1)n

T∫
0

ϕ(t) f n(t)dt

For more details we refer to [1, 61, 62, 88, 181, 201], [A 71, Hr 80].

5.6 Problems

5.6.1 Solved Problems

Problem 5.1 If the gradient∇F(x) of a function F : X → R exists and ||∇F(x)|| ≤
M for all x ∈ K , where K is a convex subset of X, then show that

|F(u) − F(v)| ≤ M ||v − u||

Solution 5.1 By Theorem 5.2, we have

|F(u) − F(v)| = |F ′(u + λ(v − u))(v − u)|
= |〈∇F(u + λ(v − u)), (v − u)ł〉|
≤ ||∇F(u + λ(v − u))|| ||v − u||
≤ M ||v − u||
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as ||∇F(u)|| ≤ M for all u ∈ K [Since K is convex; for all u, v ∈ K , (1− λ)u + λ

v ∈ K ].

Problem 5.2 Let f : R3 → R possess continuous second partial derivatives with
respect to all three variables, and let F : C1[a, b] → R be defined by

F(x) =
b∫

a

f (x(t), x ′(t), t)dt

Show that the Fréchet derivative of F, d F(x)h, is given by

d F(x)h =
b∫

a

[
∂ f

∂x
− d

dt

(
∂ f

∂x ′

)]
h dt +

[
∂ f

∂x ′ h
]b

a

Solution 5.2

F(x + h) − F(x) =
b∫

a

f (x(t) + h(t), x ′(t) + h(t), t)

− f (x(t), x ′(t), t)dt

=
b∫

a

((
∂ f

∂x
(x(t), x ′(t), t)

)
h(t)

+
(

∂ f

∂x ′ (x(t), x ′(t), t)

)
h(t)dt + r(h, h) (5.49)

where r(h, h) = 0(||h||C[a,b]), i.e.

r(h, h)

||h||C[a,b]
→ 0 as ||h||C[a,b] → 0

Hence

d F(x)h =
b∫

a

[
∂ f

∂x
(x(t), x ′(t), t)h(t) + ∂ f

∂x ′ (x(t), x ′(t), t)h(t)

]
dt

=
b∫

a

[
∂ f

∂x
− d

dx

∂ f

∂x ′

]
hdt +

[
∂ f

∂x ′ h
]b

a

after integration by part.
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Problem 5.3 Let a(·, ·) : X × X → R be a bounded symmetric bilinear form on a
Hilbert space X and J a functional on X, often called “energy functional”, defined
by

J (u) = 1

2
a(u, u) − F(u), where F ∈ X �

Find the Fréchet derivative of J.

Solution 5.3 For an arbitrary φ ∈ X

J (u + φ) = 1

2
a(u + φ, u + φ) − F(u + φ)

= 1

2
a(u, u) + 1

2
a(φ, u) + 1

2
a(u, φ) + 1

2
a(φ, φ)

−F(u) − F(φ)

by the bilinearity of a(·, ·). Using the symmetry of a(·, ·), [a(u, φ) = a(φ, u)], we
get

J (u + φ) =
{
1

2
a(u, u) − F(u)

}
+
{
1

2
a(u, φ) − F(φ)

}
+ 1

2
a(φ, φ)

= J (u) + {a(u, φ)F(φ)} + 1

2
a(φ, φ)

or

|[J (u + φ) − J (u) − {a(u, φ) − F(φ)}]|
||φ||X

= 1

2

|a(φ, φ)|
||φ||X

≤ 1

2

M ||φ||X ||φ||X

||φ||X
as a(·, ·) is bounded.

This implies that

lim||φ||X →0

|[J (u + φ) − J (u) − {a(u, φ) − F(φ)}]|
||φ||X

= 1

2

|a(φ, φ)|
||φ||X

= 0

or

d J (u)φ = a(u, φ) − F(φ).

Since J defined in this problem is Fréchet differentiable, it is also Gâteaux differ-
entiable and D J (u)φ = d J (u)φ. The derivative of this function is often used in
optimal control problems and variational inequalities.

Problem 5.4 Prove that a linear operator T from a Banach space X into a Banach
space Y is Fréchet differentiable if and only if T is bounded.
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Solution 5.4 LetTbe a linear operator andFréchet differentiable at a point. ThenT is
continuous (and hence bounded) by Theorem5.4. Conversely, if T is a bounded linear
operator, then ||T (x + t) − T x − T t || = 0, proving that T is Fréchet differentiable
and T ′ = T .

Problem 5.5 Prove that for f ∈ C∞
0 (Ω), Ω ⊂ R2, there is a constant K depending

on Ω such that

K
∫
Ω

f 2dx ≤
∫
Ω

[(
∂ f

∂x1

)2

+
(

∂ f

∂x2

)2
]

dx .

Solution 5.5 Let f ∈ C∞
0 (Ω). Consider a rectangle Q = [a, b] × [c, d] as in

Fig. 5.2 with Ω ⊂ I nt Q. Note that f vanishes outside Ω . Then

f (x, y) =
y∫

c

∂

∂y
f (x, t)dt f or all (x, y) ∈ Q.

By Hölder’s inequality, we get

| f (x, y)|2 ≤
⎛
⎝

y∫
c

dt

⎞
⎠
⎛
⎝

y∫
c

(
∂ f

∂y

)2

dt

⎞
⎠ ≤ (d − c)

d∫
c

(
∂ f

∂y
(x, t)

)2

dx .

Integrating over Q, we get

∫
Q

f 2dx ≤ (d − c)2
∫
Q

(
∂ f

∂y

)2

dx

Problem 5.6 Let Q be a closed square in R2, with side length 1, then show that

∫
Q

f 2dx ≤
∫
Q

2∑
i=1

(
∂u

∂x1

)2

dx +
∣∣∣∣∣∣
∫
K

f dx

∣∣∣∣∣∣
2

f or all f ∈ C1(K ).

Solution 5.6 We consider the square

Q = {(ξ, η) ∈ R2 : −1/2 ≤ ξ, η ≤ 2}.

Let f ∈ C1(Q), and let x = (ξ, η) and y = (α, β). Then
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Fig. 5.2 Geometrical
explanation in Problem 5.5 y

c
Q

d

ba
x

f (x) − f (y) =
ξ∫

a

fξ (t, β)dt +
η∫

β

fη(η, t)dt.

By the inequality (a + b)2 ≤ 2(a2 + b2) and by the Hölder inequality

( f (x) − f (y))2 = f (x)2 + f (y)2 − 2 f (x) f (y)

≤ 2

1/2∫
−1/2

[( fξ (t, β))2 + ( fη(ξ, t))2]dt.

Integration over Q with respect to (x, y) yields

2
∫
Ω

f 2dx ≤ 2
∫
Ω

( f 2ξ + f 2η )dx + 2

⎛
⎝∫

Ω

f dx

⎞
⎠

2

.

This is the desired result. Here, fξ = ∂ f
∂ξ

; C0(Ω) is equal to the space of continuous

functions onΩ into R; Ck(Ω) is equal to the space of all functions defined onΩ into
R with compact support whose derivatives up to kth order exist and are continuous;
and C∞

0 (Ω) = ⋂Ω
k=0 Ck(Ω) is equal to space of all functions defined on Ω into R

having derivatives of all orders.

Problem 5.7 For each real numbers s, the space H s(Rn) has the following proper-
ties:
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(i) H s(Rn) is a Hilbert space.
(ii) If s1 ≥ s2 then H s1(Rn) ⊂ H s2(Rn) and the injection is continuous.

Solution 5.7 (i) We verify the completeness of H s(Rn) as checking of inner prod-
uct conditions are straightforward. Let {Fj } be a Cauchy sequence in H s(Rn),
then {(1+ |y|2)1/2s F̂ j} is a Cauchy sequence in L2(Rn) which is complete and
so {(1+ |y|2)1/2s F̂ j} → G in L2(Rn). Hence, G is a tempered distribution and
since (1+|y|2)−1/2s G is of slow growth (1+|y|2)−1/2s G is a tempered distribu-
tion. Thus, there exists a tempered distribution F such that (1+|y|2)−1/2s G = F̂ .
Then F(1+|y|2)1/2s F̂ ∈ L2(Rn); that is, F ∈ H s(Rn) and Fj → F in H s(Rn).

(ii) This follows from the fact that (1 + |y|2)s2 ≤ (1 + |y|2)s1 if s1 ≥ s2.

5.6.2 Unsolved Problems

Problem 5.8 Let F : C[0, 1] → R defined by

F( f ) =
1∫

0

(t f (t) + ( f (t)2)dt

Then find the Gâteaux derivative of F .

Problem 5.9 Let F : �22 → R be defined by

F(x) = x2
1 + x1x2

2 , where x = (x1, x2)

Find the Fréchet derivative of F .

Problem 5.10 Let T : R → �∞ be defined by

T (t) =
(
1, t,

t2

2! , . . . ,
tn

n! , . . .
)

Find the Fréchet derivative of T.

Problem 5.11 Let H1 and H2 be twoHilbert spaces andT ∈ B(H1, H2). For y ∈ H2,
let F : H1 → R be defined by

F(x) = ||T x − y||2/2

Prove that

∇F(x) = T �T x − T �y
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Problem 5.12 (a) Let f1, f2 : Rn → R be Lipschitz near x , then show that ∂( f1 +
f2)(x) ⊂ ∂ f1(x) + ∂ f2(x).

(b) If f1 is Lipschitz near x and f2 is continuously differentiable on a neighborhood
of x , then show that

∂( f1 + f2)(x) = ∂ f1(x) + ∇ f2(x).

Problem 5.13 Let f : Rn → R be Lipschitz on an open set containing the line
segment [x, y]. Then show that there is a point u ∈ (x, y) such that f (y) − f (x) ∈
〈∂ f (u), y − x〉.
Problem 5.14 Let F : X → R be a functional. If F has a subgradient at x , then
show that F is weakly lower semicontinuous at x . If F has a subgradient at all x
in some open convex set K ⊂ X , then show that F is convex and weakly lower
semicontinuous in K.

Problem 5.15 Let F : X → R be a convex functional on an open convex set K of
X . Then prove that at every x ∈ K , there exists at least one subgradient.

Problem 5.16 (a) Justify that

ϕ(x) =
{

e(x2−1)−1
, i f |x | < 1

0, otherwise

is a test function. Is the function

ψ(x) =
{

(x2
1 + · · · + x2

n − 1)−1

0.

a test function on Rn?
(b) Show that ϕ(αx + βx), f (x)ϕ(x), and ϕ(k)(x); where α and β are constants, ϕ

is as in (a), f (x) is an arbitrary smooth function and k is a positive integer, are
test functions.

(c) Let ϕ1, ϕ2, . . . , ϕn be test functions on R. Then

ϕ(x) = ϕ(x1)ϕ(x2), . . . , ϕn(xn)

is a test function on Rn .

Problem 5.17 Show that || f (t) − f (s)||X ≤
t∫

s
|| f ′(u)||X du, where X is a Banach

space.

Problem 5.18 Define the concept of convolution for distributions and give exam-
ples.

Problem 5.19 Show that Dαδ(λt − μ)(ϕ) = 1
|λ|λα Dαδ

(
t − μ

λ

)
, where δ(·) denotes

the Dirac delta function.
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Problem 5.20 Show that the sequence of regular distribution {sinnt} converges to
the zero distribution.

Problem 5.21 Let H 1(Ω), Ω ⊆ R2 denote the set of all f ∈ L2(Ω) such that first
partial derivative ∂ f

∂xi
∈ L2(Ω), i = 1, 2. Then show that H 1(Ω) is a Hilbert space

with respect to the inner product 〈 f, g〉1 = ∫
Ω

( f g + ∇ f · ∇g)dx where

∇ f · ∇g =
2∑

i=1

∂g

∂xi

∂ f

∂xi
.

Show further that
∫
Ω

f ∇2ϕdΩ = −
∫
Ω

∇ f · ∇ϕdΩ

Problem 5.22 (Rellich’s Lemma) IfΩ is a bounded region in Rn, n ≥ 1, then prove
that embedding H 1,2

0 (Ω) ⊆ L2(Ω) is compact.

Problem 5.23 Prove Green’s formula, namely, the equation

∫
Ω

vΔudx +
∫
Ω

〈grad u, grad v〉dx =
∫

dΩ

v/Γ
∂u

∂v
dΩ

Problem 5.24 Show that the embedding L∞(0, T ; X) ⊆ L p(0, T ; X) is continuous
for all 1 ≤ p ≤ ∞.

Problem 5.25 Let f : R → R be defined by

f (u) =
{ |u|p−2u, i f u �= 0

0, i f u = 0

Show that

(a) if p > 1, then f is strictly monotone,
(b) if p = 2, then f is strongly monotone.

Problem 5.26 Show that for u ∈ L2(0, T ; H) and ∂u
∂t ∈ L2(0, T ; H �)

d

dt
〈u, v〉 =

〈
∂u

∂t
, v

〉
.



Chapter 6
Optimization Problems

Abstract Notion of optimization of a functional defined on a normed space by
Banach space and Hilbert space is discussed in this chapter. All classical results con-
cerning functions defined onRn are obtained as special cases.Well-known algorithms
for optimization are presented.

Keywords Optimization in Hilbert space · Convex programming · Quadratic
programming · Linear programming · Calculus of variation · Minimization of
energy functional · Newton algorithm · Conjugate gradient methods

6.1 Introduction

Finding maximum and minimum (extremum) of a real-valued function defined on a
subset of real line is an optimization problem. It is an important topic of calculus.
There is a close connection between this problem and derivative of the associated
function. Celebratedmathematician Pierre de Fermat has obtained a simple result that
if extremum of real-valued function exists at a point, then its derivative at that point
is zero. In eighties, several books appeared devoted to optimization problem in the
setting of vector spaces involving functionals particularly in the setting of Rn, Hilbert
spaces, C[a, b] etc. Applications of optimization problems to diverse fields have been
studied. We discuss in this chapter main results of this theme. Current developments
concerning algorithmic optimization and related software may be seen in [46, 52,
71, 87, 99, 109, 115, 124, 137, 150, 151].

6.2 General Results on Optimization

Definition 6.1 Let U be a normed space and f a real-valued function defined on a
nonempty closed convex subset K of X . The general optimization problem denoted
by (P) is finding an element u ∈ K such that f (u) ≤ f (v) for all v ∈ K . If such an
element u exists, we write
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f (u) = inf
v∈K

f (v)

If right-hand side exists, we say that f attains minimum at u. If K �= U , this problem
is referred to as the constrained optimization problem, while the case K = U is
called the unconstrained optimization problem.

Definition 6.2 Suppose A is a subset of a normed space X and f a real-valued
function on A. f is called to have a local or relative minimum (maximum) at a point
x0 ∈ A if there is an open sphere Sr(x0) of U such that f (x0) ≤ f (x) (f (x) ≤ f (x0))
holds for all x ∈ Sr(x0) ∩ A. If f has either a relative minimum or relative maximum
at x0, then f is called to have a relative extremum. The set A on which an extremum
problem is defined is often called the admissible set.

Theorem 6.1 Suppose f : U → R is a Gâteaux differentiable functional at x0 ∈ U
and f has a local extremum at x0, then Df (x0)t = 0 for all t ∈ U.

Proof For every t ∈ U , the function f (x0 + αt) (of the real variable) has a local
extremum at α = 0. Since it is differentiable at 0, it follows from classical calculus
that

[
d

dα
f (x0 + αt)

]
α=0

= 0

This implies that Df (x0)t = 0 for all t ∈ U , that is, the proof of the theorem.

Remark 6.1 (i) Theorem 6.1 implies that if a functional f : X → R is Fréchet
differentiable at x0 ∈ X and has a relative extremum at x0, then dT (x0) = 0.

(ii) Suppose f is a real-valued functional on a normed space U and x0 a solution of
(P) on a convex set K . If f is a Gâteaux differentiable at x0, then

Df (x0)(x − x0) ≥ 0∀ x ∈ K

Verification Since K is a convex set, x0 + α(x − x0) ∈ K for all α ∈ (0, 1) and
x ∈ K . Hence

Df (x0)(x − x0) =
[

d

dα
f (x0 + α(x − x0))

]
α=0

≥ 0

Theorem 6.2 Suppose K is a convex subset of a normed space U.

i. If J : K → R is a convex function, then existence of a local minima of J implies
existence of solution of problem (P).

ii. Let J : O ⊂ U → R is a convex function defined over an open subset of X
containing K and let J be Fréchet differentiable at a point u ∈ K. Then, J has a
minimum at u (u is a solution of (P) on K) if and only if

J ′(u)(v − u) ≥ 0 for every v ∈ K (6.1)
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If K is open, then (6.1) is equivalent to

J ′(u) = 0 (6.2)

Equation (6.2) is known as the Euler’s equation.

Proof 1. Let v = u + w be any element of K . By the convexity of J

J (u + αw) ≤ (1 − α)J (u) + αJ (v), 0 ≤ α ≤ 1

which can also be written as

J (u + αw) − J (u) ≤ α(J (v) − J (u)), 0 ≤ α ≤ 1.

As J has a local minimum at u, there exists α0 such that α0 > 0 and 0 ≤
J (u + α0w) − J (u), implying J (v) ≥ J (u).

2. The necessity of (6.1) holds even without convexity assumption on J by Remark
6.1(ii). For the converse, let

J (v) − J (u) ≥ J ′(u)(v − u) for every v ∈ K .

Since J is convex

J ((1 − α)u + αv) ≤ (1 − α)J (u) + αJ (v) for all α ∈ [0, 1]

or

J (v) − J (u) ≥ J (u + α(v − u))

α

or

J (v) − J (u) ≥ lim
α→0

J (u + α(v − u))

α
= J ′(u)(v − u) ≥ 0.

This proves that for J ′(u)(v − u) ≥ 0, J has a minimum at u.
A functional J defined on a normed spaceU is called coercive if lim||x||→∞ J (x) = ∞.

Theorem 6.3 (Existence of Solution in Rn) Suppose K is a nonempty, closed con-
vex subset of Rn and J : Rn → R a continuous function which is coercive if K is
unbounded. Then, (P) has at least one solution.

Proof Let {uk} be a minimizing sequence of J , that is, a sequence satisfying con-
ditions uk ∈ K for every integer k and lim

k→∞
J (uk) = infv∈K J (v). This sequence is

necessarily bounded, since the functional J is coercive, so that it is possible to find
a subsequence {uk ′ } which converges to an element u ∈ K (K being closed). Since J
is continuous, J (u) = lim

k ′→∞
J (uk ′) = inf

v∈K
J (v). This proves the theorem.
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Theorem 6.4 (Existence of Solution in Infinite-Dimensional Hilbert Space) Sup-
pose K is a nonempty, convex, closed subset of a separable Hilbert space H and
J : H → R is a convex, continuous functional which is coercive if K is unbounded.
Then, the optimization problem (P) has at least one solution.

Proof As in the previous theorem, K must be bounded under the hypotheses of
the theorem. Let {uk} be a minimizing sequence in K. Then, by Theorem 4.17,
{uk} has a weakly convergent subsequence uk ′ ⇀ u. By Corollary 4.1, J (u) ≤
lim inf J (uk ′), uk ′ ⇀ u which, in turn, shows that u is a solution of (P).

It only remains to show that the weak limit u of the sequence {uk ′ } belongs to
the set K . For this, let P denote the projection operator associated with the closed,
convex set K ; by Theorem 3.12

w� ∈ K implies 〈Pu − u, w� − Pu〉 ≥ 0 for every integer �

The weak convergence of the sequence {w�} to the element u implies that

0 ≤ lim
�→∞〈Pu − u, w� − Pu〉 = 〈Pu − u, u − Pu〉 = −||u − Pu||2 ≤ 0

Thus, Pu = u and u ∈ K .

Remark 6.2 (i) Theorem 6.4 remains valid for reflexive Banach space and continu-
ity replaced by weaker condition, namely weak lower semicontinuity. For proof,
see Ekeland and Temam [71] or Siddiqi [169].

(ii) The set S of all solutions of (P) is closed and convex.
Verification
Let u1, u2 be two solutions of (P); that is, u1, u2 ∈ S. αu1 + (1−α)u2 ∈ K, α ∈
(0, 1) as K is convex. Since J is convex

J (αu1 + (1 − α)u2) ≤ αJ (u1) + (1 − α)J (u2)

Let λ = inf
v∈K

J (v) = J (u1) and λ = infv∈K J (v) = J (u2), then

λ ≤ J (αu1 + (1 − α)u2) ≤ αλ + (1 − α)λ = λ

that is, λ = J (αu1 + (1− α)u2) implying αu1 + (1− α)u2 ∈ S. Therefore, S is
convex.
Let {un} be a sequence in S such that un → u. For proving closedness, we need
to show that u ∈ S. Since J is continuous

J (u) = lim inf
n→∞ J (un) ≤ λ ≤ J (u)

This gives

J (u) = λ and so u ∈ S
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(iii) The solution of Theorem 6.4 is unique if J is strictly convex.
Verification
Let u1, u2 ∈ S and u1 �= u2. Then

u1+u2
2 ∈ S as S is convex.

Therefore, J
( u1+u2

2

) = λ. Since J is strictly convex.

J

(
u1 + u2

2

)
<

1

2
J (u1) + 1

2
J (u2) = 1

2
λ + 1

2
λ = λ

This is a contradiction. Hence, u1 �= u2 is false and u1 = u2.

6.3 Special Classes of Optimization Problems

6.3.1 Convex, Quadratic, and Linear Programming

For K = {v ∈ X /ϕi(v) ≤ 0, 1 ≤ i ≤ m′, ϕi(v) = 0, m′ + 1 ≤ i ≤ m}, (P) is called
a nonlinear programming problem. If ϕi and J are convex functionals, then (P) is
called a convex programming problem. For X = Rn, K = {v ∈ Rn/ϕi(v) ≤ di, 1 ≤
i ≤ m}, J (v) = 1

2 〈Av, v〉 − 〈b, v〉, A = (aij), an n × n positive definite matrix, and
ϕi(v) = ∑n

j=1 aijvj; (P) is called a quadratic programming problem. If

J (v) =
n∑

j=1

αivi, X = Rn, K =
⎧⎨
⎩v ∈ Rn/

n∑
j=1

aijvj ≤ di, 1 ≤ i ≤ m

⎫⎬
⎭ ,

A = (aij), n × n positive definite matrix, then (P) is called a linear programming
problem.

6.3.2 Calculus of Variations and Euler–Lagrange Equation

The classical calculus of variation is a special case of (P) where we look for the
extremum of functionals of the type

J (u) =
∫ b

a
F(x, u, u′)dx

(
u′(x) = du

dx

)
(6.3)

u is a twice continuously differentiable function on [a, b]; F is continuous in x, u
and u′ and has continuous partial derivatives with respect to u and u′.
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Theorem 6.5 In order that functional J : U → R, where U is a normed space
has a minimum or maximum (extremum) at a point u ∈ U must satisfy the Euler–
Lagrange equation

∂F

∂u
− d

dx

(
∂F

∂u′

)
= 0 (6.4)

in [a, b] with the boundary condition u(a) = α and u(b) = β. J and F are related
by (6.3).

Proof Let u(a) = 0 and u(b) = 0, then

J (u + αv) − J (u) =
∫ b

a
[F(x, u + αv, u′ + αv′) − F(x, u, u′)]dx (6.5)

Using the Taylor series expansion

F(x, u + αv, u′ + αv′) = F(x, u, u′) + α

(
v
∂F

∂u
+ v′ ∂F

∂u′

)
+ α2

2!
(

v
∂F

∂u
+ v′ ∂F

∂u′

)2

+ · · ·

it follows from (6.5) that

J (u + αv) = J (u) + αdJ (u)(v) + α2

2! d2J (u)(v) + · · · (6.6)

where the first and the second Fréchet differentials are given by

dJ (u)v =
∫ b

a

(
v
∂F

∂u
+ v′ ∂F

∂u′

)
dx (6.7)

d2J (u)v =
∫ b

a

(
v
∂F

∂u
+ v′ ∂F

∂u′

)2

dx (6.8)

The necessary condition for the functional J to have an extremumat u is that dJ (u)v =
0 for all v ∈ C2[a, b] such that v(a) = v(b) = 0; that is

0 = dJ (u)v =
∫ b

a

(
v
∂F

∂u
+ v′ ∂F

∂u′

)
dx (6.9)

Integrating the second term in the integrand in (6.9) by parts, we get

∫ b

a

[
∂F

∂u
− d

dx

(
∂F

∂u′

)]
vdx +

[
v
∂F

∂u′

]b

a

= 0 (6.10)

Since v(a) = v(b) = 0, the boundary terms vanish and the necessary condition
becomes
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∫ b

a

[
∂F

∂u
− d

dx

(
∂F

∂u′

)]
vdx = 0 for all v ∈ C2[a, b] (6.11)

for all functions v ∈ C2[a, b] vanishing at a and b. This is possible only if

∂F

∂u
− d

dx

(
∂F

∂u′

)
= 0 (see Problem 6.1)

Thus, we have the desired result.

6.3.3 Minimization of Energy Functional (Quadratic
Functional)

A functional of the type

J (v) = 1

2
a(v, v) − F(v) (6.12)

where a(·, ·) is a bilinear and continuous form on a Hilbert space H and F is an
element of the dual spaceH 	 ofH , which is called an energy functional or a quadratic
functional.

Theorem 6.6 Suppose a(·, ·) is coercive and symmetric, and K is a nonempty closed
convex subset of H. Then (P) for J in (6.12) has only one solution on K.

Proof The bilinear form induces an inner product over theHilbert spaceH equivalent
to the norm induced by the inner product of H . In fact, the assumptions imply that

√
α||v|| ≤ (a(v, v))1/2 ≤ √||a||||v|| (6.13)

where ||a|| is given in Remark 3.23. Since F is a linear continuous form under this
new norm, the Riesz representation theorem (Theorem 3.19), there exists a unique
element u ∈ X such that

F(v) = a(u, v) for every v ∈ K (6.14)

In view of the remark made above and (6.14), (6.12) can be rewritten as

J (v) = 1

2
a(v, v) − a(u, v) = 1

2
a(v − u, v − u) − 1

2
a(u, u)

= 1

2
〈v − u, v − u〉 − 1

2
〈u, u〉 for all v ∈ K and unique u.
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Therefore, inf
v∈K

J (v) is equivalent to inf
v∈K

||v − u||. Thus, in the present situation,

(P) amounts to looking for the projection x of the element u on to the set K. By
Theorem 3.11, (P) has a unique solution.

Example 6.1 Let X = K = Rn, J : v ∈ Rn → J (v), where

J (v) = 1

2
||Bv − c||2m − 1

2
||c||2m, (6.15)

B is an m × n matrix, and || · ||m denotes the norm in Rm. Since

J (v) = 1

2
〈BtBv, v〉n − 〈Btu, v〉n

the problem is one of quadratic programming if and only if the symmetric matrix is
positive definite. Theorem 6.6 yields the existence of the solution.

We will examine in Chap.7 existence of solutions of boundary value problems
representing interesting physical phenomena formulating in terms of minimization
of the energy functional.

6.4 Algorithmic Optimization

6.4.1 Newton Algorithm and Its Generalization

The Newton method deals with the search of zeros of the equation F(x) = 0, F :
U ⊂ X → Y , X and Y are normed spaces, in particular for X = Y = R, F : R → R
or X = Rn and Y = Rn, F : Rn → Rn and U an open subset of X (open interval of
R or open ball of Rn). Once we have this method, the functional F can be replaced
by F ′ or ∇F to obtain the algorithm for finding the extrema of F , that is, zeros of F ′
or ∇F which are extremum points of F . One can easily check that if F : [a, b] → R
and |F ′(x)| < 1, then F(x) = 0 has a unique solution; that is, F has a unique zero.
For the function F : U ⊂ R → R, U the open subset of R, the Newton method is
defined by the sequence

uk+1 = uk − F(uk)

F ′(uk)
, k ≥ 0 (6.16)

u0 is an arbitrary point of open set U . The geometric meaning of (6.16) is that each
point uk+1 is the intersection of the axiswith the tangent at the point uk . This particular
case suggests the following generalization for the functional F : U ⊂ X → Y : For
an arbitrary point u0 ∈ U , the sequence {uk} is defined by

uk+1 = uk − {F ′(uk)}−1F(uk) (6.17)
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under the condition that all the points uk lie in U . If X = Rn, Y = Rn, F(u) = 0 is
equivalent to

F1(u) = 0, u = (u1, u2, . . . , un) ∈ Rn

F2(u) = 0

F3(u) = 0

·
·
·

Fn(u) = 0

where Fi : Rn → R, i = 1, 2, . . . , n. A single iteration of the Newton method
consists in solving the linear system

F ′(uk)
uk = −F(uk), with matrices
F ′(uk) = ∂Fi(uk )

∂xj

}

and then setting

uk+1 = uk + 
uk .

It may be noted that if F is an affine function, that is, F(x) = A(x) − b, A = (aij) is
a square matrix of size n; that is, A ∈ An(R) and b ∈ Rn, then the iteration described
above reduces to the solution of the linear systemAuk+1 = b. In that case, themethod
converges in a single iteration.

We now look for

(i) sufficient conditions which guarantee the existence of a zero of the function F,
and

(ii) an algorithm for approximating such an element u, that is, for constructing a
sequence {uk} of points of U such that

lim
k→∞

uk = u.

We state below two theorems concerning the existence of a unique zero of F .

Theorem 6.7 Let X be a Banach space, U an open subset of X , Y a normed linear
space and F : U ⊂ X → Y differentiable over U. Suppose that there exist three
constants α, β and γ such that α > 0 and Sα(u0) = {u ∈ X /||u − u0|| ≤ α} ⊆ U

(i) supk≥0 supu∈Sα(u0) ||A−1
k (u)||B[X ,Y ] ≤ β, Ak(u) = Ak ∈ B[X , Y ] is bijective.

(ii) supk≥0 supx′∈Sα(u0) ||F(x′) − Ak(x′)||B[X ,Y ] ≤ γ

β
, and γ < 1.

(iii) ||F(u0)|| ≤ α
β
(1 − γ ).
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Then, the sequence defined by

uk+1 = uk − A−1
k (uk ′)F(uk), k ≥ k ′ ≥ 0 (6.18)

is entirely contained within the ball and converges to a zero of F in Sα(u0) which is
unique. Furthermore

||uk − u|| ≤ ||u1 − u0||
1 − γ

γ k . (6.19)

Theorem 6.8 Suppose X is a Banach space, U is an open subset of X , F : U ⊂ X →
Y , and Y a normed space. Moreover, suppose that F is continuously differentiable
over U. Suppose that u is a point of U such that

{
F(u) = 0, A = F ′(u) : X → Y , bounded linear and bijective

supk≥0 ||Ak − A||B[X ,Y ] ≤ λ
||A−1|| B[X ,Y ], and λ < 1

2 .

}

Then, there exists a closed ball, Sr(u), with center u and radius r such that for every
point u0 ∈ Sr(u), the sequence {uk} defined by

uk+1 = uk − A−1
k F(uk), k ≥ 0 (6.20)

is contained in Sr(u) and converges to a point u, which is the only zero of F in the
ball Sr(u). Furthermore, there exists a number γ such that

γ < 1 and ||uk − u|| ≤ γ k ||u0 − u||, k ≥ 0 (6.21)

Theorem 6.7 yields the following result:

Corollary 6.1 Let U be an open subset of a Banach space X and F : U ⊂ X → R
which is twice differentiable in the open set U. Suppose that there are three constants:
α, β, γ such that α > 0 and Sα(u0) = {v ∈ X | ||v − u0|| ≤ α} ⊂ U, Ak(v) ∈
B[X , X 	] and bijective for every v ∈ Sα(u) and

supk≥0 supu∈Sα(u0) ||A−1
k (u)||B[X 	,X ] ≤ β

supk≥0 supv′∈Sα(u0) ||F ′′(v) − Ak(v)||B[X ,X 	] ≤ γ

β
, and

γ < 1, ||F(u0)||X 	 ≤ α
β
(1 − γ ).

⎫⎬
⎭

Then, the sequence {uk} defined by

uk+1 = uk − A−1
k (uk ′)F ′(uk), k ≥ k ′ ≥ 0

is contained in the ball Sα(u0) and converges to a zero of F ′, say u, which is the only
zero in this ball. Furthermore
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||uk − u|| ≤ ||u − u0||
1 − γ

γ k .

Theorem 6.8 yields the following result.

Corollary 6.2 Let U be an open subset of a Banach space X and F : U ⊂ X → R
a function which is twice differentiable in U. Moreover, let u be a point of U such
that

F ′(u) = 0, F ′′(u) ∈ B[X , X 	] and bijective

sup
k

||Ak − F ′′(u)||B[X ,X 	] ≤ λ

||(F ′′(u))−1||B[X 	,X ]
and λ <

1

2

Then, there exists a closed ball Sr(u) with center u and radius r > 0 such that,
for every point u0 ∈ Sr(u), the sequence {uk} defined by uk+1 = uk − A1

kF(uk) is
contained in Sr(u) and converges to the point u, which is the only zero of F ′ in the
ball. Furthermore, uk+1 = uk − A−1

k (uk)F ′(uk) converges geometrically; namely,
there exists a γ such that γ < 1 and ||uk − u|| ≤ γ k ||u0 − u||, k ≥ 0.

Remark 6.3 (i) Let X = Rn, the generalized Newton method of Corollary 6.2 takes
the form

uk+1 = uk − A−1
k (uk ′)∇F(uk), k ≥ k ′ ≥ 0 (6.22)

where Ak(uk) are invertible matrices of order n, and∇F(uk) denotes the gradient
vector of the function F at the point uk((Rn)	 is identified with Rn). In particular,
the original Newton method corresponds to

uk+1 = uk − {∇2F(uk)}−1∇F(uk), k ≥ 0 (6.22a)

where the matrix ∇2F(uk) is Hessian of the function F at the point u.
(ii) The special case, Ak(uk) = ϕ1I , is known as the gradient method with fixed

parameter.
(iii) The special case, Ak(uk ′) = −ϕ−1

k I , is called the gradient method with variable
parameter.

(iv) The special case, Ak(uk ′) = −(ϕ(uk))
−1I , is called the gradient method with

optimal parameter, where the number ϕ(uk) (provided it exists) is determined
from the condition

F(uk − ϕ(uk))∇F(uk) = inf
ϕ∈R

F(uk − ϕ∇F(uk). (6.23)

General Definition of the Gradient Method

Every iterative method for which the point uk+1 is of the form

uk+1 = uk − ϕk∇F(uk), ϕk > 0
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is called a gradient method. If ϕk is fixed, it is called a gradient method with fixed
parameter, whereas if ϕk is variable, it is called a gradient method with variable
parameters.

Theorem 6.9 Suppose X = Rn and suppose that the functional F : X → R is
elliptic, that is, there is a positive constant α such that F(x) ≥ α||x||2 for all x ∈ X .
Then, the gradient method with optimal parameter converges.

Remark 6.4 (a) The following properties of elliptic functionals are quite useful (For
details, we refer to Ciarlet [46]):

(a) Suppose F : H → R (H is a Hilbert space, in particular X = Rn) is strictly
convex and coercive, then it satisfies the inequality

F(v) − F(u) ≥ 〈∇F(u), v − u〉 + α

2
||v − u||2 for every u, v ∈ X(6.24)

(b) If F is twice differentiable, then it is elliptic if and only if

〈∇2F(u)w, w〉 ≥ α||w||2 for every w ∈ H (6.25)

(c) A quadratic functional F over Rn

F(v) = 1
2 〈Av, v〉 − 〈y, v〉, A is the n × n matrix and

A = At, is elliptic if and only if
〈∇2F(u)w, w〉 = 〈Aw, w〉 ≥ λ1||w||2, ∀ u, w ∈ Rn

⎫⎬
⎭ (6.26)

where λ1 denotes the smallest eigenvalue of A.
(d) Let J (v) = 1

2 〈Av, v〉 − 〈y, v〉, A : Rn → (Rn)	 = Rn. Since ∇J (uk) and
∇J (uk+1) are orthogonal and ∇J (v) = Av − y, we have

〈∇J (uk+1),∇J (uk)〉 = 〈A(uk − ϕ(uk)(Auk − y)) − y, Auk − y〉 = 0

This implies that ϕ(uk) = ||wk ||2
〈Awk ,wk 〉 where wk = Auk − y = ∇J (uk). A single

iteration of the method is done as follows:
(i) calculate vector wk = Auk − y
(ii) calculate the number

ϕ(uk) = ||wk ||2
〈Awk , wk〉

(iii) calculate the vector

uk+1 = uk − ϕ(uk)wk

Theorem 6.10 Suppose F : Rn → R is a differentiable functional. Let there be two
positive constants α and β such that
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(i) 〈∇F(v) − ∇F(u), v − u〉 ≥ α||v − u||2 for all v, u ∈ Rn and α > 0
(ii) ||∇F(v) − ∇F(u)|| ≤ β||v − u|| for every u, v ∈ Rn.

Moreover, there are two numbers a and b such that

0 < a ≤ ϕk ≤ b <
2α

β2
for every k

Then, the gradient method with variable parameter converges and the convergence
is geometric in the sense that there exists a constant γ depending on α, β, a, b such
that γ < 1 and ||uk − u|| ≤ γk ||u0 − u||.
Remark 6.5 (i) If F is twice differentiable, then condition (ii) can also be written

in the form sup ||∇2F(u)|| ≤ β.
(ii) In the case of an elliptic quadratic functional F(v) = 1

2 〈Av, v〉 − 〈y, v〉, one
iteration of the method takes the form

uk+1 = ukϕk(Auk − y), k ≥ 0

and by Theorem 6.10 that the method is convergent if 0 < α ≤ ϕk ≤ b ≤
2λ1/λ

2
n, where λ1 and λn are, respectively, the least and the largest eigenvalues

of the symmetric positive definite matrix A.

Proof (Proof of Theorem 6.7) First, we prove that for every integer k ≥ 1

||uk − uk−1|| ≤ β||F(uk−1)||
||uk − u0|| ≤ α equivalently uk ∈ Sα(u0)

||F(uk)|| ≤ γ

β
||uk − uk1||

We apply the finite induction principle for the proof. Let us show that the results are
true for k = 1; that is

||u1 − u0|| ≤ β||F(u0)||
||u1 − u0|| ≤ α, ||F(u1)|| ≤ γ

β
||u1 − u0||

Putting k = 0 in relation (6.18), we get

u1 − u0 = −A−1
0 (u0)F(u0) (6.27)

which implies that ||u1 − u0|| ≤ β||F(u0)|| ≤ α(1 − γ ) ≤ α by the hypotheses of
the theorem. Further, from (6.27), we can write

F(u1) = F(u1) − F(u0) − A0(u0)(u1 − u0)

By the Mean Value Theorem applied to the function u → F(u) − A0(u0)u, we have
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||F(u1)|| ≤ sup
u∈Sα(u0)

||F ′(u) − A0(u0)|| ||(u1 − u0)|| ≤ γ

β
||(u1 − u0)||

by condition (ii) of the theorem.
Let us assume that the desired results are true for the integer k = n − 1. Since

un−un1 = −A−1
n−1(u(n−1)′)F(un−1), it follows that ||un−un−1|| ≤ β||F(un−1)||which

gives the first relation for k = n. Then, we have

||un − un−1||−1 = ||A−1
n−1(u(n−1)′)F(un−1)|| ≤ β||F(un−1)||

≤ β
γ

β
||un−1 − un−2||

· · ·
· · ·
· · ·
≤ γ n−1||u1 − u0||

This implies that

||un − u0|| ≤
n∑

i=1

||ui − ui−1|| ≤
{

n∑
i=1

γi

}
||u1 − u0||

≤ ||u1 − u0||
1 − γ

≤ α, by condition(iii)

which means that un ∈ Sα(u0).
For proof of the last relation, we write

F(un) = F(un) − F(un−1) − An−1(u(n−1)′)(un − un−1)

By applying theMeanValue Theorem to the function u → F(u)−A(n−1)×(u(n−1)′)u,
we get

||F(uk)|| ≤ sup
u∈Sα(u0)

||F ′(u) − An1(u(n−1)′)|| ||un − un−1||

≤ γ

β
||un − un−1||

and the last relation is established for n. Hence, these three relations are true for all
integral values of k.

We now prove the existence of a zero of the functional F in the ball Sα(u0).
Since

||uk+m − uk || ≤ ∑m−1
i=1 ||uk+i+1 − uk+i||

≤ γ k
m−1∑
i=0

γ i||u1 − u0|| ≤ γ k

1−γ
||u1 − u0|| → 0 as k → ∞

⎫⎬
⎭ (6.28)



6.4 Algorithmic Optimization 241

where {uk} is a Cauchy sequence of points in the ball Sα(u0) which is a closed
subspace of a complete metric space X (X , a Banach space). This implies that there
exists a point u ∈ Sα(u0) such that

lim
k→∞

uk = u

Since F is differentiable and therefore continuous, we get

||F(u)|| = lim
k→∞

||F(uk)|| ≤ γ

β
lim

k→∞
||uk − uk−1|| = 0

which, in turn, implies F(u) = 0 by the first axiom of the norm. By taking the limit
m → ∞ in (6.28), we find that

||uk − u|| ≤ γ k

1 − γ
||u1 − u0||

is the desired result concerning geometric convergence. Finally, we show that u is
unique. Let v be another zero of F; that is, F(v) = 0. Since F(u) = F(v) = 0

v − u = −A−1
0 (F(u) − F(v) − A0(u0)(v − u))

from which it follows that

||v − u|| = ||A−1
0 (u0)|| sup

u∈Sα(u0)
||F ′(v) − A0(u0)|| ||(v − u)|| ≤ γ ||v − u||

which implies that u = v as γ < 1.

Proof (Proof of Theorem 6.8)

(i) First, we show the existence of constants and β such that

α > 0, Sα(u) = {x ∈ X /||x − u|| ≤ α} ⊂ U (6.29)

and

sup
k≥0

sup
x∈Sα(u0)

||I − A−1
k F ′(x)|| ≤ γ ≤ 1 (6.30)

For every integer k, we can write Ak = A(I + A−1(Ak − A)) with ||A−1(Ak −
A)||λ < 1 in view of a condition of the theorem. Thus, Ak are isomorphisms
from X onto Y , and moreover

||A−1
k || = ||(A(I + A−1(Ak − A)))−1||

≤ ||(I + A−1(Ak − A)))−1|| ||A−1|| ≤ ||A−1||
1 − λ
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by Theorem 2.11 and ||(I + B)−1|| ≤ 1
1−||B|| . This implies that

||I − A−1
k A|| = ||A−1

k Ak − A−1
k A|| ≤ ||A−1

k || ||Ak − A||
≤ ||A−1

k || λ

||A−1
k || for λ <

1

2

≤ ||A−1
k ||

1 − λ

λ

||A−1
k ||

or

||I − A−1
k A|| ≤ λ

1 − λ
= β ′ < 1

Let be such that β ′ < β ′ + δ = γ < 1. This implies that

||I − A−1
k F ′(u)|| ≤ ||I − A−1

k A|| + ||A−1
k (A − F ′(u))||

fromwhich (6.29) and (6.30) follow immediately keeping inmind the continuity
of the derivative F ′ and the fact that A = F ′(u).

(ii) Let u0 be any point of the ball Sα(u) and {uk} be the sequence defined by
uk+1 = uk − A−1

k F(uk); each of these elements lies in Sα(u). This implies that
{uk} is well defined. Since F(u) = 0, we have

uk+1 − u = uk − A−1
k F(uk) − (u − A−1

k F(u))

By the Mean Value Theorem applied to the function, x → x − A−1
k F(x) shows

that

||uk+1 − u|| ≤ sup
x∈Sα(u)

||I − A−1
k F ′(x)|| ||uk − u|| ≤ γ ||uk − u||

By (6.30) and continuing in this way, we get

||uk+1 − u|| ≤ γ k−1||u1 − u||

which is the geometric convergence. This relation also implies that uk → u as
k → ∞ as γ < 1.

(iii) The zero of F, point u, is unique. For this, let v be another point such that
F(v) = 0. The sequence {uk} corresponding to u0 = v is a stationary sequence,
since u1 = u0 − A−1

k F(u0) = u0, and on the other hand, it converges to the
point u by the above discussion. This implies u = v.

We cite Ciarlet [46, pp. 300–301] for the proof of Theorem 6.9; here, we prove
Theorem 6.10.
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Proof (Proof of Theorem 6.10) In a gradient method with variable parameter, we
have uk+1 = uk − ϕk∇F(uk). Since ∇F(u) = 0 for a minima at u, we can write
uk+1 − u = (uk − u) − ϕk{∇F(uk) − ∇F(u)}. This implies that ||uk+1 − u||2 =
||uk − u||2 − 2ϕk < ∇F(uk) − ∇F(u), uk − u > +ϕ2

k ||∇F(uk) − ∇F(u)||2 ≤
{1 − 2αϕk + β2ϕ2

k }||uk − u||2, under the condition that ϕk > 0. If

0 ≤ α ≤ ϕk ≤ b ≤ 2α

β2

then

1 − 2αϕk + β2ϕ2
k < 1

and so

||uk+1 − u|| ≤ γ ||uk − u|| ≤ γ k+1||u − u0||

where γ < 1 which depends on α, a, b and β. This also implies the geometric
convergence of {uk}.

6.4.2 Conjugate Gradient Method

The conjugate gradient method deals with the minimization of the quadratic func-
tional on X = Rn; that is

J : v ∈ Rn → 1

2
〈Av, v〉 − 〈b, v〉

or

J (v) = 1

2
〈Av, v〉 − 〈b, v〉

where A is the n × n matrix. Starting with an initial arbitrary vector u0, we set
d0 = ∇J (u0). If ∇J (u0) = 0, the algorithm terminates. Otherwise, we define the
number

r0 = 〈∇J (u0), d0〉
〈Ad0, d0〉

then the numbers u1 are given by

u1 = u0 − r0d0
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Assuming that the vectors u1, d1, . . . , uk−1, dk−1, uk have been constructed which
assumes that the gradient vectors ∇J (u�), 0 ≤ � ≤ k − 1 are all nonzero, one of the
two situations will prevail: ∇J (uk) = 0 and the process terminates, or ∇J (uk) �= 0,
in which case we define the vector

dk = ∇J (uk) + ||∇J (uk)||2
||∇J (uk−1)||2dk−1

then the numbers rk and uk+1 are given by

rk = 〈∇J (uk), dk〉
〈Adk , dk〉

and

uk+1 = uk − rkdk

respectively.
This beautiful algorithmwas inventedbyHestenes andStiefel in 1952.Themethod

converges in at most n iterations.
The study of the conjugate gradient method for nonquadratic function onRn intoR

began in sixties. Details of these methods and their comparative merits may be found
in Polak [150] and other Refs. [151, 153]. We present here the essential ingredients
of these two best methods, namely Fletcher–Reeves (FR) and Polak–Ribiére (PR).

Let F : Rn → R; we look for inf
v∈Rn

F(v) where F is twice differentiable. The

point at which infv∈Rn F(v) is attained will be denoted by arg inf(x). Starting with an
arbitrary vector u0, one assumes the vectors u1, u2, . . . , uk to have been constructed,
which means that the gradient vectors ∇F(ui), 0 ≤ i ≤ n − 1, are nonzero. In
such situations, either ∇F(un) = 0 and the algorithm terminates, or ∇F(un) �= 0, in
which case, vectors un+1 are defined (if they exist and are unique) by the relations

un+1 = un − rndn and F(un+1) = inf
ρ∈R

F(un − ρdn)

the successive descent directions di being defined by the recurrence relation

d0 = ∇F(u0)

di = ∇F(ui) + 〈∇F(ui),∇F(ui) − ∇F(ui−1)〉
||∇F(ui−1)||2 di−1, 1 ≤ i ≤ n

ri = 〈∇F(ui),∇F(ui) − ∇F(ui−1)〉
||∇F(ui−1)||2 .

is called the Polak–Ribiére formula, and in this case, the conjugate gradient method
is called the Polak–Ribiére conjugate gradient method, and one denotes ri by rPR

i .
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The case

ri = ||∇F(ui)||2
||∇F(ui−1)||2

is called the Fletcher–Reeves formula, and the corresponding method is called the
Fletcher–Reeves conjugate gradient method. Such ri is denoted by rFR

i . It may be
noted that the Polak–Ribiére conjugate gradient method is more efficient in practice.

Polak–Ribiére Conjugate Gradient Algorithm

Data u0 ∈ Rn

Step 0. Set i = 0, d0 = ∇F(u0), and h0 = −d0.
Step 1. Compute the step size

λi = arg inf
λ≥0

F(ui + λhi)

Step 2. update: Set ui+1 = ui + λihi.

di+1 = ∇F(ui+1)

rPR
i = 〈di+1, di+1 − di〉

||di||2
hi+1 = −di+1 + rPR

i hi.

Step 3. Replace i by i + 1 and go to Step 1.

Polak–Reeves Conjugate Gradient Algorithm

Data. u0 ∈ Rn.
Step 0. Set i = 0, d0 = ∇F(u0), and h0 = −d0.
Step 1. Compute the step size

λi = arg inf
λ≥0

F(ui + λhi)

Step 2. Update: Set ui+1 = ui + λihi

di+1 = ∇F(ui+1)

rFR
i = ||di+1||2

||di||2
hi+1 = −di+1 + rFR

i .

Step 3. Replace i by i + 1 and go to Step 1.



246 6 Optimization Problems

6.5 Problems

Problem 6.1 If f ∈ C[a, b] and
b∫

a
f (t)h(t)dt = 0 for all h ∈ C1[a, b] with h(a) =

h(b) = 0, then prove that f = 0.

Problem 6.2 LetH be aHilbert space,K a convex subset ofH , and {xn} a sequence in
K such that lim

n→∞ ||xn|| = inf
x∈H

||x||. Show that {xn} converges in X . Give an illustrative

example in R2.

Problem 6.3 Let K =
{

x = (x1, x2, . . . xn)/
n∑

i=1
xi = 1

}
be a subset of Rn. Find a

vector of minimum norm in K .

Problem 6.4 Let H be a normed space and K a subset of H . An element x ∈ K is
called a best approximation to an arbitrary element x ∈ H if

d(x, K) = inf
y∈K

||y − x|| = ||x − x||

The approximation problem is a special type of optimization problem which deals
withminimizing a translate of the norm function, or if x = 0, it deals withminimizing
the norm function itself. Let K be a finite-dimensional closed subset of a normed
space U . Show that every point of U has a best approximation.

Problem 6.5 Let X = C[−π, π ] be an inner product space with the inner product

〈f , g〉 =
π∫

−π

f (x)g(x)dx

and K be the subspace spanned by the orthonormal set

{
1√
2π

,
1√
π
cos(x),

1√
π
sin(x), . . . ,

1√
π
cos(nx),

1√
π
sin(nx)

}

Find the best approximation to:

1. f (x) = x
2. f (x) = |x|.
Problem 6.6 Show that for each f ∈ C[a, b], there exists a polynomial Pn(t) of
maximum degree n such that for every

g ∈ Y = span{f0(t), f1(t), . . . , fn(t)}, fj(t) = tj,

max
a≤t≤b

|f (t) − Pn(t)| ≤ max
a≤t≤b

|f (t) − g(t)|.
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Problem 6.7 Let m ≥ n > 0 and A = (aij), i = 1, 2, . . . , m, j = 1, 2, . . . , n and
y ∈ Rm. Then, write down the solution of optimization problem for the function
F(x) = ||Ax − y|| over Rn.

Problem 6.8 Let Ax = y, where A is an n×n matrix and x and y are elements of Rn.
Write down a sequence of approximate solutions of this equation and examine its
convergence. Under what condition on A, this equation has necessarily the unique
solution?

Problem 6.9 Explain the concept of the steepest descent and apply it to study the
optimization of the functional F defined on a Hilbert space H as follows:

F(x) = 〈Ax, x〉 − 2〈y, x〉

where A is a self-adjoint positive definite operate on H , x, y ∈ H . For any x1 ∈ H ,
construct a sequence {xn} where

xn+1 = xn + 〈zn, zn〉
〈Azn, zn〉 zn

for appropriately chosen zn and show that {xn} converges to x0 in H which is the
unique solution of Ax = y. Furthermore, show by defining

F(x) = 〈A(x − x0), x − x0〉

that the rate of convergence satisfies

〈xn, xn〉 ≤ 1

m
F(xn) ≤ 1

m

(
1 − m

M

)n−1
F(x1).

Problem 6.10 Write a short note on nonsmooth optimization problem.

Problem 6.11 Develop Newton ’s method for nonsmooth optimization.

Problem 6.12 Verify Euler’s Equation (6.2).



Chapter 7
Operator Equations and Variational
Methods

Abstract In this chapter, existence of solution of some well-known partial differ-
ential equations with boundary conditions is studied.

Keywords Neumann–Dirichlet boundary value problem · Galerkin method · Ritz
method · Eigenvalue problems · Laplace equation · Poisson equation · Stoke
problem · Navier–Stokes equation · Heat equation · Telegrapher’s equation
Helmholtz equation · Wave equation · Schrödinger equation

7.1 Introduction

The chapter deals with representation of real-world problems in terms of opera-
tor equations. Existence and uniqueness of solutions of such problems explored.
Approximation methods like Galerkin and Ritz are presented.

7.2 Boundary Value Problems

LetΩ be a bounded or unbounded region of Rn (in application, n = 1, 2, 3), Γ or ∂Ω

be its boundary, L and S be linear differential operators, u(x), x = (x1, x2, . . . xn) ∈
Rn be a function on Rn belonging to a Hilbert or Banach space of functions, and
f (x) and g(x) be given functions of x . Then,

Lu(x) = f (x) in Ω (7.1)

Su(x) = g(x) on Γ (7.2)

is known as linear boundary value problem (BVP) for u. u is an unknown function
which is called a solution. The boundary value problems of the type
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Lu = f

(
xi , u,

∂u

∂x j
, . . .

)
in Ω (7.3)

Su = g(x j ) onΓ, j = 1, 2, 3, . . . (7.4)

is known as nonlinear boundary value problems.
We shall see that these problems can be expressed in the form of finding solution

of the abstract variation problem, namely: Find u ∈ H (H is a Hilbert space) such
that

a(u, v) = F(v) ∀ v ∈ H (7.5)

where a(·, ·) is a bilinear form with appropriate conditions and F ∈ H �.
A boundary value problem can also be expressed in the form of the operator

equation

Au = v (7.6)

where A is a linear or nonlinear operator on a Hilbert or Banach space into another
one of such spaces. Existence and uniqueness of solutions of (7.5) and (7.6) is
given by the Lax–Milgram Lemma. We present a general form of this lemma in
Theorem 7.5.

Example 7.1 Consider the BVP

− Δu = −
(

∂2u

∂x2
+ ∂2u

∂y2

)
= f inΩ (7.7)

u = 0 on Γ (7.8)

where Ω ⊂ R2.
In this example,

L = Δ = ∂2(·)
∂x2

+ ∂2(·)
∂y2

= Laplacian operator

S = I, g = 0

This is called the Dirichlet boundary value problem. The equation in (7.7) is known
as Poisson’s equation.

By the classical solution of this BVP, we mean the function u(x, y) which is
continuous in the closed domainΩ , satisfies (7.7) in the open domainΩ and is equal
to zero on the boundary Γ . By assumption f ∈ C(Ω), the solution u ∈ C2(Ω), the
space of continuous functions with continuous partial derivatives up to second-order
inclusive, and equals zero on Γ . The set DA of these admissible functions
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DA = {u(x) ∈ C2(Ω), x ∈ Ω ⊂ R2, u = 0 on Γ }

forms a vector space. If the boundary condition (7.8) is nonhomogeneous; that is,
u = g(x), g(x) �= 0, then DA is not a vector space.

In one dimension, the boundary value problem (7.7)–(7.8) takes the form

− d2u

dx2
= f (x) in (a, b) (7.9)

u(a) = u(b) = 0 (7.10)

Example 7.2 The BVP of the type

− Δu = f on Ω (7.11)
∂u

∂n
= g on Γ (7.12)

where ∂u
∂n denotes the derivative of u in the direction of outward normal to the bound-

ary, Γ , is called the linear non-homogeneous Neumann BVP.

Example 7.3 The BVP

− Δu = f on Ω (7.13)

u = 0 on Γ1 (7.14)
∂u

∂n
= g on Γ2 (7.15)

where Γ = Γ1∪Γ2 is known as the mixed BVP of Dirichlet and Neumann. Dirichlet
and Neumann BVPs are of elliptic type.

Example 7.4 The BVP of the type

∂u

∂t
+ Lu = f on ΩT = (0, T ) × Ω (7.16)

Su = g on ΓT = (0, T ) × Γ (7.17)

u(0, x) = u0 on Ω (7.18)

where f = f (t, x), g = g(t, x), and u0 = u0(x) is known as the initial-boundary
value problem of parabolic type.

If we take L = −Δ, S = I, g = 0, and f = 0, then we obtain the heat equation

∂u

∂t
− Δu = 0 on [0, T ] × Ω (7.19)

u = 0 on [0, T ] × ∂Ω (7.20)

u(0, x) = u0 (7.21)
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The one-dimensional heat equation with initial-boundary conditions is given as

∂u

∂t
= ∂2u

∂x2
, 0 < x < b

u(0, t) = ∂u

∂x
(b, x) = 0, for t > 0

u(x, 0) = K , for 0 < x < b

Example 7.5 Hyperbolic equations with initial-boundary conditions:

(i)

∂u

∂t
+ a

∂u

∂x
= 0, t > 0, x ∈ R where a ∈ R/{0}.

(a) u(0, x) = u0(x), x ∈ R.
(b) u(t, 0) = ϕ1(t) i f a > 0, u(t, 0) = ϕ2(t) i f a < 0.

where ϕ1 and ϕ2 are given functions.

(ii)

∂2u

∂t2
= c2

∂2u

∂x2
, t > 0, x ∈ R

(wave equation) with initial data

u(0, x) = u0 and
∂u

∂t
(0, x) = u1(x)

(iii)

∂u

∂t
+ ∂ F(u)

∂x
= 0, t > 0, x ∈ R

where F(u) is a nonlinear function of u, and u(0, x) = u0(x).
A special case

∂u

∂t
+ u

∂u

∂x
= 0

is Burger’s equation.
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7.3 Operator Equations and Solvability Conditions

7.3.1 Equivalence of Operator Equation and Minimization
Problem

Let T be a positive operator on a Hilbert space H and let DT denote domain of T .
DT ⊂ H . U is called a solution of the operator equation

T x = y (7.22)

if T u = y. It will be that if u is a solution, then energy functional J (Sect. 6.3.3)
attains its minimum at u. The converse also holds.

Theorem 7.1 Let T : DT ⊂ H → H, where H is a Hilbert space, be shown
self-adjoint and positive operator on DT and let y ∈ H. Then, the energy functional

J (u) = 1

2
〈T u, u〉 − 〈y, u〉 (7.23)

attains its minimum value at x ∈ DT if and only if x is a solution of (7.22).

Proof Suppose x is the solution of Eq. (7.22). Then, T x = y and we have

J (u) = 1

2
〈T u, u〉 − 〈T x, u〉

= 1

2
[〈T (u − x), u〉 − 〈T x, u〉]

Using properties of self-adjointness.

J (u) = 1

2
[〈T (u − x), u〉 − 〈T u, x〉 + 〈T x, x〉 − 〈T x, x〉]

= 1

2
[〈T (u − x), u〉 − 〈T u − T x, x〉 − 〈T x, x〉]

= 1

2
[〈T (u − x), u − x〉 − 〈T x, x〉]

= J (x) + 1

2
〈T (u − x), u − x〉.

We have

〈T (u − x), u − x〉 > 0 for every u ∈ DT

= 0 if and only if u − x = 0 in DT (by positiveness of T).

from which we conclude that
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J (u) ≥ J (x) (7.24)

where the equality holds if and only if u = x .
Inequality (7.23) implies that the quadratic functional J (u) assumes its minimum

value at the solution x ∈ DT of Eq. (7.22); any other u ∈ DT makes J (u) larger than
J (x).

To prove the converse, suppose that J (u) assume its minimum value at x ∈ DT .
This implies J (u) ≥ J (x) f or u ∈ DT . In particular, for u = x + αv, v ∈ DT , and
α a real number, we get

J (x + αv) ≥ J (x).

We have

2J (x + αv) = 〈T (x + αv), x + αv〉 − 2〈y, x + αv〉
(keeping in mind definition of J)

or

2J (x + αv) = 〈T x, x〉 + 2α〈T x, v〉
+α2〈T v, v〉 − 2α〈y, v〉 − 2〈y, x〉 (7.25)

Since x ∈ DT and y ∈ H are fixed elements, it is clear from Eq. (7.25) that for fixed
v ∈ DT , J (x + αv) is a quadratic function of α. Then, J (x + αv) has a minimum
DT at α = 0 (i.e., J has a minimum at x) if the first derivative of J (x + αv) with
respect to α is zero at α = 0. We have

[
d

dα
J (x + αv)

]
α=0

= 0

or

2〈T x, v〉 − 2〈y, v〉 = 0

or

〈T x − y, v〉 = 0 ∀ v ∈ DT .

For v = T x − y, 〈T x − y, T x − y〉 = 0. This implies that T x − y = 0 or T x = y.
Thus, we have proved that the element x ∈ DT that minimizes the energy functional
is a solution of Eq. (7.22).

Remark 7.1 (i) Theorem7.1 is important as it provides an equivalence between the
solution of operator equation Au = y in DT with the element atwhichminimum
of the energy (quadratic) functional is attained. This variational formulation,
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that is, expressing the operator equation as the problem ofminimizing an energy
functional, helps in establishing existence and uniqueness results and yields the
approximate solutions. Theorem 6.6 yields existence and uniqueness of the
minimization problem of the energy functionals where T is associated with a
coercive and symmetric bilinear form a(u, v) via Theorem 3.37. Therefore, for
such a T , operator equation (7.22) has a unique solution.

(ii) Let T be associated with bilinear form through Theorem 3.37. Then, operator
equation (7.22) has a unique solution by the Lax–Milgram Lemma (Theorem
3.39).

(iii) Finding the solution of (7.22), one can use algorithms of Chap.6.

7.3.2 Solvability Conditions

Suppose T is a linear operator with domain DT , where DT is a dense in a Hilbert
space H . Determine y for which Eq. (7.22), namely

T u = y u ∈ DT .

has solution. The existence of solution of non-homogeneous equation (7.22) depends
on the homogeneous adjoint equation

T �v = 0 (7.26)

where T � is the adjoint operator of T .

Theorem 7.2 Suppose that T is a closed bounded below linear operator defined on
a Hilbert space H. Then, Eq. (7.22) has solutions if and only if

N (T �)⊥ = R(T ), (7.27)

namely the orthogonal complement of the null space of the adjoint operator T � of T
(Definitions 2.8(8), (3.3(3)) and (3.8) is equal to the range of T .

Proof We first prove that R(T ) = R(T ); that is, the range of closed and bounded
below operator is closed. Let yn ∈ R(T ) with yn → y and T vn = yn . Our goal is to
show that y ∈ R(T ). Let un = vn − Pvn , where P is the projection operator from
DT onto N (T ). Then, un ∈ DT ∩ N (T )⊥ and T un = yn . Since T is bounded below,
we have

||un − um || ≤ 1

c
||T (un − um)|| = 1

c
||yn − ym ||
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which shows that {un} is a Cauchy sequence in DT , and therefore un → u in H.
T un → y and un → u implies that u ∈ DT and T u = y by virtue of closedness of
T. Therefore, R(T ) is closed. Now, we show that (7.27) is equivalent to

〈y, v〉 = 0 for all v ∈ N (T �) (7.28)

where y is data in (7.22). R(T )⊥⊥ = R(T ) = N (T �)⊥ or R(T )⊥ = N (T �) as R(T) is
closed. From this, we obtain 〈T u, v〉 = 〈u, T �v〉 = 0 for all u ∈ DT and v ∈ N (T �).
Thus, (7.27) and (7.28) are equivalent. Let y ∈ R(T ) implying u ∈ DT such that
T u = y. Since T is bounded below, T has a continuous inverse T −1 defined on its
range, and therefore, u = T −1y. Moreover, we have

||u|| = ||T −1y|| ≤ c||y||

To prove the converse, let u = T −1y. Hence, T u = y and 〈T u, v〉 = 〈y, v〉 for any
v ∈ R(T ). By the definition of T �

〈T u, v〉 = 〈u, T �v〉 = 0 for any v ∈ N (T �).

In other words, u ∈ N (T �)⊥.

The Lax–Milgram Lemma (Theorem 3.39) can be given as:

Theorem 7.3 Suppose T : H → H is a linear bounded operator on a Hilbert space
H into itself. Let there be a constant α > 0 such that

|〈T u, u〉| > α||u||2 ∀ u ∈ H,

that is, T is strongly monotone (elliptic or coercive). Then for each given y ∈ H, the
operator equation

T u = y, u ∈ H

has a unique solution.

The following generalization of the Lax–Milgram Lemma is known:

Theorem 7.4 Suppose T is a linear bounded operator defined on a Hilbert space
H into its adjoint space H �. Furthermore, let T be strongly monotone; that is,

(T u, u) ≥ α||u||2 ∀ u ∈ H (α > 0)

Then,

T u = f, u ∈ H

for each given f ∈ H �, has a unique solution.
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Proof By the Riesz Representation Theorem (Theorem 3.19), there exists an element
w ∈ H such that

〈T u, v〉 = 〈w, v〉 ∀ v ∈ H

and ||w|| = ||T u||. (T u, v), T u ∈ H �, denotes the value of the functional T u ∈ H �

at the point v. Let Su = w. Then

||Su|| = ||T u|| ≤ ||T || ||u||.

S : H → H is linear and bounded. Moreover,

〈Su, u〉 = (T u, u) ≥ α||u||2 ∀ u ∈ H.

〈Su, u〉 is real as H is a real Hilbert space. By the Riesz Representation Theorem,
there exists an element y ∈ H such that

( f, v) = 〈y, v〉 ∀ v ∈ H.

The operator equation T u = f can be written as

(T u, v) = ( f, v) ∀ v ∈ H

or equivalently

〈Su, v〉 = · · · ( f, v) ∀ v ∈ H

or

Su = f, f ∈ H

which has a unique solution by Theorem 7.3.

The Lax–Milgram Lemma has been generalized [201, pp. 174–175] in the following
form:

Theorem 7.5 Suppose T : DT ⊆ H → H be a linear operator on the Hilbert space
H over the field of real or complex numbers. Then for each y ∈ H, the operator
equation

T u = y u ∈ H

has at most one solution in case one of the following five conditions is satisfied:

(a) Strict monotonicity (positivity):

Re〈T u, u〉 > 0 ∀ u ∈ DT with u �= 0.
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(b) A priori estimate (stability):

β||u|| ≤ ||T u|| ∀ u ∈ DT and f i xed β > 0

(c) Contractivity of (T-I):

||T u − u|| < ||u|| ∀ u ∈ DT with u ∈ 0

(d) Monotone type: With respect to an order cone on H

T u ≤ T v implies u ≤ v

(e) Duality: There exists an operator S : DS ⊆ H → H with R(S) = H and
〈T u, v〉 = 〈u, Sv〉 for all u ∈ DT , v ∈ DS.

Corollary 7.1 Suppose T : DT ⊆ H → H is a linear operator on the Hilbert space
H, where DT and DT � are dense in H. Then we have the following two statements
are equivalent:

(a) For each y ∈ H, the equation T u = y has at most one solution.
(b) R(T �) is dense in H, that is, R(T �) = H.

Theorem 7.6 Equation T u = y, where T : DT ⊆ H → H is an operator on the
Hilbert space H, has at most one solution if the operator T : DT ⊆ H → H is
strictly monotone (elliptic) and Re〈T u − T v, u − v〉 > 0 for all u, v ∈ DT with
u �= v.

7.3.3 Existence Theorem for Nonlinear Operators

Theorem 7.7 Let H be a Hilbert space and T an operator on H into itself satisfying
the conditions

||T u − T v||H ≤ λ||u − v||H (T Lipschit z continuous) (7.29)

and

〈T u − T v, u − v〉H ≥ μ||u − v||2H (strongly monotone) (7.30)

where λ > 0, μ > 0 and λ > μ. Then, the equation

T u = y (7.31)

has exactly one solution for every y ∈ H.
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Proof Let y ∈ H , and ε > 0. Let the operator Sε be defined as Sεu = u −ε(T u − y).
For any u, v ∈ H , we have

||Sεu − Sεv||2 = ||u − v||2H − 2ε〈T u − T u, u − v〉 + ε2||T u − T v||2H
≤ (1 − 2εμ + ε2λ2)||u − v||2H

Thus, if we choose ε > 0 so that ε <
2μ
λ2 and if we take α = (1−2εμ+ε2λ2)1/2, then

the operator Sε is a contraction with constant α < 1. The operator equation (7.31)
has a unique solution by the Banach contraction mapping theorem.

It may be observed that Theorem 7.4 has been proved in a general form by F.E.
Browder (see, for example, [78, p. 243]) where Hilbert space is replaced by reflex-
ive Banach space, Lipschitz continuity is replaced by a weaker condition, namely,
demicontinuity, and monotonicity coercivity is replaced by strong monotonicity.

7.4 Existence of Solutions of Dirichlet and Neumann
Boundary Value Problems

One-dimensional Dirichlet Problem

The Dirichlet problem in one dimension is as follows: Find u such that

u′′ = − f or − d2u

dx2
= f 0 < x < 1

u(0) = u(1) = 0

A variational formulation Eq. (7.5) of this problem is

a(u, v) = F(v) for v ∈ H 1
0 (0, 1)

where a(u, v) =
1∫

−1
u′(x)v′(x)dx and F(v) =

1∫
0

v(x) f (x)dx

H = H 1
0 (0, 1) (See Sect. 5.4.2, m = 1,Ω = (0, 1), ∂Ω = {0, 1}.

“denotes the first derivative, while ” denotes the second derivative.

VerificationMultiply both sides of the given equation by v(x) and apply integration
by parts and the boundary condition u(0) = u(1) = 0 to get

1∫
0

u′(x)v′(x)dx =
1∫

0

f (x)v(x)dx
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which is the desired equation for v ∈ H 1
0 (0, 1). This equation has unique solution if

a(·, ·) is bilinear, bounded, and coercive, and F is linear and bounded.

a(u + w, v) =
1∫

0

(u′ + w′)v′dx =
1∫

0

u′v′dx +
1∫

0

w′v′dx

= a(u, v) + a(w, v)

a(αu, v) =
1∫

0

αu′v′dx = α

1∫
0

u′v′dx = αa(u, v)

|a(u, v)| ≤
1∫

0

|u′(x)v′(x)|dx ≤
⎛
⎝

1∫
0

|u′(x)|2dx

⎞
⎠
1/2 ⎛

⎝
1∫

0

|v′(x)|2dx

⎞
⎠ (By the C SB)

≤ M ||u|| ||v|| by Remark 5.5(i).

Thus a(·, ·) is bilinear and bounded.

|a(u, u)| =
1∫

0

|u′(x)|2dx ≥ α||u||H 1
0

α > 0 by the Poincar é I nequali t y (see Remark 5.5(i)).

Therefore, a(·, ·) is coercive, and by the Lax Milgram Lemma, the one-dimensional
Dirichlet problem has a unique solution. Since a(u, v) = a(v, u); that is, a(u, v)
is symmetric, the solution of this is equivalent to the solution of the minimization
problem for the energy functional

J (u) = 1

2
a(u, u) − F(u) = 1

2

1∫
0

(u(x))2dx −
1∫

0

f (x)u(x) dx

Algorithms of Chap.6 can also be applied, if necessary, to find a solution to the
minimization problem and consequently to the original problem.

The n-dimensional Dirichlet Problem

Finding u defined on Ω such that

Δu = f in Ω (7.32)

u = 0 on Γ (7.33)

i.e., finding the solution of the linear elliptic BVP or Dirichlet problem is equivalent
to determining the solution u of the variational problem

a(u, v) = L(v) (7.34)
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for all v ∈ H 1
0 (Ω)

a(u, v) =
n∑

i=1

∫
Ω

∂u

∂xi

∂v

∂xi
dx (7.35)

and

L(v) =
∫
Ω

f v dx (7.36)

Verification Let f ∈ L2(Ω), u ∈ H 2(Ω). Multiplying Eq. (7.32) by a function
v ∈ H 1

0 (Ω) and by integrating the resulting equation, we have

−
∫
Ω

Δuv dx =
∫
Ω

f v dx (7.37)

By Theorem 5.17, we have

−
∫
Ω

Δuv dx = −
n∑

i=1

∫
Ω

∂2u

∂x2
i

v dx

=
n∑

i=1

∫
Ω

∂u

∂xi

∂v

∂xi
dx −

n∑
i=1

∫
Γ

v
∂u

∂n
ds

Since v ∈ H 1
0 (Ω), v/Γ = γv = 0 and consequently

n∑
i=1

∫
Γ

v
∂u

∂n
ds = 0

Therefore, we get

−
∫
Ω

Δuv dx = −
n∑

i=1

∫
Ω

∂u

∂xi

∂v

∂xi
dx (7.38)

By Eqs. (7.37) and (7.38), we obtain Eq. (7.34) where a(·, ·) and L are given by
Eqs. (7.35) and (7.36), respectively.

Existence of the solution of Eq. (7.34): Since

a(u, v) =
n∑

i=1

∫
Ω

∂u

∂xi

∂v

∂xi
dx
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=
n∑

i=1

∫
Ω

∂v

∂xi

∂u

∂xi
dx = a(v, u),

a(·, ·) is symmetric.

a(u, u) =
n∑

i=1

∫
Ω

∂u

∂xi

∂u

∂xi
dx

≥ k1||u||H 1
0

(by Theorem 5.18, see also Remark 5.5)

Thus, a(·, ·) is coercive. We have

L(v1 + v2) =
∫
Ω

f (v1 + v2) dx

=
∫
Ω

f v1 dx +
∫
Ω

f v2 dx = L(v1) + L(v2)

L(λv) =
∫
Ω

f (λv) =
∫
Ω

f (λv) dx = λ

∫
Ω

f v dx

where λ is a scalar. Also

|L(v)| = |
∫
Ω

f v dx | ≤
⎛
⎝∫

Ω

| f |2 dx

⎞
⎠

1/2 ⎛
⎝∫

Ω

|v|2 dx

⎞
⎠

1/2

by the CSB inequality. Since

f ∈ L2(Ω)|| f || =
⎛
⎝∫

Ω

| f |2 dx

⎞
⎠

1/2

≤ k, k > 0

and

||v||H 1
0
(Ω) =

⎛
⎝∫

Ω

|v|2 dx

⎞
⎠

1/2

we get

|L(v)| ≤ k||v||H 1
0
(Ω).
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Thus, L is a bounded linear functional on H 1
0 . By Theorem 3.39, Eq. (7.34) has a

unique solution.
On the lines of Dirichlet boundary value problem, it can be shown that Neumann

BVP of Example 7.2 is the solution of the variation problem (7.39)

a(u, v) = L(v) (7.39)

for v ∈ H 1
0 (Ω)

a(u, v) =
n∑

i=1

∫
Ω

∂u

∂xi

∂u

∂xi
dx

L(v) =
∫
Ω

f v dx +
∫
Γ

gv dΓ (7.40)

and vice versa.

7.5 Approximation Method for Operator Equations

7.5.1 Galerkin Method

Let us consider the operator equation

T u = y u ∈ H (7.41)

together with the Galerkin equations

PnT un = Pn y un ∈ H, n = 1, 2, . . . (7.42)

where H is a real separable infinite-dimensional Hilbert space, Hn = span{w1,

w2, . . . wn}, {wn} is a basis in H, and Pn : H → Hn is the orthogonal projection
operator from H into Hn . Since Pn is self-adjoint, Eq. (7.42) is equivalent to

〈T un, w j 〉 = 〈y, w j〉un ∈ Hn, j = 1, 2, 3, . . . n (7.43)

Definition 7.1 For given y ∈ H , Eq. (7.41) is called uniquely approximation-
solvable if the following conditions hold:

(a) Equation (7.41) has a unique solution u.
(b) There exists a number m such that for all n ≥ m, the Galerkin Equation (7.42)

or (7.43) has a unique solution un .
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(c) The Galerkin method converges; that is, ||un − u||H → 0asn → ∞.

Theorem 7.8 Under the given conditions, for each y ∈ H, Eq. (7.41) is uniquely
approximation-solvable in the case where the linear operator T : H → H satisfies
one of the following four properties:

(a) T = I + S, where S : H → H is linear and k-contractive, namely ||S|| < 1.
For n ≥ m

||u − un|| ≥ (1 − ||S||)−1 d(u, Hn) (7.44)

holds.
(b) T = I + U, where U : H → H is linear and compact (image of a bounded set

A under U is precompact; that is, U (A) is compact), and T u = 0 implies u = 0.
Under these conditions,

||uun|| ≤ const.d(u, Hn) (7.45)

(c) T is linear, bounded, and strongly monotone (or coercive); that is, 〈T u, u〉 ≥
α||u||2 for all u ∈ H and fixed α > 0. Under the hypotheses for α > 0,

α||u − un|| ≤ ||T un − y|| (7.46)

(d) T = S + U, where S : H → H is linear continuous and coercive and U is
linear and compact, and u = 0 whenever T u = 0.

In cases (a) and (c), m = 1. In case (b), m is independent of y. We prove here cases
(a) and (c) and refer to Zeidler [201] for the other cases.

Proof A. Since Pnun = un for un ∈ Hn and ||Pn S|| ≤ ||S|| < 1, (||Pn|| = 1 by
Theorem 3.9(3)). The following equations

u + Su = y, u ∈ H (7.47)

and

un + Pn Sun = Pn y, un ∈ Hn (7.48)

have unique solutions by the Banach contraction mapping theorem
(Theorem 1.1). Furthermore,

||(I + Pn S)−1|| =
∣∣∣∣∣
∣∣∣∣∣

∞∑
k=0

(Pn S)k

∣∣∣∣∣
∣∣∣∣∣ ≤

∞∑
k=0

||S||k

= (1 − ||S||−1)

By (7.47) and (7.48)
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(1 + Pn S)(u − un) = u − Pnu

Hence,

||u − un|| ≤ (1 − ||S||−1)||u − Pnu|| = (1 − ||S||−1)d(u, Pnu)

B. We have Pnu = u for all u ∈ H , and so

〈PnT u, u〉 = 〈T u, Pnu〉 ≥ α||u||2 (7.49)

Thus, the operator PnT : Hn → Hn is strongly monotone. The two operator
Eqs. (7.42) and (7.43) have unique solutions by the Lax–Milgram Lemma. If
n ≥ j , then it follows from (7.43) that

〈T un, w j 〉 = 〈y, w j 〉 (7.50)

〈T un, un〉 = 〈y, un〉 (7.51)

By (7.51)

α||un||2 ≤ 〈y, un〉 ≤ ||y| ||un||

This yields a priori estimate

c||un|| ≤ ||y||; that is, {un} is bounded

Let {un} be aweakly convergent subsequencewith un′ ⇀ v asn → ∞ (Theorem
4.17). By (7.50),〈T un′ , w〉 → 〈y, w〉asn → ∞ for allw ∈ ⋃

n Hn . Since
⋃

n Hn

is dense in H and {T un} is bounded, we obtain

T un ⇀ y as n → ∞ (T heorem 4.17)

Since T is linear and continuous,

T un′ ⇀ T v as n → ∞ (T heorem4.11(i))

Hence, T v = y; that is, v = u. Since the weak limit u is the same for all weakly
convergent subsequences of {un}, we get un ⇀ u asn → ∞. It follows from

α||un − u||2 ≤ 〈T (un − u), un − u〉
= 〈y, un〉 − 〈T un, u〉 − 〈T u, un − u〉 → 0 as n → ∞;
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that is, un → u asn → ∞. Therefore,

α||un − u||2 ≤ ||T un − T u|| ||un − u||

and T u = y. Therefore, α||un − u|| ≤ ||T un − y||.

7.5.2 Rayleigh–Ritz–Galerkin Method

The Rayleigh–Ritz–Galerkin method deals with the approximate solution of (7.41)
in the form of a finite series

um =
m∑

j=1

c jφ j + φ0 (7.52)

and its weak formulation (variation formulation), a(u, v) = F(v), where the coeffi-
cients c j , named the Rayleigh–Ritz–Galerkin coefficients, are chosen such that the
abstract variational formulation a(v, w) = F(v) holds for v = φi , i = 1, 2, . . . m;
that is,

a

⎛
⎝φi ,

m∑
j=1

c jφ j + φ0

⎞
⎠ = F(φi ), i = 1, 2 . . . m (7.53)

Since a(·, ·) is bilinear, (7.53) becomes

m∑
j=1

a(φi , φi )c j = F(φi ) − a(φi , φ0) (7.54)

or

Ac = b (7.55)

where

A = (a(φi , φ0))i j

is a matrix

bT = [b1, b2, . . . , bm] with bi = F(φi )
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and

c = [c1, c2, . . .m]

which gives a system of m linear algebraic equations inm unknowns ci . The columns
(and rows) of coefficient matrix Amust be linearly independent in order that the coef-
ficient in (7.55) can be inverted. Thus, for symmetric bilinear forms, the Rayleigh–
Ritz–Galerkin method can be viewed as one that seeks a solution of the form in
Eq. (7.52) in which the parameters are determined by minimizing the quadratic func-
tional (energy functional) given by Eq. (6.12). After substituting um of Eq. (7.52) for
u into J (u) = 1

2a(u, u) − F(u) and integrating the functional over its domain, J (u)

becomes an ordinary function of the parameters c1, c2, . . .. The necessary condition
for the minimum of J (c1, c2, . . . , cm) is that

∂ J (. . .)

∂c1
= ∂ J (. . .)

∂c2
= · · · = ∂ J (. . . )

∂cm
= 0 (7.56)

This leads to m linear algebraic equations in c j , j = 1, 2, . . . , m. It may be noted
that (7.54) and (7.56) are the same in the symmetric case while they differ in the
non-symmetric case. Thus, we obtain the same ci ’s by solving (7.54) and (7.56)
separately. In the non-symmetric case, we get the m unknowns by solving the linear
algebraic equations (matrix equations) (7.55). The selection of {φ j }, j = 1, 2, . . . , m
is crucial, and this should be the basis of the Hilbert space under consideration.

7.6 Eigenvalue Problems

7.6.1 Eigenvalue of Bilinear Form

Suppose a(u, v) is a symmetric coercive and bounded bilinear form defined on the
Hilbert space H associated with the operator equation

T : H ⊂ L2(Ω) → H, T u = y in Ω,Ω ⊂ Rn (7.57)

H = H m(Ω).
The problem of finding a number λ and a nonzero function u ∈ H such that

a(u, v) = λ〈u, v〉L2(Ω) (7.58)

is called the eigenvalue problem of the bilinear form a(u, v). The weak problem
associated with the operator equation

T u − λu = y (7.59)
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comprises finding u ∈ H such that

a(u, v) − λ〈u, v〉L2(Ω) = 〈y, v〉L2(Ω) (7.60)

7.6.2 Existence and Uniqueness

Theorem 7.9 An element u ∈ H is the weak solution of Problem (7.59) if and only
if

u − λT u = T y (7.61)

holds in H. The number λ is an eigenvalue of the bilinear form a(u, v), and the
function u(x) is the corresponding eigenfunction if and only if

u − λT u = 0, u �= 0 (7.62)

holds in H.

Proof Suppose u(x) is a weak solution of Problem (7.60); namely,

a(u, v) = 〈y + λu, v〉L2(Ω)

Then by the definition of operator T, we get

u = T (y + λu) or u − λT u = T y

To see the converse, let u −λT u = T y, and then it is clear that u is the weak solution
of (7.59). If Problem (7.58) has a nontrivial solution, then by given T we get

a(u, v) = 〈λu, v〉L2(Ω) ⇒ u = T (λu) = λT u

Thus, Eq. (7.62) holds in H and vice versa.
In view of a well-known result (see Rektorys [159] or Reddy [158] or Zeidler

[201]), the symmetric, coercive, and bounded bilinear form a(u, v) has a countable
set of eigenvalues, each of which being positive

λ1 ≤ λ2 ≤ λ3 ≤ ..., lim
n→∞ λn = ∞ (7.63)

The corresponding orthogonal system of eigenfunctions {φi } constitutes a basis in
the space H m

0 (Ω), hence in H. Furthermore, we have

λ1 = min
v∈H, v �=0

〈v, v〉H

||v||2L2(Ω)

= 〈u1, u2〉H

〈u1, u2〉L2(Ω)

(7.64)
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For λ �= λn, n = 1, 2, 3, . . . , Problem (7.58) has exactly oneweak solution for every
y ∈ L2(Ω). If the eigenfunctions φi (x) belong to the domain DT of the operator T,
then the relation

〈T φ j , v〉 = a(φ j , v) = λ j 〈φ j , v〉 for every v ∈ H

gives the classical eigenvalue problem

T φ j = λ jφ j (7.65)

If we choose {φ j } as the basis of H m
0 (Ω), then for the N-parametric Ritz solution of

T u = y, we write

uN (x) =
N∑

j=1

c jφ j

where c j = 〈y, j〉.
Thus, eigenfunctions associated with the eigenvalue problem T u = λu can be

used to advantage in the Ritz method to find the solution of the equation

T u = y

7.7 Boundary Value Problems in Science and Technology

Example 7.6 (The Laplace Equation)

Δu = 0 (7.66)

where

Δu = ∂2u

∂x2
+ ∂2u

∂y2
+ ∂2u

∂z2
(7.67)

The operator Δ is known as the Laplace operator in dimension three. Equation
(7.66) represents the electrostatic potential without the charges, the gravitational
potential without the mass, the equilibrium displacement of a membrane with a given
displacement of its boundary, the velocity potential for an inviscid, incompressible,
irrotational homogeneous fluid in the absence of sources and sinks, the temperature
in steady-state flow without sources and sinks, etc.
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Example 7.7 (The Poisson Equation)

Δu = − f (x, y, z) (7.68)

where f is known.
Equation (7.68) is themodel of the electrostatic potential in the presence of charge,

the gravitational potential in the presence of distributed matter, the equilibrium dis-
placement of a membrane under distributed forces, the velocity potential for an invis-
cid, incompressible, irrotational homogeneous fluid in the presence of distributed
sources or sinks, the steady-state temperature with thermal sources or sinks, etc.

Example 7.8 (The Nonhomogeneous Wave Equation)

∂2u

∂t2
− Δu = − f (x, y, z) (7.69)

This equation represents many interesting physical situations. Some of these are the
vibrating string, vibrating membrane, acoustic problems for the velocity potential
for the fluid flow through which sound can be transmitted, longitudinal vibrations
of an elastic rod or beam, and both electric and magnetic fields without charge and
dielectric.

Example 7.9 (Stokes Problem) Find u such that

− μΔu + ∇ p = f in Ω (7.70)

div u = 0 in Ω (7.71)

u = 0 on Γ (7.72)

This BVP represents the phenomenon of the motion of an incompressible viscous
fluid in a domainΩ , where u = (u1, u2, . . . , un) is the velocity of the fluid, p denotes
the pressure, f = ( f1, f2, . . . , fn) ∈ (L2(Ω))n represents the body force per unit
volume, and μ is the viscosity

∇ p = gradp =
n∑

i=1

∂p

∂xi
ei , ei = (0, 0, . . . , 1, 0 . . .)

i.e., the i th coordinate is 1

div u =
n∑

i=1

∂ui

∂xi
.

Example 7.10 (The Navier–Stokes Equation) The stationary flow of a viscous New-
tonian fluid subjected to gravity loads in a bounded domain Ω of R3 is governed by
the BVP
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− rΔu +
3∑

i=1

∂ui

∂xi
+ ∇ p = f in Ω (7.73)

div u = 0 inΩ (7.74)

u = 0 on � = ∂Ω (7.75)

where u represents the velocity, p the pressure, f the body force per unit volume
and∇ p, divu have the same meaning as in Example 7.9 for n = 3. r = μ

dvρ = 1/R,
where R is called the Reynolds number. Here μ is the viscosity of the fluid, d, a
length characterizing the domain Ω , v a characteristic velocity of the flow, and ρ the
density of the fluid.

Example 7.11 (Heat Equation) The following equation governs the diffusion pro-
cess or heat conduction to a reasonable approximation:

∂u

∂t
= ∂2u

∂x2
, x ∈ (−1, 1), t ∈ (0,∞) (7.76)

This equation is called the heat equation.
The boundary conditions for this equation may take a variety of forms. For exam-

ple, if the temperatures at the end points of a rod are given, we would have the
BVP

∂u

∂t
= ∂2u

∂x2
on Ω, Ω = {(x, t)/ − 1 < x < 1, 0 < t < ∞}
u(±1, t) = e−t 0 ≤ t < ∞

u(x, 0) = 1 |x | ≤ 1

Let u(x, 0) = u0(x) = 1.
The solution of this BVP, u(x, t), will give the temperature distribution in the rod

at time t . The heat equation has recently been applied for predicting appropriate bet
for shares (for details, see [145] and references therein).

Example 7.12 (The Telegrapher’s Equation)

∂2φ

∂t2
+ α

∂φ

∂t
+ bφ = ∂2φ

∂x2
(7.77)

where α and β are constants. This equation arises in the study of propagation of
electrical signals in a cable transmission line. Both the current I and the voltage V
satisfy an equation of the form (7.77).We also find such equation in the propagation of
pressure waves in the study of pulsatile blood flow in arteries, and in one-dimensional
random motion of bugs along a hedge.
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Example 7.13 (The Inhomogeneous Helmholtz Equation)

Δψ + λψ = − f (x, y, z) (7.78)

where λ is a constant.

Example 7.14 (The Biharmonic Wave Equation)

Δψ − 1

c2
∂2ψ

∂t2
= 0 (7.79)

In elasticity theory, the displacement of a thin elastic plate in small vibrations satisfies
this equation. When ψ is independent of time t, then

Δ2ψ = 0 (7.80)

This is the equilibrium equation for the distribution of stress in an elastic medium
satisfied by Airy’s stress function ψ . In fluid dynamics, the equation is satisfied by
the stream function ψ in an incompressible viscous fluid flow. Equation (7.80) is
called the Biharmonic equation.

Example 7.15 (The Time-Independent Schrödinger Equation in Quantum
Mechanics)

h2

2m
Δψ + (E − V )ψ = 0 (7.81)

where m is the mass of the particle whose wave function is ψ , � is the universal
Planck’s constant, V is the potential energy, and E is a constant. If V = 0, in (7.81)
we obtain the Helmholtz equation.

We prove here the existence of the solution of Stokes equation and refer to Chipot
[39], Debnath and Mikusinski [63], Quarteroni and Valli [155], Reddy [156], Reddy
[158] and Siddiqi [169] for variational formulation and existence of solutions of
other boundary value problems. A detailed presentation of variational formulation
and study of solution of parabolic equations including classical heat equation is given
in Chipot [39], Chaps. 11 and 12.

Existence of the Solution of Stokes Equations We have

− μΔu + gradp − f = 0 in u ∈ Ω (7.82)

div u = 0 in u ∈ Ω (7.83)

u = 0 on Γ (7.84)

where f ∈ L2(Ω) is the body force vector, u = (u1, u2, u3) is the velocity vector,
p is the pressure, and μ is the viscosity. We introduce the following spaces:
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D = {u ∈ C∞
0 (Ω)/div

H = {u ∈ H 1
0 (Ω) × H 1

0 (Ω)/div u = 0}
Q =

{
p ∈ L2(Ω)/

∫
Ω

p dx = 0

}
⎫⎪⎪⎬
⎪⎪⎭

(7.85)

The space H is equipped with the inner product

〈v, u〉H =
n∑

i=1

∫
Ω

grad vi .grad ui dx (7.86)

where n is the dimension of the domain Ω ⊂ Rn .
The weak formulation of Eqs. (7.82)–(7.84) is obtained using the familiar procedure
(i.e., multiply each equation with a test function and applying Greens formula for
integration by parts (Theorem 5.17). We obtain for v ∈ D

〈−μΔu + gradp − f, v〉 = 0

or μ

n∑
i=1

∫
Ω

grad ui .grad vi dx = 〈gradp, v〉 + 〈 f, v〉

= 〈 f, v〉 for every v ∈ D

As for v ∈ D, we have div v = 0 and v = 0 on Γ , giving

a(v, u) = (v, f ) for every v ∈ D

where

a(v, u) =
n∑

i=1

∫
Ω

μgrad vi .grad ui dx (7.87)

We now have the following weak problem: find u ∈ H such that

a(v, u) = 〈v, f 〉 (7.88)

holds for every v ∈ H .
The proof that the weak solution of Eq. (7.88) is the classical solution of

Eqs. (7.82)–(7.84) follows from the argument (see Temam [183])

〈v,−μΔu − f 〉L2(Ω) = 0 for every v ∈ V (7.89)

This does not imply that −μΔu − f = 0 because v is subjected to the constraint
(because v ∈ H ) divv = 0. Instead, Eq. (7.89) implies that
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− μΔu − f = −grad p (7.90)

because (necessary and sufficient)

〈v, gradp〉 = 〈div v, p〉 = 0 for every p ∈ Q (7.91)

The bilinear form in Eq. (7.88) satisfies the conditions of the Lax–Milgram Lemma.
The continuity follows from Eq. (7.87) using the CBS inequality

|a(v, u)| =
∣∣∣∣∣∣

n∑
i=1

∫
Ω

μgrad vi .grad/ui dx

∣∣∣∣∣∣

≤ μ

⎡
⎣ n∑

i=1

∫
Ω

|grad vi |2dx

⎤
⎦

1/2 ⎡
⎣ n∑

i=1

∫
Ω

|grad ui |2dx

⎤
⎦

1/2

= μ||v||H ||u||H

The V-ellipticity of a(·, ·) follows from

|a(v, v)| = μ

n∑
i=1

∫
Ω

grad vi .grad/vi dx

≤ μ||v||2H ≥ α||v||2H
for α ≥ μ. Thus, (7.88) has one and only solution in space H .

7.8 Problems

Problem 7.1 Prove the existence of solution of the following boundary value
problem

−d2u

dx2
+ du

dx
+ u(x) = f in [0, 1](

du

dx

)
x=0

=
(

du

dx

)
x=1

= 0

Problem 7.2 Suppose a(u, v) is a coercive and bounded bilinear form on H =
H m(Ω) (Sobolev space of order m). Then prove the continuous dependence of the
weak solution of the operator equation Su = y, where S is induced by the given
bilinear form, on the given data of the problem; that is, if the function changes
slightly in the norm of L2(Ω) to ỹ, then the weak solution u also changes slightly in
the norm of H m(Ω) to ũ. Prove that
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||u − ũ||H m (Ω) ≤ β||y − ỹ||L2(Ω)

Problem 7.3 Find the solution of the following equation using the Raleigh–Ritz
method.

−d2u

dx2
= cos(πx), 0 < x < 1

with (a) the Dirichlet boundary condition

u(0) = u(1) = 0

and (b) the Neumann boundary condition

u′(0) = u′(1) = 0

Problem 7.4 Prove the existence of the following boundary value problem

T u = f in Ω ⊂ Rn

u = 0 on ∂Ω

where

T u = −
n∑

i, j=1

∂

∂xi

[
ai j

∂u

∂x j

]
+ a0u

ai j ∈ C1(Ω), 1 ≤ i, j,≤ n, a0 ∈ C1[Ω], x = (x1, x2, . . . , xn) ∈ Rn .

Problem 7.5 Let Ω ⊂ Rn . Show that the Robin boundary condition value problem

−Δu + u = f in Ω, f ∈ L2(Ω)

∂u

∂n
+ αu = 0 on ∂Ω, α > 0

has a unique solution.

Problem 7.6 Prove that sup
u∈M

||u − Pnu|| → 0asn → ∞ provided the nonempty

subset M of H is compact, where {Pn} is a projection operator on a Hilbert space H
into Hn , a finite-dimensional subspace of H , dim Hn = n.

Problem 7.7 Suppose T is a bounded linear operator on a Banach space X into
another Banach space Y. Suppose that the equation

T u = y, u ∈ X (7.92)
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has an approximate solution, namely ∃ constants K > 0 and μ ∈ (0, 1) such that for
each a ∈ Y , there exists a u(a) ∈ X with

||T u(a) − a|| ≤ μ||a||, ||u(a)|| ≤ K ||a||

Show that, for each b ∈ Y , the Eq. (7.92) has a solution u with ||u|| ≤ K (1−μ)||b||.
Problem 7.8 Let us consider the operator equation

u + Su = y, u ∈ X (7.93)

together with the corresponding approximation equation

un + Snun = Pn y un ∈ Xn, n = 1, 2, 3, . . . (7.94)

Let us make the following assumptions:

(i) Xn is a subspace of the Banach space X and dim Xn = nand Pn : X → Xn is
a projection operator onto Xn .

(ii) The operators S : X → X and Sn : Xn → Xn are linear and bounded and
I + S : X → X is onto.

(iii) There exists a constant βn with d(Su, Xn) ≤ βn||u|| for all u ∈ X .
(iv) As n → ∞, ||Pn S − Sn||Xn → 0, ||Pn||βn → 0 and ||Pn||d(y, Xn) → 0 for

all y ∈ X hold. Show that Eq. (7.94) is uniquely approximation-solvable and

||un − u|| ≤ K
(||Pn S − Sn||Xn + ||Pn||(βn + d(y, Xn))

)
||un − u|| ≤ K

(||Pn S − Sn||Xn + ||Pn||(d(y, Xn))
)

whereK is an appropriate constant. (This problemwas studied byKontorovich).

Problem 7.9 Show that uΔv = ∇ · (u∇v) − (∇u) · (∇v).

Problem 7.10 Suppose that H is a real Hilbert space and S is a linear operator on
H. Prove that S is continuous and S−1 exists if

inf||x ||=1
(〈Sx, x〉 + ||Sx ||) > 0.

(This is a generalized version of the Lax–Milgram Lemma proved by Jean Saint
Raymond in 1997).



Chapter 8
Finite Element and Boundary Element
Methods

Abstract In this chapter, finite element and boundary element methods are
introduced. Functional analysis plays important role to reduce the problem in dis-
crete form amenable to computer analysis. The finite element method is a general
technique to construct finite-dimensional spaces of a Hilbert space of some classes
of functions such as Sobolev spaces of different orders and their subspaces in order
to apply the Ritz and Galerkin methods to a variational problem. The boundary ele-
ment method comprises transformation of the partial differential equation describing
the behavior of an unknown inside and the boundary of the domain into an integral
equation relating to any boundary values, and their finding out numerical solution.

Keywords Abstract error estimation · Céa lemma · Strange first lemma · Strange
second lemma · Internal approximations · Finite elements · Finite element method
for boundary value problem · Weighted residual methods · Boundary element
method

8.1 Introduction

Finite and boundary element methods are well-known numerical methods to solve
different types of boundary value problems (BVPs) representing real-world systems.
Concepts of functional analysis play very significant role in formulation of bound-
ary value problems amenable to computer simulation. The finite element method
mainly deals with approximation of a Hilbert space as a Sobolev space with a finite-
dimensional subspace. It also encompasses error estimation solution on the function
space with a solution on the finite-dimensional space. This method is based on pro-
cedure like partition of domain Ω in which the problem is posed into a set of simple
subdomains, known as elements; often these elements are triangles, quadrilaterals,
tetrahedra etc.

A Sobolev space defined on Ω is approximated by functions defined on subdo-
mains on Ω with appropriate matching conditions at interfaces. It may be observed
that finite element method is nothing but approximation in Sobolev spaces.
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A systematic study of variational formulation of the boundary value problems
and their discretization began in the early seventies. In early 1950s, engineer Argyris
started the study of certain techniques for structural analysis which are now known
as the primitive finite element method. The work representing the beginning of finite
element was contained in a paper of Turner, Clough, Martin, and Topp [187], where
endeavor was made for a local approximation of the partial differential equations
of linear elasticity by the usage of assembly strategies, an essential ingredient of
finite element method. In 1960, Clough termed these techniques as “finite element
method.” Between 1960 and 1980, several conferences were organized in different
parts of the world, mainly by engineers, to understand the intricacies of the method.
A paper by Zlamal [203] is considered as the first most significant mathematical
contribution in which analysis of interpolation properties of a class of triangular ele-
ments and their application to the second- and fourth-order linear elliptic boundary
value problems is carried out. Valuable contributions of Ciarlet, Strang, Fix, Schultz,
Birkhoff, Bramble and Zlamal, Babuska, Aziz, Varga, Raviart, Lions, Glowinski,
Nitsche, Brezzi have enriched the field. Proceedings of the conferences edited by
Whiteman [196] and the book by Zienkiewicz and Cheung [202] have popularized
the method among engineers and mathematicians alike. The Finite Element Hand-
book edited by Kardestuncer and Norrie [108, 112] and the Handbook of Numerical
Analysis edited by Ciarlet and Lions [47] provide contemporary literature. Wahlbin
[189] presents some of the current research work in this field. References [28, 29]
are also interesting references for learning the finite element. In short, there is no
other approximation method which has had such a significant impact on the the-
ory and applications of numerical methods. It has been practically applied in every
conceivable area of engineering, such as structural analysis, semiconductor devices,
meteorology, flow through porous media, heat conduction, wave propagation, elec-
tromagnetism, environmental studies, safing sensors, geomechanics, biomechanics,
aeromechanics, and acoustics.

The finite element method is popular and attractive due to the following reasons:
The method is based on weak formulation (variational formulation) of boundary and
initial value problems. This is a critical property because it provides a proper setting
for the existence of even discontinuous solution to differential equations, for example,
distributions, and also because the solution appears in the integral of a quantity over a
domain. The fact that the integral of a measurable function over an arbitrary domain
can be expressed as the sum of integrals over an arbitrary collection of almost disjoint
subdomains whose union is the original domain and is a very important point in this
method. Due to this fact, the analysis of a problem can be carried out locally over a
subdomain, and by making the subdomain sufficiently small, polynomial functions
of various degrees are sufficient for representing the local behavior of the solution.
This property can be exploited in every finite element program which allows us to
focus the attention on a typical finite element domain and to find an approximation
independent of the ultimate location of that element in the final mesh. The property
stated above has important implications in physics and continuum mechanics, and
consequently, the physical laws will hold for every finite portion of the material.
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Some important features of the finite element methods are

1. Arbitrary geometries,
2. Unstructured meshes,
3. Robustness,
4. Sound mathematical foundation.

Arbitrary geometries means that, in principle, the method can be applied to
domains of arbitrary shapes with different boundary conditions. By unstructured
meshes, we mean that, in principle, one can place finite elements anywhere from
the complex cross-sections of biological tissues to the exterior of aircraft, to inter-
nal flows in turbomachinery, without the use of a globally fixed coordinate frame.
Robustness means that the scheme developed for assemblage after local approxi-
mation over individual elements is stable in appropriate norms and insensitive to
singularities or distortions of the meshes (this property is not available in classical
difference methods).

The method has a sound mathematical basis as convergence of an approximate
solution of the abstract variational problem (a more general form is variational
inequality problem) and error estimation of the abstract form in a fairly general
situation, and their special cases have been systematically studied during the last two
decades. These studies make it possible to lift the analysis of important engineering
and physical problems above the traditional empiricism prevalent in many numerical
and experimental studies.

The main objective is to discuss tools and techniques of functional analysis
required in finite element and boundary element methods.

Boundary Element Method

The classical theory of integral equations is well known; see, for example, Tri-
comi [186], Kupradze [118], Mikhlin [135, 136]. Attention of engineers was drawn
toward boundary element methods by systematic work of researchers at Southamp-
ton University in the eighties and nineties. Real-world problems were modeled by
integral equations on boundary of a region. Appropriate methods were developed to
solve it. This method has been applied in a variety of physical phenomena like tran-
sient heat conduction, thermo-elasticity, contact problems, free boundary problems,
water waves, aerodynamics, elastoplastic material behavior, electromagnetism, soil
mechanics. There is a vast literature published on these topics in the last fifteen years
which can be found in books by Brebbia [22–27], Antes and Panagiotopoulos [3],
Chen and Zhou [37], and Hackbusch [92]. The boundary element method is a rapidly
expanding area of practical importance. We illustrate here the basic ingredients of
this method with examples.
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8.2 Finite Element Method

8.2.1 Abstract Problem and Error Estimation

Suppose H is a Hilbert space and a(·, ·) is a bounded bilinear form on H × H into
R. For each F ∈ H �, the dual space of H (the space of all bounded linear functionals
on H). The variational problem is to find u ∈ H such that

a(u, v) = F(v) ∀ v ∈ H (8.1)

Equation (8.1) has a unique solution in view of the Lax–Milgram Lemma (Theo-
rem3.39) provided a(·, ·) is coercive or elliptic. Finding a finite-dimensional sub-
space Hh of H such that ∃ uh ∈ Hh

a(uh, vh) = F(vh) ∀ vh ∈ Hh (8.2)

is known as finite elementmethod. Equation (8.1) is known as the abstract variational
problem, and Eq. (8.2) is called the approximate problem. If Hh is not a subspace of
H , the above method is known as the nonconformal finite method.

Equation (8.2) can be written as

AU = B (8.3)

where U = (α1, α2, α3, ..., αN (h)), N (h) = dimension of Hh

At = (a(wi ,wj ))i, j (8.4)

B = (F(w1), F(w2), . . . , F(wN (h)) (8.5)

uh =
N (h)∑

i=1

αiwi (8.6)

vh =
N (h)∑

i=1

βiwi (8.7)

αi and β j are real numbers, i, j = 1, 2, 3, ..., N (h). The choice of the basis {wi }i of
Hh, i = 1, 2, ..., N (h) is of vital importance; namely, choose a basis of Hh which
makes A a sparse matrix so that the computing time is reasonably small. In the
terminology of structural engineers, A and F(wj ) are called the stiffness matrix and
the load vector, respectively.

If a(·, ·) is symmetric, then finding the solution of (8.1) is equivalent to finding a
solution of the optimization problem

J (u) = inf
v∈H J (v) (8.8)
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where J (v) = 1
2a(v, v) − F(v) is called the energy functional. Here, finite ele-

ment method is known as Rayleigh–Ritz–Galerkin method. Equation (8.2) and the
approximate problems of (8.8), namely

J (uh) = inf
vh∈Hh

J (vh) (8.9)

where J (vh) = 1
2a(vh, vh) − F(vh) have unique solutions.

Finding ||u−uh ||, where u and uh are the solutions of (8.1) and (8.2), respectively, is
known as the error estimation. The problem uh → u as h → 0; that is, ||uh−u|| → 0
as h → 0 or n = 1

h → ∞ is known as the convergence problem.

Error Estimation

Theorem 8.1 (Céa’s Lemma) There exists a constant C independent of the subspace
Hh such that

||u − uh ||H ≤ C inf
vh∈Hh

||u − vh ||Hh = Cd(u, Hh) (8.10)

where C = M
α
is independent of Hh, M is the constant associated with the continuity

(boundedness) of a(·, ·), and α is the coercivity constant. If a(·, ·) is symmetric, then
the degree of approximation is improved; that is, we get C =

√
M
α
which is less than

the constant in the nonsymmetric case.

Proof By (8.1) and (8.2), we get a(u, v) − a(uh, vh) = F(v) − F(vh) and this gives
a(u, vh) − a(uh, vh) = 0, for v = vh . By bilinearity of a(·, ·), we get

a(u − uh, vh) = 0 ∀ vh ∈ Hh ⇒ a(u − uh, vh − uh) = 0 (8.11)

by replacing vh by vh − uh . Since a(·, ·) is elliptic

a(u − uh, u − uh) ≥ α||u − uh ||2

or

1

a
(u − uh, u − vh + vh − uh) ≥ ||u − uh ||.

or

1

a
[(u − uh, u − vh) + a(u − uh, vh − uh)] ≥ u − uh .

Using (8.11), this becomes

1

a
[(u − uh, u − vh)] ≥ ||u − uh ||2
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or

1

a
M ||u − uh || ||u − vh || ≥ ||u − uh ||2

using boundedness of a(·, ·); namely

||a(u, v)|| ≤ M ||u|| ||v||

This gives us

||u − uh || ≤ M

α
||u − vh || ∀ v ∈ H

or

||u − uh || ≤ C inf
vh∈Hh

||u − vh ||.

When the bilinear form a(·, ·) is symmetric, it leads to a remarkable interpretation of
the approximate solution; namely, the approximate solution uh is the projection of the
exact solution u over the subspace Hh with respect to the inner producta(·, ·) (induced
by the bilinear formwhich is denoted by the bilinear form itself.) as a(u−uh, vh) = 0
for all vh ∈ Hh . Thus, we get

a(u − uh, u − uh) = inf
vh∈Hh

a(u − vh, u − vh).

By the properties of ellipticity and boundedness of a(·, ·), we get

α||u − uh || ≤ M ||u − vh || ||u − vh ||

or

||u − uh || ≤
√

M

α
||u − vh || ∀ vh ∈ Hh

Thus

||u − uh || ≤ C inf
vh∈Hh

||u − vh ||, where C =
√

M

α
,

where we have a smaller constant
√

M
α
as M ≥ α.

Remark 8.1 Inequality (8.10) indicates that the problem of estimating the error ||u−
uh || is equivalent to a problem in approximation theory, namely, the determination of
the distance d(u, Hh) = infvh∈Hh ||u−vh || between a function u ∈ H and a subspace
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Hh of H. Under appropriate condition on u, one can show that d(u, Hh) ≤ C(u)hβ

for β > 0, where C(u) is independent of h and dependent on u, and so ||u − uh || ≤
C(u)hβ . In this case, we say that the order of convergence is β or, equivalently, we
have an order O(hβ), and we write ||u − uh || = O(hβ).
We prove below a theorem for the abstract error estimation, called as the first Strang
lemma due to Gilbert Strang, [180]. Here, the forms ah(·, ·) and Fh(·) are not defined
on the space H, since the point values are not defined in general for functions in the
space H 1(Ω).

Theorem 8.2 (First Strang Lemma) Suppose H is a Hilbert space and Hh(·) its
finite-dimensional subspace. Further, let a(·, ·) be a bilinear bounded and elliptic
form on H and F ∈ H �. Assume that uh is the solution of the following approximate
problem: Find uh ∈ Hh such that

ah(uh, vh) = Fh(vh) for all vh ∈ Hh (8.12)

where ah(·, ·) is a bilinear and bounded form defined on Hh and Fh(·) is a bounded
linear functional defined on Hh. Then there exists a constant C independent of Hh

such that

||u − uh || ≤ C(u)

(
inf

vh∈Hh

{
||u − vh || + sup

|a(vh,wh)|
||wh ||

}
+ sup

wh∈Hh

F(wh) − Fh(wh)

||wh ||

)

provided ah(·, ·) is uniformly Hh-elliptic, that is, ∃β > 0 such that ah(vh, vh) ≥
β||vh ||2 for all vh ∈ Hh and all h.
It may be observed that although ah(·, ·) and Fh(·) are not defined for all the elements
of H, Eq. (8.12) has a unique solution under the given conditions.

Proof We have

||u − uh || ≤ ||u − vh || + ||uh − vh ||

by the triangular inequality of the norm and

β||uh − vh ||2 ≤ ah(uh − vh, uh − vh) by coercivi t y (8.13)

By continuity of the bilinear form a(·, ·), (8.13) takes the form

β||uh − vh ||2 ≤ a(u − vh, uh − vh) + {a(vh, uh − vh) − ah(vh, uh − vh)}
+ {Fh(uh − vh) − F(uh − vh)}

or

β||uh − vh || ≤ M ||u − vh ||
+ |a(vh, uh − vh) − ah(vh, uh − vh)|

||uh − vh ||
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+ |Fh(uh − vh) − F(uh − vh)|
||uh − vh ||

≤ M ||u − vh || + sup
|a(vh,wh) − ah(vh,wh)|

||wh||
+ sup

wh∈Hh

|Fh(wh) − F(wh)|
||wh||

By putting the value of ||uh − vh || in the first inequality and taking the infimum over
Hh , the desired result is proved.

Now, we present a theorem on abstract error estimation known as the Second
Strang Lemma due to Gilbert Strang [180]. In this lemma, Hh is not contained in
the space H. The violation of the inclusion Hh ⊂ H results from the use of finite
elements that are not of classC0; that is, that are not continuous across adjacent finite
elements.

Theorem 8.3 (Second Strang Lemma) Suppose uh is a solution of the following
approximate problem (discrete problem): Find uh ∈ Hh (a finite-dimensional space
having the norm equivalent to the norm of H 1(Ω)) such that

ah(uh, vh) = F(vh) for all vh ∈ Hh (8.14)

where ah(·, ·) is as in Theorem 8.2 and F ∈ H �. Then there exists a constant C
independent of the subspace Hh such that

||u − uh ||H 1 ≤ C

(
inf

vh∈Hh

||u − vh || + sup
wh∈Hh

||ah(u,wh) − F(wh)||
||w||H 1

)

where Hh need not be a subspace of H = H 1(Ω).

Proof Let vh be an arbitrary element in the space Hh . Then in view of the uniform
Hh-ellipticity and continuity of the bilinear forms ah and of the definition of the
discrete problem, we may write

β||uh − vh ||2H ≤ ah(uh − vh, uh − vh)

= ah(u − vh, uh − vh){F(uh − vh) − ah(u, uh − vh)}

from which we deduce

β||uh − vh ||H ≤ M ||u − vh ||H + |F(uh − vh) − ah(u, uh − vh)|
||uh − vh ||H

≤ M ||u − vh ||H + sup
wh∈Vh

|F(wh) − ah(u,wh)|
||wh||H
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We obtain the desired result from the above inequality and the triangular inequality

||u − uh ||H ≤ ||u − vh ||H + ||uh − vh ||H
Remark 8.2 (i) Theorem 8.2 is a generalization of Céa ’s lemma as ah(·, ·) =

a(·, ·) and Fh(·) = F(·) in the case of conformal finite element method (the case
when Hh ⊂ H ).

(ii) Problem (8.1) can be expressed in the form

Au = f (8.15)

where A : H → H bounded and linear.
By Theorem 3.37, there exists a bounded linear operator A on H into itself
(H � = H ) if H is a real Hilbert space such that 〈Au, v〉 = a(u, v). By the
Riesz theorem for each v, there exists a unique f ∈ H such that F(v) = 〈 f, v〉.
Therefore, (8.1) can be expressed as 〈Au, v〉 = 〈 f, v〉 implying (8.15).

Convergence ResultsAs a consequence of Theorem 8.1, we find that ||uh −u|| → 0
as h → 0; equivalently, the approximate solution uh converges to the exact solution
of (8.1) subject to the existence of a family {Hh} of subspaces of the space H such
that for each u ∈ H

inf
vh∈Hh

||u − vh || = 0 as h → 0 (8.16)

If ||u − uh || ≤ Chα for α > 0 where C is a positive constant independent of u
and uh and h is the characteristic length of an element, then α is called the rate
of convergence. It may be noted that the convergence is related to the norm under
consideration, say, L1-norm, energy norm (L2-norm), or L∞-norm (or sup norm).

Corollary 8.1 Let there exist a dense subspaceU of H and amapping rh : H → Hh

such that limh→0 ||v − rhv|| = 0 ∀ u ∈ U. This implies

lim
h→0

||u − uh || = 0.

Proof Let ε > 0. Let v ∈ U such that for C > 0, ||u − v|| ≤ ε/2C (U is dense in
H ) and h sufficiently small such that ||v− rhv|| ≤ ε/2C . Then by Theorem 8.1, and
in view of these relations

||u − uh || ≤ C inf
vh∈Hh

||u − vh ||
≤ C ||u − rhv||, because rhv ∈ Hh

≤ C ||u − v|| + ||v − rhv||
≤ Cε

2C
+ Cε

2C= ε.
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Therefore

lim
h→0

||u − uh || = 0.

We refer to Wahlbin [189], Ciarlet [45], Ciarlet and Lions [47], Kardestuncer and
Norrie [108] for further study.

8.2.2 Internal Approximation of H1(Ω)

This is related to finding a finite-dimensional subspace Hh of H 1(Ω). To achieve
this goal, first, we define a triangulation.

Definition 8.1 Let Ω ⊂ R2 be a polygonal domain. A finite collection of triangles
Th satisfying the following conditions is called a triangulation:

A. Ω = ⋃
K∈Th K , K denotes a triangle with boundary sides.

B. K ∩ K1 = φ for K , K1 ∈ Th, K �= K1.
C. K ∩ K1 =a vertex or a side; i.e., if we consider two different triangles, their

boundaries may have one vertex, common or one side common.

Remark 8.3 Let P(K ) be a function space defined on K ∈ Th such that P(K ) ⊂
H 1(K ) (Sobolev space of order 1 on K). Generally, P(K) will be a space of polyno-
mials or functions close to polynomials of some degree

Theorem 8.4 Let C0(Ω) be the space of continuous real-valued functions onΩ and
Hh = {vh ∈ C0(Ω)/vh/K ∈ P(K ), K ∈ Th}, where vh/K denotes the restriction
of vh on K and P(K ) ⊂ H 1(K ). Then Hh ⊂ H 1(Ω).

Proof Let u ∈ Hh and vi be a function defined on Ω such that vi/K = ∂
∂xi

(u/K ).

vi/K is well defined as u/K ∈ H 1(K ). Moreover vi ∈ L2(Ω) as vi/K =
∂

∂xi
(u/K ) ∈ L2(K ). The theorem will be proved if we show that

vi = ∂u

∂xi
∈ D�(Ω)

[ ∂u
∂xi

∈ D�(Ω) implies that u ∈ H 1(Ω) which, in turn, implies Hh ⊂ H 1(Ω)]. For
all φ ∈ D(Ω), we have

(vi , φ) =
∫

Ω

viφdx =
∑

K∈Th

∫

K

viφdx

=
∑

K∈Th

∫

K

∂

∂xi
(u/K )φdx

=
∑

K∈Th

⎡

⎣−
∫

K

(u/K )
∂φ

∂xi
dx +

∫

Γ =∂K

(u/K )φηk
i dΓ

⎤

⎦
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by the generalized Green’s formula, where ηk
i denotes the i th component of the outer

normal at Γ . Therefore

(vi , φ) =
∫

Ω

u
∂φ

∂xi
dx +

∑

K∈Th

∫

Γ

(u/K )φηk
i dΓ

The second term on the right-hand side of the above relation is zero as u is continuous
in Ω , and if K1 and K2 are two adjacent triangles, then η

K1
i = −η

K1
i . Therefore

(vi , φ) = −
∫

Ω

u
∂φ

∂xi
dx =

(
∂u

∂xi
, φ

)

which implies that

vi = ∂u

∂xi
∈ D�(Ω)

Remark 8.4 Let h = maxK∈Th (diameter of K), N (h) = the number of nodes of the
triangulation, P(K ) = P1(K ) = space of polynomials of degree less than or equal
to 1 in x and y

Hh = {vh/K ∈ P(K ), K ∈ Th}

A. It can be seen that Hh ⊂ C0(Ω).
B. The functions wi , i = 1, 2, . . . , N (h), defined by

wi = 1 at the i th node

0 at other nodes

form a basis of Hh .
C. In view of (2) and Theorem 8.4, Hh defined in this remark is a subspace of

H 1(Ω) of dimension N (h).

8.2.3 Finite Elements

Definition 8.2 In Rn , a (nondegenerate) n-simplex is the convex hull K of (n + 1)
points a j = (ai j )ni=1 ∈ Rn , which are called the vertices of the n-simplex, and which
are such that the matrix
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A =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ... a1,n+1

a21 a22 ... a2,n+1

a31 a32 ... a3,n+1

. . ... .

. . ... .

. . ... .

an1 an2 ... an,n+1

1 1 ... 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(8.17)

is regular; i.e., (n + 1) points a j are not contained in a hyperplane. In other words,
K is n-simplex if

K =
⎧
⎨

⎩x =
n+1∑

j=1

λ j a j/0 ≤ λ j ≤ 1, 1 ≤ j ≤ n + 1,
n+1∑

j=1

λ j = 1

⎫
⎬

⎭

Remark 8.5 A. 2-simplex is a triangle.
B. 3-simplex is a tetrahedron.

Definition 8.3 The barycentric coordinates λ j = λ j (x), 1 ≤ j ≤ n + 1, of any
point x ∈ Rn , with respect to the (n + 1) points a j , are defined to be the unique
solution of the linear system

n+1∑

j=1

ai jλ j = xi , 1 ≤ i ≤ n (8.18)

n+1∑

j=1

λ j = 1 (8.19)

whose matrix is precisely the matrix A given in (8.17).

Remark 8.6 (i) If K is a triangle with vertices a1, a2, a3, and ai j , j = 1, 2, are the
coordinates of ai , i = 1, 2, 3, then for any x ∈ R2, the barycentric coordinates
λi (x), i = 1, 2, 3, of x will be the unique solution of the linear system

3∑

i=1

λ j ai j = x j , j = 1, 2

3∑

j=1

λi = 1 (8.20)

(ii) The barycentric coordinates are affine functions of x1, x2, . . . , xn; i.e., they
belong to the space P1 (the space of all polynomials of degree 1).
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λi =
n∑

j=1

bi j x j + bin+1, 1 ≤ i ≤ n + 1 (8.21)

where the matrix B = (bi j ) is the inverse of matrix A.
(iii) The barycentric or center of gravity of an n-simplex K is that point of K all of

whose barycentric coordinates are equal to 1/(n + 1).

Example 8.1 Let n = 2, then K is a triangle. Let a1, a2, a3 be its vertices.
The barycentric coordinates of a1, a2, a3 are λ1 = (1, 0, 0), λ2 = (0, 1, 0), and
λ3 = (0, 0, 1), respectively. The barycentric coordinates of the centroid G of K are
(1/3, 1/3, 1/3).

Remark 8.7 Using Cramers rule, we determine from Eq. (8.20) that

λ1 =

∣∣∣∣∣∣

x1 a21 a31
x2 a22 a32
1 1 .1

∣∣∣∣∣∣
∣∣∣∣∣∣

a11 a21 a31
a12 a22 a32
1 1 1

∣∣∣∣∣∣

= area of the triangle xa2a3
area of the triangle a1a2a3

Similarly,

λ2 = area of the triangle a1xa3
area of the triangle a1a2a3

λ3 = area of the triangle a1a2x

area of the triangle a1a2a3

Remark 8.8 A. The equation of the side a2a3 in the barycentric coordinates is
λ1 = 0.

B. The equation of the side a1a3 in the barycentric coordinates is λ2 = 0.
C. The equation of the side a1a2 in the barycentric coordinates is λ3 = 0.

Definition 8.4 (Ciarlet, 1975) Suppose K is a polyhedron in Rn; PK is the space of
polynomials of dimension m, and

∑
K is a set of distributions with cardinality m.

Then the triplex (K , PK ,
∑

K ) is called a finite element if

∑

k

{Li ∈ D�/ i = 1, 2, . . . ,m}

is such that for a given αi ∈ R, 1 ≤ i ≤ m, the system of equations

Li (p) = αi f or 1 ≤ i ≤ m
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has a unique solution p ∈ PK . The elements Li , i = 1, 2, ..., n are called degrees
of freedom of PK .

Remark 8.9 1. If K is n-simplex, (K , PK ,
∑

K ) is called the simplicial finite ele-
ment.

2. If K is 2-simplex, i.e., a triangle, then (K , PK ,
∑

K ) is called a triangular finite
element.

3. If K is 3-simplex, i.e., a tetrahedron, the finite element (K , PK ,
∑

K ) is called
tetrahedral.

4. If K is a rectangle, then (K , PK ,
∑

K ) is called a rectangular finite element.

Remark 8.10 1. Very often,
∑

K is considered as the set of values of p ∈ PK at the
vertices and middle points of the triangle and rectangle in the case of triangular
and rectangular elements, respectively.

2. Generally, Li may be considered the Dirac mass concentrated at the vertices and
themiddle point andΣK may comprise theDiracmass or Dirac delta distribution
and its derivative (for Dirac mass, see Examples 5.21 and 5.26).

Remark 8.11 1. Very often, K itself is called a finite element.
2. The triplex (K , P1, {ai }3i=1), where K is a triangle, P1 a space of polynomials of

degree≤ 1, and a1, a2, a3 the vertices of K, is called the triangular finite element
of type (I).

3. The triplex (K , P1, {ai }3i=1), where K is a rectangle with sides parallel to the
axes and a1, a2, a3, and a4 are corners, is called a rectangular finite element of
type (I).

Example 8.2 (Finite Element of Degree 1) Let K be a triangle, PK = P1(K ) is equal
to the space of polynomials of degree less than or equal to 1 and the space generated
by 1, x, y = [1, x, y].

dimPK = 3∑

K

= {δai /ai , i = 1, 2, 3 are vertices}

where δai is the Dirac mass concentrated at the point ai . Then

(
K , PK ,

∑

K

)
is a f ini te element o f degree 1

Remark 8.12 1. Li = δai is defined as δai (p) = p(ai ), i = 1, 2, 3. It is a distri-
bution. In order to show that L1(p) = αi , 1 ≤ i ≤ 3, has a unique solution, we
are required to show that p(ai ) = αi , 1 ≤ i ≤ 3, and p ∈ P1(K ) has a unique
solution. This is equivalent to showing that p(ai ) = 0 has a unique solution.
It suffices to show that it is unique existence of solution is assured. We know
that a polynomial p ∈ P1(K ) is completely determined if its values at three
noncollinear points are given; so p(a1) = 0 has a unique solution.
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2. If λi are the barycentric coordinates

δai (λ j ) = λ j (ai ) = δi j

Hence, λ j , j = 1, 2, 3, forms a basis for P1(K ), and if p ∈ P1(K ), then

p =
3∑

i=1

p(ai )λi

Example 8.3 (Finite Element of Degree 2) Let K be a triangle. Then

PK = P2(K ) = [1, x, y, x2, xy, y2]
∑

K

= {δai , δai j /1 ≤ i ≤ 3, 1 ≤ i ≤ j ≤ 3}

where ai denote the vertices of K and ai j the middle points of the side aia j .
(K ,ΣK , PK ) is a finite element of degree 2.

Example 8.4 (Finite Element of Degree 3) Let K be a triangle

PK = P3(K ) = Span{1, x, y, x2, xy, y2, x3, x2y, xy2, y2}
dimPK = 10∑

K

= {δaii , δai j , δa123/1 ≤ i ≤ 3, 1 ≤ j ≤ 3}

where ai denote the vertices of K , δa123 is the centroid of K and aii j = 2
3ai + 1

3a j .
Then (K , PK ,ΣK ) is a finite element of degree 3.

Definition 8.5 If p j ∈ PK , 1 ≤ j ≤ m, is such that

Li (p j ) = δi j , 1 ≤ i ≤ m, 1 ≤ j ≤ m, Li ∈
∑

K

then {p j } forms a basis of PK and any p ∈ PK can be written as

p =
m∑

i=1

Li (p)(pi )

{p j } is called the sequence of basis functions of the finite element.

Definition 8.6 Let (K , PK ,ΣK ) be a finite element for each K ∈ Th , where Th is a
triangulation of a polygonal domain Ω . Let

∑
K = ⋃

K∈Th
∑

K and

Hh = {vh/vh/K ∈ PK , K ∈ Th}
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We say that the finite element method is conforming if Hh ⊂ H 1(Ω). Otherwise, it
is called nonconforming.

8.3 Applications of the Finite Method in Solving Boundary
Value Problems

We explain here how the finite element method can be used to solve boundary value
problems. This can be also used to solve problems of Chap.7.

Example 8.5 Let us illustrate different steps in the finite element method solution
of the following one-dimensional two-boundary problem:

− d2u

dx2
+ u = f (x), 0 < x < 1 (8.22)

u(0) = u(1) = 0 (8.23)

where f (x) is a continuous function on [0, 1].
We further assume that f is such that Eq. (8.22) with (8.23) has a unique solution.
Let H = {v|v is a continuous function on [0, 1] and v′ is piecewise continuous

and bounded on [0, 1], and v(0) = v(1) = 0}. Multiplying both sides of (8.22) by
an arbitrary function v ∈ H and integrating the left-hand side by parts, we get

1∫

0

(
du

dx

dv

dx
+ uv

)
dx =

1∫

0

f (x)v(x)dx (8.24)

We can write (8.24) as

a(u, v) = F(v) for every v ∈ H (8.25)

where

a(u, v) =
1∫

0

(
du

dx

dv

dx
+ uv

)
dx (8.26)

and

F(v) =
1∫

0

f (x)v(x) dx (8.27)
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It can be seen that a(·, ·) given by (8.26) is symmetric and bilinear form. It can be
shown that finding the solution of (8.25) is equivalent to finding the solution of (8.22)
and (8.23).

Now, we discretize the problem in (8.25). We consider here Hn = {vh |vh is
continuous piecewise linear function},h = 1

n . Let 0 = x0 < x1 < x2 < · · · < xn <

xn+1 = 1be a partition of the interval [0, 1] into subintervals I j = [x j−1, x j ] of length
h j = x j − x j−1, j = 1, 2, . . . , n + 1. With this partition, Hn is associated with the
set of all functions v(x) that are continuous on [0, 1] linear on each subinterval
I j , j = 1, 2, . . . , n + 1, and satisfy the boundary conditions v(0) = v(1) = 0. We
define the basis function {ϕ1, ϕ2, ..., ϕn} of Hn as follows:

(i)
ϕ j (xi ) = 1 i f i = j
0 i f i �= j

(ii) ϕ j (x) is a continuous piecewise linear function.
ϕ j (x) can be computed explicitly to yield

ϕ j (x) = x − x j−1

h j
i f x j−1 ≤ x ≤ x j

x j+1 − x

h j+1
i f x j ≤ x ≤ x j+1

See Fig. 8.1
Since ϕ1, ϕ2, ..., ϕn are the basis functions, any v ∈ Hn can be written as

v(x) =
n∑

i=1

viϕi (x), where vi = v(xi )

It is clear that Hn ⊂ H . The discrete analogue (8.25) reads: Find un ∈ Hn such that

a(un, v) = F(v) f or every v ∈ Hn (8.28)

Fig. 8.1 Basis function in
Example 8.5

y

0 xj 1 x

ϕj(λ)
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Now, if we choose un = ∑n
i=1 αiϕi (x) and observe that Eq. (8.28) holds for every

function ϕ j (x), j = 1, 2, 3, ..., n, we get n equations, namely

a

(
n∑

i=1

αiϕi (x), ϕ j (x)

)
= F(ϕ j ), f or every j = 1, 2, 3, ..., n

By the linearity of a(·, ·), we get
n∑

i=1

αi a(ϕi (x), ϕ j (x)) = F(ϕ j ) f or every j = 1, 2, 3, ..., n

This can be written in the matrix form

AS = (Fn) (8.29)

where A = (ai j ) is a symmetric matrix given by

ai j = a ji = a(ϕi , ϕ j )

S = (α1, α2, ..., αn)
T =

⎡

⎢⎢⎢⎢⎢⎢⎣

α1

α2

.

.

.

αn

⎤

⎥⎥⎥⎥⎥⎥⎦

and (Fn)i = F(ϕi ). The entries of the matrix A can be computed explicitly. We first
notice that

ai j = a ji = a(ϕi , ϕ j ) = 0 if |i − j | ≥ 2

This holds due to the local support of ϕi (x). A direct computation gives us

a j, j = a(ϕ j , ϕ j ) =
j∫

j−1

[
1

h2j
+ x − x j−1

h2j

]2

dx +
j+1∫

j

[
1

h2j+1

+ x j+1 − x

h2j+1

]2

dx

=
[
1

h j
+ 1

h j+1

]
+ 1

3

[
h j + h j+1

]

a j, j−1 =
j∫

j−1

[
− 1

h2j
+ (x j − x)(x − x j−1)

h j

]
dx

= − 1

h j
+ h j

6



8.3 Applications of the Finite Method in Solving Boundary Value Problems 295

Thus, system (8.29) can be written as

⎛

⎜⎜⎝

a1 b1 ... 0
b1 ... ... ...

... ... ... ...

0 ... bn−1 an

⎞

⎟⎟⎠

⎡

⎢⎢⎢⎢⎢⎢⎣

α1

α2

.

.

.

αn

⎤

⎥⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎢⎣

(Fn)1
(Fn)2

.

.

.

(Fn)n

⎤

⎥⎥⎥⎥⎥⎥⎦
(8.30)

where a j = 1
h j

+ 1
h j+1

+ 1
3 [h j + h j+1] and b j = − 1

h j
+ h j

6 .In the special case of
uniform grid h j = h = 1/n + 1, the matrix takes the form

A = 1

h

⎛

⎜⎜⎜⎜⎝

2 −1 ... ... 0
−1 2 ... ... ...

... ... ... ... ...

... ... ... ... ...

0 ... ... −1 2

⎞

⎟⎟⎟⎟⎠
+ h

6

⎛

⎜⎜⎝

4 1 ... 0
1 ... ... ...

... ... ... 1
0 ... 1 4

⎞

⎟⎟⎠

Example 8.6 Let us consider the Neumann homogeneous boundary problem

Δu + u = f in Ω, Ω ⊂ R2

∂u

∂n
= 0 on Γ (8.31)

The variational formulation of Eq. (8.31) is as follows:

H = H 1(Ω)

a(u, v) =
∫

Ω

{
2∑

i=1

∂u

∂xi

∂v

∂xi
+ uv

}
dx

L(v) =
∫

Ω

f v dx (8.32)

An internal approximation of this problem is as follows:

Hh = vh ∈ C0(Ω)/∀K ∈ Th, vh/K ∈ P1(K ) (8.33)

This is the result of Theorem 8.4. A basis of Hh is given by the following relation:

wi (a j ) = δi j , 1 ≤ i ≤ N (h), 1 ≤ j ≤ N (h)
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where a1, a2, ..., aN (h) are the vertices of the triangulation Th . We have

∀vh ∈ Hh, vh =
N (h)∑

i=1

vh(ai )wi

The finite element solution of Eq. (8.32) is equivalent to finding uh such that

a(uh, vh) = L(vh) ∀ vh ∈ Hh (8.34)

Since {wi }N (h)
i=1 is a basis of Hh , the solution

uh =
N (h)∑

k=1

γkwk (8.35)

of Eq. (8.34) is such that the coefficients γk are the solutions of the following linear
system:

N (h)∑

k=1

a(wk,w�)γk = L(w�) f or 1 ≤ � ≤ N (h) (8.36)

where

a(wk,w�) =
∑

K∈Th

∫

K

(
2∑

i=1

∂wk

∂xi

∂w�

∂xi
+ wkw�

)
dx (8.37)

and

L(w�) =
∑

K∈Th

∫

K

f (w�) dx (8.38)

Thus, if we know the stiffness matrix a(wk,w�) and the load vector L(wi ), γk can
be determined from Eq. (8.36), and putting these values in Eq. (8.35), the solution of
Equation (8.34) can be calculated.

Practical Method to Compute
a(wj ,wi ). We have

a(u, v) =
∫

Ω

(∇u.∇v + uv)/dx

=
∑

K∈Th

∫

Ω

(∇u.∇v + uv)/dx (8.39)
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In the element K , we can write

u(x) =
3∑

α=1

umαK λK
α (x)

v(x) =
3∑

β=1

vmβK λK
β (x)

where (mαK )α=1,2,3 denotes the three vertices of the element K and λK
α (x) the asso-

ciated barycentric coordinates. Then Eq. (8.39) can be rewritten as

a(u, v) =
∑

K∈Th

3∑

α,β=1

umαK vmβK aK
αβ

where

aK
αβ =

∫

K

(∇λK
α .∇λK

β + λK
β λK

α )dx

The matrix AK = (aK
αβ)1≤α≤3,1≤β≤3 is called the element stiffness matrix of K .

8.4 Introduction of Boundary Element Method

In this section,we discussweighted residualmethods, inverse problem, and boundary
solutions. We explain here the boundary element method through Laplace equation
with Dirichlet and Neumann boundary conditions. We refer to [3, 13, 23, 25, 26, 26,
27, 37, 61, 92, 165, 178] for further details of error estimation, coupling of finite
element and boundary elementmethods, and applications to parabolic and hyperbolic
partial differential equations.

8.4.1 Weighted Residuals Method

Let us consider a boundary value problem in terms of operators:

Tu = − f in Ω (8.40)

Su = g on Γ1 (8.41)

Lu = h on Γ2 (8.42)

where Ω ⊂ R2, � = Γ1 + Γ2 = boundary of Ω, T : DT ⊆ H → H is a bounded
linear self-adjoint operator, and H is a Sobolev space of order 1 or 2 (H 1(Ω) or
H 2(Ω)). Equations (8.40)–(8.42) can be written as
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Au = f in Ω (8.43)

If v ∈ DT is such that

〈Av − f, ψk〉 = 0 f or every k = 1, 2, 3, ... (8.44)

where {ψk} is a basis in H , then Av − f = 0 in H; that is, v is a solution of (8.43).
Thus, finding a solution of (8.43) is equivalent to finding a solution of (8.44).
This is the essence of the weighted residuals method. We note that an element w is
not necessarily represented by the basis {ψi }. Any basis {ϕi } in DT can be used to
represent w, while the residual

R = AwN − f (8.45)

with

wN =
N∑

i=1

αiϕi (8.46)

and N is an arbitrary but fixed positive integer and is made orthogonal to the subspace
spanned by ψk ; that is,

〈AwN − f, ψk〉 = 0 k = 1, 2, 3, .... (8.47)

Equation (8.47) is recognized by different names for different choices of ψk . The
general method is calledweighted residuals method. This method is related to finding
solution (8.43) in terms of Eq. (8.46) where αi are determined by (8.47). This leads to
N equations for determining N unknowns α1, α2, ..., αN . For linear A, (8.47) takes
the form.

N∑

i=1

αi 〈Aϕi , ψk〉 = 〈 f, ψk〉, k = 1, 2, 3, ..., N (8.48)

ϕi ∈ DA means that ϕi are differentiable 2m times provided A is a differentiable
operator of order 2m, and satisfies the specified boundary conditions. For more
details, see Finlayson [75].

Let ψi be Dirac delta functions. Then〈R,w〉 = ∫

Ω

Rw dΩ = 0, where

w = β1δ1 + β1δ2 + β3δ3 + · · · + βnδn, δi , i = 1, 2, . . . , n

are Dirac delta functions.
In this framework, the weighted residuals method is called the collocation method

(see, for example, [27, 61, 157]).
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8.4.2 Boundary Solutions and Inverse Problem

We look for functions satisfying the boundary conditions in the weighted residual
method but do not satisfy exactly the governing equations. On the other hand, namely,
one looks for functions satisfying exactly the governing equation and approximately
satisfying the boundary conditions. Let us explain the ideas with Laplace equation.

T = Δ = Laplace’s operator (8.49)

Su = u on Γ1 (8.50)

Lu = ∂u

∂n
on Γ2 (8.51)

∫

Ω

(Δu − b)w dΩ = 0 (8.52)

We have

∫

Ω

n∑

k=1

(
∂u

∂xk

∂w

∂xk
+ bw

)
dΩ =

∫

Γ

qw dΓ (8.53)

where q = ∂u
∂n by the integration by parts.

Integrating (8.53), we get

∫

Ω

(Δw)u dΩ =
∫

Γ

u
∂w

∂n
dΓ −

∫

Γ

qw dΓ +
∫

Ω

bw dΩ. (8.54)

By introducing the boundary conditions

Su = u = ū on Γ1

Lu = q = q̄ on Γ2

Equation (8.54) can be written as

∫

Ω

(Δw)u dΩ =
∫

Γ1

ū
∂w

∂n
dΓ +

∫

Γ2

u
∂w

∂n
dΓ

−
∫

Γ1

qw dΓ +
∫

Γ2

q̄w dΓ +
∫

Ω

bw dΩ (8.55)

By the boundary conditions and integrating (8.55) twice, we obtain

∫

Ω

(Δu − b)w dΩ =
∫

Γ2

(q − q̄)w dΓ −
∫

Γ1

(u − ū)
∂w

∂n
dΓ (8.56)
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Equation (8.56) can be written in terms of three errors or residuals as

∫

Ω

Rw dΩ =
∫

Γ2

R2w dΓ −
∫

Γ1

R1
∂w

∂n
dΓ, (8.57)

where

R = Δu − b, R1 = u − ū, R2 = q − q̄.

For homogeneous Laplace equation Δu = 0 on Ω , Eq. (8.56) takes the form

∫

Ω

(Δu)w dΩ =
∫

Γ2

(q − q̄)w dΓ −
∫

Γ1

(u − ū)
∂w

∂n
dΓ (8.58)

as b = 0. As Δu = 0, we have to satisfy

∫

Γ2

(q − q̄)w dΓ =
∫

Γ1

(u − ū)
∂w

∂n
dΓ (8.59)

We obtain for u = w a method known as the method of Trefftz.
By Green’s theorem

∫

Ω

(uΔw − w(Δu)) dΩ =
∫

Γ

(
∂u

∂n
w − u

∂w

∂n

)
dΓ (8.60)

where Γ = Γ1 + Γ2.
By choosing u and w as the same function, we have Δu = Δw = 0 and can write

w = δu. In view of this, (8.60) becomes

∫

Γ

∂u

∂n
δu dΓ =

∫

Γ

u
∂δu

∂n
dΓ (8.61)

Equation (8.61) reduces to

∫

Γ1

qδu dΓ +
∫

Γ2

q̄δu dΓ =
∫

Γ1

ū
∂δu

∂n
dΓ +

∫

Γ2

u
∂δu

∂n
dΓ (8.62)

by applying boundary conditions.
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8.4.3 Boundary Element Method

Boundary element schemes are related to inverse relationship (8.55). For the weight-
ing function, one uses a set of basis functions which eliminates the domain integrals
and reduces the problem to evaluating integrals on boundary. Steps involved in the
boundary element method:

(i) Converting boundary value problem into the boundary integral equation.
(ii) Discretization of the boundary into a series of elements over which the poten-

tial and its normal derivatives are supposed to vary according to interpolation
functions. Elements could be straight line, circular areas, parabolas, etc.

(iii) By the collocation method, the discretized equation is applied to a number
of particular nodes within each element where values of the potential and its
normal derivatives are associated.

(iv) Evaluation of the integrals over each element by normally using a numerical
quadrature scheme.

(v) To derive a system of linear algebraic equations imposing the prescribed bound-
ary conditions and to find its solution by direct or iterative methods.

(vi) Finding u at the internal points of given domain.

We illustrate these steps with the help of the following example: Let us consider the
boundary value problem

⎧
⎨

⎩

Δu(x) = 0 in Ω

u(x) = ū on Γ1
∂u
∂n = q(x) on Γ2

(8.63)

where Γ = Γ1 + Γ2, Γ = boundary of the region Ω ⊂ R2. The weighted residual
Equation (8.56) takes the following form for this boundary value problem:

∫

Ω

Δu(x) u�(x, y) dΩ(x) =
∫

Γ2

(q(x) − q̄)u�(x, y) dΓ

− ∫

Γ1

(u(x) − ū)q�(x, y) dΓ

⎫
⎪⎬

⎪⎭
(8.64)

where u�(·, ·) is interpreted as the weighting function and

q�(x, y) = ∂u�(x, y)

∂n
(8.65)

Integrating by parts (8.64) with respect to xi , we have
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−
∫

Ω

∂u(x)

∂xi

∂u�(x, y)

∂xi
dΩ(x) =

∫

Γ1

q(x)u�(x, y)dΓ (x)

− ∫

Γ2

q̄(x)u�(x, y) dΓ (x)

− ∫

Γ1

[u(x) − ū(x)]q�(x, y)dΓ (x)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(8.66)

where i = 1, 2 andEinstein’s summation convention is followed for repeated indices.
Using integration by parts once more, we get

∫

Ω

Δu�(x, y)u(x) dΩ(x) = −
∫

Γ

q(u)u�(x, y) dΓ (x)

+
∫

Γ

u(x)q�(x, y)dΓ (x) (8.67)

keeping in mind that Γ = Γ1 + Γ2.
Recalling the following properties of the Dirac delta function δ(x, y):

δ(x, y) = 0, if x �= y
= ∞, if x = y∫

Ω

u(x)δ(x, y) dΩ(x) = u(y)

⎫
⎪⎬

⎪⎭
(8.68)

assumingu�(x, y) to be the fundamental solution of two-dimensional Poisson’s equa-
tion; namely

Δu�(x, y) = −2πδ(x, y) (8.69)

and putting the value of Δu�(x, y) from (8.69) into (8.67), we have

2πu(y) +
∫

Γ

u(x)q�(x, y) dΓ (x) =
∫

Γ

q(x)u�(x, y) dΓ (x) (8.70)

Considering the point y to be on the boundary and accounting for the jump of the
left hand, (8.70) gives the integral equation on the boundary of the given domain Ω

(boundary integral equation)

c(y)u(y) +
∫

Γ

u(x)q�(x, y) dΓ (x) =
∫

Γ

q(x)u�(x, y) dΓ (x) (8.71)
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Fig. 8.2 Constant boundary
elements

(i)

Nodes

Element

Fig. 8.3 Linear boundary
elements

(ii)

Nodes

Element

Remark 8.13 (i) For a Neumann boundary problem, we are required to solve a
Fredholm equation of the second kind.

(ii) For a Dirichlet boundary problem, we are required to solve a Fredholm equation
of first kind in unknown q(x) = ∂u

∂ni
(normal derivative).

(iii) For Cauchy boundary problem, we are required to solve a mixed integral
equation for the unknown boundary data. Equation (8.71) can be discretized
into a large number of elements; see Figs. 8.2 and 8.3.

For the constant element case, the boundary is discretized into N elements. Let
N1 belong to Γ1 and N2 to Γ2, where the values of u and q are taken to be constant
on each element and equal to the value at the mid node of the element. We observe
that in each element the value of one of the two variables u or q is known. Equation
(8.71) can be converted to (8.72).

ciui +
∫

Γ

uq� dΓ =
∫

Γ

qu� dΓ (8.72)

where u� = 1
2π log

(
1
r

)
. Here, we have chosen ui (y) = ui and c(y) = ci .

Equation (8.72) can be discretized as follows:

ciui +
N∑

j=1

∫

Γ j

uq� dΓ =
N∑

j=1

∫

Γ j

u�q dΓ (8.73)

It can be checked that ci is 1
2 as for a constant element, and the boundary element

is always smooth. (8.73) is the discrete form of the relationship between node i at
which the fundamental solution is applied and all the j elements, including the case
i = j , on the boundary. The values of u and q inside the integrals in Eq. (8.73) are
constants at one element and, consequently,



304 8 Finite Element and Boundary Element Methods

1

2
ui +

N∑

j=1

⎛

⎜⎝
∫

Γ j

q� dΓ

⎞

⎟⎠ u j =
N∑

j=1

⎛

⎜⎝
∫

Γ j

u� dΓ

⎞

⎟⎠ q j (8.74)

Let

H̄i j =
∫

Γ j

q� dΓ, and Gi j =
∫

Γ j

u� dΓ (8.75)

(A symbol involving i and j is used to indicate that the integrals
∫
Γ j
q� dΓ relate

the i th node with the element j over which the integral is taken).
Equation (8.74) takes the form

1

2
ui +

N∑

j=1

H̄i j u j =
N∑

j=1

Gi jq j (8.76)

Here, the integrals in (8.75) are simple and can be evaluated analytically but, in
general, numerical techniques will be employed. Let us define

Hi j =
{

H̄i j , i f i �= j
H̄i j + 1

2 , i f i = j
(8.77)

then (8.76) can be written as

N∑

j=1

Hi ju j =
N∑

j=1

Gi jq j

which can be expressed in the form of matrix equation as

AX = F (8.78)

where X is the vector of unknown u’s and q’s, and A is amatrix of order N . Potentials
and fluxes at any point are given by

ui =
∫

Γ

qu� dΓ −
∫

Γ

uq� dΓ (8.79)

Equation (8.79) represents the integral relationship between an internal point, the
boundary values of u and q and its discretized form is
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ui =
N∑

j=1

q jGi j −
N∑

j=1

ui Hi j (8.80)

The values of internal fluxes can be determined by Eq.(8.79) which gives us

∂u

∂xi
=

∫

Γ

∫

Γ

q
∂u�

∂xl
dΓ −

∫

Γ

∫

Γ

u
∂q�

∂x1
dΓ (8.81)

where xl are the coordinates, l = 1, 2.

Remark 8.14 (i) The values of u(x) at any internal point of the domain are deter-
mined by Eq. (8.71).

(ii) The values of derivatives of u, at any internal point y with Cartesian coordinates
xi (y), i = 1, 2, can be determined from the equation

∂u(y)

∂xi (y)
= 1

2απ

⎧
⎪⎨

⎪⎩

∫

Γ

q(x) ∂u�(x,y)
∂xi (y)

dΓ (x)

− ∫

Γ

u(x) ∂q�(x,y)
∂xi (y)

dΓ (x)

⎫
⎪⎬

⎪⎭
(8.82)

Differentiating (8.70), we get (8.82) by applying appropriate conditions.
(iii) A significant advantage of the boundary element method is the relaxation of

the condition that the boundary surface is smooth (Lyapunov); that is, it can be
used for surfaces having corners or edges.

Remark 8.15 Hi j and Gi j can be determined by simple Gauss quadrature values for
all elements (except one node under consideration) as follows:

H̄i j =
∫

Γ j

q� dΓ = l j
2

n∑

k=1

q�
kwk (8.83)

and

Gi j =
∫

Γ j

u� dΓ = l j
2

n∑

k=1

u�
kwk (8.84)

where l j is the element length and wk is the weight associated with the numerical
integration point k.

Example 8.7 Solve

d2u
dx2 + u = −x in Ω, Ω = (0, 1)

u(0) = u(1) = 0

}
(8.85)

(by the boundary value problem)
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Since Δw = d2w
dx2 + w and b = −x , by Eq. (8.55), we get

1∫

0

(
d2w

dx2
+ w

)
u dx +

1∫

0

xw dx + [qw]x=1
x=0 −

[
ū
dw

dx

]x=1

x=0

= 0 (8.86)

In boundary element method, one can choose the fundamental solution as the weight-
ing function w. Denote this solution by w�, to emphasize its special character and is
the solution of

d2w�

dx2
+ w� = δi (8.87)

where δi indicates a Dirac delta function which is different from zero at the point i
of coordinate ξ . The Dirac delta function is such that

1∫

0

(
d2w�

dx2
+ w�

)
u dx =

1∫

0

δi u dx = ui (8.88)

In view of this and taking into account ū = 0, we get

ui = −
1∫

0

xw� dx − [qw�]x=1
x=0 (8.89)

The function w� which satisfies

1∫

0

(
d2u

dx2
+ u + x

)
w dx +

[
(u − ū)

dw

dx

]x=1

x=0

= 0 (8.90)

or (8.88) is w� = 1
2 sin r , where r = |x − ξ |.

Putting the value of w� into Eq. (8.89) to obtain a system of equations (one at
x = 0; the other at x = 1) from which the two values of q at x = 0, x = 1 can be
found. That is,

q0 = 1

sin 1
− 1, q1 = cos 1

sin 1
− 1

Equation (8.89) can be used to calculate the values of the u function at any internal
point. If we choose ξ to be at the midpoint of our internal domain, we obtain the
value of u at x = 1

2 as
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u

(
1

2

)
= −1

2

1∫

0

x sin

(
1

2
− x

)
dx − 1

2

1∫

1/2

x sin

(
x − 1

2

)
dx

− q1 sin
1

2
+ q0 sin

1

2

in which

r =
{ 1

2 − x for 0 < x < 1
2

x − 1
2 for 1

2 < x < 1

Thus, we obtain

u

(
1

2

)
= −1

2
[(cos 1 − 1)/ sin 1] sin 1

2
− 1

2

(
1

2
− sin

1

2

)
− 1

2

(
1

2
+ sin

1

2
− cos

1

2

)

= 0.06974694

which is the same as the exact solution; that is,

u

(
1

2

)
= sin 1

2

sin 1
− 1 = 0.06974694

8.5 Problems

Problem 8.1 Illustrate application of the finite element method to solve the follow-
ing boundary value problem

−d2y

dx2
= 1, 0 ≤ x ≤ 1

with y(0) = 0, y′(0) = 0.

Problem 8.2 Find numerical solution using the finite element method:

−d2u

dx2
+ u(x) = f (x), 0 < x < 1

u(0) = u(1) = 0

Problem 8.3 Discuss the error estimation between the exact and finite element solu-
tion of the following differential equation:

−d2u

dx2
= 4, 0 < x < 1

u(0) = u(1) = 0
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Problem 8.4 Let 0 = x0 < x1 < x2 < ... < xn = 1 be a partition of [0, 1] and V
the vector space of functions v such that

(i) v ∈ C0([0, 1]).
(ii) v/[xi−1, xi ] is a linear polynomial, i = 1, ..., n.
(iii) v(0) = 0.

Let

H =
⎧
⎨

⎩v ∈ L2(0, 1)/

1∫

0

(
dv

dx

)2

dx < ∞ and v(0) = 0

⎫
⎬

⎭ .

Let for each i = 1, 2, ..., n, ϕi be defined as ϕi (x j ) = δi j = Kronecker delta. Let
interpolant vI ∈ V for v ∈ C0[0, 1] be defined as

VI =
n∑

i=1

v(xi )ϕi .

Show that ||u − uI || ≤ Ch
∣∣∣
∣∣∣ d

2u
dx2

∣∣∣
∣∣∣ for all u ∈ H , where h = max

1≤i≤n
(xi − xi−1), uI is

the interpolant of u and C is independent of h and u.

Problem 8.5 Let H and V be two Hilbert spaces. Let P denote the problem of
finding u ∈ H such that

A(u, v) = F(v) ∀ v ∈ V

where A : H × V → R and F ∈ V �, dual space of V . Prove that P has a unique
solution u ∈ H provided there exist constants α and β such that

(a) |A(u, v)| ≤ β||u|| ||v|| f or all u ∈ H and v ∈ V .
(b) sup

u∈V, u �=0

A(u,v)
||v||V ≥ α||u||H for all u ∈ H .

(c) sup
u∈H

A(u, v) > 0 for all v ∈ V, v �= 0.

Furthermore, ||u||H ≤ ||F ||V
α

.

Problem 8.6 Formulate a theorem analogous to Theorem 8.1 for the bilinear form
considered in Problem 8.5.

Problem 8.7 Find the error between the exact solution and a finite element solution
of the following boundary value problem:

− d

dx

[
(1 + x)

du

dx

]
= 0, 0 < x < 1

u(0) = 0,

[
(1 + x)

du

dx

]

x=1

= 1
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Problem 8.8 Solve the following BVP:

−Δu = 2(x + y) − 4

in the square with vertices (0, 0), (1, 0), (1, 1), (0, 1), where the boundary condi-
tions are

u(0, y) = y2, u(x, 0) = x2, u(1, y) = 1 − y, u(x, 1) = 1 − x

Problem 8.9 Solve the Poisson equation

d2u

dx2
+ d2u

dy2
= 4

with boundary conditions u = 0 on Γ (x = ±1, y = ±1) by the boundary element
method.



Chapter 9
Variational Inequalities and Applications

Abstract In this chapter, we discuss mathematical models of real-world prob-
lems known as variational inequalities introduced systematically by J.L. Lions and
S. Stampachia in early seventies. Modeling, discretization, algorithms, and visual-
ization of solutions along with updated references are presented.

Keywords Signorini contact problems · Complementarily problem · Rigid punch
problem · Lions–Stampacchia theorem · Minti lemma · Ritz–Galerkin method ·
Finite element methods for variational inequalities · Parallel algorithm · Obstacle
problem · Membrane problem

9.1 Motivation and Historical Remarks

The study of variational inequalities was systematically initiated in the early sixties
by J.L. Lions and G. Stampacchia. We have seen in Chap.7 that boundary value
problems can be expressed in terms of operator equations. However, in many situa-
tions, boundary conditions are uncertain and such problems are expressed in terms
of operator inequalities. These problems occur in well-known branches of physics,
engineering, economics, business, and trade.

This development provided solutions to several problems of science, technology,
and finance earlier thought to be inaccessible. The beauty of this study lies in the fact
that an unknown part of an elastic body that is in contact with a rigid body becomes
an intrinsic part of the solution and no special technique is required to locate it. In
short variational inequalities model free boundary value problems. The techniques
of variational inequalities are based on tools, and techniques of functional analysis
discussed in this book. Methods of variational inequalities have been applied to
modeling, error estimation, and visualization of industrial problems.

9.1.1 Contact Problem (Signorini Problem)

In practically every structural and mechanical system, there is a situation in which
a deformable body contact with another body comes in. The contact of two

© Springer Nature Singapore Pte Ltd. 2018
A.H. Siddiqi,Functional Analysis and Applications, Industrial andAppliedMathematics,
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bodies tells how loads are distributed into a structure where structures are supported
to sustain loads. Thus, properties of contact may play a significant role in the behav-
ior of the structure related to deformation, motion, and the distribution of stresses,
etc.

In 1933, Signorini studied the general equilibrium problem of a linear elastic body
in contact with a rigid frictionless body. He himself refined his results in 1959 by
considering a rigid body a base on which an elastic body is placed. In 1963, Fichera
presented a systematic study by formulating the problem in the form of an inequality
involving an operator or bilinear form and a functional. He proved an existence
theorem for a convex subset of a Hilbert space. In 1967, Lions and Stampacchia
presented an existence theorem of variational inequalities and proved an existence
theorem for nonsymmetric bilinear form.Modeling important phenomena of physics
and engineering formulated in terms of variational inequalities was presented in a
book form by Duvaut and Lions [DuLi 72]. This is one of the best source for applied
research in this area.

Mosco and Bensoussan introduced several generalization of variational inequali-
ties in seventies. Their results and other related results are presented in Mosco [139],
Bensoussan and Lions [17, 18], Baiocchi and Capelo [9], and Kinderlehrer and
Stampacchia [112]. The book of Kinderlehrer and Stampacchia presents interesting
fundamental results and applications to free boundary problems of lubrication, fil-
tration of a liquid through porous media, deflection of an elastic beam, and Stefan
problem. Applications of finite element methods for numerical solutions of varia-
tional inequalities were presented in book form byGlowinski, Lions and Tŕemolíeres
[85], and Glowinski [83]. A comprehensive study of solid mechanics through varia-
tional inequalities was presented by Jayme Mason [105]. Applications of the theory
of variational inequalities to the dam problem were systematically presented by
Baiocchi and Capelo [9]. During the same period, the book of Chipot [38] entitled
variational inequalities and Flow in Porous Media appeared which treated the obsta-
cle and the damproblems.Amonograph on the study of contact problems in elasticity
through variational inequalities and the finite element methods (discretization, error
estimation, and convergence of approximate solution to the variational solution of
the problem) was written by Kikuchi and Oden [111]. See also [53, 68].

9.1.2 Modeling in Social, Financial and Management
Sciences

Complementarity problem is awell-known topic of operations research.This includes
as special cases linear and quadratic programming. Cottle, Karmardian, and Lions
noted in 1980 that the problems of variational inequality are a generalization of
the complementarity problem. Interesting results have been obtained on finite-
dimensional spaces like Rn; see [81, 82]. It was also noted that the equilibrium condi-
tions of the traffic management problem had the structure of a variational inequality.
This provided a study of more general equilibrium systems. Stella Deformas iden-
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tified network equilibrium conditions with a variational inequality problem. Since
the equilibrium theory is very well established in economics, game theory, and other
areas of social sciences, the link of variational inequality could be established with
all those themes.

Stella and Anna Nagurney jointly developed a general multinetwork equilibrium
model with elastic demands and a asymmetric interactions formulating the equilib-
riumconditions as a variational inequality problem.They studied a projectionmethod
for computing the equilibrium pattern. Their work includes a number of traffic net-
work equilibrium models, spatial price equilibrium models, and general economic
equilibrium problemswith production. There are series of papers on successful appli-
cation of variational inequality theory in the setting of finite-dimensional spaces to
qualitative analysis and computation of perfectly and imperfectly competitive prob-
lems, for example [68, 141, 142]. Studied problems are: (i) dynamical evolution
of competitive systems underlying many equilibrium problems and (i i) existence,
uniqueness, and iterative methods. It has been shown that American option pricing
of financial mathematics and engineering is modelled by an evolution variational
inequality [198]. A refined numerical method is presented in the Ref. [SiMaKo 00].

9.2 Variational Inequalities and Their Relationship
with Other Problems

9.2.1 Classes of Variational Inequalities

Let H be a real Hilbert space with the inner product 〈·, ·〉. Let || · || denote the norm
induced by 〈·, ·〉 and let (·, ·) denote the duality between H and H �, where H � is
the dual of H . In case of the real Hilbert space, 〈·, ·〉 = (·, ·). Let K be a closed
convex subset of H . Assume that T, S, A are nonlinear operators on H into H � and
a(·, ·) is bilinear form on H . Let F be a fixed element of H �. The following forms
of variational inequalities are used to model problems of different areas:
Model 1 [Stampacchia–Lions] Find u ∈ K such that

a(u, v − u) ≥ 〈F, v − u〉 f or all v ∈ K (9.1)

where a(·, ·) is a bilinear form on H × H into R.
Model 2 [Stampacchia–Hartman–Browder] Find u ∈ K such that

〈T u, v − u〉 ≥ 〈F, v − u〉 f or all v ∈ K (9.2)

Model 3 [Duvaut–Lions] Find u ∈ K such that

a(u, v − u) + j (v) − j (u) ≥ 〈F, v − u〉 f or all v ∈ K (9.3)

where j (·) is an appropriate real-valued function.
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Model 4 Find u ∈ K such that

〈T u, v − u〉 ≥ 〈Au, v − u〉 f or all v ∈ K (9.4)

Model 5 Find u ∈ K such that

(T u, v − u) + φ(u, v) − φ(u, u) ≥ (Au, v − u) f or all v ∈ K (9.5)

where φ(·, ·) : H × H → R is an appropriate function.
Model 6 [Bensoussan–Lions] Find u ∈ K (u), K : H → 2H such that

(T u, v − u) ≥ 〈Fu, v − u〉 ∀ v ∈ K (u) (9.6)

This model is known as the quasi-variational inequality. In particular, T can be
chosen as 〈T u, v〉 = a(u, v) and K (u) as K (u) = m(u) + K , m : H → H is a
nonlinear map, or K (u) = {v ∈ H/u ≤ Mv, M : H → H , where ≤ is an ordering
of H}.
Model 7 Find u ∈ K (u) such that

(T u, v − u) + φ(u, v) − φ(u, u) ≥ (Au, v − u) f or all v ∈ K (u) (9.7)

where φ(·, ·) and K (u) are the same as in Model 5 and Model 6, respectively.
Model 8 Find u ∈ K (u) such that

(T u, Sv − Su) ≥ 〈Au, Su − Sv〉 f or all Sv ∈ K , Su ∈ K (9.8)

It may be observed that the variational inequalities in Models 1 to 8 are called the
elliptic variational inequalities.
Model 9 (Parabolic Variational Inequalities) Find u(t), where u : [0, T ] → H
and [0, T ] is a time interval, 0 < T < ∞ such that

〈
∂u

∂t
, v − u

〉
+ a(u, v − u) ≥ 〈F, v − u〉 = F(v − u)∀ v ∈ K , and

t ∈ (0, T ), u(t) ∈ K for almost all t (9.9)

Here, F ∈ L2(0, T, H �) = {F : [0, T ] → H �|F(t) ∈ L2}, a Hilbert space. For
∂u
∂t = 0, we get the elliptic variational inequality.
Model 10 (Rate-independent Evolution Variational Inequality) Find u : [0, T ] → H
such that

〈
∂u

∂t
, v − u

〉
+ a(u, v − u′) + j (v) − j (u′)

≥ F(v − u′) f or v ∈ H (9.10)

where u′ = ∂u

∂t
.
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For information concerning more general form of inequalities like vectorvalued
variational inequalities, simultaneous variational inequalities, generalized quasi-
variational inequalities, and implicit variational problems, we refer to Siddiqi, Man-
chanda, and Kocvara [SiMa 00], [167], Brokate and Siddiqi [31], and Giannessi
[82].

9.2.2 Formulation of a Few Problems in Terms of Variational
Inequalities

(1) Minimization of a Single-valued Real Function
Let f : [a, b] → R be a differentiable real-valued function defined on the closed
interval of R. We indicate here that finding the point x0 ∈ I = [a, b] such that

f (x0) ≤ f (x) f or all x ∈ I ; that is

f (x0) = inf f (x), x ∈ I

is equivalent to finding the solution of a variational inequality. We know that

(a) if a < x0 < b, then f ′(x0) = 0
(b) if x0 = a, then f ′(x0) ≥ 0
(c) if x0 = b, then f ′(x0) ≤ 0

From this, we see that

〈 f ′(x0), x − x0〉 ≥ 0 f or all x ∈ [a, b], x0 ∈ [a, b] (9.11)

that is, x0 is a solution ofModel 1, where F = 0, a(u, v−u) = ( f ′(u), v−u) =
〈Bu, v −u〉, B = f ′ : R → R linear or x0 is solution of Model 2, where F = 0
and T = f ′.

(4) Minimization of a Function of n Variables
Let f be a differentiable real-valued function defined on the closed convex set
K of Rn . We shall show that finding the minima of f , that is, searching the point
x0 ∈ K such that f (x0) = inf x∈X f (x), that is, f (x0) ≤ f (x), for all x ∈ K is
equivalent to finding the point x0 ∈ K , which is a solution of Model 1 or Model
2. Let x0 ∈ K be a point where the minimum is achieved and let x ∈ K . Since
K is convex, the segment (1 − t)x0 + t x = x0 + t (x − x0), 0 ≤ t ≤ 1, lies in
K . φ′(t) = f (x0 + t (x − x0)), 0 ≤ t ≤ 1, attains its minimum at t = 0 as in
(1).
φ′(0) = 〈grad f (x0), (x − x0)〉 ≥ 0 for any x ∈ K , where grad f = ∇ f (x) =(

∂ f
∂x1

,
∂ f
∂x2

, . . . ,
∂ f
∂xn

)
, x = (x1, x2, . . . , xn) ∈ K .This shows that, x0 ∈ K is a

solution of the variational inequality, 〈grad f (x0), (x − x0)〉 ≥ 0 for any x ∈ K ,
or x0 solves Model 2 where u = x0, v = x, T = grad f = ∇ f, F = 0.
Thus, if f is a convex function and u ∈ K is a solution of variational inequality
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(Model 2) for T = grad f = ∇ f , then

f (x) = inf
v∈K

f (v)

(5) Consider the Following Boundary Value Problem (BVP)

− d2u

dx2
= f (x) on (0, 1) (i)

u(0) ≥ 0; u(1) ≥ 0 (i i)(
du

dx

)
x=0

≤ 0 (i i i)

(
du

dx

)
x=1

≥ 0 (iv)

u(x)

(
du

dx

)
x=0

= 0, x ∈ {0, 1} (v) (9.12)

Let H = H 1(0, 1), K = {u ∈ H 1(0, 1)/u(0) ≥ 0, u(1) ≥ 0}. It can be
observed that if K is a cone with vertex 0 in Model 1 (the convex set K is called
cone with vertex at 0, if for every pair of elements v, w ∈ K , v+w ∈ K , tv ∈ K
holds for every t ≥ 0), then (9.1) is equivalent to the pair of relations

a(u, v) = 〈Bu, v〉 ≥ 〈F, v〉a(u, u) = 〈Bu, u〉 = 〈F, u〉 (9.13)

(B is a bounded linear operator associated with a(·, ·) given in the beginning of
Sect. 7.3). To verify this, let Q(u) = B(u) − F ; so (9.12) and (9.13) reduce to

〈Qu, v〉 ≥ 0; 〈Qu, u〉 = 0 (9.14)

From Equation (9.14), subtracting the second from the first, 〈Qu, v − u〉 ≥ 0
for all v ∈ K . Now if we choose v = 2u, which is permissible since K is a
cone, we obtain 〈Qu, u〉 ≥ 0. By choosing v = 0, we have 〈Qu, u〉 ≤ 0. By
combining these two inequalities, we obtain 〈Qu, u〉 = 0 and, finally adding
this to 〈Qu, v − u〉 ≥ 0, we get the desired result. We show now that Model 1,
where H and K are as chosen above

a(u, v) = 〈Bu, v〉 =
∫ 1

0

du

dx

dv

dx
dx and 〈F, v〉 =

∫ 1

0
f (x)v(x)dx

is equivalent to (BVP) (9.11). Model 1 takes the form

∫ 1

0

du

dx

[
dv

dx
− du

dx

]
≥
∫ 1

0
f (x)(v(x) − u(x))dx (9.15)
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for all v(x) ∈ K . It can be checked that K is a cone with vertex 0 and so by the
above remark, (9.15) can be rewritten as

∫ 1

0

du

dx

dv

dx
dx ≥

∫ 1

0
f (x)v(x)dx (9.16)

∫ 1

0

(
du

dx

)2

dx =
∫ 1

0
f (x)u(x)dx (9.17)

Assume that the solution u of (9.16) is smoother than strictly required for it to be
in H 1(0, 1), for example u ∈ C2(0, 1) and v ∈ C∞

0 (0, 1). Integrating by parts
the left-hand side of (9.16), we find

∫ 1

0
−du

dx
v(x)dx +

[(
du

dx

)
x=1

v(1) −
(

du

dx

)
x=0

v(0)

]
dx

≥
∫ 1

0
f (x)v(x)dx (9.18)

Since v ∈ K ∩ C∞
0 (0, 1) and (9.16) also holds for (−v), we conclude that

∫ 1

0

du

dx

dv

dx
dx ≤

∫ 1

0
f (x)v(x)dx (9.19)

This together with (9.16) implies

∫ 1

0

du

dx

dv

dx
dx =

∫ 1

0
f (x)v(x)dx (9.20)

An integration by parts here yields (9.17) and, as v ∈ C∞
0 (0, 1); that is, v(0) =

v(1), the boundary term vanishes and we obtain

−d2u

dx2
= f (x) in (0, 1)

In view of (9.17), (9.18) gives us

(
du

dx

)
x=1

v(1) −
(

du

dx

)
x=0

v(0) ≥ 0, f or u, v ∈ K (9.21)

If we choose v(1) = 1, and v(0) = 0 in (9.21), we get
(

du
dx

)
x=1

≥ 0 (BVP) 9.11
(iv)). On the other hand, by choosing v(1) = 0, and v(0) = 1 in (9.21), we obtain
− ( du

dx

)
x=0

≥ 0 or
(

du
dx

)
x=0

≤ 0 which is (BVP) 9.11 (iii).
Since u ∈ K , we have (BVP) 9.11 (ii). (BVP) 9.11) (v) is obtained in a similar
way from (9.17). Thus if u is a solution of (9.15), then it is the solution of (BVP)
9.11(i − v). If u is a solution of (BVP) 9.11(i − v), then multiplying both sides
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of (BVP) 9.11(i) by v(x) and integrating by parts and using other conditions,
we get (9.16) and (9.18). This implies that u is a solution of (9.15).

(6) Complementarity Problem and Variational Inequality
The following problem is known as the nonlinear complementarity problem
(NCP): Find u ∈ Rn such that u ≥ 0, F(u) ≥ 0 and u, and F(u) are
orthogonal, that is, 〈u, F(u)〉 = 0, where F : Rn → Rn . The NCP has been
used as a general framework for quadratic programming, linear complemen-
tarity problems, mathematical programming, and some equilibrium problems.
For details, we refer to Cottle, Pang and Store [53]. It can be easily checked
that u is a solution to the NCP if and only if it is a solution of the variational
inequality: Find u ∈ Rn+ such that 〈F(u), v − u〉 ≥ 0 for all v ∈ Rn+, where
Rn+ = {v = (v1, v2, . . . , vn) ∈ Rn/vi ≥ 0, i = 1, 2, . . . , n}.

Proof Let u be a solution to the NCP. Then
〈F(u), v〉 ≥ 0 ∀ v ∈ Rn+ , so

〈F(u), v − u〉 = 〈F(u), v〉 − 〈F(u), u〉
= 〈F(u), v〉 ≥ 0 because 〈F(u), u〉 = 0

Thus, u is a solution of the variational inequality.
To prove the converse, let u be a solution of the variational inequality. Then

v = u + ei , ei = (0, 0, . . . , 1, 0, . . .) (1 in the ith place) is an element of Rn+,
so 0 ≤ 〈F(u), u + ei − u〉 = 〈F(u), ei 〉 = Fi (u) or F(u) ∈ Rn+. Thus, since
v = 0 ∈ Rn+, 〈F(u), u〉 ≤ 0. But u, F(u) ∈ Rn+ implies that 〈F(u), u〉 ≥ 0. Hence,
〈F(u), u〉 = 0; that is u is a solution of the NCP.

(7) Rigid Punch Problem
The variational inequality approach for studying the contact problems is well
established in the methodology see, for example, Kikuchi and Oden [111],
Duvaut and Lions [69], and Brokate and Siddiqi [31, 32] for an extended dis-
cussion of the rigid punch problem. In the rigid punch problem, one considers a
material body deformed by another body (the punch rigid body of definite shape).
If we consider a specific situation as shown in (9.1) for the initial and equilib-
rium configurations, then the deformation u in the elastic body is a solution of
the variational inequality: Find u ∈ K such that

a(u, v − u) ≥ 〈F, v − u〉 ∀ v ∈ K

where a(·, ·) is the usual bilinear form of linear elasticity on a suitable Hilbert
space H

a(u, v) =
∫

Ω

ai jklξi j (ũ)ξkl(ṽ)dx

ξi j (ũ) = 1

2
(δi u j + δ j ui )

u = (ũ, y) = (u1, u2, y) ∈ H
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The linear elastic material body occupies at rest the domain Ω ⊂ R2 and is
kept fixed at a part �0 of its boundary. The punch has one degree of freedom,
namely the motion in the vertical direction, and presses from above with a fixed
force resulting from its own weight onto the material body. Frictionless contact
is assumed. Here, the unknown (the deformation) is u = (u1, u2, y), where
ui : Ω → R2 and y ∈ R is the vertical displacement in the downward direction
of the rigid punch and

〈F, u〉 =
∫

Ω

fi ui dx + Py

where P > 0 corresponds to the weight of the punch. The constraint set K
represents a linearized form of the nonpenetration conditions (i.e., the condition
that the punch is always above the elastic body). A general form is

K = {(v1, v2, z)|αi (x)vi (x) + β(x)z ≤ φ(x), x ∈ �c, i = 1, 2}

Here, �c is the part of the upper boundary of Ω , where the contact may possibly
occur. The function φ denotes the vertical distance (or some modification of it)
of the punch from the elastic body in the initial configuration, and the functions
αi , β are connected to the unit normal of the boundary of the punch or of the
elastic body. Various forms are possible; for example

ηi (x)vi (x) + z ≤ φ(x)

ηi (x)vi (x) + η2(x)z ≤ η2(x)φ(x)

v2(x) + z ≤ (x)

(8) Reasonable Price System
Let M = {p = (p1, p2, . . . , pn) ∈ Rn : 0 ≤ pi ≤ 1} and let N be
a compact, convex, nonempty set in Rn . Suppose there are n commodities
C1, C2, C3, . . . , Cn . Let pi be the price of Ci with 0 < pi < 1. We assign a set
K (p) ⊆ N to each price vector p ∈ M . q ∈ K (p) with q = (q1, q2, . . . , qn)

means that the difference between the supply and demand for Ci is equal to qi .
The number

〈p, q〉 =
n∑

i=1

pi qi

is, therefore, equal to the difference between the value of the commodities which
are supplied to the market and the value of the commodities which are demanded
by the market. Thus,

〈p, q〉 = 0, q ∈ K (p)
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Fig. 9.1 Rigid punch

is the mathematical formulation of the situation “supply equals demand.” This
ideal situation cannot always be realized.We are therefore satisfiedwith aweaker
condition. First, it is reasonable to assume that

〈p, q〉 > 0, for all p ∈ M, q ∈ K (p).

This is the so-called the law of Walras. Roughly, it means that we only consider
economical situations with a supply excess.
We call ( p̄, q̄) with q̄ ∈ K (p) a Walras equilibrium if and only if the following
holds. 0 ≤ 〈 p̄, q̄〉 ≤ 〈p, q̄〉 for all p ∈ M . Broadly speaking, this means that the
value difference between the supply and demand becomesminimal. The vector p̄
is called the equilibriumprice system.The fundamental problemofmathematical
economics is to find conditions for the supply excess map K which ensures the
existence of the Walras equilibrium. This is equivalent to finding the solution
of Model 6, where H = Rn , M = unit cube, 〈T u, v〉 = 〈u, v〉 inner product in
Rn . Mosco [139] has given a theorem dealing with the solution of this model
(Fig9.1).

9.3 Elliptic Variational Inequalities

Let H be a Hilbert space and K a nonempty closed convex subset of H. Further, let
a(·, ·) be a bilinear form on H × H into R and F ∈ H � which is identified with
element, say Fu or y of H, by the Reisz representation theorem. Then the Model 1
(variational inequality problem or VIP for short) takes the form: Find u ∈ K such
that

a(u, v − u) ≥ F(v − u) = 〈y, v − u〉 f or all v ∈ K (9.22)
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or

〈Au, v − u〉 ≥ F(v − u) = 〈F, v − u〉 = 〈y, v − u〉 (9.23)

where A : H → H �, 〈Au, v〉 = a(u, v), ||A|| = ||a||. In Model 2, we find u ∈ K
such that

〈T u, v − u〉 ≥ 〈F, v − u〉 ∀v ∈ K (9.24)

where T : H → H � or into itself in the case of real Hilbert space.
In Sect. 9.3.1, we shall study the existence of solution of (9.1) where a(·, ·) is

bounded and coercive bilinear form (not necessarily symmetric). This is the Lions–
Stampacchia theorem. Prior to this theorem, we prove that, for the bilinear bounded
coercive and symmetric bilinear form, the optimization problem for the energy func-
tional is equivalent to a variational inequality problem, that is, “Find u ∈ K such
that J (u) ≤ J (v)∀v ∈ K , where J (v) = 1

2a(v, v) − F(v) is equivalent to (9.1).”
Section9.3.2 is devoted to the existence theorem for the VIP (9.1)–(9.3) along

with the Ritz–Galerkin and Penalty methods.

9.3.1 Lions–Stampacchia Theorem

The Lions–Stampacchia theorem for symmetric bilinear form follows from
Theorem6.6 and Theorem9.1 given below.

Theorem 9.1 Let J (v) = 1
2a(v, v)−F(v). If a(·, ·) is bilinear bounded coercive and

symmetric then the problem of optimization, (P) for J (·) and (VIP) are equivalent.
That is to say “Find u ∈ K such that J (u) ≤ J (v) ∀ v ∈ K ” holds if and only if
(9.1) holds, namely there exists u ∈ K such that a(u, v − u) ≥ F(v − u) ∀ v ∈ K .

Proof Let (9.1) hold for all v ∈ K , then we have

J (v) = J (u + v − u) = 1

2
a(u + v − u, u + v − u) − F(u + v − u)

⇒ J (u + v − u) = 1

2
a(u, u) + 1

2
a(v − u, v − u) + 1

2
a(u, v − u)

+ a(v − u, u) − F(u) − F(v − u)

⇒ J (u + v − u) = J (u) + [a(u, v − u) − F(v − u)]
+ 1

2
a(v − u, v − u).

Since a(·, ·) is coercive, the third term is greater than or equal to 0 and the second term
is also nonnegative by the assumption that (9.1) holds. Therefore, J (u) ≤ J (v) ∀ v ∈
K . For the converse, suppose that there exists u ∈ K such that J (u) ≤ J (v) ∀ v ∈ K .
Therefore,
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lim
t→0

J (u + t (v − u)) − J (u)

t
≥ 0

or the Gâuteax derivative of J in the direction of (v − u) is greater than or equal to
0, that is, D J (u)(v − u) ≥ 0.

Applying Theorem5.3 and Problem5.3, we get

D J (u)(v − u) = D J (u)(v − u) = a(u, v − u) − F(v − u) ≥ 0

or a(u, v − u) ≥ F(v − u) ∀ v ∈ K

Hence, (9.1) holds.

Theorem 9.2 If a(·, ·) is bilinear bounded and coercive, then VIP (9.1) has a unique
solution. Furthermore, the mapping F → u of H � into H is Lipschitz continuous, that
is, if u1 and u2 are solutions corresponding to F1 and F2 of (9.1), then ||u1 − u2|| ≤
1
α
||F1 − F2||H � .

Proof (1) Lipschitz Continuity
Let u1 and u2 be two solutions. Then

(a) a(u1, v − u1) ≥ F1(v − u1).
(b) a(u2, v − u2) ≥ F2(v − u2) = 〈F2, v − u2〉.
Put v = u2 in (a), then we get a(u1, u2 −u1) ≥ F1(u2 −u1) or a(u1, u2 −u1) ≤
−F1(u2 − u1) by linearity of a(·, ·) and F1(·). Put v = u1 in (b), then we get
a(u2, u1 − u2) ≥ F2(u1 − u2) or a(u2, u2 − u1) ≤ F2(u2 − u1) by linearity
of a(·, ·) and F2(·). These two inequalities imply a(u1 − u2, u1 − u2) ≤ 〈F1 −
F2, u1 − u2〉. Since a(·, ·) is coercive and F1 − F2 is bounded

α||u1 − u2||2 ≤ ||F1 − F2|| ||u1 − u2||
or ||u1 − u2|| ≤ 1

α
||F1 − F2||

(3) Uniqueness of Solution
Solution is unique for F1 = F2, ||u1 − u2|| = 0 ⇒ u1 = u2,⇒ solution is
unique.

(4) Existence and Uniqueness
We have 〈Au, v〉 = a(u, v) by Corollary3.1, and F(v) = 〈y, v〉 by the Riesz
representation theorem. VIP⇔ 〈Au, v−u〉 ≥ 〈y, v−u〉 ∀ v ∈ K ⇔ 〈ρ Au, v−
u〉 ≤ ρ〈−y, v−u〉 for any ρ > 0 or〈uρ(Au − y)−u, v−u〉 ≤ 0 ∀ v ∈ K or find
u ∈ K such that PK (u −ρ(Au − y)) = u (see Theorem3.11). Let Tρ : H → H
defined by Tρ(v) = PK (v − ρ(Av − y)).
We show that Tρ has a unique fixed point, say u, which is the solution of VIP
(9.1).
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||Tρ(v1) − Tρ(v2)||2 = ||PK (v1 − ρ(Av1 − y)) − PK (v2 − ρ(Av2 − y))||2
≤ ||(v1 − ρ(Av1 − y)) − (v2 − ρ(Av2 − y))||2 (By T heorem 3.12)

= ||(v1 − v2) − ρ A(v1 − v2)||2 = ||v1 − v2||2 − 2ρa(v2 − v1, v2 − v1)

+ ρ2||A(v2 − v1)||2
≤ (1 − 2ρα + ρ2||A||2)||(v2 − v1)||2

If 0 < ρ < 2α
||A||2 , then ||Tρ(v1) − Tρ(v2)||2 ≤ β||(v1 − v2)||2, 0 ≤ β < 1. By

Theorem1.1, Tρ has a unique fixed point which is the solution of (9.1).

Remark 9.1 The proof of the above theorem gives a natural algorithm for solving
the variational inequality since v → PK (v − ρ(Av − y)) is a contraction mapping
for 0 < ρ < 2α

||A||2 . Hence, we can use the following algorithm to find u :
Let u0 ∈ H , arbitrarily given, then for n ≥ 0 assuming that un is known, define

un+1 by un+1 = PK (un − ρ(Aun − y)). Then un → u strongly in H , where u
is a solution of the VIP. In practice, it is not easy to calculate y and A except the
case H = H �. If a(·, ·) is symmetric, then d J (u) = J ′(u) = Au − y and hence
un+1 = PK (un − ρ(J ′(un)), where J is the energy functional (Theorem9.1). This
method is known as the gradient-projection method with constant step ρ.

9.3.2 Variational Inequalities for Monotone Operators

Anoperator T : K → H � or, in particular H is calledmonotone if 〈T u−T v, u−v〉 ≥
0 ∀ u, v ∈ K . The monotone mapping T is called strictly monotone if 〈T u −T v, u −
v〉 = 0 implies u = v. T is called coercive if there exists v0 ∈ K such that

〈T v, v − v0〉
||v||H

→ ∞ as ||v||H → ∞

Lemma 9.1 (Minty lemma) Let K be a nonempty closed and convex subset of a
Hilbert space H and let T : K → H � be monotone and continuous and F ∈ H �.
Then the element u ∈ K is the solution of the variational inequality

〈T u, v − u〉 ≥ 〈F, v − u〉 ∀ v ∈ K (9.25)

if and only if

〈T v, v − u〉 ≥ 〈F, v − u〉 ∀ v ∈ K (9.26)

Proof Let (9.25) hold. We have

〈T v, v − u〉 = 〈T u, v − u〉 + 〈T v − T u, v − u〉 ∀ v ∈ K (9.27)
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by keeping in mind T v = T u − T u + T v = T u + T v − T u. Since T is monotone
〈T v − T u, v − u〉 ≥ 0, (9.27) gives us 〈T v, v − u〉 ≥ 〈T u, v − u〉. This inequality
together with (9.25) implies (9.26). To prove the converse, let (9.26) hold for every
v ∈ K . In particular, choose v = (1 − t)u + tw where w ∈ K is arbitrary and
t ∈ [0, 1]. Then v − u = t (w − u) and v = u + t (w − u). By (9.26), we have

〈T v, v − u〉 = 〈T (u + t (w − u)), t (w − u)〉 = t〈T (u + t (w − u)), (w − u)〉
≥ 〈F, v − u〉 = 〈F, t (w − u)〉 = t〈F, w − u〉

For t > 0, we have

〈T (u + t (w − u)), w − u〉 ≥ 〈F, w − u〉 (9.28)

By taking limit as t → 0 in (9.28) we get (9.25), by the continuity of T and the fact
that w is arbitrary. We get the following result applying Minty lemma.

Theorem 9.3 Under the conditions of the Minty lemma, the set of solutions of the
variational inequality (9.24) is convex and closed.

See Problem9.6.

Theorem 9.4 Let K be a closed and convex subset of a Hilbert space H and T a
continuous, monotone, bounded, and coercive operator defined on K into H �.

Then (9.24) has a solution for every F ∈ H �. Furthermore, if in addition, T is
strictly monotone, then VIP (9.24) has a unique solution.

We will obtain Theorem 9.4 as a consequence of Theorem 9.7.
As we have seen in Sect.3.4, the projection of an element x ∈ H onto the set K

is characterized by the variational inequality

〈x − PK (x), y − PK (x)〉 ≤ 0 holds ∀ y ∈ K (9.29)

This is evident from (9.2).
The left-hand side of (9.29) is just the cosine of the angle α between lines con-

necting the point PK (x) with the point x and with the arbitrary point y ∈ K (see
Fig.9.2), respectively, and we have that cosα ≤ 0 as α ≥ π

2 necessarily holds.
Conversely, for every other point x ′ ∈ K , x ′ �= PK (x), there exists a point

y′ ∈ K such that the angle between the lines connecting the point x ′ with the points

x and y′ is less then
π

2
.

Theorem 9.5 Let K be a nonempty closed convex subset of a Hilbert space H and
T an operator on K into H, F ∈ H �, α > 0. Then u is a solution of the variational
inequality (9.24) if and only if

u = PK (u − α(T u − F)) (9.30)
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Fig. 9.2 Geometrical
interpretation of
characterization of
projection in terms of
variational inequality

that is, u is the projection of the point (u − α(T u − F)) or u is the fixed point of the
operator S given by the equation

Su = PK (u − α(T u − F)) (9.31)

Proof Let w = u −α(T u − F). By (9.29), (9.30) is equivalent to the inequality: For
u ∈ K , 〈u−α(T u−F)−u, v−u〉 ≤ 0 ∀ v ∈ K , or−α〈T u−F, v−u〉 ≤ 0 ∀ v ∈ K ,
or 〈T u, v−u〉 ≥ 〈F, v−u〉 ∀ v ∈ K asα > 0. Thus, u is the solution of the variational
inequality (9.24).

Theorem 9.6 Suppose the hypothesis of Theorem (9.5) satisfied besides the follow-
ing conditions: There exist constants μ > 0 and λ > 0 such that

||T v − T w|| ≤ μ||v − w|| (9.32)

and

〈T v − T w, v − w〉 ≥ λ||v − w||2, ∀ v, w ∈ K (9.33)

Then, (9.24) for every F ∈ H has a unique solution. If α is so chosen that 0 < α < 2λ
μ2

and if u0 is an arbitrary element of K, then

u = lim
n→∞ un

where

un+1 = PK (un − α(T un − F)), n = 0, 1, 2, . . . (9.34)

Proof By Theorem9.5, it is sufficient to show that the operator S (defined by (9.31))
is a contraction operator. Equations (9.32) and (9.33) give
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||Sv − Sw||2 = ||PK (v − α(T v − F)) − PK (w − α(T w − F))||2
≤ ||(v − α(T v − F)) − (w − α(T w − F))||2

by T heorem 3.12(a)

= ||(v − w) − α(T v − T w)|| = ||v − w||2
−2α〈v − w, T v − T w〉 + α2||T v − T w||2

by Remark 3.4(1) and properties of the inner product (9.35)

≤ ||v − w||2 − 2αλ||v − w||2 + α2μ2||v − w||2
= (1 − 2αλ + α2μ2)||v − w||2

If 0 < α < 2λ
μ2 , the operator S is a contraction operator with constant√

1 − 2αλ + α2μ2 = ξ ≤ 1. Thus, we have the desired result by Theorem1.1
and Problem1.17.

The Ritz–Galerkin Methods

In the Ritz–Galerkin methods, we find a finite-dimensional subspace Hn of separable
Hilbert space H and an element un ∈ K ∩ Hn , where K �= φ is closed convex subset
of H such that

〈T un, v − un〉 ≥ 〈F, v − un〉 ∀ v ∈ H and each F ∈ H �.

The solution of the VI (9.24) is obtained as the weak limit of the sequence {un}.
The Penalty Method

Suppose K is a nonempty closed convex subset of a separable Hilbert space H and
J is a functional on H . The penalty method is to find the conditions under which
optimization of J on K is equivalent to solving (9.24). Instead of finding u ∈ K
such that J (u) ≤ J (v) ∀ v ∈ K , we look for uε ∈ H at which a new functional
J : H → R attains a minimum, that is

Jε(uε) ≤ Jε(v) ∀ v ∈ K

or

Jε(uε) = inf
v∈K

Jε(v)

We write here

Jε(v) = J (v) + 1

ε
φ(v), ε > 0,

where φ is a functional on H for which φ(v) = 0, ∀ v ∈ K , φ(v) > 0 ∀ v /∈ K .
Under appropriate conditions, uε ⇀ u ∈ K as ε → 0. φ is called the penalty
functional.
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Let T be an operator on H into H � and a bounded continuous monotone operator
β exists which also maps H into H � such that

βv = 0 i f and only i f v ∈ K (9.36)

Then β is called the penalty operator with respect to K . Let ε > 0 be arbitrary and
let us look for the point uε ∈ H such that

〈
T uε + 1

ε
βuε, v

〉
= 〈F, v〉 (9.37)

or

T uε + 1

ε
βuε = F

Thus, variational inequality (9.24) on K is replaced by variational Eq. (9.36) on H .
The basic idea is to convert a problem of variational inequality into one of variational
equations.

Theorem 9.7 Let H, T , K be as in Theorem9.5 and let β be the penalty operator
corresponding to the set K and 0 ∈ K . Then there exists a solution uε of (9.36) for
ε > 0 and a sequence {εn} such that εn → 0 and uεn converges weakly to the solution
u of variational inequality (9.24). If, in addition, T is strictly monotone, then VIP
(9.24) has a unique solution.

Proof (1) Uniqueness
Let u1 and u2 be two solutions of (9.24), that is

〈T u1, v − u1〉 ≥ 〈F, v − u1〉 ∀ v ∈ K (9.38)

〈T u2, v − u2〉 ≥ 〈F, v − u2〉 ∀ v ∈ K (9.39)

Putting v = u2 in (9.37) and v = u1 in (9.38) and adding the resulting inequalities
we get 〈T u1 − T u2, u2 − u1〉 ≥ 0. Consequently, 〈T u1 − T u2, u1 − u2〉 ≤ 0.
Suppose T is strictly monotone u1 = u2 must hold.

(2) Existence of Solution of (9.36)
Since T and β are continuous and monotone for a given ε > 0, the operator
Sε = T + 1

ε
β is continuous and monotone. The operator Sε is also coercive

because (9.35) implies that β0 = 0, and furthermore, we have ∀ v ∈ K

〈Sεv, v〉 = 〈T v, v〉 + 〈βv, v〉
= 〈T v, v〉 + 1

ε
〈βv − β0, v − 0〉 ≥ 〈T v, v〉

as 1
ε
〈βv − β0, v − 0〉 ≥ 0. This implies that
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〈Sεv, v〉
||v||H

≥ 〈T v, v〉
||v||H

→ ∞ as ||v||H → ∞

Since Sε satisfies all the conditions of Theorem 7.7, we find that there exists
uε ∈ H such that Sεuε = F , for each F ∈ H �. This means that (9.36) holds for
all v ∈ H , and uε is a solution of (9.36).

(3) uε ⇀ u0 ∈ K : We now show that {uεn } is a bounded sequence. For ε > 0, we
have

〈T uε, uε〉 ≤ Sεuε, uε = 〈F, uε〉 ≤ ||F || ||uε||
or

〈T uε, uε〉
||uε||H

≤ ||F ||H � .

This implies that {uε, ε > 0} is bounded; otherwise, T is noncoercive, a con-
tradiction of the hypothesis. By Theorem4.17, there exists a sequence {εn},
εn > 0, εn → 0, such that the sequence of elements uεn , n ∈ N converges
weakly to some element u0 ∈ H .
Now, we show that u0 ∈ K . Since β is monotone

〈βv − βuε, v − uε〉 ≥ 0, ∀v ∈ H (9.40)

By (9.36), βuε = εn(F − T uεn . Since T is bounded {T uεn } is bounded and thus
βuεn → 0 for n → ∞. By taking limit in (9.39), we get

〈βv, v − u0〉 ≥ 0 ∀ v ∈ H

By choosing v = u0 + tw, where t > 0 and w ∈ H ; we get v − u0 = tw and
〈β(u0 + tw), w〉 ≥ 0. By the continuity of the operator β, it follows that

〈βu0, w〉 ≥ 0 for every w ∈ H(by letting t → 0+) (9.41)

The inequality also holds for −w and so

〈βu0, w〉 ≤ 0 f or every w ∈ H. (9.42)

(9.40) and (9.41) imply that 〈βu0, w〉 = 0 for each w ∈ H . This implies that
βu0 = 0 and so by (9.35) u0 ∈ K .

(4) u0 is the Solution of the Variational Inequality (9.24)
(9.35) and (9.36) and the monotonicity of the operator T and β imply that

〈
T v − F, v − uεn

〉 = 〈T v − T uεn , v − uεn

〉+ 〈T uεn − F, v − uεn

〉
= 〈T v − T uεn , v − uεn

〉+ 1

ε

〈
βv − βuεn , v − uεn

〉
≥ 0 ∀ v ∈ K , by (9.39) and monotonici t y o f T
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or

〈T v, v − u0〉 ≥ 〈F, v − u0〉 (9.43)

u0 is a solution of (9.24) by virtue of Minty lemma (Lemma9.1) and (9.42).

9.4 Finite Element Methods for Variational Inequalities

In this section, we present results concerning convergence of the solution of the
discretized variational inequality to the solution of continuous form and the error
estimation between these two solutions. In Sect. 9.3.1, results concerning Model 1
are presented, whereas a concrete case is discussed in Sect. 9.3.2.

9.4.1 Convergence and Error Estimation

Let H be a real Hilbert space, K a nonempty closed and convex subset of H and
a(·, ·) bilinear bounded and coercive form on H and F ∈ H �. We are interested in
the approximation or discretization of the variational inequality (9.22), namely

u ∈ K : a(u, v − u) ≥ F(v − u)∀ v ∈ K (9.44)

As shown earlier, there exists a bounded linear operator A : H → H such that
〈Au, v〉 = a(u, v) and ||A|| = ||a||. Let {Hh}h be a sequence of finite-dimensional
subspaces of H , where h is a given parameter converging to 0. Furthermore, let
{Kh}h ∀ h be a sequence of closed convex subsets of H (Kh may not be a subset of
K) satisfying the following conditions:

If {vh}h is such that vh ∈ Kh ∀ h and {vh}h is bounded in H, then the weak limit
points of {vh} belong to K.
There exist χ ⊆ H, χ̄ = K and rh : χ → Kh such that

lim
h→0

||rh − v||H = 0 v ∈ χ

Remark 9.2 (a) If Kh ⊆ K , then (1) is trivially satisfied as K is weakly closed.
(b) ∩h Kh ⊆ K .
(c) A variant of condition (2) is as follows: ∃ a subset χ ⊆ H such that χ̄ = K and

rh : χ → Kh with the property that for each v ∈ χ, ∃ h0 = h0(v)with rhv ∈ Kh

for all h ≤ h0(v), and lim
h→0

||rh − v||H = 0.

Approximate Problem Ph Find uh ∈ Kh such that

a(uh, vh − uh) ≥ F(vh − uh) ∀ vh ∈ Kh (9.45)
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It is clear that variational inequalities (9.43) and (9.44) have a unique solution under
the hypothesis. Here, we present two theorems, one related to the convergence of
{uh} as h → 0 with respect to the norm of H ; that is, ||uh − u||H → 0 as h → 0,
where u and uh are the solutions of (9.43) and (9.44), respectively; the other provides
the order or the upper bound of ||uh − u||H . It may also be observed that (9.44) will
be a system of matrix inequalities which are to be evaluated in practical situations.

It may be noted that if a(·, ·) is also symmetric, then the solution of (Ph) is
equivalent to solving the following programming problem:

Problem P ′
h Find uh ∈ Kh such that

J (uk) = inf
vh∈Kh

J (vh) (9.46)

where J (vh) = 1
2a(vh, vh) − 〈F, vh〉

Theorem 9.8 Theorem9.8 We have limh→0 ||u − uh || = 0, where the above condi-
tions are satisfied.

Proof The proof is divided into three parts:

1. Priori estimates of {uh}
2. Weak convergence of uh

3. Strong convergence

1. Estimates for {uh} We show that ∃ constants C1 and C2 such that

||uh||2 ≤ C1||uh|| + C2 ∀h

Since {uh} is the solution of Ph (9.44), we have

a(uh, vh − uh) ≥ F(vh − uh) ∀ vh ∈ Kh

or a(uh, vh) ≥ a(uh, uh) + F(vh) − F(uh)

or a(uh, uh) ≤ a(uh, vh) − F(vh − uh)

by linearity of a(·, ·) and F(·)
or α||uh ||2 ≤ a(uh, uh) ≤ ||A|| ||uh|| ||vh ||

+ ||F ||(||vh|| + ||uh||) ∀ vh ∈ Kh,

by applying coercivity of a(·, ·) , boundedness of F

, and A induced by a(·, ·).

Let v0 ∈ χ and vh = rhv0 ∈ Kh . By condition 2 on Kh , we have rhv0 → v0
strongly in H and hence ||vh || uniformly bounded by constant m.

||uh||2 ≤ 1

α
{(m||A|| + ||F ||)||uh|| + m||F ||} = c1||uh|| + c2

where c1 = 1
α
(m||A|| + ||F ||) and c2 = m

α
||F || ⇒ ||uh || ≤ c ∀ h.



9.4 Finite Element Methods for Variational Inequalities 331

(2) Weak Convergence of {uh}
{uh} is uniformly bounded ⇒ {uh} has a weakly convergent subsequence, say
{uhi } , such that uhi ⇀ u� in H (by condition 1 on {Kh}h, u� ∈ K ) by Theorem
4.17. Now, we show that u� is a solution of (VIP). We have,
a(uhi , uhi ) ≤ a(uhi ,vhi

) − F(vhi − uhi ) ∀ vhi ∈ Khi . Let v ∈ χ and vhi = rhi v.
Then this equation takes the form a(uhi , uhi ) ≤ a(uhi , rhi v) − F(rhi v − uhi ).
Since uhi ⇀ u� and rhi v → v as hi → 0, taking the limit in this inequality, we
get

lim inf
hi →0

a(uhi , uhi ) ≤ a(u�, v) − F(v − u�) ∀ v ∈ χ (9.47)

On the other hand, 0 ≤ a(uhi − u�, uhi − u�) ≤ a(uhi , uhi ) − a(uhi , u�) −
a(u�, uhi ) + a(u�, u�) or a(uhi , u�) + a(u�, uhi ) − a(u�, u�) ≤ a(uhi , uhi ). By
taking the limit, we get

a(u�, u�) ≤ lim inf
hi →0

a(uhi , uhi ) (9.48)

From (9.46) and (9.47), we get

a(u�, u�) ≤ lim inf
hi →0

a(uhi , uhi ) ≤ a(u�, v) − F(v − u�)∀ v ∈ χ (9.49)

Therefore, a(u�, v − u�) ≥ F(v − u�) ∀ v ∈ χ, u� ∈ K . Since χ is dense in K
and a(·, ·), F are continuous by the hypotheses; from this inequality, we obtain

a(u�, v − u�) ≥ F(v − u�) ∀ v and u� ∈ K

Since conditions of Theorem9.2 are satisfied, solution u� must be equal to u.
Hence, u is the only limit point of {uh}h in theweak topology of H , and therefore,
{uh}h converges weakly to u.

(3) Strong Convergence
Since a(·, ·) is coercive, we get

0 ≤ α||uh − u||2 ≤ a(uh − u, uh − u)

= a(uh, uh) − a(uh, u) − a(u, uh) + a(u, u) (9.50)

Since rhv ∈ Kh for any v ∈ χ , we have

a(uh, uh) ≤ a(uh, rhv) − F(rhv − uh) ∀ v ∈ χ (9.51)

From (9.49) and (9.50) and keeping in mind limh→0 uh = u weakly in H and
lim
h→0

rhv = v strongly in H , we get
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0 ≤ α lim inf ||uh − u||2 ≤ α lim sup ||uh − u||2
≤ a(u, v − u) − F(v − u) (9.52)

⇒ lim
h→0

||uh − u||2 = 0

by density and continuity and letting v = u in (9.51). Therefore, uh converges
strongly to u.

Theorem 9.9 Assume that (Au − Fy) ∈ H, where A is defined through a(·, ·) and
Fy by F (Theorem3.19). Then there exists C independent of the subspace Hh of H
and a nonempty closed convex subset Kh of H such that

||uh − u|| ≤ C( inf
vh∈Kh

{||u − vh ||2 + ||Au − Fy|| ||u − vh ||
}

+ ||Au − Fy|| inf
v∈K

||uh − v||)1/2 (9.53)

Corollary 9.1 If K = H, then Au − Fy = 0, so that with the choice of Kh = Hh

the error estimate (9.52) reduces to the well-known estimate known as Céa’s Lemma
(Theorem8.1).

It may be noted that Kh need not be a subset of K .

Proof

α||u − uh ||2 ≤ a(u − uh, u − uh) = a(u, u) + a(uh, uh)

−a(u, uh) − a(uh, u) (9.54)

∀ v ∈ K , a(u, u) ≤ a(u, v) + F(u − v) by (9.43) (9.55)

∀ vh ∈ Kh, a(uh, uh) ≤ a(uh, vh) + F(uh − vh) by (9.44) (9.56)

Therefore we have, for all v ∈ K and for all vh ∈ Kh by (9.53)–(9.55)

α||u − uh ||2 ≤ a(u, v − uh) + a(uh, vh − u) + F(u − v) + F(uh − vh)

= a(u, v − uh) − F(v − uh) + a(u, vh − u) − F(vh − u)

+a(uh − u, vh − u)

= 〈F − Au, u − vh〉 + 〈F − Au, uh − v〉 + a(u − uh, u − vh)

Thus, we have, for all v ∈ K and for all vh ∈ Kh

α||u − uh ||2 ≤ ||F − Au|| ||u − vh || + ||F − Au|| ||uh − v|| + M ||u − uh || ||u − vh ||

Since ||u − uh || ||u − vh || ≤ 1
2

(
α
M ||u − uh ||2 + M

α
||u − vh ||2

)
, we get

α

2
||u − uh ||2 ≤ ||F − Au||(||u − vh || + ||uh − v||) + M2

2α
||u − vh ||2

This implies the error estimation (9.52).
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9.4.2 Error Estimation in Concrete Cases

Approximation in One Dimension

Let us consider the variational inequality: Find u ∈ K

1∫
0

du

dx

(
dv

dx
− du

dx

)
dx ≥

1∫
0

f (v − u)dx ∀v ∈ K (9.57)

where H = H 1
0 (0, 1) = {v ∈ H 1(0, 1)/v(0) = v(1) = 0}

K =
{

v ∈ H/

∣∣∣∣ dv

dx

∣∣∣∣ ≤ 1 a.e. in (0, 1)

}

a(u, v) =
1∫

0

du

dx

dv

dx
, F(v) =

1∫
0

f (x)v(x)dx, f ∈ L2(0, 1)

Let N be a positive integer and h = 1
N . Let xi = ih for i = 0, 1, . . . , N and

ei = [xi−1, xi ], i = 1, 2, . . . , N . Let Hh = {vh ∈ C[0, 1]/vh(0) = vh(1) =
0, vh/ei ∈ P1, i = 1, 2, . . . , N }. Then

Kh = K ∩ Hh = {vh ∈ Hh/|vh(xi ) − vh(xi−1)|
≤ h, for i = 1, 2, . . . , N }

The approximation problem (Ph) takes the form

1∫
0

duh

dx

(
dvh

dx
− duh

dx

)
dx ≥

1∫
0

f (vh − uh)dx∀vh ∈ Kh, uh ∈ Kh (9.58)

or, a(uh, vh − uh) ≥ F(vh − uh).

Theorem 9.10 Let u and uh be the solutions of (9.56) and (9.57), respectively, then

||u − uh ||H = O(h) f or f ∈ L2(0, 1)

Proof Since uh ∈ Kh ⊂ K , from (9.56) we have

a(uh, vh − uh) ≥
1∫

0

f (uh − u)dx (9.59)
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Adding (9.57) and (9.58), we obtain

a(uh − u, uh − u) ≥ a(vh − u, uh − u) + a(u, vh − u)

−
1∫

0

f (vh − u)dx,∀vh ∈ Kh

which, in turn, implies that

1

2
||uh − u||2 ≤ 1

2
||vh − u||2 +

1∫
0

du

dx

(
dvh

dx
− du

dx

)
dx

−
1∫

0

f (vh − u)dx, ∀vh ∈ Kh (9.60)

Since u ∈ K ∩ H 2(0, 1), we obtain

1∫
0

du

dx

d

dx
(vh − u)dx =

1∫
0

d2u

dx2
(vh − u)dx ≤

∥∥∥∥d2u

dx2

∥∥∥∥
L2

||vh − u||L2

But we have
∥∥∥∥d2u

dx2

∥∥∥∥
L2

≤ || f ||L2 (9.61)

Therefore, (9.59) becomes

1

2
||uh − u||2H ≤ 1

2
||vh − u||2H + 2|| f ||L2 ||vh − u||L2 ∀vh ∈ Kh (9.62)

Let v ∈ K , then the linear interpolation is defined by

rhv ∈ Hh, (rhv)(xi ) = v(xi ), i = 0, 1, 2, . . . , N

and we have

d

dx
(rhv)/ei = v(xi ) − v(xi−1)

h
= 1

h

xi∫
xi−1

dv

dx
dx (9.63)
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Hence, we obtain

∣∣∣∣ d

dx
(rhv)

∣∣∣∣
ei

≤ 1, since

∣∣∣∣ dv

dx

∣∣∣∣ ≤ 1, a.e., in (0, 1)

Thus, rhv ∈ Kh . Let us replace vh by rhu in (9.61), then

1

2
||uh − u||2H ≤ 1

2
||rhu − u||2H + 2|| f ||L2 ||rhu − u||L2 (9.64)

From (9.60) and by well-known approximation results, we get

||rhu − u||H ≤ Ch||u||H 2(0,1) ≤ Ch|| f ||L2 (9.65)

||rhu − u||L2(Ω) ≤ Ch2||u||H 2(0,1) ≤ Ch2|| f ||L2 (9.66)

where C denotes constants independent of u and h. By (9.63)–(9.65), we get
||uh − u||H = O(h).

9.5 Evolution Variational Inequalities and Parallel
Algorithms

9.5.1 Solution of Evolution Variational Inequalities

Variational inequalities of evolution were introduced by Lions and Stampacchia (see,
e.g., Lions [121] for updated references). Let V and H be Hilbert spaces such that

V ⊂ H, V dense in H, V ↪→ H being continuous (9.67)

We identify H with its dual so that if V � denotes the dual of V, then

V ⊂ H ⊂ V � (9.68)

We shall use the following notations: Here, L2(0, T, H) denote the space of all
measurable functions u : [0, T ] → H , which is a Hilbert space with respect to the
inner product

〈u, v〉L2(0,T,H) =
T∫

0

〈u(t), v(t)〉H dt (9.69)

If H � is the topological dual of H, then the dual of L2(0, T, H) = L2(0, T, H �) for
anyHilbert space H . H 1,2(0, T ; H) (H 1,1(0, T ; H))will denote the spaceof all those
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elements of L2(0, T ; H) ((L1(0, T ; H)) such that their distributional derivatives D f
also belong to L2(0, T ; H) (L1(0, T ; H)).

We also have a set K ⊂ V such that

K is a closed convex subset of V (9.70)

We do not restrict ourselves generally (it suffices to make a translation) by assuming
that

0 ∈ K (9.71)

Let f be given such that

f ∈ L2(0, T ; V �) (9.72)

We now consider a bilinear form

(u, û) → a(u, û)which is continuous on V × V

a(u, û) is symmetric or not

a(u, u) ≥ α||u||2V , α > 0 ∀u ∈ V (9.73)

where we denote by ||u||V the norm of u in V . We look for u such that

u ∈ L2(0, T ; V ) ∩ L∞(0, T ; H), u(t) ∈ K a.e.〈
∂u

∂t
, û − u

〉
+ a(u, û − u) ≥ ( f, û − u) ∀û ∈ K

u(0) = 0 (9.74)

The solution has to be thought of as being a weak solution of (9.73); otherwise,
the condition u(0) = 0 in (9.75) is somewhat ambiguous. This condition becomes
precise if we add the condition

∂u

∂t
∈ L2(0, T ; V �) (9.75)

but this condition can be too restrictive. We can introduce weak solutions in the
following form: We consider smooth functions û such that

û ∈ L2(0, T ; V ),
∂u

∂t
∈ L2(0, T ; V �)

û ∈ L2(0, T ; V ),
∂u

∂t
∈ L2(0, T ; V �)

û ∈ K f or a.e., û(0) = 0 (9.76)
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Then, if u satisfies (9.72) and is supposed to be smooth enough, we have (we write
〈u, û〉 instead of 〈u, û〉H

T∫
0

[〈
∂u

∂t
, û − u

〉
+ a(u, û − u) − ( f, û − u)

]
dt

=
T∫
0

[〈
∂u

∂t
, û − u

〉
+ a(u, û − u) − ( f, û − u)

]
dt +

T∫
0

〈(
∂(û − u)

∂t
, û − u

)〉

The last term equals 1
2 ||û(T ) − u(T )||2H (since u(0) = 0, û(0) = 0, so that

T∫
0

[〈
∂u

∂t
, û − u

〉
+ a(u, û − u) − ( f, û − u)

]
dt ≥ 0 (9.77)

for all û satisfying (9.75).
We then define a weak solution of (9.73) as a function u such that

u ∈ L2(0, T ; V ), u(t) ∈ K a.e. (9.78)

and which satisfies (9.76) for all û satisfying (9.75). The following existence and
approximation results are well known:

Theorem 9.11 If the bilinear form is coercive, symmetric, and bounded, then the
evolution variational inequality given by (9.73) has a unique solution.

Proof (Uniqueness of Solution) Let u1 and u2 be two solutions. By putting u = u1

and u2 in (9.73), adding these inequalities and setting w = u1 − u2 in the resultant
inequality, we obtain

−〈w′(t), w(t)〉 − a(w(t), w(t)) ≥ 0

By coercivity, this inequality gives us

1

2

d

dt
|w(t)|2 + α||w(t)||2 ≤ 0

1

2

d

dt
|w(t)|2 ≤ 0

This implies that w(t) = 0 or u1 = u2. For existence see, for example, Duvaut and
Lions [69].
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9.5.2 Decomposition Method and Parallel Algorithms

We introduce N couples of Hilbert spaces Vi and Hi , and N convex sets Ki :

Vi ⊂ Hi ⊂ V �
i i = 1, 2, . . . , N (9.79)

Ki ⊂ Vi , Ki closed convex subset o f Vi , nonempty (9.80)

We are given linear operators ri such that

ri ∈ L(H, Hi ) ∩ L(V, Vi )

ri maps K into Ki i = 1, 2, . . . , N (9.81)

We are also given a family of Hilbert spaces Hi j such that

Hi j = Hji ∀ i, j ∈ [1, 2, . . . , N ] (9.82)

and a family of operators ri j such that

ri j ∈ L(Hj , Hi j ) (9.83)

The following hypotheses are made:

r jr jiϕ = riri jϕ ∀ϕ ∈ V (9.84)

If N elements ui are given such that

ui ∈ Ki ∀i, ri j u j = r ji ui ∀i, j (9.85)

then there exists u ∈ K such that

ui = ri u, and moreover ||u||2V ≤ c

(
N∑

i=1

||ui ||2Vi

)
(9.86)

The hypothesis

Ki = Vi f or a subset o f [1, 2, 3, . . . , N ] (9.87)

is perfectly acceptable!
We now proceed with the decomposition of the problem.We introduce the follow-

ing bilinear forms: ci (ui , ûi ) is continuous, symmetric on Hi × Hi , and it satisfies

ci (ui , ui ) ≥ αi ||ui ||2Hi
, αi > 0, ∀ui ∈ Hi (9.88)



9.5 Evolution Variational Inequalities and Parallel Algorithms 339

ai (ui , ûi ) is continuous, symmetric or not, on Vi × Vi , and it satisfies

ai (ui , ui ) ≥ βi ||ui ||2Vi
, βi > 0, ∀ui ∈ Vi (9.89)

We assume that

N∑
i=1

ci (ri u, ri û) = 〈u, û〉H , u, û ∈ H (9.90)

N∑
i=1

ai (ri u, ri û) = a(u, û), u, û ∈ V (9.91)

Finally, we assume that the function f is also decomposed as follows: We are given
functions fi ∈ L2(0, Ti ; V �

i ) such that

N∑
i=1

( fi , ri û) = 〈 f, û〉 = 〈 f, û〉 û ∈ V (9.92)

We are now ready to introduce the decomposed approximation.We look for functions
ui (i = 1, 2, 3, . . . , N ) such that

ci

(
∂ui

∂t
, ûi − ui

)
+ a(ui , ûi − ui ) + 1

ε

∑
j

〈
r ji ui − ri j u j , r ji (ûi − ui )

〉
Hi j

≥ ( fi , ûi − u) ∀ûi ∈ Ki (9.93)

ui ∈ L2(0, T ; Vi ), ui (t) ∈ Ki a.e., ui (0) = 0 (9.94)

Remark 9.3 1. It may be remarked that each of the variational inequalities in (9.92)
has to be thought of in its weak formulation as introduced above.

2. In (9.92), ε is positive and small. The corresponding term in this equation is a
penalty term.

3. In the examples, ||r ji || is a sparse matrix.

Theorem 9.12 The set of (decomposed) variational inequalities (9.92)–(9.93)
admits a unique solution ui = uε

i (i = 1, 2, 3, . . . , N ). Further, as ε → 0, one has

uε
i → ui in L2(0, T ; Vi ) weakly (9.95)

and

ui = ri u

where u is the solution of (9.73) (weak form (9.76)).
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Proof Step 1 A Priori Estimates We can assume, without loss of generality, that
0 ∈ Ki . Therefore, taking ûi = 0 in (9.92) is allowed (for a complete proof, the
technical details aremuchmore complicated.One has toworkfirst on approximations
of (9.92), by using (other) penalty arguments; see the bibliographical references. This
simplification gives (we write ui instead of uε

i for the time being)

ci

(
∂ui

∂t
, ui

)
+ ai (ui , ui ) + 1

ε
Xi ≤ ( fi , ui ) (i = 1, . . . , N ) (9.96)

where

Xi =
∑

j

〈
r ji ui − ri j u j

〉
Hi j

(9.97)

We can write

Xi = 1

2

∑
j

||r ji ui − ri j u j ||2Hi j
+ 1

2

∑
j

||r ji ui ||2Hi j
− 1

2

∑
j

||ri j u j ||2Hi j
(9.98)

But one easily verifies that

∑
i

Xi = 1

2

∑
j

||r ji ui − ri j u j ||2Hi j
(9.99)

Therefore, by integration in t , in the interval (0, t), of (9.95), and by summing in i ,
using (9.98), we obtain

1

2

∑
i

ci (ui (t)) +
∑ t∫

0

ai (ui (s))ds

+ 1

2ε

∑
i, j

t∫
0

||r ji us − ri j us ||2Hi j
ds ≤

∑
i

t∫
0

( fi , ui )ds (9.100)

Step 2 It follows from (9.87), (9.88) and (9.99) that, as ε → 0 (and we now use the
notation uε

i ), uε
i remains in a bounded set of

L2(0, T ; Vi ) ∩ L∞(0, T ; Hi ), uε
i (t) ∈ Ki (9.101)

1√
ε
(r ji u

ε
i − ri j u

ε
j ) remains in a bounded set o f (0, T ; Hi j ) (9.102)

Therefore, we can extract a subsequence, still denoted by uε
i , such that

ui → ui in L2(0, T ; Vi ) weakly, ui (t) ∈ Kk (9.103)
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and, by virtue of (9.101), we have

r ji ui = ri j u j ∀ i, j (9.104)

Notice thatwehavenot used the fact thatuε
i remains in a bounded set of L∞(0, T ; Hi ).

It follows from (9.102), (9.102), and the hypothesis (9.85) that

ui = ri u
�, u�(t) ∈ K a.e. u� ∈ L2(0, T ; V ) (9.105)

It remains to show that u� = u is the solution of (9.73) or (9.76).
Step 3 We use the weak formulation. To avoid slight technical difficulties, we further
weaken (9.76), by writing it

T∫
0

[(
∂ û

∂t
, û − u

)
+ a(û, û − u) − ( f, û − u)

]
dt ≥ 0

f or all û satis f ying (5.75) (9.106)

We introduce ûi such that

ûi ∈ L2(0, T ; Vi ),
∂ ûi

∂t
∈ L2(0, T ; V �

i )

ûi (t) ∈ Ki f or a.e. t, û(0) = 0 (9.107)

and we replace (9.92) by its (very) weak form

∫ T

0
[ci

(
∂ ûi

∂t
, û − uε

i

)
+ ai (ûi , ûi − uε

i )

1

ε

∑
j

〈
r ji ûi − ri j û j , r ji (ûi − uε

i )
〉

Hi j ]dt

≥
∫ T

0
( fi , ûi − uε

i ) (9.108)

Let us now assume that

ûi = riϕ

ϕ ∈ L2(0, T ; V �),
∂ϕ

∂t
∈ L2(0, T ; V �), ϕ(0) = 0, ϕ(t) ∈ K (9.109)

Since r ji riϕ = ri j r jϕ, the 1
ε
terms in (9.107) drop out so that
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T∫
0

[
ci

(
∂

∂t
(riϕ), riϕ − uε

i

)
+ ai (riϕ, riϕ − uε

i )

]
dt

≥
T∫

0

( fi , riϕ − uε
i )dt (9.110)

We can pass to the limit in ε in (9.109). Because of (9.104), we obtain

T∫
0

[
ci

(
∂

∂t
(riϕ), riϕ − u�

i

)
+ ai (riϕ, riϕ − u�

i )

]
dt

≥
T∫

0

( fi , riϕ − r �
i )dt (9.111)

Summing (9.110) in i and using (9.89)–(9.91), we obtain

T∫
0

[(
∂ϕ

∂t
, ϕ − u�

)
+ a(ϕ, ϕ − u�) − ( f, ϕ − u�)

]
dt ≥ 0

so that (by uniqueness) u� = u.

Parallel Algorithm

We introduce the time step Δt and a semidiscretization. We denote by un
i (what we

hope is) an approximation of ui (nΔt). We then define un
i by

ci

〈
un

i − un−1
i

Δt
, û − un

i

〉
+ ai (u

n
i , û − un

i )

+1

ε

∑
j

〈
r ji u

n
i − ri j u

n−1
j , r ji (ûi − un

i )
〉

Hi j ≥ ( f n
i , ûi − un

i ) ∀ûi ∈ Ki

un
i ∈ Ki (n = 1, 2, . . .) (9.112)

where

f n
i = 1

Δt

nΔt∫
(n−1)Δt

fi (t)dt, u0
i = 0 (9.113)

Remark 9.4 The algorithm (9.111) is parallel. Each un
i is computed through the

solution of stationary variational inequality. Once the un−1
j are computed, in the

computation of un
i , only those j such that ri j �= 0 are used.
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Let us now show the stability of the algorithm. Replacing ûi by 0 in (9.111), we
obtain

ci (u
n
i − un−1

i , un
i ) + ai (u

n
i ,−un

i ) + 1

ε
Xn

i ≤ ( f n
i , un

i ) (9.114)

where

Xn
i =

∑
j

〈r ji u
n
i − ri j u

n−1
j , r ji u

n
i 〉Hi j (9.115)

We observe that

ci

(
un

i − un−1
i

Δt

)
= 1

2Δt
ci (u

n
i − un−1

i ) + 1

2Δt
(ci (u

n
i ) − ci (u

n−1
i )) (9.116)

so that

m∑
n=1

ci

(
un

i − un−1
i

Δt
, un

i

)
= 1

2Δt
ci (u

m
i ) + 1

2Δt
ξim (9.117)

where

ξim =
m∑

n=1

ci (u
n
i − un−1

i ) (9.118)

We observe next that

Xn
i = 1

2

∑
||r ji u

n
i − ri j u

n−1
j ||2Hi j

+ 1

2

∑
j

||r ji u
n
i ||Hi j

−1

2

∑
j

||ri j u
n−1
j ||2Hi j

|| (9.119)

If we define

Y n =
∑
i, j

||r ji u
n
i ||Hi j (9.120)

then

∑
i

Xn
i = Zn + Y n − Y n−1 (9.121)

where
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Zn = 1

2

∑
||r ji u

n
i − ri j u

n−1
j ||2Hi j

(9.122)

Consequently, by summing (9.113) in i and in n, we obtain

1

2Δt

∑
i

ci (u
m
i ) + 1

2Δt

∑
i

ξim +
m∑

n=1

∑
i

ai (u
n
i )

+1

ε
Y m + 1

ε

m∑
n=1

Zn ≤
m∑

n=1

∑
i

( f n
i , un

i ) (9.123)

where notations ci (ui , ui ) = ci (ui ) and ai (ui , ui ) = ai (ui ) are used. But

( f n
i , un

i ) ≤ 1

2
ai (u

n
i ) + c

2
|| f n

i ||2
V

′
i

so that (9.122), after multiplying by 2Δt , gives

∑
i

ci (u
m
i ) +

∑
i

ξim + Δt
m∑

n=1

∑
i

ai (u
n
i )

+2Δt

ε
Y m + 2Δt

ε

m∑
n=1

Zn ≤ λΔt
m∑

n=1

|| f n
i ||2

V
′

i
≤ μ (9.124)

hence stability follows. Here, λ and μ are constants.

Remark 9.5 (i) Other time-discretization schemes could be used in (9.111).
(ii) An open problem. The previous methods do not apply (at least without new

ideas) for nonlocal constraints; for example, for variational inequalities of the
type

〈
∂u

∂t
, û − u

〉
H

+ a(u, û − u) + j (û) − j (u) ≥ ( f, û − u)

∀û ∈ V, u(t) ∈ V, u(0) = 0 (9.125)

where V = H 1
0 (Ω), H = L2(Ω), and where, for instance

j (û) =
⎛
⎝∫

Ω

|∇û|2dx

⎞
⎠

1/2

(9.126)

(iii) One can extend the present method to some quasi-variational inequalities.
(iv) The examples of decomposition given here correspond to decomposition of

domains. Other possibilities can be envisioned, e.g., multi-Galerkin methods,
using replica equations (in our case, replica variational inequalities).
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9.6 Obstacle Problem

In this section, we discuss obstacle problem in one and two dimensions.We have seen
in Sect. 9.1, how a one-dimensional obstacle problem expressed as a boundary value
problem can be written in the form of a variational inequality. We briefly mention
how a two-dimensional obstacle problem can be modeled in the form of a variational
inequality.

9.6.1 Obstacle Problem

Let us consider a body A ⊂ R2, which we shall call the obstacle, and two points P1

and P2 not belonging to A (see Fig. 9.3); let us connect P1 and P2 by a weightless
elastic string whose points can not penetrate A. Finding the shape assumed by the
string is known as the one-dimensional obstacle problem.

We consider a system of Cartesian axes O XY with respect to which P1 and P2

have coordinates (0, 0) and (0, �), and the lower part of the boundary of the obstacleA
is a Cartesian curve of equation y = �(x). By experience, we know that if y = u(x)

is the shape assumed by the string, then

u(0) = u(�) = 0 (9.127)

Since the string connects P1 and P2

u(x) ≤ �(x) (9.128)

because the string does not penetrate the obstacle.

u′′(x) ≥ 0 (9.129)

because the string being elastic and weightless must assume a convex shape,
and

Fig. 9.3 Obstacle problem
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u(x) < �(x) ⇒ u′′(x) = 0 (9.130)

that is, the string takes a linear shape where it does not touch the obstacle.
Since the string tends to the shapewith theminimumpossible length (in particular,

in the absence of an obstacle this would be �), (9.126)–(9.129) are equivalent to
(9.126)–(9.128) and

[u(x) − �(x)]u′′(x) = 0 (9.131)

A physicist may prefer to formulate the obstacle problem by saying that the con-
figuration that the string takes such as to minimize the energy of the system. In the
system made up of the string and the obstacle, given that the only energy involved is
that due to elastic deformation (the string being weightless) and so by the principle
of minimum energy, the configuration u taken by the string is that which minimizes
the energy of the elastic deformation.

E(v) = 1

2

�∫
0

v′(x)2dx (9.132)

under given conditions. Let K = {v ∈ H 1
0 (0, �)/v(x) ≤ �(x) for all x ∈ (0, �)},

and assume that � ∈ H 1(0, �) satisfies the conditions.

max
Ω

,ψ > 0 (9.133)

ψ(0) < 0, ψ(�) < 0 (9.134)

The following formulations of the obstacle problem are equivalent:

Problem 9.1 Find u ∈ K such that E(u) ≤ E(v) ∀v ∈ K .

Problem 9.2 Model 1 where a(u, v) =
�∫
0

u′v′dx and F = 0, H = H 1
0 (0, �), K as

above.

Problem 9.3 Find u ∈ H 1
0 (0, �) such that u(0) = u(�) = 0, u(x) ≤ ψ(x), u′′ ≥ 0

in the sense of distribution and u′′ = 0 whenever u < ψ .

9.6.2 Membrane Problem (Equilibrium of an Elastic
Membrane Lying over an Obstacle)

This problem consists of finding the equilibrium position of an elastic membrane,
with tension τ , which
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• passes through a curve Γ ; that is, the boundary of an open set Ω of the horizontal
plane of the coordinates (x1, x2),

• is subjected to the action of a vertical force of density G = f ,
• must lie over an obstacle which is represented by a function χ : Ω → R

(see Fig. 9.4). This physical situation is represented by the following boundary value
problem:

−Δu ≥ f in Ω

u ≥ χ in Ω

(−Δu − f )(u − χ) in Ω

u = 0 on Γ

u = χ on Γ ∗
∂u
∂n = ∂χ

∂n on Γ ∗

where Γ � is the interface between the sets {x ∈ Ω|u(x) = χ(x)} and
{x ∈ Ω|u(x) > χ(x)} and ∂/∂n is the normal derivative operator along Γ �. Γ �

is an unknown of the problem. Finding a solution to this boundary value problem is
equivalent to solving Model 1 where H = H 1

0 (Ω),
K = {v ∈ H 1

0 (0, �)/v ≥ χ, a.e. ∈ Ω}

a(u, v) =
2∑

i=1

∫
Ω

∂u

∂xi

∂v

∂xi
dx

〈F, v〉 =
∫
Ω

f v dx

As an illustration, we verify that the following boundary value problem:

Fig. 9.4 Equilibrium of
elastic string
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− Δu + u = −
2∑

i=1

∂2u

∂xi
2

+ u = f on Ω ⊂ R2

(Ω is boundary, subset, of, R2)

u ≥ 0,
∂u

∂n
≥ 0 on, ∂Ω

u
∂u

∂n
= 0 on, ∂Ω (9.135)

is equivalent to solving Model 1, where H = H 1
0 (Ω),

K = {v ∈ H 1(Ω)/(restriction u on ∂Ω)u/∂Ω ≥ 0}, u/∂Ω is understood in
the sense of traces

a(u, v) =
∫
Ω

(
2∑

i=1

∂u

∂xi

∂v

∂xi
+ uv

)
dx

〈F, v〉 =
∫
Ω

f (x)v(x) dx

Since K is a cone, the argument of Sect. 9.1 could be applied. By Green’s theorem
(in place of integration by parts), we have

∫
Ω

(
−

2∑
i=1

∂u

∂xi

)
+
∫
Ω

∂u

∂n
vds ≥

∫
Ω

f vdx

Following the arguments of Sect. 9.1, it can be shown that
∫
Ω

∂u
∂n vds ≥ 0.

However, v/∂Ω ≥ 0 f or all v ∈ K which implies that ∂u
∂n ≥ 0 on ∂Ω . Thus, we

have (BVP) (9.134). If u is a solution of (9.134), then on the lines of the Sect. 7.3,
we can show that u is a solution of Model 1.

9.7 Problems

Problem 9.4 Prove the existence of solution of Model 3.

Problem 9.5 Find u ∈ H 1
0 (0, 2) such that

u(0) = u(2) = 0

u(x) ≤ �(x)

u′′ ≥ 0 in the sense of distribution

u′′ = 0 whenever u < �
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Problem 9.6 Give a proof for Theorem9.3.

Problem 9.7 Show that the variational inequality

a(u, v − u) ≥ F(v − u) f or all v ∈ K

has a unique solution where

a(u, v) =
∫
Ω

2∑
k=1

∂u

∂xk

∂v

∂xk
dx

K = {v ∈ H 1
0 (Ω)/v ≥ 0 a.e. in Ω}

H = H 1
0 (Ω)

Problem 9.8 Discuss the existence of solution of Model 4.

Problem 9.9 Obtain the Lax–Milgram Lemma (Theorem3.39) from Theorem9.2.

Problem 9.10 Sketch the proof of the existence of solution of Model 9.

Problem 9.11 Sketch the proof of the solution of Model 6.

Problem 9.12 Discuss the properties of the mapping J : F → u where u is a
solution of Model 9 corresponding to F ∈ H �.

Problem 9.13 Discuss a parallel algorithm for the following boundary value prob-
lem on the lines of Sect. 9.4.2

V = H 1
0 (Ω) ⊂ H = L2(Ω)

K = {v/v ≥ 0 in Ω, v ∈ V }
〈u, v〉 =

∫
Ω

uvdx

a(u, v) =
∫
Ω

Δu.Δvdx

Problem 9.14 Discuss the existence of solution of the variational inequality prob-
lem: Find u ∈ L2(0, T ; H) ∩ L∞(0, T ; H), u(t) ∈ K a.e. such that

A. a(u(t), v − u′(t)) ≥ 〈F, v − u′(t)〉

B. a(u′(t), v − u′(t)) ≥ 〈F, v − u′(t)〉
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Problem 9.15 Let Ω = (0, 1) and

F(v) = c

1∫
0

v dx, c > 0, (9.136)

K = {v ∈ H 1
0 (Ω)/|v′| ≤ 1 a.e. on Ω}. (9.137)

Write down the explicit form of the variational inequality.

a(u, v − u) ≥ F(v − u) ∀ v ∈ K u ∈ K



Chapter 10
Spectral Theory with Applications

Abstract This chapter deals with the introduction of the resolvent and the spectrum
set of a bounded linear operator as well as introduction of inverse problems and their
regularization.

Keywords Resolvent of a closed linear operator · Spectrum of a closed linear
operator compact operator · Spectrum of compact operator · Hilbert–Schmidt
theorem · Inverse problems · Singular value decomposition · Regularization ·
Morozov’s discrepancy principle

10.1 The Spectrum of Linear Operators

We have studied properties of linear operators on Banach and Hilbert spaces in
Chaps. 2 and 3. Concepts of compact operators, resolvent and spectrum of linear
operators were introduced through problems 2.30–2.35. In this chapter, we recall
the definition of the resolvent and the spectrum set of a bounded linear operator and
present a few illustrative examples.

Extensions of classical results of spectral theory of linear operator to nonlinear
operator are discussed in [4]. References [7, 63, 97, 100, 117] deal with basic results
of the spectral theory.

Definition 10.1 Let T be a linear operator on a normed space X into itself. The
resolvent set ρ(T ) is the set of complex numbers for which (λI − T )−1 is a bounded
operator with domain which is dense in X . Such points ofC are called regular points.
The spectrum, σ(T ), of T is the complement of ρ(T ). We say that λ belongs to the
continuous spectrum of T if the range of (λI − T ) is dense in X , (λI − T )−1 exists,
but it is unbounded.We say that λ belongs to the residual spectrum of T if (λI −T )−1

exists, but its domain is not dense in X . λ is called an eigenvalue if there is a nonzero
vector satisfying T x = λx , and such a vector x is called an eigenvector of T .
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Remark 10.1 In continuummechanics, we often encounter operator equations of the
form

x − T (μ)x = f (10.1)

in a Banach space X , where T (μ) is a linear operator depending on a real or complex
parameter μ. An important example is the equation governing the steady vibration
of an elastic body with frequency w = λ1/2, namely

λx − T x = f (10.2)

In particular, the natural vibration of a string is governed by the boundary value
problem

λx + x ′′ = 0, x(0) = 0 = x (10.3)

Example 10.1 Consider a matrix operator defined on Rn (Example2.25). This oper-
ator has only a point spectrum consisting of no more than n eigenvalues. All other
points of the complex plane are regular points.

Example 10.2 Consider the differential operation

d

dt
(·)

on C[a, b]. Any point in the complex plane belongs to the point spectrum, since for
any λ the equation

d f

dt
− λ f = 0 (10.4)

has a solution f = eλt . Thus, the operator has no regular points.

Example 10.3 Consider the following operator T defined on C[a, b] by

Tu(t) = tu(t) (10.5)

It is clear that T has no eigenvalues. If λ /∈ [a, b], then the equation

λu(t) − Tu(t) = f (t),

that is,

(λ − t)u(t) = f (t)

has the unique solution
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u(t) = f (t)

(λ − t)
(10.6)

in C[a, b]. Thus, λ belongs to the resolvent set. If λ ∈ [a, b], then the inverse (10.6)
is defined for, that is, has the domain of, functions f (t) of the form f (t) = (t)z(t),
where z(t) ∈ C[a, b]. This domain is not dense in C[a, b], which means that points
λ ∈ [a, b] belong to the residual spectrum.

Example 10.4 Consider the boundary value problem

∂2y

∂x2
+ ∂2y

∂y2
= f (x, y), x, y ∈ Ω

u = 0, x, y ∈ ∂Ω (10.7)

whereΩ is the squareΩ = (0, π)×(0, π). Let f (x, y) ∈ L2(Ω), then, given ε > 0,
we can find N such that

|| f (x, y) − fN (x, y)|| ≤ ε

where

fn(x, y) =
∑

m,x=1

sinmx sin ny

Thus, the set S of all such fN (x, y) is dense in L2(Ω), and

|| f ||22 = π2

4

∞∑

m,n=1

| fmn|2 < ∞

Consider Eq. (10.7) for fN (x, y). Suppose λ ∈ C , but λ is not on the negative real
axis. The unique solution of (10.7) is

uN (x, y) = −
N∑

m,n=1

fmn

m2 + λn2
sinmx sin ny

To show that u ∈ L2(Ω), we need to show that |m2 + λn2| is bounded away from
zero; that is, there is a δ > 0 such that

|m2 + λn2| ≥ δ > 0 f or all m, n (10.8)

If λ = λ1 + iλ2, then

|m2 + λn2|2 = (m2 + λ1n
2)2 + (λ2n

2)2

≥ (m2 + λ1n
2)2 + λ2

2
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Thus if λ2 �= 0, thenwemay take δ = |λ2|. If λ2 = 0, and λ1 ≥ 0, then |m2+λn2|2 ≥
m4 ≥ 1. Thus, (10.8) holds with

δ = |λ2| i f λ2 �= 0

= 1 i f λ2 = 0

Thus

||uN ||22 = π2

4

N∑

m,n=1

| fmn|2
|m2 + λn2| ≤ π2

4δ2

N∑

m,n=1

| fmn|2

≤ 1

δ2
|| fN ||22 ≤ 1

δ2
|| f ||22

so that

||u||22 ≤ 1

δ2
|| f ||22.

This means that if Eq. (10.7) is written as the operator equation

T (λ)u = f

the inverse operation (T (λ))−1 is a bounded linear operation on L2(Ω); that is, λ

belongs to the resolvent set ρ(T ).
It can be verified that if λ is on the negative real axis, that is

λ = − p2

q2

where p, q are integers; then, sin px sin qy is a solution of

∂2y

∂x2
+ ∂2y

∂y2
= 0, x, y ∈ Ω

u = 0, on ∂Ω

so that λ is an eigenvalue of T .
It can be also checked that for λ = −b2/q2 where p and q are integers, there is

no solution of (10.7) for f (x, y) = sin px sin qy.

Remark 10.2 1. An eigenvector is called an eigenfunction if the normed space X
is taken as a function space say L2[a, b], C(a, b] and BV [a, b].

2. The set of all eigenvectors corresponding to one particular eigenvalue of an
operator is a vector space.
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3. Every eigenvector corresponds to exactly one eigenvalue, but there are always
infinitelymany eigenvectors corresponding to an eigenvalue. In fact, every scalar
multiple of an eigenvector of a bounded linear operator corresponding to an
eigenvalue is also an eigenvector.

10.2 Resolvent Set of a Closed Linear Operator

The concept of a closed linear operator is given in Definition 4.4. Here, we introduce
the concept of the resolvent operator and study its properties.

Definition 10.2 Let T be a closed linear operator on a Banach space X into itself.
For any λ ∈ ρ(T ), the resolvent operator denoted by R(λ0, T ) is defined as

R(λ0, T ) = (λ0 I − T )−1 (10.9)

Definition 10.3 Let G be a nonempty open subset of C . The function f (λ) is said
to be holomorphic in G if at every point λ0 ∈ G it has a power series expansion

f (λ) =
∞∑

n=0

cn(λ − λ0)
n (10.10)

with nonzero radius of convergence.

Theorem 10.1 The resolvent operator is a bounded linear operator on X into itself.

Proof Let D, R denote the domain and range of λ0 I − T . Thus, D = D(λ0 I − T ),
R = R(λ0 I − T ) = D((λ0 I − T )−1) = D(R(λ0, T )). By the definition of the
resolvent set, (λ0, T ) is bounded on S. Thus, there is C > 0 such that

||(λ0 I − T )−1y|| ≤ C ||y||, y ∈ R (10.11)

our goal is to show that D = R = X . If x ∈ D, there is an y ∈ R such that
y = (λ0 I − T )x , so that (10.11) gives

||x || ≤ C ||(λI − T )x ||, x ∈ D (10.12)

Let y be an arbitrary element in X : Since S is dense in X , we can find {yn} ∈ R such
that

lim
n→∞ yn = y

Since R = range of (λ0 I − T ), we can find {xn} ∈ D such that

(λ0 I − T )xn = yn
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and thus

(λ0 I − T )(xn − xm) = yn − ym

Applying the inequality (10.12) to xn − xm , we find

||xn − xm || ≤ C ||yn − ym || (10.13)

Since yn → y, {ym} is a Cauchy sequence and so {xn} is a Cauchy sequence by
(10.13). Since X is a Banach space, there is an element x ∈ X such that

lim
n→∞ xn = y

Since λ0 I − T is a closed operator, we have

(λ0 I − T )x = y

But y was an arbitrary element in X ; thus, the range of λ0 I−T is R and the domain of
R(λ0, T ) is X : Thus, the inequality (10.11) holds on X , so that R(λ0, T ) is continuous
on X .

Theorem 10.2 Let T be a closed linear operator on a Banach space X into itself.
The resolvent set ρ(T ) is an open set of C, and the resolvent operator R(λ, T ) is
holomorphic with respect to λ in ρ(T ).

Proof Supposeλ0 ∈ ρ(T ): ByTheorem10.1, R(λ, T ) is a continuous linear operator
on X . Thus, the series

R(λ0, T ) +
m∑

n=1

(λ − λ0)
n Rn+1(λ0, T ) (10.14)

is convergent in the circle |λ0 − λ| · ||R(λ0, T )|| < 1 of C and thus is a holomorphic
function of in this circle. Multiplying the series by λI −T = (λ−λ0)I + (λ0 I −T ),
we obtain I ; that is, (10.14) is (λI − T )−1 = R(λ, T ).

10.3 Compact Operators

In this section, we prove some of the results concerning compact operators onBanach
as well as on Hilbert spaces given in Chaps. 2 and 3 as remarks and problems.

In the first place, we prove the following theorem containing results announced
in Remark3.19.
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Theorem 10.3 Let T be a bounded linear operator on aHilbert space X into another
Hilbert space Y . Then

(a) R(T ) = N (T 
)⊥.
(b) R(T 
) = N (T )⊥.

Proof Suppose y ∈ R(T ). This means that there is a sequence {yn} ∈ R(T ) such
that yn = T xn and yn → y. If z ∈ N (T 
), then

T 
z = 0 and 〈yn, z〉 = 〈T xn, z〉 = 0

Thus
|〈y, z〉| = |〈y − yn + yn, z〉| = |〈y − yn, z〉| ≤ ||y − yn|| ||z|| → 0 so that

〈y, z〉 = 0; that is, y is orthogonal to every z ∈ N (T 
). y ∈ N (T 
)⊥ which implies
R(T ) ⊂ N (T 
)⊥.

Now suppose y /∈ R(T ). We will show that y /∈ N (T 
)⊥. R(T ) is a closed
subspace of the Hilbert space Y . By Lemmas 3.2 and 3.3, there is a unique element
z in R(T ) such that

||y − z|| = min
v∈R(T )

||y − v|| �= 0

and

〈y − z, v〉 = 0 for all v ∈ R(T ).

Put y − z = u, then 〈u, v〉 = 0 for all v ∈ R(T ) so that, in particular, 〈u, z〉 = 0 and
thus

〈y, u〉 = 〈u + z, u〉 = 〈u, u〉 + 〈z, u〉 = ||u||2 �= 0

or

〈y, u〉 = ||u||2 �= 0. (10.15)

But since 〈z, v〉 = 0 for all v ∈ R(T ), it is zero for all v ∈ R(T ), that is

〈z, T x〉 = 〈T 
z, x〉 = 0 for all x ∈ X.

Hence T z
 = 0, so that z ∈ N (T 
). Thus, Eq. (10.15) states that y is not orthogonal
to a nonzero element u ∈ N (T 
); that is, y is not in N (T 
)⊥. Therefore, N (T 
)⊥ ⊂
R(T ) and so N (T 
)⊥ = R(T ).

(b) follows immediately by changing T to T 
 in (a).
A useful characterization of compact operators (see Problems2.30–2.34 for basic

properties of compact operators) can be formulated in the following form.
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Theorem 10.4 A linear operator T on a normed space X into a normed space Y
is compact if and only if it maps every bounded sequence {xn} in X onto a sequence
{T xn} in Y which has a convergent subsequence.

A few authors consider characterization of Theorem10.4 as the definition of the
compact operator.

Example 10.5 (Example of Compact Operators) Let T be an operator on L2(a, b)
defined by

(T x)(s) =
b∫

a

K (s, t)x(t)dt

where a and b are finite and K (·, ·) is continuous on [a, b] × [a, b]. T is a compact
operator that can be checked as follows.

Let xn ∈ L2(a, b) and ||xn|| ≤ M for n = 1, 2, 3, . . ., and some M > 0. Then

|(T xn(s))| ≤
b∫

a

|K (s, t)|xn(t)dt ≤ M max |K (s, t)|√b − a

and thus the sequence {T xn} is uniformly bounded. Moreover, for every s1, s2 ∈
[a, b], we have

|(T xn)(s1) − (T xn)(s2)| ≤
b∫

a

|K (s1, t) − K (s2, t)| |xn(t)|dt

≤

√√√√√
b∫

a

|K (s1, t) − K (s2, t)|

√√√√√
b∫

a

|xn(t)| 2 dt

≤ M
√
b − a max

t∈(a,b)
|K (s1, t) − K (s2, t)|.

Since K is uniformly continuous, the last inequality implies that the sequence {T xn}
is equicontinuous. Therefore, by Ascoli’s Theorem (Theorem A.8), the set {T xn} is
compact.

We prove now two theorems giving properties of compact operators on a Hilbert
space.

Theorem 10.5 Let T1, T2, T3, . . ., be compact operators on a Hilbert space X into
itself and let ||Tn − T || → 0 as n → ∞ for some operator T on H into itself, then
T is compact.
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Proof Let {xn} be a bounded sequence in X . Since T1 is compact, by Theorem10.4,
these exists a subsequence {x1, n} of {xn} such that {T1x1, n} is convergent. Similarly,
the sequence {T2x1, n} contains a convergent subsequence {T2x2, n}. In general, for
k ≥ 2, let {Tkxk, n} be a subsequence of {xk1, n} such that {Tkxk, n} is convergent.
Consider the sequence {xk, n}. Since it is a subsequence of {xn}, we can put xpn =
xn,n , where pn is an increasing sequence of positive integers. Obviously, the sequence
{Tkxpn } converges for every k ∈ N . We will show that the sequence {T xpn} also
converges. Let ε > 0. Since ||Tn−T || → 0, there exists k ∈ N such that ||Tk−T || <

ε
1/3M , where M is a constant such that ||xn|| ≤ M for all n ∈ N : Next, let k1 ∈ N be
such that

||Tkxpn − Tkxpm || <
ε

3

for all n,m > k1. Then

||T xpn − T xpm || ≤ ||T xpn − Tkxpn || + ||Tkxpn − Tkxpm ||
+ ||Tkxpm + T xpm ||
<

ε

3
+ ε

3
+ ε

3
= ε

for sufficiently large n andm. Thus, {T xpn } is a Cauchy sequence in the Hilbert space
and so it is convergent.

Theorem 10.6 The adjoint of a compact operator is compact.

Proof Let T be a compact operator on a Hilbert space X . Let {xn} be a bounded
sequence in X , that is, ||xn|| ≤ M for some M for all n ∈ N. Define yn = T 
xn, n =
1, 2, . . .. Since T 
 is bounded, the sequence {ym} is bounded. It thus contains a
subsequence {ykn } such that the sequence {T ykn } converges in X . Now, for anym, n ∈
N, we have

||ykm − ykn ||2 = ||T xk − T xkn ||2
= 〈T 
(xkm − xkn ), T


(xkm − xkn )〉
≤ ||T T 
(xkm − xkn )|| ||xkm − xkn ||
≤ 2M ||T ykm − T ykn || → 0

as m, n → ∞. Therefore, {yk} is a Cauchy sequence in X , which implies that {ykn }
converges.

This proves that T 
 is compact.

Remark 10.3 It can be proved that an operator T defined on a Hilbert space X is
compact if and only if xn ⇀ x implies T xn → T x .
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10.4 The Spectrum of a Compact Linear Operator

In this section, we prove theorems related to the spectrum of a compact operator
T (μ) defined on a Hilbert space X .

Definition 10.4 The null space and range of I − T (μ) denoted by N (μ) and R(μ),
respectively, are defined as N (μ) = {x ∈ X : x − T (μ)x = 0} and

R(μ) = {y ∈ X : y = x − T (μ)x; x ∈ X}.

Similarly null space and range of I − T 
(μ) are denoted by N 
(μ) and R
(μ) and
are defined as

N 
(μ) = {x ∈ X : x − T 
(μ)x = 0}
R
(μ) = {y ∈ X : y = x − T 
(μ)x; x ∈ X}

Remark 10.4 (a) N (μ) and N 
(μ) are finite dimensional.
(b) N (μ)⊥, N 
(μ)⊥ denote the orthogonal complements of N (μ), N 
(μ) on X ,

respectively (for orthogonal complements, see Sect. 3.2).

Theorem 10.7 N (μ)⊥ = R
(μ) and N 
(μ)⊥ = R(μ). In the proof of this theorem,
we require the following lemma.

Lemma 10.1 There are constants M1, M2 > 0 such that

M1||x || ≤ ||x − T (μ)x || ≤ M2||x || (10.16)

for all x ∈ N (μ)⊥.

Proof (Proof of Lemma10.1) The right-hand inequality holds because T (μ), being
compact, is bounded. Let us prove the left-hand inequality. Suppose that there is no
such m1 > 0 for all x ∈ N (μ)⊥. This means that there is a sequence xn ⊂ N (μ)⊥
such that ||xn|| = 1 and ||xn −T (μ)xn|| → 0 as n → ∞. Because T (μ) is compact,
the sequence {T (μ)xn} contains a Cauchy subsequence. But this means that xn must
also contain a Cauchy subsequence because

xn = T (μ)xn + (xn − T (μ)xn) (10.17)

Let us rename this Cauchy subsequence {xn}. Since N (μ)⊥ is complete, {xn} will
converge to x ∈ N (μ)⊥; since ||xn|| = 1, we have ||x || = 1. On the other hand,
xn → x and T is continuous so that T (μ)xn → T (μ)x . But ||xn − T (μ)xn|| → 0
so that x − T (μ)x = 0 that is, x ∈ N (μ). But ||x || = 1; so that x is not zero, but
it belongs to both of the mutually orthogonal sets N (μ)⊥, N (μ). This is impossible.
Therefore, the left-hand inequality holds.
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Proof (Proof of Theorem10.7) To prove the first result, we must show that the equa-
tion

x − T 
(μ)x = y (10.18)

has a solution if and only if y ∈ N (μ)⊥.
Suppose that, for some y, Eq. (10.18) has a solution x , i.e. y ∈ R
(μ). Let z ∈

N (μ), then, by using definition of adjoint we find

〈z, y〉 = 〈z, x − T 
(μ)x〉 − 〈z − T (μ)z, x〉 = 0

Now suppose that y ∈ N (μ)⊥. The functional 〈x, y〉 is linear and continuous on X
and therefore on N (μ)⊥. The space N (μ)⊥ is a Hilbert space. Therefore, by Rieszs
representation theorem, there is y
 ∈ N (μ)⊥ such that

〈x, y〉 = 〈x, y
〉 = 〈x − T (μ)x, y
 − T (μ)y
〉, x ∈ N (μ)⊥

This equality holds for x ∈ N (μ)⊥, but it also holds for x ∈ X . For if x ∈ X , we
may write x = x1 + x2, where x1 ∈ N (μ)⊥ and x2 ∈ N (μ), and use

〈x, y〉 = 〈x1 + x2, y〉 = 〈x1, y〉
x − T (μ)x = x1 − T (μ)x1 + x2 − T (μ)x2 = x1 − T (μ)x1

〈x, y〉 = 〈x − T (μ)x, z〉 = 〈x, z − T 
(μ)z〉, x ∈ X

so that

z − T 
(μ)z = y

In other words, if y ∈ N (μ)⊥, then Eq. (10.18) has a solution, i.e. y ∈ R
(μ); thus,
N (μ)⊥ ⊂ R
(μ) and N (μ)⊥ = R
(μ). The second part follows similarly from
(10.1) applied to T 
(μ).

Remark 10.5 (a) R(μ) = X if and only if N (μ) = 0.
(b) If R(μ) = X , then (I − T (μ)−1 is continuous.
(c) A compact linear operator T (μ) in a Hilbert space X has only a point spectrum.
(d) The spaces N (μ), N 
(μ) have the same dimension.
(e) The set of eigenvalues of a compact linear operator T (μ) = μT has no finite

limit point in C .

10.5 The Resolvent of a Compact Linear Operator

It can be verified that if the domain of a linear operator T on a Hilbert space is finite
dimensional, then T is compact. We have seen (Theorem10.2) that the resolvent
(I − T (μ)−1 of a closed operator is a holomorphic operator function of μ in the
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resolvent set. We will examine here its behavior near the spectrum when T is a
finite-dimensional operator, a special type of compact operator, namely Tn having
the general form

Tnx =
n∑

k=1

〈x, αk〉xk, αk, xk ∈ X (10.19)

where x1, x2, x3, . . . , xn are linearly independent.
For a general compact operator, we refer to Lebedev, Vorovich, and Gladwell

[120, Theorem 7.4].
The equation

(I − μTn)x = f

is

x − μ

n∑

k=1

〈x, αk〉xk = f (10.20)

Its solution has the form

x = f +
n∑

k=1

ckxk

and, on substituting this into (10.19), we find

f +
n∑

k=1

ckxk − μ

n∑

k=1

〈
f +

n∑

k=1

c j x j , ak

〉
xk = f.

Since the xk are linearly independent, we have

ck − μ

n∑

j=1

〈x j , ak〉 = μ〈 f, ak〉, k = 1, 2, . . . , n.

This system may be solved by Cramer’s rule to give

ck = Dk(μ; f )

D(μ)
, k = 1, 2, . . . , n

and thus

x = D(μ) f + ∑n
k=1 Dk(μ; f )xk

D(μ)
. (10.21)
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The solution is a ratio of two polynomials in μ of degree not more than n. All μ

which are not eigenvalues of T are points where the resolvent is holomorphic; thus,
they cannot be roots of D(). If μ0 is an eigenvalue of Tn , then D(μ0) = 0. If this
were not true, then (10.21) would be solution of (10.20) which means μ0 is not an
eigenvalue R(μ) = X implies N (μ) = 0 by Remark (10.5). Thus, the set of all roots
of D(μ) coincides with the set of eigenvalues of Tn , and so each eigenvalue of Tn is
a pole of finite multiplicity of the resolvent (I − μTn)−1.

A general result can be formulated as follows:

Theorem 10.8 Every eigenvalue of a compact linear operator T in a separable
Hilbert space is a pole of finite multiplicity of the resolvent (I − μAn)

−1.

10.6 Spectral Theorem for Self-adjoint Compact Operators

We have examined certain properties of compact operators related to eigenvalues in
Sects. 10.3 and 10.4, but results for existence of eigenvalues were missing. In this
section, we present existence results for self-adjoint compact operators.

It may be recalled that a linear operator T on a Hilbert space X is self-adjoint if
and only if 〈T x, x〉 is real for all x ∈ X (Theorem3.25). Properties of eigenvalues
(proper values) and eigenvectors (proper vectors) are given by Theorem3.33.

Theorem 10.9 (Existence Theorem) If T is a nonzero, compact, self-adjoint oper-
ator on a Hilbert X, then it has an eigenvalue λ equal to either ||T || or −||T ||.
Proof Let {un} be a sequence of elements of X such that ||un|| = 1, for all n ∈ N,
and

||Tun|| → ||T || as n → X (10.22)

then

||T 2un − ||Tun||2un||2 = 〈T 2un − ||Tun||2un, T 2un − ||Tun||un〉
= ||T 2un||2 − 2||Tun||2〈T 2un, un〉 + ||Tun||4||un||2
= ||T 2un||2 − 2||Tun||2〈Tun, Tun〉 + ||Tun||4||un||2
= ||T 2un||2 − ||Tun||4
≤ ||T ||2||Tun||2 − ||Tun||4
= ||Tun||2(||T ||2 − ||Tun||2)

Since ||Tun|| converges to ||T ||, we obtain

||T 2un − ||T || u2n|| → 0 as n → ∞ (10.23)



364 10 Spectral Theory with Applications

The operator T 2, being the product of two compact operators, is also compact. Hence,
there exists a subsequence (u pn ) of (un) such that (T

2u pn ) converges. Since ||T || �= 0,
the limit can be written in the form ||T ||2v, v �= 0. Then, for every n ∈ N, we have

∥∥||T ||2v − ||T ||2 u pn

∥∥ ≤ ∥∥||T ||2v − T 2u pn

∥∥ + ∥∥T 2u pn − ||Tu pn ||2u pn

∥∥

+ ∥∥||Tu pn ||2u pn − ||T ||2u pn

∥∥

Thus, by (10.22) and (10.23), we have

∥∥||T 2||v − ||T ||2u pn

∥∥ → 0 as n → ∞

or

∥∥||T 2||(v − u pn )
∥∥ → 0 as n → ∞

This means that the sequence (u pn ) converges to v, and therefore

T 2v = ||T ||2v

The above equation can be written as

(T − ||T ||i)(T + ||T ||i)v = 0.

If w = (T + ||T ||i)v �= 0, then (T − ||T ||i)w = 0, and thus, ||T || is an eigenvalue
of T . On the other hand, if w = 0, then −||T || is an eigenvalue of T .
Corollary 10.1 If T is a nonzero compact self-adjoint operator on a Hilbert space
X, then there is a vector w such that ||w|| = 1 and

|〈Tw,w〉| = sup
||x ||≤1

|〈T x, x〉|

Proof Let w, ||w|| = 1, be an eigenvector corresponding to an eigenvalue such that
|λ| = ||T ||. Then

|〈Tw,w〉| = |〈λw〉| = |λ| ||w||2 = |λ| = ||T || = sup
||x ||≤1

|〈T x, x〉|.

Corollary 10.2 Theorem10.9 guarantees the existence of at least one nonzero eigen-
value, but no more in general. The corollary gives a useful method for finding that
eigenvalue by maximizing certain quadratic expression.

Theorem 10.10 The set of distinct nonzero eigenvalues (λn) of a self-adjoint com-
pact operator is either finite or lim

n→∞ λn = 0.
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Proof Suppose T is a self-adjoint compact operator that has infinitely many distinct
eigenvalues λn, n ∈ N. Let un be an eigenvector corresponding to λn such that
||un|| = 1. By Theorem3.33, {un} is an orthonormal sequence. Since orthonormal
sequences are weakly convergent to 0, Remark10.3 implies

0 = lim
n→∞ ||Tun||2 = lim

n→∞〈Tun, Tun〉
= lim

n→∞〈λnun, λnun〉 = lim
n→∞ λ2

n||un||2 = lim
n→∞ λ2

n.

Example 10.6 We will find the eigenvalues and eigenfunctions of the operator T on
L2([0, 2π ]) defined by

(Tu)(x) =
2π∫

0

K (x − t)u(t)dt

where K is a periodic function with period 2π , square integrable on [0, 2π ]. As a
trial solution, we take

un(x) = einx

and note that

(Tun) =
2π∫

0

K (x − t)eintdt = einx
x∫

x−2π

K (s)einsds

Thus

Tun = λnun, n ∈ Z

where

λn =
2π∫

0

K (s)einsds.

The set of functions {un}, n ∈ Z , is a complete orthogonal system in L2([0, 2π ]).
Note that T is self-adjoint if K (x) = K (−x) for all x , but the sequence of eigen-
functions is complete even if T is not self-adjoint

Theorem 10.11 (Hilbert–Schmidt Theorem) For every self-adjoint, compact oper-
ator T on an infinite-dimensional Hilbert space X, there exists an orthonormal
system of eigenvectors (un) corresponding to nonzero eigenvalues (λn) such that
every element x ∈ X has a unique representation in the form
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x =
χ∑

n=1

αnun + v (10.24)

where αn ∈ C and v satisfies the equation T v = 0. If T has infinitely many distinct
eigenvalues λ1, λ2, . . ., then λn → 0 as n → ∞.

Proof By Theorem10.9 and Corollary10.1, there exists an eigenvalue λ1 of T such
that

|λ1| = sup
||x ||≤1

|〈T x, x〉|

Let u1 be a normalized eigenvector corresponding to λ1. We set

Q1 = {x ∈ X : x ⊥ u1}

i.e., Q1 is the orthogonal complement of the set {u1}. Thus, Q1 is a closed linear
subspace of X . If x ∈ Q1, then

〈T x, u1〉 = 〈x, Tu1〉 = λ1〈x, u1〉 = 0

which means that x ∈ Q1 implies T x ∈ Q1. Therefore, T maps the Hilbert space
Q1 into itself. We can again apply Theorem10.9 and Corollary10.1 with Q1 in place
of X . This gives an eigenvalue λ2 such that

|λ2| = sup
||x ||≤1

{|〈λT x, x〉| : x ∈ Qn}

Let u2 be a normalized eigenvector of λ2. Clearly, u1 ⊥ u2. Next, we set

Q2 = {x ∈ Q1 : x ⊥ u2}

and repeat the above argument. Having eigenvalues λ1, λ2, . . . , λn and the corre-
sponding normalized eigenvectors u1, . . . , un , we define

Qn = {x ∈ Qn−1 : x ⊥ un}

and choose an eigenvalue λn+1 such that

|λn+1| = sup
||x ||≤1

{|〈T x, x〉| : x ∈ Qn} (10.25)

For un+1, we choose a normalized vector corresponding to λn+1.
This procedure can terminate after a finite number of steps. Indeed, it can happen

that there is a positive integer k such that 〈T x, x〉 = 0 for every x ∈ Qk .



10.6 Spectral Theorem for Self-adjoint Compact Operators 367

Then, every element x of X has a unique representation

x = α1u1 + · · · + αkuk + v

where T v = 0, and

T x = λ1α1u1 + · · · + λkαkuk

which proves the theorem in this case.
Now suppose that the described procedure yields an infinite sequence of eigen-

values {λn} and eigenvectors {un}. Then, {un} is an orthonormal sequence, which
converges weakly to 0. Consequently, by Remark 10.3, the sequence (Tun) con-
verges strongly to 0. Hence

|λn| = ||λnun|| = ||Tun|| → 0 as n → ∞.

Denote by M the space spanned by the vectors u1, u2, .... By the projection theorem
(Theorem3.10), every x ∈ X has a unique decomposition x = u + v, or

x =
∞∑

n=1

αnun + v

where v ∈ M⊥. It remains to prove that T v = 0 for all v ∈ M⊥.
Let v ∈ S⊥, v �= 0: Define w = v/||v||. Then

〈T v, v〉 = ||v||2〈Tw,w〉

Since w ∈ M⊥ ⊂ Qn for every n ∈ N, we have

|〈T v, v〉| = ||v||2 sup
||x ||≤1

{|〈λT x, x〉| : x ∈ Qn} = ||v||2|λn+1| → 0

This implies 〈T v, v〉 = 0 for every v ∈ M⊥. Therefore by Corollary3.3, the norm
of T restricted to M⊥ is 0; thus, T v = 0 for all v ∈ M⊥.

Theorem 10.12 (Spectral Theorem for Self-adjoint Compact Operators) Let T be
a self-adjoint, compact operator on an infinite-dimensional Hilbert space X. Then,
there exists in X a complete orthonormal system (an orthonormal basis) {v1, v2, ...}
consisting of eigenvectors of T . Moreover, for every x ∈ X

T x =
∞∑

n=1

λn〈x, vn〉vn (10.26)

where λn is the eigenvalue corresponding to vn.
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Proof Most of this theorem is already contained in Theorem 10.11. To obtain a
complete orthonormal system {v1, v2, ...}, we need to add an arbitrary orthonormal
basis of M⊥ to the system {u1, u2, ...} (defined in the proof of Theorem10.11). The
eigenvalues corresponding to those vectors from M⊥ are all equal to zero. Equality
(10.26) follows from the continuity of T .

10.7 Inverse Problems and Self-adjoint Compact Operators

10.7.1 Introduction to Inverse Problems

Problems possessing the following properties are known as the well-posed problems.

(i) Existence, that is, the problem always has a solution.
(ii) Uniqueness, namely the problem cannot have more than one solution.
(iii) Stability, that is, small change in the cause (input) will make only small in the

effect (output).

These three characteristics of problems were identified at the turn of this century by
the Frenchmathematician Jacques SalomonHadamardwho lived during 1865–1963.
A major part of research in theoretical mechanics and physics during the twentieth
century has been devoted to showing that under appropriate conditions the classical
problems in these fields are well posed. Only in the last four decades, it has been
observed that there are important real-world problems which do not have some or
all properties termed above as the well-posed problems. The problems, which are
not well posed, that is, they fail to have all or some of three properties, are called
ill-posed problems.

Examples of well-posed problems are of the type:
Find the effect of a cause, for example (i) find the effect on the shape of a structure

(deformation in a structure) when a force is applied to it (ii) how heat diffuses through
a body when a heat source is applied to a boundary. Well-posed problems are also
known as the direct problems. Finding cause, when an effect is known, is often ill-
posed, and such problems are called inverse problems, for example finding the force
applied when the deformation is known. Identification of parameters in a differential
equation when a solution is given is an example of an inverse problem.

Tikhonov andArsenin [185] is an invaluable guide to the early literature on inverse
problems. It uses methods of functional analysis and contains several instructive
examples from the theory of Fredholm integral equations. Groetsch [91] introduces
inverse problems with the help of examples taken from various areas of mathematics,
physics, and engineering. It treats inverse problems in the form of Fredholm integral
equations of the first kind, or more generally in the form of the operator equation
T x = y. Applications of the results from the spectral theory to inverse problems are
very well treated in Refs. [77, 103, 120, 152].
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It can be noted thatmany ill-posed and/or inverse problems can be reduced,maybe
after some linearization, to the operator equation

T x = y (10.27)

where x, y belong to normed spaces X,Y , and T in an operator from X into Y .
Properties of equation (10.27) are discussed in Sects. 1.1, 1.2, 2.3.3, 2.5, 3.7, 3.8,
4.6, 7.1, 7.2, 7.4, 7.5, 7.6, 8.1, 8.3, 9.2, 9.4. We close this section by introducing
Moore–Penrose generalized inverse of an operator T .

Let T be a bounded linear operator on aHilbert space X into aHilbert spaceY . The
closure R(T ) of the range of T is a closed subspace of Y . By Theorem3.10, Y can be
written as Y = R(T ) + R(T )⊥ = R(T ) + R(T )⊥ because orthogonal complement
is always closed. Thus, the closure of R(T ) + R(T )⊥ in Y or, in other words, the
subspace R(T ) + R(T )⊥ of Y is dense in Y. We show now how one can extend the
inverse operator from R(T ) to R(T ) + R(T )⊥. Suppose y ∈ R(T ) + R(T )⊥, then
its projection Py onto R(T ) is actually in R(T ). This implies that there is an x ∈ X
such that

T x = Py (10.28)

This T x , being the projection of y onto R(T ), is the element of R(T )which is closest
to y, that is, by Lemma 3.2 and Remark3.10

||T x − y|| = inf
u∈X ||Tu − y|| (10.29)

By the projection theorem (Theorem3.10), any y ∈ Y may be written as

y = m + n, m ∈ R(T ), n ∈ R(T )⊥

Here m = Py. By saying that m ∈ R(T ), we state that there is an x ∈ X such that

y − T x = n ∈ R(T )⊥ (10.30)

Such an x is called a least squares solution of the equation because it minimizes the
norms ||Tu − y||. Suppose T does have a null space, so that solution of (10.28) is
not unique. There will then be a subset M of solutions x satisfying

||T x || ≥ C ||x || (10.31)

It can be verified that M is closed and convex. By Lemma3.1, there is a unique
x ∈ M whichminimizes ||x ||onM . x is called thegeneralized solutionofEq. (10.27);
it gives a unique solution for y ∈ R(T ) + R(T )⊥ which is a dense subspace of Y .
This solution is called the least squares solution of minimum norm.
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The mapping T ᵀ from D(T †) = R(T ) + R(T )⊥ into D(T ) which associates y
to the unique least squares solution of minimum norm, T †y, is called the Moore–
Penrose generalized inverse of T .

Remark 10.6 Let T be a continuous linear operator on Hilbert space X into Hilbert
space Y . Suppose y ∈ D(T †). Then T †(y) is the unique least squares solution in
N (T )⊥.

Theorem 10.13 Let X,Y be Hilbert spaces and T be continuous linear operator
from X into Y . The generalized inverse T † on Y is a closed operator. It is continuous
if and only if R(T ) is closed.

Proof We recall Definition4.4 and reword it for our case. T † is closed if and only if
the three statements

{yn} ⊂ D(T †), yn → y, T †yn → x

together imply

y ∈ D(T †) and x = T †y

Note Remark10.6 states that xn = T †yn is the unique solution of T 
T xn = T 
yn
in N (T )⊥. Thus, {xn} ⊂ N (T )⊥, xn → x , and N (T )⊥ is closed, imply x ∈ N (T )†.
Also T 
T xn → T 
T x and T 
T xn = T 
yn → T 
y imply T 
T x = T 
y. But
T 
T x = T 
y implies T 
(T x − y) = 0, so that T x − y ∈ N (T ) = R(T )⊥ and
y ∈ R(T ) + R(T )⊥ = D(T †) and x is a solution of A
T x = T 
y in N (T )⊥. Again
Remark10.6 states that x = T †y. Thus T † is a closed operator.

Now suppose that T † is continuous. Let {yn} be a convergent sequence in R(T ),
converging to y. Let xn = T †yn , then xn ∈ N (T )⊥. Since T † is continuous and
N (T )⊥ is closed, xn → x = T †y ∈ N (T )†. On the other hand, T xn = yn so that
T xn → x and yn → T x ∈ R(T ). Thus, y = T x and y ∈ R(T ). Therefore, R(T ) is
closed.

Now suppose D(T ) is closed, then D(T ) = R(T ) + R(T )⊥ = X , so that T †

is a closed linear operator on X into Y , so that, by Theorems4.22 and 4.25, it is
continuous.

10.7.2 Singular Value Decomposition

Let T be a compact linear operator on a Hilbert space X into another Hilbert space
Y . T 
T and T T 
 are compact self-adjoint linear operators on X and Y , respectively,
keeping in mind Theorem10.6 and the fact that product of two compact operators is
a compact operator. It can be also verified that T 
T and T T 
 are positive operators
and both have the same positive eigenvalue say λ > 0, that is, (T 
T )x = λx , so that
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T x �= 0. Then T (T 
T x) = (T T 
)(T x) = λ(T x), so T x is an eigenvector of T T 


corresponding to λ. The converse can be checked similarly.
By Theorem10.12, existence of positive eigenvalues λ1 ≥ λ2 ≥ λ3 ≥ − − −

and finite or infinite set of orthonormal eigenvectors corresponding to eigenvalues
λ1, λ2, . . . λn . . . can be checked.

Theorem 10.14 Let μ j = √
λ j and u j = μ−1

j T u j , then

T 
u j = μ−1
j T 
Tu j = μ−1

j λ j u j = μ jv j (10.32)

so that

T T 
 j j = μ j T v j = μ2
j u j = λ j u j (10.33)

Thus {u j } form an orthonormal set of eigenvectors for T T 
, and Theorem10.13
states that they are complete in the closure R(T T 
) = N (T T 
)⊥ = N (T 
)⊥.

Definition 10.5 The system {vi , u j , μ j } is called a singular system for the operator
T , and the members μ j are called singular values of T .

T x =
∞∑

j=1

α j T v j =
∞∑

j=1

α jμ j u j (10.34)

where α j = 〈x, v j 〉, is called the singular value decomposition (SVD) of the
operator T .

Remark 10.7 (a) Let y ∈ R(T ) then

x =
∞∑

j=1

〈y, u j 〉
μ j

v j + v (10.35)

where v ∈ N (T ), is a solution of the operator equation Tx = y provided

∞∑

j=1

λ−1
j |〈y, u j 〉|2 < ∞ (10.36)

(b) The operator equation Gx = y has a solution if and only if y ∈ R(T ) and
(10.36) are satisfied.

(c) Condition (10.36) is often called Picard’s existence criterion.
(d) It may be observed that in order for the operator equation T x = y to have a

solution equivalently Picard’s existence criterion to hold, |〈y, u j 〉| must tend to
zero faster than μ j .

A Regular Scheme for Approximating T y† We have seen earlier that for y ∈
R(T ) + R(T )⊥, T †y gives the unique element in N (T )⊥ which satisfies (10.29).
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Equation (10.36) shows that when T is compact this solution is the one obtained by
taking v = 0. Thus

T †y =
∞∑

j=1

〈y, u j 〉
μ j

v j (10.37)

If we denote this by x , then

T x =
∞∑

j=1

〈y, u j 〉v j = Py

in the notation of (10.28).
Equation (10.37) shows that if there are an infinity of singular values, then T † is

unbounded because, for example, ||uk || = 1, while

||T †uk || = 1

μk
→ 0 as k → ∞

In order to obtain an approximation to T †y, we may truncate the expansion (10.37)
and take the nth approximation as

xn =
n∑

j=1

〈y, u j 〉
μ j

v j (10.38)

then

||xn − T †y|| → 0 as n → ∞

Suppose that, instead of evaluating (10.38) for y, we actually evaluate it for some
near by yδ such that ||y− yδ|| ≤ δ. Wewill obtain a bound for the difference between
the xn formed from yδ , which we will call xδ

n , and the true xn formed from y; that is,
we estimate ||xn − xδ

n ||.

||xn − xδ
n ||2

n∑

j=1

〈y − yδ, u j 〉
μ j

||v j ||2 =
n∑

j=1

|〈y − yδ, u j 〉|2
μ2

j

≤ 1

μ2
n

n∑

j=1

|〈y − yδ, u j 〉|2 ≤ δ2

μ2
n

(10.39)

A. This boundon the solution error exhibits the characteristic properties of a solution
to an ill-posed problem, namely for fixed n, the error decreases with δ, but for
a given δ the error tends to infinity as n → ∞. The inequality (10.39) implies
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that in choosing an n, say n(δ), corresponding to a given data error δ, we must
do so in such a way that

δ−1
μn

→ 0 as δ → 0

Thus, there are two conflicting requirements on n; namely, it must be large
enough to mark ||xn − T †y|| small, but not so large as to make δ−1

μn

B. A choice of n(δ) such that

xδ
n → T †y as δ → 0

is called a regular scheme for approximating T †y.

10.7.3 Regularization

Let α be a positive parameter. Let us consider the problem of finding x ∈ X (X an
arbitrary Hilbert space) which minimizes

F(u) = ||Tu − y||2Y + α||u||X (10.40)

where Y is another Hilbert space.
It can be verified that H = X × Y is a Hilbert space with respect to the following

inner product.

〈z1, z2〉H = 〈y1, y2〉Y + α〈x1, x2〉X (10.41)

and

||z||2H = ||y||2Y + ||x ||2X (10.42)

Remark 10.8 If (xn, T xn) ∈ R(TH ) converges to (x, y) in the norm of (10.42), then
T x = y; that is, R(TH ) is closed (range of an operator defined on H is closed).

Remark 10.9 Using Lemma3.2 (see also Remark 3.2), Theorems3.10, 10.3, and
3.19, it can be shown that

x = xα = (T 
T + α I )−1T 
y (10.43)

is the unique solution of

(T 
T + α I )x = T 
y (10.44)
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Theorem 10.15 xα given by (10.43) converges to T †y as α → 0 when y satisfies
Picard’s condition, that is, if T †y exists.

Proof We note that

αx = T 
y − T 
y − T 
T x ∈ R(T 
) (10.45)

But R(T ) = N (T )⊥, so that x ∈ N (T )ᵀ. But we showed that the v j span N (T )⊥ so
that we many write

x = xα =
∞∑

j=1

c jv j , c j = 〈x, v j 〉

Substituting this into (10.44), we find

∞∑

j=1

(λ j + α)c jv j = T 
y

so that

(λ j + α)c j = 〈T 
y, v j 〉 = 〈y, T v j 〉 = μ j 〈y, u j 〉

and hence

xα = μ j 〈y, u j 〉v j

λ j + α
(10.46)

To show that xα → T †y, we proceed in two steps; first, we show that this operator
which gives xα in terms of y is bounded. We note that since the λ j are positive and
tend to zero, we can find N ≥ 0 such that

λ j ≥ 1 f or j ≤ N , 0 < λ j < 1 f or j > N

Thus when j ≤ N

μ j

λ j + α
<

1

μ j
≤ 1

while if j > N

μ j

μ j + α
<

μ j

α
<

1

α

so that if β = max(1, 1/α), we may write
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||xα||2 ≤ β2
∞∑

j=1

|〈y, u j 〉|2 ≤ β2||y||2 (10.47)

Nowwe show the convergence of xα to T †y, for those y for which Picard’s existence
criterion holds. We note that

T † − xα =
∞∑

j=1

(
1

μ j
− μ j

λ j + α

)
〈λy, y j 〉v j

so that

||T † − xα||2 =
∞∑

j=1

(
α

μ j (λ j + α)

)2

|〈y, u j 〉|2

≤
∞∑

j=1

|〈y, u j 〉|2
λ j

< ∞ (10.48)

Choose ε > 0. Since the series in (10.48) converges, the sum from N + 1 to ∞ must
tend to zero as N tends to infinity. Therefore, we can find N such that sum is less
than ε/2 and

||T † − xα||2 <

∞∑

j=1

(
α

μ j (λ j + α)

)2

|〈y, u j 〉|2 + ε/2

But now the sum on the right is a finite sum, and we can write

||T † − xα||2 ≤ α2
N∑

j=1

ε
|〈y, u j 〉|2

λ3
j

+ ε

2
= SNα2 + ε

2
(10.49)

Finally, we choose α so that α <
√

ε/(2SN ), then ||T †y − x0||2 < ε, so that

lim
0→0

||T † − xα|| = 0

We have proved that, for any α, for any α, xα is a continuous operator and that, for
those y for which T †y exists, x converges to T †y as α → 0. Let the data y is subject
to error. This means that instead of solving (10.44) for y, we actually find below a
bound for the difference between the xα formed from yδ , which we call xδ

α , and the
actual xα formed from y. Thus, we wish to estimate ||xα − xδ

α||. We have

xα − xδ
α =

∞∑

j=1

μ j

λ j + α
〈y − yδ, u j 〉v j
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so that, by proceeding as in (10.46), (10.47), we have

||xα − xδ
α||2 =

∞∑

j=1

λ j

(λ j + α)2
|〈y − yδ, u j 〉|2 ≤ β2||y − yδ||2

where β = max(1, 1/α). Since the series convergence, wemay, for any given ε > 0,
find N such that the sum from N + 1 to ∞ is less than ε. Now

λ j

(λ j + α)2
= λ j

(λ j + α)
.

λ j

(λ j + α)
< 1.

1

α

so that

||xα − xδ
α||2 <

1

α

∞∑

j=1

|〈y − yδ, u j 〉|2 + ε <
||y − yδ||2

α
+ ε

and hence, since this is true for all ε > 0, we must have

||xα − xδ
α|| ≤ ||y − yδ||√

α
≤ δ√

α
(10.50)

Again, this bound on the solution error illustrates the characteristic properties of a
solution to an ill-posed problem: for fixed α, the error decreases with δ, but for a
given δ, the error tends to infinity as α → 0. The inequality (10.50) implies that in
choosing an α, say α(δ), corresponding to a given data error δ, we must do so in such
a way that

δ√
α

→ 0 as δ → 0 (10.51)

when we choose α(δ) so that (10.51) holds, the difference between xδ
α(δ) and T †y

satisfies the inequality

||xδ
α(δ) − T †y|| ≤ ||xδ

α(δ) − xα(δ)|| + ||xα(δ) − T †y||
≤ δ√

α
+ ||xα(δ) − T †y|| (10.52)

and we have already shown that the second term tends to zero with α. A choice of
α(δ) such that

xδ
α(δ) ⇒ T †y as δ → 0

is called a regular scheme for approximating T †y.
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Remark 10.10 The inequality (10.52) gives a bound for the error in T †y. The error
has two parts: the first is that due to the error in the data, while the second is that
due to using α rather than the limit as α → 0. It is theoretically attractive to ask
whether we can choose the way in which α depends on delta, i.e. α(δ), so that both
error terms are of the same order.

To bound the second term, we return to the inequality (10.49). This holds for
arbitrary ε. If we take ε = 2SNα2, we find

||T †y − xα||2 ≤ 2SNα2 as α → 0

so that

||T †y − xα|| = O(α)

This means that if we use the simple choice α(δ) = kδ, then the first term in (10.52)
will be of order δ, while the second will be of order δ. On the other hand, if we take
α(δ) = Cδ2/3, then δ/α(δ) and α will both be of order δ2/3, so that

||xδ
α(δ) − T †y|| = O(δ2/3)

Remark 10.11 A. The solution of the problem

||T x − y||2 + α||x ||2 = inf
u∈X{||Tu − y||2 + α||u||2}

converges to T †y.
B. The effect of error (10.50)

||xα − xδ
α|| ≤ δ√

δ
→ 0 as δ → 0

≤ δ√
δ

→ ∞ as α → 0

10.8 Morozov’s Discrepancy Principle

In 1984, Morozov {Mo 84} put forward a discrepancy principle in which the choice
of α is made so that the error in the prediction of yδ , that is, ||T xδ

α − yδ|| is equal to

||T xδ
α − yδ|| = ||y − yδ|| = δ (10.53)

Theorem 10.16 For any δ > 0, there is a unique value of α satisfying (10.53).

Proof It can be verified that
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yδ =
∞∑

j=1

〈yδ, u j 〉u j + Pyδ

where Pyδ is the projection of yδ on R(T )⊥.
Applying T to xδ

α given by (10.45) to get

T xδ
α =

∞∑

j=1

λ j .
〈λyδ, u j 〉u j

λ j + α

because ||T xδ
α||2 =

∞∑

j=1

(
λ j

(λ j + α)

)
/|〈yδ, y j 〉|2 ≤ ||yδ||2

Thus

yδ − T xδ
α =

∞∑

j=1

α〈yδ, u j 〉u j

λ j + α
+ Pyδ

and

||T xδ
α − yδ||2 =

∞∑

j=1

(
α

λ j + α

)2

|〈yδ, u j 〉|2 + ||Pyδ||2.

This equation shows that f (α) = ||T xδ
α − yδ|| is a monotonically increasing function

of α for α > 0. In order to show the existence of a unique value of α such that
f (α) = δ, we must show that

lim
α→∞ f (α) ≤ δ and lim

α→∞ f (α) > δ

Since

y ∈ R(T ), Py = 0 and thus

lim
α→0

f (α) = ||Pyδ|| = ||P(y − yδ)|| ≤ ||y − yδ|| ≤ δ

on the other hand, by Theorem3.18

lim
α→∞ f (α) = ||yδ|| > δ

Theorem 10.17 Choosing α(δ) according to the discrepancy principle does provide
a regular scheme for approximating T †y, that is

xδ
α(δ) → T †y as δ → 0 (10.54)



10.8 Morozov’s Discrepancy Principle 379

or equivalently Morozov’s discrepancy principle provides a regular scheme for solv-
ing T x = y.

Proof Without loss of generality, we may take y ∈ R(T ) so that there is a unique
u ∈ N (T )⊥, which we call x = T †y, such that y = T x . Since we have shown that
α is uniquely determined, we may write x0α(δ) as x(δ).

First, we show that the x(δ) are bounded. We find x(δ) as the minimum of

F(u) = ||Tu − yδ||2 + α||u||2

for all u ∈ X . Thus if u ∈ X1, then

F(x(δ)) ≤ F(u)

so that in particular

F(x(δ)) ≤ F(x)

But we choose x(δ) so that ||T x(δ) − yδ|| = δ, so that

F(x(δ)) = δ2 + α||x(δ)||2

while

F(x) = ||T x − yδ||2 + α||x ||2
= ||y − yδ||2 + α||x ||2 = δ2 + α||x ||2

from which we conclude that

||x(δ)|| ≤ ||x ||

i.e., the x(δ) are bounded. Now suppose that {yn} is a sequence converging to y and
that ||yn − y|| = δn . Each such pair yn , δn will determine an α(δn) and a corresponding
xα(δn) which we will call xn .

It can be proved that there is subsequence of (δn) for which the xn converge to
x = T�y provided T is compact linear operator on X into Y .

Thus, we have shown that Morozov’s discrepancy principle provides a regular
scheme for solving the operator equation T x = y, where T is a compact linear
operator on X into Y .
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10.9 Problems

Problem 10.1 (a) Let T be a compact operator on a Hilbert space X and let S be a
bounded operator on X , then show that T S and ST are bounded.

(b) Show that T T 
 and T 
T are self-adjoint compact operator whenever T is a
compact operator on a Hilbert space X .

Problem 10.2 Prove that a bounded set A in a finite-dimensional normed space is
precompact; that is, its closure Ā is compact

Problem 10.3 Show that a linear operator T on a normed space X into another
normed space Y is compact if and only if it maps bounded sets of X onto precompact
sets of Y .

Problem 10.4 Let T be a linear operator on normed space X into normed space Y :
Show that

(a) T is compact whenever it is bounded and dim R(T ) is finite.
(b) T is compact provided dim of the domain of T is finite.

Problem 10.5 Prove Remark10.3.

Problem 10.6 Prove the last assertion; namely, there is a subsequence of δn for
which the xn → x = T †y, in the proof of Theorem10.17.



Chapter 11
Frame and Basis Theory in Hilbert
Spaces

Abstract Duffin and Schaeffer introduced in 1951 a tool relaxing conditions on the
basis and named it frame. Every element of an inner product space can be expressed
as a linear combination of elements in a given frame where linear independence is
not required. In this chapter, frame and basis theory are presented.

Keywords Orthonormal basis · Bessel sequence · Riesz bases · Biorthogonal
system · Frames in Hilbert spaces

11.1 Frame in Finite-Dimensional Hilbert Spaces

In the study of vector spaces, a basis is among the most important concepts, allowing
every element in the vector space to bewritten as a linear combination of the elements
in the basis. It may be observed that conditions to be a basis are quite restrictive such
as no linear dependence between the elements is possible, and sometimes we even
want the orthogonality of elements with respect to an inner product. Due to these
limitations, onemight look for amore flexible concept. In 1951, Duffin and Schaeffer
[66] introduced a tool, relaxing conditions on the basis, called a frame. A frame for
an inner product space also allows each element in the space to be written as a
linear combination of the elements in the frame, but linear independence between
the frame elements is not required. In this chapter, we present basic properties of
frames in finite-dimensional Hilbert spaces.

Definition 11.1 Let H be a finite-dimensional inner product space. A sequence { fk}
in H is called a basis if the following two conditions are satisfied

(a) H = span{ fk}, that is, every element f of H is a linear combination of fk ;
(b) { fk}mk=1 is linearly independent, that is, if

∑m
k=1 αk fk = 0 for some scalar coef-

ficients αk, k = 1, 2, 3, . . .m, then αk = 0 for all k = 1, 2, . . .m.

Definition 11.2 A basis { fk}mk=1 is called an orthonormal basis if

〈 fk, f j 〉 = δk, j = 1 i f k = j

= 0 i f k �= j
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Theorem 11.1 If { fk} is an orthonormal basis, then any element f ∈ H can be
written as

f =
m∑

k=1

〈 f, fk〉 fk

Proof

〈 f, f j 〉 =
〈

m∑

k=1

αk fk, f j

〉

=
m∑

k=1

αk〈 fk, f j 〉
= α j

so

f =
m∑

k=1

α j f j =
m∑

k=1

〈 f, f j 〉 f j

Definition 11.3 A sequence of elements { fk}k∈I in a finite-dimensional inner prod-
uct space H is called a frame if there exist constants A, B > 0 such that

A|| f ||2 ≤
∞∑

k=1

|〈 f, fk〉|2 ≤ B|| f ||2, f or all f ∈ H (11.1)

The constants A and B are called frame bounds.

Remark 11.1 A. Constants A and B are not unique.
B. In a finite-dimensional space, it is somehow artificial to consider sequences

having infinitely many elements. Therefore, we focus here only finite families
{ fk}mk=1, m ∈ N .With this restriction in finite-dimensional inner product spaces,
the upper frame condition is automatically satisfied.

C. In order that the lower condition in (11.1) is satisfied, it is necessary that span
{ fk}mk=1 = H . This condition turns out to be sufficient; in fact, every finite
sequence is a frame for its span.

Theorem 11.2 Let { fk}mk=1 be a sequence in a finite inner product space H. Then
{ fk}mk=1 is a frame for span { fk}mk=1.

Proof We can assume that not all fk are zero. As we have seen, the upper frame
condition is satisfied with B = ∑m

k=1 || fk ||2. Now let

M = span{ fk}mk=1
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and consider the continuous mapping

φ : M → R, φ( f ) =
m∑

k=1

|〈 f, fk〉|2

The unit ball in M is compact, so we can find g ∈ M with ||g|| = 1 such that

A :=
m∑

k=1

|〈g, fk〉|2 = inf

{
m∑

k=1

|〈 f, fk〉|2 : f ∈ M, || f || = 1

}

It is clear that A > 0. Now given f ∈ M, f �= 0, we have

m∑

k=1

|〈 f, fk〉|2 =
m∑

k=1

∥
∥
∥
∥

〈
f

|| f || , fk

〉∥
∥
∥
∥

2

|| f ||2 ≥ || f ||2

Remark 11.2 Remark11.1 shows that a frame might contain more elements than
needed to be a basis. In particular, if { fk}mk=1 is a frame for H and {gk}nk=1 is an
arbitrary finite collection of vectors in H , then { fk}mk=1 ∪ {gk}nk=1 is also a frame for
H . A frame which is not a basis is said to be over complete or redundant.

Remark 11.3 Consider now a vector space H equipped with a frame { fk}mk=1 and
define

(i) a linear mapping

T : Cm → H, T {ck}mk=1 =
m∑

k=1

ck fk (11.2)

T is usually called the preframe operator or the synthesis operator. The adjoint
operator is given by

T � : H → Cm, T � = {〈 f, fk〉}mk=1 (11.3)

(ii)

S : H → H, S f = T T � f =
m∑

k=1

〈 f, fk〉 fk (11.4)

is called the frame operator.

〈S f, f 〉 =
m∑

k=1

|〈 f, fk〉|2, f ∈ V (11.5)
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the lower frame condition can thus be considered as some kind of “lower bound”
on the frame operator.

(iii) A frame { fk}mk=1 is tight if we can choose A = B in the definition, i.e., if

m∑

k=1

|〈 f, fk〉|2 = A|| f ||2, ∀ f ∈ V (11.6)

For a tight frame, the exact value A in (11.6) is simply called the frame bound.

Theorem 11.3 Let { fk}mk=1 be a frame for H with frame operator S. Then

(i) S is invertible and self-adjoint.
(ii) Every f ∈ H can be represented as

f =
m∑

k=1

〈 f, S−1 jk〉 fk =
m∑

k=1

〈 f, fk〉S−1 jk (11.7)

(iii) If f ∈ H also has the representation f = ∑m
k=1 ck fk for some scalar coeffi-

cients {ck}mk=1, then

m∑

k=1

|ck |2 =
m∑

k=1

|〈 f, S−1 jk〉|2 +
m∑

k=1

|ck − 〈 f, S−1 jk〉|2.

Proof Since S = T T �, it is clear that S is self-adjoint. We now prove (ii). Let f ∈ H
and assume that S f = 0. Then

0 = 〈S f, f 〉 =
m∑

k=1

|〈 f, fk〉|2

implying by the same condition that f = 0: That S is injective actually implies that S
surjective, but let us give a direct proof. The frame condition implies by Remark11.1
that span{ fk}mk=1 = H , so the preframe operator T is surjective. Given f ∈ H , we
can therefore find g ∈ H such that Tg = f ; we can choose g ∈ N⊥

T = RT �, so it
follows that RS = RTT � = H . Thus, S is surjective, as claimed. Each f ∈ H has
the representation

f = SS−1 f

= T T �S−1 f

=
m∑

k=1

〈S−1 f, fk〉 fk,



11.1 Frame in Finite-Dimensional Hilbert Spaces 385

using that S is self-adjoint, we arrive at

f =
m∑

k=1

〈 f, S−1 fk, 〉 fk .

The second representation in (11.7) is obtained in the same way, using that f =
S−1S f . For the proof of (iii), suppose that f = ∑m

k=1 ck fk . We can write

{ck}mk=1 = {ck}mk=1 − {〈 f, S−1 fk, 〉
}m
k=1 + {〈 f, S−1 fk〉

}m
k=1 .

By the choice of {ck}mk=1, we have

m∑

k=1

(ck − 〈 f, S−1 fk〉) fk = 0

i.e., {ck}mk=1 − {〈 f, S−1 fk〉}mk=1 ∈ NT = R⊥
T ; since

{〈 f, S−1 fk〉}mk=1 = {〈S−1 f, fk〉}mk=1 ∈ RT �

we obtain (iii).

Theorem 11.4 Let { fk}mk=1 be a frame for a subspace M of the vector space H. Then
the orthogonal projection of H onto M is given by

P f =
m∑

k=1

〈 f, S−1 fk〉 fk (11.8)

Proof It is enough to prove that if we define P f by (11.8), then

P f = f for f ∈ M and P f = 0 f or f ∈ M⊥

The first equation follows by Theorem11.3, and the second by the fact that the range
of S−1 equals M because S is a bijection on M .

Example 11.1 Let { fk}2k=1 be an orthonormal basis for a two-dimensional vector
space H with inner product. Let

g1 = f1, g2 = f1 − f2, g3 = f1 + f2.

Then {gk}3k=1 is a frame for H . Using the definition of the frame operator

S f =
3∑

k=1

〈 f, gk〉gk
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we obtain that

S f1 = f1 + f1 − f2 + f1 + f2 = 3 f1
S f2 = ( f1 − f2) + f2 = 2 f2

Thus,

S−1 f1 = 1

3
f1, S−1 f2 = 1

2
f2.

Therefore, the canonical dual frame is

{S−1gk}3k=1 = {1
3
f1,

1

3
f1 − 1

2
f2,

1

3
f1 + 1

2
f2}

By Theorem11.3, the representation of f ∈ V in terms of the frame is given by

f =
3∑

k=1

〈 f, S−1gk〉gk

= 1

3
〈 f, f1〉 f1 + 〈 f, 1

3
f1 − 1

2
f2〉( f1 − f2) + 〈 f, 1

3
f1 + 1

2
f2〉( f1 + f2)

11.2 Bases in Hilbert Spaces

11.2.1 Bases

The concept of orthonormal basis in a Hilbert space is discussed in Sect. 3.5. We
introduce here bases in Banach spaces in general and Hilbert spaces in particular.
For classical work on bases theory, we refer to [129, 175].

Definition 11.4 Let X be a Banach space. A sequence of elements { fk}∞k=1 of X
is called a basis (very often Schauder basis) for X if, for each f ∈ X , there exists
unique scalar coefficients {αk}∞k=1 such that

f =
∞∑

k=1

αk fk (11.9)

Remark 11.4 A. α′
ks depend on f .

B. Sometimes one refers to (11.9) as the expansion of f in the basis { fk}∞k=1 (11.9)
means that the series on the right side converges f in the norm of X with respect
to the chosen order of the elements.
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C. Besides the existence of an expansion of each f ∈ X . Definition11.4 demands
for uniqueness. This can be obtained by imposing the condition of linear inde-
pendence on { fk}∞k=1. In infinite-dimensional Banach spaces, different concepts
of independence exist [40, p. 46]; however, we discuss here only classical linear
independence.

Definition 11.5 Let { fk}∞k=1 be a sequence in a Banach space X . { fk}∞k=1 is called
linearly independent if every finite subset of { fk}∞k=1 is linearly independent. { fk}∞k=1
is called a basis in X if (11.9) is satisfied and { fk}∞k=1 is linear independent

Definition 11.6 Sequence of vector { fk}∞k=1 in a Banach space X is called complete
if

span{ fk}∞k=1 = X (11.10)

Theorem 11.5 A complete sequence of nonzero vectors { fk}∞k=1 in a Banach space
X is a basis if and only if there exists a constant K such that for all m, n ∈ N with
m ≤ n

∥
∥
∥
∥
∥

∞∑

k=1

αk fk

∥
∥
∥
∥
∥

≤ K

∥
∥
∥
∥
∥

∞∑

k=1

αk fk

∥
∥
∥
∥
∥

(11.11)

for all scalar sequences {αk}∞k=1.

Corollary 11.1 The coefficient functionals {αk} associated to a basis { fk}∞k=1 for
X are continuous and can be as elements in the dual X �. If there exists a constant
C > 0 such that || fk || ≥ C for all k ∈ N , then the norms of {αk}∞k=1 are uniformly
bounded.

The proof of Theorem11.5 and Corollary11.1 we refer to [40, pp. 47–50].

Definition 11.7 (Bessel Sequences) A sequence { fk} in a Hilbert space H is called
a Bessel sequence if there exists a constant B > 0 such that

∞∑

k=1

|〈 f, fk〉|2 ≤ B|| f ||2, f orall f ∈ H (11.12)

contact B occurring in (11.12) is called a Bessel bound for { fk}∞k=1.

Theorem 11.6 A sequence { fk}∞k=1 in a Hilbert space H is a Bessel sequence with
Bessel bound B if and only if

T : {αk}∞k=1 →
∞∑

k=1

αk fk

is a well-defined bound operator from l2 into H and ||T || ≤ B.
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We require the following lemma in the proof.

Lemma 11.1 Let { fk}∞k=1 be a sequence in H, and suppose that convergent for all
{ fk}∞k=1 ∈ l2. Then

T : l2 → H , T {αk}∞k=1 :=
∞∑

k=1

αk fk (11.13)

defines a bounded linear operator. The adjoint operator is given by

T � : H → l2, T � f = {〈 f, fk〉}∞k=1 (11.14)

Furthermore,

∞∑

k=1

|〈 f, fk〉|2 ≤ ||T ||2|| f ||2, ∀ f ∈ H (11.15)

Proof Consider the sequence of bounded linear operators

Tn : l2N → H , Tn{αk}∞k=1 :=
∞∑

k=1

αk fk

Clearly Tn → T pointwise as n → ∞, so T is bounded by Theorem4.21. In order
to find the expression for T �, let f ∈ H, {αk} ∈ l2. Then

〈 f, T {αk}∞k=1〉H =
〈

f,
∞∑

k=1

αk fk

〉

H

=
∞∑

k=1

〈 f, fk〉αk (11.16)

We mention two ways to find T � f from here:

1. The convergence of the series
∑∞

k=1〈 f, fk〉αk for all {αk}∞k=1 ∈ l2 implies that
{〈 f, fk〉}∞k=1 ∈ l2. Thus, we can write

〈 f, T {αk}∞k=1〉H = 〈{〈 f, fk〉}, {αk}〉

and conclude that

T � f = {〈 f, fk〉}∞k=1

2. Alternatively, when T : l2 → H is bounded we already known that T � is a
bounded operator fromH to l2. Therefore, the kth coordinate function is bounded
fromH to C; by Riesz’representation theorem, T � therefore has the form

T � f = {〈 f, gk〉}∞k=1
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for some {gk}∞k=1 inH . By definition of T �, (11.16) now shows that

∞∑

k=1

〈 f, gk〉αk =
∞∑

k=1

〈 f, fk〉αk, ∀{αk}∞k=1 ∈ l2(N), f ∈ H

It follows from here that gk = fk .

First assume that { fk}∞k=1 is a Bessel sequence with Bessel bound B. Let {αk}∞k=1 ∈
l2. First wewant to show that T {αk}∞k=1} is well defined, i.e., thatαk}∞k=1 is convergent.
Consider n,m ∈ N , n > m. Then

∥
∥
∥
∥
∥

n∑

k=1

αk fk −
m∑

k=1

αk fk

∥
∥
∥
∥
∥

=
∥
∥
∥
∥
∥

n∑

k=m+1

αk fk

∥
∥
∥
∥
∥

= sup
||g||=1

∣
∣
∣
∣
∣
〈

n∑

k=m+1

αk fk, g〉
∣
∣
∣
∣
∣

≥ sup
||g||=1

n∑

k=m+1

|αk〈 fk, g〉|

≥
(

n∑

k=m+1

|αk |2
)1/2

sup
||g||=1

(
n∑

k=m+1

|〈 fk, g〉|2
)1/2

≤ √
B

(
n∑

k=m+1

|αk |2
)1/2

Since {αk}∞k=1 ∈ l2, we know that
{∑n

k=m+1 |αk |2
}∞
n=1 is a Cauchy sequence in C.

The above calculation now shows that
{∑n

k=1 αk fk
}∞
n=1 is a Cauchy sequence in

H , and therefore convergent. Thus, T {αk}∞k=1 is well defined. Clearly, T is linear;
since ||T {αk}∞k=1|| = sup

||g||=1
|〈T {αk}∞k=1, g〉|, a calculation as above shows that T is

bounded and that ||T || ≤ √
B. For the opposite implication, suppose that T is well

defined and that ||T || ≤ √
B. Then (11.5) shows that { fk}∞k=1 is a Bessel sequence

with Bessel Bound B.

11.3 Riesz Bases

Definition 11.8 ARiesz basis for aHilbert space H is a family of the form {U fk}∞k=1,
where { fk} is an orthonormal basis for H and U : H → H is a bounded bijective
operator.

The following theorem gives an alternative definition of a Riesz basis which is con-
venient to use (see Definition12.5).
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Theorem 11.7 [40] For a sequence { fk}∞k=1 in a Hilbert space H, the following
conditions are equivalent:

(i) { fk}∞k=1 is a Riesz basis for H
(ii) { fk}∞k=1 is complete in H, and there exist constants A, B > 0 such that for

every finitely nonzero sequences {αk} ∈ l2 one has

A
∞∑

k=1

|αk |2 ≤
∥
∥
∥
∥
∥

∞∑

k=1

αk fk

∥
∥
∥
∥
∥

2

≤ B
∞∑

k=1

|αk |2 (11.17)

(iii) { fk} is complete, and its Gram matrix {〈 fk, f j 〉}∞j,k=1 defines a bounded, invert-
ible operator on l2.

(iv) { fk}∞k=1 is a complete Bessel sequence, and it has a complete biorthogonal
sequence {gk}∞k=1 which is also a Bessel sequence.

Remark 11.5 1. Any sequence { fk}∞k=1 satisfying (11.17) for all finite sequence
{αk} is called a Riesz sequence. By Theorem11.10, a Riesz sequence { fa}∞k=1 is
a Riesz basis for span { fk}∞k=1, which might just be a subsequence of H . It is
clear that if (11.17) is satisfied by a sequence { fk}∞k=1, then it will be satisfied by
its every subsequence. This gives us the result: “Every subsequence of a Riesz
basis is itself a Riesz basis.”

2. Let span{ fk}∞k=1 = H, B = 1 and let equality hold on the right-hand side of
(11.17) for all finite scalar sequences {αk}. Then { fk}∞k=1 is an orthonormal basis
for H .

Definition 11.9 (Biorthogonal Systems) A sequence {gk}∞k=1 in H is called biorthog-
onal to a sequence { fk} in H if

〈gk, f j 〉 = δk, j , where

δnj = 0, i f k �= j

= 1, i f k = j

Very often we say that {gk}∞k=1 is the biorthogonal system associated with { fk}∞k=1.

The following theorem guarantees the existence of a biorthogonal system.

Theorem 11.8 Let { fk} be a basis for the Hilbert space H. Then there exists a
unique family {gk}∞k=1 in H for which

f =
∞∑

k=1

〈 f, gk〉 fk, f or all f ∈ H (11.18)

{gk}∞k=1 is a basis for H, and { fk} and {gk} are biorthogonal.
Definition 11.10 The basis {gk} satisfying (11.18) is called the dual basis, or the
biorthogonal basis, associated to { fk}.
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11.4 Frames in Infinite-Dimensional Hilbert Spaces

The concept of frame in a finite-dimensional Hilbert space discussed in Sect. 11.1
can be extended to infinite-dimensional case.

Definition 11.11 Let { fk} be sequence of elements in an infinite-dimensionalHilbert
space.

A. { fk} is called a frame if there exist constants A, B > 0 such that

A|| f ||2 ≤
∞∑

k=1

|〈 f, fk〉|2 ≤ B|| f ||2, f or all f ∈ H (11.19)

B. If A = B, then { fk} is called a tight frame.
C. If a frame ceases to be a frame when an arbitrary element is removed, it is called

an exact frame.
D. { fk}∞k=1 is called a frame sequence if it is a frame for span{ fk}∞k=1.

Example 11.2 Let { fk}∞k=1 be an orthonormal basis for a Hilbert space H .

A. By repeating each element in { fk}∞k=1 twice, we obtain

{ fk}∞k=1 = { f1, f1, f2, f2, . . .}

which is a tight frame with frame bound A = 2. If only f1 is repeated, we obtain

{ fk}∞k=1 = { f1, f1, f2, f3, . . .}

which is a frame with bounds A = 1, B = 2.
B. Let

{ fk}∞k=1 =
{

f1,
1√
2
f2,

1√
2
f2,

1√
3
f3,

1√
3
f3,

1√
3
f3, . . .

}

∞∑

k=1

|〈 f, gk〉|2 =
∞∑

k=1

k

∥
∥
∥
∥

〈

f, f
1√
k
fk

〉∥
∥
∥
∥

2

so {gk}∞k=1 is a tight frame for H with frame bound A = 1.
C. If I ⊂ N is a pure subset, then { fk}k∈I is not complete in H and cannot be a

frame for H . However, { fk}k∈I is a frame for span{ fk}∞k∈I , i.e., it is a frame
sequence.

D. { fk}∞k=1 is called a frame sequence if it is a frame for span{ fk}∞k∈I . Since a frame
{ fk}∞k=1 is a Bessel sequence, this operator

T : l2 → H, T {αk}∞k=1 =
∞∑

k=1

αk fk (11.20)
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is a bounded by Theorem 11.6. T is called the preframe operator or the synthesis
operator. The adjoint is given by

T � : H → l2, T � = { f 〈 f, fk〉}∞k=1 (11.21)

in view of Lemma11.1.
T � is called the analysis operator. By composing T and T �, we obtain the frame
operator

S : H → H, S f = T T � f =
∞∑

k=1

〈 f, fk〉 fk (11.22)

Theorem 11.9 Let { fk} be a frame with frame operator S. Then

f =
∞∑

k=1

〈 f, S−1 fk〉 fk, f or all f ∈ H (11.23)

Remark 11.6 It may observed that (11.23) means that∥
∥ f − ∑∞

k=1〈 f, S−1 fk〉 fk
∥
∥ → 0 as n → ∞. This is possible if fk is replaced by

fσ(k) where σ is any permutation of the natural numbers.

We require the following for the proof.

Lemma 11.2 Let { fk}∞k=1 be a frame with frame operator S and frame bounds A, B.
Then the following holds:

A. S is bounded, invertible, self-adjoint, and positive.
B. {S−1 fk}∞k=1 is a frame with bounds B

−1, A−1, if A, B are the optimal bounds for
{ fk}∞k=1, then the bounds B

−1, A−1 are optimal for {S−1 fk}∞k=1. The frameoper-
ator for {S−1 fk}∞k=1 is S

−1.

Proof A. S is bounded a composition of two bounded operators. By Theorem 11.6

||S|| = T T �|| = ||T || ||T �|| = ||T ||2 ≤ B

Since S� = (T T �) = T T � = S, the operator S is self-adjoint. The inequality
(11.19) means that A|| f ||2 ≤ 〈S f, f 〉 ≤ B|| f ||2 for all f ∈ H , or, AI ≤
S ≤ BI ; thus, S is positive. Furthermore, 0 ≤ I − B−1S ≤ B−A

B < I , and
consequently

||I − B−1S|| =
∑

|| f ||=1

|〈(I − B−1S) f, f 〉| ≤ B − A

B
< I

which shows that S is invertible.
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B. Note that for f ∈ H

∞∑

k=1

|〈 f, S−1 fk〉|2 =
∞∑

k=1

|〈S−1 f, fk〉|2

≤ B||S−1 f ||2

for the remaining part see [40, 11.91].

Proof (Proof of Theorem11.9) Let f ∈ H . By Lemma11.2

f = SS−1 f =
∞∑

k=1

|〈S−1 f, fk〉 fk =
∞∑

k=1

〈 f, S−1 fk〉 fk

{ fk}∞k=1 is a Bessel sequence and {〈 f, S−1 fa〉}∞k=1 ∈ l2.

Remark 11.7 It can checked that a Riesz basis in H is a frame, and the Riesz basis
bounds coincide with the frame bounds.

The following interesting characterization of a framewithout involving frame bounds
has been proved by Christensen [40].

Theorem 11.10 A sequence { fk}∞k=1 in a Hilbert space H is a frame if and only

T : {αk}∞k=1 →
∞∑

k=1

αk fk

is a well-defined mapping of l2 onto H .

Proof First, suppose { fk}∞k=1 is a frame. By Theorem 11.6, T is a well-defined
bounded operator from l2 into H, and by Lemma11.2, the frame operator S = T T �

is surjective. Thus, T is surjective. For the opposite implication, suppose that T is a
well-definedoperator from l2(N)ontoH . ThenLemma11.1 shows thatT is bounded
and that { fk}∞k=1 is a Bessel sequence. Let T

† : H → l2 denote the pseudo-inverse
of T (see [40, A7] for Definition or Chap. 13). For f ∈ H , we have

f = T T † f =
∞∑

k=1

(T † f )k fk

where (T † f )k denotes the kth coordinate of (T † f ). Thus,
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|| f ||4 = |〈 f, f 〉|2

=
∥
∥
∥
∥
∥

〈 ∞∑

k=1

(T † f )k fk, f

〉∥
∥
∥
∥
∥

2

≤
∞∑

k=1

|(T † f )k |2
∞∑

k=1

|〈 f, fk〉|2

≤ ||T †||2|| f ||2
∞∑

k=1

|〈 f, fk〉|2

we conclude that

∞∑

k=1

|〈 f, fk〉|2 ≥ 1

||T †||2 || f ||2

11.5 Problems

Problem 11.1 Prove Theorem 11.5.

Solution 11.1 We write s = |α1| + · · · + |αn|. If s = 0, all α j are zero, so that
(11.11) holds for any K . Let s > 0. Then (11.11) is equivalent to the inequality
which we obtain from (11.11) inequality of Theorem 11.5 ( fk = xk) by dividing by
s and writing β j = α j/s, that is

||β1x1 + β2x2 + · · · + βnxn|| ≥
⎛

⎝
n∑

j=1

|β j x j |
⎞

⎠ (11.24)

Hence, it suffices to prove the existence of a K > 0 such that (11.24) holds for every
n-tuple of scalars β1, . . . βn with

∑ |β j | = 1.
Suppose that this is false. Then there exists a sequence (ym) of vectors

ym = βm
1 x1 + βm

2 x2 + · · · + βm
n xn

⎛

⎝
n∑

j=1

|βm
1 | = 1

⎞

⎠ (11.25)

such that

||ym || → 0 as m → ∞

Now we reason as follows. Since
∑ |β(m)

j | = 1, we have |βm
j | ≤ 1. Hence for each

fixed j , the sequence
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(β
(m)
j ) = (β

(1)
j , β

(2)
j , . . .)

is bounded. Consequently, by the Bolzano–Weierstrass theorem, (β(m)
1 ) has a conver-

gent subsequence. Let β1 denote the limit of that subsequence, and let (y1,m) denote
the corresponding subsequence of (ym). By the same argument, (y1,m) has a subse-
quence (y2,m) for which the corresponding subsequence of scalars β

(m)
2 converges;

let β2 denote the limit. Continuing in this way, after n steps we obtain a subsequence
(yn,m) = (yn,1, yn,2, . . .) of (ym) whose terms are of the form

yn,m =
n∑

j=1

γ
(m)
j x j

⎛

⎝
n∑

j=1

|γ (m)
j | = 1

⎞

⎠

with scalars γ
(m)
j satisfying γ

(m)
j → β j as m → ∞. Hence, as m → ∞

yn,m → y =
n∑

j=1

β j x j

where
∑ |β j | = 1, so that not all β j can be zero. Since {x1, . . . , xn} is a linearly

independent set, we thus have y �= 0.On the other hand, yn,m → y implies ||yn,m || →
||y||, by the continuity of the norm. Since ||ym || → 0 by the assumption and (yn,m)

is a subsequence of (ym), we must have ||yn,m || → 0. Hence, ||y|| = 0, so that y = 0
by the second axiom of the norm. This contradicts y �= 0, and the desired result is
proved.

Problem 11.2 Let {gm(x)} be a sequence of functions in L2[a, b] and suppose that
there is a sequence { fn(x)} in L2[a, b] biorthogonal to {gn(x)}. Then show that
{gn(x)} is linearly independent.
Solution 11.2 Let {αk}∞k=1 ∈ l2, and satisfy

∞∑

n=1

αngn(x) = 0

in L2[a, b]. Then for each m ∈ N.

0 = 〈0, fm(x)〉 =
〈 ∞∑

n=1

αngn(x), fm(x)

〉

=
∞∑

n=1

αn〈gn(x), fm(x)〉 = αn

by virtue of biorthogonality. Therefore, {gn(x)} is linearly independent.
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Problem 11.3 Show that the vectors { fk}∞k=1 defined by

fk( j) = 1√
n
e2π i( j−1) k−1

n , j = 1, 2, 3, . . . n

that is

fk = 1√
n

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
e2π i

k−1
n

e4π i
k−1
n

.

.

.

e2π i(n−1) k−1
n

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, k = 1, 2, . . . , n

Solution 11.3 Since { fk}∞k=1 are n vectors in an n-dimensional vector space, it is
enough to prove that they constitute an orthonormal system. It is clear that || fk || = 1
for all k. Now, given k �= l

〈 fk, fl〉 = 1

n

n∑

j=1

e2π i
k−1
n e−2π i( j−1) t−1

n = 1

n

n−1∑

j=0

e2π i j
k−t
n

Using the formula (1 − x)(1 + x + · · · + xn−1) with x = e2π i
k−t
n , we get

〈 fk, fl〉 = 1

n

1 − (e2π i
k−t
n )n

1 − e2π i k−t
n

= 0

Problem 11.4 Let { fk}∞k=1 be a frame for a finite-dimensional inner product space
H with bounds A, B and let P denote the m orthogonal projection of H onto a
subspace M . Prove that {P fk}mk=1 is a frame for M with frame bounds A, B.

Problem 11.5 Let m > n and define the vectors { fk}∞k=1 in C
m by

fk = 1√
m

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
2π i k−1

n
e
.

.

.

e2π i(n−1) k−1
m

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, k = 1, 2, . . . ,m

Then prove that { fk}mk=1 is a tight frame for Cm with frame bound equal to one, and
|| fk || = √ n

m for all k.
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Problem 11.6 Prove that for a sequence { fk}∞k=1 in a finite-dimensional inner prod-
uct space H , the following are equivalent:

A. { fk} is a Bassel sequence with bounds B.
B. TheGrammatrix associated to { fk}∞k=1, namely {〈 fk, f j 〉}∞j,k=1 defines a bounded

operator on l2, with norm at most B.

Problem 11.7 Let { fk}∞k=1 be an orthonormal basis and consider the sequence
{gk}∞k=1 = {e1 + 1

k ek, ek}∞k=2.

A. Prove that {gk} is not a Bessel sequence.
B. Find all possible representation of f1 as linear combinations of {gk}∞k=1.



Chapter 12
Wavelet Theory

Abstract This chapter deals with wavelet theory developed in the eighties that is
the refinement of Fourier analysis. This has been developed by the serious interdis-
ciplinary efforts of mathematicians, physicists, and engineers. A leading worker of
this filed, Prof. Y. Meyer, has been awarded Abel Prize of 2017. It has interesting
and significant applications in diverse fields of science and technology such as oil
exploration and production, brain studies, meteorology, earthquake data analysis,
astrophysics, remote sensing, tomography, biometric.

Keywords Continuous wavelet transform · Haar wavelets · Gabor wavelet
Mexican hat wavelet · Parsevals formula for wavelet transform
Calderon–Grossman wavelet theorem · Discrete wavelet transform
Wavelet coefficients · Wavelet series · Multiresolution analysis

12.1 Introduction

The study of wavelets was initiated by Jean Morlet, a French geophysicist in 1982.
The present wavelet theory is the result of joint efforts of mathematicians, scien-
tists, and engineers. This kind of work created a flow of ideas that goes well beyond
the construction of new bases and transforms. Joint efforts of Morlet and Gross-
man yielded useful properties of continuous wavelet transforms, of course, without
realization that similar results were obtained by Caldéron, Littlewood, Paley, and
Franklin more than 20 years earlier. Rediscovery of the old concepts provided a new
method for decomposing signals (functions). In many applications, especially in the
time–frequency analysis of a signal, the Fourier transform analysis is inadequate
because Fourier transform of the signal does not contain any local information. It
is a serious drawback of the Fourier transform as it neglects the idea of frequencies
changing with time or, equivalently, the notion of finding the frequency spectrum of a
signal locally in time. As a realization of this flaw, as far back as 1946, Dennis Gabor
first introduced thewindowedFourier transform (short-timeFourier transform), com-
monly known as the Gabor transform, using a Gaussian distribution function as the
window function. TheGabor transform faced some algorithmic problemswhichwere
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resolved by Henric Malvar in 1987. Malvar introduced a new wavelet called Mal-
var wavelet, which is more effective and superior to Morlet–Grossmann and Gabor
wavelets.

In 1985, Yves Meyer accidentally found a dissertation by Stephane Mallat on
wavelets. Being the expert of the Caldrón–Zygmund operators and the Littlewood–
Paley theory, he succeeded to lay the mathematical foundation of wavelet theory.
Daubechies, Grossman, and Meyer received a major success in 1986 for construct-
ing a painless nonorthogonal expansion. A collaboration of Meyer and Lemarié
yielded the construction of smooth orthonormal wavelet during 1985–86 in the set-
ting of finite-dimensional Euclidean spaces. As anticipated by Meyer and Mallat
that the orthogonal wavelet bases could be constructed systematically from a gen-
eral formalism, they succeeded in inventing the multiresolution analysis in 1989.
Wavelets were constructed applying multiresolution analysis. Decomposition and
reconstruction algorithms were developed byMallat. Under the inspiration of Meyer
andCoifmann,Daubechiesmade a remarkable contribution towavelet theory by con-
structing families of compactly supported orthonormal wavelets with some degree
of smoothness. Her work found a lot of applications in digital image processing.

Coifman and Meyer constructed a big library of wavelets of various duration,
oscillation, and other behavior. With an algorithm developed by Coifman and Victor
Wickerhauser, it became possible to do very rapidly computerized searches through
an enormous range of signal representations in order to quickly find the most eco-
nomical transcription of measured data [20, 51, 76, 110, 113, 116, 197]. This devel-
opment allowed, for example, the FBI to compress a fingerprint database of 200
terabytes into a less than 20 terabytes, saving millions of dollars in transmission and
storage costs. As explained by the author of this book during the course of a seminar
in the Summer of 1989 at the Kaiserslautern University, Germany, Coifman, Meyer,
and Wickerhauser introduced the concept of “wavelet packets.”

The wavelet method is a refinement of Fourier method which enables to simplify
the description of a cumbersome function in terms of a small number of coefficients.
In wavelet method, there are fewer coefficients compared to the Fourier method.

The remaining sections of this chapter are devoted to continuous and discrete
wavelets (Sect. 12.2), Multiresolution Analysis and Wavelets Decomposition and
Reconstruction (Sect. 12.3), Wavelets and Smoothness of Functions (Sect. 12.4),
Compactly supported Wavelets (Sect. 12.5), Wavelet Packets (Sect. 12.6), Problems
(Sect. 12.7), and References.

12.2 Continuous and Discrete Wavelet Transforms

12.2.1 Continuous Wavelet Transforms

Definition 12.1 Let ψ ∈ L2(R). It is called a wavelet if it has zero average on
(−∞,∞), namely
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∞∫

−∞
�(t)dt = 0 (12.1)

Remark 12.1 If ψ ∈ L2(R) ∩ L1(R) satisfying

cψ = 2π
∫

R

ψ̂(w)

w
dw < ∞ (12.2)

where ψ̂(w) is the Fourier transform ofψ , and then, (12.1) is satisfied. The condition
(12.2) is known as the wavelet admissibility condition.

Verification By the Riemann–Lebesgue theorem (TheoremA.27), limw → ∞ψ̂

(w) = 0 and the Fourier transform is continuous which implies that 0 = ψ̂(w)(0) =∫∞
−∞ ψ(t)dt.

The following lemma gives a method to construct a variety of wavelets:

Lemma 12.1 Let ϕ be a nonzero n-times (n ≥ 1) differentiable function such that
ϕn(x) ∈ L2(R). Then

ψ(x) = ϕ(n)(x) (12.3)

is a wavelet.

Proof From the property of the Fourier transform (Corollary A.1), |ψ̂(w)| =
|w|k |ϕ̂(w)|. Then

cψ =
∫
R

ψ̂(w)

w
dw

=
∫
R

|w|2k |ϕ̂(w)|2
|w| dw

=
∫ 1

−1
|w|2k−1ϕ̂(w)|2dw +

∫
|w|>1

|w|2k |ϕ̂(w)|2
|w| dw

≤ 2π(||ϕ||2L2 ||ϕ||kL2) < ∞

Hence, (12.2) holds which proves that ψ is a wavelet by Remark 12.1.

Lemma 12.2 Let 0 �= ψ ∈ L1(R)∩L2(R)with
∫
R ψ(t) = 0 and

∫
R |x|βψ(x)dx < ∞

for a β > 1/2. Then ψ is a wavelet.

Proof Without loss of generality, we may assume that 1/2 < β ≤ 1. From this, it
follows that 1 + |x|β ≥ (1 + |x|)β and

∫
R(1 + |x|)β |ψ(x)|dx < ∞.

We know that the functionϕ(x) = ∫ x
−∞ ψ(t)dt is differentiable almost everywhere

and ϕ(x) = ψ(x). For x ≤ 0, we find (Fig. 12.1)
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Fig. 12.1 Haar wavelet

1

0

–1

|ϕ(x)| ≤
∫ x

−∞
(1 + |t|)−β(1 + |t|)βψ(t)dt

|ϕ(x)| ≤ 1

(1 + |x|)β
∫
R
(1 + |t|)βψ(t)dt (12.4)

If x > 0, the zero mean value of ψ implies that ϕ(x) = − ∫∞
x ψ(t)dt. This shows

that (12.4) holds for all x ∈ R, and therefore, ϕ ∈ L2(R). Since ϕ = ψ ∈ L2(R), by
Lemma 12.1, ψ is a wavelet.

Corollary 12.1 Let ψ �= 0, ψ ∈ L2(R) with compact support, the following state-
ments are equivalent:

A. The function ψ is a wavelet.
B. Relation (12.2) is satisfied.

Proof (b) ⇒ (a) (Remark 12.1). (a) ⇒ (b): Let ψ be a wavelet, that is, ψ ∈ L2(R)

and
∫
R ψ(t)dt = 0. Since ψ ∈ L2(R), and ψ has compact support, |ψ(x)| ∈ L1(R);

that is
∫
R
|x|β |ψ(x)|dt < ∞ f or allβ ≥ 0

In particular

∫
R
|x|β |ψ(x)|dt < ∞ f or allβ >

1

2

As seen in the proof of Lemmas 12.1 and 12.2, we have the desired result.
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Examples of Wavelet

Example 12.1 (Haar Wavelet) Let

ψ(x) = 1, 0 ≤ x <
1

2

= −1,
1

2
≤ x < 1

= 0, otherwise

It is clear that
∫ ∞

−∞
ψ(x)dx = 0

and ψ(x) has the compact support [0, 1] (Fig. 12.2). It can be verified that

ψ̂ = 1√
2π

(sin w
4 )2

w
4

e−i(w−π)/2

and

∫ ∞

−∞
|ψ̂(w)|2

|w| dw = 8

π

∫ ∞

−∞

| sin w
4 |4

|w|3 .

ψ(x) defined above is called the Haar wavelet in honor of the Hungarian mathe-
matician Alfred Haar who studied it in 1909. The Haar wavelet is discontinuous at
x = 0, 1

2 , 1.

Example 12.2 (Mexican Hat Wavelet) The function defined by the equation

ψ(x) = (1 − x2)e−x2/2

is called theMexican hat wavelet. ψ(x) satisfies Eq. (12.3) of Lemma 12.1, namely

Fig. 12.2 Mexican hat
wavelet

1

0
– 4 4
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ψ(x) = − d2

dx2
e−x2/2 = (1 − x2)e−x2/2

We can observe that the Mexican hat wavelet has no discontinuity. ψ(x) is a wavelet
by Lemma 12.1.

Example 12.3 (Gabor Wavelet) A Gabor wavelet, with width parameter w and fre-
quency parameter v, is defined as

ψ(x) = w−1/2e−π(x/w)2ei2πvx/w

It is a complex-valued function. Its real part ψR(x) and imaginary part ψI are given
by

ψR(x) = w−1/2e−π(x/w)2 cos(2πvx/w)

ψI (x) = w−1/2e−π(x/w)2 sin(2πvx/w)

With the help of the following theorem, one can obtain new wavelets:

Theorem 12.1 Let ψ be a wavelet and ϕ a bounded integrable function, then the
convolution function ψ � ϕ is a wavelet.

Proof Since

∫ ∞

−∞
|ψ � ϕ(x)|2dx =

∫ ∞

−∞

∣∣∣∣
∫ ∞

−∞
ψ(x − t)ϕ(t)dt

∣∣∣∣
2

dx

≤
∫ ∞

−∞

(∫ ∞

−∞
|ψ(x − t)||ϕ(t)|dt

)2

dx

=
∫ ∞

−∞

(∫ ∞

−∞
|ψ(x − t)|2|ϕ(t)|dt

∫ ∞

−∞
|ϕ(t)|dt

)
dx

≤
∫ ∞

−∞
|ϕ(t)|dt

∫ ∞

−∞

∫ ∞

−∞
|ψ(x − t)|2|ϕ(t)|dxdt

=
(∫ ∞

−∞
|ϕ(t)|dt

)2 ∫ ∞

−∞
|ψ(x)|2dx < ∞

we have ψ � ϕ ∈ L2(R). Moreover

∫ ∞

−∞
| ˆψ � ϕ(w)|2

|w| dw =
∫ ∞

−∞
ψ̂(w)ϕ̂(w)

|w| dw by Theorem F13

=
∫ ∞

−∞
|ψ̂(w)|

|w| |ϕ̂(w)|2dw

≤
∫ ∞

−∞

(
|ψ̂(w)|2

|w| dw

)
sup |ϕ̂(w)|2 < ∞
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Fig. 12.3 Convolution of
Haar wavelet and
ϕ(x) = e−x2

0.2

– 2

2

Therefore, ψ � ϕ is a wavelet.

Example 12.4 Byconvolving theHaarwaveletwithϕ(x) = e−x2 , we get the function
represented in Fig. 12.3.

It is interesting to observe that the set of nonzero wavelets with compact support
is a dense subset of L2(R); that is, we have the following theorem:

Theorem 12.2 Let

A =
{
ψ ∈ L2(R)/ψ �= 0, ψ has compact support and

∫
R
ψ(t)dt = 0

}

then A is a dense subset of L2(R).

Proof Let h ∈ L2(R), then ĥ ∈ L2(R). Let hε be defined by

ĥε(w) = ĥ(w) |w| ≥ ε

= 0 |w| > ε

Then, for every ε, h satisfies (12.2) and so by Corollary 12.1, hε is a wavelet. Since
by TheoremA.32, ||h||L2 = ||ĥ||L2 , it follows that ||hε −h||2L2 = ∫ ε

−ε
|ĥ(w)|2dw → 0.

This means that every function h in L2 can be considered as a limit of a sequence of
wavelets and hence A is dense in L2(R).

Definition 12.2 (ContinuousWavelet Transform) The continuouswavelet transform
Tψ of a function f ∈ L2(R) with respect to the wavelet ψ is defined as

f (a, b) = Tψ f (a, b) = |a|−1/2
∫
R
f (t)ψ

(
t − b

a

)
dt (12.5)

where a ∈ R/0, b ∈ R, and ψ denotes complex conjugate.

We note that for real ψ , ψ = ψ . We consider here real wavelet.

Remark 12.2 (i) If we consider ψa,b(t) as a family of functions given by
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ψa,b(t) = |a|−1/2ψ

(
t − b

a

)
, a > 0, b ∈ R (12.6)

whereψ is a fixed function, often calledmother wavelet, then (12.5) takes form:

Tψ f (a, b) = 〈 f, ψa,b〉 = the inner product o f f with ψa,b (12.7)

(ii) The wavelet transform is linear as it can be written in terms of the inner product.
The following properties hold in view of properties of the inner product given
in Sect. 3.1.

Let ψ and φ be wavelets and let f, g ∈ L2(R). Then, the following relations hold:

(a) Tψ(α f + βg)(a, b) = αTψ f (a, b) + βTψg(a, b) for any α, β ∈ R.
(b) Tψ(Sc f )(a, b) = Tψ f (a, b − c), where Sc is a translation operator defined by

Sc f (t) = f (t − c).
(c) Tψ(Dc f )(a, b) = (1/c)Tψ f (a/c, b/c), where c is a positive number and Dc is

the dilation operator defined by Dc f (t) = (1/c) f (t/c).
(d) Tψφ(a, b) = Tφψ(1/a,−b/a), a �= 0.
(e) Tψ+φ(a, b) = ᾱTψ f (a, b) + β̄Tφ f (a, b), for any scalar α, β.
(f) TAψA f (a, b) = Tψ f (a,−b) where A is defined by Aψ(t) = ψ(−t).
(g) (TScψ( f )(a, b)) = Tψ f (a, b + ca).
(h) (TDcψ f )(a, b) = 1/c(Tψ f )(ac, b), c > 0.

Remark 12.3 We note that the wavelet transform Tψ f (a, b) is a function of the scale
or frequency a and the spatial position or time b. The plane defined by the variables
(a, b) is called the scale-space or time–frequency plane.Tψ f (a, b) gives the variation
of f in a neighborhood of b. If ψ is a compactly supported wavelet, then wavelet
transform Tψ f (a, b) depends upon the value of f in a neighborhood of b of size
proportional to the scale a.

For a small scale, Tψ f (a, b) gives localized information such as localized regu-
larity of f (x): The local regularity of a function (or signal) is often measured with
Lipschitz exponents. The global and local Lipschitz regularity can be characterized
by the asymptotic decay of wavelet transformation at small scales. For example, if
f is differentiable at b, T f (a, b) has the order a3/2 as a → 0. For more details, see
[59] and Sect. 12.4.

We prove now analogue of certain well-known results of Fourier analysis such as
Parseval’ s formula, Isometry formula, and Inversion formula.

Theorem 12.3 (Parseval’ s Formula for Wavelet Transforms) Suppose ψ belongs
to L2(R) satisfying (12.2), that is, ψ is a wavelet. Then, for all f, g ∈ L2(R), the
following formula holds:

〈 f, g〉 = 1

cψ

∞∫

−∞

∫ ∞

−∞
(Tψ f )(a, b)Tψg(a, b)

dbda

a2
(12.8)
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Proof By Parseval’ s formula for the Fourier transforms (Theorem A.32), we have

(Tψ f )(a, b) = 〈 f, ψa,b〉
= 〈 f̂ , ˆψa,b〉
=
∫ ∞

−∞
f̂ (x)|a|1/2eibxψ̂(ax)dx

= (2π)1/2F {|a|1/2 f̂ (x)ψ̂(ax)}(−b)

and

(Tψ f )(a, b) =
∫ ∞

−∞
g(t)|a|−1/2ψ

(
t − b

a

)
dt

=
∫ ∞

−∞
ĝ(y)|a|1/2e−ibyψ̂(ay)dy

= (2π)1/2F {|a|1/2ĝ(x)ψ̂(ax)}(−b)

Then
∫ ∞

−∞

∫ ∞

−∞
(Tψ f )(a, b)Tψg(a, b)

dbda

a2

= 2π
∫ ∞

−∞

∫ ∞

−∞
F { f̂ (x)ψ̂(ax)}(−b)F {ĝ(x)ψ̂(ax)}(−b)

dbda

a

= 2π
∫ ∞

−∞

∫ ∞

−∞
f̂ (x)ĝ(x)|ψ̂(ax)|2dxda

a

by Parseval′s f ormula f or Fourier trans f orm (Theorem A.32)

= 2π
∫ ∞

−∞
|ψ̂(ax)|2 da

a

∫ ∞

−∞
f̂ (x)ĝ(x)dx

by Fubini′s theorem (Theorem A.17)

= 2π
∫ ∞

−∞
|ψ̂(ωx)|2

|w| dw〈 f̂ , ĝ〉
= cψ 〈 f, g〉,

by Parseval′s f ormula f or Fourier trans f orm (Theorem A.32)

Theorem 12.4 (Calderon, Grossman, Morlet) Let ψ ∈ L2(R) satisfying (12.2).
Then, for any f ∈ L2(R), the following relations hold:
Inversion formula

f (t) = 1

cψ

∫ ∞

−∞

∫ ∞

−∞
(Tψ f )(a, b)|a|−1/2ψ

(
t − b

a

)
db

da

a2
(12.9)
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Isometry

∫ ∞

−∞
| f (t)|2dt = 1

cψ

∫ ∞

−∞

∫ ∞

−∞
|(Tψ f )(a, b)|2dbda

a2
(12.10)

Equation (12.9) can be written as

|| f ||L2 = ||Tψ f (a, b)||L2
(
R2,

dadb

a2

)
(12.11)

Proof For any g ∈ L2(R), we have

cψ 〈 f, g〉 = 〈Tψ f,Tψg〉
=
∫ ∞

−∞

∫ ∞

−∞
Tψ f (a, b)Tψg(a, b)

dadb

a2

by Theorem 10.3

=
∫ ∞

−∞

∫ ∞

−∞
Tψ f (a, b)

∫ ∞

−∞
g(t)ψa,b(t)dt

dadb

a2

=
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
Tψ f (a, b)ψa,b(t)

dadb

a2
g(t)dt

by Fubini′s theorem

= 〈
∫ ∞

−∞

∫ ∞

−∞
Tψ f (a, b)ψa,b(t)

dadb

a2
, g〉

or

〈cψ f −
∫ ∞

−∞

∫ ∞

−∞
Tψ f (a, b)ψa,b(t)

dadb

a2
, g〉 = 0 f or all g ∈ L2(R)

By Remark 3.1(7), we get

cψ f −
∫ ∞

−∞

∫ ∞

−∞
Tψ f (a, b)ψa,b(t)

dadb

a2
= 0

and thus we have (12.8).
We now prove (12.9). Since Fourier transform in b of (Tψ f )(ξ, b) is f̂ (w +

ξ)ψ̂(w), TheoremA.32 concerning isometry of the Fourier transform applied to the
right-hand side of (12.9) gives

1

cψ

∫ ∞

−∞

∫ ∞

−∞
|(Tψ f )(ξ, b)|2dbdξ

ξ
= 1

cψ

∫ ∞

−∞
1

cψ

∫ ∞

−∞
| f̂ (w + ξ)ψ̂(w)|2dw dξ
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By the Fubini theorem (TheoremA.17) and Theorem A.32, we get

1

cψ

∫ ∞

−∞
| f̂ (w + ξ)|2dξ = || f ||2

This proves (12.9).

It may be remarked that Theorem 12.4 was first proved by Caldéron in 1964 in
Mathematica Studia, a journal started by the proponent of Functional Analysis Stefan
Banach,without the knowledge of the concept ofwavelets in explicit form.Grossman
and Morlet rediscovered it in the context of wavelet in their paper of 1984 without
the knowledge of Caldéron’ s result

12.2.2 Discrete Wavelet Transform and Wavelet Series

In practical applications, especially those involving fast algorithms, the continuous
wavelet transform can only be computed on a discrete grid of point (an, bn), n ∈ Z .
The important issue is the choice of this sampling so that it contains all the information
on the function f . For a wavelet ψ , we can define

ψm,n(t) = an/20 ψ(an0t − b0m), m, n ∈ Z

where a0 > 1 and b0 > 0 are fixed parameters. For such a family, two important
questions can be asked?

A. Does the sequence {〈 f, ψm,n〉}m,n∈Z completely characterize the function f ?
B. Is it possible to obtain f from this sequence in a stable manner?

These questions are closely related to the concept of frames which we introduce
below.

Definition 12.3 (Frames) A sequence {ϕn} in a Hilbert space H is called a frame if
there exist positive constants α and β such that

α|| f ||2 ≤
∞∑
n=1

|〈 f, ϕn〉|2 ≤ β|| f ||2 ∀ f ∈ H (12.12)

The constants α and β are called frame bounds.
If α = β, then equality holds in (12.12). In this case, the frame is often called the

tight frame. It may be observed that the frame is an orthonormal basis if and only
if α = β = 1.

Definition 12.4 (Frame Operator) Let {ϕn} be a frame in a Hilbert space H : Then
the operator F from H into 
2 defined as
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F( f ) = 〈 f, ϕn〉, n ∈ Z

F is called a frame operator.
It may be checked that the frame operator F is linear, invertible, and bounded.

Consider the adjoint operator F� of a frame operator F associated with the frame ϕn.
For arbitrary {αn} ∈ 
2, we have

〈F�{αn}, f 〉 = 〈{αn},F f 〉 =
∞∑
n=1

αn〈ϕn, f 〉

= 〈αnϕn, f 〉

Therefore, the adjoint operator F� of a frame operator F has the form

F�({αn}) =
∞∑
n=1

αnϕn (12.13)

Since
∑∞

n=1 |〈 f, ϕn〉|2 = ||F f ||2 = 〈F�F f, f 〉, (12.12) can be expressed as

AI ≤ F�F ≤ BI (12.14)

where I is the identity operator and ≤ is an ordering introduced in Definition 3.9.
It can be checked that F�F has a bounded inverse.

Theorem 12.5 Let {ϕn} be a frame with frame bounds A and B and F the associated
frame operator. Let ϕ̃n = (F�F)−1ϕn. Then {ϕ̃n} is a frame with bounds 1/β and
1/α.

The sequence {ϕ̃n} is called the dual frame of the {ϕn}.
Proof We have

(F�F)−1 = ((F�F)−1)�

by Theorem 3.32(8). Hence

〈 f, ϕ̃n〉 = 〈 f, (F�F)−1ϕn〉 = 〈(F�F)−1 f, ϕn〉

We can check that

∞∑
n=1

|〈 f, ϕn〉|2 =
∞∑
n=1

|〈(F�F)−1 f, ϕn〉|2

= ||F(F�F)−1 f ||2
= 〈F(F�F)−1 f,F(F�F)−1 f 〉
= 〈(F�F)−1 f, f 〉
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By virtue of (12.14), it can be checked that

1

B
I ≤ (F�F)−1 ≤ 1

A
I (12.15)

This implies that

1

B
|| f ||2

∞∑
n=1

|〈 f, ϕ̃n〉|2 ≤ 1

A
|| f ||2

Thus, ϕ̃n is the dual frame of ϕn with bounds 1
A and 1

B .
The sequence ϕ̃n is called the dual frame.
Verification of (12.5) It follows from the following results.

A. Inverse T−1 of T is positive, if T is an invertible positive operator.
B. If T is a positive operator on a Hilbert spaceH such that AI ≤ T ≤ BT for some

0 < A < B, then

1

B
I ≤ T−1 ≤ 1

A
I .

Lemma 12.3 Let F be a frame operator associated with the frame {ϕn} and F̃ the
frame operator associated with its dual frame ϕ̃n. Then

F̃�F = I = F�F

Proof By

F(F�F)−1 f = (〈(F�F)−1 f, ϕn〉) = {〈 f, ϕ̃n〉}
= F̃ f

we obtain

F̃�F = (F(F�F)−1)�F = (F�F) − F�F = I

and

F�F̃ = F�F(F�F)−1 = I .

Theorem 12.6 Let {ϕn} be a frame in a Hilbert space H and ϕ̃n the dual frame.
Then

f =
∞∑
n=1

〈 f, ϕn〉ϕ̃n (12.16)
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f =
∞∑
n=1

〈 f, ϕ̃n〉ϕn (12.17)

for any f ∈ H.

Proof Let F be the frame operator associated with frame {ϕn} and F̃ the frame
operator associated with the dual frame {ϕ̃n}. Since I = F̃�F by Lemma 12.3, for
any f ∈ H , we have

f = F̃�F f = F̃�(〈 f, ϕn〉) =
∞∑
n=1

〈 f, ϕn〉ϕ̃n by (12.13)

Therefore, we get (12.16). Equation (12.17) can be proved similarly.

Remark 12.4 For tight frame, then ϕ̃n = A−1ϕn; so (12.17) becomes

f = 1

A

∞∑
n=1

〈 f, ϕn〉ϕn

For orthonormal basis instead of frame, we have

f =
∞∑
n=1

〈 f, ϕn〉ϕn.

Definition 12.5 (Riesz Basis) A sequence of vectors {ϕn} in a Hilbert space H is
called a Riesz basis if the following conditions are satisfied:

(a) There exist constants α and β, 0 < α ≤ β such that

A||α|| ≤
∥∥∥∥∥
∑
n∈N

αnϕn

∥∥∥∥∥ ≤ B||α||

where ||α|| = (∑
n∈N |xn|2

)1/2
, x = (x1, x2, . . . , xn, . . .)

(b) [{ϕn}] = H ; that is, H is spanned by {ϕn}.
A sequence {ϕn} in H satisfying (a) is called Riesz sequence.
It may be observed that aRiesz basis is a special case of frames and an orthonormal

basis is a particular case of a Riesz basis, where α = β = 1. Such cases can be
obtained for the particular choice a0 = 2 and b0 = 1,m = j and n = k; that is,
ψj,k(t) = 2j/2ψ(2j t − k).

Definition 12.6 A function ψ ∈ L2(R) is a wavelet if the family of functions ψj,k(t)
defined by

ψj,k(t) = 2j/2ψ(2j t − k), (12.18)
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where j and k are arbitrary integers, is an orthonormal basis in the Hilbert space
L2(R).

It may be observed that the admissibility condition (12.2) is a necessary condition
under which ψj,k(t); that is, ψj,k(t) = 2j/2ψ(2j t − k) is a frame, in general, and an
orthonormal basis, in particular. For more discussion, one can see [59, 65].

Definition 12.7 (Wavelet Coefficients)Wavelet coefficients of a function f ∈ L2(R),
denoted by dj,k , are defined as the inner product of f with ψj,k(t); that is

dj,k = 〈 f, ψj,k(t)〉 =
∫

R

f (t)ψj,k(t)dt (12.19)

The series

∑
j∈Z

∑
k∈Z

〈 f, ψj,k(t)〉ψj,k(t) (12.20)

is called the wavelet series of f . The expression

f =
∑
j∈Z

∑
k∈Z

〈 f, ψj,k(t)〉ψj,k(t)

is called the wavelet representation of f .

Remark 12.5 A. ψj,k(t) is more suited for representing finer details of a signal as it
oscillates rapidly. Thewavelet coefficients dj,k measure the amount of fluctuation
about the point t = 2−jk with a frequency measured by the dilation index j.

B. It is interesting to observe that dj,k = Tψ f (2−j, k2−j). Wavelet transform of f
with wavelet ψ at the point (2−j, k2−j).

We conclude this section by a characterization of Lipschitz α class, 0 < α < 1, in
terms of the wavelet coefficients.

Theorem 12.7 f ∈ Lipα; that is, | f (x) − f (y)| ≤ K |x − y|α, 0 < α < 1 if and
only if

|dj,k | =≤ K2(
1
2 +α)j

where K is a positive constant and ψ is smooth and well localized.
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Proof Let f ∈ Cα . Then

|dj,k | =
∥∥∥∥∥∥
∫

R

f (x)ψj,k(x)dx

∥∥∥∥∥∥

=
∥∥∥∥∥∥
∫

R

( f (x) − f (k2−j))ψj,k(x)dx

∥∥∥∥∥∥
≤ K

∫

R

|(x − k2−j|α 2j/2

(1 + |(x − k2−j|2)dx

≤ K2(
1
2 +α)j

as
∫
R

f (k2−j)ψj(x)dx vanishes and |ψ(x)| ≤ 1
(1+|x|)2 in view of the assumption.

Conversely, if |dj,k | ≤ K2−( 1
2 +α)j, then

| f (x) − f (y)| ≤ K
∑
j

∑
k

2−( 1
2 +α)j|ψj,k(x) − ψj,k(y)|

Let J be such that 2−J ≤ |x − y| < 2−J+1. Using the Mean Value Theorem

∑
j≤J

∑
k

2−( 1
2 +α)j|ψj,k(x) − ψj,k(y)|

≤
∑
j≤J

∑
k

K2−αj2j|x − y| sup
(

1

(1 + |(x − k2−j|2) ,
1

(1 + |(y − k2−j|2)
)

The sum in k is bounded by a constant independent of j, and the sum in j is bounded
by K2(1−α)J |x − y| ≤ K |x − y|α . Furthermore

∑
j>J

∑
k

2−( 1
2 +α)j|ψj,k(x) − ψj,k(y)|

≤
∑
j>J

∑
k

2−( 1
2 +α)j(|ψj,k(x)| + |ψj,k(y)|)

≤ 2K
∑
j>J

∑
k

2−αJ

(1 + |(y − k2−j|2) ≤ K2−αj ≤ K |x − y|α

by the given property of ψ .
Theorem 12.7 is about global smoothness. Using localization of the wavelets, a

similar result for pointwise smoothness of f will be proved in Sect. 12.4.
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12.3 Multiresolution Analysis, and Wavelets Decomposition
and Reconstruction

12.3.1 Multiresolution Analysis (MRA)

The concept of multiresolution analysis (MRA) is called as the heart of wavelet
theory.

Definition 12.8 (Multiresolution Analysis,Mallat, 1989) Amultiresolution analysis
is a sequence {Vj} of subspaces of L2(R) such that

(a) · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ · · · ,
(b) span

⋃
j∈Z

Vj = L2(R),

(c)
⋂
j∈Z

Vj = {0},
(d) f (x) ∈ Vj if and only if f (2jx) ∈ V0,
(e) f (x) ∈ V0 if and only if f (x − m) ∈ V0 for all m ∈ Z , and
(f) There exists a function ϕ ∈ V0 called scaling function, such that the system

{ϕ(t − m)}m∈Z is an orthonormal basis in V0.

For the sake of convenience, we shall consider real functions unless explicitly stated.

Some authors choose closed subspace Vj in Definition 12.8.

Definition 12.9 (1) TranslationOperator: A translation operator Th acting on func-
tions of R is defined by

Th( f )(x) = f (x − h)

for every real number h.
(2) Dilation Operator: A dyadic dilation operator Jj acting on functions defined on

R by the formula

Jj( f )(x) = f (2jx)

for an integer j.
It may be noted that (i) we can define dilation by any real number, not only by 2j,
(ii) Th and Jj are invertible and T

−1
h = T−h and J

−1
j = J−j, and (iii) Th and 2j/2Jj are

isometries on L2(R).

Remark 12.6 (a) Conditions (i) to (iii) ofDefinition12.8 signify that every function
in L2(R) can be approximated by elements of the subspaces Vj, and precision
increases as j approaches ∞.

(b) Conditions (iv) and (v) express the invariance of the system of subspaces {Vj}
with respect to the dilation and translation operators. These conditions can be
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expressed in terms of Th and Jj as (iv)’ Vj = Jj(V0) for all j ∈ Z (v)’ V0 = Tn(V0)

for all n ∈ Z . (vi)’ Since 2sJs and Tn are isometries, (vi) can be rephrased as:
For each j ∈ Z the system {2j/2ϕ(2jx − k)}k∈Z is an orthonormal basis in Vj.

(c) Condition (vi) implies Condition (vi).
(d) If we define the dilation operatorDa, a > 0, asDa f (x) = a1/2 f (ax), translation

operator as above for b ∈ R, modulation operator Ec as

Ec f (x) = e2π icx f (x), f (x) ∈ L1 or L2 on R, c ∈ R

then the following results can be easily verified

(1) DaTb f (x) = a1/2 f (ax − b)
(2) DaTb f (x) = Ta−1bDa f (x)
(3) 〈 f,Tag〉 = 〈Da−1 f, g〉
(4) 〈 f,Tbg〉 = 〈T−b f, g〉
(5) 〈Da f,Dag〉 = 〈 f, g〉
(6) 〈Tb f,Tbg〉 = 〈 f, g〉
(7) TbEc f (x) = e2π ibcEcTb f (x)
(8) 〈 f,Ecg〉 = 〈Ec f, g〉
The following theorems describe the basic properties of an MRA whose proofs can
be found in any of the standard references on wavelet theory (see, e.g., [199]).

Theorem 12.8 Let ϕ ∈ L2(R) satisfy

(i) {ϕ(t − m)}m∈Z is a Riesz sequence in L2(R)

(ii) ϕ(x/2) = ∑
k∈Z

akϕ(x − k) converges on L2(R)

(iii) ϕ̂(ξ) is continuous at 0 and ϕ̂(0) �= 0.

Then the spaces Vj = span{ϕ(2jx − k)}k∈Z with j ∈ Z form an MRA.

Theorem 12.9 Let {Vj} be an MRA with a scaling function ϕ ∈ V0. The function
ψ ∈ W0 = V1 � V0 (W0 ⊕ V0 = V1) is a wavelet if and only if

ψ̂(ξ) = eiξ/2v(ξ)mφ(ξ/2 + π)ϕ̂(ξ/2) (12.21)

for some 2π -periodic function v(ξ) such that |v(ξ)| = 1 a.e., where mϕ(ξ) =
1
2

∑
n∈Z

ane−nξ . Each such wavele ψ has the property that spans {ψj}k∈Z , j < s = Vs

for every s ∈ Z.

Remark 12.7 (i) For a given MRA {Vj} in L2(R) with the scaling function ϕ, a
wavelet is obtained in the manner described below; it is called the wavelet
associated with the MRA {Vj}. Let the subspace Wj of L2(R) be defined by the
condition

Vj ⊕ Wj = Vj+1, Vj ⊥ Wj ∀j
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Since 2j/2Jj is an isometry, from Definition12.8, Jj(V1) = Vj+1. Thus

Vj+1 = Jj(V0 ⊕ W0) = Jj(V0) ⊕ Jj(W0) = Vj ⊕ Jj(W0)

This gives

Wj = Jj(W0) f or all j ∈ Z (12.22)

From conditions (i)–(iii) of Definition12.8, we obtain an orthogonal decompo-
sition

L2(R) = ⊕
∑
j∈Z

Wj = W1 ⊕ W2 · · · ⊕ Wn ⊕ · · ·

= ⊕
∑
j∈Z

Wj (12.23)

We need to find a function ψ ∈ W0 such that {ψ(t −m)}m∈Z is an orthonormal
basis inW0. Any such function is a wavelet; it follows from (12.22) and (12.23).

(ii) Let ϕ be a scaling function of the MRA {Vj}, then

ψ(x) =
∑
n∈Z

an(−1)nϕ(2x + n + 1) (12.24)

where

an =
∞∑

−∞
ϕ(x/2)ϕ(x − n) (12.25)

is a wavelet. In fact, assuming that integer translates of generate an orthonormal
basis for V0, wavelet ψ can be constructed as follows: By conditions (i) and (ii)
of MRA, there exists cn such that (see Sect. 12.4.3)

ϕ(x) =
∑
n∈Z

cnϕ(2x − n)

Then, ψ(x) is given by

ψ(x) =
∑
n∈Z

(−1)ncn+1ϕ(2x + n)

(iii) It should be observed that the convention of increasing subspaces {Vj} used
here is not universal, as many experts like Daubechies and Mallat use exactly
the opposite convention by choosing decreasing sequence {Vj}, where (iv) is
replaced by f (x) ∈ Vj if and only if f (2jx) ∈ V0 and Vj ⊕Wj = Vj+1},Vj ⊥ Wj
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is replaced by Vj ⊕ Wj = Vj1, Vj ⊥ Wj. Broadly speaking, in the convention
of increasing subspaces adapted by Meyer, the functions in Vj scale like 2−j,
whereas in the convention of decreasing subspaces followed byDaubechies and
Mallat, they scale like 2j.

(vi) With a smooth wavelet ψ , we can associate an MRA. More precisely, let be an
L2(R) function such that {2j/2ψ(2jx − k), j ∈ Z, k ∈ Z} is an ONB of L2(R).
Is ψ the mother wavelet of an MRA? For any ψ , the answer is no. However,
under mild regularity conditions, the answer is yes (for details, see references
in [94], p. 45).

12.3.2 Decomposition and Reconstruction Algorithms

Decomposition Algorithm Let cj,k and dj,k denote, respectively, the scaling and
wavelet coefficients for j and k ∈ Z defined by

cj,k =
∫

R

f (x)ϕj,k(x)dx (12.26)

and

dj,k =
∫

R

f (x)ψj,k(x)dx (12.27)

where

ϕj,k(x) = 2j/2ϕ(2jx − k)

ψj,k(x) = 2j/2ψ(2jx − k)

ϕ(x) andψ(x) are, respectively, the scaling function (often called the father wavelet)
and the wavelet (mother wavelet).

Since ϕj,k(x) = 2j/2ϕ(2jx − k), there exists h
 such that

ϕj,k(x) =
∑

∈Z

h
2
j/2ϕ1,
(2

jx − k)

=
∑

∈Z

h
2
(j+1)/2ϕ(2j+1x − 2k − 
)

=
∑

∈Z

h
ϕj+1,
+2k(x)

=
∑

∈Z

h
−2kϕj+1,
(x) (12.28)
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Substituting this value into (12.26), we get

cj,k =
∫

R

f (x)
∑

∈Z

h
−2kϕj+1,
(x)

=
∑

∈Z

h
−2k

∫

R

f (x)ϕj+1,
(x)dx

=
∑

∈Z

h
−2kcj+1,


or

cj,k =
∑

∈Z

h
−2kcj+1,
 (12.29)

Since V0 ⊂ V1, every ϕ ∈ V0 also satisfies ϕ ∈ V1. Since {ϕ1,k , k ∈ Z} is an
orthonormal basis for V1, there exists a sequence {hk} such that

ϕ(x) =
∑
k∈Z

hkϕ1,
(x) (12.30)

and that the sequence element may be written in the form

hk = 〈ϕ, ϕ1,k〉 and {hk} ∈ 
2

The two-scale relationship (12.29), relating functions with differing scaling factors,
is also known as the dilation equation or the refinement equation. It can be seen that
for the Haar basis

hk = 1√
2
, k = 0, 1

= 0, otherwise (12.31)

Scaling function ϕ (father wavelet) and ψ (mother wavelet) are related with the
following relation:

ψ(x) =
∑
k∈Z

(−1)kh−k+1ϕ1,k(x) (12.32)

Substituting the value of ψ(x) from (12.31) in (12.27), we obtain

dj,k =
∑

∈Z

(−1)lh−
+2k+1cj+1,
 (12.33)
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Fig. 12.4 Schematic
representation of the
decomposition algorithm

Fig. 12.5 Schematic
representation of the
reconstruction algorithm

All lower-level scaling coefficients (j > i) can be computed from scaling function
coefficients applying (12.33). Given scaling coefficients at any level j > i can be
computed recursively applying (12.29).

Figure12.4 is schematic representation of the decomposition algorithm for scaling
and wavelet coefficients dj,. and cj., respectively, at level j. Equations (12.29) and
(12.33) share an interesting feature; that if, any one of them, the dilation index k is
increased by one, then indices of the {h
} are all offset by two. It may be observed
that computation by the decomposition algorithm yields fewer coefficient at each
level. Mallat named it pyramid algorithm, while Daubechies called it the cascade
algorithm.

Reconstruction Algorithm

Let {ϕj,k}k∈Z and {ψj,k}k∈Z be generated, respectively, by the father wavelet ϕ and
the mother wavelet ψ ; that is, ϕj,k(x) = 2j/2ϕ(2jx− k) and ψj,k(x) = 2j/2ψ(2jx− k)
form the orthonormal basis, respectively, of Vj and Wj of a given MRA for each k
(Fig. 12.5). Further, let

a2k = 〈ϕ1,0, ϕ0,k〉a2k−1 = 〈ϕ1,0, ϕ0,k〉
b2k = 〈ϕ1,0, ϕ0,k〉b2k−1 = 〈ϕ1,0, ϕ0,k〉

where ak = h−k and bk = (−1)khk+1. Then

cj,k =
∑

∈Z

a2
−kcj−1,
 + b2
−kdj−1,
 (12.34)

or

cj,k =
∑

∈Z

hk−2
cj−1,
 + (−1)kh2
−k+1dj−1,
 (12.35)

Verification of Equation (12.35)

ϕ1,0(x) =
∑
k∈Z

(a2kϕ0,k(x) + b2kψ0,k(x)) (12.36)

and
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ϕ1,1(x) =
∑
k∈Z

(a2k−1ϕ0,k(x) + b2k−1ψ0,k(x)) (12.37)

By (12.36) and (12.37), we can write a similar expression for any ϕ1,k . First, we
derive the formula for even k

ϕ1,1(x) = ϕ1,0

(
x − k

2

)

=
∑

∈Z

a2
ϕ0,


(
x − k

2

)
+ b2
ψ0,


=
∑

∈Z

(
a2
ϕ0, k2 +
 + b2
ψ0, k2 +


)

=
∑

∈Z

(a2
−kϕ0,
(x) + b2
−kψ0,
(x)) (12.38)

A similar result holds for odd k. For even (odd) k, only the even-indexed (oddindexed)
elements of the sequences {a
} and {b
} are accessed. On similar lines, an expression
relating each scaling function ϕj,k to scaling functions and wavelets at level j−1 can
be derived; that is, we have

ϕj,k(x) =
∑

∈Z

(a2
−kϕj−1,
(x) + b2
−kψj−1,
(x)) (12.39)

Equation (12.35) is obtained from (12.26). We obtain (12.36) by substituting the
values of a2
−k and b2
−k in terms of hk .

Remark 12.8 (i) The scaling coefficients at any level can be computed from only
one set of low-level scaling coefficients and all the intermediate wavelet coef-
ficients by applying (12.36) recursively.

(ii) Each wavelet basis is completely characterized by two-scale sequence {hk}.
(iii) hk will consist of finite number of elements for wavelets having compact sup-

port.

12.3.3 Wavelets and Signal Processing

Signals are nothing but functions which represent real-world problems arising in
different fields. Signal processing deals with denoising, compression, economic stor-
age, and communication synthesis, and the signal processing has been used in brain
studies, global warming, and prediction by calamities. For a lucid introduction and
updated literature, we refer to [43, 44, 50, 51, 55, 58, 59, 94, 98, 133, 145, 147,
149, 179, 188, 191, 192, 197, 199]. Let f (t), t ∈ R denote a signal. A signal

f (t) is said to have a finite energy, if
∞∫

−∞
| f (t)|2dt < ∞, equivalently, f ∈ L2(R).
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E( f ) =
( ∞∫

−∞
| f (t)|2dt

)2

is called the energy of signal f . The main idea is to store

or transmit certain values of f (t) instead of entire values. It has been shown that
wavelet orthonormal system yields very economical results. Let {ϕn} be an ONB in
L2(R), then we can write

f =
∑
n∈N

〈 f, ϕn〉ϕn

Thus, instead of transmitting the function f , it suffices to transmit the sequence of
coefficients {〈 f, ϕn〉} and let the recipient sum the series himself. If the ONB {ϕn} is
given by a compactly supported wavelet {ψi,j} (Definition 12.6 or wavelet associated
with an MRA), then, in view of Remark 12.8, we achieve our objective.

Now, we express decomposition and reconstruction algorithms in terms of a con-
cept of the signal processing called the filtering processing. A filter can be considered
as an operator on 
2 into itself. Thus, applying a filter (operator or sequence) to a
signal of 
2 (discrete form of L2(R)) results in another signal. It may be observed
that the term filter is taken from its real-life uses. We know that a filter is used in a
laboratory either to purify a liquid from solid impurities (if the liquid is of interest)
or to remove a solid from a suspension in a liquid (if the solid is of interest), and our
filter applied to a pure signal contaminated with noise might attempt either to isolate
the pure signal or to extract the noise, depending on our primary interest, signal or
noise. Applying the decomposition algorithm involves a down-sampling operation.
The operation of filtering, called subband filtering, which we consider here, operates
exactly as the decomposition algorithm; namely, applying a subband filter to a signal
yields a signal with length half that of the original signal. In practice, we deal only
with signals having a finite number of nonzero terms; usually, we consider an even
number of nonzero terms.

In general, a filter A is defined by

A fk =
∑

∈Z

a2
−k f
 (12.40)

where f = ( f1, f2, . . . , fn, . . .). {A fk} ∈ 
2; that is, the filtering process consists of
a discrete convolution of the filter sequence with the signal. Let H be a filter defined
by the relation

Hcj,. = cj−1,. (12.41)

which corresponds to (12.29), where j is replaced by j − 1; that is

cj−1,k =
∑

∈Z

h2
−kcj,


Applying the filter H m-times, we get
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Hmcj,. = cj−m,. (12.42)

Let G be another filter defined by

Gcj,. = dj−1,. (12.43)

which corresponds to (12.33) where j is replaced by j − 1, that is

dj−1,k =
∑

∈Z

(−1)
h−
+2k+1cj,
 (12.44)

By (12.41) and (12.43), we get

dj−m,. = GHm−1cj,. (12.45)

This means that the wavelet coefficients at any lower level can be computed from
scaling function coefficients at level j. Thus, the decomposition algorithm has been
written in terms of filter H and G. In engineering literature, H is called the low-pass
filter whileG is called high-pass filter. Both are examples of quadrature mirror filters
of signal processing. Broadly speaking, low-pass filters correspond to the averaging
operations which yield trend, while high-pass filters correspond to differencing and
signify difference or fluctuation.

Example 12.5 Let us consider the Haar wavelet in which h0 = h1 = 1/
√
2. Let

f = ( f1, f2, f3, . . . , fk , . . .) = { fk} ∈ 
2. Then

H f = f̃k

where f̃k = 1√
2
( f2k + f2k−1) , and

G f = f �
k

where f �
k = 1√

2
( f2k + f2k−1). Choose f = (4, 6, 10, 12, 8, 6, 5, 5). Then

H f = (5
√
2, 11

√
2, 7

√
2, 5

√
2)

G f = (−√
2,−√

2,−√
2, 0).

12.3.4 The Fast Wavelet Transform Algorithm

Cooley and Tukey algorithm developed in 1965 known as fast Fourier transform is
treated as a revolution in computational techniques. It reduces computational cost
to O (n log n), a very significant development, see [145]. The pertinent point is
to reduce the number of computations applying recursively computing the discrete
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Fourier transform of subsets of given data. This is obtained by reordering the given
data to find advantage of some redundancies in the usual discrete Fourier transform
algorithm. Proceeding on the lines of fast Fourier transform, we could choose appro-
priate wavelet transforms by replacing the function f in the definition of wavelet
coefficients by an estimate such as

dj,k =
∞∫

−∞
g(x)ψj,k(x)dx

where

g(t) = Xk , k − 1 < t ≤ k

= 0, otherwise

Similar technique could beused to evaluate the following scaling function coefficients
as well:

c̃j,k =
∞∫

−∞
g(x)ϕj,k(x)dx

� X
ϕj,k(x)

Let us begin with a set of high-level scaling function coefficients, which are finite.
This assumption is appropriate, as any signal f ∈ L2(R) must have rapid decay
in both directions; so dj,k can be neglected for large |k|. Rescale the original func-
tion, if necessary, so that the scaling function coefficients at level m are given by
cm,0, . . . , cm,n−1. Computing the scaling function and wavelet coefficients at level
m − 1 is accomplished via Eqs. (12.29) and (12.33). As noticed earlier, the {hk}
sequence used in these calculations has only finite number of nonzero values if the
wavelets are compactly supported; otherwise, hk values decay exponentially; so it
can be approximated by finite number of terms. In either case, let K denote the num-
ber of nonzero terms used in the sequence, possibly truncated. Computing a single
coefficient at levelm−1 according to either (12.29) or (12.33) would take at most K
operations. If scaling function coefficients cm,k for k �= {0, . . . , n−1} are set to zero,
they give exactly n nonzero coefficients at level m and then the number of nonzero
scaling function coefficients at level m − 1 would be at most

[n
2

]
+
[
K

2

]
+ 2

where [x] denotes the greatest integer less than or equal to x. The total number of
nonzero scaling function coefficients at level m− 1 is approximately n

2 , and the total
number of operations required to compute the one-level-down wavelet and scaling
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function coefficients is approximately 2K n
2 . Let n1 be the number of nonzero scaling

function coefficients at level m − 1. Applying the decomposition again requires no
more than

[n1
2

]
+
[
K

2

]
+ 2

operations to compute the scaling function coefficients and no more than the same
number of operations to compute the wavelet coefficients. There will be approxi-
mately n1/2 or n/4 nonzero scaling function coefficients at level m − 2, and the
computation will require approximately 2K .n1/2 or 2K .n/4 operations.

Continuing in this manner, we find that the total number of operations required
to do all decompositions is approximately

2K
(n
2

+ n

4
+ n

8
+ · · ·

)
= O(n)

Thus, the fast wavelet transform algorithm described above is faster than the fast
Fourier transform algorithm.

12.4 Wavelets and Smoothness of Functions

In this section, we will discuss a relationship between smoothness of functions and
properties of wavelets.

12.4.1 Lipschitz Class and Wavelets

Definition 12.10 (Vanishing Moments) A wavelet ψ is said to have n vanishing
moments if

∞∫

−∞
tkψ(t)dt = 0 f or 0 ≤ k < n (12.46)

A wavelet ψ has n vanishing moments and is Cn with derivatives that have a fast
decay means that for any 0 ≤ k ≤ n and m ∈ N , there exists Mm such that

∀t ∈ R, |ψ(k)(t)| ≤ Mm

1 + |t|m (12.47)

Definition 12.11 (Pointwise Lipschitz Regularity) A function f is pointwise Lips-
chitz α, α ≥ 0, at v if there exists K > 0 and a polynomial pv of degree m = [α]
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such that

| f (t) − pv(t)| ≤ K |t − v|α, ∀ t ∈ R (12.48)

Theorem 12.10 (Jaffard, 1991) If f ∈ L2(R) is Lipschitz α, α ≤ n at v, then there
exists a positive constant M such that

|Tψ f (a, b)| ≤ Maα+1/2

(
1 +

∣∣∣∣b − v

a

∣∣∣∣
α)

,

∀(a, b) ∈ R+ × R (12.49)

Conversely, if α < n is not an integer and there exist M and α′ < α such that

|Tψ f (a, b)| ≤ Maα+1/2

(
1 +

∣∣∣∣b − v

a

∣∣∣∣
α′)

,

∀(a, b) ∈ R+ × R (12.50)

then f is Lipschitz α at v.

Proof Since f is Lipschitz α at v, there exists a polynomial pv of degree [α] < n
and a positive constant K such that

| f (t) − pv(t)| ≤ K |t − v|α

A wavelet with n vanishing moments is orthogonal to polynomials of degree n − 1
(clear from Definition 12.10). Since α < n, the polynomial pv has degree at most
n − 1. With the change of variable t′ = (t − u)/s, we check that

|Tψpv(a, b)| =
∞∫

−∞
pv(t)

1√
a
ψ
t − b

a
dt = 0 (12.51)

In view of (12.51), we get

|Tψ f (a, b)| =
∣∣∣∣∣∣

∞∫

−∞
( f (t) − pv(t))

1√
a
ψ
t − b

a

∣∣∣∣∣∣ dt

≤ K |t − v|α 1√
a

∣∣∣∣ψ t − b

a

∣∣∣∣ dt

The change of variable x = t−b
a yields
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|Tψ f (a, b)| ≤ √
a

∞∫

−∞
K |ax + b − v|α|ψ(x)|dx

Since |a + b|α ≤ 2α(|a|α + |b|α),

|Tψ f (a, b)| ≤ K2α
√
a

⎛
⎝aα

∞∫

−∞
|x|α|ψ(x)|dx + |b − v|α

∞∫

−∞
|ψ(x)|dx

⎞
⎠

≤ Maα+1/2

(
1 +

∣∣∣∣b − v

a

∣∣∣∣
α)

where M is a constant and that is the desired result (12.49).
Converse: f can be decomposed by (12.8) in the form

f (t) =
∞∑

j=−∞
Δj(t) (12.52)

with

Δj(t) = 1

cψ

∞∫

−∞

2j+1∫

2j

Tψ f (a, b)
1√
a
ψ

(
t − b

a

)
da

a2
db (12.53)

Let Δ
(k)
j be its kth order derivative. In order to prove that f is Lipschitz α at v, we

shall approximate f with a polynomial that generalizes the Taylor polynomial

pv(t) =
[α]∑
k=0

⎛
⎝ ∞∑

j=−∞
Δ

(k)
j (v)

⎞
⎠ (t − v)k

k! (12.54)

If f is n times differentiable at v, then pv corresponds to the Taylor polynomial, but

this may not be true. We shall first prove that
∞∑

j=−∞
Δ

(k)
j (v) is finite by getting upper

bounds on |Δ(k)
j (t)| .

To simplify the notation, let K be a generic constant which may change value
from one line to the next but that does not depend on j and t. The hypothesis (12.50)
and the asymptotic decay condition (12.47) imply that
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|Δj(t)| ≤ 1

cψ

∞∫

−∞

2j+1∫

2j

Kaα

(
1 +

∣∣∣∣b − v

a

∣∣∣∣
α′)

Mm

1 + |(t − b)/a|m
da

a2
db

≤ K

∞∫

−∞
2αj

(
1 +

∣∣∣∣b − v

a

∣∣∣∣
α′)

1

1 + |(t − b)/2αj |m
1

2j
db (12.55)

Since |b − v|α′ ≤ 2α′
(|b − t|α′ + |t − v|α′

), the change of variable b′ = 2−j(b − t)
gives

|Δj(t)| ≤ K2αj

∞∫

−∞

1 + |b′|α′ + |v − t/2j|α′

1 + |b′|m db′

Choosing m = α′ + 2 yields

|Δj(t)| ≤ K2αj

(
1 +

∣∣∣∣v − t

2j

∣∣∣∣
α′)

The same derivations applied to the derivatives of Δj(t) give

|Δ(k)
j (t)| ≤ K2(α−k)j

(
1 +

∣∣∣∣v − t

2j

∣∣∣∣
α′)

∀ k ≤ [α] + 1

At t = v, it follows that

|Δ(k)
j (v)| ≤ K2(α−k)j ∀k ≤ [α] (12.56)

This guarantees a fast decay of |Δ(k)
j (v)| when 2j goes to zero, because α is not an

integer so α > [α]. At large scales 2j, since |Tψ f (a, b)| ≤ || f || ||ψ ||with the change
of variable, b′ = t−b

a in (12.28), we have

|Δ(k)
j (v)| ≤ || f || ||ψ ||

cψ

∞∫

−∞
|ψk(b′)db′|

2j+1∫

2j

da

a3/2+k
(12.57)

and hence |Δk
j (v)| ≤ K2−(k+1/2)j, which together with (12.58) proves that the poly-

nomial p defined in (12.54) has finite coefficients. With (12.52), we compute

| f (t) − pv(t)| =
∣∣∣∣∣∣

∞∑
j=−∞

(
Δj(t) −

[α]∑
k=0

Δ
(k)
j (v)

(t − v)k

k!

)∣∣∣∣∣∣ (12.58)
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The sum over scales is divided into two at 2J such that 2J ≥ |tv|2J1. For j ≥ J , we
can use the classical Taylor theorem to bound the Taylor expansion ofΔj as follows:

I =
∞∑
j=J

∣∣∣∣∣Δj(t) −
[α]∑
k=0

Δ
(k)
j (v)

(t − v)k

k!

∣∣∣∣∣

≤
∞∑
j=J

(t − v)[α]+1

([α] + 1)! sup
h∈[t,v]

|Δ[α]+1
j (h)|

I ≤ K |t − v|[α]+1
∞∑
j=J

2−j([α]+1−α)

∣∣∣∣v − t

2j

∣∣∣∣
α′

and since 2J ≥ |t − v| ≥ 2J−1, we get I ≤ K |v − t|α .
Let us now consider the case j < J .

II =
J−1∑

j=−∞

∣∣∣∣∣Δj(t) −
[α]∑
k=0

Δ
(k)
j (v)

(t − v)k

k!

∣∣∣∣∣

≤ K
J−1∑

j=−∞

(
2αj

(
1 +

∣∣∣∣v − t

2j

∣∣∣∣
α′

+
[α]∑
k=0

(t − v)k

k!

)
2(α−k)j

)

≤ K

(
2αJ + 2(α−α′)J |t − v|α′ +

[α]∑
k=0

(t − v)k

k! 2(α−k)j

)

and since 2J ≥ |t−v| ≥ 2J−1, we get II ≤ K |v−t|α . This proves that | f (t)−pv(t)| ≥
K |v − t|α; hence, f is Lipschitz α at v.

12.4.2 Approximation and Detail Operators

First of all, we discuss approximation and detail operators in the context of the Haar
wavelet.

Definition 12.12 (a) For each pair of integers, j, k, let

Ij,k = [2−jk, 2−j(k + 1)]

The collection of all such intervals is known as the family of dyadic intervals.
(b) A dyadic step function is a step function f (x) with the property that for some

integer j, f (x) is constant on all dyadic intervals Ij,k , for any integer k. For any
interval I , a dyadic step function on I is a dyadic step function that is supported
on I .
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(c) Given a dyadic interval at scale j, Ij,k , we write Ij,k = I 

j,k ∪ I rj,k , where I



j,k and

I rj,k are dyadic intervals at scale j + 1, to denote the left half and right half of the

interval Ij,k . In fact, I 

j,k = Ij+1,2k and I rj,k = Ij+1,2k+1.

Definition 12.13 (a) Let ϕ(x) = χ [0, 1), and for each j, k ∈ Z define ϕj,k(x) =
2j/2ϕ(2jx − k) = D2jTkϕ(x). The collection ϕj+k(x)j,k∈Z is called the system of
Haar scaling functions at scale j.

(b) Let ψ(x) = χ[0,1/2)(x) − χ[1/2,1](x), and for each j, k ∈ Z define ψj,k(x) =
2j/2ψ(2jx − k) = D2j Tkψ(x). The collection ψj,k(x)j,k∈Z is called the Haar
wavelet system.

(c) For each j ∈ Z , we define the approximation operator Pj for functions f (x) ∈ L2
and for Haar scaling system by

Pj f (x) =
∑
k

〈 f, ϕj,k〉ϕj,k (12.59)

(d) For each j ∈ Z , we define the approximation space Vj by

Vj = span{ϕj,k(x)}k∈Z
Remark 12.9 (i) ByExample 3.13,Pj f (x) is the function in Vj best approximating

f (x) in L2.
(ii) Since ϕj,k(x) = 2j/2ξIj,k (x)

〈 f, ϕj,k〉ϕj,k(x) =
(
2j
∫
Ij,k

f (t)dt

)
χIj,k (x)

Thus, Pj f (x) is the average value of f (x) on Ij,k . Due to this reason, one may
consider the function Pj f (x) as containing the features of f (x) at resolution or
scale 2−j.

Lemma 12.4 (i) For j ∈ Z, Pj is a linear operator on L2.
(ii) Pj is idempotent, that is, P2

j = Pj.
(iii) Given integers j, j′ with j ≤ j′, and g(x) ∈ Vj, Pj′g(x) = g(x).
(vi) Given j ∈ Z and f (x) ∈ L2

||Pj f ||L2 ≤ || f ||L2
Proof (a) and (b) follow from Example 3.13 and (c) from (b); we prove here (d).
Since {ϕj,k(x)}k∈Z is an orthonormal system (Lemma 12.9), by Theorem 3.18(c)

||Pj f ||2L2 =
∑
k

|〈 f, ϕj,k〉|2

=
∑
k

|2j/2
∫
Ij,k

f (t)dt|2
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By the Cauchy–Schwartz inequality (Hölders inequality for p = 2)

∣∣∣∣∣2j/2
∫
Ij,k

f (t)dt

∣∣∣∣∣
2

≤
(∫

Ij,k

2jdt

)(∫
Ij,k

| f (t)|2dt
)

=
∫
Ij,k

| f (t)|2dt

Therefore

||Pj f ||2L2 ≤
∑
k

∫

Ij,k

| f (t)|2dt =
∫
R
| f (t)|2dt = || f ||2L2

Lemma 12.5 Let f be a continuous function on R with compact support. Then

(i) lim
j→∞ ||Pj f − f ||L2 = 0

(ii) lim
j→∞ ||Pj f ||L2 = 0

Proof (i) Let f (x)have compact support [−2N , 2N ] for some integerN . ByProblem
12.13, there exists an integer p and a function g(x) ∈ VJ such that

|| f − g||∞ = sup
x∈R

| f (x) − g(x)| <
ε√
2N+3

If j ≥ p, then by Lemma 12.4(c), Pjg(x) = g(x) and byMinkowski’ s inequality
and Lemma 12.4(d)

||Pj f − f ||L2 ≤ ||Pj f − Pjg||L2 + ||Pjg − g||L2 + ||g − f ||L2
= ||Pj( f − g)||L2 + ||g − f ||L2
≤ 2||g − f ||L2 (12.60)

Since

||g − f ||2L2 =
2N∫

−2N

|g(x) − f (x)|2dx ≤
∫ 2N

−2N

ε2

2N+3
dx = ε2

4

||g − f ||L2 <
ε

2
(12.61)

The desired result follows by (i) and (ii) of MRA.
Part (b) follows from the fact that f has compact support on R and Minkowski’s

inequality.

Definition 12.14 For each j ∈ Z , we define the detail operator Qj on L2(R) into R,
by

Qj f (x) = Pj+1 f (x) − Pj f (x) (12.62)
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The proof of the following lemma is on the lines of the previous lemma:

Lemma 12.6 A. The detail operator Qj on L2(R) is linear
B. Qj is idempotent.
C. If g(x) ∈ Wj and if j′ is an integer with j′ �= j then

Qj′g(x) = 0

d. Given j ∈ Z, and f (x) ∈ L2(R), ||Qj f ||L2 ≤ || f ||L2 .
Lemma 12.7 Given j ∈ Z and a continuous function f (x) with compact support on
R:

Qj f (x) =
∑
k

〈 f, ψj,k〉ψj,k (12.63)

where the sum is finite.

Proof (Proof of Lemma 12.7) Let j ∈ Z be given and let f (x) have compact support
on R. Consider Qj f (x) for x ∈ Ij,k . We observe that

Pj+1 f (x) = 2j+1
∫

I 

j,k

f (t)dt i f x ∈ I 

j,k

= 2j+1
∫

I rj,k

f (t)dt i f x ∈ I rj,k

and that

Pj f (x) = 2j
∫

Ij,k

f (t)dt i f x ∈ Ij,k

For x ∈ I 

j,k

Qj f (x) = Pj+1 f (x) − Pj f (x)

= 2j

⎛
⎜⎝2

∫

I 

j,k

f (t)dt −
∫

I 

j,k

f (t)dt −
∫

I rj,k

f (t)dt

⎞
⎟⎠

= 2j

⎛
⎜⎝
∫

I 

j,k

f (t)dt −
∫

I rj,k

f (t)dt

⎞
⎟⎠

= 2j/2〈 f, ψj,k〉
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by the definition of the Haar wavelet, and on I rj,k

Qj f (x) = 2j

⎡
⎢⎣−

∫

I 

j,k

f (t)dt +
∫

I rj,k

f (t)dt

⎤
⎥⎦ = −2j/2〈 f, ψj,k〉

Since

ψj,k(x) = 2j/2, i f x ∈ I 

j,k

= 2j/2, i f x ∈ I rj,k
= 0, otherwise

Qj f (x) = 〈 f, ψj,k〉ψj,k

Remark 12.10 (i) Aswehave seen that in passing from f (x) toPj f (x), the behavior
of f (x) on the interval Ij,k is reduced to a single number, the average value of
f (x) on Ij,k . In this sense, Pj f (x) can be thought of as a blurred version of f (x)
at scale 2−j; that is, the details in f (x) of size smaller than 2−j are invisible in the
approximation of Pj f (x), but features of size larger than 2−j are still discernible
in Pj f (x).

(ii) The wavelet space Wj for every j ∈ Z is given by

Wj = span{ψj,k(x)}k∈Z
Since {ψj,k(x)}k∈Z is an orthonormal system on R, in light of Lemma 12.7 and
Example 3.13, Qj f (x) is the function in Wj best approximating f (x) in the L2
sense.

As discussedPj f (x), the blurred version of f (x) at scale 2−j, we can interpretQj f (x)
as containing those features of f (x) that are of size smaller than 2−j but larger than
2−j−1. Thismeans that,Qj f (x)has those details invisible to the approximationPj f (x)
but visible to the approximation Pj+1 f (x).

Approximation and Detail Operators for an Arbitrary Scaling Function ϕ(x)
and ψ(x) be, respectively, general scaling and wavelet functions of an MRA {Vj}.
Definition 12.15 For each j, k ∈ Z , let

ϕj,k = 2j/2ϕ(2jx − k) = D2J jTkϕ(x)

Pj f (x) =
∑
k

〈 f, ϕj,k〉ϕj,k (12.64)

Qj f (x) = Pj+1 f (x) − Pj f (x) (12.65)

{ϕj,k(x)}j,k∈Z is an orthonormal basis for Vj [Lemma 12.9].
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Lemma 12.8 For all continuous f (x) having compact support on R

lim
j→∞ ||Pj f − f ||L2 = 0 (12.66)

lim
j→∞ ||Pj f ||L2 = 0 (12.67)

Proof (a) Let ε > 0. By Definition12.8(ii), there exists p ∈ Z and g(x) ∈ Vp such
that || f − g||L2 < ε/2. By Definition12.8(i), g(x) ∈ Vj and Pjg(x) = g(x)for
all j ≥ p. Thus

|| f − Pj f ||L2 = || f − g − Pjg − Pj f ||L2
≤ || f − g||L2 + ||P( f − g)||L2
≤ 2|| f − g||L2 < ε

by Minkowski’ s and Bessel’ s inequality.
Since this inequality holds for all j ≥ p, we get
lim
j→∞ ||Pj f − f ||L2 = 0.

(b) Let f (x) be supported on [−M ,M ] and let ε > 0. By the orthonormality of
{ϕj,k(x)}, and applying the Cauchy–Schwarz (Hölder’ s inequality for p = 2)
and Minkowski inequalities

||Pj f ||2L2 =
∥∥∥∥∥
∑
k

〈 f, ϕj,k〉ϕj,k

∥∥∥∥∥
2

L2

=
∑
k

|〈 f, ϕj,k〉|2

=
∑
k

∣∣∣∣∣∣
M∫

−M

f (x)2j/2ϕ(2jx − k)dx

∣∣∣∣∣∣

2

≤
∑
k

⎛
⎝

M∫

−M

| f (x)|2dx
⎞
⎠ 2j

⎛
⎝

M∫

−M

|ϕ(2jx − k)|2dx
⎞
⎠

= || f ||2L2
∑
k

2jM−k∫

−2jM−k

|ϕ(x)|2dx

We need to show that

lim
j→−∞

∑
k

2jM−k∫

−2jM−k

|ϕ(x)|2dx = 0
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For this, let ε > 0 and choose K so large that

∑
|k|≥K

1/2−k∫

−1/2−k

|ϕ(x)|2dx =
∫

|x|>J

(12.68)

Therefore, if 2jM < 1/2, then

∑
k

2jM−k∫

−2jM−k

|ϕ(x)|2dx ≤
∑
|k|≥K

1/2−k∫

−1/2−k

|ϕ(x)|2dx < ε

Since for each k ∈ Z , lim
j→−∞

2jM−k∫
−2jM−k

|ϕ(x)|2dx = 0

lim
j→−∞ ||P f ||2L2 ≤ || f ||2L2 lim

j→−∞

2jM−k∫

−2jM−k

|ϕ(x)|2dx

= || f ||2L2 lim
j→−∞

⎛
⎜⎝∑

|k|≥K

2jM−k∫

−2jM−k

|ϕ(x)|2dx +
∑

|k|>K

2jM−k∫

−2jM−k

|ϕ(x)|2dx
⎞
⎟⎠

≤ || f ||2L2 lim
j→−∞

⎛
⎜⎝ε +

∑
|k|>K

2jM−k∫

−2jM−k

|ϕ(x)|2dx
⎞
⎟⎠

= || f ||2L2ε

Since ε > 0 was arbitrary, the result follows.

12.4.3 Scaling and Wavelet Filters

In this subsection, we prove existence of scaling filters, present a construction of
wavelet with a given scaling filter, and prove certain properties of scaling andwavelet
filters.

Theorem 12.11 Let ϕ be a scaling function of the MRA, {Vj}. Then there exists a
sequence hk ∈ 
2 such that

ϕ(x) =
∑
k

hk2
1/2ϕ(2x − k)

is a function in L2(R). Moreover, we may write
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ϕ̂(t) = mϕ(t/2)ϕ̂(t/2)

where

mϕ(t) = 1√
2

∑
k

hke
−2π ikt

We require the following lemma in the proof:

Lemma 12.9 For each j ∈ Z, {ϕj,k(x)}j,k∈Z given in Sect.10.3 is an orthonormal
basis.

Proof (Proof of Lemma 12.9) Since ϕ0,k ∈ V0 for all k, Definition 12.8(iv) implies
that D2jϕ0,k(x) ∈ Vj for all k. Also, since {ϕ0,k(x)} is an orthonormal sequence of
translates, Remark 12.6(d) (v) implies that

〈ϕ0,k , ϕ0,m〉 = 〈D2jϕ0,k ,D2jϕ0,m〉 = 〈ϕj,k , ϕj,m〉 = δk−m

Hence, {ϕj,k(x)} is an orthonormal sequence.
Given f (x) ∈ Vj, D2−j f (x) ∈ V0 so that by Definition 12.8(v) and Remark

12.6(d)

D2−j f (x) =
∑
k

〈D2−j f (x), ϕ0,k(x)〉ϕ0,k(x)

=
∑

〈 f,D2jϕ0,k〉ϕ0,k(x)

Applying D2j to both sides of this equation, we obtain

f (x) = D2jD2−j f (x)

= D2j
∑
k

〈 f,D2jϕ0,k〉D2jϕ0,k(x)

=
∑
k

〈 f, ϕj,k〉ϕj,k(x)

This proves the theorem since {ϕj,k(x)} is an orthonormal sequence and every element
of Vj is its linear combination.

Proof (Proof of Theorem 12.11) Since ϕ ∈ V0 ⊂ V1, and since by Lemma 12.9,
{ϕ1,k(x)}k∈Z is an orthonormal basis for V1

ϕ(x) =
∑
k

〈ϕ, ϕ1,k〉21/2ϕ(2x − k)

Thus, (12.68) holds with hk = 〈ϕ, ϕ1,krangle, which is in 
2 by Theorem 3.15.
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By taking the Fourier transform of both sides of (12.68), we get (12.69).

Definition 12.16 The sequence {hk} in Theorem 12.11 is called the scaling filter
associated with the scaling function ϕ of MRA Vj. The function mϕ(t) defined by
(12.69) is called the auxiliary function associated with ϕ(x). Equation (12.68) which
is nothing but Eq. (12.29) is called the refinement or two-scale difference (dilation)
equation. gk = (−1)kh1−k is called the wavelet filter.

Theorem 12.12 Let {Vj} be an MRA with scaling function ϕ(x), and let {hk} and
{gk} be, respectively, the scaling and wavelet filter. Let

ψ(x) =
∑
k

gk2
1/2ϕ(2x − k)

Then {ψj,k(x)}j,k∈Z is a wavelet orthonormal basis on R. We refer to {Wa 00} for the
proof.

Theorem 12.13 Let {Vj} be an MRA with scaling filter hk and wavelet filter gk , then

(i)
∑
n
hn = √

2

(ii)
∑
n
gn = 0

(iii)
∑
k
hkhk−2n = ∑

k
gkgk−2n = δn

(vi)
∑
k
gkhk−2n = 0 for all n ∈ Z.

(v)
∑
k
hm−2khn−2k +∑

k
gm−2k gn−2k = δn−m

We require the following lemma in the proof.

Lemma 12.10 Let ϕ(x) be a scaling function of an MRA, {Vj} belonging to L1(R)∩
L2(R); and let ψ be the associated wavelet defined by (12.70) and ψ also belong to
L1(R). Then

(i)

∥∥∥∥∑
R

ϕ(x)dx

∥∥∥∥ = 1

(ii)

∥∥∥∥∑
R

ψ(x)dx

∥∥∥∥ = 0

(iii) ϕ̂(n) = 0 for all integers n �= 0.
(vi)

∑
n

ϕ(x + n = 1)

Proof (i) Let f (x) be given such that || f ||L2 = 1, f̂ (t) is continuous and supported
in [−α, α], α > 0. It can be verified that

ϕ̂j,k = 2j/2ϕ̂(2−j t)e−2π ik2j t

(by using properties o f the Fourier trans f orm)
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By Parseval’ s formula (Theorem A.32)

||Pj f ||2L2 =
∑
k

|〈 f, ϕj,k〉|2 =
∑
k

|〈 f̂ , ˆϕj,k〉|2

=
∑
k

∣∣∣∣∣∣
∫

R

f̂ (t)2−j/2ϕ̂(2−j t)e−2π ik2j t

∣∣∣∣∣∣
2

Since {2−j/2e−2π ik2j t}k∈Z is a complete orthonormal system on the interval
[−2j−1, 2j−1], therefore as long as 2−j > α, the above sum is the sum of the squares
of the Fourier coefficients of the period 2j extension of the function
f̂ (t)ϕ̂(2−j t).
By the Plancherel Theorem (Theorem F18), we have

||Pj f ||2L2 =
α∫

−α

| f̂ (t)|2|ϕ̂(2−j t)|2dt

Since ϕ ∈ L1(R), ϕ̂(t) is continuous on R by the Riemann–Lebesgue theorem
(Theorem A.27). It follows that

lim
j→∞ ϕ̂(2−j t) = ϕ̂(0) uni f ormly on [−α, α]

By taking the limit under the integral sign, we conclude that

lim
j→∞

α∫

−α

| f̂ (t)|2|ϕ̂(2−j t)|2dt = |ϕ̂(0)|2
α∫

−α

| f̂ (t)|2dt

Since lim
j→∞ ||Pj f ||L2 = || f ||L2

|| f ||2L2 = lim
j→∞ ||Pj f ||2L2

= lim
j→∞

α∫

−α

| f̂ (t)|2|ϕ̂(2−j t)|2dt

= |ϕ̂(0)|2
α∫

−α

| f̂ (t)|2dt

= |ϕ̂(0)|2|| f ||2L2
Hence, |ϕ̂(0)|2 = 1, and since ϕ(x) ∈ L1
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Since ϕ̂(t) = mϕ(t/2)ϕ̂(t/2) and ϕ̂(0) �= 0 as we have seen above, mϕ(0) = 1. By
taking the Fourier transform of both sides in Eq. (12.70), we get

ψ̂(t) = m1(t/2)ϕ̂(t/2) (12.69)

where

m1(t) = 1√
2

∑
gne

−2π itn

= e−2π it+1/2mϕ(t + 1/2) (12.70)

(mϕ is given by (12.69).
Thus, we can write
ψ̂(t)e−2π i(t/2+1/2)mϕ(t/2 + 1/2)ϕ̂(t/2) and since by the orthonormality of

{Tkϕ(x)}

|mϕ(t)|2 + |mϕ(t + 1/2)|2 = 1(see f or example[Wo97])

mϕ(1/2) = 0, and hence ψ̂(0) = 0. Therefore, we have the desired result as ψ(x) ∈
L1(R).

Step 1: First, we prove that the sequence {Tng(x)}, where g(x) ∈ L2(R) and Tn is
as in Definition12.9(a) for h = n, is orthonormal if and only if for all t ∈ R

∑
n

|ĝ(t + n)|2 = 1 (12.71)

We observe that

〈Tkg,T
g〉 = 〈g,T
−k g〉 = δk−


if and only if 〈g,Tkg〉 = δk . By Parsevals formula

∫

R

g(t)g(t − k)dt =
∫

R

ˆg(t)ĝ(t)e−2π iktdt

=
∫

R

| ˆg(t)|2e−2π iktdt

=
∑
n

n+1∫

n

| ˆg(t)|2e−2π iktdt

=
1∫

0

∑
n

|ĝ(t + n)|2e−2π iktdt
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By the uniqueness of Fourier series

1∫

0

∑
n

|ĝ(t + n)|2e−2π iktdt = δk f or all k ∈ Z

if and only if

∑
n

|ĝ(t + n)|2 = 1 f or all t ∈ R

Step 2: In view of Step 1

∑
n

|ϕ̂(t + n)|2 = 1 f or all t ∈ R

In particular,
∑
n

|ϕ̂(n)|2 = 1 by choosing t = 0. By part (i), ϕ̂(0) = 0 which implies

∑
n�=0

|ϕ̂(n)|2 = 0

Hence, ϕ̂(n) = 0 for n �= 0.
We observe that

∑
n

ϕ(x + n) ∈ L1[0, 1) and has period 1. By parts (i) and (iii),

we have

ϕ̂(0) = 1 and ϕ̂(k) = 0 f or all integers k �= 0

Therefore, for each k ∈ Z

1∫

0

e−2π ikt
∑
n

ϕ(x + n)dx =
∑
n

1∫

0

e−2π iktϕ(x + n)dx

=
∑
n

n+1∫

n

e−2π iktϕ(x)dx

= ϕ̂(k) = δk

The only function with period 1 and Fourier coefficients equal to δk is the function
that is identically 1 on [0, 1). Therefore, we get Eq. (12.76).
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Proof (Proof of Theorem 12.13)

(i) By Lemma 12.10(i),
∫
R

ϕ(x)dx �= 0 so that

∫

R

ϕ(x)dx =
∫

R

∑
n

hn2
1/2ϕ(2x − n)dt

=
∑
n

hn

∫

R

21/2ϕ(2x − n)dx

=
∑
n

hn2
−1/2

∫

R

ϕ(x)dx

Canceling the nonzero factor
∫
R

ϕ(x)dx from both sides, we get

∫

n

hn = √
2

(ii) By Lemma 12.10(ii),
∫
R

ψ(x)dx = 0 so that

0 =
∫

R

ψ(x)dx

=
∫

R

∑
n

gn2
1/2ϕ(2x − n)dx

=
∑
n

gn

∫

R

21/2ϕ(2x − n)dx

=
∑
n

gn2
−1/2

∫

R

ϕ(x)dx

= 1√
2
gn as

∫

R

ϕ(x)dx = 1

Thus,
∑
n
gn = 0.

(iii) Since {ϕ0,n(x)} and {ϕ1,n(x)} are orthonormal systems on R, we have
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δn =
∫

R

ϕ(x)ϕ(x − n)

=
∫

R

∑
hkϕ1,k(x)

∑
hmϕ1,m(x − n)dx

=
∑
n

∑
m

hkhm−2n

∫

R

ϕ1,k(x)ϕ1,m(x − n)dx

=
∑

hkhk−2n

Therefore,
∑
k
hkhk−2n = δn.

The above argument gives us that

∑
gkgk−2n = δn

is an orthonormal system of R.
(vi) Since 〈ϕ0,n(x), ϕ0,m(x)〉 = 0 for all n,m ∈ Z , the above argument yields

∑
gkhk−2n = 0

Proof Proof of (v) Since for any signal (sequence) c0,n

c0,n =
∑
k

c1,khn−2k +
∑
k

d1,k gn−2k

where

c0,n =
∑
k

c0,mhm−2k

d1,k =
∑
k

c0,mgm−2k (see also Sect. 10.3.2)

it follows that

c0,n =
∑
k

∑
m

c0,mhm−2khn−2k +
∑
k

∑
m

∑
m

c0,mgm−2k gn−2k

=
∑
m

c0,m

(∑
k

hm−2khn−2k +
∑
k

gm−2k gn−2k

)

Hence, we must have

∑
k

hm−2khn−2k +
∑
k

gm−2k gn−2k = δn−m.
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12.4.4 Approximation by MRA-Associated Projections

The main goal of this section is to discuss relationship between smoothness of func-
tions measured by modulus of continuity and properties of wavelet expansions

Definition 12.17 Let f be a real-valued function defined on R. For 1 ≤ p ≤ ∞ and
δ > 0, let

wp( f ; δ) = sup
0<|h|≤δ

|| f (x) − f (x − h)||p (12.72)

where wp( f ; δ) is called the p-modulus of continuity of f , and we say that f has a
p-modulus of continuity if wp( f ; δ) is finite for some δ > 0 (equivalently, for all δ).
The set of all functions having a p-modulus of continuity is denoted by Wp(R).

Remark 12.11 (a) For each f and p the function wp( f ; δ) is an increasing function
of δ.

(b) wp( f ; δ) → 0 as δ → 0 if either f ∈ Lp, 1 ≤ p < ∞ or f is continuous and
has compact support. For any positive integer m,wp( f ; δ) ≤ mwp( f ; δ).

(c) For each δ > 0

wp( f ; δ) ≤ 2|| f ||Lp
(d) If lim

s→0
s−1wp( f ; δ), then

wp( f ; δ) = 0 (12.73)

Conversely, if wp( f ; δ) = 0, then f is a constant function.
(e) For translation and dilation operators (Definition 12.9(a) and (b)).

(a) w(Th f; δ) = wp( f; δ) (12.74)

(b) wp(Ja f; δ) = 2−a/pwp( f; 2aδ) (12.75)

(f) f satisfies Hölder’ s condition with exponent α, 0 ≤ α ≤ 1 if w∞( f ; δ) ≤
cδα, c > 0 constant.

(g) For each δ > 0, wp( f ; δ) is a seminorm on Wp(R), that is

wp(α f + βg; δ) ≤ |α|wp( f ; δ) + |β|wp(g; δ) (12.76)

and

wp( f ; δ) = 0 i f and only i f f = constant (12.77)

With each MRA, {Vj} we can associate projections Pj defined by the following
equation:
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Pj f (x) =
∞∫

−∞
f (t)2jϕ(2j t, 2jx)dt (12.78)

where

ϕ(t, x) =
∑
k∈Z

ϕ(t − k)ϕ(x − k) (12.79)

and ϕ(x) is a real scaling function satisfying the conditions

|ϕ(x)| ≤ C(1 + |x|)−β, β > 3

|ϕ′(x)| ≤ C(1 + |x|)−β, β > 3
∞∫

−∞
ϕ(x)dx = 1 (12.80)

It may be observed that (12.91) is automatically satisfied in view of (12.89) and
Lemma 12.10(i).
It follows from (12.89) that

|ϕ(t, x)| ≤ C
∑
k∈Z

1

(1 + |t − k|β)

1

(1 + |x − k|β)
(12.81)

or

|ϕ(t, x)| ≤ C
1

(1 + |t − x|β−1)
(12.82)

From (12.91) and (12.76), it follows that

∞∫

−∞
ϕ(x, t)dt = 1 (12.83)

Theorem 12.14 (Jackson’ s Inequality) There exists a constant C such that for any
f ∈ Wp(R)

|| f − Pj f || ≤ Cwp( f, 2
−j) f or all j ∈ Z (12.84)

It may be observed that in view of Remark 12.11(iii) for f ∈ Lp, 1 ≤ p ≤ ∞ (12.97)
takes the form

|| f − Pj f ||Lp ≤ C|| f ||Lp (12.85)
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Proof Let (12.97) hold for j = 0 and some constant C. Then in view of the relations

||Js f ||p = 2−s/p|| f ||Lp
PjJr = JrPj−r , where Js is the dilation operator (Definition 10.9(b)) and (12.84), we
obtain

|| f − Pj f ||Lp = 2−j/p||J−j f − P0J−j f ||Lp
≤ C2−j/pwp(J−j f ; 1) = Cwp( f, 2

−j)

so it suffices to consider the case j = 0.
From (12.87) and (12.94), we can write

f (x) − P0 f (x) =
∞∫

−∞
[ f (x) − f (t)]ϕ(t, x)dt

From (12.93), we get

|| f − P0 f ||pLp =
∞∫

−∞

∣∣∣∣∣∣
∞∫

−∞
[ f (x) − f (t)]ϕ(t, x)dt

∣∣∣∣∣∣
p

dx

≤ C

∞∫

−∞

⎛
⎝

∞∫

−∞

| f (x) − f (t)|dt
1 + |t − x|β−1

⎞
⎠

p

dx

= C

∞∫

−∞

⎛
⎝

∞∫

−∞

| f (x) − f (x + u)|du
(1 + |u|)β−1

⎞
⎠

p

dx

Writing β − 1 = a + b with a, b ≥ 0, ap > p+ 1 and bq > 1 where 1
p + 1

q = 1 and
applying Hölder’ s inequality to the inside integral, we get

|| f − P0 f ||p ≤ C

∞∫

−∞

∞∫

−∞

| f (x) − f (x + u)|p
(1 + |u|ap) du

⎛
⎝

∞∫

−∞

du

1 + |u|bp

⎞
⎠

p/q

dx

≤ C

∞∫

−∞

1

(1 + |u|ap)
∞∫

−∞
| f (x) − f (x + u)|pdxdu

≤ C

∞∫

−∞

1

(1 + |u|ap)wp( f ; |u|p)du
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By splitting the last integral into two parts and estimating each part separately as
follows, we get the desired result:

1∫

−1

wp( f, |u|)p du

1 + |u|ap ≤ Cwp( f ; 1)p

and

−1∫

−∞
+

∞∫

1

wp( f, |u|)p du

1 + |u|ap

≤ 2

∞∫

1

wp( f ; u)p du

(1 + u)ap

≤ C

∞∫

1

upwp( f ; 1)p du

(1 + u)ap
(Remark 12.11(ii))

≤ Cwp( f ; 1)p
∞∫

1

updu

(1 + u)ap

≤ Cwp( f ; 1)p

The last inequality holds from choice of a. The case p = ∞ requires the standard
modifications.

12.5 Compactly Supported Wavelets

12.5.1 Daubechies Wavelets

Daubechies (see for details [58, 59] and Pollen in [44]) has constructed, for an
arbitrary integer N , an orthonormal basis for L2(R) of the form

2j/2ψ(2jx − k), j, k ∈ Z

having the following properties: The support of ψN is contained in [−N + 1,N ]. To
emphasize this point, ψ is often denoted by ψN .
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∞∫

−∞
ψN (x)dx =

∞∫

−∞
xψN (x)dx = · · · =

∞∫

−∞
xNψN (x)dx = 0 (12.86)

ψN (x) has γN continuous derivatives, where the

positive constant γ is about 1/5 (12.87)

In fact, we have the following theorem:

Theorem 12.15 (Daubechies) There exists a constant K such that for each N =
2, 3, . . ., there exists an MRA with the scaling function ϕ and an associated wavelet
ψ such that

A. ϕ(x) and ψ(x) belong to CN .
B. ϕ(x) and ψ(x) are compactly supported and both suppϕ and suppψ(x) are

contained in [−KN ,KN ].
C.

∞∫
−∞

ψN (x)dx =
∞∫

−∞
xψN (x)dx = · · · =

∞∫
−∞

xNψN (x)dx = 0

We refer to {Da 92} for a proof of the theorem. Here, we present a construction of
the Daubechies scaling function and wavelet on [0, 3] due to Pollen (for details, see
[199]).

Theorem 12.16 Let D = ⋃
j∈Z

Dj where Dj = {k2−j/k ∈ Z} (D is a ring, that is,

sums, difference and product of elements of D are also in D. It is a dense subset of
R). Then there exists a unique function ϕ : D → R having the following properties:

ϕ(x) = {aϕ(2x) + (1 − b)ϕ(2x − 1)

+ (1 − a)ϕ(2x − 2) + bϕ(2x − 3)} (12.88)∑
k∈Z

ϕ(k) = 1 (12.89)

ϕ(d) = 0 i f d < 0 or d > 3 (12.90)

where a = 1+√
3

4 , b = 1−√
3

4 (It is clear that 1
2 < a < 1 and −1

4 < b < 0).

Theorem 12.17 The function ϕ defined in Theorem 12.16 extends to a continuous
function onRwhichwe also denote byϕ: This continuous functionϕ has the following
properties:

∞∫

−∞
ϕ(x)dx = 1

and
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∞∫

−∞
ϕ(x)ϕ(x − k)dx = 1 i f k = 0

= 0 i f k �= 0 (12.91)

In other words, ϕ is a scaling function.

Theorem 12.18 The function ψ defined as

ψ(x) = −bϕ(2x) + (1 − a)ϕ(2x − 1) − (1 − b)ϕ(2x − 2) + aϕ(2x − 3) (12.92)

satisfies the following conditions:

suppψ(x) ⊂ [0, 3]
∞∫

−∞
ψ(x)ψ(x − k)dx = 1 i f k = 0

= 0 i f k �= 0 (12.93)
∞∫

−∞
ϕ(x)dx = 1 (12.94)

Thus, {2j/2ψ(2j t − k)}j∈Z,k∈Z is an orthonormal basis in L2(R).

To prove Theorem 12.18, we need the following lemmas (D is as in Theorem 12.17).

Lemma 12.11 For every x ∈ D, we have

∑
k∈Z

ϕ(x − k) = 1

and

∑
k∈Z

(
3 − √

3

2
+ k

)
ϕ(x − k) = x

Lemma 12.12 If x ∈ D and 0 ≤ x ≤ 1, then

2ϕ(x) + ϕ(x + 1) = x + 1 + √
3

2
(12.95)

2ϕ(x + 2) + ϕ(x + 1) = −x + 3 − √
3

2
(12.96)

ϕ(x) + ϕ(x + 2) = x + −1 + √
3

2
(12.97)
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Lemma 12.13 For 0 ≤ x ≤ 1 and x ∈ D, the following relations hold:

ϕ

(
0 + x

2

)
= aϕ(x)

ϕ

(
1 + x

2

)
= bϕ(x) + ax + 2 + √

3

4

ϕ

(
2 + x

2

)
= aϕ(1 + x) + bx

√
3

4

ϕ

(
3 + x

2

)
= aϕ(x) − ax + 1

4

ϕ

(
4 + x

2

)
= aϕ(2 + x) − bx + 3 − 2

√
3

4

ϕ

(
5 + x

2

)
= bϕ(2 + x).

Lemma 12.14 Suppose that m(ξ) =
N∑

k=M
ake−ikξ is a trigonometric polynomial

such that

|m(ξ)|2 + |m(ξ + π)|2 = 1 f or all ξ ∈ R (12.98)

m(0) = 1 (12.99)

m(ξ) �= 0 f or ξ ∈
[−π

2
,
π

2

]
(12.100)

Then the infinite product

θ(ξ) =
∞∏
j=1

m(2−jξ) (12.101)

converges almost uniformly. The function θ(ξ) is thus continuous. Moreover, it
belongs to L2(R). The function ϕ given by ϕ̂ = 1√

2π
θ(ξ) has the support contained

in [M ,N ] and is a scaling function of an MRA. In particular, {ϕ(x − k)} is an ONB
in L2(R). The function ψ(x) defined by

ψ(x) = 2
N∑

k=M

(−1)k ākϕ(2x + k + 1) (12.102)

is a compactly supported wavelet with suppψ ⊂ [
M−N−1

2 , N−M−1
2

]
.

We give an outline of the proofs of Theorems 12.17 and 12.18 and refer to [199] for
more details and proofs of Lemmas.
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Proof (Proof of Theorem 12.17) LetK be a nonlinear operator acting on the space of
functions on R. Let us define K( f ) for x ∈ [0, 1] by the following set of conditions:

K( f )

(
0 + x

2

)
= a f (x)

K( f )

(
1 + x

2

)
= b f (x) + ax + 2 + √

3

4

K( f )

(
2 + x

2

)
= a f (1 + x) + bx

√
3

4

K( f )

(
3 + x

2

)
= a f (x) − ax + 1

4

K( f )

(
4 + x

2

)
= a f (2 + x) − bx + 3 − 2

√
3

4

K( f )

(
5 + x

2

)
= b f (2 + x)

This definition gives two values ofK( f ) at the points 0, 1
2 , 1,

3
2 , 2,

5
2 , 3. Let us denote

by ϕj, j = 0, 1, 2, . . ., the continuous, piecewise linear function on R which on Dj

equals ϕ. The function K(ϕj) is well defined at each point, and in fact, K(ϕj) = ϕj+1.
Let x ∈ [0, 3] and j > 0, then we immediately get from the definition of K( f )

ϕj+1(x) − ϕj(x) = K(ϕj)(x) − K(ϕj−1)(x)

= η(ϕj(y) − ϕj−1(y))

where η = a or η = b and y ∈ R is a point depending on x. Since K( f )(x) = 0 for
x /∈ [0, 3] and max(|a|, |b|) = a, from (12.116), we get

||ϕj+1 − ϕj||∞ ≤ a||ϕj − ϕj−1||∞
so by induction, we get

||ϕj+1 − ϕj||∞ ≤ aj||ϕ1 − ϕ0||∞
Since ||ϕ1 − ϕ0||∞ is finite, the sequence {ϕj} converges uniformly to a continuous
function which is denoted by ϕ. This proves the first part of the theorem.

We know that (12.106) holds for all x ∈ R. Since suppϕ ⊂ [0, 3] for each x ∈ R,
there are at most three nonzero terms in the

∑
k∈Z

ϕ(x − k). For a positive integer M ,

let

FM (x) =
M∑

k=−M

ϕ(x − k)
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From (12.101), we conclude that

|FM (x)| ≤ C f or some constant C

and

FM (x) = 1 i f |x| ≤ M − 3

= 0 i f |x| ≥ M + 3

Thus, for every integer M

2(M − 3) − 12C ≤
∞∫

−∞
FM (x)dx ≤ 2(M − 3) + 12C (12.103)

From the definition of FM , we also conclude that

∞∫

−∞
FM (x)dx = (2M + 1)

∞∫

−∞
ϕ(x)dx (12.104)

Since (12.118) and (12.119) hold for every positive integer M , making M → ∞,
we obtain (12.101). To prove (12.102), let

Lk =
∞∫

−∞
ϕ(x)ϕ(x − k)dx (12.105)

Since suppϕ ⊂ [0, 3], we find that

Lk = 0 f or |k| ≥ 3 (12.106)

It is clear that

Lk = Lk (12.107)

By a change of variable, we see that, for any 
,m, n ∈ Z

∞∫

−∞
ϕ(2x − m)ϕ(2x − 2
 − n)dx = 1

2
L2
+n−m (12.108)

Substituting value of ϕ(x) given by (12.119) into (12.119) for 
 = 0, 1, 2 and apply-
ing (12.120) and (12.121), we obtain the following equations
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(a(1 − a) + b(1 − b))L0 = (1 − ab)L1 + (a(1 − a) + b(1 − b))L2
2L1 = (a(1 − a) + b(1 − b))L0 + (1 − b)L1

+ ((1 − b)2 + (1 − a)2 + b2)L2
2L2 = abL1 + (a(1 − a) + b(1 − b))L2

From given values of a and b (see Theorem 12.16), we have

a(1 − a) + b(1 − b) = 0 (12.109)

Thus, the above system of equations becomes

0 = (1 − ab)L1
2L1 = (1 − ab)L1 + ((1 − b)2 + (1 − a)2 + b2)L2

2L2 = abL1

This implies that L1 = L2 = 0. Thus, Lk = 0 for k �= 0. By (12.101), (12.100), and
(12.102), we can compute

1 =
∞∫

−∞
ϕ(x)dx

∞∫

−∞
ϕ(x)

∑
k∈Z

ϕ(x − k)dx

=
∑
k∈Z

Lk = L0

This proves (12.102).

Proof (Proof of Theorem 12.18) Supp ψ(x) ⊂ [0, 3] follows immediately from
(12.103) and the fact that suppϕ ⊂ [0, 3]. To obtain (12.104), substitute ψ(x) given
by (12.103) into the left-hand side of (12.104). We find (12.104) using (12.122),
(12.102), (12.123) and values of a and b. To obtain (12.105), we proceed similarly,
but we substitute bothψ(x) given by (12.103) and ϕ(x) given by (12.98) into the left-
hand side of (12.105). It follows directly from (12.104) and (12.105) that {2j/2ψ(2j t−
k)}j∈Z,k∈Z is orthonormal.

12.5.2 Approximation by Families of Daubechies Wavelets

Let Pn denote the orthogonal projection of L2(R) onto Vn, and let Qn denote the
orthogonal projection of L2(R) onto Wn (recall L2(R) = Vn ⊕∑

j≥n
⊕Wj = ⊕kWk , for

any n ∈ Z).
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For every integer N ≥ 1, Daubechies constructed a pair of functions ϕ and ψ that
are, respectively, χ [0, 1] and the Haar function for N = 1 and that generalize these
functions for N > 1. The construction is on the following lines. Step 1 Construct a
finite sequence h0, h1, . . . , h2N−1 satisfying the conditions

∑
k

hkhk+2m = δm f or every integer m (12.110)

∑
k

hk = √
2 (12.111)

∑
k

gkk
m = 0 (12.112)

whenever

0 ≤ m ≤ N − 1,where gk = (−1)kh1−k

It can be observed that (12.123) and (12.124) imply (12.125) for m = 0.
Step 2 Construct the trigonometric polynomial m0(y) by

m0(y) = √
2
∑
k

hke
iky (12.113)

Step 3 Construct the scaling function ϕ so that its Fourier transform satisfies

ϕ(x) = (1/
√
2π)

∏
k≥1

m0(2
−ky) (12.114)

Step 4 Construct the wavelet function ψ by

ψ(x) =
∑
k

gkϕ(2x − k) (12.115)

Definition 12.18 (Coifman Wavelets or Coiflets) For N > 1, ϕ(x) and ψ(x) define
sets and subspaces of MRA Vn and Wn of L2(R) having the following additional
properties:

ϕn,k =
∑
j

hj−2kϕn+1,j and

ψn,k =
∑
j

gj−2kϕn+1,j

f or any integer n (12.116)

suppϕn,k = [2−nk, 2−n(k + 2N − 1)]
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Fig. 12.6 Scaling functions
(–) and wavelet functions
(…) (top: N = 2, middle
N = 3, bottom N = 4)

suppψn,k = [2−n(k + 2N − 1), 2−n(k + N )] (12.117)∑
ψ(j,k)(x)x

mdx = 0 for all integers j and k

and any integer 0 ≤ m < N − 1 (12.118)

ϕj,k and ψ(j,k) ∈ Cλ(n) = Lipλ(n) (12.119)

with exponent λ(n), where λ(2) = 2 − log2(1 + √
3) � .5500, λ(3) � 1.087833,

λ(4) � 1.617926, and λ(N ) � .3485N for large N.
Graphs of the Daubechies scaling functions and wavelet functions for 2 ≤ N ≤ 4

are given in Fig. 12.6.
For N = 2

h0 = 1 + √
3

4
√
2

, h1 = 3 + √
3

4
√
2

h2 = 3 − √
3

4
√
2

, h3 = 1 − √
3

4
√
2

m0(y) = 1√
2

3∑
k=0

hke
−iky

Theorem 12.19 f ∈ C∞
0 (R), ϕ and ψ ∈ Hm(R), then there exists a K > 0 such

that

|| f − Pn( f )||Hm(R) ≤ K2−n(N−m) (12.120)
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where Pn( f ) denotes the orthogonal projection of L2(R) on Vn and N is the order of
Daubechies wavelet ψ . For proof, see Problem 13.1

Coifman Wavelets [Coiflets]

Coifman wavelets are similar to Daubechies wavelets in that they have maximal
number of vanishingmoments; however inCoifmanwavelets, the vanishingmoments
are equally distributed between the scaling function and the wavelet function. These
are very useful for numerical solutions of partial differential equations as they have
very good order of approximation (see {ReWa 98} for a comprehensive account).

An orthonormal wavelet systemwith compact support is called a Coifmanwavelet
system of degree N if the moments of associated scaling function ϕ and wavelet ψ

satisfy the conditions

Mom
(ϕ) =
∑

x
ϕ(x)dx = 1 i f 
 = 0 (12.121)

Mom
(ϕ) =
∑

x
ϕ(x)dx = 0 i f 
 = 1, 2, 3, . . . ,N (12.122)

Mom
(ψ) =
∑

x
ψ(x)dx = 0 i f 
 = 0, 1, 2, . . . ,N (12.123)

It may be observed that (12.134), (12.135), and (12.136) are equivalent to the
following conditions:

∑
k

(2k)
h2k =
∑
k

(2k + 1)
h2k+1 = 0, f or 
 = 1, 2, . . . ,N (12.124)

∑
k

h2k =
∑
k

h2k+1 = 1 (12.125)

where hk is the scaling filter of ϕ(x).

Lemma 12.15 Let ϕ(x) be a continuous Coifman scaling function of degree N , then

∑
k

(x − k)
ϕ(x − k) = 0, f or 
 = 0, 1, 2, . . . ,N (12.126)

Proof We prove it by the principle of finite induction. Let (12.139) hold for 
 ≤ n,
where 0 ≤ n ≤ N − 1, and define

f (x) =
∑
k

(x − k)n+1ϕ(x − k)

Then, f (x) is well defined and continuous; moreover
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2n+1 f (x) = 2n+1
∑
k

((x − k)n+1ϕ(x − k))

= 2n+1
∑
k

∑
m

(hm(x − k)n+1ϕ(2x − 2k − m))

= 2n+1
∑
k

∑
i

(hi−2k(x − k)n+1ϕ(2x − i))

=
∑
i

∑
k

(hi−2k(2x − i + i − 2k)n+1ϕ(2x − i))

=
∑
i

∑
k

∑
p

(
hi−2k

(
n + 1
p

)
(2x − i)p(i − 2k)n+1−p × ϕ(2x − i)

)

=
∑
i

∑
p

((
n + 1
p

)(∑
k

(i − 2k)n+1−phi−2k

)
× (2x − i)pϕ(2x − i)

)

Applying (12.137) and (12.138),
∑
k

(i − 2k)n+1−phi−2k = 0n+1−p. Thus

2n+1 f (x) =
∑
i

(2x − i)n+1ϕ(2x − i) = f (2x)

Since f (x) is continuous and
1∫
0
f (x)dx = 0

f (x) =
∑
k

(x − k)n+1ϕ(x − k) = 0

It is clear that the result is true for n = 
 = 1.

Theorem 12.20 (Tian and Wells Jr., 1997) For an orthogonal Coifman wavelet
system of degree N with scaling function ϕ(x), let {hk} be finite. For f (x) ∈ CN (R)

having compact support, define

S(j) f (x) = 2−j/2
∑
k∈Z

f

(
k

2j

)
ϕj,k(x) ∀j ∈ Z (12.127)

then

|| f (x) − S(j) f (x)||L2 ≤ C2−jN (12.128)

where C depends only on f (x) and ϕ(x).

Proof By the Taylor expansion of f at the point x, we have
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f

(
k

2j

)
=

N−1∑
q=0

(
1

q! f
(q)(x)

(
k

2j
− x

)q)
+ 1

N ! f
(N )(αk)

(
k

2j
− x

)N

for some αk on the line segment joining x and k
2j . By Lemma 12.15, for 1 ≤ q ≤ N ,

we get

∑
k∈Z

(
k

2j
− x

)q

ϕj,k(x) = 2j/2−jq
∑
k∈Z

(k − 2jx)qϕ(2jx − k) = 0 (12.129)

and

∑
k∈Z

ϕj,k(x) = 2j/2
∑
k∈Z

ϕ(2jx − k) = 2j/2

Assume supp( f ) ⊂ [−K,K], and supp(ϕ) ⊂ [−K,K] for some positive number K ,
and then

∑
|k|≤(2j+1)K

(
k

2j
− x

)q

f (q)(x)ϕj,k(x) = 0, f or 1 ≤ q ≤ N

∑
|k|≤(2j+1)K

f (x)ϕj,k(x) = 2j/2 f (x)

and

S(j) f (x) = 2−j/2
∑
k∈Z

f

(
k

2j

)
ϕj,k(x)

= 2−j/2
∑

|k|≤(2j+1)K

f

(
k

2j

)
ϕj,k(x)

Putting the Taylor expansion of f at x, we get

S(j) f (x) = 2−j/2
∑

|k|≤(2j+1)K

⎛
⎝N−1∑

q=0

1

q! f
(q)(x)

(
k

2j
− x

)q
⎞
⎠

+ 1

N ! f
(N )(αk)

(
k

2j
− x

)N

ϕj,k(x)

= 2−j/2

⎛
⎝N−1∑

q=0

∑
|k|≤(2j+1)K

1

q! f
(q)(x)

(
k

2j
− x

)q

ϕj,k(x)

⎞
⎠
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+ 2−j/2
∑

|k|≤(2j+1)K

(
1

N ! f
(N )(αk)

(
k

2j
− x

)N

ϕj,k(x)

)

= f (x) + 2−j/2
∑

|k|≤(2j+1)K

(
1

N ! f
(N )(αk)

(
k

2j
− x

)N

ϕj,k(x)

)

Thus

S(j) f (x) − f (x) = 2−j/2
∑

|k|≤(2j+1)K

(
1

N ! f
(N )(αk)

(
k

2j
− x

)N

ϕj,k(x)

)

and

|| f − S(j) f (x)||L2 =
∥∥∥∥∥∥2

−j/2
∑

|k|≤(2j+1)K

(
1

N ! f
(N )(αk)

(
k

2j
− x

)N

ϕj,k(x)

)∥∥∥∥∥∥
L2

= 2−j(1/2+N )

N !

∥∥∥∥∥∥
∑

|k|≤(2j+1)K

( f (N )(αk)(k − y)Nϕ(y − k))

∥∥∥∥∥∥
L2

where we make the substitution y = 2jx. Let

gk(y) = f (N )(αk)(k − y)Nϕ(y − k)

then gk(y)has compact support [−K+k,K+k], and ||gk(y)||L2 is uniformly bounded,
||gk(y)||L2 ≤ C, where C depends on f (x) and ϕ(x). This gives

|| f (x) − S(j) f (x)||L2 = 2−j(1/2+N )

N !

⎛
⎜⎝
∫

R

⎛
⎜⎝ ∑

|k1|,|k2|≤(2j+1)K

gk1 (y)gk2 (y)

⎞
⎟⎠ dy

⎞
⎟⎠
1/2

= 2−j(1/2+N )

N !

⎛
⎜⎝
∫

R

⎛
⎜⎝ ∑

|k1|,|k2|≤(2j+1)K,|k1−k2|≤2K

gk1 (y)gk2 (y)

⎞
⎟⎠ dy

⎞
⎟⎠
1/2

= 2−j(1/2+N )

N !

⎛
⎝2(2j + 1)K · 4K

⎛
⎝ max
k1,k2∈Z

⎧⎨
⎩
∣∣∣∣∣∣
∫

R

gk1 (y)gk2 (y)dy

∣∣∣∣∣∣

⎫⎬
⎭
⎞
⎠
⎞
⎠
1/2

= 2−j(1/2+N )

N ! (8(2j + 1)K2 · C2)1/2 ≤ C2−jN

Definition 12.19 Sj( f )(x) defined by Eq. (12.140) is called the wavelet sampling
approximation of the function f (x) at the level j.
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Corollary 12.2 Let

Pj(t) =
∑
k∈Z

⎛
⎝
∫

R

f (x)ϕj,k(x)dx

⎞
⎠ϕj,k(x)

Under the hypotheses of Theorem 12.20

|| f (x) − Pj( f )(x)||L2 ≤ λ2−jN (12.130)

where λ is a positive constant which depends only on f and the scaling factor hk .

Proof By Theorem 3.8, we have

|| f − S(j)( f )||2L2 = || f − Pj( f )||2L2 + ||Pj( f ) − Sj( f )||2L2 (12.131)

Remark 12.12 This theorem holds for nonorthogonal wavelets. More precisely in
the following theorem:

Theorem 12.21 [{ResWa 98}] Suppose {hk} is a finite filter. Let {hk} satisfy the
following conditions:

∑
k∈Z

(2k)qh2k =
∑
k∈Z

(2k + 1)qh2k+1 = 0

f or q = 1, 2, 3, . . . ,N
∑
k∈Z

h2k =
∑
k∈Z

h2k+1 = 1 (12.132)

Define

F0(y) = 1

2

∑
k∈Z

hke
iky (12.133)

and

ϕ̂(y) =
∞∏
j=1

F0(2
−jy)

If ϕ(x) ∈ L2(R), then for any function f (x) ∈ CN (R) with compact support

|| f (x) − S(j)( f )||L2 ≤ λ2−jN (12.134)

where λ depends on f and the sequence {hk}, and Sj( f )(x) is the wavelet sampling
approximation.

Error estimation can be obtained in terms of the order of smoothness of the scaling
function {Res 98}.
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Theorem 12.22 For ϕ(x) ∈ Cn(R), 0 ≤ n ≤ N, under the conditions of Theorem
12.21, the inequality

|| f (x) − S(j)( f )||Hn ≤ λ2−j(N−n) (12.135)

holds, where λ depends on f and {hk}.
Remark 12.13 Existence of Coifman wavelets of degree N, say N = 9, can be proved
by using a fundamental result of Kantorovich (see, e.g., Res 98, pp. 216–218). It is
clear from definition that the degree 0 orthogonal Coifman wavelet system is exactly
the same as the Haar wavelet system {h0 = 1, h1 = 1}. The Coifman wavelet system
of degree N = 1, 2, 3, etc., can be computed. Interested readers may find details in
{Res 98}.

12.6 Wavelet Packets

Wavelet packets are generalizations of wavelets. They are organized into collections,
and each collection is an orthonormal basis for L2(R). This makes possible compari-
son of the advantages and disadvantages of the various possible decompositions of a
signal in these orthonormal bases and selection of the optimal collection of wavelet
packets for representing the given signal. The Walsh system is the simplest example
of wavelet packets.

Definition 12.20 (Wavelet Packets) Let {hk} and {gk} be two sequences of 
2 such
that

∑
n∈Z

hn−2khn−2
 = δk−
 (12.136)

∑
n∈Z

hn = √
2 (12.137)

gk = (−1)kh
−k (12.138)

Furthermore, let ϕ(x) be a continuous and compactly supported real-valued function
on R that solves the equation

ϕ(0)ϕ(x) = 21/2
∑
k

hkϕ(2x − k) (12.139)

with ϕ(0) = 1.

Let ψ(x) be an associated function defined by

ψ(x) = 21/2
∑
k

gkϕ(2x − k) (12.140)
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A family of functions ωn ∈ L2(R), n = 0, 1, 2, . . ., defined recursively from ϕ and
ψ as follows, is called the wavelet packet

ω0k = ϕx, ω1(x) = ψ(x)

ω2n(x) = 21/2
∑
k

hkωn(2x − k)

ω2n+1(x) = 21/2
∑
k

gkωn(2x − k) (12.141)

As in the case of wavelets, ϕ(x) and ψ(x) are often called, respectively, father and
mother wavelets.

It has been proved that {ωn(x − k)}, k ∈ Z , is an orthonormal basis of L2(R) for
all n ≥ 0 where

ωn(x − k) = 1√
2

∑
i

hk−2iω2n

( x
2

− i
)

+ 1√
2

∑
i

gk−2iω2n+1

( x
2

− i
)

(12.142)

For f ∈ L2(R)

f (x) =
∞∑

n=−∞

∞∑
k=−∞

cn,kωn(x − k) (12.143)

where

cn,k = 〈 f, ωn(x − k)〉 (12.144)

is called the wavelet packet series and cn,k are called wavelet packet coefficients of
f .
TheWalsh system {Wn}∞n=0 is defined recursively on [0, 1] byW0(x) = χ [0, 1)(x)

and W2n+α(x) = Wn(2x) + (−1)αWn(2x − 1), α = 0, 1; n = 0, 1, . . ..
This is an emerging area; for a comprehensive account, we refer to Wickerhauser

{Wi 30} and Meyer {Me 93}.

12.7 Problems

Problem 12.1 Let ψ1 and ψ2 be two wavelets, then show that ψ1 +ψ2 is a wavelet.

Problem 12.2 Verify that the Haar function is a wavelet.
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Problem 12.3 Check that the characteristic function χ[0,1](x) of the closed interval
[0, 1] is the scaling function of the Haar function.

Problem 12.4 Compute the wavelet transform of f (x) = sinx for the Haar and the
Mexican hat wavelet.

Problem 12.5 Analyze a meteorological data using Haar wavelet.

Problem 12.6 Describe the procedure for constructing mother wavelets from a
father wavelet.

Problem 12.7 Examine whether B-spline is a wavelet?

Problem 12.8 Explain the concept of the multiresolution with the help of the signal
given in Example 12.5.

Problem 12.9 Let Th f (x) = f (x−h),Da f (x) = a1/2 f (ax), Ec f (x) = e2π icx f (x),
a, b, c ∈ R, a > 0. Then show that for f, g ∈ L2:

(1) DaTb f (x) = a1/2 f (ax − b)
(2) DaTb f (x) = Ta−1bDa f (x)
(3) 〈 f,Dag〉 = 〈Da−1 f, g〉
(4) 〈 f,Tbg〉 = 〈T−b f, g〉
(5) 〈 f,DaTbg〉 = 〈T−bDa−1 f, g〉
(6) 〈Da f,Dag〉 = 〈 f, g〉
(7) 〈Tb f,Tbg〉 = 〈 f, g〉
(8) TbEc f (x) = e−2π ibcEcTb f (x)
(9) 〈 f,Ecg〉 = 〈E−c f, g〉
(10) 〈 f,TbEcg〉 = 〈T−bE−c f, g〉e2π ibc

Problem 12.10 Given j0, k0, j1, k1 ∈ Z , with either j0 �= j1 or k0 �= k1, then show
either

(1) Ij1,k1 ∩ Ij0,k0 = φ

(2) Ij1,k1 ⊆ Ij0,k0 or
(3) Ij0,k0 ⊆ Ij1,k1

Problem 12.11 Verify that the Haar system on R is an orthonormal system.

Problem 12.12 Show that for each integerN ≥ 0, the scaleN Haar system on [0, 1]
is a complete orthonormal system on [0, 1].
Problem 12.13 Given f (x) continuous on [0, 1], and ε > 0, there is N ∈ Z , and a
scale N dyadic function g(x) supported in [0, 1] such that | f (x) − g(x)| < ε, for all
x ∈ [0, 1]; that is, sup

x
| f (x) − g(x)| < ε.

Problem 12.14 Let the scaling function ϕ(x) be given by ϕ(x) = sinπx
πx . Then find

the corresponding wavelet ψ .
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Problem 12.15 Prove that if {
n} is a tight frame in a Hilbert space H with frame
bound A, then

A〈 f, g〉 =
∞∑
n=1

〈 f, 
n〉〈
n, g〉

for all f, g ∈ H .

Problem 12.16 Let ϕ(x)be defined by

ϕ(x) = 0, x < 0

= 1, 0 ≤ x ≤ 1

= 0, x ≥ 1

Draw the graph of the wavelet obtained by taking the convolution of the Haar wavelet
with ϕ(x).

Problem 12.17 Prove that {wn(·,−k)}k∈Z , 0 ≤ n < 2j, where {wn(·, ·) denotes a
family of wavelet packets, is an orthonormal basis of L2(R).



Chapter 13
Wavelet Method for Partial Differential
Equations and Image Processing

Abstract In this chapter, applications of wavelet theory to partial differential equa-
tions and image processing are discussed.

Keywords Wavelet-based Galerkin method · Parabolic problems · Viscous
Burger equations · Korteweg–de Vries equation · Hilbert transform and wavelets ·
Error estimation using wavelet basis · Representation of signals by frames ·
Iterative reconstruction · Frame algorithm · Noise removal from signals ·
Threshold operator · Model and algorithm · Wavelet method for image
compression · Linear compression · Nonlinear compression

13.1 Introduction

There has been a lot of research papers on applications of wavelet methods; see, for
example, [2, 14–16, 20, 30, 33, 34, 52, 55, 56, 60, 65, 70, 80, 84, 99, 128, 132, 134,
145]. Wavelet analysis and methods have been applied to diverse fields like signal
and image processing, remote sensing, meteorology, computer vision, turbulence,
biomedical engineering, prediction of natural calamities, stock market analysis, and
numerical solution of partial differential equations. Applications of wavelet methods
to partial differential equations (PDEs) and signal processing will be discussed in
this chapter.

We require trial spaces of very large dimension for numerical treatment of PDEs
by Galerkin methods which means we have to solve large systems of equations.
Wavelets provide remedy for removing obstructions in applying Galerkin methods.
It has been observed that the stiffness matrix relative to wavelet bases is quite close to
sparsematrix. Therefore, efficient sparse solvers can be usedwithout loss of accuracy.
These are obtained from the following results:

1. Weighted sequence norm of wavelet expansion coefficients is equivalent to
Sobolev norms in a certain range, depending on the regularity of the wavelets.

2. For a large class of operators, in the wavelet basis are nearly diagonal.
3. Smooth part of a function is removed by vanishing moments of wavelets.
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As discussed in Sect. 12.3.4, a signal is a function of one variable belonging to L2(R)

and wavelet analysis is very useful for signal processing. An image is treated as a
function f defined on the unit square Q = [0, 1] × [0, 1]. We shall see here that
image processing is closely linked with wavelet analysis. The concept of wavelets
in dimension 2 is relevant for this discussion. Let ϕ be a scaling function and ψ(x)
be the corresponding mother wavelet, then the three functions

ψ1(x, y) = ψ(x)ψ(y)

ψ2(x, y) = ψ(x)ϕ(y)

ψ3(x, y) = ϕ(x)ψ(y)

form, by translation and dilation, an orthonormal basis for L2(R2); that is

{2 j/2ψm(2 j x − k1, 2
j y − k2)}, j ∈ Z , k = (k1, k2) ∈ Z2

m = 1, 2, 3 is an orthonormal basis for L2(R2). Therefore, each f ∈ L2(R2) can be
represented as

f =
∑

j,k∈Z
d j,kψ j,k (13.1)

where ψ is any one of the three ψm(x, y) and

d j,k = 〈 f, ψ j,k〉.

13.2 Wavelet Methods in Partial Differential and Integral
Equations

13.2.1 Introduction

It has been shown that wavelet methods provide efficient algorithms to solve partial
differential equations in the following sense:

(a) exact solution of given PDE must be very near to approximate solution. In
mathematical language

inf
u∈A

d(u, v) << 1 (13.2)

(� means very small) and A , set of approximate solutions needs to be small
enough to allow the computation of the numerical solution.

(b) The algorithm should be fast, that is, takes less time-consuming. It may be
observed that in order to reduce time of computation, the algorithm needs to
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select the minimal set of approximations at each step so that the computed
solution remains close to the exact solution. This point is called adaptivity, which
means no unnecessary quantity is computed. Some properties of wavelets are
quite appropriate for adaptive algorithms. For example, if the solution of the
partial differential equation we wish to compute is smooth in some regions,
only a few wavelet coefficients will be needed to get a good approximation of
the solution in those regions. Practically, only the wavelet coefficients of low
frequencies wavelets whose supports are in these regions will be required. On
the other hand, the greatest coefficients (in absolute value) will be localized
near the singularities; this allows us to define and implement easily criteria of
adaptivity through time evaluation.

13.2.2 General Procedure

General Procedure 1

SupposeU is a finite-dimensional subspace of a Sobolev space H in which we search
for a weak solution of a partial differential equation (PDE). Then as seen in Chaps. 7
and 8, the differential equation reduces to a matrix equation in U . A solution of the
matrix equation is an approximate solution to the partial differential equation and
we shall try to find that solution of the matrix equation and in fact, that matrix for
which the distance between the solutions of the partial differential equation and the
associated matrix equation is minimum. More precisely, let Ω be a bounded open
set in R2 with Lipschitz boundary; that is, the boundary ∂Ω is a Lipschitz function.
Let

Uj = { f ∈ X j/supp f ∩ Ω �= φ}

Here, X j = Vj ⊕ Vj which is spanned by the products ϕ j,k(x)ϕ j,k(y), for k, � ∈ Z
whereas usual ϕ j,k(x) = 2 j/2ϕ(2 j x − k), ϕ j,k(y) = 2 j/2ϕ(2 j y − k), where ϕ(x)
is a scaling function.

Since Ω is bounded, Uj is a finite-dimensional subspace of Vj ⊕ Vj ; Uj is the
Galerkin approximation space in this context. If a Sobolev space H1(Ω) is con-
sidered, then Uj ⊂ H1(Ω) and hence, we can use elements of Uj to represent
approximations to a solution of a differential equation which are in H1(Ω). It may
be noted that if we use the wavelet ψ associated with scaling function ϕ, we obtain
a system

AJUJ = FJ

whereUJ is the coordinate vector ofUJ in the basis {ψ j , k(x)}, Fj = (〈 f, ψλrangle)
|λ| < J and AJ = (〈Aψλ,ψμrangle)|λ|, |μ| < J is the associated stiffness matrix
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with the operator A (see Sect. 8.1). One can choose H = H 1
0 (Ω), A = −Δ or

A = I − Δ or A = Δ(Δ) = Δ2.

Example 13.1 (Wavelet-based Galerkin Method) We consider here for solution of
example to illustrate the application of wavelets in solving differential equations. It is
clear from the MRA that any function of L2(R) can be approximated arbitrarily well
by the piece-wise constant functions from Vj provided j is large enough. Vj is the
space of piece-wise constant functions L2(R) with breaking at the dyadic integers
k · 2− j , j, k ∈ Z . Let us consider the following Dirichlet boundary value problem:

− u′′(x) + Cu(x) = f (x), x ∈ Ω = (0, 1)

u(0) = u(1) = 0 (13.3)

with C > 0, a constant, f ∈ H 1(Ω) and find its solution. We apply the variational
method of approximation (Galerkin method) for solving Eq. (13.3). As the existence
of the solution of variational problem is guaranteed only in a complete space, we
consider the Sobolev space H 1(Ω). The objective is to solve variational equation on a
finite-dimensional subspace of H 1(Ω). In variational form, the solution u ∈ H 1(Ω)

of the above equation satisfies

∫

Ω

(u′v′ + uv) =
∫

Ω

f v (13.4)

for all v ∈ H 1(Ω) and C = 1.
To approximate u by the Galerkin’s method, we choose a finite-dimensional sub-

space of H 1(Ω) which is a space spanned by wavelets defined on the interval [0, 1].
We have already discussed the wavelet bases φ j,k, ψ j,k and spaces Vj ,Wj generated
by them respectively in Chap.12. For getting numerical solution of (13.3), we choose
a positive value m and approximate u by an element um ∈ Vm that satisfies

∫

Ω

(u′
mv

′ + umv) =
∫

Ω

f (x)vdx, v ∈ Vm (13.5)

where um can be written as

um = P0um +
m−1∑

k=0

Qkum (13.6)

Pk is the projection from H 1(Ω) onto Vk and Qk1 = Pk − Pk−1. Therefore

um = C0φ0,0 +
m−1∑

j=0

2 j−1∑

k=0

d j,kψ j,k (13.7)
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Here, φ0,0 is identically ‘one’ onΩ , and C0 is the average of um onΩ . We have used
a “multiresolution” approach; i.e., we have written a successive coarser and coarser
approximation to um .

Therefore, for all practical purposes, um can be approximated to an arbitrary pre-
cision by a linear combination of wavelets. We need now to determine d j,k . Equation
(13.7) together with (13.5) gives the following:

m−1∑

j=0

2 j−1∑

k=0

d j,k

∫

Ω

(ψ j,kψ j ′,k ′ + ψ j,kψ j ′,k ′)dx =
∫

Ω

f ψ j ′,k ′dx (13.8)

for k ′ = 0, . . . , 2 j ′ − 1 and j ′ = 0, . . . ,m − 1 or, more precisely

AU = F (13.9)

where A is the stiffness matrix relative to the wavelet basis functions ψ j,k and U, F
are corresponding vectors U = (d j,k), fk = 〈 f, ψ j,k〉.
Example 13.2 Consider the following Neumann problem:

−α
d2u

dx2
+ βu + γ

du

dx
= f in (0, 1), f ∈ H−1(0, 1)

α

(
du

dx

)

x=0

= c, α

(
du

dx

)

x=0

= d (13.10)

Proceeding on the lines of Sect. 7.3, it can be seen that (13.10) can be written in the
following form. Find u ∈ U such that

a(u, v) = L(v) f or all v ∈ U, where U = H 1(0, 1)

a(u, v) =
1∫

0

α(x)
du

dx

dv

dx
+

1∫

0

β(x) uv dx (13.11)

+
1∫

0

γ (x)
du

dx
vdx f or all u, v ∈ U

L(v) =
1∫

0

f vdx + dv(1) + cv(0) f or all v ∈ U

By the Lax–Milgram Lemma (3.39), Eq. (13.11) has a unique solution if

0 < α0 ≤ α(x)αM a.e. on (0, 1) (13.12)

0 < β0 ≤ β(x)βM a.e. on (0, 1) (13.13)

γ ∈ L2(0, 1), ||γ ||L2(0,1) < min(α0, β0) (13.14)
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Let ϕ(x) be a scaling function and let us consider the Daubechies wavelet for N = 3
(see Sect. 12.1). Let n be any integer and Vn be as in Sect. 10.5.2. Let Vn(0, 1) denote
the set of all elements of Vn restricted to (0, 1). In Theorem 12.19, every function in
H 1(0, 1) can be approximated very closely by an element in Vn(0, 1) for sufficiently
large n; hence

∪nVn(0, 1) = H 1(0, 1) (13.15)

Therefore, the family of subspaces Vn(0, 1) of H 1(0, 1) is very appropriate for
Galerkin solution of the Neumann problems (13.9) and (13.10) formulated as given
in (13.11)–(13.12). The Galerkin formulation of this problem: For any integer n, find
un ∈ Vn(0, 1) such that

a(un, v) = L(v) f or all v ∈ Vn(0, 1) (13.16)

Since (0, 1) is bounded, Vn(0, 1) is finite-dimensional and is a closed subspace of
H 1(0, 1). This implies that (13.15) has a unique solution. In view of Corollary 8.1
and (13.14)

lim
n→∞ ||un − u|| = 0 in H 1(0, 1) (13.17)

For any integer n, the solution un of approximate problem (13.16) can be represented
as

un =
p∑

k=1

un,kϕn,k−2N+1 (13.18)

where p = 2n + 2N − 2 and u1, u2, . . . , u p ∈ R, where functions are considered to
be restricted to (0, 1).

This yields the following system of linear equations in p unknowns:

p∑

k=1

a(ϕn,k−2N+1, ϕn, j−2N+1)un,k = L(ϕn, j−2N+1) (13.19)

for every j = 1, 2, . . . , p. This can be written in matrix form as

AU = F (13.20)

where

A = ai, j , ai, j = a(ϕn, j−2N+1, ϕn,i−2N+1) (13.21)

F = ( fi ), fi = L(ϕn,i−2N+1)
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and

U = (un,i ) (13.22)

In the case where the bilinear form a (·, ·) defined by (13.11) is elliptic on H1
(0, 1), the above matrix A is positive, implying the existence of a unique solution of
(13.19). If the bilinear form a(·, ·) is symmetric, then (13.19) can be solved by the
conjugate gradient method.

Remark 13.1 The evaluation of ai, j and fi given by (13.20) and (13.21), which are
required to compute the solution of the matrix equation (13.19), can be performed
using well-known numerical quadrature methods.

13.2.3 Miscellaneous Examples

Example 13.3 (Parabolic Problems) We discuss in this example problems of the
type

∂u

∂t
+ Au + B(u) = 0 (13.23)

u(·, 0) = u0(·) (13.24)

where A is an elliptic operator and B is a possibly nonlinear function of u or a first
derivative of u.

Special cases are the heat equation, the viscous Burgers equation, and the
Korteweg-de-Vries equation.

Heat Equation

∂u

∂t
= ∂2u

∂x2
+ f for t > 0 and x ∈ (0, 1) (13.25)

u(0, t) = u(1, t),
∂u

∂x
(0, t) = ∂u

∂x
(1, t) (13.26)

u(x, 0) = u0(x) (13.27)

Viscous Burgers Equation For v > 0
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∂u

∂t
(x, t) = v

∂2v

∂x2
+ u(x, t)

∂u

∂x
(x, t)

for t > 0 and 0 < x < 1 (13.28)

u(x, 0) = u0(x) (13.29)

Reaction diffusion equation : ∂u

∂t
= u

∂2v

∂x2
+ u p

p > 0, v > 0 (13.30)

with appropriate boundary conditions.

Korteweg-de Vries Equation

∂u

∂t
+ αu

∂u

∂x
+ β

∂3u

∂x3
= 0 (13.31)

with appropriate boundary conditions.
We consider here the solution of (13.24)–(13.26). Let f (t) and u(t) denote, respec-

tively, the functions x → f (x, t) and x → u(x, t). It is assumed that, for almost
every t > 0, f (t) ∈ V 
 (dual of V = H1(R)) and u(t) ∈ V . A variational formula-
tion is obtained by multiplying Eq. (13.24) by v ∈ H 1

0 (0, 1) and integrating by parts
with respect to x . This yields

(
∂u

∂x
, v

)
+

1∫

0

∂u

∂t

∂v

∂x
dx = ( f, v), for every v ∈ H 1

0 (0, 1) (13.32)

Here, (·, ·) denotes the duality pairing between V 
 and V which reduces to the inner
product 〈·, ·〉 of L2 when both arguments are in L2. It may be observed that outside
[0, 1], the functions v ∈ H 1

0 (0, 1) are defined by periodicity with period 1.
Let N ≥ 3, n ≥ 1, and Vn = Hn(0, 1) be the subspace of V = H1(0, 1).

Approximate problem of (13.24)–(13.26): Find un(t) satisfying for almost every
t > 0

1∫

0

∂un
∂t

(t)vdx +
1∫

0

∂un
∂t

(t)
∂v

∂x
dx =

1∫

0

fn(t)vdx

f or all v ∈ Vn (13.33)

un(0) = u0,n (13.34)

where u0,n is the L2 projection Pn(u0) of the initial data u0 on Vn and where fn(t) =
P

n ( f (t)) is the projection of f (t) on V 


n identified with Vn in the sense of Definition
2.6; indeed fn(t) is the unique element of Vn satisfying
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1∫

0

fn(t)vdt = 〈 f (t), v〉 f or all v ∈ Vn (13.35)

The problem described by (13.31) and (13.33) is equivalent to a system of first-order
ordinary differential equations obtained by substituting v in (13.31) with elements of
a basis in Hn(0, 1). The system is equivalent to the following initial value problem
in Hn(0, 1).

∂un
∂t

+ Anun = fn f or t > 0 (13.36)

un(0) = u0,n (13.37)

where An = P

n APn is the approximation of A = − ∂2

∂x2 .
The problem (13.34)–(13.35) has the following closed-form solution:

un(t) = e(−t An)u0,n +
1∫

0

e−An(t−s) fn(s)ds (13.38)

Conventional numerical schemes are now obtained by expanding the evolution op-
erator e−An(t−s). For example, the Taylor expansion for un(t + Δt) by the following
quadratic polynomial in Δt gives us

un(t + Δt) � un(t) + Δ[ fn(t) − Anun(t)]
+ 0.5Δt2[∂ fn(t)/∂t − An( fn(t) − Anun(t))] (13.39)

Any such approximation ε to e−Δt An provides

u(nΔt) � un = εnuo +
n∑

i=1

εn−i f (13.40)

as a discrete counter part of (13.36).
[u = uk(t) � u(k2− j , t))2

j−1

k=0 , f = { fk(t)}2 j−1

k=0 , fk(t) = f (k2− j , t)]. The sim-

plest examples are ε = (
I − Δt

2 An
)−1 (

I + Δt
2 An

)
, and they correspond to theCrank-

Nicholson scheme. Suppose we are interested in long-time solutions of the heat
equation. This requires high powers of ε. In particular, the powers ε2

�

can be obtained

by repeated squaring. Setting Sm = ε2m,Cm =
2m−1∑
i=1

εi f , and noting that
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2m−1∑

i=1

εi = I + ε + ε2(I + ε) + ε4(I + ε + ε2 + ε3) + · · ·

+ ε2m−1(I + ε + · · · + 2m−1 − 1) (13.41)

the following algorithm approximates the solution at time t = 2mΔt after m steps.

Algorithm 13.1 Set S0 = ε, C0 = f . For i = 1, 2, . . . ,m:

Si = S2i−1

Ci = (I + Si−1)Ci−1

Then u(2m ) = Smu(0) +Cm is an approximate solution of (13.37) and (13.38) at times
2mΔt .

Transform Algorithm 13.1 in such a way that the Si become sparse (within some
tolerance). For this we exploit the fact that wavelet representations of Caldéron-
Zygmund operator T defined below (and their powers) are nearly sparse:

〈T f, g〉 =
∫

R

∫

R

K (x, y) f (y)g(x)dydx

where T is continuous on L2(R) and

|K (x, y)| ≤ C

|x − y| , x �= y, C > 0

|K (x, y) − K (x ′, y)| + |K (y, x) − K (y, x ′)| ≤ C
|x − x ′|δ
|x − y|1+δ

, (13.42)

δ > 0

|x − x ′| ≤ |x − y|/2 and f and g have disjoint compact support.

Example 13.4 (Integral Operators and Wavelets) Let T be defined by

T f (x) =
1∫

0

(1 − x)y f (y)dy +
1∫

x

(1 − y)x f (y)dy

=
1∫

0

K (x, y) f (y)dy

where

K (x, y) = (1 − x)y i f 0 < y ≤ x

= (1 − y)x i f x < y ≤ 1
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The wavelet coefficients

m j,k, j ′,k ′ =
1∫

0

1∫

0

K (x, y)ψ j,k(x)ψ j ′,k ′(y)dxdy

are zero if ψ j,k and ψ j ′,k ′ have disjoint supports, provided that ψ j,k or ψ j ′,k ′ is
orthogonal to polynomials of degree 1. For j ≥ j ′, k ≥ k ′, and ψ j,k belonging to
Lip α which is orthogonal to polynomials of degree n + 2 with n ≥ α − 1, we get

|m j,k, j ′,k ′ | =
∣∣∣∣∣∣

1∫

0

Tψ j,k(x)ψ j ′,k ′(x)dx

∣∣∣∣∣∣
≤ ||Tψ j,k(x)||L1 inf

g∈Pn
||ψ j ′,k ′ − g||L∞(suppTψ j,k )

where Pn is the space of polynomials of degree less than or equal to n, or |m j,k, j ′,k ′ | ≤
2−(α+5/2)| j− j ′ |2−2( j+ j ′).

Example 13.5 (Hilbert Transform andWavelets) TheHilbert transform of a function
f (x), denoted by H f (x), is defined as

H f (x) = lim
ε→0

1

π

∫

|x−t |≥ε

f (t)

x − t
dt = lim

ε→0

1

π

∫

|t |≥ε

f (x − t)

t
dt

provided that the limit exists in some sense. It is often written as

H f (x) = 1

π
p.v.

∫

R

f (t)

x − t
dt

where p.v. means principal value; that is,

p.v.
∫

R

f (x)dx = lim
ε→0

∫

R\(−ε,ε)

f (x)dx

Let H( j,k),(�,m) = 〈Hψ�,m, ψ j,k〉; see Definition 12.6 for ψ j,k(x). We show by using
the Haar wavelet that H( j,k),(�,m) exhibit a decay with increasing distance of scales.

Let ψ be Haar wavelet and

〈ϕ0,0, ψ j,k〉 =
2∫

0

ψ j,k(x)dx = 0, k = 0, . . . , 2 j − 1, j ≥ 0
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Suppose now that 2−�(m + 1) < 2− j k, and � > j , i.e., the support of ψ�,m and ψ j,k

is disjoint. Then, by the above relation and Taylor’s expansion around y = 2−�m,
one obtains

π |H( j,k),(�,m)| =

∣∣∣∣∣∣∣

2− j (k+1)∫

2− j k

⎧
⎪⎨

⎪⎩

2−�(k+1)∫

2−�m

(
1

x − y
− 1

x − 2�m

)
ψ�,m(y)dy

⎫
⎪⎬

⎪⎭
ψ( j,k)(x)dx

∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣

2−�(m+1)∫

2−�m

⎧
⎪⎨

⎪⎩

2− j (k+1)∫

2− j k

y − 2�m

(x − y�,m)2
ψ( j,k)dx

⎫
⎪⎬

⎪⎭
ψ�,m(y)dy

∣∣∣∣∣∣∣

for some y�,m in the support [2−�m, 2−�(m + 1)] of ψ�,m . Repeating the same argu-
ment, one can subtract a constant in x which yields

π |H( j,k),(�,m)| =

∣∣∣∣∣∣∣

2−�(m+1)∫

2−�m

⎧
⎪⎨

⎪⎩

2− j (k+1)∫

2− j k

(
y − 2�m

(x − y�,m )2
− y − 2�m

(2− j k − y�,m )2

)
ψ j,k (x)dx

⎫
⎪⎬

⎪⎭
ψ�,m (y)dy

∣∣∣∣∣∣∣

On account of Taylor’s expansion around x = 2− j k, the factor in front of ψ j,k(x)
can be written as −2(y − 2−�m)(x − 2− j k)/(x j,k − y�,m)3, where x j,k is some point
in the support [2− j k, 2− j (k + 1)] of the wavelet ψ j,k . Noting that

∫

R

|ψ( j,k)(x)|dx ≤ 2− j/2

a straightforward estimate provides

π |H( j,k),(�,m)| ≤ 2−(n+ j)3/2 |2− j − 2−�m|−3

= 2−| j−�|3/2

|k − 2 j−�m|3 . (13.43)

13.2.4 Error Estimation Using Wavelet Basis

In this section, we prove results concerning the elliptic equation with Neumann
boundary condition which indicate that order of approximation is improved if Coif-
man or Daubechies wavelets are used as basis functions. Consider the elliptic equa-
tion

− Δu + u = f, in Ω ⊂ R2 (13.44)

with the Neumann boundary condition



13.2 Wavelet Methods in Partial Differential and Integral Equations 477

∂u

∂n
= g, on ∂Ω (13.45)

where n is the unit outward normal vector of ∂Ω . If u is a solution of (13.42) and
(13.43) and if h is a test function in H 1(Ω), then multiplying (13.42) by h and
integration by parts over Omega, one has from (13.43) that

∫

Ω

∇u∇hdxdy +
∫

Ω

uhdxdy =
∫

Ω

f hdxdy +
∫

Ω

ghds (13.46)

Solving (13.42) and (13.43) is equivalent to finding u ∈ H 1(Ω) so that (13.46) is
satisfied for all h ∈ H 1(Ω). Let u j be a solution (13.44) where u j ∈ Uj ⊂ H 1(Ω)

and (13.46) is satisfied for all h ∈ Uj . Let N ≥ 2 be the degree of the Coifman
wavelet.

Theorem 13.1 Let u be a solution to (13.42) and (13.43), then

||u − u j ||H 1() ≤ λ2− j (N−1)

where λ depends on the diameter of Ω , on N, and on the maximum modulus of the
first and second derivatives of u.

Proof We first show that if v ∈ Uj , then

||u − u j ||H 1(Ω) ≤ ||u − v||H 1(Ω) (13.47)

To prove this, let v ∈ Uj , w = u j − v. Then, since u and u j both satisfy (13.44) for
h ∈ Uj and w ∈ Uj

∫

Ω

(∇u − ∇u j ) · ∇wdxdy +
∫

Ω

(u − u j )wdxdy = 0 (13.48)

Therefore, by (13.44) and the Cauchy–Schwartz–Bunyakowski inequality
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||u − u j ||2H 1(Ω) =
∫

Ω

|∇u − ∇u j |2dxdy +
∫

Ω

(u − u j )2dxdy

=
∫

Ω

(∇u − ∇u j ) · (∇u − ∇v − ∇w)dxdy

+
∫

Ω

(u − u j )(u − v − w)dxdy

=
∫

Ω

(∇u − ∇u j ) · (∇u − ∇v)dxdy

+
∫

Ω

(u − u j )(u − v)dxdy (13.49)

or

||u − u j ||2H 1(Ω) ≤ ||u − u j ||H 1(Ω)||u − v||H 1(Ω) (13.50)

If u = u j , (13.47) is evident; otherwise (13.48) implies (13.45). Suppose now that
v = Sj (u) is an approximation of u given by Theorem 12.20, then Sj (u) ∈ Uj . The
proof follows from the following two-dimensional analogue of Theorem 12.20. “Let
f ∈ C2(Ω), where Ω is open and bounded in R2. If

Sj ( f )(x) =
∑

p,q∈Ω

f (p, q)ϕ j,p(x)ϕ j,p(y), (x, y) ∈ Ω

then

|| f − Sj ( f )||L2(Ω) ≤ λ2− j N

and, more generally

|| f − Sj ( f )||H 1(Ω) ≤ λ2− j (N−1)

for some constant λ”.

Corollary 13.1 Let u be a solution to (13.42) and (13.43), and let u j be the wavelet
Galerkin solution to the following equation:

∫

Ω

∇u∇hdxdy +
∫

Ω

udxdy =
∫

Ω

f j hdxdy +
∫

Ω

g jhds (13.51)

where f j and g j are, respectively, wavelet approximation for f and g of order j .
Then
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||u − u j ||H 1(Ω) ≤ λ2− j (N−1) (13.52)

where λ depends on the diameter of Ω , on N, and on the maximum modulus of the
first derivatives of u.

Proof From (13.44) and (13.45), we obtain

∫

Ω

(∇u − ∇u j ) · ∇wdxdy +
∫

Ω

(u − u j )wdxdy

=
∫

Ω

( f − f j )wdxdy +
∫

Ω

(g − g j )wds

Therefore, similar to the derivation of (13.48), we have

||u − u j ||2H 1(Ω) ≤ ||u − u j ||H 1(Ω)||u − v||H 1(Ω)

+
∫

Ω

|( f − f j )(u j − v)|dxdy

+
∫

Ω

|(g − g j )(u j − v)|ds (13.53)

Since
∫

Ω

| f |ds ≤ λ|| f ||H 1(Ω) (13.54)

where ∂Ω is Lipschitz continuous and λ depends only on the dimension of the
underlying space and Ω . From (13.50), (13.51), putting estimates of f − f j and
g − g j from the two-dimensional analogue of Theorem 12.20 mentioned above,
replacing v by ũ j , and applying the Cauchy–Schwartz–Bunyakowski inequality, we
get (13.51).

Itmay be observed that Theorem13.1 holds true formany otherwavelets including
Daubechies wavelet.

13.3 Introduction to Signal and Image Processing

Signals are functions of one variable while functions of two variables represent
images. These concepts are essential concepts in information technology. Tools of
functional analysis and wavelet methods are quite helpful to prove interesting results
in fields of signal analysis and image processing. There exists a vast literature but we
present here applications of frame wavelets and orthonormal wavelets to denoising
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(removal of unwanted element from the signal). Section13.5 is devoted to represen-
tation of signals by frames while we discuss denoising in Sect. 13.6. One treats the
image compression problem as one of approximating f by another function f̃ ( f̃
represents compressed image). The goal of a compression algorithm (procedure or
method), an important ingredient of image processing, is to represent certain classes
of pictures with less information than was used to represent original pictures. For a
lossless algorithm, the original and compressed imageswill be the same, and the error
between them will be zero. Very often algorithms, where original and compressed
images are different, are studied. This kind of algorithms are of vital importance for
minimizing storing space in a computer disk or diskettes or minimizing transmission
time from one source to the other by sacrificing a bit of the quality of the image
obtained after decompression of the compressed image. In mathematical language,
it means that algorithms are related to:

A. In what metric or norm the error || f − f̃ || be measured?
B. How should one measure the efficiency of algorithms?
C. For which pictures does an algorithm give good results?
D. Is there an optimal level of compression that cannot be exceeded within a given

class of compression algorithms and pictures?
E. What are near-optimal algorithms?

L p norm, 0 < p < ∞, and Besov norm have been used to study these problems.
Usually f̃ is represented by a wavelet series (12.20) or its truncated version or series
associated with scaling function ϕ, namely

∑∑
c j,kϕ j,k(x) [see Eq. (12.26) for c j,k]

or its partial sum of certain order.
Theorem 12.7, Decomposition and Reconstruction Algorithms of Mallat

[Sect. 10.3], Theorems 12.10, 12.19, 12.20, Corollary 12.2, and Theorem 12.22 are
important results in the area of image compression. In Sect. 12.5, Besov space and
linear and nonlinear image compression are introduced. Readers interested in indepth
study of this field are referred to [2, 20, 30, 34, 126, 128, 149, 197] and references
therein.

13.4 Representation of Signals by Frames

13.4.1 Functional Analytic Formulation

Wediscuss here representation of signals on aHilbert space H and L2(R) in particular
in the context of frames (orthonormal wavelets are special type of frames).

Let T : H → �2 be an operator defined by

T f = 〈 f,wn〉 (13.55)

where {wn} is a frame in H . T is called the frame representation or frame discretiza-
tion operator. T 
 : �2 → H defined by
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T 
a =
∑

anwn (13.56)

where {an} ∈ �2 is the adjoint of T .
Let an operator S associated with the frame wn be defined on H as

S f =
∑

n

〈 f,wn〉wn (13.57)

It can be easily checked that

S f =
∑

n

〈 f,wn〉wn = T 
T f

or

S = T 
T (13.58)

S is called the frame operator. It may be called a generalized frame operator to avoid
confusion with Definition 12.4.

Definition 13.1 Let {wn} be a frame for a Hilbert space H with frame representation
operator T . The frame correlation operator is defined as R = T T 
.

Remark 13.2 1. The frame representation operator T is injective (one-to-one).
2. T (H) is closed.
3. T 
 is surjective (onto).

Definition 13.2 Let R−1 be the inverse of R, then

Rt = R−1PT (H) (13.59)

where PT (H) denotes the orthogonal projection operator on to the range of T , namely
T (H), is called a pseudo-inverse of frame correlation R.

Remark 13.3 (i) The frame correlation has matrix representation

R = (Rm,n) = (〈wm,wn〉) (13.60)

(ii) R maps T (H) bijectively to itself. This implies that R−1 exists.
(iii) R = PT (H)R = RPT (H).
(iv) R is self-adjoint.
(v) R ≥ 0.
(vi) If A and B are frame bounds (Definition 12.3), then

(a) A = ||Rt ||−1.
(b) B = ||R||.
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Remark 13.4 It can be verified that

RtR = RRt = PT (H) (13.61)

13.4.2 Iterative Reconstruction

Let f be an arbitrary element of a Hilbert space H and let {wn} be a frame for H with
frame bounds A and B, frame representation T , and frame correlation R.We describe
here an iterative method for the recovery of a signal f from its frame representation
T f . The iterative method generates a sequence {cn} in T (H) that converges to a
c ∈ T (H) such that f = T 
c. Moreover, the sequence converges at an exponential
rate.

Algorithm 13.2 (Frame Algorithm)
Let c0 = T f . Set d0 = 0. For λ = 2/(A + B) define dn and gn as

dn+1 = dn + (I − λR)nc0
gn = λT 
cn

Then

A. lim gn = f , and
B. ||gn − f ||/|| f || < B/A · αn , where α = ||I − λR||T (H) < 1.

The following lemma is required in the proof of (a) and (b).

Lemma 13.1 For λ = 2/(A + B), the following relations hold

A. f =
∞∑
j=0

(I − λS) j (λS) f

B. ||I − λR||T (H) = sup
c∈T (H)

|〈(I−λR)c,c〉|
〈c,c〉 ≤ max{|1 − λA|, |1 − λA|, |1 − λB|} < 1

C. f = λ
∞∑
j=0

T 
(I − λR) j T f , where T 
c = ∑
k
cnwn for c = {cn}.

Proof A. Since
∥∥I − 2

A+B S
∥∥ ≤ B−A

A+B < 1, so that by the Neumann expansion

S−1 = 2

A + B

∞∑

j=0

(
I − 2

A + B
S

) j

, (See T heorem 2.11) (13.62)

where I is the identity operator. By applying this to S f , we get the desired result.
B. It can be verified that

1 − λB ≤ 〈(I − λR)c, c〉
〈c, c〉 ≤ 1 − λA
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Since I − λR is self-adjoint and |1 − λA| = |1 − λB| = B−A
A+B < 1, we get the

desired result keeping in mind Theorem 2.6.
C. Since 〈Tg, c〉 = 〈g, T 
c〉 and

〈Tg, c〉 =
∑

c̄〈g,wn〉
= 〈g,

∑
cnwn〉

Because of (i) and relation (13.58), it is sufficient to prove

λ

∞∑

j=0

T 
(I − λR) j T f =
∞∑

j=0

(I − λT 
T ) j (λT 
T ) f (13.63)

This is proved by the principle of induction. It is true for j = 0 as terms on both
sides are the same.
Let it be true for j = m; i.e.,

λT 
(I − λR)mT f = (I − λT 
T )m(λT 
T ) f (13.64)

Then, applying (13.63), we obtain

λT 
(I − λR)m+1T f = λT 
(I − λR)mT f − λT 
(I − λR)mλRT f

= λ(I − λT 
T ) j (I − λT 
T )T 
T f

= λ(I − λT 
T )m+1T 
T f

Thus, (13.63) is true for m + 1. Hence, (13.62) is true.

Proof (Proof of Algorithm 13.1)

A. By induction argument, we have

gn+1 = λT 


⎛

⎝
n∑

j=0

(I − λR) j

⎞

⎠ c0, f or all n

Lemma 13.1 (iii) implies that

lim
n→∞ gn = f

B. We can write
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||gn − f || = ||(gn+1 − gn) + (gn+2 − gn+1) + (gn+3 − gn+2) + ...||
≤

∑

k≥n

||gk+1 − gk ||

=
∑

k≥n

||λT 
(I − λR)kT f ||

≤
∑

k≥n

λ||T 
|| ||(I − λR)k ||T (H)||T || || f ||

≤ λB

(
∑

k≥n

αk

)
|| f ||

=
(

αn

1 − α

)
λB|| f ||

≤ B

A
αn|| f ||, by Lemma 13.1(ii) and using (13.65)

relationships between frame bounds, ||T ||, ||T 
||, and || f ||.

13.5 Noise Removal from Signals

13.5.1 Introduction

An unwanted element of a signal is known as noise, for example, cock-pit noise in
an aircraft or thermal noise in a weak radio transmission. The noise of a signal is
noncoherent part. In audio signals, noise can be readily identified with incoherent
hissing sound. The main goal of this section is to discuss functional analytic methods
for the suppression of noise. For comprehensive account, we refer to Teolis [184].

With respect to frameorwavelet representations of analog signals, there are certain
domains in which noise may perturb a signal, namely the (analog) signal domain and
the (discrete) coefficient domain. Let these two domains be specified as a Hilbert
space H ⊆ L2(R), and the signal domain’s image under T ; that is, T (H) ⊆ �2,
where T is the frame representation operator for the frame wn .

A signal is said to be coherent with respect to a set of functions if its inner product
representation with respect to that set is succinctive in the sense that relatively few
coefficients in the representation domain have large magnitudes (see Definition 13.4)
and Remark 13.5 (iii). In the contrary case, the signal will be called incoherent.

Let f 
 ∈ H be coherent with respect to the frame {wn} and let f be a noise
corrupted version of f 
; that is,

f = f 
 + σ · u (13.66)

where u is noncoherent with respect to wn and σ is known as noise level.
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Definition 13.3 (Threshold Operator) Let {wn} be a frame for H and let a
 ∈ �2
and δ, called threshold, > 0. A threshold operator Fδ = Fδ,α
 is defined on T (H)

into �2 by

(Fδa)n = an, |a

n| ≥ δ

= 0, otherwise (13.67)

where T is the frame representation operator of {wn}.
It may be observed that a threshold element of T (H) is in general not in T (H).

It can be verified that Fδ is a linear continuous operator and ||Fδ|| = 1. Often, the
threshold operator Fδ , a for a ∈ T (H), is written as Fδ, f , where a is given by the
unique coefficient sequence satisfying f = T 
a.

Definition 13.4 Let {wn} be a frame for the Hilbert space H with the frame repre-
sentation operator T . Let f 
 ∈ H be a fixed element. Coherence functional, denoted
by Cohδ , is a mapping which maps f ∈ H to

||Fδ, f
T f ||2
||T f ||2 ∈ [0,∞)

The coherence distribution, denoted by Cohδ f
 is a function of δ given by

Cohδ f
 = ||Fδ, f
T f ||2
||T f ||2

Remark 13.5 A. As a function δ, the coherence distribution describes how the en-
ergy in a δ-truncated representation decays.

B. A reconstruction procedure that starts from the truncated sequence Fδ, f
T f 


gives

fδ = T 
Rt Fδ, f
T f (13.68)

The operator T 
Rt Fδ, f
 is used to recover coherent portion (pure signal) and
suppress the incoherent portion (noise) (see Algorithm 13.2).

C. Thresholding of the discrete representation of Tψ f , where Tψ is the frame rep-
resentation operator for wavelet frame may be identified with suppression of
noise. Let

(T f )n,m = 〈 f, ψn,m〉 = 〈 f 
, ψn,m〉 + σ · 〈u, ψn,m〉 (13.69)

where ψn,m is associated with ψ as in Eq. (10.2.18).
By the property of coherence, 〈 f
, ψn,m〉 must be large and 〈u, ψn,m〉 must be small.
Thus, for an appropriate choice of δ, the contribution of noise will be nullified while
the pure signal will be preserved. The iterative Algorithm 13.2 is the technique for
the removal or suppression of noise.
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Threshold
Fδ

Wavelet
representation

Reconstruction fδ

u

f

f*

Mask M

Fig. 13.1 Noise suppression processing model

13.5.2 Model and Algorithm

Figure13.1presentsessentialingredientsoftheNoisesSuppressionProcessingModel.
Step 1: (Pure signal f 
). A pure signal, f 
 ∈ H is input into themodel.
Step 2: (Noise u). Noise u is mixed with f 
 and represents an incoherent disturbance
with respect to wavelet system {ψn,m}.
Step 3: (Wavelet Representation Tψ ). The observed polluted signal f is transformed
to the wavelet domain to yield the wavelet coefficients 〈 f, ψn,m〉 = (Tψ f )m,n or
dn,m .
Step 4: (Threshold Operator Fδ). Thresholding is performed so as to eliminate coef-
ficients of small magnitude and to preserve coefficients having large magnitudes. In
this case, we choose a
 = a in Definition 13.3 to get

(Fδa)m,n = am,n, |am,n > δ|
= 0, otherwise

where a ∈ T (H) ⊆ �2.
Step 5: (Masking Operator M). Mask operator M is defined by

(Ma)m,n = am,n, i f (m, n) ∈ Q

= 0, otherwise

where Q ⊆ N × N is fixed but arbitrary.
It is clear that the concept of mask operator is more general than that of threshold

operator.
Step 6: (Reconstruction T 


ψ Rt
ψ ). Threshold coefficients are used to construct a noise

removal version via an appropriate reconstruction algorithm (Algorithm 13.2).

Remark 13.6 1. For all δ ≥ 0, 0 ≤ Cohδ f ≤ 1 (boundedness)
2. δ1 < δ2 implies Cohδ1 f ≥ Cohδ2 f (Monotonicity decreasing)
3. (a) lim

δ→0
Cohδ f = 1 (Closed range)

(b) lim
δ→||T f ||∞

Cohδ f = 0
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(c) Cohδ(α f ) = Coh(δ|α|−1) f (Scaling) for all scalar α (real or complex).

Theorem 13.2 For a signal f 
 ∈ H, let {wn} be a frame for H with representation
operator T , frame correlation R, and frame bounds A and B. Then for all δ ≥ 0

|| f
 − fδ||2
|| f
||2 ≤ B

A
[1 − Cohδ f
]

where fδ = T 
Rt Fδ, f 
T f 
 and Cohδ f 
 is the coherence distribution for the frame
{wn}.
Proof By (13.61)

T fδ = T T 
Rt Fδ, f 
T f 
 = PT (H)Fδ, f
T f


Since T is a frame representation for all g ∈ H

A||g||2 ≤ ||Tg||2 ≤ B||g||2

In particular, choosing g = fδ − fδ yields

A|| f
 − fδ||2 ≤ ||T ( f
 − fδ)||2
= ||T f
 − T fδ||2
= ||T f
 − PT (H)Fδ, f
T f
||2
= ||PT (H)(I − Fδ, f
 )T f
||2
≤ ||PT (H)|| · ||(I − Fδ, f
 )T f
||2
= ||(I − Fδ, f
 )T f
||2
= [1 − Cohδ f
]||T f
||2
≤ [1 − Cohδ f
]B|| f
||2

This gives the desired result.
It may be observed that while making above calculation, we have used linearity

of T at ( f
 − fδ), T f
 = PT (H)T f
 and ||PT (H)|| = 1 and properties of norm, frame
bounds, and coherence distribution (||(I − Fδ, f
 )T f
|| ≤ [1 − Cohδ f
]||T f
||).
Corollary 13.2 If the frame {wn} in Theorem 11.5.1 is orthonormal wavelet, then

|| f
 − fδ||2
|| f
||2 = 1 − Cohδ f


Proof In this case, A = B, T (H) = �2, || f
− fδ||2 = ||T ( f
− fδ)||2, and PT (H) = I ,
and so we have the result.

Now, we modify Algorithm 13.1 so as to raise the problem of initialization with
a coefficient sequence outside the range T (H). We may recall that Algorithm 13.1
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deals with the reconstruction of a signal from its frame representation. However, this
does not converge for arbitrary initial data. We now present the modified algorithm.

Algorithm 13.3 Let {wn} be a frame for a Hilbert space H with frame representa-
tion T , correlation R, and bounds A and B. Suppose c̃ ∈ �2 is the polluted frame
representation of a signal f ∈ H . Set c0 = Rc̃ and d0 = 0. If λ = √

2/(A+ B) and
dn and gn are defined as

dn+1 = dn + (I − (λ(R)2)nc0
gn = λ2T 
dn

then

A. lim
n→∞ gn = ft = T 
Rt c̃, and

B. || fn − gn|| < Mαn , where M < ∞ and α = ||I − (λR)2|| < 1. We need the
following lemma in the proof of Algorithm 13.2.

Lemma 13.2 Let λ = √
2/(A + B), then Rt = lim

n→∞ λ2
∞∑
k=0

(I − (λ(R)2)k R.

Proof Choose V = λR and H1 = H2 = T (H) in Solved Example 3.5. Then

||V || = λ||R|| = √
2/(A + B)B <

√
2

and

inf−1
||λRc|| > 0

since by Remark 13.3(ii), R is 1 − 1 on T (H) and ||c|| = 1. By virtue of Solved
Example 3.5, we get

||I − (λR)2||T (H) < 1

which, in turn, implies that the series λ2
∞∑
k=0

(I −(λ(R)2)k converges to R−2 on T (H).

With c̃ an arbitrary element from �2 and c0 = Rc̃

λ2
∞∑

k=0

(I − (λR)2)kc0

converges to (R−2)Rc̃ as c0 ∈ T (H). Thus

λ2
∞∑

k=0

(I − (λR)2)k R
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is the pseudo-inverse Rt of R.

Proof (Proof of Algorithm 13.2) As in the proof of Algorithm13.1, the principle of
induction is used to show that for all n

gn+1 = λ2T 


∞∑

j=0

(
(I − (λR)2) j

)
c0

This implies that

lim
n→∞ fn = T 
Rt c̃

We have

||gn+1 − gn|| = ||λT 
(I − (λR)2)nc̃||
≤ λ2||T 
||(||(I − (λR)2)||)n||Rc̃||)
< M ′αn

where M ′ = λ2B3/2||c̃|| < ∞ since c̃ ∈ �2. Therefore

|| ft − gn|| ≤
∑

k≥n

M ′αk = M ′ αn

1 − α
Mαn.

13.6 Wavelet Methods for Image Processing

Function spaces, specially a generalization of Sobolev space known as Besov space,
are quite appropriate for studying image processing; see [35].

13.6.1 Besov Space

We introduce here the notion of Besov space and equivalence of the Besov norm
with a norm defined by wavelet coefficients. For any h ∈ R2, we define

Δ0
h f (x) = f (x)

Δ1
h f (x) = Δ(Δ0

h) f (x) = f (x − h) − f (x)

Δ2
h f (x) = Δ(Δ1

h) f (x) = f (x − 2h) − 2 f (x + h) + f (x)

...........................................................................

...........................................................................

Δk+1
h f (x) = Δk

h f (x + h) − Δk
h f (x), k = 1, 2, 3 . . .
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Now, we define the r th modulus of continuity in L p as

wr ( f, t)p = sup
|h|≤t

⎛

⎝
∫

Irh

|Δr
h f (x)|pdx

⎞

⎠
1/p

(13.70)

where Irh = {x ∈ I/x + rh ∈ I, I = [0, 1] × [0, 1]}, 0 ≤ p ≤ ∞; with usual
change to an essential supremum when p = ∞.

Given α > 0, 0 < p ≤ ∞, 0 < q ≤ ∞, choose r ∈ Z with q > α ≥ r − 1.
Then the space Bα,r

q (L p(I )), called Besov space, consists of those functions f for
which the norm || f ||Bα,r

q (L p(I )) defined by

|| f ||Bα,r
q (L p(I )) = || f ||L p(I ) +

⎛

⎝
∞∫

0

[t−αwr ( f, t)p]q dt
t

⎞

⎠
1/q

< ∞,

when q < ∞ (13.71)

and

|| f ||Bα,r∞ (L p(I )) = || f ||L p(I ) + sup
t>0

[t−αwr ( f, t)p] is f ini te when q = ∞

Remark 13.7 A. If 0 < p < 1 or 0 < q < 1, then, || · ||Bα,r
q (L p(I )) does not

satisfy the triangle inequality. However, there exists a constant C such that for
all f, g ∈Bα,r

q (L p(I ))

|| f + g||Bα,r
q (L p(I )) ≤ C

(|| f ||Bα,r
q (L p(I )) + ||g||Bα,r

q (L p(I ))

)
(13.72)

B. Since, for any r > α, r ′ > r ,|| f ||Bα,r
q (L p(I )) and || f ||Bα,r ′

q (L p(I ))
are equivalent

norms, we define the Besov space Bα
q (L p(I )) to be Bα,r

q (L p(I )) for any r > α.
C. For p = q = 2, Bα

2 (L2(Ω)) is the Sobolev space Hα(L2(Ω)).
D. For α < 1, 1 ≤ p < ∞, and q = ∞, Bα

p (Ω) is Lip(α, L p(Ω)) = { f ∈
L p(I )/|| f (x + h) − f (x)||Lp ≤ khα, k > 0 constant}.

E. || f ||Bα
2 (L2(I )) is equivalent to the norm

⎛

⎝
∑

k

∑

j

2αk |d j,k |q
⎞

⎠
1/q

F. || f ||Bα
q (L p(I )) is equivalent to the norm

⎛

⎝
∑

k

∑

j

|d j,k |q
⎞

⎠
1/q
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where 1
q = α

2 + 1
2 .

13.6.2 Linear and Nonlinear Image Compression

We discuss here wavelet-based image compression of observed pixel values. In digi-
tized image, the pixel values (observations) are sampleswhich depend on themeasur-
ing device of an intensity field F(x) for x in I = [0, 1]× [0, 1]. In the simplest case,
the pixel samples are modeled by averages of the intensity function F over small
squares. In this case, one may choose a wavelet, say the Haar wavelet on the square.
We assume that 22m pixel values p j are indexed by j = ( j1, j2), 0 ≤ j1, j2 < 2m

in the usual arrangement of rows and columns, and that each measurement is the
average value of F on the subsquare covered by that pixel. To fix notation, we note
that the jth pixel covers the square I j,m with sidelength 2−m and lower left corner at
the point j/2m . We denote the characteristic function of I by χ = χ I and the L2(I )
normalized characteristic function of I j,m by χ j,m = 2mχ I j,m = 2mχ(2mx − j).

One can write each pixel value as

p j = 22m
∑

χ(2mx − j)F(x)dx

= 2m〈χ j,m, F〉
The normal practice in wavelet-based image processing is to use the observed

pixel values p j to construct the function

fm =
∑

j

p jχ(2mx − j)

= 〈χ j,m, F〉χ j,m

which we call the observed image. Thus, if the wavelet expansion of the intensity
field F is

F =
∑

0≤k

∑

j

d j,kψ j,k

then the wavelet expansion of image f is

fm =
∑

0≤k<m

∑

j

d j,kψ j,k

The important point is that fm is the L2(I ) projection of F onto span{χx, j } =
span{ψ j,k}0≤k<m,n . Moreover, if F is in any function space whose norm is deter-
mined by a sequence norm of Haar wavelet coefficients, then so is fm , and the
sequence space norm of fm is less than the sequence space norm of F . In practice,
we use smoother wavelets than the Haar wavelet.



492 13 Wavelet Method for Partial Differential Equations and Image Processing

Linear Compression

Let ψ be a wavelet and let F be an observed image mentioned above. Let f N =,
that is, we include in the approximation all coefficients dj,k with frequency less than
2N , N ≤ m ( fN is the projection onto Vm). fN is called the wavelet approximation
of F . We have

||F − fN ||2L2(I ) =
∑

f ≥N

∑

j

|d j,k |2

≤
∑

f ≥N

∑

j

22αk

22αN
|d j,k |2

≤ 2−αN
∑

k

∑

j

22αk |d j,k |2

2−N ||F ||2Hα(L2(I )) (By Remark 11.6.1(e))

Therefore

||F − fN ||(L2(I )) ≤ 2−αN ||F ||Hα(L2(I ))

Nonlinear Compression

For nonlinear compression algorithm, we take

fλ =
∑

k<m,|d j,k |≥λ

d j,kψ j,k

Thus, we consider all large coefficients without consideration of frequency but k <

m. If we assume that F ∈ Bα
q (L p(I )),

1
q = α/2 + 1/2, then N , the number of

coefficients greater than λ, satisfies

Nλq ≤
∑

j,k

|d j,k |q = ||F ||qBα
q (L p(I ))

So

N ≤ λ−q ||F ||qBα
q (L p(I ))

(13.73)

and
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|| fλ − fm ||2L2(I ) ≤
∑

|d j,k |<λ

|d j,k |2

≤
∑

|d j,k |<λ

λ2−q |d j,k |q

= λ2α/(α+1)||F ||qBα
q (L p(I ))

(13.74)

as 2 − q = 2α/1 + α.
If N is nonzero, then (13.75) implies that

λ ≤ N−1/q ||F ||qBα
q (L p(I ))

(13.75)

By (13.74) and (13.75), we get

|| fλ − fm ||2L2(I ) ≤ N−α/2||F ||qBα
q (L p(I ))

(13.76)

It may be remarked that the above analysis can be applied to any compression scheme
that satisfies

f̃ =
∑

d̃ j,kψ j,k, d̃ j,k = 〈 f̃ , ψ j,k〉

with

|d j,k − d̃ j,k | ≤ λ and |d j,k | < λ implying d̃ j,k = 0

It may also be noted that a given image, say f , will have greater smoothness in
one of the nonlinear smoothness spaces Bα

q (L p(I )),
1
p = α/2 + 1/2 than in the

Sobolev spaces H(L2(I)); that is, if a given image f is in Hα(L2(I )), then it is also
in Bα

p (L p(I )),
1
p = β/2 + 1/2, for β ≥ α.

13.7 Problems

Problem 13.1 Let Pn denote the orthogonal projection of L2(R) onto a scaling
subspace Vn , then show that

|| f − Pn f ||Hm ≤ K2−n(N−m)

where K is a positive constant, f ∈ Hm(R), for Daubechies wavelet of order N

Problem 13.2 Let Vm be an r -regular MRA and let f ∈ Bα
q (L p(I )). Then prove

that for all n ≥ 0

|| f − Pn f ||Bα
q (L p(I )) ≤ C || f ||Bα

q (L p(I ))2
−nα
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Problem 13.3 Show that f ∈ L p(R) if and only if

⎡

⎣
∑

j,k

|〈 f, ψ j,k〉|2|ψ j,k(x)|2
⎤

⎦
1/2

∈ L p(R)

Problem 13.4 Write down the orthogonal wavelet decomposition of a time series,
xt , for t = 1, . . . , n and apply it to analyze a real-world data

Problem 13.5 Apply the wavelet method for solving the boundary value problem

−(αu′)′ + βu + γ u′ = f

u(0) = c, u(1) = d, where f ∈ H−1(0, 1)

Problem 13.6 Apply the wavelet method for solving the Regularized Burgers
Equation defined with μ > 0 by

∂u

∂t
(x, t) − u(x, t)

∂u

∂x
(x, t) = μ

∂2u

∂x2
(x, t) f or t > 0 and 0 < x < 1

u(x, 0) = u0(x)
∂u

∂t
(0, t) = 0, u(1, t) = 1

Problem 13.7 Show that for f ∈ BV(R), the space of functions of bounded varia-
tion

⎧
⎨

⎩
∑

j

∑

k

|d j,k |p
⎫
⎬

⎭

1/p

≤
(

c

p − 1

)
|| f ||BV

1 ≤ p < ∞, c is a positive constant.

Problem 13.8 Show that the Besov space Bα
2 (L2(R)) is a Hilbert space.

Problem 13.9 Prove that f ∈ Bα
2 (R)) if and only if

∞∫

−∞
| f̂ (ξ)|2(1 + ξ |)2αdξ < ∞

Problem 13.10 Let ψ(x) be a wavelet such that

|ψ(x)| ≤ C(1 + |x |)−K , C > 0 and K > 0

are constants. Show that
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∥∥∥∥∥
∑

k∈Z
d j,kψ j,k

∥∥∥∥∥
∞

≤ 2 j/p

∥∥∥∥∥
∑

k∈Z
d j,kψ j,k

∥∥∥∥∥
p

Problem 13.11 Verify Remark 13.2.

Problem 13.12 Let {wn} be a frame for H with representation T . Show that

|| f || = ||(Rt )1/2T f || f or all f ∈ H

where Rt denote the pseudo-inverse of correlation R.

Problem 13.13 Verify Remark 13.3.

Problem 13.14 Verify Remark 13.6.

Problem 13.15 Let ϕ(x) be defined by

ϕ(x) = 0 x < 0

= 1 0 ≤ x ≤ 1

= 0 x ≥ 1

Draw the graph of the wavelet obtained by taking the convolution of the Haar wavelet
with ϕ(x).

Problem 13.16 Prove that {wn(·,−k)}k∈Z , 0 ≤ n < 2 j , where {wn(·, ·)} denotes a
family of wavelet packets, is an orthonormal basis of L2(R).



Chapter 14
Wavelet Frames

Abstract Wavelet frames are introduced in this chapter.

Keywords Wavelet frame · Dyadic wavelet frames · Frame multiresolution
analysis

14.1 General Wavelet Frames

In this section, we shall discuss how we can choose a discrete subset and a function
ψ such that

ψ(a,b)(x) = (TbDbψ)(x) (14.1)

is a frame of L2(R).
For the sake of convenience, we consider the case where the points (a, b) are

restricted to discrete sets of the type {(a j , kba j )} j,k∈Z where a > 1, b > 0, a is the
dilation parameter or scaling parameter and b is the translation parameter.

Definition 14.1 Let a > 1, b > 0, and ψ ∈ L2(R). If the sequence {a j/2ψ(a j x −
kb)} j,k∈Z satisfies the condition of a frame (Definition 11.11), then it is called a
general wavelet frame or a wavelet frame.

The main goal of this section is to present the following sufficient conditions in
terms of G0(γ ) and G1(γ ) defined below for {a j/2ψ(a j x − kb)} j,k∈Z to be a frame.
Let

G0(γ ) =
∑

j∈Z
|ψ̂(a jγ )|2 (14.2)

G1(γ ) =
∑

k �=0

∑

j∈Z

∣∣∣∣ψ̂(a jγ )ψ̂

(
a jγ + k

b

)∣∣∣∣ , γ ∈ R (14.3)
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Theorem 14.1 Let a > 1, b > 0, and ψ ∈ L2(R) be given. Suppose that

B := 1

b
sup

|γ |∈[1,α]

∑

j,k∈Z

∣∣∣∣ψ̂(a jγ )ψ̂

(
a jγ + k

b

)∣∣∣∣ < ∞ (14.4)

Then {a j/2ψ(a j x−kb)} j,k∈Z is a Bessel sequence with bound B, and for all functions
f ∈ L2(R) for which f̂ ∈ Cc(R)

∑

j,k∈Z
|〈 f, Dα j Tkbψ〉|2

= 1

b

∞∫

−∞
| f̂ (γ )|2

∑

j∈Z
|ψ̂(a jγ )|2dγ

+1

b

∑

k �=0

∑

j∈Z

∞∫

−∞
f̂ (γ ) f̂ (γ − a j k/b)ψ̂(a− jγ )ψ̂(a− jγ − k/b)dγ (14.5)

If furthermore

A := 1

b
inf|γ |∈[1,α]

⎛

⎝
∑

j∈Z
|ψ̂(a jγ )|2 −

∑

k �=0

∑

j∈Z
|ψ̂(a jγ )ψ̂(a jγ + k/b)|

⎞

⎠ > 0

then {a j/2ψ(a j x − kb)} j,k∈Z is a frame for L2(R) with bounds A, B.
The proof of the theorem is quite technical and we refer to Christensen [40] for

its proof.

We have the following theorem providing sufficient conditions for small values b.

Theorem 14.2 Let ψ ∈ L2(R) and a > 1 be given. Assume that

A. inf|γ |∈[1,a]
∑
j∈Z

|ψ̂(a jγ )|2 > 0.

B. There exists a constant C > 0 such that

|ψ̂(γ )| ≤ C
|γ |

(1 + |γ |2)3/2 a.e. (14.6)

Then {a j/2ψ(a j x−kb)} j,k∈Z is a frame for L2(R) for all sufficiently small translation
parameters b > 0.

The following lemmas are required in the proof.

Lemma 14.1 Let x, y ∈ R. Then, for all δ ∈ [0, 1]

1

1 + (x + y)2
≤ 2

(
1 + x2

1 + y2

)δ
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Proof Given x, y ∈ R, the function δ → 2
(
1+x2

1+y2

)δ

is monotone, so it is enough to

prove the result for δ = 0 and δ = 1. The case δ = 0 is clear; for δ = 1, we use that
2ab ≤ a2 + b2 for all a, b ∈ R to obtain that

1 + y2 = 1 + ((y + x) − x)2

= 1 + (y + x)2 + x2 − 2x(y + x)

≤ 1 + 2((y + x))2 + x2)

≤ 2(1 + (y + x)2)(1 + x2)

Lemma 14.2 Let ψ ∈ L2(R) and assume that there exists a constant C > 0 such
that

|ψ̂(γ )| ≤ C
|γ |

(1 + |γ |2)3/2 a.e.

Then, for all a > 1 and b > 0

∑

k �=0

∑

j∈Z
|ψ̂(a jγ )ψ̂(a jγ + k/b)| > 0

≤ 16C2b4/3
(

a2

a − 1
+ a

a2/3 − 1

)
(14.7)

Proof The decay condition on ψ gives that

|ψ̂(a jγ )ψ̂(a jγ + k/b)| ≤ C2 |a jγ |
(1 + |a jγ |2)3/2

|a jγ + k/b|
(1 + |a jγ + k/b|2)3/2

≤ C2 |a jγ |
(1 + |a jγ |2)3/2

(1 + |a jγ + k/b|2)1/2
(a + |a jγ + k/b|2)3/2

= C2 |a jγ |
(1 + |a jγ |2)3/2

1

(1 + |a jγ + k/b|2)3/2

Applying Lemma 14.1 on (1 + |a jγ + k/b|2)1 with δ = 2
3 gives

|ψ̂(a jγ )ψ̂(a jγ + k/b)| ≤ 2C2 |a jγ |
(1 + |a jγ |2)3/2

(
1 + |a jγ |2
1 + |k/b|2

)2/3

≤ 2C2 |a jγ |
(1 + |a jγ |2)5/6

(
1

1 + |k/b|2
)2/3

In this last estimate, j and k appear in separate terms. Thus
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∑

k �=0

∑

j∈Z
|ψ̂(a jγ )ψ̂(a jγ + k/b)|

≤ 2C2

⎛

⎝
∑

j∈Z

|a jγ |
(1 + |a jγ |2)3/2

⎞

⎠

⎛

⎝
∑

k �=0

(
1

1 + |k/b|2
)2/3

⎞

⎠ (14.8)

For the sum over k �= 0

∑

k≤0

(
1

1 + |k/b|2
)2/3

= 2
∞∑

k=1

b4/3

(b2 + k2)2/3

≤ 2b4/3
∞∑

k=1

1

k4/3

≤ 2b4/3

⎛

⎝
∞∫

1

t4/3dt + 1

⎞

⎠

= 8b4/3

In order to estimate the sum over j ∈ Z in (14.8), we define the function

f (γ ) =
∑

j∈Z

|a jγ |
(1 + |a jγ |2)5/6 , y ∈ R

Wewant to show that f is bounded. Note that f (aγ ) = f (γ ) for all γ ; it is therefore
enough to consider |γ | ∈ [1, a], so we can use that

|a jγ | ≤ a j+1, 1 + |a jγ |2 ≥ 1 + a2
j

Thus

∑

j∈Z

|a jγ |
(1 + |a jγ |2)5/6 ≤

∑

j∈Z

a j+1

(1 + a2 j )5/6

=
0∑

j=−∞

a j+1

(1 + a2 j )5/6
+

∞∑

j=1

∑

a j+1

(1 + a2 j )5/6

≤
0∑

j=−∞
a j+1 +

∞∑

j=1

a j+1

a5/3 j

= a
∞∑

j=0

a− j + a
∞∑

j=1

(a−2/3) j
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= a
1

1 − a−1
+ a

a−2/3

1 − a−2/3

= a2

a − 1
+ a

a2/3 − 1

That is, f is bounded as claimed. Putting all information together, and using (14.8)

∑

k �=0

∑

j∈Z
|ψ̂(a jγ )ψ̂(a jγ + k/b)|

≤ 2C2

⎛

⎝
∑

j∈Z

|a jγ |
(1 + |a jγ |2)5/6

⎞

⎠

⎛

⎝
∑

k �=0

(
1

1 + |k/b|2
)2/3

⎞

⎠

≤ 16C2b4/3
a2

a − 1
+ 1

a2/3 − 1

Proof (Proof of Theorem 14.2)We first prove that {a j/2ψ(a j x−kb)} j,k∈Z is a Bessel
sequence for all b > 0. Arguments similar to the one used in the proof of Lemma
14.2 show that

∑

j∈Z
|ψ̂(a jγ )|2 ≤ 1

a4 − 1
+ a4

a2 − 1

Via Lemma 14.2 it follows that

≤ 1

a4 − 1
+ a4

a2 − 1

by Theorem 14.1 we conclude that {a j/2ψ(a j x − kb)} j,k∈Z is a Bessel sequence. By
choosing b sufficiently small, the assumption (i) implies that

inf|γ |∈[1,α]

⎛

⎝
∑

j∈Z
|ψ̂(a jγ )|2 − 16C2b4/3

(
a2

a − 1
+ a

a2/3 − 1

)⎞

⎠ > 0 (14.9)

and in this case, by Lemma 14.2

inf|γ |∈[1,α]

⎛

⎝
∑

j∈Z
|ψ̂(a jγ )|2 −

∑

k �=0

∑

j∈Z
|ψ̂(a jγ )ψ̂(a jγ − k/b)|

⎞

⎠ > 0

Theorem 14.1 now gives the desired conclusion.
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Example 14.1 Let a = 2 and consider the function

ψ(x) = 2√
3
π−1/4(1 − x2)e(1/2)x2

Due to its shape, ψ is called the Mexican hat. It can be shown that

ψ̂(γ ) = 8
2√
3
π9/4γ 2e−2π2γ 2

A numerical calculation shows that

inf|γ |∈[1,2]
∑

j∈Z
|ψ̂(2 jγ )|2 > 3.27

Also, (14.6) is satisfied for c = 4, so a direct calculation using (14.10) shows that
{2 j/2ψ(2 j x − kb)} j,k∈Z is a frame if b < 0.0084. This is far from being optimal:
numerical calculations based on the expressions for A, B in Theorem 14.1 gives that
{2 j/2ψ(2 j x − kb)} j,k∈Z is a frame if b < 1.97!

14.2 Dyadic Wavelet Frames

In this section, we consider the question of finding conditions on a system of the
form

ψ j,k(x) = 2 j/2ψ(2 j x − k), j, k ∈ Z (14.10)

generated by translations and dilations of a single function ψ ∈ L2(R), so that it
becomes a frame in L2(R). Obviously, every orthonormal wavelet is a frame of this
type, but we shall show that the converse is not true. Nevertheless, they still have
perfect reconstruction and they have been used in several applications.

If (14.11) is a frame, the general theory provides us with the dual frame ψ̃ j,k =
S−1ψ j,k , where S = F �F and F is the frame operator. The operator S = F �F
commutes with the dilations (Dm f )(x) = 2

m
2 f (2mx), m ∈ Z:

(F �F )((Dm f ))(x) =
∑

j∈Z

∑

k∈Z
〈Dm f, ψ j,k〉ψ j,k(x)

=
∑

j∈Z

∑

k∈Z
〈 f, ψ j−m,k〉ψ j,k(x)

= 2
m
2

∑

j∈Z

∑

k∈Z
〈 f, ψ j−m,k〉ψ j−m,k(2

mx)

= 2
m
2 (F �F f )�(2mx) = Dm(F �F f )(x)
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Thus, S−1 also commutes with these dilations, and we have

ψ̃ j,k(x) = (S−1ψ j,k)(x) = (S−1δ jψ0,k)(x)

= δ j S
−1ψ0,k(x) = δ j ψ̃0,k(X) = 2 j/2ψ̃0,k(2

j x)

Thus, for k fixed, the functions ψ̃ j,k are all dilations of a single function ψ̃0,k .
Unfortunately, this is not the case for translations (Tk)(x) = f (x − k).

((F �F )(Tl f ))(x) =
∑

k∈Z

∑

j∈Z
〈Tl f, ψ j,k〉ψ j,k(x)

=
∑

k∈Z

∑

j∈Z
〈 f, ψ j,k−2 j l〉ψ j,k(x)

=
∑

n∈Z

∑

j∈Z
〈 f, ψ j,n〉ψ j,n+2 j l(x) = Tl(F

�F f )(x)

is valid if 2 j l is an integer, which is true for every l onlywhen j ≥ 0. Thus, in general,
one cannot expect the dual frame to be generated by dilations and translations of a
single function (for details see [59]).

We now address the problem of finding sufficient conditions on ψ for (14.11) to
be a frame. It turns out that this problem shares some features with the one that led
to the basic equations that characterize wavelets.

Define

tm(ξ) =
∞∑

j=0

ψ̂(2 jξ)(2 j (ξ + 2mπ)), ξ ∈ R,m ∈ Z

and

S(ξ) =
∑

j∈Z
|ψ̂(2 jξ)|2, ξ ∈ R

Consider

Sφ = ess inf
ξ∈R

S(ξ), S̄ψ = ess sup
ξ∈R

S(ξ)

and

βψ(m) = ess inf
ξ∈R

sup
ξ∈R

∑

k∈Z
|tm(2kξ)|
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Observe that all the expressions inside the infimum and suprema in the above defi-
nitions are invariant under the usual dilations (scaling) by 2, so that these infimum
and suprema need only be computed over 1 ≤ |ξ | ≤ 2 (a dilation ‘period’).

Theorem 14.3 Let ψ ∈ L2(R) be such that

Aψ = Sψ −
∑

q∈2Z+1

[βψ(q)βψ(−q)]1/2 > 0

and

Bψ = Sψ −
∑

q∈2Z+1

[βψ(q)βψ(−q)]1/2 > ∞

Then, {ψ j,k : j, k ∈ Z} is a frame with frame bounds Aψ and Bψ .

Remark 14.1 If S(ξ) = 1 for a.e. ξ ∈ R and tm(ξ) = 0 for a.e. ξ ∈ R and all
m ∈ 2Z + 1, Aψ = Bψ = 1. If, in addition, ||ψ ||2 = 1, then frame {ψ j,k : j, k ∈ Z}
is an orthonormal basis of L2(R), and thus a wavelet.

To prove Theorem 14.3, we need the following lemma.

Lemma 14.3 Suppose that {e j : j = 1, 2, . . .} is a family of elements in a

A|| f ||2 ≤
∞∑

j=1

|〈 f, e j 〉|2 ≤ B|| f ||2

for all belonging to a dense subset D of H. Then, the same inequalities are true for
all f ∈ H; that is, {e j : j = 1, 2, . . .} is a frame for H.

Proof It can be verified that

∞∑

j=1

|〈 f, e j 〉|2 ≤ B|| f ||2

for all f ∈ H . To show the other inequality, we choose ε > 0 and g ∈ D such that
||g − f || < ε. Then, by Minkowski’ s inequality in l2, the above inequality, and

|| f || ≤ ||g|| + ε ≤ ||g|| +
√

B

A
ε, we obtain

|| f || − 2

√
B√
A

ε ≤ ||g|| −
√
B√
A

ε ≤ ||g|| −
√
B√
A

||g − f ||

≤
⎛

⎝ 1

A

∞∑

j=1

|〈g, e j 〉|2
⎞

⎠
1/2

−
√
B√
A

⎛

⎝ 1

B

∞∑

j=1

|〈g − f, e j 〉|2
⎞

⎠
1/2

(14.11)
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This finishes the proof since ε is arbitrary.

Proof (Proof of Theorem 14.3) Let D be the class of all f ∈ L2(R) such that
f̂ ∈ L∞(R) and f̂ is compactly supported in R/{0}. By Proposition 1.19 [59], we
have

∑

j∈Z

∑

k∈Z
|〈 f, ψ j,k〉|2 = 1

2π

∫

R

| f̂ (ξ)|2S(ξ)dξ

+ 1

2π

∫

R

f̂ (ξ)
∑

p∈Z

∑

q∈2Z+1

f̂ (ξ + 2p2qπ)tq(2
−qξ)dξ

≡ 1

2π

∫

R

| f̂ (ξ)|2S(ξ)dξ + 1

2π
Rψ( f ) (14.12)

for all f ∈ D. The Schwarz inequality gives us

|Rψ( f )| ≤
∑

q∈2Z+1

∑

p∈Z

⎛

⎝
∫

R

| f̂ (η)|2||tq (2−pη)||dη

⎞

⎠
1/2

·
⎛

⎝
∫

R

| f̂ (η + 2p2qπ)|2|tq (2−pη)|dη

⎞

⎠
1/2

In the second integral, we change variables to obtain

⎛

⎝
∫

R

| f̂ (η)|2|tq(2−pη − 2qπ)|dη

⎞

⎠
1/2

Since tq(ξ − 2qπ) = t−q(ξ), we deduce, after applying Schwarz’s inequality for
series

|Rψ( f )| ≤
∑

q∈2Z+1

⎛

⎝
∑

p∈Z

∫

R

| f̂ (η)|2|tq (2−pη)|dη

⎞

⎠
1/2

·
⎛

⎝
∑

p∈Z

∫

R

| f̂ (η)|2|t−q (2
−pη)|dη

⎞

⎠
1/2

≤
∑

q∈2Z+1

[βψ(q)βψ(−q)]1/2|| f̂ ||22

Hence,

∑

q∈2Z+1

[βψ(q)βψ(−q)] 1
2 || f̂ ||22 ≤ Rψ( f ) ≤

∑

q∈2Z+1

[βψ(q)βψ(−q)] 1
2 || f̂ ||22

(14.13)

These inequalities, together with (14.12), give us

Aψ || f ||22 ≤
∑

j∈Z

∑

k∈Z
|〈 f, ψ j,k〉|2 ≤ Bψ || f ||22



506 14 Wavelet Frames

for all f ∈ D . Since D is dense in L2(R), the same inequalities hold for all f ∈
L2(R) by Lemma 14.3. This finishes the proof of Theorem 14.4.

Example 14.2 Let ψ ∈ S be such that supp(ψ̂) is contained in the set {ξ ∈ R : 1
2 ≤

|ξ | ≤ 2} and
∑

j∈Z
|ψ̂(2 jξ)2 = 1 f or all ξ �= 0

Then tq(ξ) = 0 for all ξ ∈ R and, consequently, Aψ = Bψ = 1. Thus, {ψ j,k :
j, k ∈ Z} is a tight frame.

Example 14.3 An example of a frame of the type discussed in this section is the one
generated by the Mexican hat function. This is the function

ψ(x) = 2√
3
π−1/4(1 − x2)e−1/2x2

which coincides with − d2

dx2

(
e−1/2x2

)
when normalized in L2(R).

Daubechies has reported frame bounds of 3.223 and 3.596 for the frame obtained by
translations and dilations of the Mexican hat function (see ψ̂(ξ)). An approximate
quotient of these frame bounds is 1.116, which indicates that this frame is ‘close’ to
a tight frame.

14.3 Frame Multiresolution Analysis

We have presented the concept of multiresolution analysis in Chap.12 (Definition
12.1)whichwas introduced in 1989 byMallat. Framemultiresolutionwas introduced
by Benedetto and Li [15] and an updated account can be found in [40], [Siddiqi03].
We discuss here the definition, a sufficient condition for a function of L2(R) to
generate amultiresolution analysis and an example of framemultiresolution analysis.

Definition 14.2 A frame multiresolution analysis for L2(R) and a function φ ∈ V0

such that

A. . . . V−1 ⊂ V0 ⊂ V1 . . .

B. ∪ j Vj = L2(R) and ∩ j Vj = {0}
C. Vj = D jV0

D. f ∈ V0 ⇒ Tk f ∈ V0,∀k ∈ Z
E. {Tkφ}k∈Z is a frame for V0
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Theorem 14.4 Suppose that φ ∈ L2(R), that {Tkφ}k∈Z is a frame sequence, and
that |φ̂| > 0 on a neighborhood of zero. If there exists a function H0 ∈ L∞(T ) such
that

φ̂(γ ) = H0

(γ

2

)
φ̂

(γ

2

)
(14.14)

then φ generates a frame multiresolution analysis.

For the proof, we refer to [40].

Example 14.4 Define the function φ via its Fourier transform

φ̂(γ ) = χ[−α,α), f or some a ∈
(
0,

1

2

)

It can be seen that {Tkφ}k∈Z is a frame sequence. Note that

φ̂(2γ ) = χ[− α
2 , α

2 )(γ )φ̂(γ )

For |γ | < 1
2 , let

H0(γ ) = χ[− α
2 , α

2 ) (14.15)

extending H0 to a 1-periodic function we see that (14.13) is satisfied. By Theorem
14.5, we conclude that φ generates a frame multiresolution analysis.

Given a continuous non-vanishing function θ on [−α, α], we can generalize the
example by considering

θ̂ (γ ) = θ(γ )χ[−α,α)(γ )

Defining

H0(γ ) = θ(2γ )

θ(γ )
if γ ∈

[
−α

2
,
α

2

)

= 0 if γ ∈
[
−1

2
,−α

2

[
∪

[
α

2
,
1

2

)

extending H0 periodically, it again follows that φ̂ generates a frame multiresolution
analysis.
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14.4 Problems

Problem 14.1 Prove Lemma 14.1.

Problem 14.2 Prove Lemma 14.2.

Problem 14.3 Let a = 2 and ψ(x) = 2√
3
π1/4(1 − x2)e−1/2x2 Show that

{2 j/2ψ(2 j x − kb)} j,k∈Z is a frame if b < 1.97.

Problem 14.4 Prove that

∑

j∈Z
|ψ̂(a jγ )|2 ≤ 1

a4 − 1
+ a4

a2 − 1



Chapter 15
Gabor Analysis

Abstract A system based on translation and rotation called Gabor system was in-
troduced by Gabor in 1946. In this chapter, we discuss basic properties of Gabor
system.

Keywords Orthonormal Gabor system · Heil–Ramanathan–Topiwala conjecture
(HRT conjecture) · HRT conjecture for wave packets Digital communication ·
Image representation · Biological vision

15.1 Orthonormal Gabor System

DennisGabor recepient of 1971 PhysicsNobel prize introduced a system of function-
s, now known as the Gabor system, while studying shortcomings of Fourier analysis
[79]. Gabor proposed to expand a function f into a series of elementary functions
which are constructed from a single building block by translation and modulation.
More precisely, he suggested to represent f by the series

f (t) =
∑

n,m∈Z
cm,ngm,n(t) (15.1)

where the elementary functions gm,n are given by

gm,n(t) = g(t − na)e2π imbt , m, n ∈ Z (15.2)

for a fixed function g and time–frequency shift parameters a, b > 0. A typical g
could be chosen as

g(x) = e−x2 (15.3)

Here, a denotes the time shift and b denotes frequency shift.
Detailed account of the Gabor system can be found in references [39, 40, 42, 74,

89] [Fe 98].
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In this section, we discuss orthonormal Gabor system while Sects. 15.1–15.3
are respectively devoted to the introduction of Gabor frames, Heil–Ramanitation–
Topiwala conjecture and applications of Gabor system.

We know that the functions
(

1√
2πeimx

)

m∈Z
form an orthonormal basis for

L2(−π, π); since they are periodicwith period 2π , they actually formanorthonormal
basis for L2(−π + 2πn, π + 2πn) for any n ∈ Z . If we want to put emphasis on the
fact that we look at the exponential functions on the interval [−π+2πn, π, π+2πn[,
we can also write that

{
1√
2π

eimxχ[−π+2πn,π+2πn[(x)
}

m,n∈Z

is an orthonormal basis for L2(−π +2πn, π +2πn). Now observe that the intervals
[−π + 2πn, π + 2πn[, n ∈ Z , form a partition of R: They are disjoint and cover
the entire axis R. This implies that the union of these bases, i.e., the family

{
1√
2π

eimxχ[−π+2πn,π+2πn[(x)
}

m,n∈Z

is an orthonormal basis for L2(R). We can write this orthonormal basis on a slightly
more convenient form as

{
1√
2π

χ[−π+2πn,π+2πn[(x − 2πn)

}

m,n∈Z

The system in (15.4) is the simplest case of a Gabor system. Basically, (15.4) con-
sists of the function 1√

2π
χ[−π+2πn,π+2πn[(x) and translated versions and modulated

versions, i.e., functions which are multiplied by complex exponential functions. It is
called orthonormal Gabor system. A general Gabor system is obtained by replacing
the function 1√

2π
χ[−π,π[ with an arbitrary function in L2(R) and allowing certain

parameters to appear in the translation and in the complex exponential function:

Definition 15.1 Let a, b > 0 and g ∈ L2(R). Then, the family of functions

{e2π imbx g(x − na)}m,n∈R (15.4)

is called a Gabor system.
The Gabor system in (15.4) corresponds to the choice

a = 2π, b = 1

2π
, g = 1√

2π
χ[−π,π[

Gabor systems are often used in time–frequency analysis, i.e., in situations where we
want to know how a certain signal f changes with time, and also which frequencies
appear at which times. In order to extract this information, one might try to expand
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the signal via a Gabor basis; in other words, to pick a, b > 0 and g ∈ L2(R) such
that the system in (15.5) forms an orthonormal basis for L2(R) and then expand f
via equation

f (x) =
∑

m,n∈Z
cm,ne

2π imbx g(x − na) (15.5)

with

cm,n =
∞∫

−∞
f (x)g(x − na)e2π imbxdx

If g has compact support, this expansion contains useful information about the func-
tion values f (x). In fact, for a given x ∈ R, g(x − na) is only nonzero for a finite
number of values of n ∈ Z , and the size of the corresponding coefficients cm,n will
give an idea about f (x). This feature gets lost if g does not have compact support;
but if g decays quickly, for example exponentially, the argument still gives a good
approximation if we replace g by a function which is zero outside a sufficiently large
interval.

Doing time–frequency analysis, we would also like to have information about f ;
using the rules for calculation with the Fourier transform indeed shows that

f̂ (γ ) =
∑

m,n∈Z
e2π iabmnxcm,ne

2π ibax g(γ − mb)

Now, in order for this to be useful, we would like that ĝ has compact support, or at
least decays fast.

15.2 Gabor Frames

Definition 15.2 A Gabor frame is a frame for L2(R) of the form {EmbTnag}m,n∈Z ,
where a, b > 0 and g ∈ L2(R) is a fixed function.

Frames of this type are also called Weyl-Heisenberg frames. The function g is
called the window function or the generator. Explicitly

EmbTnag(x) = e2π imbxg(x − na)

Note the convention, which is implicit in our definition: When speaking about a
Gabor frame, it is understood that it is a frame for all of L2(R); i.e., we will not deal
with frames for subspaces.

The Gabor system {EmbTnag}m,n∈Z only involves translates with parameters
na, n ∈ Z and modulation with parameters mb,m ∈ Z . The points {(na,mb)}m,n∈Z
form a lattice in R2, and for this reason, one frequently calls{EmbTnag}m,n∈Z a regular
Gabor frame.
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We now move to the question about how to obtain Gabor frames {EmbTnag}m,n∈Z
for L2(R). One of the most fundamental results says that the product ab decides
whether it is possible for {EmbTnag}m,n∈R to be a frame for L2(R):

Theorem 15.1 (Necessary Conditions) Let g ∈ L2(R) and a, b > 0 be given. Then
the following holds:

(i) If ab > 1, then {EmbTnag}m,n∈Z is not a frame for L2(R).
(ii) If {EmbTnag}m,n∈Z is a frame, then ab = 1 ⇔ {EmbTnag}m,n∈Z is a Riesz

basis.

Theorem 15.2 (Necessary and Sufficient Condition) Let A, B > 0 and the Gabor
system {EmbTnag}m,n∈Z be given. Then {EmbTnag}m,n∈Z is a frame for L2(R) with
bounds A, B if and only if

bAI ≤ M(x)M(x)� ≤ bB I a.e. x

where I is the identity operator on l2, M(x) is given by

M(x) = {g(x − na − m/b)}m,n∈Z , x ∈ R

and M(x)� is the conjugate transpose of the matrix M(x).
Sufficient conditions for {EmbTnag}m,n∈Z to be a frame for L2(R) have been known

since 1988. The basic insight was provided by Daubechies. A slight improvement was
proved by Heil and Walnut.

Theorem 15.3 (Sufficient Condition) Let g ∈ L2(R) and a, b > 0 be given. Sup-
pose that

∃A, B > 0 : A ≤
∑

n∈Z
|g(x − na)|2 ≤ B f or a.e. x ∈ R

and

∑

k �=0

∥∥∥∥∥
∑

n∈Z
TnagTna+k/bḡ

∥∥∥∥∥
∞

< A (15.6)

Then, {EmbTnag}m,n∈Z is a Gabor frame for L2(R). For the proof, we cite [39].

We discuss now some well-known functions and the range of parameters a, b for
which they generate frames. First we consider the Gaussian

Theorem 15.4 Let a, b > 0 and consider g(x) = e−x2 . Then, the Gabor system
{EmbTnag}m,n∈Z is a frame if and only if ab < 1. The Gaussian generates another
function for which the exact range of parameters generating a frame is known, is the
hyperbolic secant, which is defined by
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g(x) = 1

cosh(πx)

This function was studied by Janssen and Strohmer who proved that {EmbTnag}m,n∈Z
is a frame whenever ab < 1. The hyperbolic secant does not generate a frame when
ab = 1.

Let us now consider characteristic functions

g := χ [0, c[, c > 0

The question is which values of c and parameters a, b > 0 will imply that
{EmbTnag}m,n∈Z is a frame. A scaling of a characteristic function is again (mul-
tiple of) a characteristic function, so we can assume that b = 1. A detailed analysis
shows [39] that

(i) {EmbTnag}m,n∈Z is not a frame if c < a or a > 1.
(ii) {EmbTnag}m,n∈Z is a frame if 1 ≥ c ≥ a.
(iii) {EmbTnag}m,n∈Z ‘ is not a frame if a = 1 and c > 1. Assuming now that

a < 1, c > 1, we further have
(vi) {EmbTnag}m,n∈Z is a frame if a /∈ Q and c ∈]1, 2[.
(v) {EmbTnag}m,n∈Z is not a frame if a = p/q ∈ Q, gcd(p, q) = 1, and 2 − 1

q <

c < 2.
(vi) {EmbTnag}m,n∈Z is not a frame if a > 3

4 and c = L − 1 + L(1 − a) with
L ∈ N, L ≥ 3.

(vii) {EmbTnag}m,n∈Z is a frame if
∣∣c − 
c� − 1

2

∣∣ < 1
2 − a

Heil-Ramanath-Topiwal Cojecture

Let (αk, βk) be distinct points in R2, then {e2π iβ t
k g(t−αk)}Nk=1 is linearly independent

set of functions in L2(R).
Despite the striking simplicity of the statement of this conjecture, it remains open

today in the generality stated. Some partial results were obtained there, including the
following:

(i) If a nonzero g ∈ L2(R) is compactly supported or just supported on a half line,
then the independence conclusion holds for any value of N .

(ii) If g(x) = p(x)e−x2 is a nonzero polynomial, then the independence conclusion
holds for any value of N .

(iii) The independence conclusion holds for any nonzero g ∈ L2(R) if N ≤ 3.
(vi) If the independence conclusion holds for a particular g ∈ L2(R) and a particular

choice of points {(αk, βk)}Nk=1, then there exists an ε > 0 such that it also holds
for any h satisfying ||g − h||L2 ≤ ε, using the same set of points.

(v) If the independence holds for one particular g ∈ L2(R) and particular choice
of points {(αk, βk)}Nk=1, then there exists ε > 0 such that it holds for that g and
any set of N points in R2 within ε of original ones.

Given g ∈ L2(R) and a sequence A ⊂ R × R+, the wavelet system generated by g
and A is the collection of time scale shifts
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W (g, A) = {TaDbg}(a,b)∈A (15.7)

Analogue of the HRT conjecture fails, for details see [95].
While the analogue of the HRT conjecture fails for wavelet system in general but

Christensen and Linder [42] have interesting partial results on when independence
holds, including estimates of the frame bounds of finite sets of time–frequency or
timescale shifts.

For a comprehensive and update account of the HRT conjecture, we refer to Heil
[95].

Theorem 15.5 Let g ∈ L2(R) be nonzero and compactly supported, then {e2π iβk t

g(t − αk)}Nk=1 is linearly independent for any value of N .

Theorem 15.6 Let g(x) = p(x)e−x2 , where p is a nonzero polynomial, then
{e2π iβk t g(t + αk)}Nk=1 is linearly independent in L2(R) for any value of N .

Theorem 15.7 Let g ∈ L2(R) and ∧ = {(αk, βk)}Nk=1 be such that G (g,∧) =
{e2π iβk t g(t − αk)}Nk=1 is linearly independent in L2(R) for any value of N . Then, the
following statement hold:

(a) There exists ε > 0, such that G (g,∧′) is linearly independent for any set ∧′ =
{(α′

k, β
′
k)}Nk=1 such that |αk − α′

k |,|βk − β ′
k | < ε for k = 1, . . . , N.

(b) There exists ε > 0, such that G (h,∧) is linearly independent for any h ∈ L2(R)

with ||g − h||L2 < ε, where g ∈ G (g,∧).

Proof (Proof of Theorem 15.5) Let Mβk Tαk g(x) = e2π iβk t g(t − αk) and mk(x) =
Mk∑
j=1

ck, j e2π iβk, j x .

Choose any finite set ∧ ⊂ R2 and let g ∈ L2(R) be compactly supported on half
line. Given scalar, ck, j , let

0 =
N∑

k=1

Mk∑

j=1

ck, j Mβk, j Tαk g(x) =
N∑

k=1

mk(x)g(x − αk) a.e.

Since g is compactly supported, it can be argued that

mkg(x − αk) = 0 a.e. for some single k

We can find a subset of the support g(x − αk) of positive measure for which this
is true, inturn we find that trigonometric polynomials mk(x) vanishes on a set of
positive measure. But this can only happen in ck, j = 0 for all j . We can repeat this
argument and get ck, j = 0 for all k and j . For all details, see Heil [95] and references
theorem, specially HRT {65}.
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Proof (Proof of Theorem 15.6) Let g(x) = p(x)e−x2 , where p is a nonzero polyno-
mial. Further, let

Mβk Tαk (x) = e2π iβk x g(x − αk)

and mk(x) =
Mk∑

j=1

ck, j e
2π iβk x

Given scalars, c j,k , let

s(x) =
N∑

k=1

Mk∑

j=1

ck, j Mβk Tαk p(x)

= e−x2
N∑

k=1

⎛

⎝
Mk∑

j=1

ck, j e
−α2

k e2π iβk, j e−2xαk p(x + αk)

⎞

⎠

= e−x2
N∑

k=1

Ek(t)e
−2xαk p(x − αk)

Since N > 1, we must have either α1 < 0 or αN > 0. Suppose that a1 < 0. Then
since a1 < a2 < · · · < aN and p is polynomials, |e−2xαk p(t − α1)| increases as
x → ∞ exponentially faster than |e−2tαk p(t + αk)| for k = 2, . . . , N .

Moreover, each Ek is a trigonometric polynomial. In particular, E1 is periodic
almost everywhere and E2, . . . , EN are bounded. Hence, if E1 is nontrivial, then
we can find a sequence {xn} with n → ∞ such that |E1(xn)e−2xnα1 p(xn + an)|
increases exponentially faster than |Ek(xn)e−2xnαn p(xn +αn)| for any k = 2, . . . , N .
Therefore, s(x) �= 0 for large enough N . Since s(x) is continuous, we find that
{e2π iβk x g(x + αk)}Nk=1 is linearly independent in L2(R) for any value of N .

Similarly, it can be proved for αN > 0.

Proof (Proof of Theorem 15.7)

(a) Let {T x}x∈R and {Mz}z∈R be translation and modulation groups. They satisfy
the conditions for all f ∈ L2(R),

lim
x→0

||T x − f ||L2 = 0 = lim
z→0

||Mz f − f ||L2

This implies that we can choose ε small enough such that ||Txg − g||L2 ≤ δ,
||Mxg − g||L2 follows from |x | ≤ ε, where A, B are frame bounds for G (g,∧)

as a frame for its span and 0 < δ < A1/2/(2N 1/2).
Let |αk − α′

k | < ε and |βk − β ′
k | < ε for k = 1, 2, . . . , N . Then for any scalars

c1, c2, . . . , cN , we have
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∥∥∥∥∥

N∑

k=1

ckMβk Tαk g

∥∥∥∥∥
L2

≤
∥∥∥∥∥

N∑

k=1

ckMβk (Tαk − Tα′
k
)g

∥∥∥∥∥
L2

+
∥∥∥∥∥

N∑

k=1

ck(Mβk − Mβ ′
k
)Tα′

k
g

∥∥∥∥∥
L2

+
∥∥∥∥∥

N∑

k=1

ckMβ ′
k
Tα′

k
g

∥∥∥∥∥
L2

≤
N∑

k=1

|ck |
∥∥∥Tαk g − Tα′

k
g
∥∥∥
L2

+
N∑

k=1

|ck |
∥∥∥(Mβk − Mβ ′

k
)Tα′

k
g
∥∥∥
L2

+
∥∥∥∥∥

N∑

k=1

ckMβ ′
k
Tα′

k

∥∥∥∥∥
L2

=
N∑

k=1

|ck |
∥∥∥Tαk−α′

k
g − g

∥∥∥
L2

+
N∑

k=1

|ck | ||Mβk−β ′
k
g − g|L2

+
∥∥∥∥∥

N∑

k=1

ckMβ ′
k
Tα′

k
g

∥∥∥∥∥
L2

≤ 2δ
N∑

k=1

|ck | +
∥∥∥∥∥

N∑

k=1

ckMβ ′
k
Tα′

k
g

∥∥∥∥∥
L2

Following a result of Christensen 2003, Theorem 3.6, we get

A1/2

(
N∑

k=1

|ck |2
)1/2

≤
∥∥∥∥∥

N∑

k=1

ckMβk Tαk g

∥∥∥∥∥
L2

Combining these inequalities, we get

(A1/2 − 2δN 1/2)

(
N∑

k=1

|ck |2
)1/2

≤
∥∥∥∥∥

N∑

k=1

ckMβ ′
k
Tα′

k
g

∥∥∥∥∥
L2

Since A1/2 − 2δN 1/2 > 0, it follows that if
N∑

k=1
ckMβ ′

k
Tα′

k
g = 0 a.e., then c1 =

c2 = · · · = cN = 0.
This proves the desired result.

(b) Let ∧ = {(αk, βk)}N and define the continuous, linear mapping T : CN →
L2(R) by

T (c1, c2, . . . , cN ) =
N∑

k=1

ck ρ(αk, βk),

where ρ(αk, βk) = e2π iβk t f (t + αk).
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T is injective as G (g,∧) is linearly independent.

Therefore, T is continuously invertible on the range of T . In particular, there
exists A, B > 0 such that

A
N∑

k=1

|ck | ≤
∥∥∥∥∥

N∑

k=1

ckρ(αk, βk)

∥∥∥∥∥

≤ B
N∑

k=1

|ck | for each (c1, c2, . . . , cN ) ∈ CN .

Hence, if || f − g|| < A and (c1, c2, . . . , cN ) ∈ CN , then

∥∥∥∥∥

N∑

k=1

ckρ(αk, βk)g

∥∥∥∥∥ ≥
∥∥∥∥∥

N∑

k=1

ckρ(αk, βk) f

∥∥∥∥∥ −
∥∥∥∥∥

N∑

k=1

ckρ(αk, βk)(g − f )

∥∥∥∥∥

≥ A
N∑

k=1

|ck | −
N∑

k=1

|ck | ||ρ(αk, βk)( f − g)||

= (A − || f − g||)
N∑

k=1

|ck |

If
N∑

k=1
ckρ(αk, βk)g = 0, then ck’s are zero which in turn implies G (h,∧) is

linearly independent if ||g − h|| < ε.

15.3 HRT Conjecture for Wave Packets

Given g ∈ L2(R) and a subset ∧ ⊂ R × R+, the collection of the type

{Db(Mβk Tαk g)(t)} = {
b1/2e2π iβkbt g(bt − αk)

}
(15.8)

is called the wave packet system.
The wave packet systems have been studied by Cordoba and Feffermen, Hogan

and Lakey, Kalisa and Torrésani, Siddiqi and Ahmad, Hernandez et al. and Labate,
Weis, Wilson.

Recently Siddiqi et al. have examined the HRT conjecture for wave packet sys-
tems. Analogous results to the ones given in (b), (d) and (e) above hold for wave
packet systems under appropriate conditions.
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15.4 Applications

Gabor systems are applied in numerous engineering applications, many of them
without obvious connection to the traditional field of time–frequency analysis for
deterministic signals.

Any countable set of test functions { fn} in a Hilbert space conveys a linear map-
ping between function spaces and sequence spaces. In one direction, scalar products
〈 f, fn〉 are taken (analysismapping), and in the other direction, themembers c = {cn}
from the sequence space are used as coefficient sequences in a series of the form∑

n cn fn (synthesis mapping). In our concrete context, the analysis mapping is given
by the Gabor transform and the synthesis mapping is given by the Gabor expansion.
In principle, there exists two basic setups for the use of Gabor systems which pervade
most applications:

• The overall system acts on the sequence space �2(G ) where G has appropriate
structure, and in particular, we can choose G = [0, 1] or unit sphere by (i) Ga-
bor synthesis, (ii) (desired or undesired and mostly linear but probably nonlinear)
modification, (iii) Gabor analysis. This setup underlies, e.g., the so-called multi-
carrier modulation schemes in digital communication, but also applies to system
identification and radar tracking procedures.

• The overall system acts on the function space L2(G ) by (i) Gabor analysis, (ii)
(desired or undesired and mostly nonlinear but also linear) modification, (iii) Ga-
bor synthesis. Typical tasks where one encounters this setup may include signal
enhancement, denoising, or image compression.

Speech Signal Analysis

Speech signals are one of the classical applications of linear time–frequency repre-
sentations. In fact, the analysis of speech signals was the driving force that led to the
invention of (a nondigital filter bank realisation of) the spectrogram. The advent of
the FFT and the STFT up to now to the standard tool of speech analysts.

Representation and Identification of Linear Systems

The theory of linear time-invariant (LTI) systems and in particular the symbolic
calculus of transfer functions is a standard tool in all areas ofmechanical and electrical
engineering. Strict translation invariance is however almost always a pragmatical
modeling assumption which establishes a more or less accurate approximation to the
true physical system. Hence, it is a problem of longstanding interest to generalize
the transfer function concept from LTI to linear time-varying (LTV) systems. Such
a time-varying transfer function was suggested by Zadeh in 1950. It is formally
equivalent to theWeyl-Heisenberg operator symbol of Kohn and Nirenberg. Pseudo-
differential operators are the classical way to establish a symbol classification that
keeps some of the conceptual powerwhich the Fourier transform has for LTI systems.
Recently, Gabor frames have turned out to be a useful tool for the analysis of pseudo-
differential operators.
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Digital Communication

Digital communication systems transmit sequences of binary data over a continuous
time physical channel. An ideal physical channel is bandlimited without in-band dis-
tortions. Under this idealized assumption, digital communication systems can be im-
plemented by selecting a Gabor-structured orthonormal system, transmitting a linear
combination of the elementary signals, weighted by the binary coefficients (Gabor
synthesis) and the receiver recovers the coefficients by computing inner products
with the known basis functions (matched filter receiver = Gabor analysis). How-
ever, in wireless communication systems which is one of the challenging research
areas, the physical channel is subject to serve linear distortions and hundreds of users
communicate over the same frequency band at the same time. Traditional orthogonal
frequency divisionmultiplex (OFDM) systems can be interpreted as orthonormalGa-
bor systems with critical sampling ab = 1 and come therefore with the well-known
bad time–frequency localization properties of the building blocks.

Since completeness is not a concern here, recent works suggest the use of a coarser
grid ab > 1, together with good TF-localized atoms to obtain more robustness.

Image Representation and Biological Vision

Gabor functions were successfully applied to model the response of simple calls in
the visual cortex. In our notation, each pair of adjacent cells in the visual cortex
represents the real and imaginary part of the coefficient cm,n corresponding to gm,n .
Clearly, the Gabor model cannot capture the variety and complexity of the visual
system, but it seems to be a key in further understanding of biological vision.

Among the people who paved the wave for the use of Gabor analysis in pattern
recognition and computer vision one certainly has to mention Zeevi, M. Porat, and
their coworkers and Daugmn. Motivated by biological findings, Daugman and Zeevi
and Porat proposed the use of Gabor functions for image processing applications,
such as image analysis and image compression. Since techniques from signal pro-
cessing are of increasing importance in medical diagnostics, we mentioned a few
applications of Gabor analysis in medical signal processing. The Gabor transform
has been used for the analysis of brain function, such as for detection of epileptic
seizures in EEG signals, study of sleep spindles. The role of the Heisenberg group
in magnetic resonance imaging has been recently analyzed.



Appendix

Keywords: Set theoretic concepts, Topological concepts, Elements ofMetric spaces,
Notation and definition of concrete spaces, Lebesgue integration, Integral equations,
Surface integrals, Vector spaces, and Fourier analysis are introduced in appendices.
Results related to these fields provide foundation for Chaps. 1–15.

A.1 Set Theoretic Concepts

Definition A.1 A. Let X and Y be two nonempty sets. A function or mapping or
transformation or correspondence or operator, which we denote by f , is a rule
assigning to each element x in X a single fully determined element y in Y . The
y which corresponds in this way to a given x is usually written as f (x) or f x ,
and is called the image of x under the rule f , or the value of f at the element
x. The set X is called the domain of f , the set of all f (x)∀x ∈ X is called the
range of f , and it is a subset of Y . The symbol f : X → Y will mean that f is
a function whose domain is X , and whose range is contained in Y.

B. Let f : X → Y and g : Y → Z . Then g f , which is called the product of these
mappings, is defined as (g f )(x) = g( f (x)) and g f : X → Z .

C. Let f : X → Y and A ⊆ X . Then f (A) = { f (x)/x ∈ A} is called the image
of A under f .

D. Let f : X → Y . f is called into if the range of f is not equal to Y . f is called
onto if the range of f equals Y . f is called one-one if two different elements
always have different images.

E. Let f : X → Y be both one-one and onto. Then we define its inverse mapping
f −1 : Y → X as follows: For each y in Y we find a unique element x in X such
that f (x) = y; we then define x to be f −1(y).

F. Let f : XY and B be a subset of Y . Then f −1(B) = {x/ f (x) ∈ B}. f −1(B) is
called the inverse image of B under f .

G. A function f is called an extension of a function g if f (x) = g(x)∀x belonging
to K , the domain of g and K ⊂ dom f .
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Note A.1 A. The term function in (1) is generally used in real and complex analysis.
If the range of a function consists of real numbers, it is called a real function;
and if the range consists of complex numbers, it is called a complex function.

B. The term operator of (1) is generally used if X and Y are normed spaces.
C. The term transformation is generally used in linear algebra.
D. The termmapping is preferred in caseswhenY is not necessarily a set of numbers.
E. The term operator is replaced by functional if X is a normed space and Y is a

set of real or complex numbers or some other field.

Theorem A.1 If f : X → Y , A1, A2, . . . , An are subsets of X and B1, B2, . . . , Bn

are subsets of Y , then

A. f (φ) = φ

B. f (X) ⊆ Y
C. A1 ⊆ A2 ⇒ f (A1) ⊆ f (A2)

D. f

(⋃
i
Ai

)
= ⋃

i
f (Ai )

E. f

(⋂
i
Ai

)
= ⋂

i
f (Ai )

F. f −1(φ) = φ

G. f −1(Y ) ⊆ X
H. B1 ⊆ B2 ⇒ f −1(B1) ⊆ f −1(B2)

I. f −1

(⋃
i
Bi

)
= ⋃

i
f −1(Bi )

J. f −1

(⋂
i
Bi

)
= ⋂

i
f −1(Bi )

K. f −1(B ′) = ( f −1(B))′, B ′ and ( f −1(B))′ denote the complements of B and
f −1(B), respectively.

Definition A.2 Let X be a nonempty set, then

1. A partition of X is a disjoint class {Xi } of nonempty subsets of X whose union
is the full set X itself. The X ′

i s are called partition sets.
2. A relation ∼ (other symbols used in the literature for relations are ≤,⊂,⊆,≡

and γ ) on (or in) the set X is a nonempty A subset of X × X . We say that x is
related by ∼ to y and we write x ∼ y if (x, y) ∈ A.

3. A relation ∼ on X is called an equivalence relation if it has the following prop-
erties:

(a) x � x for every x ∈ X (reflexive property),
(b) if x � y, then y � x (symmetric property), and
(c) if x � y and y � z, then x � z (transitive property).

4. A partial order relation on X is a relation which is symbolized by ≤ and satisfies
the following properties:

(a) x ≤ x for every x (reflexivity),
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(b) if x ≤ y and y ≤ x then x = y (anti-symmetry), and
(c) if x ≤ y and y ≤ z then x ≤ z (transitivity). X is called a partially ordered

set. Two elements of the partially ordered set X are called comparable if
either x ≤ y or y ≤ x .

Note A.2 The word “partial” in (4) emphasizes that there may be pairs of elements
in X which are not comparable.

Definition A.3 A. A partially ordered set in which any two elements are compa-
rable is called a totally ordered set or a linearly ordered set or a chain or a
completely ordered set.

B. An element x in a partially ordered set X is calledmaximal if y ≥ x implies that
y = x ; i.e., if no element other than x itself is greater than or equal to x .

Definition A.4 Let A be a nonempty subset of a partially ordered set X . An element
x in X is called a lower bound of A if x ≤ a for each a ∈ A. A lower bound of A is
called the greatest lower bound (glb) of A if it is greater than or equal to every lower
bound of A. An element y in X is called an upper bound of A if a ≤ y for every
a ∈ A. An upper bound of A is called the least upper bound (lub) of A if it is less
than or equal to every upper bound of A. [This means that if M is the set of all upper
bounds of A, then an element m of M is lub of A provided m ≤ b for all b ∈ M].

Remark A.1 A. The set R of real numbers is a partially ordered set, where x ≤ y
means that y − x is nonnegative. It is well known that if a nonempty subset A of
R has a lower bound, then it has a greatest lower bound which is usually called
its infimum and written as inf A. Similarly, if a nonempty subset A of R has an
upper bound, then it has a least upper bound and is usually called the supremum
and written sup A.

B. If A is a finite subset of R, then the supremum is often called maximum and
infimum is often called minimum.

C. If A is a nonempty subset of R which has no upper bound and hence no least
upper bound in R, then we express this by writing supA = +∞ and if A is an
empty subset of R, we write sup A = −∞. Similarly, if A has no lower bound
and hence no greatest lower bound, we write inf A = −∞, and A is empty,
then we say that inf A = +∞. Let A be any subset of the extended real number
system (the real number system with the symbols+∞ and−∞ adjoined). Then
sup A and inf A exist. Thus, if we consider the extended real number system, no
restriction on A is required for the existence of its supremum and infimum.

D. If A and B are two subsets of real numbers, then

sup(A + B) ≤ sup A + sup B

E. Let C be the set of all real functions defined on a nonempty set X , and let f ≤ g
mean that f (x) ≤ g(x) for every x ∈ X . Then C is a partially ordered set and
sup
x

| f (x) + g(x)| ≤ sup
x

| f (x)| + sup
x

|g(x)|.
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Theorem A.2 (Zorn’s Lemma) If X is a partially ordered set in which every chain
or totally ordered set has an upper bound, then X contains at least one maximal
element.

Note A.3 Zorn’s lemma is equivalent to the axiom of choice and therefore it can
itself be regarded as an axiom. It is an exceedingly powerful tool for the proofs of
several important results of functional analysis.

Definition A.5 Apartially ordered set L inwhich each pair of elements has a greatest
lower bound and a least upper bound is called a lattice. If x, y ∈ L and L is a lattice,
then x

∨
y and x

∧
y represent the least upper bound and the greatest lower bound

of x and y, respectively.
The set of all subsets of a set X is often denoted by 2X .

A.2 Topological Concepts

Definition A.6 A. A family F of subsets of a set X is called a topology in X if the
following conditions are satisfied:

A. Null set φ and X belong to (F).
B. The union of any collection of sets in (F) is again a set in (F).
C. The intersection of a finite collection of sets of (F) is a set in (F). (X, (F)) is

called a topological space. However, for the sake of simplicity we write only X
for a topological space, bearing in mind that a topology (F) is defined on X . The
sets in (F) are called the open sets of (X, (F)).

D. A point p is called a limit point or a point of accumulation of a subset B of X if
every neighborhood of p contains at least one point of B other than p.

E. The interior of a subset of X is the union of its all open subsets. A point of
interior of a set is called its interior point.

F. A subset of a topological space (X, (F)) is closed if its complement is open.
G. The intersection of all closed sets containing a subset A of a topological space

(X, (F)) is called the closure of A and is usually denoted by Ā. The set of points
in Ā, which are not interior points of A, is called the boundary of A.

H. A collection P of open subsets of a topological space (X, (F)) is called a base
for the topology � if every element of (F) can be written as a union of elements
of P.

I. A collectionPx of open subsets of (X, (F)) is called a basis at the point x ∈ X if,
for any open set O containing x , there exists a set A inPx such that x ∈ A ⊂ O .

J. A nonempty collection P of open subsets of a topological space (X, (F)) is
called a subbase if the collection of all finite intersections of elements ofP is a
base for (F).

K. If (X, (F)) is a topological space and Y ⊆ X , then the topology (F)Y = {A/A =
B ∩ Y, B ∈ (F)} is called the natural relative topology of Y generated by (F).
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L. Let F1, F2 be two topologies on a set X . (F)1 is said to be weaker than (F)2 (or
(F)2 is said to be stronger than F1) if F1 ⊂ F2; i.e., if every open set of (F)1
is an open set in (F)2. Two topologies F1 and (F)2 are said to be equivalent if
(F)1 = (F)2; i.e., if they have the same open sets. The stronger topology contains
more open sets.

M. A sequence {an} in a topological space X is said to be convergent to a ∈ X if
every neighborhood of a contains all but a finite number of the points an .

Definition A.7 A. Suppose (X, (F)1) and (Y, (F)2) are two topological spaces, and
f : X → Y is a function. f is called continuous if f −1(A) ∈ (F)1, for every A
in (F)1.

B. If f is a continuous one-to-one map of X onto Y such that the inverse function
f −1 is also continuous, then f is called a homeomorphism or topologically iso-
morphic. X and Y are called homeomorphic if there exists a homeomorphism
between X and Y .

Theorem A.3 Let P be a collection of subsets of an arbitrary set X, and (F) the
collection of arbitrary unions of elements of P. Then (F) is a topology for X if and
only if

A. For every pair A, B ∈ P and x ∈ A ∩ B, there is a C ∈ P such that x ∈ C ⊆
A ∩ B.

B. X = ⋃
B∈P

Ways of Generating a Topology

Let X be any set. Then from the definition, it is clear that there are always two
topologies on X : one consisting of X and the other consisting of all subsets of X ; the
first is knownas an indiscrete topology and the second as adiscrete topology.Methods
of generating topologies between these two extremes are described as follows:

1. Let S be a collection of subsets of an arbitrary set X . The weakest topology
containing S is the topology formed by taking all unions of finite intersections of
elements of S, together with φ and X .

2. Let X be any set and let Y a topological space with the topology F(Y ) and
{ fα/α ∈ A} a collection of functions, each defined onXwith range inY . Theweak
topology generated by { fα/α ∈ A} is the weakest topology on X under which
each of the function fα is continuous. This requires that f −1

α (O) be an open subset
of X for each α ∈ A, O ∈ (F)(Y ). Let S = { f −1

α (O)/α ∈ A, O ∈ (F)(Y )}.Then
as in (1), we can generate a topology. This topology with S as a subbase is then
the weak topology generated by { fα}.

Definition A.8 (a) A topological space X is called a Hausdorff space if, for dis-
tinct points x, y ∈ X , there are neighborhoods Nx of x and Ny of y such that
Nx ∩ Ny = φ.

(b) A topological space X is called regular if for each closed set A, and each x /∈ A,
there exist disjoint neighborhoods of x and A.
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(c) A topological space is called normal if, for each pair of disjoint closed sets A, B,
there exist disjoint neighborhoods U, V of A and B, respectively.

Note A.4 Here, the topological space satisfies the condition that sets consisting of
single points are closed. Sets A and B are called disjoint if A ∩ B = φ.

Definition A.9 1. A covering of a set A in a topological space X is a collection of
open sets whose union contains A. The space X is said to be compact if every
covering of X contains a finite subset which is also a covering of X .

2. A topological space X is said to be locally compact if every point has a neigh-
borhood whose closure is compact.

3. A topological space X is called connected if it cannot be represented as a union of
two disjoint nonempty open sets. X is called disconnected if it is not connected.

4. A family of sets is said to have a finite intersection property if every finite sub-
family has a nonvoid intersection.

Definition A.10 Let X1, X2, . . . , Xn be topological spaces, with Pi a base for the
topology of Xi . Their topological product X1 × X2 × · · · × Xn is defined as the set
of all n-tuples (x1, x2, . . . , xn) with xi ∈ Xi , taking as a base for the topology all
products U1 ×U2 × · · · ×Un of Ui in (P)i .

Theorem A.4 1. (Tychonoff theorem) The topological product of compact spaces
is compact.

2. Every compact subspace of a Hausdorff topological space is closed.
3. A topological space is compact if and only if every family of closed sets with the

finite intersection property has a nonvoid intersection.
4. If f is a continuous function defined on a topological space X into a topological

space Y and A is a compact subset of X, then f (A) is compact and if Y = R,
then f attains its supremum and infimum on A.

5. Every closed subset of a compact topological space is compact.
6. A continuous one-to-one function from a compact topological space on to a

Hausdorff topological space is a homeomorphism.

A.3 Elements of Metric Spaces

Definition A.11 1. Let X be a set, and d a real function on X × X , with the
properties

1. d(x, y) ≥ 0 ∀x, y ∈ X, d(x, y) = 0 if and only if x = y.
2. d(x, y) = d(y, x) ∀ x, y ∈ X (symmetry property).
3. d(x, y) ≤ d(x, z) + d(z, y) (the triangle inequality).

4. Then d is called ametric, or ametric function on or over or in X . (X, d) is called
a metric space.
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5. Sr (x) = {y/d(x, y) < r} is called an open sphere with radius r and center x in
X .

6. Let A and B be subsets of a metric space (X, d). Then

1. d(A, B) = sup
a∈A

inf
b∈B d(a, b).

2. The diameter of A, which we denote by δ(A), is the number, sup
a,b∈A

d(a, b).

3. S(A, ε) = {x/d(A, x) < ε} is called the ε-neighborhood of A.
4. A is bounded if δ(A) < ∞.

5. A sequence in a metric space is a function whose domain is the set of positive
integers and range is a subset of the metric space.

6. A sequence {An} of subsets of a metric space is called a decreasing sequence if
A1 ⊇ A2 ⊇ A3 ⊇, . . ..

Theorem A.5 1. The collection of open spheres in a metric space (X, d) forms a
base for the metric topology.

2. Every metric space is normal and hence a Hausdorff topological space.

Definition A.12 1. A sequence {an} in a metric space (X, d) is said to be con-
vergent to an element a ∈ X if limn→∞d(an, a) = 0. {an} is called a Cauchy
sequence if lim

m→∞,n→∞ d(xm, xn) = 0.

2. A metric space is called complete if every Cauchy sequence in it is convergent
to an element of this space.

3. Let (X, d1) and (Y, d2) bemetric spaces, and f amapping of X into Y . f is called
continuous at a point x0 in X if either of the following equivalent conditions is
satisfied:

1. For every ε > 0, there exists a δ > 0 such that d1(x, x0) < δ implies
d2( f (x), f (x0)) < ε.

2. For each open sphere Sε( f (x0)) centered on f (x0), there exists an open
sphere Sδ(x0) centered on x0 such that f (Sδ(x0)) ⊆ Sε( f (x0)). f is called
continuous if it is continuous at each point of its domain.

4. In (3), it can be seen that the choice of δ depends not only on ε but also on the
point x0. The concept of continuity, in which for each ε > 0, aδ > 0 can be
found which works uniformly over the entire metric space X , is called uniform
continuity

Theorem A.6 1. If a convergent sequence in a metric space has infinitely many
distinct points, then its limit is a limit point of the set of points of the sequence.
A convergent sequence in a metric space is bounded and its limit is unique.

2. Let X and Y be metric spaces and f a mapping of X into Y . Then f is continuous
if and only if {xn} in X converges to x ∈ X implies that f (xn) in Y converges to
f (x) ∈ Y .

3. A point p is in the closure of a set A in a metric space if and only if there is a
sequence {pn} of points of A converging to p.
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4. Let (X, d1) and (Y, d2) be metric spaces and f a mapping of X into Y . Then f
is continuous if and only if f −1(O) is open in X whenever O is open in Y .

5. Principle of extension by continuity: Let X be a metric space and Y a complete
metric space. If f : A → Y is uniformly continuous on a dense subset A of
X, then f has unique extension g which is a uniformly continuous mapping of X
into Y .

6. Every continuous mapping defined on a compact metric space X into a metric
space Y is uniformly continuous.

7. Cantor’s intersection theorem: Let X be a complete metric space, and {Fn} a
decreasing sequence of nonempty closed subsets of X such that δ(Fn) → 0.

Then F =
∞⋂
n=1

Fn contains exactly one point.

8. Baire’s category theorem: Every complete metric space is of the second category
(if a complete metric space is the union of a sequence of its subsets, the closure
of at least one set in the sequence must have a nonempty interior).

Definition A.13 1. Let B be a subset of (X, d). A subset A of X is called an ε-net
for the set B if for each x ∈ B, there exists a y ∈ A such that d(x, y) < ε.

2. A subset B of a metric space (X, d) is called totally bounded if for any ε > 0,
there exists a finite ε-net for B.

3. A subset A of a metric space X is called compact if every sequence in A has a
convergent subsequence having its limit in A.

Example A.1 1. In the metric space R2, the subset A = {(m, n)/m, n = 0,±1,
±2, . . .} is an ε-net for ε >

√
2/2.

2. In �2, A = {x ∈ �2/d(x, 0) = 1}; i.e., the points of the surface of the unit sphere
in �2 are bounded but not totally bounded.

Note A.5 Every totally bounded set is bounded.

Theorem A.7 1. Every compact subset of a metric space is totally bounded and
closed.

2. A metric space is compact if and only if it is totally bounded and complete.
3. Every compact metric space is separable.

Definition A.14 1. A metric space in which the triangle inequality is replaced by
a stronger inequality d(x, y) ≤ max{d(x, z), d(z, y)} is called an ultra-metric
space or a nonarchimedean metric space.

2. Let A be any nonempty set of real or complex functions defined on an arbitrary
nonempty set X . Then the functions in A are said to be uniformly bounded if
there exists a k such that | f (x)| ≤ k for every x in X and every f in A.

3. Let X be a compact metric space with metric d and A a set of continuous real
or complex functions defined on X . Then A is said to be equicontinuous if, for
each ε > 0, a δ > 0 can be found such that | f (x) − f (x ′)| < ε whenever
d(x, x ′) < δ ∀ f ∈ A.
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4. Let (X, d1) and (Y, d2) be metric spaces. Then a mapping f of X into Y is called
an isometry if d1(x, y) = d2( f (x), f (y)) for all x, y ∈ X . If, in addition, f is
onto, then X and Y are said to be isometric.

5. A subset A of ametric space X is called everywhere dense or dense in it if Ā = X ;
i.e., every point of X is either a point or a limit point of A. This means that, given
any point x of X, there exists a sequence of points in A that converges to x .

6. Let (X, d) be an arbitrary metric space. A complete metric space (Y, d1) is called
a completion of (X, d) if

1. (X, d) is isometric to a subspace (W, d1) of (Y, d1), and
2. the closure of W, W̄ , is all of Y ; that is, W̄ = Y (W is everywhere dense

in Y).

3. Let X be a metric space. A real-valued function f : X → R is said to have
compact support if f (x) = 0 outside a compact subset of X . The closure of the
set {x/ f (x) �= 0} is called the support of f . It is denoted by supp f .

Theorem A.8 (Ascoli’s Theorem) If X is a compact metric space and C(X, R)

denotes the set of all real-valued continuous functions defined on X, then a closed
subspace of C(X, R) is compact if and only if it is uniformly bounded and equicon-
tinuous.

Note A.6 The theorem is also valid if R is replaced by the set of complex numbers
C .

Theorem A.9 (Completion Theorem) Every metric space has a completion and all
its completions are isometric.

Example A.2 1. The sets R, C , Rn , c,m,�p, L p, BV [a, b], AC[a, b], c0, Lipα,
which are defined in Appendix D, are metric spaces with respect to the metric
induced by the norm (see Sect. 1.2) defined on the respective spaces.

2. Let s be the set of all infinite sequences of real numbers. Then s is a metric space
with respect to the metric d, defined in the following manner:

d(x, y) =
∞∑
i=1

1

2i
|αi − βi |

1 + |αi − βi |

where x = (α1, α2, . . . , αn, . . .) and (β1, β2, . . . , βn, . . .) belong to s.
3. Let K be the set of all nonempty compact subsets A, B of Rn and d(x, A) =

inf{d(x, a)/a ∈ A}. Then K is a metric space with metric d1, where

d1(A, B) = 1

2
[sup
a∈A

d(a, B) + sup
b∈B

d(b, A)]

A metrizable space is a topological space X with the property that there exists at
least one metric on the set X whose class of generated open sets is precisely the given
topology.
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A.4 Notations and Definitions of Concrete Spaces

1. R, Z , N , Q, and C will denote, respectively, the set of real numbers, inte-
gers, positive integers, rational numbers, and complex numbers unless indicated
otherwise.

2. The coordinate plane is defined to be the set of all ordered pairs (x, y) of real
numbers. The notation for the coordinate plane is R × R or R2 which reflects the
idea that it is the result of multiplying together two replicas of the real line R.

3. If z is a complex number, and if it has the standard form x + iy (x and y are
real numbers), then we can identify z with the ordered pair (x, y), and thus with
an element of R2. When the coordinate plane R2 is thought to be consisting of
complex numbers and is enriched by the algebraic structure indicated below, it is
called the complex plane and denoted by C . Let z1 = a + ib and z2 = c + id
belong to C . Then

1. z1 = z2 if and only if a = c (real parts of z1 and z2 are equal) and b = d
(imaginary parts of z1 and z2 are equal).

2. z1 ± z2 = (a ± c) + i(b ± d).
3. z1z2 = (ac − bd) + i(bc + ad).
4. z1

z2
= ac+bd

c2+d2 + i bc−ad
c2+d2

5. The conjugate of a complex number z = a + ib is denoted by z̄ or z	 and is
equal to a− ib. The real part of z is given by Rez = z+z̄

2 . The imaginary part
of z = z−z̄

2

Rez = {z/Imaginary part o f z = 0} = {z/z̄ = z}

The properties of the conjugate of a complex number are listed below:

z1 + z2 = z1 + z2
z1z2 = z1 + z2

|z| = |z̄| (A.1)

and

z̄ = 0 i f f z = 0

6. The absolute value of z or mod of z is denoted by |z| = (a2 + b2)1/2, where
z = a + ib. C is called the space of complex numbers.

4. Let n be a fixed natural number. Then Rn will denote the set of all ordered n-tuples
x = (x1, x2, . . . , xn) of real numbers.

Note A.7 Note For a detailed discussion of spaces R2, C , and Rn , one may see
Simmons [10, pp. 22, 23, 52–54 and 85–87].
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5. A sequence of real numbers is a real-valued function whose domain is the set of
natural numbers. A sequence {xn} of real numbers is called bounded if there exists
a real number k > 0 such that |xn| ≤ k ∀n. The set of all bounded sequences of
real numbers is usually denoted by m, and it is called the space of bounded real
sequences. Every bounded sequenceof real numbers always contains a convergent
subsequence.

6. A sequence {xn} of real numbers is said to be convergent to x ∈ R if for every
ε > 0 there exists a positive integer N such that |xn − x | < ε ∀n > N ; i.e., it is
convergent if |xn − x | → 0 as n → ∞. The set of all convergent sequences in R
is denoted by c and called the space of real convergent sequences. c0 denotes the
subset of c for which x = 0. c∞ denotes the space of all real sequences x = {xn}
for which the series

∞∑
n=1

xn < ∞ i.e., the series
∞∑
1
xn is convergent.

Let xn be a sequence. A real number M is called a superior bound of {xn} if
xn ≤ M ∀n. A real number L is called an inferior bound of {xn} if L ≤ xn ∀n.
The limit superior {xn} which we denote by limn→∞xn or lim sup

n→∞
xn is defined

as the greatest lower bound of the set of superior bounds of {xn}. The limit
inferior of {xn} which we denote by limn→∞xn or lim inf

n→∞ xn is defined as the

least upper bound of the set of inferior bounds of {xn}. If xn is convergent, then
lim
n→∞ xn = lim inf

n→∞ xn = lim sup
n→∞

xn .

The unit impulse signal δn is defined by

δn = 1i f n = 0 = 0 i f n �= 0, δi j = 1 i f i �= j (A.2)

This is known as the Kronecker delta

Note A.8 1. For a bounded sequence, limxn and limxn always exist.
2. limn→∞xn = sup{ lim

nk→∞ xnk/{xnk } subsequence of {xn} and limn→∞xn =
inf{ lim

nk→∞ xnk/{xnk } subsequence of {xn}.

3. The set of all sequences x = {x1, x2, . . . , xn, . . .} of real numbers such that
∞∑
n=1

|xn|p < ∞ for 1 ≤ p < ∞ is denoted by �p. Sometimes �2, in the case

p = 2, is called the infinite-dimensional Euclidean space.
4. For a, b ∈ R and a < b, [a, b] = {x ∈ R/a ≤ x ≤ b} (a, b) = {x ∈ R/a <

x < b} and (a, b] = {x ∈ R/a < x ≤ b} are called, respectively, the closed,
open, semiclosed, and semiopen-interval of R. R is a metric space with themetric
d(x, y) = |x−y|, and therefore, a closed and bounded subset of R can be defined.
As a special case, a real-valued function f (x) on [a, b] is called bounded if there
exists a real number k such that | f (x)| ≤ k ∀x ∈ [a, b]. It is said to be continuous
at x0 ∈ [a, b] if, for ε > 0, there exists δ < 0 such that | f (x) − f (x0)| < ε

whenever |x − x0| < δ. It is called uniformly continuous on [a, b] if the choice
of does not depend on the point x0 in the definition of continuity. We can define
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a continuous function in a similar fashion on an arbitrary subset of R. C[a, b]
denotes the set of all continuous real functions defined on [a, b]. It is called the
space of continuous functions on [a, b]. Similarly, C(T ), where T ⊆ R, is called
the space of continuous functions on T . If X is an arbitrary topological space,
then C(X) is called the space of continuous real functions on the topological
space X .

5. p(x) = a0 + a1x + · · · + anxn for x ∈ [a, b], where a0, a1, . . . , an are real
numbers, is called a polynomial of degree n. It is a continuous real function.
P[a, b] denotes the set of all polynomials over [a, b]. Pn[a, b] denotes the set of
all polynomials of degree less than or equal to n over [a, b]. Cn[0, π ] denotes the
set of all functions on [0, π ] of the form

f (x) = b1 cos x + b2 cos 2x + · · · + bn cos nx

6. Let f (x) be a real-valued function defined on [a, b]. The limits

f ′
−(x) = lim

y→x,y<x

f (y) − f (x)

y − x

and

f ′
+(x) = lim

y→x,y>x

f (y) − f (x)

y − x

are called left and right derivatives, respectively. The function f is said to be
differentiable if the right and left derivatives at x exist and their values are equal.
This value is called the first derivative of f at x and is denoted by f ′ or f 1 or
ḟ or d f

dx . If the first derivative exists at every point of [a, b], then it is said to be
differentiable over [a, b]. If the first derivative of f is also differentiable, then
f is called twice differentiable. In general, the nth derivative of the function f
is the derivative of the (n − 1)th derivative. f is called n times differentiable
over [a, b] if nth derivative exists at every point of [a, b]. C (n)[a, b] denotes the
set of all functions which have continuous derivatives up to and including the
n-th order over [a, b]. [The derivatives of all orders on [a, b], are called infinitely
differentiable.]C∞[a, b] denotes the class of all infinitely differentiable functions
over [a, b].

7. Let f (x) be a real-valued function defined on [a, b]. Let P : a = x0 ≤ x1 ≤
x2 ≤ · · · ≤ xn = b be a partition of [a, b], 1()sup variation of f (x) over [a, b].
f (x) is called a function of bounded variation on [a, b] ifVb

a(x) < ∞. BV [a, b]
denotes the space of all functions of bounded variation over [a, b].

8. A real function f (x) defined on [a, b] is called absolutely continuous on [a, b] if,
for ε > 0, there exists a δ > 0 such that for any collection {(ai , bi )}n1 of disjoint
open subintervals of [a, b],

∑
holds whenever

∑
−∞

(bi −ai ) < δ. AC[a, b] denotes
the class of all absolutely continuous functions on [a, b].
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9. A real function f (x) defined on [a, b] is said to satisfy a Hölder condition of
exponent α over [a, b] or to be Hölder continuous or Lipschitz class if

sup
x,y∈[a,b]

| f (x) − f (y)|
|x − y|α < ∞

The class of Hölder continuous functions or Lipschitz class on [a, b] is denoted
by Cα[a, b] or Lipα[a, b].

10. We write f (x) = O(g(x)) if there exists a constant K > 0 such that
| f (x)|
|g(x)| ≤ K f (x) = O(g(x)) if f (x)

g(x) → 0

These relationships are valid when x → ∞, for x → −∞ or x → x0, where x0
is some fixed number. If bn > 0, n = 0, 1, 2, . . . and an

bn
→ 0 as n → ∞, then

we write an = o(bn). If
an
bn

is bounded, then we write an = O(bn).

Remark A.2 1. Every function of the Lipschitzian class over [a, b] belongs to
AC[a, b].

2. AC[a, b] ⊂ C[a, b].
3. AC[a, b] ⊂ BV [a, b].
4. All continuous differentiable functions over [a, b] are absolutely continuously

over [a, b].
Theorem A.10 1. (GeneralizedHeine–Borel Theorem)Every closed and bounded

subset of Rn is compact.
2. (Bolzano–Weierstrass Theorem) Every bounded sequence of real numbers has at

least one limit point.

Theorem A.11 Let f (x, t) be continuous and have a continuous derivative ∂ f
∂t in

a domain of the xt-plane which includes the rectangle a ≤ x ≤ b, t1 ≤ t ≤ t2. In
addition, letα(t) andβ(t) be defined and have continuous derivatives for t1 < t < t2.
Then for t1 < t < t2

d

dt

β(t)∫
α(t)

f (x, t)dx = f [β(t), t]β ′(t) − f [α(t), t]α′(t)

+
β(t)∫

α(t)

∂ f

∂t
(x, t)dx

Inequalities

Theorem A.12 Let a and b be any real or complex numbers. Then

|a + b|
1 = |a + b| ≤ |a|

1 + |a| + |b|
1 + |b|
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Theorem A.13 1. Hölder’s inequality for sequences: If p > 1 and q is defined by
1
p + 1

q = 1, then

n∑
i=1

|xi yi | ≤
[

n∑
i=1

|xi |p
]1/p [

n∑
i=1

|yi |q
]1/q

for any complex numbers x1, x2, . . . , xn, y1, y2, . . . ., yn.
2. Hölder’s inequality for integrals: Let f (t) ∈ L p and g(t) ∈ Lq. Then

b∫
a

| f (t)g(t)|dt ≤
⎛
⎝

b∫
a

| f (t)|pdt
⎞
⎠

1/p ⎛
⎝

b∫
a

|g(t)|qdt
⎞
⎠

1/q

where p and q are related by the relation 1
p + 1

q = 1

Theorem A.14 1. Minkowski’s inequality for sequences: If p ≥ 1, then

[
n∑

i=1

|xi + yi |p
]1/p

≤
[

n∑
i=1

|xi |p
]1/p

+
[

n∑
i=1

|yi |p
]1/p

for any complex numbers x1, x2, . . . , xn, y1, y2, . . . ., yn.
2. Minkowski’s inequality for integrals: Let f (t) ∈ L p and g(t) ∈ Lq.Then

⎛
⎝

b∫
a

| f (t) + g(t)|pdt
⎞
⎠

1/p

≤
⎛
⎝

b∫
a

| f (t)|dt
⎞
⎠

1/p

+
⎛
⎝

b∫
a

|g(t)|pdt
⎞
⎠

1/p

f or p ≥ 1 (A.3)

Lebesgue Integration

1. A σ -algebraP on an abstract setΩ is a collection of subsets ofΩ which contains
the null set φ and is closed under countable set operations. A measurable space is
a couple (Ω,P) where Ω is an abstract set and P a σ - algebra of subsets of Ω .
A subset A of Ω is measurable if A ∈ P. A measure μ on a measurable space
(Ω,P) is a nonnegative set function defined onPwith the properties:μ(φ) = 0,

μ =
( ∞⋃
i=1

Ei

)
=

∞∑
i=1

μ(Ei ) where Ei are disjoint sets inP. The triple (Ω,P, μ)

is called a measure space. If X is a normed space, (X,P) is a measurable space
if P is the smallest σ -algebra containing all open subsets of X . P is called the
Borel algebra and sets in P are called Borel sets.
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2. LetΩ be a set of infinitely many points, andP the class of all subsets ofΩ . Then
(Ω,P) is a measurable space and a measure on (Ω,P) is defined by μ(E) =
the number of points in E if E is finite and μ(E) = ∞ otherwise. Consider the
length function λ on the following class of subsets of R

ξ =
{
E/E =

∞⋃
i=1

Ci ,Ci are dis joint hal f intervals(ai , bi ]
}

Then

λ(E) =
∞∑
i=1

|bi − ai |

The smallest σ -algebra containing ξ is the algebra of Borel sets, P of R. λ may
be extended to the measurable space (R,P) as follows

λ(A) = inf⋃
n
In⊃A

∑
λ(In)

where In is a countable collection of intervals covering A. So (R,P, λ) is a
measure space. In fact, λ is a measure on a larger σ -algebra, called the class of
Lebesgue measurable sets L. So (R,L, λ) is a measure space, and λ is called
the Lebesgue measure. Not all subsets of R are Lebesgue measurable but most
reasonable sets are, e.g., all sets which are countable, are unions or intersections
of open sets.

3. Let Ei be subsets of Ω , then the characteristic function of Ei is defined as

χEi (w) = 1 i f w ∈ Ei

= 0 i f w ∈ Ei

A function f : Ω → R
⋃ ∞ is called a simple function if there are nonzero

constants ci and disjoint measurable sets Ei with μ(Ei ) < ∞ such that

f (w) =
n∑

i=1

ciχEi (w)

The integral of a simple function f is defined as

∫
E

f dμ =
n∑

i=1

ci (A.4)
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for any E ∈ P. If u is a nonnegative measurable function on (Ω,P, μ), then
u(w) = lim

n→∞ un(w)∀w ∈ Ω , for some sequence {un}ofmonotonically increasing

nonnegative simple functions. We define
∫
E
udμ = lim

n→∞
∫
E
undμ ∀E ∈ P . A

measurable function f on (Ω,P, μ) is integrable on E ∈ P if f d < ∞. If
in particular we consider the Lebesgue measure space (R,L, λ), then we get a

Lebesgue integral, and in such a case we write
b∫
a

f (t)dt or
∫

[a,b]
f dλ.

L2[a, b] is defined as

L2(a, b) = { f : [a, b] → R Lebesgue measurable/

b∫
a

| f (t)|2dt < ∞}

For p ≥ 1

L p(a, b) = { f Lebesgue measurable on [a, b] into R/

b∫
a

| f (t)|2dt < ∞}

Theorem A.15 (Lebesgue’s Dominated Convergence Theorem)

1. If the sequence { fk} ∈ L1(a, b) has the property that lim
k→∞ fk is finite a.e., on

(a, b] and if | fk | ≤ h for some nonnegative function h ∈ L1(a, b] and for all
k ≥ 1, then lim

k→∞ fk ∈ L1(a, b) and

b∫
a

lim
k→∞ fkdx = lim

k→∞

b∫
a

fkdx

2. If the sequence {gk} ∈ L1(a, b) has the property that
∞∑
k=1

gk converges a.e. on

(a, b) and if |
n∑

k=1
gk | ≤ h for some nonnegative function h ∈ L1(a, b) and all

n ≥ 1, then
∞∑
k=1

gk ∈ L1(a, b) and

b∫
a

(
lim
k→∞ gk

)
dx = lim

k→∞

b∫
a

gkdx

Theorem A.16 1. Beppo Levi’s Theorem: If the sequence {gk} ∈ L1(a, b) has the
property that
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∞∑
k=1

b∫
a

|gk |dx < ∞

then
∞∑
k=1

gk converges a.e. on (a, b) to an integrable function and

b∫
a

( ∞∑
k=1

gk

)
dx =

∞∑
k=1

b∫
a

gkdx

2. Fatou’s Lemma: If { fn} is a sequence of nonnegative measurable functions and
fn(x) → f (x) everywhere on a set E, then

∫
E

f dx ≤ lim
∫
E

fndx

3. Monotone Convergence Theorem: If f1(x), f2(x), . . . , fn(x) . . . is a sequence of
nonnegative functions such that

f1(x) ≤ f2(x) ≤ f3(x) ≤ · · · ≤ fn(x) . . .

and lim
n→∞ fn(x) = f (x) on a set E, then

lim
n→∞

∫
E

fn(x)dx =
∫
E

f (x)dx

Theorem A.17 (Fubini’s Theorem)

1. If f (x, y) is integrable in the rectangle Q[a ≤ x ≤ b, c ≤ y ≤ d], then for all
x ∈ [a, b] except a set of measure zero, the function f (x, y) is integrable with
respect to y in [c, d], and for all y ∈ [c, d] except a set of measure space f (x, y)
is integrable with respect to x in [a, b], the following equality holds

∫ ∫
E

f (x, y)dxdy =
b∫

a

dx

d∫
c

f (x, y)dy =
d∫

c

dy

b∫
a

f (x, y)dx

2. If f is Lebesgue measurable in R2, say a continuous function except at finite
number of points such that

∞∫
−∞

∞∫
−∞

f (x, y)dxdy
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and

∞∫
−∞

∞∫
−∞

f (x, y)dydx

exist and one of them is absolutely convergent, then the two are equal.

Integral Equations

Equations of the type:

1. ϕ(x) =
b∫
a
K (x, t) f (t)dt

2. f (x) =
b∫
a
K (x, t) f (t)dt + ϕ(x)

are called, respectively, Fredholm equations of the first kind and the second kind.

Surface Integral

Suppose f (x, y, z) is a function of three variables, continuous at all points on a
surface Σ . Suppose Γ is the graph of z = S(x, y) for (x, y) in a set D in the xy
plane. It is assumed that Γ is smooth and that D is bounded. The surface integral of
f over a surface Γ denoted by

∫
Γ

f dΓ and is defined by

∫
Γ

f dΓ =
∫ ∫

Γ

f (x, y, z) dΓ =
∫ ∫

D

f (x, y, S(x, y)) dS

where

dS =
√
1 +

(
∂S

∂x

)2

+
(

∂S

∂y

)2

dxdy

L2(�) denotes the space of functions f for which
∫
Γ

| f |2dΓ exists.

A.5 Vector Spaces

A vector space or a linear space X over a field K consists of a set X , a mapping
(x, y) → x + y of X × X into X , and a mapping (α, x) → αx of K × X into X ,
such that (1) x + y = y+ x (2) x + (y+ z) = (x + y)+ z (3) ∃0 ∈ X with x +0 = x
for all x ∈ X (4) for each x ∈ X∃x ′ ∈ X with x + x ′ = 0 (5) (α + β)x = αx + βx
(6) α(x + y) = αx + αy (7) (αβ)x = β(αx) (8) 1x = x . A subset Y ⊂ X is called
a vector subspace or simply a subspace of X if it is itself a vector space with the
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same operations as for X. A subset Y ⊂ X is subspace of X if and only if for every
x1, x2 ∈ Y and α, β ∈ K , αx1 + βx2 ∈ K . A subspace of a vector space X different
from {0} and X is called a proper subspace. If K = R, a vector space X over R is
called the real vector space. If K = C , a vector space over C is called the complex
vector space. Let S be any subset of X . Then the subspace generated by S or spanned
by S, which we denote by [S], is the intersection of all subspaces of X containing S.

It can be shown that [S] is the set of all linear combinations
n∑

i=1
ai xi of finite sets in

S. Let S = {x1, x2, . . . , xn} be a finite nonempty subset of a vector space X . Then
S is called linearly dependent if there exist scalars αi , i = 1, 2, . . . , n such that
n∑

i=1
ai xi = 0 does not imply that all α′

i s are zero. If S is not linearly dependent, i.e.,

n∑
i=1

ai xi = 0 implies that all αi , i = 1, 2, . . . , n, are zero, then it is said to be linearly

independent. An arbitrary nonempty subset S is called linearly independent if its
every finite nonempty subset is linearly independent. It can be seen that a subset S of
a vector space X is linearly independent if and only if each vector in [S] is uniquely
expressible as a linear combination of the vectors in S. A subset S of a vector space X
of linearly independent elements is called a Hamel basis or algebraic basis or basis
in X if [S] = X . A vector space X may have many Hamel bases but all have the
same cardinal number. This cardinal number is called the dimension of X . X is called
finite-dimensional if its dimension is 0 or a positive integer and infinite-dimensional
otherwise.

Rn is a vector space of dimension n while C[a, b] is a vector space of infinite
dimensions. Let Y be a subspace of a vector space X . We say that x, y ∈ X are
in relation denoted by x ∼ y, if x − y ∈ Y . This is an equivalence relation. This
equivalence relation induces equivalence classes of X which are called cosets. If the
coset of an element x in X is defined by x + Y = {x + y/y ∈ Y }, then the distinct
cosets form a partition of X . If addition and scalar multiplication are defined by

(x + Y ) + (z + Y ) = (x + z) + Y )

α(x + Y ) = αx + Y

then these cosets constitute a vector space denoted by X/Y and are called the quotient
or factor space of X with respect to Y . The origin in X/Y is the coset 0 + Y = Y ,
and the negative inverse of x + Y is (−x) + Y .

A mapping T defined on a vector space X into a vector space Y is called linear if

T (x + y) = T (x) + T (y)T (αx) = αT (x) where α is a scalar (A.5)

The set of all linear mappings defined on X into R is called the algebraic dual of X .

Let M and N be subspaces of a vector space X . We say that X is the direct sum
of M and N and write X = M ⊕ N if every z ∈ X can be written uniquely in the
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form z = x + y with x ∈ M and y ∈ N . The mapping P , defined on X into itself
by the relation P(z) = x , is called an algebraic projection or projection on M along
N . A linear mapping P of X into itself is a projection if and only if

P2 = P[P(P(x)) = P(x) ∀x ∈ X ]

A vector space X over the field K (= R or C) equipped with a topology is called a
topological vector space if the mappings

1. X × X → X : (x, y) → x + y, and
2. K × X → X : (α, x) → αx is continuous. If M and N are subspaces of a vector

space X , then M ⊕ N is a subspace of X . C, �p, Pn[a, b], BV [a, b], L2(a, b),
and AC[a, b] are examples of a vector space, where operations of addition and
scalar multiplication are defined in a manner indicated below.

In the space of real-valued continuous functions defined on [a, b], C[a, b], the
operations of addition and scalar multiplications are defined as follows:

1. ( f + g)(x) = f (x) + g(x) ∀ x ∈ [a, b]
2. (α f )(x) = α f (x) ∀ x ∈ [a, b], α real scalar.

The operations of addition and scalar multiplication in L2(a, b), which is essen-
tially the space of continuous functions on [a, b] having possible finite number of
discontinuities, are defined in a similar way.

These operations are defined similarly in Pn[a, b], BV [a, b], and AC[a, b]. In p
and other spaces of sequences, the operations of addition and scalar multiplication
are defined as follows: Let

x = (x1, x2, x3, . . . , xn, . . .), y = (y1, y2, y3, . . . , yn, . . .) ∈ �2

x + y = (x1 + y1, x2 + y2, x3 + y3, . . . , xn + yn, . . .)

αx = (αx1, αx2, αx3, . . . , αxn, . . .), α is a scalar

A.6 Fourier Analysis

Let f (t) be a periodic function with period T and Lebesgue integrable continuous
functions having at most finite discontinuities over (−T/2, T/2). Then the Fourier
series of f (t) is the trigonometric series

1

2
A0 +

∞∑
k=1

(
Ak cos

2πk

T
x + Bk sin

2πk

T
x

)
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where

Ak = 2

T

T/2∫
−T/2

f (t) cos
2πkt

T
dt, k = 1, 2, 3 . . .

A0 = 1

T

T/2∫
−T/2

f (t)dt

Bk = 2

T

T/2∫
−T/2

f (t) sin
2πkt

T
dt, k = 1, 2, 3 . . .

and we write it as

f ∼ 1

2
A0 +

∞∑
k=1

(
Ak cos

2πk

T
x + Bk sin

2πk

T
x

)
(A.6)

Here we take

wk = k

T
, k = 0, 1, 2, 3 (A.7)

Very often, we choose T = 2π . Ak and Bk are called cosine Fourier coefficient and
sineFourier coefficient, respectively. The set of triplex (Ak , Bk,wk)where Ak, Bk,wk

are given by Equations (F.2), (F.3), and (F.6), respectively, is called the Fourier
series frequency content.

The complex form of the Fourier series of f (x) is

∞∑
k=−∞

Cne
2π int/T

where

Cn = An + i Bn

2
. n > 0

C0 = A0

Cn = An − i Bn

2
. n > 0

wn = n

T
, n = −2,−1, 0, 1, 2
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Let

T = 2π and Sn( f )(x) =
n∑

k=−n

Cke
ikx

= 1

2
A0 +

n∑
k=1

(An cos kx + Bk sin kx)

be the nth partial sum of the Fourier series of f . Then

Sn( f )(x) = 1

π

2π∫
0

f (x − t)Dn(t)dt

= 1

π

2π∫
0

f (t)Dn(x − t)dt (A.8)

where

Dn(x) = 1

2
+

n∑
k=1

cos kx = sin
(
n + 1

2

)
x

2 sin x
2

(A.9)

is the “Dirichlet kernel,” and

σn(x) = S0( f ) + S1( f ) + · · · + Sn( f )

n + 1
= 1

π

2π∫
0

f (x − t)Kn(t)dt (A.10)

where

Kn(x) = D0(x) + D1(x) + · · · + Dn(x)

n + 1
= 1

n + 1

sin
(
n+1
2

)
(x)

2 sin2
(
x
2

) (A.11)

is called the “Fejer kernel.”

Theorem A.18 (Bessel’s Inequality)

∞∑
k=−∞

|Ck |2 ≤ || f ||2L2(0,2π)

or

1

4
A2
0 +

∞∑
n=1

(A2
n + B2

n ) ≤ || f ||2L2(0,2π)
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This also means that {Ak} and {Bk} are elements of �2.
Theorem A.19 (Riesz-Fisher Theorem) Let {Ck} ∈ �2 . Then there exists f ∈
L2(−π, π) such that {Ck} is the kth Fourier coefficient of f . Furthermore

∞∑
k=−∞

|Ck |2 ≤ || f ||2L2(−π,π)

For {Ak}, {Bk} belonging to �2, there exists f ∈ L2(0, 2π) such that Ak, Bk are,
respectively, kth cosine and sine Fourier coefficients of f . Furthermore

1

2
A2
0 +

∞∑
n=1

(A2
k + B2

k ) =
⎛
⎝

π∫
−π

| f |2dt
⎞
⎠

Theorem A.20 Let f ∈ L2(−π, π), then

lim
n→∞ || f − Sn f ||L2(−π,π) = 0

Theorem A.21 Let f ∈ C[0, 2π ] such that

2π∫
δ

w( f, t)

t
< ∞, w( f, t) = sup

t
| f (x + t) − f (x)|

Then the Fourier series of f converges uniformly to f ; that is

lim
n→∞ || f − Sn f ||L∞(−π,π) = 0

If w( f, η) = 0(ηα), then the condition of the theorem holds.

Theorem A.22 If f is a function of bounded variation, then

Sn( f ) → f (x+) − f (x−)

2
as n → ∞

where

f (x+) = lim
h→0

f (x + h)

f (x−) = lim
h→0

f (x − h)

exists at every x, a < x < b.
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Theorem A.23 Let f ∈ L1(R), then the series
∞∑

k=−∞
(∞) f (x + 2πk) converges

almost everywhere to a functionλ(x) ∈ L1(0, 2π).Moreover, the Fourier coefficients
ck of λ(x) are given by ck = 1

2π f̂ (k)

The Fourier Transform

Definition A.15 (Fourier transform in L1(R)) Let f ∈ L1(R). Then the function f̂
defined by

f̂ (w) = 1√
2π

∞∫
−∞

e−iwx f (x)dx

is called the Fourier transform of f . Very often,F { f (x)} is used as the notation for
the Fourier transform instead of f̂ .

It can be verified that

f̂ (e−x2) = F {e−x2} = 1√
2
e−w2/4

Theorem A.24 Let f, g ∈ L1(R) and α, β ∈ C. Then

F (α f + βg) = αF ( f ) + βF (g)

Theorem A.25 The Fourier transform of an integrable function is a continuous
function.

Theorem A.26 If f1, f2, . . . , fn, εL1(R) and || fn − f ||L1 → 0 as n → ∞, then
f̂n → f uniformly on R.

Theorem A.27 (Riemann-Lebesgue Theorem) If f ∈ L1(R), then

lim|w|→∞ | f̂ (w)| = 0

Theorem A.28 Let f ∈ L1(R). Then

1. F {eiαx f (x)} = f̂ (w − α) (translation)
2. F { f (x − u)} = f̂ (w)e−iwu (shifting)
3. F { f (αx)} = 1

α
f
(
w
α

)
, α > 0 (scaling)

4. F ( f̄ (x)) = F ( f (−x)) (conjugate)

Example A.3 If f (x) = eiux−x2/2, then f̂ (w) = e−(w−u)2/2.

Theorem A.29 If f is a continuous piecewise differentiable function, f, f ′ ∈
L1(R), and lim lim|x |→in f t y f (x) = 0, then

F { f ′} = iwF ( f )
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Corollary .1 If f is a continuous function, n-time piecewise differentiable, and
f, f ′, . . . , f (n) ∈ L1(R), and

lim|x |→∞ f (k)(x) = 0 f or k = 0, . . . , n − 1

then

F { f (n)} = (iw)nF ( f )

Definition A.16 Let f, g ∈ L1(R) then the convolution of f and g is denoted by
f 	 g and is defined by

F = ( f 	 g)(x) = 1√
2π

∞∫
−∞

f (x − u)g(u)du

Theorem A.30 For f, g ∈ L1(R),F ( f 	 g) = F ( f )F (g) holds.

Theorem A.31 Let f be a continuous function on R vanishing outside a bounded
interval. Then f ∈ L2(R) and

|| f̂ ||L2(R) = || f ||L2(R)

Definition A.17 (Fourier transform in L2(R)) Let f ∈ L2(R) and {ϕn} be a
sequence of continuous functions with compact support convergent to f in L2(R);
that is,

|| f − ϕn||L2(R) → 0. The Fourier transform of f is defined by

f̂ = lim
n→∞ ϕ̂n

where the limit is with respect to the norm in L2(R).

Theorem A.32 If f ∈ L2(R), then

1. 〈 f, g〉L2 = 〈 f̂ , ĝ〉L2 (Parseval’s formula)
2. || f̂ ||L2 = || f ||L2 (Plancherel formula)

In physical problems, the quantity || f ||L2 is a measure of energy while || f̂ ||L2 rep-
resents the power spectrum of f .

Theorem A.33 1. Let f ∈ L2(R). Then

f̂ (w) = lim
n→∞

1√
2π

n∫
−n

eiwx f (x)dx
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2. If f, g ∈ L2(R), then

∞∫
−∞

f (x)ĝ(x)dx =
∞∫

−∞
f̂ (x)g(x)dx

Theorem A.34 (Inversion of the Fourier transform in L2(R)) Let f ∈ L2(R). Then

f (x) = lim
n→∞

1√
2π

n∫
−n

eiwx f̂ (w)dw

where the convergence is with respect to the norm in L2(R).

Corollary A.2 1. If f ∈ L1(R) ∩ L2(R), then the equality

f (x) = 1√
2π

∞∫
−∞

eiwx f̂ (w)dw

holds almost everywhere in R.
2. F (F ( f (x))) = f (−x) almost everywhere in R.

Theorem A.35 (Plancherel’s Theorem) For every f ∈ L2(R), there exists f̂ ∈
L2(R) such that:

1. If f ∈ L1(R) ∩ L2(R), then f̂ (w) = 1√
2π

∞∫
−∞

eiwx f (x)dx

2.

∥∥∥∥ f̂ (w) − 1√
2π

n∫
−n

eiwx f̂ (x)dx

∥∥∥∥
L2

→ 0 as n → ∞

3.

∥∥∥∥ f (x) − 1√
2π

n∫
−n

eiwx f̂ (w)dw

∥∥∥∥
L2

→ 0 as n → ∞
4. || f ||2L2

= || f̂ ||2L2
.

5. The map f → f̂ is an isometry of L2(R) onto L2(R).

Theorem A.36 The Fourier transform is a unitary operator on L2(R).

Example A.4 1. If f (x) = (1 − x2)e−x2/2 = Second derivative of a Gaussian
function, then

f̂ (w) = w2e−w2/2

2. If the Shannon function is defined by

f (x) = sin 2πx − sin πx

πx
(A.12)
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then

f̂ = 1√
2
i f π < |w| < 2π

= 0 otherwise
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Eigenvalue problem, 267
Eigenvector, 68, 119
Energy functional, 281
Euclidean space, 74

F
Fréchet differentiable, 182, 228
Finite element, 290
Finite Element Method, 280
Finite element method, 280
Finite element of degree 1, 290
Finite element of degree 2, 291
Finite element of degree 3, 291
Fixed point, 5
Fourier series, 95
Frame multiresolution analysis, 506
Fréchet derivative, 178, 182
Friedrichs inequality, 209
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G
Gabor wavelet, 404
Gâteaux derivative, 178
Generalized gradient, 191
Generator, 511
Gradient, 179
Graph, 168

H
Hahn–Banach theorem, 146
Hausdorff metric, 4
Helmholtz equation, 271
Hilbert space, 77

I
Initial-boundary value problem of parabolic

type, 251
Inner product, 72
Inner product space, 72
Isometric, 21
Isomorphic, 21

J
Jacobian matrix, 181

L
Lax-Milgram Lemma, 123
Linear non-homogeneous Neumann, 251
Linear operator, 25
Linear programming problem, 231
Lipschitz, 190

M
Maximal, 94
Method of Trefftz, 300
Metric, 1
Metric Space, 1

N
Navier–Stokes Equation, 270
Non-conformal finite method, 280
Nonlinear boundary value problems, 249
Norm, 20
Normal, 112
Normed space, 15
Null spaces, 26

O
Open mapping, 170
Operator, 25
Orthogonal, 17, 80
Orthogonal basis, 94
Orthogonal complement, 80
Orthogonal projection, 83
Orthonormal basis, 94, 381

P
Parseval formula., 98
Picard’s Theorem, 12
Poincaré inequality, 209
Poisson’s equation, 250
Polak-Reeves Conjugate Gradient Algo-

rithm, 245
Polak-Ribiére Conjugate Gradient Algo-

rithm, 245
Positive, 124
Positive operator, 112
Projection, 86
Pythagorean theorem, 82

Q
Quadratic functional, 233
Quadratic Programming, 231

R
Range, 26
Rayleigh-Ritz-Galerkin method, 266, 281
Regular distribution, 196
Rellich’s Lemma, 225
Resolvent, 68
Riesz representation theorem, 101

S
Schrödinger equation, 272
Schwartz distribution, 194
Self-adjoint operator, 112
Separable, 21
Sesquilinear functional, 123
Signorini problem, 311
Singular value decomposition, 370
Sobolev space, 206
Space of finite energy, 74
Space of operators, 43
Spectral radius, 68
Stiffness matrix, 280
Stokes problem, 270
Symmetric, 122
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T
Taylor’s formula, 183
Telegrapher’s equation, 271
Triangle inequality, 16

U
Unbounded operator, 26
Uniquely approximation-solvable, 263
Unitary, 112

W
Wave equation, 252
Wavelet, 399, 400
Wavelet admissibility condition, 401
Wavelet coefficients, 413
Wavelet filter, 435
Wavelet packet, 400
Wavelet series, 413
Weak convergence, 175
Weak	 convergence, 161
Weakly convergent, 158
Weak topology, 157
Weyl-Heisenberg frames, 511



Notational Index

A
AC [a, b], see A.4(8), 532
A⊥, 80
A ⊥ B, 80
A⊥⊥, 80
A(X), 33

B
B(A), 18
B(A), 531
βB(X), 115
β[X, Y ], 115
BV [a, b], 532

C
c, 17
c0, 17
C[a, b], 533
C∞[a, b], 532
C∞
0 (Ω), 77

C∞
0 (Ω), 222

Ck(Ω), 19, 20, 22

D
d(·, ·), 1
Da,, 191
�, 272
� u, 270, 272
div v, 273

G
Grad p, 270

H
h(A, B), 5
Hm,2
0 (Ω), 213

H−m(Ω), 208
Hm(Ω), 208, 209
Hm
0 (Ω), 208, 211

Hm,p(Ω), 210
Hm,p
0 (Ω), 211

Hm(Rn), 208
Hm,2(0, T ; X), 217
H(X), 199

J
J , 105

L
L2[a, b], 89
L∞(0, T ; X), 216
�∞, 17
�n , 17
�n∞, 17
L p , 18
�p , 17
L p(0, T ; X), 216
L2(0, T ; X), 216, 217

M
m, 17

N
N-dimensional Dirichlet problem, 260
N-simplex, 287
∇ p, 271
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P
P[0, 1], 532
PK (x), 324
p-modulus of continuity of f, 443

R
R2, 12, 17
ρ(T ), 68, 351
Rλ(T ), 68
Rn of all n-tuples, 17
RP
2 , d, 2

S
σ(T ), 68, 351

T
T 	, 106

V
Vb
a(x), 532

W
Wm,p(Ω), 210

X
X∗, 33
xn → x , 16
xn →ω X , 162
x ⊥ y, 80
(X	), 41
X = Y , 21
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