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This book on algebraic systems is designed to be used either as a supplement to current texts or
as a stand-alone text for a course in modern abstract algebra at the junior and/or senior levels.
In addition, graduate students can use this book as a source for review. As such, this book is
intended to provide a solid foundation for future study of a variety of systems rather than to be
a study in depth of any one or more.

The basic ingredients of algebraic systems–sets of elements, relations, operations, and
mappings–are discussed in the first two chapters. The format established for this book is as
follows:

. a simple and concise presentation of each topic

. a wide variety of familiar examples

. proofs of most theorems included among the solved problems

. a carefully selected set of supplementary exercises

In this upgrade, the text has made an effort to use standard notations for the set of natural
numbers, the set of integers, the set of rational numbers, and the set of real numbers. In
addition, definitions are highlighted rather than being embedded in the prose of the text.
Also, a new chapter (Chapter 10) has been added to the text. It gives a very brief discussion
of Sylow Theorems and the Galois group.

The text starts with the Peano postulates for the natural numbers in Chapter 3, with the
various number systems of elementary algebra being constructed and their salient properties
discussed. This not only introduces the reader to a detailed and rigorous development of these
number systems but also provides the reader with much needed practice for the reasoning
behind the properties of the abstract systems which follow.

The first abstract algebraic system– the Group – is considered in Chapter 9. Cosets of a
subgroup, invariant subgroups, and their quotient groups are investigated as well. Chapter 9
ends with the Jordan–Hölder Theorem for finite groups.

Rings, Integral Domains Division Rings, Fields are discussed in Chapters 11–12 while
Polynomials over rings and fields are then considered in Chapter 13. Throughout these
chapters, considerable attention is given to finite rings.

Vector spaces are introduced in Chapter 14. The algebra of linear transformations on a
vector space of finite dimension leads naturally to the algebra of matrices (Chapter 15). Matrices
are then used to solve systems of linear equations and, thus provide simpler solutions to
a number of problems connected to vector spaces. Matrix polynomials are discussed in

v
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Chapter 16 as an example of a non-commutative polynomial ring. The characteristic
polynomial of a square matrix over a field is then defined. The characteristic roots
and associated invariant vectors of real symmetric matrices are used to reduce the equations
of conics and quadric surfaces to standard form. Linear algebras are formally defined in
Chapter 17 and other examples briefly considered.

In the final chapter (Chapter 18), Boolean algebras are introduced and important
applications to simple electric circuits are discussed.

The co-author wishes to thank the staff of the Schaum’s Outlines group, especially Barbara
Gilson, Maureen Walker, and Andrew Litell, for all their support. In addition, the co-author
wishes to thank the estate of Dr. Frank Ayres, Jr. for allowing me to help upgrade the
original text.

LLOYD R. JAISINGH
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Sets

INTRODUCTION

In this chapter, we study the concept of sets. Specifically, we study the laws of operations with sets and

Venn diagram representation of sets.

1.1 SETS

Any collection of objects as (a) the points of a given line segment, (b) the lines through a given point in

ordinary space, (c) the natural numbers less than 10, (d ) the five Jones boys and their dog, (e) the pages

of this book . . . will be called a set or class. The individual points, lines, numbers, boys and dog,

pages, . . . will be called elements of the respective sets. Generally, sets will be denoted by capital letters,

and arbitrary elements of sets will be denoted by lowercase letters.

DEFINITION 1.1: Let A be the given set, and let p and q denote certain objects. When p is an element

of A, we shall indicate this fact by writing p 2 A; when both p and q are elements of A, we shall write

p, q 2 A instead of p 2 A and q 2 A; when q is not an element of A, we shall write q =2 A.

Although in much of our study of sets we will not be concerned with the type of elements, sets of

numbers will naturally appear in many of our examples and problems. For convenience, we shall now

reserve

N to denote the set of all natural numbers

Z to denote the set of all integers

Q to denote the set of all rational numbers

R to denote the set of all real numbers

EXAMPLE 1.

(a) 1 2 N and 205 2 N since 1 and 205 are natural numbers; 1
2
, � 5 =2 N since 1

2
and �5 are not natural numbers.

(b) The symbol 2 indicates membership and may be translated as ‘‘in,’’ ‘‘is in,’’ ‘‘are in,’’ ‘‘be in’’ according

to context. Thus, ‘‘Let r 2 Q’’ may be read as ‘‘Let r be in Q’’ and ‘‘For any p, q 2 Z’’ may be read as ‘‘For any

p and q in Z.’’ We shall at times write n 6¼ 0 2 Z instead of n 6¼ 0, n 2 Z; also p 6¼ 0, q 2 Z instead of p, q 2 Z

with p 6¼ 0.

The sets to be introduced here will always be well defined—that is, it will always be possible

to determine whether any given object does or does not belong to the particular set. The sets of the

1
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first paragraph were defined by means of precise statements in words. At times, a set will be given

in tabular form by exhibiting its elements between a pair of braces; for example,

A ¼ fag is the set consisting of the single element a:

B ¼ fa, bg is the set consisting of the two elements a and b:

C ¼ f1, 2, 3, 4g is the set of natural numbers less than 5:

K ¼ f2, 4, 6, . . .g is the set of all even natural numbers:

L ¼ f. . . , � 15, � 10, � 5, 0, 5, 10, 15, . . .g is the set of all integers having 5 as a factor

The sets C, K, and L above may also be defined as follows:

C ¼ fx : x 2 N, x < 5g

K ¼ fx : x 2 N, x is eveng

L ¼ fx : x 2 Z, x is divisible by 5g

Here each set consists of all objects x satisfying the conditions following the colon. See Problem 1.1.

1.2 EQUAL SETS

DEFINITION 1.2: When two sets A and B consist of the same elements, they are called equal and we

shall write A ¼ B. To indicate that A and B are not equal, we shall write A 6¼ B.

EXAMPLE 2.

(i ) When A ¼ fMary, Helen, Johng and B ¼ fHelen, John, Maryg, then A ¼ B. Note that a variation in the order

in which the elements of a set are tabulated is immaterial.

(ii ) When A ¼ f2, 3, 4g and B ¼ f3, 2, 3, 2, 4g, then A ¼ B since each element of A is in B and each element of B is in

A. Note that a set is not changed by repeating one or more of its elements.

(iii ) When A ¼ f1, 2g and B ¼ f1, 2, 3, 4g, then A 6¼ B since 3 and 4 are elements of B but not A.

1.3 SUBSETS OF A SET

DEFINITION 1.3: Let S be a given set. Any set A, each of whose elements is also an element of S, is

said to be contained in S and is called a subset of S.

EXAMPLE 3. The sets A ¼ f2g, B ¼ f1, 2, 3g, and C ¼ f4, 5g are subsets of S ¼ f1, 2, 3, 4, 5g. Also,

D ¼ f1, 2, 3, 4, 5g ¼ S is a subset of S.

The set E ¼ f1, 2, 6g is not a subset of S since 6 2 E but 6 =2 S.

DEFINITION 1.4: Let A be a subset of S. If A 6¼ S, we shall call A a proper subset of S and write

A � S (to be read ‘‘A is a proper subset of S’’ or ‘‘A is properly contained in S’’).

More often and in particular when the possibility A ¼ S is not excluded, we shall write A � S (to be

read ‘‘A is a subset of S ’’ or ‘‘A is contained in S ’’). Of all the subsets of a given set S, only S itself

is improper, that is, is not a proper subset of S.

EXAMPLE 4. For the sets of Example 3 we may write A � S, B � S, C � S, D � S, E 6� S. The precise

statements, of course, are A � S, B � S, C � S, D ¼ S, E 6� S.

2 SETS [CHAP. 1



Note carefully that 2 connects an element and a set, while � and � connect two sets. Thus, 2 2 S

and f2g � S are correct statements, while 2 � S and f2g 2 S are incorrect.

DEFINITION 1.5: Let A be a proper subset of S with S consisting of the elements of A together with

certain elements not in A. These latter elements, i.e., fx : x 2 S, x =2Ag, constitute another proper subset

of S called the complement of the subset A in S.

EXAMPLE 5. For the set S ¼ f1, 2, 3, 4, 5g of Example 3, the complement of A ¼ f2g in S is F ¼ f1, 3, 4, 5g. Also,

B ¼ f1, 2, 3g and C ¼ f4, 5g are complementary subsets in S.

Our discussion of complementary subsets of a given set implies that these subsets be proper.

The reason is simply that, thus far, we have been depending upon intuition regarding sets; that

is, we have tactily assumed that every set must have at least one element. In order to remove

this restriction (also to provide a complement for the improper subset S in S), we introduce the empty or

null set ;.

DEFINITION 1.6: The empty or the null set ; is the set having no elements.

There follows readily

(i ) ; is a subset of every set S.

(ii ) ; is a proper subset of every set S 6¼ ;.

EXAMPLE 6. The subsets of S ¼ fa, b, cg are ;, fag, fbg, fcg, fa, bg, fa, cg, fb, cg, and fa, b, cg. The pairs of

complementary subsets are

fa, b, cg and ; fa, bg and fcg

fa, cg and fbg fb, cg and fag

There is an even number of subsets and, hence, an odd number of proper subsets of a set of 3 elements. Is this true

for a set of 303 elements? of 303, 000 elements?

1.4 UNIVERSAL SETS

DEFINITION 1.7: If U 6¼ ; is a given set whose subsets are under consideration, the given set will

often be referred to as a universal set.

EXAMPLE 7. Consider the equation

ðxþ 1Þð2x� 3Þð3xþ 4Þðx2 � 2Þðx2 þ 1Þ ¼ 0

whose solution set, that is, the set whose elements are the roots of the equation, is S ¼ f�1, 3=2, � 4=3,
ffiffiffi

2
p

, �
ffiffiffi

2
p

, i, � ig provided the universal set is the set of all complex numbers. However, if the universal set is R,

the solution set is A ¼ f�1, 3=2, � 4=3,
ffiffiffi

2
p

, �
ffiffiffi

2
p

g. What is the solution set if the universal set is Q? is Z? is N?

If, on the contrary, we are given two sets A ¼ f1, 2, 3g and B ¼ f4, 5, 6, 7g, and nothing more,

we have little knowledge of the universal set U of which they are subsets. For example, U might be

f1, 2, 3, . . . , 7g, fx : x 2 N, x � 1000g, N, Z, . . . . Nevertheless, when dealing with a number of sets

A,B,C, . . . , we shall always think of them as subsets of some universal set U not necessarily explicitly

defined. With respect to this universal set, the complements of the subsets A,B,C, . . . will be denoted by

A0,B0,C 0, . . . respectively.
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1.5 INTERSECTION AND UNION OF SETS

DEFINITION 1.8: Let A and B be given sets. The set of all elements which belong to both A and B is

called the intersection of A and B. It will be denoted by A \ B (read either as ‘‘the intersection of A and

B’’ or as ‘‘A cap B’’). Thus,

A \ B ¼ fx : x 2 A and x 2 Bg

DEFINITION 1.9: The set of all elements which belong to A alone or to B alone or to both A and B

is called the union of A and B. It will be denoted by A [ B (read either as ‘‘the union of A and B’’ or as ‘‘A

cup B’’). Thus,

A [ B ¼ fx : x 2 A alone or x 2 B alone or x 2 A \ Bg

More often, however, we shall write

A [ B ¼ fx : x 2 A or x 2 Bg

The two are equivalent since every element of A \ B is an element of A.

EXAMPLE 8. Let A ¼ f1, 2, 3, 4g and B ¼ f2, 3, 5, 8, 10g; then A [ B ¼ f1, 2, 3, 4, 5, 8, 10g and A \ B ¼ f2, 3g.

See also Problems 1.2–1.4.

DEFINITION 1.10: Two sets A and B will be called disjoint if they have no element in common, that is,

if A \ B ¼ ;.

In Example 6, any two of the sets fag, fbg, fcg are disjoint; also the sets fa, bg and fcg, the sets fa, cg

and fbg, and the sets fb, cg and fag are disjoint.

1.6 VENN DIAGRAMS

The complement, intersection, and union of sets may be pictured by means of Venn diagrams. In the

diagrams below the universal set U is represented by points (not indicated) in the interior of a rectangle,

and any of its non-empty subsets by points in the interior of closed curves. (To avoid confusion, we

shall agree that no element of U is represented by a point on the boundary of any of these curves.)

In Fig. 1-1(a), the subsets A and B of U satisfy A � B; in Fig. 1-1(b), A \ B ¼ ;; in Fig. 1-1(c), A and B

have at least one element in common so that A \ B 6¼ ;.
Suppose now that the interior of U, except for the interior of A, in the diagrams below are shaded.

In each case, the shaded area will represent the complementary set A0 of A in U.
The union A [ B and the intersection A \ B of the sets A and B of Fig. 1-1(c) are represented

by the shaded area in Fig. 1-2(a) and (b), respectively. In Fig. 1-2(a), the unshaded area represents

ðA [ BÞ0, the complement of A [ B in U; in Fig. 1-2(b), the unshaded area represents ðA \ BÞ0. From

these diagrams, as also from the definitions of \ and [, it is clear that A [ B ¼ B [ A and

A \ B ¼ B \ A. See Problems 1.5–1.7.

Fig. 1-1
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1.7 OPERATIONS WITH SETS

In addition to complementation, union, and intersection, which we shall call operations with sets,

we define:

DEFINITION 1.11: The difference A� B, in that order, of two sets A and B is the set of all elements of

A which do not belong to B, i.e.,

A� B ¼ fx : x 2 A, x =2 Bg

In Fig. 1-3, A� B is represented by the shaded area and B� A by the cross-hatched area. There follow

A� B ¼ A \ B0 ¼ B0 � A0

A� B ¼ ; if and only if A � B
A� B ¼ B� A if and only if A ¼ B
A� B ¼ A if and only if A \ B ¼ ;

EXAMPLE 9. Prove: (a) A� B ¼ A \ B0 ¼ B0 � A0; (b) A� B ¼ ; if and only if A � B; (c) A� B ¼ A if and only

if A \ B ¼ ;.

ðaÞ A� B ¼ fx : x 2 A, x =2 Bg ¼ fx : x 2 A and x 2 B0g ¼ A \ B0

¼ fx : x =2 A0, x 2 B0g ¼ B0 � A0

(b) Suppose A� B ¼ ;. Then, by (a), A \ B0 ¼ ;, i.e., A and B0 are disjoint. Now B and B0 are disjoint; hence, since

B [ B0 ¼ U, we have A � B.

Conversely, suppose A � B. Then A \ B0 ¼ ; and A� B ¼ ;.

(c) Suppose A� B ¼ A. Then A \ B0 ¼ A, i.e., A � B0. Hence, by (b),

A \ ðB0Þ
0
¼ A \ B ¼ ;

Conversely, suppose A \ B ¼ ;. Then A� B0 � ;, A � B0, A \ B0 ¼ A and A� B ¼ A.

In Problems 5–7, Venn diagrams have been used to illustrate a number of properties of operations

with sets. Conversely, further possible properties may be read out of these diagrams. For example,

Fig. 1-3 suggests

ðA� BÞ [ ðB� AÞ ¼ ðA [ BÞ � ðA \ BÞ

It must be understood, however, that while any theorem or property can be illustrated by a Venn

diagram, no theorem can be proved by the use of one.

EXAMPLE 10. Prove ðA� BÞ [ ðB� AÞ ¼ ðA [ BÞ � ðA \ BÞ.

The proof consists in showing that every element of ðA� BÞ [ ðB� AÞ is an element of ðA [ BÞ � ðA \ BÞ and,

conversely, every element of ðA [ BÞ � ðA \ BÞ is an element of ðA� BÞ [ ðB� AÞ. Each step follows from a previous

definition and it will be left for the reader to substantiate these steps.

Fig. 1-2

Fig. 1-3
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Let x 2 ðA� BÞ [ ðB� AÞ; then x 2 A� B or x 2 B� A. If x 2 A� B, then x 2 A but x =2B; if x 2 B� A, then

x 2 B but x =2A. In either case, x 2 A [ B but x =2A \ B. Hence, x 2 ðA [ BÞ � ðA \ BÞ and

ðA� BÞ [ ðB� AÞ � ðA [ BÞ � ðA \ BÞ

Conversely, let x 2 ðA [ BÞ � ðA \ BÞ; then x 2 A [ B but x =2 A \ B. Now either x 2 A but x =2 B, i.e.,

x 2 A� B, or x 2 B but x =2 A, i.e., x 2 B� A. Hence, x 2 ðA� BÞ [ ðB� AÞ and ðA [ BÞ �

ðA \ BÞ � ðA� BÞ [ ðB� AÞ.

Finally, ðA� BÞ [ ðB� AÞ � ðA [ BÞ � ðA \ BÞ and ðA [ BÞ � ðA \ BÞ � ðA� BÞ [ ðB� AÞ imply ðA� BÞ [

ðB� AÞ ¼ ðA [ BÞ � ðA \ BÞ.

For future reference we list in Table 1-1 the more important laws governing operations with sets.

Here the sets A,B,C are subsets of U the universal set. See Problems 1.8–1.16.

1.8 THE PRODUCT SET

DEFINITION 1.12: Let A ¼ fa, bg and B ¼ fb, c, dg. The set of distinct ordered pairs

C ¼ fða, bÞ, ða, cÞ, ða, d Þ, ðb, bÞ, ðb, cÞ, ðb, d Þg

in which the first component of each pair is an element of A while the second is an element of B, is

called the product set C ¼ A� B (in that order) of the given sets. Thus, if A and B are arbitrary sets, we

define

A� B ¼ fðx, yÞ : x 2 A, y 2 Bg

EXAMPLE 11. Identify the elements of X ¼ f1, 2, 3g as the coordinates of points on the x-axis (see Fig. 1-4),

thought of as a number scale, and the elements of Y ¼ f1, 2, 3, 4g as the coordinates of points on the y-axis, thought

of as a number scale. Then the elements of X � Y are the rectangular coordinates of the 12 points shown. Similarly,

when X ¼ Y ¼ N, the set X � Y are the coordinates of all points in the first quadrant having integral coordinates.

Table 1-1 Laws of Operations with Sets

(1.1) (A0)0 ¼A

(1.2) ; 0 ¼U (1.20) U 0 ¼ ;

(1.3) A�A¼ ; , A� ; ¼A, A�B¼A\B0

(1.4) A[ ; ¼A (1.40) A\U¼A

(1.5) A[U¼U (1.50) A\ ; ¼ ;

(1.6) A[A¼A (1.60) A\A¼A

(1.7) A[A0 ¼U (1.70) A\A0 ¼ ;

Associative Laws

(1.8) (A[B)[C¼A[ (B[C ) (1.80) (A\B)\C¼A\ (B\C)

Commutative Laws

(1.9) A[B¼B[A (1.90) A\B¼B\A

Distributive Laws

(1.10) A[ (B\C )¼ (A[B)\ (A[C) (1.100) A\ (B[C)¼ (A\B)[ (A\C)

De Morgan’s Laws

(1.11) (A[B)0 ¼A0 \B0 (1.110) (A\B)0 ¼A0 [B0

(1.12) A� (B[C )¼ (A�B)\ (A�C ) (1.120) A� (B\C)¼ (A�B)[ (A�C)
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1.9 MAPPINGS

Consider the set H ¼ fh1, h2, h3, . . . , h8g of all houses on a certain block of Main Street and the

set C ¼ fc1, c2, c3, . . . , c39g of all children living in this block. We shall be concerned here with the

natural association of each child of C with the house of H in which the child lives. Let us assume that

this results in associating c1 with h2, c2 with h5, c3 with h2, c4 with h5, c5 with h8, . . . , c39 with h3. Such

an association of or correspondence between the elements of C and H is called a mapping of C into H.

The unique element ofH associated with any element of C is called the image of that element (of C ) in the

mapping.
Now there are two possibilities for this mapping: (1) every element of H is an image, that is, in each

house there lives at least one child; (2) at least one element of H is not an image, that is, in at least one

house there live no children. In the case (1), we shall call the correspondence a mapping of C onto H.

Thus, the use of ‘‘onto’’ instead of ‘‘into’’ calls attention to the fact that in the mapping every element of

H is an image. In the case (2), we shall call the correspondence a mapping of C into, but not onto, H.

Whenever we write ‘‘� is a mapping of A into B’’ the possibility that � may, in fact, be a mapping of A

onto B is not excluded. Only when it is necessary to distinguish between cases will we write either ‘‘� is

a mapping of A onto B’’ or ‘‘� is a mapping of A into, but not onto, B.’’
A particular mapping � of one set into another may be defined in various ways. For example, the

mapping of C into H above may be defined by listing the ordered pairs

� ¼ fðc1, h2Þ, ðc2, h5Þ, ðc3, h2Þ, ðc4, h5Þ, ðc5, h8Þ, . . . , ðc39, h3Þg

It is now clear that � is simply a certain subset of the product set C �H of C and H. Hence, we define

DEFINITION 1.13: A mapping of a set A into a set B is a subset of A� B in which each element of A

occurs once and only once as the first component in the elements of the subset.

DEFINITION 1.14: In any mapping � of A into B, the set A is called the domain and the set B is called

the co-domain of �. If the mapping is ‘‘onto,’’ B is also called the range of �; otherwise, the range of � is

the proper subset of B consisting of the images of all elements of A.

A mapping of a set A into a set B may also be displayed by the use of ! to connect associated

elements.

EXAMPLE 12. Let A ¼ fa, b, cg and B ¼ f1, 2g. Then

� : a ! 1, b ! 2, c ! 2

Fig. 1-4
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is a mapping of A onto B (every element of B is an image) while

� : 1 ! a, 2 ! b

is a mapping of B into, but not onto, A (not every element of A is an image).

In the mapping �, A is the domain and B is both the co-domain and the range. In the mapping �, B is the domain,

A is the co-domain, and C ¼ fa, bg � A is the range.

When the number of elements involved is small, Venn diagrams may be used to advantage. Fig. 1-5 displays the

mappings � and � of this example.

A third way of denoting a mapping is discussed in

EXAMPLE 13. Consider the mapping of � of N into itself, that is, of N into N,

� : 1 ! 3, 2 ! 5, 3 ! 7, 4 ! 9, . . .

or, more compactly,

� : n ! 2nþ 1, n 2 N

Such a mapping will frequently be defined by

�ð1Þ ¼ 3, �ð2Þ ¼ 5, �ð3Þ ¼ 7, �ð4Þ ¼ 9, . . .

or, more compactly, by

�ðnÞ ¼ 2nþ 1, n 2 N

Here N is the domain (also the co-domain) but not the range of the mapping. The range is the proper subset M of N

given by

M ¼ fx : x ¼ 2nþ 1, n 2 Ng

or M ¼ fx : x 2 N, x is oddg

Mappings of a set X into a set Y, especially when X and Y are sets of numbers, are better known
to the reader as functions. For instance, defining X ¼ N and Y ¼ M in Example 13 and using f instead
of �, the mapping (function) may be expressed in functional notation as

ði Þ y ¼ f ðxÞ ¼ 2xþ 1

We say here that y is defined as a function of x. It is customary nowadays to distinguish between
‘‘function’’ and ‘‘function of.’’ Thus, in the example, we would define the function f by

f ¼ fðx, yÞ : y ¼ 2xþ 1, x 2 Xg

or f ¼ fðx, 2xþ 1Þ : x 2 Xg

Fig. 1-5
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that is, as the particular subset of X � Y , and consider (i) as the ‘‘rule’’ by which this subset is

determined. Throughout much of this book we shall use the term mapping rather than function and,

thus, find little use for the functional notation.
Let � be a mapping of A into B and � be a mapping of B into C. Now the effect of � is to map a 2 A

into �ðaÞ 2 B and the effect of B is to map �ðaÞ 2 B into �ð�ðaÞÞ 2 C. This is the net result of applying �
followed by � in a mapping of A into C.

We shall call �� the product of the mappings � and � in that order. Note also that we have used the

term product twice in this chapter with meanings quite different from the familiar product, say, of two

integers. This is unavoidable unless we keep inventing new names.

EXAMPLE 14. Refer to Fig. 1-6. Let A ¼ fa, b, cg, B ¼ fd, eg, C ¼ f f , g, h, ig and

� ðaÞ ¼ d, � ðbÞ ¼ e, �ðcÞ ¼ e
� ðdÞ ¼ f , �ðeÞ ¼ h

Then �ð�ðaÞÞ ¼ �ðdÞ ¼ f , �ð�ðbÞÞ ¼ �ðeÞ ¼ h

1.10 ONE-TO-ONE MAPPINGS

DEFINITION 1.15: A mapping a ! a 0 of a set A into a set B is called a one-to-one mapping of A into B

if the images of distinct elements of A are distinct elements of B; if, in addition, every element of B is an

image, the mapping is called a one-to-one mapping of A onto B.
In the latter case, it is clear that the mapping a ! a 0 induces a mapping a 0 ! a of B onto A. The

two mappings are usually combined into a $ a 0 and called a one-to-one correspondence between A and B.

EXAMPLE 15.

(a) The mapping � of Example 14 is not a one-to-one mapping of A into B (the distinct elements b and c of A have

the same image).

(b) The mapping � of Example 14 is a one-to-one mapping of B into, but not onto, C (g 2 C is not an image).

(c) When A ¼ fa, b, c, dg and B ¼ fp, q, r, sg,

ði Þ �1 : a $ p, b $ q, c $ r, d $ s

and ðii Þ �2 : a $ r, b $ p, c $ q, d $ s

are examples of one-to-one mappings of A onto B.

DEFINITION 1.16: Two sets A and B are said to have the same number of elements if and only if a

one-to-one mapping of A onto B exists.

Fig. 1-6
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A set A is said to have n elements if there exists a one-to-one mapping of A onto the subset
S ¼ f1, 2, 3, . . . , ng of N. In this case, A is called a finite set.

The mapping

�ðnÞ ¼ 2n, n 2 N

of N onto the proper subset M ¼ fx : x 2 N, x is eveng of N is both one-to-one and onto. Now N is an
infinite set; in fact, we may define an infinite set as one for which there exists a one-to-one
correspondence between it and one of its proper subsets.

DEFINITION 1.17: An infinite set is called countable or denumerable if there exists a one-to-one
correspondence between it and the set N of all natural numbers.

1.11 ONE-TO-ONE MAPPING OF A SET ONTO ITSELF

Let

� : x $ xþ 1, � : x $ 3x, � : x $ 2x� 5, � : x $ x� 1

be one-to-one mappings of R onto itself. Since for any x 2 R

�ð�ðxÞÞ ¼ �ðxþ 1Þ ¼ 3ðxþ 1Þ

while �ð�ðxÞÞ ¼ �ð3xÞ ¼ 3xþ 1,

we see that

ði Þ �ð�ðxÞÞ 6¼ �ð�ðxÞÞ or simply �� 6¼ ��:

However,

�ð�ðxÞÞ ¼ �ð2x� 5Þ ¼ 2x� 6

and ð��Þð�ðxÞÞ ¼ ð��Þðxþ 1Þ ¼ 2ðxþ 1Þ � 6 ¼ 2x� 4

while �ð�ðxÞÞ ¼ �ðxþ 1Þ ¼ 2x� 3

and �ð��ÞðxÞ ¼ �ð2x� 3Þ ¼ 2x� 3� 1 ¼ 2x� 4

Thus ðiiÞ ð��Þ� ¼ �ð��Þ

Now

��ðxÞ ¼ �ðxþ 1Þ ¼ x

and ��ðxÞ ¼ �ðx� 1Þ ¼ x

that is, � followed by � (also, � followed by �) maps each x 2 R into itself. Denote by J , the identity
mapping,

J : x $ x
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Then ðiii Þ �� ¼ �� ¼ J

that is, � undoes whatever � does (also, � undoes whatever � does). In view of (iii ), � is called the inverse

mapping of � and we write � ¼ ��1; also, � is the inverse of � and we write � ¼ ��1.

See Problem 1.18.
In Problem 1.19, we prove

Theorem I. If � is a one-to-one mapping of a set S onto a set T, then � has a unique inverse,

and conversely.

In Problem 1.20, we prove

Theorem II. If � is a one-to-one mapping of a set S onto a set T and � is a one-to-one mapping of T

onto a set U, then ð��Þ�1
¼ ��1 � ��1.

Solved Problems

1.1. Exhibit in tabular form: (a) A ¼ fa : a 2 N, 2 < a < 6g, (b) B ¼ f p : p 2 N, p < 10, p is oddg,

(c) C ¼ fx : x 2 Z, 2x2 þ x� 6 ¼ 0g.

(a) Here A consists of all natural numbers ða 2 NÞ between 2 and 6; thus, A ¼ f3, 4, 5g.

(b) B consists of the odd natural numbers less than 10; thus, B ¼ f1, 3, 5, 7, 9g.

(c) The elements of C are the integral roots of 2x2 þ x� 6 ¼ ð2x� 3Þðxþ 2Þ ¼ 0; thus, C ¼ f�2g.

1.2. Let A ¼ fa, b, c, dg, B ¼ fa, c, gg, C ¼ fc, g,m, n, pg. Then A [ B ¼ fa, b, c, d, gg, A [ C ¼ fa, b, c, d,

g,m, n, pg, B [ C ¼ fa, c, g,m, n, pg;

A \ B ¼ fa, cg, A \ C ¼ fcg, B \ C ¼ fc, gg; A \ ðB [ CÞ ¼ fa, cg;

ðA \ BÞ [ C ¼ fa, c, g,m, n, pg, ðA [ BÞ \ C ¼ fc, gg,

ðA \ BÞ [ ðA \ CÞ ¼ A \ ðB [ CÞ ¼ fa, cg.

1.3. Consider the subsets K ¼ f2, 4, 6, 8g, L ¼ f1, 2, 3, 4g, M ¼ f3, 4, 5, 6, 8g of U ¼ f1, 2, 3, . . . , 10g.

(a) Exhibit K 0,L0,M0 in tabular form. (b) Show that ðK [ LÞ0 ¼ K 0 \ L0.

(a) K 0 ¼ f1, 3, 5, 7, 9, 10g, L0 ¼ f5, 6, 7, 8, 9, 10g, M0 ¼ f1, 2, 7, 9, 10g.

(b) K [ L ¼ f1, 2, 3, 4, 6, 8g so that ðK [ L Þ
0
¼ f5, 7, 9, 10g. Then

K 0 \ L0 ¼ f5, 7, 9, 10g ¼ ðK [ LÞ0:

1.4. For the sets of Problem 1.2, show: (a) ðA [ BÞ [ C ¼ A [ ðB [ CÞ, (b) ðA \ BÞ \ C ¼

A \ ðB \ CÞ.

(a) Since A [ B ¼ fa, b, c, d, gg and C ¼ fc, g,m, n, pg, we have

ðA [ BÞ [ C ¼ fa, b, c, d, g,m, n, pg:

Since A ¼ fa, b, c, dg and B [ C ¼ fa, c, g,m, n, pg, we have

A [ ðB [ CÞ ¼ fa, b, c, d, g,m, n, pg ¼ ðA [ BÞ [ C:

(b) Since A \ B ¼ fa, cg, we have ðA \ BÞ \ C ¼ fcg. Since B \ C ¼ fc, gg, we have A \ ðB \ CÞ ¼

fcg ¼ ðA \ BÞ \ C.
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1.5. In Fig. 1-1(c), let C ¼ A \ B, D ¼ A \ B 0, E ¼ B \ A0 and F ¼ ðA [ BÞ0. Verify: (a) ðA [ BÞ0 ¼

A0 \ B 0, (b) ðA \ BÞ0 ¼ A0 [ B 0.

(a) A0 \ B 0 ¼ ðE [ FÞ \ ðD [ FÞ ¼ F ¼ ðA [ BÞ0

(b) A0 [ B 0 ¼ ðE [ FÞ [ ðD [ FÞ ¼ ðE [ FÞ [D ¼ C 0 ¼ ðA \ BÞ0

1.6. Use the Venn diagram of Fig. 1-7 to verify:

ðaÞ E ¼ ðA \ BÞ \ C 0 ðcÞ A [ B \ C is ambiguous
ðbÞ A [ B [ C ¼ ðA [ BÞ [ C ¼ A [ ðB [ CÞ ðdÞ A0 \ C 0 ¼ G [ L

(a) A \ B ¼ D [ E and C 0 ¼ E [ F [ G [ L; then

ðA \ BÞ \ C 0 ¼ E

(b) A [ B [ C ¼ E [ F [ G [D [H [ J [ K . Now

A [ B ¼ E [ F [ G [D [H [ J

and C ¼ D [H [ J [ K

so that

ðA [ BÞ [ C ¼ E [ F [ G [D [H [ J [ K

¼ A [ B [ C

Also, B [ C ¼ E [ G [D [H [ J [ K and A ¼ E [ F [D [H so that

A [ ðB [ CÞ ¼ E [ F [ G [D [H [ J [ K ¼ A [ B [ C

(c) A [ B \ C could be interpreted either as ðA [ BÞ \ C or as A [ ðB \ CÞ. Now ðA [ BÞ \ C ¼ D [H [ J,

while A [ ðB \ CÞ ¼ A [ ðD [ JÞ ¼ A [ J. Thus, A [ B \ C is ambiguous.

(d ) A0 ¼ G [ J [ K [ L and C0 ¼ E [ F [ G [ L; hence, A0 \ C0 ¼ G [ L.

1.7. Let A and B be subsets of U. Use Venn diagrams to illustrate: A \ B0 ¼ A if and only if A \ B ¼ ;.

Suppose A \ B ¼ ; and refer to Fig. 1-1(b). Now A � B 0; hence A \ B 0 ¼ A.

Suppose A \ B 6¼ ; and refer to Fig. 1-1(c). Now A 6� B0; hence A \ B 0 6¼ A.

Thus, A \ B 0 ¼ A if and only if A \ B ¼ ;.

Fig. 1-7
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1.8. Prove: ðA [ BÞ [ C ¼ A [ ðB [ CÞ.

Let x 2 ðA [ BÞ [ C. Then x 2 A [ B or x 2 C, so that x 2 A or x 2 B or x 2 C. When x 2 A,

then x 2 A [ ðB [ CÞ; when x 2 B or x 2 C, then x 2 B [ C and hence x 2 A [ ðB [ CÞ.

Thus, ðA [ BÞ [ C � A [ ðB [ CÞ.

Let x 2 A [ ðB [ CÞ. Then x 2 A or x 2 B [ C, so that x 2 A or x 2 B or x 2 C. When x 2 A or x 2 B,

then x 2 A [ B and hence x 2 ðA [ BÞ [ C; when x 2 C, then x 2 ðA [ BÞ [ C. Thus, A [ ðB [ CÞ �

ðA [ BÞ [ C.

Now ðA [ BÞ [ C � A [ ðB [ CÞ and A [ ðB [ CÞ � ðA [ BÞ [ C imply ðA [ BÞ [ C ¼ A [ ðB [ CÞ as

required. Thus, A [ B [ C is unambiguous.

1.9. Prove: ðA \ BÞ \ C ¼ A \ ðB \ CÞ.

Let x 2 ðA \ BÞ \ C. Then x 2 A \ B and x 2 C, so that x 2 A and x 2 B and x 2 C. Since x 2 B and

x 2 C, then x 2 B \ C; since x 2 A and x 2 B \ C, then x 2 A \ ðB \ CÞ. Thus, ðA \ BÞ \ C � A \ ðB \ CÞ.

Let x 2 A \ ðB \ CÞ. Then x 2 A and x 2 B \ C, so that x 2 A and x 2 B and x 2 C. Since x 2 A and

x 2 B, then x 2 A \ B; since x 2 A \ B and x 2 C, then x 2 ðA \ BÞ \ C. Thus, A \ ðB \ CÞ � ðA \ BÞ \ C

and ðA \ BÞ \ C ¼ A \ ðB \ CÞ as required. Thus, A \ B \ C is unambiguous.

1.10. Prove: A \ ðB [ CÞ ¼ ðA \ BÞ [ ðA \ CÞ.

Let x 2 A \ ðB [ CÞ. Then x 2 A and x 2 B [ C (x 2 B or x 2 C), so that x 2 A and x 2 B or x 2 A and

x 2 C. When x 2 A and x 2 B, then x 2 A \ B and so x 2 ðA \ BÞ [ ðA \ CÞ; similarly, when x 2 A and

x 2 C, then x 2 A \ C and so x 2 ðA \ BÞ [ ðA \ CÞ. Thus, A \ ðB [ CÞ � ðA \ BÞ [ ðA \ CÞ.

Let x 2 ðA \ BÞ [ ðA \ CÞ, so that x 2 A \ B or x 2 A \ C. When x 2 A \ B, then x 2 A and x 2 B so that

x 2 A and x 2 B [ C; similarly, when x 2 A \ C, then x 2 A and x 2 C so that x 2 A and x 2 B [ C. Thus,

x 2 A \ ðB [ CÞ and ðA \ BÞ [ ðA \ CÞ � A \ ðB [ CÞ. Finally, A \ ðB [ CÞ ¼ ðA \ BÞ [ ðA \ CÞ as required.

1.11. Prove: ðA [ BÞ0 ¼ A0 \ B 0.

Let x 2 ðA [ BÞ0. Now x =2A \ B, so that x =2A and x =2B. Then x 2 A0 and x 2 B 0, that is, x 2 A0 \ B 0;

hence ðA [ BÞ 0 � A0 \ B 0.

Let x 2 A0 \ B 0. Now x 2 A0 and x 2 B 0, so that x =2A and x =2B. Then x =2A [ B, so that x 2 ðA [ BÞ0;

hence A0 \ B 0 � ðA [ BÞ 0. Thus, ðA [ BÞ 0 ¼ A0 \ B 0 as required.

1.12. Prove: ðA \ BÞ [ C ¼ ðA [ CÞ \ ðB [ CÞ.

C [ ðA \ BÞ ¼ ðC [ AÞ \ ðC [ BÞ by ð1:10Þ

Then ðA \ BÞ [ C ¼ ðA [ CÞ \ ðB [ CÞ by ð1:9Þ

1.13. Prove: A� ðB [ CÞ ¼ ðA� BÞ \ ðA� CÞ.

Let x 2 A� ðB [ CÞ. Now x 2 A and x =2B [ C, that is, x 2 A but x =2B and x =2C. Then x 2 A� B and

x 2 A� C, so that x 2 ðA� BÞ \ ðA� CÞ and A� ðB [ CÞ � ðA� BÞ \ ðA� CÞ.

Let x 2 ðA� BÞ \ ðA� CÞ. Now x 2 A� B and x 2 A� C, that is, x 2 A but x =2B and x =2C. Then x 2 A

but x =2B [ C, so that x 2 A� ðB [ CÞ and ðA� BÞ \ ðA� CÞ � A� ðB [ CÞ. Thus, A� ðB [ CÞ ¼

ðA� BÞ \ ðA� CÞ as required.

1.14. Prove: ðA [ BÞ \ B 0 ¼ A if and only if A \ B ¼ ;.

Using (1.100) and (1.70), we find

ðA [ BÞ \ B0 ¼ ðA \ B0Þ [ ðB \ B0Þ ¼ A \ B0

We are then to prove: A \ B 0 ¼ A if and only if A \ B ¼ ;.
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(a) Suppose A \ B ¼ ;. Then A � B 0 and A \ B 0 ¼ A.

(b) Suppose A \ B 0 ¼ A. Then A � B 0 and A \ B ¼ ;.

Thus, ðA [ BÞ \ B 0 ¼ A if (by (a)) and only if (by (b)) A \ B ¼ ;.

1.15. Prove: X � Y if and only if Y 0 � X 0.

(i ) Suppose X � Y . Let y 0 2 Y 0. Then y 0 =2X since y 0 =2Y ; hence, y 0 2 X and Y 0 � X 0.

(ii ) Conversely, suppose Y 0 � X 0. Now, by (i ), ðX 0Þ 0 � ðY 0Þ 0; hence, X � Y as required.

1.16. Prove the identity ðA� BÞ [ ðB� AÞ ¼ ðA [ BÞ � ðA \ BÞ of Example 10 using the identity

A� B ¼ A \ B 0 of Example 9.

We have

ðA� BÞ [ ðB� AÞ ¼ ðA \ B 0Þ [ ðB \ A 0Þ

¼ ½ðA \ B 0Þ [ B� \ ½ðA \ B 0Þ [ A 0� by ð1:10Þ

¼ ½ðA [ BÞ \ ðB [ B 0Þ� \ ½ðA [ A0Þ \ ðB 0 [ A 0Þ� by ð1:10Þ

¼ ½ðA [ BÞ \U� \ ½U \ ðB 0 [ A 0Þ� by ð1:7Þ

¼ ðA [ BÞ \ ðB 0 [ A 0Þ by ð1:4 0Þ

¼ ðA [ BÞ \ ðA 0 [ B 0Þ by ð1:9Þ

¼ ðA [ BÞ \ ðA \ BÞ 0 by ð1:110Þ

¼ ðA [ BÞ � ðA \ BÞ

1.17. In Fig. 1-8, show that any two line segments have the same number of points.

Let the line segments be AB and A0B 0 of Fig. 1-8. We are to show that it is always possible to

establish a one-to-one correspondence between the points of the two line segments. Denote the intersection

of AB 0 and BA0 by P. On AB take any point C and denote the intersection of CP and A 0B 0 by C 0.

The mapping

C ! C0

is the required correspondence, since each point of AB has a unique image on A0B 0 and each point of A0B 0 is

the image of a unique point on AB.

1.18. Prove: (a) x ! xþ 2 is a mapping of N into, but not onto, N. (b) x ! 3x� 2 is a

one-to-one mapping of Q onto Q, (c) x ! x3 � 3x2 � x is a mapping of R onto R but is not

one-to-one.

(a) Clearly xþ 2 2 N when x 2 N. The mapping is not onto since 2 is not an image.

(b) Clearly 3x� 2 2 Q when x 2 Q. Also, each r 2 Q is the image of x ¼ ðrþ 2Þ=3 2 Q.

(c) Clearly x3 � 3x2 � x 2 R when x 2 R. Also, when r 2 R, x3 � 3x2 � x ¼ r always has a real root x

whose image is r. When r ¼ �3, x3 � 3x2 � x ¼ r has 3 real roots x ¼ �1, 1, 3. Since each has r ¼ �3

as its image, the mapping is not one-to-one.

1.19. Prove: If � is a one-to-one mapping of a set S onto a set T, then � has a unique inverse and

conversely.

Suppose � is a one-to-one mapping of S onto T; then for any s 2 S, we have

�ðsÞ ¼ t 2 T
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Since t is unique, it follows that � induces a one-to-one mapping

�ðtÞ ¼ s

Now ð��ÞðsÞ ¼ �ð�ðsÞÞ ¼ �ðtÞ ¼ s; hence, �� ¼ J and � is an inverse of �. Suppose this inverse is not unqiue;

in particular, suppose � and � are inverses of �. Since

�� ¼ �� ¼ J and �� ¼ �� ¼ J

it follows that

�� � ¼ �ð��Þ ¼ � � J ¼ �

and �� � ¼ ð��Þ� ¼ J � � ¼ �

Thus, � ¼ �; the inverse of � is unique.

Conversely, let the mapping � of S into T have a unique inverse ��1. Suppose for s1, s2 2 S, with s1 6¼ s2,

we have �ðs1Þ ¼ �ðs2Þ. Then ��1ð�ðs1ÞÞ ¼ ��1ð�ðs2ÞÞ, so that ð��1 � �Þðs1Þ ¼ ð��1 � �Þðs2Þ and s1 ¼ s2, a

contradiction. Thus, � is a one-to-one mapping. Now, for any t 2 T , we have �ð��1ðtÞÞ ¼ ð� � ��1ÞðtÞ ¼

t � J ¼ t; hence, t is the image of s ¼ ��1ðtÞ 2 S and the mapping is onto.

1.20. Prove: If � is a one-to-one mapping of a set S onto a set T and � is a one-to-one mapping of T

onto a set U, then ð��Þ�1
¼ ��1 � ��1.

Since ð��Þð��1 � ��1Þ ¼ �ð� � ��1Þ��1 ¼ � � ��1 ¼ J , ��1 � ��1 is an inverse of ��. By Problem 1.19 such an

inverse is unique; hence, ð��Þ�1
¼ ��1 � ��1.

Supplementary Problems

1.21. Exhibit each of the following in tabular form:

(a) the set of negative integers greater than �6,

(b) the set of integers between �3 and 4,

(c) the set of integers whose squares are less than 20,

(d ) the set of all positive factors of 18,

(e) the set of all common factors of 16 and 24,

(f ) fp : p 2 N, p2 < 10g

(g) fb : b 2 N, 3 � b � 8g

(h) fx : x 2 Z, 3x2 þ 7xþ 2 ¼ 0g

Fig. 1-8
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(i ) fx : x 2 Q, 2x2 þ 5xþ 3 ¼ 0g

Partial Answer: (a) f�5, � 4, � 3, � 2, � 1g, (d ) f1, 2, 3, 6, 9, 18g, ( f ) f1, 2, 3g, (h) f�2g

1.22. Verify: (a) fx : x 2 N, x < 1g ¼ ;, (b) fx : x 2 Z, 6x2 þ 5x� 4 ¼ 0g ¼ ;

1.23. Exhibit the 15 proper subsets of S ¼ fa, b, c, dg.

1.24. Show that the number of proper subsets of S ¼ fa1, a2, . . . , ang is 2
n � 1.

1.25. Using the sets of Problem 1.2, verify: (a) ðA [ BÞ [ C ¼ A [ ðB [ CÞ, (b) ðA \ BÞ \ C ¼ A \ ðB \ CÞ,

(c) ðA [ BÞ \ C 6¼ A [ ðB \ CÞ.

1.26. Using the sets of Problem 1.3, verify: (a) ðK 0Þ
0
¼ K , (b) ðK \ LÞ0 ¼ K 0 [ L0, (c) ðK [ L [MÞ

0
¼ K 0 \ L0 \M0,

(d ) K \ ðL [MÞ ¼ ðK \ LÞ [ ðK \MÞ.

1.27. Let ‘‘njm’’ mean ‘‘n is a factor of m.’’ Given A ¼ fx : x 2 N, 3jxg and B ¼ fx : x 2 N, 5jxg, list 4 elements of

each of the sets A0, B 0, A [ B, A \ B, A [ B 0, A \ B 0, A0 [ B 0 where A0 and B 0 are the respective complements

of A and B in N.

1.28. Prove the laws of (1.8)–(1.120), which were not treated in Problems 1.8–1.13.

1.29. Let A and B be subsets of a universal set U. Prove:

(a) A [ B ¼ A \ B if and only if A ¼ B,

(b) A \ B ¼ A if and only if A � B,

(c) ðA \ B 0Þ [ ðA0 \ BÞ ¼ A [ B if and only if A \ B ¼ ;.

1.30. Given nðUÞ ¼ 692, nðAÞ ¼ 300, nðBÞ ¼ 230, nðCÞ ¼ 370, nðA \ BÞ ¼ 150, nðA \ CÞ ¼ 180, nðB \ CÞ ¼ 90,

nðA \ B 0 \ C 0Þ ¼ 10 where nðSÞ is the number of distinct elements in the set S, find:

ðaÞ nðA \ B \ CÞ ¼ 40 ðcÞ nðA0 \ B 0 \ C 0Þ ¼ 172

ðbÞ nðA0 \ B \ C 0Þ ¼ 30 ðdÞ nððA \ BÞ [ ðA \ CÞ [ ðB \ CÞÞ ¼ 340

1.31. Given the mappings � : n ! n2 þ 1 and � : n ! 3nþ 2 of N into N, find: �� ¼ n4 þ 2n2 þ 2, ��,
�� ¼ 3n2 þ 5, and ��.

1.32. Which of the following mappings of Z into Z:

ðaÞ x ! xþ 2 ðdÞ x ! 4� x

ðbÞ x ! 3x ðeÞ x ! x3

ðcÞ x ! x2 ð f Þ x ! x2 � x

are (i ) mappings of Z onto Z, (ii ) one-to-one mappings of Z onto Z?

Ans. ( i ), ( ii ); (a), (d )

1.33. Same as Problem 32 with Z replaced by Q. Ans. (i ), (ii ); (a), (b), (d )

1.34. Same as Problem 32 with Z replaced by R. Ans. (i ), (ii ); (a), (b), (d ), (e)

1.35. (a) If E is the set of all even positive integers, show that x ! xþ 1, x 2 E is not a mapping of E onto the set

F of all odd positive integers.

(b) If E� is the set consisting of zero and all even positive integers (i.e., the non-negative integers), show that

x ! xþ 1, x 2 E� is a mapping of E� onto F.
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1.36. Given the one-to-one mappings

J : J ð1Þ ¼ 1, J ð2Þ ¼ 2, J ð3Þ ¼ 3, J ð4Þ ¼ 4

� : �ð1Þ ¼ 2, �ð2Þ ¼ 3, �ð3Þ ¼ 4, �ð4Þ ¼ 1

� : �ð1Þ ¼ 4, �ð2Þ ¼ 1, �ð3Þ ¼ 2, �ð4Þ ¼ 3

� : �ð1Þ ¼ 3, �ð2Þ ¼ 4, �ð3Þ ¼ 1, �ð4Þ ¼ 2

� : �ð1Þ ¼ 1, �ð2Þ ¼ 4, �ð3Þ ¼ 3, �ð4Þ ¼ 2

of S ¼ f1, 2, 3, 4g onto itself, verify:

(a) �� ¼ �� ¼ J , hence, � ¼ ��1; (b) �� ¼ �� ¼ �; (c) �� 6¼ ��;
(d ) �2 ¼ �� ¼ �; (e) �2 ¼ J , hence, ��1 ¼ �; ( f ) �4 ¼ J , hence, �3 ¼ ��1;

(g) ð�2Þ
�1

¼ ð��1Þ
2.
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Relations and
Operations

INTRODUCTION

The focus of this chapter is on relations that exist between the elements of a set and between sets. Many
of the properties of sets and operations on sets that we will need for future reference are introduced at
this time.

2.1 RELATIONS

Consider the set P ¼ fa, b, c, . . . , tg of all persons living on a certain block of Main Street. We shall be
concerned in this section with statements such as ‘‘a is the brother of p,’’ ‘‘c is the father of g,’’ . . . , called
relations on (or in) the set P. Similarly, ‘‘is parallel to,’’ ‘‘is perpendicular to,’’ ‘‘makes an angle of 45�

with,’’ . . . , are relations on the set L of all lines in a plane.
Suppose in the set P above that the only fathers are c, d, g and that

c is the father of a, g,m, p, q

d is the father of f

g is the father of h, n

Then, with R meaning ‘‘is the father of,’’ we may write

c R a, c R g, c R m, c R p, c R q, d R f , g R h, g R n

Now c R a (c is the father of a) may be thought of as determining an ordered pair, either ða, cÞ or ðc, aÞ,
of the product set P� P. Although both will be found in use, we shall always associate c R a with the
ordered pair ða, cÞ.

With this understanding, R determines on P the set of ordered pairs

ða, cÞ, ðg, cÞ, ðm, cÞ, ðp, cÞ, ðq, cÞ, ð f , dÞ, ðh, gÞ, ðn, gÞ

As in the case of the term function in Chapter 1, we define this subset of P� P to be the relation R.
Thus,

DEFINITION 2.1: A relation R on a set S (more precisely, a binary relation on S, since it will be
a relation between pairs of elements of S) is a subset of S � S.
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EXAMPLE 1.

(a) Let S ¼ f2, 3, 5, 6g and let R mean ‘‘divides.’’ Since 2 R 2, 2 R 6, 3 R 3, 3 R 6, 5 R 5, 6 R 6, we have

R ¼ fð2, 2Þ, ð6, 2Þ, ð3, 3Þ, ð6, 3Þ, ð5, 5Þ, ð6, 6Þg

(b) Let S ¼ f1, 2, 3, . . . , 20g and let R mean ‘‘is three times.’’ Then 3 R 1, 6 R 2, 9 R 3, 12 R 4, 15 R 5, 18 R 6,

and R ¼ fð1, 3Þ, ð2, 6Þ, ð3, 9Þ, ð4, 12Þ, ð5, 15Þ, ð6, 18Þg

(c) Consider R ¼ fðx, yÞ : 2x� y ¼ 6, x 2 Rg. Geometrically, each ðx, yÞ 2 R is a point on the graph of the

equation 2x� y ¼ 6. Thus, while the choice c R a means ða, cÞ 2 R rather than ðc, aÞ 2 R may have appeared

strange at the time, it is now seen to be in keeping with the idea that any equation y ¼ f ðxÞ is merely a special

type of binary relation.

2.2 PROPERTIES OF BINARY RELATIONS

DEFINITION 2.2: A relation R on a set S is called reflexive if a R a for every a 2 S.

EXAMPLE 2.

(a) Let T be the set of all triangles in a plane and R mean ‘‘is congruent to.’’ Now any triangle t 2 T is congruent

to itself; thus, t R t for every t 2 T , and R is reflexive.

(b) For the set T let R mean ‘‘has twice the area of.’’ Clearly, t 6 R t and R is not reflexive.

(c) Let R be the set of real numbers and R mean ‘‘is less than or equal to.’’ Thus, any number is less than or equal

to itself so R is reflexive.

DEFINITION 2.3: A relation R on a set S is called symmetric if whenever a R b then b R a:

EXAMPLE 3.

(a) Let P be the set of all persons living on a block of Main Street and R mean ‘‘has the same surname as.’’ When

x 2 P has the same surname as y 2 P, then y has the same surname as x; thus, x R y implies y R x and R is

symmetric.

(b) For the same set P, letR mean ‘‘is the brother of ’’ and suppose x R y. Now ymay be the brother or sister of x;

thus, x R y does not necessarily imply y R x and R is not symmetric.

(c) Let R be the set of real numbers and R mean ‘‘is less than or equal to.’’ Now 3 is less than or equal to 5 but 5 is

not less than or equal to 3. Hence R is not symmetric.

DEFINITION 2.4: A relation R on a set S is called transitive if whenever a R b and b R c then a R c.

EXAMPLE 4.

(a) Let S be the set of all lines in a plane and R mean ‘‘is parallel to.’’ Clearly, if line a is parallel to line b and if b

is parallel to line c, then a is parallel to c and R is transitive.

(b) For the same set S, let R mean ‘‘is perpendicular to.’’ Now if line a is perpendicular to line b and if b

is perpendicular to line c, then a is parallel to c. Thus, R is not transitive.

(c) Let R be the set of real numbers and R mean ‘‘is less than or equal to.’’ If x � y and y � z, then x � z. Hence,

R is transitive.

2.3 EQUIVALENCE RELATIONS

DEFINITION 2.5: A relation R on a set S is called an equivalence relation on S when R is

ði Þ reflexive, ðii Þ symmetric, and ðiii Þ transitive.

EXAMPLE 5. The relation ‘‘¼’’ on the set R is undoubtedly the most familiar equivalence relation.

EXAMPLE 6. Is the relation ‘‘has the same surname as’’ on the set P of Example 3 an equivalence relation?
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Here we must check the validity of each of the following statements involving arbitrary x, y, z 2 P:

ði Þ x has the same surname as x.

ðii Þ If x has the same surname as y, then y has the same surname as x.

ðiii Þ If x has the same surname as y and if y has the same surname as z, then x has the same surname as z.

Since each of these is valid, ‘‘has the same surname as’’ is ði Þ reflexive, ðii Þ symmetric, ðiii Þ transitive, and hence,

is an equivalence relation on P.

EXAMPLE 7. It follows from Example 3(b) that ‘‘is the brother of ’’ is not symmetric and, hence, is not an

equivalence relation on P. See Problems 2.1–2.3.

EXAMPLE 8. It follows from Example 3(c) that ‘‘is less than or equal to’’ is not symmetric and, hence, is not an

equivalence relation on R.

2.4 EQUIVALENCE SETS

DEFINITION 2.6: Let S be a set and R be an equivalence relation on S. If a 2 S, the elements

y 2 S satisfying y R a constitute a subset, [a], of S, called an equivalence set or equivalence class.

Thus, formally,

½a� ¼ fy : y 2 S, y R ag

(Note the use of brackets here to denote equivalence classes.)

EXAMPLE 9. Consider the set T of all triangles in a plane and the equivalence relation (see Problem 2.1) ‘‘is

congruent to.’’ When a, b 2 T we shall mean by [a] the set or class of all triangles of T congruent to the triangle a,

and by [b] the set or class of all triangles of T congruent to the triangle b. We note, in passing, that triangle a is

included in [a] and that if triangle c is included in both [a] and [b] then [a] and [b] are merely two other ways of

indicating the class [c].

A set fA,B,C, . . .g of non-empty subsets of a set S will be called a partition of S provided

ðiÞ A [ B [ C [ � � � ¼ S and ðiiÞ the intersection of every pair of distinct subsets is the empty set.

The principal result of this section is

Theorem I. An equivalence relationR on a set S effects a partition of S, and conversely, a partition of S

defines an equivalence relation on S.

EXAMPLE 10. Let a relation R be defined on the set R of real numbers by xRy if and only if jxj ¼ jyj, and let

us determine if R is an equivalence relation.

Since jaj ¼ jaj for all a 2 R, we can see that aRa and R is reflexive.

Now if aRb for some a, b 2 R then jaj ¼ jbj so jbj ¼ jaj and aRb and R is symmetric.

Finally, if aRb and bRc for some a, b, c 2 R then jaj ¼ jbj and jbj ¼ jcj thus jaj ¼ jcj and aRc. Hence, R is

transitive.

Since R is reflexive, symmetric, and transitive, R is an equivalence relation on R. Now the equivalence set or

class ½a� ¼ fa, � ag for a 6¼ 0 and ½0� ¼ f0g. The set ff0g, f1, � 1g, f2, � 2g, . . .g forms a partition of R.

EXAMPLE 11. Two integers will be said to have the same parity if both are even or both are odd.

The relation ‘‘has the same parity as’’ on Z is an equivalence relation. (Prove this.) The relation establishes two

subsets of Z:

A ¼ fx : x 2 Z, x is eveng and B ¼ fx : x 2 Z, x is oddg

Now every element of Z will be found either in A or in B but never in both. Hence, A [ B ¼ Z and A \ B ¼ ;, and

the relation effects a partition of Z.
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EXAMPLE 12. Consider the subsets A ¼ f3, 6, 9, . . . , 24g, B ¼ f1, 4, 7, . . . , 25g, and C ¼ f2, 5, 8, . . . , 23g of

S ¼ f1, 2, 3, . . . , 25g. Clearly, A [ B [ C ¼ S and A \ B ¼ A \ C ¼ B \ C ¼ ;, so that fA,B,Cg is a partition of S.

The equivalence relation which yields this partition is ‘‘has the same remainder when divided by 3 as.’’

In proving Theorem I, (see Problem 2.6), use will be made of the following properties of

equivalence sets:

(1) a 2 ½a�

(2) If b 2 ½a�, then ½b� ¼ ½a�.

(3) If ½a� \ ½b� 6¼ ;, then [a]= [b].

The first of these follows immediately from the reflexive property a R a of an equivalence relation. For

proofs of the others, see Problems 2.4–2.5.

2.5 ORDERING IN SETS

Consider the subsetA ¼ f2, 1, 3, 12, 4g ofN. In writing this set we have purposely failed to follow a natural

inclination to give it as A ¼ f1, 2, 3, 4, 12g so as to point out that the latter version results from the use of

the binary relation (�) defined on N. This ordering of the elements of A (also, of N) is said to be total,

since for every a, b 2 A ðm, n 2 NÞ either a < b, a¼ b, or a > b ðm < n, m ¼ n, m > nÞ. On the other

hand, the binary relation ( | ), (see Problem 1.27, Chapter 1) effects only a partial ordering on A, i.e., 2 j 4

but 2 6 j 3. These orderings of A can best be illustrated by means of diagrams. Fig. 2-1 shows the ordering

of A affected by (�).
We begin at the lowest point of the diagram and follow the arrows to obtain

1 � 2 � 3 � 4 � 12

It is to be expected that the diagram for a totally ordered set is always a straight line. Fig. 2-2 shows the

partial ordering of A affected by the relation ( j ). See also Problem 2.7.

DEFINITION 2.7: A set S will be said to be partially ordered (the possibility of a total ordering is not

excluded) by a binary relation R if for arbitrary a, b, c 2 S,

(i ) R is reflexive, i.e., a R a;
(ii ) R is anti-symmetric, i.e., a R b and b R a if and only if a ¼ b;
(iii ) R is transitive, i.e., a R b and b R c implies a R c.

Fig. 2-1 Fig. 2-2
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It will be left for the reader to check that these properties are satisfied by each of the relations (�)
and (j) on A and also to verify that the properties contain a redundancy in that (ii ) implies (i ).

The redundancy has been introduced to make perfectly clear the essential difference between the
relations of this and the previous section.

Let S be a partially ordered set with respect to R. Then:

(1) every subset of S is also partially ordered with respect to R while some subsets may be totally
ordered. For example, in Fig. 2-2 the subset f1, 2, 3g is partially ordered, while the subset f1, 2, 4g is

totally ordered by the relation (j).

(2) the element a 2 S is called a first element of S if a R x for every x 2 S.

(3) the element g 2 S is called a last element of S if x R g for every x 2 S. [The first (last) element of an

ordered set, assuming there is one, is unique.]

(4) the element a 2 S is called a minimal element of S if x R a implies x¼ a for every x 2 S.

(5) the element g 2 S is called a maximal element of S if g R x implies g¼ x for every x 2 S.

EXAMPLE 13.

(a) In the orderings of A of Figs. 2-1 and 2-2, the first element is 1 and the last element is 12. Also, 1 is a minimal

element and 12 is a maximal element.

(b) In Fig. 2-3, S ¼ fa, b, c, d g has a first element a but no last element. Here, a is a minimal element while c and d

are maximal elements.

(c) In Fig. 2-4, S ¼ fa, b, c, d, eg has a last element e but no first element. Here, a and b are minimal elements while

e is a maximal element.

An ordered set S having the property that each of its non-empty subsets has a first element, is said

to be well ordered. For example, consider the sets N and Q each ordered by the relation (�). Clearly,
N is well ordered but, since the subset fx : x 2 Q, x > 2g of Q has no first element, Q is not well ordered.

Is Z well ordered by the relation (�)? Is A ¼ f1, 2, 3, 4, 12g well ordered by the relation ( j )?
Let S be well ordered by the relation R. Then for arbitrary a, b 2 S, the subset fa, bg of S has a first

element and so either a R b or b R a. We have proved

Theorem II. Every well-ordered set is totally ordered.

2.6 OPERATIONS

Let Qþ ¼ fx : x 2 Q,x > 0g. For every a, b 2 Q
þ, we have

aþ b, bþ a, a � b, b � a, a� b, b� a 2 Q
þ

Addition, multiplication, and division are examples of binary operations on Q
þ. (Note that such

operations are simply mappings of Qþ �Q
þ into Q

þ.) For example, addition associates with each pair

a, b 2 Q
þ an element aþ b 2 Q

þ. Now aþ b ¼ bþ a but, in general, a� b 6¼ b� a; hence, to

Fig. 2-4Fig. 2-3
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ensure a unique image it is necessary to think of these operations as defined on ordered pairs of elements.

Thus,

DEFINITION 2.8: A binary opertaion ‘‘ � ’’ on a non-empty set S is a mapping which associates with

each ordered pair (a, b) of elements of S a uniquely defined element a � b of S: In brief, a binary

operation on a set S is a mapping of S � S into S.

EXAMPLE 14.

(a) Addition is a binary operation on the set of even natural numbers (the sum of two even natural numbers

is an even natural number) but is not a binary operation on the set of odd natural numbers (the sum of

two odd natural numbers is an even natural number).

(b) Neither addition nor multiplication are binary operations on S ¼ f0, 1, 2, 3, 4g since, for example,

2þ 3 ¼ 5 =2S and 2 � 3 ¼ 6 =2S:

(c) The operation a � b ¼ a is a binary operation on the set of real numbers. In this example, the operation assigns

to each ordered pair of elements ða, bÞ the first element a.

(d) In Table 2-1, defining a certain binary operation � on the set A ¼ fa, b, c, d, eg is to be read as follows: For every

ordered pair (x, y) of A� A, we find x � y as the entry common to the row labeled x and the column labeled y.

For example, the encircled element is d � e (not e � d ).

Table 2-1

� a b c d e

a a b c d e

b b c d e a

c c d e a b

d d e a b �c

e e a b c d

The fact that � is a binary operation on a set S is frequently indicated by the equivalent statement:

The set S is closed with respect to the operation �. Example 14(a) may then be expressed: The set

of even natural numbers is closed with respect to addition; the set of odd natural numbers is not closed

with respect to addition.

2.7 TYPES OF BINARY OPERATIONS

DEFINITION 2.9: A binary operation � on a set S is called commutative whenever x � y ¼ y � x for all

x, y 2 S:

EXAMPLE 15.

(a) Addition and multiplication are commutative binary operations, while division is not a commutative binary

operation on Q
þ.

(b) The operation in Example 14(c) above is not commutative since 2 � 3 ¼ 2 and 3 � 2 ¼ 3.

(c) The operation � on A of Table 2-1 is commutative. This may be checked readily by noting that (i) each row

(b, c, d, e, a in the second row, for example) and the same numbered column (b, c, d, e, a in the second column)

read exactly the same or that (ii) the elements of S are symmetrically placed with respect to the principal

diagonal (dotted line) extending from the upper left to the lower right of the table.
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DEFINITION 2.10: A binary operation � on a set S is called associative whenever ðx � yÞ � z ¼
x � ð y � zÞ for all x, y, z 2 S:

EXAMPLE 16.

(a) Addition and multiplication are associative binary operations on Q
þ.

(b) The operation � in Example 14(c) is an associative operation since for all a, b 2 R, a � ðb � cÞ ¼

a � b ¼ a and ða � bÞ � c ¼ a � c ¼ a.

(c) The operation � on A of Table 2-1 is associative. We find, for instance, ðb � cÞ � d ¼ d � d ¼ b and

b � ðc � d Þ ¼ b � a ¼ b ; ðd � eÞ � d ¼ c � d ¼ a and d � ðe � d Þ ¼ d � c ¼ a; . . . Completing the proof here

becomes exceedingly tedious, but it is suggested that the reader check a few other random choices.

(d) Let � be a binary operation on R defined by

a � b ¼ aþ 2b for all a, b 2 R

Since ða � bÞ � c ¼ ðaþ 2bÞ � c ¼ aþ 2bþ 2c

while a � ðb � cÞ ¼ a � ðbþ 2cÞ ¼ aþ 2ðbþ 2cÞ ¼ aþ 2bþ 4c

the operation is not associative.

DEFINITION 2.11: A set S is said to have an identity ðunit or neutralÞ element with respect to
a binary operation � on S if there exists an element u 2 S with the property u � x ¼ x � u ¼ x for
every x 2 S:

EXAMPLE 17.

(a) An identity element of Q with respect to addition is 0 since 0þ x ¼ xþ 0 ¼ x for every x 2 Q; an identity

element of Q with respect to multiplication is 1 since 1 � x ¼ x � 1 ¼ x for every x 2 Q.

(b) N has no identity element with respect to addition, but 1 is an identity element with respect to multiplication.

(c) An identity element of the set A of Example 14(d ) with respect to � is a. Note that there is only one.

In Problem 2.8, we prove

Theorem III. The identity element, if one exists, of a set S with respect to a binary operation on S is
unique.

Consider a set S having the identity element u with respect to a binary operation �. An element y 2 S
is called an inverse of x 2 S provided x � y ¼ y � x ¼ u.

EXAMPLE 18.

(a) The inverse with respect to addition, or additive inverse of x 2 Z is � x since xþ ð�xÞ ¼ 0, the additive

identity element of Z. In general, x 2 Z does not have a multiplicative inverse.

(b) In Example 14(d ), the inverses of a, b, c, d, e are respectively a, e, d, c, b.

It is not difficult to prove

Theorem IV. Let � be a binary operation on a set S. The inverse with respect to � of x 2 S, if one exists,
is unique.

Finally, let S be a set on which two binary operations œ and � are defined. The operation œ is said
to be left distributive with respect to � if

a & ðb � cÞ ¼ ða & bÞ � ða & cÞ for all a, b, c 2 S ðaÞ

and is said to be right distributive with respect to � if

ðb � cÞ & a ¼ ðb & aÞ � ðc & aÞ for all a, b, c 2 S ðbÞ
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When both (a) and (b) hold, we say simply that œ is distributive with respect to �. Note that the

right members of (a) and (b) are equal whenever œ is commutative.

EXAMPLE 19.

(a) For the set of all integers, multiplication ð& ¼ �Þ is distributive with respect to addition ð� ¼ þÞ

since x � ð yþ zÞ ¼ x � yþ x � z for all x, y, z 2 Z.

(b) For the set of all integers, let � be ordinary addition and œ be defined by

x & y ¼ x 2 � y ¼ x 2y for all x, y 2 Z

Since a&ðbþ cÞ ¼ a 2bþ a 2c ¼ ða & bÞ þ ða & cÞ

œ is left distributive with respect to +. Since

ðbþ cÞ & a ¼ ab2 þ 2abcþ ac 2 6¼ ðb & aÞ þ ðc & aÞ ¼ b2aþ c 2a

œ is not right distributive with respect to þ.

2.8 WELL-DEFINED OPERATIONS

Let S ¼ fa, b, c, . . .g be a set on which a binary operation � is defined, and let the relation R partition S

into a set E ¼ f½a�, ½b�, ½c�, . . .g of equivalence classes. Let a binary operation 	 on E be defined by

½a� 	 ½b� ¼ ½a � b� for every ½a�, ½b� 2 E

Now it is not immediately clear that, for arbitrary p, q 2 ½a� and r, s 2 ½b�, we have

½ p � r� ¼ ½q � s� ¼ ½a � b� ðcÞ

We shall say that 	 is well defined on E, that is,

½p� 	 ½r� ¼ ½q� 	 ½s� ¼ ½a� 	 ½b�

if and only if ðcÞ holds.

EXAMPLE 20. The relation ‘‘has the same remainder when divided by 9 as’’ partitions N into nine equivalence

classes ½1�, ½2�, ½3�, . . . , ½9�. If � is interpreted as addition on N, it is easy to show that 	 as defined above is

well defined. For example, when x � y 2 N, 9xþ 2 2 ½2� and 9yþ 5 2 ½5�; then ½2� 	 ½5� ¼ ½ð9xþ 2Þ þ ð9yþ 5Þ� ¼

½9ðxþ yÞ þ 7� ¼ ½7� ¼ ½2þ 5� etc:

2.9 ISOMORPHISMS

Throughout this section we shall be using two sets:

A ¼ f1, 2, 3, 4g and B ¼ fp, q, r, sg

Now that ordering relations have been introduced, there will be a tendency to note here the familiar

ordering used in displaying the elements of each set. We point this out in order to warn the reader against

giving to any set properties which are not explicitly stated. In (1) below we consider A and B as arbitrary

sets of four elements each and nothing more; for instance, we might have used f
, þ , $,%g as A or B;

in (2) we introduce ordering relations on A and B but not the ones mentioned above; in (3) we define

binary operations on the unordered sets A and B; in (4) we define binary operations on the ordered sets

of (2).
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(1) The mapping

� : 1 !p, 2 !q, 3 !r, 4 !s

is one of 24 establishing a 1-1 correspondence between A and B.
(2) Let A be ordered by the relation R = ( j ) and B be ordered by the relation R0 as indicated

in the diagram of Fig. 2-5. Since the diagram for A is as shown in Fig. 2-6, it is clear that the
mapping

� : 1 !r, 2 !s, 3 !q, 4 !p

is a 1-1 correspondence between A and B which preserves the order relations, that is, for
u, v 2 A and x, y 2 B with u !x and v !y then

u R v implies x R0 y

and conversely.
(3) On the unordered sets A and B, define the respective binary operations � and œ with operation

tables

Table 2-2 Table 2-3

� 1 2 3 4

1 1 2 3 4

2 2 4 1 3

3 3 1 4 2

4 4 3 2 1

and

& p q r s

p q r s p

q r s p q

r s p q r

s p q r s

It may be readily verified that the mapping

� : 1 !s, 2 !p, 3 !r, 4 !q

is a 1-1 correspondence between A and B which preserves the operations, that is, whenever

w 2 A !x 2 B and v 2 A !y 2 B

(to be read ‘‘w in A corresponds to x in B and v in A corresponds to y in B’’), then

w � v !x & y

Fig. 2-5
Fig. 2-6
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(4) On the ordered sets A and B of (2), define the respective binary operations � and œ with operation

tables

Table 2-4 Table 2-5

� 1 2 3 4

1 1 2 3 4

2 2 4 1 3

3 3 1 4 2

4 4 3 2 1

and

& p q r s

p r s p q

q s p q r

r p q r s

s q r s p

It may be readily verified that the mapping

� : 1 !r, 2 !s, 3 !q, 4 !p

is a 1-1 correspondence between A and B which preserves both the order relations and the

operations.

By an algebraic system S we shall mean a set S together with any relations and operations defined

on S. In each of the cases (1)–(4) above, we are concerned then with a certain correspondence between

the sets of the two systems. In each case we shall say that the particular mapping is an isomorphism of

A onto B or that the systems A and B are isomorphic under the mapping in accordance with:
Two systems S and T are called isomorphic provided

(i ) there exists a 1-1 correspondence between the sets S and T, and
(ii ) any relations and operations defined on the sets are preserved in the correspondence.

Let us now look more closely at, say, the two systems A and B of (3). The binary operation � is

both associative and commutative; also, with respect to this operation, A has 1 as identity element and

every element of A has an inverse. One might suspect then that Table 2-2 is something more than the

vacuous exercise of constructing a square array in which no element occurs twice in the same row or

column. Considering the elements of A as digits rather than abstract symbols, it is easy to verify that the

binary operation � may be defined as: for every x, y 2 A, x � y is the remainder when x � y is divided by 5.

(For example, 2 � 4 ¼ 8 ¼ 1 � 5þ 3 and 2 � 4 ¼ 3.) Moreover, the system B is merely a disguised or coded

version of A, the particular code being the 1-1 correspondence �.
We shall make use of isomorphisms between algebraic systems in two ways:

(a) having discovered certain properties of one system (for example, those of A listed above) we may

without further ado restate them as properties of any other system isomorphic with it.

(b) whenever more convenient, we may replace one system by any other isomorphic with it. Examples

of this will be met with in Chapters 4 and 6.

2.10 PERMUTATIONS

Let S ¼ f1, 2, 3, . . . , ng and consider the set Sn of the n! permutations of these n symbols. A permutation

of a set S is a one-to-one function from S onto S. (No significance is to be given to the fact that they

are natural numbers.) The definition of the product of mappings in Chapter 1 leads naturally to the

definition of a ‘‘permutation operation’’ � on the elements of Sn. First, however, we shall introduce more

useful notations for permutations.
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Let i1, i2, i3, . . . , in be some arrangement of the elements of S. We now introduce a two-line notation

for the permutation

� ¼
1 2 3 ::: n
i1 i2 i3 ::: in

� �

which is simply a variation of the notation for the mapping

� : 1! i1, 2! i2, � � � , n! in or

�ð1Þ ¼ i1,�ð2Þ ¼ i2, � � � ,�ðnÞ ¼ in

Similarly, if j1, j2, j3, . . . , jn is another arrangement of the elements of S, we write

� ¼
1 2 3 ::: n

j1 j2 j3 ::: jn

� �

By the product � � � we shall mean that � and � are to be performed in right to left order; first

apply � and then �. Now a rearrangement of any arrangement of the elements of S is simply

another arrangement of these elements. Thus, for every �, � 2 Sn, � � � 2 Sn, and � is a binary operation

on Sn.

EXAMPLE 21. Let

� ¼
1 2 3 4 5

2 3 4 5 1

� �
, � ¼

1 2 3 4 5

1 3 2 5 4

� �
, and � ¼

1 2 3 4 5

1 2 4 5 3

� �

be 3 of the 5! permutations in the set S5 of all permutations on S ¼ f1, 2, 3, 4, 5g.

Since the order of the columns of any permutation is immaterial, we may rewrite � as

� ¼
2 3 4 5 1

3 2 5 4 1

� �

in which the upper line of � is the lower line of �:
Then

� � � ¼
2 3 4 5 1

3 2 5 4 1

� �
�

1 2 3 4 5

2 3 4 5 1

� �
¼

1 2 3 4 5

3 2 5 4 1

� �

In other words, � � �ð1Þ ¼ � �ð1Þð Þ ¼ �ð2Þ ¼ 3.

Similarly, rewriting � as

1 3 2 5 4

2 4 3 1 5

 !
, we find � � � ¼

1 2 3 4 5

2 4 3 1 5

 !

Thus, � is not commutative.

Writing � as
3 2 5 4 1

4 2 3 5 1

 !
, we find

� � ð� � �Þ ¼
3 2 5 4 1

4 2 3 5 1

 !
�

1 2 3 4 5

3 2 5 4 1

 !
¼

1 2 3 4 5

4 2 3 5 1

 !
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It is left for the reader to obtain

� � � ¼
2 3 4 5 1
4 2 3 5 1

� �

and show that ð� � �Þ � � ¼ � � ð� � �Þ. Thus, � is associative in this example. It is now easy to show that � is

associative on S5 and also on Sn.

The identity permutation is

I ¼
1 2 3 4 5
1 2 3 4 5

� �

since clearly

I � � ¼ � � I ¼ �, . . .

Finally, interchanging the two lines of �, we have

2 3 4 5 1
1 2 3 4 5

� �
¼

1 2 3 4 5
5 1 2 3 4

� �
¼ ��1

since � � ��1 ¼ ��1 � � ¼ I . Moreover, it is evident that every element of S5 has an inverse.

Another notation for permutations will now be introduced. The permutation

� ¼
1 2 3 4 5
2 3 4 5 1

� �

of Example 21 can be written in cyclic notation as (12345) where the cycle (12345) is interpreted to
mean: 1 is replaced by 2, 2 is replaced by 3, 3 by 4, 4 by 5, and 5 by 1.

The permutation

� ¼
1 2 3 4 5
1 2 4 5 3

� �

can be written as (345) where the cycle (345) is interpreted to mean: 1 and 2, the missing symbols, are
unchanged, while 3 is replaced by 4, 4 by 5, and 5 by 3. The permutation � can be written as (23)(45).
The interpretation is clear: 1 is unchanged; 2 is replaced by 3 and 3 by 2; 4 is replaced by 5 and 5 by 4.
We shall call (23)(45) a product of cycles. Note that these cycles are disjoint, i.e., have no symbols
in common. Thus, in cyclic notation we shall expect a permutation on n symbols to consist of a single
cycle or the product of two or more mutually disjoint cycles. Now (23) and (45) are themselves
permutations of S ¼ f1, 2, 3, 4, 5g and, hence � ¼ ð23Þ � ð45Þ but we shall continue to use juxtaposition
to indicate the product of disjoint cycles. The reader will check that � � � ¼ ð135Þ and � � � ¼ ð124Þ.
In this notation the identity permutation I will be denoted by (1). See Problem 2.11.

2.11 TRANSPOSITIONS

A permutation such as (12), (25), . . . which involves interchanges of only two of the n symbols of
S ¼ f1, 2, 3, . . . , nÞ is called a transposition. Any permutation can be expressed, but not uniquely, as a
product of transpositions.

EXAMPLE 22. Express each of the following permutations

ðaÞ ð23Þ, ðbÞ ð135Þ, ðcÞ ð2345Þ, ðd Þ ð12345Þ
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on S ¼ f1, 2, 3, 4, 5g as products of transpositions.

(a) (23) = (12) � (23) � (13) = (12) � (13) � (12)

(b) (135) = (15) � (13) = (35) � (15) = (13) � (15) � (13) � (15)

(c) (2345) = (25) � (24) � (23) = (35) � (34) � (25)

(d ) (12345) = (15) � (14) � (13) � (12)

The example above illustrates

Theorem V. Let a permutation � on n symbols be expressed as the product of r transpositions

and also as a product of s transpositions. Then r and s are either both even or both odd.

For a proof, see Problem 2.12.

A permutation will be called even (odd ) if it can be expressed as a product of an even (odd) number

of transpositions. In Problem 2.13, we prove

Theorem VI. Of the n! permutations of n symbols, half are even and half are odd.

Example 20 also illustrates

Theorem VII. A cycle of m symbols can be written as a product of m� 1 transpositions.

2.12 ALGEBRAIC SYSTEMS

Much of the remainder of this book will be devoted to the study of various algebraic systems. Such

systems may be studied in either of two ways:

(a) we begin with a set of elements (for example, the natural numbers or a set isomorphic to it), define

the binary operations addition and multiplication, and derive the familiar laws governing

operations with these numbers.

(b) we begin with a set S of elements (not identified); define a binary operation �; lay down certain

postulates, for example, (i) � is associative, (ii) there exists in S an identity element with respect to �,

(iii) there exists in S an inverse with respect to � of each element of S; and establish a number of

theorems which follow.

We shall use both procedures here. In the next chapter we shall follow (a) in the study of the natural

numbers.

Solved Problems

2.1. Show that ‘‘is congruent to’’ on the set T of all triangles in a plane is an equivalence relation.

(i ) ‘‘a is congruent to a for all a 2 T ’’ is valid.

(ii ) ‘‘If a is congruent to b, then b is congruent to a’’ is valid.

(iii ) ‘‘If a is congruent to b and b is congruent to c, then a is congruent to c’’ is valid.

Thus, ‘‘is congruent to’’ is an equivalence relation on T.

2.2. Show that ‘‘<’’ on Z is not an equivalence relation.

(i ) ‘‘a< a for all a 2 Z’’ is not valid.

(ii ) ‘‘If a< b, then b< a’’ is not valid.

(iii ) ‘‘If a< b and b< c, then a< c’’ is valid.

Thus ‘‘<’’ on Z is not an equivalence relation. (Note that (i ) or (ii ) is sufficient.)
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2.3. Let R be an equivalence relation and assume c R a and c R b. Prove a R b.

Since c R a, then a R c (by the symmetric property). Since a R c and c R b, then a R b (by the transitive

property).

2.4. Prove: If b 2 [a], then [b]¼ [a].

Denote by R the equivalence relation defining [a]. By definition, b 2 [a] implies b R a and x 2 [b] implies

xR b. Then x R a for every x 2 b (by the transitive property) and [b] � [a]. A repetition of the argument

using a R b (which follows by the symmetric property of R) and y R a (whenever y 2 [a]) yields [a] � [b].

Thus, [b]¼ [a], as required.

2.5. Prove: If [a] \ [b] 6¼ ;, then [a]¼ [b].

Suppose [a] \ [b]¼ {r,s, . . .}. Then [r]¼ [a] and [r]¼ [b] (by Problem 4), and [a]¼ [b] (by the transitive

property of ¼).

2.6. Prove: An equivalence relationR on a set S effects a partition of S and, conversely, a partition of S

defines an equivalence relation on S.

Let R be an equivalence relation on S and define for each p 2 S, Tp¼ [p]¼ {x : x 2 S, xRp}.

Since p 2 [p], it is clear that S is the union of all the distinct subsets Ta,Tb,Tc, induced by R. Now for any

pair of these subsets, as Tb, and Tc, we have Tb \ Tc¼; since, otherwise, Tb¼Tc by Problem 5. Thus,

fTa,Tb,Tc, . . .g is the partition of S effected by R.

Conversely, let fTa,Tb,Tc, . . .g be any partition of S. On S define the binary relation R by p R q if and

only if there is a Ti in the partition such that p, q2Ti. It is clear that R is both reflexive and symmetric.

Suppose p R q and q R r; then by the definition of R there exist subsets Tj and Tk (not necessarily distinct)

for which p, q2Tj and q, r2Tk. Now Tj \ Tk 6¼ ; and so Tj¼Tk. Since p, r 2 Tj , then p R r and R is

transitive. This completes the proof that R is an equivalence relation.

2.7. Diagram the partial ordering of (a) the set of subsets of S¼ {a, b, c} effected by the binary relation

(�), (b) the set B¼ {2, 4, 5, 8, 15, 45, 60} effected by the binary relation (j).

These figures need no elaboration once it is understood a minimum number of line segments is to be used.

In Fig. 2-7, for example, ; is not joined directly to {a, b, c} since ;� {a, b, c} is indicated by the path

;� {a}� {a, b}� {a, b, c}. Likewise, in Fig. 2-8, segments joining 2 to 8 and 5 to 45 are unnecessary.

2.8. Prove: The identity element, if one exists, with respect to a binary operation � on a set S is unique.

Fig. 2-7 Fig. 2-8
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Assume the contrary, that is, assume q1and q2 to be identity elements of S. Since q1 is an identity element

we have q1 � q2 ¼ q2, while since q2 is an identity element we have q1� q2 ¼ q1. Thus, q1 ¼ q1 � q2 ¼ q2;

the identity element is unique.

2.9. Show that multiplication is a binary operation on S¼ {1,�1, i,�i} where i¼
ffiffiffiffiffiffiffi
�1
p

:

This can be done most easily by forming the adjoining table and noting that each entry is a unique

element of S.

Table 2-6

� 1 �1 i �i

1 1 �1 i �i

�1 �1 1 �i i

i i �i �1 1

�i �i i 1 �1

The order in which the elements of S are placed as labels on the rows and columns is immaterial; there is

some gain, however, in using the same order for both.

The reader may show easily that multiplication is on S and is both associative and commutative, that 1 is

the identity element and that the inverses of 1,�1, i,�i are respectively 1,�1,�i, i.

2.10. Determine the properties of the binary operations � and œ defined on S¼ {a, b, c, d} by the given

tables:

Table 2-7 Table 2-8

� a b c d

a a b c d

b b c d a

c c d a b

d d a b c

& a b c d

a d a c b

b a c b d

c b d a c

d c b d a

The binary operation � defined by Table 2-7 is commutative (check that the entries are symmetrically placed

with respect to the principal diagonal) and associative (again, a chore). There is an identity element a (the

column labels are also the elements of the first column and the row labels are also the elements of the first

row). The inverses of a, b, c, d are respectively a, d, c, b (a � a¼ b � d¼ c � c¼ d � b¼ a).

The binary operation œ defined by Table 2-8 is neither commutative (a œ c¼ c, c œ a¼ b) nor

associative aœ (bœ c)¼ aœ b¼ a, (aœ b)œ c¼ aœ c¼ c). There is no identity element and, hence, no

element of S has an inverse.

Since aœ (d � c)¼ a 6¼ d¼ (aœ d) � (aœ c) and (d � c)œ a 6¼ (dœ a) � (cœ a), œ is neither left nor right

distributive with respect to �; since d � (cœ b)¼ c 6¼ a¼ (d � c)œ (d � b) and � is commutative, � is neither left

nor right distributive with respect to œ.

2.11. (a) Write the permutations (23) and (13)(245) on 5 symbols in two line notation.

(b) Express the products (23) � (13)(245) and (13)(245) � (23) in cyclic notation.

(c) Express in cyclic notation the inverses of (23) and of (13)(245).
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(a)

ð23Þ ¼
1 2 3 4 5

1 3 2 4 5

� �
and ð13Þð245Þ ¼

1 2 3 4 5

3 4 1 5 2

� �

(b)

ð23Þ � ð13Þð245Þ ¼
1 2 3 4 5

1 3 2 4 5

� �
�

1 3 2 4 5

3 1 4 5 2

� �

¼
1 2 3 4 5

2 4 1 5 3

� �
¼ ð12453Þ

and

ð13Þð245Þ � ð23Þ ¼
1 2 3 4 5

3 4 1 5 2

� �
�

3 4 1 5 2

2 4 1 5 3

� �

¼
1 2 3 4 5

3 1 4 5 2

� �
¼ ð13452Þ

(c) The inverse of (23) is

1 3 2 4 5
1 2 3 4 5

� �
¼

1 2 3 4 5
1 3 2 4 5

� �
¼ ð23Þ

The inverse of (13)(245) is

3 4 1 5 2
1 2 3 4 5

� �
¼

1 2 3 4 5
3 5 1 2 4

� �
¼ ð13Þð254Þ:

2.12. Prove: Let the permutation � on n symbols be expressed as the product of r transpositions

and also as the product of s> r transpositions. Then r and s are either both even or both odd.

Using the distinct symbols x1, x2, x3, . . . , xn, we form the product

A ¼ ðx1 � x2Þðx1 � x3Þðx1 � x4Þ � � � ðx1 � xnÞ

ðx2 � x3Þðx2 � x4Þ � � � ðx2 � xnÞ

� � � � � � � � � � � � � � � � � �

ðxn�1 � xnÞ

A transposition (u, v), where u< v, on A has the following effect: (1) any factor which involves neither xu
nor xv is unchanged, (2) the single factor xu� xv changes sign, (3) the remaining factors, each of which

contains either xu or xv but not both, can be grouped into pairs, (xu� xw)(xv� xw) where u< v<w,

(xu� xw)(xw� xv) where u<w< v, and (xw� xu)(xw� xv) where w< u< v, which are all unchanged.

Thus, the effect of the transposition on A is to change its sign.

Now the effect of � on A is to produce (�1)rA or (�1)sA according as � is written as the product of r or s

transpositions. Since (�1)rA¼ (�1)sA, we have A¼ (�1)s�rA so that s� r is even. Thus, r and s are either

both even or both odd.

2.13. Prove: Of the n! permutations on n symbols, half are even and half are odd.
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Denote the even permutations by p1, p2, p3, . . . , pu and the odd permutations by q1, q2, q3, . . . , qv: Let t be any

transposition. Now t � p1, t � p2, t � p3, . . . , t � pu are permutations on n symbols. They are distinct since

p1, p2, p3, . . . , pu are distinct and they are odd; thus u � v. Also, t � q1, t � q2, t � q3, . . . , t � qv are distinct and

even; thus v4 u: Hence u ¼ v ¼ 1
2
n!

Supplementary Problems

2.14. Which of the following are equivalence relations?

(a) ‘‘Is similar to’’ for the set T of all triangles in a plane.

(b) ‘‘Has the same radius as’’ for the set of all circles in a plane.

(c) ‘‘Is the square of ’’ for the set N.

(d ) ‘‘Has the same number of vertices as’’ for the set of all polygons in a plane.

(e) ‘‘�’’ for the set of sets S¼ {A,B,C, . . .}.

( f ) ‘‘�’’ for the set R.

Ans. (a), (b), (d ).

2.15. (a) Show that ‘‘is a factor of ’’ on N is reflexive and transitive but is not symmetric.

(b) Show that ‘‘costs within one dollar of ’’ for men’s shoes is reflexive and symmetric but not

transitive.

(c) Give an example of a relation which is symmetric and transitive but not reflexive.

(d ) Conclude from (a), (b), (c) that no two of the properties reflexive, symmetric, transitive of a

binary relation implies the other.

2.16. Diagram the partial ordering of

(a) A ¼ f1, 2, 8, 6g

(b) B ¼ f1, 2, 3, 5, 30, 60g and

(c) C ¼ f1, 3, 5, 15, 30, 45g

effected on each by the relation (j).

2.17. Let S¼ {a, b, c, d, e, f } be ordered by the relation R as shown in Fig. 2-9.

(a) List all pairs x, y2S for which 6 \6 R y.

(b) List all subsets of three elements each of which are totally ordered.

Fig. 2-9
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2.18. Verify:

(a) the ordered set of subsets of S in Problem 2.7 (a) has ; as first element (also, as minimal element)

and S as last element (also, as maximal element).

(b) the ordered set B of Problem 2.7 (b) has neither a first nor last element. What are its minimal

and maximal elements?

(c) the subset C¼ {2, 4, 5, 15, 60} of B of Problem 2.7 (b) has a last element but no first element.

What are its minimal and maximal elements?

2.19. Show:

(a) multiplication is a binary operation on S¼ {1,�1} but not on T¼ {1, 2},

(b) addition is a binary relation on S¼ {x : x2Z, x<0} but multiplication is not.

2.20. Let S¼ {A,B,C,D} where A¼;, B¼ {a, b}, C¼ {a, c}, D¼ {a, b, c}. Construct tables to show that [ is a

binary relation on S but \ is not.

2.21. For the binary operations � and œ defined on S¼ {a, b, c, d, e} by Tables 2-9 and 2-10, assume associativity

and investigate for all other properties.

Table 2-9 Table 2-10

� a b c d e

a a d a d e

b d b b d e

c a b c d e

d d d d d e

e e e e e e

& a b c d e

a a c c a a

b c c c b b

c c c c c c

d a b c d d

e a b c d e

2.22. Let S¼ {A,B,C,D} where A¼;, B¼ {a}, C¼ {a, b}, D¼ {a, b, c}.

(a) Construct tables to show that [ and \ are binary operations on S.

(b) Assume associativity for each operation and investigate all other properties.

2.23. For the binary operation on S¼ {a, b, c, d, e, f, g, h} defined by Table 2-11, assume associativity and

investigate all other properties.

Table 2-11

� a b c d e f g h

a a b c d e f g h

b b c d a h g e f

c c d a b f e h g

d d a b c g h f e

e e g f h a c b d

f f h e g c a d b

g g f h e d b a c

h h e g f b d c a

2.24. Show that � defined in Problem 2.23 is a binary operation on the subsets S0¼ {a}, S1¼ {a, c}, S2¼ {a, e},

S3¼ {a, f }, S4¼ {a, g}, S5¼ {a, h}, S6¼ {a, b, c, d}, S7¼ {a, c, e, f }, S8¼ {a, c, g, h} but not on the subsets

T1¼ {a, b} and T2¼ {a, f, g} of S.

2.25. Prove Theorem IV.

Hint: Assume y and z to be inverses of x and consider z � (x � y}¼ (z �x) � y.
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2.26. (a) Show that the set N of all natural numbers under addition and the set M ¼ f2x : x 2 Ng under addition

are isomorphic.

Hint: Use n 2 N  ! 2n 2M.

(b) Is the set N under addition isomorphic to the set P ¼ f2x� 1 : x 2 Ng under addition?

(c) Is the set M of (a) isomorphic to the set P of (b)?

2.27. Let A and B be sets with respective operations � and œ. Suppose A and B are isomorphic and show:

(a) if the associative (commutative) law holds in A it also holds in B.

(b) if A has an identity element u, then its correspondent u0 is the identity element in B.

(c) if each element in A has an inverse with respect to �, the same is true of the elements of B with

respect to œ.

Hint: In (a), let a 2 A  ! a 0 2 B, b  ! b 0, c  ! c 0. Then

a � ðb � cÞ  ! a 0 & ðb0 & c0Þ, ða � bÞ � c ! ða 0 & b 0Þ& c 0

and a � ðb � cÞ ¼ ða � bÞ � c implies a 0 & ðb0 & c0Þ  ! ða 0 & b 0Þ& c 0:

2.28. Express each of the following permutations on 8 symbols as a product of disjoint cycles and as a product of

transpositions (minimum number).

ðaÞ
1 2 3 4 5 6 7 8
2 3 4 1 5 6 7 8

� �
ðbÞ

1 2 3 4 5 6 7 8
3 4 5 6 7 8 1 2

� �
ðcÞ

1 2 3 4 5 6 7 8
3 4 1 6 8 2 7 5

� �

ðd Þ ð2468Þ � ð348Þ ðeÞ ð15Þð2468Þ � ð37Þð15468Þ ð f Þ ð135Þ � ð3456Þ � ð4678Þ

Partial answer:

(a) (1234)¼ (14)(13)(12)

(c) (13)(246)(58)¼ (13)(26)(24)(58)

(d ) (368)(24)¼ (38)(36)(24)

( f ) (1345678)¼ (18)(17)(16)(15)(14)(13)

Note: For convenience, � has been suppressed in indicating the products of transpositions.

2.29. Show that the cycles (1357) and (2468) of Problem 2.28(b) are commutative. State the theorem covering this.

2.30. Write in cyclic notation the 6 permutations on S¼ {1,2,3}, denote them in some order by p1, p2, p3, . . . , p6 and

form a table of products pi � pj.

2.31. Form the operation (product) table for the set S¼ {(1), (1234), (1432), (13)(24)} of permutations on four

symbols. Using Table 2-3, show that S is isomorphic to B.
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The Natural Numbers

INTRODUCTION

Thus far we have assumed those properties of the number systems necessary to provide examples and
exercises in the earlier chapters. In this chapter we propose to develop the system of natural numbers
assuming only a few of its simpler properties.

3.1 THE PEANO POSTULATES

These simple properties, known as the Peano Postulates (Axioms) after the Italian mathematician who
in 1899 inaugurated the program, may be stated as follows:

Let there exist a non-empty set N such that

Postulate I. 1 2 N.

Postulate II. For each n 2 N there exists a unique n� 2 N, called the successor of n.

Postulate III. For each n 2 N we have n� 6¼ 1.

Postulate IV. If m, n 2 N and m� ¼ n�, then m¼ n.

Postulate V. Any subset K of N having the properties

(a) 1 2 K

(b) k� 2 K whenever k 2 K

is equal to N.
First, we shall check to see that these are in fact well-known properties of the natural numbers.

Postulates I and II need no elaboration; III states that there is a first natural number 1; IV states that
distinct natural numbers m and n have distinct successors mþ 1 and nþ 1; V states essentially that any
natural number can be reached by beginning with 1 and counting consecutive successors.

It will be noted that, in the definitions of addition and multiplication on N which follow, nothing
beyond these postulates is used.

3.2 ADDITION ON N

Addition on N is defined by

(i ) nþ 1 ¼ n�, for every n 2 N

(ii ) nþm� ¼ ðnþmÞ
�, whenever nþm is defined.
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It can be shown that addition is then subject to the following laws:
For all m; n; p 2 N,

A1 Closure Law: nþm 2 N

A2 Commutative Law: nþm ¼ mþ n

A3 Associative Law: mþ ðnþ pÞ ¼ ðmþ nÞ þ p

A4 Cancellation Law: If mþ p ¼ nþ p, then m¼ n.

3.3 MULTIPLICATION ON N

Multiplication on N is defined by

(iii ) n � 1 ¼ n
(iv ) n �m� ¼ n �mþ n, whenever n �m is defined.

It can be shown that multiplication is then subject to the following laws:
For all m; n; p 2 N,

M1 Closure Law: n �m 2 N

M2 Commutative Law: m � n ¼ n �m

M3 Associative Law: m � ðn � pÞ ¼ ðm � nÞ � p

M4 Cancellation Law: If m � p ¼ n � p, then m¼ n.

Addition and multiplication are subject to the Distributive Laws:
For all m; n; p 2 N,

D1 m � ðnþ pÞ ¼ m � nþm � p

D2 ðnþ pÞ �m ¼ n �mþ p �m

3.4 MATHEMATICAL INDUCTION

Consider the proposition

PðmÞ : m� 6¼ m; for every m 2 N

We shall now show how this proposition may be established using only the Postulates I–V. Define

K ¼ fk : k 2 N;PðkÞ is trueg

Now 1 2 N by Postulate I, and 1� 6¼ 1 by Postulate III. Thus, P(1) is true and 1 2 K .
Next, let k be any element of K; then

ðaÞ PðkÞ : k� 6¼ k

is true. Now if ðk�Þ� ¼ k� it follows from Postulate IV that k� ¼ k, a contradiction of ðaÞ. Hence,

Pðk�Þ : ðk�Þ� 6¼ k�

is true and so k� 2 K . Now K has the two properties stated in Postulate V; thus K ¼ N and the
proposition is valid for every m 2 N.

In establishing the validity of the above proposition, we have at the same time established the
following:

Principle of Mathematical Induction. A proposition P(m) is true for all m 2 N provided P(1) is true
and, for each k 2 N, P(k) is true implies Pðk�Þ is true.
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The several laws A1 –A4;M1 –M4;D1 –D2 can be established by mathematical induction. A1 is

established in Example 1, A3 in Problem 3.1, A2 in Problems 3.2 and 3.3, and D2 in Problem 3.5.

EXAMPLE 1. Prove the Closure Law: nþm 2 N for all m, n 2 N.

We are to prove that nþm is defined (is a natural number) by (i ) and (ii ) for all m; n 2 N. Suppose n to be

some fixed natural number and consider the proposition

PðmÞ : nþm 2 N, for every m 2 N:

Now Pð1Þ : nþ 1 2 N is true since nþ 1 ¼ n� (by (i )) and n� 2 N (by Postulate II). Suppose next that for

some k 2 N,

PðkÞ : nþ k 2 N is true:

It then follows that Pðk�Þ : nþ k� 2 N is true since nþ k� ¼ ðnþ kÞ� (by (ii )) and ðnþ kÞ� 2 N whenever

nþ k 2 N (by Postulate II). Thus, by induction, P(m) is true for all m 2 N and, since n was any natural number,

the Closure Law for Addition is established.

In view of the Closure Laws A1 and M1, addition and multiplication are binary operations (see Chapter 2) on N.

The laws A3 and M3 suggest as definitions for the sum and product of three elements a1; a2; a3 2 N,

ðvÞ a1 þ a2 þ a3 ¼ ða1 þ a2Þ þ a3 ¼ a1 þ ða2 þ a3Þ

and ðvi Þ a1 � a2 � a3 ¼ ða1 � a2Þ � a3 ¼ a1 � ða2 � a3Þ

Note that for a sum or product of three natural numbers, parentheses may be inserted at will.

The sum of four natural numbers is considered in Problem 3.4. The general case is left as an exercise.
In Problem 3.6, we prove

Theorem I. Every element n 6¼ 1 of N is the successor of some other element of N.

3.5 THE ORDER RELATIONS

For each m; n 2 N, we define ‘‘<’’ by

ðviiÞ m < n if and only if there exists some p 2 N such that mþ p ¼ n

In Problem 3.8 it is shown that the relation < is transitive but neither reflexive nor symmetric.

By Theorem I, 1 < n for all n 6¼ 1 and, by (i ) and (vii ), n < n� for all n 2 N: For each m; n 2 N, we

define ‘‘>’’ by

ðviiiÞ m > n if and only if n < m

There follows

THE TRICHOTOMY LAW: For any m; n 2 N one and only one of the following is true:

(a) m¼ n,

(b) m < n,

(c) m > n.

(For a proof, see Problem 3.10.)
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Further consequences of the order relations are given in Theorems II and II0:

Theorem II. If m; n 2 N and m < n, then for each p 2 N,

(a) mþ p < nþ p

(b) m � p < n � p

and, conversely, ðaÞ or (b) with m, n, p 2 N implies m < n:

Theorem II 0. If m; n 2 N and m > n, then for each p 2 N,

(a) mþ p > nþ p

(b) m � p > n � p

and, conversely, ðaÞ or ðbÞ with m; n; p 2 N implies m > n.

Since Theorem II0 is merely Theorem II with m and n interchanged, it is clear that the proof of

any part of Theorem II (see Problem 3.11) establishes the corresponding part of Theorem II0.
The relations ‘‘less than or equal to’’ (�) and ‘‘greater than or equal to’’ (�) are defined as

follows:

For m, n 2 N, m � n if either m < n or m ¼ n

For m, n 2 N, m � n if either m > n or m ¼ n

DEFINITION 3.1: Let A be any subset of N (i.e., A � N). An element p of A is called the least element

of A provided p � a for every a 2 A:

Notice that in the language of sets, p is the first element of A with respect to the ordering �.

In Problem 3.12, we prove

Theorem III. The set N is well ordered.

3.6 MULTIPLES AND POWERS

Let a 2 S, on which binary operations þ and � have been defined, and define 1a ¼ a and a1 ¼ a.

Also define ðkþ 1Þa ¼ kaþ a and a kþ1 ¼ a k � a, whenever ka and a k, for k 2 N, are defined.

EXAMPLE 2. Since 1a ¼ a, we have 2a ¼ ð1þ 1Þa ¼ 1aþ 1a ¼ aþ a, 3a ¼ ð2þ 1Þa ¼ 2aþ 1a ¼ aþ aþ a, etc.

Since a1 ¼ a, we have a2 ¼ a1þ1 ¼ a1 � a ¼ a � a, a 3 ¼ a 2þ1 ¼ a 2 � a ¼ a � a � a, etc.

It must be understood here that in Example 2 the þ in 1þ 1 and the þ in aþ a are presumed to be

quite different, since the first denotes addition on N and the second on S. (It might be helpful to denote

the operations on S by � and �.) In particular, k � a ¼ aþ aþ � � � þ a is a multiple of a, and can be

written as k � a = ka only if k 2 S.
Using the induction principle, the following properties may be established for all a; b 2 S and all

m; n 2 N:

ðixÞ maþ na ¼ ðmþ nÞa ðixÞ0 a m � a n ¼ a mþn

ðxÞ mðnaÞ ¼ ðm � nÞa ðxÞ0 ða nÞ
m
¼ a m�n

and, when þ and � are commutative on S,

ðxiÞ naþ nb ¼ nðaþ bÞ ðxiÞ0 a n � bn ¼ ðabÞn
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3.7 ISOMORPHIC SETS

It should be evident by now that the set f1, 1�, ð1�Þ�, . . .g, together with the operations and relations

defined on it developed here, differs from the familiar set f1, 2, 3, . . .g with operations and relations

in vogue at the present time only in the symbols used. Had a Roman written this chapter, he or she

would, of course, have reached the same conclusion with his or her system fI, II, III, . . .g. We say simply

that the three sets are isomorphic.

Solved Problems

3.1. Prove the Associative Law A3: mþ ðnþ pÞ ¼ ðmþ nÞ þ p for all m, n, p 2 N:

Let m and n be fixed natural numbers and consider the proposition

PðpÞ : mþ ðnþ pÞ ¼ ðmþ nÞ þ p for all p 2 N

We first check the validity of Pð1Þ : mþ ðnþ 1Þ ¼ ðmþ nÞ þ 1: By (i ) and (ii ), Section 3.2,

mþ ðnþ 1Þ ¼ mþ n� ¼ ðmþ nÞ� ¼ ðmþ nÞ þ 1

and P(1) is true.

Next, suppose that for some k 2 N,

PðkÞ : mþ ðnþ kÞ ¼ ðmþ nÞ þ k

is true. We need to show that this ensures

Pðk�Þ : mþ ðnþ k�Þ ¼ ðmþ nÞ þ k�

is true. By (ii),

mþ ðnþ k�Þ ¼ mþ ðnþ kÞ� ¼ ½mþ ðnþ kÞ��

and ðmþ nÞ þ k� ¼ ½ðmþ nÞ þ k��

Then, whenever P(k) is true,

mþ ðnþ kÞ� ¼ ½mþ ðnþ kÞ�� ¼ ½ðmþ nÞ þ k�� ¼ ðmþ nÞ þ k�

and Pðk�Þ is true. Thus P(p) is true for all p 2 N and, since m and n were any natural numbers, A3 follows.

3.2. Prove PðnÞ : nþ 1 ¼ 1þ n for all n 2 N:

Clearly Pð1Þ : 1þ 1 ¼ 1þ 1 is true. Next, suppose that for some k 2 N,

PðkÞ : kþ 1 ¼ 1þ k

is true. We are to show that this ensures

Pðk�Þ : k� þ 1 ¼ 1þ k�

is true. Using in turn the definition of k�, the Associative Law A3, the assumption that P(k) is true, and the

definition of k�, we have

1þ k� ¼ 1þ ðkþ 1Þ ¼ ð1þ kÞ þ 1 ¼ ðkþ 1Þ þ 1 ¼ k� þ 1

Thus Pðk�Þ is true and P(n) is established.
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3.3. Prove the Commutative Law A2 : mþ n ¼ nþm for all m; n 2 N:

Let n be a fixed but arbitrary natural number and consider

PðmÞ : mþ n ¼ nþm for all m 2 N

By Problem 2, P(1) is true. Suppose that for some k 2 N,

PðkÞ : kþ n ¼ nþ k

is true. Now

k� þ n ¼ ðkþ 1Þ þ n ¼ kþ ð1þ nÞ ¼ kþ ðnþ 1Þ ¼ kþ n�

¼ ðkþ nÞ� ¼ ðnþ kÞ� ¼ nþ k�

Thus, Pðk�Þ is true and A2 follows.

Note: The reader will check carefully that in obtaining the sequence of equalities above, only definitions,

postulates, such laws of addition as have been proved, and, of course, the critical assumption that P(k) is

true for some arbitrary k 2 N have been used. Both here and in later proofs, it will be understood that when

the evidence supporting a step in a proof is not cited, the reader is expected to supply it.

3.4 (a) Let a1; a2; a3; a4 2 N and define a1 þ a2 þ a3 þ a4 ¼ ða1 þ a2 þ a3Þ þ a4. Show that in
a1 þ a2 þ a3 þ a4 we may insert parentheses at will.

Using (v), we have a1 þ a2 þ a3 þ a4 ¼ ða1 þ a2 þ a3Þ þ a4 ¼ ða1 þ a2Þ þ a3 þ a4 ¼ ða1 þ a2Þ þ ða3 þ a4Þ ¼

a1 þ a2 þ ða3 þ a4Þ ¼ a1þ ða2þ a3 þ a4Þ, etc.

(b) For b;a1;a2;a3 2N, prove b � ða1þa2þa3Þ¼b �a1þb �a2þb �a3:

b � ða1 þ a2 þ a3Þ ¼ b � ½ða1 þ a2Þ þ a3� ¼ b � ða1 þ a2Þ þ b � a3 ¼ b � a1 þ b � a2 þ b � a3:

3.5. Prove the Distributive Law D2: ðnþ pÞ �m ¼ n �mþ p �m for all m; n; p 2 N.

Let n and p be fixed and consider PðmÞ : ðnþ pÞ �m ¼ n �mþ p �m for all m 2 N. Using A1 and (iii ), we

find that Pð1Þ : ðnþ pÞ � 1 ¼ nþ p ¼ n � 1þ p � 1 is true. Suppose that for some k 2 N, PðkÞ : ðnþ pÞ � k ¼

n � kþ p � k is true. Then ðnþ pÞ � k� ¼ ðnþ pÞ � kþ ðnþ pÞ ¼ n � kþ p � kþ nþ p ¼ n � kþ ðp � kþ nÞ þ p ¼

n � k þðnþ p � kÞ þ p ¼ ðn � kþ nÞ þðp � kþ pÞ ¼ n � k� þ p � k�. Thus, Pðk�Þ : ðnþ pÞ � k� ¼ n � k� þ p � k� is

true and D2 is established.

3.6. Prove: Every element n 6¼ 1 of N is the successor of some other element of N.

First, we note that Postulate III excludes 1 as a successor. Denote by K the set consisting of the element 1

and all elements of N which are successors, i.e., K ¼ fk : k 2 N; k ¼ 1 or k ¼ m� for some m 2 Ng. Now

every k 2 K has a unique successor k� 2 N (Postulate II) and, since k� is a successor, we have k� 2 K. Then

K ¼ N (Postulate V). Hence, for any n 2 N we have either n¼ 1 or n ¼ m� for some m 2 N.

3.7. Prove: mþ n 6¼ m for all m; n 2 N.

Let n be fixed and consider PðmÞ : mþ n 6¼ m for all m 2 N. By Postulate III, Pð1Þ : 1þ n 6¼ 1 is true.

Suppose that for some k 2 N, PðkÞ : kþ n 6¼ k is true. Now, ðkþ nÞ� 6¼ k� since, by Postulate IV,

ðkþ nÞ� ¼ k� implies kþ n ¼ k, a contradiction of P(k). Thus Pðk�Þ : k� þ n 6¼ k� is true and the theorem is

established.

3.8. Show that < is transitive but neither reflexive nor symmetric.

Let m; n; p 2 N and suppose that m < n and n < p. By (vii ) there exist r; s 2 N such that mþ r ¼ n and

nþ s ¼ p. Then nþ s ¼ ðmþ rÞ þ s ¼ mþ ðrþ sÞ ¼ p: Thus m < p and < is transitive.
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Let n 2 N. Now n < n is false since, if it were true, there would exist some k 2 N such that nþ k ¼ n,

contrary to the result in Problem 3.7. Thus, < is not reflexive.

Finally, let m; n 2 N and suppose m < n and n < m. Since < is transitive, it follows that m < m, contrary

to the result in the paragraph immediately above. Thus, < is not symmetric.

3.9. Prove: 1 � n, for every n 2 N.

When n¼ 1 the equality holds; otherwise, by Problem 3.6, n ¼ m� ¼ mþ 1, for some m 2 N, and the

inequality holds.

3.10. Prove the Trichotomy Law: For any m; n 2 N, one and only one of the following is true:

(a) m¼ n

(b) m < n

(c) m > n

Let m be any element of N and construct the subsets N1 ¼ fmg, N2 ¼ fx : x 2 N;x < mg, and

N3 ¼ fx : x 2 N;x > mg. We are to show that fN1;N2;N3g is a partition of N relative to f¼; <;>g.

(1) Suppose m¼ 1; then N1 ¼ f1g, N2 ¼ ; (Problem 3.9) and N3 ¼ fx : x 2 N; x > 1g. Clearly

N1 [N2 [N3 ¼ N. Thus, to complete the proof for this case, there remains only to check that

N1 \N2 ¼ N1 \N3 ¼ N2 \N3 ¼ ;:

(2) Suppose m 6¼ 1. Since 1 2 N2, it follows that 1 2 N1 [N2 [N3. Now select any n 6¼ 1 2 N1 [N2 [N3.

There are three cases to be considered:

(i ) n 2 N1: Here, n¼m and so n� 2 N3:
(ii ) n 2 N2 so that nþ p ¼ m for some p 2 N. If p¼ 1, then n� ¼ m 2 N1; if p 6¼ 1 so that p ¼ 1þ q for

some q 2 N, then n� þ q ¼ m and so n� 2 N2:
(iii ) n 2 N3: Here n� > n > m and so n� 2 N3.

Thus, for every n 2 N, n 2 N1 [N2 [N3 implies n� 2 N1 [N2 [N3. Since 1 2 N1 [N2 [N3 we conclude

that N ¼ N1 [N2 [N3.

Now m =2 N2, since m 6< m; hence N1 \N2 ¼ ;: Similarly, m 6> m and so N1 \N3 ¼ ;. Suppose

p 2 N2 \N3 for some p 2 N. Then p < m and p > m, or, what is the same, p < m and m < p. Since < is

transitive, we have p < p, a contradiction. Thus, we must conclude that N2 \N3 ¼ ; and the proof is now

complete for this case.

3.11. Prove: If m; n 2 N and m < n, then for each p 2 N, mþ p < nþ p and conversely.

Since m < n, there exists some k 2 N such that mþ k ¼ n. Then

nþ p ¼ ðmþ kÞ þ p ¼ mþ kþ p ¼ mþ pþ k ¼ ðmþ pÞ þ k

and so mþ p < nþ p:
For the converse, assume mþ p < nþ p. Now either m ¼ n, m < n, or m > n. If m¼ n, then

mþ p ¼ nþ p; if m > n, then mþ p > nþ p (Theorem II0 0). Since these contradict the hypothesis, we

conclude that m < n.

3.12. Prove: The set N is well ordered.

Consider any subset S 6¼ ; of N. We are to prove that S has a least element. This is certainly true if 1 2 S.

Suppose 1 =2S; then 1 < s for every s 2 S. Denote by K the set

K ¼ fk : k 2 N, k � s for each s 2 Sg

Since 1 2 K , we know that K 6¼ ;. Moreover K 6¼ N; hence, there must exist an r 2 K such that r� =2K . Now

this r 2 S since, otherwise, r < s and so r� � s for every s 2 S. But then r� 2 K , a contradiction of our
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assumption concerning r. Thus S has a least element. Now S was any non-empty subset of N; hence, every

non-empty subset of N has a least element and N is well ordered.

Supplementary Problems

3.13. Prove by induction that 1 � n ¼ n for every n 2 N:

3.14. Prove M1,M2, and M3 by induction.

Hint: Use the result of Problem 3.13 and D2 in proving M2.

3.15. Prove: (a) D1 by following Problem 3.5, (b) D1 by using M2.

3.16. Prove the following:

(a) ðmþ n�Þ� ¼ m� þ n�

(b) ðm � n�Þ� ¼ m � nþm�

(c) ðm� � n�Þ� ¼ m� þm � nþ n�

where m; n 2 N:

3.17. Prove the following:

(a) ðmþ nÞ � ðpþ qÞ ¼ ðm � pþm � qÞ þ ðn � pþ n � qÞ

(b) m � ðnþ pÞ � q ¼ ðm � nÞ � qþm � ðp � qÞ

(c) m� þ n� ¼ ðmþ nÞ� þ 1

(d ) m� � n� ¼ ðm � nÞ� þmþ n

3.18. Let m, n, p, q 2 N and define m � n � p � q ¼ ðm � n � pÞ � q. (a) Show that in m � n � p � q we may insert parentheses

at will. (b) Prove that m � ðnþ pþ qÞ ¼ m � nþm � pþm � q.

3.19. Identify the set S ¼ fx : x 2 N, n < x < n� for some n 2 Ng.

3.20. If m, n, p, q 2 N and if m < n and p < q, prove: (a) mþ p < nþ q, (b) m � p < n � q:

3.21. Let m, n 2 N. Prove: (a) If m¼ n, then k� �m > n for every k 2 N. (b) If k� �m ¼ n for some k 2 N,

then m < n.

3.22. Prove A4 and M4 using the Trichotomy Law and Theorems II and II0.

3.23. For all m 2 N define m1 ¼ m and mpþ1 ¼ mp �m provided mp is defined. When m, n, p, q 2 N, prove:

(a) mp �mq ¼ mpþq, (b) ðm pÞ
q
¼ mp�q, (c) ðm � nÞ p ¼ mp � n p, (d ) ð1Þp ¼ 1.

3.24. For m; n 2 N show that (a) m2 < m � n < n2 if m < n, (b) m2 þ n2 > 2m � n if m 6¼ n.

3.25. Prove, by induction, for all n 2 N:

(a) 1þ 2þ 3þ . . .þ n ¼ ð1=2Þnðnþ 1Þ

(b) 12 þ 22 þ 32 þ . . .þ n2 ¼ ð1=6Þnðnþ 1Þð2nþ 1Þ
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(c) 13 þ 23 þ 33 þ . . .þ n3 ¼ ð1=4Þn2ðnþ 1Þ2

(d ) 1þ 21 þ 22 þ . . .þ 2n ¼ 2nþ1 	 1

3.26. For a1, a2, a3, : : , an 2 N define a1 þ a2 þ a3 þ . . .þ ak ¼ ða1 þ a2 þ a3 þ . . .þ ak	1Þ þ ak for k ¼ 3, 4, 5, . . . , n.

Prove:

(a) a1 þ a2 þ a3 þ � � � þ an ¼ ða1 þ a2 þ a3 þ � � � þ arÞ þ ðarþ1 þ arþ2 þ arþ3 þ � � � þ anÞ

(b) In any sum of n natural numbers, parentheses may be inserted at will.

3.27. Prove each of the following alternate forms of the Induction Principle:

(a) With each n 2 N let there be associated a proposition P(n). Then P(n) is true for every n 2 N

provided:

(i ) P(1) is true.

(ii ) For each m 2 N the assumption P(k) is true for all k < m implies P(m) is true.

(b) Let b be some fixed natural number, and with each natural number n � b let there be associated

a proposition P(n). Then P(n) is true for all values of n provided:

(i ) P(b) is true.

(ii ) For each m > b the assumption P(k) is true for all k 2 N such that b � k < m implies P(m) is true.
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The Integers

INTRODUCTION

The system of natural numbers has an obvious defect in that, given m, s 2 N, the equation mþ x ¼ s

may or may not have a solution. For example, mþ x ¼ m has no solution (see Problem 3.7, Chapter 3),

while mþ x ¼ m� has the solution x ¼ 1. Everyone knows that this state of affairs is remedied by

adjoining to the natural numbers (then called positive integers) the additional numbers zero and the

negative integers to form the set Z of all integers.
In this chapter it will be shown how the system of integers can be constructed from the system of

natural numbers. For this purpose, we form the product set

L ¼ N�N ¼ fðs,mÞ : s 2 N,m 2 Ng

Now we shall not say that ðs,mÞ is a solution of mþ x ¼ s. However, let it be perfectly clear, we shall

proceed as if this were the case. Notice that if ðs,mÞ were a solution of mþ x ¼ s, then ðs,mÞ would also

be a solution of m� þ x ¼ s� which, in turn, would have ðs�,m�Þ as a solution. This observation motivates

the partition of L into equivalence classes such that ðs,mÞ and ðs�,m�Þ are members of the same class.

4.1 BINARY RELATION �

DEFINITION 4.1: Let the binary relation ‘‘�,’’ read ‘‘wave,’’ be defined on all ðs,mÞ, ðt, nÞ 2 L by

ðs,mÞ � ðt, nÞ if and only if sþ n ¼ tþm

EXAMPLE 1.

(a) ð5, 2Þ � ð9, 6Þ since 5þ 6 ¼ 9þ 2

(b) ð5, 2Þ 6� ð8, 4Þ since 5þ 4 6¼ 8þ 2

(c) ðr, rÞ � ðs, sÞ since rþ s ¼ sþ r

(d) ðr�, rÞ � ðs�, sÞ since r� þ s ¼ s� þ r

(e) ðr�, s�Þ � ðr, sÞ since r� þ s ¼ rþ s�

whenever r, s 2 N.
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Now � is an equivalence relation (see Problem 4.1) and thus partitions L into a set of equivalence

classes J ¼ f½s,m�, ½t, n�, . . .g where

½s,m� ¼ fða, bÞ : ða, bÞ 2 L, ða, bÞ � ðs,mÞg

We recall from Chapter 2 that ðs,mÞ 2 ½s,m� and that, if ðc, d Þ 2 ½s,m�, then ½c, d � ¼ ½s,m�. Thus,

½s,m� ¼ ½t, n� if and only if ðs,mÞ � ðt, nÞ

It will be our purpose now to show that the set J of equivalence classes of L relative to � is, except

for the symbols used, the familiar set Z of all integers.

4.2 ADDITION AND MULTIPLICATION ON J

DEFINITION 4.2: Addition and multiplication on J will be defined respectively by

(i ) ½s,m� þ ½t, n� ¼ ½ðsþ tÞ, ðmþ nÞ�
(ii ) ½s,m� � ½t, n� ¼ ½ðs � tþm � nÞ, ðs � nþm � tÞ�

for all ½s,m�, ½t, n� 2 J .
An examination of the right members of (i) and (ii) shows that the Closure Laws

A1 : xþ y 2 J for all x, y 2 J

and M1 : x � y 2 J for all x, y 2 J

are valid.
In Problem 4.3, we prove

Theorem I. The equivalence class to which the sum (product) of two elements, one selected from each

of two equivalence classes of J , belongs is independent of the particular elements selected.

EXAMPLE 2. If ða, bÞ, ðc, d Þ 2 ½s,m� and ðe, f Þ, ðg, hÞ 2 ½t, n�, we have not only

½a, b� ¼ ½c, d � ¼ ½s,m� and ½e, f � ¼ ½g, h� ¼ ½t, n�

but, by Theorem I, also

½a, b� þ ½e, f � ¼ ½c, d � þ ½g, h� ¼ ½s,m� þ ½t, n�

and ½a, b� � ½e, f � ¼ ½c, d � � ½g, h� ¼ ½s,m� � ½t, n�

Theorem I may also be stated as follows: Addition and multiplication on J are well defined.
By using the commutative and associative laws for addition and multiplication on N, it is not

difficult to show that addition and multiplication on J obey these same laws. The associative law for

addition and one of the distributive laws are proved in Problems 4.4 and 4.5.

4.3 THE POSITIVE INTEGERS

Let r 2 N. From 1þ r ¼ r� it follows that r is a solution of 1þ x ¼ r�. Consider now the mapping

½n�, 1� $ n, n 2 N ð1 Þ
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For this mapping, we find

½r�, 1� þ ½s�, 1� ¼ ½ðr� þ s�Þ, ð1þ 1Þ� ¼ ½ðrþ sÞ�, 1� $ rþ s

and ½r�, 1� � ½s�, 1� ¼ ½ðr� � s� þ 1 � 1Þ, ðr� � 1þ s� � 1Þ� ¼ ½ðr � sÞ�, 1� $ r � s

Thus, (1 ) is an isomorphism of the subset f½n�, 1� : n 2 Ng of J onto N.
Suppose now that ½s,m� ¼ ½r�, 1�. Then ðs,mÞ � ðr�, 1Þ, s ¼ rþm, and s > m.

DEFINITION 4.3: The set of positive integers Zþ is defined by

Z
þ
¼ f½s,m� : ½s,m� 2 J , s > mg

In view of the isomorphism (1) the set Zþ may be replaced by the set N whenever the latter is found
more convenient.

4.4 ZERO AND NEGATIVE INTEGERS

Let r, s 2 N. Now ½r, r� ¼ ½s, s� for any choice of r and s, and ½r, r� ¼ ½s, t� if and only if t ¼ s.

DEFINITION 4.4: Define the integer zero, 0, to correspond to the equivalence class ½r, r�, r 2 N.

Its familiar properties are

½s,m� þ ½r, r� ¼ ½s,m� and ½s,m� � ½r, r� ¼ ½r, r�

proved in Problems 4.2(b) and 4.2(c). The first of these leads to the designation of zero as the identity
element for addition.

DEFINITION 4.5: Define the set Z� of negative integers by

Z
�
¼ f½s,m� : ½s,m� 2 J , s < mg

It follows now that for each integer [a, b], a 6¼ b, there exists a unique integer [b, a] such that

(see Problem 4.2(d))

½a, b� þ ½b, a� ¼ ½r, r� $ 0 ð2 Þ

We denote [b, a] by �[a, b] and call it the negative of [a, b]. The relation (2) suggests the designation of
[b, a] or � [a, b] as the additive inverse of [a, b].

4.5 THE INTEGERS

Let p, q 2 N. By the Trichotomy Law for natural numbers, there are three possibilities:

(a) p ¼ q, whence ½p, q� ¼ ½q, p� $ 0

(b) p < q, so that pþ a ¼ q for some a 2 N; then pþ a� ¼ qþ 1 and ½q, p� ¼ ½a�, 1� $ a

(c) p > q, so that p ¼ qþ a for some a 2 N and ½ p, q� $ a.

Suppose ½p, q� $ n 2 N. Since ½q, p� ¼ �½p, q�, we introduce the symbol �n to denote the negative of

n 2 N and write ½q, p� $ �n. Thus, each equivalence class of J is now mapped onto a unique element
of Z ¼ f0, � 1, � 2, . . .g. That J and Z are isomorphic follows readily once the familiar properties

of the minus sign have been established. In proving most of the basic properties of integers, however,
we shall find it expedient to use the corresponding equivalence classes of J .
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EXAMPLE 3. Let a, b 2 Z. Show that ð�aÞ � b ¼ �ða � bÞ. Let a $ ½s,m� so that �a $ ½m, s� and let

b $ ½t, n�. Then

ð�aÞ � b $ ½m, s� � ½t, n� ¼ ½ðm � tþ s � nÞ, ðm � nþ s � tÞ�

while a � b $ ½s,m� � ½t, n� ¼ ½ðs � tþm � nÞ, ðs � nþm � tÞ�

Now � ða � bÞ $ ½ðs � nþm � tÞ, ðs � tþm � nÞ� $ ½ð�aÞ � b�

and so ð�aÞ � b ¼ �ða � bÞ

See Problems 4.6–4.7.

4.6 ORDER RELATIONS

DEFINITION 4.6: For a, b 2 Z, let a $ ½s,m� and b $ ½t, n�. The order relations ‘‘<’’ and ‘‘>’’ for

integers are defined by

a < b if and only if ðsþ nÞ < ðtþmÞ

and a > b if and only if ðsþ nÞ > ðtþmÞ

In Problem 4.8, we prove the Trichotomy Law: For any a, b 2 Z, one and only one of

ðaÞ a ¼ b, ðbÞ a < b, ðcÞ a > b

is true.
When a, b, c 2 Z, we have

ð1Þ aþ c < bþ c if and only if a < b:

ð10Þ aþ c > bþ c if and only if a > b:

ð2Þ If c > 0, then a � c < b � c if and only if a < b:

ð20Þ If c > 0, then a � c > b � c if and only if a > b:

ð3Þ If c < 0, then a � c < b � c if and only if a > b:

ð30Þ If c < 0, then a � c > b � c if and only if a < b:

For proofs of (10) and (3), see Problems 4.9–4.10.
The Cancellation Law for multiplication on Z,

M4 : If z 6¼ 0 and if x � z ¼ y � z, then x ¼ y

may now be established.
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As an immediate consequence, we have

Theorem II. If a, b 2 Z and if a � b ¼ 0, then either a ¼ 0 or b ¼ 0.
For a proof see Problem 4.11.

The order relations permit the customary listing of the integers

. . . , � 5, � 4, � 3, � 2, � 1, 0, 1, 2, 3, 4, 5, . . .

and their representation as equally spaced points on a line as shown in Fig. 4-1. Then ‘‘a < b’’ means

‘‘a lies to the left of b,’’ and ‘‘a > b’’ means ‘‘a lies to the right of b.’’

From the above listing of integers, we note

Theorem III. There exists no n 2 Z
þ such that 0 < n < 1.

This theorem (see Problem 4.12 for a proof) is a consequnce of the fact that the set Zþ of positive

integers (being isomorphic to N) is well ordered.

4.7 SUBTRACTION ‘‘�’’

DEFINITION 4.7: Subtraction, ‘‘�,’’ on Z is defined by a� b ¼ aþ ð�bÞ.

Subtraction is clearly a binary operation on Z. It is, however, neither commutative nor associative,

although multiplication is distributive with respect to subtraction.

EXAMPLE 4. Prove: a� ðb� cÞ 6¼ ða� bÞ � c for a, b, c 2 Z and c 6¼ 0.

Let a $ ½s,m�, b $ ½t, n�, and c $ ½u, p�. Then

b� c ¼ bþ ð�cÞ $ ½ðtþ pÞ, ðnþ uÞ� � ðb� cÞ $ ½ðnþ uÞ, ðtþ pÞ�

and a� ðb� cÞ ¼ aþ ð�ðb� cÞÞ $ ½ðsþ nþ uÞ, ðmþ tþ pÞ�

while a� b ¼ aþ ð�bÞ $ ½ðsþ nÞ, ðmþ tÞ�

and ða� bÞ � c ¼ ðaþ bÞ þ ð�cÞ $ ½ðsþ nþ pÞ, ðmþ tþ uÞ�

Thus, when c 6¼ 0, a� ðb� cÞ 6¼ ða� bÞ � c:

4.8 ABSOLUTE VALUE jaj

DEFINITION 4.8: The absolute value, ‘‘jaj,’’ of an integer a is defined by

jaj ¼
a when a � 0
�a when a < 0

�

Thus, except when a ¼ 0, jaj 2 Z
þ.

Fig. 4-1
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The following laws

ð1Þ � jaj 	 a 	 jaj ð2Þ ja � bj ¼ jaj � jbj
ð3Þ jaj � jbj 	 jaþ bj ð30Þ jaþ bj 	 jaj þ jbj
ð4Þ jaj � jbj 	 ja� bj ð40Þ ja� bj 	 jaj þ jbj

are evidently true when at least one of a, b is 0. They may be established for all a, b 2 Z by considering
the separate cases as in Problems 4.14 and 4.15.

4.9 ADDITION AND MULTIPLICATION ON Z

The operations of addition and multiplication on Z satisfy the laws A1–A4, M1–M4, and D1–D2 of
Chapter 3 (when stated for integers) with the single modification

M4. Cancellation Law: If m � p ¼ n � p and if p 6¼ 0 2 Z, then m ¼ n for all m, n 2 Z.

We list below two properties of Z which N lacked

A5. There exists an identity element, 02Z, relative to addition, such that nþ 0¼ 0þ n¼ n for every
n2Z.

A6. For each n2Z there exists an additive inverse, � n2Z, such that nþ (� n)¼ (�n)þ n¼ 0 and a
common property of N and Z.

M5. There exists an identity element, 12Z, relative to multiplication, such that 1 � n¼ n � 1¼ n for every
n2Z.

By Theorem III, Chapter 2, the identity elements in A5 and M5 are unique; by Theorem IV,
Chapter 2, the additive inverses in A6 are unique.

4.10 OTHER PROPERTIES OF INTEGERS

Certain properties of the integers have been established using the equivalence classes of J . However,
once the basic laws have been established, all other properties may be obtained using the elements of Z
themselves.

EXAMPLE 5. Prove: for all a, b, c 2 Z,

ðaÞ a � 0 ¼ 0 � a ¼ 0 ðbÞ að�bÞ ¼ �ðabÞ ðcÞ aðb� cÞ ¼ ab� ac

ðaÞ aþ 0 ¼ a ðA5Þ

Then a � aþ 0 ¼ a � a ¼ aðaþ 0Þ ¼ a � aþ a � 0 ðD1Þ

and 0 ¼ a � 0 ðA4Þ

Now, by M2, 0 � a ¼ a � 0 ¼ 0, as required. However, for reasons which will not be apparent until a
later chapter, we will prove

0 � a ¼ a � 0

without appealing to the commutative law of multiplication. We have

a � aþ 0 ¼ a � a ¼ ðaþ 0Þa ¼ a � aþ 0 � a ðD2Þ

CHAP. 4] THE INTEGERS 51



hence 0 ¼ 0 � a

and 0 � a ¼ a � 0

ðbÞ 0 ¼ a � 0 ¼ a ½bþ ð�bÞ� ¼ a � bþ að�bÞ ðD1Þ

thus, a ð�bÞ is an additive inverse of a � b. But �ða � bÞ is also an additive inverse of a � b; hence,

a ð�bÞ ¼ �ða � bÞ (Theorem IV, Chapter 2)

ðcÞ
a ðb� cÞ ¼ a ½bþ ð�cÞ� ¼ abþ að�cÞ ðD1Þ

¼ abþ ð�acÞ ðbÞ aboveð Þ

¼ ab� ac

Note: In (c) we have replaced a � b and �ða � cÞ by the familiar ab and � ac, respectively.

Solved Problems

4.1. Show that � on L is an equivalence relation.

Let ðs,mÞ, ðt, nÞ, ðu, pÞ 2 L. We have

(a) (s,m)� (s,m) since sþm¼ sþm; � is reflexive.

(b) If (s,m) � (t, n), then (t, n) � (s,m) since each requires sþ n¼ tþm; � is symmetric.

(c) If (s,m) � (t, n) and (t, n) � (u, p), then sþ n¼ tþm, tþ p¼ uþ n, and sþ nþ tþ p¼ tþmþ uþ n. Using

A4 of Chapter 3, the latter equality can be replaced by sþ p¼mþ u; then (s,m) � (u, p) and � is

transitive.

Thus, � , being reflexive, symmetric, and transitive, is an equivalence relation.

4.2. When s,m, p, r 2 N, prove:

(a) [(rþ p), p)]¼ [r*, 1] (c) [s,m] � [r, r]¼ [r, r] (e) [s,m] � [r*, r]¼ [s,m]

(b) [s,m]þ [r, r]¼ [s,m] (d) [s,m]þ [m, s]¼ [r, r]

(a) ((rþ p), p) � (r*, 1) since rþ pþ 1¼ r*þ p. Hence, [(rþ p), p]¼ [r*, 1] as required.

(b) [s,m]þ [r, r]¼ [(sþ r), (mþ r)]. Now ((sþ r), (mþ r)) � (s,m) since (sþ r)þm¼ sþ (mþ r). Hence,

[(sþ r), (mþ r)]¼ [s,m]þ [r, r]¼ [s,m].

(c) [s,m] � [r, r]¼ [(s � rþm � r), (s � rþm � r)]¼ [r, r] since s � rþm � rþ r¼ s � rþm � rþ r.

(d) [s,m]þ [m, s]¼ [(sþm), (sþm)]¼ [r, r].

(e) [s,m] � [r*, r]¼ [(s � r*þm � r), (s � rþm � r*)]¼ [s,m] since s � r*þm � rþm¼ sþ s � rþm � r*¼ s � r*þ m � r*.

4.3. Prove: The equivalence class to which the sum (product) of two elements, one selected from each of

the two equivalence classes of J , belongs is independent of the elements selected.
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Let [a, b]¼ [s,m] and [c, d ]¼ [t, n]. Then (a, b)� (s,m) and (c, d )� (t, n) so that aþm¼ sþ b and

cþ n¼ tþ d. We shall prove:

(a) [a, b]þ [c, d ]¼ [s,m]þ [t, n], the first part of the theorem;

(b) a � cþ b � dþ s � nþm � t¼ a � dþ b � cþ s � tþm � n, a necessary lemma;

(c) [a, b] � [c, d ]¼ [s,m] � [t, n], the second part of the theorem.

(a) Since, aþmþ cþ n ¼ sþ bþ tþ d,

ðaþ cÞ þ ðmþ nÞ ¼ ðsþ tÞ þ ðbþ d Þ

ððaþ cÞ, ðbþ d ÞÞ � ððsþ tÞ, ðmþ nÞÞ

½ðaþ cÞ, ðbþ d Þ� ¼ ½ðsþ tÞ,mþ nÞ�

and ½a, b� þ ½c, d� ¼ ½s,m� þ ½t, n�

(b) We begin with the evident equality

ðaþmÞ � ðcþ tÞ þ ðsþ bÞ � ðd þ nÞ þ ðcþ nÞ � ðaþ sÞ þ ðd þ tÞ � ðbþmÞ

¼ ðsþ bÞ � ðcþ tÞ þ ðaþmÞ � ðd þ nÞ þ ðd þ tÞ � ðaþ sÞ þ ðcþ nÞ � ðbþmÞ

which reduces readily to

2ða � cþ b � d þ s � nþm � tÞ þ ða � tþm � cþ s � d þ b � nÞ þ ðs � cþ n � aþ b � tþm � d Þ

¼ 2ða � d þ b � cþ s � tþm � nÞ þ ða � tþm � cþ s � d þ b � nÞ þ ðs � cþ n � aþ b � tþm � d Þ

and, using the Cancellation Laws of Chapter 3, to the required identity.

(c) From (b), we have

ða � cþ b � d Þ þ ðs � nþm � tÞ ¼ ðs � tþm � nÞ þ ða � d þ b � cÞ

Then ðða � cþ b � d Þ, ða � d þ b � cÞÞ � ððs � tþm � nÞ, ðs � nþm � tÞÞ

½ða � cþ b � d Þ, ða � d þ b � cÞ� ¼ ½ðs � tþm � nÞ, ðs � nþm � tÞ�

and so ½a, b� � ½c, d � ¼ ½s,m� � ½t, n�

4.4. Prove the Associative Law for addition:

ð ½s,m� þ ½t, n�Þ þ ½u, p� ¼ ½s,m� þ ð½t, n� þ ½u, p� Þ

for all ½s,m�, ½t, n�, ½u, p� 2 J .

We find ð ½s,m� þ ½t, n� Þ þ ½u, p� ¼ ½ðsþ tÞ, ðmþ nÞ� þ ½u, p� ¼ ½ðsþ tþ uÞ, ðmþ nþ pÞ�

while ½s,m� þ ð½t, n�þ ½u, p�Þ ¼ ½s,m� þ ½ðtþ uÞ, ðnþ pÞ� ¼ ½ðsþ tþ uÞ, ðmþ nþ pÞ� and the law follows.

4.5. Prove the Distributive Law D2:

ð½s,m� þ ½t, n�Þ � ½u, p� ¼ ½s,m� � ½u, p� þ ½t, n� � ½u, p�

for all ½s,m�, ½t, n�, ½u, p� 2 J .

CHAP. 4] THE INTEGERS 53



We have

ð ½s,m� þ ½t, n�Þ � ½u, p� ¼ ½ðsþ tÞ, ðmþ nÞ� � ½u, p�

¼ ½ððsþ tÞ � uþ ðmþ nÞ � pÞ, ððsþ tÞ � pþ ðmþ nÞ � uÞ�

¼ ½ðs � uþ t � uþm � pþ n � pÞ, ðs � pþ t � pþm � uþ n � uÞ�

¼ ½ðs � uþm � pÞ, ðs � pþm � uÞ� þ ½ðt � uþ n � pÞ, ðt � pþ n � uÞ�

¼ ½s,m� � ½u, p� þ ½t, n� � ½u, p�

4.6. (a) Show that aþ ð�aÞ ¼ 0 for every a 2 Z.

Let a $ ½s,m�; then �a $ ½m, s�,

aþ ð�aÞ $ ½s,m� þ ½m, s� ¼ ½ðsþmÞ, ðmþ sÞ� ¼ ½r, r� $ 0

and aþ ð�aÞ ¼ 0:

(b) If xþ a ¼ b for a, b 2 Z, show that x ¼ bþ ð�aÞ.

When x¼ bþ (�a), xþ a¼ (bþ (�a))þ a¼ bþ ((�a)þ a)¼ b; thus, x¼ bþ (�a) is a solution of

the equation xþ a¼ b. Suppose there is a second solution y. Then yþ a¼ b¼ xþ a and, by A4, y¼ x.

Thus, the solution is unique.

4.7. When a, b 2 Z, prove: (1) ð�aÞ þ ð�bÞ ¼ �ðaþ bÞ, (2) ð�aÞ � ð�bÞ ¼ a � b.

Let a $ ½s,m� and b $ ½t, n�; then �a $ ½m, s� and �b $ ½n, t�.

ð1Þ ð�aÞ þ ð�bÞ $ ½m, s� þ ½n, t� ¼ ½ðmþ nÞ, ðsþ tÞ�

and aþ b $ ½s,m� þ ½t, n� ¼ ½ðsþ tÞ, ðmþ nÞ�

Then � ðaþ bÞ $ ½ðmþ nÞ, ðsþ tÞ� $ ð�aÞ þ ð�bÞ

and ð�aÞ þ ð�bÞ ¼ �ðaþ bÞ

ð2Þ ð�aÞ � ð�bÞ $ ½m, s� � ½n, t� ¼ ½ðm � nþ s � tÞ, ðm � tþ s � nÞ�

and a � b $ ½s,m� � ½t, n� ¼ ½ðs � tþm � nÞ, ðs � nþm � tÞ�

Now ½ðm � nþ s � tÞ, ðm � tþ s � nÞ� ¼ ½ðs � tþm � nÞ, ðs � nþm � tÞ�

and ð�aÞ � ð�bÞ ¼ a � b

4.8. Prove the Trichotomy Law: For any a, b 2 Z one and only one of

ðaÞ a ¼ b, ðbÞ a < b, ðcÞ a > b

is true.
Let a $ ½s,m� and b $ ½t, n�; then by the Trichotomy Law of Chapter 3, one and only one of

(a) sþ n ¼ tþm and a ¼ b, (b) sþ n < tþm and a < b, (c) sþ n > tþm and a > b is true.
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4.9. When a, b, c 2 Z, prove: aþ c > bþ c if and only if a > b.

Take a $ ½s,m�, b $ ½t, n�, and c $ ½u, p�. Suppose first that

aþ c > bþ c or ð ½s,m� þ ½u, p� Þ > ð ½t, n� þ ½u, p� Þ

Now this implies ½ðsþ uÞ, ðmþ pÞ� > ½ðtþ uÞ, ðnþ pÞ�

which, in turn, implies ðsþ uÞ þ ðnþ pÞ > ðtþ uÞ þ ðmþ pÞ

Then, by Theorem II0, Chapter 3, ðsþ nÞ > ðtþmÞ or ½s,m� > ½t, n� and a > b, as required.

Suppose next that a > b or ½s,m� > ½t, n�; then ðsþ nÞ > ðtþmÞ. Now to compare

aþ c $ ½ðsþ uÞ, ðmþ pÞ� and bþ c $ ½ðtþ uÞ, ðnþ pÞ�

we compare ½ðsþ uÞ, ðmþ pÞ� and ½ðtþ uÞ, ðnþ pÞ�

or ðsþ uÞ þ ðnþ pÞ and ðtþ uÞ þ ðmþ pÞ

or ðsþ nÞ þ ðuþ pÞ and ðtþmÞ þ ðuþ pÞ

Since ðsþ nÞ > ðtþmÞ, it follows by Theorem II0, Chapter 3, that

ðsþ nÞ þ ðuþ pÞ > ðtþmÞ þ ðuþ pÞ

Then ðsþ uÞ þ ðnþ pÞ > ðtþ uÞ þ ðmþ pÞ

½ðsþ uÞ, ðmþ pÞ� > ½ðtþ uÞ, ðnþ pÞ�

and aþ c > bþ c

as required.

4.10. When a, b, c 2 Z, prove: If c < 0, then a � c < b � c if and only if a > b.

Take a $ ½s,m�, b $ ½t, n�, and c $ ½u, p� in which u < p since c < 0.

ðaÞ Suppose a � c < b � c; then

½ðs � uþm � pÞ, ðs � pþm � uÞ� < ½ðt � uþ n � pÞ, ðt � pþ n � uÞ�

and ðs � uþm � pÞ þ ðt � pþ n � uÞ < ðt � uþ n � pÞ þ ðs � pþm � uÞ

Since u<p, there exists some k 2 N such that uþ k¼ p. When this replacement for p is made in

the inequality immediately above, we have

ðs � uþm � uþm � kþ t � uþ t � kþ n � uÞ < ðt � uþ n � uþ n � kþ s � uþ s � kþm � uÞ

whence m � kþ t � k < n � kþ s � k

Then ðmþ tÞ � k < ðnþ sÞ � k

mþ t < nþ s

sþ n > tþm

and a > b

(b) Suppose a>b. By simply reversing the steps in (a), we obtain a � c<b � c, as required.

4.11. Prove: If a, b 2 Z and a � b ¼ 0, then either a ¼ 0 or b ¼ 0.

Suppose a 6¼ 0; then a � b ¼ 0 ¼ a � 0 and by M4, b ¼ 0. Similarly, if b 6¼ 0 then a ¼ 0.
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4.12. Prove: There exists no n 2 Z
þ such that 0 < n < 1.

Suppose the contrary and let m 2 Z
þ be the least such integer. From 0 < m < 1, we have by the use of (2),

0 < m2 < m < 1. Now 0 < m2 < 1 and m2 < m contradict the assumption that m is the least, and the

theorem is established.

4.13. Prove: When a, b 2 Z, then a < b if and only if a� b < 0.

Let a $ ½s,m� and b $ ½t, n�. Then

a� b ¼ aþ ð�bÞ $ ½s,m� þ ½n, t� ¼ ½ðsþ nÞ, ðmþ tÞ�

If a < b, then sþ n < mþ t and a� b < 0. Conversely, if a� b < 0, then sþ n < mþ t and a < b.

4.14. Prove: jaþ bj 	 jaj þ jbj for all a, b 2 Z.

Suppose a > 0 and b > 0; then jaþ bj ¼ aþ b ¼ jaj þ jbj. Suppose a < 0 and b < 0; then

jaþ bj ¼ �ðaþ bÞ ¼ �aþ ð�bÞ ¼ jaj þ jbj. Suppose a > 0 and b < 0 so that jaj ¼ a and jbj ¼ �b.

Now, either aþ b ¼ 0 and jaþ bj ¼ 0 < jaj þ jbj or

aþ b < 0 and jaþ bj ¼ �ðaþ bÞ ¼ �aþ ð�bÞ ¼ �jaj þ jbj < jaj þ jbj

or aþ b > 0 and jaþ bj ¼ aþ b ¼ a� ð�bÞ ¼ jaj � jbj < jaj þ jbj

The case a < 0 and b > 0 is left as an exercise.

4.15. Prove: ja � bj ¼ jaj � jbj for all a, b 2 Z.

Suppose a > 0 and b > 0; then jaj ¼ a and jbj ¼ b. Then ja � bj ¼ a � b ¼ jaj � jbj. Suppose a < 0 and b < 0;

then jaj ¼ �a and jbj ¼ �b. Now a � b > 0; hence, ja � bj ¼ a � b ¼ ð�aÞ � ð�bÞ ¼ jaj � jbj. Suppose a > 0 and

b < 0; then jaj ¼ a and jbj ¼ �b. Since a � b < 0, ja � bj ¼ �ða � bÞ ¼ a � ð�bÞ ¼ jaj � jbj.

The case a < 0 and b > 0 is left as an exercise.

4.16. Prove: If a and b are integers such that a � b ¼ 1 then a and b are either both 1 or both �1.

First we note that neither a nor b can be zero. Now ja � bj ¼ jaj � jbj ¼ 1 and, by Problem 4.12, jaj � 1 and

jbj � 1. If jaj > 1 (also, if jbj > 1), jaj � jbj 6¼ 1. Hence, jaj ¼ jbj ¼ 1 and, in view of Problem 4.7(b), the

theorem follows.

Supplementary Problems

4.17. Prove: When r, s 2 N,

ðaÞ ðr, rÞ � ðs, sÞ � ð1, 1Þ ðdÞ ðr�, r 6�Þðr, r�Þ

ðbÞ ðr�, rÞ � ðs�, sÞ � ð2, 1Þ ðeÞ ðr�, rÞ 6� ðs, s�Þ

ðcÞ ðr, r�Þ � ðs, s�Þ � ð1, 2Þ ð f Þ ðr� � s� þ 1, r� þ s�Þ � ððr � sÞ�, 1Þ

4.18. State and prove: (a) the Associative Law for multiplication, (b) the Commutative Law for addition,

(c) the Commutative Law for multiplication, (d ) the Cancellation Law for addition on J .

4.19. Prove: ½r�, r� $ 1 and ½r, r�� $ �1.
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4.20. If a 2 Z, prove: (a) a � 0 ¼ 0 � a ¼ 0, (b) ð�1Þ � a ¼ �a, (c) �0 ¼ 0.

4.21. If a, b 2 Z, prove: (a) �ð�aÞ ¼ þa, (b) ð�aÞð�bÞ ¼ a � b, (c) ð�aÞ þ b ¼ �(aþ ð�bÞ).

4.22. When b 2 Z
þ, show that a� b < aþ b for all a 2 Z,

4.23. When a, b 2 Z, prove (1), (2), (20), and (30) of the order relations.

4.24. When a, b, c 2 Z, prove a � ðb� cÞ ¼ a � b� a � c.

4.25. Prove: If a, b 2 Z and a < b, then there exists some c 2 Z
þ such that aþ c ¼ b.

Hint. For a and b represented in Problem 7, take c $ ½ðtþmÞ, ðnþ sÞ�.

4.26. Prove: When a, b, c, d 2 Z ,

(a) �a > �b if a < b.

(b) aþ c < bþ d if a < b and c < d.

(c) If a < ðbþ cÞ, then a� b < c.

(d) a� b ¼ c� d if and only if aþ d ¼ bþ c.

4.27. Prove that the order relations are well defined.

4.28. Prove the Cancellation Law for multiplication.

4.29. Define sums and products of n > 2 elements of Z and show that in such sums and products parentheses may

be inserted at will.

4.30. Prove:

(a) m2 > 0 for all integers m 6¼ 0.

(b) m3 > 0 for all integers m > 0.

(c) m3 < 0 for all integers m < 0.

4.31. Prove without using equivalence classes (see Example 5):

(a) �ð�aÞ ¼ a

(b) ð�aÞð�bÞ ¼ ab

(c) ðb� cÞ ¼ ðbþ aÞ � ðcþ aÞ

(d) aðb� cÞ ¼ ab� ac

(e) ðaþ bÞðcþ d Þ ¼ ðacþ ad Þ þ ðbcþ bd Þ

( f ) ðaþ bÞðc� d Þ ¼ ðacþ bcÞ � ðad þ bd Þ

(f) ða� bÞðc� d Þ ¼ ðacþ bd Þ � ðad þ bcÞ
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Some Properties
of Integers

INTRODUCTION

In Chapter 4, you were introduced to the system of integers with some of its properties. In this chapter,

you will be introduced to some further properties of the system of integers.

5.1 DIVISORS

DEFINITION 5.1: An integer a 6¼ 0 is called a divisor ( factor) of an integer b (written ‘‘ajb’’) if there

exists an integer c such that b ¼ ac. When ajb we shall also say that b is an integral multiple of a.

EXAMPLE 1.

(a) 2j6 since 6 ¼ 2 � 3

(b) �3j15 since 15 ¼ ð�3Þð�5Þ

(c) aj0, for all a 2 Z, since 0 ¼ a � 0

In order to show that the restriction a 6¼ 0 is necessary, suppose 0jb. If b 6¼ 0, we must have b ¼ 0 � c

for some c 2 Z, which is impossible; while if b ¼ 0 we would have 0 ¼ 0 � c, which is true for every c 2 Z.

DEFINITION 5.2: When b, c; x, y 2 Z, the integer bxþ cy is called a linear combination of b and c.

In Problem 5.1, we prove

Theorem I. If ajb and ajc then ajðbxþ cyÞ for all x, y 2 Z.

See also Problems 5.2, 5.3.

5.2 PRIMES

Since a � 1 ¼ ð�aÞð�1Þ ¼ a for every a 2 Z, it follows that �1 and � a are divisors of a.

DEFINITION 5.3: An integer p 6¼ 0, �1 is called a prime if and only if its only divisors are �1 and �p.
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EXAMPLE 2.

(a) The integers 2 and �5 are primes, while 6 ¼ 2 � 3 and �39 ¼ 3ð�13Þ are not primes.

(b) The first 10 positive primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29.

It is clear that �p is a prime if and only if p is a prime. Hereafter, we shall restrict our attention

mainly to positive primes. In Problem 5.4, we prove:

The number of positive primes is infinite.

When a ¼ bc with jbj > 1 and jcj > 1, we call a composite. Thus, every integer a 6¼ 0, � 1 is either a

prime or a composite.

5.3 GREATEST COMMON DIVISOR

DEFINITION 5.4: When ajb and ajc, we call a a common divisor of b and c. When, in addition, every

common divisor of b and c is also a divisor of a, we call a a greatest common divisor (highest common

factor) of b and c.

EXAMPLE 3.

(a) �1, � 2, � 3, � 4, � 6, � 12 are common divisors of 24 and 60.

(b) �12 are greatest common divisors of 24 and 60.

(c) the greatest common divisors of b ¼ 0 and c 6¼ 0 are �c.

Suppose c and d are two different greatest common divisors of a 6¼ 0 and b 6¼ 0. Then cjd and djc;

hence, by Problem 3, c and d differ only in sign. As a matter of convenience, we shall hereafter limit

our attention to the positive greatest common divisor of two integers a and b and use either d or ða, bÞ

to denote it. Thus, d is truly the largest (greatest) integer which divides both a and b.

EXAMPLE 4. A familiar procedure for finding ð210, 510Þ consists in expressing each integer as a product of its

prime factors, i.e., 210 ¼ 2 � 3 � 5 � 7, 510 ¼ 2 � 3 � 5 � 17, and forming the product 2 � 3 � 5 ¼ 30 of their common

factors.

In Example 4 we have tacitly assumed (a) that every two non-zero integers have a positive greatest

common divisor and (b) that any integer a > 1 has a unique factorization, except for the order of the

factors, as a product of positive primes. Of course, in (b) it must be understood that when a itself is

prime, ‘‘a product of positive primes’’ consists of a single prime. We shall prove these propositions later.

At the moment, we wish to exhibit another procedure for finding the greatest common divisor of two

non-zero integers. We begin with:

The Division Algorithm. For any two non-zero integers a and b, there exist unique integers q and r,

called, respectively, quotient and remainder, such that

a ¼ bqþ r, 0 � r < jbj ð1 Þ

For a proof, see Problem 5.5.

EXAMPLE 5.

(a) 780¼�48(�16)þ 12 (c) 826¼ 25 �33þ 1

(b) �2805¼ 119(�24)þ 51 (d ) 758¼ 242(3)þ 32

From (1 ) it follows that bja and ða, bÞ ¼ b if and only if r ¼ 0. When r 6¼ 0 it is easy to show that a

common divisor of a and b also divides r and a common divisor of b and r also divides a. Then ða, bÞjðb, rÞ

and ðb, rÞjða, bÞ so that (by Problem 5.3), ða, bÞ ¼ ðb, rÞ. (See Problem 5.3.) Now either rjb (see
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Examples 5(a) and 5(c)) or r 6 j b (see Examples 5(b) and 5(d )). In the latter case, we use the division

algorithm to obtain

b ¼ rq1 þ r1, 0 < r1 < r ð2Þ

Again, either r1jr and ða, bÞ ¼ ðb, rÞ ¼ r1 or, using the division algorithm,

r ¼ r1q2 þ r2, 0 < r2 < r1 ð3Þ

and ða, bÞ ¼ ðb, rÞ ¼ ðr, r1Þ ¼ ðr1, r2Þ.
Since the remainders r1, r2, . . . , assuming the process to continue, constitute a set of decreasing

non-negative integers there must eventually be one which is zero. Suppose the process terminates

with

ðkÞ rk�3 ¼ rk�2 � qk�1 þ rk�1 0 < rk�1 < rk�2

ðkþ 1Þ rk�2 ¼ rk�1 � qk þ rk 0 < rk < rk�1

ðkþ 2Þ rk�1 ¼ rk � qkþ1 þ 0

Then ða, bÞ ¼ ðb, rÞ ¼ ðr, r1Þ ¼ � � � ¼ ðrk�2, rk�1Þ ¼ ðrk�1, rkÞ ¼ rk.

EXAMPLE 6.

(a) In Example 5(b), 51 6 j 119. Proceeding as in (2), we find 119 ¼ 51ð2Þ þ 17. Now 17j51; hence, ð�2805, 119Þ ¼ 17.

(b) In Example 5(d), 32 6 j 242. From the sequence

758 ¼ 242ð3Þ þ 32

242 ¼ 32ð7Þ þ 18

32 ¼ 18ð1Þ þ 14

18 ¼ 14ð1Þ þ 4

14 ¼ 4ð3Þ þ 2

4 ¼ 2ð2Þ

we conclude ð758, 242Þ ¼ 2.

Now solving ð1 Þ for r ¼ a� bq ¼ aþ ð�qÞb ¼ m1aþ n1b; and

substituting in ð2 Þ, r1 ¼ b� rq1 ¼ b� ðm1aþ n1bÞq1

¼ �m1q1aþ ð1� n1q1Þb ¼ m2aþ n2b

substituting in ð3 Þ, r2 ¼ r� r1q2 ¼ ðm1aþ n1bÞ � ðm2aþ n2bÞq2

¼ ðm1 � q2m2Þaþ ðn1 � q2n2Þb ¼ m3aþ n3b

and continuing, we obtain finally

rk ¼ mkþ1aþ nkþ1b

Thus, we have

Theorem II. When d ¼ ða, bÞ, there exist m, n 2 Z such that d ¼ ða, bÞ ¼ maþ nb.
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EXAMPLE 7. Find ð726, 275Þ and express it in the form of Theorem II.

From We obtain

726 ¼ 275 � 2þ 176 11 ¼ 77� 22 � 3 ¼ 77� ð99� 77Þ � 3

275 ¼ 176 � 1þ 99 ¼ 77 � 4� 99 � 3

176 ¼ 99 � 1þ 77 ¼ ð176� 99Þ � 4� 99 � 3

99 ¼ 77 � 1þ 22 ¼ 176 � 4� 99 � 7

77 ¼ 22 � 3þ 11 ¼ 176 � 4� ð275� 176Þ � 7

22 ¼ 11 � 2 ¼ 176 � 11� 275 � 7

¼ ð726� 275 � 2Þ � 11� 275 � 7

¼ 11 � 726þ ð�29Þ � 275

Thus, m ¼ 11 and n ¼ �29.

Note 1. The procedure for obtaining m and n here is an alternate to that used in obtaining

Theorem II.
Note 2. In ða, bÞ ¼ maþ nb, the integers m and n are not unique; in fact, ða, bÞ ¼ ðmþ kbÞaþ

ðn� kaÞb for every k 2 N. See Problem 5.6.
The importance of Theorem II is indicated in

EXAMPLE 8. Prove: If ajc, if bjc, and if ða, bÞ ¼ d, then abjcd.

Since ajc and bjc, there exist integers s and t such that c ¼ as ¼ bt. By Theorem II there exist m, n 2 Z such that

d ¼ maþ nb. Then

cd ¼ cmaþ cnb ¼ btmaþ asnb ¼ abðtmþ snÞ

and abjcd.

A second consequence of the Division Algorithm is

Theorem III. Any non-empty set K of integers which is closed under the binary operations addition and

subtraction is either f0g or consists of all multiples of its least positive element.

An outline of the proof when K 6¼ f0g follows. Suppose K contains the integer a 6¼ 0. Since K is

closed with respect to addition and subtraction, we have:

ði Þ a� a ¼ 0 2 K

ðii Þ 0� a ¼ �a 2 K

ðiii Þ K contains at least one positive integer.

ðiv Þ K contains a least positive integer, say, e.

ðv Þ By induction on n, K contains all positive multiples ne of e (show this).

ðvi Þ K contains all integral multiples me of e.

ðvii Þ If b 2 K , then b ¼ qeþ r where 0 � r < e; hence, r ¼ 0 and so every element of K is an integral multiple of e.

5.4 RELATIVELY PRIME INTEGERS

For given a, b 2 Z, suppose there exist m, n 2 Z such that amþ bn ¼ 1. Now every common factor of a

and b is a factor of the right member 1; hence, ða, bÞ ¼ 1.

DEFINITION 5.5: Two integers a and b for which ða, bÞ ¼ 1 are said to be relatively prime.

See Problem 5.7.
In Problem 5.8, we prove

Theorem IV. If ða, sÞ ¼ ðb, sÞ ¼ 1, then ðab, sÞ ¼ 1.
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5.5 PRIME FACTORS

In Problem 5.9, we prove

Theorem V. If p is a prime and if pjab, where a, b 2 Z, then pja or pjb.

By repeated use of Theorem V there follows

Theorem V 0. If p is a prime and if p is a divisor of the product a � b � c � . . . � t of n integers, then p is a

divisor of at least one of these integers.

In Problem 5.10, we prove

The Unique Factorization Theorem. Every integer a > 1 has a unique factorization, except for order

ðaÞ a ¼ p1 � p2 � p3 � . . . � pn

into a product of positive primes.
Evidently, if (a) gives the factorization of a, then

�a ¼ �ð p1 � p2 � p3 � . . . � pnÞ

Moreover, since the ps of (a) are not necessarily distinct, we may write

a ¼ p1
�1 � p2

�2 � p3
�3 � . . . � ps

�s

where each �i � 1 and the primes p1, p2, p3, . . . ps are distinct.

EXAMPLE 9. Express each of 2, 241, 756 and 8, 566, 074 as a product of positive primes and obtain their

greatest common divisor.

2, 241, 756 ¼ 22 � 34 � 11 � 17 � 37 and 8, 566, 074 ¼ 2 � 34 � 112 � 19 � 23

Their greatest common divisor is 2 � 34 � 11.

5.6 CONGRUENCES

DEFINITION 5.6: Let m be a positive integer. The relation ‘‘congruent modulo m,’’ ð� ðmod mÞÞ, is

defined on all a, b 2 Z by a � bðmod mÞ if and only if mjða� bÞ.

EXAMPLE 10.

ðaÞ 89 � 25ðmod 4Þ since 4jð89� 25Þ ¼ 64 ðeÞ 24 6� 3ðmod 5Þ since 5 6 j 21

ðbÞ 89 � 1ðmod 4Þ since 4j88 ð f Þ 243 6� 167ð mod 7Þ since t 6 j 76

ðcÞ 25 � 1ðmod 4Þ since 4j24 ðgÞ Any integer a is congruent

ðd Þ 153 � �7ðmod 8Þ since 8j160 modulo m to the remainder

obtained by dividing a by m:

An alternate definition, often more useful than the original, is a � bðmod mÞ if and only if a and b

have the same remainder when divided by m.
As immediate consequences of these definitions, we have:

Theorem VI. If a � bðmod mÞ then, for any n 2 Z, mnþ a � bðmod mÞ and conversely.

Theorem VII. If a � bðmod mÞ, then, for all x 2 Z, aþ x � bþ xðmod mÞ and ax � bxðmod mÞ.
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Theorem VIII. If a � bðmod mÞ and c � eðmod mÞ, then aþ c¼ bþ e(mod m), a� c � b� eðmod mÞ,

ac � beðmod mÞ. See Problem 5.11.

Theorem IX. Let (c, m)¼ d and write m¼m1d. If ca � cbðmod mÞ, then a � bðmod m1Þ and

conversely. For a proof, see Problem 5.12.

As a special case of Theorem IX, we have

Theorem X. Let ðc,mÞ ¼ 1. If ca � cbðmod mÞ, then a � bðmod mÞ and conversely.

DEFINITION 5.7: The relation � ðmod mÞ on Z is an equivalence relation and separates the integers

into m equivalence classes, [0], [1], [2], . . . , [m� 1], called residue classes modulo m, where

½r� ¼ fa : a 2 Z, a � r ðmod mÞg

EXAMPLE 11. The residue classes modulo 4 are:

½0� ¼ f. . . , � 16, � 12, � 8, � 4, 0, 4, 8, 12, 16, . . .g

½1� ¼ f. . . , � 15, � 11, � 7, � 3, 1, 5, 9, 13, 17, . . .g

½2� ¼ f. . . , � 14, � 10, � 6, � 2, 2, 6, 10, 14, 18, . . .g

½3� ¼ f. . . , � 13, � 9, � 5, � 1, 3, 7, 11, 15, 19, . . .g

We will denote the set of all residue classes modulo m by Zm. For example, Z 4 ¼ f½0�, ½1�, ½2�, ½3�g

and Zm ¼ f½0�, ½1�, ½2�, ½3�, . . . , [m� 1]}. Of course, ½3� 2 Z 4 ¼ ½3� 2 Zm if and only if m ¼ 4. Two basic

properties of the residue classes modulo m are:

If a and b are elements of the same residue class ½s�, then a � bðmod mÞ:

If ½s� and ½t� are distinct residue classes with a 2 ½s� and b 2 ½t�, then a 6� bðmod mÞ:

5.7 THE ALGEBRA OF RESIDUE CLASSES

Let ‘‘�’’ (addition) and ‘‘	’’ (multiplication) be defined on the elements of Zm as follows:

½a� � ½b� ¼ ½aþ b�

½a� 	 ½b� ¼ ½a � b�

for every ½a�, ½b� 2 Z m.
Since � and 	 on Z m are defined respectively in terms of þ and � on Z, it follows readily that � and

	 satisfy the laws A1-A4, M1-M4, and D1-D2 as modified in Chapter 4.

EXAMPLE 12. The addition and multiplication tables for Z 4 are:

Table 5-1 Table 5-2

� 0 1 2 3

0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

and

	 0 1 2 3

0 0 0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

where, for convenience, ½0�, ½1�, ½2�, ½3� have been replaced by 0, 1, 2, 3.
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5.8 LINEAR CONGRUENCES

Consider the linear congruence

ðbÞ ax � bðmod mÞ

in which a, b,m are fixed integers with m > 0. By a solution of the congruence we shall mean an integer
x ¼ x1 for which mjðax1 � bÞ. Now if x1 is a solution of (b) so that mjðax1 � bÞ then, for any k 2 Z,
mjðaðx1 þ kmÞ � bÞ and x1 þ km is another solution. Thus, if x1 is a solution so also is every other
element of the residue class ½x1� modulo m. If then the linear congruence (b) has solutions, they consist
of all the elements of one or more of the residue classes of Z m.

EXAMPLE 13.

(a) The congruence 2x � 3ðmod 4Þ has no solution since none of 2 � 0� 3, 2 � 1� 3, 2 � 2� 3, 2 � 3� 3 has 4 as

a divisor.

(b) The congruence 3x � 2ðmod 4Þ has 6 as a solution and, hence, all elements of ½2� 2 Z 4 as solutions.

There are no others.

(c) The congruence 6x � 2ðmod 4Þ has 1 and 3 as solutions.

Since 3 6� 1ðmod 4Þ, we shall call 1 and 3 incongruent solutions of the congruence. Of course, all elements

of ½1�, ½3� 2 Z 4 are solutions. There are no others.

Returning to (b), suppose ða,mÞ ¼ 1 ¼ saþ tm. Then b ¼ bsaþ btm and x1 ¼ bs is a solution. Now
assume x2 6� x1ðmod mÞ to be another solution. Since ax1 � bðmod mÞ and ax2 � bðmod mÞ, it follows
from the transitive property of � ðmod mÞ that ax1 � ax2ðmod mÞ. Then mjaðx1 � x2Þ and x1 � x2ðmod
mÞ contrary to our assumption. Thus, (b) has just one incongruent solution, say x1, and the residue class
½x1� 2 Zm, also called a congruence class, includes all solutions.

Next, suppose that ða,mÞ ¼ d ¼ saþ tm, d > 1. Since a ¼ a1d and m ¼ m1d, it follows that if
(b) has a solution x ¼ x1 then ax1 � b ¼ mq ¼ m1dq and so djb. Conversely, suppose that d ¼ ða,mÞ is a
divisor of b and write b ¼ b1d. By Theorem IX, any solution of (b) is a solution of

ðcÞ a1x � b1ðmod m1Þ

and any solution of (c) is a solution of (b). Now ða1,m1Þ ¼ 1 so that (c) has a single incongruent solution
and, hence, (b) has solutions. We have proved the first part of

Theorem XI. The congruence ax � bðmod mÞ has a solution if and only if d ¼ ða,mÞ is a divisor of b.
When djb, the congruence has exactly d incongruent solutions (d congruence classes of solutions).

To complete the proof, consider the subset

S ¼ fx1, x1 þm1, x1 þ 2m1, x1 þ 3m1, . . . , x1 þ ðd � 1Þm1g

of ½x1�, the totality of solutions of a1x � b1ðmod m1Þ. We shall now show that no two distinct elements of
S are congruent modulo m (thus, (b) has at least d incongruent solutions) while each element of ½x1� � S
is congruent modulo m to some element of S (thus, (b) has at most d incongruent solutions).

Let x1 þ sm1 and x1 þ tm1 be distinct elements of S. Now if x1 þ sm1 � x1 þ tm1ðmod mÞ then
mjðs� tÞm1; hence, djðs� tÞ and s ¼ t, a contradiction of the assumption s 6¼ t. Thus, the elements of
S are incongruent modulo m. Next, consider any element of ½x1� � S, say x1 þ ðqd þ rÞm1 where q � 1
and 0 � r < d. Now x1 þ ðqd þ rÞm1 ¼ x1 þ rm1 þ qm � x1 þ rm1ðmod mÞ and x1 þ rm1 2 S. Thus,
the congruence (b), with ða,mÞ ¼ d and djb, has exactly d incongruent solutions. See Problem 5.14.

5.9 POSITIONAL NOTATION FOR INTEGERS

It is well known to the reader that

827, 016 ¼ 8 � 105 þ 2 � 104 þ 7 � 103 þ 0 � 102 þ 1 � 10þ 6
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What is not so well known is that this representation is an application of the congruence properties

of integers. For, suppose a is a positive integer. By the division algorithm, a ¼ 10 � q0 þ r0, 0 � r0 < 10.

If q0 ¼ 0, we write a ¼ r0; if q0 > 0, then q0 ¼ 10 � q1 þ r1, 0 � r1 < 10. Now if q1 ¼ 0, then

a ¼ 10 � r1 þ r2 and we write a ¼ r1r0; if q1 > 0, then q1 ¼ 10 � q2 þ r2, 0 � r2 < 10. Again, if q2 ¼ 0,

then a ¼ 102 � r2 þ 10 � r1 þ r0 and we write a ¼ r2r1r0; if q2 > 0, we repeat the process. That it must

end eventually and we have

a ¼ 10s � rs þ 10s�1 � rs�1 þ � � � þ 10 � r1 þ r0 ¼ rsrs�1 � � � r1r0

follows from the fact that the qs constitute a set of decreasing non-negative integers. Note that

in this representation the symbols ri used are from the set f0, 1, 2, 3, . . . , 9g of remainders modulo 10.

(Why is this representation unique?)
In the paragraph above, we chose the particular integer 10, called the base, since this led to our

system of representation. However, the process is independent of the base and any other positive integer

may be used. Thus, if 4 is taken as base, any positive integer will be represented by a sequence of the

symbols 0, 1, 2, 3. For example, the integer (base 10) 155 ¼ 43 � 2þ 42 � 1þ 4 � 2þ 3 ¼ 2123 (base 4).
Now addition and multiplication are carried out in much the same fashion, regardless of the base;

however, new tables for each operation must be memorized. These tables for base 4 are:

Table 5-3 Table 5-4

þ 0 1 2 3

0 0 1 2 3

1 1 2 3 10

2 2 3 10 11

3 3 10 11 12

and

� 0 1 2 3

0 0 0 0 0

1 0 1 2 3

2 0 2 10 12

3 0 3 12 21

See Problem 5.15.

Solved Problems

5.1. Prove: If ajb and ajc, then ajðbxþ cyÞ where x, y 2 Z.

Since ajb and ajc, there exist integers s, t such that b ¼ as and c ¼ at. Then bxþ cy ¼ asxþ aty ¼

aðsxþ tyÞ and ajðbxþ cyÞ.

5.2. Prove: If ajb and b 6¼ 0, then jbj � jaj.

Since ajb, we have b ¼ ac for some c 2 Z. Then jbj ¼ jaj � jcj with jcj � 1. Since jcj � 1, it follows that

jaj � jcj � jaj, that is, jbj � jaj.

5.3. Prove: If ajb and bja, then b ¼ a or b ¼ �a.

Since ajb implies a 6¼ 0 and bja implies b 6¼ 0, write b ¼ ac and a ¼ bd, where c, d 2 Z. Now

a � b ¼ ðbd ÞðacÞ ¼ abcd and, by the Cancellation Law, 1 ¼ cd. Then by Problem 5.16, Chapter 4, c ¼ 1 or

�1 and b ¼ ac ¼ a or �a.

5.4. Prove: The number of positive primes is infinite.

Suppose the contrary, i.e., suppose there are exactly n positive primes p1, p2, p3, . . . , pn, written in order of

magnitude. Now form a ¼ p1 � p2 � p3 � . . . � pn and consider the integer aþ 1. Since no one of the ps is a

divisor of aþ 1, it follows that aþ 1 is either a prime > pn or has a prime > pn as a factor, contrary to the

assumption that pn is the largest. Thus, there is no largest positive prime and their number is infinite.
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5.5. Prove the Division Algorithm: For any two non-zero integers a and b, there exist unique integers

q and r such that

a ¼ bqþ r, 0 � r < jbj

Define S ¼ fa� bx : x 2 Zg. If b < 0, i.e., b � �1, then b � jaj � �jaj � a and a� b � jaj � 0. If b > 0, i.e.,

b � 1, then b � ð�jajÞ � �jaj � a and a� bð�jajÞ � 0. Thus, S contains non-negative integers; denote by r

the smallest of these (r � 0) and suppose r ¼ a� bq. Now if r � jbj, then r� jbj � 0 and r� jbj ¼

a� bq� jbj ¼ a� ðqþ 1Þb < r or a� ðq� 1Þb < r, contrary to the choice of r as the smallest non-negative

integer 2 S. Hence, r < jbj.

Suppose we should find another pair q 0 and r 0 such that

a ¼ bq 0 þ r 0, 0 � r 0 < jbj

Now bq 0 þ r 0 ¼ bqþ r or bðq 0 � qÞ ¼ r� r 0 implies bjðr� r 0Þ and, since jr� r 0j < jbj, then

r� r 0 ¼ 0; also q 0 � q ¼ 0 since b 6¼ 0. Thus, r 0 ¼ r, q 0 ¼ q, and q and r are unique.

5.6. Find ð389, 167Þ and express it in the form 389m þ 167n.

From We find

389 ¼ 167 � 2þ 55 1 ¼ 55� 2 � 27
167 ¼ 55 � 3þ 2 ¼ 55 � 82� 167 � 27
55 ¼ 2 � 27þ 1 ¼ 389 � 82� 167 � 191
2 ¼ 1 � 2

Thus, ð389, 167Þ ¼ 1 ¼ 82 � 389þ ð�191Þð167Þ.

5.7. Prove: If cjab and if ða, cÞ ¼ 1, then cjb.

From 1 ¼ maþ nc, we have b ¼ mabþ ncb. Since c is a divisor of mabþ ncb, it is a divisor of b and cjb as

required.

5.8. Prove: If ða, sÞ ¼ ðb, sÞ ¼ 1, then ðab, sÞ ¼ 1.

Suppose the contrary, i.e., suppose ðab, sÞ ¼ d > 1 and let d ¼ ðab, sÞ ¼ mabþ ns. Now djab and djs.

Since ða, sÞ ¼ 1, it follows that d 6 j a; hence, by Problem 7, djb. But this contradicts ðb, sÞ ¼ 1; thus,

ðab, sÞ ¼ 1.

5.9. Prove: If p is a prime and if pjab, where a, b 2 Z, then pja or pjb.

If pja we have the theorem. Suppose then that p 6 j a. By definition, the only divisors of p are �1 and �p;

then ðp, aÞ ¼ 1 ¼ mpþ na for some m, n 2 Z by Theorem II. Now b ¼ mpbþ nab and, since pjðmpbþ nabÞ,

pjb as required.

5.10. Prove: Every integer a > 1 has a unique factorization (except for order)

a ¼ p1 � p2 � p3 � . . . � pn

into a product of positive primes.

If a is a prime, the representation in accordance with the theorem is immediate. Suppose then that a

is composite and consider the set S ¼ fx : x > 1, xjag. The least element s of S has no positive factors

except 1 and s; hence s is a prime, say p1, and

a ¼ p1 � b1, b1 > 1

Now either b1 is a prime, say p2, and a ¼ p1 � p2 or b1, being composite, has a prime factor p2 and

a ¼ p1 � p2 � b2, b2 > 1
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A repetition of the argument leads to a ¼ p1 � p2 � p3 or

a ¼ p1 � p2 � p3 � b3, b3 > 1

and so on.
Now the elements of the set B ¼ fb1, b2, b3, . . .g have the property b1 > b2 > b3 > � � � ; hence, B has a least

element, say bn, which is a prime pn and

a ¼ p1 � p2 � p3 � . . . � pn

as required.

To prove uniqueness, suppose we have two representations

a ¼ p1 � p2 � p3 � . . . � pn ¼ q1 � q2 � q3 � . . . � qm

Now q1 is a divisor of p1 � p2 � p3 � . . . � pn; hence, by Theorem V0, q1 is a divisor of some one of the ps, say

p1. Then q1 ¼ p1, since both are positive primes, and by M4 of Chapter 4,

p2 � p3 � . . . � pn ¼ q2 � q3 � . . . � qm

After repeating the argument a sufficient number of times, we find that m ¼ n and the factorization is unique.

5.11. Find the least positive integers modulo 5 to which 19, 288, 19 � 288 and 193 � 2882 are congruent.

We find

19 ¼ 5 � 3þ 4; hence 19 � 4ðmod 5Þ:

288 ¼ 5 � 57þ 3; hence 288 � 3ðmod 5Þ:

19 � 288 ¼ 5ð� � �Þ þ 12; hence 19 � 288 � 2ðmod 5Þ:

193 � 2882 ¼ 5ð� � �Þ þ 43 � 32 ¼ 5ð� � �Þ þ 576; hence 193 � 2882 � 1ðmod 5Þ:

5.12. Prove: Let ðc,mÞ ¼ d and write m ¼ m1d. If ca � cbðmod mÞ, then a � bðmod m1Þ and conversely.

Write c ¼ c1d so that ðc1,m1Þ ¼ 1. If mjcða� bÞ, that is, if m1djc1dða� bÞ, then m1jc1dða� bÞ and,

since ðc1,m1Þ ¼ 1, m1jða� bÞ and a � bðmod m1Þ.

For the converse, suppose a � bðmod m1Þ. Since m1jða� bÞ, it follows that m1jc1ða� bÞ and

m1djc1dða� bÞ. Thus, mjcða� bÞ and ca � cbðmod mÞ.

5.13. Show that, when a, b, p > 0 2 Z, ðaþ bÞp � ap þ bpðmod pÞ.

By the binomial theorem, ðaþ bÞp ¼ ap þ pð� � �Þ þ bp and the theorem is immediate.

5.14. Find the least positive incongruent solutions of:

ðaÞ 13x � 9ðmod 25Þ ðcÞ 259x � 5ðmod 11Þ ðeÞ 222x � 12ðmod 18Þ

ðbÞ 207x � 6ðmod 18Þ ðdÞ 7x � 5ðmod 256Þ

(a) Since ð13, 25Þ ¼ 1, the congruence has, by Theorem XI, a single incongruent solution.

Solution I. If x1 is the solution, then it is clear that x1 is an integer whose unit’s digit is either 3 or 8;

thus x1 2 f3, 8, 13, 18, 23g. Testing each of these in turn, we find x1 ¼ 18.

Solution II. By the greatest common divisor process we find ð13, 25Þ ¼ 1 ¼ �1 � 25þ 2 � 13. Then

9 ¼ �9 � 25þ 18 � 13 and 18 is the required solution.
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(b) Since 207 ¼ 18 � 11þ 9, 207 � 9ðmod 18Þ, 207x � 9xðmod 18Þ and, by transitivity, the given congruence

is equivalent to 9x � 6ðmod 18Þ. By Theorem IX this congruence may be reduced to 3x � 2ðmod 6Þ.

Now ð3, 6Þ ¼ 3 and 3 6 j 2; hence, there is no solution.

(c) Since 259 ¼ 11 � 23þ 6, 259 � 6ðmod 11Þ and the given congruence is equivalent to 6x � 5ðmod 11Þ.

This congruence has a single incongruent solution which by inspection is found to be 10.

(d) Using the greatest common divisor process, we find ð256, 7Þ ¼ 1 ¼ 2 � 256þ 7ð�73Þ; thus,

5 ¼ 10 � 256þ 7ð�365Þ. Now �365 � 147ðmod 256Þ and the required solution is 147.

(e) Since 222 ¼ 18 � 12þ 6, the given congruence is equivalent to 6x � 12ðmod 18Þ. Since ð6, 18Þ ¼ 6 and

6j12, there are exactly 6 incongruent solutions. As shown in the proof of Theorem XI, these 6 solutions

are the first 6 positive integers in the set of all solutions of x � 2ðmod 3Þ, that is, the first 6 positive

integers in ½2� 2 Zmod 3. They are then 2, 5, 8, 11, 14, 17.

5.15. Write 141 and 152 with base 4. Form their sum and product, and check each result.

141 ¼ 43 � 2 þ 42 � 0 þ 4 � 3 þ 1; the representation is 2031

152 ¼ 43 � 2 þ 42 � 1 þ 4 � 2 þ 0; the representation is 2120

Sum.

1 þ 0 ¼ 1; 3 þ 2 ¼ 11, we write 1 and carry 1; 1 þ 1 þ 0 ¼ 2; 2 þ 2 ¼ 10

Thus, the sum is 10211, base 4, and 293, base 10.

Product.

Multiply by 0: 0000
Multiply by 2: 2 � 1 ¼ 2; 2 � 3 ¼ 12, write 2 and carry 1; etc: 10122
Multiply by 1: 2031
Multiply by 2: 10122

11032320

The product is 11032320, base 4, and 21432, base 10.

Supplementary Problems

5.16. Show that the relation (j) is reflexive and transitive but not symmetric.

5.17. Prove: If ajb, then �ajb, aj � b, and �aj � b.

5.18. List all the positive primes (a) < 50, (b) < 200.

Ans. (a) 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47

5.19. Prove: If a ¼ b � qþ r, where a, b, q, r 2 Z, then any common divisor of a and b also divides r while any

common divisor of b and r also divides a.

5.20. Find the greatest common divisor of each pair of integers and express it in the form of Theorem II:

ðaÞ 237, 81 Ans: 3 ¼ 13 � 237þ ð�38Þ � 81

ðbÞ 616, 427 Ans: 7 ¼ �9 � 616þ 13 � 427

ðcÞ 936, 666 Ans: 18 ¼ 5 � 936þ ð�7Þ � 666

ðdÞ 1137, 419 Ans: 1 ¼ 206 � 1137þ ð�559Þ � 419
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5.21. Prove: If s 6¼ 0, then ðsa, sbÞ ¼ jsj � ða, bÞ.

5.22. Prove:

(a) If ajs, bjs and ða, bÞ ¼ 1, then abjs.

(b) If m ¼ dm1 and if mjam1, then dja.

5.23. Prove: If p, a prime, is a divisor of a � b � c, then pja or pjb or pjc.

5.24. The integer e ¼ ½a, b� is called the least common multiple of the positive integers a and b when (1) aje and bje,

(2) if ajx and bjx then ejx.

5.25. Find: (a) ½3, 7�, (b) ½3, 12�, (c) ½22, 715�.

Ans. (a) 21, (b) 12, (c) 1430

5.26. (a) Write the integers a ¼ 19, 500 and b ¼ 54, 450 as products of positive primes.

(b) Find d ¼ ða, bÞ and e ¼ ½a, b�.

(c) Verify d � e ¼ a � b.

(d) Prove the relation in (c) when a and b are any positive integers.

Ans. (b) 2 � 3 � 52; 22 � 32 � 53 � 112 � 13

5.27. Prove: If m > 1, m 6 j a, m 6 j b, then mjða� bÞ implies a�mq1 ¼ r ¼ b�mq2, 0 < r < m, and conversely.

5.28. Find all solutions of:

ðaÞ 4x � 3ðmod 7Þ ðeÞ 153x � 6ðmod 12Þ

ðbÞ 9x � 11ðmod 26Þ ðf Þ xþ 1 � 3ðmod 7Þ

ðcÞ 3xþ 1 � 4ðmod 5Þ ðgÞ 8x � 6ðmod 422Þ

ðd Þ 8x � 6ðmod 14Þ ðhÞ 363x � 345ðmod 624Þ

Ans. (a) ½6�, (b) ½7�, (c) ½1�, (d ) ½6�, ½13�, (e) ½2�, ½6�, ½10�, ( f ) ½2�, (g) ½159�, ½370�,

(h) ½123�, ½331�, ½539�

5.29. Prove Theorems V, VI, VII, VIII.

5.30. Prove: If a � bðmod mÞ and c � bðmod mÞ, then a � cðmod mÞ. See Examples 10(a), (b), (c).

5.31. (a) Prove: If aþ x � bþ xðmod mÞ, then a � bðmod mÞ.

(b) Give a single numerical example to disprove: If ax � bxðmod mÞ, then ax � bðmod mÞ.

(c) Modify the false statement in (b) to obtain a true one.

5.32. (a) Interpret a � bðmod 0Þ.

(b) Show that every x 2 Z is a solution of ax � bðmod 1Þ.

5.33. (a) Construct addition and multiplication tables for Z5.

(b) Use the multiplication table to obtain 32 � 4ðmod 5Þ, 34 � 1ðmod 5Þ, 38 � 1ðmod 5Þ.

(c) Obtain 3256 � 1ðmod 5Þ, 3514 � 4ðmod 5Þ, 31024 � 1ðmod 5Þ.

5.34. Construct addition and multiplication tables for Z2, Z6, Z7, Z9.
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5.35. Prove: If ½s� 2 Z m and if a, b 2 ½s�, then a � bðmod mÞ.

5.36. Prove: If ½s�, ½t� 2 Z m and if a 2 ½s� and b 2 ½t�, then a � bðmod mÞ if and only if ½s� ¼ ½t�.

5.37. Express 212 using in turn the base (a) 2, (b) 3, (c) 4, (d) 7, and (e) 9.

Ans. (a) 11010100, (b) 21212, (c) 3110, (d) 422, (e) 255

5.38. Express 89 and 111 with various bases, form the sum and product, and check.

5.39. Prove the first part of the Unique Factorization Theorem using the induction principle stated in Problem

3.27, Chapter 3.
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The Rational Numbers

INTRODUCTION

The system of integers has an obvious defect in that, given integers m 6¼ 0 and s, the equation mx¼ s

may or may not have a solution. For example, 3x¼ 6 has the solution x¼ 2 but 4x¼ 6 has no solution.

This defect is remedied by adjoining to the integers additional numbers (common fractions) to form the

system Q of rational numbers. The construction here is, in the main, that used in Chapter 4.

6.1 THE RATIONAL NUMBERS

We begin with the set of ordered pairs

K ¼ Z� ðZ� f0gÞ ¼ fðs,mÞ : s 2 Z, m 2 Z� f0gg

and define the binary relation � on all ðs,mÞ, ðt, nÞ 2 K by

ðs,mÞ � ðt, nÞ if and only if sn ¼ mt

(Note carefully that 0 may appear as first component but never as second component in any (s,m).)
Now � is an equivalence relation (prove it) and thus partitions K into a set of equivalence classes

J ¼ f½s,m�, ½t, n�, . . .g

where ½s,m� ¼ fða, bÞ : ða, bÞ 2 K , ða, bÞ � ðs,mÞg

DEFINITION 6.1: The equivalence classes of J will be called the set of rational numbers.

In the following sections we will observe that J is isomorphic to the system Q as we know it.

6.2 ADDITION AND MULTIPLICATION

DEFINITION 6.2: Addition and multiplication on J will be defined respectively by

(i) ½s,m� þ ½t, n� ¼ ½ðsnþmtÞ,mn�

and

(ii) ½s,m� � ½t, n� ¼ ½st,mn�
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These operations, being defined in terms of well-defined operations on integers, are (see Problem 6.1)
themselves well defined.

We now define two special rational numbers.

DEFINITION 6.3: Define zero, one, additive inverse, and multiplicative inverse on J by the following:

zero : ½0,m� $ 0 one : ½m,m� $ 1

and the inverses

ðadditive :Þ �½s,m� ¼ ½�s,m� for each ½s,m� 2 J

ðmultiplicative :Þ ½s,m�
�1

¼ ½m, s� for each ½s,m� 2 J when s 6¼ 0:

By paralleling the procedures in Chapter 4, it is easily shown that addition and multiplication obey
the laws A1–A6, M1–M5, D1–D2 as stated for integers.

A property of J , but not of Z, is

M6: For every x 6¼ 0 2 J there exists a multiplicative inverse x�1 2 J such that x � x�1 ¼ x�1 � x ¼ 1:

By Theorem IV, Chapter 2, the inverses defined in M6 are unique.
In Problem 6.2, we prove

Theorem I. If x and y are non-zero elements of J then ðx � yÞ�1
¼ y�1 � x�1.

6.3 SUBTRACTION AND DIVISION

DEFINITION 6.4: Subtraction and division are defined on J by

(iii) x� y ¼ xþ ð�yÞ for all x, y 2 J

and

(iv) x� y ¼ x � y�1 for all x 2 J , y 6¼ 0 2 J

respectively.
These operations are neither associative nor commutative (prove this). However, as on Z,

multiplication is distributive with respect to subtraction.

6.4 REPLACEMENT

The mapping

½t, 1� 2 J $ t 2 Z

is an isomorphism of a certain subset of J onto the set of integers. We may then, whenever more
convenient, replace the subset J � ¼ f½t, 1� : ½t, 1� 2 J g by Z. To complete the identification of J with Q,
we have merely to replace

x � y�1 by x=y

and, in particular, [s,m] by s/m.

6.5 ORDER RELATIONS

DEFINITION 6.5: An element x 2 Q, i.e., x $ ½s,m� 2 J , is called positive if and only if s �m > 0.
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The subset of all positive elements of Q will be denoted by Q
þ and the corresponding subset of J

by J þ.

DEFINITION 6.6: An element x 2 Q, i.e., x $ ½s,m� 2 J , is called negative if and only if s �m < 0.

The subset of all negative elements of Q will be denoted by Q
� and the corresponding subset of J

by J�.
Since, by the Trichotomy Law of Chapter 4, either s �m > 0, s �m < 0, or s �m ¼ 0, it follows that

each element of J is either positive, negative, or zero.
The order relations < and > on Q are defined as follows:
For each x, y 2 Q

x < y if and only if x� y < 0

x > y if and only if x� y > 0

These relations are transitive but neither reflexive nor symmetric.
Q also satisfies

The Trichotomy Law. If x, y 2 Q, one and only one of

ðaÞ x ¼ y ðbÞ x < y ðcÞ x > y

holds.

6.6 REDUCTION TO LOWEST TERMS

Consider any arbitrary ½s,m� 2 J with s 6¼ 0. Let the (positive) greatest common divisor of s and m be d

and write s ¼ ds1, m ¼ dm1. Since ðs,mÞ � ðs1,m1Þ, it follows that ½s,m� ¼ ½s1,m1�, i.e., s=m ¼ s1=m1.

Thus, any rational number 6¼ 0 can be written uniquely in the form a / b where a and b are relatively

prime integers. Whenever s /m has been replaced by a / b, we shall say that s /m has been reduced to

lowest terms. Hereafter, any arbitrary rational number introduced in any discussion is to be assumed

reduced to lowest terms.
In Problem 6.3 we prove:

Theorem II. If x and y are positive rationals with x < y, then 1=x > 1=y.

In Problems 6.4 and 6.5, we prove:

The Density Property. If x and y, with x < y, are two rational numbers, there exists a rational number z

such that x < z < y;

and

The Archimedean Property. If x and y are positive rational numbers, there exists a positive integer

p such that px > y.

6.7 DECIMAL REPRESENTATION

Consider the positive rational number a / b in which b > 1. Now

a ¼ q0bþ r0 0 � r0 < b

and 10r0 ¼ q1bþ r1 0 � r1 < b
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Since r0 < b and, hence, q1bþ r1 ¼ 10r0 < 10b, it follows that q1 < 10. If r1 ¼ 0, then r0 ¼ ðq1=10Þb,
a ¼ q0bþ ðq1=10Þb, and a=b ¼ q0 þ q1=10. We write a=b ¼ q0 � q1 and call q0 � q1 the decimal

representation of a / b. If r1 6¼ 0, we have

10r1 ¼ q2bþ r2 0 � r2 < b

in which q2 < 10. If r2 ¼ 0, then r1 ¼ ðq2=10Þb so that r0 ¼ ðq1=10Þbþ ðq2=10
2Þb and the decimal

representation of a / b is q0 � q1q2; if r2 ¼ r1, the decimal representation of a / b is the repeating decimal

q0 � q1q2q2q2 . . .; if r2 6¼ 0, r1, we repeat the process.
Now the distinct remainders r0, r1, r2, . . . are elements of the set f0, 1, 2, 3, . . . , b� 1g of residues

modulo b so that, in the extreme case, rb must be identical with some one of r0, r1, r2, rb�1, say rc, and the

decimal representation of a / b is the repeating decimal

q0:q1q2q3 . . . qb�1qcþ1qcþ2 . . . qb�1qcþ1qcþ2 . . . qb�1 . . .

Thus, every rational number can be expressed as either a terminating or a repeating decimal.

EXAMPLE 1.

(a) 5=4 ¼ 1:25

(b) 3=8 ¼ 0:375

(c) For 11=6, we find

11 ¼ 1 � 6þ 5; q0 ¼ 1, r0 ¼ 5

10 � 5 ¼ 8 � 6þ 2; q1 ¼ 8, r1 ¼ 2

10 � 2 ¼ 3 � 6þ 2; q2 ¼ 3, r2 ¼ 2 ¼ r1

and 11=6 ¼ 1:833333 . . . :

(d) For 25=7, we find

25 ¼ 3 � 7þ 4; q0 ¼ 3, r0 ¼ 4

10 � 4 ¼ 5 � 7þ 5; q1 ¼ 5, r1 ¼ 5

10 � 5 ¼ 7 � 7þ 1; q2 ¼ 7, r2 ¼ 1

10 � 1 ¼ 1 � 7þ 3; q3 ¼ 1, r3 ¼ 3

10 � 3 ¼ 4 � 7þ 2; q4 ¼ 4, r4 ¼ 2

10 � 2 ¼ 2 � 7þ 6; q5 ¼ 2, r5 ¼ 6

10 � 6 ¼ 8 � 7þ 4; q6 ¼ 8, r6 ¼ 4 ¼ r0

and 25=7 ¼ 3:571428 571428 . . . :

Conversely, it is clear that every terminating decimal is a rational number. For example,

0:17 ¼ 17=100 and 0:175 ¼ 175=1000 ¼ 7=40.
In Problem 6.6, we prove

Theorem III. Every repeating decimal is a rational number.

The proof makes use of two preliminary theorems:

(i) Every repeating decimal may be written as the sum of an infinite geometric progression.
(ii) The sum of an infinite geometric progression whose common ratio r satisfies jrj < 1 is a finite

number.

A discussion of these theorems can be found in any college algebra book.
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Solved Problems

6.1. Show that addition and multiplication on J are well defined.

Let ½a, b� ¼ ½s,m� and ½c, d � ¼ ½t, n�. Then ða, bÞ � ðs,mÞ and ðc, d Þ � ðt, nÞ, so that am ¼ bs and

cn ¼ dt. Now

½a, b� þ ½c, d � ¼ ½ðad þ bcÞ, bd � ¼ ½ðad þ bcÞmn, bd �mn�

¼ ½ðam � dnþ cn � bmÞ, bd �mn�

¼ ½ðbs � dnþ dt � bmÞ, bd �mn�

¼ ½bdðsnþ tmÞ, bd �mn�

¼ ½snþ tm,mn� ¼ ½s,m� þ ½t, n�

and addition is well defined.

Also ½a, b� � ½c, d � ¼ ½ac, bd � ¼ ½ac �mn, bd �mn�

¼ ½am � cn, bd �mn� ¼ ½bs � dt, bd �mn�

¼ ½bd � st, bd �mn� ¼ ½st,mn�

¼ ½s,m� � ½t, n�

and multiplication is well defined.

6.2. Prove: If x, y are non-zero rational numbers then ðx � yÞ�1
¼ y�1 � x�1.

Let x $ ½s,m� and y $ ½t, n�, so that x�1 $ ½m, s� and y�1 $ ½n, t�. Then x � y $ ½s,m� � ½t, n� ¼ ½st,mn� and

ðx � yÞ�1
$ ½mn, st� ¼ ½n, t� � ½m, s� $ y�1 � x�1.

6.3. Prove: If x and y are positive rationals with x < y, then 1=x >1=y.

Let x $ ½s,m� and y $ ½t, n�; then sm > 0, tn > 0, and sn < mt. Now, for 1=x ¼ x�1 $ ½m, s� and

1=y $ ½t, n�, the inequality mt > sn implies 1=x > 1=y, as required.

6.4. Prove: If x and y, with x < y, are two rational numbers, there exists a rational number z such

that x < z < y.

Since x < y, we have

2x ¼ xþ x < xþ y and xþ y < yþ y ¼ 2y

Then 2x < xþ y < 2y

and, multiplying by ð1=2Þ, x < ð1=2Þðxþ yÞ < y. Thus, ð1=2Þðxþ yÞ meets the requirement for z.

6.5. Prove: If x and y are positive rational numbers, there exists a positive integer p such that px > y.

Let x $ ½s,m� and y $ ½t, n�, where s,m, t, n are positive integers. Now px > y if and only if psn > mt.

Since sn 	 1 and 2sn > 1, the inequality is certainly satisfied if we take p ¼ 2mt.
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6.6. Prove: Every repeating decimal represents a rational number.

Consider the repeating decimal

x � yz de fde f . . . ¼ x � yzþ 0:00 de f þ 0:00000 de f þ � � �

Now x � yz is a rational fraction since it is a terminating decimal, while 0:00 de f þ 0:00000 de f þ � � � is an

infinite geometric progression with first term a ¼ 0:00 de f , common ratio r ¼ 0:001, and sum

S ¼
a

1� r
¼

0:00 de f

0:999
¼

de f

99900
, a rational fraction:

Thus, the repeating decimal, being the sum of two rational numbers, is a rational number.

6.7. Express (a) 27=32 with base 4, (b) 1=3 with base 5.

(a) 27=32 ¼ 3ð1=4Þ þ 3=32 ¼ 3ð1=4Þ þ 1ð1=4Þ2 þ 1=32 ¼ 3ð1=4Þ þ 1ð1=4Þ2 þ 2ð1=4Þ3. The required represen-

tation is 0.312.

(b)

1=3 ¼ 1
1

5

� �
þ

2

15
¼ 1

1

5

� �
þ 3

1

5

� �2

þ
1

75

¼ 1
1

5

� �
þ 3

1

5

� �2

þ1
1

5

� �3

þ
2

375

¼ 1
1

5

� �
þ 3

1

5

� �2

þ1
1

5

� �3

þ3
1

5

� �4

þ
1

1875

The required representation is 0:131313 . . . :

Supplementary Problems

6.8. Verify:

ðaÞ ½s,m� þ ½0, n� ¼ ½s,m� ðcÞ ½s,m� þ ½�s,m� ¼ ½0, n� ¼ ½s,m� þ ½s, �m�

ðbÞ ½s,m� � ½0, n� ¼ ½0, n� ðdÞ ½s,m� � ½m, s� ¼ ½n, n�

6.9. Restate the laws A1–A6, M1–M5, D1–D2 of Chapter 4 for rational numbers and prove them.

6.10. Prove:

(a) Jþ is closed with respect to addition and multiplication.

(b) If ½s,m� 2 J þ, so also does ½s,m�
�1.

6.11. Prove:

(a) J� is closed with respect to addition but not with respect to multiplication.

(b) If ½s,m� 2 J �, so also does ½s,m�
�1.
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6.12. Prove: If x, y 2 Q and x � y ¼ 0, then x ¼ 0 or y ¼ 0.

6.13. Prove: If x, y 2 Q, then (a) �ðxþ yÞ ¼ �x� y and (b) �ð�xÞ ¼ x.

6.14. Prove: The Trichotomy Law.

6.15. If x, y, z 2 Q, prove:

(a) xþ z < yþ z if and only if x < y.

(b) when z > 0, xz < yz if and only if x < y.

(c) when z < 0, xz < yz if and only if x > y.

6.16. If w, x, y, z 2 Q with xz 6¼ 0 in (a) and (b), and xyz 6¼ 0 in (c), prove:

(a) ðw� xÞ 
 ð y� zÞ ¼ ðwz
 xyÞ � xz

(b) ðw� xÞ � ð y� zÞ ¼ wy� xz

(c) ðw� xÞ � ð y� zÞ ¼ wz� xy

6.17. Prove: If a, b 2 Q
þ and a < b, then a 2 < ab < b 2. What is the corresponding inequality if a, b 2 Q

�?
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The Real Numbers

INTRODUCTION

Chapters 4 and 6 began with the observation that the system X of numbers previously studied had an
obvious defect. This defect was remedied by enlarging the system X . In doing so, we defined on the set of
ordered pairs of elements of X an equivalence relation, and so on. In this way we developed from N the
systems Z and Q satisfying N � Z � Q. For what is to follow, it is important to realize that each of the
new systems Z and Q has a single simple characteristic, namely,

Z is the smallest set in which, for arbitrary m, s 2 N, the equation mþ x ¼ s always has a solution.

Q is the smallest set in which, for arbitrary m 6¼ 0 and s, the equation mx ¼ s always has a solution.

Now the situation here is not that the system Q has a single defect; rather, there are many defects
and these are so diverse that the procedure of the previous chapters will not remedy all of them. We
mention only two:

(1) The equation x 2 ¼ 3 has no solution in Q. For, suppose the contrary, and assume that the rational
ajb, reduced to lowest terms, be such that ða=bÞ2 ¼ 3. Since a 2 ¼ 3b2, it follows that 3ja 2 and, by
Theorem V, Chapter 5, that 3ja. Write a ¼ 3a1; then 3a1

2 ¼ b2 so that 3jb2 and, hence, 3jb. But this
contradicts the assumption that a=b was expressed in lowest terms.

(2) The circumference c of a circle of diameter d 2 Q is not an element of Q, i.e., in c ¼ �d,� =2Q.
Moreover, � 2 =2Q so that � is not a solution of x 2 ¼ q for any q 2 Q. (In fact, � satisfies no
equation of the form axn þ bxn�1 þ � � � þ sxþ t ¼ 0 with a, b, . . . , s, t 2 Q.)

The method, introduced in the next section, of extending the rational numbers to the real numbers is
due to the German mathematician R. Dedekind. In an effort to motivate the definition of the basic
concept of a Dedekind cut or, more simply, a cut of the rational numbers, we shall first discuss it in
non-algebraic terms.

Consider the rational scale of Fig. 7-1, that is, a line L on which the non-zero elements of Q are
attached to points at proper (scaled) distances from the origin which bears the label 0. For convenience,
call each point of L to which a rational is attached a rational point. (Not every point of L is a rational
point. For, let P be an intersection of the circle with center at 0 and radius 2 units with the line parallel to
and 1 unit above L. Then let the perpendicular to L through P meet L in T ; by (1) above, T is not a
rational point.) Suppose the line L to be cut into two pieces at some one of its points. There are two
possibilities:

(a) The point at which L is cut is not a rational point. Then every rational point of L is on one but not
both of the pieces.
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(b) The point at which L is cut is a rational point. Then, with the exception of this point, every other

rational point is on one but not both of the pieces. Let us agree to place the exceptional point

always on the right-hand piece.

In either case, then, the effect of cutting L at one of its points is to determine two non-empty proper

subsets of Q. Since these subsets are disjoint while their union is Q, either defines the other and we

may limit our attention to the left-hand subset. This left-hand subset is called a cut, and we now proceed

to define it algebraically, that is, without reference to any line.

7.1 DEDEKIND CUTS

DEFINITION 7.1: By a cut C in Q we shall mean a non-empty proper subset of Q having the

additional properties:

(i ) if c 2 C and a 2 Q with a < c, then a 2 C.
(ii ) for every c 2 C there exists b 2 C such that b > c.

The gist of these properties is that a cut has neither a least (first) element nor a greatest (last) element.

There is, however, a sharp difference in the reasons for this state of affairs. A cut C has no least

element because, if c 2 C, every rational number a < c is an element of C. On the other hand, while

there always exist elements of C which are greater than any selected element c 2 C, there

also exist rational numbers greater than c which do not belong to C, i.e., are greater than every

element of C.

EXAMPLE 1. Let r be an arbitrary rational number. Show that CðrÞ ¼ fa : a 2 Q, a < rg is a cut.

Since Q has neither a first nor last element, it follows that there exists r1 2 Q such that r1 < r (thus, CðrÞ 6¼ ;) and

r2 2 Q such that r2 > r (thus, CðrÞ 6¼ Q). Hence, CðrÞ is a non-empty proper subset of Q. Let c 2 CðrÞ, that is, c < r.

Now for any a 2 Q such that a < c, we have a < c < r; thus, a 2 CðrÞ as required in (i ). By the Density Property of

Q there exists d 2 Q such that c < d < r; then d > c and d 2 CðrÞ, as required in (ii ). Thus, CðrÞ is a cut.

The cut defined in Example 1 will be called a rational cut or, more precisely, the cut at the rational

number r. For an example of a non-rational cut, see Problem 7.1.
When C is a cut, we shall denote by C 0 the complement of C in Q. For example, if C ¼ CðrÞ of

Example 1, then C 0 ¼ C 0ðrÞ ¼ fa 0 : a 0 2 Q, a 0 � rg. Thus, the complement of a rational cut is a proper

subset of Q having a least but no greatest element. Clearly, the complement of the non-rational cut of

Problem 1 has no greatest element; in Problem 7.2, we show that it has no least element.
In Problem 7.3, we prove:

Theorem I. If C is a cut and r 2 Q, then

ðaÞ D ¼ frþ a : a 2 Cg is a cut and ðbÞ D 0 ¼ frþ a 0 : a 0 2 C 0g

Fig. 7-1
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It is now easy to prove

Theorem II. If C is a cut and r 2 Q
þ, then

ðaÞ E ¼ fra : a 2 Cg is a cut and ðbÞ E 0 ¼ fra 0 : a 0 2 C 0g

In Problem 7.4, we prove

Theorem III. If C is a cut and r 2 Q
þ, there exists b 2 C such that rþ b 2 C 0.

7.2 POSITIVE CUTS

DEFINITION 7.2: Denote by K the set of all cuts of the rational numbers and by K
þ the set of all

cuts (called positive cuts) which contain one or more elements of Qþ.

DEFINITION 7.3: Let the remaining cuts in K (as defined in Definition 7.2) be partitioned into the cut,

i.e., 0 ¼ Cð0Þ ¼ fa : a 2 Q
�
g, and the set K� of all cuts containing some but not all of Q�.

For example, Cð2Þ 2 K
þ while Cð�5Þ 2 K

�. We shall, for the present, restrict our attention solely to

the cuts of Kþ for which it is easy to prove

Theorem IV. If C 2 K
þ and r > 1 2 Q

þ, there exists c 2 C such that rc 2 C 0.

Each C 2 K
þ consists of all elements of Q�, 0, and (see Problem 7.5) an infinitude of elements of

Q
þ. For each C 2 K

þ, define C ¼ fa : a 2 C, a > 0g and denote the set of all C’s by H. For example,

if C ¼ Cð3Þ then Cð3Þ ¼ fa : a 2 Q, 0 < a < 3g and C may be written as C ¼ Cð3Þ ¼ Q
�
[ f0g [ Cð3Þ.

Note that each C 2 K
þ defines a unique C 2 H and, conversely, each C 2 H defines a unique C 2 K

þ.

Let us agree on the convention: when Ci 2 K
þ, then Ci ¼ Q

�
[ f0g [ Ci.

We define addition (þ) and multiplication (�) on K
þ as follows:

C1 þ C2 ¼ Q
�
[ f0g [ ðC1 þ C2Þ,

C1 � C2 ¼ Q
�
[ f0g [ ðC1 � C2Þ for each C1,C2 2 K

þ

where ðiÞ
C1 þ C2 ¼ fc1 þ c2 : c1 2 C1, c2 2 C2g

C1 � C2 ¼ fc1 � c2 : c1 2 C1, c2 2 C2g

(

It is easy to see that both C1 þ C2 and C1 � C2 are elements of Kþ. Moreover, since

C1 þ C2 ¼ fa : a 2 C1 þ C2, a > 0g

and C1 � C2 ¼ fa : a 2 C1 � C2, a > 0g

it follows that H is closed under both addition and multiplication as defined in (i).

EXAMPLE 2. Verify: (a) Cð3Þ þ Cð7Þ ¼ Cð10Þ, (b) Cð3ÞCð7Þ ¼ Cð21Þ

Denote by Cð3Þ and Cð7Þ, respectively, the subsets of all positive rational numbers of Cð3Þ and Cð7Þ. We need

then only verify

Cð3Þ þ Cð7Þ ¼ Cð10Þ and Cð3Þ � Cð7Þ ¼ Cð21Þ
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(a) Let c1 2 Cð3Þ and c2 2 Cð7Þ. Since 0 < c1 < 3 and 0 < c2 < 7, we have 0 < c1 þ c2 < 10. Then c1 þ c2 2 Cð10Þ

and Cð3Þ þ Cð7Þ � Cð10Þ. Next, suppose c3 2 Cð10Þ. Then, since 0 < c3 < 10,

0 <
3

10
c3 < 3 and 0 <

7

10
c3 < 7

that is, ð3=10Þc3 2 Cð3Þ and ð7=10Þc3 2 Cð7Þ. Now c3 ¼ ð3=10Þc3 þ ð7=10Þc3; hence, Cð10Þ � Cð3Þ þ Cð7Þ.

Thus, Cð3Þ þ Cð7Þ ¼ Cð10Þ as required.

(b) For c1 and c2 as in (a), we have 0 < c1 � c2 < 21. Then c1 � c2 2 Cð21Þ and Cð3Þ � Cð7Þ � Cð21Þ. Now suppose

c3 2 Cð21Þ so that 0 < c3 < 21 and 0 < c3=21 ¼ q < 1. Write q ¼ q1 � q2 with 0 < q1 < 1 and 0 < q2 < 1.

Then c3 ¼ 21q ¼ ð3q1Þð7q2Þ with 0 < 3q1 < 3 and 0 < 7q2 < 7, i.e., 3q1 2 Cð3Þ and 7q2 2 Cð7Þ. Then

Cð21Þ � Cð3Þ � Cð7Þ and Cð3Þ � Cð7Þ ¼ Cð21Þ as required.

The laws A1–A4, M1–M4, D1–D2 in K
þ follow immediately from the definitions of addition and

multiplication in K
þ and the fact that these laws hold in Q

þ and, hence, in H. Moreover, it is easily

shown that Cð1Þ is the multiplicative identity, so that M5 also holds.

7.3 MULTIPLICATIVE INVERSES

Consider now an arbitrary C ¼ Q
�
[ f0g [ C 2 K

þ and define

C
�1

¼ fb : b 2 Q
þ, b < a�1 for some a 2 C

0
g

In Problem 7.6 we prove:

If C ¼ Q
�
[ f0g [ C then C�1 ¼ Q

�
[ f0g [ C

�1 is a positive cut:

In Problem 7.7 we prove:

For each C 2 K
þ, its multiplicative inverse is C�1 2 K

þ:

At this point we may move in either of two ways to expand K
þ into a system in which each element has

an additive inverse:

(1) Repeat Chapter 4 using K
þ instead of N.

(2) Identify each element of K� as the additive inverse of a unique element of Kþ. We shall proceed in

this fashion.

7.4 ADDITIVE INVERSES

The definition of the sum of two positive cuts is equivalent to

C1 þ C2 ¼ fc1 þ c2 : c1 2 C1, c2 2 C2g, C1,C2 2 K
þ

We now extend the definition to embrace all cuts by

C1 þ C2 ¼ fc1 þ c2 : c1 2 C1, c2 2 C2g, C1,C2 2 K ð1Þ

EXAMPLE 3. Verify Cð3Þ þ Cð�7Þ ¼ Cð�4Þ.

Let c1 þ c2 2 Cð3Þ þ Cð�7Þ, where c1 2 Cð3Þ and c2 2 Cð�7Þ. Since c1 < 3 and c2 < �7, it follows that c1 þ c2 < �4

so that c1 þ c2 2 Cð�4Þ. Thus, Cð3Þ þ Cð�7Þ � Cð�4Þ.
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Conversely, let c3 2 Cð�4Þ. Then c3 < �4 and �4� c3 ¼ d 2 Q
þ. Now c3 ¼ �4� d ¼ ð3� ð1=2ÞdÞ þ

ð�7� ð1=2ÞdÞ; then since 3� ð1=2Þd 2 Cð3Þ and �7� ð1=2Þd 2 Cð�7Þ, it follows that c3 2 Cð3Þ þ Cð�7Þ and

Cð�4Þ � Cð3Þ þ Cð�7Þ. Thus, Cð3Þ þ Cð�7Þ ¼ Cð�4Þ as required.

Now, for each C 2 K, define

�C ¼ fx : x 2 Q, x < �a for some a 2 C 0g

For C ¼ Cð�3Þ, we have �C ¼ fx : x 2 Q, x < 3g since �3 is the least element of C 0. But this is
precisely Cð3Þ; hence, in general,

�CðrÞ ¼ Cð�rÞ when r 2 Q

In Problem 7.8 we show that �C is truly a cut, and in Problem 7.9 we show that �C is the additive
inverse of C. Now the laws A1–A4 hold in K.

In Problem 7.10 we prove

The Trichotomy Law. For any C 2 K, one and only one of

C ¼ Cð0Þ C 2 K
þ

� C 2 K
þ

holds.

7.5 MULTIPLICATION ON K

For all C 2 K, we define

C > Cð0Þ if and only if C 2 K
þ

C < Cð0Þ if and only if �C 2 K
þ

and
jCj ¼ C when C � Cð0Þ
jCj ¼ �C when C < Cð0Þ

Thus, jCj � Cð0Þ, that is, jCj ¼ Cð0Þ or jCj ¼ K
þ.

For all C1,C2 2 K, we define

C1 � C2 ¼ Cð0Þ when C1 ¼ Cð0Þ or C2 ¼ Cð0Þ

C1 � C2 ¼ jC1j � jC2j when C1 > Cð0Þ and C2 > Cð0Þ

or when C1 < Cð0Þ and C2 < Cð0Þ

C1 � C2 ¼ �ðjC1j � jC2jÞ when C1 > Cð0Þ and C2 < Cð0Þ

or when C1 < Cð0Þ and C2 > Cð0Þ

8>>>><
>>>>:

ð2Þ

Finally, for all C 6¼ Cð0Þ, we define

C�1 ¼ jCj�1 when C > Cð0Þ and C�1 ¼ �ðjCj�1Þ when C < Cð0Þ

It now follows easily that the laws A1–A6, M1–M6, D1–D2 hold in K.

7.6 SUBTRACTION AND DIVISION

Paralleling the corresponding section in Chapter 6, we define for all C1,C2 2 K

C1 � C2 ¼ C1 þ ð�C2Þ ð3Þ
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and, when C2 6¼ Cð0Þ,

C1 � C2 ¼ C1 � C2
�1 ð4Þ

Note. We now find ourselves in the uncomfortable position of having two completely different

meanings for C1 � C2. Throughout this chapter, then, we shall agree to consider C1 � C2 and C1 \ C2
0

as having different meanings.

7.7 ORDER RELATIONS

For any two distinct cuts C1,C2 2 K, we define

C1 < C2, also C2 > C1, to mean C1 � C2 < Cð0Þ

In Problem 7.11, we show

C1 < C2, also C2 > C1, if and only if C1 � C2

There follows easily

The Trichotomy Law. For any C1,C2 2 K, one and only one of the following holds:

ðaÞ C1 ¼ C2 ðbÞ C1 < C2 ðcÞ C1 > C2

7.8 PROPERTIES OF THE REAL NUMBERS

Define K
�
¼ fCðrÞ : CðrÞ 2 K, r 2 Qg. We leave for the reader to prove

Theorem V. The mapping CðrÞ 2 K
�
! r 2 Q is an isomorphism of K� onto Q.

DEFINITION 7.4: The elements of K are called real numbers.

Whenever more convenient, K will be replaced by the familiar R, while A,B, . . . will denote arbitrary

elements of R. Now Q � R; the elements of the complement of Q in R are called irrational numbers.
In Problems 7.12 and 7.13, we prove

The Density Property. If A,B 2 R with A < B, there exists a rational number CðrÞ such that

A < CðrÞ < B.
and

The Archimedean Property. If A,B 2 R
þ, there exists a positive integer CðnÞ such that CðnÞ � A > B.

In order to state below an important property of the real numbers which does not hold for the

rational numbers, we make the following definition:

Let S 6¼ ; be a set on which an order relation < is well defined, and let T be any proper subset

of S: An element s 2 S, if one exists, such that s� t for every t 2 T ðs� t for every t 2 TÞ is called

an upper bound ðlower boundÞ of T :

EXAMPLE 4.

(a) If S ¼ Q and T ¼ f�5, � 1, 0, 1, 3=2g, then 3=2, 2, 102, . . . are upper bounds of T while �5, � 17=3, � 100, . . .

are lower bounds of T .
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(b) When S ¼ Q and T ¼ C 2 K, then T has no lower bound while any t 0 2 T 0 ¼ C 0 is an upper bound. On the

other hand, T 0 has no upper bound while any t 2 T is a lower bound.

If the set of all upper bounds (lower bounds) of a subset T of a set S contains a least element
(greatest element) e, then e is called the least upper bound (greatest lower bound ) of T .

Let the universal set beQ and consider the rational cut CðrÞ 2 K. Since r is the least element of C 0ðrÞ,
every s � r in Q is an upper bound of CðrÞ and every t � r in Q is a lower bound of C 0ðrÞ. Thus, r is both
the least upper bound (l.u.b.) of CðrÞ and the greatest lower bound (g.l.b.) of C 0ðrÞ.

EXAMPLE 5.

(a) The set T of Example 4(a) has 3=2 as l.u.b. and �5 as g.l.b.

(b) Let the universal set be Q. The cut C of Problem 7.1 has no lower bounds and, hence, no g.l.b. Also, it has

upper bounds but no l.u.b. since C has no greatest element and C 0 has no least element.

(c) Let the universal set be R. Any cut C 2 K, being a subset of Q, is a subset of R. The cut CðrÞ then has upper

bounds in R and r 2 R as l.u.b. Also, the cut C of Problem 7.1 has upper bounds in R and
ffiffiffi
3

p
2 R as l.u.b.

Example 5(c) illustrates

Theorem VI. If S is a non-empty subset of K and if S has an upper bound in K, it has an l.u.b. in K.
For a proof, see Problem 7.14.

Similarly, we have

Theorem VI 0. If S is a non-empty subset of K and if S has a lower bound in K, it has a g.l.b. in K.

Thus, the set R of real numbers has the

Completeness Property. Every non-empty subset of R having a lower bound (upper bound) has a
greatest lower bound (least upper bound).

Suppose �n ¼ �, where �, � 2 R
þ and n 2 Z

þ. We call � the principal nth root of � and write

� ¼ �1=n. Then for r ¼ m=n 2 Q, there follows � r ¼ �m.
Other properties of R are

(1) For each � 2 R
þ and each n 2 Z

þ, there exists a unique � 2 R
þ such that �n ¼ �.

(2) For real numbers � > 1 and �, define �� as the l.u.b. of f� r : r 2 Q, r < �g. Then �� is defined for

all � > 0, � 2 R by setting �� ¼ ð1=�Þ�� when 0 < � < 1.

SUMMARY

As a partial summary to date, there follows a listing of the basic properties of the system R of
all real numbers. At the right, in parentheses, is indicated other systems N,Z,Q for which each
property holds.

Addition

A1 Closure Law rþ s 2 R, for all r, s 2 R ðN,Z,QÞ

A2 Commutative Law rþ s ¼ sþ r, for all r, s 2 R ðN,Z,QÞ

A3 Associative Law rþ ðsþ tÞ ¼ ðrþ sÞ þ t, for all r, s, t 2 R ðN,Z,QÞ

A4 Cancellation Law If rþ t ¼ sþ t, then r ¼ s for all r, s, t 2 R ðN,Z,QÞ

A5 Additive Identity There exists a unique additive identity element 0 2 R

such that rþ 0 ¼ 0þ r ¼ r, for every r 2 R: ðZ,QÞ

A6 Additive Inverses For each r 2 R, there exists a unique additive inverse

�r 2 R such that rþ ð�rÞ ¼ ð�rÞ þ r ¼ 0: ðZ,QÞ
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Multiplication

M1 Closure Law r � s 2 R, for all r, s 2 R ðN,Z,QÞ

M2 Commutative Law r � s ¼ s � r, for all r, s 2 R ðN,Z,QÞ

M3 Associative Law r � ðs � tÞ ¼ ðr � sÞ � t, for all r, s, t 2 R ðN,Z,QÞ

M4 Cancellation Law If m � p ¼ n � p, then m ¼ n, for all m, n 2 R and
p 6¼ 0 2 R: ðN,Z,QÞ

M5 Multiplicative Identity There exists a unique multiplicative identity
element 1 2 R such that 1 � r ¼ r � 1 ¼ r for
every r 2 R: ðN,Z,QÞ

M6 Multiplicative Inverses For each r 6¼ 0 2 R, there exists a unique
multiplicative inverse r�1 2 R such that
r � r�1 ¼ r�1 � r ¼ 1: ðQÞ

Distributive Laws For every r, s, t 2 R,

D1 r � ðsþ tÞ ¼ r � sþ r � t
D2 ðsþ tÞ � r ¼ s � rþ t � r ðN,Z,QÞ

Density Property For each r, s 2 R, with r < s, there exists
t 2 Q such that r < t < s: ðQÞ

Archimedean Property For each r, s 2 R
þ, with r < s, there exists n 2 Z

þ

such that n � r > s: ðQÞ

Completeness Property Every non-empty subset of R having a lower
bound ðupper boundÞ has a greatest lower
bound (least upper bound). ðN,ZÞ

Solved Problems

7.1. Show that the set S consisting of Q�, zero, and all s 2 Q
þ such that s2 < 3 is a cut.

First, S is a proper subset of Q since 1 2 S and 2 =2S. Next, let c 2 S and a 2 Q with a < c. Clearly, a 2 S

when a � 0 and also when c � 0.

For the remaining case (0 < a < c), a 2 < ac < c 2 < 3; then a 2 < 3 and a 2 S as required in (i ) (Section

7.1). Property (ii ) (Section 7.1) is satisfied by b ¼ 1 when c � 0; then S will be a cut provided that for each

c > 0 with c 2 < 3 an m 2 Q
þ can always be found such that ðcþmÞ

2 < 3. We can simplify matters

somewhat by noting that if p=q, where p, q 2 Z
þ, should be such an m so also is 1=q. Now q � 1; hence,

ðcþ 1=qÞ2 ¼ c2 þ 2c=qþ 1=q2 � c2 þ ð2cþ 1Þ=q; thus, ðcþ 1=qÞ2 < 3 provided ð2cþ 1Þ=q < 3� c 2, that is,

provided ð3� c 2Þq > 2cþ 1. Since ð3� c 2Þ 2 Q
þ and ð2cþ 1Þ 2 Q

þ, the existence of q 2 Z
þ satisfying the

latter inequality is assured by the Archimedean Property of Qþ. Thus, S is a cut.

7.2. Show that the complement S 0 of the set S of Problem 7.1 has no smallest element.

For any r 2 S 0 ¼ fa : a 2 Q
þ, a 2 � 3g, we are to show that a positive rational number m can always

be found such that ðr�mÞ
2 > 3, that is, the choice r will never be the smallest element in S 0. As in

Problem 7.1, matters will be simplified by seeking an m of the form 1=q where q 2 Z
þ. Now

ðr� 1=qÞ 2 ¼ r 2 � 2r=qþ 1=q 2 > r 2 � 2r=q; hence, ðr� 1=qÞ 2 > 3 whenever 2r=q < r 2 � 3, that is, provided

ðr 2 � 3Þq > 2r. As in Problem 7.1, the Archimedean Property of Q
þ ensures the existence of q 2 Z

þ

satisfying the latter inequality. Thus S 0 has no smallest element.

7.3. Prove: If C is a cut and r 2 Q, then (a) D ¼ frþ a : a 2 Cg is a cut and (b) D 0 ¼ frþ a 0 : a 0 2 C 0g.

(a) D 6¼ ; since C 6¼ ;; moreover, for any c 0 2 C 0, rþ c 0 =2D and D 6¼ Q. Thus, D is a proper subset of Q.
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Let b 2 C. For any s 2 Q such that s < rþ b, we have s� r < b so that s� r 2 C and

then s ¼ rþ ðs� rÞ 2 D as required in (i) (Section 7.1). Also, for b 2 C there exists an element

c 2 C such that c > b; then rþ b, rþ c 2 D and rþ c > rþ b as required in (ii) (Section 7.1). Thus, D

is a cut.

(b) Let b 0 2 C 0. Then rþ b 0 =2D since b 0 =2C; hence, rþ b 0 2 D 0. On the other hand, if q 0 ¼ rþ p 0 2 D 0 then

p =2 C since if it did we would have D \D 0 6¼ ;. Thus, D 0 is as defined.

7.4. Prove: If C is a cut and r 2 Q
þ, there exists b 2 C such that rþ b 2 C 0.

From Problem 7.3, D ¼ frþ a : a 2 Cg is a cut. Since r > 0, it follows that C � D. Let q 2 Q such that

p ¼ rþ q 2 D but not in C. Then q 2 C but rþ q 2 C 0. Thus, q satisfies the requirement of b in the theorem.

7.5. Prove: If C 2 K
þ, then C contains an infinitude of elements in Q

þ.

Since C 2 Kþ there exists at least one r 2 Q
þ such that r 2 C. Then for all q 2 N we have r=q 2 C. Thus,

no C 2 K
þ contains only a finite number of positive rational numbers.

7.6. Prove: If C ¼ Q
�
[ f0g [ C 2 K

þ, then C�1 ¼ Q
�
[ f0g [ C

�1 is a positive cut.

Since C 6¼ Q
þ, it follows that C 0 6¼ ;; and since C 6¼ ;, it follows that C 0 6¼ Q

þ. Let d 2 C 0. Then

ðd þ 1Þ�1
2 Q

þ and ðd þ 1Þ�1 < d�1 so that ðd þ 1Þ�1
2 C�1 and C�1 6¼ ;. Also, if c 2 C, then for every

a 2 C 0 we have c < a and c�1 > a�1; hence, c�1 =2C
�1 and C

�1
6¼ Q

þ. Thus, C�1 is a proper subset of Q.

Let c 2 C�1 and r 2 Q
þ such that r < c. Then r < c < d�1 for some d 2 C 0 and r 2 C�1 as required

in (i) (Section 7.1). Also, since c 6¼ d�1 there exists s 2 Q
þ such that c < s < d�1 and s 2 C

�1 as required

in (ii). Thus, C�1 is a positive cut.

7.7. Prove: For each C 2 K
þ, its multiplicative inverse is C�1 2 K

þ.

Let C ¼ Q
�
[ f0g [ C so that C�1 ¼ Q

�
[ f0g [ C

�1. Then C � C
�1

¼ fc � b : c 2 C, b 2 C
�1
g. Now b < d�1

for some d 2 C 0, and so bd < 1; also, c < d so that bc < 1. Thus, C � C
�1

� Cð1Þ.

Let n 2 Cð1Þ so that n�1 > 1. By Theorem IV there exists c 2 C such that c � n�1 2 C 0. For each a 2 C such

that a > c, we have n � a�1 < n � c�1 ¼ ðc � n�1Þ
�1; thus, n � a�1 ¼ e 2 C�1. Then n ¼ ae 2 C � C�1 and

Cð1Þ � C � C�1. Hence, C � C�1 ¼ Cð1Þ and C � C�1 ¼ Cð1Þ. By Problem 7.6, C�1 2 Kþ.

7.8. When C 2 K, show that �C is a cut.

Note first that �C 6¼ ; since C 0 6¼ ;. Now let c 2 C; then �c =2 � C, for if it were we would have �c < �c 0

(for some c 0 2 C 0) so that c 0 < c, a contradiction. Thus, �C is a proper subset ofQ. Property (i) (Section 7.1)

is immediate. To prove property (ii), let x 2 �C, i.e., x < �c 0 for some c 0 2 C 0. Now x < 1=2ðx� c 0Þ < �c 0.

Thus, ð1=2Þðx� c 0 Þ > x and ð1=2Þðx� c 0 Þ 2 �C.

7.9. Show that �C of Problem 7.8 is the additive inverse of C, i.e., C þ ð�CÞ ¼ �C þ C ¼ Cð0Þ.

Let cþ x 2 C þ ð�CÞ, where c 2 C and x 2 �C. Now if x < �c 0 for c 0 2 C 0, we have cþ x < c� c 0 < 0

since c < c 0. Then C þ ð�CÞ � Cð0Þ. Conversely, let y, z 2 Cð0Þ with z > y. Then, by Theorem III, there exist

c 2 C and c 0 2 C 0 such that cþ ðz� yÞ ¼ c 0. Since z� c 0 < �c 0, it follows that z� c 0 2 �C. Thus,

y ¼ cþ ðz� c 0Þ 2 C þ ð�CÞ and Cð0Þ � C þ ð�CÞ. Hence, C þ ð�CÞ ¼ �C þ C ¼ Cð0Þ.

7.10. Prove the Trichotomy Law: For C 2 K, one and only one of

C ¼ Cð0Þ C 2 K
þ

� C 2 K
þ

is true.
Clearly, neither Cð0Þ nor �Cð0Þ 2 Kþ. Suppose now that C 6¼ Cð0Þ and C =2Kþ. Since every c 2 C is a

negative rational number but C 6¼ Q
�, there exists c 0 2 Q

� such that c 0 2 C 0. Since c 0 < ð1=2Þc 0 < 0, it

follows that 0 < �ð1=2Þc 0 < �c 0. Then �ð1=2Þc 0 2 �C and so �C 2 K
þ. On the contrary, if C 2 K

þ, every

c 0 2 C 0 is also 2 Q
þ. Then every element of �C is negative and �C =2Kþ.
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7.11. Prove: For any two cuts C1,C2 2 K, we have C1 < C2 if and only if C1 � C2.

Suppose C1 � C2. Choose a 0 2 C2 \ C1
0 and then choose b 2 C2 such that b > a 0. Since �b < �a 0, it

follows that �b 2 �C1. Now �C1 is a cut; hence, there exists an element c 2 �C1 such that c > �b. Then

bþ c > 0 and bþ c 2 C2 þ ð�C1Þ ¼ C2 � C1 so that C2 � C1 2 Kþ. Thus C2 � C1 > Cð0Þ and C1 < C2.

For the converse, suppose C1 < C2. Then C2 � C1 > Cð0Þ and C2 � C1 2 Kþ. Choose d 2 Q
þ such that

d 2 C2 � C1 and write d ¼ bþ a where b 2 C2 and a 2 �C1. Then �b < a since d > 0; also, since a 2 �C1,

we may choose an a 0 2 C1
0 such that a < �a 0. Now �b < �a 0; then a 0 < b so that b =2C1 and, thus, C2 6 �C1.

Next, consider any x 2 C1. Then x < b so that x 2 C2 and, hence, C1 � C2.

7.12. Prove: If A,B 2 R with A < B, there exists a rational number CðrÞ such that A < CðrÞ < B.

Since A < B, there exist rational numbers r and s with s < r such that r, s 2 B but not in A. Then

A � CðsÞ < CðrÞ < B, as required.

7.13. Prove: If A,B 2 R
þ, there exists a positive integer CðnÞ such that CðnÞ � A > B.

Since this is trivial for A � B, suppose A < B. Let r, s be positive rational numbers such that r 2 A and

s 2 B 0; then CðrÞ < A and CðsÞ > B. By the Archimedean Property ofQ, there exists a positive integer n such

that nr > s, i.e., CðnÞ � CðrÞ > CðsÞ. Then

CðnÞ � A � CðnÞ � CðrÞ > CðsÞ > B

as required.

7.14. Prove: If S is a non-empty subset of K and if S has an upper bound (in K), it has an

l.u.b. in K.

Let S ¼ fC1,C2,C3, . . .g be the subset and C be an upper bound. The union C1 [ C2 [ C3 [ � � � of

the cuts of S is itself a cut 2 K; also, since C1 � U,C2 � U,C3 � U, . . . , U is an upper bound of S.

But C1 � C, C2 � C, C3 � C, . . . ; hence, U � C and U is the l.u.b. of S.

Supplementary Problems

7.15. (a) Define Cð3Þ and Cð�7Þ. Prove that each is a cut.

(b) Define C 0ð3Þ and C 0ð�7Þ.

(c) Locate �10, � 5, 0, 1, 4 as 2 or =2 each of Cð3Þ, Cð�7Þ, C 0ð3Þ, C 0ð�7Þ.

(d) Find 5 rational numbers in Cð3Þ but not in Cð�7Þ.

7.16. Prove: CðrÞ � CðsÞ if and only if r < s.

7.17. Prove: If A and B are cuts, then A � B implies A 6¼ B.

7.18. Prove: Theorem II, Section 7.1.

7.19. Prove: If C is a cut and r 2 Q
þ, then C � D ¼ faþ r : a 2 Cg.

7.20. Prove: Theorem IV, Section 7.2.
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7.21. Let r 2 Q but not in C 2 K. Prove C � CðrÞ.

7.22. Prove:

ðaÞ Cð2Þ þ Cð5Þ ¼ Cð7Þ ðcÞ CðrÞ þ Cð0Þ ¼ CðrÞ
ðbÞ Cð2Þ � Cð5Þ ¼ Cð10Þ ðdÞ CðrÞ � Cð1Þ ¼ CðrÞ

7.23. Prove:

(a) If C 2 K
þ, then �C 2 K

�.

(b) If C 2 K�, then �C 2 Kþ.

7.24. Prove: �ð�CÞ ¼ C:

7.25. Prove:

(a) If C1,C2 2 K, then C1 þ C2 and jC1j � jC2j are cuts.

(b) If C1 6¼ Cð0Þ, then jC1j
�1 is a cut.

(c) ðC�1Þ
�1

¼ C for all C 6¼ Cð0Þ.

7.26. Prove:

(a) If C 2 K
þ, then C�1 2 K

þ.

(b) If C 2 K
�, then C�1 2 K

�.

7.27. Prove: If r, s 2 Q with r < s, there exists an irrational number � such that r < � < s.

Hint. Consider � ¼ rþ
s� rffiffiffi

2
p .

7.28. Prove: If A and B are real numbers with A < B, there exists an irrational number � such that A < � < B.

Hint. Use Problem 7.12 to prove: If A and B are real numbers with A < B, there exists rational

numbers t and r such that A < CðtÞ < CðrÞ < B.

7.29. Prove: Theorem V, Section 7.8.

88 THE REAL NUMBERS [CHAP. 7



The Complex Numbers

INTRODUCTION

The system C of complex numbers is the number system of ordinary algebra. It is the smallest set

in which, for example, the equation x2 ¼ a can be solved when a is any element of R. In our development

of the set C, we begin with the product set R� R. The binary relation ‘‘¼’’ requires

ða, bÞ ¼ ðc, dÞ if and only if a ¼ c and b ¼ d

Now each of the resulting equivalence classes contains but a single element. Hence, we shall denote a

class ða, bÞ rather than as ½a, b� and so, hereafter, denote R�R by C.

8.1 ADDITION AND MULTIPLICATION ON C

Addition and multiplication on C are defined respectively by

(i) ða, bÞ þ ðc, dÞ ¼ ðaþ c, bþ dÞ
(ii) ða, bÞ � ðc, dÞ ¼ ðac� bd, ad þ bcÞ

for all ða, bÞ, ðc, dÞ 2 C.

The calculations necessary to show that these operations obey A1 � A4, M1 �M4, D1 �D2 of

Chapter 7, when restated in terms of C, are routine and will be left to the reader. It is easy to verify that

ð0, 0Þ is the identity element for addition and ð1, 0Þ is the identity element for multiplication; also, that

the additive inverse of ða, bÞ is �ða, bÞ ¼ ð�a, � bÞ and the multiplicative inverse of ða, bÞ 6¼ ð0, 0Þ is

ða, bÞ�1 ¼ ða=a2 þ b2,�b=a2 þ b2Þ. Hence, the set of complex numbers have the properties A5 � A6 and

M5 �M6 of Chapter 7, restated in terms of C.
We shall show in the next section that R � C, and one might expect then that C has all of the basic

properties of R. But this is false since it is not possible to extend (redefine) the order relation ‘‘<’’ of R to

include all elements of C. See Problem 8.1.

8.2 PROPERTIES OF COMPLEX NUMBERS

The real numbers are a proper subset of the complex numbers C. For, if in (i) and (ii) we take b ¼ d ¼ 0,

we see that the first components combine exactly as do the real numbers a and c. Thus, the mapping

a ��! ða, 0Þ is an isomorphism of R onto a certain subset fða, bÞ : a 2 R, b ¼ 0g of C.
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DEFINITION 8.1: The elements ða, bÞ 2 C in which b 6¼ 0, are called imaginary numbers and those

imaginary numbers ða, bÞ in which a ¼ 0 are called pure imaginary numbers.

DEFINITION 8.2: For each complex number z ¼ ða, bÞ, we define the complex number z ¼ ða, bÞ ¼

ða, � bÞ to be the conjugate of z.

Clearly, every real number is its own conjugate while the conjugate of each pure imaginary is its

negative.
There follow easily

Theorem I. The sum (product) of any complex number and its conjugate is a real number.

Theorem II. The square of every pure imaginary number is a negative real number.

See also Problem 8.2.

The special role of the complex number ð1, 0Þ suggests an investigation of another, ð0, 1Þ. We find

ðx, yÞ � ð0, 1Þ ¼ ð�y, xÞ for every ðx, yÞ 2 C

and in particular,

ð y, 0Þ � ð0, 1Þ ¼ ð0, 1Þ � ð y, 0Þ ¼ ð0, yÞ

Moreover, ð0, 1Þ2 ¼ ð0, 1Þ � ð0, 1Þ ¼ ð�1, 0Þ !� 1 in the mapping above so that ð0, 1Þ is a solution

of z2 ¼ �1.
Defining ð0, 1Þ as the pure imaginary unit and denoting it by i, we have

i 2 ¼ �1

and, for every ðx, yÞ 2 C,

ðx, yÞ ¼ ðx, 0Þ þ ð0, yÞ ¼ ðx, 0Þ þ ð y, 0Þ � ð0, 1Þ ¼ xþ yi

In this familiar notation, x is called the real part and y is called the imaginary part of the complex

number. We summarize:

the negative of z ¼ xþ yi is � z ¼ �ðxþ yi Þ ¼ �x� yi

the conjugate of z ¼ xþ yi is z ¼ xþ yi ¼ x� yi

for each z ¼ xþ yi, z � z ¼ x2 þ y2 2 R

for each z 6¼ 0þ 0 � i ¼ 0, z�1 ¼
1

z
¼

z

z � z
¼

x

x2 þ y2
�

y

x2 þ y 2
i

8.3 SUBTRACTION AND DIVISION ON C

Subtraction and division on C are defined by

(iii) z� w ¼ zþ ð�wÞ, for all z,w 2 C

(iv) z� w ¼ z � w�1, for all w 6¼ 0, z 2 C
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8.4 TRIGONOMETRIC REPRESENTATION

The representation of a complex number z by ðx, yÞ and by xþ yi suggests the mapping (isomorphism)

xþ yi  ! ðx, yÞ

of the set C of all complex numbers onto the points ðx, yÞ of the real plane. We may therefore speak of

the point Pðx, yÞ or of Pðxþ yiÞ as best suits our purpose at the moment. The use of a single coordinate,

surprisingly, often simplifies many otherwise tedious computations. One example will be discussed

below; another will be outlined briefly in Problem 8.20.
Consider in Fig. 8-1 the point Pðxþ yiÞ 6¼ 0 whose distance r from O is given by r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
.

If � is the positive angle which OP makes with the positive x-axis, we have

x ¼ r cos �, y ¼ r sin �

whence z ¼ xþ yi ¼ r (cos � þ i sin �).

DEFINITION 8.3: The quantity r (cos � þ i sin �) is called the trigonometric form ( polar form) of z.

DEFINITION 8.4: The non-negative real number

r ¼ zj j ¼
ffiffiffiffiffiffiffiffi
z � z
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p

is called the modulus (absolute value) of z, and � is called the angle (amplitude or argument) of z.
Now � satisfies x ¼ r cos �, y ¼ r sin �, tan � ¼ y=x and any two of these determine � up to an

additive multiple of 2�. Usually we shall choose as � the smallest positive angle. (Note: When P is at O,

we have r ¼ 0 and � arbitrary.)

EXAMPLE 1. Express ðaÞ 1þ i, ðbÞ �
ffiffiffi
3
p
þ i in trigonometric form.

(a) We have r ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ 1
p

¼
ffiffiffi
2
p

. Since tan � ¼ 1 and cos � ¼ 1=
ffiffiffi
2
p

, we take � to be the first quadrant angle

458 ¼ �=4. Thus, 1þ i ¼
ffiffiffi
2
p
ðcos �=4þ i sin �=4Þ.

(b) Here r ¼
ffiffiffiffiffiffiffiffiffiffiffi
3þ 1
p

¼ 2, tan � ¼ �1=
ffiffiffi
3
p

and cos � ¼ � 1
2

ffiffiffi
3
p

. Taking � to be the second quadrant angle 5�/6,
we have

�
ffiffiffi
3
p
þ i ¼ 2ðcos 5�=6þ i sin 5�=6Þ

Fig. 8-1
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It follows that two complex numbers are equal if and only if their absolute values are equal and their
angles differ by an integral multiple of 2�, i.e., are congruent modulo 2�.

In Problems 8.3 and 8.4, we prove

Theorem III. The absolute value of the product of two complex numbers is the product of their
absolute values, and the angle of the product is the sum of their angles;

and

Theorem IV. The absolute value of the quotient of two complex numbers is the quotient of their
absolute values, and the angle of the quotient is the angle of the numerator minus the angle of the
denominator.

EXAMPLE 2.

(a) When

z1 ¼ 2ðcos 1
4
�þ i sin 1

4
�Þ

and z2 ¼ 4ðcos 3
4
�þ i sin 3

4
�Þ,

we have

z1 � z2 ¼ 2ðcos 1
4
�þ i sin 1

4
�Þ � 4ðcos 3

4
�þ i sin 3

4
�Þ

¼ 8ðcos�þ i sin�Þ ¼ �8

z2=z1 ¼ 4ðcos 3
4
�þ i sin 3

4
�Þ � 2ðcos 1

4
�þ i sin 1

4
�Þ

¼ 2ðcos 1
2
�þ i sin 1

2
�Þ ¼ 2i

z1=z2 ¼
1
2
ðcos ð�1

2
�Þ þ i sinð�1

2
�Þ ¼ 1

2
ðcos 3�=2þ i sin 3�=2Þ ¼ �1

2
i

(b) When z ¼ 2(cos 1
6
� þ i sin 1

6
�),

z2 ¼ z � z ¼ 4ðcos �=3þ i sin �=3Þ ¼ 2ð1þ i
ffiffiffi
3
p
Þ

and z3 ¼ z2 � z ¼ 8ðcos 1
2
�þ i sin 1

2
�Þ ¼ 8i

As a consequence of Theorem IV, we have

Theorem V. If n is a positive integer,

½r ðcos � þ i sin �Þ�n ¼ r nðcos n� þ i sin n�Þ

8.5 ROOTS

The equation

zn ¼ A ¼ �ðcos�þ i sin�Þ

where n is a positive integer and A is any complex number, will now be shown to have exactly n roots.
If z ¼ r ðcos � þ i sin �Þ is one of these, we have by Theorem V,

r nðcos n� þ i sin n�Þ ¼ �ðcos�þ i sin �Þ
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Then r n ¼ � and n� ¼ �þ 2k� ðk, an integerÞ

so that r ¼ �1=n and � ¼ �=nþ 2k�=n

The number of distinct roots are the number of non-coterminal angles of the set f�=nþ 2k�=ng. For
any positive integer k ¼ nq þ m, 0 � m < n , it is clear that �/n þ 2k�/n and �/n þ 2m�/n are coterminal.
Thus, there are exactly n distinct roots, given by

�1=n½cosð�=nþ 2k�=nÞ þ i sinð�=nþ 2k�=nÞ�, k ¼ 0, 1, 2, 3, . . . , n� 1

These n roots are coordinates of n equispaced points on the circle, centered at the origin, of radiusffiffiffiffiffiffiffi
jAjn
p

. If then z ¼
ffiffiffiffiffiffiffi
jAjn
p

(cos � þ i sin �Þ is any one of the nth roots of A, the remaining roots may
be obtained by successively increasing the angle � by 2�/n and reducing modulo 2� whenever the angle
is greater than 2�.

EXAMPLE 3.

(a) One root of z4 ¼ 1 is r1 ¼ 1 ¼ cos 0 þ i sin 0. Increasing the angle successively by 2�/4 ¼ �/2, we find r2 ¼

cos 1
2
� þ i sin 1

2
�, r3 ¼ cos � þ i sin �, and r4 ¼ cos 3

2
� þ i sin 3

2
�. Note that had we begun with another root, say

�1¼ cos �þ i sin �, we would obtain cos 3
2
�þ i sin 3

2
�, cos 2�þ i sin 2�¼ cos 0þ i sin 0, and cos 1

2
�þ i sin 1

2
�.

These are, of course, the roots obtained above in a different order.

(b) One of the roots of z6 ¼ �4
ffiffiffi
3
p
� 4i ¼ 8(cos 7�/6 þ i sin 7�/6) is

r1 ¼
ffiffiffi
2
p
ðcos 7�=36þ i sin 7�=36Þ

Increasing the angle successively by 2�/6, we have

r2 ¼
ffiffiffi
2
p
ðcos 19�=36þ i sin 19�=36Þ

r3 ¼
ffiffiffi
2
p
ðcos 31�=36þ i sin 31�=36Þ

r4 ¼
ffiffiffi
2
p
ðcos 43�=36þ i sin 43�=36Þ

r5 ¼
ffiffiffi
2
p
ðcos 55�=36þ i sin 55�=36Þ

r6 ¼
ffiffiffi
2
p
ðcos 67�=36þ i sin 67�=36Þ

As a consequence of Theorem V, we have

Theorem VI. The n nth roots of unity are

� ¼ cos 2�=nþ i sin 2�=n, �2, �3, �4, . . . , �n�1, �n ¼ 1

8.6 PRIMITIVE ROOTS OF UNITY

DEFINITION 8.5: An nth root z of 1 is called primitive if and only if zm 6¼ 1 when 0 < m < n.

Using the results of Problem 8.5, it is easy to show that � and �5 are primitive sixth roots of 1, while
�2, �3, �4, �6 are not. This illustrates

Theorem VII. Let � ¼ cos 2�=nþ i sin 2�=n. If ðm, nÞ ¼ d > 1, then �m is an n=dth root of 1.
For a proof, see Problem 8.6.

There follows

Corollary. The primitive nth roots of 1 are those and only those nth roots �, �2, �3, . . . , �n of 1 whose
exponents are relatively prime to n.
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EXAMPLE 4. The primitive 12th roots of 1 are

� ¼ cos �=6þ i sin �=6 ¼ 1
2

ffiffiffi
3
p
þ 1

2
i

�5 ¼ cos 5�=6þ i sin 5�=6 ¼ � 1
2

ffiffiffi
3
p
þ 1

2
i

�7 ¼ cos 7�=6þ i sin 7�=6 ¼ � 1
2

ffiffiffi
3
p
� 1

2
i

�11 ¼ cos 11�=6þ i sin 11�=6 ¼ 1
2

ffiffiffi
3
p
� 1

2
i

Solved Problems

8.1. Express in the form xþ yi :

(a) 3� 2
ffiffiffiffiffiffiffi
�1
p

(b) 3þ
ffiffiffiffiffiffiffi
�4
p

(c) 5

(d)
1

3þ 4i

(e)
5� i

2� 3i

( f ) i 3

(a) 3� 2
ffiffiffiffiffiffiffi
�1
p

¼ 3� 2i

(b) 3þ
ffiffiffiffiffiffiffi
�4
p

¼ 3þ 2i

(c) 5 ¼ 5þ 0 � i

(d )
1

3þ 4i
¼

3� 4i

ð3þ 4iÞð3� 4iÞ
¼

3� 4i

25
¼

3

25
�

4

25
i

(e)
5� i

2� 3i
¼
ð5� iÞð2þ 3iÞ

ð2� 3iÞð2þ 3iÞ
¼

13þ 13i

13
¼ 1þ i

( f ) i3 ¼ i2 � i ¼ �i ¼ 0� i

8.2. Prove: The mapping z$ z, z 2 C is an isomorphism of C onto C:

We are to show that addition and multiplication are preserved under the mapping. This follows since for

z1 ¼ x1 þ y1i, z2 ¼ x2 þ y2i 2 C,

z1 þ z2 ¼ ðx1 þ y1iÞ þ ðx2 þ y2iÞ ¼ ðx1 þ x2Þ þ ðy1 þ y2Þi
¼ ðx1 þ x2Þ � ðy1 þ y2Þi ¼ ðx1 � y1iÞ þ ðx2 � y2iÞ ¼ z1 þ z2

and
z1 � z2 ¼ ðx1x2 � y1y2Þ þ ðx1y2 þ x2y1Þi ¼ ðx1x2 � y1y2Þ � ðx1y2 þ x2y1Þi

¼ ðx1 � y1iÞ � ðx2 � y2iÞ ¼ z1 � z2

8.3. Prove: The absolute value of the product of two complex numbers is the product of their absolute

values, and the angle of the product is the sum of their angles.

Let z1 ¼ r1(cos �1 þ i sin �1) and z2 ¼ r2(cos �2 þ i sin �2). Then

z1 � z2 ¼ r1r2½ðcos �1 � cos �2 � sin �1 � sin �2Þ þ iðsin �1 � cos �2 þ sin �2 � cos �1Þ�
¼ r1r2½cos ð�1 þ �2Þ þ i sin ð�1 þ �2Þ�
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8.4. Prove: The absolute value of the quotient of two complex numbers is the quotient of their absolute

values, and the angle of the quotient is the angle of the numerator minus the angle of the

denominator.

For the complex numbers z1 and z2 of Problem 8.3,

z1

z2
¼

r1ðcos �1 þ i sin �1Þ

r2ðcos �2 þ i sin �2Þ
¼

r1ðcos �1 þ i sin �1Þðcos �2 � i sin �2Þ

r2ðcos �2 þ i sin �2Þðcos �2 � i sin �2Þ

¼
r1

r2
½ðcos �1cos �2 þ sin �1 sin �2Þ þ iðsin �1cos �2 � sin �2 cos �1Þ�

¼
r1

r2
½cosð�1 � �2Þ þ i sinð�1 � �2Þ�

8.5. Find the 6 sixth roots of 1 and show that they include both the square roots and the cube roots of 1.

The sixth roots of 1 are

� ¼ cos�=3þ i sin�=3 ¼ 1
2
þ 1

2

ffiffiffi
3
p

i � 4 ¼ cos 4�=3þ i sin 4�=3 ¼ � 1
2
� 1

2

ffiffiffi
3
p

i

� 2 ¼ cos 2�=3þ i sin 2�=3 ¼ � 1
2
þ 1

2

ffiffiffi
3
p

i � 5 ¼ cos 5�=3þ i sin 5�=3 ¼ 1
2
� 1

2

ffiffiffi
3
p

i
� 3 ¼ cos�þ i sin� ¼ �1 � 6 ¼ cos 2�þ i sin 2� ¼ 1

Of these, � 3 ¼ �1 and �6 ¼ 1 are square roots of 1 while � 2 ¼ � 1
2
þ 1

2

ffiffiffi
3
p

i, �4 ¼ � 1
2
� 1

2

ffiffiffi
3
p

i, and �6 ¼ 1

are cube roots of 1.

8.6. Prove: Let � ¼ cos 2�=nþ i sin 2�=n. If ðm, nÞ ¼ d > 1, then �m is an n=d th root of 1.

Let m ¼ m1d and n ¼ n1d. Since

�m ¼ cos 2m�=nþ i sin 2m�=n

¼ cos 2m1�=n1 þ i sin 2m1�=n1

and ð�mÞ
n1 ¼ cos 2m1�þ i sin 2m1� ¼ 1,

it follows that �m is an n1 ¼ n=dth root of 1.

Supplementary Problems

8.7. Express each of the following in the form xþ yi:

ðaÞ 2þ
ffiffiffiffiffiffiffi
�5
p

ðeÞ
1

2� 3i
ðiÞ i5

ðbÞ ð4þ
ffiffiffiffiffiffiffi
�5
p
Þ þ ð3� 2

ffiffiffiffiffiffiffi
�5
p
Þ ð f Þ

2þ 3i

5� 2i
ð j Þ i 6

ðcÞ ð4þ
ffiffiffiffiffiffiffi
�5
p
Þ � ð3� 2

ffiffiffiffiffiffiffi
�5
p
Þ ðgÞ

5� 2i

2þ 3i
ðkÞ i8

ðdÞ ð3þ 4iÞ � ð4� 5iÞ ðhÞ i 4

Ans. (a) 2þ
ffiffiffi
5
p

i, (b) 7�
ffiffiffi
5
p

i, (c) 1þ 3
ffiffiffi
5
p

i, (d) 32þ i, (e) 2=13þ 3i=13, ( f ) 4=29þ 19i=29,

(g) 4=13� 19i=13, (h) 1þ 0 � i, (i) 0þ i, ( j ) �1þ 0 � i, (k) 1þ 0 � i

8.8. Write the conjugate of each of the following: (a) 2þ 3i, (b) 2� 3i, (c) 5, (d) 2i.

Ans. (a) 2� 3i, (b) 2þ 3i, (c) 5, (d) �2i

8.9. Prove: The conjugate of the conjugate of z is z itself.
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8.10. Prove: For every z 6¼ 0 2 C, ðz�1Þ ¼ ðzÞ�1.

8.11. Locate all points whose coordinates have the form (a) ðaþ 0 � iÞ, (b) ð0þ biÞ, where a, b 2 R. Show that any

point z and its conjugate are located symmetrically with respect to the x-axis.

8.12. Express each of the following in trigonometric form:

ðaÞ 5 ðdÞ �3i ð gÞ �3þ
ffiffiffi
3
p

i

ðbÞ 4� 4i ðeÞ �6 ðhÞ �1=ð1þ iÞ

ðcÞ �1�
ffiffiffi
3
p

i ð f Þ
ffiffiffi
2
p
þ

ffiffiffi
2
p

i ði Þ 1=i

Ans.

ðaÞ 5 cis 0 ðdÞ 3 cis 3�=2 ð gÞ 2
ffiffiffi
3
p

cis 5�=6

ðbÞ 4
ffiffiffi
2
p

cis 7�=4 ðeÞ 6 cis � ðhÞ
ffiffiffi
2
p

=2 cis 3�=4

ðcÞ 2 cis 4�=3 ð f Þ 2 cis �=4 ði Þ cis 3�=2

where cis � ¼ cos � þ i sin �.

8.13. Express each of the following in the form aþ bi:

ðaÞ 5 cis 608 ðeÞ ð2 cis 258Þ � ð3 cis 3358Þ

ðbÞ 2 cis 908 ð f Þ ð10 cis 1008Þ � ðcis 1408Þ

ðcÞ cis 1508 ð gÞ ð6 cis 1708Þ � ð3 cis 508Þ

ðdÞ 2 cis 2108 ðhÞ ð4 cis 208Þ � ð8 cis 808Þ

Ans.

ðaÞ 5=2þ 5
ffiffiffi
3
p

i=2 ðdÞ �
ffiffiffi
3
p
� i ð gÞ �1þ

ffiffiffi
3
p

i

ðbÞ 2i ðeÞ 6 ðhÞ 1
4
� 1

4

ffiffiffi
3
p

i

ðcÞ � 1
2

ffiffiffi
3
p
þ 1

2
i ð f Þ �5� 5

ffiffiffi
3
p

i

8.14. Find the cube roots of: (a) 1, (b) 8, (c) 27i, (d) �8i, (e) �4
ffiffiffi
3
p
� 4i.

Ans. (a) � 1
2
� 1

2

ffiffiffi
3
p

i, 1; (b) �1�
ffiffiffi
3
p

i, 2; (c) �3
ffiffiffi
3
p

=2þ 3=2i, �3i; (d) 2i, �
ffiffiffi
3
p
� i;

(e) 2 cis 7�=18, 2 cis 19�=18, 2 cis 31�=18

8.15. Find (a) the primitive fifth roots of 1, (b) the primitive eighth roots of 1.

8.16. Prove: The sum of the n distinct nth roots of 1 is zero.

8.17. Use Fig. 8-2 to prove:

(a) jz1 þ z2j � jz1j þ jz2j

(b) jz1 � z2j 	 jz1j � jz2j

8.18. If r is any cube root of a 2 C, then r,!r,!2r, where ! ¼ � 1
2
þ 1

2

ffiffiffi
3
p

i and !2 are the imaginary cube roots of 1,

are the three cube roots of a.
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8.19. Describe geometrically the mappings

(a) z! z (b) z! zi (c) z! zi

8.20. In the real plane let K be the circle with center at 0 and radius 1 and let A1A2A3, where

Ajðxj , yjÞ ¼ AjðzjÞ ¼ Ajðxj þ yjiÞ, j ¼ 1, 2, 3, be an arbitrary inscribed triangle (see Fig. 8-3). Denote by

PðzÞ ¼ Pðxþ yiÞ an arbitrary (variable) point in the plane.

(a) Show that the equation of K is z � z ¼ 1.

(b) Show that Prðxr, yrÞ, where xr ¼ axj þ bxk=aþ b and yr ¼ ayj þ byk=aþ b, divides the line segment

AjAk in the ratio b : a. Then, since Aj ,Ak and Pr azj þ bzk=aþ b
� �

lie on the line AjAk, verify that its

equation is zþ zjzkz ¼ zj þ zk.

(c) Verify: The equation of any line parallel to AjAk has the form zþ zjzkz ¼ � by showing that the

midpoints Bj and Bk of AiAj and AiAk lie on the line zþ zjzkz ¼
1
2
ðzi þ zj þ zk þ zizjzkÞ.

(d ) Verify: The equation of any line perpendicular of AjAk has the form z� zjzkz ¼ � by showing that 0

and the midpoint of AjAk lie on the line z� zjzkz ¼ 0.

(e) Use z ¼ zi in z� zjzkz ¼ � to obtain the equation z� zjzkz ¼ zi � zizjzk of the altitude of A1A2A3

through Ai. Then eliminate z between the equations of any two altitudes to obtain their common point

Hðz1 þ z2 þ z3Þ. Show that H also lies on the third altitude.

0
Fig. 8-2

0

Fig. 8-3
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Groups

INTRODUCTION

In this chapter, we will be abstracting from algebra the properties that are needed to solve a linear

equation in one variable. The mathematical structure that possesses these properties is called a group.

Once a group is defined we will consider several examples of groups and the idea of subgroups. Simple

properties of groups and relations that exist between two groups will be discussed.

9.1 GROUPS

DEFINITION 9.1: A non-empty set G on which a binary operation � is defined is said to form a group

with respect to this operation provided, for arbitrary a, b, c 2 G, the following properties hold:

P1: ða � bÞ � c ¼ a � ðb � cÞ

(Associative Law)
P2: There exists u 2 G such that a � u ¼ u � a ¼ a for all a 2 G

(Existence of Identity Element)
P3: For each a 2 G there exists a�1 2 G such that a � a�1 ¼ a�1 � a ¼ u

(Existence of Inverses)
Note 1. The reader must not be confused by the use in P3 of a�1 to denote the inverse of a under

the operation �. The notation is merely borrowed from that previously used in connection with

multiplication. Whenever the group operation is addition, a�1 is to be interpreted as the additive inverse

�a.
Note 2. The preceding chapters contain many examples of groups for most of which the group

operation is commutative. We therefore call attention here to the fact that the commutative law is not

one of the requisite properties listed above. A group is called abelian or non-abelian accordingly as the

group operation is or is not commutative. For the present, however, we shall not make this distinction.

EXAMPLE 1.

(a) The set Z of all integers forms a group with respect to addition; the identity element is 0 and the inverse of a 2 Z

is �a. Thus, we may hereafter speak of the additive group Z. On the other hand, Z is not a multiplicative group

since, for example, neither 0 nor 2 has a multiplicative inverse.

(b) The set A of Example 13(d), Chapter 2, forms a group with respect to �. The identity element is a. Find the

inverse of each element.
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(c) The set A ¼ f�3, � 2, � 1, 0, 1, 2, 3g is not a group with respect to addition on Z although 0 is the identity

element, each element of A has an inverse, and addition is associative. The reason is, of course, that addition is

not a binary operation on A, that is, the set A is not closed with respect to addition.

(d) The set A ¼ f!1 ¼ � 1
2
þ 1

2

ffiffiffi
3

p
i, !2 ¼ � 1

2
� 1

2

ffiffiffi
3

p
i, !3 ¼ 1g of the cube roots of 1 forms a group with respect to

multiplication on the set of complex numbers C since (i) the product of any two elements of the set is an element

of the set, (ii) the associative law holds in C and, hence, in A, (iii) !3 is the identity element, and (iv) the inverses

of !1,!2,!3 are !2,!1,!3, respectively.

Table 9-1

� !1 !2 !3

!1 !2 !3 !1

!2 !3 !1 !2

!3 !1 !2 !3

This is also evident from (ii) and the above operation table.

(e) The set A ¼ f1, � 1, i, � ig with respect to multiplication on the set of complex numbers forms a group. This set

is closed under multiplication, inherits the associative operation from C, contains the multiplicative identity 1,

and each element has an inverse in A.

See also Problems 9.1–9.2.

9.2 SIMPLE PROPERTIES OF GROUPS

The uniqueness of the identity element and of the inverses of the elements of a group were established in

Theorems III and IV, Chapter 2, Section 2.7. There follow readily

Theorem I. (Cancellation Law) If a, b, c 2 G, then a � b ¼ a � c, (also, b � a ¼ c � a), implies b ¼ c:
For a proof, see Problem 9.3.

Theorem II. For a, b 2 G, each of the equations a � x ¼ b and y � a ¼ b has a unique solution.
For a proof, see Problem 9.4.

Theorem III. For every a 2 G, the inverse of the inverse of a is a, i.e., ða�1Þ
�1

¼ a.

Theorem IV. For every a, b 2 G, ða � bÞ�1
¼ b�1 � a�1.

Theorem V. For every a, b, . . . , p, q 2 G, ða � b � � � � � p � qÞ�1
¼ q�1 � p�1 � � � � � b�1 � a�1.

For any a 2 G and m 2 Z
þ, we define

am ¼ a � a � a � � � � � a to m factors

a0 ¼ u; the identity element of G

a�m ¼ ða�1Þ
m
¼ a�1 � a�1 � a�1 � � � � � a�1 to m factors

Once again the notation has been borrowed from that used when multiplication is the operation.

Whenever the operation is addition, an when n > 0 is to be interpreted as na ¼ aþ aþ aþ � � � þ a to n
terms, a0 as u, and a�n as nð�aÞ ¼ �aþ ð�aÞ þ ð�aÞ þ � � � þ ð�aÞ to n terms. Note that na is also

shorthand and is not to be considered as the product of n 2 Z and a 2 G.
In Problem 9.5 we prove the first part of

Theorem VI. For any a 2 G, (i) am � an ¼ amþn and (ii) ðamÞ
n
¼ amn, where m, n 2 Z.

DEFINITION 9.2: By the order of a group G is meant the number of elements in the set G.
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The additive group Z of Example 1(a) is of infinite order; the groups of Example 1(b), 1(d), and 1(e)
are finite groups of order 5, 3, and 4, respectively.

DEFINITION 9.3: By the order of an element a 2 G is meant the least positive integer n, if one exists,
for which an ¼ u, the identity element of G.

DEFINITION 9.4: If a 6¼ 0 is an element of the additive group Z, then na 6¼ 0 for all n > 0 and a is
defined to be of infinite order.

The element !1 of Example 1(d) is of order 3 since !1 and !1
2 are different from 1 while !1

3 ¼ 1, the
identity element. The element �1 of Example 1(e) is of order 2 since ð�1Þ2 ¼ 1 while the order of the
element i is 4 since i 2 ¼ �1, i 3 ¼ �i, and i 4 ¼ 1.

9.3 SUBGROUPS

DEFINITION 9.5: Let G ¼ fa, b, c, :::g be a group with respect to �. Any non-empty subset G 0 of G is
called a subgroup of G if G 0 is itself a group with respect to �.

Clearly G
0
¼ fug, where u is the identity element of G, and G itself are subgroups of any group G.

They will be called improper subgroups; other subgroups of G, if any, will be called proper. We note in
passing that every subgroup of G contains u as its identity element.

EXAMPLE 2.

(a) A proper subgroup of the multiplicative group G ¼ f1, � 1, i, � ig is G0
¼ f1, � 1g. (Are there others?)

(b) Consider the multiplicative group G ¼ f�, �2, �3, �4, �5, �6 ¼ 1g of the sixth roots of unity (see Problem 8.5,

Chapter 8). It has G 0
¼ f�3, �6g and G

00
¼ f�2, �4, �6g as proper subgroups.

The next two theorems are useful in determining whether a subset of a group G with group operation
� is a subgroup.

Theorem VII. A non-empty subset G 0 of a group G is a subgroup of G if and only if (i) G 0 is closed with
respect to �, (ii) G 0 contains the inverse of each of its elements.

Theorem VIII. A non-empty subset G 0 of a group G is a subgroup of G if and only if for all a, b 2 G
0,

a�1 � b 2 G
�1. For a proof, see Problem 9.6.

There follow

Theorem IX. Let a be an element of a group G. The set G 0
¼ fan : n 2 Zg of all integral powers of a is a

subgroup of G.

Theorem X. If S is any set of subgroups of G, the intersection of these subgroups is also a subgroup of G.

For a proof, see Problem 9.7.

9.4 CYCLIC GROUPS

DEFINITION 9.6: A group G is called cyclic if, for some a 2 G, every x 2 G is of the form am, where
m 2 Z. The element a is then called a generator of G.

Clearly, every cyclic group is abelian.

EXAMPLE 3.

(a) The additive group Z is cyclic with generator a ¼ 1 since, for every m 2 Z, am ¼ ma ¼ m.

(b) The multiplicative group of fifth roots of 1 is cyclic. Unlike the group of (a) which has only 1 and �1 as

generators, this group may be generated by any of its elements except 1.
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(c) The group G of Example 2(b) is cyclic. Its generators are � and �5.

(d) The group Z8 ¼ f0, 1, 2, 3, 4, 5, 6, 7g under congruence modulo 8 addition is cyclic. This group may be generated

by 1, 3, 5, or 7.

Examples 3(b), 3(c), and 3(d) illustrate

Theorem XI. Any element a t of a finite cyclic group G of order n is a generator of G if and only if

ðn, tÞ ¼ 1.

In Problem 9.8, we prove

Theorem XII. Every subgroup of a cyclic group is itself a cyclic group.

9.5 PERMUTATION GROUPS

The set Sn of the n! permutations of n symbols was considered in Chapter 2. A review of this material

shows that Sn is a group with respect to the permutations operations �. Since � is not commutative, this

is our first example of a non-abelian group.
It is customary to call the group Sn the symmetric group of n symbols and to call any subgroup of Sn

a permutation group on n symbols.

EXAMPLE 4.

(a) S4 ¼ fð1Þ, ð12Þ, ð13Þ, ð14Þ, ð23Þ, ð24Þ, ð34Þ, � ¼ ð123Þ, �2 ¼ ð132Þ, � ¼ ð124Þ, �2 ¼ ð142Þ, � ¼ ð134Þ, �2 ¼ ð143Þ,

� ¼ ð234Þ, �2 ¼ ð243Þ, � ¼ ð1234Þ, �2 ¼ ð13Þð24Þ, �3 ¼ ð1432Þ, � ¼ ð1234Þ, �2 ¼ ð14Þð23Þ, �3 ¼ ð1342Þ, � ¼ ð1324Þ,

�2 ¼ ð12Þð34Þ, �3 ¼ ð1423Þg.

(b) The subgroups of S4: (i) fð1Þ, ð12Þg, (ii) fð1Þ,�,�2g, (iii) fð1Þ, ð12Þ, ð34Þ, ð12Þð34Þg, and (iv) A4 ¼ fð1Þ,�,�2,

�,�2, �, �2, �, �2, �2, �2, �2g are examples of permutation groups of 4 symbols. (A4 consists of all even

permutations in S4 and is known as the alternating group on 4 symbols.) Which of the above subgroups are

cyclic? which abelian? List other subgroups of S4.

See Problems 9.9–9.10.

9.6 HOMOMORPHISMS

DEFINITION 9.7: Let G, with operation �, and G
0 with operation œ, be two groups. By a

homomorphism of G into G
0 is meant a mapping

� : G ! G
0 such that �ðgÞ ¼ g0

and

(i) every g 2 G has a unique image g0 2 G
0

(ii) if �ðaÞ ¼ a0 and �ðbÞ ¼ b 0, then �ða � bÞ ¼ �ðaÞu�ðbÞ ¼ a0ub 0

if, in addition, the mapping satisfies

(iii) every g0 2 G
0 is an image

we have a homomorphism of G onto G
0 and we then call G 0 a homomorphic image of G.

EXAMPLE 5.

(a) Consider the mapping n ! i n of the additive group Z onto the multiplicative group of the fourth roots of 1.

This is a homomorphism since

mþ n ! i mþn ¼ i m � i n

and the group operations are preserved.
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(b) Consider the cyclic group G ¼ fa, a, a, . . . , a12 ¼ ug and its subgroup G
0
¼ fa2, a4, a6, . . . , a12g. It follows readily

that the mapping

an ! a2n

is a homomorphism of G onto G
0 while the mapping

an ! an

is a homomorphism of G0 into G.

(c) The mapping x ! x2 of the additive group R into itself is not a homomorphism since xþ y !

ðxþ yÞ2 6¼ x2 þ y2.

See Problem 9.11.
In Problem 9.12 we prove

Theorem XIII. In any homomorphism between two groups G and G
0, their identity elements

correspond; and if x 2 G and x 0 2 G
0 correspond, so also do their inverses.

There follows

Theorem XIV. The homomorphic image of any cyclic group is cyclic.

9.7 ISOMORPHISMS

DEFINITION 9.8: If the mapping in Definition 9.6 is one to one, i.e.,

g $ g0

such that (iii) is satisfied, we say that G and G
0 are isomorphic and call the mapping an isomorphism.

EXAMPLE 6. Show that G, the additive group Z4, is isomorphic to G 0, the multiplicative group of the non-zero

elements of Z5.

Consider the operation tables

Table 9-2 Table 9-3

G G
0

þ 0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

� 1 3 4 2

1 1 3 4 2

3 3 4 2 1

4 4 2 1 3

2 2 1 3 4

in which, for convenience, ½0�, ½1�, . . . have been replaced by 0, 1, . . . . It follows readily that the mapping

G ! G0 : 0 ! 1, 1 ! 3, 2 ! 4, 3 ! 2

is an isomorphism. For example, 1 ¼ 2þ 3 ! 4 � 2 ¼ 3, etc.

Rewrite the operation table for G 0 to show that

G ! G
0 : 0 ! 1, 1 ! 2, 2 ! 4, 3 ! 3

is another isomorphism of G onto G
0. Can you find still another?
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In Problem 9.13 we prove the first part of

Theorem XV.

(a) Every cyclic group of infinite order is isomorphic to the additive group Z.
(b) Every cyclic group of finite order n is isomorphic to the additive group Zn.

The most remarkable result of this section is

Theorem XVI (Cayley). Every finite group of order n is isomorphic to a permutation group on n

symbols.

Since the proof, given in Problem 9.14, consists in showing how to construct an effective

permutation group, the reader may wish to examine first

EXAMPLE 7.

Table 9-4

u g1 g2 g3 g4 g5 g6

g1 g1 g2 g3 g4 g5 g6
g2 g2 g1 g5 g6 g3 g4
g3 g3 g6 g1 g5 g4 g2
g4 g4 g5 g6 g1 g2 g3
g5 g5 g4 g2 g3 g6 g1
g6 g6 g3 g4 g2 g1 g5

Consider the above operation table for the group G ¼ fg1, g2, g3, g4, g5, g6g with group operation u.

The elements of any column of the table, say the fifth: g1u g5 ¼ g5, g2u g5 ¼ g3, g3u g5 ¼ g4, g4u g5 ¼ g2,

g5u g5 ¼ g6, g6u g5 ¼ g1 are the elements of the row labels (i.e., the elements of G) rearranged. This permutation will

be indicated by

g1 g2 g3 g4 g5 g6

g5 g3 g4 g2 g6 g1

� �
¼ ð156Þð234Þ

¼ p5

It follows readily that G is isomorphic to P ¼ fp1, p2, p3, p4, p5, p6g where p1 ¼ ð1Þ, p2 ¼ ð12Þð36Þð45Þ,

p3 ¼ ð13Þð25Þð46Þ, p4 ¼ ð14Þð26Þð35Þ, p5 ¼ ð156Þð234Þ, p6 ¼ ð165Þð243Þ under the mapping

gi $ pi ði ¼ 1, 2, 3, . . . , 6Þ

9.8 COSETS

DEFINITION 9.9: Let G be a finite group with group operation �, H be a subgroup of G, and a be an

arbitrary element of G. We define as the right coset Ha of H in G, generated by a, the subset of G

Ha ¼ fh � a : h 2 Hg

and as the left coset aH of H in G, generated by a, the subset of G

aH ¼ fa � h : h 2 Hg

EXAMPLE 8. The subgroup H ¼ fð1Þ, ð12Þ, ð34Þ, ð12Þð34Þg and the element a ¼ ð1432Þ of S4 generate the right coset

Ha ¼ fð1Þ � ð1432Þ, ð12Þ � ð1432Þ, ð34Þ � ð1432Þ, ð12Þð34Þ � ð1432Þg

¼ fð1432Þ, ð143Þ, ð132Þ, ð13Þg
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and the left coset

aH ¼ fð1432Þ � ð1Þ; ð1432Þ � ð12Þ; ð1432Þ � ð34Þ; ð1432Þ � ð12Þð34Þg

¼ fð1432Þ; ð243Þ; ð142Þ; ð24Þg

In investigating the properties of cosets, we shall usually limit our attention to right cosets and leave

for the reader the formulation of the corresponding properties of left cosets. First, note that a 2 Ha since

u, the identity element of G, is also the identity element of H. If H contains m elements, so also does Ha,

for Ha contains at most m elements and h1 � a ¼ h2 � a for any h1, h2 2 H implies h1 ¼ h2. Finally, if Cr

denotes the set of all distinct right cosets of H in G, then H 2 Cr since Ha ¼ H when a 2 H.
Consider now two right cosets Ha and Hb, a 6¼ b, of H in G. Suppose that c is a common element

of these cosets so that for some h1, h2 2 H we have c ¼ h1 � a ¼ h2 � b. Then a ¼ h1
�1

� ðh2 � bÞ ¼

ðh1
�1

� h2Þ � b and, since h1
�1

� h2 2 H (Theorem VIII), it follows that a 2 Hb and Ha ¼ Hb. Thus, Cr

consists of mutually disjoint right cosets of G and so is a partition of G. We shall call Cr a decomposition

of G into right cosets with respect to H.

EXAMPLE 9.

(a) Take G as the additive group of integers andH as the subgroup of all integers divisible by 5. The decomposition

of G into right cosets with respect to H consists of five residue classes modulo 5, i.e., H ¼ fx : 5jxg,

H1 ¼ fx : 5jðx� 1Þg, H2 ¼ fx : 5jðx� 2Þg, H3 ¼ fx : 5jðx� 3Þg, and H4 ¼ fx : 5jðx� 4Þg. There is no distinc-

tion here between right and left cosets since G is an abelian group.

(b) Let G ¼ S4 and H ¼ A4, the subgroup of all even permutations of S4. Then there are only two right (left) cosets

of G generated by H, namely, A4 and the subset of odd permutations of S4. Here again there is no distinction

between right and left cosets but note that S4 is not abelian.

(c) Let G ¼ S4 and H be the octic group of Problem 9.9. The distinct left cosets generated by H are

H ¼ fð1Þ, ð1234Þ, ð13Þð24Þ, ð1432Þ, ð12Þð34Þ, ð14Þð23Þ, ð13Þ, ð24Þg

ð12ÞH ¼ f12Þ, ð234Þ, ð1324Þ, ð143Þ, ð34Þ, ð1423Þ, ð132Þ, ð124Þg

ð23ÞH ¼ fð23Þ, ð134Þ, ð1243Þ, ð142Þ, ð1342Þ, ð14Þ, ð123Þ, ð243Þg

and the distinct right cosets are

H ¼ fð1Þ, ð1234Þ, ð13Þð24Þ, ð1432Þ, ð12Þð34Þ, ð14Þð23Þ, ð13Þ, ð24Þg

Hð12Þ ¼ fð12Þ, ð134Þ, ð1423Þ, ð243Þ, ð34Þ, ð1324Þ, ð123Þ, ð142Þg

Hð23Þ ¼ fð23Þ, ð124Þ, ð1342Þ, ð143Þ, ð1243Þ, ð14Þ, ð132Þ, ð234Þg

Thus, G ¼ H [Hð12Þ [Hð23Þ ¼ H [ ð12ÞH [ ð23ÞH. Here, the decomposition of G obtained by using the right

and left cosets of H are distinct.

Let G be a finite group of order n and H be a subgroup of order m of G. The number of distinct right

cosets of H in G (called the index of H in G) is r where n ¼ mr; hence,

Theorem XVII (Lagrange). The order of each subgroup of a finite group G is a divisor of the order of G.

As consequences, we have

Theorem XVIII. If G is a finite group of order n, then the order of any element a 2 G (i.e., the order of

the cyclic subgroup generated by a) is a divisor if n;

and

Theorem XIX. Every group of prime order is cyclic.
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9.9 INVARIANT SUBGROUPS

DEFINITION 9.10: A subgroup H of a group G is called an invariant subgroup (normal subgroup

or normal divisor) of G if gH ¼ Hg for every g 2 G.

Since g�1 2 G whenever g 2 G, we may write

(i 0) g�1Hg ¼ H for every g 2 G

Now (i0) requires

(i 01) for any g 2 G and any h 2 H, then g�1 � h � g 2 H

and

(i 02) for any g 2 G and each h 2 H, there exists some k 2 H such that g�1 � k � g ¼ h or k � g ¼ g � h.

We shall show that (i 01) implies (i 02). Consider any h 2 H. By (i 01), ðg
�1Þ

�1
� h � g�1 ¼ g � h � g�1 ¼

k 2 H since g�1 2 G; then g�1 � k � g ¼ h as required.
We have proved

Theorem XX. If H is a subgroup of a group G and if g�1 � h � g 2 H for all g 2 G and all h 2 H, then H

is an invariant subgroup of G:

EXAMPLE 10.

(a) Every subgroup of H of an abelian group G is an invariant subgroup of G since g � h ¼ h � g, for any g 2 G and

every h 2 H.

(b) Every group G has at least two invariant subgroups fug, since u � g ¼ g � u for every g 2 G, and G itself, since

for any g, h 2 G we have

g � h ¼ g � h � ðg�1 � gÞ ¼ ðg � h � g�1Þ � g ¼ k � g and k ¼ g � h � g�1 2 G

(c) If H is a subgroup of index 2 of G [see Example 9(b)] the cosets generated by H consist of H and G�H.

Hence, H is an invariant subgroup of G.

(d) For G ¼ fa, a2, a3, . . . , a12 ¼ ug, its subgroups fu, a2, a4, . . . , a10g, fu, a3, a6, a9g, fu, a4, a8g, and fu, a6g are

invariant.

(e) For the octic group (Problem 9.9), fu, �2, �2, �2g, fu, �2, b, eg and fu, �, �2, �3g are invariant subgroups of order

4 while fu, �2g is an invariant subgroup of order 2. (Use Table 9-7 to check this.)

( f ) The octic group P is not an invariant subgroup of S4 since for � ¼ ð1234Þ 2 P and ð12Þ 2 S4, we have

ð12Þ�1�ð12Þ ¼ ð1342Þ =2P.

In Problem 9.15, we prove

Theorem XXI. Under any homomorphism of a group G with group operation � and identity element u

into a group G
0 with group operation u and identity element u0, the subset S of all elements of G which

are mapped onto u0 is an invariant subgroup of G.

The invariant subgroup of G defined in Theorem XXI is called the kernal of the homomorphism.

EXAMPLE 11. Let G be the additive group Z and G
0 the additive group Z5. The homomorphism x ! remainder

when x is divided by 5 has as its kernal H ¼ fx : 5jxg ¼ 5Z.

In Example 10(b) it was shown that any group G has fug and G itself as invariant subgroups. They are

called improper while other invariant subgroups, if any, of G are called proper. A group G having no

proper invariant subgroups is called simple.

EXAMPLE 12. The additive group Z5 is a simple group since by the Lagrange Theorem, the only subgroups of Z5

will be of order 1 or order 5.
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9.10 QUOTIENT GROUPS

DEFINITION 9.11: Let H be an invariant subgroup of a group G with group operation � and denote

by G=H the set of (distinct) cosets of H in G, i.e.,

G=H ¼ fHa,Hb,Hc, . . .g

We define the ‘‘product’’ of pairs of these cosets by

ðHaÞðHbÞ ¼ fðh1 � aÞ � ðh2 � bÞ : h1, h2 2 Hg for all Ha,Hb 2 G=H:

In Problem 9.16, we prove that this operation is well defined.
Now G=H is a group with respect to the operation just defined. To prove this, we note first that

ðh1 � aÞ � ðh2 � bÞ ¼ h1 � ða � h2Þ � b ¼ h1 � ðh3 � aÞ � b

¼ ðh1 � h3Þ � ða � bÞ ¼ h4 � ða � bÞ, h3, h4 2 H

ðHaÞðHbÞ ¼ Hða � bÞ 2 G=HThen

½ðHaÞðHbÞ�ðHcÞ ¼ H½ða � bÞ � c� ¼ H½a � ðb � cÞ� ¼ ðHaÞ½ðHbÞðHcÞ�and

Next, for u the identity element of G, ðHuÞðHaÞ ¼ ðHaÞðHuÞ ¼ Ha so that Hu ¼ H is the identity element

of G=H. Finally, since ðHaÞðHa�1Þ ¼ ðHa�1ÞðHaÞ ¼ Hu ¼ H, it follows that G=H contains the inverse

Ha�1 of each Ha 2 G=H.
The group G=H is called the quotient group (factor group) of G by H.

EXAMPLE 13.

(a) When G is the octic group of Problem 9.9 and H ¼ fu, �2, b, eg, then G=H ¼ fH,H�g. This representation of

G=H is, of course, not unique. The reader will show that G=H ¼ fH,H�3g ¼ fH,H�2g ¼ fH,H�2g ¼ fH,H�g.

(b) For the same G and H ¼ fu, �2g, we have

G=H ¼ fH,H�,H�2,Hbg ¼ fH,H�3,H�2,Heg

The examples above illustrate

Theorem XXII. IfH, of order m, is an invariant subgroup of G, of order n, then the quotient group G=H
is of order n=m.

From ðHaÞðHbÞ ¼ Hða � bÞ 2 G=H, obtained above, there follows

Theorem XXIII. If H is an invariant subgroup of a group G, the mapping

G ! G=H : g ! Hg

is a homomorphism of G onto G=H.
In Problem 9.17, we prove

Theorem XXIV. Any quotient group of a cyclic group is cyclic.

We leave as an exercise the proof of
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Theorem XXV. If H is an invariant subgroup of a group G and if H is also a subgroup of a subgroup K

of G, then H is an invariant subgroup of K .

9.11 PRODUCT OF SUBGROUPS

Let H ¼ fh1, h2, . . . , hrg and K ¼ fb1, b2, . . . , bpg be subgroups of a group G and define the ‘‘product’’

HK ¼ fhi � bj : hi 2 H, bj 2 Kg

In Problems 9.65–9.67, the reader is asked to examine such products and, in particular, to prove

Theorem XXVI. If H and K are invariant subgroups of a group G, so also is HK .

9.12 COMPOSITION SERIES

DEFINITION 9.12: An invariant subgroup H of a group G is called maximal provided there exists no

proper invariant subgroup K of G having H as a proper subgroup.

EXAMPLE 14.

(a) A4 of Example 4(b) is a maximal invariant subgroup of S4 since it is a subgroup of index 2 in S4. Also,

fu, �2, �2, �2g is a maximal invariant subgroup of A4. (Show this.)

(b) The cyclic group G ¼ fu, a, a2, . . . , a11g has H ¼ fu, a2, a4, . . . , a10g and K ¼ fu, a3, a6, a9g as maximal invariant

subgroups. Also, J ¼ fu, a4, a8g is a maximal invariant subgroup of H while L ¼ fu, a6g is a maximal invariant

subgroup of both H and K .

DEFINITION 9.13: For any group G a sequence of its subgroups

G,H, J,K , . . . ,U ¼ fug

will be called a composition series for G if each element except the first is a maximal invariant subgroup of

its predecessor. The groups G=H, H=J, J=K , . . . are then called quotient groups of the composition series.
In Problem 9.18 we prove

Theorem XXVII. Every finite group has at least one composition series.

EXAMPLE 15.

(a) The cyclic group G ¼ fu, a, a2, a3, a4g has only one composition series: G,U ¼ fug.

(b) A composition series for G ¼ S4 is

S4,A4, fð1Þ, �
2, �2, �2g, fð1Þ, �2g,U ¼ fð1Þg

Is every element of the composition series an invariant subgroup of G?

(c) For the cyclic group of Example 14(b), there are three composition series: (i) G,H, J,U, (ii ) G,K ,L,U, and

(iii ) G,H,L,U. Is every element of each composition series an invariant subgroup of G ?

In Problem 9.19, we illustrate

Theorem XXVIII (The Jordan-Hölder Theorem). For any finite group with distinct composition series,

all series are the same length, i.e., have the same number of elements. Moreover, the quotient groups for

any pair of composition series may be put into one-to-one correspondence so that corresponding

quotient groups are isomorphic.
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Before attempting a proof of Theorem XXVIII (see Problem 9.23) it will be necessary to examine

certain relations which exist between the subgroups of a group G and the subgroups of its quotient

groups. Let then H, of order r, be an invariant subgroup of a group G of order n and write

S ¼ G=H ¼ fHa1,Ha2,Ha3, . . . ,Hasg, ai 2 G ð1Þ

where, for convenience, a1 ¼ u. Further, let

P ¼ fHb1,Hb2,Hb3, . . . ,Hbpg ð2Þ

be any subset of S and denote by

K ¼ fHb1 [Hb2 [Hb3 [ � � �Hbpg ð3Þ

the subset of G whose elements are the pr distinct elements (of G) which belong to the cosets of P.
Suppose now that P is a subgroup of index t of S. Then n ¼ prt and some one of the

b’s, say b1, is the identity element u of G. It follows that K is a subgroup of index t of G and P ¼ K=H
since

(i) P is closed with respect to coset multiplication; hence, K is closed with respect to the group

operation on G.
(ii) The associative law holds for G and thus for K .
(iii) H 2 P; hence, u 2 K .
(iv) P contains the inverse Hbi

�1 of each coset Hbi 2 P; hence, K contains the inverse of each of its

elements.
(v) K is of order pr; hence, K is of index t in G.

Conversely, suppose K is a subgroup of index t of G which contains H, an invariant subgroup

of G. Then, by Theorem XXV, H is an invariant subgroup of K and so P ¼ K=H is of index t in

S ¼ G=H.
We have proved

Theorem XXIX. LetH be an invariant subgroup of a finite group G. A set P of the cosets of S ¼ G=H is

a subgroup of index t of S if and only if K, the set of group elements which belong to the cosets in P, is a

subgroup of index t of G.

We now assume b1 ¼ u in (2) and (3) above and state

Theorem XXX. Let G be a group of order n ¼ rpt, K be a subgroup of order rp of G, and H be an

invariant subgroup of order r of both K and G. Then K is an invariant subgroup of G if and only if

P ¼ K=H is an invariant subgroup of S ¼ G=H.

For a proof, see Problem 9.20.

Theorem XXXI. Let H and K be invariant subgroups of G with H an invariant subgroup of K , and let

P ¼ K=H and S ¼ G=H. Then the quotient groups S=P and G=K are isomorphic.

For a proof, see Problem 9.21.

Theorem XXXII. IfH is a maximal invariant subgroup of a group G then G=H is simple, and vice versa.

Theorem XXXIII. Let H and K be distinct maximal invariant subgroups of a group G. Then

(a) D ¼ H \ K is an invariant subgroup of G, and
(b) H=D is isomorphic to G=K and K=D is isomorphic to G=H.

For a proof, see Problem 9.22.
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Solved Problems

9.1. Does Z3, the set of residue classes modulo 3, form a group with respect to addition? with respect to

multiplication?

From the addition and multiplication tables for Z3 in which ½0�, ½1�, ½2� have been replaced by 0, 1, 2

Table 9-5 Table 9-6

þ 0 1 2

0 0 1 2
1 1 2 0
2 2 0 1

� 0 1 2

0 0 0 0
1 0 1 2
2 0 2 1

it is clear that Z3 forms a group with respect to addition. The identity element is 0 and the inverses of 0, 1, 2

are, respectively, 0, 2, 1. It is equally clear that while these residue classes do not form a group with respect to

multiplication, the non-zero residue classes do. Here the identity element is 1 and each of the elements 1, 2 is

its own inverse.

9.2. Do the non-zero residue classes modulo 4 form a group with respect to multiplication?

From Table 5-2 of Example 12, Chapter 5, it is clear that these residue classes do not form a group with

respect to multiplication.

9.3. Prove: If a, b, c 2 G, then a � b ¼ a � c (also, b � a ¼ c � a) implies b ¼ c.

Consider a � b ¼ a � c. Operating on the left with a�1 2 G, we have a�1 � ða � bÞ ¼ a�1 � ða � cÞ. Using the

associative law, ða�1 � aÞ � b ¼ ða�1 � aÞ � c; hence, u � b ¼ u � c and so b ¼ c. Similarly, ðb � aÞ � a�1 ¼

ðc � aÞ � a�1 reduces to b ¼ c.

9.4. Prove: When a, b 2 G, each of the equations a � x ¼ b and y � a ¼ b has a unique solution.

We obtain readily x ¼ a�1 � b and y ¼ b � a�1 as solutions. To prove uniqueness, assume x 0 and y 0 to be a

second set of solutions. Then a � x ¼ a � x 0 and y � a ¼ y 0 � a whence, by Theorem I, x ¼ x 0 and y ¼ y 0.

9.5. Prove: For any a 2 G, am � an ¼ amþn when m, n 2 Z.

We consider in turn all cases resulting when each of m and n are positive, zero, or negative. When m and n are

positive,

am � an ¼
m factors

ða � a � � � � � aÞ
zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{ � n factors

ða � a � � � � � aÞ
zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{ ¼ mþ n factors

a � a � � � � � a
zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{ ¼ amþn

When m ¼ �r and n ¼ s, where r and s are positive integers,

am � an ¼ a�r � as ¼ ða�1Þ
r
� as ¼ ða�1 � a�1 � � � � � a�1Þ � ða � a � � � � � aÞ

¼
a s�r ¼ amþn when s � r

ða�1Þ
r�s

¼ a s�r ¼ amþn when s < r

�

The remaining cases are left for the reader.

9.6. Prove: A non-empty subset G 0 of a group G is a subgroup of G if and only if, for all a, b 2 G
0,

a�1 � b 2 G
0.

Suppose G 0 is a subgroup of G. If a, b 2 G0, then a�1 2 G0 and, by the Closure Law, so also does a�1 � b.
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Conversely, suppose G
0 is a non-empty subset of G for which a�1 � b 2 G

0 whenever a, b 2 G
0.

Now a�1 � a ¼ u 2 G
0. Then u � a�1 ¼ a�1 2 G

0 and every element of G
0 has an inverse in G

0. Finally,

for every a, b 2 G0, ða�1Þ
�1

� b ¼ a � b 2 G0, and the Closure Law holds. Thus, G 0 is a group and, hence,

a subgroup of G.

9.7. Prove: If S is any set of subgroups of a group G, the intersection of these subgroups is also a

subgroup of G.

Let a and b be elements of the intersection and, hence, elements of each of the subgroups which make up

S. By Theorem VIII, a�1 � b belongs to each subgroup and, hence, to the intersection. Thus, the intersection is

a subgroup of G.

9.8. Prove: Every subgroup of a cyclic group is itself a cyclic group.

Let G
0 be a subgroup of a cyclic group G whose generator is a. Suppose that m is the least positive

integer such that am 2 G 0. Now every element of G 0, being an element of G, is of the form ak, k 2 Z.

Writing

k ¼ mqþ r, 0 � r < m

ak ¼ amqþr ¼ ðamÞ
q
� arwe have

a r ¼ ðamÞ
�q

� akand, hence,

Since both am and ak 2 G0, it follows that ar 2 G 0. But since r < m, r ¼ 0. Thus k ¼ mq, every element of G 0 is

of the form ðamÞ
q, and G is the cyclic group generated by am.

9.9. The subset fu ¼ ð1Þ, �, �2, �3, �2, �2, b ¼ ð13Þ, e ¼ ð24Þg of S4 is a group (see the operation table

below), called the octic group of a square or the dihedral group. We shall now show how this

permutation group may be obtained using properties of symmetry of a square.

Consider the square (Fig. 9-1) with vertices denoted by 1, 2, 3, 4; locate its center O, the bisectors AOB and

COD of its parallel sides, and the diagonals 1O3 and 2O4. We shall be concerned with all rigid motions

(rotations in the plane about O and in space about the bisectors and diagonals) such that the square will look

the same after the motion as before.

Denote by � the counterclockwise rotation of the square about O through 908. Its effect is to carry 1 into

2, 2 into 3, 3 into 4, and 4 into 1; thus, � ¼ ð1234Þ. Now �2 ¼ � � � ¼ ð13Þð24Þ is a rotation about O of 1808,
�3 ¼ ð1432Þ is a rotation of 2708, and �4 ¼ ð1Þ ¼ u is a rotation about O of 3608 or 08. The rotations through

Fig. 9-1
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1808 about the bisectors AOB and COD give rise respectively to �2 ¼ ð14Þð23Þ and �2 ¼ ð12Þð34Þ while the

rotations through 1808 about the diagonals 1O3 and 2O4 give rise to e ¼ ð24Þ and b ¼ ð13Þ.

The operation table for this group is
Table 9-7

u � �2 �3 �2 �2 b e

u u � �2 �3 �2 �2 b e

� � �2 �3 u e b �2 �2

�2 �2 �3 u � �2 �2 e b

�3 �3 u � �2 b e �2 �2

�2 �2 b �2 e u �2 � �3

�2 �2 e �2 b �2 u �3 �

b b �2 e �2 �3 � u �2

e e �2 b �2 � �3 �2 u

In forming the table

(1) fill in the first row and first column and complete the upper 4� 4 block,

(2) complete the second row,

ð� � �2 ¼ ð1234Þ � ð14Þð23Þ ¼ ð24Þ ¼ e, . . .Þ

and then the third and fourth rows,

ð�2 � �2 ¼ � � ð� � �2Þ ¼ � � e ¼ �2, . . .Þ

(3) complete the second column and then the third and fourth columns,

ð�2 � �2 ¼ ð�2 � �Þ � � ¼ b � � ¼ �2, . . .Þ

(4) complete the table,

ð�2 � �2 ¼ �2 � ð�2 � �2Þ ¼ �2, . . .Þ

9.10. A permutation group on n symbols is called regular if each of its elements except the identity

moves all n symbols. Find the regular permutation groups on four symbols.

Using Example 4, the required groups are

�, �2, �3, �4 ¼ ð1Þ
� �

, �, �2, �3, �4 ¼ ð1Þ
� �

, and �, �2, �3, �4 ¼ ð1Þ
� �

9.11. Prove: The mapping Z ! Zn : m ! ½m� is a homomorphism of the additive group Z onto the

additive group Zn of integers modulo n.

Since ½m� ¼ ½r� whenever m ¼ nqþ r, 0 � r < n, it is evident that the mapping is not one to one. However,

every m 2 Z has a unique image in the set f½0�, ½1�, ½2�, . . . , ½n� 1�g of residue classes modulo n, and every

element of this latter set is an image. Also, if a ! ½r� and b ! ½s�, then aþ b ! ½r� þ ½s� ¼ ½t� the residue class

modulo n of c ¼ aþ b. Thus, the group operations are preserved and the mapping is a homomorphism of Z

onto Zn.
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9.12. Prove: In a homomorphism between two groups G and G
0, their identity elements correspond, and

if x 2 G and x 0 2 G
0 correspond so also do their inverses.

Denote the identity elements of G and G
0 by u and u0, respectively. Suppose now that u ! v 0 and, for

x 6¼ u, x ! x 0. Then x ¼ u � x ! v 0 ux 0 ¼ x 0 ¼ u0ux 0 whence, by the Cancellation Law, v 0 ¼ u0 and we

have the first part of the theorem.

For the second part, suppose x ! x 0 and x�1 ! y 0. Then u ¼ x � x�1 ! x 0uy 0 ¼ u0 ¼ x 0uðx 0Þ
�1 so that

y 0 ¼ ðx 0Þ
�1.

9.13. Prove: Every cyclic group of infinite order is isomorphic to the additive group Z.

Consider the infinite cyclic group G generated by a and the mapping

n ! an, n 2 Z

of Z into G. Now this mapping is clearly onto; moreover, it is one to one since, if for s > t we had s $ a s and

t $ a t with a s ¼ a t, then a s�t ¼ u and G would be finite. Finally, sþ t $ a sþt ¼ a s � a t and the mapping is

an isomorphism.

9.14. Prove: Every finite group of order n is isomorphic to a permutation group on n symbols.

Let G ¼ fg1, g2, g3, . . . , gng with group operation u and define

pj ¼
gi

giu gj

 !
¼

g1 g2 g3 � � � gn

g1u gj g2u gj g3u gj � � � gnu gj

 !
,

ð j ¼ 1, 2, 3, . . . , nÞ

The elements in the second row of pj are those in the column of the operation table of G labeled gj and,

hence, are a permutation of the elements of the row labels. Thus, P ¼ fp1, p2, p3, . . . , png is a subset of the

elements of the symmetric group Sn on n symbols. It is left for the reader to show that P satisfies the

conditions of Theorem VII for a group. Now consider the one-to-one correspondence

ðaÞ gi $ pi, i ¼ 1, 2, 3, . . . , n

If gt ¼ gru gs, then gt $ pr � ps so that

gi $
gi

giu gr

� �
�

gi
giu gs

� �
¼

gi
giu gr

� �
�

giu gr
giu gru gs

� �
¼

gi
giu gt

� �

and (a) is an isomorphism of G onto P. Note that P is regular.

9.15. Prove: Under any homomorphism of a group G with group operation � and identity element u

into a group G
0 with group operation u and identity element u0, the subset S of all elements of G

which are mapped onto u0 is an invariant subgroup of G.

As consequences of Theorem XIII, we have

(a) u ! u0; hence, S is non-empty.

(b) if a 2 S, then a�1 ! ðu0Þ�1
¼ u0; hence, a�1 2 S.

(c) if a, b 2 S, then a�1 � b ! u0uu0 ¼ u0; hence, a�1 � b 2 S:

Thus, S is a subgroup of G.
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For arbitrary a 2 S and g 2 G,

g�1 � a � g ! ðg0Þ�1uu0u g0 ¼ u0

so that g�1 � a � g 2 S. Then by Theorem XX, S is an invariant subgroup of G as required.

9.16. Prove: The product of cosets

ðHaÞðHbÞ ¼ fðh1 � aÞ � ðh2 � bÞ : h1, h2 2 Hg for all Ha,Hb 2 G=H

where H is an invariant subgroup of G, is well defined.

First, we show: For any x, x 0 2 G, Hx 0 ¼ Hx if and only if x 0 ¼ v � x for some v 2 H. Suppose Hx 0 ¼ Hx.

Then x 0 2 Hx requires x 0 ¼ v � x for some v 2 H. Conversely, if x 0 ¼ v � x with v 2 H, then

Hx 0 ¼ Hðv � xÞ ¼ ðHvÞx ¼ Hx.

Now let Ha0 and Hb 0 be other representations of Ha and Hb, respectively, with a0 ¼ a � r, b 0 ¼ b � s, and

r, s 2 H. In ðHa0ÞðHb 0Þ ¼ f½h1 � ða � rÞ� � ½h2 � ðb � sÞ� : h1, h2 2 Hg we have, using (i02), Section 9.9,

½h1 � ða � rÞ� � ½h2 � ðb � sÞ� ¼ ðh1 � aÞ � ðr � h2Þ � ðb � sÞ

¼ ðh1 � aÞ � h3 � ðt � bÞ ¼ ðh1 � aÞ � ðh3 � tÞ � b

¼ ðh1 � aÞ � ðh4 � bÞ where h3, t, h4 2 H

ðHa0ÞðHb 0Þ ¼ ðHaÞðHbÞThen

and the product ðHaÞðHbÞ is well defined.

9.17. Prove: Any quotient group of a cyclic group G is cyclic.

LetH be any (invariant) subgroup of the cyclic group G ¼ fu, a, a2, . . . , arg and consider the homomorphism

G ! G=H : a i ! Hai

Since every element of G=H has the form Hai for some a i 2 G and Hai ¼ ðHaÞi (prove this) it follows that

every element of G=H is a power of b ¼ Ha. Hence, G=H is cyclic.

9.18. Prove: Every finite group G has at least one composition series.

(i) Suppose G is simple; then G,U is a composition series.

(ii) Suppose G is not simple; then there exists an invariant subgroup H 6¼ G,U of G. If H is maximal in G

and U is maximal in H, then G,H,U is a composition series. Suppose H is not maximal in G but U is

maximal in H; then there exists an invariant subgroup K of G such that H is an invariant subgroup of

K . If K is maximal in G andH is maximal in K, then G,K ,H,U is a composition series. Now supposeH

is maximal in G but U is not maximal in H; then there exists an invariant subgroup J of H. If J is

maximal in H and U is maximal in J, then G,H, J,U is a composition series. Next, suppose that H is

not maximal in G and U is not maximal in H; then :::. Since G is finite, there are only a finite number of

subgroups and ultimately we must reach a composition series.

9.19. Consider two composition series of the cyclic group of order 60: G ¼ fu, a, a2, . . . , a59g:

G,H ¼ fu, a2, a4, . . . , a58g, J ¼ fu, a4, a8, . . . , a56g,

K ¼ fu, a12, a24, a36, a48,U ¼ fug
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G,M ¼ fu, a3, a6, . . . , a57g, N ¼ fu, a15, a30, a45g, P ¼ fu, a30g,Uand

The quotient groups are

G=H ¼ fH,Hag,H=J ¼ fJ, Ja2g, J=K ¼ fK ,Ka4,Ka8g,

K=U ¼ fU,Ua12,Ua24,Ua36,Ua48g

G=M ¼ fM,Ma,Ma2g,M=N ¼ fN,Na3,Na6,Na9,Na12g,and

N=P ¼ fP,Pa15g,P=U ¼ fU,Ua30g

Then in the one-to-one correspondence: G=H $ N=P, H=J $ P=U, J=K $ G=M, K=U $ M=N,

corresponding quotient groups are isomorphic under the mappings:

H $ P J $ U K $ M U $ N

Ha $ Pa15 Ja2 $ Ua30 Ka4 $ Ma Ua12 $ Na3

Ka8 $ Ma2 Ua24 $ Na6

Ua36 $ Na9

Ua48 $ Na12

9.20. Prove: Let G be a group of order n ¼ rpt, K be a subgroup of order rp of G, andH be an invariant

subgroup of order r of both K and G. Then K is an invariant subgroup of G if and only if

P ¼ K=H is an invariant subgroup of S ¼ G=H.

Let g be an arbitrary element of G and let K ¼ fb2, b2, . . . , brpg.

Suppose P is an invariant subgroup of S. For Hg 2 S, we have

ðHgÞP ¼ PðHgÞðiÞ

Thus, for any Hbi 2 P, there exists Hbj 2 P such that

ðHgÞðHbiÞ ¼ ðHbjÞðHgÞðiiÞ

Moreover, ðHgÞðHbiÞ ¼ ðHbjÞðHgÞ ¼ ðHgÞðHbkÞ implies Hbi ¼ Hbk. Then

Hbi ¼ ðHg�1ÞðHbjÞðHgÞ ¼ g�1ðHbjÞgðiiiÞ

K ¼ Hb1 [Hb2 [ � � � [Hbp ¼ g�1KgðivÞ

and

gK ¼ KgðvÞ

Thus, K is an invariant subgroup of G.

Conversely, suppose K is an invariant subgroup of G. Then, by simply reversing the steps above, we

conclude that P is an invariant subgroup of S.

114 GROUPS [CHAP. 9



9.21. Prove: Let H and K be invariant subgroups of G with H an invariant subgroup of K , and let

P ¼ K=H and S ¼ G=H. Then the quotient groups S=P and G=K are isomorphic.

Let G,K ,H have the respective orders n ¼ rpt, rp, r. Then K is an invariant subgroup of index t in G and

we define

G=K ¼ fKc1,Kc2, . . . ,Kctg, ci 2 G

By Theorem XXX, P is an invariant subgroup of S; then P partitions S into t cosets so that we may write

S=P ¼ fPðHai1 Þ,PðHai2 Þ, . . . ,PðHait Þg Haij 2 S

Now the elements of G which make up the subgroup K , when partitioned into cosets with respect to H,

constitute P. Thus, each ck is found in one and only one of the Haij . Then, after rearranging the cosets of S=P

when necessary, we may write

S=P ¼ fPðHc1Þ,PðHc2Þ, . . . ,PðHctÞg

The required mapping is

G=K $ S=P : Kci $ PðHciÞ

9.22. Prove: Let H and K be distinct maximal invariant subgroups of a group G. Then (a) D ¼

H \ K is an invariant subgroup of G and (b) H=D is isomorphic to G=K and K=D is isomorphic

to G=H.

(a) By Theorem X, D is a subgroup of G. Since H and K are invariant subgroups of G, we have for each

d 2 D and every g 2 G,

g�1 � d � g 2 H, g�1 � d � g 2 K and so g�1 � d � g 2 D

Then, for every g 2 G, g�1Dg ¼ D and D is an invariant subgroup of G.

(b) By Theorem XXV, D is an invariant subgroup of both H and K . Suppose

H ¼ Dh1 [Dh2 [ � � � [Dhn, hi 2 HðiÞ

then, since KðDhiÞ ¼ ðKDÞhi ¼ Khi (why?),

KH ¼ Kh1 [ Kh2 [ � � � [ KhnðiiÞ

By Theorem XXVI, HK ¼ KH is a subgroup of G. Then, since H is a proper subgroup of HK and, by

hypothesis, is a maximal subgroup of G, it follows that HK ¼ G.

From (i) and (ii), we have

H=D ¼ fDh1,Dh2, . . . ,Dhng, and G=K ¼ fKh1,Kh2, . . . ,Khng

Under the one-to-one mapping

Dhi $ Khi, ði ¼ 1, 2, 3, . . . , nÞ

ðDhiÞðDhjÞ ¼ Dðhi � hjÞ $ Kðhi � hjÞ ¼ ðKhiÞðKhjÞ

and H=D is isomorphic to G=K . It will be left for the reader to show that K=D and G=H are isomorphic.
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9.23. Prove: For a finite group with distinct composition series, all series are of the same length, i.e.,

have the same number of elements. Moreover the quotient groups for any pair of composition

series may be put into one-to-one correspondence so that corresponding quotient groups are

isomorphic.

Let

(a) G,H1,H2,H3, . . . ,Hr ¼ U

(b) G,K1,K2,K3, . . . ,Ks ¼ U

be two distinct composition series of G. Now the theorem is true for any group of order one. Let us assume it

true for all groups of order less than that of G. We consider two cases:

(i) H1 ¼ K1. After removing G from (a) and (b), we have remaining two composition series of H1 for which,

by assumption, the theorem holds. Clearly, it will also hold when G is replaced in each.

(ii) H1 6¼ K1. Write D ¼ H1 \ K1. Since G=H1 (also G=K1) is simple and, by Theorem XXXIII, is isomorphic

to K1=D (also G=K1 is isomorphic to H1=D), then K1=D (also H1=D) is simple. Then D is the maximal

invariant subgroup of both H1 and K1 and so G has the composition series

ða0Þ G,H1,D,D1,D2,D3, . . . ,Dt ¼ U

ðb 0Þ G,K1,D,D1,D2,D3, . . . ,Dt ¼ Uand

When the quotient groups are written in order

G=H1,H1=D,D=D1,D1=D2,D2=D3, . . . ,Dt�1=Dt

K1=D,G=K1,D=D1,D1=D2,D2=D3, . . . ,Dt�1=Dtand

corresponding quotient groups are isomorphic, that is, G=H1 and K1=D,H1=D and G=K1, D=D1 and D=D1, . . .

are isomorphic.

Now by (i) the quotient groups defined in (a) and (a0) [also by (b) and (b 0)] may be put into one-to-one

correspondence so that corresponding quotient groups are isomorphic. Thus, the quotient groups defined by

(a) and (b) are isomorphic in some order, as required.

Supplementary Problems

9.24. Which of the following sets form a group with respect to the indicated operation:

(a) S ¼ fx : x 2 Z, x < 0g; addition

(b) S ¼ f5x : x 2 Zg; addition

(c) S ¼ fx : x 2 Z, x is oddg; multiplication

(d) The n nth roots of 1; multiplication

(e) S ¼ f�2, � 1, 1, 2g; multiplication

( f ) S ¼ f1, � 1, i, � ig; multiplication

(g) The set of residue classes modulo m; addition
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(h) S ¼ f½a� : ½a� 2 Zm, ða,mÞ ¼ 1g; multiplication

(i) S ¼ fz : z 2 C, jzj ¼ 1g; multiplication

Ans. (a), (c), (e) do not.

9.25. Show that the non-zero residue classes modulo p form a group with respect to multiplication if and only if p

is a prime.

9.26. Which of the following subsets of Z13 is a group with respect to multiplication: (a) f½1�, ½12�g; (b)

f½1�, ½2�, ½4�, ½6�, ½8�, ½10�, ½12�g; (c) f½1�, ½5�, ½8�, ½12�g?

Ans. (a), (c)

9.27. Consider the rectangular coordinate system in space. Denote by a, b, c, respectively, clockwise rotations

through 180� about the X ,Y ,Z-axis and by u its original position. Complete the table below to show that

fu, a, b, cg is a group, the Klein 4-group.

Table 9-8

� u a b c

u u a b c
a a
b b c
c c b a

9.28. Prove Theorem III, Section 9.2.

Hint. a�1 � x ¼ u has x ¼ a and x ¼ ða�1Þ
�1 as solutions.

9.29. Prove Theorem IV, Section 9.2.

Hint. Consider ða � bÞ � ðb�1 � a�1Þ ¼ a � ðb � b�1Þ � a�1

9.30. Prove: Theorem V, Section 9.2.

9.31. Prove: a�m ¼ ðamÞ
�1,m 2 Z

9.32. Complete the proof of Theorem VI, Section 9.2.

9.33. Prove: Theorem IX, Section 9.3, Theorem XI, Section 9.4, and Theorem XIV, Section 9.6.

9.34. Prove: Every subgroup of G0 of a group G has u, the identity element of G, as identity element.

9.35. List all of the proper subgroups of the additive group Z18.

9.36. Let G be a group with respect to � and a be an arbitrary element of G. Show that

H ¼ fx : x 2 G, x � a ¼ a � xg

is a subgroup of G.

9.37. Prove: Every proper subgroup of an abelian group is abelian. State the converse and show by an example that

it is false.
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9.38. Prove: The order of a 2 G is the order of the cyclic subgroup generated by a.

9.39. Find the order of each of the elements (a) ð123Þ, (b) ð1432Þ, (c) ð12Þð34Þ of S4.

Ans. (a) 3, (b) 4, (c) 2

9.40. Verify that the subset An of all even permutations in Sn forms a subgroup of Sn. Show that each element of An

leaves the polynomial of Problem 2.12, Chapter 2, unchanged.

9.41. Show that the set fx : x 2 Z, 5jxg is a subgroup of the additive group Z.

9.42. Form an operation table to discover whether fð1Þ, ð12Þð34Þ, ð13Þð24Þ, ð14Þð23Þg is a regular permutation group

on four symbols.

9.43. Determine the subset of S4 which leaves (a) the element 2 invariant, (b) the elements 2 and 4 invariant, (c)

x1x2 þ x3x4 invariant, (d) x1x2 þ x3 þ x4 invariant.

Ans: ðaÞ fð1Þ, ð13Þ, ð14Þ, ð34Þ, ð134Þ, ð143Þg ðcÞ fð1Þ, ð12Þ, ð34Þ, ð12Þð34Þ, ð13Þð24Þ, ð14Þð23Þ, ð1423Þ, ð1324Þg
ðbÞ fð1Þ, ð13Þg ðdÞ fð1Þ, ð12Þ, ð34Þ, ð12Þð34Þg

9.44. Prove the second part of Theorem XV, Section 9.7. Hint. Use ½m� $ am.

9.45. Show that the Klein 4-group is isomorphic to the subgroup P ¼ fð1Þ, ð12Þð34Þ, ð13Þð24Þ, ð14Þð23Þg of S4.

9.46. Show that the group of Example 7 is isomorphic to the permutation group

P ¼ fð1Þð12Þð35Þð46Þ, ð14Þð25Þð36Þ, ð13Þð26Þð45Þ, ð156Þð243Þ, ð165Þð234Þg

on six symbols.

9.47. Show that the non-zero elements Z13 under multiplication form a cyclic group isomorphic to the additive

group Z12. Find all isomorphisms between the two groups.

9.48. Prove: The only groups of order 4 are the cyclic group of order 4 and the Klein 4-group.

Hint. G ¼ fu, a, b, cg either has an element of order 4 or all of its elements except u have order 2.

In the latter case, a � b 6¼ a, b, u by the Cancellation Laws.

9.49. Let S be a subgroup of a group G and define T ¼ fx : x 2 G,Sx ¼ xSg. Prove that T is a subgroup of G.

9.50. Prove: Two right cosets Ha and Hb of a subgroup H of a group G are identical if and only if ab�1 2 H.

9.51. Prove: a 2 Hb implies Ha ¼ Hb where H is a subgroup of G and a, b 2 G.

9.52. List all cosets of the subgroup fð1Þ, ð12Þð34Þg in the octic group.

9.53. Form the operation table for the symmetric group S3 on three symbols. List its proper subgroups and obtain

right and left cosets for each. Is S3 simple?

9.54. Obtain the symmetric group of Problem 9.53 using the properties of symmetry of an equilateral triangle.
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9.55. Obtain the subgroup fu, �2, �2, �2g of S4 using the symmetry properties of a non-square rectangle.

9.56. Obtain the alternating group A4 of S4 using the symmetry properties of a rectangular tetrahedron.

9.57. Prove: Theorem XXV, Section 9.10.

9.58. Show that K ¼ fu, �2, �2, �2g is an invariant subgroup of S4. Obtain S4=K and write out in full the

homomorphism S4 ! S4=K : x ! Kx.

Partial Answer. U ! K , ð12Þ ! Kð12Þ, ð13Þ ! Kð13Þ, . . . , ð24Þ ! Kð13Þ, ð34Þ ! Kð12Þ, . . . .

9.59. Use K ¼ fu, �2, �2, �2g, an invariant subgroup of S4 and H ¼ fu, �2g, an invariant subgroup of K , to show

that a proper invariant subgroup of a proper invariant subgroup of a group G is not necessarily an invariant

subgroup of G.

9.60. Prove: The additive group Zm is a quotient group of the additive group Z.

9.61. Prove: If H is an invariant subgroup of a group G, the quotient group G=H is cyclic if the index of H in G is a

prime.

9.62. Show that the mapping

ð1Þ, �2, �2, �2 ! u
�, �2, �, �2 ! a
�2,�, �2, � ! a2

8<
: defines a homomorphism of A4 onto G ¼ fu, a, a2g:

Note that the subset of A4 which maps onto the identity element of G is an invariant subgroup of A4.

9.63. Prove: In a homomorphism of a group G onto a group G 0, let H be the set of all elements of G which map into

u0 2 G
0. Then the quotient group of G=H is isomorphic to G

0.

9.64. Set up a homomorphism of the octic group onto fu, ag.

9.65. WhenH ¼ fu,�,�2g and K ¼ fu, �,�2g are subgroups of S4, show thatHK 6¼ KH. UseHK and KH to verify:

In general, the product of two subgroups of a group G is not a subgroup of G.

9.66. Prove: If H ¼ fh1, h2, . . . , hrg and K ¼ fb1, b2, . . . , bpg are subgroups of a group G and one is invariant, then

(a) HK ¼ KH, (b) HK is a subgroup of G.

9.67. Prove: If H and K are invariant subgroups of G, so also is HK.

9.68. Let G, with group operation � and identity element u, and G0, with group operationu and unity element u0, be

given groups and form

J ¼ G � G
0
¼ fðg, g0Þ : g 2 G, g0 2 G

0

Define the ‘‘product’’ of pairs of elements ðg, g0Þ, ðh, h0Þ 2 J by

ðg, g0Þðh, h0Þ ¼ ðg � h, g0uh0ÞðiÞ
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(a) Show that J is a group under the operation defined in (i).

(b) Show that S ¼ fðg, u0Þ : g 2 Gg and T ¼ fðu, g0Þ : g0 2 Gg are subgroups of J.

(c) Show that the mappings

S ! G : ðg, u0Þ ! g and T ! G0 : ðu, g0Þ ! g0

are isomorphisms.

9.69. For G and G
0 of Problem 9.68, define U ¼ fug and U 0 ¼ fu0g; also G ¼ G �U 0 and G

0
¼ U � G

0. Prove:

(a) G and G 0 are invariant subgroups of J.

(b) J=G is isomorphic to U � G0, and J=G 0 is isomorphic to G �U 0.

(c) G and G
0 have only ðu, u0Þ in common.

(d) Every element of G commutes with every element of G0.

(e) Every element of J can be expressed uniquely as the product of an element of G by an element of G0.

9.70. Show that S4,A4, fu, �
2, �2, �2g, fu, �2g,U is a composition series of S4. Find another in addition to that of

Example 13(b), Section 9.10.

9.71. For the cyclic group G of order 36 generated by a:

(i) Show that a2, a3, a4, a6, a9, a12, a18 generate invariant subgroups G18,G12,G9,G6,G4,G3,G2, respectively,

of G.

(ii) G,G18,G9,G3,U is a composition series of G. There are six composition series of G in all; list them.

9.72. Prove: Theorem XXXII, Section 9.12.

9.73. Write the operation table to show that Q ¼ f1, � 1, i, � i, j, � j, k, � kg satisfying i 2 ¼ j2 ¼ k2 ¼ �1,

ij ¼ k ¼ �ji, jk ¼ i ¼ �kj, ki ¼ j ¼ �ik forms a group.

9.74. Prove: A non-commutative group G, with group operation � has at least six elements.

Hint.

(1) G has at least three elements: u, the identity, and two non-commuting elements a and b.

(2) G has at least 5 elements: u, a, b, a � b, b � a. Suppose it had only 4. Then a � b 6¼ b � a implies a � b or

b � a must equal some one of u, a, b.

(3) G has at least six elements: u, a, b, a � b, b � a, and either a2 or a � b � a.

9.75. Construct the operation tables for each of the non-commutative groups with 6 elements.

9.76. Consider S ¼ fu, a, a2, a3, b, ab, a2b, a3, bg with a4 ¼ u. Verify:

(a) If b2 ¼ u, then either ba ¼ ab or ba ¼ a3b. Write the operation tables A8, when ba ¼ ab, and D8, when

ba ¼ a3b, of the resulting groups.

(b) If b2 ¼ a or b2 ¼ a3, the resulting groups are isomorphic to C8, the cyclic group of order 8.
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(c) If b2 ¼ a2, then either ba ¼ ab or ba ¼ a3b. Write the operation tables A0
8, when ba ¼ ab, and Q8, when

ba ¼ a3b.

(d) A8 and A0
8 are isomorphic.

(e) D8 is isomorphic to the octic group.

( f ) Q8 is isomorphic to the (quaternion) group Q of Problem 9.73.

(g) Q8 has only one composition series.

9.77. Obtain another pair of composition series of the group of Problem 9.19; set up a one-to-one correspondence

between the quotient groups and write the mappings under which corresponding quotient groups are

isomorphic.
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Further Topics on
Group Theory

INTRODUCTION

One of the properties of a group is that it contains an identity and that each element of a group has

an inverse. Here we will show that a finite group whose order is divisible by a prime p must always

contain an element of order p. This will be established by Cauchy’s Theorem. We will extend this idea

to prime power divisors using the Sylow Theorems. In addition, a very brief introduction will be given of

the Galois group.

10.1 CAUCHY’S THEOREM FOR GROUPS

Theorem I. (Cauchy’s Theorem) Let G be a finite group and let p be a prime dividing the order of G,

then G contains an element of order p.

EXAMPLE 1. Let G be a finite group and let p be prime. If every element of G has an order of power p, then G has

an order of power p.

The solution will be presented with a contradiction argument. If the order of G is not a power of p, then there

exists a prime p0 6¼ p such that p0 divides the order of G. Thus, by Cauchy’s Theorem, G has an element of order p0.

This is a contradiction.

10.2 GROUPS OF ORDER 2p AND p2

Here we will classify groups of order 2p and p2 for any prime p. If p is odd, we will use Cauchy’s Theorem

to show that any group of order 2p is either cyclic or dihedral.

Theorem II. Suppose G is a group with order 2p where p is an odd prime, then G is either cyclic or

dihedral.

Theorem III. Suppose G is a group of order p2 where p is prime, then G is abelian.

For a proof, see Problem 10.9.
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10.3 THE SYLOW THEOREMS

The Sylow Theorems are very useful for counting elements of prime power order which will help to
determine the structure of the group.

Theorem IV. (The First Sylow Theorem) Suppose n is a non-negative integer, G is a finite group
whose order is divisible by p n, where p is prime. Then G contains a subgroup of order p n.

Note. The First Sylow Theorem does not guarantee the subgroups to be normal. As a matter of fact,
none of the subgroups may be normal.

DEFINITION 10.1: Let G be a finite group of order pnk, where p is prime and where p does not divide
k. A p-subgroup of G is a subgroup of order pm, where m � n. A Sylow p-subgroup of G is a subgroup
of order p n.

EXAMPLE 2. Consider the quaternion group

Q ¼ f�1, � i, � j, � kg

Q has order 8=23 with all its subgroups being 2-subgroups. Q itself is the only Sylow 2-subgroup.

DEFINITION 10.2: For any subgroup S of a group G, the normalizer of S in G is defined to be the set
NðSÞ ¼ fg 2 G, gSg�1 ¼ Sg.

Theorem V. For any subgroup S of a finite group G, N(S) will be the largest subgroup of G that
contains S as a normal subgroup.

The proof of Theorem V is as follows. Now uSu�1 ¼ S, so u 2 NðSÞ and, hence, NðSÞ 6¼ ;.
If a, b 2 NðSÞ, then ðab�1ÞSða�1bÞ ¼ aðb�1SbÞa�1 ¼ a�1Sa ¼ S. Thus, ab 2 NðSÞ and N(S) will be a
subgroup of G. So, by definition of N(S), S is a normal subgroup of N(S) and N(S) contains any
subgroup that has S as a normal subgroup.

EXAMPLE 3. Consider the dihedral group D6 generated by � and �, where � has order 6, � has order 2, and

�� ¼ ��5. The set with its 12 elements are as follows:

D6 ¼ fu,�, �2,�3,�4,�5, �,��,��2,��3,��4,��5g

It can easily be verified that fu, �3g is a 2-subgroup of D6. Thus, Nðfu,�3gÞ ¼ D6.

Theorem VI. Given that G is a finite group whose order is divisible by p, where p is a prime, and S is a
Sylow p-subgroup of G. If S0 is a p-subgroup of N(S), then S 0�S.

Theorem VII. Given that G is a finite group whose order is divisible by p, where p is a prime. If S
is a Sylow p-subgroup of G, then S is the only Sylow p-subgroup of N(S).

A short proof of Theorem VII is presented below.
S is a Sylow p-subgroup of N(S) and by Theorem VI, any other p-subgroup, S0, of N(S) is contained

in S. Then S 0 ¼ S since the order of S 0 equals the order of S.

Theorem VIII. Given that G is a finite group, S is a subgroup of G, and p is prime. Then for all g 2 G,
gSg�1 is also a subgroup of G. In addition, if S is a Sylow p-subgroup, then gSg�1 is also a Sylow
p-subgroup.

DEFINITION 10.3: If x 2 G, then elements of the form gxg�1 for g 2 G are called conjugates of x.

We will use xG to denote the set of all conjugates of x by elements of G.

EXAMPLE 4. Let G be a group. Let a, b 2 G. Then either aG ¼ bG or aG \ bG ¼ ;.
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Suppose that aG \ bG 6¼ ;. Then there exists c 2 aG \ bG so that c ¼ xax�1 and c ¼ yby�1 for some x, y 2 G. Then

a ¼ x�1cx and, hence, for any d 2 aG, d ¼ gag�1 ¼ gx�1cxg ¼ gx�1yby�1xg�1 ¼ ðgx�1yÞyðgx�1yÞ�1
2 bG. So

aG � bG.

We can use a similar argument to show that aG � bG, and, hence, aG ¼ bG.

We may extend this notation to subgroups.

DEFINITION 10.4: A subgroup G 0 of a group G is a conjugate of a subgroup S of G if there exists a

g 2 G such that G 0 ¼ gSg�1.

Note. If A is a subgroup of G, then the set of all conjugates of S by elements of A is denoted by SA

where

SA ¼ faSa�1, such that a 2 Ag

Theorem IX. (Sylow Theorems) Given that G be a finite group of order pnk where p does not divide k

and p is prime. Let Sp be the number of Sylow p-subgroups of G. Then

(a) any p-subgroup is contained in a Sylow p-subgroup of G; (The Second Sylow Theorem)

ðbÞ any two Sylow p-subgroups of G are conjugates in G;

ðcÞ Sp ¼ mpþ 1 for some non-negative integer m;

ðdÞ Sp divides k:

9>>=
>>;

ðThe Third Sylow Theorem)

You will be asked to prove the Sylow Theorems as an exercise.

10.4 GALOIS GROUP

In this section we will introduce the Galois group. However, the topic is much too advanced for the level

of this text, and hence only a brief introduction will be given. It is suggested that you be introduced to

Rings and Fields in Chapters 11 and 12 before studying this section.

Theorem X. Let F be a subfield (see Chapters 11 and 12) of the field F . The set of all automorphisms f

of F such that f ðrÞ ¼ r for all r in F is denoted by Gal F=F . That is, Gal F=F consists of all functions

f : F ! F which satisfy the following:

(a) f preserves addition and multiplication

(b) f is one to one and onto

(c) if r 2 F , then f ðrÞ ¼ r

EXAMPLE 5. Let z ¼ ðaþ biÞ 2 C and let

f : C ! C

such that f ðzÞ ¼ �zz 2 C.

Now, if f ðzÞ ¼ f ðz1Þ, then �zz ¼ �z1z1. Thus, z ¼ ��zz�zz ¼ ��z1z1�z1z1 ¼ z1. This implies that f is one to one.

Next, let z2 2 C, the codomain of f. Now ��z2z2�z2z2 ¼ z2 and �z2z2 2 C, the domain of f. That is, for any z2 in the codomain

of f, �z2z2 is in the domain of f such that f ð �z2z2Þ ¼ ��z2z2�z2z2 ¼ z2. This implies that f is onto. It can be shown also that f preserves

addition and multiplication.

The above discussion implies that f is an automorphism of C for which f ðbÞ ¼ b for all b 2 R. Therefore,

f 2 Gal C=R.
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Consider the solution field of the polynomial p(x)¼ 0, denoted by F p(x), where the coefficients of the polynomial

are in F. In addition, if F is a subfield of F p(x), let the set of automorphism of some function which leave F unchanged

be denoted by Gal F p(x)/F. Then the functions in Gal FpðxÞ=F will be related to the roots of pðxÞ. So one way of

learning about the solutions of pðxÞ ¼ 0 will be to study the composition of the sets Gal FpðxÞ=F . Later, when

you study the structures of rings and fields, you will observe that these sets are unlikely to be classified in either

structure since the sets Gal FpðxÞ=F have only one natural operation: composition.

Theorem XI. Let F be a subfield (see Chapters 11 and 12) of the field F . The operation of composition

of functions in Gal F=F will satisfy the following:

(a) If f , g 2 Gal F=F , then f � g 2 Gal F=F . (Closure)

(b) If f , g, h 2 Gal F=F , then f � ðg � hÞ ¼ ðf � gÞ � h. (Associativity)

(c) There exists a unique � 2 Gal F=F such that for all f 2 Gal F=F , f � � ¼ f ¼ � � f . (Existence of an
identity)

(d ) For all f 2 Gal F=F , there exists i 2 Gal F=F such that f � i ¼ � ¼ i � f . (Existence of inverses)

Observe from Theorem XI that Gal F=F is a group with respect to the composition of functions.

Such a group is called a Galois group of F over F.

DEFINITION 10.5: Let F be a subfield (see Chapters 11 and 12) of the field F . The Galois group of F

over F is the set Gal F=F with composition of functions as the operation.

Solved Problems

10.1. Let G be a finite group and for g 2 G such that fg, g2, g3, . . .g is finite, then there exists a positive

integer k such that u ¼ g k.

Since fg, g2, g3, . . .g is finite, g n ¼ g m for some integers m > n > 1. Thus, m� n is a positive integer, and

ug n ¼ g n ¼ g m ¼ g m�ng n so that u ¼ g m�n. Letting k ¼ m� n, then u ¼ g k.

10.2. Let G be a group and let g 2 G has finite order n. Then the subgroup generated by g,

SðgÞ ¼ fu, g, g2, . . . , g n�1g and SðgÞ has order n.

Let A ¼ fu, g, g2, . . . , g n�1g, where the elements of A are distinct, then SðgÞ ¼ fgk such that k 2 Zg � A.

Conversely, if k 2 Z, then by the division algorithm there exist q, r 2 Z such that k ¼ nqþ r, 0 � r < n.

Thus, gk ¼ gnqþr ¼ ðg nÞ
qg r ¼ uqg r 2 A, and, hence, SðgÞ � A. It follows that SðgÞ ¼ A. Thus, A has exactly

n elements; i.e., S(g) has order n.

10.3. The order of any element of a finite group is finite and it divides the order of the group.

Problem 10.1 indicates that the elements of a finite group are always of finite order. Problem 10.2 says that

the order of such an element is the order of the subgroup which it generates. Thus, by Lagrange’s Theorem,

the order of the subgroup divides the order of the group.

10.4. Let G be a group and let s, t be positive integers. Suppose that g has order s for g 2 G, then gt ¼ u

if and only if s divides t.

If s divides t, then t ¼ sk for some positive integer k and gt ¼ gsk ¼ uk ¼ u. Also, by the division algorithm

for the integers there always exist q, r 2 Z such that t ¼ sqþ r, 0 � r < s, and if gt ¼ u, then

gr ¼ gt�sq ¼ gtðgsÞ�q
¼ u. Since s is the minimal positive power of g which equals u, then r ¼ 0 and hence

s divides t.
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10.5. Let H be a subgroup of the group G, with x 2 G. Let f be the function such that f ðhÞ ¼ xh, where f

is one to one and onto. If H is finite, then xH and H have the same number of elements.

If f ðaÞ ¼ f ðbÞ for a, b 2 H, then xa ¼ xb, and, hence, a ¼ b. This implies that f is one to one. Next, if

xh 2 xH, then f ðhÞ ¼ xh and, hence, f is onto. IfH is finite, and since there exists a one-to-one and onto

function from H to xH, then H and xH have the same number of elements.

10.6. If S is a subgroup of index 2 in a finite group G, then S is a normal subgroup of G.

If x 2 S, then xS ¼ Sx. It can be shown that each right coset also has the same number of elements as S.

Since G has only two left cosets, it has only two right cosets, and thus, if x =2S, then both the left coset xS

and the right coset Sx must consist of all those elements of G that are not in S. That is,

xS ¼ fg 2 G, g =2Sg ¼ Sx. Thus, S is a normal subgroup of G.

10.7. Suppose G is a group of order 2p where p is an odd prime, then G has only one subgroup of

order p.

Now G has one and only one Sylow p-subgroup (prove). Since p is the highest power of p dividing the

order of G, then the Sylow p-subgroup of G is of order p. That is, there is precisely one subgroup of G of

order p.

10.8. Every cyclic group is abelian.

Suppose that G is cyclic with generator g and that x, y 2 G. Then x ¼ g n and y ¼ g m for some n,m 2 Z.

Hence, xy ¼ g ng m ¼ g nþm ¼ g mg n ¼ yx and hence G is abelian.

10.9. Suppose G is a group of order p2 where p is prime, then G is abelian.

Let the order of G be p2, and let ZðGÞ be the center of G (see problem 10.10). Then the order of ZðGÞ 6¼ 1

(prove). If Z (G )¼G, then G is abelian. Suppose ZðGÞ 6¼ G, then the order of G=ZðGÞ ¼ p (Lagrange’s

Theorem). Thus, G=ZðGÞ is cyclic and hence G is abelian (see problem 10.16).

Supplementary Problems

10.10. Let G be any group and define the center of G as

ZðGÞ ¼ fx 2 G, gx ¼ xg for all g 2 Gg

For any x 2 G, prove that ZðGÞ is an abelian group which is a normal subgroup of G.

10.11. Let G be any group and define

HðxÞ ¼ fg 2 G, gx ¼ xg for all g 2 Gg

Prove that HðxÞ is a subgroup of G for any x 2 G.

10.12. Let Q be the subgroup Q ¼ f�1, � i, � j � kg of the multiplicative group of non-zero quaternions. Find a

power g n of order k where g ¼ i 2 Q and k ¼ 2.

10.13. Find all the conjugates of the element x in the group G when G ¼ S3 and x ¼ ð12Þ.
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10.14. Show that Q=ZðQÞ is abelian where the quaternion group Q ¼ f�1, � i, � j � kg and ZðQÞ ¼

fx 2 Q, gx ¼ xg for all g 2 Qg.

10.15. Given that G is a finite group and p is a prime that divides the order of G. Prove that there exists an x 2 G

such that p divides the order of HðxÞ where HðxÞ ¼ fg 2 G, gx ¼ xg, for all g 2 Gg.

10.16. Given that G is a group, prove that if G=ZðGÞ is cyclic, then G is abelian (ZðGÞ is defined in Problem 10.10).

10.17. Show that the group G ¼ S5 has order n ¼ 8.

10.18. Determine all the 2-subgroups of S3.

10.19. Determine all the Sylow 2-subgroups of S3 and determine which are normal.

10.20. For the quaternion group Q ¼ f�1, � i, � j, � kg,

(a) Find all 2-subgroups of Q;

(b) Find all Sylow 2-subgroups of Q and determine which ones are normal;

(c) Show that S ¼ f�1, � ig is a subgroup of Q and find all the normalizers of S in Q;

(d) Show that S ¼ f�1, � kg is a subgroup of Q and find all the conjugates of S in Q.

10.21. Let S be a subgroup of a group G and let g 2 G. Define f : S ! gsg�1 such that f ðsÞ ¼ gsg�1. Show that f is

one to one.

10.22. Let G and H be groups and let S be a subgroup of H. Let f : G ! H be a homomorphism. Show that

A ¼ fx 2 G, f ðxÞ 2 Sg is a subgroup of G.

10.23. In Problem 10.23, if S is a normal subgroup of H, show that A is a normal subgroup of G.

10.24. Suppose that p is a prime and that 0 < k < p. If G is a group of order pk, show that if S is a subgroup of G of

order p, then S is a normal subgroup of G.

10.25. Let S be a Sylow p-subgroup of a finite group G, where p is prime. Prove that if gSg�1 � S, then g 2 NðSÞ.

10.26. Suppose that p and q are primes where p > q. Suppose that G is a group of order pq. Given that g is an

element of G of order p, show that SðgÞ is a normal subgroup of G.

10.27. Prove Theorems II, IV, and IX.

10.28. Suppose G is a group of order 2p, where p is an odd prime. Show that G is abelian and cyclic.
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Rings

INTRODUCTION

In this chapter we will study sets that are called rings. Examples of rings will be presented, some of which
are very familiar sets. Later, properties of rings will be examined, and we will observe that some
properties that hold in the familiar rings do not necessarily hold in all rings. Other topics include
mappings between rings, subsets of rings called ideals, and some special types of rings.

11.1 RINGS

DEFINITION 11.1: A non-empty set R is said to form a ring with respect to the binary operations
addition (þ) and multiplication (�) provided, for arbitrary a, b, c, 2 R, the following properties hold:

P1: ðaþ bÞ þ c ¼ aþ ðbþ cÞ (Associative Law of addition)

P2: aþ b ¼ bþ a (Commutative Law of addition)

P3: There exists z 2 R such that aþ z ¼ a. (Existence of an additive identity (zero))

P4: For each a 2 R there exists �a 2 R such that aþ ð�aÞ ¼ z. (Existence of additive inverses)

P5: ða � bÞ � c ¼ a � ðb � cÞ (Associative Law of multiplication)

P6: a ðbþ cÞ ¼ a � bþ a � c (Distributive Laws)

P7: ðbþ cÞa ¼ b � aþ c � a

EXAMPLE 1. Since the properties enumerated above are only a partial list of the properties common to Z,R,Q,

and C under ordinary addition and multiplication, it follows that these systems are examples of rings.

EXAMPLE 2. The set S ¼ fxþ y
ffiffiffi
33

p
þ z

ffiffiffi
93

p
: x, y, z 2 Qg is a ring with respect to addition and multiplication

on R. To prove this, we first show that S is closed with respect to these operations. We have, for

aþ b
ffiffiffi
33

p
þ c

ffiffiffi
93

p
, d þ e

ffiffiffi
33

p
þ f

ffiffiffi
93

p
2 S,

ðaþ b
ffiffiffi
3

3
p

þ c
ffiffiffi
9

3
p

Þ þ ðd þ e
ffiffiffi
3

3
p

þ f
ffiffiffi
9

3
p

Þ ¼ ðaþ dÞ þ ðbþ eÞ
ffiffiffi
3

3
p

þ ðcþ f Þ
ffiffiffi
9

3
p

2 S

and ðaþ b
ffiffiffi
3

3
p

þ c
ffiffiffi
9

3
p

Þðd þ e
ffiffiffi
3

3
p

þ f
ffiffiffi
9

3
p

Þ ¼ ðad þ 3bf þ 3ceÞ þ ðaeþ bd þ 3cf Þ
ffiffiffi
3

3
p

þ ðaf þ beþ cdÞ
ffiffiffi
9

3
p

2 S
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Next, we note that P1,P2,P5 � P7 hold since S is a subset of the ring R. Finally,

0 ¼ 0þ 0
ffiffiffi
33

p
þ 0

ffiffiffi
93

p
satisfies P3, and for each xþ y

ffiffiffi
33

p
þ z

ffiffiffi
93

p
2 S there exists �x� y

ffiffiffi
33

p
� z

ffiffiffi
93

p
2 S

which satisfies P4. Thus, S has all of the required properties of a ring.

EXAMPLE 3.

(a) The set S ¼ fa, bg with addition and multiplication defined by the tables

þ a b

a a b

b b a

and

� a b

a a a

b a b

is a ring.

(b) The set T ¼ fa, b, c, dg with addition and multiplication defined by

þ a b c d

a a b c d

b b a d c

c c d a b

d d c b a

and

� a b c d

a a a a a

b a b a b

c a c a c

d a d a d

is a ring.

In Examples 1 and 2 the binary operations on the rings (the ring operations) coincide with ordinary

addition and multiplication on the various number systems involved; in Example 3, the ring operations

have no meaning beyond given in the tables. In this example there can be no confusion in using familiar

symbols to denote ring operations. However, when there is the possibility of confusion, we shall use �

and � to indicate the ring operations.

EXAMPLE 4. Consider the set of rational numbers Q. Clearly addition (�) and multiplication (�) defined by

a� b ¼ a � b and a� b ¼ aþ b for all a, b 2 Q

where þ and � are ordinary addition and multiplication on rational numbers, are binary operations on Q. Now the

fact that P1, P2, and P5 hold is immediate; also, P3 holds with z ¼ 1. We leave it for the reader to show that P4, P6,

and P7 do not hold and so Q is not a ring with respect to � and �.

11.2 PROPERTIES OF RINGS

The elementary properties of rings are analogous to those properties of Z which do not depend upon

either the commutative law of multiplication or the existence of a multiplicative identity element. We call

attention here to some of these properties:

(i) Every ring is an abelian additive group.
(ii) There exists a unique additive identity element z, (the zero of the ring).

See Theorem III, Chapter 2.
(iii) Each element has a unique additive inverse, (the negative of that element).

See Theorem IV, Chapter 2.
(iv) The Cancellation Law for addition holds.
(v) �ð�aÞ ¼ a, � ðaþ bÞ ¼ ð�aÞ þ ð�bÞ for all a, b of the ring.
(vi) a � z ¼ z � a ¼ z For a proof, see Problem 11.4.
(vii) að�bÞ ¼ �ðabÞ ¼ ð�aÞb
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11.3 SUBRINGS

DEFINITION 11.2: Let R be a ring. A non-empty subset S of the set R, which is itself a ring

with respect to the binary operations on R, is called a subring of R.

Note: When S is a subring of a ring R, it is evident that S is a subgroup of the additive group R.

EXAMPLE 5.

(a) From Example 1 it follows that Z is a subring of the rings Q,R,C; that Q is a subring of R,C; and R is a

subring of C.

(b) In Example 2, S is a subring of R.

(c) In Example 3(b), T1 ¼ fag,T2 ¼ fa, bg are subrings of T. Why is T3 ¼ fa, b, cg not a subring of T ?

DEFINITION 11.3: The subrings fzg and R itself of a ring R are called improper; other subrings, if

any, of R are called proper.

We leave for the reader the proof of

Theorem I. LetR be a ring and S be a proper subset of the setR. Then S is a subring ofR if and only if

(a) S is closed with respect to the ring operations.
(b) for each a 2 S, we have �a 2 S.

11.4 TYPES OF RINGS

DEFINITION 11.4: A ring for which multiplication is commutative is called a commutative ring.

EXAMPLE 6. The rings of Examples 1, 2, 3(a) are commutative; the ring of Example 3(b) is non-commutative, i.e.,

b � c ¼ a, but c � b ¼ c.

DEFINITION 11.5: A ring having a multiplicative identity element (unit element or unity) is called a

ring with identity element or ring with unity.

EXAMPLE 7. For each of the rings of Examples 1 and 2, the unity is 1. The unity of the ring of Example 3(a) is b;

the ring of Example 3(b) has no unity.

Let R be a ring of unity u. Then u is its own multiplicative inverse (u�1 ¼ u), but other non-zero

elements of R may or may not have multiplicative inverses. Multiplicative inverses, when they exist, are

always unique.

EXAMPLE 8.

(a) The ring of Problem 11.1 is a non-commutative ring without unity.

(b) The ring of Problem 11.2 is a commutative ring with unity u ¼ h. Here the non-zero elements b, e, f have no

multiplicative inverses; the inverses of c, d, g, h are g, d, c, h, respectively.

(c) The ring of Problem 11.3 has as unity u ¼ ð1, 0, 0, 1Þ. (Show this.) Since ð1, 0, 1, 0Þð0, 0, 0, 1Þ ¼ ð0, 0, 0, 0Þ, while

ð0, 0, 0, 1Þð1, 0, 1, 0Þ ¼ ð0, 0, 1, 0Þ, the ring is non-commutative. The existence of multiplicative inverses is

discussed in Problem 11.5.

11.5 CHARACTERISTIC

DEFINITION 11.6: Let R be a ring with zero element z and suppose that there exists a positive

integer n such that na ¼ aþ aþ aþ � � � þ a ¼ z for every a 2 R. The smallest such positive integer n is

called the characteristic of R. If no such integer exists, R is said to have characteristic zero.
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EXAMPLE 9.

(a) The rings Z,Q,R,C have characteristic zero since for these rings na ¼ n � a.

(b) In Problem 11.1 we have aþ a ¼ bþ b ¼ � � � ¼ hþ h ¼ a, the zero of the ring, and the characteristic of the

ring is two.

(c) The ring of Problem 11.2 has characteristic four.

11.6 DIVISORS OF ZERO

DEFINITION 11.7: Let R be a ring with zero element z. An element a 6¼ z of R is called a divisor of

zero if there exists an element b 6¼ z of R such that a � b ¼ z or b � a ¼ z.

EXAMPLE 10.

(a) The rings Z,Q,R,C have no divisors of zero, that is, each system ab ¼ 0 always implies a ¼ 0 or b ¼ 0.

(b) For the ring of Problem 11.3, we have seen in Example 8(c) that ð1, 0, 1, 0Þ and ð0, 0, 0, 1Þ are divisors of zero.

(c) The ring of Problem 11.2 has divisors of zero since b � e ¼ a. Find all divisors of zero for this ring.

11.7 HOMOMORPHISMS AND ISOMORPHISMS

DEFINITION 11.8: A homomorphism (isomorphism) of the additive group of a ring R into (onto)

the additive group of a ring R0 which also preserves the second operation, multiplication, is called a

homomorphism (isomorphism) of R into (onto) R0.

EXAMPLE 11. Consider the ring R ¼ fa, b, c, dg with addition and multiplication tables

þ a b c d

a a b c d
b b a d c
c c d a b
d d c b a

and

� a b c d

a a a a a
b a b c d
c a c d b
d a d b c

and the rings R0 ¼ fp, q, r, sg with addition and multiplication tables

þ p q r s

p r s p q
q s r q p
r p q r s
s q p s r

and

� p q r s

p s p r q
q p q r s
r r r r r
s q s r p

The one-to-one mapping

a $ r, b $ q, c $ s, d $ p

carries R onto R0 (also R0 onto R) and at the same time preserves all binary operations; for example,

d ¼ bþ c $ qþ s ¼ p

b ¼ c � d $ s � p ¼ q, etc:

Thus, R and R0 are isomorphic rings.
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Using the isomorphic rings R and R0 of Example 11, it is easy to verify

Theorem II. In any isomorphism of a ring R onto a ring R0:

(a) If z is the zero of R and z0 is the zero of R0, we have z $ z0.

(b) If R $ R0 : a $ a 0, then �a $ �a 0.

(c) If u is the unity of R and u0 is the unity of R0, we have u $ u0.

(d ) If R is a commutative ring, so also is R0.

11.8 IDEALS

DEFINITION 11.9: Let R be a ring with zero element z. A subgroup S of R, having the property

r � x 2 S ðx � r 2 S) for all x 2 S and r 2 R, is called a left (right) ideal in R.

Clearly, fzg and R itself are both left and right ideals in R; they are called improper left (right)

ideals in R. All other left (right) ideals in R, if any, are called proper.

DEFINITION 11.10: A subgroup of J of R which is both a left and right ideal in R, that is, for all

x 2 J and r 2 R both r � x 2 J and x � r 2 J , is called an ideal (invariant subring) in R.

Clearly, every left (right) ideal in a commutative ring R is an ideal in R.

DEFINITION 11.11: For every ring R, the ideals fzg and R itself are called improper ideals in R; any

other ideals in R are called proper.

A ring having no proper ideals is called a simple ring.

EXAMPLE 12.

(a) For the ring S of Problem 11.1, fa, b, c, dg is a proper right ideal in S (examine the first four rows

of the multiplication table), but not a left ideal (examine the first four columns of the same table). The proper

ideals in S are fa, cg, fa, eg, fa, gg, and fa, c, e, gg.

(b) In the non-commutative ring Z, the subgroup P of all integral multiples of any integer p is an ideal in Z.

(c) For every fixed a, b 2 Q, the subgroup J ¼ fðar, br, as, bsÞ : r, s 2 Qg is a left ideal in the ring M of Problem 11.3

and K ¼ fðar, as, br, bsÞ : r, s 2 Qg is a right ideal in M since, for every ðm, n, p, qÞ 2 M,

ðm, n, p, qÞ � ðar, br, as, bsÞ ¼ ðaðmrþ nsÞ, bðmrþ nsÞ, aðprþ qsÞ, bðprþ qsÞÞ 2 J

and ðar, as, br, bsÞ � ðm, n, p, qÞ ¼ ðaðmrþ psÞ, aðnrþ qsÞ, bðmrþ psÞ, bðnrþ qsÞÞ 2 K :

Example 12(b) illustrates

Theorem III. If p is an arbitrary element of a commutative ring R, then P ¼ fp � r : r 2 Rg is an

ideal in R. For a proof, see Problem 11.9.

In Example 12(a), each element x of the left ideal fa, c, e, gg has the property that it is an element of S

for which r � x ¼ a, the zero element of S, for every r 2 S. This illustrates

Theorem IV. Let R be a ring with zero element z; then

T ¼ fx : x 2 R, r � x ¼ zðx � r ¼ zÞ for all r 2 Rg

is a left (right) ideal in R.
Let P,Q,S,T , . . . be any collection of ideals in a ring R and define J ¼ P \Q \ S \ T \ � � � . Since

each ideal of the collection is an abelian additive group, so also, by Theorem X, Chapter 9, is J .
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Moreover, for any x 2 J and r 2 R, the product x � r and r � x belong to each ideal of the collection and,

hence, to J . We have proved

Theorem V. The intersection of any collection of ideals in a ring is an ideal in the ring.

In Problem 11.10, we prove

Theorem VI. In any homomorphism of a ring R onto another ring R0 the set S of elements of R which

are mapped on z0, the zero element of R0, is an ideal in R.

EXAMPLE 13. Consider the ring G ¼ faþ bi : a, b 2 Zg of Problem 11.8.

(a) The set of residue classes modulo 2 of G is H ¼ f½0�, ½1�, ½i�, ½1þ i�g. (Note that 1� i � 1þ i (mod 2).) From

the operation tables for addition and multiplication modulo 2, it will be found thatH is a commutative ring with

unity; also, H has divisors of zero although G does not.

The mapping G ! H : g ! ½g� is a homomorphism in which S ¼ f2g : g 2 Gg, an ideal in G, is mapped on ½0�,

the zero element of H.

(b) The set of residue classes modulo 3 of G is

K ¼ f½0�, ½1 �, ½i �, ½2�, ½1þ i �, ½2þ i �, ½1þ 2i �, ½2þ 2i �g

It can be shown as in (a) that K is a commutative ring with unity but is without divisors of zero.

11.9 PRINCIPAL IDEALS

DEFINITION 11.12: Let R be a ring and K be a right ideal in R with the further property

K ¼ fa � r : r 2 R, a is some fixed element of Kg

We shall then call K a principal right ideal in R and say that it is generated by the element a of K.

Principal left ideals and principal ideals are defined analogously.

EXAMPLE 14.

(a) In the ring S of Problem 11.1, the subring fa, gg is a principal right ideal in S generated by the element g (see the

row of the multiplication table opposite g). Since r � g ¼ a for every r 2 S (see the column of the multiplication

table headed g), fa, gg is not a principal left ideal and, hence, not a principal ideal in S.

(b) In the commutative ring S of Problem 11.2, the ideal fa, b, e, f g in S is a principal ideal and may be thought of as

generated by either b or f.

(c) In the ring S of Problem 11.1, the right ideal fa, b, c, dg in S is not a principal right ideal since it cannot be

generated by any one of its elements.

(d) For any m 2 Z, J ¼ fmx : x 2 Zg is a principal ideal in Z.

In the ring Z, consider the principal ideal K generated by the element 12. It is clear that K is generated

also by the element �12. Since K can be generated by no other of its elements, let it be defined as

the principal ideal generated by 12. The generator 12 of K, besides being an element of K, is also an

element of each of its principal ideals: A generated by 6, B generated by 4, C generated by 3, D generated

by 2, and Z itself. Now K � A, K � B, K � C, K � D, K � Z; moreover, 12 is not contained in

any other principal ideal of Z. Thus, K is the intersection of all principal ideals in Z in which 12 is

an element.
It follows readily that any principal ideal in Z generated by the integer m is contained in every

principal ideal in Z generated by a factor of m. In particular, if m is a prime the only principal ideal in Z

which properly contains the principal ideal generated by m is Z.
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Every ring R has at least one principal ideal, namely, the null ideal fzg where z is the zero element

of R. Every ring with unity has at least two principal ideals, namely, fzg and the ideal R generated by

the unity.

DEFINITION 11.13: Let R be a commutative ring. If every ideal in R is a principal ideal, we shall call

R a principal ideal ring.

For example, consider any ideal J 6¼ f0g in the ring of integers Z. If a 6¼ 0 2 J so also is �a. Then J

contains positive integers and, since Zþ is well ordered, contains a least positive integer, say, e. For any

b 2 J , we have by the Division Algorithm of Chapter 5, Section 5.3,

b ¼ e � qþ r, q, r 2 Z, 0 � r < e

Now e � q 2 J ; hence, r ¼ 0 and b ¼ e � q. Thus, J is a principal ideal in Z and we have proved

The ring Z is a principal ideal ring.

11.10 PRIME AND MAXIMAL IDEALS

DEFINITION 11.14: An ideal J in a commutative ring R is said to be a prime ideal if, for arbitrary

element r, s of R, the fact that r � s 2 J implies either r 2 J or s 2 J .

EXAMPLE 15. In the ring Z,

(a) The ideal J ¼ f7r : r 2 Zg, also written as J ¼ ð7Þ, is a prime ideal since if a � b 2 J either 7ja or 7jb; hence, either

a 2 J or b 2 J.

(b) The ideal K ¼ f14r : r 2 Zg or K ¼ ð14Þ is not a prime ideal since, for example, 28 ¼ 4 � 7 2 K , but neither 4

nor 7 is in K.

Example 15 illustrates

Theorem VII. In the ring Z a proper ideal J ¼ fmr : r 2 Z,m 6¼ 0g is a prime ideal if and only if m is a

prime integer.

DEFINITION 11.15: A proper ideal J in a commutative ring R is called maximal if there exists no

proper ideal in R which properly contains J .

EXAMPLE 16.

(a) The ideal J of Example 15 is a maximal ideal in Z since the only ideal in Z which properly contains J is Z itself.

(b) The ideal K of Example 15 is not a maximal ideal in Z since K is properly contained in J, which, in turn, is

properly contained in Z.

11.11 QUOTIENT RINGS

Since the additive group of a ring R is abelian, all of its subgroups are invariant subgroups. Thus, any

ideal J in the ring is an invariant subgroup of the additive group R and the quotient group

R=J ¼ frþ J : r 2 Rg is the set of all distinct cosets of J in R. (Note: The use of rþ J instead of

the familiar rJ for a coset is in a sense unnecessary since, by definition, rJ ¼ fr 	 a : a 2 J g and the

operation here is addition. Nevertheless, we shall use it.) In the section titled Quotient Groups in

Chapter 9, addition ðþÞ on the cosets (of an additive group) was well defined by

ðxþ J Þ þ ðyþ J Þ ¼ ðxþ yÞ þ J :
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We now define multiplication ð�Þ on the cosets by

ðxþ J Þ � ðyþ J Þ ¼ ðx � yÞ þ J

and establish that it too is well defined. For this purpose, suppose x 0 ¼ xþ s and y 0 ¼ yþ t are the

elements of the additive group R such that x 0 þ J and y 0 þ J are other representations of xþ J and

yþ J , respectively. From

x 0 þ J ¼ ðxþ sÞ þ J ¼ ðxþ J Þ þ ðsþ J Þ ¼ xþ J

it follows that s (and similarly t) 2 J . Then

ðx 0 þ J Þ � ðy 0 þ J Þ ¼ ðx 0 � y 0Þ þ J ¼ ½ðx � yÞ þ ðx � tÞ þ ðs � yÞ þ ðs � tÞ� þ J ¼ ðx � yÞ þ J

since x � t, s � y, s � t 2 J and multiplication is well defined. (We have continued to call xþ J a coset; in

ring theory, it is called a residue class of J in the ring R.)

EXAMPLE 17. Consider the ideal J ¼ f3r : r 2 Zg of the ring Z and the quotient group ZJ ¼ fJ , 1þ J , 2þ J g.

It is clear that the elements of ZJ are simply the residue classes of Z3 and, thus, constitute a ring with respect to

addition and multiplication modulo 3.

Example 17 illustrates

Theorem VIII. If J is an ideal in a ring R, the quotient group R=J is a ring with respect to addition

and multiplication of cosets (residue classes) as defined above.

Note: It is customary to designate this ring by R=J and to call it the quotient or factor ring of R

relative to J .

From the definition of addition and multiplication of residue classes, it follows that

(a) The mapping R ! R=J : a ! aþ J is a homomorphism of R onto R=J .

(b) J is the zero element of the ring R=J .

(c) If R is a commutative ring, so also is R=J .

(d) If R has a unity element u, so also has R=J , namely uþ J .

(e) If R is without divisors of zero, R=J may or may not have divisors of zero. For, while

ðaþ J Þ � ðbþ J Þ ¼ a � bþ J ¼ J

indicates a � b 2 J , it does not necessarily imply either a 2 J or b 2 J .

11.12 EUCLIDEAN RINGS

In the next chapter we shall be concerned with various types of rings, for example, commutative rings,

rings with unity, rings without divisors of zero, commutative rings with unity, . . . obtained by adding to

the basic properties of a ring one or more other properties (see Section 7.8) of R. There are other types

of rings, and we end this chapter with a brief study of one of them.

DEFINITION 11.16: By a Euclidean ring is meant:

Any commutative ring R having the property that to each x 2 R a non-negative integer �ðxÞ can be

assigned such that

(i) �ðxÞ ¼ 0 if and only if x ¼ z, the zero element of R.
(ii) �ðx � yÞ 
 �ðxÞ when x � y 6¼ z.
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(iii) For every x 2 R and y 6¼ z 2 R,

x ¼ y � qþ r q, r 2 R, 0 � �ðrÞ < �ðyÞ

EXAMPLE 18. Z is a Euclidean ring. This follows easily by using �ðxÞ ¼ jxj for every x 2 Z.

See also Problem 11.12.

There follow

Theorem IX. Every Euclidean ring R is a principal ideal ring.

Theorem X. Every Euclidean ring has a unity.

Solved Problems

11.1. The set S ¼ fa, b, c, d, e, f , g, hg with addition and multiplication defined by

þ a b c d e f g h

a a b c d e f g h

b b a d c f e h g

c c d a b g h e f

d d c b a h g f e

e e f g h a b c d

f f e h g b a d c

g g h e f c d a b

h h g f e d c b a

� a b c d e f g h

a a a a a a a a a

b a b a b a b a b

c a c a c a c a c

d a d a d a d a d

e a e a e a e a e

f a f a f a f a f

g a g a g a g a g

h a h a h a h a h

is a ring. The complete verification that P1 and P5–P7, Section 11.1, are satisfied is a considerable

chore, but the reader is urged to do a bit of ‘‘spot checking.’’ The zero element is a and each

element is its own additive inverse.

11.2. The set S of Problem 11.1 with addition and multiplication defined by

þ a b c d e f g h

a a b c d e f g h

b b a d c f e h g

c c d e f g h a b

d d c f e h g b a

e e f g h a b c d

f f e h g b a d c

g g h a b c d e f

h h g b a d c f e

� a b c d e f g h

a a a a a a a a a

b a e f b a e f b

c a f d g e b h c

d a b g h e f c d

e a a e e a a e e

f a e b f a e b f

g a f h c e b d g

h a b c d e f g h

is a ring. What is the zero element? Find the additive inverse of each element.
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11.3. Prove: The set M ¼ fða, b, c, dÞ : a, b, c, d 2 Qg with addition and multiplication defined by

ða, b, c, dÞ þ ðe, f , g, hÞ ¼ ðaþ e, bþ f , cþ g, d þ hÞ

ða, b, c, dÞðe, f , g, hÞ ¼ ðaeþ bg, af þ bh, ceþ dg, cf þ dhÞ

for all ða, b, c, dÞ, ðe, f , g, hÞ 2 M is a ring.
The Associative and Commutative Laws for ring addition are immediate consequences of the Associative

and Commutative Laws of addition on Q. The zero element of M is ð0, 0, 0, 0Þ, and the additive inverse of

ða, b, c, dÞ is ð�a, � b, � c, � dÞ 2 M. The Associative Law for ring multiplication is verified as follows:

½ða, b, c, dÞðe, f , g, hÞ�ði, j, k, lÞ

¼ ððaeþ bgÞi þ ðaf þ bhÞk, ðaeþ bgÞj þ ðaf þ bhÞl, ðceþ dgÞi

þ ðcf þ dhÞk, ðceþ dgÞj þ ðcf þ dhÞlÞ

¼ ðaðei þ fkÞ þ bðgi þ hkÞ, aðej þ flÞ þ bðgj þ hlÞ, cðei þ fkÞ

þ dðgi þ hkÞ, cðej þ flÞ þ dðgj þ hlÞÞ

¼ ða, b, c, dÞðei þ fk, ej þ fl, gi þ hk, gj þ hlÞ

¼ ða, b, c, dÞ½ðe, f , g, hÞði, j, k, lÞ�

for all ða, b, c, dÞ, ðe, f , g, hÞ, ði, j, k, lÞ 2 M.

The computations required to verify the distributive laws will be left for the reader.

11.4. Prove: If R is a ring with zero element z, then for all a 2 R, a � z ¼ z � a ¼ z.

Since aþ z ¼ a, it follows that

a � a ¼ ðaþ zÞa ¼ ða � aÞ þ z � a

Now a � a ¼ ða � aÞ þ z; hence, ða � aÞ þ z � a ¼ ða � aÞ þ z. Then, using the Cancellation Law, we have z � a ¼ z.

Similarly, a � a ¼ aðaþ zÞ ¼ a � aþ a � z and a � z ¼ z.

11.5. Investigate the possibility of multiplicative inverses of elements of the ring M of Problem 11.3.

For any element ða, b, c, dÞ 6¼ ð0, 0, 0, 0Þ of M, set

ða, b, c, dÞðp, q, r, sÞ ¼ ðapþ br, aqþ bs, cpþ dr, cqþ dsÞ ¼ ð1, 0, 0, 1Þ

the unity of M, and examine the equations

ðiÞ
apþ br ¼ 1
cpþ dr ¼ 0

�
ðiiÞ

aqþ bs ¼ 0
cqþ ds ¼ 1

�

for solutions p, q, r, s.

From (i), we have ðad � bcÞp ¼ d; thus, provided ad � bc 6¼ 0, p ¼ ðd=ad � bcÞ and r ¼ ð�c=ad � bcÞ.

Similarly, from (ii), we find q ¼ ð�b=ad � bcÞ and s ¼ ða=ad � bcÞ. We conclude that only those elements

ða, b, c, dÞ 2 M for which ad � bc 6¼ 0 have multiplicative inverses.

11.6. Show that P ¼ fða, b, � b, aÞ : a, b 2 Zg with addition and multiplication defined by

ða, b, � b, aÞ þ ðc, d, � d, cÞ ¼ ðaþ c, bþ d, � b� d, aþ cÞ

and ða, b, � b, aÞðc, d, � d, cÞ ¼ ðac� bd, ad þ bc, � ad � bc, ac� bdÞ

is a commutative subring of the non-commutative ring M of Problem 11.3.
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First, we note that P is a subset of M and that the operations defined on P are precisely those defined

on M. Now P is closed with respect to these operations; moreover, ð�a, � b, b, � aÞ 2 P whenever

ða, b, � b, aÞ 2 P. Thus, by Theorem I, P is a subring of M. Finally, for arbitrary ða, b, � b, aÞ,

ðc, d, � d, cÞ 2 P we have

ða, b, � b, aÞðc, d, � d, cÞ ¼ ðc, d, � d, cÞða, b, � b, aÞ

and P is a commutative ring.

11.7. Consider the mapping ða, b, � b, aÞ ! a of the ring P of Problem 11.6 into the ring Z of integers.

The reader will show that the mapping carries

ða, b, � b, aÞ þ ðc, d, � d, cÞ ! aþ c

ða, b, � b, aÞ � ðc, d, � d, cÞ ! ac� bd

Now the additive groups P and Z are homomorphic. (Why not isomorphic?) However, since ac� bd 6¼ ac

generally, the rings P and Z are not homomorphic under this mapping.

11.8. A complex number aþ bi, where a, b 2 Z, is called a Gaussian integer. (In Problem 11.26, the

reader is asked to show that the set G ¼ faþ bi : a, b 2 Zg of all Gaussian integers is a ring with

respect to ordinary addition and multiplication on C.) Show that the ring P of Problem 11.6 and
G are isomorphic.

Consider the mapping ða, b, � b, aÞ ! aþ bi of P into G. The mapping is clearly one-to-one; moreover,

since

ða, b, � b, aÞ þ ðc, d, � d, cÞ ¼ ðaþ c, bþ d, � b� d, aþ cÞ

! ðaþ cÞ þ ðbþ dÞi ¼ ðaþ biÞ þ ðcþ diÞ

and ða, b, � b, aÞðc, d, � d, cÞ ¼ ðac� bd, ad þ bc, � ad � bc, ac� bdÞ

! ðac� bdÞ þ ðad þ bcÞi ¼ ðaþ biÞðcþ diÞ

all binary operations are preserved. Thus, P and G are isomorphic.

11.9. Prove: If p is an arbitrary element of a commutative ring R, then P ¼ fp � r : r 2 Rg is an ideal

in R.

We are to prove that P is a subgroup of the additive group R such that ðp � rÞs 2 P for all s 2 R. For all

r, s 2 R, we have

(i ) p � rþ p � s ¼ pðrþ sÞ 2 P, since rþ s 2 R; thus P is closed with respect to addition.

(ii ) �ðp � rÞ ¼ pð�rÞ 2 P whenever p � r 2 P, since �r 2 R whenever r 2 R; by Theorem VII, Chapter 9,

P is a subgroup of the additive group.

(iii ) ðp � rÞs ¼ pðr � sÞ 2 P since ðr � sÞ 2 R.

The proof is complete.

11.10. Prove: In any homomorphism of a ring R with multiplication denoted by �, into another ring R0

with multiplication denoted by œ, the set S of elements of R which are mapped on z0, the zero

element of R0, is an ideal in R.

By Theorem XXI, Chapter 9, S is a subgroup of R0; hence, for arbitrary a, b, c 2 S, Properties P1–P4,

Section 11.1, hold and ring addition is a binary operation on S.
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Since all elements of S are elements of R, Properties P5–P7 hold. Now for all a, b 2 S, a � b ! z0; hence,

a � b 2 S and ring multiplication is a binary operation on S.

Finally, for every a 2 S and g 2 R, we have

a � g ! z0 & g0 ¼ z0 and g � a ! g0&z0 ¼ z0

Thus, S is an ideal in R.

11.11. Prove: The set R=J ¼ frþ J : r 2 Rg of the cosets of an ideal J in a ring R is itself a ring with

respect to addition and multiplication defined by

ðxþ J Þ þ ðyþ J Þ ¼ ðxþ yÞ þ J

ðxþ J Þ � ðyþ J Þ ¼ ðx � yÞ þ J

for all xþ J , yþ J 2 R=J .

Since J is an invariant subgroup of the group R, it follows that R=J is a group with respect to addition.

It is clear from the definition of multiplication that closure is ensured. There remains then to show that the

Associative Law and the Distributive Laws hold. We find for all wþ J , xþ J , yþ J 2 R=J ,

½ðwþ J Þ � ðxþ J Þ� � ðyþ J Þ ¼ ðw � xþ J Þ � ðyþ J Þ ¼ ðw � xÞ � yþ J ¼ w � ðx � yÞ þ J

¼ ðwþ J Þ � ðx � yþ J Þ ¼ ðwþ J Þ � ½ðxþ J Þ � ðyþ J Þ�,

ðwþ J Þ � ½ðxþ J Þ þ ðyþ J Þ� ¼ ðwþ J Þ � ½ðxþ yÞ þ J � ¼ ½w � ðxþ yÞ� þ J

¼ ðw � xþ w � yÞ þ J ¼ ðw � xþ J Þ þ ðw � yþ J Þ

¼ ðwþ J Þ � ðxþ J Þ þ ðwþ J Þ � ðyþ J Þ

and, in a similar manner,

½ðxþ J Þ þ ðyþ J Þ� � ðwþ J Þ ¼ ðxþ J Þ � ðwþ J Þ þ ðyþ J Þ � ðwþ J Þ:

11.12. Prove: The ring G ¼ faþ bi : a, b 2 Zg is a Euclidean ring.

Define �ð�þ �iÞ ¼ �2 þ �2 for every �þ �i 2 G. It is easily verified that the properties (i ) and (ii ), Section

11.12, for a Euclidean ring hold. (Note also that �ð�þ �iÞ is simply the square of the amplitude of �þ �i
and, hence, defined for all elements of C.)

For every x 2 G and y 6¼ z 2 G, compute x � y�1 ¼ sþ ti. Now if every sþ ti 2 G, the theorem would

follow readily; however, this is not the case as the reader will show by taking x ¼ 1þ i and y ¼ 2þ 3i.

Suppose then for a given x and y that sþ ti =2G. Let cþ di 2 G be such that jc� sj � 1=2 and

jd � tj � 1=2, and write x ¼ yðcþ diÞ þ r. Then

�ðrÞ ¼ �½x� yðcþ diÞ� ¼ �½x� yðsþ tiÞ þ yðsþ tiÞ � yðcþ diÞ�

¼ �½yfðs� cÞ þ ðt� dÞig� � 1
2
�ðyÞ < �ðyÞ:

Thus, (iii ) holds and G is a Euclidean ring.

Supplementary Problems

11.13. Show that S ¼ f2x : x 2 Zg with addition and multiplication as defined on Z is a ring while T ¼ f2xþ 1 :

x 2 Zg is not.
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11.14. Verify that S of Problem 11.2 is a commutative ring with unity ¼ h.

11.15. When a, b 2 Z define a� b ¼ aþ bþ 1 and a� b ¼ aþ bþ ab. Show that Z is a commutative ring with

respect to � and �. What is the zero of the ring? Does it have a unit element?

11.16. Verify that S ¼ fa, b, c, d, e, f , gg with addition and multiplication defined by

þ a b c d e f g

a a b c d e f g

b b c d e f g a

c c d e f g a b

d d e f g a b c

e e f g a b c d

f f g a b c d e

g g a b c d e f

� a b c d e f g

a a a a a a a a

b a b c d e f g

c a c e g b d f

d a d g c f b e

e a e b f c g d

f a f d b g e c

g a g f e d c b

is a ring. What is its unity? its characteristic? Does it have divisors of zero? Is it a simple ring? Show that it is

isomorphic to the ring Z7.

11.17. Show that �QQ ¼ fðz1, z2, � �zz2, �zz1Þ : z1, z2 2 Cg with addition and multiplication defined as in Problem 11.3 is

a non-commutative ring with unity ð1, 0, 0, 1Þ. Verify that every element of �QQ with the exception of the zero

element ðz1 ¼ z2 ¼ 0þ 0iÞ has an inverse in the form f �zz1=�, � z2=�, �zz2=�, z1=�g, where � ¼ jz1j
2 þ jz2j

2,

and thus the non-zero elements of �QQ form a multiplicative group.

11.18. Prove: In any ring R,

(a) �ð�aÞ ¼ a for every a 2 R

(b) a ð�bÞ ¼ �ðabÞ ¼ ð�aÞb for all a, b 2 R.

Hint. (a) aþ ½ð�aÞ � ð�aÞ� ¼ aþ z ¼ a

11.19. Consider R, the set of all subsets of a given set S and define, for all A,B 2 R,

A� B ¼ A [ B� A \ B and A� B ¼ A \ B

Show that R is a commutative ring with unity.

11.20. Show that S ¼ fða, b, � b, aÞ : a, b 2 Qg with addition and multiplication defined as in Problem 11.6 is a

ring. What is its zero? its unity? Is it a commutative ring? Follow through as in Problem 11.5 to show that

every element except ð0, 0, 0, 0Þ has a multiplicative inverse.

11.21. Complete the operation tables for the ring R ¼ fa, b, c, dg:

þ a b c d

a a b c d
b b a d c
c c d a b
d d c b a

� a b c d
a a a a a
b a b
c a a
d a b c

Is R a commutative ring? Does it have a unity? What is its characteristic?

Hint. c � b ¼ ðbþ dÞ � b; c � c ¼ c � ðbþ dÞ; etc.
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11.22. Complete the operation tables for the ring B ¼ fa, b, c, dg:

þ a b c d

a a b c d
b b a d c
c c d a b
d d c b a

� a b c d
a a a a a
b a b
c a c
d a b c

Is B a commutative ring? Does it have a unity? What is its characteristic? Verify that x2 ¼ x for every x 2 B.

A ring having this property is called a Boolean ring.

11.23. Prove: If B is a Boolean ring, then (a) it has characteristic two, (b) it is a commutative ring.

Hint. Consider ðxþ yÞ2 ¼ xþ y when y ¼ x and when y 6¼ x.

11.24. Let R be a ring with unity and let a and b be elements of R, with multiplicative inverses a�1 and b�1,

respectively. Show that ða � bÞ�1
¼ b�1a�1.

11.25. Show that fag, fa, bg, fa, b, c, dg are subrings of the ring S of Problem 11.1.

11.26. Show that G ¼ faþ bi : a, b 2 Zg with respect to addition and multiplication defined on C is a subring of the

ring C.

11.27. Prove Theorem I, Section 11.3.

11.28. (a) Verify that R ¼ fðz1, z2, z3, z4Þ : z1, z2, z3, z4 2 Cg with addition and multiplication defined as in

Problem 3 is a ring with unity ð1, 0, 0, 1Þ. Is it a commutative ring?

(b) Show that the subset S ¼ fðz1, z2, � z2, z1Þ : z1, z2 2 Cg of R with addition and multiplication defined

as on R is a subring of R.

11.29. List all 15 subrings of S of Problem 11.1.

11.30. Prove: Every subring of a ring R is a subgroup of the additive group R.

11.31. Prove: A subset S of a ring R is a subring of R provided a� b and a � b 2 S whenever a, b 2 S.

11.32. Verify that the set Z n of integers modulo n is a commutative ring with unity. When is the ring without

divisors of zero? What is the characteristic of the ring Z5? of the ring Z6?

11.33. Show that the ring Z2 is isomorphic to the ring of Example 3(a).

11.34. Prove Theorem II, Section 11.7.

11.35. (a) Show that M1 ¼ fða, 0, c, dÞ : a, c, d 2 Qg and M2 ¼ fða, 0, 0, dÞ : a, d 2 Qg with addition and multi-

plication defined as in Problem 11.3 are subrings of M of Problem 11.3.

(b) Show that the mapping

M1 ! M2 : ðx, 0, y,wÞ ! ðx, 0, 0,wÞ

is a homomorphism.
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(c) Show that the subset fð0, 0, y, 0Þ : y 2 Qg of elements of M1 which in (b) are mapped into

ð0, 0, 0, 0Þ 2 M2 is a proper ideal in M1.

(d ) Find a homomorphism of M1 into another of its subrings and, as in (c), obtain another proper

ideal in M1.

11.36. Prove: In any homomorphism of a ring R onto a ring R0, having z0 as identity element, let

J ¼ fx : x 2 R, x ! z0g

Then the ring R=J is isomorphic to R0:

Hint. Consider the mapping aþ J ! a 0 where a 0 is the image of a 2 R in the homomorphism.

11.37. Let a, b be commutative elements of a ring R of characteristic two. Show that ðaþ bÞ2 ¼ a2 þ b2 ¼ ða� bÞ2.

11.38. Let R be a ring with ring operations þ and � let ða, rÞ, ðb, sÞ 2 R � Z. Show that

(i) R� Z is closed with respect to addition (�) and multiplication (�) defined by

ða, rÞ � ðb, sÞ ¼ ðaþ b, rþ sÞ

ða, rÞ � ðb, sÞ ¼ ða � bþ rbþ sa, rsÞ

(ii) R� Z has ðz, 0Þ as zero element and ðz, 1Þ as unity.

(iii) R� Z is a ring with respect to � and �.

(iv) R� f0g is an ideal in R� Z.

(v) The mapping R $ R� f0g : x $ ðx, 0Þ is an isomorphism.

11.39. Prove Theorem IX, Section 11.12.

Hint. For any ideal J 6¼ fzg in R, select the least �ðyÞ, say �ðbÞ, for all non-zero elements y 2 J .

For every x 2 J write x ¼ b � qþ r with q, r 2 J and either r ¼ z or �ðrÞ < �ðbÞ.

11.40. Prove Theorem X, Section 11.12.

Hint. Suppose R is generated by a; then a ¼ a � s ¼ s � a for some s 2 R. For any b 2 R, b ¼ q � a ¼

qða � sÞ ¼ b � s, and so on.
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Integral Domains,
Division Rings, Fields

INTRODUCTION

In the previous chapter we introduced rings and observed that certain properties of familiar rings do not
necessarily apply to all rings. For example, in Z and R, the product of two non-zero elements must be
non-zero, but this is not true for some rings. In this chapter, we will study categories of rings for which
that property holds, along with other special properties.

12.1 INTEGRAL DOMAINS

DEFINITION 12.1: A commutative ring D, with unity and having no divisors of zero, is called an
integral domain.

EXAMPLE 1.

(a) The rings Z;Q;R, and C are integral domains.

(b) The rings of Problems 11.1 and 11.2, Chapter 11, are not integral domains; in each, for example, f � e ¼ a, the

zero element of the ring.

(c) The set S ¼ frþ s
ffiffiffiffiffi
17

p
: r; s 2 Zg with addition and multiplication defined as on R is an integral domain. That S

is closed with respect to addition and multiplication is shown by

ðaþ b
ffiffiffiffiffi
17

p
Þ þ ðcþ d

ffiffiffiffiffi
17

p
Þ ¼ ðaþ cÞ þ ðbþ dÞ

ffiffiffiffiffi
17

p
2 S

ðaþ b
ffiffiffiffiffi
17

p
Þðcþ d

ffiffiffiffiffi
17

p
Þ ¼ ðacþ 17bdÞ þ ðad þ bcÞ

ffiffiffiffiffi
17

p
2 S

for all ðaþ b
ffiffiffiffiffi
17

p
Þ; ðcþ d

ffiffiffiffiffi
17

p
Þ 2 S. Since S is a subset of R, S is without divisors of zero; also, the Associative

Laws, Commutative Laws, and Distributive Laws hold. The zero element of S is 0 2 R and every aþ b
ffiffiffiffiffi
17

p
2 S

has an additive inverse �a� b
ffiffiffiffiffi
17

p
2 S. Thus, S is an integral domain.
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(d) The ring S ¼ fa; b; c; d; e; f ; g; hg with addition and multiplication defined by

Table 12-1

þ a b c d e f g h

a a b c d e f g h

b b a d c f e h g

c c d a b g h e f

d d c b a h g f e

e e f g h a b c d

f f e h g b a d c

g g h e f c d a b

h h g f e d c b a

� a b c d e f g h

a a a a a a a a a

b a b c d e f g h

c a c h f g e b d

d a d f g c b h e

e a e g c d h f b

f a f e b h c d g

g a g b h f d e c

h a h d e b g c f

is an integral domain. Note that the non-zero elements of S form an abelian multiplicative group. We shall see

later that this is a common property of all finite integral domains.

A word of caution is necessary here. The term integral domain is used by some to denote

any ring without divisors of zero and by others to denote any commutative ring without divisors

of zero. See Problem 12.1.

The Cancellation Law for Addition holds in every integral domain D, since every element of D has

an additive inverse. In Problem 12.2 we show that the Cancellation Law for Multiplication also holds in

D in spite of the fact that the non-zero elements of D do not necessarily have multiplicative inverses. As a

result, ‘‘having no divisors of zero’’ in the definition of an integral domain may be replaced by ‘‘for

which the Cancellation Law for Multiplication holds.’’
In Problem 12.3, we prove

Theorem I. Let D be an integral domain and J be an ideal in D. Then D=J is an integral domain if and

only if J is a prime ideal in D.

12.2 UNIT, ASSOCIATE, DIVISOR

DEFINITION 12.2: Let D be an integral domain. An element v of D having a multiplicative inverse in

D is called a unit (regular element) of D. An element b of D is called an associate of a 2 D if b ¼ v � a,

where v is some unit of D.

EXAMPLE 2.

(a) The only units of Z are �1; the only associates of a 2 Z are �a.

(b) Consider the integral domain D ¼ frþ s
ffiffiffiffiffi
17

p
: r; s 2 Zg. Now � ¼ aþ b

ffiffiffiffiffi
17

p
2 D is a unit if and only if there

exists xþ y
ffiffiffiffiffi
17

p
2 D such that

ðaþ b
ffiffiffiffiffi
17

p
Þðxþ y

ffiffiffiffiffi
17

p
Þ ¼ ðaxþ 17byÞ þ ðbxþ ayÞ

ffiffiffiffiffi
17

p
¼ 1 ¼ 1þ 0

ffiffiffiffiffi
17

p

From
axþ 17by ¼ 1
bxþ ay ¼ 0

�
we obtain x ¼

a

a2 � 17b2
and y ¼

b

a2 � 17b2
.

Now xþ y
ffiffiffiffiffi
17

p
2 D, i.e., x; y 2 Z, if and only if a2 � 17b2 ¼ �1; hence, � is a unit if and only if a2 � 17b2 ¼ �1.

Thus, �1, 4�
ffiffiffiffiffi
17

p
, �4�

ffiffiffiffiffi
17

p
are units in D while 2�

ffiffiffiffiffi
17

p
and �9� 2

ffiffiffiffiffi
17

p
¼ ð2�

ffiffiffiffiffi
17

p
Þð4þ

ffiffiffiffiffi
17

p
Þ are associates

in D.

144 INTEGRAL DOMAINS, DIVISION RINGS, FIELDS [CHAP. 12



(c) Every non-zero element of Z7 ¼ f0; 1; 2; 3; 4; 5; 6g is a unit of Z7 since 1 � 1 � 1ðmod 7Þ, 2 � 4 � 1ðmod 7Þ, etc.

See Problem 12.4.

DEFINITION 12.3: An element a of D is a divisor of b 2 D provided there exists an element c of D

such that b ¼ a � c.

Note: Every non-zero element b of D has as divisors its associates in D and the units of D. These

divisors are called trivial (improper); all other divisors, if any, are called non-trivial (proper).

DEFINITION 12.4: A non-zero, non-unit element b of D, having only trivial divisors, is called a

prime (irreducible element) of D. An element b of D, having non-trivial divisors, is called a reducible

element of D.

For example, 15 has non-trivial divisors over Z but not over Q; 7 is a prime in Z but not in Q.

See Problem 12.5.
There follows

Theorem II. If D is an integral domain which is also a Euclidean ring then, for a 6¼ z, b 6¼ z of D,

�ða � bÞ ¼ �ðaÞ if and only if b is a unit of D:

12.3 SUBDOMAINS

DEFINITION 12.5: A subset D0 of an integral domain D, which is itself an integral domain with

respect to the ring operations of D, is called a subdomain of D.

It will be left for the reader to show that z and u, the zero and unity elements of D, are also the zero

and unity elements of any subdomain of D.
One of the more interesting subdomains of an integral domain D (see Problem 12.6) is

D0 ¼ fnu : n 2 Zg

where nu has the same meaning as in Chapter 11. For, if D00 be any other subdomain of D, then D0 is a

subdomain of D00, and hence, in the sense of inclusion, D0 is the least subdomain in D. Thus,

Theorem III. If D is an integral domain, the subset D0 ¼ fnu : n 2 Zg is its least subdomain.

DEFINITION 12.6: By the characteristic of an integral domain D we shall mean the characteristic, as

defined in Chapter 11, of the ring D.

The integral domains of Example 1(a) are then of characteristic zero, while that of Example 1(d) has

characteristic two. In Problem 12.7, we prove

Theorem IV. The characteristic of an integral domain is either zero or a prime.

Let D be an integral domain having D0 as its least subdomain and consider the mapping

Z ! D0 : n ! nu

If D is of characteristic zero, the mapping is an isomorphism of Z onto D0; hence, in D we may always

replace D0 by Z. If D is of characteristic p (a prime), the mapping

Zp ! D0 : ½n� ! nu

is an isomorphism of Zp onto D0.
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12.4 ORDERED INTEGRAL DOMAINS

DEFINITION 12.7: An integral domain D which contains a subset Dþ having the properties:

(i) Dþ is closed with respect to addition and multiplication as defined on D,
(ii) for every a 2 D, one and only one of

a ¼ z a 2 Dþ � a 2 Dþ

holds,
is called an ordered integral domain.

The elements of Dþ are called the positive elements of D; all other non-zero elements of D are called

negative elements of D.

EXAMPLE 3. The integral domains of Example 1(a) are ordered integral domains. In each, the set Dþ consists of

the positive elements as defined in the chapter in which the domain was first considered.

Let D be an ordered integral domain and, for all a; b 2 D, define

a > b when a� b 2 Dþ

a < b if and only if b > aand

Since a > z means a 2 Dþ and a < z means �a 2 Dþ, it follows that, if a 6¼ z, then a2 2 Dþ. In

particular, u 2 Dþ.
Suppose now that D is an ordered integral domain with Dþ well ordered; then u is the least element

of Dþ. For, should there exist a 2 Dþ with z < a < u, then z < a2 < au ¼ a. Now a2 2 Dþ so that Dþ has

no least element, a contradiction.
In Problem 12.8, we prove

Theorem V. If D is an ordered integral domain with Dþ well ordered, then

ðiÞ Dþ ¼ fpu : p 2 Z
þ
g

ðiiÞ D ¼ fmu : m 2 Zg

Moreover, the representation of any a 2 D as a ¼ mu is unique.
There follow

Theorem VI. Two ordered integral domains D1 and D2, whose respective sets of positive elements D1
þ

and D2
þ are well ordered, are isomorphic.

and

Theorem VII. Apart from notation, the ring of integers Z is the only ordered integral domain whose set

of positive elements is well ordered.

12.5 DIVISION ALGORITHM

DEFINITION 12.8: Let D be an integral domain and suppose d 2 D is a common divisor of the non-

zero elements a; b 2 D. We call d a greatest common divisor of a and b provided for any other common

divisor d 0 2 D, we have d 0jd.

When D is also a Euclidean ring, d 0jd is equivalent to �ðdÞ > �ðd 0Þ.
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(To show that this definition conforms with that of the greatest common divisor of two integers as

given in Chapter 5, suppose �d are the greatest common divisors of a; b 2 Z and let d 0 be any other

common divisor. Since for n 2 Z, �ðnÞ ¼ jnj, it follows that �ðdÞ ¼ �ð�dÞ while �ðdÞ > �ðd 0Þ.)
We state for an integral domain which is also a Euclidean ring

The Division Algorithm. Let a 6¼ z and b be in D, an integral domain which is also a Euclidean ring.

There exist unique q; r 2 D such that

b ¼ q � aþ r; 0 � �ðrÞ < �ðqÞ

See Problem 5.5, Chapter 5.

12.6 UNIQUE FACTORIZATION

In Chapter 5 it was shown that every integer a > 1 can be expressed uniquely (except for order of the

factors) as a product of positive primes. Suppose a ¼ p1 � p2 � p3 is such a factorization. Then

�a ¼ �p1 � p2 � p3 ¼ p1 � ð�p2Þ � p3 ¼ p1 � p2 � ð�p3Þ ¼ ð�1Þp1 � p2 � p3

¼ ð�1Þp1 � ð�1Þp2 � ð�1Þp3

and this factorization in primes can be considered unique up to the use of unit elements as factors. We

may then restate the unique factorization theorem for integers as follows:

Any non-zero, non-unit element of Z can be expressed uniquely (up to the

order of factors and the use of unit elements as factors) as the product of

prime elements of Z. In this form we shall show later that the unique factorization

theorem holds in any integral domain which is also a Euclidean ring.

In Problem 12.9, we prove

Theorem VIII. Let J and K , each distinct from fzg, be principal ideals in an integral domain D. Then

J ¼ K if and only if their generators are associate elements in D.

In Problem 12.10, we prove

Theorem IX. Let a; b; p 2 D, an integral domain which is also a principal ideal ring, such that pja � b.

Then if p is a prime element in D, pja or pjb.

A proof that the unique factorization theorem holds in an integral domain which is also a Euclidean

ring (sometimes called a Euclidean domain) is given in Problem 12.11.
As a consequence of Theorem IX, we have

Theorem X. In an integral domain D in which the unique factorization theorem holds, every prime

element in D generates a prime ideal.

12.7 DIVISION RINGS

DEFINITION 12.9: A ring L, whose non-zero elements form a multiplicative group, is called a division

ring (skew field or sfield).

Note: Every division ring has a unity and each of its non-zero elements has a multiplicative inverse.

Multiplication, however, is not necessarily commutative.
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EXAMPLE 4.

(a) The rings Q;R, and C are division rings. Since multiplication is commutative, they are examples of

commutative division rings.

(b) The ring Q of Problem 11.17, Chapter 11, is a non-commutative division ring.

(c) The ring Z is not a division ring. (Why?)

Let D be an integral domain having a finite number of elements. For any b 6¼ z 2 D, we have

fb � x : x 2 Dg ¼ D

since otherwise b would be a divisor of zero. Thus, b � x ¼ u for some x 2 D and b has a multiplicative
inverse in D. We have proved

Theorem XI. Every integral domain, having a finite number of elements, is a commutative division ring.

We now prove

Theorem XII. Every division ring is a simple ring.

For, suppose J 6¼ fzg is an ideal of a division ring L. If a 6¼ z 2 J , we have a�1 2 L and
a � a�1 ¼ u 2 J . Then for every b 2 L, b � u ¼ b 2 J ; hence, J ¼ L.

12.8 FIELDS

DEFINITION 12.10: A ring F whose non-zero elements form an abelian multiplicative group is called
a field.

EXAMPLE 5.

(a) The rings Q;R, and C are fields.

(b) The ring S of Example 1(d) is a field.

(c) The ring M of Problem 11.3, Chapter 11, is not a field.

Every field is an integral domain; hence, from Theorem IV, Section 12.3, there follows

Theorem XIII. The characteristic of a field is either zero or is a prime.

Since every commutative division ring is a field, we have (see Theorem XI).

Theorem XIV. Every integral domain having a finite number of elements is a field.

DEFINITION 12.11: Any subset F0 of a field F , which is itself a field with respect to the field structure
of F , is called a subfield of F .

EXAMPLE 6. Q is a subfield of the fields R and C; also, R is a subfield of C.

See also Problem 12.12.

Let F be a field of characteristic zero. Its least subdomain, Z, is not a subfield. However, for each
b 6¼ 0; b 2 Z, we have b�1 2 F ; hence, for all a; b 2 Z with b 6¼ 0, it follows that a � b�1 ¼ a=b 2 F . Thus,
Q is the least subfield of F . Let F be a field of characteristic p, a prime. Then Zp, the least subdomain of
F is the least subfield of F .

DEFINITION 12.12: A field F which has no proper subfield F0 is called a prime field.

Thus,Q is the prime field of characteristic zero and Zp is the prime field of characteristic p, where p is
a prime.

We state without proof
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Theorem XV. Let F be a prime field. If F has characteristic zero, it is isomorphic to Q; if F has

characteristic p, a prime, it is isomorphic to Zp.

In Problem 12.13, we prove

Theorem XVI. Let D be an integral domain and J an ideal in D. Then D=J is a field if and only if J is

a maximal ideal in D.

Solved Problems

12.1. Prove: The ring Zm is an integral domain if and only if m is a prime.

Suppose m is a prime p. If ½r� and ½s� are elements of Zp such that ½r� � ½s� ¼ ½0�, then r � s � 0ðmod pÞ and

r � 0ðmod pÞ or s � 0ðmod pÞ. Hence, ½r� ¼ ½0� or ½s� ¼ ½0�; and Zp, having no divisors of zero, is an integral

domain.

Suppose m is not a prime, that is, suppose m ¼ m1 �m2 with 1 < m1;m2 < m. Since ½m� ¼ ½m1� � ½m2� ¼ ½0�

while neither ½m1� ¼ 0 nor ½m2� ¼ 0, it is evident that Zm has divisors of zero and, hence, is not an integral

domain.

12.2. Prove: For every integral domain the Cancellation Law of Multiplication

If a � c ¼ b � c and c 6¼ z, then a ¼ b

holds.

From a � c ¼ b � c we have a � c� b � c ¼ ða� bÞ � c ¼ z. Now D has no divisors of zero; hence, a� b ¼ z and

a ¼ b as required.

12.3. Prove: Let D be an integral domain and J be an ideal in D. Then D=J is an integral domain if

and only if J is a prime ideal in D.

The case J ¼ D is trivial; we consider J � D.

Suppose J is a prime ideal in D. Since D is a commutative ring with unity, so also is D=J . To show that

D=J is without divisors of zero, assume aþ J ; bþ J 2 D=J such that

ðaþ J Þðbþ J Þ ¼ a � bþ J ¼ J

Now a � b 2 J and, by definition of a prime ideal, either a 2 J or b 2 J . Thus, either aþ J or bþ J is the

zero element in D=J ; and D=J , being without divisors of zero, is an integral domain.

Conversely, suppose D=J is an integral domain. Let a 6¼ z and b 6¼ z of D be such that a � b 2 J . From

J ¼ a � bþ J ¼ ðaþ J Þðbþ J Þ

it follows that aþJ ¼J or bþJ ¼J . Thus, a �b2J implies either a2J or b2J , and J is a prime ideal in D.

Note. Although D is free of divisors or zero, this property has not been used in the above proof.

Thus, in the theorem, ‘‘Let D be an integral domain’’ may be replaced with ‘‘Let R be a commutative ring

with unity.’’

12.4. Let t be some positive integer which is not a perfect square and consider the integral

domain D ¼ frþ s
ffiffi
t

p
: r; s 2 Zg. For each � ¼ rþ s

ffiffi
t

p
2 D, define � ¼ r� s

ffiffi
t

p
and the norm of �

as Nð�Þ ¼ � � �. From Example 2(b), Section 12.2, we infer that � ¼ aþ b
ffiffi
t

p
is a unit of D

if and only if Nð�Þ ¼ �1. Show that for � ¼ aþ b
ffiffi
t

p
2 D and � ¼ cþ d

ffiffi
t

p
2 D,

Nð� � �Þ ¼ Nð�Þ �Nð�Þ.

We have � ��¼ ðacþ bdtÞ þ ðad þ bcÞ
ffiffi
t

p
and � ��¼ ðacþ bdtÞ � ðad þ bcÞ

ffiffi
t

p
. Then Nð� ��Þ ¼ ð� ��Þð� ��Þ ¼

ðacþ bdtÞ2 � ðad þ bcÞ2t¼ ða2 � b2tÞðc2 � d2tÞ ¼Nð�Þ �Nð�Þ, as required.
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12.5. In the integral domain D¼ frþ s
ffiffiffiffiffi
17

p
: r; s 2 Zg, verify: (a) 9� 2

ffiffiffiffiffi
17

p
is a prime (b) � ¼ 15þ 7

ffiffiffiffiffi
17

p

is reducible.

(a) Suppose �; � 2 D such that � � � ¼ 9� 2
ffiffiffiffiffi
17

p
. By Problem 12.4,

Nð� � �Þ ¼ Nð�Þ �Nð�Þ ¼ Nð9� 2
ffiffiffiffiffi
17

p
Þ ¼ 13

Since 13 is a prime integer, it divides either Nð�Þ or Nð�Þ; hence, either � or � is a unit of D, and

9� 2
ffiffiffiffiffi
17

p
is a prime.

(b) Suppose � ¼ aþ b
ffiffiffiffiffi
17

p
; � ¼ cþ d

ffiffiffiffiffi
17

p
2 D such that � � � ¼ � ¼ 15þ 7

ffiffiffiffiffi
17

p
; then Nð�Þ �Nð�Þ ¼ �608.

From Nð�Þ ¼ a2 � 17b2 ¼ 19 and Nð�Þ ¼ c2 � 17d2 ¼ �32, we obtain � ¼ 6�
ffiffiffiffiffi
17

p
and

� ¼ 11þ 3
ffiffiffiffiffi
17

p
. Since � and � are neither units of D nor associates of �, 15þ 7

ffiffiffiffiffi
17

p
is reducible.

12.6. Show that D0 ¼ fnu : n 2 Zg, where u is the unity of an integral domain D, is a subdomain of D.

For every ru; su 2 D0, we have

ruþ su ¼ ðrþ sÞu 2 D0 and ðruÞðsuÞ ¼ rsu 2 D0

Hence D0 is closed with respect to the ring operations on D. Also,

0u ¼ z 2 D0 and 1u ¼ u 2 D0

and for each ru 2 D0 there exists an additive inverse �ru 2 D0. Finally, ðruÞðsuÞ ¼ z implies ru ¼ z or su ¼ z.

Thus, D0 is an integral domain, a subdomain of D.

12.7. Prove: The characteristic of an integral domain D is either zero or a prime.

From Examples 1(a) and 1(d) it is evident that there exist integral domains of characteristic zero and

integral domains of characteristic m > 0.

Suppose D has characteristic m ¼ m1 �m2 with 1 < m1;m2 < m. Then mu ¼ ðm1uÞðm2uÞ ¼ z and either

m1u ¼ z or m2u ¼ z, a contradiction. Thus, m is a prime.

12.8. Prove: If D is an ordered integral domain such that Dþ is well ordered, then

(i) Dþ ¼ fpu : p 2 Z
þ
g (ii) D ¼ fmu : m 2 Zg

Moreover, the representation of any a 2 D as a ¼ mu is unique.

Since u 2 Dþ it follows by the closure property that 2u ¼ uþ u 2 Dþ and, by induction, that pu 2 Dþ for

all p 2 Z
þ. Denote by E the set of all elements of Dþ not included in the set fpu : p 2 Z

þg and by e the least

element of E. Now u =2E so that e > u and, hence, e� u 2 Dþ but e� u =2E. (Why?) Then e� u ¼ p1u for

some p1 2 Z
þ, and e ¼ uþ p1u ¼ ð1þ p1Þu ¼ p2u, where p2 2 Z

þ. But this is a contradiction; hence, E 6¼ ;,

and (i) is established.

Suppose a 2 D but a =2Dþ; then either a ¼ z or �a 2 Dþ. If a ¼ z, then a ¼ 0u. If �a 2 Dþ, then, by (i),

�a ¼ mu for some m 2 Z
þ so that a ¼ ð�mÞu, and (ii) is established.

Clearly, if for any a 2 D we have both a ¼ ru and a ¼ su, where r; s 2 Z, then z ¼ a� a ¼ ru� su ¼ ðr� sÞu

and r ¼ s. Thus, the representation of each a 2 D as a ¼ mu is unique.

12.9. Prove: Let J and K , each distinct from fzg, be principal ideals in an integral domain D. Then
J ¼ K if and only if their generators are associate elements in D.

Let the generators of J and K be a and b, respectively.

First, suppose a and b are associates and b ¼ a � v, where v is a unit in D. For any c 2 K there exists some

s 2 D such that

c ¼ b � s ¼ ða � vÞs ¼ aðv � sÞ ¼ a � s 0, where s 0 2 D

Then c 2 J and K � J. Now b ¼ a � v implies a ¼ b � v�1; thus, by repeating the argument with any d 2 J,

we have J � K . Hence, J ¼ K as required.
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Conversely, suppose J ¼ K . Then for some s; t 2 D we have a ¼ b � s and b ¼ a � t. Now

a ¼ b � s ¼ ða � tÞs ¼ aðt � sÞ

a� aðt � sÞ ¼ aðu� t � sÞ ¼ zso that

where u is the unity and z is the zero element in D. Since a 6¼ z, by hypothesis, we have u� t � s ¼ z so that

t � s ¼ u and s is a unit in D. Thus, a and b are associate elements in D, as required.

12.10. Prove: Let a; b; p 2 D, an integral domain which is also a principal ideal ring, and suppose

pja � b. Then if p is a prime element in D, pja or pjb.

If either a or b is a unit or if a or b (or both) is an associate of p, the theorem is trivial. Suppose the

contrary and, moreover, suppose p 6 ja. Denote by J the ideal in D which is the intersection of all ideals in D

which contain both p and a. Since J is a principal ideal, suppose it is generated by c 2 J so that p ¼ c � x for

some x 2 D. Then either (i ) x is a unit in D or (ii ) c is a unit in D.

(i ) Suppose x is a unit in D; then, by Theorem VIII, p and its associate c generate the same

principal ideal J . Since a 2 J , we must have

a ¼ c � g ¼ p � h for some g; h 2 D

But then pja, a contradiction; hence, x is not a unit.

(ii ) Suppose c is a unit; then c � c�1 ¼ u 2 J and J ¼ D. Now there exist s; t 2 D such that

u ¼ p � sþ t � a, where u is the unity of D. Then

b ¼ u � b ¼ ðp � sÞbþ ðt � aÞb ¼ p ðs � bÞ þ tða � bÞ

and, since pja � b, we have pjb as required.

12.11. Prove: The unique factorization theorem holds in any integral domain D which is also a

Euclidean ring.

We are to prove that every non-zero, non-unit element of D can be expressed uniquely (up to the order of

the factors and the appearance of the unit elements as factors) as the product of prime elements of D.

Suppose a 6¼ 0 2 D for which �ðaÞ ¼ 1. Write a ¼ b � c with b not a unit; then c is a unit and a is a prime

element in D, since otherwise

�ðaÞ ¼ �ðb � cÞ > �ðbÞ by Theorem II, Section 12.2

Next, let us assume the theorem holds for all b 2 D for which �ðbÞ < m and consider c 2 D for which

�ðcÞ ¼ m. Now if c is a prime element in D, the theorem holds for c. Suppose, on the contrary, that c is not a

prime element and write c ¼ d � e where both d and e are proper divisors of c. By Theorem II, we have

�ðdÞ < m and �ðeÞ < m. By hypothesis, the unique factorization theorem holds for both d and e so that we

have, say,

c ¼ d � e ¼ p1 � p2 � p3 � � � ps

Since this factorization of c arises from the choice d; e of proper divisors, it may not be unique.

Suppose that for another choice of proper divisors we obtained c ¼ q1 � q2 � q3 � � � qt. Consider the prime

factor p1 of c. By Theorem IX, Section 12.6, p1jq1 or p1jðq2 � q3 � � � qt); if p1 6 jq1 then p1jq2 or p1jðq3 � � � qtÞ; if

. . . . . . . Suppose p1jqj . Then qj ¼ f � p1 where f is a unit in D since, otherwise, qj would not be a prime

element in D. Repeating the argument on

p2 � p3 � � � ps ¼ f �1 � q1 � q2 � � � qj�1 � qjþ1 � � � qt

we find, say, p2jqk so that qk ¼ g � p2 with g a unit in D. Continuing in this fashion, we ultimately find that,

apart from the order of the factors and the appearance of unit elements, the factorization of c is unique.

This completes the proof of the theorem by induction on m (see Problem 3.27, Chapter 3).
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12.12. Prove: S ¼ fxþ y
ffiffiffi
33

p
þ z

ffiffiffi
93

p
: x; y; z 2 Qg is a subfield of R.

From Example 2, Chapter 11, S is a subring of the ring R. Since the Commutative Law holds

in R and 1¼ 1þ 0
ffiffiffi
33

p
þ 0

ffiffiffi
93

p
is the multiplicative identity, it is necessary only to verify that for xþ y

ffiffiffi
33

p
þ

z
ffiffiffi
93

p
6¼ 0 2 S, the multiplicative inverse

x2 � 3yz

D
þ

3z2 � xy

D

ffiffiffi
3

3
p

þ
y2 � xz

D

ffiffiffi
93

p
, where D ¼ x3 þ 3y3 þ 9z3�

9xyz, is in S.

12.13. Prove: Let D be an integral domain and J an ideal in D. Then D=J is a field if and only if J is a

maximal ideal in D.

First, suppose J is a maximal ideal in D; then J � D and (see Problem 12.3) D=J is a commutative ring

with unity. To prove D=J is a field, we must show that every non-zero element has a multiplicative inverse.

For any q 2 D � J , consider the subset

S ¼ faþ q � x : a 2 J ;x 2 Dg

of D. For any y 2 D and aþ q � x 2 S, we have ðaþ q � xÞ y ¼ a � yþ q ðx � yÞ 2 S since a � y 2 J ; similarly,

y ðaþ q � xÞ 2 S. Then S is an ideal in D and, since J � S, we have S ¼ D. Thus, any r 2 D may be written

as r ¼ aþ q � e, where e 2 D. Suppose for u, the unity of D, we find

u ¼ aþ q � f , f 2 D

From

uþ J ¼ ðaþ J Þ þ ðqþ J Þ � ð f þ J Þ ¼ ðqþ J Þ � ð f þ J Þ

it follows that f þ J is the multiplicative inverse of qþ J . Since q is an arbitrary element of D� J , the ring

of cosets D=J is a field.

Conversely, suppose D=J is a field. We shall assume J not maximal in D and obtain a contradiction. Let

then J be an ideal in D such that J � J � D.

For any a 2 D and any p 2 J � J , define ðpþ J Þ
�1

� ðaþ J Þ ¼ sþ J ; then

aþ J ¼ ðpþ J Þ � ðsþ J Þ

Now a� p � s 2 J and, since J � J, a� p � s 2 J. But p 2 J; hence a 2 J, and J ¼ D, a contradiction of

J � D. Thus, J is maximal in D.

The note in Problem 12.3 also applies here.

Supplementary Problems

12.14. Enumerate the properties of a set necessary to define an integral domain.

12.15. Which of the following sets are integral domains, assuming addition and multiplication defined as on R:

ðaÞ f2aþ 1 : a 2 Zg ðeÞ faþ b
ffiffiffi
3

p
: a; b 2 Zg

ðbÞ f2a : a 2 Zg ð f Þ frþ s
ffiffiffi
3

p
: r; s 2 Qg

ðcÞ fa
ffiffiffi
3

p
: a 2 Zg ðgÞ faþ b

ffiffiffi
2

p
þ c

ffiffiffi
5

p
þ d

ffiffiffiffiffi
10

p
: a; b; c; d 2 Zg

ðdÞ fr
ffiffiffi
3

p
: r 2 Qg
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12.16. For the set G of Gaussian integers (see Problem 11.8, Chapter 11), verify:

(a) G is an integral domain.

(b) � ¼ aþ bi is a unit if and only if Nð�Þ ¼ a2 þ b2 ¼ 1.

(c) The only units are �1;�i.

12.17. Define S ¼ fða1; a2; a3; a4Þ : ai 2 Rg with addition and multiplication defined respectively by

ða1; a2; a3; a4Þ þ ðb1; b2; b3; b4Þ ¼ ða1 þ b1; a2 þ b2; a3 þ b3; a4 þ b4Þ

and ða1; a2; a3; a4Þðb1; b2; b3; b4Þ ¼ ða1 � b1; a2 � b2; a3 � b3; a4 � b4Þ

Show that S is not an integral domain.

12.18. In the integral domain D of Example 2(b), Section 12.2, verify:

(a) 33� 8
ffiffiffiffiffi
17

p
and �33� 8

ffiffiffiffiffi
17

p
are units.

(b) 48� 11
ffiffiffiffiffi
17

p
and 379� 92

ffiffiffiffiffi
17

p
are associates of 5þ 4

ffiffiffiffiffi
17

p
.

(c) 8 ¼ 2 � 2 � 2 ¼ 2ð8þ 2
ffiffiffiffiffi
17

p
Þð�8þ 2

ffiffiffiffiffi
17

p
Þ ¼ ð5þ

ffiffiffiffiffi
17

p
Þð5�

ffiffiffiffiffi
17

p
Þ, in which each factor is a prime;

hence, unique factorization in primes is not a property of D.

12.19. Prove: The relation of association is an equivalence relation.

12.20. Prove: If, for � 2 D, Nð�Þ is a prime integer then � is a prime element of D.

12.21. Prove: A ring R having the property that for each a 6¼ z; b 2 R there exists r 2 R such that a � r ¼ b is a

division ring.

12.22. Let D0 ¼ f½0�; ½5�g and D00 ¼ f½0�; ½2�; ½4�; ½6�; ½8�g be subsets of D ¼ Z10. Show:

(a) D0 and D00 are subdomains of D.

(b) D0 and Z2 are isomorphic; also, D00 and Z5 are isomorphic.

(c) Every a 2 D can be written uniquely as a ¼ a 0 þ a 00 where a 0 2 D 0 and a00 2 D00.

(d ) For a; b 2 D, with a ¼ a 0 þ a00 and b ¼ b 0 þ b 00, aþ b ¼ ða 0 þ b 0Þ þ ða 00 þ b 00Þ and a � b ¼

a 0 � b 0 þ a 00 � b 00.

12.23. Prove: Theorem II.

Hint. If b is a unit then �ðaÞ ¼ �½b�1ða � bÞ� 	 �ða � bÞ. If b is not a unit, consider a ¼ qða � bÞ þ r,

where either r ¼ z or �ðrÞ < �ða � bÞ, for a 6¼ z 2 D.

12.24. Prove: The set S of all units of an integral domain is a multiplicative group.

12.25. Let D be an integral domain of characteristic p and D0 ¼ fxp : x 2 Dg. Prove: ðaÞ ða� bÞp ¼ ap � bp and

(b) the mapping D ! D0 : x ! xp is an isomorphism.
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12.26. Show that for all a 6¼ z; b of any division ring, the equation ax ¼ b has a solution.

12.27. The set Q ¼ fðq1 þ q2i þ q3 j þ q4kÞ : q1; q2; q3; q4 2 Rg of quaternions with addition and multiplication

defined by

ða1 þ a2i þ a3 j þ a4kÞ þ ðb1 þ b2i þ b3 j þ b4kÞ ¼ ða1 þ b1Þ þ ða2 þ b2Þi þ ða3 þ b3Þj þ ða4 þ b4Þk

and
ða1 þ a2i þ a3 j þ a4kÞ � ðb1 þ b2i þ b3 j þ b4kÞ ¼ ða1b1 � a2b2 � a3b3 � a4b4Þ

þ ða1b2 þ a2b1 þ a3b4 � a4b3Þi þ ða1b3 � a2b4 þ a3b1 þ a4b2Þ j þ ða1b4 þ a2b3 � a3b2 þ a4b1Þk

is to be proved a non-commutative division ring. Verify:

(a) The subsets Q2¼fðq1þq2iþ0jþ0kÞg, and Q3¼fðq1þ0iþq3 jþ0kÞg, and Q4¼fðq1þ0iþ

0jþq4kÞg of Q combine as does the set C of complex numbers; thus, i2¼ j2¼k2¼�1.

(b) q1; q2; q3; q4 commute with i; j; k.

(c) i j ¼ k, jk ¼ i, ki ¼ j

(d) ji ¼ �k, kj ¼ �i, ik ¼ �j

(e) With Q as defined in Problem 11.17, Chapter 11, the mapping

Q ! Q : ðq1 þ q2i; q3 þ q4i;�q3 þ q4i; q1 � q2iÞ ! ðq1 þ q2i þ q3 j þ q4kÞ

is an isomorphism.

( f ) Q is a non-commutative division ring (see Example 4, Section 12.7).

12.28. Prove: A field is a commutative ring whose non-zero elements have multiplicative inverses.

12.29. Show that P ¼ fða; b;�b; aÞ : a; b 2 Rg with addition and multiplication defined by

ða; b;�b; aÞ þ ðc; d;�d; cÞ ¼ ðaþ c; bþ d;�b� d; aþ cÞ

and ða; b;�b; aÞðc; d;�d; cÞ ¼ ðac� bd; ad þ bc;�ad � bc; ac� bdÞ

is a field. Show that P is isomorphic to C, the field of complex numbers.

12.30. (a) Show that faþ b
ffiffiffi
3

p
: a; b 2 Qg and faþ b

ffiffiffi
2

p
þ c

ffiffiffi
5

p
þ d

ffiffiffiffiffi
10

p
: a; b; c; d 2 Qg are subfields of R.

(b) Show that faþ b
ffiffiffi
23

p
: a; b 2 Qg is not a subfield of R.

12.31. Prove: S ¼ faþ br : a; b 2 R; r ¼ � 1
2
ð1þ

ffiffiffi
3

p
ig is a subfield of C.

Hint. The multiplicative inverse of aþ br 6¼ 0 2 S is
a� b

a2 � abþ b2
�

b

a2 � abþ b2
r 2 S.

12.32. (a) Show that the subsets S ¼ f½0�; ½5�; ½10�g and T ¼ f½0�; ½3�; ½6�; ½9�; ½12�g of the ring Z15 are integral

domains with respect to the binary operations on Z15.

(b) Show that S is isomorphic to Z3 and, hence, is a field of characteristic 3.

(c) Show that T is a field of characteristic 5.
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12.33. Consider the ideals A ¼ f2g : g 2 Gg, B ¼ f5g : g 2 Gg, E ¼ f7g : g 2 Gg, and F ¼ fð1þ iÞg : g 2 Gg of G, the

ring of Gaussian integers. (a) Show that G=A ¼ G2 and G=B ¼ G5 are not integral domains. (b) Show that

G=E is a field of characteristic 7 and G=F is a field of characteristic 2.

12.34. Prove: A field contains no proper ideals.

12.35. Show that Problems 12.3 and 12.13 imply: If J is a maximal ideal in a commutative ring R with unity, then

J is a prime ideal in R.
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Polynomials

INTRODUCTION

A considerable part of elementary algebra is concerned with certain types of functions, for example

1þ 2xþ 3x2 xþ x5 5� 4x2 þ 3x10

called polynomials in x. The coefficients in these examples are integers, although it is not necessary that

they always be. In elementary calculus, the range of values in x (domain of definition of the function) is

R. In algebra, the range is C; for instance, the values of x for which 1þ 2xþ 3x2 is 0 are �1=3� ð
ffiffiffi
2

p
=3Þi.

In light of Chapter 2, any polynomial in x can be thought of as a mapping of a set S (range of x)

onto a set T (range of values of the polynomial). Consider, for example, the polynomial 1þ
ffiffiffi
2

p
x� 3x2.

If S ¼ Z, then T � R and the same is true if S ¼ Q or S ¼ R; if S ¼ C, then T � C.
As in previous chapters, equality implies ‘‘identical with’’; thus, two polynomials in x are equal if

they have identical form. For example, aþ bx ¼ cþ dx if and only if a ¼ c and b ¼ d. (Note that

aþ bx ¼ cþ dx is never to be considered here as an equation in x.)
It has been our experience that the images of each value of x 2 S are the same elements in T when

�ðxÞ ¼ �ðxÞ and, in general, are distinct elements of T when �ðxÞ 6¼ �ðxÞ. However, as will be seen from

Example 1 below, this familiar state of affairs is somehow dependent upon the range of x.

EXAMPLE 1. Consider the polynomials �ðxÞ ¼ ½1�x and �ðxÞ ¼ ½1�x5, where ½1� 2 Z5, and suppose the range of x

to be the field Z5 ¼ f½0�, ½1�, ½2�, ½3�, ½4�g. Clearly, �ðxÞ and �ðxÞ differ in form (are not equal polynomials); yet, as is

easily verified, their images for each x 2 Z5 are identical.

Example 1 suggests that in our study of polynomials we begin by considering them as forms.

13.1 POLYNOMIAL FORMS

Let R be a ring and let x, called an indeterminate, be any symbol not found in R.

DEFINITION 13.1: By a polynomial in x over R will be meant any expression of the form

�ðxÞ ¼ a0x
0 þ a1x

1 þ a2x
2 þ � � � ¼

X
akx

k, ai 2 R

in which only a finite number of the a’s are different from z, the zero element of R.
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DEFINITION 13.2: Two polynomials in x over R, �ðxÞ defined above, and

�ðxÞ ¼ b0x
0 þ b1x

1 þ b2x
2 þ � � � ¼

X
bkx

k, bi 2 R

will be called equal, �ðxÞ ¼ �ðxÞ, provided ak ¼ bk for all values of k.
In any polynomial, as �ðxÞ, each of the components a0x

0, a1x
1, a2x

2, . . . will be called a term, as aix
i,

ai will be called the coefficient of the term. The terms of �ðxÞ and �ðxÞ have been written in a prescribed

(but natural) order and we shall continue this practice. Then i, the superscript of x, is merely an indicator

of the position of the term aix
i in the polynomial. Likewise, juxtaposition of ai and xi in the term aix

i is

not to be construed as indicating multiplication and the plus signs between terms are to be thought of as

helpful connectives rather than operators. In fact, we might very well have written the polynomial �ðxÞ
above as � ¼ ða0, a1, a2, . . .Þ.

If in a polynomial, as �ðxÞ, the coefficient an 6¼ z, while all coefficients of terms which follow are z,

we say that �ðxÞ is of degree n and call an its leading coefficient. In particular, the polynomial

a0x
0 þ zx1 þ zx2 þ � � � is of degree zero with leading coefficient a0 when a0 6¼ z and has no degree (and no

leading coefficient) when a0 ¼ z.

DEFINITION 13.3: Denote by R½x� the set of all polynomials in x over R and, for arbitrary

�ðxÞ,�ðxÞ 2 R½x�, define addition (þ) and multiplication (�) on R½x� by

�ðxÞ þ �ðxÞ ¼ ða0 þ b0Þx
0 þ ða1 þ b1Þx

1 þ ða2 þ b2Þx
2 þ � � �

¼
X

ðak þ bkÞx
k

and �ðxÞ � �ðxÞ ¼ a0b0x
0 þ ða0b1 þ a1b0Þx

1 þ ða0b2 þ a1b1 þ a2b0Þx
2 þ � � �

¼
X

ckx
k, where ck ¼

Xk
0

aibk�i

(Note that multiplication of elements of R is indicated here by juxtaposition.)
The reader may find it helpful to see these definitions written out in full as

�ðxÞ �ðxÞ ¼ ða0 � b0Þx
0 þ ða1 � b1Þx

1 þ ða2 � b2Þx
2 þ � � �

and �ðxÞ&� �ðxÞ ¼ ða0 � b0Þx
0 þ ðao � b1 � a1 � b0Þx

1 þ ða0 � b2 þ a1 � b1 � a2 � b0Þx
2 � � �

in which and &� are the newly defined operations on R½x�, � and � are the binary operations on R

and, again, þ is a connective.
It is clear that both the sum and product of elements of R½x� are elements of R½x�, i.e., have only a

finite number of terms with non-zero coefficients 2 R. It is easy to verify that addition on R½x� is both

associative and commutative and that multiplication is associative and distributive with respect to

addition. Moreover, the zero polynomial

zx0 þ zx1 þ zx2 þ � � � ¼
X

zxk 2 R½x�

is the additive identity or zero element of R½x� while

��ðxÞ ¼ �a0x
0 þ ð�a1Þx

1 þ ð�a2Þx
2 þ � � � ¼

X
ð�akÞx

k 2 R½x�

is the additive inverse of �ðxÞ. Thus,

Theorem I. The set of all polynomials R½x� in x over R is a ring with respect to addition and

multiplication as defined above.
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Let �ðxÞ and �ðxÞ have respective degrees m and n. If m 6¼ n, the degree of �ðxÞ þ �ðxÞ is the larger of
m, n; if m ¼ n, the degree of �ðxÞ þ �ðxÞ is at most m (why?). The degree of �ðxÞ � �ðxÞ is at most mþ n
since ambn may be z. However, if R is free of divisors of zero, the degree of the product is mþ n.
(Whenever convenient we shall follow practice and write a polynomial of degree m as consisting of no
more than mþ 1 terms.)

Consider now the subset S ¼ frx0 : r 2 Rg of R½x� consisting of the zero polynomial and all
polynomials of degree zero. It is easily verified that the mapping

R ! S : r ! rx0

is an isomorphism. As a consequence, we may hereafter write a0 for a0x
0 in any polynomial �ðxÞ 2 R½x�.

13.2 MONIC POLYNOMIALS

Let R be a ring with unity u. Then u ¼ ux0 is the unity of R½x� since ux0 � �ðxÞ ¼ �ðxÞ for every
�ðxÞ 2 R½x�. Also, writing x ¼ ux1 ¼ zx0 þ ux1, we have x 2 R½x�. Now akðx � x � x � � � to k
factorsÞ ¼ akx

k 2 R½x� so that in �ðxÞ ¼ a0 þ a1xþ a2x
2 þ � � � we may consider the superscript i in

aix
i as truly an exponent, juxtaposition in any term aix

i as (polynomial) ring multiplication, and the
connective þ as (polynomial) ring addition.

DEFINITION 13.4: Any polynomial �ðxÞ of degree m overR with leading coefficient u, the unity ofR,
will be called monic.

EXAMPLE 2.

(a) The polynomials 1, xþ 3, and x2 � 5xþ 4 are monic, while 2x2 � xþ 5 is not a monic polynomial over Z

(or any ring having Z as a subring).

(b) The polynomials b, bxþ f , and bx2 þ dxþ e are monic polynomials in S½x� over the ring S of Example 1(d),

Chapter 12, Section 12.1.

13.3 DIVISION

In Problem 13.1 we prove the first part of

Theorem II. Let R be a ring with unity u, �ðxÞ ¼ a0 þ a1xþ a2x
2 þ � � � þ amx

m 2 R½x� be either the
zero polynomial or a polynomial of degree m, and �ðxÞ ¼ b0 þ b1xþ b2x

2 � � � þ uxn 2 R½x� be a monic
polynomial of degree n. Then there exist unique polynomials qRðxÞ, rRðxÞ; qLðxÞ, rLðxÞ 2 R½x� with
rRðxÞ, rLðxÞ either the zero polynomial or of degree < n such that

ðiÞ �ðxÞ ¼ qRðxÞ � �ðxÞ þ rRðxÞ

and

ðiiÞ �ðxÞ ¼ �ðxÞ � qLðxÞ þ rLðxÞ

In (i) of Theorem II we say that �ðxÞ has been divided on the right by �ðxÞ to obtain the right quotient
qRðxÞ and right remainder rRðxÞ. Similarly, in (ii) we say that �ðxÞ has been divided on the left by �ðxÞ
to obtain the left quotient qLðxÞ and left remainder rLðxÞ. When rRðxÞ ¼ z ðrLðxÞ ¼ zÞ, we call �ðxÞ a right
(left) divisor of �ðxÞ.
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For the special case �ðxÞ ¼ ux� b ¼ x� b, Theorem II yields (see Problem 13.2),

Theorem III. The right and left remainders when �ðxÞ is divided by x� b, b 2 R, are, respectively,

rR ¼ a0 þ a1bþ a2b
2 þ � � � þ anb

n

and rL ¼ a0 þ ba1 þ b2a2 þ � � � þ bnan

There follows

Theorem IV. A polynomial �ðxÞ has x� b as right (left) divisor if and only if rR ¼ z ðrL ¼ zÞ.

Examples illustrating Theorems II–IV whenR is non-commutative will be deferred until Chapter 17.

The remainder of this chapter will be devoted to the study of certain polynomial rings R½x� obtained by

further specializing the coefficient ring R.

13.4 COMMUTATIVE POLYNOMIAL RINGS WITH UNITY

Let R be a commutative ring with unity. Then R½x� is a commutative ring with unity (what is its unity?)

and Theorems II–IV may be restated without distinction between right and left quotients (we replace

qRðxÞ ¼ qLðxÞ by qðxÞÞ, remainders (we replace rRðxÞ ¼ rLðxÞ by rðxÞÞ, and divisors. Thus (i) and (ii) of

Theorem II may be replaced by

ðiiiÞ �ðxÞ ¼ qðxÞ � �ðxÞ þ rðxÞ

and, in particular, we have

Theorem IV 0. In a commutative polynomial ring with unity, a polynomial �ðxÞ of degree m has x� b

as divisor if and only if the remainder

ðaÞ r ¼ a0 þ a1bþ a2b
2 þ � � � þ amb

m ¼ z

When, as in Theorem IV0, r ¼ z then b is called a zero (root) of the polynomial �ðxÞ.

EXAMPLE 3.

(a) The polynomial x2 � 4 over Z has 2 and �2 as zeros since ð2Þ2 � 4 ¼ 0 and ð�2Þ2 � 4 ¼ 0.

(b) The polynomial ½3�x2 � ½4� over the ring Z8 has ½2� and ½6� as zeros while the polynomial ½1�x2 � ½1� over Z8 has

½1�, ½3�, ½5�, ½7� as zeros.

When R is without divisors of zero so also is R½x�. For, suppose �ðxÞ and �ðxÞ are elements of R½x�,

of respective degrees m and n, and that

�ðxÞ � �ðxÞ ¼ a0b0 þ ða0b1 þ a1b0Þxþ � � � þ ambnx
mþn ¼ z

Then each coefficient in the product and, in particular ambn, is z. ButR is without divisors of zero; hence,

ambn ¼ z if and only if am ¼ z or bn ¼ z. Since this contradicts the assumption that �ðxÞ and �ðxÞ have
degrees m and n, R½x� is without divisors of zero.

There follows

Theorem V. A polynomial ring R½x� is an integral domain if and only if the coefficient ring R is an

integral domain.
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13.5 SUBSTITUTION PROCESS

An examination of the remainder

ðaÞ r ¼ a0 þ a1bþ a2b
2 þ � � � þ amb

m

in Theorem IV0 shows that it may be obtained mechanically by replacing x by b throughout �ðxÞ and,
of course, interpreting juxtaposition of elements as indicating multiplication in R. Thus, by defining f ðbÞ

to mean the expression obtained by substituting b for x throughout f ðxÞ, we may (and will hereafter)

replace r in (a) by �ðbÞ. This is, to be sure, the familiar substitution process in elementary algebra where

(let it be noted) x is considered a variable rather than an indeterminate.
It will be left for the reader to show that the substitution process will not lead to future difficulties,

that is, to show that for a given b 2 R, the mapping

f ðxÞ ! f ðbÞ for all f ðxÞ 2 R½x�

is a ring homomorphism of R½x� onto R.

13.6 THE POLYNOMIAL DOMAIN F½x�

The most important polynomial domains arise when the coefficient ring is a field F . We recall that every

non-zero element of a field F is a unit of F and restate for the integral domain F½x� the principal results

of the sections above as follows:

The Division Algorithm. If �ðxÞ,�ðxÞ 2 F½x� where �ðxÞ 6¼ z, there exist unique polynomials qðxÞ, r ðxÞ

with rðxÞ either the zero polynomial of degree less than that of �ðxÞ, such that

�ðxÞ ¼ qðxÞ � �ðxÞ þ rðxÞ

For a proof, see Problem 13.4.

When r ðxÞ is the zero polynomial, �ðxÞ is called a divisor of �ðxÞ and we write �ðxÞj�ðxÞ.

The Remainder Theorem. If �ðxÞ, x� b 2 F½x�, the remainder when �ðxÞ is divided by x� b is �ðbÞ.

The Factor Theorem. If �ðxÞ 2 F½x� and b 2 F , then x� b is a factor of �ðxÞ if and only if �ðbÞ ¼ z, that

is, x� b is a factor of �ðxÞ if and only if b is a zero of �ðxÞ.

There follow

Theorem VI. Let �ðxÞ 2 F½x� have degree m > 0 and leading coefficient a. If the distinct elements

b1, b2, . . . , bm of F are zeros of �ðxÞ, then

�ðxÞ ¼ aðx� b1Þðx� b2Þ � � � ðx� bmÞ

For a proof, see Problem 13.5.

Theorem VII. Every polynomial �ðxÞ 2 F½x� of degree m > 0 has at most m distinct zeros in F .

EXAMPLE 4.

(a) The polynomial 2x2 þ 7x� 15 2 Q½x� has the zeros 3=2, � 5 2 Q.

(b) The polynomial x2 þ 2xþ 3 2 C½x� has the zeros �1þ
ffiffiffi
2

p
i and �1�

ffiffiffi
2

p
i over C. However, x2 þ 2xþ 3 2 Q½x�

has no zeros in Q.
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Theorem VIII. Let �ðxÞ,�ðxÞ 2 F½x� be such that �ðsÞ ¼ �ðsÞ for every s 2 F . Then, if the number of
elements in F exceeds the degrees of both �ðxÞ and �ðxÞ, we have necessarily �ðxÞ ¼ �ðxÞ.

For a proof, see Problem 13.6.

EXAMPLE 5. It is now clear that the polynomials of Example 1 are distinct, whether considered as functions or as

forms, since the number of elements of F ¼ Z5 does not exceed the degree of both polynomials. What then appeared

in Example 1 to be a contradiction of the reader’s past experience was due, of course, to the fact that this past

experience had been limited solely to infinite fields.

13.7 PRIME POLYNOMIALS

It is not difficult to show that the only units of a polynomial domain F½x� are the non-zero elements (i.e.,

the units) of the coefficient ring F . Thus, the only associates of �ðxÞ 2 F½x� are the elements v � �ðxÞ of
F½x� in which v is any unit of F .

Since for any v 6¼ z 2 F and any �ðxÞ 2 F½x�,

�ðxÞ ¼ v�1 � �ðxÞ � v

while, whenever �ðxÞ ¼ qðxÞ � �ðxÞ,

�ðxÞ ¼ ½v�1qðxÞ� � ½v � �ðxÞ�

it follows that (a) every unit of F and every associate of �ðxÞ is a divisor of �ðxÞ and (b) if �ðxÞj�ðxÞ so
also does every associate of �ðxÞ. The units of F and the associates of �ðxÞ are called trivial divisors of

�ðxÞ. Other divisors of �ðxÞ, if any, are called non-trivial divisors.

DEFINITION 13.5: A polynomial �ðxÞ 2 F½x� of degree m � 1 is called a prime (irreducible)

polynomial over F if its only divisors are trivial.

EXAMPLE 6.

(a) The polynomial 3x2 þ 2xþ 1 2 R½x� is a prime polynomial over R.

(b) Every polynomial axþ b 2 F½x�, with a 6¼ z, is a prime polynomial over F .

13.8 THE POLYNOMIAL DOMAIN C½x�

Consider an arbitrary polynomial

�ðxÞ ¼ b0 þ b1xþ b2x
2 þ � � � þ bmx

m 2 C½x�

of degree m � 1. We shall be concerned in this section with a number of elementary theorems having to

do with the zeros of such polynomials and, in particular, with the subset of all polynomials of C½x� whose

coefficients are rational numbers. Most of the theorems will be found in any college algebra text stated,

however, in terms of roots of equations rather than in terms of zeros of polynomials.
Suppose r 2 C is a zero of �ðxÞ. Then �ðrÞ ¼ 0 and, since bm

�1
2 C, also bm

�1
� �ðrÞ ¼ 0. Thus, the

zeros of �ðxÞ are precisely those of its monic associate

�ðxÞ ¼ bm
�1

� �ðxÞ ¼ a0 þ a1xþ a2x
2 þ � � � þ am�1x

m�1 þ xm

Whenever more convenient, we shall deal with monic polynomials.
It is well known that when m ¼ 1, �ðxÞ ¼ a0 þ x has �a0 as zero and when m ¼ 2,

�ðxÞ ¼ a0 þ a1xþ x2 has 1
2
ð�a1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a12 � 4a0

p
Þ and 1

2
ð�a1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a12 � 4a0

p
Þ as zeros. In Chapter 8, it was
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shown how to find the n roots of any a 2 C; thus, every polynomial xn � a 2 C½x� has at least n

zeros over C. There exist formulas (see Problems 13.16–13.19) which yield the zeros of all polynomials

of degrees 3 and 4. It is also known that no formulas can be devised for arbitrary polynomials of

degree m � 5.
By Theorem VII any polynomial �ðxÞ of degree m � 1 can have no more than m distinct zeros. In the

paragraph above, �ðxÞ ¼ a0 þ a1xþ x2 will have two distinct zeros if and only if its discriminant

a1
2 � 4a0 6¼ 0. We shall then call each a simple zero of �ðxÞ. However, if a1

2 � 4a0 ¼ 0, each formula

yields � 1
2
a1 as a zero. We shall then call � 1

2
a1 a zero of multiplicity two of �ðxÞ and exhibit the zeros as

� 1
2
a1, �

1
2
a1.

EXAMPLE 7.

(a) The polynomial x3 þ x2 � 5xþ 3 ¼ ðx� 1Þ2ðxþ 3Þ has �3 as simple zero and 1 as zero of multiplicity two.

(b) The polynomial x4 � x3 � 3x2 þ 5x� 2 ¼ ðx� 1Þ3ðxþ 2Þ has �2 as simple zero and 1 as zero of multiplicity

three.

The so-called

Fundamental Theorem of Algebra. Every polynomial �ðxÞ 2 C½x� of degree m � 1 has at least one zero

in C.

will be assumed here as a postulate. There follows, by induction

Theorem IX. Every polynomial �ðxÞ 2 C½x� of degree m � 1 has precisely m zeros over C, with the

understanding that any zero of multiplicity n is to be counted as n of the m zeros.

and, hence,

Theorem X. Any �ðxÞ 2 C½x� of degree m � 1 is either of the first degree or may be written as the

product of polynomials 2 C½x� each of the first degree.

Except for the special cases noted above, the problem of finding the zeros of a given polynomial is a

difficult one and will not be considered here. In the remainder of this section we shall limit our attention

to certain subsets of C½x� obtained by restricting the ring of coefficients.
First, let us suppose that

�ðxÞ ¼ a0 þ a1xþ a2x
2 þ � � � þ amx

m 2 R½x�

of degree m � 1 has r ¼ aþ bi as zero, i.e.,

�ðrÞ ¼ a0 þ a1rþ a2r
2 þ � � � þ amr

m ¼ sþ ti ¼ 0

By Problem 8.2, Chapter 8, we have

�ðrÞ ¼ a0 þ a1rþ a2r
2 þ � � � þ amr

m ¼ sþ ti ¼ 0

so that

Theorem XI. If r 2 C is a zero of any polynomial �ðxÞ with real coefficients, then r is also a zero of �ðxÞ.

Let r ¼ aþ bi, with b 6¼ 0, be a zero of �ðxÞ. By Theorem XI r ¼ a� bi is also a zero and we

may write

�ðxÞ ¼ ½x� ðaþ biÞ�½x� ða� biÞ� � �1ðxÞ

¼ ½x2 � 2axþ a2 þ b2� � �1ðxÞ
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where �1ðxÞ is a polynomial of degree two less than that of �ðxÞ and has real coefficients. Since a

quadratic polynomial with real coefficients will have imaginary zeros if and only if its discriminant is

negative, we have

Theorem XII. The polynomials of the first degree and the quadratic polynomials with negative

discriminant are the only polynomials 2 R½x� which are primes over R;

and

Theorem XIII. A polynomial of odd degree 2 R½x� necessarily has a real zero.

Suppose next that

�ðxÞ ¼ b0 þ b1xþ b2x
2 þ � � � þ bmx

m 2 Q½x�

Let c be the greatest common divisor of the numerators of the b’s and d be the least common multiple of

the denominators of the b’s; then

�ðxÞ ¼
d

c
� �ðxÞ ¼ a0 þ a1xþ a2x

2 þ � � � þ amx
m 2 Q½x�

has integral coefficients whose only common divisors are �1 the units of Z. Moreover, �ðxÞ and �ðxÞ
have precisely the same zeros.

If r 2 Q is a zero of �ðxÞ, i.e., if

�ðrÞ ¼ a0 þ a1rþ a2r
2 þ � � � þ amr

m ¼ 0

there follow readily

(i ) if r 2 Z, then rja0
(ii ) if r ¼ s=t, a common fraction in lowest terms, then

tm � �ðs=tÞ ¼ a0t
m þ a1st

m�1 þ a2s
2tm�2 þ � � � þ am�1s

m�1tþ ams
m ¼ 0

so that sja0 and tjam. We have proved

Theorem XIV. Let

�ðxÞ ¼ a0 þ a1xþ a2x
2 þ � � � þ amx

m

be a polynomial of degree m � 1 having integral coefficients. If s=t 2 Q, with ðs, tÞ ¼ 1, is a zero of �ðxÞ,
then sja0 and tjam.

EXAMPLE 8.

(a) The possible rational zeros of

�ðxÞ ¼ 3x3 þ 2x2 � 7xþ 2

are �1, � 2, � 1
3
, � 2

3
. Now �ð1Þ ¼ 0,�ð�1Þ 6¼ 0,�ð2Þ 6¼ 0, �ð�2Þ ¼ 0,�ð1

3
Þ ¼ 0, �ð� 1

3
Þ 6¼ 0, �ð2

3
Þ 6¼ 0, �ð� 2

3
Þ 6¼ 0

so that the rational zeros are 1, � 2, 1
3
and �ðxÞ ¼ 3ðx� 1Þðxþ 2Þðx� 1

3
Þ.

Note. By Theorem VII, �ðxÞ can have no more than three distinct zeros. Thus, once these have been found,

all other possibilities untested may be discarded. It was not necessary here to test the possibilities � 1
3
, 2
3
, � 2

3
.

(b) The possible rational zeros of

�ðxÞ ¼ 4x5 � 4x4 � 5x3 þ 5x2 þ x� 1
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are �1, � 1
2
, � 1

4
. Now �ð1Þ ¼ 0,�ð�1Þ ¼ 0,�ð1

2
Þ ¼ 0,�ð� 1

2
Þ ¼ 0 so that

�ðxÞ ¼ 4ðx� 1Þðxþ 1Þ x�
1

2

� �
xþ

1

2

� �
� ðx� 1Þ

and the rational zeros are 1, 1, � 1, 1
2
, � 1

2
.

(c) The possible rational zeros of

�ðxÞ ¼ x4 � 2x3 � 5x2 þ 4xþ 6

are �1, � 2, � 3, � 6. For these, only �ð�1Þ ¼ 0 and �ð3Þ ¼ 0 so that

�ðxÞ ¼ ðxþ 1Þðx� 3Þðx2 � 2Þ

Since none of the possible zeros �1, � 2 of x2 � 2 are zeros, it follows that x2 � 2 is a prime polynomial over Q

and the only rational zeros of �ðxÞ are �1, 3.

(d) Of the possible rational zeros: �1, � 1
2
, � 1

3
, � 1

6
, of �ðxÞ ¼ 6x4 � 5x3 þ 7x2 � 5xþ 1 only 1

2
and 1

3
are zeros.

Then �ðxÞ ¼ 6ðx� 1
2
Þðx� 1

3
Þðx2 þ 1Þ so that x2 þ 1 is a prime polynomial over Q, and the rational zeros of �ðxÞ

are 1
2
, 1
3
.

(e) The possible rational zeros of

�ðxÞ ¼ 3x4 � 6x3 þ 4x2 � 10xþ 2

are �1, � 2, � 1
3
, � 2

3
. Since none, in fact, is a zero, �ðxÞ is a prime polynomial over Q.

13.9 GREATEST COMMON DIVISOR

DEFINITION 13.6: Let �ðxÞ and �ðxÞ be non-zero polynomials in F½x�. The polynomial dðxÞ 2 F½x�

having the properties

(1) dðxÞ is monic,

(2) dðxÞj�ðxÞ and dðxÞj�ðxÞ,

(3) for every cðxÞ 2 F½x� such that cðxÞj�ðxÞ and cðxÞj�ðxÞ, we have cðxÞjdðxÞ,

is called the greatest common divisor of �ðxÞ and �ðxÞ.

It is evident (see Problem 13.7) that the greatest common divisor of two polynomials in F½x� can be

found in the same manner as the greatest common divisor of two integers in Chapter 5. For the sake of

variety, we prove in Problem 13.8

Theorem XV. Let the non-zero polynomials �ðxÞ and �ðxÞ be in F½x�. The monic polynomial

ðbÞ dðxÞ ¼ sðxÞ � �ðxÞ þ tðxÞ � �ðxÞ, sðxÞ, tðxÞ 2 F½x�

of least degree is the greatest common divisor of �ðxÞ and �ðxÞ.
There follow

Theorem XVI. Let �ðxÞ of degree m � 2 and �ðxÞ of degree n � 2 be in F½x�. Then non-zero

polynomials �ðxÞ of degree at most n� 1 and �ðxÞ of degree at most m� 1 exist in F½x� such that

ðcÞ �ðxÞ � �ðxÞ þ �ðxÞ � �ðxÞ ¼ z

if and only if �ðxÞ and �ðxÞ are not relatively prime.
For a proof, see Problem 13.9.
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and

Theorem XVII. If �ðxÞ,�ðxÞ, pðxÞ 2 F½x� with �ðxÞ and pðxÞ relatively prime, then pðxÞj�ðxÞ � �ðxÞ
implies pðxÞj�ðxÞ.

In Problem 13.10, we prove

The Unique Factorization Theorem. Any polynomial �ðxÞ, of degree m � 1 and with leading coefficient
a, in F½x� can be written as

�ðxÞ ¼ a � ½p1ðxÞ�
m1 � ½p2ðxÞ�

m2 � � � ½pjðxÞ�
mj

where the piðxÞ are monic prime polynomials over F and the mi are positive integers. Moreover, except

for the order of the factors, the factorization is unique.

EXAMPLE 9. Decompose �ðxÞ ¼ 4x4 þ 3x3 þ 4x2 þ 4xþ 6 over Z7 into a product of prime polynomials.

We have, with the understanding that all coefficients are residue classes modulo 7,

�ðxÞ ¼ 4x4 þ 3x3 þ 4x2 þ 4xþ 6 ¼ 4x4 þ 24x3 þ 4x2 þ 4xþ 20

¼ 4ðx4 þ 6x3 þ x2 þ xþ 5Þ ¼ 4ðxþ 1Þðx3 þ 5x2 þ 3xþ 5Þ

¼ 4ðxþ 1Þðxþ 3Þðx2 þ 2xþ 4Þ ¼ 4ðxþ 1Þðxþ 3Þðxþ 3Þðxþ 6Þ

¼ 4ðxþ 1Þðxþ 3Þ2ðxþ 6Þ

13.10 PROPERTIES OF THE POLYNOMIAL DOMAIN F½x�

The ring of polynomials F½x� over a field F has a number of properties which parallel those of the ring Z

of integers. For example, each has prime elements, each is a Euclidean ring (see Problem 13.11), and each
is a principal ideal ring (see Theorem IX, Chapter 11). Moreover, and this will be our primary concern
here, F½x� may be partitioned by any polynomial �ðxÞ 2 F½x� of degree n � 1 into a ring

F½x�=ð�ðxÞÞ ¼ f½�ðxÞ�, ½�ðxÞ�, . . .g

of equivalence classes just as Z was partitioned into the ring Zm. (Recall, this was defined as the quotient
ring in Section 11.11.) For any �ðxÞ,�ðxÞ 2 F½x� we define

ðiÞ ½�ðxÞ� ¼ f�ðxÞ þ �ðxÞ � �ðxÞ : �ðxÞ 2 F½x�g

Then �ðxÞ 2 ½�ðxÞ�, since the zero element of F is also an element of F½x�, and ½�ðxÞ� ¼ ½�ðxÞ� if and only
if �ðxÞ 	 �ðxÞðmod �ðxÞÞ, i.e., if and only if �ðxÞjð�ðxÞ � �ðxÞÞ.

We now define addition and multiplication on these equivalence classes by

½�ðxÞ� þ ½�ðxÞ� ¼ ½�ðxÞ þ �ðxÞ�

and

½�ðxÞ� � ½�ðxÞ� ¼ ½�ðxÞ � �ðxÞ�

respectively, and leave for the reader to prove

(a) Addition and multiplication are well-defined operations on F½x�=ð�ðxÞÞ.

(b) F½x�=ð�ðxÞÞ has ½z� as zero element and ½u� as unity, where z and u, respectively, are the zero and

unity of F .

(c) F½x�=ð�ðxÞÞ is a commutative ring with unity.
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In Problem 13.12, we prove

Theorem XVIII. The ring F½x�=ð�ðxÞÞ contains a subring which is isomorphic to the field F .

If �ðxÞ is of degree 1, it is clear that F½x�=ð�ðxÞÞ is the field F ; if �ðxÞ is of degree 2, F½x�=ð�ðxÞÞ
consists of F together with all equivalence classes f½a0 þ a1x� : a0, a1 2 F , a1 6¼ zg; in general, if �ðxÞ is of
degree n, we have

F½x�=ð�ðxÞÞ ¼ f½a0 þ a1xþ a2x
2 þ � � � þ an�1x

n�1� : ai 2 Fg

Now the definitions of addition and multiplication on equivalence classes and the isomorphism: ai $ ½ai�

imply

½a0 þ a1xþ a2x
2 þ � � � þ an�1x

n�1� ¼ ½a0� þ ½a1�½x� þ ½a2�½x�
2
þ � � � þ ½an�1� � ½x�

n�1

¼ a0 þ a1½x� þ a2½x�
2
þ � � � þ an�1½x�

n�1

As a final simplification, let ½x� be replaced by � so that we have

F½x�=ð�ðxÞÞ ¼ fa0 þ a1� þ a2�
2 þ � � � þ an�1�

n�1 : ai 2 Fg

In Problem 13.13, we prove

Theorem XIX. The ring F½x�=ð�ðxÞÞ is a field if and only if �ðxÞ is a prime polynomial over F .

EXAMPLE 10. Consider �ðxÞ ¼ x2 � 3 2 Q½x�, a prime polynomial over Q. Now

Q½x�=ðx2 � 3Þ ¼ fa0 þ a1� : a0, a1 2 Qg

is a field with respect to addition and multiplication defined as usual except that in multiplication � 2 is to be replaced

by 3. It is easy to show that the mapping

a0 þ a1� $ a0 þ a1
ffiffiffi
3

p

is an isomorphism of Q½x�=ðx2 � 3Þ onto

Q½
ffiffiffi
3

p
� ¼ fa0 þ a1

ffiffiffi
3

p
: a0, a1 2 Qg,

the set of all polynomials in
ffiffiffi
3

p
over Q. Clearly, Q½

ffiffiffi
3

p
� � R so that Q½

ffiffiffi
3

p
� is the smallest field in which x2 � 3

factors completely.

The polynomial x2 � 3 of Example 10 is the monic polynomial overQ of least degree having
ffiffiffi
3

p
as a

root. Being unique, it is called the minimum polynomial of
ffiffiffi
3

p
over Q. Note that the minimum

polynomial of
ffiffiffi
3

p
over R is x�

ffiffiffi
3

p
.

EXAMPLE 11. Let F ¼ Z3 ¼ f0, 1, 2g and take �ðxÞ ¼ x2 þ 1, a prime polynomial over F . Construct the addition

and multiplication tables for the field F½x�=ð�ðxÞÞ.

Here

F½x�=ð�ðxÞÞ ¼ fa0 þ a1� : a0, a1 2 Fg

¼ f0, 1, 2, �, 2�, 1þ �, 1þ 2�, 2þ �, 2þ 2�g
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Since �ð�Þ ¼ � 2 þ 1 ¼ ½0�, we have � 2 ¼ ½�1� ¼ ½2�, or 2. The required tables are

EXAMPLE 12. Let F ¼ Q and take �ðxÞ ¼ x3 þ xþ 1, a prime polynomial over F . Find the multiplicative inverse

of � 2 þ � þ 1 2 F½x�=ð�ðxÞÞ.

Here F½x�=ð�ðxÞÞ ¼ fa0 þ a1� þ a2�
2 : a0, a1, a2 2 Qg and, since �ð�Þ ¼ � 3 þ � þ 1 ¼ 0, we have � 3 ¼ �1� � and

�4 ¼ �� � � 2. One procedure for finding the required inverse is:

set ða0 þ a1� þ a2�
2Þð1þ � þ � 2Þ ¼ 1,

multiply out and substitute for �3 and � 4,

equate the corresponding coefficients of �0, �, � 2

and solve for a0, a1, a2:

This usually proves more tedious than to follow the proof of the existence of the inverse in Problem 13.13. Thus,

using the division algorithm, we find

1 ¼
1

3
ð�3 þ � þ 1Þð1� �Þ þ

1

3
ð� 2 þ � þ 1Þð� 2 � 2� þ 2Þ

Table 13-2

� 0 1 2 � 2� 1þ� 1þ2� 2þ� 2þ2�

0 0 0 0 0 0 0 0 0 0

1 0 1 2 � 2� 1þ� 1þ2� 2þ� 2þ2�

2 0 2 1 2� � 2þ2� 2þ� 1þ2� 1þ�

� 0 � 2� 2 1 2þ� 1þ� 2þ2� 1þ2�

2� 0 2� � 1 2 1þ2� 2þ2� 1þ� 2þ�

1þ� 0 1þ� 2þ2� 2þ� 1þ2� 2� 2 1 �

1þ2� 0 1þ2� 2þ� 1þ� 2þ2� 2 � 2� 1

2þ� 0 2þ� 1þ2� 2þ2� 1þ� 1 2� � 2

2þ2� 0 2þ2� 1þ� 1þ2� 2þ� � 1 2 2�

Table 13-1

þ 0 1 2 � 2� 1þ� 1þ2� 2þ� 2þ2�

0 0 1 2 � 2� 1þ� 1þ2� 2þ� 2þ2�

1 1 2 0 1þ� 1þ2� 2þ� 2þ2� � 2�

2 2 0 1 2þ� 2þ2� � 2� 1þ� 1þ2�

� � 1þ� 2þ� 2� 0 1þ2� 1 2þ2� 2

2� 2� 1þ2� 2þ2� 0 � 1 1þ� 2 2þ�

1þ� 1þ� 2þ� � 1þ2� 1 2þ2� 2 2� 0

1þ2� 1þ2� 2þ2� 2� 1 1þ� 2 2þ� 0 �

2þ� 2þ� � 1þ� 2þ2� 2 2� 0 1þ2� 1

2þ2� 2þ2� 2� 1þ2� 2 2þ� 0 � 1 1þ�
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Then ð�3 þ � þ 1Þj½1�
1

3
ð� 2 þ � þ 1Þð� 2 � 2� þ 2Þ�

so that
1

3
ð� 2 þ � þ 1Þð� 2 � 2� þ 2Þ ¼ 1

and
1

3
ð� 2 � 2� þ 2Þ is the required inverse.

EXAMPLE 13. Show that the field R½x�=ðx2 þ 1Þ is isomorphic to C.

We have R½x�=ðx2 þ 1Þ ¼ fa0 þ a1� : a0, a1 2 Rg. Since � 2 ¼ �1, the mapping

a0 þ a1� ! a0 þ a1i

is an isomorphism of R½x�=ðx2 þ 1Þ onto C. We have then a second method of constructing the field of

complex numbers from the field of real numbers. It is, however, not possible to use such a procedure to

construct the field of real numbers from the rationals.
Example 13 illustrates

Theorem XX. If �ðxÞ of degree m � 2 is an element of F½x�, then there exists of field F0, where F � F0,

in which �ðxÞ has a zero.
For a proof, see Problem 13.14.

It is to be noted that over the field F0 of Theorem XX, �ðxÞ may or may not be written as

the product of m factors each of degree one. However, if �ðxÞ does not factor completely over F0, it

has a prime factor of degree n � 2 which may be used to obtain a field F00, with F � F0 � F00, in

which �ðxÞ has another zero. Since �ðxÞ has only a finite number of zeros, the procedure can always be

repeated a sufficient number of times to ultimately produce a field FðiÞ in which �ðxÞ factors completely.
See Problem 13.15.

Solved Problems

13.1. Prove: Let R be a ring with unity u; let

�ðxÞ ¼ a0 þ a1xþ a2x
2 þ � � � þ amx

m 2 R½x�

be either the zero polynomial or of degree m; and let

�ðxÞ ¼ b0 þ b1xþ b2x
2 þ � � � þ uxn 2 R½x�

be a monic polynomial of degree n. Then there exist unique polynomials qRðxÞ, rRðxÞ 2 R½x� with

rRðxÞ either the zero polynomial or of degree < n such that

ðiÞ �ðxÞ ¼ qRðxÞ � �ðxÞ þ rRðxÞ

If �ðxÞ is the zero polynomial or if n > m, then (i) holds with qRðxÞ ¼ z and rRðxÞ ¼ �ðxÞ.
Let n 
 m. The theorem is again trivial if m ¼ 0 or if m ¼ 1 and n ¼ 0. For the case m ¼ n ¼ 1, take

�ðxÞ ¼ a0 þ a1x and �ðxÞ ¼ b0 þ ux. Then

�ðxÞ ¼ a0 þ a1x ¼ a1ðb0 þ uxÞ þ ða0 � a1b0Þ

and the theorem is true with qRðxÞ ¼ a1 and rRðxÞ ¼ a0 � a1b0.

We shall now use the induction principal of Problem 3.27, Chapter 3. For this purpose we assume

the theorem true for all �ðxÞ of degree 
 m� 1 and consider �ðxÞ of degree m. Now �ðxÞ ¼
�ðxÞ � amx

n�m � �ðxÞ 2 R½x� and has degree < m. By assumption,

�ðxÞ ¼ �ðxÞ � �ðxÞ þ rðxÞ
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with rðxÞ of degree at most n� 1. Then

�ðxÞ ¼ �ðxÞ þ amx
n�m � �ðxÞ ¼ ð�ðxÞ þ amx

n�mÞ � �ðxÞ þ rðxÞ

¼ qRðxÞ � �ðxÞ þ rRðxÞ

where qRðxÞ ¼ �ðxÞ þ amx
n�m and rRðxÞ ¼ rðxÞ, as required.

To prove uniqueness, suppose

�ðxÞ ¼ qRðxÞ � �ðxÞ þ rRðxÞ ¼ q0R � �ðxÞ þ r0RðxÞ

Then

ðqRðxÞ � q0RðxÞÞ � �ðxÞ ¼ r0R � rRðxÞ

Now r 0RðxÞ � rRðxÞ has degree at most n� 1, while, unless qRðxÞ � q 0
RðxÞ ¼ z, ðqRðxÞ � q 0

RðxÞÞ � �ðxÞ has degree
at least n. Thus qRðxÞ � q 0

RðxÞ ¼ z and then r 0RðxÞ � rRðxÞ ¼ z, which establishes uniqueness.

13.2. Prove: The right remainder when �ðxÞ ¼ a0 þ a1xþ a2x
2 þ � � � þ amx

m 2 R½x� is divided by

x� b, b 2 R, is rR ¼ a0 þ a1bþ a2b
2 þ � � � þ amb

m.

Consider

�ðxÞ � rR ¼ a1ðx� bÞ þ a2ðx
2 � b2Þ þ � � � þ amðx

m � bmÞ

¼ fa1 þ a2ðxþ bÞ þ � � � þ amðx
m�1 þ bxm�2 þ � � � þ bm�1Þg � ðx� bÞ

¼ qRðxÞ � ðx� bÞ

Then

�ðxÞ ¼ qRðxÞ � ðx� bÞ þ rR

By Problem 1 the right remainder is unique; hence, rR is the required right remainder.

13.3. In the polynomial ring S½x� over S, the ring of Example 1(d), Chapter 12, Section 12.1,

(a) Find the remainder when �ðxÞ ¼ cx4 þ dx3 þ cx2 þ hxþ g is divided by �ðxÞ ¼ bx2 þ fxþ d.

(b) Verify that f is a zero of �ðxÞ ¼ cx4 þ dx3 þ cx2 þ bxþ d.

(a) We proceed as in ordinary division, with one variation. Since S is of characteristic two, sþ ð�tÞ ¼ sþ t

for all s, t 2 S; hence, in the step ‘‘change the signs and add’’ we shall simply add.

cx2 þ hxþ b

bx3 þ fxþ d
�
cx4 þ dx3 þ cx2 þ hxþ g

cx4 þ ex3 þ fx2

hx3 þ hx3 þ hx

hx3 þ gx2 þ ex

bx2 þ dxþ g

bx2 þ fxþ d

gxþ f

The remainder is rðxÞ ¼ gxþ f .

(b) Here f 2 ¼ c, f 3 ¼ cf ¼ e, and f 4 ¼ h. Then

�ðf Þ ¼ chþ deþ c2 þ bf þ d

¼ d þ cþ hþ f þ d ¼ a

as required.

CHAP. 13] POLYNOMIALS 169



13.4. Prove the Division Algorithm as stated for the polynomial domain F½x�.

Note. The requirement that �ðxÞ be monic in Theorem II, Section 13.3, and its restatement for

commutative rings with unity was necessary.

Suppose now that �ðxÞ,�ðxÞ 2 F½x� with bn 6¼ u the leading coefficient of �ðxÞ. Then, since bn
�1 always

exists in F and �0ðxÞ ¼ bn
�1

� �ðxÞ is monic, we may write

�ðxÞ ¼ q0ðxÞ � �0ðxÞ þ rðxÞ

¼ ½bn
�1q0ðxÞ� � ½bn � �

0ðxÞ� þ rðxÞ

¼ qðxÞ � �ðxÞ þ rðxÞ

with rðxÞ either the zero polynomial or of degree less than that of �ðxÞ.

13.5. Prove: Let �ðxÞ 2 F½x� have degree m > 0 and leading coefficient a. If the distinct elements

b1, b2, . . . , bm of F are zeros of �ðxÞ, then �ðxÞ ¼ aðx� b1Þðx� b2Þ � � � ðx� bmÞ.

Suppose m ¼ 1 so that �ðxÞ ¼ axþ a1 has, say, b1 as zero. Then �ðb1Þ ¼ ab1 þ a1 ¼ z, a1 ¼ �ab1, and

�ðxÞ ¼ axþ a1 ¼ ax� ab1 ¼ aðx� b1Þ

The theorem is true for m ¼ 1.

Now assume the theorem is true for m ¼ k and consider �ðxÞ of degree kþ 1 with zeros b1, b2, . . . , bkþ1.

Since b1 is a zero of �ðxÞ, we have by the Factor Theorem

�ðxÞ ¼ qðxÞ � ðx� b1Þ

where qðxÞ is of degree k with leading coefficient a. Since �ðbjÞ ¼ qðbjÞ � ðbj � b1Þ ¼ z for

j ¼ 2, 3, . . . , kþ 1 and since bj � b1 6¼ z for all j 6¼ 1, it follows that b2, b3, . . . , bkþ1 are k distinct zeros of

qðxÞ. By assumption,

qðxÞ ¼ aðx� b2Þðx� b3Þ � � � ðx� bkþ1Þ

Then

�ðxÞ ¼ aðx� b1Þðx� b2Þ � � � ðx� bkþ1Þ

and the proof by induction is complete.

13.6. Prove: Let �ðxÞ,�ðxÞ 2 F½x� be such that �ðsÞ ¼ �ðsÞ for every s 2 F . Then, if the number of

elements of F exceeds the degree of both �ðxÞ and �ðxÞ, we have necessarily �ðxÞ ¼ �ðxÞ.

Set �ðxÞ ¼ �ðxÞ � �ðxÞ. Now �ðxÞ is either the zero polynomial or is of degree p which certainly does not

exceed the greater of the degrees of �ðxÞ and �ðxÞ. By hypothesis, �ðsÞ ¼ �ðsÞ � �ðsÞ for every s 2 F . Then

�ðxÞ ¼ z (otherwise, �ðxÞ would have more zeros than its degree, contrary to Theorem VII) and �ðxÞ ¼ �ðxÞ
as required.

13.7. Find the greatest common divisor of �ðxÞ ¼ 6x5 þ 7x4 � 5x3 � 2x2 � xþ 1 and �ðxÞ ¼ 6x4�

5x3 � 19x2 � 13x� 5 over Q and express it in the form

dðxÞ ¼ sðxÞ � �ðxÞ þ tðxÞ � �ðxÞ
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Proceeding as in the corresponding problem with integers, we find

�ðxÞ ¼ ðxþ 2Þ � �ðxÞ þ ð24x3 þ 49x2 þ 30xþ 11Þ ¼ q1ðxÞ � �ðxÞ þ r1ðxÞ

�ðxÞ ¼
1

32
ð8x� 23Þ � r1ðxÞ þ

93

32
ð3x2 þ 2xþ 1Þ ¼ q2ðxÞ � r1ðxÞ þ r2ðxÞ

r1ðxÞ ¼
1

93
ð256xþ 352Þ � r2ðxÞ

Since r2ðxÞ is not monic, it is an associate of the required greatest common divisor dðxÞ ¼ x2 þ 2
3
xþ 1

3
.

Now

r2ðxÞ ¼ �ðxÞ � q2ðxÞ � r1ðxÞ

¼ �ðxÞ � q2ðxÞ � �ðxÞ þ q1ðxÞ � q2ðxÞ � �ðxÞ

¼ �q2ðxÞ � �ðxÞ þ ð1þ q1ðxÞ � q2ðxÞÞ � �ðxÞ

¼ �
1

32
ð8x� 23Þ � �ðxÞ þ

1

32
ð8x2 � 7x� 14Þ � �ðxÞ

and dðxÞ ¼
32

279
r2ðxÞ ¼ �

1

279
ð8x� 23Þ � �ðxÞ þ

1

279
ð8x2 � 7x� 14Þ � �ðxÞ

13.8. Prove: Let the non-zero polynomials �ðxÞ and �ðxÞ be in F½x�. The monic polynomial

dðxÞ ¼ s0ðxÞ � �ðxÞ þ t0 � �ðxÞ, s0ðxÞ, t0ðxÞ 2 F½x�

of least degree is the greatest common divisor of �ðxÞ and �ðxÞ.

Consider the set

S ¼ fsðxÞ � �ðxÞ þ tðxÞ � �ðxÞ : sðxÞ, tðxÞ 2 F½x�g

Clearly this is a non-empty subset of F½x� and, hence, contains a non-zero polynomial �ðxÞ of least degree.

For any bðxÞ 2 S, we have, by the Division Algorithm, bðxÞ ¼ qðxÞ � �ðxÞ þ rðxÞ where rðxÞ 2 S (prove this)

is either the zero polynomial or has degree less than that of �ðxÞ. Then rðxÞ ¼ z and bðxÞ ¼ qðxÞ � �ðxÞ so

that every element of S is a multiple of �ðxÞ. Hence, �ðxÞj�ðxÞ and �ðxÞj�ðxÞ. Moreover, since

�ðxÞ ¼ s0ðxÞ � �ðxÞ þ t0ðxÞ � �ðxÞ, any common divisor cðxÞ of �ðxÞ and �ðxÞ is a divisor of �ðxÞ. Now if �ðxÞ
is monic, it is the greatest common divisor dðxÞ of �ðxÞ and �ðxÞ; otherwise, there exist a unit � such that

� � �ðxÞ is monic and dðxÞ ¼ � � �ðxÞ is the required greatest common divisor.

13.9. Prove: Let �ðxÞ of degree m � 2 and �ðxÞ of degree n � 2 be in F½x�. Then non-zero polynomials

�ðxÞ of degree at most n� 1 and �ðxÞ of degree at most m� 1 exist in F½x� such that

ðcÞ �ðxÞ � �ðxÞ þ �ðxÞ � �ðxÞ ¼ z

if and only if �ðxÞ and �ðxÞ are not relatively prime.

Suppose �ðxÞ of degree p � 1 is the greatest common divisor of �ðxÞ and �ðxÞ, and write

�ðxÞ ¼ �0ðxÞ � �ðxÞ, �ðxÞ ¼ �0ðxÞ � �ðxÞ

Clearly �0ðxÞ has degree 
 m� 1 and �0ðxÞ has degree 
 n� 1. Moreover,

�0ðxÞ � �ðxÞ ¼ �0ðxÞ � �0ðxÞ � �ðxÞ ¼ �0ðxÞ � ½�0ðxÞ � �ðxÞ� ¼ �0ðxÞ � �ðxÞ

so that �0ðxÞ � �ðxÞ þ ½��0ðxÞ � �ðxÞ� ¼ z

and we have (c) with �ðxÞ ¼ �0ðxÞ and �ðxÞ ¼ ��0ðxÞ.
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Conversely, suppose (c) holds with �ðxÞ and �ðxÞ relatively prime. By Theorem XV, Section 13.9, we have

u ¼ sðxÞ � �ðxÞ þ tðxÞ � �ðxÞ for some sðxÞ, tðxÞ 2 F½x�

Then �ðxÞ ¼ �ðxÞ � sðxÞ � �ðxÞ þ �ðxÞ � tðxÞ � �ðxÞ

¼ sðxÞ½��ðxÞ � �ðxÞ� þ �ðxÞ � tðxÞ � �ðxÞ

¼ �ðxÞ½�ðxÞ � tðxÞ � �ðxÞ � sðxÞ�

and �ðxÞj�ðxÞ. But this is impossible; hence, (c) does not hold if �ðxÞ and �ðxÞ are relatively prime.

13.10. Prove: The unique factorization theorem holds in F½x�.

Consider an arbitrary �ðxÞ 2 F½x�. If �ðxÞ is a prime polynomial, the theorem is trivial. If �ðxÞ is

reducible, write �ðxÞ ¼ a � �ðxÞ � �ðxÞ where �ðxÞ and �ðxÞ are monic polynomials of positive degree less than

that of �ðxÞ. Now either �ðxÞ and �ðxÞ are prime polynomials, as required in the theorem, or one or both are

reducible and may be written as the product of two monic polynomials. If all factors are prime, we have the

theorem; otherwise . . .. This process cannot be continued indefinitely (for example, in the extreme case we

would obtain �ðxÞ as the product of m polynomials each of degree one). The proof of uniqueness is left for

the reader, who also may wish to use the induction procedure of Problem 3.27, Chapter 3, in the first part of

the proof.

13.11. Prove: The polynomial ring F½x� over the field F is a Euclidean ring.

For each non-zero polynomial �ðxÞ 2 F½x�, define 	ð�Þ ¼ m where m is the degree of �ðxÞ. If

�ðxÞ,�ðxÞ 2 F½x� have respective degrees m and n, it follows that 	ð�Þ ¼ m, 	ð�Þ ¼ n, 	ð� � �Þ ¼ mþ n

and, hence, 	ð� � �Þ � 	ð�Þ. Now we have readily established the division algorithm:

�ðxÞ ¼ qðxÞ � �ðxÞ þ rðxÞ

where rðxÞ is either z or of degree less than that of �ðxÞ. Thus, either rðxÞ ¼ z or 	ðrÞ < 	ð�Þ as required.

13.12. Prove: The ring F½x�=ð�ðxÞÞ contains a subring which is isomorphic to the field F .

Let a, b be distinct elements of F ; then ½a�, ½b� are distinct elements of F½x�=ð�ðxÞÞ since ½a� ¼ ½b� if and

only if �ðxÞjða� bÞ.

Now the mapping a ! ½a� is an isomorphism of F onto a subset of F½x�=ð�ðxÞÞ since it is one to one and

the operations of addition and multiplication are preserved. It will be left for the reader to show that this

subset is a subring of F½x�=ð�ðxÞÞ.

13.13. Prove: The ring F½x�=ð�ðxÞÞ is a field if and only if �ðxÞ is a prime polynomial of F .

Suppose �ðxÞ is a prime polynomial over F . Then for any ½�ðxÞ� 6¼ z of F½x�=ð�ðxÞÞ, we have by Theorem

XV, Section 13.9,

u ¼ �ðxÞ � �ðxÞ þ �ðxÞ � �ðxÞ for some �ðxÞ, �ðxÞ 2 F½x�

Now �ðxÞju� �ðxÞ � �ðxÞ so that ½�ðxÞ� � ½�ðxÞ� ¼ ½u�. Hence, every non-zero element ½�ðxÞ� 2 F½x�=ð�ðxÞÞ has
a multiplicative inverse and F½x�=ð�ðxÞÞ is a field.

Suppose �ðxÞ of degree m � 2 is not a prime polynomial over F , i.e., suppose �ðxÞ ¼ �ðxÞ � �ðxÞ
where �ðxÞ, �ðxÞ 2 F½x� have positive degrees s and t such that sþ t ¼ m. Then s < m so that �ðxÞ 6 j�ðxÞ
and ½�ðxÞ� 6¼ ½z�; similarly, ½�ðxÞ� 6¼ ½z�. But ½�ðxÞ� � ½�ðxÞ� ¼ ½�ðxÞ � �ðxÞ� ¼ ½�ðxÞ� ¼ ½z�. Thus, since

½�ðxÞ�, ½�ðxÞ� 2 F½x�=ð�ðxÞÞ, it follows that F½x�=ð�ðxÞÞ has divisors of zero and is not a field.

13.14. Prove: If �ðxÞ of degree m � 2 is an element of F½x�, there exists a field F0, where F � F0, in

which �ðxÞ has a zero.
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The theorem is trivial if �ðxÞ has a zero in F ; suppose that it does not. Then there exists a monic prime

polynomial �ðxÞ 2 F½x� of degree n � 2 such that �ðxÞj�ðxÞ. Since �ðxÞ is prime over F , define

F0 ¼ F½x�=ð�ðxÞÞ.
Now by Theorem XVIII, Section 13.10, F � F0 so that �ðxÞ 2 F 0½x�. Also, there exists � 2 F0 such that

�ð�Þ ¼ ½z�. Thus � is a zero of �ðxÞ and F0 is a field which meets the requirement of the theorem.

13.15. Find a field in which x3 � 3 2 Q½x� (a) has a factor, (b) factors completely.

Consider the field Q½x�=ðx3 � 3Þ ¼ fa0 þ a1� þ a2�
2 : a0, a1, a2 2 Qg

(a) The field just defined is isomorphic to

F0 ¼ fa0 þ a1
ffiffiffi
3

3
p

þ a2
ffiffiffi
9

3
p

: a0, a1, a2 2 Qg

in which x3 � 3 has a zero.

(b) Since the zeros of x3 � 3 are
ffiffiffi
33

p
,

ffiffiffi
33

p
!,

ffiffiffi
33

p
!2, it is clear that x3 � 3 factors completely in F00 ¼ F 0½!�.

13.16. Derive formulas for the zeros of the cubic polynomial �ðxÞ ¼ a0 þ a1xþ a2x
2 þ x3 over C when

a0 6¼ 0.

The derivation rests basically on two changes to new variables:

(i) If a2 ¼ 0, use x ¼ y and proceed as in (ii) below; if a2 6¼ 0, use x ¼ yþ v and choose v so that the

resulting cubic lacks the term in y2. Since the coefficient of this term is a2 þ 3v, the proper relation is

x ¼ y� a2=3. Let the resulting polynomial be

�ðyÞ ¼ �ðy� a2=3Þ ¼ qþ pyþ y3

If q ¼ 0, the zeros of �ðyÞ are 0,
ffiffiffiffiffiffiffi
�p

p
, �

ffiffiffiffiffiffiffi
�p

p
and the zeros of �ðxÞ are obtained by decreasing each zero of

�ðyÞ by a2=3. If q 6¼ 0 but p ¼ 0, the zeros of �ðyÞ are the three cube roots 
,!
,!2
 (see Chapter 8) of �q

from which the zeros of �ðxÞ are obtained as before. For the case pq 6¼ 0,

(ii) Use y ¼ z� p=3z to obtain

�ðzÞ ¼ �ðz� p=3zÞ ¼ z3 þ q� p3=27z3 ¼
z6 þ qz3 � p3=27

z3

Now any zero, say s, of the polynomial �ðzÞ ¼ z6 þ qz3 � p3=27z3 yields the zero s� p=3s� a2=3 of �ðxÞ; the
six zeros of �ðzÞ yield, as can be shown, each zero of �ðxÞ twice. Write

�ðzÞ ¼ ½z3 þ
1

2
ðq�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ 4p3=27

p
Þ� � ½z3 þ

1

2
ðqþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ 4p3=27

p
Þ�

and denote the zeros of z3 þ 1
2
ðq�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ 4p3=27

p
Þ by A,!A,!2A. The zeros of �ðxÞ are then:

A� p=3A� a2=3,!A� !2p=3A� a2=3, and !2A� !p=3A� a2=3.

13.17. Find the zeros of �ðxÞ ¼ �11� 3xþ 3x2 þ x3.

The substitution x ¼ y� 1 yields

�ðyÞ ¼ �ðy� 1Þ ¼ �6� 6yþ y3

In turn, the substitution y ¼ zþ 2=z yields

�ðzÞ ¼ �ðzþ 2=zÞ ¼ z3 þ 8=z3 � 6 ¼
z6 � 6z3 þ 8

z3
¼

ðz3 � 2Þðz3 � 4Þ

z3
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Take A ¼
ffiffiffi
23

p
; then the zeros of �ðxÞ are:

ffiffiffi
2

3
p

þ
ffiffiffi
4

3
p

� 1, !
ffiffiffi
2

3
p

þ !2
ffiffiffi
4

3
p

� 1, !2
ffiffiffi
2

3
p

þ !
ffiffiffi
4

3
p

� 1

The reader will now show that, apart from order, these zeros are obtained by taking A ¼
ffiffiffi
43

p
.

13.18. Derive a procedure for finding the zeros of the quartic polynomial

�ðxÞ ¼ a0 þ a1xþ a2x
2 þ a3x

3 þ x4 2 C½x�, when a0 6¼ 0:

If a3 6¼ 0, use x ¼ y� a3=4 to obtain

�ðyÞ ¼ �ðy� a3=4Þ ¼ b0 þ b1yþ b2y
2 þ y4

Now

�ðyÞ ¼ ðpþ 2qyþ y2Þðr� 2qyþ y2Þ

¼ prþ 2qðr� pÞyþ ðrþ p� 4q2Þy2 þ y4

provided there exist p, q, r 2 C satisfying

pr ¼ b0, 2qðr� pÞ ¼ b1, rþ p� 4q2 ¼ b2

If b1 ¼ 0, take q ¼ 0; otherwise, with q 6¼ 0, we find

2p ¼ b2 þ 4q2 � b1=2q and 2r ¼ b2 þ 4q2 þ b1=2q

Since 2p � 2r ¼ 4b0, we have

ðiÞ 64q6 þ 32b2q
4 þ 4ðb2

2
� 4b0Þq

2 � b1
2
¼ 0

Thus, considering the left member of (i) as a cubic polynomial in q2, any of its zeros different from 0 will

yield the required factorization. Then, having the four zeros of �ðyÞ, the zeros of �ðxÞ are obtained by

decreasing each by a3=4.

13.19. Find the zeros of �ðxÞ ¼ 35� 16x� 4x2 þ x4.

Using x ¼ yþ 1, we obtain

�ðyÞ ¼ �ðyþ 1Þ ¼ 16� 24y� 6y2 þ y4

Here, (i) of Problem 18 becomes

64q6 � 192q4 � 112q2 � 576 ¼ 16ðq2 � 4Þð4q4 þ 4q2 þ 9Þ ¼ 0

Take q ¼ 2; then p ¼ 8 and r ¼ 2 so that

16� 24y� 6y2 þ y4 ¼ ð8þ 4yþ y2Þð2� 4yþ y2Þ

with zeros �2� 2i and 2�
ffiffiffi
2

p
. The zeros of �ðxÞ are: �1� 2i and 3�

ffiffiffi
2

p
.
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Supplementary Problems

13.20. Give an example of two polynomials in x of degree 3 with integral coefficients whose sum is of degree 2.

13.21. Find the sum and product of each pair of polynomials over the indicated coefficient ring. (For convenience,

½a�, ½b�, ::: have been replaced by a, b, . . . :)

(a) 4þ xþ 2x2, 1þ 2xþ 3x2;Z5

(b) 1þ 5xþ 2x2, 7þ 2xþ 3x2 þ 4x3;Z8

(c) 2þ 2xþ x3, 1þ xþ x2 þ x4;Z3

Ans. (a) 3x; 4þ 4xþ x2 þ 2x3 þ x4

(c) x2 þ x3 þ x4; 2þ xþ x2 þ x7

13.22. In the polynomial ring S½x� over S, the ring of Problem 11.2, Chapter 11, verify

(a) ðbþ gxþ fx2Þ þ ðd þ gxÞ ¼ cþ exþ fx2

(b) ðbþ gxþ fx2Þðd þ cxÞ ¼ bþ hxþ cx2 þ bx3

(c) ðbþ gxþ fx2Þðd þ exÞ ¼ bþ cxþ bx2

(d) f þ bx and eþ ex are divisors of zero.

(e) c is a zero of f þ cxþ fx2 þ ex3 þ dx4

13.23. Given �ðxÞ,�ðxÞ, �ðxÞ 2 F½x� with respective leading coefficients a, b, c and suppose �ðxÞ ¼ �ðxÞ � �ðxÞ. Show

that �ðxÞ ¼ a � �0ðxÞ � � 0ðxÞ where �0ðxÞ and � 0ðxÞ are monic polynomials.

13.24. Show that D½x� is not a field of any integral domain D.

Hint. Let �ðxÞ 2 D½x� have degree > 0 and assume �ðxÞ 2 D½x� a multiplicative inverse of �ðxÞ.

Then �ðxÞ � �ðxÞ has degree > 0, a contradiction.

13.25. Factor each of the following into products of prime polynomials over (i) Q, (ii) R, (iii) C.

ðaÞ x4 � 1 ðcÞ 6x4 þ 5x3 þ 4x2 � 2x� 1

ðbÞ x4 � 4x2 � xþ 2 ðdÞ 4x5 þ 4x4 � 13x3 � 11x2 þ 10xþ 6

Ans. (a) ðx� 1Þðxþ 1Þðx2 þ 1Þ over Q,R; ðx� 1Þðxþ 1Þðx� iÞðxþ iÞ over C

(d) ðx� 1Þð2xþ 1Þð2xþ 3Þðx2 � 2Þ over Q; ðx� 1Þð2xþ 1Þð2xþ 3Þðx�
ffiffiffi
2

p
Þðxþ

ffiffiffi
2

p
Þ over

R,C:

13.26. Factor each of the following into products of prime polynomials over the indicated field. (See note in

Problem 13.21.)

ðaÞ x2 þ 1;Z5 ðcÞ 2x2 þ 2xþ 1;Z5

ðbÞ x2 þ xþ 1;Z3 ðdÞ 3x3 þ 4x2 þ 3;Z5

Ans. (a) ðxþ 2Þðxþ 3Þ, (d) ðxþ 2Þ2ð3xþ 2Þ

13.27. Factor x4 � 1 over (a) Z11, (b) Z13.
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13.28. In (d) of Problem 13.26 obtain also 3x3 þ 4x2 þ 3 ¼ ðxþ 2Þðxþ 4Þð3xþ 1Þ. Explain why this does not

contradict the Unique Factorization Theorem.

13.29. In the polynomial ring S½x� over S, the ring of Example 1(d), Chapter 12, Section 12.1,

(a) Show that bx2 þ exþ g and gx2 þ dxþ b are prime polynomials.

(b) Factor hx4 þ ex3 þ cx2 þ b.

Ans. (b) ðbxþ bÞðcxþ gÞðgxþ dÞðhxþ eÞ

13.30. Find all zeros over C of the polynomials of Problem 13.25.

13.31. Find all zeros of the polynomials of Problem 13.26.

Ans. (a) 2, 3; (d) 1, 3, 3

13.32. Find all zeros of the polynomial of Problem 13.29(b).

Ans. b, e, f , d

13.33. List all polynomials of the form 3x2 þ cxþ 4 which are prime over Z5.

Ans. 3x2 þ 4, 3x2 þ xþ 4, 3x2 þ 4xþ 4

13.34. List all polynomials of degree 4 which are prime over Z2.

13.35. Prove: Theorems VII, IX, and XIII.

13.36. Prove: If aþ b
ffiffiffi
c

p
, with a, b, c 2 Q and c not a perfect square, is a zero of �ðxÞ 2 Z½x�, so also is

a� b
ffiffiffi
c

p
.

13.37. Let R be a commutative ring with unity. Show that R½x� is a principal ideal ring. What are its prime

ideals?

13.38. Form polynomial �ðxÞ 2 Z½x� of least degree having among its zeros:

ðaÞ
ffiffiffi
3

p
and 2 ðcÞ 1 and 2þ 3

ffiffiffi
5

p
ðeÞ 1þ i of multiplicity 2

ðbÞ i and3 ðdÞ �1þ i and 2� 3i

Ans. (a) x3 � 2x2 � 3xþ 6, (d) x4 � 2x3 þ 7x2 þ 18xþ 26

13.39. Verify that the minimum polynomial of
ffiffiffi
3

p
þ 2i over R is of degree 2 and over Q is of degree 4.

13.40. Find the greatest common divisor of each pair �ðxÞ,�ðxÞ over the indicated ring and express it in the form

sðxÞ � �ðxÞ þ tðxÞ � �ðxÞ.

(a) x5 þ x4 � x3 � 3xþ 2, x3 þ 2x2 � x� 2;Q

(b) 3x4 � 6x3 þ 12x2 þ 8x� 6, x3 � 3x2 þ 6x� 3;Q

(c) x5 � 3ix3 � 2ix2 � 6, x2 � 2i;C

(d) x5 þ 3x3 þ x2 þ 2xþ 2, x4 þ 3x3 þ 3x2 þ xþ 2;Z5
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(e) x5 þ x3 þ x, x4 þ 2x3 þ 2x;Z3

( f ) cx4 þ hx3 þ ax2 þ gxþ e, gx3 þ hx2 þ dxþ g; S of Example 1(d), Chapter 12, Section 12.1.

Ans. (b) 1
447

ð37x2 � 108xþ 177Þ � �ðxÞ þ 1
447

ð�111x3 þ 213x2 � 318x� 503Þ � �ðxÞ

(d) ðxþ 2Þ � �ðxÞ þ ð4x2 þ xþ 2Þ � �ðxÞ

( f ) ðgxþ hÞ � �ðxÞ þ ðcx2 þ hxþ eÞ � �ðxÞ

13.41. Prove Theorem XVII, Section 13.9.

13.42. Show that every polynomial of degree 2 in F½x� of Example 11, Section 13.10, factors completely in

F½x�=ðx2 þ 1Þ by exhibiting the factors.

Partial Ans.

x2 þ 1 ¼ ðxþ �Þðxþ 2�Þ; x2 þ xþ 2 ¼ ðxþ � þ 2Þðxþ 2� þ 2Þ;

2x2 þ xþ 1 ¼ ðxþ � þ 1Þð2xþ � þ 2Þ

13.43. Discuss the field Q½x�=ðx3 � 3Þ. (See Example 10, Section 13.10.)

13.44. Find the multiplicative inverse of � 2 þ 2 in (a) Q½x�=ðx3 þ xþ 2Þ, (b) F½x�=ðx2 þ xþ 1Þ when F ¼ Z5.

Ans. (a) 1
6
ð1� 2� � � 2Þ, (b) 1

3
ð� þ 2Þ
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Vector Spaces

INTRODUCTION

In this chapter we shall define and study a type of algebraic system called a vector space. Before making
a formal definition, we recall that in elementary physics one deals with two types of quantities: (a) scalars
(time, temperature, speed), which have magnitude only, and (b) vectors (force, velocity, acceleration),
which have both magnitude and direction. Such vectors are frequently represented by arrows. For
example, consider in Fig. 14-1 a given plane in which a rectangular coordinate system has been established
and a vector ~��¼OP¼ (a, b) joining the origin to the point P(a, b). The magnitude of ~��1 (length of OP) is
given by r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
, and the direction (the angle �, always measured from the positive x-axis) is

determined by any two of the relations sin �¼ b/r, cos �¼ a/r, tan �¼ b/a.
Two operations are defined on these vectors:

Scalar Multiplication. Let the vector ~��1¼ (a, b) represent a force at O. The product of the scalar 3 and the
vector ~��1 defined by 3~��1¼ (3a, 3b) represents a force at O having the direction of ~��1 and three times
its magnitude. Similarly, �2~��1 represents a force at O having twice the magnitude of ~��1 but with the
direction opposite that of ~��.

Vector Addition. If ~��1¼ (a, b) and ~��2¼ (c, d) represent two forces at O, their resultant ~�� (the single force at
O having the same effect as the two forces ~��1 and ~��2) is given by ~�� ¼ ~��1 þ ~��2 ¼ ðaþ c, bþ dÞ obtained by
means of the Parallelogram Law.

In the example above it is evident that every scalar s2R and every vector ~��2R�R. There can be no
confusion then in using (þ) to denote addition of vectors as well as addition of scalars.

Denote by V the set of all vectors in the plane, (i.e., V¼R�R). Now V has a zero element ~��¼ (0,0)
and every ~��¼ (a, b)2V has an additive inverse �~��¼ (�a,�b)2V such that ~�� þ ð�~��Þ ¼ ~��; in fact, V is an

Fig. 14-1
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abelian additive group. Moreover, for all s,t2R and ~��,~��2 V, the following properties hold:

sð~�� þ ~��Þ ¼ s~�� þ s~�� ðsþ tÞ~�� ¼ s~�� þ t~��

sðt~��Þ ¼ ðstÞ~�� 1~�� ¼ ~��

EXAMPLE 1. Consider the vectors ~��¼ (1,2), ~��¼ð1=2, 0Þ, ~��¼ (0, �3/2). Then

(a) 3 ~��¼ 3(1,2)¼ (3,6), 2 ~��¼ (1,0), and 3 ~��þ 2 ~��¼ (3,6)þ (1,0)¼ (4,6).

(b) ~��þ 2 ~��¼ (2,2), ~��þ ~��¼ ð1=2, � 3=2Þ, and 5(~��þ 2 ~�� )�4(~��þ ~��)¼ (8,16).

14.1 VECTOR SPACES

DEFINITION 14.1: Let F be a field and V be an abelian additive group such that there is a scalar

multiplication of V by F which associates with each s2F and ~��2V the element s ~��2V. Then V is called

a vector space over F provided, with u the unity of F ,

ðiÞ sð~�� þ ~��Þ ¼ s~�� þ s~�� ðiiiÞ sðt~��Þ ¼ ðstÞ~��

ðiiÞ ðsþ tÞ~�� ¼ s~�� þ t~�� ðivÞ u~�� ¼ ~��

hold for all s, t2F and ~�� , ~��2V.
It is evident that, in fashioning the definition of a vector space, the set of all plane vectors of the

section above was used as a guide. However, as will be seen from the examples below, the elements of a

vector space, i.e., the vectors, are not necessarily quantities which can be represented by arrows.

EXAMPLE 2.

(a) Let F ¼R and V ¼ V2ðRÞ ¼ fða1, a2Þ : a1, a2 2 Rg with addition and scalar multiplication defined as in the first

section. Then, of course, V is a vector space over F ; in fact, we list the example in order to point out a simple

generalization: Let F ¼R and V ¼ VnðRÞ ¼ fða1, a2, :::, anÞ : ai 2Rg with addition and scalar multiplication

defined by

~�� þ ~�� ¼ ða1, a2, . . . , anÞ þ ðb1, b2, . . . , bnÞ

¼ ða1 þ b1, a2 þ b2, . . . , an þ bnÞ, ~��, ~�� 2 VnðRÞ

and

s~�� ¼ sða1, a2, . . . , anÞ ¼ ðsa1, sa2, . . . , sanÞ, s2R, ~�� 2VnðRÞ

Then Vn(R) is a vector space over R.

(b) Let F ¼R and Vn(C)¼ {(a1,a2,. . .,an) : ai2C} with addition and scalar multiplication as in (a). Then Vn(C) is a

vector space over R.

(c) Let F be any field, V ¼ F½x� be the polynomial domain in x over F , and define addition and scalar

multiplication as ordinary addition and multiplication in F½x�. Then V is a vector space over F .

Let F be a field with zero element z and V be a vector space over F . Since V is an abelian

additive group, it has a unique zero element ~�� and, for each element ~��2V, there exists a unique

additive inverse �~�� such that ~��þ (�~�� )¼ ~��. By means of the distributive laws (i ) and (ii ), we find for all

s2F and ~��2V,

s~�� þ z~�� ¼ ðsþ zÞ~�� ¼ s~�� ¼ s~�� þ ~��
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and

s~�� þ s~�� ¼ sð~�� þ ~��Þ ¼ s~�� ¼ s~�� þ ~��

Hence, z~�� ¼ ~�� and s~�� ¼ ~��.
We state these properties, together with others which will be left for the reader to establish, in the

following theorem.

Theorem I. In a vector space V over F with z the zero element of F and ~�� the zero element of V, we have

(1) s~��¼ ~�� for all s2F

(2) z~��¼ ~�� for all ~�� 2V

(3) (�s)~��¼ s(�~��)¼�(s~�� ) for all s2F and ~��2V

(4) If s~��¼ ~��, then s¼ z or ~��¼ ~��

14.2 SUBSPACE OF A VECTOR SPACE

DEFINITION 14.2: A non-empty subset U of a vector space V over F is a subspace of V, provided U is
itself a vector space over F with respect to the operations defined on V.

This leads to the following theorem.

Theorem II. A non-empty subset U of a vector space V over F is a subspace of V if and only if U is
closed with respect to scalar multiplication and vector addition as defined on V.

For a proof, see Problem 14.1.

EXAMPLE 3. Consider the vector space V ¼ V3ðRÞ ¼ fða, b, cÞ : a, b, c2Rg over R. By Theorem II, the subset

U ¼ fða, b, 0 : a, b2Rg is a subspace of V since for all s2R and ða, b, 0Þ, ðc, d, 0Þ 2U, we have

ða, b, 0Þ þ ðc, d, 0Þ ¼ ðaþ c, bþ d, 0Þ 2 U

and

sða, b, 0Þ ¼ ðsa, sb, 0Þ 2 U

In Example 3, V is the set of all vectors in ordinary space, while U is the set of all such vectors in the
XOY-plane. Similarly, W ¼ fða, 0, 0Þ : a2Rg is the set of all vectors along the x-axis. Clearly, W is a
subspace of both U and V.

DEFINITION 14.3: Let ~��1, ~��2, . . . , ~��m 2V , a vector space over F . By a linear combination of these m
vectors is meant the vector ~��2V given by

~�� ¼ �ci ~��i ¼ c1 ~��1 þ c2 ~��2 þ � � � þ cm ~��m, ci 2 F

Consider now two such linear combinations �ci ~��i and �di ~��i. Since

�ci ~��i þ�di ~��i ¼ �ðci þ diÞ~��i

and, for any s2F ,

s�ci ~��i ¼ �ðsciÞ~��i

we have, by Theorem II, the following result.

Theorem III. The set U of all linear combinations of an arbitrary set S of vectors of a (vector) space V is
a subspace of V.

DEFINITION 14.4: The subspace U of V defined in Theorem III is said to be spanned by S. In turn, the
vectors of S are called generators of the space U.
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EXAMPLE 4. Consider the space V3ðRÞ of Example 3 and the subspaces

U ¼ fsð1, 2, 1Þ þ tð3, 1, 5Þ : s, t2Rg

spanned by ~��1 ¼ ð1, 2, 1Þ and ~��2 ¼ ð3, 1, 5Þ and

W ¼ fað1, 2, 1Þ þ bð3, 1, 5Þ þ cð3, � 4, 7Þ : a, b, c2Rg

spanned by ~��1, ~��2, and ~��3 ¼ ð3, � 4, 7Þ.

We now assert that U and W are identical subspaces of V. For, since ð3, � 4, 7Þ ¼ �3ð1, 2, 1Þ þ 2ð3, 1, 5Þ, we may

write

W ¼ fða� 3cÞð1, 2, 1Þ þ ðbþ 2cÞð3, 1, 5Þ : a, b, c2Rg

¼ fs 0ð1, 2, 1Þ þ t 0ð3, 1, 5Þ : s 0, t 0 2Rg

¼ U

Let

U ¼ fk1 ~��1 þ k2 ~��2 þ � � � þ km ~��m : ki 2Fg

be the space spanned by S ¼ f~��1, ~��2, . . . , ~��mg, a subset of vectors of V over F . Now U contains the zero

vector ~�� 2V (why?); hence, if ~�� 2S, it may be excluded from S, leaving a proper subset which also spans

U. Moreover, as Example 4 indicates, if some one of the vectors, say, ~��j , of S can be written as a linear

combination of other vectors of S, then ~��j may also be excluded from S and the remaining vectors will

again span U. This raises questions concerning the minimum number of vectors necessary to span

a given space U and the characteristic property of such a set. See also Problem 14.2.

14.3 LINEAR DEPENDENCE

DEFINITION 14.5: A non-empty set S ¼ f~��1, ~��2, . . . , ~��mg of vectors of a vector space V over F is called

linearly dependent over F if and only if there exist elements k1, k2, . . . , km of F , not all equal to z, such

that

�ki ~��i ¼ k1 ~��1 þ k2 ~��2 þ � � � þ km ~��m ¼ ~��

DEFINITION 14.6: A non-empty set S ¼ f~��1, ~��2, . . . , ~��mg of vectors of V over F is called linearly

independent over F if and only if

�ki ~��i ¼ k1 ~��2 þ k2 ~��2 þ � � � þ km ~��m ¼ ~��

implies every ki ¼ z.

Note. Once the field F is fixed, we shall omit thereafter the phrase ‘‘over F ’’; moreover, by ‘‘the

vector space VnðQÞ’’ we shall mean the vector space VnðQÞ over Q, and similarly for VnðRÞ. Also, when

the field isQ or R, we shall denote the zero vector by 0. Although this overworks 0, it will always be clear

from the context whether an element of the field or a vector of the space is intended.

EXAMPLE 5.

(a) The vectors ~��1 ¼ ð1, 2, 1Þ and ~��2 ¼ ð3, 1, 5Þ of Example 4 are linearly independent, since if

k1 ~��1 þ k2 ~��2 ¼ ðk1 þ 3k2, 2k1 þ k2, k1 þ 5k2Þ ¼ 0 ¼ ð0, 0, 0Þ
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then k1 þ 3k2 ¼ 0, 2k1 þ k2 ¼ 0, k1 þ 5k2 ¼ 0. Solving the first relation for k1 ¼ �3k2 and substituting in the

second, we find �5k2 ¼ 0; then k2 ¼ 0 and k1 ¼ �3k2 ¼ 0.

(b) The vectors ~��1 ¼ ð1, 2, 1Þ, ~��2 ¼ ð3, 1, 5Þ and ~��3 ¼ ð3, � 4, 7Þ are linearly dependent, since 3~��1 � 2~��2 þ ~��3 ¼ 0.

Following are four theorems involving linear dependence and independence.

Theorem IV. If some one of the set S ¼ f~��1, ~��2, ::: ~��mg of vectors in V over F is the zero vector ~��, then
necessarily S is a linearly dependent set.

Theorem V. The set of non-zero vectors S ¼ f~��1, ~��2, . . . , ~��mg of V over F is linearly dependent if and
only if some one of them, say ~��j , can be expressed as a linear combination of the vectors ~��1, ~��2, . . . , ~��j�1

which precede it. For a proof, see Problem 14.3.

Theorem VI. Any non-empty subset of a linearly independent set of vectors is linearly independent.

Theorem VII. Any finite set S of vectors, not all the zero vector, contains a linearly independent subset
U which spans the same vector space as S. For a proof, see Problem 14.4.

EXAMPLE 6. In the set S ¼ f~��1, ~��2, ~��3g of Example 5(b), ~��1 and ~��2 are linearly independent, while ~��3 ¼ 2~��2 � 3~��1.
Thus, T1 ¼ f~��1, ~��2g is a maximum linearly independent subset of S. But, since ~��1, and ~��3 are linearly independent

(prove this), while ~��2 ¼
1
2
ð~��3 þ 3~��1Þ, T2 ¼ f~��1, ~��3g is also a maximum linearly independent subset of S. Similarly,

T3 ¼ f~��2, ~��3g is another. By Theorem VII each of the subsets T1,T2,T3 spans the same space, as does S.

The problem of determining whether a given set of vectors is linearly dependent or linearly
independent (and, if linearly dependent, of selecting a maximum subset of linearly independent vectors)
involves at most the study of certain systems of linear equations. While such investigations are not
difficult, they can be extremely tedious. We shall postpone most of these problems until Chapter 16
where a neater procedure will be devised.

See Problem 14.5.

14.4 BASES OF A VECTOR SPACE

DEFINITION 14.7: A set S ¼ f~��1, ~��2, ::: ~��ng of vectors of a vector space V over F is called a basis of V
provided:

(i) S is a linearly independent set,
(ii) the vectors of S span V.

Define the unit vectors of VnðFÞ as follows:

~��1 ¼ ðu, 0, 0, 0, . . . , 0, 0Þ

~��2 ¼ ð0, u, 0, 0, . . . , 0, 0Þ

~��3 ¼ ð0, 0, u, 0, . . . , 0, 0Þ

� � � � � � � � � � � � � � � � � � � � �

~��n ¼ ð0, 0, 0, 0, . . . , 0, uÞ

and consider the linear combination

~�� ¼ a1~��1 þ a2~��2 þ � � � þ an~��n ¼ ða1, a2, . . . , anÞ, ai 2F ð1Þ

If ~�� ¼ ~��, then a1 ¼ a2 ¼ � � � ¼ an ¼ z; hence, E ¼ f~��1, ~��2, . . . , ~��ng is a linearly independent set. Also, if ~�� is
an arbitrary vector of VnðFÞ, then (1) exhibits it as a linear combination of the unit vectors. Thus, the set
E spans VnðFÞ and is a basis.

EXAMPLE 7. One basis of V4ðRÞ is the unit basis

E ¼ fð1, 0, 0, 0Þ, ð0, 1, 0, 0Þ, ð0, 0, 1, 0Þ, ð0, 0, 0, 1Þg
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Another basis is

F ¼ fð1, 1, 1, 0Þ, ð0, 1, 1, 1Þ, ð1, 0, 1, 1Þ, ð1, 1, 0, 1Þg

To prove this, consider the linear combination

~�� ¼ a1ð1, 1, 1, 0Þ þ a2ð0, 1, 1, 1Þ þ a3ð1, 0, 1, 1Þ þ a4ð1, 1, 0, 1Þ

¼ ða1 þ a3 þ a4, a1 þ a2 þ a4, a1 þ a2 þ a3, a2 þ a3 þ a4Þ; ai 2R

If ~�� is an arbitrary vector ðp, q, r, sÞ 2V4ðRÞ, we find

a1 ¼ ðpþ qþ r� 2sÞ=3 a3 ¼ ðpþ rþ s� 2qÞ=3

a2 ¼ ðqþ rþ s� 2pÞ=3 a4 ¼ ðpþ qþ s� 2rÞ=3

Then F is a linearly independent set (prove this) and spans V4ðRÞ.

In Problem 14.6, we prove the next theorem.

Theorem VIII. If S ¼ f~��1, ~��2, . . . , ~��mg is a basis of the vector space V over F and T ¼ f~��1, ~��2, . . . , ~��ng is
any linearly independent set of vectors of V, then n � m.

As consequences, we have the following two results.

Theorem IX. If S ¼ f~��1, ~��2, . . . , ~��mg is a basis of V over F , then any mþ 1 vectors of V necessarily form

a linearly dependent set.

Theorem X. Every basis of a vector space V over F has the same number of elements.

Note: The number defined in Theorem X is called the dimension of V. It is evident that dimension, as

defined here, implies finite dimension.
Not every vector space has finite dimension, as shown in the example below.

EXAMPLE 8.

(a) From Example 7, it follows that V4ðRÞ has dimension 4.

(b) Consider

V ¼ fa0 þ a1xþ a2x
2 þ a3x

3 þ a4x
4 : ai 2Rg

Clearly, B ¼ f1, x, x2, x3, x4g is a basis and V has dimension 5.

(c) The vector space V of all polynomials in x over R has no finite basis and, hence, is without dimension.

For, assume B, consisting of p linearly independent polynomials of V with degrees � q, to be a basis.

Since no polynomial of V of degree > q can be generated by B, it is not a basis. See Problem 14.7.

14.5 SUBSPACES OF A VECTOR SPACE

Let V, of dimension n, be a vector space over F and U, of dimension m < n having B ¼ f~��1, ~��2, . . . , ~��mg as
a basis, be a subspace of V. By Theorem VIII, only m of the unit vectors of V can be written as linear

combinations of the elements of B; hence, there exist vectors of V which are not in U. Let ~��1 be such a

vector and consider

k1 ~��1 þ k2 ~��2 þ � � � þ km ~��m þ k~��1 ¼ ~��, ki, k2F ð2Þ

Now k ¼ z, since otherwise k�1 2F ,

~��1 ¼ k�1ð�k1 ~��1 � k2 ~��2 � � � � � km ~��mÞ
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and ~��1 2U, contrary to the definition of ~��1. With k ¼ z, (2) requires each ki ¼ z since B is a basis, and we

have proved the next theorem.

Theorem XI. If B ¼ f~��1, ~��2, . . . , ~��mg is a basis of U � V and if ~��1 2V but ~��1 =2U, then B [ f~��1g is a

linearly independent set.

When, in Theorem XI, mþ 1 ¼ n, the dimension of V, B1 ¼ B [ f~��1g is a basis of V; when

mþ 1 < n, B1 is a basis of some subspace U1 of V. In the latter case there exists a vector ~��2 in V but not

in U1 such that the space U2, having B [ f~��1, ~��2g as basis, is either V or is properly contained in V, ....

Thus, we eventually obtain the following result.

Theorem XII. If B ¼ f~��1, ~��2, . . . , ~��mg is a basis of U � V having dimension n, there exist vectors

~��1, ~��2, . . . , ~��n�m in V such that B [ f~��1, ~��2, . . . , ~��n�mg is a basis of V. See Problem 14.8.

Let U and W be subspaces of V. We define

U \W ¼ f~�� : ~��2U, ~��2Wg

U þW ¼ f~�� þ ~�� : ~��2U, ~�� 2 Wg

and leave for the reader to prove that each is a subspace of V.

EXAMPLE 9. Consider V ¼ V4ðRÞ over R with unit vectors ~��1, ~��2, ~��3, ~��4 as in Example 7. Let

U ¼ fa1~��1 þ a2~��2 þ a3~��3 : ai 2Rg

and

W ¼ fb1~��2 þ b2~��3 þ b3~��4 : bi 2Rg

be subspaces of dimensions 3 of V. Clearly,

U \W ¼ fc1~��2 þ c2~��3 : ci 2Rg, of dimension 2

and

U þW ¼ fa1~��1 þ a2~��2 þ a3~��3 þ b1~��2 þ b2~��3 þ b3~��4 : ai, bi 2Rg

¼ fd1~��1 þ d2~��2 þ d3~��3 þ d4~��4 : di 2Rg ¼ V

Example 9 illustrates the theorem below.

Theorem XIII. If U and W, of dimension r � n, and s � n, respectively, are subspaces of a vector

space V of dimension n and if U \W and U þW are of dimensions p and t, respectively, then

t ¼ rþ s� p.

For a proof, see Problem 14.9.

14.6 VECTOR SPACES OVER R

In this section, we shall restrict our attention to vector spaces V ¼ VnðRÞ over R. This is done for two

reasons: (1) our study will have applications in geometry and (2) of all possible fields, R will present a

minimum in difficulties.
Consider in V ¼ V2ðRÞ the vectors ~�� ¼ ða1, a2Þ and ~�� ¼ ðb1, b2Þ of Fig 14-2.
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The length j~��j of ~�� is given by j~��j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a12 þ a22

p
and the length of ~�� is given by j~��j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1

2
þ b2

2
p

. By the

law of cosines we have

j~�� � ~��j2 ¼ j~��j2 þ j~��j2 � 2j~��j � j~��j cos �

so that

cos � ¼
ða1

2 þ a2
2Þ þ ðb1

2 þ b2
2Þ � ½ða1 � b1Þ

2
þ ða2 � b2Þ

2
�

2j~��j � j~��j
¼

a1b1 þ a2b2

j~��j � j~��j

The expression for cos � suggests the definition of the scalar product (also called the dot product and inner

product) of ~�� and ~�� by

~�� � ~�� ¼ a1b1 þ a2b2

Then j~��j ¼

ffiffiffiffiffiffiffiffi
~�� � ~��

q
, cos � ¼ ~�� � ~��=j~��j � j~��j, and the vectors ~�� and ~�� are orthogonal (i.e., mutually

perpendicular, so that cos �¼ 0) if and only if ~��� ~��¼ 0.
In the vector space V ¼ VnðRÞ we define for all ~�� ¼ ða1, a2, . . . anÞ and ~�� ¼ ðb1, b2, . . . , bnÞ,

~�� � ~�� ¼ �aibi ¼ a1b1 þ a2b2 þ � � � þ anbn

j~��j ¼

ffiffiffiffiffiffiffiffi
~�� � ~��

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a12 þ a22 þ � � � an2

p

These statements follow from the above equations.

(1) js~��j ¼ jsj � j~��j for all ~��2V and s2R

(2) j~��j � 0, the equality holding only when ~�� ¼ 0

(3) j~�� � ~��j � j~��j � j~��j (Schwarz inequality)

(4) j~�� þ ~��j � j~��j þ j~��j (Triangle inequality)

(5) ~�� and ~�� are orthogonal if and only if ~�� � ~�� ¼ 0.

For a proof of (3), see Problem 14.10.
See also Problems 14.11–14.13.

Fig. 14-2
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Suppose in VnðRÞ the vector ~�� is orthogonal to each vector of the set f~��1, ~��2, . . . , ~��mg. Then, since
~�� � ~��1 ¼ ~�� � ~��2 ¼ � � � ¼ ~�� � ~��m ¼ 0, we have ~�� � ðc1 ~��1 þ c2 ~��2 þ � � � þ cm ~��mÞ ¼ 0 for any ci 2R and have
proved this theorem:

Theorem XIV. If, in VnðRÞ, a vector ~�� is orthogonal to each vector of the set f~��1, ~��2, . . . , ~��mg, then ~�� is
orthogonal to every vector of the space spanned by this set. See Problem 14.14.

14.7 LINEAR TRANSFORMATIONS

A linear transformation of a vector space V(F ) into a vector space WðFÞ over the same field F is a
mapping T of V(F ) into WðFÞ for which

ðiÞ ð~��i þ ~��jÞT ¼ ~��iT þ ~��jT for all ~��i, ~��j 2 VðFÞ

ðiiÞ ðs~��iÞT ¼ sð~��iTÞ for all ~��i 2 VðFÞ and s 2 F

We shall restrict our attention here to the case W(F )¼V(F ), i.e., to the case when T is a mapping
of V(F ) into itself. Since the mapping preserves the operations of vector addition and scalar

multiplication, a linear transformation of V(F ) into itself is either an isomorphism of V(F ) onto V(F ) or
a homomorphism of V(F ) into V(F ).

EXAMPLE 10. In plane analytic geometry the familiar rotation of axes through an angle � is a linear

transformation

T : ðx, yÞ ! ðx cos �� y sin �x sin �þ y cos �Þ

of V2(R) into itself. Since distinct elements of V2(R) have distinct images and every element is an image
(prove this), T is an example of an isomorphism of V(R) onto itself.

EXAMPLE 11. In V3ðQÞ consider the mapping

T : ða, b, cÞ ! ðaþ bþ 5c, aþ 2c, 2bþ 6cÞ, ða, b, cÞ 2V3ðQÞ

For ða, b, cÞ, ðd, e, f Þ 2V3ðQÞ and s2Q, we have readily

(i) ða,b,cÞ þ ðd,e, f Þ ¼ ðaþ d,bþ e,cþ f Þ! ðaþ d þ bþ eþ 5cþ 5f ,aþ d þ 2cþ 2f , 2bþ 2eþ 6cþ 6f Þ

¼ ðaþ bþ 5c,aþ 2c, 2bþ 6cÞ þ ðd þ eþ 5 f ,d þ 2 f , 2eþ 6 f Þ

i.e.,

½ða, b, cÞ þ ðd, e, f Þ�T ¼ ða, b, cÞT þ ðd, e, f ÞT

and

(ii) s ða, b, cÞ ¼ ðsa, sb, scÞ ! ðsaþ sbþ 5sc, saþ 2sc, 2sbþ 6scÞ ¼ s ðaþ bþ 5c, aþ 2c, 2bþ 6cÞ

i.e.,

½s ða, b, cÞ�T ¼ s ½ða, b, cÞT �

Thus, T is a linear transformation on V3ðQÞ.

Since ð0, 0, 1Þ and ð2, 3, 0Þ have the same image ð5, 2, 6Þ, this linear transformation is an example of a

homomorphism of V3ðQÞ into itself.

The linear transformation T of Example 10 may be written as

xð1, 0Þ þ yð0, 1Þ ! xðcos�, sin �Þ þ yð� sin �, cos�Þ
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suggesting that T may be given as

T : ð1, 0Þ ! ðcos �, sin �Þ, ð0, 1Þ ! ð� sin �, cos �Þ

Likewise, T of Example 11 may be written as

a ð1, 0, 0Þ þ bð0, 1, 0Þ þ cð0, 0, 1Þ ! að1, 1, 0Þ þ bð1, 0, 2Þ þ c ð5, 2, 6Þ

suggesting that T may be given as

T : ð1, 0, 0Þ ! ð1, 1, 0Þ, ð0, 1, 0Þ ! ð1, 0, 2Þ, ð0, 0, 1Þ ! ð5, 2, 6Þ

Thus, we infer:
Any linear transformation of a vector space into itself can be described completely by exhibiting its

effect on the unit basis vectors of the space. See Problem 14.15.
In Problem 14.16, we prove the more general statement given below.

Theorem XV. If f~��1, ~��2, . . . , ~��ng is any basis of V¼V(F ) and if f~��1, ~��2, . . . , ~��ng is any set of n elements of

V, the mapping

T : ~��i ! ~��i, ði ¼ 1, 2, . . . , nÞ

defines a linear transformation of V into itself.
In Problem 14.17, we prove the following theorem

Theorem XVI. If T is a linear transformation of V(F ) into itself and if W is a subspace of V(F ), then

WT ¼ f~��T : ~��2Wg, the image of W under T, is also a subspace of V(F ).

Returning now to Example 11, we note that the images of the unit basis vectors of V3ðQÞ are linearly

dependent, i.e., 2~��1T þ 3~��2T � ~��3T ¼ ð0, 0, 0Þ. Thus, VT � V; in fact, since (1,1,0) and (1,0,2) are linearly

independent, VT has dimension 2. Defining the rank of a linear transformation T of a vector space V to

be the dimension of the image space VT of V under T, we have by Theorem XVI,

rT ¼ rank of T � dimension of V

When the equality holds, we shall call the linear transformation T non-singular; otherwise, we shall call T

singular. Thus, T of Example 11 is singular of rank 2.

Consider next the linear transformation T of Theorem XV and suppose T is singular. Since

the image vectors ~��i are then linearly dependent, there exist elements si 2F , not all z, such that �si ~��i ¼ ~��.
Then, for ~��¼�si ~��i, we have ~��T ¼ ~��. Conversely, suppose ~�� ¼ �ti ~��i 6¼ ~�� and

~��T ¼ �ðti ~��iÞT ¼ t1ð~��1TÞ þ t2ð~��2TÞ þ � � � þ tnð~��nTÞ ¼ ~��

Then the image vectors ~��iT , ði ¼ 1, 2, . . . , nÞ must be linearly dependent. We have proved the following

result.

Theorem XVII. A linear transformation T of a vector space V(F ) is singular if and only if there exists a

non-zero vector ~��2VðFÞ such that ~��T ¼ ~��.

EXAMPLE 12. Determine whether each of the following linear transformations of V4ðQÞ into itself is

singular or non-singular:

ðaÞ A :

~��1 ! ð1, 1, 0, 0Þ

~��2 ! ð0, 1, 1, 0Þ

~��3 ! ð0, 0, 1, 1Þ

~��4 ! ð0, 1, 0, 1Þ

8>><
>>: , ðbÞ B :

~��1 ! ð1, 1, 0, 0Þ

~��2 ! ð0, 1, 1, 0Þ

~��3 ! ð0, 0, 1, 1Þ

~��4 ! ð1, 1, 1, 1Þ

8>><
>>:
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Let ~�� ¼ ða, b, c, dÞ be an arbitrary vector of V4ðQÞ.

(a) Set ~��A ¼ ða~��1 þ b~��2 þ c~��3 þ d~��4ÞA ¼ ða, aþ bþ d, bþ c, cþ dÞ ¼ 0. Since this requires a¼ b¼ c¼

d¼ 0, that is, ~�� ¼ 0, A is non-singular.

(b) Set ~��B ¼ ðaþ d, aþ bþ d, bþ cþ d, cþ dÞ ¼ 0. Since this is satisfied when a ¼ c ¼ 1, b ¼ 0,

d ¼ �1, we have ð1, 0, 1, � 1ÞB ¼ 0 and B is singular. This is evident by inspection, i.e.,
~��1Bþ ~��3B ¼ ~��4B. Then, since ~��1B, ~��2B, ~��3B are clearly linearly independent, B has rank 3 and is

singular.

We shall again (see the paragraph following Example 6) postpone additional examples and problems

until Chapter 16.

14.8 THE ALGEBRA OF LINEAR TRANSFORMATIONS

DEFINITION 14.8: Denote by A the set of all linear transformations of a given vector space V(F )

over F into itself and by M the set of all non-singular linear transformations in A. Let addition (þ) and

multiplication (�) on A be defined by

Aþ B : ~��ðAþ BÞ ¼ ~��Aþ ~��B, ~��2VðFÞ

and

A � B ¼ ~��ðA � BÞ ¼ ð~��AÞB, ~��2VðFÞ

for all A,B2A. Let scalar multiplication be defined on A by

kA : ~��ðkAÞ ¼ ðk~��ÞA, ~��2VðF Þ

for all A2A and k2F .

EXAMPLE 13. Let

A :
~��1 ! ða, bÞ

~��2 ! ðc, dÞ

(
and B :

~��1 ! ðe, f Þ

~��2 ! ðg, hÞ

(

be linear transformations of V2(R) into itself. For any vector ~�� ¼ ðs, tÞ 2V2ðRÞ, we find

~��A ¼ ðs, tÞA ¼ ðs~��1 þ t~��2ÞA ¼ sða, bÞ þ tðc, dÞ

¼ ðsaþ tc, sbþ tdÞ

~��B ¼ ðseþ tg, sf þ thÞ

and

~��ðAþ BÞ ¼ ðs, tÞAþ ðs, tÞB ¼ ðsðaþ eÞ þ tðcþ gÞ, sðbþ f Þ þ tðd þ hÞÞ

Thus, we have

Aþ B :
~��1 ! ðaþ e, bþ f Þ

~��2 ! ðcþ g, d þ hÞ

(
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Also,

~��ðA � BÞ ¼ ððs, tÞAÞB ¼ ðsaþ tc, sbþ tdÞB

¼ ðsaþ tcÞ � ðe, f Þ þ ðsbþ tdÞ � ðg, hÞ

¼ ðs ðaeþ bgÞ þ t ðceþ dgÞ, s ðaf þ bhÞ þ t ðcf þ dhÞÞ

and

A � B :
~��1 ! ðaeþ bg, af þ bhÞ

~��2 ! ðceþ dg, cf þ dhÞ

�

Finally, for any k2R, we find

ðk~��ÞA ¼ ðks, ktÞA ¼ ðkðsaþ tcÞ, kðsbþ tdÞÞ

and

kA :
~��1 ! ðka, kbÞ

~��2 ! ðkc, kdÞ

�

In Problem 14.18, we prove the following theorem.

Theorem XVIII. The set A of all linear transformations of a vector space into itself forms a ring with

respect to addition and multiplication as defined above.

In Problem 14.19, we prove the next theorem.

Theorem XIX. The setM of all non-singular linear transformations of a vector space into itself forms a

group under multiplication.

We leave for the reader to prove the theorem below.

Theorem XX. If A is the set of all linear transformations of a vector space V(F ) over F into itself, then

A itself is also a vector space over F .

Let A,B2A. Since, for every ~��2V ,

~��ðAþ BÞ ¼ ~��Aþ ~��B

it is evident that

VðAþBÞ � VA þ VB

Then

Dimension of VðAþBÞ � Dimension of VA þDimension of VB

and

rðAþBÞ � rA þ rB

Since for any linear transformation T 2A,

Dimension of VT � Dimension of V
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we have

Dimension of VðA�BÞ � Dimension of VA

Also, since VA � V ,

Dimension of VðA�BÞ � Dimension of VB

Thus,

rðA�BÞ � rA, rðA�BÞ � rB

Solved Problems

14.1. Prove: A non-empty subset U of a vector space V over F is a subspace of V if and only if U is

closed with respect to scalar multiplication and vector addition as defined on V.

Suppose U is a subspace of V; then U is closed with respect to scalar multiplication and vector addition.

Conversely, suppose U is a non-empty subset of V which is closed with respect to scalar multiplication and

vector addition. Let ~��2U; then ð�uÞ~�� ¼ �ðu~��Þ ¼ �~��2U and ~�� þ ð�~��Þ ¼ ~�� 2U. Thus, U is an abelian

additive group. Since the properties (i)–(iv) hold in V, they also hold in U. Thus U is a vector space over F

and, hence, is a subspace of V.

14.2. In the vector space V3ðRÞ over R (Example 3), let U be spanned by ~��1 ¼ ð1, 2, � 1Þ and
~��2 ¼ ð2, � 3, 2Þ and W be spanned by ~��3 ¼ ð4, 1, 3Þ and ~��4 ¼ ð�3, 1, 2Þ. Are U and W identical

subspaces of V ?

First, consider the vector ~�� ¼ ~��3 � ~��4 ¼ ð7, 0, 1Þ 2W and the vector

~�� ¼ x~��1 þ y~��2 ¼ ðxþ 2y, 2x� 3y, � xþ 2yÞ 2U

Now ~�� and ~�� are the same provided x, y2R exist such that

ðxþ 2y, 2x� 3y, � xþ 2yÞ ¼ ð7, 0, 1Þ

We find x ¼ 3, y ¼ 2. To be sure, this does not prove U and W are identical; for that we need to be able to

produce x, y2R such that

x~��1 þ y~��2 ¼ a~��3 þ b~��4

for arbitrary a, b2R.

From

xþ 2y ¼ 4a� 3b

�xþ 2y ¼ 3aþ 2b

(

we find x ¼ 1
2
ða� 5bÞ, y ¼ 1

4
ð7a� bÞ. Now 2x� 3y 6¼ aþ b; hence U and W are not identical.

Geometrically, U and W are distinct planes through O, the origin of coordinates, in ordinary space. They

have, of course, a line of vectors in common; one of these common vectors is ð7, 0, 1Þ.
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14.3. Prove: The set of non-zero vectors S ¼ f~��1, ~��2, . . . , ~��mg of V over F is linearly dependent if and
only if some one of them, say, ~��j, can be expressed as a linear combination of the vectors
~��1, ~��2, . . . , ~��j�1 which precede it.

Suppose the m vectors are linearly dependent so that there exist scalars k1, k2, . . . , km, not all equal to z,

such that �ki ~��i ¼ ~��. Suppose further that the coefficient kj is not z while the coefficients kjþ1, kkþ2, :::, km are z

(not excluding, of course, the extreme case j ¼ m). Then in effect

k1 ~��1 þ k2 ~��2 þ � � � þ kj ~��j ¼ ~�� ð1Þ

and, since kj ~��j 6¼ ~��, we have

kj ~��j ¼ �k1 ~��1 � k2 ~��2 � � � � � kj�i
~��j�1

or

~��j ¼ q1 ~��1 þ q2 ~��2 þ � � � þ qj�1
~��j�1 ð2Þ

with some of the qi 6¼ z. Thus, ~��j is a linear combination of the vectors which precede it.

Conversely, suppose (2) holds. Then

k1 ~��1 þ k2 ~��2 þ � � � þ kj ~��j þ z~��jþ1 þ z~��jþ2 þ � � � þ z~��m ¼ ~��

with kj 6¼ z and the vectors ~��1, ~��2, . . . , ~��m are linearly dependent.

14.4. Prove: Any finite set S of vectors, not all the zero vector, contains a linearly independent subset U
which spans the same space as S.

Let S ¼ f~��1, ~��2, . . . , ~��mg. The discussion thus far indicates that U exists, while Theorem V suggests

the following procedure for extracting it from S. Considering each vector in turn from left to right, let us

agree to exclude the vector in question if (1) it is the zero vector or (2) it can be written as a linear

combination of all the vectors which precede it. Suppose there are n � m vectors remaining which, after

relabeling, we denote by U ¼ f~��1, ~��2, . . . , ~��ng. By its construction, U is a linearly independent subset of S

which spans the same space as S.

Example 6 shows, as might have been anticipated, that there will usually be linearly independent subsets of

S, other than U, which will span the same space as S. An advantage of the procedure used above lies in the

fact that, once the elements of S have been set down in some order, only one linearly independent subset,

namely U, can be found.

14.5. Find a linearly independent subset U of the set S ¼ f~��1, ~��2, ~��3, ~��4g, where

~��1 ¼ ð1, 2, � 1Þ, ~��2 ¼ ð�3, � 6, 3Þ, ~��3 ¼ ð2, 1, 3Þ, ~��4 ¼ ð8, 7, 7Þ 2R,

which spans the same space as S.

First, we note that ~��1 6¼ ~�� and move to ~��2. Since ~��2 ¼ �3~��1, (i.e., ~��2 is a linear combination of ~��1), we
exclude ~��2 and move to ~��3. Now ~��3 6¼ s~��1, for any s2R; we move to ~��4. Since ~��4 is neither a scalar multiple of
~��1 nor of ~��3 (and, hence, is not automatically excluded), we write

s~��1 þ t~��3 ¼ sð1, 2, � 1Þ þ tð2, 1, 3Þ ¼ ð8, 7, 7Þ ¼ ~��4

and seek a solution, if any, in R of the system

sþ 2t ¼ 8, 2sþ t ¼ 7, � sþ 3t ¼ 7

The reader will verify that ~��4 ¼ 2~��1 þ 3~��3; hence, U ¼ f~��1, ~��3g is the required subset.
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14.6. Prove: If S ¼ f~��1, ~��2, . . . , ~��mg is a basis of a vector space V over F and if T ¼ f~��1, ~��2, . . . , ~��ng is a
linearly independent set of vectors of V, then n � m.

Since each element of T can be written as a linear combination of the basis elements, the set

S0 ¼ f~��1, ~��1, ~��2, . . . , ~��mg

spans V and is linearly dependent. Now ~��1 6¼ ~��; hence, some one of the ~��’s must be a linear combination of

the elements which precede it in S0. Examining the ~��’s in turn, suppose we find ~��i satisfies this condition.

Excluding ~��i from S0, we have the set

S1 ¼ f~��1, ~��1, ~��2, . . . , ~��i�1, ~��iþ1, . . . , ~��mg

which we shall now prove to be a basis of V. It is clear that S1 spans the same space as S0, i.e., S1 spans V.

Thus, we need only to show that S1 is a linearly independent set. Write

~��1 ¼ a1 ~��1 þ a2 ~��2 þ � � � þ ai ~��i, aj 2F , ai 6¼ z

If S1 were a linearly dependent set there would be some ~��j , j > i, which could be expressed as

~��j ¼ b1~��1 þ b2 ~��1 þ b3 ~��2 þ � � � þ bi ~��i�1 þ biþ1
~��iþ1 þ � � � þ bj�1

~��j�1, b1 6¼ z

whence, upon substituting for ~��1,

~��j ¼ c1 ~��1 þ c2 ~��2 þ � � � þ cj�1
~��j�1

contrary to the assumption that S is a linearly independent set.

Similarly,

S1
0 ¼ f~��2, ~��1, ~��1, ~��2, . . . , ~��i�1, ~��iþ1, . . . , ~��mg

is a linearly dependent set which spans V. Since ~��1 and ~��2 are linearly independent, some one of the ~��’s in S0
1,

say, ~��j , is a linear combination of all the vectors which precede it. Repeating this argument above, we obtain

(assuming j > i) the set

S2 ¼ f~��2, ~��1, ~��1, ~��2, . . . , ~��i�1, ~��iþ1, . . . , ~��j�1, ~��jþ1, . . . , ~��mg

as a basis of V.

Now this procedure may be repeated until T is exhausted provided n � m. Suppose n > m and we have

obtained

Sm ¼ f~��m, ~��m�1, . . . , ~��2, ~��1g

as a basis of V. Consider S0
m ¼ S [ f~��mþ1g. Since Sm is a basis of V and ~��mþ1 2V , then ~��mþ1 is

a linear combination of the vectors of Sm. But this contradicts the assumption on T. Hence n � m, as

required.

14.7. (a) Select a basis of V3ðRÞ from the set

S ¼ f~��1, ~��2, ~��3, ~��4g ¼ fð1, � 3, 2Þ, ð2, 4, 1Þ, ð3, 1, 3Þ, ð1, 1, 1Þg

(b) Express each of the unit vectors of V3ðRÞ as linear combinations of the basis vectors found in (a).
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(a) If the problem has a solution, some one of the ~��’s must be a linear combination of those which precede

it. By inspection, we find ~��3 ¼ ~��1 þ ~��2. To prove f~��1, ~��2, ~��4g a linearly independent set and, hence, the

required basis, we need to show that

a~��1 þ b~��2 þ c~��4 ¼ ðaþ 2bþ c, � 3aþ 4bþ c, 2aþ bþ cÞ ¼ ð0, 0, 0Þ

requires a ¼ b ¼ c ¼ 0. We leave this for the reader.

The same result is obtained by showing that

s~��1 þ t~��2 ¼ ~��4, s, t2R

i.e.,

sþ 2t ¼ 1

�3sþ 4t ¼ 1

2sþ t ¼ 1

8>><
>>:

is impossible. Finally any reader acquainted with determinants will recall that these equations have a

solution if and only if

1 2 1

�3 4 1

2 1 1

��������

�������� ¼ 0:

(b) Set a~��1 þ b~��2 þ c~��4 equal to the unit vectors ~��1, ~��2, ~��3 in turn and obtain

aþ 2bþ c ¼ 1

�3aþ 4bþ c ¼ 0

2aþ bþ c ¼ 0

8>><
>>:

aþ 2bþ c ¼ 0

�3aþ 4bþ c ¼ 1

2aþ bþ c ¼ 0

8>><
>>:

aþ 2bþ c ¼ 0

�3aþ 4bþ c ¼ 0

2aþ bþ c ¼ 1

8>><
>>:

having solutions:

a ¼ 3=2, b ¼ 5=2, c ¼ �11=2 a ¼ b ¼ �1=2, c ¼ 3=2 a ¼ �1, b ¼ �2, c ¼ 5

Thus,

~��1 ¼
1

2
ð3~��1 þ 5~��2 � 11~��4Þ, ~��2 ¼

1

2
ð�~��1 � ~��2 þ 3~��4Þ, and ~��3 ¼ �~��1 � 2~��2 þ 5~��4

14.8. For the vector space V4ðQÞ determine, if possible, a basis which includes the vectors ~��1 ¼

ð3, � 2, 0, 0Þ and ~��2 ¼ ð0, 1, 0, 1Þ.

Since ~��1 6¼ ~��, ~��2 6¼ ~��, and ~��2 6¼ s~��1 for any s2Q, we know that ~��1 and ~��2 can be elements of a basis of

V4ðQÞ. Since the unit vectors ~��1, ~��2, ~��3, ~��4 (see Example 7) are a basis of V4ðQÞ, the set S ¼ f~��1, ~��2, ~��1, ~��2, ~��3, ~��4g
spans V4ðQÞ and surely contains a basis of the type we seek. Now ~��1 will be an element of this basis if

and only if

a~��1 þ b~��2 þ c~��1 ¼ ð3aþ c, � 2aþ bþ d, 0, bÞ ¼ ð0, 0, 0, 0Þ
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requires a ¼ b ¼ c ¼ 0. Clearly, ~��1 can serve as an element of the basis. Again, ~��2 will be an element if and

only if

a~��1 þ b~��2 þ c~��1 þ d~��2 ¼ ð3aþ c, � 2aþ b, 0, bÞ ¼ ð0, 0, 0, 0Þ ð1Þ

requires a ¼ b ¼ c ¼ d ¼ 0. We have b ¼ 0 ¼ 3aþ c ¼ �2aþ d; then (1) is satisfied by a ¼ 1, b ¼ 0, c ¼ �3,

d ¼ 2 and so f~��1, ~��2, ~��1, ~��2g is not a basis. We leave for the reader to verify that f~��1, ~��2, ~��1, ~��3g is a basis.

14.9. Prove: If U andW, of dimensions r � n and s � n, respectively, are subspaces of a vector space V

of dimension n and if U \W and U þW are of dimensions p and t, respectively, then

t ¼ rþ s� p.

Take A ¼ f~��1, ~��2, . . . , ~��pg as a basis of U \W and, in agreement with Theorem XII, take B ¼

A [ f ~�� 1, ~�� 2, . . . ~�� r�pg as a basis of U and C ¼ A [ f ~		1, ~		2, . . . ~		s�pg as a basis of W. Then, by definition, any

vector of U þW can be expressed as a linear combination of the vectors of

D ¼ f~��1, ~��2, . . . , ~��p, ~�� 1, ~�� 2, . . . , ~�� r�p, ~		1, ~		2, . . . , ~		s�pg

To show that D is a linearly independent set and, hence, is a basis of U þW , consider

a1 ~��1 þ a2 ~��2 þ � � � þ ap ~��p þ b1 ~�� 1 þ b2 ~�� 2 þ � � �

þ br�p
~�� r�p þ c1 ~		1 þ c2 ~		2 þ � � � þ cs�p ~		s�p ¼ ~�� ð1Þ

where ai, bj , ck 2F .

Set ~

 ¼ c1 ~		1 þ c2 ~		2 þ � � � þ cs�p ~		s�p. Now ~

2W and by (1), ~

2U; thus, ~

2U \W and is a linear

combination of the vectors of A, say, ~

 ¼ d1 ~��1 þ d2 ~��2 þ � � � þ dp ~��p. Then

c1 ~		1 þ c2 ~		2 þ � � � þ cs�p ~		s�p � d1 ~��1 � d2 ~��2 � � � � � dp ~��p ¼ ~��

and, since C is a basis of W, each ci ¼ z and each di ¼ z. With each ci ¼ ~��, (1) becomes

a1 ~��1 þ a2 ~��2 þ � � � þ ap ~��p þ b1 ~�� 1 þ b2 ~�� 2 þ � � � þ br�p
~�� r�p ¼ ~�� ð10Þ

Since B is a basis of U, each ai ¼ z and each bi ¼ z in (10). Then D is a linearly independent set and, hence, is

a basis of U þW of dimension t ¼ rþ s� p.

14.10. Prove: j~�� � ~��j � j~��j � j~��j for all ~��, ~�� 2 VnðRÞ.

For ~�� ¼ 0 or ~�� ¼ 0, we have 0 � 0. Suppose ~�� 6¼ 0 and ~�� 6¼ 0; then j~��j ¼ kj~��j for some k2R
þ, and we have

~�� � ~�� ¼ j~��j2 ¼ ½k � j~��j�2 ¼ k � j~��j � j~��j ¼ k2 � j~��j2 ¼ k2ð~�� � ~��Þ

and

0 � ðk~�� 	 ~��Þ � ðk~�� 	 ~��Þ ¼ k2ð~�� � ~��Þ 	 2kð~�� � ~��Þ þ ~�� � ~��

¼ 2k � j~��j � j~��j 	 2kð~�� � ~��Þ

Hence,

	2kð~�� � ~��Þ � 2kj~��j � j~��j

	ð~�� � ~��Þ � j~��j � j~��j
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and

j~�� � ~��j � j~��j � j~��j

14.11. Given ~�� ¼ ð1, 2, 3, 4Þ and ~�� ¼ ð2, 0, � 3, 1Þ, find

ðaÞ ~�� � ~��, ðbÞ j~��j and j~��j, ðcÞ j5~��j and j � 3~��j, ðdÞ j~�� þ ~��j

(a) ~�� � ~�� ¼ 1 � 2þ 2 � 0þ 3ð�3Þ þ 4 � 1 ¼ �3

(b) j~��j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 1þ 2 � 2þ 3 � 3þ 4 � 4

p
¼

ffiffiffiffiffi
30

p
, j~��j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 9þ 1

p
¼

ffiffiffiffiffi
14

p

(c) j5~��j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 25 � 4þ 25 � 9þ 25 � 16

p
¼ 5

ffiffiffiffiffi
30

p
, j � 3~��j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 � 4þ 9 � 9þ 9 � 1

p
¼ 3

ffiffiffiffiffi
14

p

(d) ~�� þ ~�� ¼ ð3, 2, 0, 5Þ and j~�� þ ~��j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 4þ 25

p
¼

ffiffiffiffiffi
38

p

14.12. Given ~�� ¼ ð1, 1, 1Þ and ~�� ¼ ð3, 4, 5Þ in V3ðRÞ, find the shortest vector of the form ~�� ¼ ~�� þ s~��.

Here,

~�� ¼ ð1þ 3s, 1þ 4s, 1þ 5sÞ

and

j ~�� j2 ¼ 3þ 24sþ 50s2

Now j ~�� j is minimum when 24þ 100s ¼ 0. Hence, ~�� ¼ ð7=25, 1=25, � 1=5Þ. We find easily that ~�� and ~�� are

orthogonal. We have thus solved the problem: Find the shortest distance from the point Pð1, 1, 1Þ in

ordinary space to the line joining the origin and Qð3, 4, 5Þ.

14.13. For ~�� ¼ ða1, a2, a3Þ, ~�� ¼ ðb1, b2, b3Þ 2V3ðRÞ, define

~�� � ~�� ¼ ða2b3 � a3b2, a3b1 � a1b3, a1b2 � a2b1Þ

(a) Show that ~�� � ~�� is orthogonal to both ~�� and ~��.

(b) Find a vector ~�� orthogonal to each of ~�� ¼ ð1, 1, 1Þ and ~�� ¼ ð1, 2, � 3Þ.

(c) ~�� � ð~�� � ~��Þ ¼ a1ða2b3 � a3b2Þ þ a2ða3b1 � a1b3Þ þ a3ða1b2 � a2b1Þ ¼ 0 and similarly for ~�� � ð~�� � ~��Þ.

(d) ~�� ¼ ~�� � ~�� ¼ ð1ð�3Þ � 2 � 1, 1 � 1� 1ð�3Þ, 1 � 2� 1 � 1Þ ¼ ð�5, 4, 1Þ

14.14. Let ~�� ¼ ð1, 1, 1, 1Þ and ~�� ¼ ð1, 2, � 3, 0Þ be given vectors in V4ðRÞ.

(a) Show that they are orthogonal.

(b) Find two linearly independent vectors ~�� and ~		 which are orthogonal to both ~�� and ~��.

(c) Find a non-zero vector ~vv orthogonal to each of ~��, ~��, ~�� and show that it is a linear combination of ~��
and ~		.

(a) ~�� � ~�� ¼ 1 � 1þ 1 � 2þ 1ð�3Þ ¼ 0; thus, ~�� and ~�� are orthogonal.

(b) Assume ða, b, c, dÞ 2V4ðRÞ orthogonal to both ~�� and ~��; then

ðiÞ aþ bþ cþ d ¼ 0 and aþ 2b� 3c ¼ 0

First, take c ¼ 0. Then aþ 2b ¼ 0 is satisfied by a ¼ 2, b ¼ �1; and aþ bþ cþ d ¼ 0 now gives

d ¼ �1. We have ~�� ¼ ð2, � 1, 0, � 1Þ.

Next, take b ¼ 0. Then a� 3c ¼ 0 is satisfied by a ¼ 3, c ¼ 1; and aþ bþ cþ d ¼ 0 now gives

d ¼ �4. We have ~		 ¼ ð3, 0, 1, � 4Þ. Clearly, ~�� and ~		 are linearly independent.
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Since an obvious solution of the equations (i) is a ¼ b ¼ c ¼ d ¼ 0, why not take ~�� ¼ ð0, 0, 0, 0Þ?

(c) If ~vv ¼ ða, b, c, dÞ is orthogonal to ~��, ~��, and ~��, then

aþ bþ cþ d ¼ 0, aþ 2b� 3c ¼ 0 and 2a� b� d ¼ 0

Adding the first and last equation, we have 3aþ c ¼ 0 which is satisfied by a ¼ 1, c ¼ �3. Now b ¼ �5,

d ¼ 7, and ~vv ¼ ð1, � 5, � 3, 7Þ. Finally, ~vv ¼ 5 ~�� � 3 ~		.

Note: It should be clear that the solutions obtained here are not unique. First of all, any non-zero

scalar multiple of any or all of ~�� , ~		, ~vv is also a solution. Moreover, in finding ~�� (also, ~		) we arbitrarily

chose c ¼ 0 (also, b ¼ 0). However, examine the solution in (c) and verify that ~vv is unique up to a scalar

multiplier.

14.15. Find the image of ~�� ¼ ð1, 2, 3, 4Þ under the linear transformation

A :

~��1 ! ð1, � 2, 0, 4Þ

~��2 ! ð2, 4, 1, � 2Þ

~��3 ! ð0, � 1, 5, � 1Þ

~��4 ! ð1, 3, 2, 0Þ

8>><
>>:

of V4ðQÞ into itself.

We have

~�� ¼ ~��1 þ 2~��2 þ 3~��3 þ 4~��4 ! ð1, � 2, 0, 4Þ

þ 2ð2, 4, 1, � 2Þ þ 3ð0, � 1, 5, � 1Þ þ 4ð1, 3, 2, 0Þ ¼ ð9, 15, 25, � 3Þ

14.16. Prove: If f~��1, ~��2, . . . , ~��ng is any basis of V ¼ VðFÞ and if f~��1, ~��2, . . . , ~��ng is any set of n elements of

V, the mapping

T : ~��i ! ~��i, ði ¼ 1, 2, . . . , nÞ

defines a linear transformation of V into itself.

Let ~�� ¼ �s1 ~��i and ~�� ¼ �ti ~��i be any two vectors in V. Then

~�� þ ~�� ¼ �ðsi þ tiÞ~��i ! �ðsi þ tiÞ~��i ¼ �si ~��i þ�ti ~��i

so that

ðiÞ ð~�� þ ~��ÞT ¼ ~��T þ ~��T

Also, for any s2F and any ~��2V ,

s~�� ¼ s�si ~��i ! s�si ~��i

so that

ðiiÞ ðs~��ÞT ¼ sð~��TÞ

as required.

14.17. Prove: If T is a linear transformation of V(F ) into itself and if W is a subspace of V(F ), then

WT ¼ f~��T : ~�� 2Wg, the image of W under T, is also a subspace of V(F ).
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For any ~��T , ~��T 2WT , we have ~��T þ ~��T ¼ ð~�� þ ~��ÞT . Since ~��, ~�� 2 W implies ~�� þ ~�� 2 W , then

ð~�� þ ~��ÞT 2WT . Thus, WT is closed under addition. Similarly, for any ~��T 2WT , s2F , we have sð~��TÞ ¼

ðs~��ÞT 2WT since ~�� 2W implies s~��2W . Thus, WT is closed under scalar multiplication. This completes

the proof.

14.18. Prove: The set A of all linear transformations of a vector space V(F ) into itself forms a ring with

respect to addition and multiplication defined by

Aþ B : ~��ðAþ BÞ ¼ ~��Aþ ~��B, ~�� 2VðFÞ

A � B : ~��ðA � BÞ ¼ ð~��AÞB, ~�� 2VðFÞ

for all A,B2A.

Let ~��, ~�� 2 VðFÞ, k2F , and A,B,C 2A. Then

ð~�� þ ~��ÞðAþ BÞ ¼ ð~�� þ ~��ÞAþ ð~�� þ ~��ÞB ¼ ~��Aþ ~��Aþ ~��Bþ ~��B

¼ ~��ðAþ BÞ þ ~��ðAþ BÞ

and

ðk~��ÞðAþ BÞ ¼ ðk~��ÞAþ ðk~��ÞB ¼ kð~��AÞ þ kð~��BÞ

¼ kð~��Aþ ~��BÞ

¼ k~��ðAþ BÞ

Also,

ð~�� þ ~��ÞðA � BÞ ¼ ½ð~�� þ ~��ÞA�B ¼ ð~��Aþ ~��AÞB

¼ ð~��AÞBþ ð~��AÞB ¼ ~��ðA � BÞ þ ~��ðA � BÞ

and

ðk~��ÞðA � BÞ ¼ ½ðk~��AÞ�B ¼ ½kð~��AÞ�B ¼ k½ð~��AÞB� ¼ k~��ðA � BÞ

Thus, Aþ B,A � B2A and A is closed with respect to addition and multiplication.

Addition is both commutative and associative since

~��ðAþ BÞ ¼ ~��Aþ ~��B ¼ ~��Bþ ~��A ¼ ~��ðBþ AÞ

and

~��½ðAþ BÞ þ C� ¼ ~��ðAþ BÞ þ ~��C ¼ ~��Aþ ~��Bþ ~��C

¼ ~��Aþ ~��ðBþ CÞ ¼ ~��½Aþ ðBþ CÞ�

Let the mapping which carries each element of V(F ) into ~�� be denoted by 0; i.e.,

0 : ~��0 ¼ ~��, ~�� 2VðFÞ
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Then 02A (show this),

~��ðAþ 0Þ ¼ ~��Aþ ~��0 ¼ ~��Aþ ~�� ¼ ~��A

and 0 is the additive identity element of A.

For each A2A, let �A be defined by

�A : ~��ð�AÞ ¼ �ð~��AÞ, ~��2VðFÞ

It follows readily that �A2A and is the additive inverse of A since

~�� ¼ ~��A ¼ ð~�� � ~��ÞA ¼ ~��Aþ ½�ð~��AÞ� ¼ ~��½Aþ ð�AÞ� ¼ ~�� � 0

We have proved that A is an abelian additive group.

Multiplication is clearly associative but, in general, is not commutative (see Problem 14.55). To complete

the proof that A is a ring, we prove one of the following Distributive Laws

A � ðBþ CÞ ¼ A � Bþ A � C

and leave the other for the reader. We have

~��½A � ðBþ CÞ� ¼ ð~��AÞðBþ CÞ ¼ ð~��AÞBþ ð~��AÞC

¼ ~��ðA � BÞ þ ~��ðA � CÞ ¼ ~��ðA � Bþ A � CÞ

14.19. Prove: The set M of all non-singular linear transformations of a vector space V(F ) into itself

forms a group under multiplication.

Let A,B2M. Since A and B are non-singular, they map V(F ) onto V(F ), i.e., VA ¼ V and VB ¼ V .

Then VðA�BÞ ¼ ðVAÞB ¼ VB ¼ V and A � B is non-singular. Thus, A � B2M and M is closed under

multiplication. The Associative Law holds in M since it holds in A.

Let the mapping which carries each element of V(F ) onto itself be denoted by I, i.e.,

I : ~��I ¼ ~��, ~��2VðFÞ

Evidently, I is non-singular, belongs to M, and since

~��ðI � AÞ ¼ ð~��IÞA ¼ ~��A ¼ ð~��AÞI ¼ ~��ðA � IÞ

is the identity element in multiplication.

Now A is a one-to-one mapping of V(F ) onto itself; hence, it has an inverse A�1 defined by

A�1 : ð~��AÞA�1 ¼ ~��, ~��2VðFÞ

For any ~��, ~�� 2 VðFÞ, A2M, and k2F , we have ~��A, ~��A2VðFÞ. Then, since

ð~��Aþ ~��AÞA�1 ¼ ð~�� þ ~��ÞA � A�1 ¼ ~�� þ ~�� ¼ ð~��AÞA�1 þ ð~��AÞA�1

and

½kð~��AÞ�A�1 ¼ ½ðk~��ÞA�A�1 ¼ k~�� ¼ k½ð~��AÞA�1�

it follows that A�1 2A. But, by definition, A�1 is non-singular; hence, A�1 2M. Thus each element of M

has a multiplicative inverse and M is a multiplicative group.
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Supplementary Problems

14.20. Using Fig. 14-1:

(a) Identify the vectors ð1, 0Þ and ð0, 1Þ; also ða, 0Þ and ð0, bÞ

(b) Verify ða, bÞ ¼ ða, 0Þ þ ð0, bÞ ¼ að1, 0Þ þ bð0, 1Þ.

14.21. Using natural definitions for scalar multiplication and vector addition, show that each of the following are

vector spaces over the indicated field:

(a) V ¼ R; F ¼ Q

(b) V ¼ C; F ¼ R

(c) V ¼ faþ b
ffiffiffi
23

p
þ c

ffiffiffi
3

p
: a, b, c2Qg; F ¼ Q

(d) V ¼ all polynomials of degree � 4 over R including the zero polynomial; F ¼ Q

(e) V ¼ fc1e
x þ c2e

3x : c1, c2 2Rg; F ¼ R

( f ) V ¼ fða1, a2, a3Þ : ai 2Q, a1 þ 2a2 ¼ 3a3g; F ¼ Q

(g) V ¼ faþ bx : a, b2Z3g; F ¼ Z3

14.22. (a) Why is the set of all polynomials in x of degree > 4 over R not a vector space over R?

(b) Is the set of all polynomials R½x� a vector space over Q? over C?

14.23. Let ~��, ~�� 2 V over F and s, t2F . Prove:

(a) When ~�� 6¼ ~��, then s~�� ¼ t~�� implies s ¼ t.

(b) When s 6¼ z, then s~�� ¼ s~�� implies ~�� ¼ ~��.

14.24. Let ~��, ~�� 6¼ ~��2V over F . Show that ~�� and ~�� are linearly dependent if and only if ~�� ¼ s~�� for some s2F .

14.25. (a) Let ~��, ~�� 2 VðRÞ. If ~�� and ~�� are linearly dependent over R, are they necessarily linearly dependent over

Q? over C?

(b) Consider (a) with linearly dependent replaced by linearly independent.

14.26. Prove Theorem IV and Theorem VI.

14.27. For the vector space V ¼ V4ðRÞ ¼ fða, b, c, dÞ : a, b, c, d 2Rg over R, which of the following subsets are

subspaces of V?

(a) U ¼ fða, a, a, aÞ : a2Rg

(b) U ¼ fða, b, a, bÞ : a, b2Zg

(c) U ¼ fða, 2a, b, aþ bÞ : a, b2Rg

(d) U ¼ fða1, a2, a3, a4Þ : ai 2R, 2a2 þ 3a3 ¼ 0g

(e) U ¼ fða1, a2, a3, a4Þ : ai 2R, 2a2 þ 3a3 ¼ 5g

14.28. Determine whether the following sets of vectors in V3ðQÞ are linearly dependent or independent over Q:

ðaÞ fð0, 0, 0Þ, ð1, 1, 1Þg ðdÞ fð0, 1, � 2Þ, ð1, � 1, 1Þ, ð1, 2, 1Þg

ðbÞ fð1, � 2, 3Þ, ð3, � 6, 9Þg ðeÞ fð0, 2, � 4Þ, ð1, � 2, � 1Þ, ð1, � 4, 3Þg

ðcÞ fð1, � 2, � 3Þ, ð3, 2, 1Þg ð f Þ fð1, � 1, � 1Þ, ð2, 3, 1Þ, ð�1, 4, � 2Þ, ð3, 10, 8Þg

Ans. (c), (d ) are linearly independent.
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14.29. Determine whether the following sets of vectors in V3ðZ5Þ are linearly dependent or independent over Z5:

ðaÞ fð1, 2, 4Þ, ð2, 4, 1Þg ðcÞ fð0, 1, 1Þ, ð1, 0, 1Þ, ð3, 3, 2Þg

ðbÞ fð2, 3, 4Þ, ð3, 2, 1Þg ðdÞ fð4, 1, 3Þ, ð2, 3, 1Þ, ð4, 1, 0Þg

Ans. (a), (c) are linearly independent.

14.30. For the set S ¼ fð1, 2, 1Þ, ð2, 3, 2Þ, ð3, 2, 3Þ, ð1, 1, 1Þg of vectors in VðZ5Þ find a maximum linearly independent

subset T and express each of the remaining vectors as linear combinations of the elements of T.

14.31. Find the dimension of the subset of V3ðQÞ spanned by each set of vectors in Problem 28.

Ans. (a), (b) 1; (c), (e) 2; (d), (f) 3

14.32. For the vector space C over R, show:

(a) f1, ig is a basis.

(b) faþ bi, cþ dig is a basis if and only if ad � bc 6¼ 0.

14.33. In each of the following, find a basis of the vector space which includes the given set of vectors:

(a) fð1, 1, 0Þ, ð0, 1, 1Þg in V3ðQÞ.

(b) fð2, 1, � 1, � 2Þ, ð2, 3, � 2, 1Þ, ð4, 2, � 1, 3Þg in V4ðQÞ.

(c) fð2, 1, 1, 0Þ, ð1, 2, 0, 1Þg in V4ðZ3Þ.

(d) fði, 0, 1, 0Þð0, i, 1, 0Þg in V4ðCÞ.

14.34. Show that S ¼ f~��1, ~��2, ~��3g ¼ fði, 1þ i, 2Þ, ð2þ i, i, 1Þ, ð3, 3þ 2i, � 1Þg is a basis of V3ðCÞ and express each of

the unit vectors of V3ðCÞ as a linear combination of the elements of S.

Ans: ~��1 ¼ ½ð�39� 6iÞ~��1 þ ð80� iÞ~��2 þ ð2� 13iÞ~��3�=173

~��2 ¼ ½ð86� 40iÞ~��1 þ ð�101þ 51iÞ~��2 þ ð71� 29iÞ~��3�=346

~��3 ¼ ½ð104þ 16iÞ~��1 þ ð75� 55iÞ~��2 þ ð�63� 23iÞ~��3�=346

14.35. Prove: If k1 ~��1 þ k2 ~��2 þ k3 ~��3 ¼ ~��, where k1, k2 6¼ z, then f~��1, ~��3g and f~��2, ~��3g generate the same space.

14.36. Prove Theorem IX.

14.37. Prove: If f~��1, ~��2, ~��3g is a basis of V3ðQÞ, so also is f~��1 þ ~��2, ~��2 þ ~��3, ~��3 þ ~��1g. Is this true in V3ðZ2Þ? In V3ðZ3Þ?

14.38. Prove Theorem X.

Hint. Assume A and B, containing, respectively, m and n elements, are bases of V. First, associate S

with A and T with B, then S with B and T with A, and apply Theorem VIII.

14.39. Prove: If V is a vector space of dimension n � 0, any linearly independent set of n vectors of V is a basis.

14.40. Let ~��1, ~��2, . . . , ~��m 2V and S ¼ f~��1, ~��2, . . . , ~��mg span a subspace U � V. Show that the minimum number of

vectors of V necessary to span U is the maximum number of linearly independent vectors in S.

14.41. Let f~��1, ~��2, . . . , ~��mg be a basis of V. Show that every vector ~�� 2V has a unique representation as a linear

combination of the basis vectors.

Hint. Suppose ~�� ¼ �ci ~��i ¼ �di ~��i; then �ci ~��i ��di ~��i ¼ ~��.

14.42. Prove: If U and W are subspaces of a vector space V, so also are U \W and U þW .
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14.43. Let the subspaces U and W of V4ðQÞ be spanned by

A ¼ fð2, � 1, 1, 0Þ, ð1, 0, 2, 1Þg

and

B ¼ fð0, 0, 1, 0Þ, ð0, 1, 0, 1Þ, ð4, � 1, 5, 2Þg

respectively. Verify Theorem XIII. Find a basis of U þW which includes the vectors of A; also a

basis which includes the vectors of B.

14.44. Show that P ¼ fða, b, � b, aÞ : a, b2Rg with addition defined by

ða, b, � b, aÞ þ ðc, d, � d, cÞ ¼ ðaþ c, bþ d, � ðbþ dÞ, aþ cÞ

and scalar multiplication defined by kða, b, � b, aÞ ¼ ðka, kb, � kb, kaÞ, for all ða, b, � b, aÞ,

ðc, d, � d, cÞ 2P and k2R, is a vector space of dimension two.

14.45. Let the prime p be a prime element of G of Problem 11.8, Chapter 11. Denote by F the field Gp and by F0

the prime field Zp of F . The field F , considered as a vector space over F0, has as basis f1, ig; hence,

F ¼ fa1 � 1þ a2 � i : a1, a2 2F0g. (a) Show that F has at most p2 elements. (b) Show that F has at least p2

elements, (that is, a1 � 1þ a2 � i ¼ b1 � 1þ b2 � i if and only if a1 � b1 ¼ a2 � b2 ¼ 0) and, hence, exactly p2

elements.

14.46. Generalize Problem 14.45 to a finite field F of characteristic p, a prime, over its prime field having n

elements as a basis.

14.47. For ~��, ~��, ~		2VNðRÞ and k2R, prove:

ðaÞ ~�� � ~�� ¼ ~�� � ~��, ðbÞ ð~�� þ ~��Þ � ~		 ¼ ~�� � ~		þ ~�� � ~		, ðcÞ ðk~�� � ~��Þ ¼ kð~�� � ~��Þ:

14.48. Obtain from the Schwarz inequality �1 � ð~�� � ~��Þ=ðj~��j � j~��jÞ � 1 to show that cos � ¼ ~�� � ~��=j~��j � j~��j determines

one and only one angle between 0
 and 180
.

14.49. Let length be defined as in VnðRÞ. Show that ð1, 1Þ 2V2ðQÞ is without length while ð1, iÞ 2V2ðCÞ is of length 0.

Can you suggest a definition of ~�� � ~�� so that each non-zero vector of V2ðCÞ will have length different from 0?

14.50. Let ~��, ~�� 2 VnðRÞ such that j~��j ¼ j~��j. Show that ~�� � ~�� and ~�� þ ~�� are orthogonal. What is the geometric

interpretation?

14.51. For the vector space V of all polynomials in x over a field F , verify that each of the following mappings of V

into itself is a linear transformation of V.

ðaÞ �ðxÞ ! �ðxÞ ðcÞ �ðxÞ ! �ð�xÞ

ðbÞ �ðxÞ ! ��ðxÞ ðdÞ �ðxÞ ! �ð0Þ

14.52. Show that the mapping T : ða, bÞ ! ðaþ 1, bþ 1Þ of V2(R) into itself is not a linear transformation.

Hint. Compare ð~��1 þ ~��2ÞT and ð~��1T þ ~��2TÞ.

14.53. For each of the linear transformations A, examine the image of an arbitrary vector ~�� to determine the rank

of A and, if A is singular, to determine a non-zero vector whose image is 0.

(a) A : ~��1 ! ð2, 1Þ, ~��2 ! ð1, 2Þ

(b) A : ~��1 ! ð3, � 4Þ, ~��2 ! ð�3, 4Þ

(c) A : ~��1 ! ð1, 1, 2Þ, ~��2 ! ð2, 1, 3Þ, ~��3 ! ð1, 0, � 2Þ
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(d) A : ~��1 ! ð1, � 1, 1Þ, ~��2 ! ð�3, 3, � 3Þ, ~��3 ! ð2, 3, 4Þ

(e) A : ~��1 ! ð0, 1, � 1Þ, ~��2 ! ð�1, 1, 1Þ, ~��3 ! ð1, 0, � 2Þ

( f ) A : ~��1 ! ð1, 0, 3Þ, ~��2 ! ð0, 1, 1Þ, ~��3 ! ð2, 2, 8Þ

Ans. (a) non-singular; (b) singular, ð1, 1Þ; (c) non-singular; (d) singular, ð3, 1, 0Þ; (e) singular ð�1, 1, 1Þ;

( f ) singular, ð2, 2, � 1Þ

14.54. For all A,B2A and k, l 2F , prove

(a) kA2A

(b) kðAþ BÞ ¼ kAþ kB; ðkþ lÞA ¼ kAþ lA

(c) kðA � BÞ ¼ ðkAÞB ¼ AðkBÞ; ðk � lÞA ¼ kðlAÞ

(d) 0 � A ¼ k0 ¼ 0; uA ¼ A

with 0 defined in Problem 14.18. Together with Problem 14.18, this completes the proof of Theorem

XX, given in Section 14.8.

14.55. Compute B � A for the linear transformations of Example 13 to show that, in general, A � B 6¼ B � A.

14.56. For the linear transformation on V3ðRÞ

A :

~��1 ! ða, b, cÞ

~��2 ! ðd, e, f Þ

~��3 ! ðg, h, iÞ

8<
: B :

~��1 ! ðj, k, lÞ

~��2 ! ðm, n, pÞ

~��3 ! ðq, r, sÞ

8<
:

obtain

Aþ B :

~��1 ! ðaþ j, bþ k, cþ lÞ

~��2 ! ðd þm, eþ n, f þ pÞ

~��3 ! ðgþ q, hþ r, i þ sÞ

8<
:

A � B :

~��1 ! ðaj þ bmþ cq, akþ bnþ cr, al þ bpþ csÞ

~��2 ! ðdj þ emþ fq, dkþ enþ fr, dl þ epþ fsÞ

~��3 ! ðgj þ hmþ iq, gkþ hnþ ir, gl þ hpþ isÞ

8<
:

and, for any k2R,

kA :

~��1 ! ðka, kb, kcÞ

~��2 ! ðkd, ke, kf Þ

~��3 ! ðkg, kh, kiÞ

8<
:

14.57. Compute the inverse A�1 of

A :
~��1 ! ð1, 1Þ

~��2 ! ð2, 3Þ

�
of V2ðRÞ:

Hint. Take

A�1 :
~��1 ! ðp, qÞ

~��2 ! ðr, sÞ

�
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and consider ð~��AÞA�1 ¼ ~�� where ~�� ¼ ða, bÞ.

Ans:
~��1 ! ð3, � 1Þ

~��2 ! ð�2, 1Þ

�

14.58. For the mapping

T1 :
~��1 ¼ ð1, 0Þ ! ð1, 1, 1Þ

~��2 ¼ ð0, 1Þ ! ð0, 1, 2Þ

�
of V ¼ V2ðRÞ into W ¼ V3ðRÞ

verify:

(a) T1 is a linear transformation of V into W.

(b) The image of ~�� ¼ ð2, 1Þ 2V is ð2, 3, 4Þ 2W .

(c) The vector ð1, 2, 2Þ 2W is not an image.

(d) VT1
has dimension 2.

14.59. For the mapping

T2 :

~��1 ¼ ð1, 0, 0Þ ! ð1, 0, 1, 1Þ

~��2 ¼ ð0, 1, 0Þ ! ð0, 1, 1, 1Þ

~��3 ¼ ð0, 0, 1Þ ! ð1, � 1, 0, 0Þ

8>><
>>: of V ¼ V3ðRÞ into W ¼ V4ðRÞ

verify:

(a) T2 is a linear transformation of V into W.

(b) The image of ~�� ¼ ð1, � 1, � 1Þ 2V is ð0, 0, 0, 0Þ 2W .

(c) VT2
has dimension 2 and rT2

¼ 2.

14.60. For T1 of Problem 58 and T2 of Problem 59, verify

T1 � T2 :
~��1 ¼ ð1, 0Þ ! ð2, 0, 2, 2Þ

~��2 ¼ ð0, 1Þ ! ð2, � 1, 1, 1Þ

(

What is the rank of T1 � T2?

14.61. Show that if U and W are subspaces of a vector space V, the set U [W ¼ f~�� : ~�� 2U or ~�� 2Wg is not

necessarily a subspace of V.

Hint. Consider V ¼ V2ðRÞ, U ¼ fa~��1 : a2Rg and W ¼ fb~��2 : b2Rg.
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Matrices

INTRODUCTION

In the previous chapter we saw that the calculations could be quite tedious when solving systems of

linear equations or when investigating properties related to vectors and linear transformations on vector

spaces. In this chapter, we will study a way of representing linear transformations and sets of vectors

which will simplify these types of calculations.

15.1 MATRICES

Consider again the linear transformation on V3ðRÞ

A :

~��1 ! ða, b, cÞ

~��2 ! ðd, e, f Þ

~��3 ! ðg, h, iÞ

8<
: and B :

~��1 ! ðj, k, lÞ

~��2 ! ðm, n, pÞ

~��3 ! ðq, r, sÞ

8<
: ð1Þ

for which (see Problem 14.56, Chapter 14)

Aþ B :

~��1 ! ðaþ j, bþ k, cþ lÞ

~��2 ! ðd þm, eþ n, f þ pÞ

~��3 ! ðgþ q, hþ r, i þ sÞ

8><
>:

A � B :

~��1 ! ðaj þ bmþ cq, akþ bnþ cr, al þ bpþ csÞ

~��2 ! ðdj þ emþ fq, dkþ enþ fr, dl þ epþ fsÞ

~��3 ! ðgj þ hmþ iq, gkþ hnþ ir, gl þ hpþ isÞ

8><
>:

kA :

~��1 ! ðka, kb, kcÞ

~��2 ! ðkd, ke, kf Þ

~��3 ! ðkg, kh, kiÞ

8><
>: , k 2 R
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As a step toward simplifying matters, let the present notation for linear transformations A and B be
replaced by the arrays

A ¼

a b c

d e f

g h i

2
64

3
75 and B ¼

j k l

m n p

q r s

2
64

3
75 ð2Þ

effected by enclosing the image vectors in brackets and then removing the excess parentheses and
commas. Our problem is to translate the operations on linear transformations into corresponding
operations on their arrays. We have the following two statements:

The sum Aþ B of the arrays A and B is the array whose elements are

the sums of the corresponding elements of A and B:

The scalar product kA of k, any scalar, and A is the array whose elements

are k times the corresponding elements of A:

In forming the product A � B, think of A as consisting of the vectors ~��1, ~��2, ~��3 (the row vectors of A)
whose components are the elements of the rows of A and think of B as consisting of the vectors ~��1, ~��2, ~��3

(the column vectors of B) whose components are the elements of the columns of B. Then

A � B ¼

~��1

~��2

~��3

2
664

3
775 � ~��1 ~��2 ~��3

� �
¼

~��1 � ~��1 ~��1 � ~��2 ~��1 � ~��3

~��2 � ~��1 ~��2 � ~��2 ~��2 � ~��3

~��3 � ~��1 ~��3 � ~��2 ~��3 � ~��3

2
664

3
775

where ~��i � ~�� j is the inner product of ~��i and ~�� j. Note carefully that in A � B the inner product of every row
vector of A with every column vector of B appears; also, the elements of any row of A � B are those inner
products whose first factor is the corresponding row vector of A.

EXAMPLE 1.

(a) When A ¼
1 2
3 4

� �
and B ¼

5 6
7 8

� �
over Q, we have

Aþ B ¼
1þ 5 2þ 6

3þ 7 4þ 8

" #
¼

6 8

10 12

" #
,

10A ¼
10 � 1 10 � 2

10 � 3 10 � 4

� �
¼

10 20

30 40

� �

A � B ¼
1 2

3 4

" #
�

5 6

7 8

" #
¼

1 � 5þ 2 � 7 1 � 6þ 2 � 8

3 � 5þ 4 � 7 3 � 6þ 4 � 8

" #
¼

19 22

43 50

" #

and B � A ¼
5 6

7 8

" #
�

1 2

3 4

" #
¼

5þ 18 10þ 24

7þ 24 14þ 32

" #
¼

23 34

31 46

" #

(b) When

A ¼

1 0 �2

0 �3 1

2 1 0

2
64

3
75 and B ¼

3 �1 0

�2 0 3

0 2 �1

2
64

3
75
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over Q, we have

A � B ¼

3 �1� 4 2
6 2 �9� 1

6� 2 �2 3

2
4

3
5 ¼

3 �5 2
6 2 �10
4 �2 3

2
4

3
5

and B � A ¼

3 3 �7
4 3 4

�2 �7 2

2
4

3
5

15.2 SQUARE MATRICES

The arrays of the preceding section, on which addition, multiplication, and scalar multiplication have
been defined, are called square matrices; more precisely, they are square matrices of order 3, since they
have 32 elements. (In Example 1(a), the square matrices are of order 2.)

In order to permit the writing in full of square matrices of higher orders, we now introduce a more
uniform notation. Hereafter, the elements of an arbitrary square matrix will be denoted by a single
letter with varying subscripts; for example,

A ¼

a11 a12 a13
a21 a22 a23
a31 a32 a33

2
4

3
5 and B ¼

b11 b12 b13 b14
b21 b22 b23 b24
b31 b32 b33 b34
b41 b42 b43 b44

2
664

3
775

Any element, say, b24 is to be thought of as b2, 4 although unless necessary (e.g., b121 which could be
b12, 1 or b1, 21) we shall not print the comma. One advantage of this notation is that each element discloses
its exact position in the matrix. For example, the element b24 stands in the second row and fourth
column, the element b32 stands in the third row and second column, and so on. Another advantage
is that we may indicate the matrices A and B above by writing

A ¼ ½aij �, ði ¼ 1, 2, 3; j ¼ 1, 2, 3Þ

and B ¼ ½bij �, ði ¼ 1, 2, 3, 4; j ¼ 1, 2, 3, 4Þ

Then with A defined above and C ¼ ½cij�, ði, j ¼ 1, 2, 3Þ, the product

A � C ¼

�a1jcj1 �a1jcj2 �a1jcj3
�a2jcj1 �a2jcj2 �a2jcj3
�a3jcj1 �a3jcj2 �a3jcj3

2
4

3
5

where in each case the summation extends over all values of j; for example,

�a2 jc j3 ¼ a21c13 þ a22c23 þ a23c33, etc:

DEFINITION 15.1: Two square matrices L andM will be called equal, L ¼ M, if and only if one is the
duplicate of the other; i.e., if and only if L and M are the same linear transformation.

Thus, two equal matrices necessarily have the same order.

DEFINITION 15.2: In any square matrix the diagonal drawn from the upper left corner to the lower
right corner is called the principal diagonal of the matrix.

The elements standing in a principal diagonal are those and only those (a11, a22, a33 of A, for
example) whose row and column indices are equal.
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By definition, there is a one-to-one correspondence between the set of all linear transformations
of a vector space over F of dimension n into itself and the set of all square matrices over F of order n

(set of all n-square matrices over F ). Moreover, we have defined addition and multiplication on

these matrices so that this correspondence is an isomorphism. Hence, by Theorems XVIII and XIX of

Chapter 14, we have the following theorem.

Theorem I. With respect to addition and multiplication, the set of all n-square matrices over F is a ring

R with unity.

As a consequence:

Addition is both associative and commutative on R.

Multiplication is associative but, in general, not commutative on R.

Multiplication is both left and right distributive with respect to addition.

DEFINITION 15.3: There exists a matrix 0n or 0, the zero element of R, each of whose elements is the

zero element of F .

For example,

02 ¼
0 0
0 0

� �
and 03 ¼

0 0 0
0 0 0
0 0 0

2
4

3
5

are zero matrices over R of orders 2 and 3, respectively.

DEFINITION 15.4: There exists a matrix In or I, the unity of R, having the unity of F as all elements

along the principal diagonal and the zero element of F elsewhere.

For example,

I2 ¼
1 0
0 1

� �
and I3 ¼

1 0 0
0 1 0
0 0 1

2
4

3
5

are identity matrices over R of orders 2 and 3, respectively.
For each A ¼ ½aij � 2 R, there exists an additive inverse �A ¼ ð�1Þ½aij� ¼ ½�aij� such that

Aþ ð�AÞ ¼ 0.
Throughout the remainder of this book, we shall use 0 and 1, respectively, to denote the zero element

and unity of any field. Whenever z and u, originally reserved to denote these elements, appear, they will

have quite different connotations. Also, 0 and 1 as defined above over R will be used as the zero and

identity matrices over any field F .
By Theorem XX, Chapter 14, we have the following theorem:

Theorem II. The set of all n-square matrices over F is itself a vector space.
A set of basis elements for this vector space consists of the n2 matrices

Eij , ði, j ¼ 1, 2, 3, . . . , nÞ

of order n having 1 as element in the ði, jÞ position and 0’s elsewhere. For example,

fE11,E12,E21,E22g ¼
1 0
0 0

� �
,

0 1
0 0

� �
,

0 0
1 0

� �
,

0 0
0 1

� �� �

is a basis of the vector space of all 2-square matrices over F ; and for any

A ¼
a b
c d

� �
, we have A ¼ aE11 þ bE12 þ cE21 þ dE22
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15.3 TOTAL MATRIX ALGEBRA

DEFINITION 15.5: The set of all n-square matrices over F with the operations of addition,

multiplication, and scalar multiplication by elements of F is called the total matrix algebra MnðFÞ.

Now just as there are subgroups of groups, subrings of rings, . . ., so there are subalgebras ofMnðFÞ.

For example, the set of all matrices M of the form

a b c
2c a b
2b 2c a

2
4

3
5

where a, b, c 2 Q, is a subalgebra of M3ðQÞ. All that is needed to prove this is to show that addition,

multiplication, and scalar multiplication by elements of Q on elements of M invariably yield elements of

M. Addition and scalar multiplication give no trouble, and so M is a subspace of the vector space

M3ðQÞ. For multiplication, note that a basis of M is the set

I ,X ¼

0 1 0

0 0 1

2 0 0

2
64

3
75, Y ¼

0 0 1

2 0 0

0 2 0

2
64

3
75

8><
>:

9>=
>;

We leave for the reader to show that for A,B 2 M,

A � B ¼ ðaI þ bX þ cYÞðxI þ yX þ zYÞ

¼ ðaxþ 2bzþ 2cyÞI þ ðayþ bxþ 2czÞX þ ðazþ byþ cxÞY 2 M;

also, that multiplication is commutative on M.

15.4 A MATRIX OF ORDER m� n

DEFINITION 15.6: By a matrix over F we shall mean any rectangular array of elements of F ; for

example

A ¼

a11 a12 a13

a21 a22 a23

a31 a32 a33

2
64

3
75, B ¼

b11 b12 b13 b14

b21 b22 b23 b24

b31 b32 b33 b34

2
64

3
75, C ¼

c11 c12

c21 c22

c31 c32

c41 c42

2
6664

3
7775

or A ¼ ½aij �, ði, j ¼ 1, 2, 3Þ B ¼ ½bij �, ði ¼ 1, 2, 3; j ¼ 1, 2, 3, 4Þ C ¼ ½cij�, ði ¼ 1, 2, 3, 4; j ¼ 1, 2Þ

any such matrix of m rows and n columns will be called a matrix of order m� n.
For fixed m and n, consider the set of all matrices over F of order m� n. With addition and

scalar multiplication defined exactly as for square matrices, we have the following generalization of

Theorem II.

Theorem II 0. The set of all matrices over F of order m� n is a vector space over F .

Multiplication cannot be defined on this set unless m ¼ n. However, we may, as Problem 14.60, Chapter

14, suggests, define the product of certain rectangular arrays. For example, using the matrices A,B,C

above, we can form A � B but not B � A; B � C but not C � B; and neither A � C nor C � A. The reason is
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clear; in order to form L �M the number of columns of L must equal the number of rows of M. For B
and C above, we have

B � C ¼

~��1

~��2

~��3

2
64

3
75 � ~��1 ~��2

� �
¼

~��1 � ~��1 ~��1 � ~��2

~��2 � ~��1 ~��2 � ~��2

~��3 � ~��1 ~��3 � ~��2

2
64

3
75 ¼

�b1jcj1 �b1jcj2

�b2jcj1 �b2jcj2

�b3jcj1 �b3jcj2

2
64

3
75

Thus, the product of a matrix of order m� n and a matrix of order n� p, both over the same field F , is a

matrix of order m� p. See Problems 15.2–15.3.

15.5 SOLUTIONS OF A SYSTEM OF LINEAR EQUATIONS

The study of matrices, thus far, has been dominated by our previous study of linear transformations
of vector spaces. We might, however, have begun our study of matrices by noting the one-to-one

correspondence between all systems of homogeneous linear equations over R and the set of arrays of
their coefficients. For example:

ðiÞ
ðiiÞ
ðiiiÞ

2xþ 3yþ z ¼ 0
x� yþ 4z ¼ 0

4xþ 11y� 5z ¼ 0

9=
; and

2 3 1
1 �1 4
4 11 �5

2
4

3
5 ð3Þ

What we plan to do here is to show that a matrix, considered as the coefficient matrix of a system of

homogeneous equations, can be used (in place of the actual equations) to obtain solutions of the system.
In each of the steps below, we state our ‘‘moves,’’ the result of these ‘‘moves’’ in terms of the equations,
and finally in terms of the matrix.

The given system (3) has the trivial solution x ¼ y ¼ z ¼ 0; it will have non-trivial solutions if and

only if one of the equations is a linear combination of the other two, i.e., if and only if the row vectors
of the coefficient matrix are linearly dependent. The procedure for finding the non-trivial solutions, if
any, is well known to the reader. The set of ‘‘moves’’ is never unique; we shall proceed as follows:

Multiply the second equation by 2 and subtract from the first equation, then multiply the second
equation by 4 and subtract from the third equation to obtain

ðiÞ � 2ðiiÞ
ðiiÞ

ðiiiÞ � 4ðiiÞ

0xþ 5y� 7z ¼ 0
x� yþ 4z ¼ 0

0xþ 15y� 21z ¼ 0

9=
; and

0 5 �7
1 �1 4
0 15 �21

2
4

3
5 ð4Þ

In (4), multiply the first equation by 3 and subtract from the third equation to obtain

ðiÞ � 2ðiiÞ
ðiiÞ

ðiiiÞ þ 2 ðiiÞ � 3ðiÞ

0xþ 5y� 7z ¼ 0
x� yþ 4z ¼ 0

0xþ 0yþ 0z ¼ 0

9=
; and

0 5 �7
1 �1 4
0 0 0

2
4

3
5 ð5Þ

Finally, in (5), multiply the first equation by 1/5 and, after entering it as the first equation in (6), add
it to the second equation. We have

1
5
½ðiÞ � 2ðiiÞ�

1
5 ½3ðiiÞ þ ðiÞ�

ðiiiÞ þ 2ðiiÞ � 3ðiÞ

0xþ y� 7z=5 ¼ 0

xþ 0yþ 13z=5 ¼ 0

0xþ 0yþ 0z ¼ 0

9>=
>; and

0 1 �7=5

1 0 13=5

0 0 0

2
64

3
75 ð6Þ

Now if we take for z any arbitrary r 2 R, we have as solutions of the system: x ¼ �13r=5, y ¼ 7r=5,
z ¼ r.
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We summarize: from the given system of equations (3), we extracted the matrix

A ¼

2 3 1
1 �1 4
4 11 �5

2
4

3
5

by operating on the rows of A we obtained the matrix

B ¼

0 1 �7=5
1 0 13=5
0 0 0

2
4

3
5

considering B as a coefficient matrix in the same unknowns, we read out the solutions of the original

system. We give now three problems from vector spaces whose solutions follow easily.

EXAMPLE 2. Is ~��1 ¼ ð2, 1, 4Þ, ~��2 ¼ ð3, � 1, 11Þ, ~��3 ¼ ð1, 4, � 5Þ a basis of V3ðRÞ?

We set x~��1 þ y~��2 þ z~��3 ¼ ð2xþ 3yþ z, x� yþ 4z, 4xþ 11y� 5zÞ ¼ 0 ¼ ð0, 0, 0Þ and obtain the system of

equations (3). Using the solution x ¼ �13=5, y ¼ 7=5, z ¼ 1, we find ~��3 ¼ ð13=5Þ~��1 � ð7=5Þ~��2. Thus, the given set

is not a basis. This, of course, is implied by the matrix (5) having a row of zeros.

EXAMPLE 3. Is the set ~��1 ¼ ð2, 3, 1Þ, ~��2 ¼ ð1, � 1, 4Þ, ~��3 ¼ ð4, 11, � 5Þ a basis of V3ðRÞ?

The given vectors are the row vector of (3). From the record of moves in (5), we extract ðiiiÞ þ 2ðiiÞ � 3ðiÞ ¼ 0 or

~��3 þ 2~��2 � 3~��1 ¼ 0. Thus, the set is not a basis.

Note. The problems solved in Examples 2 and 3 are of the same type and the computations are

identical; the initial procedures, however, are quite different. In Example 2, the given vectors constitute

the columns of the matrix and the operations on the matrix involve linear combinations of the

corresponding components of these vectors. In Example 3, the given vectors constitute the rows of the

matrix and the operations on this matrix involve linear combinations of the vectors themselves. We shall

continue to use the notation of Chapter 14 in which a vector of VnðFÞ is written as a row of elements

and, thus, hereafter use the procedure of Example 3.

EXAMPLE 4. Show that the linear transformation

T :
~��1 ! ð2, 3, 1Þ ¼ ~��1

~��2 ! ð1, � 1, 4Þ ¼ ~��2
~��3 ! ð4, 11, � 5Þ ¼ ~��3

8<
:

of V ¼ V3ðRÞ is singular and find a vector of V whose image is 0.

We write

T ¼

2 3 1
1 �1 4
4 11 �5

2
4

3
5 ¼

~��1
~��2
~��3

2
4

3
5:

By Example 3, ~��3 þ 2~��2 � 3~��1 ¼ 0; thus, the image of any vector of V is a linear combination of the vectors ~��1 and
~��2. Hence, VT has dimension 2 and T is singular. This, of course, is implied by the matrix (5) having a single row

of zeros.

Since 3~��1 � 2~��2 � ~��3 ¼ 0, the image of ~�� ¼ ð3, � 2, � 1Þ is 0, i.e.,

ð3, � 2, � 1Þ �
2 3 1
1 �1 4
4 11 �5

2
4

3
5 ¼ 0

Note. The vector ð3, � 2, � 1Þ may be considered as a 1� 3-matrix; hence, the indicated product

above is a valid one. See Problem 15.4.

210 MATRICES [CHAP. 15



15.6 ELEMENTARY TRANSFORMATIONS ON A MATRIX

In solving a system of homogeneous linear equations with coefficients in F certain operations may be
performed on the elements (equations) of the system without changing its solution or solutions:

Any two equations may be interchanged.

Any equation may be multiplied by any scalar k 6¼ 0 of F .

Any equation may be multiplied by any scalar and added to any other equation.

The operations, called elementary row transformations, thereby induced on the coefficient matrix of
the system are

The interchange of the ith and jth rows, denoted by Hij.

The multiplication of every element of the ith row by a non-zero scalar k, denoted by HiðkÞ.

The addition to the elements of the ith row of k (a scalar) times the corresponding elements of the jth
row, denoted by HijðkÞ.

Later we shall find useful the elementary column transformations on a matrix which we now list:

The interchange of the ith and jth columns, denoted by Kij .

The multiplication of every element of the ith column by a non-zero scalar k, denoted by KiðkÞ.

The addition to the elements of the ith column of k (a scalar) times the corresponding elements of the jth
column, denoted by KijðkÞ.

DEFINITION 15.7: Two matrices A and B will be called row (column) equivalent if B can be obtained
from A by a sequence of elementary row (column) transformations.

DEFINITION 15.8: Two matrices A and B will be called equivalent if B can be obtained from A by a
sequence of row and column transformations.

Note: When B is row equivalent, column equivalent, or equivalent to A, we shall write B � A. We
leave for the reader to show that � is an equivalence relation.

EXAMPLE 5. (a) Show that the set fð1, 2, 1, 2Þ, ð2, 4, 3, 4Þ, ð1, 3, 2, 3Þ, ð0, 3, 1, 3Þg is not a basis of V4ðQÞ. (b) If T is the

linear transformation having the vectors of (a) in order as images of ~��1, ~��2, ~��3, ~��4, what is the rank of T? (c) Find a

basis of V4ðQÞ containing a maximum linearly independent subset of the vectors of (a).

(a) Using in turn H21ð�2Þ, H31ð�1Þ; H13ð�2Þ, H43ð�3Þ; H42ð2Þ, we have

A ¼

1 2 1 2

2 4 3 4

1 3 2 3

0 3 1 3

2
6664

3
7775 �

1 2 1 2

0 0 1 0

0 1 1 1

0 3 1 3

2
6664

3
7775 �

1 0 �1 0

0 0 1 0

0 1 1 1

0 0 �2 0

2
6664

3
7775 �

1 0 �1 0

0 0 1 0

0 1 1 1

0 0 0 0

2
6664

3
7775

The set is not a basis.

(b) Using H12ð1Þ, H32ð�1Þ on the final matrix obtained in (a), we have

A �

1 0 �1 0
0 0 1 0
0 1 1 1
0 0 0 0

2
664

3
775 �

1 0 0 0
0 0 1 0
0 1 0 1
0 0 0 0

2
664

3
775 ¼ B

Now B has the maximum number of zeros possible in any matrix row equivalent to A (verify this). Since B has

three non-zero row vectors, VT is of dimension 3 and rT ¼ 3.

(c) A check of the moves will show that a multiple of the fourth row was never added to any of the other three.

Thus, the first three vectors of the given set are linear combinations of the non-zero vectors of B. The first three
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vectors of the given set together with any vector not a linear combination of the non-zero row vectors of B, for

example ~��2 or ~��4, is a basis of V4ðQÞ.

Consider the rows of a given matrix A as a set S of row vectors of VnðFÞ and interpret the

elementary row transformations on A in terms of the vectors of S as:

The interchange of any two vectors in S.

The replacement of any vector ~�� 2 S by a non-zero scalar multiple a~��.

The replacement of any vector ~�� 2 S by a linear combination ~�� þ b~�� of ~�� and any other vector ~�� 2 S.

The foregoing examples illustrate the following theorem.

Theorem III. The above operations on a set S of vectors of VnðFÞ neither increase nor decrease the

number of linearly independent vectors in S. See Problems 15.5–15.7.

15.7 UPPER TRIANGULAR, LOWER TRIANGULAR, AND DIAGONAL MATRICES

DEFINITION 15.9: A square matrix A ¼ ½ai j� is called upper triangular if ai j ¼ 0 whenever i > j, and is

called lower triangular if ai j ¼ 0 whenever i < j. A square matrix which is both upper and lower

triangular is called a diagonal matrix.

1 2 3
0 0 4
0 0 2

2
4

3
5For example,

1 0 0
2 3 0
3 4 5

2
4

3
5is upper triangular,

1 0 0
0 0 0
0 0 2

2
4

3
5is lower triangular, while

and
�2 0 0
0 3 0
0 0 1

2
4

3
5

are diagonal.
By means of elementary transformations, any square matrix can be reduced to upper triangular,

lower triangular, and diagonal form.

EXAMPLE 6. Reduce

A ¼

1 2 3
4 5 6
5 7 8

2
4

3
5

over Q to upper triangular, lower triangular, and diagonal form.

(a) Using H21ð�4Þ,H31ð�5Þ; H32ð�1Þ, we obtain

A ¼

1 2 3
4 5 6
5 7 8

2
4

3
5 �

1 2 3
0 �3 �6
0 �3 �7

2
4

3
5 �

1 2 3
0 �3 �6
0 0 �1

2
4

3
5

which is upper triangular.
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(b) Using H12ð�2=5Þ,H23ð�5=7Þ; H12ð�21=10Þ,H23ð�1=28Þ

A ¼

1 2 3

4 5 6

5 7 8

2
4

3
5 �

�3=5 0 3=5

3=7 0 2=7

5 7 8

2
4

3
5 �

�3=2 0 0

1=4 �1=4 0

5 7 8

2
4

3
5

which is lower triangular.

(c) Using H21ð�4Þ,H31ð�5Þ,H32ð�1Þ; H12ð2=3Þ; H13ð�1Þ,H23ð�6Þ

A �

1 2 3

0 �3 �6

0 0 �1

2
4

3
5 �

1 0 �1

0 �3 �6

0 0 �1

2
4

3
5 �

1 0 0

0 �3 0

0 0 �1

2
4

3
5

which is diagonal. See also Problem 15.8.

15.8 A CANONICAL FORM

In Problem 9, we prove the next theorem.

Theorem IV. Any non-zero matrix A over F can be reduced by a sequence of elementary row

transformations to a row canonical matrix (echelon matrix) C having the properties:

(i ) Each of the first r rows of C has at least one non-zero element; the remaining rows, if any, consist entirely

of zero elements.

(ii ) In the ith row ði ¼ 1, 2, . . . , rÞ of C, its first non-zero element is 1. Let the column in which this element

stands be numbered ji.

(iii ) The only non-zero element in the column numbered ji, ði ¼ 1, 2, . . . , rÞ is the element 1 of the ith row.

(iv) j1 < j2 < � � � < jr.

EXAMPLE 7.

(a) The matrix B of Problem 15.6, is a row canonical matrix. The first non-zero element of the first row is 1 and

stands in the first column, the first non-zero element of the second row is 1 and stands in the second column, the

first non-zero element of the third row is 1 and stands in the fifth column. Thus, j1 ¼ 1, j2 ¼ 2, j3 ¼ 5 and

j1 < j2 < j3 is satisfied.

(b) The matrix B of Problem 15.7 fails to meet condition (iv) and is not a row canonical matrix. It may, however, be

reduced to

1 0 0 1

0 1 0 �1

0 0 1 1

0 0 0 0

0 0 0 0

2
66664

3
77775 ¼ C;

a row canonical matrix, by the elementary row transformations H12, H13.

In Problem 15.5, the matrix B is a row canonical matrix; it is also the identity matrix of order 3. The

linear transformation A is non-singular; we shall also call the matrix A non-singular. Thus,

DEFINITION 15.10: An n-square matrix is non-singular if and only if it is row equivalent to the

identity matrix In.

Note. Any n-square matrix which is not non-singular is called singular. The terms singular and

non-singular are never used when the matrix is of order m� n with m 6¼ n.
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DEFINITION 15.11: The rank of a linear transformation A is the number of linearly independent
vectors in the set of image vectors.

We shall call the rank of the linear transformation A the row rank of the matrix A. Thus,

DEFINITION 15.12: The row rank of an m� n matrix is the number of non-zero rows in its row
equivalent canonical matrix.

It is not necessary, of course, to reduce a matrix to row canonical form to determine its rank. For
example, the rank of the matrix A in Problem 15.7 can be obtained as readily from B as from the row
canonical matrix C of Example 7(b).

15.9 ELEMENTARY COLUMN TRANSFORMATIONS

Beginning with a matrix A and using only elementary column transformations, we may obtain matrices
called column equivalent to A. Among these is a column canonical matrix D whose properties are
precisely those obtained by interchanging ‘‘row’’ and ‘‘column’’ in the list of properties of the row
canonical matrix C. We define the column rank of A to be the number of column of D having at least one
non-zero element. Our only interest in all of this is the following result.

Theorem V. The row rank and the column rank of any matrix A are equal.
For a proof, see Problem 15.10.

As a consequence, we define

DEFINITION 15.13: The rank of a matrix is its row (column) rank.

Let a matrix A over F of order m� n and rank r be reduced to its row canonical form C. Then using
the element 1 which appears in each of the first r rows of C and appropriate transformations of the type
KijðkÞ, C may be reduced to a matrix whose only non-zero elements are these 1’s. Finally, using
transformations of the type Kij , these 1’s can be made to occupy the diagonal positions in the first r rows
and the first r columns. The resulting matrix, denoted by N, is called the normal form of A.

EXAMPLE 8.

(a) In Problem 15.4 we have

A ¼

1 2 2 0
2 5 3 1
3 8 4 2
2 7 1 3

2
664

3
775 �

1 0 4 �2
0 1 �1 1
0 0 0 0
0 0 0 0

2
664

3
775 ¼ C

Using K31ð�4Þ,K41ð2Þ; K32ð1Þ,K42ð�1Þ on C, we obtain

A �

1 0 4 �2
0 1 �1 1
0 0 0 0
0 0 0 0

2
664

3
775 �

1 0 0 0
0 1 �1 1
0 0 0 0
0 0 0 0

2
664

3
775 �

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

2
664

3
775 ¼

I2 0
0 0

� �
,

the normal form.

(b) The matrix B is the normal form of A in Problem 15.5.

(c) For the matrix of Problem 15.6, we obtain using on B the elementary column transformations

K31ð�4Þ,K32ð1Þ,K42ð�2Þ; K35

A �

1 0 4 0 0
0 1 �1 2 0
0 0 0 0 1

2
4

3
5 �

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

2
4

3
5 ¼ ½I3 0�:
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Note. From these examples it might be thought that, in reducing A to its normal form, one first
works with row transformations and then exclusively with column transformations. This order is not
necessary. See Problem 15.11.

15.10 ELEMENTARY MATRICES

DEFINITION 15.14: The matrix which results when an elementary row (column) transformation is
applied to the identity matrix In is called an elementary row (column) matrix.

Any elementary row (column) matrix will be denoted by the same symbol used to denote the

elementary transformation which produces the matrix.

EXAMPLE 9. When

I ¼

1 0 0
0 1 0
0 0 1

2
4

3
5,

we have

H13 ¼

0 0 1
0 1 0
1 0 0

2
4

3
5 ¼ K13, H2ðkÞ ¼

1 0 0
0 k 0
0 0 1

2
4

3
5 ¼ K2ðkÞ, H23ðkÞ ¼

1 0 0
0 1 k
0 0 1

2
4

3
5 ¼ K32ðkÞ

By Theorem III, we have these two theorems.

Theorem VI. Every elementary matrix is non-singular.

Theorem VII. The product of two or more elementary matrices is non-singular.
The next theorem follows easily.

Theorem VIII. To perform an elementary row (column) transformation H (K) on a matrix A of order

m� n, form the product H � A (A � K) where H (K) is the matrix obtained by performing the
transformation H (K) on I.

The matrices H and K of Theorem VIII will carry no indicator of their orders. If A is of order m� n,
then a product such as H13 � A � K23ðkÞ must imply that H13 is of order m while K23ðkÞ is of order n, since

otherwise the indicated product is meaningless.

EXAMPLE 10. Given

A ¼

1 2 3 4
5 6 7 8
2 4 6 8

2
4

3
5

over Q, calculate

ðaÞ H13 � A ¼

0 0 1
0 1 0
1 0 0

2
4

3
5 �

1 2 3 4
5 6 7 8
2 4 6 8

2
4

3
5 ¼

2 4 6 8
5 6 7 8
1 2 3 4

2
4

3
5

ðbÞ H1ð�3Þ � A ¼

�3 0 0
0 1 0
0 0 1

2
4

3
5 �

1 2 3 4
5 6 7 8
2 4 6 8

2
4

3
5 ¼

�3 �6 �9 �12
5 6 7 8
2 4 6 8

2
4

3
5

ðcÞ A � K41ð�4Þ ¼

1 2 3 4

5 6 7 8

2 4 6 8

2
4

3
5 �

1 0 0 �4

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775 ¼

1 2 3 0

5 6 7 �12

2 4 6 0

2
4

3
5
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Suppose now that H1,H2, . . . ,Hs and K1,K2, . . . ,Kt are sequences of elementary transformations

which when performed, in the order of their subscripts, on a matrix A reduce it to B, i.e.,

Hs � . . . �H2 �H1 � A � K1 � K2 � . . . � Kt ¼ B

Then, defining S ¼ Hs � . . . �H2 �H1 and T ¼ K1 � K2 � . . . � Kt, we have

S � A � T ¼ B

Now A and B are equivalent matrices. The proof of Theorem IX, which is the converse of Theorem VIII,

will be given in the next section.

Theorem IX. If A and B are equivalent matrices there exist non-singular matrices S and T such that

S � A � T ¼ B.

As a consequence of Theorem IX, we have the following special case.

Theorem IX 0. For any matrix A there exist non-singular matrices S and T such that S � A � T ¼ N, the

normal form of A.

EXAMPLE 11. Find non-singular matrices S and T over Q such that

S � A � T ¼ S �

1 2 �1

3 8 2

4 9 �1

2
4

3
5 � T ¼ N, the normal form of A:

Using H21ð�3Þ,H31ð�4Þ,K21ð�2Þ,K31ð1Þ, we find

A ¼

1 2 �1
3 8 2
4 9 �1

2
4

3
5 �

1 0 0
0 2 5
0 1 3

2
4

3
5

Then, using H23ð�1Þ, we obtain

A �

1 0 0
0 1 2
0 1 3

2
4

3
5

and finally H32ð�1Þ,K32ð�2Þ yield the normal form

1 0 0
0 1 0
0 0 1

2
4

3
5

Thus, H32ð�1Þ �H23ð�1Þ �H31ð�4Þ �H21ð�3Þ � A � K21ð�2Þ � K31ð1Þ � K32ð�2Þ

¼

1 0 0

0 1 0

0 �1 1

2
64

3
75 �

1 0 0

0 1 �1

0 0 1

2
64

3
75 �

1 0 0

0 1 0

�4 0 1

2
64

3
75 �

1 0 0

�3 1 0

0 0 1

2
64

3
75 � A�

1 �2 0

0 1 0

0 0 1

2
64

3
75 �

1 0 1

0 1 0

0 0 1

2
64

3
75 �

1 0 0

0 1 �2

0 0 1

2
64

3
75

¼

1 0 0

1 1 �1

�5 �1 2

2
64

3
75 �

1 2 �1

3 8 2

4 9 �1

2
64

3
75 �

1 �2 5

0 1 �2

0 0 1

2
64

3
75 ¼

1 0 0

0 1 0

0 0 1

2
64

3
75
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An alternative procedure is as follows: We begin with the array

1 0 0
0 1 0
0 0 1
1 2 �1 1 0 0

I3 3 8 2 0 1 0
A I3 ¼ 4 9 �1 0 0 1

and proceed to reduce A to I. In doing so, each row transformation is performed on the rows of six elements and

each column transformation is performed on the columns of six elements. Using H21ð�3Þ,H31ð�4Þ; K21ð�2Þ,K31ð1Þ;

H23ð�1Þ; H32ð�1Þ; K32ð�2Þ we obtain

1 0 0 1 0 0 1 �2 1
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 2 �1 1 0 0 1 2 �1 1 0 0 1 0 0 1 0 0
3 8 2 0 1 0 0 2 5 �3 1 0 0 2 5 �3 1 0
4 9 �1 0 0 1 ! 0 1 3 �4 0 1 ! 0 1 3 �4 0 1

1 �2 1 1 �2 1 1 �2 5
0 1 0 0 1 0 0 1 �2
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 2 1 1 �1 0 1 2 1 1 �1 0 1 0 1 1 �1 T

! 0 1 3 �4 0 1 ! 0 0 1 �5 �1 2 ! 0 0 1 �5 �1 2 ¼ I S

and S � A � T ¼ I , as before. See also Problem 15.12.

15.11 INVERSES OF ELEMENTARY MATRICES

For each of the elementary transformations there is an inverse transformation, that is, a transformation
which undoes whatever the elementary transformation does. In terms of elementary transformations or
elementary matrices, we find readily

Hi j
�1 ¼ Hi j Ki j

�1 ¼ Ki j

Hi
�1ðkÞ ¼ Hi ð1=kÞ Ki

�1ðkÞ ¼ Ki ð1=kÞ

Hi j
�1ðkÞ ¼ Hi jð�kÞ Ki j

�1ðkÞ ¼ Ki jð�kÞ

Thus, we can conclude the next two results.

Theorem X. The inverse of an elementary row (column) transformation is an elementary row (column)
transformation of the same order.

Theorem XI. The inverse of an elementary row (column) matrix is non-singular.
In Problem 15.13, we prove the following theorem.

Theorem XII. The inverse of the product of two matrices A and B, each of which has an inverse, is the
product of the inverses in reverse order, that is,

ðA � BÞ�1
¼ B�1 � A�1

Theorem XII may be extended readily to the inverse of the product of any number of matrices. In
particular, we have

If S ¼ Hs � . . . �H2 �H1 then S�1 ¼ H1
�1 �H2

�1 � . . . �Hs
�1

If T ¼ K1 � K2 � . . . � Kt then T�1 ¼ Kt
�1 � . . . � K2

�1 � K1
�1
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Suppose A of order m� n. By Theorem IX0, there exist non-singular matrices S of order m and T of
order n such that S � A � T ¼ N, the normal form of A. Then

A ¼ S�1ðS � A � TÞT�1 ¼ S�1 �N � T�1

In particular, we have this result:

Theorem XIII. If A is non-singular and if S � A � T ¼ I , then

A ¼ S�1 � T�1

that is, every non-singular matrix of order n can be expressed as a product of elementary matrices of the
same order.

EXAMPLE 12. In Example 11, we have

S ¼ H32ð�1Þ �H23ð�1Þ �H31ð�4Þ �H21ð�3Þ and T ¼ K21ð�2Þ � K31ð1Þ � K32ð�2Þ

Then S�1 ¼ H21
�1ð�3Þ �H31

�1ð�4Þ �H23
�1ð�1Þ �H32

�1ð�1Þ ¼ H21ð3Þ �H31ð4Þ �H23ð1Þ �H32ð1Þ

¼

1 0 0

3 1 0

0 0 1

2
664

3
775 �

1 0 0

0 1 0

4 0 1

2
664

3
775 �

1 0 0

0 1 1

0 0 1

2
664

3
775 �

1 0 0

0 1 0

0 1 1

2
664

3
775 ¼

1 0 0

3 2 1

4 1 1

2
664

3
775,

T�1 ¼ K32ð2Þ � K31ð�1Þ � K21ð2Þ

¼

1 0 0

0 1 2

0 0 1

2
664

3
775 �

1 0 �1

0 1 0

0 0 1

2
664

3
775 �

1 2 0

0 1 0

0 0 1

2
664

3
775 ¼

1 2 �1

0 1 2

0 0 1

2
664

3
775

and A ¼ S �1 � T �1 ¼

1 0 0

3 2 1

4 1 1

2
664

3
775 �

1 2 �1

0 1 2

0 0 1

2
664

3
775 ¼

1 2 �1

3 8 2

4 9 �1

2
664

3
775:

Suppose A and B over F of order m� n have the same rank. Then they have the same normal
form N and there exist non-singular matrices S1,T1; S2,T2 such that S1AT1 ¼ N ¼ S2BT2. Using the
inverse S1

�1 and T1
�1 of S1 and T1 we obtain

A ¼ S1
�1 � S1AT1 � T1

�1 ¼ S1
�1 � S2BT2 � T1

�1 ¼ ðS1
�1 � S2ÞBðT2 � T1

�1Þ ¼ S � B � T

Thus, A and B are equivalent. We leave the converse for the reader and state the following theorem.

Theorem XIV. Twom� nmatricesA and B overF are equivalent if and only if they have the same rank.

15.12 THE INVERSE OF A NON-SINGULAR MATRIX

DEFINITION 15.15: The inverse A�1, if it exists, of a square matrix A has the property

A � A�1 ¼ A�1 � A ¼ I

Since the rank of a product of two matrices cannot exceed the rank of either factor (see Chapter 14),
we have the theorem below.

Theorem XV. The inverse of a matrix A exists if and only if A is non-singular.
Let A be non-singular. By Theorem IX0 there exist non-singular matrices S and T such that

S � A � T ¼ I . Then A ¼ S�1 � T�1 and, by Theorem XII,

A�1 ¼ ðS�1 � T�1Þ�1 ¼ T � S
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EXAMPLE 13. Using the results of Example 11, we find

A�1 ¼ T � S ¼

1 �2 5
0 1 �2
0 0 1

2
4

3
5 �

1 0 0
1 1 �1
�5 �1 2

2
4

3
5 ¼

�26 �7 12
11 3 �5

�5 �1 2

2
4

3
5

In computing the inverse of a non-singular matrix, it will be found simpler to use elementary row

transformations alone.

EXAMPLE 14. Find the inverse of

A ¼

1 2 �1
3 8 2
4 9 �1

2
4

3
5

of Example 11 using only elementary row transformations.

We have

½A I � ¼

1 2 �1 1 0 0

3 8 2 0 1 0

4 9 �1 0 0 1

2
64

3
75 �

1 2 �1 1 0 0

0 2 5 �3 1 0

0 1 3 �4 0 1

2
64

3
75 �

1 2 �1 1 0 0

0 1 3 �4 0 1

0 2 5 �3 1 0

2
64

3
75

�

1 0 �7 9 0 �2

0 1 3 �4 0 1

0 0 �1 5 1 �2

2
64

3
75 �

1 0 0 �26 �7 12

0 1 0 11 3 �5

0 0 1 �5 �1 2

2
64

3
75 ¼ ½I A�1�:

See also Problem 15.14.

15.13 MINIMUM POLYNOMIAL OF A SQUARE MATRIX

Let A 6¼ 0 be an n-square matrix over F . Since A 2 MnðFÞ, the set fI ,A,A2, . . . ,An2g is linearly

dependent and there exist scalars a0, a1, . . . , an 2 not all 0 such that

�ðAÞ ¼ a0I þ a1Aþ a2A
2 þ � � � þ an 2An 2

¼ 0

In this section we shall be concerned with that monic polynomial mð�Þ 2 F½�� of minimum degree

such that mðAÞ ¼ 0. Clearly, either mð�Þ ¼ �ð�Þ or mð�Þ is a proper divisor of �ð�Þ. In either case, mð�Þ
will be called the minimum polynomial of A.

The most elementary procedure for obtaining the minimum polynomial of A 6¼ 0 involves the

following routine:

(1) If A ¼ a0I , ao 2 F , then mð�Þ ¼ �� a0.

(2) If A 6¼ aI for all a 2 F but A2 ¼ a1Aþ a0I with a0, a1 2 F , then mð�Þ ¼ �2 � a1�� a0.

(3) If A2 6¼ aAþ bI for all a, b 2 F but A3 ¼ a2A
2 þ a1Aþ a0I with a0, a1, a2 2 F , then mð�Þ ¼

�3 � a2�
2 � a1�� a0,

and so on.

EXAMPLE 15. Find the minimum polynomial of

A ¼

1 2 2
2 1 2
2 2 1

2
4

3
5

over Q.
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Since A 6¼ a0I for all a0 2 Q, set

A2 ¼

9 8 8

8 9 8

8 8 9

2
64

3
75 ¼ a1

1 2 2

2 1 2

2 2 1

2
64

3
75þ a0

1 0 0

0 1 0

0 0 1

2
64

3
75

¼

a1 þ a0 2a1 2a1

2a1 a1 þ a0 2a1

2a1 2a1 a1 þ a0

2
64

3
75

After checking every entry, we conclude that A2 ¼ 4Aþ 5I and the minimum polynomial is �2 � 4�� 5.

See also Problem 15.15.

Example 15 and Problem 15.15 suggest that the constant term of the minimum polynomial of A 6¼ 0

is different from zero if and only if A is non-singular. A second procedure for computing the inverse
of a non-singular matrix follows.

EXAMPLE 16. Find the inverse A�1, given that the minimum polynomial of

A ¼

1 2 2
2 1 2
2 2 1

2
4

3
5

(see Example 15) is �2 � 4�� 5.

Since A2 � 4A� 5I ¼ 0 we have, after multiplying by A�1, A� 4I � 5A�1 ¼ 0; hence,

A�1 ¼
1

5
ðA� 4IÞ ¼

�3=5 2=5 2=5
2=5 �3=5 2=5
2=5 2=5 �3=5

2
4

3
5

15.14 SYSTEMS OF LINEAR EQUATIONS

DEFINITION 15.16: Let F be a given field and x1, x2, . . . , xn be indeterminates. By a linear form over

F in the n indeterminates, we shall mean a polynomial of the type

ax1 þ bx2 þ � � � þ pxn

in which a, b, . . . , p 2 F .
Consider now a system of m linear equations

a11x1 þ a12x2 þ � � � þ a1nxn ¼ h1

a21x1 þ a22x2 þ � � � þ a2nxn ¼ h2

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

am1x1 þ am2x2 þ � � � þ amnxn ¼ hm

8>><
>>: ð7Þ

in which both the coefficients ai j and the constant terms hi are elements of F . It is to be noted that
the equality sign in (7) cannot be interpreted as in previous chapters since in each equation
the right member is in F but the left member is not. Following common practice, we write (7) to

indicate that elements r1, r2, . . . , rn 2 F are sought such that when xi is replaced by ri, ði ¼ 1, 2, . . . , nÞ,
the system will consist of true equalities of elements of F . Any such set of elements ri is called a
solution of (7).

Denote by

A ¼ ½ai j�, ði ¼ 1, 2, . . . ,m; j ¼ 1, 2, . . . , nÞ
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the coefficient matrix of (7) and by S ¼ f~��1, ~��2, . . . , ~��mg the set of row vectors of A. Since the ~��i are vectors
of VnðFÞ, the number of linearly independent vectors in S is r � n. Without loss of generality, we can
(and will) assume that these r linearly independent vectors constitute the first r rows of A since this
at most requires the writing of the equations of (7) in some different order.

Suppose now that we have found a vector ~�� ¼ ðr1, r2, . . . , rnÞ 2 VnðFÞ such that

~��1 � ~�� ¼ h1, ~��2 � ~�� ¼ h2, . . . , ~��r � ~�� ¼ hr

Since each ~��i, ði ¼ rþ 1, rþ 2, . . . ,mÞ is a linear combination with coefficients in F of the r linearly
independent vectors of A, it follows that

~��rþ1 � ~�� ¼ hrþ1, ~��rþ2 � ~�� ¼ hrþ2, . . . , ~��m � ~�� ¼ hm ð8Þ

and x1 ¼ r1, x2 ¼ r2, . . . , xn ¼ rn is a solution of (7) if and only if in (8) each hi is the same linear
combination of h1, h2, . . . , hr as ~��i is of the set ~��1, ~��2, . . . , ~��r, that is, if and only if the row rank of the
augmented matrix

½A H� ¼

a11 a12 � � � a1n h1

a21 a22 � � � a2n h2

� � � � � � � � � � � � � � �

am1 am2 � � � amn hm

2
66664

3
77775

is also r.
We have proved the following theorem.

Theorem XVI. A system (7) of m linear equations in n unknowns will have a solution if and only if the
row rank of the coefficient matrix A and of the augmented matrix ½A H� of the system are equal.

Suppose A and ½A H� have common row rank r < n and that ½A H� has been reduced to its row
canonical form

1 0 0 � � � 0 c1, rþ1 c1, rþ2 � � � c1n k1

0 1 0 � � � 0 c2, rþ1 c2, rþ2 � � � c2n k2

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

0 0 0 � � � 1 cr, rþ1 cr, rþ2 � � � crn kr

0 0 0 � � � 0 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

0 0 0 � � � 0 0 0 � � � 0 0

2
6666666666664

3
7777777777775

Let arbitrary values srþ1, srþ2, . . . , sn 2 F be assigned to xrþ1, xrþ2, . . . , xn; then

x1 ¼ k1 � c1, rþ1 � srþ1 � c1, rþ2 � srþ2 � � � � � c1n � sn

x2 ¼ k2 � c2, rþ1 � srþ1 � c2, rþ2 � srþ2 � � � � � c2n � sn

xr ¼ kr � cr, rþ1 � srþ1 � cr, rþ1 � srþ2 � � � � � crn � sn

are uniquely determined. We have the result below.

Theorem XVI 0. In a system (7) in which the common row rank of A and ½A H� is r < n, certain n� r of
the unknowns may be assigned arbitrary values in F and then the remaining r unknowns are uniquely
determined in terms of these.
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15.15 SYSTEMS OF NON-HOMOGENEOUS LINEAR EQUATIONS

We call (7) a system of non-homogeneous linear equations over F provided not every hi ¼ 0. To discover

whether or not such a system has a solution as well as to find the solution (solutions), if any, we proceed

to reduce the augmented matrix ½A H� of the system to its row canonical form. The various possibilities

are illustrated in the examples below.

EXAMPLE 17. Consider the system

x1 þ 2x2 � 3x3 þ x4 ¼ 1
2x1 � x2 þ 2x3 � x4 ¼ 1
4x1 þ 3x2 � 4x3 þ x4 ¼ 2

8<
:

over Q. We have

½A H� ¼

1 2 �3 1 1
2 �1 2 �1 1
4 3 �4 1 2

2
4

3
5 �

1 2 �3 1 1
0 �5 8 �3 �1
0 �5 8 �3 �2

2
4

3
5 �

1 2 �3 1 1
0 �5 8 �3 �1
0 0 0 0 �1

2
4

3
5

Although this is not the row canonical form, we see readily that

rA ¼ 2 < 3 ¼ r½A H�

and the system is incompatible, i.e., has no solution.

EXAMPLE 18. Consider the system

x1 þ 2x2 � x3 ¼ �1
3x1 þ 8x2 þ 2x3 ¼ 28
4x1 þ 9x2 � x3 ¼ 14

8<
:

over Q. We have

½A H� ¼

1 2 �1 �1

3 8 2 28

4 9 �1 14

2
64

3
75 �

1 2 �1 �1

0 2 5 31

0 1 3 18

2
64

3
75 �

1 2 �1 �1

0 1 3 18

0 2 5 31

2
64

3
75

�

1 0 �7 �37

0 1 3 18

0 0 �1 �5

2
64

3
75 �

1 0 0 �2

0 1 0 3

0 0 1 5

2
64

3
75

Here, rA ¼ r½AH� ¼ 3 ¼ the number of unknowns. There is one and only one solution: x1 ¼ �2, x2 ¼ 3, x3 ¼ 5.

EXAMPLE 19. Consider the system

x1 þ x2 þ x3 þ x4 þ x5 ¼ 3
2x1 þ 3x2 þ 3x3 þ x4 � x5 ¼ 0

�x1 þ 2x2 � 5x3 þ 2x4 � x5 ¼ 1
3x1 � x2 þ 2x3 � 3x4 � 2x5 ¼ �1

8>><
>>:

over Q. We have

½A H� ¼

1 1 1 1 1 3

2 3 3 1 �1 0

�1 2 �5 2 �1 1

3 �1 2 �3 �2 �1

2
6664

3
7775 �

1 1 1 1 1 3

0 1 1 �1 �3 �6

0 3 �4 3 0 4

0 �4 �1 �6 �5 �10

2
6664

3
7775
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�

1 0 0 2 4 9

0 1 1 �1 �3 �6

0 0 �7 6 9 22

0 0 3 �10 �17 �34

2
6664

3
7775 �

1 0 0 2 4 9

0 1 1 �1 �3 �6

0 0 �1 �14 �25 �46

0 0 3 �10 �17 �34

2
6664

3
7775

�

1 0 0 2 4 9

0 1 1 �1 �3 �6

0 0 1 14 25 46

0 0 3 �10 �17 �34

2
6664

3
7775 �

1 0 0 2 4 9

0 1 0 �15 �28 �52

0 0 1 14 25 46

0 0 0 �52 �92 �172

2
6664

3
7775

�

1 0 0 2 4 9

0 1 0 �15 �28 �52

0 0 1 14 25 46

0 0 0 1 23=13 43=13

2
6664

3
7775 �

1 0 0 0 6=13 31=13

0 1 0 0 �19=13 �31=13

0 0 1 0 3=13 �4=13

0 0 0 1 23=13 43=13

2
6664

3
7775

Here both A and ½A H� are of rank 4; the system is compatible, i.e., has one or more solutions. Unlike the system

of Example 18, the rank is less than the number of unknowns. Now the given system is equivalent to

x1 þ
6
13
x5 ¼ 31=13

x2 �
19
13
x5 ¼ �31=13

x3 þ
3
13
x5 ¼ �4=13

x4 þ
23
13
x5 ¼ 43=13

8>>>>><
>>>>>:

and it is clear that if we assign to x5 any value r 2 Q then x1 ¼ ð31� 6rÞ=13,x2 ¼ ð�31þ 19rÞ=13,x3 ¼
ð�4� 3rÞ=13,x4 ¼ ð43� 23rÞ=13, x5 ¼ r is a solution. For instance, x1 ¼ 1, x2 ¼ 2, x3 ¼ �1, x4 ¼ �2, x5 ¼ 3 and

x1 ¼ 31=13,x2 ¼ �31=13, x3 ¼ �4=13,x4 ¼ 43=13,x5 ¼ 0 are particular solutions of the system.

See also Problems 15.16–15.18.

These examples and problems illustrate the next theorem.

Theorem XVII. A system of non-homogeneous linear equations over F in n unknowns has a solution

in F if and only if the rank of its coefficient matrix is equal to the rank of its augmented matrix.

When the common rank is n, the system has a unique solution. When the common rank is r < n, certain

n� r of the unknowns may be assigned arbitrary values in F and then the remaining r unknowns

are uniquely determined in terms of these.

When m ¼ n in system (7), we may proceed as follows:

(i) Write the system in matrix form

a11 a12 � � � a1n
a21 a22 � � � a2n
� � � � � � � � � � � �

an1 an2 � � � ann

2
664

3
775 �

x1
x2
�

xn

2
664

3
775 ¼

h1
h2
�

hn

2
664

3
775

or, more compactly, as A � X ¼ H where X is the n� 1 matrix of unknowns and H is the n� 1

matrix of constant terms.
(ii) Proceed with the matrix A as in computing A�1. If, along the way, a row or column of zero elements

is obtained, A is singular and we must begin anew with the matrix ½A H� as in the first procedure.

However, if A is non-singular with inverse A�1, then A�1ðA � XÞ ¼ A�1 �H and X ¼ A�1 �H.

EXAMPLE 20. For the system of Example 18, we have from Example 14,

A�1 ¼

�26 �7 12

11 3 �5

�5 �1 2

2
4

3
5;
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then X ¼

x1
x2
x3

2
4

3
5 ¼ A�1 �H ¼

�26 �7 12

11 3 �5

�5 �1 2

2
4

3
5 �

�1

28

14

2
4

3
5 ¼

�2

3

5

2
4

3
5

and we obtain the unique solution as before.

15.16 SYSTEMS OF HOMOGENEOUS LINEAR EQUATIONS

We call (7) a system of homogeneous linear equations, provided each hi ¼ 0. Since then the rank of the
coefficient matrix and the augmented matrix are the same, the system always has one or more solutions.
If the rank is n, then the trivial solution x1 ¼ x2 ¼ � � � ¼ xn ¼ 0 is the unique solution; if the rank is r < n,
Theorem XVI0 ensures the existence of non-trivial solutions. We have the following result.

Theorem XVIII. A system of homogeneous linear equations over F in n unknowns always has the
trivial solution x1 ¼ x2 ¼ � � � ¼ xn ¼ 0. If the rank of the coefficient is n, the trivial solution is the
only solution; if the rank is r < n, certain n� r of the unknowns may be assigned arbitrary values in F

and then the remaining r unknowns are uniquely determined in terms of these.

EXAMPLE 21. Solve the system

x1 þ 2x2 � x3 ¼ 0

3x1 þ 8x2 þ 2x3 ¼ 0

4x1 þ 9x2 � x3 ¼ 0

8<
: over Q:

By Example 18, A � I3. Thus, x1 ¼ x2 ¼ x3 ¼ 0 is the only solution.

EXAMPLE 22. Solve the system

x1 þ x2 þ x3 þ x4 ¼ 0

2x1 þ 3x2 þ 2x3 þ x4 ¼ 0

3x1 þ 4x2 þ 3x3 þ 2x4 ¼ 0

8<
: over Q:

We have

A ¼

1 1 1 1
2 3 2 1
3 4 3 2

2
4

3
5 �

1 1 1 1
0 1 0 �1
0 1 0 �1

2
4

3
5 �

1 0 1 2
0 1 0 �1
0 0 0 0

2
4

3
5

of rank 2. Setting x3 ¼ s, x4 ¼ t where s, t 2 Q, we obtain the required solutions as: x1 ¼ �s� 2t, x2 ¼ t,

x3 ¼ s, x4 ¼ t. See also Problem 15.19.

15.17 DETERMINANT OF A SQUARE MATRIX

To each square matrix A over F there may be associated a unique element a 2 F . This element a,
called the determinant of A, is denoted either by det A or jAj. Consider the n-square matrix

A ¼

a11 a12 a13 � � � a1n
a21 a22 a23 � � � a2n
a31 a32 a33 � � � a3n
� � � � � � � � � � � � � � �

an1 an2 an3 � � � ann

2
66664

3
77775

and a product

a1j1 a2j2 a3j3 . . . anjn
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and n of its elements selected so that one and only one element comes from any row and one and only

one element comes from any column. Note that the factors in this product have been arranged so that

the row indices (first subscripts) are in natural order 1, 2, 3, . . . , n. The sequence of column indices

(second subscripts) is some permutation

� ¼ ð j1, j2, j3, . . . , jnÞ

of the digits 1, 2, 3, . . . , n. For this permutation, define �� ¼ þ1 or �1 according as � is even or odd and

form the signed product

�� a1j1 a2j2 a3j3 . . . anjnðaÞ

The set Sn of all permutations of n symbols contains n! elements; hence, n! distinct signed products of the

type (a) can be formed. The determinant of A is defined to be the sum of these n! signed products (called

terms of jAj), i.e.,

jAj ¼
X

��a1j1a2j2a3j3 . . . anjn where the sum is over Sn:ðbÞ

EXAMPLE 23.

(a)

a11 a12
a21 a22

����
���� ¼ �12a11a22 þ �21a12a21 ¼ a11a22 � a12a21ðiÞ

Thus, the determinant of a matrix of order 2 is the product of the diagonal elements of the matrix minus the product

of the off-diagonal elements.

(ii)

a11 a12 a13

a21 a22 a23

a31 a32 a33

�������
������� ¼ �123a11a22a33 þ �132a11a23a32 þ �213a12a21a33

þ �231a12a23a31 þ �312a13a21a32 þ �321a13a22a31

¼ a11a22a33 � a11a23a32 � a12a21a33 þ a12a23a31 þ a13a21a32 � a13a22a31

¼ a11ða22a33 � a23a32Þ � a12ða21a33 � a23a31Þ þ a13ða21a32 � a22a31Þ

¼ a11
a22 a23

a32 a33

�����
������ a12

a21 a23

a31 a33

�����
�����þ a13

a21 a22

a31 a32

�����
�����

¼ ð�1Þ1þ1a11
a22 a23

a32 a33

�����
�����þ ð�1Þ1þ2a12

a21 a23

a31 a33

�����
�����þ ð�1Þ1þ3a13

a21 a22

a31 a32

�����
�����

called the expansion of the determinant along its first row. It will be left for the reader to work out an expansion

along each row and along each column.

15.18 PROPERTIES OF DETERMINANTS

Throughout this section, A is the n-square matrix whose determinant jAj is given by (b) of the preceding

section.
The next three theorems follow easily from (b).

Theorem XIX. If every element of a row (column) of a square matrix A is zero, then jAj ¼ 0:
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Theorem XX. If A is upper (lower) triangular or is diagonal, then jAj ¼ a11a22a33� � �ann, the product of

the diagonal elements.

Theorem XXI. If B is obtained from A by multiplying its ith row (ith column) by a non-zero scalar k,

then jBj ¼ kjAj.
Let us now take a closer look at (a). Since � is a mapping of S ¼ f1, 2, 3, . . . , ng into itself, it may be

given (see Chapter 1) as

� : 1� ¼ j1, 2� ¼ j2, 3� ¼ j3, . . . , n� ¼ jn

With this notation, (a) takes the form

��a1, 1�a2, 2�a3, 3� . . . an, n�ða0Þ

and (b) takes the form

jAj ¼
X

��a1, 1�a2, 2�a3, 3� . . . an, n�ðb0Þ

where the sum is over Sn. Since Sn is a group, it contains the inverse

��1 : j1�
�1 ¼ 1, j2�

�1 ¼ 2, j3�
�1 ¼ 3, . . . , jn�

�1 ¼ n

of �. Moreover, � and ��1 are either both odd or both even. Thus (a) may be written as

���1aj1��1, j1aj2��1, j2aj3��1, j3 � � �ajn��1, jn

and, after reordering the factors so that the column indices are in natural order, as

���1a1��1, 1a2��1, 2a3��1, 3� � �an��1, nða00Þ

and (b) as

jAj ¼
X

���1a1��1, 1a2��1, 2a3��1, 3� � �an��1, nðb00Þ

where the sum is over Sn. For each square matrix A ¼ ½aij�, define transpose A, denoted by AT , to be the

matrix obtained by interchanging the rows and columns of A. For example,

when A ¼

a11 a12 a13
a21 a22 a23
a31 a32 a33

2
4

3
5 then AT ¼

a11 a21 a31
a12 a22 a32
a13 a23 a33

2
4

3
5

Let us also write AT ¼ ½a T
ij �, where a T

ij ¼ aji for all i and j. Then the term of jAT j

��a1, j1
Ta2, j2

Ta3, j3
T � � �an, jn

T ¼ ��aj1, 1aj2, 2aj3, 3� � �ajn, n

¼ ��a1�, 1a2�, 2a3�, 3� � �an�, n

is by (b00) a term of jAj. Since this is true for every � 2 Sn, we have proved the following theorem.

Theorem XXII. If AT is the transpose of the square matrix A, then jAT j ¼ jAj.

Now let A be any square matrix and B be the matrix obtained by multiplying the ith row of A by a non-

zero scalar k. In terms of elementary matrices B ¼ HiðkÞ � A; and, by Theorem XXI,

jBj ¼ jHiðkÞ � Aj ¼ kjAj
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But jHiðkÞj ¼ k; hence, jHiðkÞ � Aj ¼ jHiðkÞj � jAj. By an independent proof or by Theorem XXII, we

have also

jA � KiðkÞj ¼ jAj � jKiðkÞj

Next, denote by B the matrix obtained from A by interchanging its ith and j th columns and denote

by � the corresponding transposition ði, jÞ. The effect of � on (a 0) is to produce

���a1, 1��a2, 2��a3, 3�� � � � an, n��ða000Þ

jBj ¼
X

���a1, 1��a2, 2��a3, 3�� � � � an, n��hence,

where the sum is over Sn. Now, 	 ¼ �� 2 Sn is even when � is odd and is odd when � is even; hence,

�	 ¼ ���. Moreover, with � fixed, let � range over Sn; then 	 ranges over Sn and so

jBj ¼
X

�	a1, 1	a2, 2	a3, 3	� � �an, n	 ¼ �jAj

We have proved the theorem below.

Theorem XXIII. If B is obtained from A by interchanging any two of its rows (columns), then

jBj ¼ �jAj.

Since in Theorem XXIII, B ¼ A � Ki j and jKi jj ¼ �1, we have jA � Ki jj ¼ jAj � jKi jj and, by sym-

metry, jHi j � Aj ¼ jHi jj � jAj.
The next theorem follows readily, excluding all fields of characteristic two.

Theorem XXIV. If two rows (columns) of A are identical, then jAj ¼ 0.

Finally, let B be obtained from A by adding to its ith row the product of k (a scalar) and its j th row.

Assuming j < i, and summing over Sn, we have

jBj ¼
X

��a1, 1�� � �aj, j�� � �ai�1, ði�1Þ�ðai, i� þ kaj, j�Þaiþ1, ðiþ1Þ�� � �an, n�

¼
X

��a1, 1�a2, 2�a3, 3�� � �an, n�

þ
X

��a1, 1�� � �aj, j�� � �ai�1, ði�1Þ�ðkaj, j�Þaiþ1, ðiþ1Þ�� � �an, n�

¼ jAj þ 0 ¼ jAj ðusing ðb0Þ and Theorems XXI and XXIVÞ

We have proved (the case j > i being left for the reader) the following result.

Theorem XXV. If B be obtained from A by adding to its ith row the product of k (a scalar) and its jth

row, then jBj ¼ jAj. The theorem also holds when row is replaced by column throughout.

Since, in Theorem XXIV, B ¼ HijðkÞ � A and jHijðkÞj ¼ jI j ¼ 1, we have

jHijðkÞ � Aj ¼ jHijðkÞj � jAj and jA � KijðkÞj ¼ jAj � jKijðkÞj:

We have now also proved

Theorem XXVI. If A is an n-square matrix and HðKÞ is any n-square elementary row (column)

matrix, then

jH � Aj ¼ jHj � jAj and jA � K j ¼ jAj � jK j

By Theorem IX0, any square matrix A can be expressed as

A ¼ H�1
1 �H2

�1 . . .Hs
�1 �N � Kt

�1 . . .K2
�1 � K1

�1ðcÞ
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Then, by repeated applications of Theorem XXVI, we obtain

jAj ¼ jH1
�1j � jH2

�1 . . .Hs
�1 �N � Kt

�1 . . .K2
�1 � K1

�1j

¼ jH1
�1j � jH2

�1j � jH3
�1 . . .Hs

�1 �N � Kt
�1 . . .K2

�1 � K1
�1j

¼

¼ jH1
�1j � jH2

�1j . . . jHs
�1j � jNj � jKt

�1j . . . jK2
�1j � jK1

�1j

If A is non-singular, then N ¼ I and jNj ¼ 1; if A is singular, then one or more of the diagonal elements
of N is 0 and jNj ¼ 0. Thus, we have the following two theorems.

Theorem XXVII. A square matrix A is non-singular if and only if jAj 6¼ 0.

Theorem XXVIII. If A and B are n-square matrices, then jA � Bj ¼ jAj � jBj.

15.19 EVALUATION OF DETERMINANTS

Using the result of Example 23(ii), we have

1 2 3

4 5 6

5 7 8

�������
������� ¼ ð1Þ

5 6

7 8

�����
������ ð2Þ

4 6

5 8

�����
�����þ ð3Þ

4 5

5 7

�����
�����

¼ ð40� 42Þ � 2ð32� 30Þ þ 3ð28� 25Þ

¼ �2� 4þ 9 ¼ 3

The most practical procedure for evaluating jAj of order n � 3, consists in reducing A to triangular
form using elementary transformations of the types HijðkÞ and KijðkÞ exclusively (they do not disturb
the value of jAj) and then applying Theorem XX. If other elementary transformations are used,
careful records must be kept since the effect of Hij or Kij is to change the sign of jAj while that of HiðkÞ
or KiðkÞ is to multiply jAj by k.

EXAMPLE 24. An examination of the triangular forms obtained in Example 6 and Problem 15.8 shows that while

the diagonal elements are not unique, the product of the diagonal elements is. From Example 6(a), we have

jAj ¼

1 2 3

4 5 6

5 7 8

������
������ ¼

1 2 3

0 �3 6

0 �3 �7

������
������ ¼

1 2 3

0 �3 �6

0 0 �1

������
������ ¼ ð1Þð�3Þð�1Þ ¼ 3

See also Problem 15.20.

Solved Problems

15.1. Find the image of ~�� ¼ ð1, 2, 3, 4Þ under the linear transformation

A ¼

1 �2 0 4

2 4 1 �2

0 �1 5 �1

1 3 2 0

2
6664

3
7775 of V4ðQÞ into itself :

~��A ¼ ~�� ~��1 ~��2 ~��3 ~��4

� �
¼ ð~�� � ~��1, ~�� � ~��2, ~�� � ~��3, ~�� � ~��4Þ

¼ ð9, 15, 25, � 3Þ See Problem 14:15, Chapter 14:
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15.2. Compute A � B and B � A, given

A ¼

1

2

3

2
4

3
5 and B ¼ 4 5 6

� �
:

A � B ¼

1

2

3

2
4

3
5 � 4 5 6

� �
¼

1 � 4 1 � 5 1 � 6

2 � 4 2 � 5 2 � 6

3 � 4 3 � 5 3 � 6

2
4

3
5 ¼

4 5 6

8 10 12

12 15 18

2
4

3
5

B � A ¼ 4 5 6
� �

�

1

2

3

2
4

3
5 ¼ 4 � 1þ 5 � 2þ 6 � 3

� �
¼ ½32�and

15.3. When

A ¼
1 2 �2

3 0 1

� �
and B ¼

2 1 0 �1

1 3 �2 0

0 1 �1 �1

2
4

3
5, find A � B:

A � B ¼
2þ 2 1þ 6� 2 �4þ 2 �1þ 2

6 3þ 1 �1 �3� 1

� �
¼

4 5 �2 1

6 4 �1 �4

� �

15.4. Show that the linear transformation

1 2 2 0

2 5 3 1

3 8 4 2

2 7 1 3

2
664

3
775 in V4ðRÞ is singular and find a vector whose image is 0:

Using in turn H21ð�2Þ,H31ð�3Þ,H41ð�2Þ; H12ð�2Þ,H32ð�2Þ,H42ð�3Þ, we have

1 2 2 0

2 5 3 1

3 8 4 2

2 7 1 3

2
664

3
775 �

1 2 2 0

0 1 �1 1

0 2 �2 2

0 3 �3 3

2
664

3
775 �

1 0 4 �2

0 1 �1 1

0 0 0 0

0 0 0 0

2
664

3
775

The transformation is singular, of rank 2.

Designate the equivalent matrices as A,B,C, respectively, and denote by ~��1, ~��2, ~��3, ~��4 the row vectors of A,

by ~��1
0
, ~��2

0
, ~��3

0
, ~��4

0
the row vectors of B, and by ~��1

00
, ~��2

00
, ~��3

00
, ~��4

00
the row vectors of C. Using the moves in

order, we have

~��2
0

¼ ~��1 � 2~��1, ~��3
0

¼ ~��3 � 3~��1, ~��4
0

¼ ~��4 � 2~��1
~��1

00
¼ ~��1 � 2~��2

0
, ~��3

00
¼ ~��3

0
� 2~��2

0
, ~��4

00
¼ ~��4

0
� 3~��2

0

Now

~��3
00
¼ ~��3

0
� 2~��2

0
¼ ð~��3 � 3~��1Þ � 2ð~��2 � 2~��1Þ ¼ ~��3 � 2~��2 þ ~��1 ¼ 0

while

~��4
00
¼ ~��4

0
� 3~��2

0
¼ ð~��4 � 2~��1Þ � 3ð~��2 � 2~��1Þ ¼ ~��4 � 3~��2 þ 4~��1 ¼ 0

Thus, the image of ~�� ¼ ð1, � 2, 1, 0Þ is 0; also, the image of ~�� ¼ ð4, � 3, 0, 1Þ is 0. Show that the vectors

whose images are 0 fill a subspace of dimension 2 in V4ðRÞ.
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15.5. Show that the linear transformation

A ¼

1 2 3

2 1 3

3 2 1

2
664

3
775 is non-singular:

We find

A ¼

1 2 3

2 1 3

3 2 1

2
64

3
75 �

1 2 3

0 �3 �3

0 �4 �8

2
64

3
75 �

1 2 3

0 1 1

0 �4 �8

2
64

3
75

�

1 0 1

0 1 1

0 0 �4

2
64

3
75 �

1 0 1

0 1 1

0 0 1

2
64

3
75 �

1 0 0

0 1 0

0 0 1

2
64

3
75 ¼ B

The row vectors of A are linearly independent; the linear transformation A is non-singular.

15.6. Find the rank of the linear transformation

A ¼

1 2 2 4 2

2 5 3 10 7

3 5 7 10 4

2
664

3
775 of V3ðRÞ into V5ðRÞ:

We find

A ¼

1 2 2 4 2

2 5 3 10 7

3 5 7 10 4

2
64

3
75 �

1 2 2 4 2

0 1 �1 2 3

0 �1 1 �2 �2

2
64

3
75

�

1 0 4 0 �4

0 1 �1 2 3

0 0 0 0 1

2
64

3
75 �

1 0 4 0 0

0 1 �1 2 0

0 0 0 0 1

2
64

3
75 ¼ B

The image vectors are linearly independent; rA ¼ 3.

15.7. From the set

fð2, 5, 0, � 3Þ, ð3, 2, 1, 2Þ, ð1, 2, 1, 0Þ, ð5, 6, 3, 2Þ, ð1, � 2, � 1, 2Þg

of vectors in V4ðRÞ, select a maximum linearly independent subset.

The given set is linearly dependent (why?). We find

A ¼

2 5 0 �3

3 2 1 2

1 2 1 0

5 6 3 2

1 �2 �1 2

2
6666664

3
7777775
�

0 1 �2 �3

0 �4 �2 2

1 2 1 0

0 �4 �2 2

0 �4 �2 2

2
6666664

3
7777775

�

0 1 �2 �3

0 0 �10 �10

1 0 5 6

0 0 �10 �10

0 0 �10 �10

2
6666664

3
7777775
�

0 1 �2 �3

0 0 1 1

1 0 5 6

0 0 �10 �10

0 0 �10 �10

2
6666664

3
7777775
�

0 1 0 �1

0 0 1 1

1 0 0 1

0 0 0 0

0 0 0 0

2
6666664

3
7777775
¼ B
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From an examination of the moves, it is clear that the first three vectors of A are linear combinations

of the three linearly independent vectors of B (check this). Thus, fð2, 5, 0, � 3Þ, ð3, 2, 1, 2Þ, ð1, 2, 1, 0Þg is a

maximum linearly independent subset of A. Can you conclude that any three vectors of A are necessarily

linearly independent? Check your answer by considering the subset ð1, 2, 1, 0Þ, ð5, 6, 3, 2Þ, ð1, � 2, � 1, 2Þ.

15.8. By means of elementary column transformations, reduce

A ¼

1 2 3
4 5 6
5 7 8

2
4

3
5

to upper triangular, lower triangular, and diagonal form.

Using K13ð�2=3Þ,K23ð�5=6Þ; K12ð1Þ,K23ð�1=24Þ, we obtain

A ¼

1 2 3
4 5 6
5 7 8

2
4

3
5 �

�1 �1=2 3
0 0 6

�1=3 1=3 8

2
4

3
5 �

�3=2 �5=8 3
0 �1=4 6
0 0 8

2
4

3
5

which is upper triangular. Using K21ð�2Þ,K31ð�3Þ; K32ð�2Þ we obtain

A ¼

1 2 3
4 5 6
5 7 8

2
4

3
5 �

1 0 0
4 �3 �6
5 �3 �7

2
4

3
5 �

1 0 0
4 �3 0
5 �3 �1

2
4

3
5

which is lower triangular. Using K21ð�2Þ,K31ð�3Þ,K32ð�2Þ; K13ð5Þ,K23ð�3Þ; K12ð4=3Þ we obtain

A �

1 0 0
4 �3 0
5 �3 �1

2
4

3
5 �

1 0 0
4 �3 0
0 0 �1

2
4

3
5 �

1 0 0
0 �3 0
0 þ0 �1

2
4

3
5

which is diagonal.

15.9. Prove: Any non-zero matrix A over F can be reduced by a sequence of elementary row

transformations to a row canonical matrix (echelon matrix) C having the properties:

(i) Each of the first r rows of C has at least one non-zero element; the remaining rows, if any, consist

entirely of zero elements.

(ii) In the ith row ði ¼ 1, 2, :::, rÞ of C, its first non-zero element is 1, the unity of F . Let the column in which

this element stands be numbered ji.

(iii) The only non-zero element in the column numbered ji ði ¼ 1, 2, :::, rÞ is the element 1 in the ith row.

(iv) j1 < j2 < � � � jr.

Consider the first non-zero column, number j1, of A;

(a) If a1j1 6¼ 0, use H1ða1j1
�1Þ to reduce it to 1, if necessary.

(b) If a1j1 ¼ 0 but apj1 6¼ 0, use H1p and proceed as in (a).

(c) Use transformations of the type Hi1ðkÞ to obtain zeros elsewhere in the j1 column when necessary.

If non-zero elements of the resulting matrix B occur only in the first row, then B ¼ C; otherwise, there is a

non-zero element elsewhere in the column numbered j2 > j1. If b2j2 6¼ 0, use H2ðb2j2
�1Þ as in (a) and proceed

as in (c); if b2j2 ¼ 0 but bqj2 6¼ 0, use H2q and proceed as in (a) and (c).

If non-zero elements of the resulting matrix occur only in the first two rows, we have reached C; otherwise,

there is a column numbered j3 > j2 having non-zero element elsewhere in the column. If ::: and so on;

ultimately, we must reach C.
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15.10. Prove: The row rank and column rank of any matrix A over F are equal.

Consider any m� n matrix and suppose it has row rank r and column rank s. Now a maximum linearly

independent subset of the column vectors of this matrix consists of s vectors. By interchanging columns, if

necessary, let it be arranged that the first s columns are linearly independent. We leave for the reader to show

that such interchanges of columns will neither increase nor decrease the row rank of a given matrix. Without

loss in generality, we may suppose in

A ¼

a11 a12 � � � a1s a1, sþ1 � � � a1n

a21 a22 � � � a2s a2, sþ1 � � � a2n

� � � � � � � � � � � � � � � � � � � � �

as1 as2 � � � ass as, sþ1 � � � asn

� � � � � � � � � � � � � � � � � � � � �

am1 am2 � � � ams am, sþ1 � � � am, n

2
66666666664

3
77777777775

the first s column vectors ~��1, ~��2, . . . , ~��s are linearly independent, while each of the remaining n� s column

vectors is some linear combination of these, say,

~��sþt ¼ ct1 ~��1 þ ct2 ~��2 þ � � � þ cts ~��s, ðt ¼ 1, 2, . . . , n� sÞ

with ci j 2 F . Define the following vectors:

~��1 ¼ ða11, a12, . . . , a1sÞ, ~��2 ¼ ða21, a22, . . . , a2sÞ, . . . , ~��m ¼ ðam1, am2, . . . , amsÞ

and

~		1 ¼ ða11, a21, . . . , asþ1, 1Þ, ~		2 ¼ ða12, a22, . . . , asþ1, 2Þ, . . . , ~		n ¼ ða1n, a2n, . . . , asþ1, nÞ

Since the ~��’s lie in a space VsðFÞ, any sþ 1 of them forms a linearly dependent set. Thus, there exist scalars

b1, b2, :::, bsþ1 in F not all 0 such that

b1 ~��1 þ b2 ~��2� � � þ bsþ1 ~��sþ1 ¼ ðb1a11 þ b2a21 þ � � � þ bsþ1asþ1, 1, b1a12 þ b2a22 þ � � �

þ bsþ1asþ1, 2, . . . , b1a1s þ b2a2s þ � � � þ bsþ1asþ1, sÞ

¼ ð~�� � ~		1, ~�� � ~		2, . . . , ~�� � ~		sÞ ¼ ~



where ~

 ¼ ð0, 0, . . . , 0Þ ¼ 0 is the zero vector of VsðF Þ and ~�� ¼ ðb1, b2, :::, bsþ1Þ. Then

~�� � ~		1 ¼ ~�� � ~		2 ¼ � � � ¼ ~�� � ~		s ¼ 0

Consider any one of the remaining ~		’s, say,

~		sþk ¼ ða1, sþk, a2, sþk, . . . , asþ1, sþkÞ

¼ ðck1a11 þ ck2a12 þ � � � þ cksa1s, ck1a21 þ ck2a22 þ � � � þ cksa2s, . . . ,

ck1asþ1, 1 þ ck2asþ1, 2 þ � � � þ cksasþ1, sÞ

~�� � ~		sþk ¼ ck1ð~�� � ~		1Þ þ ck2ð~�� � ~		2Þ þ � � � þ cksð~�� � ~		sÞ ¼ 0Then

Thus, any set of sþ 1 rows of A is linearly dependent; hence, s � r, that is,

The column rank of a matrix cannot exceed its row rank.
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To complete the proof, we must show that r � s. This may be done in either of two ways:

(i) Repeat the above argument beginning with A, having its first r rows linearly independent, and concluding

that its first rþ 1 columns are linearly dependent.

(ii) Consider the transpose of A

AT ¼

a11 a21 � � � am1

a12 a22 � � � am2

� � � � � � � � � � � �

a1n a2n � � � amn

2
664

3
775

whose rows are the corresponding columns of A. Now the rank of AT is s, the column rank of A, and the

column rank of AT is r, the row rank of A. By the argument above the column rank of AT cannot exceed its

row rank; i.e., r � s.

In either case we have r ¼ s, as was to be proved.

15.11. Reduce

A ¼

3 2 3 4 5
2 �1 4 5 1
4 5 1 2 �3

2
4

3
5

over R to normal form.

First we use H12ð�1Þ to obtain the element 1 in the first row and first column; thus,

A ¼

3 2 3 4 5
2 �1 4 5 1
4 5 1 2 �3

2
4

3
5 �

1 3 �1 �1 4
2 �1 4 5 1
4 5 1 2 �3

2
4

3
5

Using H21ð�2Þ,H31ð�4Þ,K21ð�3Þ,K31ð1Þ,K41ð1Þ,K51ð�4Þ, we have

A �

1 0 0 0 0
0 �7 6 7 �7
0 �7 5 6 �19

2
4

3
5

Then using H32ð�1Þ,K2ð�1=7Þ,K32ð�6Þ,K42ð�7Þ,K52ð7Þ, we have

A �

1 0 0 0 0
0 1 0 0 0
0 0 �1 �1 �12

2
4

3
5

and finally, using H3ð�1Þ,K43ð�1Þ,K53ð�12Þ,

A �

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

2
4

3
5

15.12. Reduce

A ¼

1 1 1 2

2 1 �3 �6

3 3 1 2

2
4

3
5

over R to normal form N and find matrices S and T such that S � A � T ¼ N.
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We find

1 0 0 0 1 0 0 0

0 1 0 0 0 1 0 0

0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1

1 1 1 2 1 0 0 1 1 1 2 1 0 0

I4 2 1 �3 �6 0 1 0 0 �1 �5 �10 �2 1 0

A I3 ¼ 3 3 1 2 0 0 1 ! 0 0 �2 �4 �3 0 1

1 �1 �1 �2 1 �1 �1 �2

0 1 0 0 0 1 0 0

0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1

1 0 0 0 1 0 0 1 0 0 0 1 0 0

0 �1 �5 �10 �2 1 0 0 1 5 10 2 �1 0

! 0 0 �2 �4 �3 0 1 ! 0 0 1 2 3=2 0 �1=2

1 �1 �1 �2 1 �1 �1 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 �2
0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 1 0 0 0 1 0 0
0 1 0 0 �11=2 �1 5=2 0 1 0 0 �11=2 �1 5=2 T

! 0 0 1 2 3=2 0 �1=2 ! 0 0 1 0 3=2 0 �1=2 ¼ N S

Hence, S ¼

1 0 0
�11=2 �1 5=2

3=2 0 �1=2

2
4

3
5 and T ¼

1 �1 �1 0
0 1 0 0
0 0 1 �2
0 0 0 1

2
664

3
775:

15.13. Prove: The inverse of the product of two matrices A and B, each of which has an inverse,

is the product of the inverses in reverse order, that is

ðA � BÞ�1 ¼ B�1 � A�1

By definition, ðA � BÞ�1 � ðA � BÞ ¼ ðA � BÞðA � BÞ�1 ¼ I . Now

ðB�1 � A�1Þ � ðA � BÞ ¼ B�1ðA�1 � AÞB ¼ B�1 � I � B ¼ B�1 � B ¼ I

ðA � BÞðB�1 � A�1Þ ¼ AðB � B�1ÞA�1 ¼ A � A�1 ¼ Iand

Since ðA � BÞ�1 is unique (see Problem 15.33), we have ðA � BÞ�1 ¼ B�1 � A�1.

15.14. Compute the inverse of

A ¼

1 2 4
3 1 0
2 2 1

2
4

3
5 over Z5:

We have

½A I3� ¼

1 2 4 1 0 0

3 1 0 0 1 0

2 2 1 0 0 1

2
64

3
75 �

1 2 4 1 0 0

0 0 3 2 1 0

0 3 3 3 0 1

2
64

3
75 �

1 2 4 1 0 0

0 3 3 3 0 1

0 0 3 2 1 0

2
64

3
75
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�

1 2 4 1 0 0
0 1 1 1 0 2
0 0 1 4 2 0

2
4

3
5 �

1 0 2 4 0 1
0 1 1 1 0 2
0 0 1 4 2 0

2
4

3
5 �

1 0 0 1 1 1
0 1 0 2 3 2
0 0 1 4 2 0

2
4

3
5

A�1 ¼

1 1 1
2 3 2
4 2 0

2
4

3
5and

15.15. Find the minimum polynomial of

A ¼

1 1 1
0 2 0
1 1 1

2
4

3
5 over R:

Clearly, A 6¼ a0I for all a0 2 R. Set

A2 ¼

2 4 2

0 4 0

2 4 2

2
64

3
75 ¼ a1

1 1 1

0 2 0

1 1 1

2
64

3
75þ a0

1 0 0

0 1 0

0 0 1

2
64

3
75 ¼

a1 þ a0 a1 a1

0 2a1 þ a0 0

a1 a1 a1 þ a0

2
64

3
75

which is impossible. Next, set

A3 ¼

4 12 4

0 8 0

4 12 4

2
64

3
75 ¼ a2

2 4 2

0 4 0

2 4 2

2
64

3
75þ a1

1 1 1

0 2 0

1 1 1

2
64

3
75þ a0

1 0 0

0 1 0

0 0 1

2
64

3
75

¼

2a2 þ a1 þ a0 4a2 þ a1 2a2 þ a1

0 4a2 þ 2a1 þ a0 0

2a2 þ a1 4a2 þ a1 2a2 þ a1 þ a0

2
64

3
75

From
2a2 þ a1 þ a0 ¼ 4

4a2 þ a1 ¼ 12
2a2 þ a1 ¼ 4

8<
: , we obtain a0 ¼ 0, a1 ¼ �4, a2 ¼ 4:

After checking every element of A3 and not before, we conclude mð�Þ ¼ �3 � 4�2 þ 4�.

15.16. Find all solutions, if any, of the system

2x1 þ 2x2 þ 3x3 þ x4 ¼ 1

3x1 � x2 þ x3 þ 3x4 ¼ 2

�2x1 þ 3x2 � x3 � 2x4 ¼ 4

x1 þ 5x2 þ 3x3 � 3x4 ¼ 2

2x1 þ 7x2 þ 3x3 � 2x4 ¼ 8

8>>>><
>>>>:

over R.

We have

½A H� ¼

2 2 3 1 1

3 �1 1 3 2

�2 3 �1 �2 4

1 5 3 �3 2

2 7 3 �2 8

2
6666664

3
7777775
�

1 5 3 �3 2

3 �1 1 3 2

�2 3 �1 �2 4

2 2 3 1 1

2 7 3 �2 8

2
6666664

3
7777775
�

1 5 3 �3 2

0 �16 �8 12 �4

0 13 5 �8 8

0 �8 �3 7 �3

0 �3 �3 4 4

2
6666664

3
7777775
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�

1 5 3 �3 2

0 1 1=2 �3=4 1=4

0 13 5 �8 8

0 �8 �3 7 �3

0 �3 �3 4 4

2
6666664

3
7777775
�

1 0 1=2 3=4 3=4

0 1 1=2 �3=4 1=4

0 0 �3=2 7=4 19=4

0 0 1 1 �1

0 0 �3=2 7=4 19=4

2
6666664

3
7777775
�

1 0 1=2 3=4 3=4

0 1 1=2 �3=4 1=4

0 0 1 1 �1

0 0 �3=2 7=4 19=4

0 0 0 0 0

2
6666664

3
7777775

�

1 0 0 1=4 5=4

0 1 0 �5=4 3=4

0 0 1 1 �1

0 0 0 13=4 13=4

0 0 0 0 0

2
6666664

3
7777775
�

1 0 0 1=4 5=4

0 1 0 �5=4 3=4

0 0 1 1 211

0 0 0 1 1

0 0 0 0 0

2
6666664

3
7777775
�

1 0 0 0 1

0 1 0 0 2

0 0 1 0 �2

0 0 0 1 1

0 0 0 0 0

2
6666664

3
7777775

Both A and ½A H� have rank 4, the number of unknowns. There is one and only one solution:

x1 ¼ 1, x2 ¼ 2, x3 ¼ �2, x4 ¼ 1.

Note. The first move in the reduction was H14. Its purpose, to obtain the element 1 in the first row and

column, could also be realized by the use of H1ð
1
2
Þ.

15.17. Reduce
3 2 1
6 5 4
4 2 5

2
4

3
5

over Z7 to normal form.

Using H1ð5Þ;H21ð1Þ,H31ð3Þ;H12ð4Þ,H32ð3Þ;H3ð3Þ;H13ð1Þ,H23ð5Þ, we have

3 2 1

6 5 4

4 2 5

2
64

3
75 �

1 3 5

6 5 4

4 2 5

2
64

3
75 �

1 3 5

0 1 2

0 4 6

2
64

3
75 �

1 0 6

0 1 2

0 0 5

2
64

3
75 �

1 0 6

0 1 2

0 0 1

2
64

3
75 �

1 0 0

0 1 0

0 0 1

2
64

3
75

15.18. Find all solutions, if any, of the system

x1 þ 2x2 þ x3 þ 3x4 ¼ 4

2x1 þ x2 þ 3x3 þ 2x4 ¼ 1

2x2 þ x3 þ x4 ¼ 3

3x1 þ x2 þ 3x3 þ 4x4 ¼ 2

8>>>><
>>>>:

over Z5.

We have

½A H� ¼

1 2 1 3 4

2 1 3 2 1

0 2 1 1 3

3 1 3 4 2

2
6664

3
7775 �

1 2 1 3 4

0 2 1 1 3

0 2 1 1 3

0 0 0 0 0

2
6664

3
7775 �

1 2 1 3 4

0 1 3 3 4

0 2 1 1 3

0 0 0 0 0

2
6664

3
7775 �

1 0 0 2 1

0 1 3 3 4

0 0 0 0 0

0 0 0 0 0

2
6664

3
7775

Here, rA ¼ r½AH� ¼ 2; the system is compatible. Setting x3 ¼ s and x4 ¼ t, with s, t 2 Z5, all solutions are

given by

x1 ¼ 1þ 3t, x2 ¼ 4þ 2sþ 2t, x3 ¼ s, x4 ¼ t

Since Z5 is a finite field, there is only a finite number (find it) of solutions.
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15.19. Solve the system

2x1 þ x2 þ x3 ¼ 0
x1 þ x3 ¼ 0

2x2 þ x3 ¼ 0

8<
:

over Z3.

We have

A ¼

2 1 1
1 0 1
0 2 1

2
4

3
5 �

1 2 2
1 0 1
0 2 1

2
4

3
5 �

1 2 2
0 1 2
0 2 1

2
4

3
5 �

1 0 1
0 1 2
0 0 0

2
4

3
5

Then assigning x3 ¼ s 2 Z3, we obtain x1 ¼ 2s, x2 ¼ x3 ¼ s as the required solution.

15.20. With each matrix over Q, evaluate

(a)

0 1 �3

2 5 4

�3 2 �2

�������
������� ¼

�1 1 �3

�3 5 4

�5 2 �2

�������
������� ¼

�1 0 0

�3 2 13

�5 �3 13

�������
������� ¼

�1 0 0

2 5 0

�5 �3 13

�������
�������

¼ �65

K12ð�1Þ is used to replace a11 ¼ 0 by a non-zero element. The same result can be obtained by using

K12; then

0 1 �3

2 5 4

�3 2 �2

�������
������� ¼ �

1 0 �3

5 2 4

2 �3 �2

�������
������� ¼ �

1 0 0

5 2 19

2 �3 4

�������
�������

¼ �

1 0 0

5 2 0

2 �3 65=2

�������
������� ¼ �65

An alternate evaluation is as follows:

0 1 �3
2 5 4

�3 2 �2

������
������ ¼

0 1 0
2 5 19

�3 2 4

������
������ ¼ �ð1Þ

2 19
�3 4

����
���� ¼ �ð8þ 57Þ ¼ �65

(b)

2 3 �2 4

3 �2 1 2

3 2 3 4

�2 4 0 5

���������

���������
¼

�1 3 �2 4

5 �2 1 2

1 2 3 4

�6 4 0 5

���������

���������
¼

�1 0 0 0

5 13 �9 22

1 5 1 8

�6 �14 12 �19

���������

���������

¼

�1 0 0 0

�1 �1 3 3

1 5 1 8

�6 �14 12 �19

���������

���������
¼

�1 0 0 0

�1 �1 0 0

1 5 16 23

�6 �14 �30 �61

���������

���������
¼

�1 0 0 0

�1 �1 0 0

1 5 16 0

�6 �14 �30 �143=8

���������

���������
¼ ð�1Þð�1Þð16Þð�143=8Þ ¼ �286
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Supplementary Problems

15.21. Given

A ¼

1 0 2
0 3 1
4 2 0

2
4

3
5, B ¼

1 2 3
1 3 4
1 4 3

2
4

3
5, C ¼

�7 6 �1
1 0 �1
1 �2 1

2
4

3
5

over Q, compute:

ðaÞ Aþ B ¼

2 2 5
1 6 5
5 6 3

2
4

3
5 ðdÞ B � C ¼

�2 0 0
0 �2 0
0 0 �2

2
4

3
5

ðbÞ 3A ¼

3 0 6
0 9 3
12 6 0

2
4

3
5 ðeÞ A � C ¼

�5 2 1
4 �2 �2

�26 24 �6

2
4

3
5

ðcÞ A � B ¼

3 10 9
4 13 15
6 14 20

2
4

3
5 ð f Þ A2 ¼ A � A ¼

9 4 2
4 11 3
4 6 10

2
4

3
5

15.22. For the arrays of Problem 15.21, verify (a) ðAþ BÞC ¼ AC þ BC, (b) ðA � BÞC ¼ AðB � CÞ.

15.23. For A ¼ ½aij �, ði ¼ 1, 2, 3; j ¼ 1, 2, 3Þ, compute I3 � A and A � I3 (also 03 � A and A � 03) to verify: In the set R

of all n-square matrices over F , the zero matrix and the identity matrix commute with all elements of R.

15.24. Show that the set of all matrices of the form

a b 0
0 aþ b 0
0 0 c

2
4

3
5

where a, b, c 2 Q, is a subalgebra of M3ðQÞ.

15.25. Show that the set of all matrices of the form

a b c
0 aþ c 0
c b a

2
4

3
5,

where a, b, c 2 R, is a subalgebra of M3ðRÞ.

15.26. Find the dimension of the vector space spanned by each set of vectors over Q. Select a basis for each.

(a) fð1, 4, 2, 4Þ, ð1, 3, 1, 2Þ, ð0, 1, 1, 2Þ, ð3, 8, 2, 4Þg

(b) fð1, 2, 3, 4, 5Þ, ð5, 4, 3, 2, 1Þ, ð1, 0, 1, 0, 1Þ, ð3, 2, � 1, � 2, � 5Þg

(c) fð1, 1, 0, � 1, 1Þ, ð1, 0, 1, 1, � 1Þ, ð0, 1, 0, 1, 0Þ, ð1, 0, 0, 1, 1Þ, ð1, � 1, 0, 1, 1Þg

Ans. (a) 2, (b) 3, (c) 4

15.27. Show that the linear transformation

A ¼

1 2 3 0
2 4 3 1
3 2 1 4
2 0 4 2

2
664

3
775

of V4ðRÞ into itself is singular and find a vector whose image is 0.
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15.28. Prove: The 3-square matrices I ,H12,H13,H23,H12 �H13,H12 �H23 under multiplication form a group

isomorphic to the symmetric group on three letters.

15.29. Prove: Under multiplication the set of all non-singular n-square matrices over F is a commutative group.

15.30. Reduce each of the following matrices over R to its row equivalent canonical matrix:

ðaÞ
1 2 �3

2 5 �4

� �
ðdÞ

1 2 �2 3

2 5 �4 6

�1 �3 2 �2

2 4 �1 6

2
6664

3
7775

ðbÞ

1 1 1 �2

2 1 �3 �6

3 3 1 2

2
64

3
75 ðeÞ

3 4 5 6 7 8

4 5 6 7 8 9

5 6 7 8 9 8

10 11 12 13 14 15

2
6664

3
7775

ðcÞ

1 2 1 2

1 3 2 2

2 4 3 4

3 7 4 6

2
6664

3
7775

Ans.

ðaÞ
1 0 �7

0 1 2

" #
ðbÞ

1 0 0 0

0 1 0 0

0 0 1 2

2
664

3
775 ðcÞ

1 0 0 2

0 1 0 0

0 0 1 0

0 0 0 0

2
666664

3
777775

ðdÞ I4 ðeÞ

1 0 �1 �2 �3 0

0 1 2 3 4 0

0 0 0 0 0 1

0 0 0 0 0 0

2
666664

3
777775

15.31. In Example 11 use H2ð
1
2
Þ,H32ð�1Þ,H23ð�5Þ,K3ð2Þ on

1 �2 1

0 1 0

0 0 1

1 0 0 1 0 0

0 2 5 �3 1 0

0 1 3 �4 0 1

and obtain

S ¼

1 0 0

11 3 �5

�5=2 �1=2 1

2
64

3
75 and T ¼

1 �2 2

0 1 0

0 0 2

2
64

3
75

to show that the non-singular matrices S and T such that S � A � T ¼ I are not unique.
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15.32. Reduce

A ¼

1 2 3 �2

2 �2 1 3

3 0 4 1

2
664

3
775

over R to normal form N and compute matrices S and T such that S � A � T ¼ N.

15.33. Prove that if A is non-singular, its inverse A�1 is unique.

Hint. Assume A � B ¼ C � A ¼ I and consider ðC � AÞB ¼ CðA � BÞ.

15.34. Prove: If A is non-singular, then A � B ¼ A � C implies B ¼ C.

15.35. Show that if the non-singular matrices A and B commute, so also do (a) A�1 and B, (b) A and B�1, (c) A�1

and B�1.

Hint. (a) A�1ðA � BÞA�1 ¼ A�1ðB � AÞA�1.

15.36. Find the inverse of:

ðaÞ

1 3 3

1 4 3

1 3 4

2
64

3
75 ðdÞ

2 1 �1

1 3 2

�1 2 1

2
64

3
75

ðbÞ

1 2 3

2 4 5

3 5 6

2
64

3
75 ðeÞ

3 4 2 7

2 3 3 2

5 7 3 9

2 3 2 3

2
66664

3
77775

ðcÞ

1 2 3

1 3 3

2 4 3

2
64

3
75 ð f Þ

1 1 1 1

1 2 3 �4

2 3 5 �5

3 �4 �5 8

2
66664

3
77775

over Q.

Ans: ðaÞ

7 �3 �3

�1 1 0

�1 0 1

2
664

3
775 ðdÞ

1

10

1 3 �5

3 �1 5

�5 5 �5

2
6664

3
7775

ðbÞ

1 �3 2

�3 3 �1

2 �1 0

2
664

3
775 ðeÞ

1

2

�1 11 7 �26

�1 �7 �3 16

1 1 �1 0

1 �1 �1 2

2
6666664

3
7777775

ðcÞ
1

3

3 �6 3

�3 3 0

2 0 �1

2
664

3
775 ð f Þ

1

18

2 16 �6 4

22 41 �30 �1

�10 44 30 �2

4 �13 6 �1

2
6666664

3
7777775

240 MATRICES [CHAP. 15



15.37. Find the inverse of

A ¼

1 0 1

1 1 1

2 1 1

2
664

3
775

over Z3. Does A have an inverse over Z5?

Ans: A�1 ¼

0 2 1

2 1 0

1 1 2

2
664

3
775

15.38. Find the minimum polynomial of

ðaÞ
0 1 0
0 0 1
1 2 �1

2
4

3
5, ðbÞ

2 0 0
0 1 0
0 0 1

2
4

3
5, ðcÞ

1 1 2
1 1 2
1 1 2

2
4

3
5, ðdÞ

2 1 1
1 2 1
1 1 2

2
4

3
5:

Ans. (a) �3 þ �2 � 2�� 1, (b) �2 � 3�þ 2, (c) �2 � 4�, (d) �2 � 5�þ 4

15.39. Find the inverse of each of the following matrices (a), (b), (d) of Problem 15.36, using its minimum

polynomial.

15.40. Suppose �3 þ a�2 þ b� is the minimum polynomial of a non-singular matrix A and obtain a contradiction.

15.41. Prove: Theorems XIX, XX, and XXI.

15.42. Prove Theorem XXIV (Hint. If the ith and jth rows of A are identical, jAj ¼ jHijj � jAjÞ and Theorem

XXVIII.

15.43. Evaluate:

ðaÞ
1 2 3
1 3 4
1 4 3

������
������ ðdÞ

2 �1 1
3 2 4

�1 0 3

������
������

ðbÞ
1 0 2
0 3 1
4 2 0

������
������ ðeÞ

1 1 1 6
2 4 1 6
4 1 2 9
2 4 2 7

��������

��������

ðcÞ
�7 6 �1
1 0 �1
1 �2 1

������
������ ð f Þ

3 5 7 2
2 4 1 1

�2 0 0 0
1 1 3 4

��������

��������
Ans. (a) �2, (b) �26, (c) 4, (d) 27, (e) 41, ( f ) 156

15.44. Evaluate:

ðaÞ
�� 1 2 3
1 �� 3 4
1 4 �� 3

������
������ ðbÞ

�� 2 �1 �4
�1 �� 3 �5
�4 �5 �� 6

������
������

Hint. Expand along the first row or first column.

Ans. (a) �3 � 7�2 � 6�þ 42, (b) �3 � 11�2 � 6�þ 28
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15.45. Denote the row vectors of A ¼ ½aij �, ði, j ¼ 1, 2, 3Þ, by ~��1, ~��2, ~��3. Show that

(a) ~��1 � ~��2 (see Problem 14.13, Chapter 14) can be found as follows: Write the array

a11 a12 a13 a11 a12

a21 a22 a23 a21 a22

and strike out the first column. Then

~��1 � ~��2 ¼
a12 a13

a22 a23

�����
�����, a13 a11

a23 a21

�����
�����, a11 a12

a21 a22

�����
�����

 !

jAj ¼ ~��1 � ð~��2 � ~��3Þ ¼ �~��2 � ð~��1 � ~��3Þ ¼ ~��3 � ð~��1 � ~��2ÞðbÞ

15.46. Show that the set of linear forms

ðaÞ

f1 ¼ a11x1 þ a12x2 þ � � � þ a1nxn

f2 ¼ a21x1 þ a22x2 þ � � � þ a2nxn

� � � � � � � � � � � � � � � � � � � � � � � � � � �

fm ¼ am1x1 þ am2x2 þ � � � þ amnxn

8>>><
>>>:

over F

is linearly dependent if and only if the coefficient matrix

A ¼ ½aij �, ði ¼ 1, 2, . . .m; j ¼ 1, 2, . . . , nÞ

is of rank r < m. Thus, (a) is necessarily linearly dependent if m > n.

15.47. Find all solutions of:

ðaÞ x1 � 2x2 þ 3x3 � 5x4 ¼ 1 ðdÞ

x1 þ x2 þ 2x3 þ x4 ¼ 5

2x1 þ 3x2 � x3 � 2x4 ¼ 2

4x1 þ 5x2 þ 3x3 ¼ 7

8><
>:

ðbÞ
x1 þ x2 þ x3 ¼ 4

2x1 þ 5x2 � 2x3 ¼ 3

�
ðeÞ

x1 þ x2 � 2x3 þ x4 þ 3x5 ¼ 1

2x1 � x2 þ 2x3 þ 2x4 þ 6x5 ¼ 2

3x1 þ 2x2 � 4x3 � 3x4 � 9x5 ¼ 3

8><
>:

ðcÞ

x1 þ x2 þ x3 ¼ 4

2x1 þ 5x2 � 2x3 ¼ 3

x1 þ 7x2 � 7x3 ¼ 5

8><
>: ð f Þ

x1 þ 3x2 þ x3 þ x4 þ 2x5 ¼ 0

2x1 þ 5x2 � 3x3 þ 2x4 � x5 ¼ 3

�x1 þ x2 þ 2x3 � x4 þ x5 ¼ 5

3x1 þ x2 þ x3 � 2x4 þ 3x5 ¼ 0

8>>><
>>>:

over Q.

Ans. (a) x1 ¼ 1þ 2r� 3sþ 5t, x2 ¼ r, x3 ¼ s, x4 ¼ t

(b) x1 ¼ 17=3� 7r=3, x2 ¼ �5=3þ 4r=3, x3 ¼ r

(e) x1 ¼ 1, x2 ¼ 2r, x3 ¼ r, x4 ¼ �3b, x5 ¼ b

( f ) x1 ¼ �11=5� 4r=5, x2 ¼ 2, x3 ¼ �1� r, x4 ¼ �14=5� r=5, x5 ¼ r

15.48. (a) Show that the set M2 ¼ fA,B, . . .g of all matrices over Q of order 2 is isomorphic to the vector space

V4ðQÞ.

Hint. Use A ¼
a11 a12
a21 a22

� �
! ða11, a12, a21, a22Þ. See Problem 11.3, Chapter 11.
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(b) Show that

I11 ¼
1 0

0 1

� �
, I12 ¼

0 1

0 0

� �
, I21 ¼

0 0

1 0

� �
, I22 ¼

0 0

0 1

� �

is a basis for the vector space.

(c) Prove: A commutes with B ¼
b11 b12
b21 b22

� �
if and only if A commutes with each Iij of (b).

Hint. B ¼ b11I11 þ b12I12 þ b21I21 þ b22I22.

15.49. Define

S2 ¼
x y

�y x

� �
: x, y 2 R

� �

Show (a) S2 is a vector space over R, (b) S2 is a field.

Hint. In (b) show that the mapping S2 ! C :
x y

�y x

� �
! x þ yi is an isomorphism.

15.50. Show that the set L ¼ fðq1 þ q2i þ q3j þ q4kÞ : q1, q2, q3, a4 2 Rg with addition and multiplication defined

in Problem 12.27, Chapter 12, is isomorphic to the set

S4 ¼

q1 q2 q3 q4

�q2 q1 �q4 q3

�q3 q4 q1 �q2

�q4 �q3 q2 q1

2
6664

3
7775 : q1, q2, q3, q4 2 R

8>>><
>>>:

9>>>=
>>>;

Is S4 a field?

15.51. Prove: If ~��1, ~��2, . . . ~��m are m < n linearly independent vectors of VnðFÞ, then the p vectors

~��j ¼ sj 1 ~��1 þ sj 2 ~��2 þ � � � þ sj m ~��m, ð j ¼ 1, 2, . . . , pÞ

are linearly dependent if p > m or, when p � m, if ½sij � is of rank r < p.

15.52. Prove: If ~��1, ~��2, . . . , ~��n are linearly independent vectors of VnðF Þ, then the n vectors

~��j ¼ aj1 ~��1 þ aj2 ~��2 þ � � � þ ajn ~��n, ð j ¼ 1, 2, . . . , nÞ

are linearly independent if and only if jaijj 6¼ 0.

15.53. Verify: The ring T2 ¼
a b
0 c

� �
: a, b, c 2 R

� �
has the subrings

0 x

0 0

� �
: x 2 R

� �
,

x y

0 0

� �
: x, y 2 R

� �
, and

0 x

0 y

� �
: x, y 2 R

� �

as its proper ideals. Write the homomorphism which determines each as an ideal. (See Theorem VI,

Chapter 11.)

15.54. Prove: ðAþ BÞT ¼ AT þ BT and ðA � BÞT ¼ BT � AT when A and B are n-square matrices over F .
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15.55. Consider the n-vectors X and Y as 1� n matrices and verify

X � Y ¼ X � YT ¼ Y � XT

15.56. (a) Show that the set of 4-square matrices

M ¼ fI ,H12,H13,H14,H23,H24,H34,H12 �H13,H12 �H23,H12 �H14,

H12 �H24,H13 �H14,H14 �H13,H23 �H24,H24 �H23,H12 �H34,

H13 �H24,H14 �H23,H12 �H13 �H14,H12 �H14 �H13,H13 �H12 �H14,

H13 �H14 �H12,H14 �H12 �H13,H14 �H13 �H12g

is a multiplicative group.

Hint. Show that the mapping

Hij ! ðijÞ,Hij �Hik ! ðijkÞ,Hij �Hkl ! ðijÞðklÞ,Hij �Hik �Hil ! ðijklÞ

of M into Sn is an isomorphism.

(b) Show that the subset fI ,H13,H24,H12 �H34,H13 �H24,H14 �H23,H12 �H13 �H14,H14 �H13 �H12g

ofM is a group isomorphic to the octic group of a square. (In Fig. 9-1 replace the designations

1, 2, 3, 4 of the vertices by ð1, 0, 0, 0Þ, ð0, 1, 0, 0Þ, ð0, 0, 1, 0Þ, ð0, 0, 0, 1Þ, respectively.)

15.57. Show that the set of 2-square matrices

I ,
0 1

�1 0

� �
,

�1 0
0 �1

� �
,

0 �1
1 0

� �
,

1 0
0 �1

� �
,

�1 0
0 1

� �
,

0 1
1 0

� �
,

0 �1
�1 0

� �� �

is a multiplicative group isomorphic to the octic group of a square.

Hint. Place the square of Fig. 9-1 in a rectangular coordinate system so that the vertices 1, 2, 3, 4

have coordinates ð1, � 1Þ, ð1, 1Þ, ð�1, 1Þ, ð�1, � 1Þ, respectively.

15.58. Let S spanned by ð1, 0, 1, � 1Þ, ð1, 0, 2, 3Þ, ð3, 0, 2, � 1Þ, ð1, 0, � 2, � 7Þ and T spanned by ð2, 1, 3, 2Þ,

ð0, 4, � 1, 0Þ, ð2, 3, � 4, 2Þ, ð2, 4, � 1, 2Þ be subspaces of V4ðQÞ. Find bases for S,T ,S \ T , and S þ T .
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Matrix Polynomials

INTRODUCTION

In this chapter, we will be exposed to some theory about matrix polynomials. These topics are just
extensions and applications of some of the theory from Chapter 15. Topics such as matrices with
polynomial elements, polynomial, with matrix coefficients, and orthogonal matrices will be studied here.

16.1 MATRICES WITH POLYNOMIAL ELEMENTS

DEFINITION 16.1: Let F½�� be the polynomial domain consisting of all polynomials � with
coefficients in F . An m� n matrix over F½��, that is, one whose elements are polynomials of F½��,

Að�Þ ¼ ½aijð�Þ� ¼

a11ð�Þ a12ð�Þ � � � a1nð�Þ

a21ð�Þ a22ð�Þ � � � a2nð�Þ

� � � � � � � � � � � �

am1ð�Þ am2ð�Þ � � � amnð�Þ

2
664

3
775

is called a �-matrix (read: lambda matrix).
Since F � F½��, the set of all m� nmatrices over F is a subset of the set of all m� n �-matrices over

F½��. It is to be expected then that much of Chapter 15 holds here with, at most, minor changes. For
example, with addition and multiplication defined on the set of all n-square �-matrices over F½��

precisely as on the set of all n-square matrices over F , we find readily that the former set is also a non-

commutative ring with unity In. On the other hand, although Að�Þ ¼
�
� 0
0 �þ1

�
is non-singular, i.e.,

jAð�Þj ¼ �ð�þ 1Þ 6¼ 0, Að�Þ does not have an inverse over F½��. The reason, of course, is that generally
�ð�Þ does not have a multiplicative inverse in F½��. Thus, it is impossible to extend the notion of
elementary transformations on �-matrices so that, for instance,

Að�Þ ¼
� 0

0 �þ 1

� �
�

1 0

0 1

� �
:

16.2 ELEMENTARY TRANSFORMATIONS

The elementary transformations on �-matrices are defined as follows:

The interchange of the ith and jth rows, denoted by Hij; the interchange of the ith and jth columns,
denoted by Kij.
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The multiplication of the ith row by a non-zero element k 2 F , denoted by HiðkÞ; the multiplication of

the ith column by a non-zero element k 2 F , denoted by KiðkÞ.

The addition to the ith row of the product of f ð�Þ 2 F½�� and the jth row, denoted by Hij

�
f ð�Þ

�
; the

addition to the ith column of the product of f ð�Þ 2 F½�� and the jth column, denoted by Kij

�
f ð�Þ

�
.

(Note that the first two transformations are identical with those of Chapter 15, while the third permits all

elements of F½�� as multipliers.)
An elementary transformation and the elementary matrix obtained by performing that transforma-

tion on I will again be denoted by the same symbol. Also, a row transformation on Að�Þ is affected by

multiplying it on the left by the appropriate H, and a column transformation is affected by multiplying it

on the right by the appropriate K . Paralleling the results of Chapter 15, we state:

Every elementary matrix is non-singular.

The determinant of every elementary matrix is an element of F .

Every elementary matrix has an inverse which, in turn, is an elementary matrix.

Two m� n �-matrices Að�Þ and Bð�Þ are called equivalent if one can be obtained from the other

by a sequence of elementary row and column transformations, i.e., if there exist matrices Sð�Þ ¼
Hs . . .H2 �H1 and Tð�Þ ¼ K1 � K2 . . .Kt, such that

Sð�Þ � Að�Þ � Tð�Þ ¼ Bð�Þ

The row (column) rank of a �-matrix is the number of linearly independent rows (columns) of the

matrix. The rank of a �-matrix is its row (column) rank.

Equivalent �-matrices have the same rank. The converse is not true.

16.3 NORMAL FORM OF A j-MATRIX

Corresponding to Theorem IX0 of Chapter 15, there is

Theorem I. Every m� n �-matrix Að�Þ over F½�� of rank r can be reduced by elementary trans-

formations to a canonical form (normal form)

Nð�Þ ¼

f1ð�Þ 0 0 � � � 0 0 0 � � � 0

0 f2ð�Þ 0 � � � 0 0 0 � � � 0

0 0 0 � � � 0 frð�Þ 0 � � � 0

0 0 0 � � � 0 0 0 � � � 0

� � � � � � � � � � � � � � � � � � � � � � � � � � �

0 0 0 � � � 0 0 0 � � � 0

2
6666666664

3
7777777775

in which f1ð�Þ, f2ð�Þ, . . ., frð�Þ are monic polynomials in F½�� and fið�Þ divides fiþ1ð�Þ for i ¼

1; 2; . . . ; r� 1.
We shall not prove this theorem nor that the normal form of a given Að�Þ is unique. (The proof of

the theorem consists in showing how to reach Nð�Þ for any given Að�Þ; uniqueness requires further study
of determinants.) A simple procedure for obtaining the normal form is illustrated in the example and

problems below.

EXAMPLE 1. Reduce

Að�Þ ¼

�þ 3 �þ 1 �þ 2

2�2 þ �� 3 �2 þ �� 1 2�2 � 2

�3 þ �2 þ 6�þ 3 2�2 þ 2�þ 1 �3 þ �2 þ 5�þ 2

2
4

3
5

over Rð�Þ to normal form.
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The greatest common divisor of the elements of Að�Þ is 1; take f1ð�Þ ¼ 1. Now use K13ð�1Þ to replace a11ð�Þ by

f1ð�Þ, and then by appropriate row and column transformation obtain an equivalent matrix whose first row and first

column have zero elements except for the common element f1ð�Þ; thus,

Að�Þ �

1 �þ 1 �þ 2

�� 1 �2 þ �� 1 2�2 � 2

�þ 1 2�2 þ 2�þ 1 �3 þ �2 þ 5�þ 2

2
64

3
75 �

1 0 0

�� 1 � �2 � �

�þ 1 �2 �3 þ 2�

2
64

3
75 �

1 0 0

0 � �2 � �

0 �2 �3 þ 2�

2
64

3
75 ¼ Bð�Þ

Consider now the submatrix

� �2 � �

�2 �3 þ 2�

" #

The greatest common divisor of its elements is �; set f2ð�Þ ¼ �. Since f2ð�Þ occupies the position of b22ð�Þ in Bð�Þ, we
proceed to clear the second row and second column of non-zero elements, except, of course, for the common element

f2ð�Þ, and obtain

Að�Þ �

1 0 0

0 � �2 � �

0 �2 �3 þ 2�

2
64

3
75 �

1 0 0

0 � �2 � �

0 0 �2 þ 2�

2
64

3
75 �

1 0 0

0 � 0

0 0 �2 þ 2�

2
64

3
75 ¼ Nð�Þ

since �2 þ 2�, is monic.

See also Problems 16.1–16.3.

DEFINITION 16.2: The non-zero elements of Nð�Þ, the normal form of Að�Þ, are called invariant

factors of Að�Þ.

Under the assumption that the normal form of a �-matrix is unique, we have

Theorem II. Two m� n �-matrices over F½�� are equivalent if and only if they have the same invariant

factors.

16.4 POLYNOMIALS WITH MATRIX COEFFICIENTS

In the remainder of this chapter we shall restrict our attention to n-square �-matrices over F ½��. Let Að�Þ
be such a matrix and suppose the maximum degree of all polynomial elements aijð�Þ of Að�Þ is p. By the

addition, when necessary of terms with zero coefficients, Að�Þ can be written so each of its elements has

pþ 1 terms. Then Að�Þ can be written as a polynomial of degree p in � with n-square matrices Ai over F

as coefficients, called a matrix polynomial of degree p in �.

EXAMPLE 2. For the �-matrix Að�Þ of Example 1, we have

Að�Þ ¼

�þ 3 �þ 1 �þ 2

2�2 þ �� 3 �2 þ �� 1 2�2 � 2

�3 þ �2 þ 6�þ 3 2�2 þ 2�þ 1 �3 þ �2 þ 5�þ 2

2
64

3
75

¼

0�3 þ 0�2 þ �þ 3 0�3 þ 0�2 þ �þ 1 0�3 þ 0�2 þ �þ 2

0�3 þ 2�2 þ �� 3 0�3 þ �2 þ �� 1 0�3 þ 2�2 þ 0�� 2

�3 þ �2 þ 6�þ 3 0�3 þ 2�2 þ 2�þ 1 �3 þ �2 þ 5�þ 2

2
64

3
75

¼

0 0 0

0 0 0

1 0 1

2
64

3
75 �3 þ

0 0 0

2 1 2

1 2 1

2
64

3
75 �2 þ

1 1 1

1 1 0

6 2 5

2
64

3
75 �þ

3 1 2

�3 �1 �2

3 1 2

2
64

3
75
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Consider now the n-square �-matrices or matrix polynomials

Að�Þ ¼ Ap�
p þ Ap�1�

p�1 þ � � � þ A1�þ A0 ð1Þ

and Bð�Þ ¼ Bp�
q þ Bq�1�

q�1 þ � � � þ B1�þ B0 ð2Þ

The two �-matrices (matrix polynomials) are said to be equal when p ¼ q and Ai ¼ Bi for

i ¼ 0; 1; 2; . . . ; p.
The sum Að�Þ þ Bð�Þ is a �-matrix (matrix polynomial) obtained by adding corresponding elements

(terms) of the �-matrices (matrix polynomials). If p > q, its degree is p; if p ¼ q, its degree is at most p.
The product Að�Þ � Bð�Þ is a �-matrix (matrix polynomial) of degree at most pþ q. If either Að�Þ or

Bð�Þ is non-singular (i.e., either jAð�Þj 6¼ 0 or jBð�Þj 6¼ 0), then both Að�Þ � Bð�Þ and Bð�Þ � Að�Þ are of

degree pþ q. Since, in general, matrices do not commute, we shall expect Að�Þ � Bð�Þ 6¼ Bð�Þ � Að�Þ.
The equality in (1) is not disturbed if � is replaced throughout by any k 2 F . For example,

AðkÞ ¼ Apk
p þ Ap�1k

p�1 þ � � � þ A1kþ A0

When, however, � is replaced by an n-square matrix C over F , we obtain two results which are usually

different:

ARðCÞ ¼ ApC
p þ Ap�1C

p�1 þ � � � þ A1C þ A0 ð3Þ

and ALðCÞ ¼ CpAp þ Cp�1Ap�1 þ � � � þ CA1 þ A0 ð30Þ

called, respectively, the right and left functional values of Að�Þ when � ¼ C.

EXAMPLE 3.

When Að�Þ ¼
�2 �� 1

�þ 3 �2 þ 2

" #
¼

1 0

0 1

" #
�2 þ

0 1

1 0

" #
�þ

0 �1

3 2

" #
and C ¼

1 2

2 3

" #
;

then ARðCÞ ¼
1 0

0 1

" #
�

1 2

2 3

" #2

þ
0 1

1 0

" #
�

1 2

2 3

" #
þ

0 �1

3 2

" #
¼

7 10

12 17

" #
,

and ALðCÞ ¼
1 2

2 3

" #2

�
1 0

0 1

" #
þ

1 2

2 3

" #
�

0 1

1 0

" #
þ

0 �1

3 2

" #
¼

7 8

14 17

" #
:

See also Problem 16.4.

16.5 DIVISION ALGORITHM

The division algorithm for polynomials �ðxÞ, �ðxÞ in x over a non-commutative ring R with unity was

given in Theorem II, Chapter 13. It was assumed there that the divisor �ðxÞ was monic. For a non-monic

divisor, that is, a divisor �ðxÞ whose leading coefficient is bn 6¼ 1, then the theorem holds only if bn
�1

2 R.
For the coefficient ring considered here, every non-singular matrix A has an inverse over F ; thus, the

algorithm may be stated as

If Að�Þ and Bð�Þ are matrix polynomials (1) and (2) and if Bq is non-singular, then there exist unique

matrix polynomials Q1ð�Þ;R1ð�Þ; Q2ð�Þ;R2ð�Þ 2 F½��, where R1ð�Þ and R2ð�Þ are either zero or of degree

less than that of Bð�Þ, such that

Að�Þ ¼ Q1ð�Þ � Bð�Þ þ R1ð�Þ ð4Þ

and Að�Þ ¼ Bð�Þ �Q2ð�Þ þ R2ð�Þ ð40Þ
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If in (4) R1ð�Þ ¼ 0, Bð�Þ is called a right divisor of Að�Þ; if in (40) R2ð�Þ ¼ 0, Bð�Þ is called a left

divisor of Að�Þ.

EXAMPLE 4. Given

Að�Þ ¼
�3 þ 3�2 þ 3� 2�2 þ 5�þ 4

�2 þ �� 1 �2 þ 1

" #
¼

1 0

0 0

" #
�3 þ

3 2

1 1

" #
�2 þ

3 5

1 0

" #
�þ

0 4

�1 1

" #

and Bð�Þ ¼
�þ 1 1

� �þ 2

" #
¼

1 0

0 1

" #
�þ

1 1

0 2

" #

find Q1ð�Þ;R1ð�Þ; Q2ð�Þ;R2ð�Þ such that

ðaÞ Að�Þ ¼ Q1ð�Þ � Bð�Þ þ R1ð�Þ

ðbÞ Að�Þ ¼ Bð�Þ �Q2ð�Þ þ R2ð�Þ

Here B1 ¼

h
1 0
1 1

i
6¼ 0 and B

�1

1 ¼

h
1 0

�1 1

i
(a) We compute

Að�Þ � A3B
�1

1 �2Bð�Þ ¼
2 1

1 1

" #
�2 þ

3 5

1 0

" #
�þ

0 4

�1 1

" #
¼ Cð�Þ

Cð�Þ � C2B
�1

1 �Bð�Þ ¼
2 2

1 �2

" #
�þ

0 4

�1 1

" #
¼ Dð�Þ

Dð�Þ �D1B
�1

1 Bð�Þ ¼
0 0

�4 2

" #
¼ R1ð�Þ

Then

Q1ð�Þ ¼ ðA3�
2 þ C2�þD1ÞB

�1

1 ¼
1 0

0 0

" #
�2 þ

1 1

0 1

" #
�þ

0 2

3 �2

" #

¼
�2 þ � �þ 2

3 �� 2

" #

(b) We compute

Að�Þ � Bð�ÞB
�1

1 A3�
2 ¼

3 2

3 1

" #
�2 þ

3 5

1 0

" #
�þ

0 4

�1 1

" #
¼ Eð�Þ

Eð�Þ � Bð�ÞB
�1

1 E2� ¼
0 4

1 2

" #
�þ

0 4

�1 1

" #
¼ Fð�Þ

Fð�Þ � Bð�ÞB
�1

1 F1 ¼
�1 2

�3 5

" #
¼ R2ð�Þ

Then Q2ð�Þ ¼ B
�1

1 ðA3�
2 þ E2�þ F1Þ ¼

1 0

�1 0

" #
�2 þ

3 2

0 �1

" #
�þ

0 4

1 �2

" #

¼
�2 þ 3� 2�þ 4

��2 þ 1 ��� 2

" #

See Problem 16.5.
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For the n-square matrix B ¼ ½Bij� over F , define its characteristic matrix as

�I � B ¼

�� b11 �b12 �b13 � � � �b1n

�b21 �� b22 �b23 � � � �b2n

�b31 �b32 �� b33 � � � �b3n

� � � � � � � � � � � � � � �

�bn1 �bn2 �bn3 � � � �� bnn

2
6666664

3
7777775

With Að�Þ as in (1) and Bð�Þ ¼ �I � B, (4) and (40) yield

Að�Þ ¼ Q1ð�Þ � ð�I � BÞ þ R1 ð5Þ

and Að�Þ ¼ ð�I � BÞ �Q2ð�Þ þ R2 ð50Þ

in which the remainders R1 and R2 are free of �. It can be shown, moreover, that

R1 ¼ ARðBÞ and R2 ¼ ALðBÞ

EXAMPLE 5. With

Að�Þ ¼
�2 �� 1

�þ 3 �2 þ 2

" #
and B ¼

1 2

2 3

" #
,

we have �I � B ¼
�� 1 �2
�2 �� 3

� �
and

Að�Þ ¼
�þ 1 3

3 �þ 3

" #
ð �I � BÞ þ

7 10

12 17

" #

¼ ð�I � BÞ
�þ 1 3

3 �þ 3

" #
þ

7 8

14 17

" #

From Example 3, the remainders are R1 ¼ ARðBÞ ¼
7 10

12 17

� �
and

R2 ¼ ALðBÞ ¼
7 8
14 17

� �
:

16.6 THE CHARACTERISTIC ROOTS AND VECTORS OF A MATRIX

We return now to further study of a given linear transformation of VnðFÞ into itself. Consider, for

example, the transformation of V ¼ V3ðRÞ given by

A ¼

2 2 1

1 3 1

1 2 2

2
664

3
775 or

~��1 ! ð2; 2; 1Þ

~��2 ! ð1; 3; 1Þ

~��3 ! ð1; 2; 2Þ
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(It is necessary to remind the reader that in our notation the images of the unit vectors ~��1; ~��2; ~��3 of the
space are the row vectors of A and that the linear transformation is given by

V ! V : � ! �A

since one may find elsewhere the image vectors written as the column vectors of A. In this case, the
transformation is given by

V ! V : � ! A�

For the same matrix A, the two transformations are generally different.)
The image of � ¼ ð1; 2; 3Þ 2 V is

� ¼ ð1; 2; 3Þ

2 2 1

1 3 1

1 2 2

2
664

3
775 ¼ ð7; 14; 9Þ 2 V

whose only connection with � is through the transformation A. On the other hand, the image of
�1 ¼ ðr; 2r; rÞ 2 V is 5�1, that is, the image of any vector of the subspace V1 � V , spanned by ð1; 2; 1Þ, is a
vector of V1. Similarly, it is easily verified that the image of any vector of the subspace V2 � V , spanned
by ð1;�1; 0Þ, is a vector of V2; and the image of any vector V3 � V , spanned by ð1; 0;�1Þ, is a vector of

V3. Moreover, the image of any vector ðsþ t;�s;�tÞ of the subspace V4 � V , spanned by ð1;�1; 0Þ and
ð1; 0;�1Þ, is a vector of the subspace generated by itself. We leave for the reader to show that the same is
not true for either the subspace V5, spanned by ð1; 2; 1Þ and ð1;�1; 0Þ, or of V6, spanned by ð1; 2; 1Þ and
ð1; 0;�1Þ.

We summarize: The linear transformation A of V3ðRÞ carries any vector of the subspace V !, spanned
by ð1; 2; 1Þ, into a vector of V1 and any vector of the subspace V4, spanned by ð1;�1; 0Þ and ð1; 0;�1Þ,

into a vector of the subspace generated by itself. We shall call any non-zero vector of V1, also of V4, a
characteristic vector (invariant vector or eigenvector) of the transformation.

In general, let a linear transformation of V ¼ VnðFÞ relative to the basis ~��1; ~��2; � � � ; ~��n be given by

the n-square matrix A ¼ ½aij � over F . Any given non-zero vector � ¼ ðx1; x2; x3; . . . ; xnÞ 2 V is a
characteristic vector of A provided �A ¼ ��, i.e.,

ða11x1 þ a21x2 þ � � � þ an1xn; a12x1 þ a22x2 þ � � � þ an2xn; . . . ; ð6Þ

a1nx1 þ a2nx2 þ � � � þ annxnÞ ¼ ð�x1; �x2; . . . ; �xnÞ

for some � 2 F .
We shall now use (6) to solve the following problem: Given A, find all non-zero vectors � such that

�A ¼ �� with � 2 F . After equating corresponding components in (6), the resulting system of equations

may be written as follows

ð�� a11Þx1 � a21x2 � a31x3 � � � � � an1xn ¼ 0

�a12x1 þ ð�� a22Þx2 � a32x3 � � � � � an2xn ¼ 0

�a13x1 � a23x2 þ ð�� a33Þx3 � � � � � an3xn ¼ 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�a1nx1 � a2nx2 � a3nx3 � � � � þ ð�� annÞxn ¼ 0

8>>>>>>>><
>>>>>>>>:

ð7Þ
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which by Theorem XVIII, Chapter 15, has a non-trivial solution if and only if the determinant of the

coefficient matrix

�� a11 �a21 �a31 � � � �an1

�a12 �� a22 �a32 � � � �an2

�a13 �a23 �� a33 � � � �an3

� � � � � � � � � � � � � � �

�a1n �a2n �a3n � � � �� ann

��������������

��������������
¼ j�I � AT j ¼ 0

where AT is the transpose of A. Now �I � AT ¼ ð�I � AÞT (check this); hence, by Theorem XXII,

Chapter 15, j�I � AT j ¼ j�I � Aj, the determinant of the characteristic matrix of A.

DEFINITION 16.3: For any n-square matrix A over F , j�I � AT j is called the characteristic

determinant of A and its expansion, a polynomial �ð�Þ of degree n, is called the characteristic poly-

nomial of A. The n zeros �1; �2; �3; . . . ; �n of �ð�Þ are called the characteristic roots (latent roots or

eigenvalues) of A.

Now �ð�Þ 2 F½�� and may or may not have all of its zeros in F . (For example, the characteristic

polynomial of a two-square matrix over R will have either both or neither of its zeros in R; that of a

three-square matrix over R will have either one or three zeros in R. One may then restrict attention solely

to the subspaces of V3ðRÞ associated with the real zeros, if any, or one may enlarge the space to V3ðCÞ

and find the subspaces associated with all of the zeros.) For any characteristic root �i, the matrix

�iI � AT is singular so that the system of linear equations (7) is linearly dependent and a characteristic

vector ~�� always exists. Also, k~�� is a characteristic vector associated with �i for every scalar k. Moreover,

by Theorem XVIII, Chapter 15, when �iI � AT has rank r, the (7) has n� r linearly independent

solutions which span a subspace of dimension n� r. Every non-zero vector of this subspace is a

characteristic vector of A associated with the characteristic root �i.

EXAMPLE 6. Determine the characteristic roots and associated characteristic vectors of V3ðRÞ, given

A ¼

1 1 2
0 2 2

�1 1 3

2
4

3
5

The characteristic polynomial of A is

j�I � AT j ¼

�� 1 0 1
�1 �� 2 �1
�2 �2 �� 3

������
������ ¼ �3 � 6�2 þ 11�� 6

the characteristic roots are �1 ¼ 1; �2 ¼ 2; �3 ¼ 3; the system of linear equations (7) is

ðaÞ
ð�� 1Þx1 þ x3 ¼ 0

�x1 þ ð�� 2Þx2 � x3 ¼ 0
�2x1 � 2x2 þ ð�� 3Þx3 ¼ 0

8<
:

When � ¼ �1 ¼ 1, the system (a) reduces to
n
x1 þ x2 ¼ 0

x3 ¼ 0 , having x1 ¼ 1;x2 ¼ �1; x3 ¼ 0 as a solution. Thus,

associated with the characteristic root �1 ¼ 1 is the one-dimensional vector space spanned by ~��1 ¼ ð1;�1; 0Þ. Every
vector ðk;�k; 0Þ; k 6¼ 0, of this subspace is a characteristic vector of A.

When � ¼ �2 ¼ 2, system (a) reduces to
n

x1 þ x3 ¼ 0
x1 þ 2x2 ¼ 0 , having x1 ¼ 2; x2 ¼ �1;x3 ¼ �2 as a solution. Thus,

associated with the characteristic root �2 ¼ 2 is the one-dimensional vector space spanned by ~��2 ¼ ð2;�1;�2Þ, and

every vector ð2k;�k;�2kÞ; k 6¼ 0, is a characteristic vector of A.

252 MATRIX POLYNOMIALS [CHAP. 16



When � ¼ �3 ¼ 3, system (a) reduces to x1 þ x2 ¼ 0
2x1 þ x3 ¼ 0

�
, having x1 ¼ 1;x2 ¼ �1; x3 ¼ �2 as a solution. Thus,

associated with the characteristic root �3 ¼ 3 is the one-dimensional vector space spanned by ~��3 ¼ ð1;�1;�2Þ, and

every vector ðk;�k;�2kÞ; k 6¼ 0, is a characteristic vector of A.

EXAMPLE 7. Determine the characteristic roots and associated characteristic vectors of V3ðRÞ, given

A ¼

2 2 1
1 3 1
1 2 2

2
4

3
5

The characteristic polynomial is

j�I � AT j ¼

�� 2 �1 �1
�2 �� 3 �2
�1 �1 �� 2

������
������ ¼ �3 � 7�2 þ 11�� 5;

the characteristic roots are �1 ¼ 5; �2 ¼ 1; �3 ¼ 1; and the system of linear equations (7) is

ðaÞ

ð�� 2Þx1 � x2 � x3 ¼ 0

�2x1 þ ð�� 3Þx3 � 2x3 ¼ 0

�x1 � x2 þ ð�� 2Þx3 ¼ 0

8<
:

When � ¼ �1 ¼ 5, the system (a) reduces to
n
x1 þ x2 � 3x3 ¼ 0
x1 � x3 ¼ 0

having x1 ¼ 1; x2 ¼ 2;x3 ¼ 1 as a solution. Thus,

associated with �1 ¼ 5 is the one-dimensional vector space spanned by ~��1 ¼ ð1; 2; 1Þ. When � ¼ �2 ¼ 1, the system

(a) reduces to x1 þ x2 þ x3 ¼ 0 having x1 ¼ 1; x2 ¼ 0;x3 ¼ �1 and x1 ¼ 1;x2 ¼ �1; x3 ¼ 0 as linearly independent

solutions. Thus, associated with �2 ¼ 1 is the two-dimensional vector space spanned by ~��2 ¼ ð1; 0;�1Þ and
~��3 ¼ ð1;�1; 0Þ.

The matrix of Example 7 was considered at the beginning of this section. Examples 6 and 7, also

Problem 16.6, suggest that associated with each simple characteristic root is a one-dimensional vector

space and associated with each characteristic root of multiplicity m > 1 is an m-dimensional vector

space. The first is true but (see Problem 16.7) the second is not. We shall not investigate this matter here

(the interested reader may consult any book on matrices); we simply state

If � is a characteristic root of multiplicity m � 1 of A; then associated with � is a vector space

whose dimension is at least 1 and at most m:

In Problem 16.8 we prove

Theorem III. If �1; ~��1; �2; ~��2 are distinct characteristic roots and associated characteristic vectors of an

n-square matrix, then ~��1 and ~��2 are linearly independent.

We leave for the reader to prove

Theorem IV. The diagonal matrix D = diagð�1; �2; . . . ; �nÞ has �1; �2; . . . ; �n as characteristic roots

and ~��1; ~��2; . . . ; ~��n as respective associated characteristic vectors.

16.7 SIMILAR MATRICES

DEFINITION 16.4: Two n-square matrices A and B over F are called similar over F provided there

exists a non-singular matrix P over F such that B ¼ PAP�1.

In Problems 16.9 and 16.10, we prove

Theorem V. Two similar matrices have the same characteristic roots,

and

Theorem VI. If ~��i is a characteristic vector associated with the characteristic root �i of B ¼ PAP�1, then
~��i ¼ ~��iP is a characteristic vector associated with the same characteristic root �i of A.
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Let A, an n-square matrix over F having �1; �2; . . . ; �n as characteristic roots, be similar to

D ¼ diagð�1; �2; . . . ; �nÞ and let P be a non-singular matrix such that PAP�1 ¼ D. By Theorem IV, ~��i is
a characteristic vector associated with the characteristic root �i of D, and by Theorem VI, ~��i ¼ ~��iP is a

characteristic vector associated with the same characteristic root �i of A. Now ~��iP is the ith row vector

of P; hence, A has n linearly independent characteristic vectors ~��iP which constitute a basis of VnðFÞ.
Conversely, suppose that the set S of all characteristic vectors of an n-square matrix A spans VnðFÞ.

Then we can select a subset f~��1; ~��2; . . . ~��ng of S which is a basis of VnðFÞ. Since each ~��i is a characteristic

vector,

~��1A ¼ �1 ~��1; ~��2A ¼ �2 ~��2; . . . ; ~��nA ¼ �n ~��n

where �1; �2; . . . ; �n are the characteristic roots of A. With

P ¼

~��1
~��2

�

~��n

2
66664

3
77775; we find PA ¼

�1 0 � � � 0

0 �2 � � � 0

� � � � � � � � � � � �

0 0 � � � �n

2
6664

3
7775P or PAP�1 ¼ diagð�1; �2; . . . ; �nÞ ¼ D

and A is similar to D. We have proved

Theorem VII. An n-square matrix A over F , having �1; �2; . . . ; �n as characteristic roots is similar to

D ¼ diag ð�1; �2; . . . ; �nÞ if and only if the set S of all characteristic vectors of A spans VnðFÞ.

EXAMPLE 8. For the matrix A ¼

2 2 1
1 3 1
1 2 2

2
4

3
5 of Example 7, take

P ¼

~��1

~��2

~��3

2
664

3
775 ¼

1 2 1

1 0 �1

1 �1 0

2
664

3
775: Then P�1 ¼

1
4

1
4

1
2

1
4

1
4

� 1
2

1
4

� 3
4

1
2

2
664

3
775 and

PAP�1 ¼

1 2 1

1 0 �1

1 �1 0

2
64

3
75 �

2 2 1

1 3 1

1 2 2

2
64

3
75 �

1
4

1
4

1
2

1
4

1
4

� 1
2

1
4

� 3
4

1
2

2
64

3
75 ¼

5 0 0

0 1 0

0 0 1

2
64

3
75 ¼ diagð�1; �2; �3Þ

Not every n-square matrix is similar to a diagonal matrix. In Problem 16.7, for instance, the

condition in Theorem VII is not met, since there the set of all characteristic vectors spans only a two-

dimensional subspace of V3ðRÞ.

16.8 REAL SYMMETRIC MATRICES

DEFINITION 16.5: An n-square matrix A ¼ ½aij � over R is called symmetric provided AT ¼ A, i.e.,

aij ¼ aji for all i and j.

The matrix A of Problem 16.6, is symmetric; the matrices of Examples 6 and 7 are not.
In Problem 11, we prove

Theorem VIII. The characteristic roots of a real symmetric matrix are real.

In Problem 16.12, we prove

Theorem IX. If �1; ~��1; �2; ~��2 are distinct characteristic roots and associated characteristic vectors of an

n-square real symmetric matrix, then ~��1 and ~��2 are mutually orthogonal.
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Although the proof will not be given here, it can be shown that every real symmetric matrix A is

similar to a diagonal matrix whose diagonal elements are the characteristic roots of A. The A has n real

characteristic roots and n real, mutually orthogonal associated characteristic vectors, say,

�1, ~��1; �2, ~��2; . . . ; �n, ~��n

If, now, we define

~��i ¼ ~��i =j~��ij, ði ¼ 1, 2, . . . , nÞ

A has n real characteristic roots and n real, mutually orthogonal associated characteristic unit vectors

�1, ~��1; �2, ~��2, . . . ; �n, ~��n

Finally, with

S ¼

~��1
~��2
�

�

�

~��n

2
66666664

3
77777775
;

we have SAS�1 ¼ diag ð�1; �2; . . . ; �nÞ.
The vectors ~��1; ~��2; . . . ; ~��n constitute a basis of VnðRÞ. Such bases, consisting of mutually orthogonal

unit vectors, are called normal orthogonal or orthonormal bases.

16.9 ORTHOGONAL MATRICES

The matrix S, defined in the preceding section, is called an orthogonal matrix. We develop below a

number of its unique properties.

1. Since the row vectors ~��i of S are mutually orthogonal unit vectors, i.e., ~��i � ~��j ¼
n
1; when i ¼ j
0; when i 6¼ j

,

it follows readily that

S � ST ¼

~��1

~��2

�

�

�

~��n

2
666666664

3
777777775
� ~��1; ~��2; � � � ; ~��n
� �

¼

~��1 � ~��1 ~��1 � ~��2 � � � ~��1 � ~��n

~��2 � ~��1 ~��2 � ~��2 � � � ~��2 � ~��n

� � � � � � � � � � � �

~��n � ~��1 ~��n � ~��2 � � � ~��n � ~��n

2
6664

3
7775 ¼ I

and ST ¼ S�1.

2. Since S � ST ¼ ST � S ¼ I , the column vectors of S are also mutually orthogonal unit vectors. Thus,

A real matrix H is orthogonal provided H �HT ¼ HT �H ¼ I :

3. Consider the orthogonal transformation Y ¼ XH of VnðRÞ, whose matrix H is orthogonal, and

denote by Y1;Y2, respectively, the images of arbitrary X1;X2 2 VnðRÞ. Since

Y1 � Y2 ¼ Y1 � Y2
T ¼ ðX1HÞðX2HÞ

T
¼ X1ðH �HT ÞX2

T ¼ X1X2
T ¼ X1 � X2;

an orthogonal transformation preserves inner or dot products of vectors.
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4. Since jY1j ¼ ðY1 � Y1Þ
1=2

¼ ðX1 � X1Þ
1=2

¼ jX1j, an orthogonal transformation preserves length of

vectors.
5. Since cos 	0 ¼ Y1 � Y2=jY1j � jY2j ¼ X1 � X2=jX1j � jX2j ¼ cos 	, where 0 � 	; 	0 < 
, we have 	0 ¼ 	. In

particular, if X1 � X2 ¼ 0, then Y1 � Y2 ¼ 0; that is, under an orthogonal transformation the image

vectors of mutually orthogonal vectors are mutually orthogonal.

An orthogonal transformation Y ¼ XH (also, the orthogonal matrix H) is called proper or improper

according as jHj ¼ 1 or jHj ¼ �1.

EXAMPLE 9. For the matrix A of Problem 6, we obtain

~��1 ¼ ~��1=j~��1j ¼ ð2=
ffiffiffi
6

p
;� 1=

ffiffiffi
6

p
;�1=

ffiffiffi
6

p
Þ; ~��2 ¼ ð1=

ffiffiffi
3

p
; 1=

ffiffiffi
3

p
; 1=

ffiffiffi
3

p
Þ;

~��3 ¼ ð0; 1=
ffiffiffi
2

p
;�1=

ffiffiffi
2

p
Þ

Then, with

S ¼

~��1

~��2

~��3

2
6664

3
7775 ¼

2=
ffiffiffi
6

p
�1=

ffiffiffi
6

p
�1=

ffiffiffi
6

p

1=
ffiffiffi
3

p
1=

ffiffiffi
3

p
1=

ffiffiffi
3

p

0 1=
ffiffiffi
2

p
�1=

ffiffiffi
2

p

2
66664

3
77775; S�1 ¼ ST ¼

2=
ffiffiffi
6

p
1=

ffiffiffi
3

p
0

�1=
ffiffiffi
6

p
1=

ffiffiffi
3

p
1=

ffiffiffi
2

p

�1=
ffiffiffi
6

p
1=

ffiffiffi
3

p
�1=

ffiffiffi
2

p

2
66664

3
77775

and we have S � A � S�1 ¼ diag ð9; 3;�3Þ.

The matrix S of Example 9 is improper, i.e., jSj ¼ �1. It can be verified easily that had the negative

of any one of the vectors ~��1; ~��2; ~��3 been used in forming S, the matrix then would have been proper.

Thus, for any real symmetric matrix A, a proper orthogonal matrix S can always be found such that

S � A � S�1 is a diagonal matrix whose diagonal elements are the characteristic roots of A.

16.10 CONICS AND QUADRIC SURFACES

One of the problems of analytic geometry of the plane and of ordinary space is the reduction of the

equations of conics and quadric surfaces to standard forms which make apparent the nature of these

curves and surfaces.
Relative to rectangular coordinate axes OX and OY , let the equation of a conic be

ax2 þ by2 þ 2cxyþ 2dxþ 2eyþ f ¼ 0 ð8Þ

and, relative to rectangular coordinate axes OX , OY , and OZ, let the equation of a quadric surface be

given as

ax2 þ by2 þ cz2 þ 2dxyþ 2exzþ 2fyzþ 2gxþ 2hyþ 2kzþm ¼ 0 ð9Þ

It will be recalled that the necessary reductions are affected by a rotation of the axes to remove all

cross-product terms and a translation of the axes to remove, whenever possible, terms of degree less

than two. It will be our purpose here to outline a standard procedure for handling both conics and

quadric surfaces.
Consider the general conic equation (8). In terms of degree two, ax2 þ by2 þ 2cxy, may be written in

matrix notation as

ax2 þ by2 þ 2cxy ¼ ðx; yÞ �
a c
c b

� �
�

x
y


 �
¼ X � E � XT
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where X ¼ ðx; yÞ. Now E is real and symmetric; hence there exists a proper orthogonal matrix

S ¼
~��1
~��2

� �

such that S � E � S�1 ¼ diagð�1; �2Þ where �1; ~��1; �2; ~��2 are the characteristic roots and associated char-

acteristic unit vectors of E. Thus, there exists a proper orthogonal transformation X ¼ ðx0; y0ÞS ¼ X 0S

such that

X 0S � E � S�1X 0T ¼ X 0 �1 0
0 �2

� �
X 0T ¼ �1x

02 þ �2y
0 2

in which the cross-product term has 0 as coefficient.

Let S ¼
~��1

~��2

� �
¼

~��11 ~��12

~��21 ~��22

� �
; then

ðx; yÞ ¼ X ¼ X 0S ¼ ðx0; y0Þ
~��11 ~��12

~��21 ~��22

� �
¼ ½ ~��11x

0 þ ~��21y
0; ~��12x

0 þ ~��22y
0 �

and we have

x ¼ ~��11x
0 þ ~��21y

0

y ¼ ~��12x
0 þ ~��22y

0

(

This transformation reduces (8) to

�1x
02 þ �2y

02 þ 2ðd ~��11 þ e~��12Þx
0 þ 2ðd ~��21 þ e~��22Þy

0 þ f ¼ 0 ð80Þ

which is then to be reduced to standard form by a translation.
An alternate procedure for obtaining (80) is as follows:

(i) Obtain the proper orthogonal matrix S.
(ii) Form the associate of (8)

ax2 þ by2 þ 2cxyþ 2dxuþ 2eyuþ fu2 ¼ ðx; y; uÞ �
a c d
c b e
d e f

2
4

3
5 �

x
y
u

0
@

1
A ¼ X � F � X

T
¼ 0

where X ¼ ðx; y; uÞ.
(iii) Use the transformation X ¼ X

0 S 0
0 1

� �
, where X 0 ¼ ðx0; y0; u0Þ, to obtain

X
0 S 0

0 1

� �
� F �

ST 0
0 1

� �
X

0T
¼ 0

the associate of (80).

EXAMPLE 10. Identify the conic 5x2 � 2
ffiffiffi
3

p
xyþ 7y2 þ 20

ffiffiffi
3

p
x� 44yþ 75 ¼ 0.

For the matrix

E ¼
5 �

ffiffiffi
3

p

�
ffiffiffi
3

p
7

" #

CHAP. 16] MATRIX POLYNOMIALS 257



of terms of degree two, we find 4; ð1
2

ffiffiffi
3

p
; 1
2
Þ; 8; ð� 1

2
; 1
2

ffiffiffi
3

p
Þ as the characteristic roots and associated characteristic unit

vectors and form

S ¼

1
2

ffiffiffi
3

p
1
2

� 1
2

1
2

ffiffiffi
3

p

2
4

3
5

Then

X ¼ X 0

S 0

0 1

2
4

3
5 reduces X � F � X

T
¼ X

5 �
ffiffiffi
3

p
10

ffiffiffi
3

p

�
ffiffiffi
3

p
7 �22

10
ffiffiffi
3

p
�22 75

2
66664

3
77775X

T
¼ 0

to X 0

1
2

ffiffiffi
3

p
1
2

0

� 1
2

1
2

ffiffiffi
3

p
0

0 0 1

2
6664

3
7775

5 �
ffiffiffi
3

p
10

ffiffiffi
3

p

�
ffiffiffi
3

p
7 �22

10
ffiffiffi
3

p
�22 75

2
6664

3
7775

1
2

ffiffiffi
3

p
� 1

2
0

1
2

1
2

ffiffiffi
3

p
0

0 0 1

2
6664

3
7775X 0T

¼ ðx 0; y 0; u 0Þ

4 0 4

0 8 �16
ffiffiffi
3

p

4 �16
ffiffiffi
3

p
75

2
664

3
775 �

x 0

y 0

u 0

0
BB@

1
CCA ¼ 4x 02 þ 8y 02 þ 8x 0u0 � 32

ffiffiffi
3

p
y 0u0 þ 75u 02 ¼ 0

the associate of 4x02 þ 8y02 þ 8x0 � 32
ffiffiffi
3

p
y0 þ 75 ¼ 4ðx0 þ 1Þ2 þ 8ðy0 � 2

ffiffiffi
3

p
Þ
2
� 25 ¼ 0.

Under the translation
n
x00 ¼ x0 þ 1
y00 ¼ y0 � 2

ffiffiffi
3

p this becomes 4x 00 2 þ 8y 00 2 ¼ 25. The conic is an ellipse.

Using
x ¼ 1

2

ffiffiffi
3

p
x 0 � 1

2
y 0

y ¼ 1
2
x 0 þ 1

2

ffiffiffi
3

p
y 0

8<
: and

x 0 ¼ x00 � 1

y 0 ¼ y00 þ 2
ffiffiffi
3

p

(

it follows readily that, in terms of the original coordinate system, the new origin is at O00ð�3
ffiffiffi
3

p
=2; 5=2Þ and

the new axes O00X 00 and O00Y 00 have, respectively, the directions of the characteristic unit vectors 1
2

ffiffiffi
3

p
; 1
2

� �
and

� 1
2
; 1
2

ffiffiffi
3

p� �
.

See Problem 16.14.

Solved Problems

16.1. Reduce

Að�Þ ¼

� 2�þ 1 �þ 2

�2 þ � 2�2 þ 2� �2 þ 2�

�2 � 2� 2�2 � 2�� 1 �2 þ �� 3

2
6664

3
7775

to normal form.
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The greatest common divisor of the elements of Að�Þ is 1; set f1ð�Þ ¼ 1. Now use K21ð�2Þ followed by K12

and then proceed to clear the first row and first column to obtain

Að�Þ �

1 � �þ 2

0 �2 þ � �2 þ 2�

2�� 1 �2 � 2� �2 þ �� 3

2
64

3
75 �

1 0 0

0 �2 þ � �2 þ 2�

2�� 1 ��2 � � ��2 � 2�� 1

2
64

3
75

�

1 0 0

0 �2 þ � �2 þ 2�

0 ��2 � � ��2 � 2�� 1

2
64

3
75 ¼ Bð�Þ

The greatest common divisor of the elements of the submatrix
h �2 þ � �2 þ 2�

��2 � � ��2 � 2�� 1

i
is 1; set f2ð�Þ ¼ 1.

On Bð�Þ use H23ð1Þ and K23ð�1Þ and then proceed to clear the second row and second column to obtain

Að�Þ �

1 0 0

0 1 �1

0 �þ 1 ��2 � 2�� 1

2
64

3
75 �

1 0 0

0 1 0

0 �þ 1 ��2 � �

2
64

3
75

�

1 0 0

0 1 0

0 0 ��2 � �

2
64

3
75 �

1 0 0

0 1 0

0 0 �2 þ �

2
64

3
75 ¼ Nð�Þ

the final step being necessary in order that f3ð�Þ ¼ �2 þ � be monic.

16.2. Reduce (a) Að�Þ ¼
� 0
0 �þ 1

� �
and (b) Bð�Þ ¼

�3 0 0
0 �2 � � 0
0 0 �2

2
4

3
5 to normal form.

(a) The greatest common divisor of the elements of Að�Þ is 1. We obtain

Að�Þ ¼
� 0

0 �þ 1

" #
�

� �þ 1

0 �þ 1

" #
�

�1 �þ 1

��� 1 �þ 1

" #
�

�1 0

��� 1 ��2 � �

" #

�
�1 0

0 ��2 � �

" #
�

1 0

0 �2 þ �

" #
¼ Nð�Þ

(b) The greatest common divisor of Bð�Þ is �. We obtain

Bð�Þ ¼

�3 0 0

0 �2 � � 0

0 0 �2

2
64

3
75 �

�3 �2 � � 0

0 �2 � � 0

0 0 �2

2
64

3
75 �

�2 �2 � � 0

��3 þ �2 �2 � � 0

0 0 �2

2
64

3
75

�

� �2 � � 0

��3 þ � �2 � � 0

0 0 �2

2
64

3
75 �

� �2 � � 0

��3 0 0

0 0 �2

2
64

3
75 �

� 0 0

0 �4 � �3 0

0 0 �2

2
64

3
75

�

� 0 0

0 �2 0

0 0 �4 � �3

2
64

3
75 ¼ Nð�Þ

16.3. Reduce Að�Þ ¼
�� 2 �1 �1
�2 �� 3 �2
�1 �1 �� 2

" #
to normal form.
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The greatest common divisor of the elements of Að�Þ is 1. We use K13 followed by K1ð�1Þ and then proceed

to clear the first row and column to obtain

Að�Þ �

1 �1 �� 2

2 �� 3 �2

2� � �1 �1

2
664

3
775 �

1 0 0

0 �� 1 2� 2�

0 1� � �2 � 4�þ 4

2
664

3
775 ¼

1 0

0 Bð�Þ

" #

The greatest common divisor of the elements of Bð�Þ is �� 1; then

Að�Þ �

1 0 0

0 �� 1 2� 2�

0 1� � �2 � 4�þ 3

2
664

3
775 �

1 0 0

0 �� 1 0

0 0 �2 � 6�þ 5

2
664

3
775 ¼ Nð�Þ

16.4. Write Að�Þ ¼

�þ 2 �þ 1 �þ 3

� � �3�2 þ �

�2 þ 2� �2 þ � 3�2 þ 5�

2
4

3
5 as a polynomial in � and compute Að�2Þ, ARðCÞ

and ALðCÞ when C ¼
1 0 2

�1 �1 �4
�1 0 �2

" #

We obtain

Að�Þ ¼
0 0 0
0 0 �3
1 1 3

2
4

3
5�2 þ 1 1 1

1 1 1
2 1 5

2
4

3
5�þ

2 1 3
0 0 0
0 0 0

2
4

3
5

and

Að�2Þ ¼ 4
0 0 0
0 0 �3
1 1 3

2
4

3
5� 2

1 1 1
1 1 1
2 1 5

2
4

3
5þ

2 1 3
0 0 0
0 0 0

2
4

3
5 ¼

0 �1 1
�2 �2 �14
0 2 2

2
4

3
5

Since C2 ¼

�1 0 �2
4 1 10
1 0 2

2
4

3
5, we have

ARðCÞ ¼

0 0 0

0 0 �3

1 1 3

2
64

3
75

�1 0 �2

4 1 10

1 0 2

2
64

3
75þ

1 1 1

1 1 1

2 1 5

2
64

3
75

1 0 2

�1 �1 �4

�1 0 �2

2
64

3
75þ

2 1 3

0 0 0

0 0 0

2
64

3
75 ¼

1 0 �1

�4 �1 �10

2 0 4

2
64

3
75

ALðCÞ ¼

�1 0 �2

4 1 10

1 0 2

2
64

3
75

0 0 0

0 0 �3

1 1 3

2
64

3
75þ

1 0 2

�1 �1 �4

�1 0 �2

2
64

3
75

1 1 1

1 1 1

2 1 5

2
64

3
75þ

2 1 3

0 0 0

0 0 0

2
64

3
75 ¼

5 2 8

0 4 5

�3 �1 �5

2
64

3
75

16.5. Given

Að�Þ ¼
�4 þ �3 þ 3�2 þ � �4 þ �3 þ 2�2 þ �þ 1

�3 � 2�þ 1 2�3 � 3�2 � 2

" #

and Bð�Þ ¼
�2 þ 1 �2 � �

�2 þ � 2�2 þ 1

" #
;
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find Q1ð�Þ;R1ð�Þ;Q2ð�Þ;R2ð�Þ such that

ðaÞ Að�Þ ¼ Q1ð�Þ � Bð�Þ þ R1ð�Þ and ðbÞ Að�Þ ¼ Bð�Þ �Q2ð�Þ þ R2ð�Þ:

We have

Að�Þ ¼
1 1

0 0

" #
�4 þ

1 1

1 2

" #
�3 þ

3 2

0 �3

" #
�2 þ

1 1

�2 0

" #
�þ

0 1

1 �2

" #

Bð�Þ ¼
1 1

1 2

" #
�2 þ

0 �1

1 0

" #
�þ

1 0

0 1

" #

B2 ¼
1 1

1 2

" #
and B2

�1 ¼
2 �1

�1 1

" #

ðaÞ Að�Þ � A4B
�1

2 � �2 � Bð�Þ ¼
1 2

1 2

" #
�3 þ

2 2

0 �3

" #
�2 þ

1 1

�2 0

" #
�þ

0 1

1 �2

" #
¼ Cð�Þ

Cð�Þ � C3B
�1

2 � � � Bð�Þ ¼
1 2

�1 �3

" #
�2 þ

1 0

�2 �1

" #
�þ

0 1

1 �2

" #
¼ Dð�Þ

Dð�Þ �D2B
�1

2 � Bð�Þ ¼ 0 ¼ R1ð�Þ

and

Q1ð�Þ ¼ ðA4�
2 þ C3�þD2ÞB2

�1 ¼
�2 �þ 1
1 �� 2

� �

ðbÞ Að�Þ � Bð�Þ � B2
�1A4�

2 ¼
0 0

�1 0

" #
�3 þ

1 0

1 �2

" #
�2 þ

1 1

�2 0

" #
�þ

0 1

1 �2

" #
¼ Eð�Þ

Eð�Þ � Bð�Þ � B
�1

2 E3� ¼
0 0

0 �2

" #
�2 þ

0 1

�1 0

" #
�þ

0 1

1 �2

" #
¼ Fð�Þ

Fð�Þ � Bð�Þ � B
�1

2 F2 ¼
0 �1

�1 �2

" #
�þ

0 �1

1 0

" #
¼

0 ��� 1

��þ 1 �2�

" #
¼ R2ð�Þ

and

Q2ð�Þ ¼ B2
�1ðA4�

2 þ E3�þ F2Þ ¼
2�2 þ � 2�2 þ 2
��2 � � ��2 � 2

� �

16.6. Find the characteristic roots and associated characteristic vectors of

A ¼

7 �2 �2
�2 1 4
�2 4 1

2
4

3
5 over R:

The characteristic polynomial of A is

j�I � AT j ¼

�� 7 2 2
2 �� 1 �4
2 �4 �� 1

������
������ ¼ �3 � 9�2 � 9�þ 81;
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the characteristic roots are �1 ¼ 9; �2 ¼ 3; �3 ¼ �3; and the system of linear equations (7) is

ðaÞ

ð�� 7Þx1 þ 2x2 þ 2x3 ¼ 0

2x1 þ ð�� 1Þx2 � 4x3 ¼ 0

2x1 � 4x2 þ ð�� 1Þx3 ¼ 0

8>>><
>>>:

When � ¼ �1 ¼ 9, (a) reduces to
n
x1 þ 2x2 ¼ 0
x1 þ 2x3 ¼ 0

having x1 ¼ 2; x2 ¼ �1;x3 ¼ �1 as a solution. Thus,

associated with �1 ¼ 9 is the one-dimensional vector space spanned by ~��1 ¼ ð2;�1;�1Þ.

When � ¼ �2 ¼ 3, (a) reduces to
x1 � x3 ¼ 0
x2 � x3 ¼ 0

�
having x1 ¼ 1;x2 ¼ 1; x3 ¼ 1 as a solution. Thus,

associated with �2 ¼ 3 is the one-dimensional vector space spanned by ~��2 ¼ ð1; 1; 1Þ.

When � ¼ �3 ¼ �3, (a) reduces to
x1 ¼ 0

x2 þ x3 ¼ 0

�
having x1 ¼ 0; x2 ¼ 1; x3 ¼ �1 as a solution. Thus,

associated with �1 ¼ �3 is the one-dimensional vector space spanned by ~��3 ¼ ð0; 1;�1Þ.

16.7. Find the characteristic roots and associated characteristic vectors of

A ¼

0 �2 �2

�1 1 2

�1 �1 2

2
664

3
775 over R:

The characteristic polynomial of A is

j�I � AT j ¼

� 1 1

2 �� 1 1

2 �2 �� 2

�������
������� ¼ �3 � 3�2 þ 4;

the characteristic roots are �1 ¼ �1; �2 ¼ 2; �3 ¼ 2; and the system of linear equations (7) is

ðaÞ

�x1 þ x2 þ x3 ¼ 0

2x1 þ ð�� 1Þx2 þ x3 ¼ 0

2x1 � 2x2 þ ð�� 2Þx3 ¼ 0

8>><
>>:

When � ¼ �1 ¼ �1, (a) reduces to
x1 � x2 ¼ 0

x3 ¼ 0

�
having x1 ¼ 1;x2 ¼ 1;x3 ¼ 0 as a solution. Thus,

associated with �1 ¼ �1 is the one-dimensional vector space spanned by ~��1 ¼ ð1; 1; 0Þ.

When � ¼ �2 ¼ 2, (a) reduces to
3x1 þ x3 ¼ 0
x1 � x2 ¼ 0

�
having x1 ¼ 1;x2 ¼ 1;x3 ¼ �3 as a solution. Thus,

associated with �2 ¼ 2 is the one-dimensional vector space spanned by ~��2 ¼ ð1; 1;�3Þ.

Note that here a vector space of dimension one is associated with the double root �2 ¼ 2, whereas in

Example 7 a vector space of dimension two was associated with the double root.

16.8. Prove: If �1; ~��1; �2; ~��2 are distinct characteristic roots and associated characteristic vectors of

A, then ~��1 and ~��2 are linearly independent.

Suppose, on the contrary, that ~��1 and ~��2 are linearly dependent; then there exist scalars a1 and a2, not both

zero, such that

ðiÞ a1 ~��1 þ a2 ~��2 ¼ 0
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Multiplying (i) on the right by A and using ~��iA ¼ �i ~��i, we have

ðiiÞ a1 ~��1Aþ a2 ~��2A ¼ a1�1 ~��1 þ a2�2 ~��2 ¼ 0

Now (i) and (ii) hold if and only if
1 1
�1 �2

����
���� ¼ 0. But then �1 ¼ �2, a contradiction; hence, ~��1 and ~��2 are

linearly independent.

16.9. Prove: Two similar matrices have the same characteristic roots.

Let A and B ¼ PAP�1 be the similar matrices; then

�I � B ¼ �I � PAP�1 ¼ P�IP�1 � PAP�1 ¼ Pð�I � AÞP�1

and

j�I � Bj ¼ jPð�I � AÞP�1j ¼ jPj � j�I � Aj � jP�1j ¼ j�I � Aj

Now A and B, having the same characteristic polynomial, must have the same characteristic roots.

16.10. Prove: If ~��i is a characteristic vector associated with the characteristic root �i of B ¼ PAP�1,

then ~��i ¼ ~��iP is a characteristic vector associated with the same characteristic root �i of A.

By hypothesis, ~��iB ¼ �i ~��i and BP ¼ ðPAP�1ÞP ¼ PA. Then ~��iA ¼ ~��iPA ¼ ~��iBP ¼ �i ~��iP ¼ �i ~��i and ~��i is a
characteristic vector associated with the characteristic root �i of A.

16.11. Prove: The characteristic roots of a real symmetric n-square matrix are real.

Let A be any real symmetric matrix and suppose hþ ik is a complex characteristic root. Now ðhþ ikÞI � A

is singular as also is

B ¼ ½ðhþ ikÞI � A� � ½ðh� ikÞI � A� ¼ ðh2 þ k2ÞI � 2hAþ A2 ¼ ðhI � AÞ2 þ k2I

Since B is real and singular, there exists a real non-zero vector ~�� such that ~��B ¼ 0 and, hence,

~��B~��T ¼ ~��fðhI � AÞ2 þ k2Ig~��T ¼ f~��ðhI � AÞgfðhI � AÞT ~��T g þ k2 ~��~��T

¼ ~�� � ~��þ k2 ~�� � ~�� ¼ 0

where ~�� ¼ ~��ðhI � AÞ. Now ~�� � ~�� � 0 while, since ~�� is real and non-zero, ~�� � ~�� > 0. Hence, k ¼ 0 and A has only

real characteristic roots.

16.12. Prove: If �1; ~��1; �2; ~��2 are distinct characteristic roots and associated characteristic vectors of an

n-square real symmetric matrix A, then ~��1 and ~��2 are mutually orthogonal.

By hypothesis, ~��1A ¼ �1 ~��1 and ~��2A ¼ �2 ~��2. Then

~��1A~��2
T
¼ �1 ~��1 ~��2

T
and ~��2A~��1

T
¼ �2 ~��2 ~��1

T

and, taking transposes,

~��2A~��1
T
¼ �1 ~��2 ~��1

T
and ~��1A~��2

T
¼ �2 ~��1 ~��2

T

Now ~��1A~��2
T
¼ �1 ~��2 ~��2

T
¼ �2 ~��1 ~��2

T
and ð�1 � �2Þ~��1 ~��2

T
¼ 0. Since �1 � �2 6¼ 0, it follows that ~��1 ~��2

T
¼ ~��1 � ~��2 ¼ 0

and ~��1 and ~��2 are mutually orthogonal.
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16.13. (a) Show that ~�� ¼ ð2; 1; 3Þ and ~�� ¼ ð1; 1;�1Þ are mutually orthogonal.

(b) Find a vector ~�� which is orthogonal to each.

(c) Use ~��; ~��; ~�� to form an orthogonal matrix S such that jSj ¼ 1.

(a) ~�� � ~�� ¼ 0; ~�� and ~�� are mutually orthogonal.

(b) ~�� ¼ ~��� ~�� ¼ ð�4; 5; 1Þ.

(c) Take ~��1 ¼ ~��=j~��j ¼ ð2=
ffiffiffiffiffi
14

p
; 1=

ffiffiffiffiffi
14

p
; 3=

ffiffiffiffiffi
14

p
Þ; ~��2 ¼ ~��=k ~��j ¼ ð1=

ffiffiffi
3

p
; 1=

ffiffiffi
3

p
;�1=

ffiffiffi
3

p
Þ and ~��3 ¼ ~��=j~��j ¼

ð�4=
ffiffiffiffiffi
42

p
; 5=

ffiffiffiffiffi
42

p
; 1=

ffiffiffiffiffi
42

p
Þ. Then

~��1

~��2

~��3

�������
������� ¼ 1 and S ¼

~��1

~��2

~��3

2
64

3
75 ¼

2=
ffiffiffiffiffi
14

p
1=

ffiffiffiffiffi
14

p
3=

ffiffiffiffiffi
14

p

1=
ffiffiffi
3

p
1=

ffiffiffi
3

p
�1=

ffiffiffi
3

p

�4=
ffiffiffiffiffi
42

p
5=

ffiffiffiffiffi
42

p
1=

ffiffiffiffiffi
42

p

2
64

3
75

16.14. Identify the quadric surface

3x2 � 2y2 � z2 � 4xy� 8xz� 12yz� 8x� 16y� 34z� 31 ¼ 0

For the matrix E ¼

3 �2 �4

�2 �2 �6

�4 �6 �1

2
64

3
75 of terms of degree two, take

3; ð2=3;�2=3; 1=3Þ; 6; ð2=3; 1=3;�2=3Þ;�9; ð1=3; 2=3; 2=3Þ

as characteristic roots and associated unit vectors. Then, with S ¼

2=3 �2=3 1=3

2=3 1=3 �2=3

1=3 2=3 2=3

2
4

3
5,

X ¼ ðx; y; z; uÞ ¼ ðx0; y0; z0; u0Þ
S 0
0 1

� �
¼ X 0 S 0

0 1

� �

reduces

X � F � X
T
¼ X

3 �2 �4 �4

�2 �2 �6 �8

�4 �6 �1 �17

�4 �8 �17 �31

2
66664

3
77775 X

T

to X 0

2=3 �2=3 1=3 0

2=3 1=3 �2=3 0

1=3 2=3 2=3 0

0 0 0 1

2
666664

3
777775 �

3 �2 �4 �4

�2 �2 �6 �8

�4 �6 �1 �17

�4 �8 �17 �31

2
666664

3
777775 �

2=3 2=3 1=3 0

�2=3 1=3 2=3 0

1=3 �2=3 2=3 0

0 0 0 1

2
666664

3
777775X

0T

¼ ðx0; y0; z0; u0Þ

3 0 0 �3

0 6 0 6

0 0 �9 �18

�3 6 �18 �31

2
666664

3
777775

x0

y0

z0

u0

0
BBBBB@

1
CCCCCA ¼ 3x0 2 þ 6y 0 2 � 9z 0 2 � 6x0u0 þ 12y 0u 0 � 36z 0u 0 � 31u 02 ¼ 0

the associate of

3x02 þ 6y02 � 9z02 � 6x0 þ 12y0 � 36z0 � 31 ¼ 3ðx0 � 1Þ2 þ 6ðy0 þ 1Þ2 � 9ðz0 þ 2Þ2 � 4 ¼ 0
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Under the translation

x00 ¼ x0 � 1

y00 ¼ y0 þ 1

z00 ¼ z0 þ 2

8<
:

this becomes 3z 00 2 þ 6y 00 2 � 9z 00 2 ¼ 4; the surface is a hyperboloid of one sheet.

Using ðx; y; zÞ ¼ ðx0; y0; z0ÞS and the equations of the translation, it follows readily that, in terms of the

original coordinate system, the new origin has coordinates ð�2=3;�7=3;�1=3Þ and the new axes have the

directions of the characteristic unit vectors ð2=3;�2=3; 1=3Þ; ð2=3; 1=3;�2=3Þ; ð1=3; 2=3; 2=3Þ.

Supplementary Problems

16.15. Given Að�Þ ¼
�2 þ � �þ 1

�2 þ 2 �

" #
and Bð�Þ ¼

�2 �2 þ �

�� 1 �

" #
, find

(a) Að�Þ þ Bð�Þ ¼
2�2 þ � �2 þ 2�þ 1

�2 þ �þ 1 2�

" #

(b) Að�Þ � Bð�Þ ¼
� ��2 þ 1

�2 � �þ 3 0

" #

(c) Að�Þ � Bð�Þ ¼
�4 þ �3 þ �2 � 1 �4 þ 2�3 þ 2�2 þ �

�4 þ 3�2 � � �4 þ �3 þ 3�2 þ 2�

" #

(d) Bð�Þ � Að�Þ ¼
2�4 þ 2�3 þ 2�2 þ 2� 2�3 þ 2�2

2�3 þ � 2�2 � 1

" #

16.16. In each of the following find Q1ð�Þ;R1ð�Þ;Q2ð�Þ;R2ð�Þ, where R1ð�Þ and R2ð�Þ are either 0 or of degree less

than that of Bð�Þ, such that Að�Þ ¼ Q1ð�Þ � Bð�Þ þ R1ð�Þ and Að�Þ ¼ Bð�Þ �Q2ð�Þ þ R2ð�Þ.

(a) Að�Þ ¼
�3 � 2�2 þ 2�� 2 �4 þ �� 1
�4 þ �3 þ �� 2 2�2 þ �� 1

� �
; Bð�Þ ¼

�2 þ 1 �
1 �2 þ �

� �

(b) Að�Þ ¼
2�2 þ 2� 2�2

�2 þ �þ 2 �2 þ 2�� 1

� �
; Bð�Þ ¼

� �
1 �

� �

(c) Að�Þ ¼
�3 � 2�2 þ �� 3 4�2 þ 2�þ 3

�2�� 2 �3 þ 4�2 þ 6�þ 3

� �
; Bð�Þ ¼

�� 2 3
�1 �þ 3

� �

(d) Að�Þ ¼
�3 � �2 þ �þ 4 2�2 þ � �2 þ 4�� 2

2� �3 þ �2 þ 2�� 1 4�2 � 2�þ 1
3�2 � 4�� 1 �2 þ � �3 � 2�2 þ 2�þ 2

2
4

3
5;

Bð�Þ ¼
�� 1 1 0
�1 �þ 1 3
2 0 �� 2

2
4

3
5

Ans: ðaÞ Q1ð�Þ ¼
�� 3 �2 � �

�2 þ �� 1 ��þ 2

" #
; R1ð�Þ ¼

2�þ 1 4�� 1

�� 3 �1

� �

Q2ð�Þ ¼
�2 �2 � 1

�2 1

" #
; R2ð�Þ ¼

2� 0

� 0

� �

ðbÞ Q1ð�Þ ¼
2�þ 2 �2

�þ 1 1

� �
; R1ð�Þ ¼

2 0

1 �1

� �

Q2ð�Þ ¼
�þ 2 �� 1

� �þ 1

� �
; R2ð�Þ ¼ 0

CHAP. 16] MATRIX POLYNOMIALS 265



ðcÞ Q1ð�Þ ¼
�2 þ 2 �� 1

�þ 1 �2 þ �

" #
; R1ð�Þ ¼ 0

Q2ð�Þ ¼
�2 � 2 �þ 1

�� 5 �2 þ �þ 4

" #
; R2ð�Þ ¼

8 �7

11 �8

� �

ðdÞ Q1ð�Þ ¼

�2 � �þ 3

�þ 1 �2 þ 1 �

�� 2 �� 1 �2 � 1

2
64

3
75; R1ð�Þ ¼

�2 0 4

2 �3 �2

�2 3 3

2
64

3
75

Q2ð�Þ ¼

�2 �þ 2 �þ 4

�� 2 �2 �� 2

�� 2 �þ 1 �2

2
64

3
75; R2ð�Þ ¼

6 2 4

8 �2 7

�5 �2 �6

2
64

3
75

16.17. Reduce each of the following to its normal form:

ðaÞ

� 2� 2�� 1

�2 þ 2� 2�2 þ 3� 2�2 þ �� 1

�2 � 2� 3�2 � 4� 4�2 � 5�þ 2

2
64

3
75 ðdÞ

�2 0 0

0 �þ 1 0

0 0 �þ 1

2
64

3
75

ðbÞ

�2 þ 1 �3 þ � �3 � �2

�� 1 �2 þ 1 �2�

�2 �3 �3 � �2 þ 1

2
64

3
75 ðeÞ

�� 1 3 �2

�2 �þ 1 0

3 1 �þ 2

2
64

3
75

ðcÞ

�� �þ 1 �þ 2

��2 �2 þ �� 1 �2 þ 2�� 1

�2 þ �þ 1 ��2 � 2�� 1 ��2 � 3�� 2

2
64

3
75 ð f Þ

�� 2 2 3

�3 �þ 3 4

2 0 �þ 1

2
64

3
75

Ans.

ðaÞ

1 0 0

0 � 0

0 0 �2

2
4

3
5 ðdÞ

1 0 0

0 �þ 1 0

0 0 �3 þ �2

2
4

3
5

ðbÞ

1 0 0

0 �þ 1 0

0 0 �3 þ 1

2
4

3
5 ðeÞ

1 0 0

0 1 0

0 0 �3 þ 2�2 þ 11�þ 20

2
4

3
5

ðcÞ

1 0 0

0 1 0

0 0 1

2
4

3
5 ð f Þ

1 0 0

0 1 0

0 0 �3 þ 2�2 � 5�� 2

2
4

3
5

16.18. Find the characteristic roots and associated characteristic vectors of each of the following matrices A over R.

ðaÞ
1 �2

�5 4

� �
ðcÞ

3 1

�1 1

� �
ðeÞ

2 0 �1

0 2 �2

1 �1 2

2
4

3
5 ðgÞ

1 �1 0

1 2 1

�2 1 �1

2
4

3
5

ðbÞ
2 �1

�8 4

� �
ðdÞ

1 �2

�2 4

� �
ð f Þ

3 2 4

2 0 2

4 2 3

2
4

3
5
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Ans.

ðaÞ 6; ðk;�kÞ;�1; ð5k; 2kÞ ðeÞ 1; ðk;�k;�kÞ; 2; ð2k;�k; 0Þ; 3; ðk;�k; kÞ

ðbÞ 0; ð4k; kÞ; 6; ð2k;�kÞ ð f Þ �1; ðk; 2l;�k� lÞ; 8; ð2k; k; 2kÞ

ðcÞ 2; ðk; kÞ ðgÞ 1; ð3k; 2k; kÞ; 2; ðk; 3k; kÞ;�1; ðk; 0; kÞ

ðd Þ 0; ð2k; kÞ; 5; ðk;�2kÞ

where k 6¼ 0 and l 6¼ 0.

16.19. For an n-square matrix A, show

(a) the constant term of its characteristic polynomial is ð�1ÞnjAj,

(b) the product of its characteristic roots is jAj,

(c) one or more of its characteristic roots is 0 if and only if jAj ¼ 0.

16.20. Prove: The characteristic polynomial of an n-square matrix A is the product of the invariant factors

of �I � A.

Hint. From Pð�Þ � ð�I � AÞ � Sð�Þ ¼ diag
�
f1ð�Þ; f2ð�Þ; . . . ; fnð�Þ

�
obtain

jPð�Þj � jSð�Þj � �ð�Þ ¼ f1ð�Þ � f2ð�Þ � � � � � fnð�Þ

with jPð�Þj � jSð�Þj ¼ 1.

16.21. For each of the following real symmetric matrices A, find a proper orthogonal matrix S such

that SAS�1 is diagonal.

ðaÞ
2 2

2 �1

� �
ðcÞ

1 �6

�6 �4

� �
ðeÞ

3 �2 �2

�2 8 �2

�2 �2 3

2
4

3
5 ðgÞ

3 �1 �1

�1 2 0

�1 0 2

2
4

3
5

ðbÞ
4 �3

�3 �4

� �
ðdÞ

1 �2

�2 4

� �
ð f Þ

2 �5 0

�5 �1 3

0 3 �6

2
4

3
5 ðhÞ

4 �2 4

�2 1 �2

4 �2 4

2
4

3
5

Ans.

ðaÞ
2=

ffiffiffi
5

p
1=

ffiffiffi
5

p

�1=
ffiffiffi
5

p
2=

ffiffiffi
5

p

" #
ðeÞ

1=3
ffiffiffi
2

p
�4=3

ffiffiffi
2

p
1=3

ffiffiffi
2

p

1=
ffiffiffi
2

p
0 �1=

ffiffiffi
2

p

2=3 1=3 2=3

2
664

3
775

ðbÞ
3=

ffiffiffiffiffi
10

p
�1=

ffiffiffiffiffi
10

p

1=
ffiffiffiffiffi
10

p
3=

ffiffiffiffiffi
10

p

" #
ð f Þ

5=
ffiffiffiffiffi
42

p
�4=

ffiffiffiffiffi
42

p
�1=

ffiffiffiffiffi
42

p

1=
ffiffiffiffiffi
14

p
2=

ffiffiffiffiffi
14

p
�3=

ffiffiffiffiffi
14

p

1=
ffiffiffi
3

p
1=

ffiffiffi
3

p
1=

ffiffiffi
3

p

2
664

3
775

ðcÞ
3=

ffiffiffiffiffi
13

p
�2=

ffiffiffiffiffi
13

p

2=
ffiffiffiffiffi
13

p
3=

ffiffiffiffiffi
13

p

" #
ðgÞ

2=
ffiffiffi
6

p
�1=

ffiffiffi
6

p
�1=

ffiffiffi
6

p

0 1=
ffiffiffi
2

p
�1=

ffiffiffi
2

p

1=
ffiffiffi
3

p
1=

ffiffiffi
3

p
1=

ffiffiffi
3

p

2
664

3
775

ðdÞ
1=

ffiffiffi
5

p
�2=

ffiffiffi
5

p

2=
ffiffiffi
5

p
1=

ffiffiffi
5

p

" #
ðhÞ

2=3 �1=3 2=3

1=
ffiffiffi
2

p
0 �1=

ffiffiffi
2

p

1=3
ffiffiffi
2

p
4=3

ffiffiffi
2

p
1=3

ffiffiffi
2

p

2
64

3
75
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16.22. Identify the following conics:

(a) 4x2 þ 24xyþ 11y2 þ 16xþ 42yþ 15 ¼ 0

(b) 9x2 � 12xyþ 4y2 þ 8
ffiffiffiffiffi
13

p
xþ 12

ffiffiffiffiffi
13

p
yþ 52 ¼ 0

(c) 3x2 þ 2xyþ 3y2 þ 4
ffiffiffi
2

p
xþ 12

ffiffiffi
2

p
y� 4 ¼ 0

Ans. (a) Hyperbola, (b) Parabola, (c) Ellipse

16.23. Identify the following quadric surfaces:

(a) 3x2 þ 8y2 þ 3z2 � 4xy� 4xz� 4yz� 4x� 2y� 4zþ 12 ¼ 0

(b) 2x2 � y2 � 6z2 � 10xyþ 6yzþ 50x� 74yþ 42zþ 107 ¼ 0

(c) 4x2 þ y2 þ z2 � 4xy� 4xzþ 2yz� 6yþ 6zþ 2 ¼ 0

(d) 2xyþ 2xzþ 2yzþ 1 ¼ 0

Ans. (a) Elliptic paraboloid, (b) Hyperboloid of two sheets, (c) Parabolic cylinder

16.24. Let A have �1; �2; . . . ; �n as characteristic roots and let S be such that

S � A � S�1 ¼ diagð�1; �2; . . . ; �nÞ ¼ D

Show that SAT S �1 ¼ D when S ¼ S�1. Thus any matrix A similar to a diagonal matrix is similar to

its transpose AT .

16.25. Prove: If Q is orthonormal, then QT ¼ Q�1.

16.26. Prove: Every real 2-square matrix A for which jAj < 0 is similar to a diagonal matrix.

16.27. Prove by direct substitution that A ¼
a b
c d

� �
is a zero of its characteristic polynomial.

16.28. Under what conditions will the real matrix A ¼
a b
c d

� �
have

(a) equal characteristic roots,

(b) the characteristic roots 	1.
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Linear Algebras

INTRODUCTION

This chapter gives a very brief introduction to linear algebra over a field. It discusses the properties of a

linear algebra, and the isomorphic relationship of a linear algebra to a subalgebra.

17.1 LINEAR ALGEBRA

DEFINITION 17.1: A set L having binary operations of addition and multiplication, together with

scalar multiplication by elements of a field F , is called a linear algebra over F provided

(i) Under addition and scalar multiplication, L is a vector space LðFÞ over F .
(ii) Multiplication is associative.
(iii) Multiplication is both left and right distributive relative to addition.
(iv) L has a multiplicative identity (unity) element.
(v) ðk�Þ� ¼ �ðk�Þ ¼ kð� � �Þ for all �; � 2 L and k 2 F .

EXAMPLE 1.

(a) The field C of complex numbers is a linear algebra of dimension (order) 2 over the field R of real numbers since

(see Chapter 14) CðRÞ is a vector space of dimension 2 and satisfies the postulates (ii)–(v).

(b) In general, if L is any field having F as a subfield, then LðFÞ is a linear algebra over F .

EXAMPLE 2. Clearly, the algebra of all linear transformations of the vector space VnðFÞ is a linear algebra of

order n2. Hence, the isomorphic algebra MnðF Þ of all n-square matrices over F is also a linear algebra.

17.2 AN ISOMORPHISM

The linear algebra of Example 2 plays a role here similar to that of the symmetric group Sn in group

theory. In Chapter 9 it was shown that every abstract group of order n is isomorphic to a subgroup of Sn.

We shall now show that every linear algebra of order n over F is isomorphic to some subalgebra of

MnðFÞ. (See Section 15.3 for an explanation of subalgebra.)
Let L be a linear algebra of order n over F having fx1; x2; x3, . . . , xng as basis. With each � 2 L,

associate the mapping

T� : xT� ¼ x � �; x 2 L
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By (iii),

xT� þ yT� ¼ x � �þ y � � ¼ ðxþ yÞ� ¼ ðxþ yÞT�

and by (v),

ðkxÞT� ¼ ðkxÞ� ¼ kðx � �Þ ¼ kðxT�Þ

for any x; t 2 L and k 2 F . Hence, T� is a linear transformation of the vector space LðFÞ. Moreover, the

linear transformations T� and T� associated with the distinct elements � and � of L are distinct. For, if

� 6¼ �, the u � � 6¼ u � �, where u is the unity of L implies T� 6¼ T�.
Now, by (iii) and (v),

xT� þ xT� ¼ x � �þ x � � ¼ xð�þ �Þ ¼ xT�þ�

ðxT�ÞT� ¼ ðx � �Þ� ¼ xð� � �Þ ¼ xT���

and

ðkxÞT� ¼ ðkxÞ� ¼ kðx � �Þ ¼ x � k� ¼ xTk�

Thus, the mapping � ! T� is an isomorphism of L onto a subalgebra of the algebra of all linear

transformations of the vector space LðFÞ. Since this, in turn, is isomorphic to a subalgebra ofMnðFÞ, we

have proved

Theorem I. Every linear algebra of order n over F is isomorphic to a subalgebra of MnðFÞ.

EXAMPLE 3. Consider the linear algebra Q½
ffiffiffi
23

p
� of order 3 with basis ð1;

ffiffiffi
23

p
;

ffiffiffi
43

p
Þ. For any element

a ¼ a11þ a2
ffiffiffi
23

p
þ a3

ffiffiffi
43

p
of Q½

ffiffiffi
23

p
�, we have

1 � a ¼ a11þ a2
ffiffiffi
2

3
p

þ a3
ffiffiffi
4

3
p

ffiffiffi
2

3
p

� a ¼ 2a31þ a1
ffiffiffi
2

3
p

þ a2
ffiffiffi
4

3
p

ffiffiffi
4

3
p

� a ¼ 2a21þ 2a3
ffiffiffi
2

3
p

þ a1
ffiffiffi
4

3
p

Then the mapping

a11þ a2
ffiffiffi
2

3
p

þ a3
ffiffiffi
4

3
p

!

a1 a2 a3
2a3 a1 a2
2a2 2a3 a1

2
4

3
5

is an isomorphism of the linear algebra Q½
ffiffiffi
23

p
� onto the algebra of all matrices of MnðQÞ of the form

r s t
2t r s
2s 2t r

2
4

3
5.

See also Problem 17.1.

Solved Problems

17.1 Show that L ¼ fa1 � 1þ a2�þ a3� : ai 2 Rg with multiplication defined such that 1 is the unity,

0 ¼ 0 � 1þ 0 � �þ 0 � � is the additive identity, and

ðaÞ

� � �

� � �
� 0 0

and ðbÞ

� � �

� � 0
� 0 0

are linear algebras over R.
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We may simply verify in each case that the postulates (i)–(v) are satisfied. Instead, we prefer to show that in

each case L is isomorphic to a certain subalgebra of M3ðRÞ.

(a) For any a ¼ a1 � 1þ a2�þ a3�, we have

1 � a ¼ a11 � a2�þ a3�

�a ¼ ða1 þ a2Þ�þ a3�

� � � ¼ a1�

Hence, L is isomorphic to the algebra of all matrices M3ðRÞ of the form

a1 a2 a3

0 a1 þ a2 a3

0 0 a1

2
64

3
75:

(b) For any a ¼ a1 � 1þ a2�þ a3�, we have

1 � a ¼ a11þ a2�þ a3�

� � a ¼ ða1 þ a2Þ�

� � � ¼ a1�

Hence, L is isomorphic to the algebra of all matrices M3ðRÞ of the form

a1 a2 a3

0 a1 þ a2 0

0 0 a1

2
64

3
75:

Supplementary Problems

17.2. Verify that each of the following, with addition and multiplication defined as on R, is a linear algebra overQ.

(a) Q½
ffiffiffi
3

p
� ¼ fa1þ b

ffiffiffi
3

p
: a; b 2 Qg

(b) L ¼ fa1þ b
ffiffiffi
3

p
þ c

ffiffiffi
5

p
þ d

ffiffiffiffiffi
15

p
: a; b; c; d 2 Qg

17.3. Show that the linear algebra L ¼ Q½
ffiffi
t

p
�, where t 2 N is not a perfect square, is isomorphic to the algebra of

all matrices of M2ðQÞ of the form
a b
tb a

� �
.

17.4. Show that the linear algebra C over R is isomorphic to the algebra of all matrices of M2ðRÞ of the form

a b
�b a

� �
.

17.5. Show that each of the following is a linear algebra over R. Obtain the set of matrices isomorphic to each.

(a) L ¼ fa1þ b�þ c�2 : a; b; c 2 Rg, where G ¼ f�; �2; �3 ¼ 1g is the cyclic group of order 3.

(b) L ¼ fa11þ a2xþ a3y : ai 2 Rg, with multiplication defined so that 1 is the unity, 0 ¼ 0 � 1þ 0 � xþ 0 � y

is the additive identity, and

� x y

x 1 y
y y 0

.
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(c) Q ¼ fa1 þ a2i þ a3 j þ a4k : ai 2 Rg with multiplication table

� i j k

i �1 k �j
j �k �1 i
k j �i �1

.

Ans. (a)
a b c
c a b
b c a

2
4

3
5 (b)

a1 a2 a3
a2 a1 a3
0 0 ða1 þ a2Þ

2
4

3
5 (c)

a1 a2 a3 a4
�a2 a1 �a4 a3
�a3 a4 a1 �a2
�a4 �a3 a2 a1

2
664

3
775
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Boolean Algebras

INTRODUCTION

Boolean algebras, named after the English mathematician George Boole (1815–1864), have widespread

applications in both pure and applied mathematics. In this chapter, you will be given a brief introduction

to this subject, where the applications will be in the area of electrical networks.

18.1 BOOLEAN ALGEBRA

DEFINITION 18.1: A set B, on which binary operations [ and \ are defined, is called a Boolean

algebra, provided the following postulates hold:

(i) [ and \ are commutative.
(ii) B contains an identity element 0 with respect to [ and an identity element 1 with respect to \.
(iii) Each operation is distributive with respect to the other, i.e.,

for all a, b, c 2 B

a [ ðb \ cÞ ¼ ða [ bÞ \ ða [ cÞ

and a \ ðb [ cÞ ¼ ða \ bÞ [ ða \ cÞ

(iv) For each a 2 B there exists an a 0 2 B such that

a [ a 0 ¼ 1 and a \ a 0 ¼ 0

The more familiar symbols þ and � are frequently used here instead of [ and \. We use the latter

since if the empty set ; be now denoted by 0 and the universal set U be now denoted by 1, it is clear that

the identities 1.9–1.90, 1.4–1.40, 1.10–1.100, 1.7–1.70, proved valid in Chapter 1 for the algebra of all

subsets of a given set, are precisely the postulates ðiÞ–(iv) for a Boolean algebra. Our first task then will

be to prove, without recourse to subsets of a given set, that the identities 1.1, 1.2–1.20, 1.5–1.50, 1.6–1.60,

1.8–1.80, 1.11–1.110 of Chapter 1 are also valid for any Boolean algebra, that is, that these identities are

consequences of the postulates (i)–(iv). It will be noted that there is complete symmetry in the postulates

with respect to the operations [ and \ and also in the identities of (iv). Hence, there follows for any

Boolean algebra the
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Principle of Duality. Any theorem deducible from the postulates (i)–(iv) of a Boolean algebra remains

valid when the operation symbols [ and \ and the identity elements 0 and 1 are interchanged

throughout.

As a consequence of the duality principle, it is necessary to prove only one of each pair of dual

statements.

EXAMPLE 1. Prove: For every a 2 B,

a [ a ¼ a and a \ a ¼ a ð1Þ

(See 1.6–1.60, Chapter 1.)

Using in turn (ii), (iv), (iii), (iv), (ii):

a [ a ¼ ða [ aÞ \ 1 ¼ ða [ aÞ \ ða [ a 0 Þ ¼ ða [ ða \ a 0 Þ ¼ a [ 0 ¼ a

EXAMPLE 2. For every a 2 B,

a [ 1 ¼ 1 and a \ 0 ¼ 0 ð2Þ

(See 1.5–1.50, Chapter 1.)

Using in turn (ii), (iv), (iii), (ii), (iv):

a \ 0 ¼ 0 [ ða \ 0Þ ¼ ða \ a0Þ [ ða \ 0Þ ¼ a \ ða0 [ 0Þ ¼ a \ a0 ¼ 0

EXAMPLE 3. For every a, b 2 B,

a [ ða \ bÞ ¼ a and a \ ða [ bÞ ¼ a ð3Þ

Using in turn (ii), (iii), (2), (ii):

a [ ða \ bÞ ¼ ða \ 1Þ [ ða \ bÞ ¼ a \ ð1 [ bÞ ¼ a \ 1 ¼ a

See also Problems 18.1–18.4.

18.2 BOOLEAN FUNCTIONS

Let B ¼ fa, b, c, . . .g be a Boolean algebra. By a constant we shall mean any symbol, as 0 and 1, which

represents a specified element of B; by a variable we shall mean a symbol which represents an arbitrary

element of B. If in the expression x0 [ ðy \ zÞ we replace [ by þ and \ by � to obtain x0 þ y � z, it seems

natural to call x0 and y \ z monomials and the entire expression x0 [ ðy \ zÞ a polynomial.
Any expression as x [ x0, a \ b0, ½a \ ðb [ c0Þ� [ ða0 \ b0 \ cÞ consisting of combinations by [ and \

of a finite number of elements of a Boolean algebra B will be called a Boolean function. The number of

variables in any function is the number of distinct letters appearing without regard to whether the letter

is primed or unprimed. Thus, x [ x0 is a function of one variable x while a \ b0 is a function of the two

variables a and b.
In ordinary algebra every integral function of several variables can always be expressed as

a polynomial (including 0) but cannot always be expressed as a product of linear factors. In

Boolean algebra, on the contrary, Boolean functions can generally be expressed in polynomial form

(including 0 and 1), i.e., a union of distinct intersections, and in factored form, i.e., an intersection of

distinct unions.
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EXAMPLE 4. Simplify:

(a) ðx \ yÞ [ ½ðx [ y0Þ \ y� 0, (b) ½ðx [ y0Þ \ ðx \ y 0 \ zÞ 0� 0, (c) f½ðx 0 \ y 0Þ 0 [ z� \ ðx [ zÞg 0

(a)

ðx \ yÞ [ ½ðx [ y0Þ \ y�0 ¼ ðx \ yÞ [ ½ðx [ y0Þ0 [ y0� ¼ ðx \ yÞ [ ½ðx0 \ yÞ [ y0�

¼ ðx \ yÞ [ ½ðx0 [ y0Þ \ ðy [ y0Þ� ¼ ðx \ yÞ [ ½ðx0 [ y0Þ \ 1�

¼ ðx \ yÞ [ ðx0 [ y0Þ ¼ ðx \ yÞ [ ðx \ yÞ0 ¼ 1

(b)

½ðx [ y0Þ \ ðx \ y0 \ zÞ0�0 ¼ ðx [ y0Þ0 [ ½ðx \ y0 \ zÞ0�0

¼ ðx0 \ yÞ [ ½ðx \ y0 \ zÞ, a union of intersections.

½ðx [ y0Þ \ ðx \ y0 \ zÞ0�
0
¼ ðx0 \ yÞ [ ðx \ y0 \ zÞ

¼ ðx0 [ xÞ \ ðx0 [ y0Þ \ ðx0 [ zÞ \ ðx [ yÞ \ ðy [ y0Þ \ ðy [ zÞ

¼ 1 \ ðx0 [ y0Þ \ ðx0 [ zÞ \ ðx [ yÞ \ 1 \ ðy [ zÞ

¼ ðx [ yÞ \ ðy [ zÞ \ ðx0 [ zÞ \ ðx0 [ y0Þ, an intersection of unions.

(c)

f½ðx0 \ y0Þ0 [ z� \ ðx [ zÞg0 ¼ ½ðx0 \ y0Þ0 [ z�0 [ ðx [ zÞ0

¼ ðx0 \ y0 \ z0Þ [ ðx0 \ z0Þ ¼ x0 \ z0 (by Example 3Þ

See also Problem 18.5.

Since (see Problem 18.15) there exists a Boolean algebra having only the elements 0 and 1, any

identity may be verified by assigning in all possible ways the values 0 and 1 to the variables.

EXAMPLE 5. To verify the proposed identity (see Example 4(a))

ðx \ yÞ [ ½ðx [ y0Þ \ y�0 ¼ 1

we form Table 18-1.

18.3 NORMAL FORMS

The Boolean function in three variables of Example 4(b) when expressed as a union of intersections

ðx0 \ yÞ [ ðx \ y0 \ zÞ contains one term in which only two of the variables are present. In the next section

we shall see that there is good reason at times to replace this expression by a less simple one in which

each term present involves all of the variables. Since the variable z is missing in the first term of the above

Table 18-1

x y a ¼ x \ y x [ y0 b ¼ ðx [ y0Þ \ y a [ b 0

1 1 1 1 1 1

1 0 0 1 0 1

0 1 0 0 0 1

0 0 0 1 0 1

CHAP. 18] BOOLEAN ALGEBRAS 275



expression, we obtain the required form, called the canonical form or the disjunctive normal form of the

given function, as follows

ðx0 \ yÞ [ ðx \ y0 \ zÞ ¼ ðx0 \ y \ 1Þ [ ðx \ y0 \ zÞ

¼ ½ðx0 \ yÞ \ ðz [ z0Þ� [ ðx \ y0 \ zÞ

¼ ðx0 \ y \ zÞ [ ðx0 \ y \ z0Þ [ ðx \ y0 \ zÞ

See also Problem 18.6.

It is easy to show that the canonical form of a Boolean function in three variables can contain at

most 23 distinct terms. For, if x, y, z are the variables, a term is obtained by selecting x or x0, y or y0, z or

z0 and forming their intersection. In general, the canonical form of a Boolean function in n variables

can contain at most 2n distinct terms. The canonical form containing all of these 2n terms is called

the complete canonical form or complete disjunctive normal form in n variables.
The complete canonical form in n variables is identically 1. This is shown for the case n ¼ 3 in

Problem 18.7, while the general case can be proved by induction. It follows immediately that the

complement F 0 of a Boolean function F expressed in canonical form is the union of all terms of the

complete canonical form which do not appear in the canonical form of F . For example, if

F ¼ ðx \ yÞ [ ðx0 \ yÞ [ ðx0 \ y0Þ,

then F 0 ¼ ðx \ y0Þ.
In Problems 18.8 and 18.9, we prove

Theorem I. If, in the complete canonical form in n variables, each variable is assigned arbitrarily the

value 0 and 1, then just one term will have the value 1, while all other terms will have the value 0.

and

Theorem II. Two Boolean functions are equal if and only if their respective canonical forms are

identical, i.e., consist of the same terms.

The Boolean function in three variables of Example 4(b), when expressed as an intersection of

unions in which each union contains all of the variables, is

ðx [ yÞ \ ðy [ zÞ \ ðx0 [ zÞ \ ðx0 [ y0Þ

¼ ½ðx [ yÞ [ ðz \ z0Þ� \ ½ðy [ zÞ [ ðx \ x0Þ� \ ½ðx0 [ zÞ [ ðy \ y0Þ� \ ½ðx0 [ y0Þ [ ðz \ z0Þ�

¼ ðx [ y [ zÞ \ ðx [ y [ z0Þ \ ðx0 [ y [ zÞ \ ðx0 [ y0 [ zÞ \ ðx0 [ y0 [ z0Þ

This expression is called the dual canonical form or the conjunctive normal form of the function. Note that

it is not the dual of the canonical form of that function.
The dual of each statement concerning the canonical form of a Boolean function is a valid statement

concerning the dual canonical form of that function. (Note that the dual of term is factor.) The dual

canonical form of a Boolean function in n variables can contain at most 2n distinct factors. The dual

canonical form containing all of these factors is called the complete dual canonical form or the complete

conjunctive normal form in n variables; its value is identically 0. The complement F 0 of a Boolean function

F expressed in dual canonical form is the intersection of all factors of the complete dual canonical form

which do not appear in the dual canonical form of F . Also, we have

Theorem I 0. If, in the complete dual canonical form in n variables, each variable is assigned arbitrarily

the value 0 or 1, then just one factor will have the value 0 while all other factors will have the value 1,

and

Theorem II 0. Two Boolean functions are equal if and only if their respective dual canonical forms are

identical, i.e., consist of the same factors.

276 BOOLEAN ALGEBRAS [CHAP. 18



In the next section we will use these theorems to determine the Boolean function when its values for
all possible assignments of the values 0 and 1 to the variables are given.

18.4 CHANGING THE FORM OF A BOOLEAN FUNCTION

Denote by Fðx, y, zÞ the Boolean function whose values for all possible assignments of 0 or 1 to the
variables is given by Table 18-2.

The proof of Theorem I suggests that the terms appearing in the canonical form of Fðx, y, zÞ are
precisely those of the complete canonical form in three variables which have the value 1 whenever
Fðx, y, zÞ ¼ 1. For example, the first row of the table establishes x \ y \ z as a term while the third row
yields x \ y0 \ z as another. Thus,

Fðx, y, zÞ ¼ ðx \ y \ zÞ [ ðx \ y0 \ zÞ [ ðx0 \ y0 \ zÞ [ ðz0 \ y0 \ z0Þ

¼ ðx \ zÞ [ ðx0 \ y0Þ

Similarly, the factors appearing in the dual canonical form of Fðx, y, zÞ are precisely those of the
complete dual canonical form which have the value 0 whenever Fðx, y, zÞ ¼ 0. We have

Fðx, y, zÞ ¼ ðx0 [ y0 [ zÞ \ ðx [ y0 [ z0Þ \ ðx0 [ y [ zÞ \ ðx [ y0 [ zÞ

¼ ðx0 [ zÞ \ ðx [ y0Þ

See Problem 18.10.

If a Boolean function F is given in either the canonical or dual canonical form, the change to the
other form may be readily made by using successively the two rules for finding the complement. The
order in their use is immaterial; however, at times one order will require less computing than the other.

EXAMPLE 6. Find the dual canonical form for

F ¼ ðx \ y \ z0Þ [ ðx \ y0 \ zÞ [ ðx \ y0 \ z0Þ [ ðx0 \ y \ zÞ [ ðx0 \ y0 \ z0Þ

Here

F 0 ¼ ðx \ y \ zÞ [ ðx0 \ y0 \ zÞ [ ðx0 \ y \ z0Þ

(the union of all terms of the complete canonical form not appearing in F) and

F ¼ ðF 0Þ
0
¼ ðx [ y [ z0Þ \ ðx [ y0 [ zÞ \ ðx0 [ y0 [ z0Þ (by Problem 18.4)

See also Problem 18.11.

Table 18-2

x y z F(x,y,z)

1 1 1 1

1 1 0 0

1 0 1 1

0 1 1 0

1 0 0 0

0 1 0 0

0 0 1 1

0 0 0 1
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The procedure for changing from canonical form and vice versa may also be used advantageously in simplifying

certain Boolean functions.

Example 7: Simplify F ¼ ½ðy \ z0Þ [ ðy 0 \ zÞ� \ ½ðx 0 \ yÞ [ ðx 0 \ zÞ [ ðx \ y 0 \ zÞ�

Set F1 ¼ ðy \ z0Þ [ ðy0 \ zÞ and F2 ¼ ðx0 \ yÞ [ ðx0 \ zÞ [ ðx \ y0 \ z0Þ:

Then F1 ¼ ðx \ y \ z0Þ [ ðx0 \ y \ z0Þ [ ðx \ y0 \ zÞ [ ðx0 \ y0 \ zÞ

F1
0 ¼ ðx0 \ y \ zÞ [ ðx0 \ y0 \ z0Þ [ ðx \ y \ zÞ [ ðx \ y0 \ z0Þ

and F1 ¼ ðx [ y0 [ z0Þ \ ðx [ y [ zÞ \ ðx0 [ y0 [ z0Þ \ ðx0 [ y [ zÞ

Also F2 ¼ ðx0 \ y \ zÞ [ ðx0 \ y \ z0Þ [ ðx0 \ y0 \ zÞ [ ðx \ y0 \ z0Þ

F2
0 ¼ ðx0 \ y0 \ z0Þ [ ðx \ y \ zÞ [ ðx \ y0 \ zÞ [ ðx \ y \ z0Þ

and F2 ¼ ðx [ y [ zÞ \ ðx0 [ y0 [ z0Þ \ ðx0 [ y [ z0Þ \ ðx0 [ y0 [ zÞ

Then F ¼ F1 \ F2

¼ ðx [ y [ zÞ \ ðx [ y0 [ z0Þ \ ðx0 [ y [ zÞ \ ðx0 [ y [ z0Þ \ ðx0 [ y0 [ zÞ \ ðx0 [ y0 [ z0Þ

Now F 0 ¼ ðx [ y0 [ zÞ \ ðx [ y [ z0Þ

and F ¼ ðx0 \ y \ z0Þ [ ðx0 \ y0 \ zÞ ¼ x0 \ ½ðy \ z0Þ [ ðy0 \ zÞ�

18.5 ORDER RELATION IN A BOOLEAN ALGEBRA

Let U ¼ fa, b, cg and S ¼ f;,A,B,C,D,E,F ,Ug where A ¼ fag, B ¼ fbg, C ¼ fcg, D ¼ fa, bg, E ¼ fa, cg,
F ¼ fb, cg. The relation �, defined in Chapter 1, when applied to S satisfies the following laws:

For any X ,Y ,Z 2 S,

(a) X � X

(b) If X � Y and Y � X , then X ¼ Y .

(c) If X � Y and Y � Z, then X � Z.

(d) If X � Y and X � Z, then X � ðY \ ZÞ.

(e) If X � Y , then X � ðY [ ZÞ.

(f) X � Y if and only if Y 0 � X 0.

(g) X � Y if and only if X [ Y ¼ Y or the equivalent X \ Y 0 ¼ ;.

The first three laws ensure (see Chapter 2) that � effects a partial ordering in S illustrated by

We shall now define the relation � (read, ‘‘under’’) in any Boolean algebra B by

a � b if and only if a [ b ¼ b or the equivalent a \ b0 ¼ 0

Fig. 18-1
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for every a, b 2 B. (Note that this is merely a restatement of (g) in terms of the elements of B.) There

follows readily

ða1Þ a � a

ðb1Þ If a � b and b � a, then a ¼ b

ðc1Þ If a � b and b � c, then a � c

so that � defines a partial order in B. We leave for the reader to prove

ðd1Þ If a � b and a � c, then a � ðb \ cÞ

ðe1Þ If a � b, then a � ðb [ cÞ for any c 2 B

ð f1Þ a � b if and only if b0 � a 0

In Problem 18.12, we prove

Theorem III. For every a, b 2 B, a [ b is the least upper bound and a \ b is the greatest lower bound of

a and b.

There follows easily

Theorem IV. 0 � b � 1, for every b 2 B.

18.6 ALGEBRA OF ELECTRICAL NETWORKS

The algebra of electrical networks is an interesting and highly important example of the Boolean algebra

(see Problem 18.15) of the two elements 0 and 1. The discussion here will be limited to the simplest kind

of networks, that is, a network consisting only of switches. The simplest such network consists of a wire

containing a single switch r:

When the switch is closed so that current flows through the wire, we assign the value 1 to r; when the
switch is open so that no current flows through the wire, we assign the value 0 to r. Also, we shall
assign the value 1 or 0 to any network according as current does or does not flow through it. In this
simple case, the network has value 1 if and only if r has value 1 and the network has value 0 if and only

if r has value 0.
Consider now a network consisting of two switches r and s. When connected in series:

it is clear that the network has value 1 if and only if both r and s have value 1, while the network has

value 0 in all other assignments of 0 or 1 to r and s. Hence, this network can be represented by the

function F ¼ Fðr, sÞ, which satisfies Table 18-3.
We find easily F ¼ r \ s. When connected in parallel:

Fig. 18-3

Fig. 18-2

Fig. 18-4
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it is clear that the network has value 1 if and only if at least one of r and s has value 1, and the network

has value 0 if and only if both r and s have value 0. This network can be represented by the function

F ¼ Fðr, sÞ, which satisfies Table 18-4.
For the various networks consisting of three switches, see Problem 18.13.

Using more switches, various networks of a more complicated nature may be devised; for example,

The corresponding function for this network consists of the intersection of three factors:

ðr [ sÞ \ t \ ðu [ v [ wÞ

So far all switches in a network have been tacitly assumed to act independently of one another. Two or

more switchesmay, however, be connected so that (a) they open and close simultaneously or (b) the closing

(opening) of one switch will open (close) all of the others. In case (a), we shall denote all switches by the

same letter; in case (b), we shall denote some one of the switches by, say, r and all others by r0. In this case,

any primed letter has value 0 when the unprimed letter has value 1 and vice versa. Thus, the network

Table 18-3

r s F

1 1 1

1 0 0

0 1 0

0 0 0

Table 18-4

r s F

1 1 1

1 0 1

0 1 1

0 0 0

Fig. 18-5

Fig. 18-6
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consists of three pairs of switches: one pair, each of which is denoted by t, open and close simultaneously

and two other pairs, denoted by r, r0 and s, s0, such that in each pair the closing of either switch opens the

other. The corresponding function is basically a union of two terms each involving the three variables.

For the upper wire we have r \ s0 \ t and for the lower ðt [ sÞ \ r 0. Thus, the function corresponding to

the network is

F ¼ ðr \ s0 \ tÞ [ ½ðt [ sÞ \ r0�

and the table giving the values (closure properties) of the function is

It is clear that current will flow through the network only in the following cases: (1) r and t are

closed, s is open; (2) s and t are closed, r is open; (3) s is closed, r and t are open; (4) t is closed, r and s are

open.
In further analysis of series-parallel networks it will be helpful to know that the algebra of such

networks is truly a Boolean algebra. In terms of a given network, the problem is this: Suppose F is

the (switching) function associated with the network, and suppose that by means of the laws of

Boolean algebra this function is changed in form to G associated with a different network. Are the two

networks interchangeable; in other words, will they have the same closure properties (table)? To settle

the matter, first consider Tables 18-3 and 18-4 together with their associated networks and functions

r \ s and r [ s, respectively. In the course of forming these tables, we have verified that the postulates (i),

(ii), (iv) for a Boolean algebra hold also for network algebra. For the case of postulate (iii), consider the

networks

corresponding to the Boolean identity a [ ðb \ cÞ ¼ ða [ bÞ \ ða [ cÞ. It is then clear from the table of

closure properties (see Table 18-6) that the networks are interchangeable.
We leave for the reader to consider the case of the Boolean identity

a \ ðb [ cÞ ¼ ða \ bÞ [ ða \ cÞ

and conclude that network algebra is a Boolean algebra.

Table 18-5

r s t r \ s0 \ t ðt [ sÞ \ r0 F

1 1 1 0 0 0

1 1 0 0 0 0

1 0 1 1 0 1

0 1 1 0 1 1

1 0 0 0 0 0

0 1 0 0 1 1

0 0 1 0 1 1

0 0 0 0 0 0

Fig. 18-7
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18.7 SIMPLIFICATION OF NETWORKS

Suppose now that the first three and last columns of Table 18-5 are given and we are asked to devise a

network having the given closure properties. Using the rows in which F ¼ 1, we obtain

F ¼ ðr \ s0 \ tÞ [ ðr0 \ s \ tÞ [ ðr0 \ s \ t0Þ [ ðr0 \ s0 \ tÞ ¼ ðr0 \ sÞ [ ðs0 \ tÞ

Since this is not the function (network) from which the table was originally computed, the network of

Fig. 18-6 is unnecessarily complex and can be replaced by the simpler network, shown in Fig. 18-8.

Note. The fact that one of the switches of Fig. 18-8 is denoted by r0 when there is no switch denoted by r
has no significance here. If the reader has any doubt about this, interchange r and r0 in Fig. 18-6 and
obtain F ¼ ðr \ sÞ [ ðs0 \ tÞ with diagram

See Problem 18.14.

Solved Problems

18.1. Prove: [ and \ are associative, i.e., for every a, b, c 2 B

ða [ bÞ [ c ¼ a [ ðb [ cÞ and ða \ bÞ \ cÞ ¼ a \ ðb \ cÞ ð4Þ

(See 1.8–1.80, Chapter 1.)

Let x ¼ ða \ bÞ \ c and y ¼ a \ ðb \ cÞ. We are to prove x ¼ y. Now, using (iii) and (3),

a [ x ¼ a [ ½ða \ bÞ \ c� ¼ ½a [ ða \ bÞ� \ ða [ cÞ

¼ a \ ða [ cÞ ¼ a ¼ a [ ½a \ ðb \ cÞ� ¼ a [ y

Table 18-6

a b c a [ ðb \ cÞ ða [ bÞ \ ða [ cÞ

1 1 1 1 1

1 1 0 1 1

1 0 1 1 1

0 1 1 1 1

1 0 0 1 1

0 1 0 0 0

0 0 1 0 0

0 0 0 0 0

Fig. 18-8

Fig. 18-9
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and

a0 [ x ¼ a0 [ ½ða \ bÞ \ c� ¼ ½a 0 [ ða \ bÞ� \ ða0 [ cÞ ¼ ½ða 0 [ aÞ \ ða 0 [ bÞ� \ ða 0 [ cÞ

¼ ½1 \ ða 0 [ bÞ� \ ða 0 [ cÞ ¼ ða 0 [ bÞ \ ða 0 [ cÞ ¼ a 0 [ ðb \ cÞ

¼ ða 0 [ aÞ \ ½a 0 [ ðb \ cÞ� ¼ a 0 [ ½a \ ðb \ cÞ� ¼ a 0 [ y

Hence,

ða [ xÞ \ ða0 [ xÞ ¼ ða [ yÞ \ ða0 [ yÞ

ða \ a0Þ [ x ¼ ða \ a0Þ [ y

x ¼ y

We leave for the reader to show that as a consequence parentheses may be inserted in a1 [ a2 [ � � � [ an
and a1 \ a2 \ � � � \ an at will.

18.2. Prove: For each a 2 B, the element a 0 defined in (iv) is unique.

Suppose the contrary, i.e., suppose for any a 2 B there are two elements a 0, a00 2 B such that

a [ a 0 ¼ 1 a \ a 0 ¼ 0
and

a [ a00 ¼ 1 a \ a00 ¼ 0

Then

a 0 ¼ 1 \ a 0 ¼ ða [ a00Þ \ a 0 ¼ ða \ a 0Þ [ ða00 \ a 0Þ

¼ ða \ a00Þ [ ða00 \ a 0Þ ¼ a00 \ ða [ a 0Þ ¼ a00 \ 1 ¼ a00

and a 0 is unique.

18.3. Prove: For every a, b 2 B

ða [ bÞ0 ¼ a0 \ b0 and ða \ bÞ0 ¼ a0 [ b0 ð5Þ

(See 1.11–1.110, Chapter 1.)

Since by Problem 18.2 there exists for every x 2 B a unique x0 such that x [ x0 ¼ 1 and x \ x0 ¼ 0, we need

only verify that

ða [ bÞ [ ða0 \ b0Þ ¼ ½ða [ bÞ [ a0� \ ½ða [ bÞ [ b0�

¼ ½ða [ a0Þ [ b� \ ½a [ ðb [ b0Þ�

¼ ð1 [ bÞ \ ða [ 1Þ ¼ 1 \ 1 ¼ 1

and (we leave it for the reader) ða [ bÞ \ ða0 \ b0Þ ¼ 0.

Using the results of Problem 18.2, it follows readily that

ða1 [ a2 [ � � � [ anÞ
0
¼ a01 \ a02 \ � � � \ a0n
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and

ða1 \ a2 \ � � � \ anÞ
0
¼ a01 [ a02 [ � � � [ a0n

18.4. Prove: ða0Þ0 ¼ a for every a 2 B. (See 1.1, Chapter 1.)

ða0Þ0 ¼ 1 \ ða0Þ0 ¼ ða [ a0Þ \ ða0Þ0 ¼ ½a \ ða0Þ0� [ ½a0 \ ða0Þ0� ¼ ½a \ ða0Þ0� [ 0

¼ 0 [ ½a \ ða0Þ0� ¼ ða \ a0Þ [ ½a \ ða0Þ0� ¼ a \ ½a0 [ ða0Þ0� ¼ a \ 1 ¼ a

18.5. Simplify: ½x [ ðx0 [ yÞ0� \ ½x [ ðy0 \ z0Þ0�.

½x [ ðx0 [ yÞ0� \ ½x [ ðy0 \ z0Þ0� ¼ ½x [ ðx \ y0Þ� \ ½x [ ðy [ zÞ� ¼ x \ ½x [ ðy [ zÞ� ¼ x

18.6. Obtain the canonical form of ½x [ ðx0 [ yÞ0� \ ½x [ ðy0 \ z0Þ0�.

Using the identity of Problem 18.5,

½x [ ðx0 [ yÞ0� \ ½x [ ðy0 \ z0Þ0� ¼ x ¼ x \ ðy [ y0Þ \ ðz [ z0Þ

¼ ðx \ y \ zÞ [ ðx \ y0 \ zÞ [ ðx \ y \ z0Þ [ ðx \ y0 \ z0Þ

18.7. Prove: The complete canonical form in three variables is identically 1.

First, we show that the complete canonical form in two variables:

ðx \ yÞ [ ðx \ y0Þ [ ðx0 \ yÞ [ ðx0 \ y0Þ ¼ ½ðx \ yÞ [ ðx \ y0Þ� [ ½ðx0 \ yÞ [ ðx0 \ y0Þ�

¼ ½x \ ðy [ y0Þ� [ ½x0 \ ðy [ y0Þ�

¼ ðx [ x0Þ \ ðy [ y0Þ ¼ 1 \ 1 ¼ 1

Then the canonical form in three variables:

½ðx \ y \ zÞ [ ðx \ y \ z0Þ� [ ½ðx \ y0 \ zÞ [ ðx \ y0 \ z0Þ�

[ ½ðx0 \ y \ zÞ [ ðx0 \ y \ z0Þ� [ ½ðx0 \ y0 \ zÞ [ ðx0 \ y0 \ z0Þ�

¼ ½ðx \ yÞ [ ðx \ y0Þ [ ðx0 \ yÞ [ ðx0 \ y0Þ� \ ðz [ z0Þ ¼ 1 \ 1 ¼ 1

18.8. Prove: If, in the complete canonical form in n variables, each variable is assigned arbitrarily the
value 0 or 1, then just one term will have the value 1, while all others will have the value 0.

Let the values be assigned to the variables x1, x2, . . . , xn. The term whose value is 1 contains x1 if x1 has the

value 1 assigned or x01 if x1 has the value 0 assigned, x2 if x2 has the value 1 or x
0
2 if x2 has the value 0,. . . , xn

if xn has the value 1 or x0n if xn has the value 0. Every other term of the complete canonical form will then

have 0 as at least one factor and, hence, has 0 as value.

18.9. Prove: Two Boolean functions are equal if and only if their respective canonical forms are
identical, i.e., consist of the same terms.

Clearly, two functions are equal if their canonical forms consist of the same terms. Conversely, if the two

functions are equal, they must have the same value for each of the 2n possible assignments of 0 or 1 to the
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variables. Moreover, each of the 2n assignments for which the function has the value 1 determines a term of

the canonical form of that function. Hence, the two normal forms contain the same terms.

18.10. Find the Boolean function F defined by

It is clear that the canonical form of F will consist of 5 terms, while the dual canonical form will consist of

3 factors. We use the latter form. Then

F ¼ ðx0 [ y0 [ z0Þ \ ðx [ y0 [ z0Þ \ ðx [ y [ z0Þ

¼ ðy0 [ z0Þ \ ðx [ y [ z0Þ ¼ ½y0 \ ðx [ yÞ� [ z0 ¼ ðx \ y0Þ [ z0

18.11. Find the canonical form for F ¼ ðx [ y [ zÞ \ ðx0 [ y0 [ zÞ.

Here

F 0 ¼ ðx0 \ y0 \0 z0Þ [ ðx \ y \ z0Þ

(by the identity of Problem 3) and

F ¼ ðF 0Þ
0
¼ ðx \ y \ zÞ [ ðx \ y0 \ zÞ [ ðx \ y0 \ z0Þ [ ðx0 \ y \ zÞ [ ðx0 \ y0 \ zÞ [ ðx0 \ y \ z0Þ

(the union of all terms of the complete canonical form not appearing in F 0).

18.12. Prove: For every a, b 2 B, a [ b is the least upper bound and a \ b is the greatest lower bound of

a and b.

That a [ b is an upper bound of a and b follows from

a [ ða [ bÞ ¼ a [ b ¼ b [ ða [ bÞ

Let c be any other upper bound of a and b. Then a � c and b � c so that a [ c ¼ c and b [ c ¼ c. Now

ða [ bÞ [ c ¼ a [ ðb [ cÞ ¼ a [ c ¼ c

Thus, ða [ bÞ � c and a [ b is the least upper bound as required.

Similarly, a \ b is a lower bound of a and b since

ða \ bÞ [ a ¼ a and ða \ bÞ [ b ¼ b

Table 18-7

x y z F

1 1 1 0

1 1 0 1

1 0 1 1

0 1 1 0

1 0 0 1

0 1 0 1

0 0 1 0

0 0 0 1
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Let c be any other lower bound of a and b. Then c � a and c � b so that c [ a ¼ a and c [ b ¼ b. Now

c [ ða \ bÞ ¼ ðc [ aÞ \ ðc [ bÞ ¼ a \ b

Thus, c � ða \ bÞ and a \ b is the greatest lower bound as required.

18.13. Discuss the possible networks consisting of three switches r, s, t.

There are four cases:

(i) The switches are connected in a series. The diagram is

and the function is r \ s \ t.

(ii) The switches are connected in parallel. The diagram is

and the function is r [ s [ t.

(iii) The series-parallel combination

with function r \ ðs [ tÞ.

(ivÞ The series-parallel combination

with function r [ ðs \ tÞ.

18.14. If possible, replace the network

by a simpler one.

The Boolean function for the given network is

F ¼ ðr \ tÞ [ fs \ ðs0 [ tÞ \ ½r0 [ ðs [ t0Þ�g

¼ ðr \ tÞ [ fs \ ½ðs0 [ tÞ \ ðr0 [ t0Þ�g

¼ ðr \ tÞ [ ½r0 \ ðs \ tÞ� ¼ ðr [ sÞ \ t
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The simpler network is

Supplementary Problems

18.15. Show that the set f0, 1g together with the operations as defined in

[ 0 1

0 0 1
1 1 1

and

\ 0 1

0 0 0
1 0 1

is a Boolean

algebra.

18.16. Show that the set fa, b, c, dg together with the operations defined in

[ a b c d

a a b c d

b b b d d

c c d c d

d d d d d

and

\ a b c d

a a a a a

b a b a b

c a a c c

d a b c d

is a Boolean algebra.

18.17. Show that the Boolean algebra of Problem 18.16 is isomorphic to the algebra of all subsets of a set of two

elements.

18.18. Why is there no Boolean algebra having just three distinct elements?

18.19. Let S be a subset of N, and for any a, b 2 S define a [ b and a \ b to be, respectively, the least common

multiple and greatest common divisor of a and b. Show

(a) B is a Boolean algebra when S ¼ f1, 2, 3, 6, 7, 14, 21, 42g.

(b) B is not a Boolean algebra when S ¼ f1, 2, 3, 4, 6, 8, 12, 24g.

18.20. Show that a [ ða \ bÞ ¼ a \ ða [ bÞ without using Example 3. State the dual of the identity and prove it.

18.21. Prove: For every a, b 2 B, a [ ða0 \ bÞ ¼ a [ b. State the dual and prove it.

18.22. Obtain the identities of Example 1 by taking b ¼ a in the identities of Problem 18.21.

18.23. Obtain as in Problem 18.22 the identities of Example 2.

18.24. Prove: 00 ¼ 1 and 10 ¼ 0. (See 1.2–1.20, Chapter 1.)

Hint. Take a ¼ 0 and b ¼ 1 in the identity of Problem 18.21.

18.25. Prove: ða \ b0Þ [ ðb \ a0Þ ¼ ða [ bÞ \ ða0 [ b0Þ. Write the dual.

18.26. Prove: ða [ bÞ \ ðb [ cÞ \ ðc [ aÞ ¼ ða \ bÞ [ ðb \ cÞ [ ðc \ aÞ. What is the dual?

18.27. Prove: If a [ x ¼ b [ x and a [ x0 ¼ b [ x0, then a ¼ b.

Hint. Consider ða [ xÞ \ ða [ x0Þ ¼ ðb [ xÞ \ ðb [ x0Þ.
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18.28. State the dual of Problem 18.27 and prove it.

18.29. Prove: If a \ b ¼ a \ c and a [ b ¼ a [ c for any a, b, c 2 B, then b ¼ c.

18.30. Simplify:

ðaÞ ða [ bÞ \ a0 \ b0 ðeÞ ½ðx0 \ y0Þ0 [ z� \ ðx [ y0Þ0

ðbÞ ða \ b \ cÞ [ a0 [ b0 [ c0 ð f Þ ða [ b0Þ \ ða0 [ bÞ \ ða0 [ b0Þ

ðcÞ ða \ bÞ [ ½c \ ða0 [ b0Þ� ðgÞ ½ða [ bÞ \ ðc [ b0Þ� [ ½b \ ða0 [ c0Þ�

ðd Þ ½a [ ða0 \ bÞ� \ ½b [ ðb \ cÞ�

Ans. (a) 0, (b) 1, (c) ða \ bÞ [ c, (d) b, (e) x0 \ y, (f ) a0 \ b0, (g) a [ b

18.31. Prove:

ða [ bÞ \ ða0 [ cÞ ¼ ða0 \ bÞ [ ða \ cÞ [ ðb \ cÞ

¼ ða [ bÞ \ ða0 [ cÞ \ ðb [ cÞ ¼ ða \ cÞ [ ða0 \ bÞ

18.32. Find, by inspection, the complement of each of the following in two ways:

ðaÞ ðx \ yÞ [ ðx \ y0Þ ðcÞ ðx [ y0 [ zÞ \ ðx [ y [ z0Þ \ ðx [ y0 [ z0Þ

ðbÞ ðx \ y0 \ zÞ [ ðx0 \ y \ z0Þ ðdÞ ðx [ y0 [ zÞ \ ðx0 [ y [ zÞ

18.33. Express each of the following in both canonical form and dual canonical form in three variables:

ðaÞ x0 [ y0, ðbÞ ðx \ y0Þ [ ðx0 \ yÞ, ðcÞ ðx [ yÞ \ ðx0 [ z0Þ, ðdÞ x \ z, ðeÞ x \ ðy0 [ zÞ

Partial Ans.

ðaÞ ðx \ y0 \ zÞ [ ðx \ y0 \ z0Þ [ ðx0 \ y \ zÞ [ ðx0 \ y0 \ zÞ [ ðx0 \ y \ z0Þ [ ðx0 \ y0 \ z0Þ

ðbÞ ðx [ y [ zÞ \ ðx [ y [ z0Þ \ ðx0 [ y0 [ zÞ \ ðx0 [ y0 [ z0Þ

ðcÞ ðx \ y \ z0Þ [ ðx \ y0 \ z0Þ [ ðx0 \ y \ zÞ [ ðx0 \ y \ z0Þ

ðdÞ ðx [ y [ zÞ \ ðx [ y0 [ zÞ \ ðx [ y [ z0Þ \ ðx [ y0 [ z0Þ \ ðx0 [ y [ zÞ \ ðx0 [ y0 [ zÞ

ðeÞ ðx [ y [ zÞ \ ðx [ y0 [ zÞ \ ðx [ y [ z0Þ \ ðx [ y0 [ z0Þ \ ðx0 [ y0 [ zÞ

18.34. Express each of the following in both canonical and dual canonical form in the minimum number of

variables:

ðaÞ x [ ðx0 \ yÞ ðdÞ ðx \ y \ zÞ [ ½ðx [ yÞ \ ðx [ zÞ�

ðbÞ ½x \ ðy [ zÞ� [ ½x \ ðy [ z0Þ� ðeÞ ðx [ yÞ \ ðx [ z0Þ \ ðx0 [ y0Þ \ ðx0 [ zÞ

ðcÞ ðx [ y [ zÞ \ ½ðx \ yÞ [ ðx0 \ zÞ� ð f Þ ðx \ yÞ [ ðx \ z0Þ [ ðx0 \ zÞ

Partial Ans.

ðaÞ ðx \ yÞ [ ðx \ y0Þ [ ðx0 \ yÞ ðd Þ ðx [ y [ zÞ \ ðx [ y [ z0Þ \ ðx [ y0 [ zÞ

ðbÞ ðx [ yÞ \ ðx [ y0Þ ðeÞ ðx \ y0 \ zÞ [ ðx0 \ y \ z0Þ

ðcÞ ðx \ y \ zÞ [ ðx \ y \ z0Þ [ ðx0 \ y \ zÞ [ ðx0 \ y0 \ zÞ ð f Þ ðx [ y [ zÞ \ ðx0 [ y [ z0Þ \ ðx [ y0 [ zÞ

18.35. Write the term of the complete canonical form in x, y, z having the value 1 when:

(a) x ¼ z ¼ 0, y ¼ 1; (b) x ¼ y ¼ 1, z ¼ 0; (c) x ¼ 0, y ¼ z ¼ 1

Ans. (a) x0 \ y \ z0, (b) x \ y \ z0
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18.36. Write the term of complete canonical form in x, y, z,w having the value 1 when:

(a) x ¼ y ¼ 1, z ¼ w ¼ 0; (b) x ¼ y ¼ w ¼ 0, z ¼ 1; (c) x ¼ 0, y ¼ z ¼ w ¼ 1.

Ans. (a) x \ y \ z0 \ w0, (c) x0 \ y \ z \ w

18.37. Write the factor of the complete dual canonical form in x, y, z having the value 0 when:

(a) x ¼ z ¼ 0, y ¼ 1; (b) x ¼ y ¼ 1, z ¼ 0; (c) x ¼ 0, y ¼ z ¼ 1.

Ans. (a) x [ y0 [ z, (b) x0 [ y0 [ z

18.38. Write the factor of the complete dual canonical form in x, y, z,w having the value 0 when:

(a) x ¼ y ¼ 1, z ¼ w ¼ 0; (b) x ¼ y ¼ w ¼ 0, z ¼ 1; (c) x ¼ 0, y ¼ z ¼ w ¼ 1.

Ans. (a) x0 [ y0 [ z [ w, (c) x [ y0 [ z0 [ w0

18.39. Write the function in three variables whose value is 1

(a) if and only if two of the variables are 1 and the other is 0,

(b) if and only if more than one variable is 1.

Ans. (a) ðx \ y \ z0Þ [ ðx \ y0 \ zÞ [ ðx0 \ y \ zÞ, (b) ½x \ ðy [ zÞ� [ ðy \ zÞ

18.40. Write the function in three variables whose value is 0

(a) if and only if two of the variables is 0 and the other is 1,

(b) if and only if more than one of the variables is 0.

Ans. The duals in Problem 18.39.

18.41. Obtain in simplest form the Boolean functions F1,F2, :::,F8 defined as follows:

Ans. F1 ¼ ðx [ y0Þ \ z0, F3 ¼ x0 [ ðy0 \ zÞ [ ðy \ z0Þ, F5 ¼ ðx [ zÞ \ ½y0 [ ðx \ zÞ�, F7 ¼ y0

18.42. Show that F7 and F8 of Problem 18.41 can be found by inspection.

18.43. Prove:

(d1) If a � b and a � c, then a � ðb \ cÞ.

(e1) If a � b then a � ðb [ cÞ for any c 2 B.

( f1 ) a � b if and only if b0 � a0.

18.44. Prove: If a, b 2 B such that a � b then, for any c 2 B, a [ ðb \ cÞ ¼ b \ ða [ cÞ.

18.45. Prove: For every b 2 B, 0 � b � 1.

x y z F1 F2 F3 F4 F5 F6 F7 F8

1 1 1 0 1 0 1 1 1 0 1

1 1 0 1 0 1 0 0 0 0 0

1 0 1 0 1 1 1 1 1 1 1

0 1 1 0 1 1 1 0 0 0 1

1 0 0 1 0 0 0 1 0 1 0

0 1 0 0 1 1 1 0 0 0 0

0 0 1 0 1 1 1 1 1 1 1

0 0 0 1 1 1 0 0 1 1 0
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18.46. Construct a diagram similar to fig. 18-1 for the Boolean algebra of all subsets of B ¼ fa, b, c, dg.

18.47. Diagram the networks represented by a [ ða0 \ bÞ and a [ b and show by tables that they have the same

closure properties.

18.48. Diagram the networks (i) ða [ bÞ \ a0 \ b0 and (ii) ða \ b \ cÞ [ ða0 [ b0 [ c0Þ. Construct tables of closure

properties for each. What do you conclude?

18.49. Diagram each of the following networks

ðiÞ ða [ b0Þ \ ða0 [ bÞ \ ða0 [ b0Þ ðiiiÞ ½ða [ bÞ \ ðc [ b0Þ� [ ½b \ ða0 [ c0Þ�
ðiiÞ ða \ bÞ [ ½c \ ða0 [ b0Þ� ðivÞ ða \ b \ cÞ [ a0 [ b0 [ c0

Using the results obtained in Problem 30, diagram the simpler network for each.

Partial Ans.

18.50. Diagram each of the networks ðr [ s0Þ \ ðr0 [ sÞ and ðr \ sÞ [ ðr0 \ s0Þ and show that they have the same

closure properties.

18.51. Diagram the simplest network having the closure properties of each of F1–F6 in Problem 18.41.

Partial Ans.

18.52. Simplify:
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To afford practice and also to check the results, it is suggested that (iii) and (iv) be solved by forming the table

of closure properties and also by the procedure of Example 7.

18.53. Simplify:

18.54. Show that the network of Problem 18.50 will permit a light over a stairway to be turned on or off either at

the bottom or top of the stairway.

18.55. From his garage, M may enter either of two rooms. Obtain the network which will permit M to turn on or

off the light in the garage either from the garage or one of the rooms irrespective of the position of the other

two switches.

Ans.
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Abelian group, 98
Absolute value, 50
of complex numbers, 91

Addition:
of complex numbers, 89
of integers, 47
of linear transformations, 188
of matrices, 205
of matrix polynomials, 248
of natural numbers, 37
of polynomials, 157
of rational numbers, 71
of real numbers, 80, 81
of subspaces, 184
of vectors, 178, 179

Additive inverse, 48, 72, 81, 89, 128,
157

Algebra:
linear, 269
of linear transformations, 188
of matrices, 208
of residue classes, 63

Algebraic system, 27
Alternating group, 101
Amplitude of a complex number,

91
Angle of a complex number, 92, 93
Angle between vectors, 185
Anti-symmetric relation, 21
Archimedean property:
of rational numbers, 73
of real numbers, 83, 85

Argument of a complex number,
91

Associate, 144
Associative law:
for Boolean algebras, 282
for complex numbers, 89
general, 24
for groups, 98
for integers, 51
for linear algebras, 269

for matrices, 207
for natural numbers, 38
for permutations, 29
for polynomials, 157
for rational numbers, 720
for real numbers, 81, 82, 83
for rings, 128
for union and intersection of
sets, 6

Augmented matrix, 221

Basis:
normal orthogonal, 255
orthonormal, 255
of a vector space, 182

Binary operation, 22
Binary relation, 18
Boolean algebra, 273–282
Boolean function, 274
Boolean polynomial, 274
Boolean ring, 141

Cancellation law:
for groups, 99
for integers, 49, 51
for natural numbers, 38
for rational numbers, 72
for real numbers, 81, 82, 84, 85

Canonical forms:
for Boolean polynomials, 276
for matrices, 213, 246

Cap, 4
Cayley’s theorem, 103
Characteristic:

determinant, 252
of an integral domain, 145
polynomial, 252
of a ring, 130

roots, 250
vectors, 250

Closure, 23
Codomain, 7
Coefficient, 157
Column:

equivalent, 211
rank, 214, 246
transformation, 211, 245
vector, 205

Common divisor, 59, 146
(See also Greatest common
divisor)

Commutative group, 98
Commutative law:

for Boolean algebras, 273
for complex numbers, 89
for fields, 147, 148
general, 24
for groups, 98
for integers, 51
for matrices, 207
for natural numbers, 38
for polynomials, 157
for rational numbers, 72
for real numbers, 81, 82, 84, 85
for rings, 128, 130
for union and intersection
of sets, 6

Commutative operation, 23
Commutative ring, 130
Complement of a set, 3
Completeness property, 84
Complex numbers, 89–95
Complex plane, 91
Components:

of a complex number. 89
of a vector, 178

Composite, 59
Composition series, 107
Congruence modulo m, 62
Conics, 256
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Conjugate complex number, 90
Conjunctive normal form, 275
Correspondence, one-to-one, 9
Coset, 103
Countable, 10
Cubic polynomial, 173
Cup, 4
Cut, 79
Cycle, 29
Cyclic group, 100, 103
Cyclic notation for permutations,

29

Decimal representation of rational
numbers, 73

Dedekind cut, 79
Degree, 157
De Moivre’s theorem, 92, 95
De Morgan’s laws, 6
Density property:
of rational numbers, 73
of real numbers, 83, 85

Denumerable, 10
Dependence, linear, 181
Determinant, 224
Diagonal matrix, 212
Diagram:
for partial ordering, 21
Venn, 4

Difference of sets, 5
Dihedral group, 110
Dimension of vector space, 183
Disjoint cycles, 29
Disjunctive normal form, 276
Distributive law:
for Boolean algebras, 273
for complex numbers, 89
general, 25
for integers, 51
left, right, 25
for linear algebras, 269
for matrices, 207
for natural numbers, 38
for polynomials, 157
for rational numbers, 72
for real numbers, 81, 82, 85
for rings, 128
for union and intersection of sets,
6

for vector spaces, 179
Division, 72, 82, 90
algorithm, 59, 146, 147, 160
ring, 147

Divisor, 58, 144, 161
Divisors of zero, 131
Domain:
integral, 143, 159
of a mapping, 8
ordered integral, 146

Dot product, 185
Dual canonical form, 276

Echelon matrix, 213
Eigenvalue, 252
Eigenvector, 251
Electrical networks, 279
Element:
first, last, 22
identity, 24
maximal, minimal, 22
of a set, 1

Elementary matrix, 215
Elementary transformation, 211,

245
Empty set, 3
Equations:
homogeneous linear, 224
non-homogeneous linear, 222
systems of linear, 220
(See also Polynomial)

Equivalence class, 20
Equivalence relation, 20
Equivalent matrices, 211, 247
Euclidean ring, 135
Even permutation, 30, 33
Expansion of determinant, 225
Exponents:
in a group, 99
integer, 57
natural numbers, 40
real, 84

Factor, 59, 160
group, 106
theorem, 160

Field, 148
skew, 147

Finite dimension, 183
Finite set, 10
Form, polynomial, 156
Four-group, 117
Fractions, 71
Function, 8

(See also Mapping,
Transformation)

Boolean, 274
Fundamental Theorem of Algebra,

162

Gaussian integer, 138
Generator:
of a cyclic group, 100
of a vector space, 180

Greatest common divisor, 59, 147,
164

Greatest lower bound, 84
Group, 98
Abelian, 98
alternating, 101
Cauchy theorem, 122
cyclic, 100
dihedral, 110

Galois, 124
Klein, 97
octic, 110
of order 2p and p2, 122
permutation, 101
quotient, 106
Sylow theorems, 123
symmetric, 101

Highest common factor, 59
(See also Greatest common
divisor)

Homogeneous linear equations,
224

Homomorphism:
between rings, 131
between vector spaces, 186

Ideal (left, right), 132
maximal, 134
prime, 134
principal, 133
proper, 132

Identity element, 24
Identity mapping, 10
Identity matrix, 207
Image, 7
Imaginary numbers, 90
pure, 90

Imaginary part of a complex
number, 90

Imaginary unit, 90
Improper ideals, 132
Improper of orthogonal transfor-

mation, 208
Improper of subgroup, 100
Improper of subring, 130
Improper of subset, 2
Inclusion:
for Boolean algebras, 278
for sets, 2

Independence, linear, 181
Indeterminate, 156
Index of subgroup, 104
Induction, 38, 45
Inequality:
Schwarz, 185
triangle, 185

Infinite dimensional vector space,
183

Infinite set, 10
Inner product, 185
Integers, 46
Gaussian, 138
negative, 48
positive, 47

(See also Natural numbers)
Integral domain, 143, 159
Intersection:
of sets, 4
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of subgroups, 100
of subspaces, 185

Invariant subgroup, 105
Invariant subring, 132
Invariant vector, 251
Inverse:
additive, 48, 72, 81, 90, 128, 207
of an element, 24
in a field, 148
multiplicative, 72, 81, 90
of a mapping, 11
of a matrix, 217, 218

Irrational number, 83
Irreducible polynomial, 128
Isomorphism, 25
between groups, 103
between rings, 131
between vector spaces, 186

Jordan-Holder theorem, 107

Kernel of homomorphism, 105

Lagrange’s theorem, 104
Lambda matrix, 245
normal form, 246

Laws of exponents, 40
(See also Exponents)

Leading coefficient, 158
Least common multiple, 69
Least upper bound, 84
Left coset, 103
Left ideal, 132
Length of a vector, 178, 185
Linear algebra, 269
Linear combination, 58, 182
Linear congruence, 64
Linear dependence, 181
Linear equations, 220
Linear form, 220
Linear independence, 181
Linear transformation, 186
Lower bound, 83

Mapping, 7
one-to-one, 9

Mathematical induction, 38, 44
Matrix, 206, 208
augmented, 221
column rank, 214, 246
diagonal, 212
elementary, 215
identity, 207
lambda, 245
non-singular, 213
orthogonal, 255

over F, 208
product, 208
rank, 214
row rank, 215
scalar product, 205
singular, 213
sum, 205
symmetric, 254
triangular, 212
zero, 166

Matrix polynomial, 245–256
Maximal ideal, 134
Minimum polynomial, 166, 219
Modulus of a complex number, 91
Monic polynomial, 158
Multiples, 40
Multiplication:

of complex numbers, 89, 90
of integers, 47
of linear transformations, 188
of matrices, 205
of matrix polynomials, 248
of natural numbers, 38
of polynomials, 157
of rational numbers, 71
of real numbers, 80

Multiplicative inverse, 72, 81, 90
Multiplicity of root, 162

Natural numbers, 37–41
Negative integers, 48
Networks, electrical, 279
Non-singular matrix, 213
Non-singular transformation, 187
Norm, 149
Normal divisor, 105
Normal form:

conjunctive, disjunctive, 275, 276
of �-matrix, 246
of matrix over F, 213

Normal orthogonal basis, 255
Normal subgroup, 105
Null set, 3
Numbers:

complex, 89
irrational, 83
natural, 37
prime, 58
rational, 71
real, 78

Odd permutation, 30, 33
One-to-one mapping, 9
Onto (mapping), 7
Operations, 22

binary, 23
well-defined, 25

Order:
of a group, 99
of a group element, 100

relations, 39, 49, 72, 278
Ordered integral domain, 146
Ordered pair, 6
Orthogonal matrix, 255
Orthogonal normal basis, 255
Orthogonal transformation, 255
Orthogonal vectors, 186
Orthonormal basis, 255

Partial ordering, 21
Partition, 20
Peano postulates, 37
Permutation, 27

even, 30, 33
group, 101
odd, 30, 33

Perpendicular vectors, 185
Polar form, 91
Polynomial, 156

Boolean, 274
degree of a, 157
domain C [x], 161
irreducible, 161
matrix, 254–256
prime, 161
ring of, 157
roots of, 159
zero of a, 159

Positive cut, 80
Positive integers, 47

(See also Natural numbers)
Powers, 40, 43

(See also Exponents)
Prime, 58

factors, 62
field, 148
ideal, 134
integer, 58
polynomial, 161
relatively prime integer, 61

Primitive roots of unity, 93
Principal ideal, 133

ring, 134
Product:

of cosets, 106
dot, 185
inner, 185
of linear transformations, 188
of mappings, 8
of matrices, 205
of matrix polynomials, 248
of polynomials, 158
scalar, 185, 188, 205
set, 6
of subgroups, 107

Proper ideal, 132
Proper orthogonal transformation,

256
Proper subgroup, 100
Proper subring, 130
Proper subset, 2
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Quadric surfaces, 256
Quartic polynomial, 174
Quaternion group, 121, 123, 127
Quotient group, 106
Quotient ring, 134

Range of a mapping, 7
Rank:
of a linear transformation, 187
of a matrix, 214, 246

Rational numbers, 71–73
Real numbers, 78–83
Real part (of a complex number),

90
Real symmetric matrix, 254
Reflexive relation, 19
Regular permutation group, 111
Relation, 18
equivalence, 19

Relatively prime integers, 61
Remainder theorem, 160
Residue classes, 63
Right coset, 103
Right ideal, 132
Ring 128–135
Boolean, 141
commutative, 130
division, 147
Euclidean, 135
principal ideal, 133
quotient, 134

Roots:
characteristic, 252
of cubic polynomials, 173
latent, 252
of polynomials, 159
of quartic polynomials, 174
of unity, 93

Row:
equivalent, 211
rank, 214, 246
transformation, 211, 246
vector, 205

Scalar multiplication, 178
Scalar product, 185, 205
Schwarz inequality, 185
Sets, 1–9

denumerable, 10
finite, 10
infinite, 10

Similar matrices, 253
Simple:
group, 105
ring, 132
zero, 162

Simultaneous linear equations,
220

Singular matrix, 213
Singular transformation, 187
Skew field, 147
Span, 180
Square, octic group of a, 110
Subalgebra, 208
Subdomain, 145
Subfield, 148
Subgroup, 100
invariant, 105
normal, 105
proper, 100

Subring, 130
invariant, 132
proper, 130

Subset, 2
Subspace, 180
Subtraction, 50, 90
of rational numbers, 72
of real numbers, 82

Successor, 37
Sum (see Addition)
Symmetric group, 101
Symmetric matrix, 254
Symmetric relation, 19
Systems of linear equations, 220
homogeneous, 224
non-homogeneous, 222

Total matrix algebra, 208
Transformation:
group of, 189
linear, 186
singular, 187
orthogonal, 255, 256

Transitive relation, 19
Transpose, 226
Transposition, 29
Triangle inequality, 185

Triangular matrix, 212
Trichotomy law, 39, 48, 73, 82
Trigonometric representation of

complex
numbers, 91, 92

Two-sided ideal, 132

Union, 4
Unique factorization theorem, 62,

147, 165
Uniqueness:
of identity, 24
of inverses, 24

Unit, 144
Unity element, 24
Universal set, 3
Upper bound, 83

Value, absolute, 50
of complex numbers, 91

Vector(s), 178
characteristic, 250, 251
column, 205
invariant, 251
length of, 178, 185
orthogonal, 186
row, 205
unit, 182

Vector space, 179–188
basis of a, 182, 255

Venn diagram, 4

Well-defined operation, 25
Well-defined set, 1
Well-ordered set, 22

Zero, 48, 71
of a cubic polynomial, 173
divisors of, 131
matrix, 207
of a polynomial, 159
of a quartic polynomial, 174
vector, 180, 181
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