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Preface

As technology matures, communication system operation regions shift from micro-
wave and millimeter ranges to sub-millimeter ranges. However, device perfor-
mance at very high frequencies suffers drastically from the material deficiencies.
As a result, engineers and scientists are relentlessly in search for the new types of
materials, and composites which will meet the device performance requirements
and not present any deficiencies due to material electrical and magnetic properties.

Anisotropic and gyrotropic materials are the class of the materials which are
very important in the development high performance microwave devices and new
types composite layered structures. As a result, it is a need to understand the wave
propagation and radiation characteristics of these materials to be able to realize
them in practice. This book is intended to provide engineers and scientists the
required skill set to design high frequency devices using anisotropic, and gyrotropic
materials by providing them the theoretical background which is blended with the
real world engineering application examples. It is the author’s hope that this book
will help to fill the gap in the area of applied electromagnetics for the design of
microwave and millimeter wave devices using new types of materials.

Each chapter in the book is designed to give the theory first on the subject and
solidify it with application examples given in the last chapter. The application
examples for the radiation problems are given at the end of Chap. 5 and Chap. 6 for
anisotropic and gyrotropic materials, respectively, after the theory section. The
application examples presented in the last chapter also present the comparison of
the device performance using isotropic, anisotropic, and gyrotropic materials. This
will help to see how material properties impact the device operation for the specific
application presented.

The scope of each chapter in the book can be summarized as follows. Chapter 1
introduces Maxwell’s equations and details dyadic analysis, k-domain techniques
for general anisotropic media. The derivation of the general dispersion and consti-
tutive relations, and detailed analysis of wave propagation and the dispersion
characteristics for uniaxially anisotropic, biaxially anisotropic, and gyrotorpic
media are given in Chap. 2 and Chap. 3, respectively. Dyadic Green’s function
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(DGF) method for general anisotropic media is discussed and DGFs for unbounded
and layered anisotropic and gyrotropic media are derived in Chap. 4. DGFs derived
in Chap. 4 find an application in Chap. 5 and Chap. 6. In Chaps. 5 and 6, the
radiation characteristics of the anisotropic and gyrotropic media are presented.
Chapter 7 discusses the wave theory of the layered composite structures. In the
final chapter, practical real word engineering application examples are given using
isotropic, anisotropic, and gyrotropic materials.

Fort Wayne, IN Abdullah Eroglu
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Chapter 1
Introduction

In this chapter, we will briefly discuss the evolution for the need of the novel
materials, what has been done so far, and what needs to happen in the future. We
will give Maxwell’s equations for general anisotropic media and discuss dyadic
techniques that can be used in the analysis of anisotropic medium. We will
introduce k-domain and detail how to use in the analysis of the general anisotropic
media.

1.1 History of Novel Materials

The ever expanding communication needs have led to the utilization of increasingly
higher frequency bands. Systems in use utilize the millimeter and optical bands.
Thus, much emphasis is placed today on the development of devices which will
perform, at high frequencies, parallel functions to those already available at lower
frequencies. Among these is the class of nonreciprocal components.

Using general anisotropic material instead of isotropic material introduces more
parameters due to tensorial behavior of permeability and permittivity. Furthermore,
an application of a static magnetic field can be used to dynamically control the
material parameters of gyrotropic materials. This will bring new degrees of freedom
by introducing more parameters to the design of the device. More specifically,
materials that are anisotropic and exhibit nonreciprocal behavior can be combined
with isotropic, reciprocal substrates in planar circuitry [1]. For example, magnetically
gyrotropic or gyromagnetic materials such as ferrites can be integrated with semi-
conductor substrates such as GaAs or Si to produce nonreciprocal antenna compo-
nents which are merged with microwave integrated circuit (MIC) structures [2].
Ferrites also have been widely used as the key elements in microwave devices such
as phase shifters, isolators and circulators [3—0].

The effect of non-reciprocity has also been observed in electrically gyrotropic or
gyroelectric materials such as cold plasma or some of the semiconductor material
under static magnetic field. For instance, a 35 GHz isolator using coaxial solid state
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DOI 10.1007/978-1-4419-6024-5_1, © Springer Science+Business Media, LLC 2010



2 1 Introduction

plasma is proposed by Mcleod and May [7]. In their work, an InSb semiconductor at
77 K (mobility = 48%25, conductivity = 1.5 x 103 =) with a length £ = 28.9mm
exhibits a 2 dB insertion loss and 30 dB isolation when the frequency is 35 GHz and
the magnetic field is 0.2 T. A design of a broadband slot-fed gallium arsenide
(GaAs) circulator operating at 77 K from 50 GHz up to 125 GHz is reported by
Sloan et al. [8]. Mok and Davis [9] analyzed GaAs phase shifters and isolators at
millimetric and sub-millimetric wavelengths.

There is a relentless research on the materials such as gyrotropic and anisotropic
to obtain better performing microwave devices. The trend is to use composite
structures involving isotropic and anisotropic materials to meet with stringent
criteria of military and industrial applications. As a result, it is a need to have the
required knowledge to be able analyze structures with anisotropic, gyrotropic and
composite structures. This book is intended to provide the knowledge to perform
the analysis of microwave devices using these materials.

1.2 Maxwell’s Equations

Maxwell equations in differential forms for general anisotropic medium in the
presence of an impressed magnetic current density M and an electric current density
J can be written as

_ OB

VxXE= —E—M(Faraday’slaw) (1.1)
_ ob

V xH= o + J(Ampere’s law) (1.2)

V - B = 0(Gauss’ law for magnetic field) (1.3)

V -D = p (Gauss’ law for electric field) (1.4)

where E is electrical field intensity vector in volts/meter (V/m)

H is magnetic field intensity vector in amperes/meter (A/m)

J is electric current density in amperes/meter2 (A/m?)

M is magnetic current density in amperes/meter” (A/m?)

B is magnetic flux density in webers/meter? (W/m?)

D is electric flux density in coulombs/meter? (C/mz)

p is electric charge density in coulombs/meter® (C/m>)

The continuity equation is derived by taking the divergence of (1.2) and using
(1.4) as

V-(VXH)ZV-(%—?-FJ) (1.5)
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Since V - (V x H) = 0, then
(1.6)

Equation (1.6) also represents the fundamental law of physics which is known as
conservation of an electric charge.

In isotropic medium, the material properties do not depend on the direction of
the field vectors. In other words, electric field vector is in parallel with electric flux
density and magnetic field vector is in parallel with magnetic flux density.

D =c¢E 1.7

B =uH (1.8)
€ is the permittivity of the medium and represents its electrical properties and [ is
the permeability of the medium and represents its magnetic properties. They are
both scalar in the existence of an isotropic medium.

However, when the medium is anisotropic this is no longer the case. The
electrical and magnetic properties of the medium depend on the direction of the
field vectors. Electric and magnetic field vectors are not in parallel with electric and
magnetic flux. So, the constitutive relations get the following forms for anisotropic
medium.

(1.9)
(1.10)

Permittivity and permeability of anisotropic medium are now tensors. They are
expressed as

B 11 ez &3
&= €21 & &3 (111)
&1 €32 €33
and
B M M Mg
R= |l Mo Ho3 (1.12)
M3p M3z M3z

Then, (1.9) and (1.10) takes the following form in rectangular coordinate system.

D,(By) = & (1,) [311(.“11)EX(HX) + 812(:L‘12)Ey (Hy) + 813(:“13)E2(H2)]

(1.13)



4 1 Introduction

D, (By) = &o(Hy) [821(;121)EX(HX) + 822(,“22)Ey (Hy) + &3 (:u23)EZ(HZ)] (1.14)

D.(B.) = &,(1t,) [31 (31 Ex(Hy) + e32(p32) Ey (Hy) + €33 (133 )Ez(H:)]  (1.15)

1.3 Boundary Conditions

Maxwell equations given in (1.1)—(1.4) accurately represent the electromagnetic
fields in a region when the material properties such as |1, €, or ¢ are continuous and
do not change. If the material’s properties vary across some surface, the field
vectors are expected to be changed accordingly. It then becomes necessary to
establish boundary conditions at the interfaces on field vectors when there is a
discontinuity and a change in the material properties. This way Maxwell equations
give unique and valid solutions everywhere for electromagnetic fields even there is
discontinuity at the interfaces. The boundary conditions can be obtained using the
integral form of Maxwell’s equations. Integral form of Maxwell equations can be
written using Stoke’s and divergence theorems. Using Stoke’s theorem it can be
shown that the integral of the curl of a vector over surface area S is equal to the line
integral of the same vector around the boundary as shown in (1.16) and illustrated in
Fig. 1.1.

J(v x K).ids = f’;If - ldl (1.16)
S L
When it is applied to (1.1) and (1.2) in the absence of magnetic source current,

we obtain

. o[- .
%E-ldl——gtJB-nds (1.17)
L

Fig. 1.1 Tllustration of the
Stoke’s theorem
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+H-ML:L+%JD-MB (1.18)

L N

where I is the current and defined by

1:Jfﬁ¢ (1.19)
S

We can take the derivative outside of the integral because the surface area does
not change with time. Divergence theorem states that the integral of the diver-
gence of a vector over volume V is equal to the integral of the same vector over
surface area S which encloses volume V. This is shown by (1.20) and illustrated in
Fig. 1.2.

JV -Kdv = #Ig - nids (1.20)
v s

When this is applied to (1.3) and (1.4) in the absence of magnetic source current,
we obtain

fFD - Ads = dev (1.21)

N

<

%E -hds =0 (1.22)
s

At this point we can apply the integral form of Maxwell equations given by (1.17),
(1.18), (1.21) and (1.22) to obtain the final form of the boundary conditions when
there is discontinuity in the medium electrical or magnetic properties. Now, con-
sider two media separated by interface S as shown in Fig. 1.3.

Fig. 1.2 Tllustration of the
divergence theorem
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Fig. 1.3 Tllustration of Medium 1
7

boundary conditions for i
normal components
_.-'"_‘f’
“"‘--\._ o -
S

If we apply (1.22) over the surface of the box shown above which is normal to
the interface and assume the height of the box to be infinitely short, then the field
may be considered constant over each face. It can then be shown that

Medium 2

(B —By)Ai=0 (1.23)

As a result, (1.23) indicates that the normal components of B is continuous across
the boundary. If we apply same principle to (1.21), we obtain

(D1 = D1).1t = py (1.24)

where p, represents surface charge density. Equation (1.24) shows that the discon-
tinuity in the normal components of D across the boundary is equal to the magni-
tude of surface charge density, p;,.

Now, consider thin rectangular loop across the boundary of the two medium
shown in Fig. 1.4.

Applying (1.17) to sufficiently small rectangular loop shown above, then the
field components can be considered constant. Moreover, ff the shorter sides of the
loop are assumed to be infinitely small, then they don’t contribute to the loop
integral and as a result surface integral on the right hand side of the equation
vanishes. The result can be expressed as

(E, —E)).l=0 (1.25)
Equation (1.25) can also be written using normal vector as
iAx (Ef —Ey) =0 (1.26)

Equations (1.25) or (1.26) simply states that the tangential components of E are
continuous across the boundary. If we apply same principle to (1.18), we obtain

i x (Hy — H,) =J (1.27)

where J; represents surface current density. Equation (1.24) shows that the dis-
continuity in the tangential components of H is equal to surface current density.
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~

Fig. 1.4 Tllustration of ik )
boundary conditions for ‘ Medium 1
tangential components
//FR I
1 :
S B o 2

V Medium 2

If the current density is finite as it is the case in any medium, then (1.27) can be
written as

ﬁX(Hl—Hz):O (128)

Equation (1.28) states that tangential components of H across the boundary are
continuous when the surface current density is finite.

1.4 Tensors and Dyadic Analysis

Vectors are essential in mathematical study of physical phenomena. Tensors can be
considered as natural generalization of vectors. Consider (1.9) for isotropic
medium. It is written as

D=¢E (1.29)

Permittivity € is a constant in this instance. As a result, electric flux density and
electric field intensity might be different in the amplitude but they have the same
direction. They are both vectors. However, when the medium is anisotropic and
expressed as in (1.9),

D=c¢y E (1.30)

the direction of flux density and field intensity are no longer in the same direction.
D and E are still vectors although their dimensions changed. The permittivity of the
medium because is not constant anymore. It is in the form of a matrix and has nine
components as shown in (1.11). At this point, we introduce the term tensor and call
£ as permittivity tensor. We use double over bar over the symbol to signify that the
quantity is a tensor. In tensor notation, scalars are tensor of rank 0, vectors are
tensor of rank 1 and matrices are tensors of rank 2.
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Dyad is simply product of a two vectors. Not dot product nor a cross product. If
we consider two vectors @ = a1X + a,y + a3z and ¢ = ¢1X + ¢y + ¢3Z, then a dyad
formed by these vectors can be written as

ac = ayc1xx + aycaXy + ayc3XZ + arc1yX + arcryy + axc3yz (131)
4aszc1ZX + azcyzy + ascsziz '

Here, vector a is called antecedent and vector ¢ is called consequent. The scalar
components of all dyads can be written as a matrix as shown below.

aicy apcy aics
axCy  axCy  axC3

asCy  daszcy ascs

The sum of two or more dyads is called dyadic. It is important to note that all
tensors of rank 2 are either dyad or matrix.

We need to review some of the critical properties about tensors that will be used
in the following chapters:

e Dyad does not have commutative property, i.e.;
ac + ca (1.32)
e The product of a dyad and a scalar is written as
oa(ac) = (ac)ou = (xa)c = (ax)c = a(ac) = a(ce) (1.33)
e If ¢ is a vector, then the inner product of a vector and dyad can be related as

¢-(ac) = (¢-a)e = Je (1.34)

where A is a constant. The result of inner product of a vector and a dyad is a scaled
vector.

e The trace of a dyad is basically dot product of vectors forming the dyad.
(ac),=a-c (1.35)
e The determinant and adjoint of a dyad are zero.
lac| =0 (1.36)

adj(ac) =0 (1.37)
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The following example will help to clarify the concept of dyad even further.
Consider (1.9) again. If we use the property given in (1.34), then we can express
it as

D =¢,5-E=z¢,(ac) - E = ¢a(c-E) = al (1.38)

It is clear the direction of D is independent of the direction of E. It only depends on
the direction of vector a.

The relation between matrices and dyads can be best understood by studying unit
matrix. Any unit matrix can be decomposed into sum of three dyads using com-
pleteness relation as

I:: 671672+5152+5152 (1.39)

where ay, by, and ¢, are three linearly independent, non-coplanar vectors and a,, by,
and ¢, are three linearly independent vector set which are reciprocal to aj, by, and
C1. At this point we learned that we can express matrices in terms of dyads by
following certain rules. Matrices can be categorized based on the dyadic form that
they can be expressed. They can be zero, complete, planar, or linear:

e A matrix is considered to be a zero matrix if

A=0 (1.40)
Al =0 (1.41)
adj(A) =0 (1.42)

e A matrix that maps a three dimensional vector into another three dimensional
vector is said to be complete. If A is complete matrix, then it has the following
properties

A =aa,+ biby + 162 (1.43)
adj(A) = kiky + L1, + iy (1.44)
|A| # 0 (1.45)
e A matrix is planar if
A=aa +bib, (1.46)

b

dd]( ) = (52 X 52)(&1 X 51) (1.47)
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Al =0 (1.48)
e A matrix is linear if
A=aa (1.49)
adj(A) = 0 (1.50)
|A| = (1.51)

1.5 Eigenvalue Problems

The understanding of the solution of the eigenvalue problems will greatly facilitate
the solution of electromagnetic problems involving anisotropic or gyrotropic
media. Assume, the matrix A is a square matrix of order n and ¢ is an n dimensional
vector. Then, the eigenvalue problem is given by

Ac=oc (1.52)

where o is a constant. Equation (1.52) can be interpreted as follows. When a vector
is multiplied with a matrix, it results in a scaling of the same vector by a. In this
problem, vector € is eigenvector of matrix A, and o is an eigenvalue of A for the
corresponding eigenvector ¢. The eigenvalue problem in (1.52) can be re-written as

(A—oal).c=0 (1.53)

(A —ol) is called characteristic matrix of A. Equation (1.53) is satisfied when
vector ¢ = 0 for any value of eigenvalue o or when vector ¢ # 0 for the values of
eigenvalue o which will satisfy (1.53). This is the solution we are looking which is
nontrivial. This solution is given by the following equation.

A—al| =0 (1.54)

|A — al| is called characteristic equation of matrix A. The eigenvalues of this
characteristic equation is given by

app — oA an ain

_ _ any dy —o ... Aoy
D)=|A—a|=]| C =0 (1.55)

ap — A an ce. App — A
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D(a) is a polynomial of degree n in o.. Equation (1.55) can be expanded as
D(o) = voo!" + vio" v+ v vy (1.56)

The coefficients v; in (1.56) are functions of A. We have to note that although every
matrix of order n has n eigenvalues, it does necessarily have n linearly independent
eigenvectors. This happens when some of the eigenvalues are repeated more than
once. This is the case when (1.56) has two or more identical roots. If there are
p repeated eigenvalues, then the matrix has at most k linearly independent eigen-
vectors all corresponding to same eigenvalue. These eigenvectors are known as
degenerate eigenvectors. The rank of the matrix is then equal tor =n — p. As a
result, the eigenvalue problem shown in (1.53) will have n — r linearly independent
solutions. In our applications, we will deal with 3 x 3 matrices. When the dimen-
sion of A is 3 x 3, (1.55) can also be written in the form of

o — A0? + (adjA), o — |A] = 0 (1.57)

There are four types of matrix A that are important in our analysis. They are when A
is isotropic, uniaxial, biaxial, and gyrotropic. When A is symmetric, it can take
isotropic, uniaxial or biaxial form. Real symmetric matrix also has orthogonal
eigenvectors corresponding to distinct eigenvalues. When they are normalized by
dividing them with their magnitude, we obtain orthonormal eigenvectors. When the
matrix is Hermitan, it can take a gyrotropic form. Let’s assume A is 3 x 3 real
symmetric matrix. Then, Isotropic form of A is obtained when it has degeneracy of
three, and rank of 0. This is possible when eigenvalues are o,; = o, = o3. It can be
shown that it can be written as

N
Il
R

(1.58)

e Uniaxial form of A is obtained when it has degenera_cy of two, and rank of 1. Its
eigenvalues are o; = o, # a3 It can be shown that A can be expressed in dyadic
form as

A= Otl(ﬁlﬂl + 122122) + o333 (1.59)

il1, iy and @13 are the orthonormal eigenvectors. Equation (1.59) can be put in the
following dyadic form.

A= Otli-i- o333 (1.60)

where I = #iil; + fipfiy + i3il3. i3 refers the optic axis of the medium when A is the
permittivity tensor of the anisotropic medium.
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e Biaxial form of A is obtained when it has no degeneracy, and as a result has a

rank of 3. Its eigenvalues are oy < o, < oz It can be shown that A can be
expressed in dyadic form as

A = op(dyiiy + fipliy + fiziiz) + (a3 — ap)iiztis — (02 — oy )il i (1.61)
Equation (1.61) can be further simplified and put in the following dyadic form.

-1
A= ol +§(oc3 — o) (§F + 75) (1.62)

where § and 7 are unit vectors and related to the orthonormal eigenvectors with the
following equations
. o3 — 02\ .. oy — 07\ ..
§= ( 3 2)u3+ ( 2 1)u1 (1.63)
o3 — o o3 — o
. o3 — 02\ . o — 0\ .
P= ( 3 2>u3 - ( 2 1>u1 (1.64)
o3 — 0 o3 — 0

e Gyrotropic form of A is obtained when it is Hermitian. General dyadic form of A
can be given as

A= O(ll/AlllTI + 06212212; + 06312312§ (1.65)

where o, o, and oy are the eigenvalues and i, ii; and i3 are the orthonormal
eigenvectors. The symbol ~ indicates the complex conjugate.

1.6 k-Domain Method

For monochromatic plane waves in homogenous media, plane wave solutions have
the variation on space and time with ¢/~ where & is the wave vector. k-domain
analysis is obtained by assuming the plane wave solution is of the form

Eyu(F,1) = E ) (1.66)

E is a constant vector. Then, we can introduce the following relation which will
transform the problem under consideration into k-domain as

V — ik (1.67a)
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0 .
T —iw (1.67b)

Maxwell equations in the source free region will take the following forms under
the transformation shown in (1.67).

kxE=wB (1.68)
kx H=—wD (1.69)
k-B=0 (1.70)
k-D=0 (1.71)

For instance, the solution for vector E in isotropic medium using the equations
given by (1.68)—(1.71) is easily obtained by cross multiplying (1.68) with vector k
and use the constitutive relation given in (1.10) and the vector relation

ax (bxc)=(a-c)b—(a-b)c (1.72)

Then, we have

kx (kx E) = ouk x H (1.73)

and substitute (1.69) into (1.73) with constitutive relation (1.9) and use the vector
relation in (1.72) as

(k-E)k — (k- k)E = ou(—weE) (1.74)
Since k - E = 0 from (1.71), then (1.74) can be simplified as
(K — w’ue)E =0 (1.75)

The non-trivial solution of (1.75) results in obtaining dispersion relation in
isotropic medium as

K = o’ue (1.76)

One of the tools that we will be using in the k-domain is n-dimensional Fourier
Convolution Theorem. This theorem will be used to relate spatial Green’s functions
and k-domain Green’s functions. Assume, we are convoluting two functions f(x)
and g(x). The convolution theorem for these two functions can be written as

Slf oglx);x — & = Fu) (&G (€) (1.77)
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In (1.77), F,)(¢) and G, (&) are the Fourier transforms of f(x) and g(x). The
inverse of (1.77) has also major application. It can be written as

1
S Fm(©)Gum(); ¢ — x] = ——= Jf(x — u)g(u)du (1.78)

@™}

Equation (1.78) will be used in the derivation of dyadic Green’s functions in the
k-domain in Chap. 4.
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Chapter 2
Wave Propagation and Dispersion
Characteristics in Anisotropic Medium

In this chapter, the general dispersion and constitutive relations for anisotropic
medium are derived. The detailed analysis of wave propagation and the dispersion
characteristics of uniaxially, biaxially anisotropic medium is given. Plane waves in
anisotropic media are studied.

2.1 Dispersion Relations and Wave Matrices

The medium is called anisotropic when the electrical and/or magnetic properties of
a medium depend upon the directions of field vectors. The relationships between
fields can be written in the following form:

D=¢i E Q2.1
B = pji-H 2.2)

where £ and [ are relative permittivity and permeability tensors, respectively.

Anisotropic materials may be divided into two classes, depending on whether
the natural modes of propagation are linearly polarized or circularly polarized
waves. In the former, the permittivity and permeability components are symmetric;
that is g = & and p;, = p;. For the latter, called gyrotropic media, the permitti-
vity or permeability components for lossless media are antisymmetric, having
&j = —&;i or j; = — ;. In this chapter, we will be discussing the former class of
anisotropic where there exists symmetry in the permittivity tensor.

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media, 15
DOI 10.1007/978-1-4419-6024-5_2, © Springer Science+Business Media, LLC 2010
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2.2 General Form of Dispersion Relations and Wave Matrices

Let’s re-write Maxwell’s equations in the k-domain as

kx E=wB (2.3)
i x H=—wD 2.4)
k-B=0 2.5)
k-D=0 (2.6)

By observing (2.1)—(2.6), it is seen that wave vector k is perpendicular to both B and
D.Tn Chap. 1, we found the solution for a vector E in isotropic medium. In this case,
we would like to find the solution for vector E in the anisotropic medium. At this
point, we define an anti symmetric matrix, or a tensor, which will be used in our
derivation as

) 0 —k Kk
kxT=k=|k 0 -k @2.7)
ky ko 0

k has the following property because it is anti symmetric matrix

bl

P=

bl

x P 2.8)

where P is an arbitrary vector. Then, repeating the same procedure in Chap. 1, we
obtain the following equations in anisotropic medium

k-E = ou(p-H) (2.9)
k-H=—we(-E) (2.10)
From (2.9), we obtain
-1 = =
k-E -
K .y Q.11
Ho®
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or

/?-ﬁ*‘-lhkgé}-ézo 2.12)

where k(z) = w?uyeo. We repeat the same technique to obtain the solution for vector
H. Using (2.10), we obtain

—1 7 =
— k-H =F (2.13)
Eo
Substitution of (2.13) into (2.9) gives
R
— — 17 H
Eo (- H)
or
[1?-5‘1 -7<+k5ﬁ] H=0 (2.14)
We let
Wy = [/?ﬁ*l ~l:<+k35} 2.15)
Wy =[5 k+ k3R] (2.16)
and re-write (2.12) and (2.14) as
Weg-E=0 (2.17)
Wy -H=0 (2.18)

In (2.17) and (2.18), I/T/E and VzVM are called electric wave matrix and magnetic wave
matrix, respectively. Non-trivial solutions of the field vectors, E and H, are obtained
only when

Wi = k-7 &+ ke[ =0 2.19)



18 2 Wave Propagation and Dispersion Characteristics in Anisotropic Medium

]:H(Z‘E-E*‘-hkﬁﬁ ~0 (2.20)

Equations (2.19) and (2.20) are the dispersion relations for general anisotropic
medium. It is interesting to note the duality between the electric wave matrix and
magnetic wave matrix. If one of the wave matrix is known, the other one can be
simply obtained by using the following duality relations

E— [, H—e& [y & (2.21)

2.2.1 Disperison Relation and Wave Matrix for Uniaxially
Anisotropic Medium

The general wave matrices and dispersion relations can be used to obtain their
corresponding forms for uniaxially anisotropic medium by substituting the follow-
ing permittivity and permeability tensors into (2.15)

E=enl + (33 — &11)pp (2.22)

n=1 (2.23)

Please note that we are using double over bar to represent dyadics. p shows the
direction of the optic axis exist in the uniaxially anisotropic medium and equals
p = Z. In matrix form, the permittivity tensor can be written as

€11 0 0
e=10 & 0 (2.24)
0 0 €33

The wave numbers for uniaxially anisotropic medium is obtained by solving (2.17).
We are looking for non-trivial solution that will satisfy (2.17). That is the case when

’V:VE‘ = 0. Substituting (2.22)—(2.23) into general electric wave matrix given in

(2.15) gives the electric wave matrix for uniaxially anisotropic medium as
Wi = (kaen — k)T + kk + k2 (e33 — e11)22 (2.25)

The adjoint matrix, adj (V:VE) in dyadic form can be obtained using the flowing
identities
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A=+ v+ mn (2.26)

Al = 2[22+2@-v+m-n)+ (v x m) - (i x m)] (2.27)

<l

adj(A) = i[(ﬂ— -7+ - i) — i — i ﬁ} FExa)axm)  (228)
So, the dispersion relation for unaxially anisotropic medium can be obtained as
[We| = (8 — ko) [(F-7 - F) — Konem] =0 (2.29)

Since k = kk, then the wave numbers are obtained from (2.29) as

k= kjen (2.30)
k281|83

K2 o= 20T (2.31)
T ki ok

Wave numbers k7 and k7, represent two types of wave numbers propagating in
uniaxially anisotropic medium. k; represents ordinary waves whereas kj; repre-
sents extraordinary waves. k; does not depend on the direction of the wave
normal whereas kj; does. This dependency is more clear when (2.24) is substi-
tuted into (2.31). We obtain

2
k11633

kyy =
7t ;
€330820 + &1;sin%6

(2.32)
where 0 represents the angle between the optic axis and wave vector k as shown
below in Figs. 2.1 and 2.2.

The extraordinary wave turns into an ordinary wave when the medium is
isotropic and the equation given in (2.30)—(2.32) become identical because the
direction dependency of the wave normal for extraordinary wave is removed. In
that case, €11 = &y = &33 and (2.32) reduces to (2.30).

z,optic axis

4
Fig. 2.1 Direction of wave

vector and field vectors with
respect to optic axis for an /o
ordinary wave D, E



20 2 Wave Propagation and Dispersion Characteristics in Anisotropic Medium

Fig. 2.2 Direction of wave z,0ptic axis
vector and field vectors with

respect to optic axis for an

extraordinary wave k

Iy

Equation (2.30) is an equation of a sphere with a radius ko+/¢;;. This is clearer
when this equation is expanded as

I+ Kk + k2 = ke (2.33)
In analytical geometry, the equation for sphere is given as
(x —x0)° + (v = y0) + (2 — z9)" = 1* (234

where xg, Yo, and zy define center point of the sphere. The transformation to spheri-
cal coordinate system is accomplished by the following equations

X = xg + rsinfcos ¢ (2.35a)
Yy = yo + rsinfsin ¢ (2.35b)
z=12zy+rcosf (2.35¢)

Where 0 < 6 < mwand 0 < ¢ < 2m. Hence, the wave normal surface for ordinary
waves in a uniaxial medium is defined by a sphere just like the waves in isotropic
medium. Equation (2.31) is an equation for an ellipsoid. Equation (2.31) can be re-
written as

K2 k? K2
5 L 5 > 4 5 =1 (2.36)
W HeE3s  WTHE3  WTUEY]

Ellipsoid in analytical geometry is defined as

YT (2.37)
a C
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where a and b are the radii along the x and y axes and c is the polar radius along the
z-axis. The more general form is obtained with the following relations.

MAx =1 (2.38)

where A is a symmetric positive definite matrix and X is a vector. In that case, the
eigenvectors of A define the principal directions of the ellipsoid and the inverse of
the square root of the eigenvalues are the corresponding equatorial radii. If (2.31) is
carefully investigated, it can be put the following form.

]€~ z- ]g: k(2)811833
or
k-& k=1 (2.39)
where
1
](3833 0 O
=0 @5 O (2.40)
1
0 0 Bon

Equation (2.40) is a symmetric positive definite matrix. The length of the principle
axis along the transverse direction is ko/¢33 and ko+/¢11 along k.. Equations (2.30)
and (2.31) can be used to obtain the wave surfaces for ordinary and extraordinary
waves for negatively and positively uniaxially anisotropic media. The wave surface
for negatively uniaxial medium is illustrated in Fig. 2.3 whereas the wave surface
for positively uniaxial medium is illustrated in Fig. 2.4.

Ordinary Wave
Surface

Extraordinary Wave
Surface

Fig. 2.3 Wave surface for negatively unaxial medium, ¢33 < ;1. (a) 3D plot ordinary wave and
extraordinary wave surfaces (b) 2D plot of wave normal surfaces
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a Extraordinary Wave b
Surface

koyer

Ordinary Wave
Surface

Fig. 2.4 Wave surface for positively unaxial medium, ¢33 > ¢&;;. (a) 3D plot ordinary wave and
extraordinary wave surfaces (b) 2D plot of wave normal surfaces

The phase velocity of the wave is defined by
)
= 241
Vp X ( )

The phase velocity of the ordinary wave is

w 1
Vpp = — = & (2.42)
P gy TN
where as the phase velocity for the extraordinary wave is equal to
2(0 in”(0
vy = 2 g, [05°(0) | sin (0) (2.43)
ki Hert JUZE

The phase velocities for ordinary and extraordinary waves are plotted and shown
below. As it is illustrated, ordinary wave travels faster than the extraordinary wave
when the medium is positively uniaxial. If it is negatively uniaxially anisotropic
medium, this characteristic reverses and extraordinary wave travels faster than the
ordinary wave. At the instances, when the direction of wave normal coincides with
the optic axis, i.e., 8 = 0°, 180°, etc., two waves degenerate into one and propagate
at the same velocity as shown in Fig. 2.5.

The dispersion relation for uniaxially anisotropic medium given in (2.29) was
expressed in terms of wave normals k; and ky;. In the problems with the multilayer
structures where the stratification of the layers is perpendicular, it is practical to use
the wave number along that direction to simplify the analysis. For instance, if the
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a x10” b 1o — — Ordinary Wave
32 75510 —— Extraordinary Wave
3} 2
3 65
29} 5
- 28 55
& = &
E g
=% 270 »* 5
26} 45
25} ]
i | —— Ty oy
23 i i L Wavp i i i i 3 i i : ; i i i ,
0 50 100 150 200 2650 M0 30 40 0 5 100 150 200 250 30 X0 40
8 (deg) B (deg)

Fig. 2.5 Phase velocity response of ordinary and extraordinary waves for (a) positively uniaxial
medium (b) negatively uniaxial medium

stratification of the layers is in z-direction then it is practical to use k, as the wave
number variable. The dispersion relation and k, are obtained by using the following
relations

=k 4k + k2 (2.44)
kp = k; 4 k) = Ksin’0 (2.45)
k* = k*cos*0 (2.46)

When (2.44)—(2.46) substituted into (2.29), we obtain the dispersion relation for
uniaxial anisotropic medium in terms of k, as

‘V:VE‘ = k(z) (k,,z) + k:2 — k(2)811> {kﬁsn + k3833 — k8811833:| =0 2.47)

Equation (2.47) has two positive roots in k>. They are

k2 = kgen — k (2.48)
K2y = koen — ks % (2.49)

where
=+ =1+ k4K

The adjoint of (2.25) which will be used in the dyadic Green’s function derivation
in the following chapters is obtained using the identity given in (2.28) as
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adj(ﬁ/E) = (k(2)£11 — k2) {kg(‘:ll[:— ]glg— k(2)(833 — 811)22] —+ k2(833 — 811)
x (k x 2)(k x 2) (2.50)

2.2.2 Disperison Relation and Wave Matrix for Biaxially
Anisotropic Medium

Biaxial medium is defined by the following permittivity and permeability tensors

E:

el + (633 — £22)é3¢3 — (822 — e11)é184 (2.51)
n=1 (2.52)
where €1, é,, and é3 are the unit vector and defined as
1 0 0
ep=10|, ée=1|1|, es=1]0 (2.53)
0 0 1
The permittivity tensor in matrix form can be written as
€11 0 0
E = 0 €22 0 (254)
0 0 €33

where &1] <&, <é33. Equation (2.51) can be put in the following form

er (83% —811)

mH

8%3—822 €22 —&11\ 4 €33 =&\ . €22 —&11\ 4
é3+ el €3 — 4
€33 —&é11 €33 —&11 €33 — €11 €33 — €11
€33 — &2 €22 — 811\ €33 —&E2\ . €22 — 811\
é3— e es+ —Jer
€33 — €11 €33 — €11 £33 — €11 €33 — €11
(2.55)

In (2.55), let

_ [é33 —ém [ — &1 o &3 — &1
PrL=\o T Pr=\ . Ki=én, K
€33 — &1 &33 — &1

= (@256)
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and

h=p,é3+ pyéy

g =pie3 — pr€
Hence, (2.55) can be written as

&= kil + 12 [hg + gh|

We substitute (2.59) into electric wave matrix given by (2.15) and obtain

Wi = kk — kI + kﬁ(xlﬂ K2 [hg +gﬁ])
(2.60) can further be simplified as
Wg = kk + (k3icy — k)T + kgra [hg + gh
Let
A= (B — k) + Kra [hg + gh)
= X11:+ /z[ﬁg JF(%;E]
where
1= (k(z,;cl — kz)
12 = kg

Then, (2.61) can be re-written as

25

2.57)

(2.58)

(2.59)

(2.60)

2.61)

(2.62)

(2.63)

(2.64)

(2.65)

We need to use following identities for Wg = A + mi to obtain the dispersion

relation.

(2.66)

Q
&
=
1l
=
~—
Il
Q
£
=
+
=
|
b
=
=
X
\_/‘
=
X
\_/‘
+
=
by
S~—
X
S~
—
Eall
X
=
~~
N
[®))
Q
N
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In (2.62),
_ ~ 2 2
Al = 1 [(11 + 12h.8)" — xz} (2.68a)
A =3y, + 21, (h.8) (2.68b)
adj(A) = 1, [(Xl + 20,0 8)T — 15 (hg + gﬁ)} —Ahxg)(hxg) (268

Substituting (2.68) into (2.66) gives the final form of the dispersion relation for
biaxial medium as

’V:VE’ = X1 [(}(1 "‘Xzﬁ-g)z - X%}
+k- [}51 {(Xl + 2}{2}2-5;)[:— Xz(ﬁg' +§’ﬁ)} - /C%(ﬁ x 57) (ﬁ X g’)] -k
(2.69)

2.3 Plane Waves in Anisotropic Medium

In the analysis of the plane wave propagation in anisotropic medium, we are
looking for the monochromatic uniform plane wave solution with space and time
dependence ¢'*"~®) Maxwell’s equations expressed in (2.3) and (2.4) are re-
written below show the relations between vectors &, D and H.

kx E=wB (2.70)
kx H=—wD Q2.71)

It is seen from (2.70), (2.71) that the three vectors, k,D and H are mutually
perpendicular to each other. Vectors D, E and k are co-planar and perpendicular to
H because H is perpendicular to E. The direction of power flow is perpendicular to
both E and H and found from

S=ExH (2.72)

The Poynting’s vector in isotropic medium is in the direction of wave vector &.
This is not the case when the medium is anisotropic. However, S is co-planar with
D, E and k. In addition it is important to note that the angle between D, E and k, S are
equal. The relations between the field vectors, Poynthing’s vector and wave vector
can be illustrated in Fig. 2.6.

At this point, We introduce a refractive index vector 7 to physically better
understand the analysis. It is defined as
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Fig. 2.6 The relations D
between vectors in E
aniostropic medium
S
Y
Y _
k
H
k
n=— 2.73
= (2.73)
Substituting (2.73) into (2.70) and (2.71) gives
AxE="L-H (2.74)

AixH=— |2 E (2.75)
Ho

ax (ixE)=—¢-E (2.76)

ax (bxc)=(a-c)b—(a-b)c (2.77)

we can re-write (2.76) as

n’E — (.Eyi=D =

ol
el

2.78)

Rearranging (2.78) gives the electric wave matrix in terms of refractive index
vector as

[nzf _ A E} E=0 (2.79)

For non-zero solution of electric field vector, the determinant of the wave matrix
above should be zero. It gives another general form of dispersion relation in terms
of refractive index vector. It is shown as
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2T — i~ 7 = 0 (2.80)
When (2.80) is expanded,

meen (e + €33) + n§822(811 + ¢33)
+nlezs(en + ex)

+er1ene3 =0 (2.81)

2 2 2 2
n (nxsn + nyén + n2833) _

Equation in (2.81) gives the wave vector surface for given permittivity tensor
components and defines the magnitude of the wave vector. The solution gives
two real values in n? for given direction of 2. The group velocity in the medium
is given as

_ Ow

== (2.82)

Ve

The direction of the group velocity vector defines the direction of the power flow in
the medium.



Chapter 3
Wave Propagation and Dispersion
Characteristics in Gyrotropic Medium

3.1 Introduction

In this chapter, we derive the general dispersion and constitutive relations for a
gyrotropic medium. A detailed analysis of wave propagation in an electrically
gyrotropic or gyroelectric medium will be given. We then obtain the dispersion
relations in terms of angle 0, which is the angle between the wave normal and the
external magnetic field, and in terms of the transverse component of the wave
vector, k,. We will analyze the plane waves in a gyroelectric medium and consider
the cut off and resonance conditions for the principle waves. We then use the results
to construct the Clemmow-Mually-Allis (CMA) diagram and tabulate the frequency
bands over which the wave can propagate in each region on this diagram.

3.2 Constitutive Relations

The medium is called anisotropic when the electrical and/or magnetic properties of
a medium depend upon the directions of field vectors. The relationships between
fields can be written in the following form.

o E -
i (3.1

™Il

&0

Ho

o O
Il

=i

where ¢ and [i are relative permittivity and permeability tensors, respectively. &9 and
Up are defined as the permittivity and permeability of free space.

Anisotropic materials may be divided into two classes, depending on whether
the natural modes of propagation are linearly polarized or circularly polarized
waves. In the former, the permittivity and permeability components are symmet-
ric; that is & = & and u; = ;. For the latter, called gyrotropic media, the
permittivity or permeability components for lossless media are antisymmetric,

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media, 29
DOI 10.1007/978-1-4419-6024-5_3, © Springer Science+Business Media, LLC 2010



30 3 Wave Propagation and Dispersion Characteristics in Gyrotropic Medium

having ¢&; = —¢;; or ; = — ;. Gyrotropic behavior results from the application
of finite magnetic field to a plasma, to a ferrite, and to some dielectric crystals. In
the presence of constant magnetic field By, the tensor & or in index notation & is
no longer symmetrical. The generalized symmetry of the kinetic coefficients
requires that

gik(Bo) = &xi(—Bo) (3.2)

The condition requires that there is no dissipation and the tensor should be
Hermitian:

Eik = &xi" (3-3)

Equation (3.3) implies only that the real and imaginary parts of &; must be
respectively symmetrical and antisymmetrical:

et = e i = —&k" (3.4)
Using (3.2), we have

e (Bo) = &,(Bo) = & (—Bo)

(D " (D " %) (3'5)
&y (Bo) = —&;(Bo) = —&(—Bo)

In a dissipationless or lossless medium &, is an even function of By, and &} is an
odd function. The inverse tensor ¢; ' evidently has the same symmetry properties,
and is more convenient for use in the following calculations. To simplify the
notation we shall write

-1 __ .
g =Ny =Ny + iy (3.6)
Any antisymmetrical tensor of rank two is equivalent (dual) to some axial vector;
let the vector corresponding to the tensor 7. be G. Using the antisymmetrical unit
tensor e;,, we can write the relation between the components 7, and G, as

Ny = ewGi 3.7)

or, in components, 7,,” =G.,n," = Gy,n,.," = G,. The relation E; = n;Dy
between the electrical field and the electric displacement becomes

E,‘ = (n;k + ieik[G[)Dk = ’I’];ka + Z(E X 6)1 (38)
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A medium in which the relation between E and D is of this form is said to be
gyrotropic. Gyrotropic medium becomes electrically gyrotropic or gyroelectric if
the medium is characterized by the relative permittivity tensor in the following
dyadic form:

e = €1 (7 — ,;0];0) + iEQ(I;() X ?) + 83};0];07 ,L:l = /107 (39)
where by shows the direction of the applied magnetic field Bg. Gyrotropic medium

becomes magnetically gyrotropic or gyromagnetic if the medium is characterized
by the relative permeability tensor in the following dyadic form:

i = 1, (I — bobo) + ipy(bo X I) + psbobo, &= eoel (3.10)

When By = byBy = ZBy, i.e., by = z = (0,0, 1), the relative permitivity tensor &
and the relative permeability tensor u in matrix notation are given by

€1 —i82 0
e=|ien g 0 (3.11)
0 0 &3
and
B m —ip 0
p= iy w0 (3.12)
0 0 M3

It is assumed that the static magnetic field, By = 2By, is directed in the z
direction. For example, if the medium is a cold plasma which is a gyroelectric
medium, then the permittivity tensor parameters are given as

2 2 2

) Wy w
—1- r =—— 2P a=1--L 3.13
&1 oo 2 I e (3.13a)
where
B N, 2 1/2
o= -0, = <°—e> (3.13b)
m meg

wy, is called the gyrofrequency or cyclotron frequency and wy is called the
plasma frequency. Ny shows the number of free electrons per unit volume, m
represents the mass of each electron with charge e (a negative number). On the
other hand if the medium is a ferrite which is a gyromagnetic medium, then the
permeability parameters are defined as
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WoWm WWy
M1:1+W7 M2:W7 psy =1 (3.14a)
and
O =7M,, ©, =7yH, (3.14b)

oy, 1s defined as the Larmor precessional frequency of the electron in the applied
magnetic field Hy and w, is defined as the resonant frequency. M| is the saturated
magnetization vector and is in the same direction as the applied magnetic field
Hy. vy is the gyromagnetic ratio and its correct value is given as
7 =221 x 10°(“4) (52 ) in [1].

o 1urns.

3.3 Dispersion Relations and Wave Matrices

We start our analysis by assuming e~ dependence. The time-harmonic electro-
magnetic fields satisfy Maxwell’s equations

V x Ei_g"[ = lwﬂoﬁ .['7&1{

V x Hy, = —iwee - Egy + Jsy (3.15)

We look for the solution of the monochromatic plane wave of the form
By, =Ee" (3.16)
Hyy = He (3.17)

where k = (ky, ky, k.) is the propagation vector or the wave vector. In the source
free region (J;, = 0), we find that

kx E=wB=ouj.H (3.18)
kxH=—0wD=wet-E (3.19)

Eliminating A from (3.18) and (3.19), we obtain the matrix equation for E:
Wg.E=0 (3.20)

where

Wi = ki 'k + k}E (3.21)
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where

_ 0 —k Kk
k=|k 0 -k
—ky ke 0O

We have used the following identity in (2.8):

kxE=k.E

We define W as an electric wave matrix. A non-zero solution E exists only if
the determinant of the electric wave matrix is zero, i.e.,

We| = [k~ 'k -+ 43| = 0 (3.22)

The relation in (3.22) is known as the dispersion relation for the gyrotropic
medium. Equation (3.22) has two positive roots in k*. They represent two types of
waves — type I wave which is represented by the wavenumber k;, and type II wave
which is represented by the wavenumber k;. We assume that the static magnetic
field is directed in the z direction, and the angle between the magnetic field and
the wave vector is 0. When this angle is 0 = 0 or %, the waves propagating inside
the medium will be called as principle waves. The wave propagation is called
longitudinal propagation (with respect to static magnetic field) when 6 = 0, and
transverse propagation when 6 = 7. For the longitudinal propagation, there exist
two circularly polarized waves. They are the right hand circularly polarized wave
and the left hand circularly polarized wave. For the transverse propagation, there
also exist two waves. They are the ordinary wave and the extraordinary wave.
Since gyroelectric and gyromagnetic media are dual of each other, we choose to
give a detailed analysis of wave propagation and dispersion characteristics in a
gyroelectric medium in the following sections.

An electron plasma becomes anisotropic under static magnetic field By. If this
medium is characterized by a Hermitian permitivity tensor which is given by (3.9)
or (3.11), then it is called a gyroelectric or electrically gyrotropic medium. In the
plasma, each electron is acted upon by a force eFE arising from the electric field of
the wave and a force e(v x By) arising from the motion of the electron with average
velocity v through the constant magnetic field By. For simplicity, we shall ignore the
collisions among particles by assuming that the medium is lossless. The equation of
motion of electron in this case can be written as

— iomv = e(E + v x By) (3.23)
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and yields the following expression for the velocity:

le =

_ = wb A~ =1-1 —
=—[I—i—2(byxD] " E
Y mw[ lw(OX )]

(3.24)
where by is a unit vector in the direction of By = Bby and
wp = _%Bo (3.25)
m
is the gyro-frequency of the electrons. Since the current density is
J=Noev=06-E (3.26)

it follows from (3.24) and (3.26) that the conductivity tensor of the plasma is given by

& = iweoX[ — iY (b x 1]

(3.27)
where
2
X = % (3.28)
y =2 (3.29)
w
and
N 2 1/2
W, = ( 0¢ ) (3.30)
me

is the plasma frequency. Since the complex dielectric tensor ¢ is related to the
conductivity tensor ¢ by

1
| — (3.31)
wéo

Qi

carrying the inverse in (3.27) and substituting the result into (3.31) gives the
explicit form of the dielectric tensor of a gyroelectric medium in dyadic form as

= Sl(i — 6050) + i82(l;0 X ;) + 836()50 (3.32)
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where
B=1-1 sz —1- wza”’;b2 (3.33)
b= ?isz _ w(ai;h?p;bz) (3.34)
33:1—X:1—(Z)—”22 (3.35)

When the direction of the constant magnetic field By is taken parallel to the
z-axis in the Cartesian coordinate system, that is, by = (0,0, 1), then the matrix
representation of (3.32) takes the following form

&1 —i82 0
E = i82 &1 0 (336)
0 0 &3

Throughout the following analysis lossless gyroelectric medium is considered.
Hence &1, ¢ and &3 are all real quantities and € is Hermitian.

3.3.1 Dispersion Relations for Gyrotropic Medium

In this section, we will give detailed analysis and derivation of dispersion relations
for electrically gyrotropic medium since there is duality between electrically and
magnetically gyrotropic media.

The constitutive relations for a homogeneous lossless gyroelectric medium are

E (3.37)

™Il

D_ =&
B = pH (3.38)

where the relative permitivity or dielectric tensor & is given by (3.36). Using
Maxwell’s equations in the source-free region

V x Es; = iouyHy,

_ o (3.39)
V X Hy; = —iwepe - Eg

and looking for the solution of the monochromatic plane wave solution of the form
given by equations (3.16)—(3.17).
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E,, = Ee*7 (3.40)
Hy, = He'*" (3.41)
we obtain
k x E = ouyH (3.42)
kxH=—wD = wee-E (3.43)

Eliminating A from (3.42) and (3.43) and solving for E gives
[ko*s — k2T + kk] - E = 0 (3.44)

where k% = k . k.
We define

We = ko’ — K°T + k] (3.45)

as an electric wave matrix. Equation (3.45) is the same as (3.21) when g = ,u(j.
Hence (3.44) can be expressed as

We.E=0 (3.46)

A non-zero solution £y exists only if the determinant of the wave matrix is zero,
ie.,

’vT/E. _ ‘kozé—kziJrIElE —0 (3.47)

Here the wave vector & is defined as

k =k, + zk. (3.48a)
k, = %k, + Sk, (3.48b)

Then
=k +k + k2 (3.49)

Equation (3.47) defines the dispersion relation for a gyroelectric medium.
Equation (3.47) has two roots in k2. We will find the wave numbers or the roots
of (3.47) using two different methods. In the first method, we will represent the
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dispersion relation in terms of the angle 0 which is the angle between the wave
vector k which represents the direction of the wave normal and the vector by which
represents the direction of the static magnetic field. The two roots k; and kj;
represent the wave numbers for the type I and the type II waves. Then, we give
the solutions for the wave numbers &; and k;; in term of 0. In the second method, we
represent the dispersion relation in terms of k,; and k,; which represent the wave
numbers in the z-direction and then give the solutions for the wave numbers k,; and
k-;r in terms k, which is the transverse component of the wave vector.

3.3.1.1 Method I: Dispersion Relation in Terms of k
Using the following identity,
IC| =|A| +V.(adjA).u if C=A+uv

where C and A are matrices and # and v are vectors. Hence, (3.47) can be expressed as

ko’ — KT ) + kk| = |ko*e — K| + k. adj(k2E — K*).k =0 (3.50a)
(ko' =) + &8 = | |+ ke adi(kG7 - K1)
Since
’ko% _ k27’ - (klk) ko — kzl‘
—i. ((kﬁ _ /ﬁ’i) N (3.50b)
—i. [(kozé — /ﬁ) adj (kOZE - sz)} N
So,

| (k% = ) + k| = .(k32) . adj(kG5 — K1) K = 0 (3.50¢)
where k = ’% . If we use another identity,
adiC = 721 + /I(Aj - A) YadiA ifC=A+
then, adj(kje — k2T) can be written as
adj(k2E — K*T) = k*T + k23 (E — &) + kiadjz (3.51)

The subscript ¢ stands for the trace of the matrix. When we substitute (3.51) into
(3.50), we get
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(6.5 6) + Kk [adj,s — (adjE), } k45 =0 (3.52)

Performing the tensor-vector operation in (3.52) using (3.36) and

le] = es(e] — &) (3.53)
adﬁ = 8182; —ieré3 ([5() X 7) + (81 - 83)6050 (3.54)
(adje), = &} — & + 2¢1¢3 (3.55)

we obtain

K [slsinze + 8300529] + kzk(z) [(b% — z,% - 8183)Si1’120 - 28183]

(3.56)
+hkgles(e7 —63)] =0

Equation (3.56) has two roots in k2. The roots for the fourth order equation in
(3.56) are

12
(1% — &,2)sin?(0) +e1e3(1 4 cos?(0)) + [(812 — 6% —g1e3) sin* (0)+4er2e32cos2(0)

2[e1sin*(0) + e3cos?(0)]

(3.57)

and
k” _
ko*
1/2
(1% — &)sin?(0) +e1e3(1+cos?(0)) — [(812 - 822—8183)25m (0)+4er%e3 COSZ(Q)}
2[e1sin®(0) + e3c082(0)]

(3.58)
Equations (3.57) and (3.58) represent the two types of waves — type I wave

which is represented by k;, and type II wave which is represented by kj;. The
dispersion relation in (3.47) then can be put in the following form:

\We| = kg [(e15in°0 + escos*0) (k* — k7 ) (K> — kj;)] = 0 (3.59)
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3.3.1.2 Method II: Dispersion Relation in Terms of k.,

When (3.36) and (3.48) are substituted into (3.47), we get

_ koer — k2 — k.2 keky — ieako? kok,
’WE’ = kxky + i82k02 k0281 — kxz — kzz kykz =0 (360)
kxkz kyk; k0283 — kxz — kyz

Expansion of ’WE‘ leads to the fourth order equation in &, as follows:

(We| = k:tko?es + k2 Kok, (en + e3) — 2koPeres] +

(3.61)
[/{0683(812 - 822) - k04k02(812 - 822 + 8183) + k()zkp481] =0
This equation has two roots in k2 as

2 4 2 41/2

k.t [28183 — %2(61 + 83)] + [%(81 —&3) + 462383 — 2“7)]

and

2 4 29172

k2112 [28183 — Z—jz (81 —+ F3)] — [% (81 — 83)2 + 482283 (83 — Z)—)z)]

The wavenumbers given in (3.62) and (3.63) correspond to the type I and type II
waves, respectively. Now, (3.61) can be expressed as

|V:VE| = k0283(k22 - kzlz)(kz2 - k21[2) =0 (3.64)

We note that when we define the angle between the wave vector k and constant

magnetic field By to be 0, one can rewrite the components of the wave vectors in
terms of 6 as

k, = ksin0 (3.65)

k. = kcos0 (3.66)

If we substitute (3.65) and (3.66) into the (3.61), we obtain the dispersion

relation given by (3.56) which has the solutions for the two types of the wave
numbers given by (3.57) and (3.58).
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3.4 Plane Waves in Gyrotropic Medium

In this section, we will analyze the problem of finding the polarization of the plane
waves which is described by the vector Ey in a gyroelectric medium (gyromagnetic
medium is dual) such as magnetically biased plasma. The electric field £ must
satisfy the Helmholtz equation

V x V x Eg; = 0 lgeos - Ey, (3.67)

which is derived from Maxwell’s equations
V x Ey; = iouyHy, (3.68)
V x Hy, = —iwepe . Ey, (3.69)

by taking the curl of (3.68) and using (3.69) to eliminate H. Substituting (3.16) into
(3.67), we obtain

S ©) 17y S
E_k(k.E): k20 >
or
_ .. - 1 - -
E—Mk.E) = oyt (3.70)
0

If we write the propagation wave vector k as

k=k— (3.71)

where v, is the phase velocity of the wave, then we can express (3.70) as

E—kk.E)=

™Il

.E (3.72)

ﬁm | “s<l\>

where ¢ = 1/,/1,€ is the velocity of light in free space. Without loss of generality,
we choose the Cartesian coordinate system such that the z axis is parallel to By and
the yz plane contains k. As shown in Fig. 3.1, the angle between k and B is denoted
by 0.
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Fig. 3.1 Wave propagation 4

in a gyroelectric medium with |

an arbitrary direction of k and

applied external magnetic -

field By B, E

Accordingly, the x,y,z components of the vector equation (3.72) are given by

k2
Ex (P — 81) + i82Ey +0=0 (3733)
0
. 2o, k2 .
—ieE, +E, Pcos 0—¢ | +E. 2 (—cosOsin@) ) =0 (3.73b)
0 0
k2 k2
0+E, (E (—cos @sin 0)> +E. (P sin0 — 83> =0 (3.73¢)
0 0

where E,, E,, E. are the three components of E. Since these three simultaneous
equations are homogeneous, they yield a nontrivial solution only when

2 .
% — & & 0
0
. 2 2 .
—ity  Acos?0—&  —%5cosOsind| =0 (3.74)
0 0
2 . 2 .
0 — % cosOsin 6 z—zsmzﬂ — &
0 0

When expanded, (3.74) gives the following relation

83(% — &1 — 82)(% — &1+ &)

tan?0 = — (3.75)

2

2 2
E=e) e 52 +3)

Equation (3.75) gives the two values of the wave numbers given in (3.57) and
(3.58). This is also an alternative method to obtain the wave numbers using
Maxwell’s equations.
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3.4.1 Longitudinal Propagation, 6 = 0°

When the direction of phase propagation coincides with the direction of the
imposed magnetic field (6 = 0° or 180°), we have phenomenon known as longitu-
dinal propagation. When the propagation is parallel to By (6 = 0°), (3.57) and
(3.58) reduce to

ki = kover + & (3.76)

and

k]] = kO\/Sl — & (377)

Equation (3.73) can be written accordingly as

k2
E, (2 - 81> + ik, =0 (3.78a)
kO
k2
— ityE, +E, <ﬁ - 81) =0 (3.78b)
0
E.(—e3) =0 (3.78¢)

From the third of the above equations, we see that E, is zero. Hence for
longitudinal propagation, there is no electric field component in the direction of
propagation. Also, it can be shown that the magnetic field H is transverse to the
direction of propagation. Consequently, the two waves that travel parallel to By are
transverse electromagnetic (TEM) waves. When (3.76) is substituted into (3.78),
we obtain

=X _ (3.79a)

which corresponds to a right-handed circularly polarized (RHCP) wave. If (3.77) is
substituted into (3.78), we obtain

L= (3.79b)

which corresponds to a left-handed circularly polarized (LHCP) wave. Therefore,
the electric field vectors of the two waves traveling parallel to B can be written as

E; = (& + iy)Ae™ (3.80a)
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and

Ey = (% — iy)Be™n* (3.80b)
where A and B are arbitrary amplitudes. It is clear that £; represents an RHCP

wave, and Ej; represents an LHCP wave. The sum of these two waves yields the
following composite wave

E; + Eyp = #(Be™* + Ae™?) + §(—iBe™* 4 iAe™*) (3.81)

To determine the polarization of this composite wave, we consider the ratio g—
From (3.81), we obtain '

E, 1+ (BJA)eku—k)z

E,~ '1— (B/A)citu—h):

(3.82)

If the amplitudes of the waves E; and Ej; are chosen to be equal, then the
constants A and B become equal. As a result, (3.82) reduces to

E ky —k
E_;‘:_cot<”2 Iz) when A =B (3.83)

Because the ratio in (3.83) is real, the composite wave at any position z is
linearly polarized. However, the orientation angle of its plane of polarization (the
plane containing £ and k) depends on z and rotates as z increases or decreases. In
other words, the composite wave undergoes Faraday rotation. The angle 0p
through which the resultant vector E rotates as the wave travels a unit distance is
given by

ki — kg

OF = 5

(3.84)

The rotation is clockwise because always k;>k;;. Using (3.76), (3.77) with (3.33)
and (3.34), OF can be expressed as

_ko ; 7
Or = 2 \/1 o(w + wp) \/1 o(w — wp) (3.85)

It is clear that if a wave travels parallel to By it undergoes a clockwise Faraday
rotation. On the other hand, if a wave travels anti-parallel to By it undergoes
Faraday rotation of the opposite sense. That is, on reversing the direction of
propagation, a clockwise wave becomes counterclockwise, and vice versa. This
means that if the plane of polarization of a wave traveling parallel to B is rotated
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through a certain angle, then upon a reflection it will be rotated still further, the
rotation for the round trip being double the rotation of a single crossing. This is one
of the properties of non-reciprocal materials such as gyroelectric medium.

3.4.2 Transverse Propagation, 0 = 90°

When the direction of wave propagation is perpendicular to the direction of the
imposed magnetic field (6 = 90°), we have what is known as transverse propaga-
tion. When the propagation is perpendicular to By, (3.57) and (3.58) reduce to

2 2

ky = kot |25 (3.86)
&2
and
ki = kov/e3 (3.87)
Equation (3.73) can be written accordingly as
k2
E, (—2 - 81> +igE, =0 (3.88a)
kg
—igrE +Ey(—¢) =0 (3.88b)
kZ
E.l5—¢)=0 (3.88¢)
ko

After substituting (3.87) into (3.88), it follows that E, and E, are identically
zero, and the only surviving component of the electric vector is E,. Since the
propagation constant k; given in (3.87) is independent of By and equal to the
propagation constant of a wave in the isotropic plasma, this TEM wave, known
as an ordinary wave, is independent of By in its propagation properties and behaves
as it was a TEM wave in isotropic plasma. Thus, we see that one of the two waves
traveling in the y direction is a linearly polarized TEM wave whose electric vector
is parallel to By and has the form

Ey = 2Ae™y (3.89)

where A is an arbitrary constant. When (3.86) is substituted into (3.88), it is seen
that E, vanishes and that
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Ev .61
—=i— 3.90
Ey 182 ( )

The electric field vector of this wave, known as an extraordinary wave, can be
put into the following form

B = <1xi—l n y) Cery (3.91)
2

where C is an arbitrary constant. The magnetic field vector H; is obtained by
substituting (3.91) into the (3.69) as

k[ €1

Wl &

H = —i? Ce'*y (3.92)

From (3.91) and (3.92), we see that the extraordinary wave traveling perpendic-
ular to By is a transverse magnetic (TM) wave with its magnetic vector parallel to
By.

Overall, the cases 8 = 0° and 6 = 90°, which correspond to longitudinal and
transverse propagations, generate two uncoupled waves which are known as prin-
cipal waves.

3.5 Cut-off and Resonance Conditions

The term cut-off for any type of the wave occurs when k = 0 or the phase velocity,
vy = ¢ = oo infinite, and the term resonance is used when k = oo or the phase
velocity v, = 2 =0 [2]. Cur-offs and resonances separate values of the plasma
parameters in which the i—i is positive or negative and hence the region of propaga-
tion and non-propagation. The attenuation V/—k? is small just beyond cut-off but
large just beyond resonance. The characteristics of cut-offs and resonances are
listed below in Table 3.1.

The dispersion relation given in (3.56) can be expressed as

’V_VE‘ = K*[e1sin?(0) + e3c08?(0)] + k2K*[(e3 — &] — e1e3)sin?(0) — 2¢1e3]

+kles(ed —e3)=0 (3.93)

Table 3.1 Characteristics of cut-offs and resonances

Cut-off Resonance

Vp = 0 Vp:()
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or
‘vT/E( — AR+ B> +C=0 (3.94)

where
A = [e15in?(0) + e3c0s*(0)] (3.95a)
B = i2[(e3 — &8 — g183)sin*(0) — 2¢;83] (3.95b)
C = kles(e? — &) (3.95¢)

As seen from the above relations, if C = 0 and either A # 0 or B # 0, at least
one root of the equation is zero. This represents then the cut-off condition. As C is
independent of 6, the cut-off condition does not depend on the direction of propa-
gation.

Similarly, A = O represents the resonance condition. This condition is defined
by

tan’(0) = — = (3.96)

In contrast to cut-off condition, resonance condition depends on 6.

3.6 Dispersion Curves and Propagation Characteristics

The expressions in (3.57) and (3.58) have always real values.

b _ (p— iy (3.97)
K2 '
0

When the value in (3.97) is positive, it is equal to ﬁz; when it is negative it is
equal to — o?. Cold plasma is an example of a gyroelectric medium which satisfies
the dispersion relation (3.47) with the permittivity tensor given by (3.36). In the
magneto-ionic theory it is customary to use notations X and Y which are used to
describe the elements of permittivity tensor for the cold plasma in (3.36). They are
given by (3.28) and (3.29) as
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where

1/2
Noe2\ V/ ¢B,
wp = y Wp = ———
megy m

So in our analysis, we will use X and Y to describe the dispersion curves in a
gyroelectric medium such as cold plasma for three different cases, namely, the
isotropic case, the longitudinal propagation and the transverse propagation.

3.6.1 Isotropic Case, No Magnetic Field, Y =0

It is conventional to represent the dispersion of electromagnetic waves by a plot of
the propagation constant k against @ as shown in Fig. 3.2. For a field-free plasma,
By = 0, this gives a hyperbola which cuts off below the plasma frequency .
Consequently, radio waves of frequency less than the plasma frequency w,, for the
ionosphere are reflected back to earth. This can be illustrated in Fig. 3.3.

When the external applied magnetic field is zero, i.e., ¥ = 0, (3.57) and (3.58)
reduce to

Kk wp?
L =X =1-"2 3.98
Al o2 (3.98)
k-0
0.9 T T T T
0.8
0.7
0.6
k 051 Free Space 1
0.4} 1
\4 Plasma
0.3} ]
0.2 R
0.1} 4
Reflection from lonosphere Transmission through lonosphere

0 0.5 1 @ 1.5 2
w x 1012

Fig. 3.2 k — o diagram for isotropic plasma when w, = 1.11 % 10!
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Fig. 3.3 Wave propagation in the ionosphere-earth waveguide

At this stage the plasma is known as isotropic plasma because there is no
distinction between the type I and type II waves.

3.6.2 The Longitudinal Propagation, 0 = 0°

In this section we analyze the cut off and the resonance conditions of the type I and
type II waves for the longitudinal propagation. We will use X — Y? diagram and
k — w diagram to illustrate the results that we obtain.

3.6.2.1 The Cut-off and Resonance Conditions for Type I Wave

When the cut off condition is met for the type I wave, by setting k; = 0 in (3.76) we
obtain the cut off frequency as

2
wp @y
wCIluﬂg =5 + e

ST\t (3.99)

For waves to propagate, the necessary condition is k7 > 0. This requires that
® > Oy, Oor ¥Y<l—X (3.100)

When the resonance condition is met for type I wave by setting k; = oo in (3.76),
we get

—w, orY=1 (3.101)

Ol

The results given by (3.100)—(3.101) can be plotted on the X — Y? plane as
shown in Fig. 3.4.
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Fig. 3.4 X — Y? diagram showing the resonance and cut off conditions for longitudinal propaga-
tion 6 = 0°, for the type I wave

3.6.2.2 The Cut-off and Resonance Conditions for Type II Wave

When the cut off condition is met for the type II wave, from (3.77) we obtain the cut
off frequency as

2
w w
e, = — 5+ \[F 0 (3.102)

For waves to propagate, the necessary condition is k% > 0. This requires that
® > Weyyy,,,,  OF Y>Xx-1 (3.103)

No resonance occurs for the type II wave when there is longitudinal propagation.
The results can be plotted similarly on the X — ¥? plane as shown in Fig. 3.5.

The same information given by the X — ¥? diagram can be plotted by using the
k — w diagram shown in Fig. 3.6.

3.6.3 The Transverse Propagation, 0 = 90°

In this section we analyze the cut off and the resonance conditions of the type I and
type II waves for the transverse propagation. We will use X — Y2 diagram and
k — w diagram to illustrate the results that we obtain.
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Fig. 3.5 X — Y? diagram showing the resonance and cut off conditions for longitudinal propaga-
tion 6 = 0°, for the type IT wave
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Fig. 3.6 k — w diagram showing the resonance and cut off conditions for longitudinal propagation
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3.6.3.1 The Cut-off and Resonance Conditions for Type I Wave

When the cut off condition is met for the type [ wave, from (3.76) we derive the cut

off frequency as
L oy w3 5 104
ety = ﬂ:—z + 1 + o (3.104)

For waves to propagate, the necessary condition is k7 > 0. This requires that

W > Oef,,, (3.105)
or in terms of X and Y notation
wWp 0)2
Y<l—X when o, ==+ Tb +? (3.106)
Wp CO%
Y>1-X when o, =— > + i + w2 (3.107)

When the resonance condition is met for the type I wave, from (3.76) we get

O, = \JOFF @2 or Y =1-X (3.108)

The results given by (3.104)—(3.108) can be plotted on the X — Y2 plane as
shown in Fig. 3.7.

3.6.3.2 The Cut-off and Resonance Conditions for Type II Wave

When the cut off condition is met for type II wave, from (3.77) we obtain the cut off
frequency as

Dellyy = Op (3.109)
For waves to propagate, the necessary condition is k,21 > 0. This requires that
w > ey, OF X<I1 (3.110)
No resonance occurs for type II wave when there is transverse propagation. The
results can be plotted similarly on the X — Y2 plane as shown in Fig. 3.8.

The same information given by the X — Y2 diagram can be plotted by using the
k — w diagram shown in Fig. 3.9.
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X-1?

Fig. 3.7 X — Y? diagram showing the resonance and cut off conditions for longitudinal propaga-
tion 6 = 90°, for the type I wave
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Fig. 3.8 X — Y? diagram showing the resonance and cut off conditions for longitudinal propaga-
tion 6 = 90° for the type II wave
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Fig. 3.9 k — w diagram showing the resonance and cut off conditions for longitudinal propagation
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Fig. 3.10 The X — Y? plane divided into eight regions
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Table 3.2 Identification of the frequency bands and the corresponding propagating wave types in

each region
Frequency band Wave propagates
Region 1 0> oo =%+ /%g + o2 Type L, type 11
Region 2 01> 0> W0y = /w% + w[z) Type I
Region 3 Wy > w > max(wy, wp) Type I, type 11
Region 4 0y > &> max(a, w3), s = wT}, toR-2 Type II
Region 5 w3 > > wp No propagation
Region 6 Wp >0 >0, Type I, type 11
Region 7 min(wy, wp) > w > w3 Type L type II
Region 8 min(ws3, wp) >w >0 Type II
1
0
— 0 —0
5E X - Y2 plane
4 \'Pg\ T pen \
17
5 35 \
Lo 3
,/——’—__d> —
2.5 6 I 7 * 8
Y2 x V)
2
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@III Lo }:\\,\\1\ 4
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/ n
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Fig. 3.11 CMA diagram for a cold plasma

free space

type I
type 11
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3.7 CMA (Clemmow-Mullaly-Allis) Diagram

In Sect. 3.5, we identified the boundaries using principles waves on the X — Y2
plane. Overall, we can divide the X — Y? plane into eight different regions using the
cut off and resonance conditions for the principal waves. When the eight regions
given in Sects. 3.5.2 and 3.5.3 are shown in a single diagram, we obtain our base
X — Y? plane as shown in Fig. 3.10.

We obtained the frequency bands for each region over which wave can propa-
gate in Sects. 3.5.2 and 3.5.3. Hence, we not only constructed a single diagram
showing boundaries for the cut off and resonance conditions for the principle waves
but also identified the frequency bands in each region over which wave can
propagate with an arbitrary angle to the magnetic field.

This can be visualized in each region by plotting the wave normal surface which
is the polar plot of the phase velocity. The distance from the center to the point on
the curves denotes the magnitude of the phase velocity along that direction. When
the wave normal surfaces are plotted for each region, we obtain the diagram known
as the CMA diagram. The results shown in the CMA diagram can be tabulated in
Table 3.2 to show the frequency bands and the corresponding waves that can
propagate in each region.

As seen from Fig. 3.11 and the results of Table 3.2, both characteristic waves
propagate in Regions 1, 3, 6, and 7 while in Regions 4 and 8 only the type II wave
propagates and in Region 2 only the type I wave propagates. In Region 5, there is no
wave propagation.
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Chapter 4
Method of Dyadic Green’s Functions

4.1 Introduction

In this chapter, method of dyadic Green’s function (DGF) for electromagnetic wave
problems is introduced. A very practical method to obtain dyadic Green’s function
for general anisotropic medium is discussed. The duality relations between DGFs
are obtained and their application is illustrated. DGFs for unbounded and layered
uniaxially anisotropic, unbounded and layered gyrotropic medium are derived.

4.2 Dyadic Green’s Functions

In electromagnetic applications such as geophysical prospecting, remote sensing,
wave propagation, microstrip circuits and antennas, it is necessary to compute the
electromagnetic fields in the medium. Electromagnetic fields can easily be calcu-
lated if the Green’s function of the medium is known. Derivation of DGFs begins
from Maxwell’s equations. In the following section, DGFs in differential form will
be derived for an unbounded general anisotropic medium illustrated in Fig. 4.1.

4.3 Theory of Dyadic Differential Functions

Maxwell equations for the problem illustrated in Fig. 4.1 in the presence of
impressed magnetic current density M and the electric current density J can be
written as

V x E = ioui.H — M A.1)
V x H = —iwege.E +J 4.2)
A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media, 57
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k4

=z

Fig. 4.1 Geometry of an unbounded anisotorpic medium in the existence of current densities

The linearity of Maxwell’s equations implies linear dependence of E and H on the
excitations J and M. Then, E and H in Fig. 4.1 at any point can be represented as

E(F) = J Goo (77) J(F)dF + J Gom(F) M) 4.3)
V' V'

) = | G IO + | Gl i) @)
V' 174

or in matrix form

L=l Gen aneallaler
where
10 = | o =TI 6
and
W) = | o= @)

The dyadic Green’s functions G, (7,7 ), Gum(F,7’) are called electric type and
magnetic type and G (7,7), Gen(F,7) are called magnetic-electric type and
electric-magnetic type DGFs for a general anisotropic medium. The first and the
second subscripts show the type of the DGF Green’s function. The subscript ‘e’
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refers to an electric type and ‘m’ refers to a magnetic type DGF. Electric type and
magnetic-electric type dyadic Green’s functions are obtained by assuming M = 0
and the existence of the electric current density J. The magnetic type and electric-
magnetic type dyadic Green’s functions are obtained by assuming J = 0 and the
existence of the magnetic current density M.

We start our analysis by substituting (4.3), (4.4), (4.6) and (4.7) into (4.1) and
assuming M = 0. We obtain

V x Jéee(f, P)J(F)F | = ioppt - Jéme(ﬁ 7).J(F)d*7

4 |4

or

V X GeoF, 7)) = iwpoft - e (7, ) (4.8)

Substituting (4.3), (4.4), (4.6) and (4.7) into (4.2) and assuming M=0 gives

V x Jémm FYIF )7 | = —ioso. JGee(F,F’).J_(f’)d3f’

v’ |4

+ J 3(F — F)LI(F)d*F
V!

or

V X G (7, ') = —iege.Goe(F, ) + 0(F — )] (4.9)

When we substitute (4.3), (4.4), (4.6) and (4.7) into (4.1) and assume J = 0, we
obtain

<
X
—

Q!
i)

3
—
~
N\
S~—"
=

)T | = iongi | G 7) M )F

v’/ v/
—~ J 8(F — F)L.M (7 )d°F
V/
or
V X Gon(F, 7) = iopio]i - Gy (7, ) — 8(F — 7)I (4.10)

In the same way, substituting (4.3), (4.4), (4.6) and (4.7) into (4.2) gives
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V x Jémm(f,?).M(F’)d3f’ = —iwgE. Jéem(a 7). M7 )7
\4 v’
or
V X Gy (7, ') = —i608.Gom (7, ) (4.11)

Gum(F, 7)) = ——F" -V X G (F, ) + —— ' 0(F — ) (4.12)
10 g L)
Taking curl of (4.12) gives
= 1 - = 1 _
V X Gun(F, 7)) = ——V X i7"V X Go(F, 7') + ——V x 5~ '6(F — ) (4.13)
1O 1w g
When we substitute (4.11) into (4.13), we get
. = A — 1 =1 ~ = 1 = 1s(=
—iwee.Gop(F, 7)) = ——V X 17 -V X Ge(F, 7))+ ——V x @ 0(F = F)
) )

or
VXV X Gon(F, ) = e Gem(F, 7) = =V x 17100 =) (4.14)
Equation (4.14) can be expressed in the following form
VXa 'V XT = K| Go(F, 7) = =V x i '6(F — 7) (4.15)

To find the second order dyadic differential equations for magnetic type DGF, we
re-write (4.11) as follows

&'V X Gy, 7) =0 (4.16)
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or

em(F ) = LIRS G (F, ) (4.17)

1wey

Q!

V x

When we substitute (4.10) into (4.17), we get the second order dyadic differential
equation for the electric-magnetic type DGF function as

1 _ _ . -
——V x & LV X G (7, 7) + iopoft - G (7, 7) = I6(F — 7)
L€

or
V X &LV X Gu(7, ) = K2l G (F, 7' = 6ol (7 — )
which can be rewritten as
[v X TV X T — K| G (7, ) = icweol8(7 — 7 4.18)

We can obtain the second order dyadic differential equation for electric type dyadic
Green’s function by re-expressing (4.8) as

_ 1

Gme(F,F) = -V X GoelF, 7 4.19
(7, 7) ™ V x (7, 7) ( )
Take the curl of (4.19) and obtain
= 1 _ =
V X Ge(F, 7)) = ——V X 17 -V X Goo(F, 7) (4.20)
ey

Substituting (4.20) into (4.9) gives

1

— I\ Ay 2
o ee(F, P ) =0(F=1)I

Qu

™Il

SV ox ! -Vx(:;ee(_,F')—i—iwso

or

VX BV X GeolF, ) = K2E.Geo (7, ) = iopgd(F — 7)1

which can be rewritten as

VLY KT K] G ) = foplo - 1) @2
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To find the magnetic-electric type DGF, we rewrite the (4.9) as

_ 1 _ 1 _
G. — e 'V XGpe(F, 7)) =—2 L0F -7
e(F,7 )+lw808 X Ge(F,T) e (F—7)
or
= 1 _ = 1
Geo(F, 7)) = = ——8 LV X Gpo(F, 7)) + ——2 10(F — 7) (4.22)
1162 L€

Taking the curl of (4.22) gives,

= 1 _
. TV X G (7, 7))+ ——V x 8 '0(F =) (4.23)
10e) 1éo

<
X
9\\
L
I
|
<
X
ol

Substituting (4.8) into (4.23) gives the second order dyadic differential equation for
the magnetic-electric type DGF function as

1 _ =
——VXxe'VXGpe —v g6 Goo(F,7) =0
P X & X Ge (7, 7') + prriek: (F—=7) — iopoht - Gpe(F, )

or

V X&'V X Gue(F, 7)) — kgt Go(F,7) =V x & 16(F — )
which can be rewritten as
[v ST v kgﬁ} Gne(F,7) = V x 5 10(F — ) 4.24)

We can summarize the results of the complete set of dyadic first order and second
order differential equations for any type of anisotropic medium as follows.
The complete set of the first order dyadic differential equations are,

V X Geo(F, ') = iwptoht - Goe (F, ) (4.25)
V X GelF, ) = —iwege.Gee(F, ) + 0(F — )] (4.26)
V X Gy (F, ) = —iweoe.Gom(F, ') (4.27)

V X Gon(7, ) = iopto]i - Gy (7, ') — 6(F — 7)1 (4.28)
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The complete set of the second order dyadic differential equations are,

[v NS TRATEYY kgé} GoolF,F) = iop Io(F — 7) 4.29)

[V xE IV xT— kgﬁ} G (7, ') = ireold(7 — 7) (4.30)

[v VXTI - kgé} GonlF,7) = =V x T 10(F — ) “31)
[V xFlv x?—kgﬁ} Gome(F,7) = V x T 10(F — 7) (4.32)

4.4 Duality Principle for Dyadic Green’s Functions

The symmetry that exists between electric and magnetic fields is also seen on the
dyadic Green’s functions that are obtained in the preceding section. We write
Maxwell’s equations below again to observe the symmetry between electric field,
E, and magnetic field, 4.

_ 9GE-H)
VxE=——""-M (4.33)
v xﬁza(E'E)+J’ (4.34)
ot
V-B=p, (4.35)
V-D=p, (4.36)

We introduced magnetic charge density p,, to illustrate mathematical symmetry
although it does not exist in physical world. We write the following replacements to
see the symmetry.

E—H p—e¢ M——J 4.37)
H——-E t—pn J—-M (4.38)
B— -D, p,, —p, (4.39)

D — B, Po = P (4.40)
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When (4.37) is applied to (4.33), we obtain (4.34), Ampere’s law. When the
replacement in (4.38) is applied to (4.34), we obtain (4.33), Faraday’s law. Simi-
larly, (4.39) and (4.40) can be applied to (4.35) and (4.36) to observe the existing
symmetry between Gauss’ law for magnetic and electric fields. If we study
(4.25)—(4.32), the first order dyadic differential equations and the second order
dyadic differential equations, the application of the duality transformation

E—f, B3

& — Mo, Ho — €0

(4.41)

on the dyadic differential equations (4.25)—(4.32) transform one to its dual with the
replacements of

Gee(F,7) = G (F,7) (4.42)
Ge(F, ') = —Gon(F, 7) (4.43)
G (7, 7) = Geo(F, ) (4.44)
Gom(F,7') = —Goe(F, 7) (4.45)

4.5 Formulation of Dyadic Green’s Functions

In this section, we’d like to formulate dyadic Green’s function in a general form that
can be used for any type of unbounded anisotropic medium. We start our analysis
by re-writing (4.5) as

{f,(r)} = JV, G(r, 7). L{f(':/))}ff’ (4.46)
where

- } (4.47)
-

In (4.46), the integral is taken over all space, i.e.

Jd” = “ J dx'dy'd? (4.48)

—00



65

4.5 Formulation of Dyadic Green’s Functions

The Fourier transform pair of the field vectors can be expressed as
(4.49a)

_ 1 o
F) = JF(k)e’k"d3k

F(k) = Jﬁ(f)e—ff~fd3f (4.49b)

where F = E for an electric field vector and F = H for a magnetic field vector.
Here the integration over k is three dimensional as the integration over 7, i.e.,

&’k = dkdkydk,. ~
Similarly, the Fourier transform pairs for DGF G(7, ) can be written as
e (4.50)

(4.51)

Translational invariance assumed in the use of (7 — /') comes from the unbounded
nature of the problem. Substitution of (4.49a), (4.50) into (4.46) gives

(2711)3 J { gi@) } TPl = J [(2303 JG(k)eik'(""’)d%} [ Z‘J;((’;,))]d%’ (4.52)
where G(k) is given by
=[G &) o

”fl((;]e’k"'d% = JG(k)e”””]“;((’r_,/)}e—ikfdzfldgk
- J Gh {AJ/I((k)) 'k (4.54)

Using (4.54), we can relate the field vectors to dyadic Green’s functions in the

k-domain as
} 4.55)
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ik

Now, we assume the solutions for the fields in the form of ¢*” and use
kxE=k-E (4.56)
where
~ 0 —k K
k= | k. 0 —k, 4.57)
—ky ke 0

Maxwell’s equations given by (4.1) and (4.2) can be tralns_formed into the k-domain
and we can derive the matrix equations for £(k) and H (k) as

[/ié—lli + kgﬁ} H(K) = —ika T (k) — icoe (k) (4.58)
[/?ffl/? + k%?] E(R) = —ioougd (k) + ik ' M(k) (4.59)
where k5 = w? g0
Wy = [/?E“/? n kéﬁ} (4.60)
is magnetic wave matrix and
Wy = [Eﬁ‘li n kgé} 4.61)

is electric wave matrix. Equations (4.58) and (4.59) can be expressed using wave
matrices as

Wy H (k) = —ike T (k) — iweoM (k) (4.62)
We E(k) = ikii "M (k) — iopd (k) (4.63)
We can represent (4.62) and (4.63) in matrix form as
40 atellB8)-[d B2)(e8)
0 Wy(k) | H(k) —ike ' —iweel | [ M(k)
Equation (4.64) can be modified as

ER)] | —iwugW,' Wk | [ J(k)
[H“)}_[—W'V;O‘%EE‘ _iigov‘v;Hm@] (463
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Equation (4.65) relates the field vectors to the inverses of the wave matrices in the
k-domain. When (4.55) and (4.65) are compared, we obtain the following relation

Q!
Qul

—i@ﬂo‘?gl iﬁ/;]:‘lifl

ee lg em lg
<— ()} = - 17=—1 . =1 (4.66)
e —iW,, ke —iwegW

ne(K) G (K)

QN

Equation (4.66) is the representation of DGFs in terms of the inverses of the wave
matrices in the k-domain for a general anisotropic medium. More explicitly,

Geelk) = —icopo W' (4.67a)
Gem(k) = iW, ki ™! (4.67b)
G (k) = —iW ;' k& ! (4.67¢)
G (k) = —iwegW,,' (4.67d)

The relation between the inverses of the wave matrices is derived as

= _ 12 == _|=_
W' = [ = W (4.68)
0

Equations (4.67)—(4.68) clearly show that the knowledge of the inverse of one
type of wave matrix is sufficient to obtain the complete set of dyadic Green’s
functions in the k-domain. The final form of the dyadic Green’s functions, which is
valid everywhere but the source point, is obtained by substituting (4.67) into (4.50)
as follows.

_ { . e, e R
G(F,7) = —— J W - W ki ke=")5k (4.69)
(27) —iW,, ke —iwegWy,

4.6 Dyadic Green’s Functions for Uniaxially Anisotropic
Medium

We apply the general form of the DGF obtained in Sect. 4.4, (4.69) to find DGF of
an unbounded and layered uniaxially anisotropic medium. The problem of finding
the complete set of DGFs for any type of anisotropic medium is simplified by
(4.67)—(4.69) to finding the inverse of an electric wave matrix W which is equal to
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adj vT/E)

WE\

=
[

(4.70)

is known as the determinant of the

adj (V:VE) is known as the adjoint and ‘V:VE
electric wave matrix.

4.6.1 Dyadic Green’s Functions for Unbounded Uniaxially
Anisotropic Medium

In this section, the method outlined in Sect. 4.4, using the results given in Chap. 2,
Sect. 2.2.1, is applied to obtain DGF for a uniaxially anisotropic medium.

The integral form of the electric type DGF for a uniaxially anisotropic medium is
given by (4.69) and equals to

Cz;ee (f, 17/) — 7(;:)'“30 Jﬁ/gleiﬁ.(F—F’)d3I€ .71

When (4.70) is substituted into (4.71), we obtain

- —i adj(Wg)
Goo(F,F) = (;“’;‘30 J { )elﬂ"*")cﬂk 4.72)
0 el

The dispersion relation for a uniaxially anisotropic medium from Chap. 2 was
obtained as,

‘V:VE‘ = k(% (k2 - k(2)811) [k/z,&']] + k_72833 - k3811833] =0 (4733)

or

’WE’ = k3833 <k2 - (k(2)811 — kf,)) [kf — <k§811 — kﬁ %)] =0 (4.73b)

The wave numbers for a uniaxially anisotropic medium in Chap. 2 were obtained as
k2 = kgen — k2 (4.74a)

K2y = Koy — K % (4.74b)
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where

=14k =k +k+ K (4.75)

Equation (4.73b) can be put in the following form using (4.74)—(4.75)
We| = Ko (2 = 42) (k2 = K2,) (4.76)
adj (V:VE) for a uniaxially anisotropic medium is obtained in Chap. 2 and equal to

adj(ﬁ/E) = (k(z)sn - k2) {k(z)slj — kk — k3 (e33 — 811)[3}3} + k3 (e33 — &11)

x (k x p)(k x p) 4.77)

adj (WE) can be put in the following matrix form

_ A A A
ddj (WE) = A21 A22 A23 (478)
A3 Az Az

The matrix elements of adj (IX/E) are derived as

An = KK — Ky (ki + k) ess — kokgen + Koeness (4.792)

A = Ay = Kkoky — Koy (4.79b)

Az = Ay = Klok, — Kkken (4.79¢)

Agy = (K2 = e ) + K (2exs — en] = Kenr ) + Kgeniens (4.79d)
Az = Any = Kkyk, — kgkyk.en1 (4.79)

Ay = K (k2 — kgenr) — kokZen + kgeq, (4.79f)

When (4.76)—(4.78) are substituted into (4.72), we obtain electric type DGF as

GoolF,7) = _(;:)”30

1 An Ap A |
Ay An  As | MU dkdkydk,

X
J ke (k2 = k2) (K2 = K2) | 4y, Asy Ay

(4.80)
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We perform the integration over k, to obtain the two dimensional form of the DGF
that is widely used in radiation and scattering problems. This form of the DGF is
useful especially for the layered structures when the stratification of the layers is in
the z-direction. The poles of the integrand occur at the zeros of |Wg| denoted by
k, = £k, and k, = L£k,;. We assume the medium to be slightly lossy, i.e.
Imk,<<Rek;, Imk,>0. This guarantees that the radiation condition is satisfied at
z = F00. When we perform the contour integration over &, we obtain the following
result for z > 7/

= (O)TI adJWEI iky-(F—7)
G (7, 7)) = dk,dk !
(s Am2ky? J J {Zkl k2 k211)?%3€

djw (=
Lﬂlzetkw Rl L (4.81)
2k~11(k kZ)ess

In (4.81), adjﬁ/E] in matrix form can be obtained using (4.78)—(4.79) as

adjWr = adjﬁ/E] . (4.82)
So,
_ Bii Bz Bis
adjWgr = | Ba1 Bn Bxn (4.83)
Bs31 B3, Bss
The matrix elements are
By = kgk;(e33 —en) (4.84a)
By = By = kkeky(e11 — €33) (4.84b)
Biz =B31 =0 (4.84¢)
By, = kgki(ess — &11) (4.84d)
B3 =B =0 (4.84¢)
B33 =0 (4.84f)

Following the same procedure, adjﬁ/E” in matrix form can be obtained as

adiW gy = adjW g (4.85)

ke=k.i1
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So,
_ Ci Ci Ci3
adjiWegyp = | Ca1 Cn Cos
Cs1 Cxn Cs3

The matrix elements for adjﬁ/m are

&11 — &

3212 11 33

C“ - kxkzll< )
el

Co = Coy = kykyR2, (8‘533>
1
Ciz = C31 = kekzy (8633) ( k; ZH>
1 33
Cn = K22, <811F;833)
211
Cyp = C3 = kykyg (811?;833) ( ki i11>
11 £33
€11 — €33 €11 >
_ 2
G = ( énl )(k” ?%%>

71

(4.86)

(4.87a)

(4.87b)

4.87¢)

(4.87d)

(4.87¢)

(4.87f)

The final form of the DGF given in (4.61) check with the results given in [1] when

the optic axis is in the z-direction, i.e., tilt angle is zero ¥ = 0°. G(F,

F)forz<z

can be obtained assuming Im(—£2)<0 and Im(k%’) < 0. The DGF given in (4.81)

can be written in terms of ordinary and extraordinary waves as

:,J_Loo o otkffl)
G(F,7) —8n2“_wdkxdk {k o(k)o(ko)e

2 Puete) = (R 4Hk k)
e — ke @ piess

= ([ 1 ~ o
G(r,7) :8LnJJ, dedky{EO(_k;)O(—kS)em (F—F)

2 wzu(£+82)—(k§+k§+k§uz)

ed ed
ksu _ ksd ’ w2ﬂ833 (k ) (k )

(kéll) (kéll) l

B )}, >z

(4.882)

K= ,)}, 1<z

(4.88b)
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where 0(4£°) is a unit vector for the an ordinary wave and (k) or e (k) is the
unit vector for an extraordinary wave and they are defined in the Appendix of Chap. 5.
The vectors are defined as

o=k, —kz (4.89a)
RC =k, + k2 (4.89b)
ky =%k (4.89c)
Ry =75 K (4.89d)
ky = kex + kyy (4.89%)

4.6.2 Dyadic Green’s Functions for Layered Uniaxially
Anisotropic Medium

Dyadic Green’s function for a multilayered anisotropic medium can be obtained by
considering a source point located in Region 0 above a stratified medium that is
illustrated in Fig. 4.2 below.

The medium in Region / is assumed to be uniaxially anisotropic which is
characterized by permittivity tensor &, [ = 1,2,....,n. The medium at the top and
bottom of the stratification are assumed to be isotropic with permittivities ¢y and &;.
The permeability ¢ is common to all media. The first subscript / is used to denote
the region of the observation point 7 and the second subscript j is used to denote the
region of the source point #/for DGF Gj;. The DGFs in each layer can be formulated
as follows [3,4].

i Ui
GOO (7, f) 32 JJdk dk)’g{[ho(—k()z)el(lc”” JrRHH/,IO(koz)ez(ko.;)

+ RHV%(koz)ei(lgo»f)}iio(—ka)Jr [90(—k0z)ei<k°'f> + va%(ko-v)ei%f)
+Rv1—1ilo(k0z)ei<k ] o(—ko:) e o)
(4.90a)
)= [ dkar, {A 00(—k7,)e i)
) = g || e - {Amot-42)
+ B/Haa(k?z)ei@"f)Jr B/Heg(ki)?)ei@;’ﬂ + A/Heg(ki?)ei(k’elf)] zo(_kOZ)
+ [Amoo (=) )+ Byyo (k) ) + Bryee (ki) e i)
A (kD) oo (—koe b ) 1 = 1,2,

Qun
3

(4.90b)
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Z

Region \IO & U
=0

t

Region 1 g, U

z=—d;

z=-d;
Region / & U

z=—d,

z==d,,
Region n E,,, u

“= _dn
Region ¢ £, U

Fig. 4.2 Geometric configuration of multi-layered anisotropic media
Gior.7) = g | [ttt { (Ko () + Xon )] o)
[ (ki) + X (=) [o(—koz) b e 57 (4.900)
where % and v represent the horizontally and vertically polarized waves, respec-

tively. The particular form in (4.90) is based on the result of (4.88). The coefficients,

Ry, Ruv, RyuRvv, Ao, Bitto, Atties Bire, Ao, Bivo, Awe, Bives Xun, Xuv, Xva
and Xyy are related through boundary conditions.

4.7 Dyadic Green’s Functions for Gyrotropic Medium

In this section, the complete set of DGFs for unbounded electrically gyrotropic or
gyroelectric medium will be obtained following the steps outlined in Sect. 4.4.

4.7.1 Electric Type DGF G,, (F,7") for a Gyroelectric Medium

Electric type DGF, G, (7, 7") is the solution of the second order dyadic differential
equation given by (4.29). The integral form of the electric type DGF for a
gyroelectric medium can be written using (4.69) as
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GeelF, 7)) = 22 JV:VE LT 4.91)
(2m)°
or
éee(FaF/) _lw/“t J { ) k (492)
W

Electric wave matrix of gyroelectric medium in Chap. 2 was obtained as
Wi = [k + k%) (4.932)

The dispersion relation for gyroelectric medium is

We| = ko?es (k> — kf?) (k.2 — ki) = 0 (4.93b)
To facilitate the derivation of the adjoint of an electric wave matrix, we will operate
with dyadics as described in Chap. 1. When the relative permittivity tensor for a

gyroelectric medium is substituted into (4.93a), we obtain the electric wave matrix
in dyadic form as follows.

We = (k3er — k2T + bobo [ko?(e3 — &1)] + ikoZex(bo x T) + kk (4.94)

Using the dyadic identity,

The adjoint of V:VE or adj (IX/E> can be written as

adiWi = (ko*adje — k*ko?esl) + kk[k* (k> — ko®e1)] -+ bobo [K*ko*(e3 — &1)]
+(k x bo)(k x bo)[KPko? (83 — &1)] + ieak®ko? [k(K X bo) — (k x bo)k |
(4.96)
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We can represent adj (V:VE) in matrix form as,

_ A A A
adiWg = | Ay A An (4.97)
Az An Az

The elements of the matrix in (4.97) are

An = (k) + Ak — ko eik,” + es(k? + k7)) + ko'eres (4.98a)

A = (k,? + k) keky — ko lieak,” + e3kiky] + iko*eae3 (4.98b)

Az = (k) 4+ k) kok, — ko [erkok, + igakyk,) (4.98¢)

At = (k)2 + k2 koky — ko [—ieak,? + e3kiky] — iko*enes (4.98d)

An = (k> + k2)k? — ko*[erk,” + e3(ky” + k.2)] + ko'eres (4.98¢)

Ay = (k2 + k2 kyk, — ko*[erkyk, — ieak k] (4.98f)

Asy = (k)2 + k) kok. — ko*[erkok. — ieakyk:] (4.98g)

Az = (k2 + k) kyk, — ko [erkyk, + ieakik.] (4.98h)

Azz = (k)2 + kK2 — ko [en (kp* + 2k.7)] + ko [e1? — &7 (4.981)
where

k)2 =k’ + k* (4.99)

We perform the integration over k. after substituting (4.73), (4.97) into (4.92).
The poles of the integrand occur at the zeros of |WE| denoted by k., = *k.; and
k, = Lk, where k,; and k,;; are defined by (3.62) and (3.63), respectively. Assum-
ing the medium to be slightly lossy, i.e. Imk, < < Rek;, Imk, > 0 and performing the
contour integration over k,, we obtain the following result for z > 7'

1 [adj We(kz) i (r=7)

_ _ 7 ko*e3 (kut® — katr®) ke
GoolF,7) = 8‘“’2‘0 J J dkdk, )
s T
—00 —00 _ adjWe (k) eix,,-(rr’)]

/!

, z<?

kzl]
(4.100)
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Similarly, when z < z/, G.(F, ) can be obtained by assuming Im(—k.;) < 0 and
Im(—k,) <0 as

1 adjﬁ/E(_kzl) i (F—7)
00 00 2 2 2 €
= —Wly ko“es (k™ —kaar”) ke
Ggg(F,f/) == 8 B) J J dkxdky _ R Z<Z/
T o—t0 7adjWE(kZU)eifc11<(Fff’)
k-
(4.101)
where
ki =k, + 2k (4.102a)
ki = ky + zk.y (4.102b)
K = /Qp — Zky (4.102¢)
ik = ky — zkay (4.1024d)

ky, k;; represent the wave vectors for the upward (+z) traveling waves of type I
and type II. k;, ic;; represent those for the downward (—z) traveling waves.

We can represent the DGFs given by (4.101) and (4.102) in dyadic form by
finding the eigenvalues and eigenvectors of the adjoint matrix for Wg, i.e.,

adj (VT/E) If we review the elements of the adjoint matrix adj (I/T/E) given by
(4.98), we see that

adj(V:VE) - (adj(V:VE))T. (4.103)

where T denotes the conjugate transpose of the matrix. This requires adj (WE) to be
a Hermitian matrix. The eigenvalues of a Hermitian matrix are real and the
eigenvectors corresponding to distinct eigenvalues are orthogonal in the sense
that the Hermitian dot product vanishes. In other words every Hermitian matrix
possesses a complete set of orhonormal eigenvectors. In this case, the completeness
relation [2] becomes

I = iyits + gy + iisit} (4.104)
where

i el =0 (4.105)
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and i, il; and i3 are the orthonormal eigenyectors of the Hermitian matrix. Then
the dyadic decomposition of the matrix adj{ Wg | takes the form as

adj(vT/E) = Il + Joiinily + I3tz (4.106)

Hence at this point we proved that we can write the DGFs given by (4.101)—(4.102)
in dyadic form. To simplify our analysis and find the eigenvalues and the
eigenvectors of the matrix adj( W ), we will investigate the characteristic equation
of adj (WE . The characteristic equation of adj (ng, i.e.,f(4) can be expressed as

1) = ’/11 - adjv:vE] = 73 — 1r(adiWg) 7% + tr(adj(adjW) /. — ’adjV:VE‘ —0

(4.107)
where fr stands for the trace of the matrix. Using the following identities,
- -2
’adjWE‘ - ’WE’ (4.108)
adj(adjW) = ’V:VE‘V:VE (4.109)
f(A) can be rewritten as

- - )= -2

)y =23 - tr(adjWE);? v tr( WE‘WE)A - ‘WE‘ -0 4.110)

Since_|V:VE (k.)| is zero when k, = +k.; or k, = tk,y, then characteristic equation
for adj(Wg) reduces to

F =2 —u (adjvT/E) i @.111)
Hence, the eigenvalues for adj (VT/E> are
A = tr(adjvT/E), Ja =73 =0 4.112)

As aresult, using (4.106) we can express adjﬁ/E as a single dyad in the following
form for the adjoint matrices of the type I and the type II waves as follows.

adjW i (£kar) = oy [eu (Fha )&y (k)] (4.113a)

Cldjﬁ/E(:l:kZ”) = oy [énll (:l:kzu)é:”(ﬂ:kzu)] (41 13b)
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A = oy, Ay = oy are the eigenvalues and are defined as

oy = ki — kiko®[e1(3 — cos*0) + &3 (1 + cos*0) ] + ko* (17 — &2 + 2¢1¢3)
(4.114a)

oy = ki — kjyko®[e1(3 — cos?0) + &3(1 + cos®0) ] + ko* (17 — &2” + 2¢183)
(4.114b)
én(Lky) and é,y(Lk,) are the orthonormal eigenvectors representing two

characteristic electric fields for the type I and type II waves that exist in a gyro-
electric medium and they are defined as

. er(£k)
a(tky) = ——— 4.115
e (k1) norm(e;(£k;)) ( )
R en(Ekaar)
(k) = ————"— 4.116
¢ ”( JI) norm(é”(ikzu)) ( )
where
_ | i
A3Ar1 + Apzoy — AxzAny
e(xky) = 0jA13 — ApAiz + AnAp (4.117)
—Ap |A13A + Axzoy — AxzApy oy — Aqy
L A1z |ogyA3 — ApAp +ApAp A
_ : _
A3Ar1 + Axzoy — ApzAgy
en(Fka) = oAz — ApAiz +ApAi (4.118)

—A1 |A13A21 + Aoy — ApAqg o — A
L Az [oaAz — AnAiz +ABAR Az

where the elements of ¢;(+k.) and ey (+k.;), Ay, (i,j) = 1,2,3 are defined by
(4.98). The form of e;, ej; given by (4.117), (4.118) are valid when the x component
of the electric field is not zero. The eigenvectors given by (4.117) and (4.118) are
found by solving the eigenvalue problem adjW .4 =Ai. For each eigenvector, the
corresponding eigenvalues are given by (4.112).
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Now, we can represent the DGF G, (F, ) given by (4.100) in dyadic form when

z > 7 as

1 o .

our

_—wuoT T ko, ko%es (k® — k) ket
o0 —00

—o0 - i (kzar)€yy (kaar)e

zIl

—€nl (k—_;])é:[ (kzl)eik"(f*f')

ik (F—7)

(4.119)

Similarly, the DGF G, (r,7) given by (4.101) is written in dyadic form when

z <7 as
1 O(lé [( k[)é* ( k[)eifcr(F—f')
oo 00 2 T Enl\ TRz nl\ " Rz
GeelF,7) _wHOJ Jdkxdky fareallr =) L
Snz ogr . N o _(:77!
oo —k—enn(kzn)ef,u(kzn)e””’ =)
zIl

(4.120)

The form of the DGFs given by (4.119) and (4.120) is specifically useful for the
problems which have planar stratification. It also gives a good physical interpreta-
tion by exposing the polarization of the waves. This type of feature is useful
especially for the radiation problems. It simplifies the analytical calculation by
using only one vector to operate on the source and the other vector to define the

polarization of the radiation field.

4.7.2 Magnetic Type DGF (:}mm(f, ') for a Gyroelectric Medium

Magnetic type DGF, G, (F, ), is the solution of the second order dyadic differen-

tial equation given by (4.30). Following the same steps, we can write

o0
G (F, ) = 20 J W' T P

(2n)’
or
_ o mad'(: ) ~
G () = =0 J ) k- gk
(2m) ’WH’

—0o0

4.121)

(4.122)
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where
= adj<ﬁ/H>
Wy - (4.123)
Wi
Since
RW, =T1—kW,'k (4.124)
we can express VT/; as
_ 1 HWE’? — /:Cadjﬁlglq
Wy = — (4.125)
kO ‘WE‘
We can now rewrite V:[/;llin matrix form as
-, B
W, = — (4.126)
W
where
_ By Bz Bz
B= By By B (4.127)
B3 By Bs

The clements of the matrix B in (4.127) are given by

Bii = R2k2e; + kiea (2 — ) — K2 [kﬁ( - bz) (R + R)eies] + ke
By = kiky |12 + g3k§ — [y (22 — ieyesk?]

Bia = kok |12 + sﬂcf} K2 [kekogr6s + ikky 6]

Bay = ok [a1k2 + 63k — K3 [keky (63 — 23) + ieaeak?]

n = kZk}es + kjea(ef — &3) — kg [kf(a% — &)+ (k + kf)slsg} + kokrer

By = k.k, slkz + o3k | — R [kkyres — ikkotogs]
B3y = kik. |:81k2 + 83k2} — R[kkoeres — ikokyeoes)
Biz = keky K2 + e3k2| — R [kekyenes + ikikizes]
Bys = Koy + Kiea (63 — ) — KR [2(6% — &) + 20e1s | + K2Ze
(4.128)
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We perform the integration over : after substituting (4.97), (4.127) into (4.122).
The poles of the integrand occur at the zeros of |Wg| denoted by k, = £k, and
k. = Lk.;; where k,jand k.j; are defined by (3.62) and (3.63). Assuming the medium

to be slightly lossy, i.e. Imk, < <Rek,,Imk, >0 and performing the contour
integration over k,, we obtain G,,, (7, 7') in the following dyadic form for z > z':

! ﬂl A x ik, (F—F
— |\ k)R (k) e T
Z oo W& T ko?e3 (ko —kar®) Lkt 1 (k) g (Ker)
Gmm(r,r): P J J dkxdky ﬁ ] ’
—00 —00 _k_lllll,;n”(kZ”)],;;i;”(kzu)eikn-(F—f/)
z>7
(4.1292)

Similarly, when z < z/, G (F, ) can be obtained by assuming Im(—k.;) <0
and Im(—k.;;)<0 and can be expressed as

1 B ; . S

o oo — (k)R (—kap ) )

- - ko?e3 (kp® — ko) Lk nl

& (7 wgojjdkxdk 0°e3 (K o) ke )

mm 87'[2 :BII ~ R

B k h"”( kJI)hnII(_kZ”)em”.(’7}’>

zIl
z<?

(4.129Db)

ki, ki, K; and K are defined by (4.102). hy(%k.) and Ay (+k.) are the
orthonormal eigenvectors representing two characteristic magnetic fields for the
type I and type II waves that exist in a gyroelectric medium and defined as

N hy(£k.)
hy(tky) = ——=——"—— 4.130
1 (k1) norm(hy(tky)) ( 2)
~ By (ki)
ha (k) =——+—"—"F"— 4.130b
H( JI) norm(hu(:tkz”)) ( )
where
_ | i
) B13Byy + By fi; — B23By
hi(£ky) = BiB13 — ByBi3 + BBy (4.131a)

—B1y [B13Ba1 + Byf; — BuBi| B —Bu
L Biz |BiB13 — BnBi3 + Bi3Bis Bz |
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B3B21 + By fy; — BBy

hi(£ky) = BuBi3 — BynBi3 + ByuBi» (4.131b)
—B12 [B13B21 + Basf;; — BBy By —Bu
L Bz |ByBi3 — B2Bi3 + Bi3Bi» Biz

p, and f3;; are the corresponding eigenvalues for l’;nl(ikzl) and ﬁ,,”(j:kzl),
respectively. They are defined as

B, = ki [e3c08%0 + &1sin*0] — 2k ko’

x [ere3(1 4 cos?0) + (ef — &3)sin®0] + 3ko*es (617 — &7) (4.132a)
By = Ky [e3cos?0 + eysin*0] — 2kg ko’
X [8183(1 + 00520) + (8% — s%)sinzﬂ] + 3kotes (812 — 822) (4.132b)

Electric-magnetic type DGF, éem(f', ), magnetic-electric type DGF, (:}mg(F, )
can now be easily obtained from the first order dyadic differential equations given
by (4.27) and (4.25), respectively.

4.8 Application of Duality Principle

In this section we apply duality transformation that is outlined in Sect. 4.3 to
develop the complete set of the DGFs for a magnetically gyrotropic or gyromag-
netic medium. The duality relations between the DGFs of gyromagnetic and gyro-
electric medium are obtained as
E— 0, U—E My — & (4.133)
on the problem of electrically gyrotropic medium transforms dyadic Green’s
functions into their dual ones for a magnetically gyrotropic medium as follows.

Goo(7,F') = Gy (7, 7) (4.134)
Ge(F,7) = =Gl (7, 7)) (4.135)
Gy (F,7') — Gl (7, 7)) (4.136)
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(4.137)

Qu

) - _C:;Ze(Fv f/)

(’ﬂl(

At this point we introduce superscript e,m to distinguish DGFs for gyromagnetic
and gyroelectric medium. The superscript ‘e’ stands for an electrically gyrotropic
medium. The superscript ‘m’ stands for a magnetically gyrotropic medium.

4.8.1 Electric Type DGF C:?ge(f, ) for a Gyromagnetic Medium

The electric type DGF (:}ZL (F,7) for a magnetically gyrotropic medium can be

found by applying the duality transformation given by (4.133) and (4.136) as

E— [, H—e fig— &

and

~m ,_ _./)

~e
Gmm (r’ f’) - GL’L’(r7 7
Hence, we obtain the following result for C:;Z;(f, 7) whenz > 7z

/

1 O 1 1\ ik & ()
00 00 S |7 Cu(k)e I(kzl)e
(:;m(7 o\ T WUy J J die-dk k02:u3(kzl_kz%1) kz] "
ee T 82 XY o o ’
T _k'lénu(kzu)é;;[(kzu)e'k”'(rir)
zIl
z>7
(4.138a)

Similarly, the DGF G, (F, ') when z < 7/ can be found as

’

ﬁé (_kzl)én*l(_kzl)e”cr(’_))

oo X
_ kolus (K2 —k2) [k, "
(7. F) = WHy J Jdk,\-dky 0 (kg — k) Lk

!

!
o / / ! =l e o
_ g o S o i, (F—F")
L Cur (k) ey (—kyp)e™
zIl

/

z<z
(4.138b)
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with the application of following transformations

kzi klzz
i k,
ki | — | & (4.139)
Bi %
D éni =111
where
&g —ieg 0 Hq —i,u2 0
i82 €1 0 — l,U.z Hq 0 y
0 0 & 0 0 U3

4.8.2 Magnetic Type DGF C:?:Zm(f, ) for a Gyromagnetic Medium

We can find the magnetic type DGF ézm(ﬁ 7) for a magnetically gyrotropic
medium when we apply the following duality transformation given by (4.133)
and (4.134) as

§_>:[:h H—=28& Ho— &0
Geo(r,7) = G (7,7)

As a result, we obtain G, (7,7') for z > 7 as

ﬁ/ A~ ! /‘/>’<
=t h (kzl)hnl

k02/13 (k% - k;%l) k;1 "
dk

/

“oo - _Pu
!

kzl]

(k;l)eilg‘(F’f/)

A1 =

ﬁ;ﬂl (k;ll)h”*][ (k;H)e"ku‘(F*l‘ )

/
z>z

(4.140a)
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Similarly, the DGF G, (7, 7') when z < 7 is found as

1 ﬁ/] A1 AN ’ P
o oo 22 (12 12\ _’hnl(_kzl)hn*l(_kzl)e”c['(r 7)
=m — ey k02u3(kz% _kz%[) kz[
G, (F,F)= J J dkydky
e 8n2 P /
o _kllhnll(_kzll)hn*ll(_kzll)e”c”-(rir )
zIl
z<7
(4.140b)
with the application of following transformations
kzi k;'l
i k;
K| = | K (4.141)
o [g;
Eni hm’ i=I 11
where
g —ieg 0 W —iuy, O
i e 0| — i om0
0 0 &3 0 0 U3

f—e, & — o

en(
em

Similarly, electric-magnetic type DGF, G 7, 7"), magnetic-electric type DGF,

G, (7,7 for gyromagnetic medium can now be obtained from the first order
dyadic differential equations.
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Chapter 5
Radiation in Anisotropic Medium

In this chapter, we will discuss the radiation characteristic of anisotropic medium
by studying specifically dipole radiation from a uniaxially layered anisotropic
media. We will calculate the far field radiation from an arbitrarily oriented Hertzian
dipole when the dipole is placed over or embedded in a layered uniaxially aniso-
tropic medium which is bounded above and below by isotropic media. The optic
axis of the uniaxially anisotropic medium is arbitrarily oriented, i.e., not necessarily
perpendicular to the plane of stratification. This leads to the cross-polarization
effect and coupling between the ordinary and the extraordinary waves that exist
in the anisotropic layer. The spectral domain approach is used to determine the far
field behavior of the dipole. For this purpose, the dyadic Green’s functions (DGFs)
derived in Chap. 4 will be used. The far-field approximated Green’s functions are
evaluated using the method of stationary phase and the analytical results for the
radiation fields are obtained for both horizontal (x — and y — oriented) and verti-
cal (Z — oriented) dipoles. The physical interpretation of the analytical results will
also be discussed. In Sect. 5.5, numerical results are presented, including parameter
studies on radiation patterns. In particular, the effects of anisotropy, layer thickness
and dipole location on the radiation fields are discussed.

5.1 Formulation of the Problem

The anisotropic medium under consideration is uniaxial and characterized by a
permitivity tensor & of the following form when its optic axis is along the z-axis

&1 0 0
a? =10 & o0 (5.1)
0 €1z
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DOI 10.1007/978-1-4419-6024-5_5, © Springer Science+Business Media, LLC 2010



88 5 Radiation in Anisotropic Medium

Fig. 5.1 Geometry of a z
uniaxially anisotropic
medium

Z' (optic axis)

The medium is magnetically isotropic with permeability p, = 4 x 107’ H/m.
When the optic axis of the anisotropic medium is tilted off the z-axis by angle ¥
on the yz plane as shown in Fig. 5.1, its permitivity tensor is transformed accor-
dingly as

B €11 0 0
El = 0 & &3 (52)
0 e &3

where

&1 = &1
€2 = £1C0S°Y + &1.8in’Y
€3 = &3 = (&1; — &) cos Y siny

£33 = &18in*Y + &.cos?y

(5.3)

We first consider the problem of two-layered stratified medium as shown in
Fig. 5.2. The upper and lower media are isotropic and characterized by permitivities
€o and &,, respectively. The medium in the middle is uniaxially anisotropic as
described above. The dyadic Green’s functions (DGF) of this structure when the
unit impulse source is located at z = z’ in region 0, i.e., z’ > 0 satisfy

V x V x Goo(F, 7') — 0 pgeoGoo(F, F') =I6(F — '), z >0 (5.4a)

V x V x Gio(F, 7') — 0oty - Gro(F,7') =0, —d <z <0 (5.4b)

V X V X Goo(F, 7') — 0 ugeaGao(F,7') = 0, z < —d (5.4¢)

with the boundary conditions at z = 0 and z = —d and radiation condition at

z = £o00. The first subscript of the DGFs refers to the region of the field point
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Fig. 5.2 Geometry of the z

problem when the dipole is A

over two-layered anisotropic i _

medium Y T = i8(x)8()8(=—h)

h i
Ho> €9 i z=0
N0y5=1 Uniaxially Anisotropic I d
z=-d

Ho, &

and the second subscript to the region containing the source. Explicit solutions of
DGFs G (7, 7) for z<z’, G1o(F,7) and Gy(F, ') are obtained by Lee and Kong
[1] when the source is in region O.

5.2 Far Field Radiation: Dipole Is Over Layered Uniaxially
Anisotropic Media

In order to determine the far field radiation from a dipole over a two-layered
anisotropic medium, the far field approximated DGF of the problem in Fig. 5.2
has to be found. In particular, we need to find the DGF G (7,7 of the problem
when z > 7. Noting that the electric field Ey in region 0 satisfies

V x V x Ey(F) — 0*pyeoEo(F) = iwpyl (F) (5.5)
the radiation field can be calculated using the DGF as follows.
Eo(r) = ia),uojjj(:;oo(ﬁ ') - J(F)dV (5.6)
where
J(F') = t1cd(xX)6(y")o (2 — h) 5.7
when the source is the Hertzian dipole. In (5.7), c is the current moment of the
electric dipole and i is the orientation of the dipole. After evaluating the integral in

(5.6), it will be possible to express Eq(F) in terms of horizontally polarized and
vertically polarized components as

Eo(r) = hko:)En(r) + (ko: )Ey(r) (5.8)
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The DGF (:;oo(f, 7") when z < 7' is obtained in [1] and given by

Gl 8w / / Wb e { (~hos) {ﬁ(_koz)ei(koﬂ + Ry (ko )™
+ Riyv(ko: ) e ﬂ V(—ko:) l:‘;(—k()z)ei(lcnf) +RVV\A’(/<OZ)6"'(I‘?°‘F)
+ RVHh(kO )e' o ﬁ} }ew’_“’"—'/), z<7 (5.92)

To derive the DGF éoo(f, 7') when z > 7/, we employ _the symmetric property
[2] of the DGF G (F,7'), and make use of the DGF G (7, 7’) for z < 7/, as
follows.

G:()()(f7 7_‘,)

(5.9b)

z<z

where the superscript T stands for the transpose. The new DGF for z > 7' is given by

G()off 82//

{ k();) |:/:l\(k()z)€i(k0‘ﬂ> +R7HH2(7kOZ)efi<R‘0'f/)

+RIVHii(—k0z)ei(K°‘r/)} ko) g5y

(5.10)
where
Ry = Run(ky — —ke by — —ky)
Ry, = —Ruy (ke — —ky, ky — —k,
. v (ks = =k ) (5.11)
Ryy = Ry (ky — —ky, ky — —k)
Ryy = —Rvi (ke — —ke,ky — —ky)

and all the vectors and coefficients including Ry, Ryy, Ryy and Ryy are defined in
Appendix. We note that (£k,,) is a unit vector in the direction of an electric field
for horizontally polarized wave and v(=k,,) is a unit vector for vertically polarized
wave where (4) refers to upward propagating wave and (—) to downward
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propagating wave. Now under the far field approximation, the integral for Gzoo(f, )
in (5.10) is evaluated with the method of stationary phase [3, 4] as r — oo. The
result is

8ok, ') (5.12)

(5.13)

=k, — zko. (5.14)

and (0, ¢) are observation angles at the field point 7. Radiation fields can now be
found by substituting (5.12) into (5.6). The result is

Eo(F) = iwp, Goo(F, 7') | eiic

X'=0, y'=0, Z’= h

ik,r L
= iopoc S 2o(ky, )

X'=0, y'=0, z= h

oii (5.15)

When the dipole is oriented in Z direction, iz = Z, (5.15) can be written in the form of
(5.8) where

ouge R (k, .
Ey(r) = ljo - {k_gR Hvelk("’d} (5.162)
E.(r) = WHHC £ k_p ( o tkoed Rlvv eikm—d) (5.16b)
i dur |k,

When the dipole is oriented in x direction, it = X, we obtain

Eh (I)

ik, .7
opgc e [ky gy g D iy | Kkoz Ly g
_ el oz R oz R oz 5.17
i 4mr {kp (6’ + R gpe ) + kpko HVE ( a)
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/

kol kps . ky
_ wUC e { Z (e—zk(,:d —R Wezk,):d) + lR VHelk,)_,—d} (517b)

E, -
== U kk k,

When the dipole is oriented in y direction, i = y, we obtain

. / : k 'koz ! i
(e—ll(o:d +R HHelkuzd) 4 k}_kR Hve k”—"d} (5.18a)
pKo

iko.F*

e e k

En(r) = i dmr { a k_x
P

ik, .7
wpyce e kyko: . it 4 C ied ke o gd
E,(r) =— — =4 — R yye™*?) — —R 5.18b

) i Adar { kpk, (e ™) ky vie ( )

The formulas (5.16-5.18) give a complete set of radiation fields for arbitrarily
oriented dipoles when the dipole is at a height h above the anisotropic layer. We also
notice that in spherical coordinate system, 2 component of the far field corresponds to

@ component, v component of the far field corresponds to 0 component.

5.3 Far Field Radiation: Dipole Is Embedded Inside
Two-Layered Anisotropic Medium

In this section, we will find the radiation from an arbitrarily oriented Hertzian
dipole when the dipole is embedded inside a uniaxially anisotropic medium as
shown in Fig. 5.3. All other parameters considered in Sect. 5.2 remain unchanged.
For this problem, we need to evaluate the far-field approximated dyadic Green’s
function Gy, (7,7'). Namely, the source point is in region 1 and the observation
point is in region 0. When the impulse source is located at z = 7z’ in region 1
(—d < 7' < 0), the DGFs Go;,G11,Go1 satisfy the following vector wave equations:

V x V xGoi (7, 7') — 0*ugeo Goy (7, 7') = 0, z >0 (5.19a)

V X V x Gy (7, 7') — 0?uger - G (7, 7F) =16(F —7'), —d <z <0 (5.19b)

z
Ho-%o i z=0
_ hig 7-a .
Fig. 5.3 Geometry of the d | upg J = a8(x)8(n)8(z+h)
problem when the dipole is Uniaxially Anisotropic z=—d

embedded inside two-layered
anisotropic medium Ho- &2
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V X V x Go1 (7, ') — 0 ppeaGay (F,F') = 0, z < —d (5.19¢)

Instead of solving this new problem, we can again make the use of the results for
the DGF G (7, r') derived in [1] and given by

] 1 sl ~ (=0 =
Gur) = gy [ [ e k[t 57

+ Buoo (k)7 + Ao (ki) 7 + Bpeé (ki) i
+9(—koz) [AVOO( k) 4 Byoo (k7. )e ) + Ayee (k5

+Bveé(ki§‘)e"("‘f”] } —d<z<0

(5.20a)

which is the DGF when the source point is in region 0 and the observation point in
region 1. Go; (7, 7) and G, (7, ') satisfy the following symmetric property:

= [élo(flvf)r

z>0 Zz<0

ém(ﬁfl)

(5.20b)

The new DGEF is then given by

= I l 1 e N ~ ~ i ’o,f/

Goi (7, 7) =23 dekxdkyk—oze’k” {h(koz) [AoHo(k‘fZ).e itky")
+B¢)H0A(_k(l)z)e_i(k?'f,) + AeHé(k?Zl)e_i(ETfl) + BeHé(kT?)e_iwt‘)'f/)}
+ ‘;(koz) {oné(k?z)e#(k?.f!) +BUV0( ko ) —i(R{-T")

FAeye (ke KT +B£,Vé(k§f)e—"<"<‘i‘f’>} },z >0

5.21)
where
Aoy = AHo(kx - _kxaky - _ky)
B,y = BHo(kx - _kx;ky - _ky)
Ay = _AHe(kx i _kkay - _ky
By = —Buo(ky — —koky — —k,
H el 77 TR0y T T (5.22)

)
( )
Ay = —Av,o(ky = —keky — —ky)
Bov = —By,(ky — —keky — —ky)
Ay = Ayelky — —koky — —ky)
Bey = Bye(ky — —ke,ky — —ky)
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and all the vectors, variables and coefficients including Ay,, By, etc. are defined in
Appendix. We note that 6(£k¢,) is a unit vector in the direction of an electric field
for an ordinary wave and é(k$*) or é(k¢?) is a unit vector for an extraordinary wave
for an upward or downward propagating wave. Under the far field approximation,
the integral for Gy, (7, f’) in (5.21) is evaluated again with the method of stationary
phase. The result is

ikor
- ek
Goi (7, 7') = o 2, (k. F") 5.23)
where
Silky. ) =hlko:) kS)e ) 4 By (kg )e )

FAe(k)e G 4 By (ked)e (R "">}

i(ky-r! o (5.24)
9 (ko:) { Ao (KT )e K 4 Byo(—k7, e )
+A0V6(kll)z)e_i(k(]7~f/) + B()VO( ko ) K“ r/)}
Radiation fields can be found by modifying (5.6) as follows:
Ey(r) = iwﬂojjjém (7,7") o J(F)dV' = iwp,Goy (F, 7)) | eiic (5.252)

X'=0, y'=0, Z'=—h

Substituting (5.23) into (5.25a) and evaluating the integral, we obtain the radia-
tion field:

1ka

dnr

Eo(F) = iopoc — 3, (K, ') ‘ oii (5.25b)

X'=0, y'=0, Z/=—h

When the dipole is oriented in 7 direction, & = Z, the components of the radiation
fields are

Ep(r)= wpoc T Ao (kysinyy) el N Boukysinye kit
w\r .
i dnr [(kfzsim//—kycosx//)z4—kx2]l/2 [(k?zsinlﬂ+kycos¢)2—&-kxz]l/2
Aert[(e22ky —|—823k"“) (kS siny — ky cosy) — k> cosiey |ekizh
1/2 12
[(kg2sing —kycosyr) 4,2 (k1) + (o2l oaak) + (eanky+ eaaki?)’]

BgH[(szzky+823k§"j)(k6dsm¢ kycosyr) — kxzcostpsn]eﬂ‘ffh

B . 1/2 1/2
[(kedsingy — kycosp) +k2] " [(keern)> + (e20ky +e23k50)” + (ea0ky +e33k)°)]

(5.262)
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and

Ey(r) = cou'oc eikor Aoy (kysiny) ekt Boyk,sinyre ki
FA | kg sing — kycosy) 7" (kg sing -+ cosy) + k]

Acv |22k, +23k) (kS sing — ky cosys) — k.” cos ey e
(ki siny — &, cosy)’ +k,’] V2 [(keenn)* + (ex2ky+ 823k§?)2 + (e32ky + 8335?)2] 1

1/2

2

Bev[(eanky +ea3ki?) (ki siny —kycosyh) — ki cos e Jei"

. 1/2
[(kffS]nlp_kyCOSlp)2+kx2] [(kx811)2+(822ky+823ki?)2+(832ky+833ki}?)2]
(5.26b)

1/2

When the dipole is oriented in X direction, & = X,

— PHoC M7 | Agn(kycosy — kY siny)eM | Bop (kg siny +kycosy)e M
i 4nr [(kS_siny — kycoslp)z e 1/2 (k2. siny) +kycosw)2 +kx2]1/2
Aeri[kesing (ea2ky + e23k5") + ky cos (e3aky +&33k6") | e™i"
2 Si 12 u e 1/2
(ke sinp — kycosip)” + k] [(kven )+ (eaaky +e23k{)” + (eanky +essk)’]

Eh (I‘)

Benlkysiny (exky +e23k{d ) + ke cosyp (exoky + e33k{d)eich

i 2 12
[(kgdsiny —kycos)” + ] [(keen ) + (eanky +e23ki?) + (noky + £33K50)’]
(5.27a)
and
Eu(r) = co,u'oc eiko-T Ay (ky cosyy — k9, Simp)eik‘lehz N Bov(ki'z siny + k, COSI//)efiklllyz};
P [(kgsing — kycos)* +k (K sing -+ kycosy) +k2)
Ay [kesing (exaky + e23k$") + kycos (e32ky + £33k¢") iz
: . 2 eu 1/2
[(k“siny — kycosy)* +k,2] Plken)? + (622ky + £33k )+ (32K, +£3k)7]
~ Boy [kysinyy (exok, +623k5d) + ki cos  (30ky + £33k{d) | eizh
i —

[(kee1)? + (eaky +23K59)” + (e3ok, + £33K5)’]
(5.27b)

(ks siny — kycosp)” + k2]

z
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When the dipole is oriented in y direction, & = y,

En(r) e ek —Aop (kycosyy) etk —B,p (kycosyy)eki:h
w(r)=—
i Amr [(k¢_siny — kycosy)” + k%] i [(k9_siny +ky cosh)® +k,2] 1z
N Ao [(K*singy — ky cos ) (eaaky + e23kS") + ki sinpe ] ekish

. 12 2
[(ki?SIHlﬁ—kyCOSlﬁ)z‘i‘kxz] / [(kxsll)z—l—(822/@4—823/(??)2—"-(832ky+833ki?)2] /

By [(K§¢ sinyy — kycosyr) (eanky +£03k59) + k,* sinrey Jetkich

' (ki sinyy — k, cosy)’ +k] " [(keer1)? + (e22ky + 6235?)2 + (e32ky + 833%?)2} .
(5.284)
and
E,(r) =2Ho¢ effor —Aoy (kycosyp)ei:" —Boy (kycosy)e ki
i dnar [(k9, siny — kycoslp)z k2 1/2 (K2 siny +kycosx//)2 k2 1/2
+ Aev[(K§siny — kycosy) (e3aky + £23k$%) + ki sinipey Je™ih

. 1/2 12
(ks singy — kycosyp)” + A (keen)” + (eaaky +e23k)” + (esoky +esski)]
By [(k¢siniy — ky cosp) (eaaky + £23kY) 4k, 2 sinypey e ic

1/2
[(kdsiny — k,cos )’ + k)"

_|_
(ot + (eaky o2k’ + (o +esski)]
(5.28b)
The formulas (5.26-5.28) give a complete set of radiation fields for arbitrarily
oriented dipoles when the dipole is embedded inside the anisotropic layer at a
distance h below the top surface. As before, in spherical coordinate system, h
component of the far field corresponds to ¢ component and v component of the
far field corresponds to 0 component.

5.4 Physical Interpretation of Dyadic Green’s Functions
for Radiation Fields

The physical interpretation of dyadic Green’s functions and the radiation fields
derived in the previous section carries importance to understand the physical
phenomenon that is occurring. This discussion is given in Sects. 5.4.1 and 5.4.2.

5.4.1 Go(F,7): Dipole Is Placed Over the Anisotropic Layer

In the structure of the DGF, 500(f, 7) in (5.10), there are two kinds of waves.
One of them is a direct wave from the source, which is represented by
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a b
z z
A A P
Z fior$ wave z EK\U‘ky‘ hand v wave
H z=0 H z=0
Anisotropic Anisotropic
z=-d z=—-d

Flg 5.4 Geometry for the physical 1nterpretat1on of DGEF, Goo(/ 7') (a) Direct wave,
h (or v) wave. (b) The incident wave is h— orv— polarized. The reflected wave has both
h— and ¥ — polarized components

h(ko:)e ™) or $(ko.)e~®™") Others are the reflected waves from an anisotropic
surface and accompanied with appropriate reflection coefficients. There exist the
cross-polarized waves, which are accompanied by the reflection coefficients,
R}, or R, and they are due to isotropic-anisotropic interface. Because when the
dipole radiates a wave with either h— orv— polarization, the reflected wave from
the isotropic-anisotropic boundary, will have both polarization components. For
instance, R, represents the case when the incident wave is ¥ — polarized and the
reflected wave is i — polarized. This is illustrated in Fig. 5.4. Upon observing
analytical results for far fields given by (5.16-5.18), it is seen that for the horizon-
tally oriented dipoles, each field component (h or ¥) has terms associated with a
direct wave, a wave due to image of the dipole, and a wave due to cross polariza-
tion. Hence both component and ¥ component of the far fields for horizontal
dipole are equally excited. For the vertical oriented dipoles, mainly v component of
the far fields are excited. The excitation of A component is only due to cross
polarization, thus it is relatively small. This happens when there exists isotropic-
anisotropic boundary. All the contributions from stratified layer are embedded in
reflection coefficients.

54.2 (:;01 (F,F"): Dipole Is Embedded Inside the Anisotropic Layer

There exist two characteristic waves in the structure of the DGF, Gy (7, 7')— an
ordinary wave 6 and an extraordinary wave é. Upon transmission from anisotropic
medium through the isotropic region, each transmitted wave will have h and
polarized components. Ay, A,v, Bor, Boy are the transmission coefficients when
the radiated wave from the source is an ordinary wave and the transmitted wave is a
horizontally polarized wave or vertically polarized wave depending on the subscript
associated with it. The A’s represent the transmission coefficients for waves
radiated upward by a source and transmitted through isotropic region without any
reflection, whereas B’s represent the transmission coefficients for waves radiated
downward by a source and transmitted through isotropic region after reflection from



98 5 Radiation in Anisotropic Medium

Fig. 5.5 Geometry for z
Ehysical interpretation of A
Goi (7, 7") . A
h and v
Anisotropic 0(—ky_.%)
é(klzed )

bottom layer. By the same token, A.y, B.i,Acv,Bev are the transmission coefficients
when the radiated wave from the source is an extraordinary wave and the transmit-
ted wave is a horizontally polarized wave or vertically polarized wave. Figure 5.5
illustrates this discussion.

Observing the analytical results for the far fields (5.26-5.28) reveals that the
effects of orientation of the dipoles are carried by the coefficients which are in
multiplication with the transmission coefficients. All the contributions from the
stratified layer are embedded in the transmission coefficients.

5.5 Numerical Results

Section 5.5.1 includes discussion about analytical and numerical validation of the
results given in the previous sections. In Sect. 5.5.1 some special cases have been
investigated in the limiting cases and compared with existing results. In Sects. 5.5.2,
5.5.3and 5.5.4 new numerical results are presented and the effects of changing
parameters are discussed in detail.

5.5.1 Special Cases

In this section, three special cases are considered to confirm the validity of the
results obtained in the previous sections. Case I corresponds to the self-check of the
analytical results obtained in Sect. 5.2. Case II compares the far fields in the limiting
case for isotropic half space problem with the numerical results of King and Sandler
[5]. Case III compares the radiation fields for the two-layered anisotropic medium
when the dipole is at the interface with the numerical results of Tsalamengas and
Uzunoglu [6].

5.5.1.1 Casel

The dipole is placed right at the interface between region 0 and region 1. Region 1
is assumed to be an isotropic medium having the same permitivity as region O.
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a b

o, € P4 Region 0 Lo, € Region 0
P4

Ho» € Region 1 Ho» € Region 1

Ho,€ — o Region 2 Hp.& — oo Region 2

Fig. 5.6 Geometry of Case I (a) with DGF Gy (7, 7) (b) with DGF Gy, (7, ")

Region 2 is assumed to be a ground plane. Far fields are calculated using DGFs
Goo(7,7') and Gy (7, 7'). Figure 5.6(a) depicts the far field problem with DGF
C:?OO(F, F'), whereas Fig. 5.6(b) represents the same problem with DGF Go (F, 7).

When a vertically oriented dipole is placed at the interface (h = 0), i.e., i = Z,

the cross polarization coefficients R);, — O,R,; — 0 in Goo(7,7'). Hence, the
expressions in (5.16a) and (5.16b) reduce to

En(r) =0 (5.292)

iky .
_ R wuge el k
Er) = V(koz)% 4nr ki

{14+Rw} (5.29b)

When the same problem is solved using DGF G, (7,7") as depicted in Fig. 5.6
(b), the transmission coefficients, off-diagonal permitivities and wave numbers
reduce to

Y — 0,600 — 0,603 =63 — 0

Ay — 1Ay — 1

By — Ryv,Bor — Rup

Ay — 0,Bey — 0,Apy — 0,B,y — 0
kid — ki kY — kT

129
k] — ko

(5.30)

Hence, (5.26a) reduces to (5.29a) and (5.26b) reduces to (5.29b) which validates
the results in one special case. When the same procedure is repeated for the
horizontally oriented (x—oriented) dipole, the analytical results for the far fields
using the DGFs G (7, 7’) and Go; (7, 7') both reduce to the same results as follows:

opge ek’ k ,
Ex(r) = ‘lfo o {k—y(l +RHH)} (5.31a)
p
ik, .7
e e kiko; ,
E(r) = - 1-R 531b
) == 2 { k,,ko( VV>} (3.31b)
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5.5.1.2 Casell

We consider the isotropic half space problem that is solved by King & Sandler [5].
Region 0 and region 1 are assumed to be air whereas region 2 in this problem is
considered to be a lossless or slightly lossy medium, i.e., dry sand or lake water. The
vertical electric dipole is placed at a distance h from medium 2 as shown in Fig. 5.7.
The far field radiation patterns are shown in Fig. 5.8 for two different cases, dry
sand and lake water, respectively. The numerical results for radiation patterns agree
well with the numerical results obtained in [5].

5.5.1.3 Caselll

We consider the anisotropic two-layer problem when the dipole is located at the
interface h = 0. The geometry of the problem is shown in Fig. 5.2 and Fig. 5.3. In
this problem region 1 is considered to be a weakly uniaxial anisotropic medium,
Polytetrafluoroethlene (PTFE, ¢, = 10.4¢p,6; = 10.7¢p), backed up with a perfect
ground plane (region 2). The far field in region 0 is calculated using our method and
shown in Fig. 5.9. The far field calculation is carried using dyadic Green’s functions
GOQ(F, f/) or G()] (f‘, f/).

It is observed that for horizontally oriented dipoles, far fields obtained using
Goo(F,7') or Gy (7, ) gave identical patterns. On the other hand, for vertically

dipole over an imperfectly
conducting plane. g, = 2 (dry
sand), o = 0 or &, = 80 (lake
water), ¢ = 0.004. Dipole &€
height = 2 m, f = 100 MHz

Fig. 5.7 Vertical electric * ......
i h=2m

....... Lake Water
Dry Land

Fig. 5.8 Far field radiation patterns for Case II, over an imperfect ground plane
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Fig. 5.9 Far field radiation patterns for Case III, weakly uniaxially anisotropic medium over a
perfect ground plane. h = 0 mm, d = 1 mm, \y = 60°, ¢ = 0° (180°), &;, = 10.4¢,, &, = 10.7¢,

oriented dipoles, the far fields exhibited a difference in the amplitude, whose ratio is
approximately equivalent to relative permitivity of the anisotropic medium which is
weakly uniaxial and hence has a very similar characteristic to isotropic medium.
The difference seen in the amplitudes of the radiation E fields for the vertically
oriented dipoles is due to the continuity of the normal component of the electric flux
density, D across the boundary between two media. This same problem is solved by
Tsalamengas and Uzunoglu [6]. The radiation fields using Go; (7, 7') gave identical
results to ones that are obtained in [6].

5.5.2 Effect of Anisotropy

In this section, the effect of anisotropy will be investigated on the radiation patterns
for varying anisotropy when dipole is located over or embedded inside the layered
anisotropic medium [7].

5.5.2.1 Dipole Is Placed Over

The geometry shown in Fig. 5.2 is used in calculation of radiation fields. We
consider region 2 to be a perfect ground plane, i.e., &, — oo, and the dipole is
placed at the interface, h = 0, for practical applications. The radiation fields are
obtained by varying the anisotropy parameter of the medium in region 1, ¢,/¢;,
from 0.5 (negatively uniaxial medium) to 1.5 (positively uniaxial medium) where
&7 = 10.7¢y. The medium thickness d in region 1 is 0.01A where A is the free space
wavelength.

If the dipole orientation is in x-direction, the radiation field has a single beam
when 0° < ¢ < 90° (180° < ¢ < 270°) for both h-polarized and v-polarized
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Fig. 5.10 Change in beamwidth and directivity as anisotropy is varied. |[Evl for x-directed dipole
whenh = 0 mm, d = 1 mm, \y = 60°, ¢ = 60°(240°)

components. The anisotropic effect on the radiation fields when the observation
point is on the ¢ = 90° (270°) plane is minimal for the A-polarized component of
the radiation field. On the other hand, this effect is significant for the v-polarized
component for the same dipole orientation. As the observation point moves to the
¢ = 0°(180°) plane, this effect is reversed for the A-polarized and v-polarized
components. For the v-polarized component, the radiation intensity is strongest
when the medium is positively uniaxial (¢;,/¢; = 1.5) and the weakest when the
medium is negatively uniaxial (g;./¢; = 0.5). Figure 5.10 shows the radiation
patterns for the v-polarized wave when the dipole is oriented in x-direction and
¢ = 60° for 0° < 0 < 90° or ¢ = 240° for —90° < 0 < 0°. As the anisotropy
becomes more positively uniaxial, the beamwidth gets broader with the maximum
beam at O = 48.2° and the directivity decreases for the v-polarized waves. As a
consequence of this effect, the beamwidth and the directivity of the antenna can be
controlled with the anisotropy parameter. When the medium is positively uniaxial,
i.e., &1;/e1 = 1.5, the main beam shifts towards 6 = 90° as the observation plane
moves towards ¢ = 0°(180°) plane. This is similar to a change of radiation pattern
from an endfire antenna to a broadside antenna. This effect is reversed for the /-
polarized waves. It is important to note that when ¢ = 0°(180°), the v-polarized
component of the radiation field will be dominant. If the observation plane is shifted
to ¢ = 90°(270°) plane, the h-polarized component will be dominant. When
¢ = 45°(225°), both components will contribute equally to the radiation field.
When the dipole is oriented in z-direction with ¢ = 60°(240°), both v-polarized
and h-polarized components of the radiation field has a double beam pattern. The
radiation field intensity changes in the same way for the A-polarized and v-polarized
components which was described for x-oriented dipoles when 0° < ¢ < 90° (180°
< ¢ < 270°). Since the radiation field has a double beam pattern consistently, this
corresponds to change in the lobe height of the radiation pattern. The h-polarized
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component of the radiation field is zero when region 1 is isotropic since there is no
cross-polarized component.

5.5.2.2 Dipole Is Embedded Inside

Here, the geometry of Fig. 5.3 is considered in calculation of radiation fields.
The dipole is embedded in the middle of the anisotropic medium, h = 0.05A. The
thickness of the medium, d, and the anisotropy parameter are kept the same. The
anisotropy parameter is varied in the same way as in Sect. 5.5.2.1 to calculate
the radiation fields. The A-polarized component of the z-oriented dipole has a single
beam when 0° < ¢ < 90° (180° < ¢ < 270°). The numerical results show that
the radiation intensity and the maximum beam change by varying the anisotropy
parameter. This corresponds to main beam movement for the radiation pattern of an
antenna with a single beam. The v-polarized component of the radiation field
exhibits very interesting case. If we consider region 1 as an isotropic medium, the
radiation pattern has a double beam when 0° < ¢ < 90° (180° < ¢ < 270°).
When the medium is negatively uniaxial or positively uniaxial, it has a single
beam pattern on the same observation plane except when ¢ = 90°(270°). This
corresponds to change in the radiation pattern. Figure 5.11 shows the numerical
results for v-polarized component of the radiation field when ¢ = 60°(240°).

In this figure, when the medium in region 1 is isotropic, the radiation pattern has
double beam which has null at 8 = 0° and maximum radiation at § = £55.5°.
When the medium is negatively uniaxial (g;,/¢; = 0.5) or positively uniaxial
(e12/€1 = 1.5), this double beam pattern switches to single beam pattern with higher
radiation intensity for the negatively uniaxial medium in comparison to the posi-
tively uniaxial medium and isotropic medium, respectively. The maximum radia-
tion occurs at 0 = 19.1° for negatively uniaxial case whereas this point changes to
0 = 51.8° for positively uniaxial case.

E,f,fff,r =135
&,/ =1
—— £,/6 = 1.5

Fig. 5.11 Change in pattern shape as anisotropy is varied. |[Evl for z-directed dipole when
h = 0.05A, d = 0.1\, ¥ = 60°, ¢ = 60°(240°)
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The change in the radiation fields for the x-oriented dipole by varying the
anisotropy parameter is similar when it is placed at the interface.

5.5.3 Effect of Layer Thickness

In this section, the effect of layer thickness will be investigated on the radiation
patterns for different thickness levels when dipole is located over or embedded
inside the layered anisotropic medium.

5.5.3.1 Dipole Is Over

The radiation fields are obtained when region 1 is a negatively uniaxial medium,
Epsilam 10 (g1, = 10.2¢9,¢; = 13¢p) or a positively uniaxial medium, Sapphire
(e1; = 11.6¢p, €1 = 9.4¢p). The dipole is assumed to be at the interface, h = 0 mm,
with orientation in x-direction or z-direction. The layer thickness of the uniaxial
medium is varied from 0.1A to 1A.

If the dipole is oriented in the x-direction and the medium in region 1 is
Epsilam 10 with thickness 1A, the radiation pattern for A-polarized component in
the ¢ = 90°(270°) plane has one main lobe with max radiation at 6 = 0.91° and
two symmetrical minor lobes. If the observation point is taken such that 0° < ¢
< 90° (180° < ¢ < 270°), the radiation field has a single beam pattern. When
¢ = 0°(180°) plane, although the intensity of the radiation field is smaller, the
radiation pattern becomes symmetrical with two lobes having maximum radiation
at 0 = £50°. If layer thickness of the anisotropic medium is changed to 0.1/, the
radiation pattern has as a single beam when 0° < ¢ < 90° (180° < ¢ < 270°)
with max radiation at 8 = 0.909° and switches to a symmetrical, double beam
pattern with maximum radiation at § = +35.5 on ¢ = 0°(180°) plane. Hence, the
effect of varying the layer thickness can be used to control the main beam
movement of the radiation pattern for the h-polarized component of the x-oriented
dipole when 0° < ¢ < 90° (180° < ¢ < 270°). This effect is shown in Fig. 5.12.
In this figure, the maximum radiation occurs at 6 = —11.8° or 6 = —0.91° for
layer thickness 14 or 0.14 respectively, when ¢ = 45°(225°). The radiation
patterns for the v-polarized component of the x-oriented dipole are almost sym-
metrical (with respect to ¢) to those for the /-polarized component of the radiation
field for x-directed dipole.

When the orientation of the dipole is changed to z-direction and the medium in
region 1 is Epsilam 10, the s-polarized component which has only a cross polariza-
tion term, has a double beam radiation pattern when 0° < ¢ < 90° (180° < ¢
< 270°) for 14 or 0.14 with different lobe heights. The v-polarized component of
the dipole has its maximum radiation when ¢ = 0°(180°) and it has double beam
pattern everywhere except ¢ = 90°(270°) and layer thickness is 1A. At this
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Fig. 5.12 Main beam movement as a result of change in thickness of the material. |Ehl for
x-directed dipole over the layer. h = 0 mm, \y = 60°, ¢ = 45°(225°), €;, = 10.3¢g¢, &, = 13¢q

— d=0.14
- — d=1

Fig. 5.13 (a) Relative lobe height control. IEhI for z-directed dipole over the layer. h = 0 mm,
Y = 60°, ¢ = 60°(240°), Sapphire, €,, = 11.6gy &, = 9.4¢,. (b) Relative lobe height control.
[Ehl for z-directed dipole over the layer. h = 0 mm, y = 60°, ¢ = 60°(240°), Epsilam 10,
€1, = 10.380,81 = 1380

observation point with layer thickness 14, it has additional two symmetrical minor
lobes. So, when the observation point is 0° < ¢ < 90° (180° < ¢ < 270°), the layer
thickness can be used to control the relative lobe height of the radiation pattern.
When the medium in region 1 is replaced with Sapphire, the radiation patterns
change in the similar way with different intensities and maximum radiation points.

The relative lobe height control by changing the layer thickness is shown in
Fig. 5.13(a) when the medium 1 is Sapphire and in Fig. 5.13(b) when the medium 1
is Epsilam 10, for the A-polarized component of the radiation field for the z-directed
dipole. The maximum radiation occurs at 8 = 42.7° with magnitude of 0.49 when
d = 14 for Sapphire. This maximum beam shifts to at 6 = 60.9° with magnitude
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0.18 when d = 0.14. In the case of Epsilam 10, the maximum radiation occurs at
0 = 37.3° with magnitude of 0.42 and 6 = 59.1° with magnitude of 0.13 when
d = 14 and d = 0.14, respectively.

5.5.3.2 Dipole Is Embedded Inside

In this section, dipole is located in the middle of the uniaxial anisotropic medium,
Epsilam 10 or Sapphire, in region 1. The radiation fields are calculated when the
layer thickness of this medium is varied. When the dipole is oriented in z-direction
and region 1 is Epsilam 10 with layer thickness 0.14 or 14, the radiation field has a
single beam pattern for h-polarized component with a reduced radiation field
intensitiy in comparison to Sect. 5.5.3.1 for 0° < ¢ < 90° (180° < ¢ < 270°). It
is worth to mention that the directivity of the antenna improves on ¢ = 0°(180°)
plane when the anisotropic medium has a layer thickness 14. The v-polarized
component of the radiation field for the same dipole orientation has a single beam
pattern when 0° < ¢ < 90° (180° < ¢ < 270°) with layer thickness 0.14 or 14.
As we approach to the ¢ = 0°(180°) plane the intensity of the radiation field
decreases. When ¢ = 0°(180°), the radiation field switches to a double beam
pattern. This behaviour differs for the same orientation in Sect. 5.5.3.1. Figure 5.14
represents the main beam movement for the v-polarized component of the
z-directed dipole in Epsilam 10 when ¢ = 60° (240°). The maximum radiation
happens at 6 = +39.1° or 6 = £53.6° when the anisotropic medium has a layer
thickness 14 or 0.1/, respectively. When the medium in region 1 is changed to

— — d=0.14 h=0.054
— d=2, h=0.54

0% b - -

Fig. 5.14 Change in relative lobe height. |Evl for z-directed dipole inside the layer. \y = 60°,
¢ = 60°(240°), Epsilam 10, €;, = 10.3g¢, &; = 13gg
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Sapphire, the observations made in Sect. 5.5.3.1 hold for the change in the radiation
fields for both /- and v-polarized components for this orientation.

The radiation fields of h-polarized component of the radiation field for the
x-oriented dipole when the anisotropic medium is Epsilam 10, have single lobe
except when the observation point is on the ¢ = 0°(180°) plane. On this plane
the pattern has a double beam pattern for the layer thickness 14 or 0.14. For
h-polarized component, the change in the radiation fields on different observation
planes as a response to varying layer thickness is similar to the changes in
Sect. 5.5.3.1 for the same dipole orientation. The v-polarized component of the
radiation field for this dipole orientation has a single beam on all observation planes
unlike the v-polarized component of the same orientation in the previous section.
The radiation field intensity increases as observation point moves to ¢ = 0°(180°)
plane. When the medium in region 1 is Sapphire, similar observations in
Sect. 5.5.3.1 hold.

5.5.4 Effect of Dipole Location

In this section, the radiation fields are obtained by varying the dipole location
between 0.014, which is a closer point to the region 1 — region 0 boundary, to
0.094, which is a closer point to the region 1 — region 2 boundary, inside a uniaxial
medium, Epsilam 10 or Sapphire. The thickness of the medium is considered to
be 0.14.

When the orientation of the dipole is in z-direction and the anisotropic medium
is Epsilam 10, the A-polarized component of the radiation field has a single beam on
the observation plane 0° < ¢ < 90° (180° < ¢ < 270°) for two different dipole
location. The radiation intensity is stronger when the dipole location is closer to the
region 1- region 0 boundary, h = 0.014. The maximum radiation occurs at
0 = 11.8° when the observation point is on y-z plane (¢ = 90°), whereas it
happens at 68 = 0.91° if the observation point is on x-z plane (¢ = 0°). The
maximum radiation is observed at 8 = —39.1° on both ¢ = 270° plane and
¢ = 180° plane if the dipole location is at h = 0.094. The v-polarized component
of the radiation field has a single beam when the dipole location is closer to region
1- region 0 boundary between the observation planes ¢ = 90°(270°) and ¢ = 0°
(180°), whereas the radiation pattern has a double beam symmetrical pattern when
the dipole location is closer to region 1-region 2 boundary. This change in the
radiation pattern is shown in Fig. 5.15 when ¢ = 60° (240°).

If the orientation of the dipole is changed to x-direction for the same anisotropic
medium in region 1, the numerical results showed that both v- and h-polarized
components have single beams between observation planes ¢ = 90°(270°) and
¢ = 0°(180°). Although the radiation intensity is small, 4-polarized component
exhibits a double beam pattern on the ¢ = 0°(180°) plane.
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Fig.5.15 Change from single to double beam. IEv! for z-directed dipole inside the layer. \y = 60°,
b = 60°(240°), €1, = 10.3g, &, = 13¢gg
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Appendix

The wave vectors used in the DGF G, (F,7) and G, (F,7') are:

ko =k, + ko.2 (5.32)
R =k, — ko.2 (5.33)
K =k, + k2 (5.34)
R) =k, — kS 2 (5.35)
K =k, + k{2 (5.36)
RS =k, + ks (5.37)
k, = &k, + yk, (5.38)

are:

h(kos) = —2 x ko (5.39)
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. 1 - _
V(—k()z) = k—oh(—k()z) X Ko

The unit vectors for an ordinary and an extraordinary waves are:

Y 7 x K’
) =]
JU 7 X K
o(—k) = |2 x k|
5(1-€U 6(/{5”) X 714
e(kz ): ‘Ig |
e o(ked) x i,
(kzd) = k|;—c |
where
K> =k, + k22
K=k, — k2
ke =k, + k2
K=k, + k2
k, = 8.k
K, = &.K°

= ysiny + Zcosy

The wave numbers are defined as

ki = /K2 — K2

z i P i=0,2
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(5.39b)

(5.40a)

(5.40b)

(5.41a)

(5.41b)

(5.42a)

(5.42b)

(5.43a)

(5.43b)
(5.442)
(5.44b)
(5.45)
(5.46)

(5.47)

(5.48)
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k). = \/k} — k2 (5.49)

e : 1 12
[ k;;,} =k E— [k%elzgy — erea3k? — slalzkﬂ (5.50)
1z 33 €33
kl' = 4/ Ug;, 120,1,2 (551)

The expressions for two-layer coefficients Ryy, Ryy, Ryv,Rvy, Ago,Ave, €tc.
are:

Rﬁx = ROlﬁa +Xﬁo(L100 +M260)X06( +X[)’0(Lloe +M266)Xezx

(5.52)
+Xﬁe (LZO() + M, eo)X0a+X/fe (L2Oe + Mlee)Xezx
Ago = XpoLt + XpeLLs (5.53)
Apge = XpoM> + Xp.M, (5.54)
By, = Xpo(L10y + Mae,) + Xpe (Lo, + Mye,) (5.55)
Xﬂaz = X[}o(thaa + MZZC’OC) + Xﬂe(L2[0a + Mlteaz) (556)
where
p,o=HorV
y=oore
1 - See
L= (5.57)
S
L="2 (5.58)
1-S5,
M, = D ° (5.59)
Sog
M, = D (5.60)
Soo = 0oR o0 + 0cReo (5.61)

Soe = 0oRpe + 0.R,e (562)
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Seo = eoRao + eeRen (563)
See = eoRoe + eeRee (564)
D = (1=S855)(1 = See) = SoeSeo (5.65)
Uy 2k, o\
Xyge = Dd k” k,(k; + kozklz) siny (5.66)
8d 2 kaz
Xy =34 2 M=
1 De (ko: +K2.) &y
X {kﬁ (ko — K2KY) cos r + ky (K22 — K2kpek?) sin l//} (5.67)
Xpo 1 i X
Roum = —1 + g‘;" = (k§ cos Y + kyk?. sin lﬁ) k iy (568)
. 14
XHo kka o . XHE k() e 0 .
Rouy = == Sk sing + 71 2 (k2K cos g — ki, 2k, sin w) (5.69)

D, = cos? P2 (k. — K2Ke) + sinztjj{k% (kow — KEL) (K2 + kook?.) + 2K, (K2 — K2) }

+ cosy sinpky (K, + &, ) (K], — &39) (kﬁ + k'fzkoz)
(5.70)

12
U, = {8 - <k2 + k2 ki'(zlz o a)2'u31> [kﬁ + k§ + kiiz . (1)2”(81 + 812)} }
1 — clz

5.71)
2 0 o 2\ 1/2
8a= {kx + (ky cosy + k{_sin ) } (5.72)
Uy 2k .
Xy, = Dd C 0 (kmkg cos -+ kykozk?, sin lp) (5.73)
8d 2k0kozk%kx koz — ké{(j .
Xvo = = Z sin 5.74
T Dok, ket KO 4 ©.74)
o Xve koky ,, . Xve 2ed
Rowy =1 =2 25k sin + 55 k,,~ (k ke cosyh — K ky Slnlﬂ) (5.75)
Xy, 1 K X
Rojyy = 22 k_ ( cos Y + kyk{, sin lﬁ) — k—l l//l (5.76)
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The coefficients o,, €,, 0., e, and .y, teg, tov, tey are:

: 0 _iped :
|:00 e, :| _ |:el]ffzdR1200€lk1:d e lklzdezevelkf:d :|

0 Feun 7 1€ Jeu 5-77

0, €, elk“R12aeelk“d eftkli_ldRueeelkl:d ( )
ton ten LAY |y e~k mikitdY L p=iked
=1 o O d g itod (5.78)
fov ey e X oy e e X pye
where
gu Ge k(l) - kzz
R o — T z 5.79
120 9u Fe k(l,z + k2z ( )
U, 1 R R . )
Rizoe =—— 2kek?, (ko — k9.) (ky sinyy + ko cos ) sinyy (5.80)
8a Fe
_ ! 2 0 R1200 2 0 »
Xioot =—— (kp cos Y + kyk{, siny ) + ki cosy — kyk{, sinyy
gdk/’ ) gukp
J4 (5.81)
12 .
_ Uu/;); Ik, sin
k 1 R
Xi2ov = k—2k {—k,‘-k‘fz siny — —2% Kok,
s S (5.82)
x siny+ 2]206 (kyk‘]’z siny — kikﬁ” cos w) }

Fo = cos k% Kok, + K2KSY) + sin%p{k% (ke + KE) (2 + Knck.) + 12K, (K2 — 13) }

— cos sinrky (K7, + kox) (K, + £52) (2 + K ko)
(5.83)
G = OS2 (kia: + K3K) + siny {IG (ko + K(2) (K2 — koki,) — 2K (K — 3) }
+cos sinpky (ko — K2.) (K2, — k) (kf, - k;’_,kZZ)

(5.84)

12
U, = {8 818 (/ﬁ +k+ ke a)2'u31> [k§ +k+ K — w?u(er + 812):| }
1 — olz

(5.85)

&u= {kf + (ky cos iy — k. sin zﬁ)z}l/z (5.86)
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U, H,
Rigpe = —— — 5.87
12 U, F. (5.87)
u 1 0 . .
Rize0 = (g]—d e (K — 52 (K, — k) (ky sinyy — oz cos ) sinyy (5.88)
e
Xioey = T 2 { (k” ky siny — kzkf‘f cos 1//) 12 kyk?{, siny
2z 8u
R ee
+ ll]z (k K siny — K2k cos 1//)} (5.89)
1 kz 12()[) . Rl2ee .
Xizen = 4 — -k, x (12 cosy — ks, sinyr) — 2k,
12¢H k,,{ U, sinyy + —— ., 5 Cosy — kyk{, siny v,k sin s

(5.90)

H, = cos™ ik, (kiko: + k3ki?) + sinzw{kf (o= + k{2) (kS + kazk?.) + kke. (k — k) }

— cossinrky (K7, + ko) (K. + Ki2) (K2 + K ko)

(5.91)
8d Ee k(f'/' - koz
== _— = 5.92
%= ¢ Do Ky + kyr 692
Ug 1 o (10 . .
R, = 2. D. — 2k, klz(klZ — k(,z) (ky sinyy — k,, cos w) sin (5.93)
) Roo
Xon = (k cosyy —k kl"smw) ( cosy + k, klzsmtﬁ)
guk 8ak, (5.94)
Udgke kzk sin s
ke [1, R
X()V kozk { klz ll'llﬁ — ﬁkxk(l)z
. Roe 0% . 27eu
X siny— T, (kyklz siny — ki ki cos !//) (5.95)

E, = cos? Yk (k. — K2KS) + sinzlp{kf (kow — K9 (k2 — kock?.) — 2K, (12 — K2) }

o+ cossinyky (K, — ko) (K, + k2 (K2 = Kiko: )
(5.96)
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Ry, — _% g (5.97)
Reo = % Diekka (k$d — k) (K. — koz) (ky siny + ko cosyp) sinyy (5.98)
Xy = — k{i‘;{p {Ui (kiky siny — K2kit cos ) + %kxk‘fz sin 1)
—i—RU—e; (kyk‘l’z siny — k2k{? cos gb) } (5.99)
Xon =
kﬂ

X —ﬁk sintp—l—&(kzcost//—l—k kS sintp) —I&kzk sin
U, gq \'7 vz U,

(5.100)

I, = cos k2 K2k, — K2KSY) + sin%//{k% (kow — K (K + ock?,) + I3RS, (1 = K2) }

o+ cosysinyky (K, + ko) (K, — £2) (2 + KT k.- )
(5.101)
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Chapter 6
Radiation in Gyrotropic Medium

The electromagnetic radiation from an electric Hertzian dipole in an electrically
gyrotropic medium such as magnetically biased cold plasma, i.e. magnetoplasma, is
very important for radio propagation problem in the ionosphere and for some
problems in laboratory plasmas.

In this chapter, we study the far field radiation from an unbounded electrically
gyrotropic medium when the applied external magnetic field is in z-direction. We
use the method of dyadic Green’s functions in spectral domain. Since the dyadic
Green'’s function is expressed in terms of a single dyad, this facilitates the analytical
calculation in comparison to the existing methods. The far field components are
analytically derived using the method of steepest descents. Derivation of the analyt-
ical results is based on the assumption that the angle between the wave normal and
the magnetic field By is known. It is shown that the acceptable range of these angles
corresponding to individual wave types arises from the saddle point evaluation and
can be determined from the transcendental equation numerically. The compact form
of the dyadic Green’s functions which involve a single dyad facilitates the analytical
derivation of the far fields. The analytical derivation for the evaluation of the far
fields for this type of medium is given in a systematic order. The investigation of the
radiation characteristics using the CMA diagram gives an insight to a designer
before the design for an antenna to determine the frequency of operation for
which radiation characteristics can be determined. Hence, for a dispersive medium
such as cold plasma or the ionosphere, the method outlined in this chapter can be
used to determine frequency bands acceptable for the radiation fields.

6.1 Formulation of the Problem

The medium under consideration is an electrically gyrotropic medium such as cold
plasma and is described by a relative permittivity tensor in dyadic form as

E= 61(; — 6050) + iSZ(Z;O X ;) + 836050 6.1)
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or in the matrix form

€1 —iSz 0
E = i82 €1 0 (62)
0 &3
where
X ,?
1 = 1 — = l — P 6.3
o 1-Y2 ? — wp? 6.3)
XY wbwpz
= — = — 6.4
e 1-7? o(w? — wy?) ©4)
2
B=1-X=1-22 6.5)
w

and by =  is the direction of the magnetostatic field. The geometry of the medium
is shown in Fig. 6.1 when the applied external magnetic field is in z-direction with
an arbitrary direction of a wave vector k.

We consider the problem of far field radiation from an unbounded gyroelectric
medium such as cold plasma, when the dipole is located at the origin. The geometry
of the problem is shown in Fig. 6.2.

The dyadic Green’s function (DGF) of this structure when the impulse source is
located at z = z’ satisfies the following wave equation

V XV x I —KE| . G (F,F) = ioud(F — F') (6.6)

with the radiation condition at z = oc. The superscript of the DGF, G, (7, #'),
refers to the type of the gyrotropic medium, which is electric type in this case, and
the first and the second subscripts show type of the DGF Green’s function. The
subscript “e” refers to the electric type and “m” refers to the magnetic type DGF.

Fig. 6.1 Wave propagation
in an electrically gyrotropic 6
medium with an arbitrary
direction of k and applied
magnetostatic field By > Y
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. P ( Field Point)

% (Wave normal)

J =08 (x)8 (»)8(2)

Fig. 6.2 The geometry of the problem when the dipole is located at the origin

The DGF, G, (7,7') given by (6.6) is derived in Chap. 4 when z >z’ as

et 812
1 or 5 iy (F—F"
oo ¢ 2 2 2 [_Ie'”(kz )&, (keg)e™r =)
ko“e3 (k™ — ko) Lka )
x dkydk, s
a5 - ik (F—F
00 =% _lenll(kzll)enll(kz”)ek =)
kz[]

6.7)

The two dimensional form of the DGF in (6.7) is obtained after performing
integral over k, by assuming that the medium to be slightly lossy, i.e.
Imk, << Rek,,Imk, > 0. This guarantees the radiation condition at z = +o0.
The parameters o;, é,;(k;), i = I,1I are derived in Chap. 4 and given by (4.114),
(4.115) and k;, k;;, i = 1,11 are derived in Chap. 3 and given by (3.57), (3.58), (3.62)
and (3.63), respectively.

6.2 Analytical Solution of Far Fields

In order to determine the far field radiation from a dipole in an unbounded gyro-
electric medium, the far field approximated DGF of the problem in Fig. 6.2 has to be
found for z > 7. The electric field E in the same region satisfies

V x V x E(F) — k}e.E(F) = ioug (F) (6.8)

The radiation field can be calculated by using the following relation between the
electric field and the DGF:

E(F) = JV G, (F, 7). J(F)d*F' (6.9)
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where

J(7) = dico(x')6(y')o(Z) (6.10)

when the source is an electric Hertzian dipole. In (6.10), ¢ is the current moment of
the electric dipole and # is the orientation of the dipole. Under the far field
approximation, the integral in (6.7) can be evaluated using the method of steepest
descent [1, 2] as r — oo. We assume that the dipole is located at the origin, i.e.
r’ = 0. We define the integral in (6.7) as

G, F) =1 — I (6.11)
where
JJ P E (k) dkdk, (6.12)
[ee)
b :J J e Py (k) dkdk, (6.13)
and
o —opy 1 1 5 s ikaz
Fi(k,) = i g 6.14
5) =50 oy B (d = 1)) L (6.14)
= —oyy 1 1 5 sk ikaz
Fulk,) = 0 6.15
k) =g oy (i, — 2y e 1>

Please note that for simplicity in the notation we assumed p for p — p’ and z for
z — 7. Since the calculations for /; and I, are similar, we will show only the
analytical calculations for /;. We first represent the integral in (6.12) in cylindrical
wave form by the following transformations.

k, = Xk, cos o + yk, sina (6.16)
p = Xpcos ¢ + ypsind (6.17)
dk.dky, = k,dk,do (6.18)

This transformation can be graphically shown in Fig. 6.3. It is also clear from
Fig. 6.3 that

k,, =k, p cos(o— ¢) (6.19)
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Fig. 6.3 k, and p vectors on y
the xy plane A
Ep
7 p
¢
» X
Substituting (6.16)—(6.18) into (6.12) gives
00 2n
I = J k,Fy(k,)dk, J doe™ P os(=9) (6.20)
0 0
Using the following integral identity for Bessel functions [3]:
| 2n
Jo(kpp) = =— J doe™ P os(+=9) (6.21)
2n
0
The integral in (6.20) can be written as
I =2n J ko Fy (ki )o(kyp)dk, (6.22)
0

Using the relation between the Bessel functions [4], Jo(k,, p) can be written as

1
Jolkyp) =5 [H(()l)(kpp) +H? (kpp)} (6.23)

Substituting (6.23) into (6.22) gives

o0

= [ ol [ ) + HE ),
0

or
L =n J k,Fr(k,) {Hg”(k,,p)} dk, + 7 J ko Fy (k) {ng)(k,,p)} dk,  (6.24)
0 0

Consider the second part of the integral in (6.24) and change the variable of the
integration as

ky = e "™k, (6.25)
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Then,
dk, = eii“dkp = fdkp and ask, — oo,kp — —00 (6.26)

Hence the second part of the integral can be written as
n J kFilkyr) [HE (ko) |y 6.27)
0

Using the reflection formula to relate the first and the second kind Hankel
functions [5]

HY (e77) = —HV (2) (6.28)

and substituting it back into (6.27) gives

—00

= 1
[ i) [H) )ty
0

or

0
n J K Fiky) [ (K p) |y (6.29)

When we combine (6.29) and (6.24), we can express (6.20) in terms of the
Hankel function of the first kind which is chosen to represent an outgoing wave

using the “i” notation, as

L=n J k,F (k) HY (k,p)dk, (6.30)

Substituting (6.14) into (6.30) gives

I = J g(kp)e’kdzk—"Hél)(kpp)dkp (6.31)
zl
where
—Wly oy énl é:fu
ky) = - 6.32
8%) 8rkies (kgl - kzzu) (32
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Fig. 6.4 The Sommerfeld Imk,
integration path on complex A
k, plane
Tr
[ — ok
- » Rek,
o —k; o

In (6.31) inside the integral, a plane wave propagating in the z- direction is in
multiplication with the Henkel function of first kind which represents a cylindrical
wave propagation in p direction. They are in multiplication with an amplitude
factor g(k,). The integral in (6.31) has a branch point singularity at k, = +k; since

12
kg = {k,z - kﬂ is a double valued function of k,. Also H\ () has a branch point

singularity when A = 0. Hence the integral in (6.31) is undefined unless we identify
the path of integration. The typical path of integration for the integral type in (6.31)
is shown in Fig. 6.4.

As seen from Fig. 6.4, the branch point singularities =+ k; have been displaced
slightly from the real axis to signify the presence of loss to satisfy the radiation
condition. The path of integration I' is also known as Sommerfeld path of integra-
tion. To make a definition of a double valued function k,; unique, a two-sheeted
complex k, is necessary, with branch cuts providing the means of passing from one
Riemann sheet to the other. The selection of the branch cuts is arbitrary but
determines the disposition of those regions of the complex k, plane in which
Imk,; > 0 or Imk,; < 0. To identify the branch cuts that we need in the evaluation
of the integral in (6.31) we can consider the following. Let us define

(ki — k| = |k — ky|e™and [k; + k,] = |ki + kp|e?, o, p are real ~ (6.33)

The angles o and f are selected such that o = 0 and f = 0 when k,, is real and
’k,,| < ky on the top Riemann sheet. From (6.33)

g -1 =|\/-k

When £, is real and ’kp’ < k; where k; is assumed to be real, the wave along
z-direction is propagating and hence the propagation constant k. is real and
positive. Thus we require a definition of &.; such that

V=R >0,k <k, <k (6.35)

(a+p)
i

e (6.34)
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Fig. 6.5 Imk; > 0 in region Imk,
2 and region 4, Imk,; < 0 in y
region 1 and region 3,
Rek,; > 0 on the entire top 24 Quadrant
sheet B

o ubr A

7 M Vo
(X:O,ﬁzfﬁ'k[ ky o=mpB=0 P
34 Quadrant 4th Quadrant

With the requirements defined above and (6.33) and (6.34) and to satisfy (6.35),
it is required that

(0+pB)=0 When —k <k, <k (6.36)

The selection of the branch cut is illustrated in Fig. 6.5 using the requirements
defined above.

With the angles of o and f§ defined as shown, it is clear that the requirement in

Equation (6.36) is met since o = ff =0 when —k; < k, < k;. Hence this
position of the branch cuts identifies the ranges of « and f on the top sheet to

—n<a<n and -—-rn<f<mw (6.37)
With the usual convention, we assumed that an angle is negative if it is

clockwise and positive if it is measured counterclockwise. As shown in Fig. 6.5,
in the 1% and 3"“quadrants of k, plane,

— <o+ <0 (6.38)

hence

Imk; = ’, fiz — kg‘ sin(#) <0 (6.39)
Rek, = ‘./k} _ k%’ cos(#) >0 (6.40)

While in the 2" and 4" quadrants of k, plane,
O<oa+pB<m (6.41)

hence

Imk,; = ‘, fi2 — kf,‘ sin( er L (6.42)
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Reky = |/ — &3] cos(* by~ o (6.43)

In the integral given by (6.31), the values of k,; have to be such that Im(k;) > 0
over the path of integration in order to satisfy the radiation condition. In the above
discussion, we have assumed k; to be real. However, we can slightly displace =+ &;
from the real axis to signify the presence of loss to satisfy the radiation condition.
The branch cut is defined when Im(k,;) = 0. This requirement also sets a boundary
between the quadrants since Im(k,;) > 0 in the 2"/ and 4"quadrants of the k, plane
and Im(k,) < 0 in the 1% and 3"?quadrants of the k, plane. To find such a branch
cut we assume,

k[ = kr[ + ik,'[ and kp = krp + ikip (644)
Then

1/2 1/2
ky = {kf - /ﬂ - [kf, — 1+ i2kkiy — I, + K2 — 2K pki, (6.45)

For Im(k,;) = 0 or in other words for & to be real,
kepkip = kiki, and k7, — ki <k — ki (6.46)
Equation (6.46) defines hyperbolas that pass through the branch points =+ k; as
shown in Fig. 6.6. Hence we can construct our complete integration path in &, plane
as shown in Fig. 6.7 using the results that we obtained.
Im(k) =0

krpkip =k.rki,

2 2 2 2
krp - kip = kr[ _kil

-k

p

Im(k:l) =0
krpkip = krlkiI’

Fig. 6.6 Construction of the branch cuts
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Fig. 6.7 The complete Im(k))
integration path for the A
integral in (6.29) in the
complex k, plane

r k;

> Re(k,)

To facilitate the solution for the integral in (6.31), at this point, it is convenient to
transform from the complex wavenumber variable k, to complex angle variable f.
The transformation can be done as follows.

k, = kysin 8 (6.47)
Then, we also have
kg = kjcos (6.48)

where f is the complex angle between the wave normal and the z-axis and is
expressed as

B =B, +ip; (6.49)

Also we introduce the following transformations to polar coordinates as follows.
p =rsin® (6.50)
z=rcos® (6.51)

This transformation can be illustrated in Fig. 6.8.
Substituting (6.47)—(6.51) into (6.31), we obtain

I = Jg(k, sin f§) tan ﬁH(gl)(k,r sin 8 sin @))(k} sin 8 + k; cos e’ cosPeos®qp
P
(6.52)

where k} = %—];3’. As seen in (6.52), the branch point pair at =+ k; is removed by the

transformation that we suggested in (6.47)—(6.51). The new integral path P due to
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Fig. 6.8 Polar z
transformation A
®
o
l >0
a b
ﬁ/.
Kip | A |
A
| R2 R1 |
R2 R1 | |
I I
> 5
r ° > Frp 7| | 7 '
—k; k; -3 z
| | 2
R3 R4 | ro Re |
| |

Fig. 6.9 (a) Regions in &, plane. (b) Top Riemann sheet on k, plane is mapped to  plane

this transformation or mapping can be explained as follows. Substitute (6.49) into

(6.47) and separate (6.47) into its real and imaginary parts and assume that k; is real.
Then

k., = kysinf§,coshf; and k;, = k;cos , sinh f5; (6.53)

where
k, = kyp +iki, and B =B, +if; (6.54)
The four quadrants in the complex k, plane map into corresponding regions in
the complex f plane as identified by (6.53) and (6.54) as shown in Fig. 6.9. Hence
the top sheet of the Reimann surface in the k, plane maps into the region
— % < B, < 7 inthe B plane [6]. To identify the path P explicitly, we investigate

the convergence of the integral in (6.31) in the neighborhood of infinity by analyz-
ing the behavior of the term in the exponent ik, in the f§ plane as follows.

ik, = ik; cos p = k(icos f3, cosh ; + sin f3, sinh f3;) (6.55)
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Fig. 6.10 Construction of the B
integral path P in the f plane A

I
R2 A1 I

I
> I
_z| 7
2| }E
| 3 R4
I

B; — oo, Real Part is positive, if sinff, >0 —0<f, < 7

B; — oo, Real Part is negative, if sinfi, <0— -3 < f, <0

B; — —oo, Real Part is positive, if sinfl, <0 — -5 < f, <0

B; — —oo, Real Part is negative, if sinff, >0 —-0<f, <%
When the real part is positive, the integral diverges exponentially. They are shown
with the shaded areas in Fig. 6.10. These regions are the 1** and 3" regions in the f3
plane. For the integral in (6.31) to be convergent, the real part has to go to —oo.
From (6.55)

;ﬂ/,

T

5 and f; — —oco  (6.57)

sin 8, sinh §; — —oo when 8, = fg and §; — oo f, =

Hence, the integral given by the (6.31) is convergent under the conditions
outlined above. The integration path P in Fig. 6.10 is constructed to meet the
requirements in (6.56) and (6.57).

When we combine the integral path that we constructed in this plane with the
branch cut requirements shown in Fig. 6.7, we obtain the complete integration path
P in the f plane as shown in Fig. 6.11.

From the condition that k,p >> 1 it necessarily follows that k;» >> 1 in the
integral in (6.52). Then we can employ large argument approximation of HO1> and
take its first asymptotic approximation as

(1) . . o 2 i(kyrsin f sin @—%)
H,’ (k O)=/————— 6.58
o (krsin fisin ©) II 7t kyr sin B sin o° ' 058)

When (6.58) is inserted into the integral in (6.52), we obtain

—mWUy _ 2 ik cos(f—©)
I = N ! *
1 <8n kgg3>e Y Jh(ﬁ)e dp 6.59)
P
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» Re(f)
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Fig. 6.11 The complete integration path P for the integral in (6.46) in the f§ plane

where

h(B) =

(k; sin B + k; cos ) sinﬂ( orénréy ) (6.60)

cos f8 ki \k% — k%,

The integral in (6.59) can be solved by using the method of the steepest descent.
The integration path P can be deformed into the steepest descent path by setting the
imaginary part of the exponent to be equal to its value at the saddle point. The
integral given by (6.59) can be written in the following form.

14(Q) = Jh(ﬁ)e94<ﬁ>dﬁ (6.61)
P
where
Q—r (6.62)
q(B) = ik cos(f — ©) (6.63)

The integration path P ends at infinity and the large parameter (Q is positive. The
functions /() and ¢(f) are analytic functions of f§ along the path of integration P.
We can transform the integral in (6.61) into a canonical form wherein the function
q(p) is replaced by another function, a polynomial that has the simplest form of the
relevant saddle point arrangement at 5, [6]. The transformation will be phrased in
terms of a new variable s and the polynomial 7(s):

©(s) = q(f) (6.64)
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The point f5; in the complex f plane is chosen to correspond to s = 0 in the
complex splane. Hence, (6.61) leads to the transformed integral

14(Q) = JG(s)le@ds (6.65)

PI
where

d d !

—ﬁ and —ﬁ . (s)
as " a5 P
In our case we are solving the problem, assuming that the saddle point is an

isolated saddle point. This requires that ¢'(f) has a simple zero at f§; and no other
zero near f3;. When the saddle point is an isolated saddle point,

q(B) =(s) = q(B,) — 5 (6.67)

G(s) = h(B(s))

(6.66)

or

—s* =q(B) — q(B,) (6.68)

The steepest descent path P’ in the s-plane, along which Imt(s) = constant, is
clearly the real s-axis. Thus the integral in (6.62) becomes

11 (Q) = %) J G(s)e ™ ds (6.69)

where G(s) is given by (6.63). We assume that G(s) is a smooth function of s; then
the integral /;; is dominated by the exponential e which possesses the maxi-
mum value at s = 0 and decreases rapidly on both sides of s. Hence the saddle point
in the f§ plane corresponds to s = 0 in the s plane. We expand G(s) into a powers
series near the saddle point s = 0 as

G(s) =) Ans” (6.70)
m=0

and obtain the asymptotic series for I (Q), we use the formulas [2]

J s2mHL = gg — 6.71)

2m ,—Qs? m d" n (2m)! 7
N = —1 — = — . 2
JS e ds=(-1) dQ’”\/; m22nQ"\/ Q ©.72)

—00
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When we substitute (6.70) and (6.72) into the (6.69), we obtain

T

Iy Z}Am - 22m Qm o (6.73)

We need to determine the expansion coefficient A,,. For this, we first expand
p(s) and (6.68) around s = 0 where the integral to be evaluated:

= ay" (6.74)
n=1

and

—5 =514 (BB ~ B 354" (BB~ B + 31" (BIE )+ 679

When we substitute (6.74) into (6.75), we obtain

1
—s* = —q"(B,)[a}s* + 2a1a25° + (a3 + 2aya3)s* + .|
2
(6.76)
1 n 3.3 2 4
+ 54 (By)lais® + 3ajars™ +..] +
To determine a,, we compare the coefficients of 52, s, s*, etc. on the left hand
side and the right hand side of (6.76). Hence, we find the coefficients as

= 6.77
“EN B ©7
o q///(ﬁY )
a = 67 (B.) aj (6.78)
From (6.66) and (6.74), G(s) can be written as
df K1
G(5) = B L (B8~ ) (6.79)
=0 "’

or

o8 o0 00 k
G(s) = [Z mams’”ll Z%h(k)(ﬁs) [Z a,,s”] (6.80)
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Using the coefficients a, given by (6.77) and (6.78), we can express G(s) as

G(s) = h(B,)(ay + 2aps + 3ass® + ...) + I (B,)(ars + 2a»s* + ...)

6.81
(a1 +2a2s+...)+.... ( )

Comparison of the coefficients in (6.81) and (6.70), we find the coefficients
A, as

-2
Ap = alh(ﬁs) - q”(ﬁy)h(ﬁS) (6.82)
Ao = 3ash(B) + Saranh (B,) + 3l (B, (6:83)

The odd numbered coefficients A,, are zero from (6.71). Substituting (6.82) and
(6.83) into (6.73) and using (6.77) and (6.78), we obtain the integral I;; (Q) as

_ (6 P /// Y) / Y 1ql///(ﬂs)

Isl(Q) h(ﬁs)e v Qq”(ﬁ ){ ZQ // [ s) S +4 q//(ﬁs) +.
_§qwm2 i'(,)

2<¢m0 lMJ+W}

(6.84)

Since the dominant term is the first term in the integral given by (6.84), it can be
approximated by

—2
T eQ(

11(Q) ~ h a(bs) @ — 6.85
1( ) (ﬁs) q”(ﬁs)Q oo ( )

We need to identify the saddle point f§; and ¢"(f,) in (6.85). At the saddle point
B = P

q(p)=0 (6.86)
q(B),., =k(B,)cos(B, — ©) —ki(f,)sin(f,~©) =0 (6.87)

Then,

= tan(fi; — O) (6.88)
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Unfortunately, there is no analytical solution for 8, in (6.88). However, the
values of f, satisfying (6.88) can be calculated numerically for the given observa-
tion angle ®. By using (6.63), we can find ¢”(f3,) as

q'(B,) =i |cos(B, - Ok (B)) - ki(B)] - 2k, (B,) sin(B, — ©) (6.89)
When (6.89) is substituted into (6.85) by replacing  — r we obtain

La(r)= h(B,)

y ; 2n : eik,rcos(,[ﬁ.—@)el’%ﬂ,_> 00
[COS(BS - ®)[k[ (ﬁs) - kl(ﬁs)] - 2k] (Bs) Sin(ﬁs - ®)] r
(6.90)

Substituting (6.90) back into (6.59) gives,

Oy \ iz 2
I = J—
! <8n k(2)83) ¢ \Varsmo (B:)

% - 2n . eiklrcos(/}jf('))e 3
[COS(ﬁs - ®)[k1 (ﬁs) - kl(ﬁs)] - 2k1(ﬁs) Sin(ﬂs - ®)] r

or

—®Hy 1
I = h(p,
! <4n k383> sin @ (Bs)

1 eik;rcos([tf@)
"\ Teos(B, - OK/By) - k(B - 2K,(By) sin(B, — ©)] r

(6.91)
where h(f;) is defined by (6.60) as
(k}(ﬁs) sin 8, + kl(ﬁs) cos ﬁs) sin fi < 1€ni€yy >
h(B,) = 6.92
() cos ff ki (By) \kz — k2 B=5, ( :

We can simplify (6.92) using (6.88) as

_ cos ® - 07y
Wb, = cos(f;) cos(B; — ©) sin ks (F.) (k22[ - kz211> p=p ©99

s
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From (3.62) and (3.63),

45 K61 k5
(k2 — k) = [ pké (e1 — &3)7 + der%esles — "k% ] ﬁ
or
! 2 12, 2
(kzzl - kZZ”) = |:kI/E§S) Sin4(ﬁs)(81 - 83)2 + 482283 [83 — kI]EES) Sinz(ﬁs)}:| kgi
0 2 S
(6.94)

Substituting (6.93), (6.94) into (6.91) gives

s —op, eiklrcos(/)’x—G)
P\ 4kl r

cos ©® 1 o
X { [ /sin ® cos(f;) cos(fi;, — ©®) (fxlenlenl)[j_/}x:|

|: sin ﬁskl (ﬁs) :| 1/2
[cos(B; - Ok, (By) - ki(B)] - 2k; () sin(f, — O)]

—1/2
sinz(ﬁs)]} } (6.95)

{kﬂ—fg) sin®(B,) (e — &3)* + 4ex’esles — klz(—ém
ko ko

Repeating the same procedure for the integral /; in (6.13), we obtain

;o —op, eik,,rcos(ﬂsf®)
L 4nkg r

cos® 1 o
X { { 56 cos(B.) cos(f. — ©) (Otnennen”)ﬂﬁj]

|: sin ﬁskll (ﬁr) :| &
[COS(ﬁS - ®)[k},l(:8s)_kﬂ(,8s)] - 2klll(:8s) Sin(ﬁs - ®)]

k4 I k2 ) -1/2
S i) o — e + el - L )] 699
0 0
Hence the far field approximated DGF (:}gg(f, #)for an electrically gyrotropic
medium is obtained by substituting (6.95) and (6.96) into (6.11).
The radiation fields can be found by substituting (6.11) into (6.9) as follows.

E(F) = J 5:6(7,7’).7(7’)517’ = E;(f, 7) ’0126' (6.97)
v x'=0, y'=0, /=0
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Hence, (6.97) can be written as

_ —op eik,y,,rcos(ﬁsfé))
E(r) = 4 N
4n kg 1

" { [ cos ® 1 (oc S ) }
éu e, )
V/sin ® cos(f) cos(f; — ®) LHEnL T n 11 B=B,

12
. sin Bk 11 ()

[Cos(ﬁs - @)k (By) - k(B - 2k; 1 (By) sin(B — ®)}

4 , ~1/2
x [kl’lzgﬁ‘v) sin*(B)(e1 — &3)” + de’esfes — kl?léc(zﬁS) Sinz(ﬁs)]]
a 0
] I/AtC",Cr:()_’y’:O,z’:O
(6.98)

We define the following variables to simplify the expressions for the radiation
fields.

cos ® 1
E = 6.
|:\/ sin@ COS(ﬁS) COS(ﬁS - ®) :| ( 99)
. 1/2
R — SlnﬂSkl-”(ﬁS) (6.100)

[cos(B - O]y (By) - k(B - 2K, (B.) sin(B, — ©)]
~1/2

4
ki (By) sin2(ﬁs)]] (6.101)

ko

k[%ll(ﬁs)

0=
kg

sin4(ﬁs)(81 - 83)2 + 46y%¢e4 [e3 —

R = ERO (6.102)

When the dipole is oriented in Z direction, & = Z, the components of the radiation
fields in the Cartesian coordinate system are

. ik,_,,rcos(ﬁij))
o Why \ € . )
Eilﬁll - (47'[ ké) - (éR)(Aﬁ )ﬁ:ﬂs = 1’2a3 or x,y,z (6103)

The coefficients Ay, (i,j) = 1,2, 3 are evaluated at k. = k.;, k.; and defined by

(3.62) and (3.63). When the dipole is oriented in y direction, it = y, the components
of the radiation fields in the Cartesian coordinate system are

— l‘k”[l‘COS(ﬁ»\.*@)
Why \ € ) )
E,‘[_[[ = (47‘[ kg) , (?R)(A,z )ﬁ:ﬁs’ 1= 1,2, 3 or X, ¥, Z (6104)
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When the dipole is oriented in X direction, & = X, the components of the radiation
fields in the Cartesian coordinate system are

_ ikp g7 cos(ff;—©)
By = (2K (R)(Ai)pp, i=1,230rx,y,z  (6.105)
4n k; r s

The analytical results for the radiation fields given by (6.103)—(6.105) are
compared with Bunkin’s results [7]. Radiation fields given in [7] by (5.2) agrees
with the results given by (6.103)—(6.105). In [7], the tensorial Green’s function is
represented using index notation and differential operators are introduced and used
to solve the radiation problem. The derivation of the DGF presented here uses direct
notation and dyadic Green’s function is expressed as a sum of two single dyads in
the spectral domain. Hence, in our case, a straightforward use of DGF with (9) leads
to solution for the radiation fields. Besides, there are no numerical results given in
[7].

In radiation problems, Ey and E,; components are commonly used to plot the
radiation patterns. The expressions for Ey and Ey in terms of the electric field
components E,, E,,and E; are

Eyp = E,cos0cos¢ + E,cos0sin¢ — E. sin0 (6.106)

Ey = —E sin¢ + E,cos ¢ (6.107)

6.3 Numerical Results

This section consists of two sub-sections. Sect. 6.3.1 validates the results numeri-
cally with the existing results. Sect. 6.3.2 presents the radiation patterns in different
frequency bands. In Sect. 6.3.2, we analyze the radiation fields derived in the
previous section using the CMA diagram given in Fig. 6.12. The details of the
CMA diagram which represents the wave propagation characteristics are given in
Chap. 3. Both characteristic waves propagate in Regions 1, 3, 6 and 7.

6.3.1 Numerical Verification

The radiation patterns for the E, component of the electric field when the dipole is
oriented in x-direction and when 22 = 1.8 and - = 2.4 are given by Wu [8] on the
x—z plane and the y—z plane. Our numerlcal results are plotted and compared with
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Fig. 6.12 CMA diagram to represent wave propagation characteristics

Wu’s results in Figs. 6.13 and 6.14 below. The agreement is excellent. The given
frequency of operation corresponds to region 1 in CMA diagram. In this region both
type I and type II waves propagate.

The maximum radiation occurs at 0 = 0° for type I wave and 0 = 90° for type II
wave when the observation point is on the ¢ = 90° plane (y—z plane), respectively.
On this plane of observation, type I wave does not radiate in the 8 = 90° direction.
On the other hand, type II wave radiates in all directions. When the observation
point is on the ¢ = 0° plane (x—z plane), the maximum and minimum radiation
directions remain same for type I wave. However, the maximum direction of
radiation changes from 0 = 0° to 0 = 90° for type II wave. Type II wave again
radiates in all directions on this plane.
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Fig. 6.13 (a) x-directed dipole E,4 component on the y—z plane, Wu’s result. (b) x-directed dipole
E4 component on the y—z plane, our result X = 0.1736,Y = 0.75, Region 1 in CMA diagram

Fig. 6.14 (a) x-directed dipole £ component on the x—z plane, Wu’s result. (b) x-directed dipole
E 4 component on the x—z plane, our result X = 0.1736,Y = 0.75, Region 1 in CMA diagram

6.3.2 Radiation Patterns

In this section, the radiation patterns are obtained for 0 and (2) components of the
radiation field on the ¢p = 0° plane for both type I and type II waves when the dipole
is oriented in the z-direction and in the x-direction. We analyzed the radiation
patterns in three different regions of the CMA diagram. The regions are chosen such
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that there exist wave propagation due to both type I and type II waves, due to only
type I wave and due to only type II wave. As described in Chap. 3, in Region 1 of
the CMA diagram both type I and type II waves propagate, in Region 2 only type I
wave propagates and in Region 4 only type II wave propagates. Hence, Regions 1,
2 and 4 of the CMA diagram are the regions for which we will investigate the
radiation characteristics of the waves.

6.3.2.1 Radiation in Region 1

The wave normal surface in this region is given in Fig. 6.15. This region corre-
sponds to a high frequency region. Based on the wave normal surface given in the
above figure, in this region both type I and type II waves propagate. Hence we
expect both waves to radiate in this region when the frequency of the operation falls
within the specified range above. The radiation pattern for the & component and the

¢ component of the E field for z-directed dipole on the x—z plane are shown in
Fig. 6.16a, b, respectively.

When the dipole is z-directed, the 0 component of the radiation field for type I
wave has the maximum radiation at 0 = 54.9°. It has one symmetrical major lobe
with respect to 6 = 90°. The minimum radiation occurs at 8 = 0° for the type I
wave. Type II wave has two symmetrical lobes with respect to 0 = 90°. The
maximum radiation happens at 0 =39.6°. The minimum radiation is at
0 =0°, 90° for the type II wave. When we compare maximum radiation fields
for both types of waves, the ratio of their magnitudes is % =2.96. The ¢
component of the radiation field for type I wave has the maximum radiation at
0 = 39.6°. It has two symmetrical lobes with respect to 6 = 90°. The minimum
radiation is at 0 = 0°, 90° for the type I wave. The type II wave has also two
symmetrical lobes with respect to 0 = 90°. It has maximum radiation at 0 = 47.1°.
The minimum radiation happens at § = 0°, 90°. When we compare maximum
radiation fields for both types of waves, the ratio of their magnitudes is \fﬂ‘l =1.79.

When the dipole i§ oriented in the x-direction, the radiation patterns for the Q
component and the ¢ component of the E field are shown in Fig. 6.17. The 0

Frequency Range

5 170 kg, free space wave
oo o= |[Cb L2 n ky, type I wave
DL 4 P 1 kyp, type I wave

Propagating Waves

v

Type I, Type 11 _
B = ZBO

Fig. 6.15 Wave normal surface in Region 1 when X = 0.44,Y = 0.37
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Fig. 6.16 (a) Ey component of the radiation field for z-directed dipole on the on x—z plane. (b) E
component of the radiation field for z-directed dipole on the x—z plane

Fig. 6.17 (a) Ey component of the radiation field for x-directed dipole on the x—z plane. (b) E
component of the radiation field for x-directed dipole on the x—z plane

component of the radiation field for both type I and type II waves have the
maximum radiation at 0 = 0°. They have symmetrical radiation pattern with
respect to 0 = 90°. The minimum radiation occurs at 0 = 90° for both the types
of waves. Along the direction of maximum radiation for both types of waves, the
ratio of their magnitudes is % = 1.02. The (ZS component of the radiation field for
both type I and type II waves have the maximum radiation at § = 0°. They have
symmetrical radiation pattern with respect to & = 90°. The minimum radiation for
both waves are at § = 90°. While the type I wave does not radiate at § = 90°, the
type II wave radiates in all directions. When there is a maximum radiation for both

types of waves, the ratio of their magnitudes is ‘gjl’[ ‘| = 1.01.

6.3.2.2 Radiation in Region 2

The wave normal surface in this region is given in Fig. 6.18.
In Region 2, only type I waves can propagate. Hence, we expect only radiation
due to type I wave in this region. The numerical plots for the radiation patterns
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Fig. 6.18 Wave normal surface in Region 2 when X = 0.6083 and ¥ = 0.4386

Fig. 6.19 (a) Ey component of the radiation field for z-directed dipole on the x—z plane. (b) E
component of the radiation field for z-directed dipole on the x—z plane

shown in Figs. 6.19 and 6.20 confirm this. The radiation pattern for the 0 component
and the ¢ component of the E field for z-directed dipole on x—z plane are shown in
Fig. 6.19a, b, respectively. When the dipole is z-directed, the 0 component of the
radiation field for type I wave has the maximum radiation at 0 = 90°. It has one
major lobe and has no radiation at 6 = 0°. The radiation pattern looks like the
radiation pattern of an antenna in the uniaxial plasma. The ¢ component of type I
wave has symmetrical lobes with respect to 6 = 90°. The maximum radiation
occurs at @ = 17.1°. The minimum radiation for type I wave is at 0 = 0°, 90°.

When the dipole is oriented in the x-direction, the radiation patterns for the 0
component and the ¢ component of the E field are shown in Fig. 6.20. The 0 and ¢
components of the radiation field for type I wave has the maximum radiation at
0 = 0°. The minimum radiation occurs at 6 = 90° for both components. The
radiation patterns have narrow beamwidth and hence the antenna is very directive
in this region for 0 and (2) components of the radiation field for type I wave.

6.3.2.3 Radiation in Region 4

The wave normal surface in this region is given in Fig. 6.21. In Region 4, only type II
wave can propagate. So the radiation should be due to only type II wave in this region.
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Fig. 6.20 (a) Ey component of the radiation field for x-directed dipole on the x—z plane. (b) E
component of the radiation field for x-directed dipole on the x—z plane
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Fig. 6.21 Wave normal surface in Region 4 when X = 1.5041 and Y = 0.6897

Fig. 6.22 (a) Ey component of the radiation field for z-directed dipole on the x—z plane. (b) E
component of the radiation field for z-directed dipole on the x—z plane

The numerical plots for the radiation patterns shown in Figs. 6.22 and 6.23 confirm
this. The radiation pattern for the § component and the ¢ component of the E field for
the z-directed dipole on x—z plane are shown in Fig. 6.22a, b, respectively. When the
dipole is z-directed, the 0 component of the radiation field for type Il wave has the
maximum radiation at 0 = 24.1°. The <2) component of type Il wave has the maximum
radiation at 0 = 27.5°. The minimum radiation is at 6 = 0°, 90° for both waves.
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Fig. 6.23 (a) Ey component of the radiation field for x-directed dipole on the x—z plane. (b) E
component of the radiation field for x-directed di pole on the x—z plane

When the dipole is oriented in the x-direction, the radiation patterns for the 0
component and the qS component of the E field are shown in Fig. 6.23. The 0
component of the radiation field for type II wave has the maximum radiation at

0 = 31.6°. It has the symmetrical radiation pattern with respect to 6 = 90°. The (2)
component of type Il wave has one major lobe which has the maximum radiation
occurs at § = 90°. The minimum radiation occurs at = 90° and 0 = 0° for the

0 component and at 6 = 0° only for the (}S component of the radiation field for the
type II wave. The antenna radiates in all directions for both components for
this case.
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Chapter 7
Wave Theory of Composite Layered Structures

The advances in microwave communication systems require material properties
which can give optimum device performance. New materials are being developed
in order to meet the requirements of design processes as technology matures. These
new materials are composite mixtures of isotropic, anisotropic or gyrotropic mate-
rials. The purpose of such materials is to obtain more desirable constitutive para-
meters through a design process that can predict the effective properties of such a
mixture. One such benefit, besides having the permittivity or permeability that
exactly fits the application, is to use materials with lower cost to create a composite
material that might otherwise be found in much more expensive bulk form. As a
consequence, the analysis of the wave propagation through multilayered composite
structures carries great importance in the development of the microwave devices
with the desired material properties. If the layered structure is considered to
be consisted of layered general anisotropic media, then composite mixture can be
obtained by setting the desired arbitrary layer to be isotropic, electrically, magneti-
cally gyrotropic, uniaxially or biaxially anisotropic material by changing the ele-
ments of permittivity and permeability tensors for the layered structure. In the
following sections wave propagation through multilayered composite structure
will be given using step by step procedure. General anisotropic medium in the
composite layered structure is defined with permittivity and permeability tensors, &
and g, respectively.

7.1 Wave Propagation in Multilayered Isotropic Media

The fundamental concept of wave propagation through layered general anisotropic
media can be better understood by first studying the wave propagation through
multilayered isotropic media. The reflected and transmitted waves from layered
isotropic media can be found using the wave matrix approach [1]. In Sect. 7.1.1, we
will first investigate wave reflection and transmission from single-layered isotropic
media. We will then extend this analysis to multilayered structure in Sect. 7.1.2.

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media, 143
DOI 10.1007/978-1-4419-6024-5_7, © Springer Science+Business Media, LLC 2010
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7.1.1 Single-Layered Isotropic Media

Consider a plane wave which is incident from Region O with a plane of incidence
parallel to the x—z plane as shown in Fig. 7.1. Plane of incidence is formed by the
incident wave vector k and normal to the boundary surface. Incident wave can be a
horizontally polarized wave (E — wave), or TE wave, which is perpendicular to the
plane of incidence (POI) or vertically polarized wave (H — wave) which is parallel
to POI. We will study two cases of wave polarization for the isotropic single-
layered structure.

7.1.1.1 TE Wave

In the first case, we assume the incident wave is TE wave and linearly polarized in
the y-direction. The electric field can be written as

Ei — )A)Eoei(ki,\»erk,-:z)efiwf .1
E,. _ yARTEEoei(*knerkr:z)e*iwf (7.2)
E, = yTTE Eoei(ktxx+kr32) oot (7.3)

Magnetic field vector, H, can be found using Faraday’s law as

OH 1 _
—=——-VXE (7.4)
ot u
as
_ . R E TN T
H, = (ki + ki) (0 >el(k”"+k"")e (1.5)
Wl
Ho,€o Hyi &
6, %'9,/ X
. 6, _
Fig. 7.1 Reflection and Region 0 Region 1
transmission of waves in
isotropic single-layered
structure
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H, = — (% +zk,r)RTE(E ) i(—Hypxthz) —ioot
WHo

_ Eo\ . L
Ht — (_th‘z + iktX)TTE (_0) el(kuxﬁ*k,:/.)eflwt

WHy
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(7.6)

7.7)

In (7.1)=(7.7), R, and T are called reflection and transmission coefficients,
respectively. The superscript refers the type of wave, i.e. TE or TM. Using the
continuity of the tangential components of electric fields at the boundary where

x = 0, we find

1 +RTE — TTE

(k_> (1 - RF) = (k_r> TTE
Ho I8
with the phase matching condition
iz = kiz = ki
Please note the wave vectors in Region 0 and Region 1 are
ki = Xkiy + ki
ky = =Xy + 2k
k, = Xk + ki,
and corresponding dispersion relations are obtained as
ki2 = kizx + k,2 = w* g0
k2= k2 + k2 = o’ pyeo
kf = k,zx + k,2Z = 0’8
Solving (7.8) and (7.9) for R™ and T7¢, we find
e (ii?iii)

[)kn
.ul ix

(7.8)

(7.9)

(7.10)

(7.11)
(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)
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RTE and T™F are called Fresnel reflection and transmission coefficients, respec-
tively for TE waves. The relation between angle of reflection and transmission are

obtained using the phase matching condition given in (7.10), (7.14), (7.15) as
ki sin0; = k, sin 0, = k; sin 0, (7.19)
ki =k, (7.20)

(7.19) and (7.20) leads to

0; =0, (7.21)

sin0;  /Ho€o (722)

7.1.1.2 TM Wave

Now consider, incident wave is TM wave for the structure shown in Fig. 7.1.
Assume the incident magnetic wave is linearly polarized in y-direction. Then, the
magnetic field wave can be written as

Hi _ yHoei(ki'¥x+k’:Z>€7i(Ut (7.23)
H, = yR™ Hye!( i the?) p=it (7.24)
H[ _ )A/TTMHoei(k,Xerk,:z)efiwr (725)

Electric filed vector, E, can be found using Ampere’s law

OE 1 -
as
_ H, . N
E; = (iki: — ki) (—w:0> gtz gmier (7.27)
l - N ™ Hy i(—kpex+k,-z) ,—iot
E, = (Xkrz + Zer)R w_so e e (7.28)

_ H, o .
E, = (%k; — 2k, )T™ <w8°> ¢tk kisz) g =it (7.29)
1
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The Fresnel coefficients for TM waves are similarly calculated using boundary
conditions when x = 0 as

R™ = i) EIZ) (7.30)

2
L (7.31)
1+ ()
E1Kix

When (7.17), (7.18) and (7.26), (7.27) are compared, it is seen that Fresnel
coefficients of TM waves and TE waves can be obtained from each other with the
application of the duality following relations

E—H, H— —E, uece (7.32)

7.1.2 Multilayered Isotropic Media

In this section, the analysis of wave propagation for single-layered isotropic media
described in Sect. 7.2.1 will be extended to multilayered isotropic media using
wave matrices [1]. Consider the multilayered isotropic structure illustrated in
Fig. 7.2 which has its stratification in z-direction. Assume plane wave which
has POI parallel to x—z plane is incident from Region 0. The layered medium
has t =n + 1 isotropic layer with p; permeability and ¢ permittivity where
[=0,1,2...t.

7.1.2.1 TE Wave

Initially, we analyze the wave propagation for TE waves. The incident electric field
vector is linearly polarized in the y-direction and given as

E; = yEe/ ki —kiz) g=iet (7.33)
Then, the total electric field in Region / can be written as

E; = $(Aje™* + Bie~ ") ehre ! (7.34)

In (7.34), A; is the amplitude of the all wave components traveling in (+)
z-direction whereas B; is the amplitude of the all wave components traveling in
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Fig. 7.2 Reflection and transmission of waves in isotropic multilayered structure

(—) z-direction. The corresponding magnetic field vectors in the same region are
found from (7.4) as

ki | ke .z ke Lk ; hox i
HI _ <(_)€ 1 P )A[é’lk[zk + <x 1 43 )Blezk,zz) elk\xe imt (735)
o, oW, Ol O

Application of boundary conditions for n 4+ 1 boundaries gives (2n + 2) equa-
tions. Since there are total of (2n + 2) unknowns, they can be determined using
matrix solution. Using (7.34) and (7.35) and continuity of the tangential compo-

nents of the field vectors along the boundary at z = —d,;, we relate the wave
components
Ale*ikizdl +Bleik"’"d’ — AHle*ik(m)zd/ +Bl+1€ik(”')’d1 (7.36)
Faenks ) i iki-d —ik(is1):d) k(11 1):d
e [A;e LG — Bie™" ’] = [A[.HE D — By et ’] (7.37)

Mzk(l+1)z
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Equations (7.36) and (7.37) can be put in the following form

) 1 k. ) )
AHle*’k(m)zdl — E (1 + 'tl(;:—l)l> (Ale*lklzd/ +R(1+1>Blelklzdl) (7.38)
HiK(i+1)z
. 1 k. ) )
B[+1€lk(’+‘)fd’ ——— < 4 'M(H—l)l> (R(/_H)A[eﬂk’:d’ JrBlelklzd[) (7.39)
2 M/k(/+1)z
where
(1 - r?l+1)1)
Ry = —Ryuy1y = VDY (7.40)
(1 + F(m)z)
and
ki
Hurnt (7.41)

e, =
(I+1)1 .ulk(H—l)z

Ft(?z 1) 1s called the reflection coefficient at the boundary for TE waves between
regions / and /+ 1. The first subscript, shows that the incident wave region.

Equations (7.38) and (7.39) can now be put in matrix form as

AHle*ik(m);dm Ale*ik[:dl
Bl+leik(l+1):dl+1 = F(H'l)[ Bleiklzd[ (7.42)

F 141y is the forward propagating matrix and defined as

1 ) e~ kv (divi—dr) R e~ ks (div—di)
Fun =5 (1 + Ffzﬂ)z) ik di1—d (IH)'/i o —d (7.43)
2 R(l+1)lel (1) (di1—dp) ekurn:(dii—di)
When the wave is in Regiont = n + 1, there is only transmission coefficient, T,
because this is a semi infinite region and there are no reflected wave components.
Transmission coefficient, T, is found from (7.42) as by setting A;;; =0, and

0 A e tkidi
(T> = F,,,( éfel‘khd’ ) (7.44)

B =T as

where

. eik,zdn R neikr:dn
(1+17,) < R, ek etfik,zdn (7.45)

N —

Ftn:
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7.1.22 TM Wave

The Fresnel coefficients for TM waves are simply obtained by application of duality
relation given in (7.32). So,

o r1ykiz m &(1)kiz
00 ks (+1)1

(7.46)
erk(11)

We can also represent the wave amplitudes in any region using the wave
amplitudes in other regions through wave propagation matrices in (7.43). The
transmission and reflection coefficients are determined from the elements of the
forward propagating matrix.

7.2 Wave Propagation in Multilayered Anisotropic Media

In this section, we will investigate the wave propagation through multilayered
anisotropic media using the theory outlined in Sect. 7.1. The analysis will be first
described using single, two-layered and then multilayered uniaxially anisotropic
media in Sect. 7.2.1-7.2.5. The analysis will then be extended to multilayered
general layered anisotropic media in Sect. 7.2.5.

7.2.1 Single-Layered Anisotropic Media:
Vertically Uniaxial Case

In this section, the analysis of the wave propagation for a single layer anisotropic
media is described. The anisotropic layer is unaxially anisotropic medium with its
optic axis oriented in z-direction (vertically uniaxially case). The wave is incident
from isotropic region which is designated by Region 0. The incident wave in
isotropic region can be either TE wave or horizontally polarized or TM wave or
vertically polarized as described in Sect. 7.1.2. The transmitted wave in anisotropic
region is an o — ordinarywave if the incident wave is TE wave and
e — ordinarywave if the incident wave is TM wave as described in Chap. 2. The
reflected wave in isotropic region is horizontally polarized wave when incident
wave is TE wave and vertically polarized wave when incident wave is TM wave. In
this section, we will introduce two unit vectors, h and v, to represent horizontally
polarized (TE) and vertically polarized waves (TM), respectively [2]. The unit
vectors, h and v, and the wave vectors illustrated in Fig. 7.3 are defined as

ho(%kos) =

S

X /g() - (—)éky +_)A)kx)
k, k,

(7.47)
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Fig. 7.3 Reflection and
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transmission of waves in A R Ak
single-layered anisotropic h (_ko:),v(fko:) (Foz). 9 (ko)
— — |
slab Region 0 Ko | Ko :
H.g, ! X
wE, S
Region 1 : o
a0 0 ,;le :0(_1‘13)
§=|0 & 0 | 57
00 & e<k|:j)
ho(ko:) X ko 1 [kos (ke + 9k
folkar) = 204 Ok) Z0 -~ [ o ; ) 2&,} (7.48)
0 0 p
ho(—ko- U koo (B + 9Ky)
ﬁo(_koz) _ 0( Z.) X Ko _k_ |:_ 0. (—X Z y }) _ka:| (749)
0 0 P
Z X K9 —xk, + vk \
okt = 22 (TR EIE) (7.50)
2 x if] k,
e hi(—ki.) x Ry 1 [Epkf‘-j&z . }
oy =———2 - | _PlTE gy (7.51
( lh) k]u klu glkp ? )
ko = /gp + zko (7.52)
Ko = /Ep — Zk() (753)
k, = Xk, + Yk, (7.54)
kY =k, + ZkS, (7.55)
K=k, — k. (7.56)
K=k, + 2k (7.57)
]S =k, + k92 (7.58)
ku=¢- ]Ef (7.59)
Kiy =& K (7.60)
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The wave numbers are found from the dispersion relations as

k.= [ - kir (7.61)
K, = {kf - ki]% (7.62)
ko, = w+/ueo 1 (7.63)
m] - ii (23, — eren:k2] " (7.64)

7.2.1.1 TE Wave
Assume the incident wave from Region 0 is TE wave and given by
Eio = ho(—ko,)e' o) e~ (7.65)

The first subscript shows the wave type (incident, reflected, or transmitted in
Region 1).The reflected wave is

E.o= {ﬁo(kOZ)RMHH@i(E"‘F)} e it (7.66)

Ro1mp is the reflection coefficient when incident and reflected waves are both
horizontally polarized. The transmitted wave in Region 1 can be expressed as

B, = [a(—k‘;Z)THnef@‘i"f)} oot (7.67)

Ty, is the transmission coefficient when incident wave is horizontally polarized
and transmitted wave is an ordinary wave The reflection and transmission coeffi-
cients, Fresnel coefficients, are found using boundary conditions at z =0 as
described in the previous section. Application of boundary conditions z = 0 gives
following equations

ixEy=:x%xE, (7.68)
ixVxEy=:2x%xV xE (7.69)
where

Ey=Eio+E. (7.70)
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E| =E, (7.71)

Substituting (7.65)—(7.67), and (7.70), (7.71) into (7.68) and (7.69) gives

Roinn = Z%g (7.72)
Tyo = (kfk#l) (7.73)
7.2.1.2 TM Wave
Now, assume the incident wave from Region 0 is TM wave and given by
E;o = Vo(—ko.)e' e ! (7.74)

The first subscript shows the wave type (incident, reflected, or transmitted in
Region 1). The reflected wave is

E.o= [ﬁo(koz)Rmvvei(E”'F)} e ! (7.75)

Ro1yy is the reflection coefficient when incident and reflected waves are both
vertically polarized. The transmitted wave in Region 1 can be expressed as

Et,l — [é(ki’?’)TVeei(;?‘l’-F)}e—iwt (776)

Tv. is the transmission coefficient when incident wave is vertically polarized and
transmitted wave is an extraordinary wave. Repeating the same procedure to find
reflection and transmission coefficients by applying boundary conditions at z = 0
gives

81/(02 — Soki)z

7.77
glkoz + Sokfz ( )

Rowvw =
2'glkoz

Tve = (e1ko: + €0k$,)

(7.78)
7.2.1.3 Numerical Example

The Fresnel coefficients derived for the single layer uniaxially anisotropic medium
for a vertically oriented optic axis are numerically calculated for Taconic TLY-5A
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Fig. 7.4 Fresnel coefficients for single layer uniaxially anisotropic medium with a vertically
oriented optic axis

material and illustrated in Fig. 7.4. TLY-5A is a negatively uniaxial anisotropic
medium with dissipation factor of 0.0014 in (X, y)-direction and 0.00066 in
z-direction at 10 GHz. The Brewster angle numerically calculated to be 56.96° as
shown in Fig. 7.4.

The theoretical value of the Brewster angle is found from

0p = asin

The theoretical value is also found to be 56.96° as shown in Fig. 7.4.

7.2.2 Single-Layered Anisotropic Media: Optic Axis Tilted
in One Direction

The cross polarization effect due to isotropic—anisotropic interface can be obtained
if the optic axis of the uniaxially anisotropic medium is tilted. Cross polarization
effect is very important in radiation and wave scattering problems. The geometry
of the anisotropic medium is shown in Fig. 7.5 when its optic axis is tilted around
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3]

Fig. 7.5 Geormetry of a
unaxially anisotropic medium
with its optic axis tilted
around z-axis by an angle |

<y

z-direction by angle . The permittivity tensor of the anisotropic medium with
tilted optic axis becomes

0 0
=0 & & (7.79)
0 0z 0Z

32 33

The first and second superscripts of the permittivity tensor indicate the direction
where the optic axis is tilted. The matrix elements of the tensor in (7.79) are

e =¢ (7.80)

52’2 = g,c0s° Y + &,sin’Y (7.81)
& =) = (&1 — &1,) cos Yrsiny (7.82)
% = g;sin’Y + &1.cos Y (7.83)

The single layer structure with the direction of wave vectors is illustrated in
Fig. 7.6. We first analyze the wave propagation for TE wave incidence.

7.2.2.1 TE Wave

When the incident wave is TE wave, the electric field vector in Region 0 is
expressed as

Eio = ho(—ko,)e' o) e~ (7.84)

Figure 7.6 shows the wave vectors for the single layer structure when the incident
wave is horizontally polarized. Upon reflection from the isotropic—anisotropic
interface the reflected wave in Region O will have the cross polarized component
Roipy. Cross polarized components carries great importance in radiation and
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Fig. 7.6 Reflection and . z i ko) b(ky.)
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scattering problems. The first subscript of the cross polarized component represents
the polarization of the incident wave whereas the second subscript represents
the polarization of the reflected wave. The reflected electric field vector can be
written as

E. o= [h (k0~)R01HHe< ") 4 Vo (ko:)Rorrve’ i(kyr) | gion (7.85)

The transmitted wave also has the cross polarized component due to tilted optic
axis. Ty, is the transmitted cross polarized component and represents the transmit-
ted extraordinary wave when the incident wave is TE wave. The transmitted field
vector is

Eua = [0(=K0) Taoe ™) + e(kid) Tygpe 57 | e (7.86)

Application of the boundary conditions given by (7.64) and (7.65) gives the
refection and transmission coefficients as

Tho K2 T,
Roigy = —1+ ]-; K, <k2 cos Y + kyk{_ sin x//) -1 k sin ﬁHe (7.87)
d
THokk 0 THe ko e o\2 .
Rony = =10 o siny + 7 (k2kid cosy — ky (k7.)*siny ) (7.88)
where
Ty = Pa ko (k2 + koo k? )sunp (7.89)
e /1 k 0zK1,
Oa 2 ko:
Ty = —4 2
o (k,,,+k ) &

x [ — K2K) cos i + k, (k§ (k2.)* - kfkozkfff) sin l//} (7.90)



7.2 Wave Propagation in Multilayered Anisotropic Media 157

B = cosYR (RKE — 2K+ sin2 [ (ki — K52) (€ + k) + 242 (6 — 12)]

o cos v sinky (K1, + koe) (K, = K57) (K2 + K{ko: )
(7.91)

1/2
b= [ (64 (67 = o) (B + 459 — 0o +00)|
(7.92)

g = [kf + (ky cosy + kY. sin ‘//)2} v (7.93)

7.2.2.2 TM Wave

Figure 7.7 illustrates the single layer structure when the incident wave is vertically
polarized. The incident electric field vector can be written as

Eig = Vo(—ko:)e' " e (7.94)

The reflected wave with the cross polarized term is Ryjyy is
E. o= [Vo(kOZ)Rowvei(E”'f) + ho(koz)Rorye ™ | et (7.95)
Ro1vy indicates that the incident wave is vertically polarized or TM wave, and

the reflected wave is horizontally polarized or TE wave. The transmitted wave in
Region 1 can be expressed as

E,’l = [5 <7k‘l)z) Tvoei(fc’l’f) +é (k‘fd) Tveei(;zg .f)i| o ior (7.96)
. i hik,) 9k,
v(—ky.) r 0z R 0
01VH ? oy
_ — |
Region 0 X k, :
u. g, : X
= [
- —o0
H.e K :
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Ty, and Ty, are the transmission coefficients when the incident wave is TM wave
and transmitted wave ordinary wave or extraordinary wave, respectively. The
reflection and transmission coefficients are found using boundary conditions as
described before and given as

Tvo koky . Tve ko (15, 2
Ropy = 1 — Yo Kol o 12k — ky (k° 7.97
o1vv o Kok U siny + 5, kpk()z( ks cosy v (K1) smd;) (7.97)
- Tvo 1/, 0 o Ty, k% :
Rown =% - (kp cos Y + kyk?, sin w) — g ksing (7.98)
where
B, 2k, .
Ty, = Pa (k2K cos -+ kykoek?, sin ) (7.99)
Ae Ky
2 ke .
Ty, = 24 "0 [k ok, (ye — KS4) sin ] (7.100)

Do (ko +K2)) &,

The coefficients oy, 3;, and 1, are given by (7.91)—(7.93). The transmission and
reflection coefficients calculated for TE and TM waves given by (7.87)—(7.90) and
(7.97)—(7.100) check with the results given in [3].

7.2.2.3 Numerical Example

The Fresnel coefficients derived for the single layer vertically uniaxially anisotropic
medium with a tilted optic axis are numerically calculated for Taconic TLY-5A
material and illustrated in Fig. 7.8.

As illustrated, the cross polarization components exist because of the isotropi-
c—anisotropic interface. The magnitude of the cross polarized components varies
with the tilt angle and observation angle. The cross polarized terms are very
important due to their contribution on the electric and magnetic field intensities in
radiation and scattering problems.

7.2.3 Two-Layered Anisotropic Media: Vertically Uniaxial Case

The wave propagation in this case will be investigated when two-layered uniaxially
anisotropic media is placed between two isotropic regions. The uniaxially aniso-
tropic medium is assumed to have its optic axis oriented in z-direction.
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Fig. 7.8 Fresnel coefficients for single layer uniaxially anisotropic medium with a tilted optic axis

7.2.3.1 TE Wave

The two-layered anisotropic structure when the incident wave is horizontally
polarized is shown in Fig. 7.9. The electric field vector in Region 0 is

Eo = [ﬁo(—k0z)6i<k"'f> + ho(koz)Rye ®e ) e it (7.101)

The reflected wave is also a horizontally polarized wave. Ry is the reflection
coefficient which has the reflected wave components from isotropic—anisotropic
interface and anisotropic-isotropic interface when incident wave is horizontally
polarized. The transmitted wave in Region 1 is expressed as

E = [5 (_k(ljz) Tho1e' ™7 + 6 (k(ljz) TH02€i(]g?.f):| et (7.102)

T, is the transmission coefficient for the downward propagating ordinary wave
and Ty, is transmission coefficient for upward propagating ordinary wave. In
Region 2, there is only downward propagating wave which is horizontally polari-
zed. The field vector in Region 2 can be expressed as

Es = [la(—K) Tippe ™57 | e (7.103)
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Fig. 7.9 Reflection and transmission of TE waves in two-layered anisotropic structure

Ty is the transmission coefficient in Region 2 when the incident wave in Region
0 is a horizontally polarized wave . The Fresnel coefficients Ry, Tro1, Tro2 and Ty
are found by using the following boundary conditions at z = 0, —d

—:x E (7.104)
=:x VxE; (7.105)
—tx E (7.106)
—:xVxE (7.107)

The Fresnel coefficients after application of the boundary conditions (7.104) and

(7.105) are found as

R R ei2kizd
py = B Ko7 (7.108)
%H2
l1+R
Ty — T Rror) 7109
%2
1 Ruot Rooei2hizd
TH02:( + Ruo1)Ruioe 7.110)
0H2
14+R 1+R i(ki-—ko:)d
TH2:( + HOI)( + ng)e (7.111)

OlH2
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where
k07 - k17
R == 2 7.112
= ( )
k17 - kZ7
R = 7.113
2 = ( )
o2 = 1 + RyorRyne = (7.114)

The new unit vectors, wave vector and the dispersion relation in Region 2 are

- Exky  (—Xky + Yky)

ho(£ky:) = = (7.115)
k, k,
s x ko (—%ky + ke
o(K),) = 1 L _ (= + k) (7.116)
zZ X k1| kp

R o ~
Ky =k, —ky.z

ky = w\/1i6> (7.117)

7.2.3.2 TM Wave

Now, assume the incident wave in Region 0 is TM wave for the layered structure
shown in Fig. 7.10. The field vectors in Region 0, 1, and 2 can be expressed as

Ep = [ﬁo(—koz)e"“‘o"") + ﬁo(koz)Rve"“?o'ﬂe*fw’ (7.118)
Er = [e(kd) Trere ™) + &(ki2) Tyae' 117 | e (7.119)
By = [ia(—kg.) Trae ™57 [ e " (7.120)

The reflection and transmission coefficients Ry, Ty,;, Ty., and Ty, are found
using the boundary conditions given by (7.104)—(7.107) by for the electric field
vectors given by (7.118)—(7.120). The Fresnel coefficients are found with applica-
tion of boundary conditions similar to TE wave and given as

(Rvor + Ry1pe:4)
Ry = 7.121
v - ( )
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Fig. 7.10 Reflection and transmission of TM waves in two-layered anisotropic structure

(1+ Rvor) kokiu &1

Tver = 7.122
Vel s k% P ( )
1+R koky, € e
Tyer = (L+Ryor) ko i EL (1 4 Rypa)eid (7.123)
oy2 k1 €1z
ko (1 +R (e
Tyy = -2 (1 +Rvo) (1 +RVl2)g’(’<1f’%)d (7.124)
ka oy
where
erko; — €okS,
Rygy =—= 7.125
Ly S K ( )
&2kt — e1ka.
Ry =——— 7.126
V2 ok T ok ( )
a2 = 1+ RygiRy e (7.127)

7.2.3.3 Application Example: Microstrip with Anisotropic Medium

Application of the electromagnetic wave propagation problem through composite
structure can be best illustrated with making the second region perfect conductor.
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When the permittivity of the second layer taken to be infinitely large, &, — oo, it
can be approximated with a perfect conductor.

The final configuration with this approximation can be considered as microstrip
structure as shown in Fig. 7.11. The dielectric layer in this microstrip structure is a
vertically uniaxial anisotropic medium. This configuration can be used for radiation
or scattering problems. The calculations for radiation and scattering require finding
Dyadic Green’s Functions (DGF) of the structure. DGF of the medium has the same
form as the electric field in that region as described in Chap. 5. As a result, Fresnel
coefficients in electric field vectors have to be used for the region under consider-
ation to be able to construct DGF. For the microstrip involving uniaxially aniso-
tropic medium shown in Fig. 7.11, the Fresnel coefficients for TE and TM waves
derived in Sect. 7.2.3 are modified with the substitution of & — oo into
(7.108)—(7.114) and (7.121)—(7.127). The modified Fresnel coefficients for TE
waves are

(RH()l _ ei2k1;d)

Ry — (7.128)
OlH2
1+R
Ty = M (7.129)
OH2
14R i2ky.d
Ty — — QT R0 ) (7.130)
[£72p)
Ty — 0 (7.131)
ho(=k,.) o= k,.) ok, )7, ()
Region 0 K Eo
u.€
i
Region 1
& 0 0
E] =10 ¢ O
0 0 ¢
1z
M, &y —> 0

Fig. 7.11 Microstrip configuration with a vertically uniaxial anisotropic medium
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where
k07 - k17
R =2 2 7.132
= ( )
Rupr — —1 (7.133)
a2 — 1 — Ryggre =4 (7.134)

Similarly, the modified Fresnel coefficients for TE waves are found as

(RVOI + ei2k1:d)

Ry — (7.135)
oy2
1+R kok1, &
Tyer = LT Rvor) Ko e S (7.136)
o2 ki er;
1+ Rvor) kokia .
Tyey — (L Rvor) Kok u EL ki (7.137)
oy2 kl €1z
Ty, — 0 (7.138)
where
?1/(02 — Eokl-
Ryyy =———= 7.139
Ol e T skt ( )
RVIZ — 1 (7140)
ays — 1+ Ryge?:? (7.141)

7.2.4 Two-Layered Anisotropic Media: Optic Axis Tilted
in One Direction

Let’s assume the optic axis of the two-layered uniaxially anisotropic medium is
tilted around z-direction by an angle . The geometry of the anisotropic medium is
illustrated in Fig. 7.5. The permittivity tensor and its elements are given by
(7.79)—(7.81). We have seen in Sect. 7.2.2 that when the optic axis of the aniso-
tropic medium is tilted, it allows existence of the cross polarization components
across the isotropic—anisotropic interface. In the two-layered configuration, we have
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anisotropic-isotropic interface in addition to the isotropic—anisotropic interface
across the boundaries at z = 0, and z = —d. Although the calculation of the
Fresnel coefficients gets complicated and tedious, its straight forward with the
method proposed in this chapter by application of the boundary conditions as
described.

7.24.1 TE Wave

When the incident wave is TE wave or horizontally polarized wave, ﬁo(—k,,z), the
electric field vector in Region 0 will have both horizontally polarized and vertically
polarized components due to isotropic—anisotropic interface as discussed in
Sect. 7.2.2. The field vector in Region 0 can be expressed as

Eo = | ho(—ko.)e' ™) + ho(ko:)Rorre’ ™ + ﬁo(ka)Romvei(E“'f)}eﬂm (7.142)

Upon transmission from Region O to Region 1, the transmitted horizontally
polarized wave is decomposed into downward propagating ordinary and extraordi-
nary wave components, 0 (—kfz) and ¢ (ki’ff ) , with transmission coefficients T, and
Tye. The ordinary and extraordinary downward propagating wave components
will be reflected back from the anisotropic—isotropic interface as illustrated in
Fig. 7.12. The wave components reflected from anisotropic-isotropic interface
will be upward propagating and are designated by unit vectors 6 (k{.) and é(k$")

By (k) z o) ol
Ry a4 Ry,
Region 0 Ky /;0
€, | | x
wE" K/ é(kiu)’ TRIIe///| ///I #=0
Region 1 //
A 00 g
[ } o)

1;2 (_k2:) /“)z (7k2; )
T, and T,

HH 2HV

Fig. 7.12 Reflection and transmission of TE waves in two-layered anisotropic structure with
a tilted optic axis
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with the transmission-reflection coefficients TRy, and TRy,.. The electric field
vector in Region 1 can be written as

E = (7.143)

THoé(_k(l)z)ei(k?F) + TRH()OA(k(l)z)ei(E{AF) —iot
(e 7 oy iR | €
FThee (ke 4 TRy (k)7

The transmitted wave in Region 2 has both horizontally and vertically polarized

waves due to anisotropic-isotropic interface. The transmitted wave is represented
with transmission coefficients T,y and Thyy. The field vector in Region 2 is

Ey = [ﬁz(—kZZ)TzﬂHei(km + 2 (—kaz) Tonp ™7 | e (7.144)

The Fresnel coefficients are found by application boundary conditions given
using (7.104)—(7.107) as described in the previous sections. TM wave analysis can
be carried out by considering the incident wave as vertically polarized wave.

7.2.5 Multilayered Anisotropic Media

Consider the following stratified general anisotropic medium shown in Fig. 7.13.
Assume that the principal axes of the medium are oriented parallel to the coordinate
axes. This configuration is practical and can be adjusted to have composite planar
multilayer circuit by changing the permittivity and/or permeability parameters of
the medium in each layer.

7.2.5.1 TE Wave

From continuity of the tangential components of the field vectors along the bound-
ary at x = —d;, we relate the wave components as

- 1 k ’ ) .
Aje Rt = — ] 4 Gl (Appre e Ry Brge ety (7.145)
2 Hrynykic

—ik, 1 H zk I+1)x —ik P
Bje hndi = 2 <1 + 7#1(]:1;](;{) (R1(1+1)A1+1e kgnedr 4 B/+1€lk(’“>\'d') (7.146)

The wave components can now be related through wave components in the
(I4+1)as

A —ik 1) dist A e kuidi
( e >=F(1+1)1< e (7.147)

Bl+1eik<’+1)-"d’+' Bleik’*‘d’
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Fig. 7.13 Geometry of multilayered anisotropic media

where the forward propagation matrix is

1

. e~ ki (di—di) R(Hl)le*ik(“ Deldir1—dy)
Fooy = 3 (1 + F(/+1)1) (R(1+1)1€ik<’ De(diss—dy) ok udi —di) > (7.148)

(1 - Ffl+1)1)

Ruyiy = =Ry = (7.149)
(1 + FEI-H)I)
and
. H(a1)eKix
r = (7.150)
(bt M[Zk(l+1)x

The analysis and the structure of the forward propagation matrix is similar to the
one that is found for the multilayer isotropic structure. Once the forward propaga-
tion matrix is found, the reflection and transmission coefficients can be easily
calculated. TM wave analysis is done by applying the duality relations.
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Chapter 8
Microwave Devices Using Anisotropic
and Gyrotropic Media

In this chapter, the theory that is introduced in the previous chapters for isotropic,
anisotropic and gyrotropic materials finds an application. Application examples
using isotropic, anisotropic and gyrotropic materials will be introduced with detail.
Most of the design examples have analytical stage involving theory of the opera-
tion, simulation stage for verification of the design and experimental stage for
implementation. The device performance using these three types of materials will
be compared to understand the effect of anisotropy or nonreciprocity. The devices
that will be analyzed, simulated and designed including waveguides, directional
couplers, microwave filters, and nonreciprocal phase shifters.

8.1 Waveguide Design

In this section, rectangular waveguide design procedure for isotropic, gyrotropic
and anisotropic media will be given. The wave propagation in waveguide can be
analyzed by using two curl equations given in Chap. 1 in the absence of electric and
magnetic current density as

V xE=ioji-H 8.1)
V x H=—iw: E (8.2)

where V = ()20—(’) + )3(% + f()i) Expansion of (8.1) and (8.2) for electric and mag-
netic field components give two sets of equations.

OE, OE,

dy - 821 = iw [.“nH.x + oty + #13Hz] (8.3)

OE. OE. .

8; Tor @ (121 Hy + tinHy + pip3H (8.4)
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O, OE,

ooy i[5 Hy + papHy + p33H ®8.5)
and

aa—ilf - % = —iw[enEy + enEy + e3E:] (8.6)

% - a(?ix = —iw e Ey + ey + ex3E.] (8.7

% _ ag)x = —iw [831Ex + ek, + 833Ez] (8.8)

The geometry of the rectangular waveguide is given in Fig. 8.1. The guide walls
are assumed to be perfect conductor with {G.} = oo . It is assumed that the wave
propagation is in the z-direction and the electric and magnetic field vector compo-
nents are functions of x and y. Then, the electric and magnetic field vector
amplitudes can be written in the following form

F = F(x,y)e™ 8.9)

where

F(x,y) = Fo(x,y)% + Fy(x,y)y + F2(x, y)2 (8.10)

F represent electric field intensity E or magnetic field intensity H. The time
dependence e’ is assumed as previously done. The analysis will be based on the
lossless dielectric filling.

il
x|

Fig. 8.1 Geometry of the
rectangular waveguide z
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8.1.1 Waveguide Design with Isotropic Media

Consider the rectangular waveguide illustrated in Fig. 8.1. Assume that the dielec-
tric filling inside the guide is isotropic with permittivity constant ¢ and permeability
constant p. So that

g=c¢ and fi=ul (8.11)

When (8.11) is substituted into (8.3)—(8.8) with (8.9), they take the following
form

E,
—ikE, + aa—y = iwuH, (8.12)
. OE, .
ikE, — e iouH, (8.13)
OE, OE, .
and
— ikH, + Bi = —iweE, (8.15)
dy
. OH, .
lka — E = —leEy (816)
% — B;IX = —iwekE, (8.17)

Now, we express transverse components of the field vectors, E,, E,, and H,, H,
in terms of the longitudinal components, E., H,, which are the field vectors in the
direction of propagation. By eliminating H, from (8.12) and (8.16), and H, from
(8.13) and (8.15), we obtain

E, = ot ik%—iwuaHz (8.18)
) y x

E, = —

(8.19)
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and
1 OH. OE,
, = — ——+i - 2
H, (e — 1) [k By + iwe 8x} (8.20)
1 OH. OE,
¢ = — —— i 21
M= o= ) { ox ' 3y} ®:21

8.1.1.1 TE,,, Modes

For TE modes, the longitudinal component of the electric filed should be zero,
E. = 0. Application of this constraint on the transverse components of the electric
and magnetic field vectors given by (8.18)—(8.21) reduces them to

E, — ((1)2;;0761@) % (8.22)
E, = —% %—}f (8.23)

and
H, =— ik OH; (8.25)

(wue — k) dx

When we take the derivative of (8.23), and (8.24) with respect to y and X,
respectively

OE,  iop O H.
Ox  (wPue— k) 92 (8:26)

. 2H
OF, _ ___ iop O°H: (8.27)

dy (w?ue — k*) 0y*
and subtract (8.27) from (8.26), we obtain

OE, OE, iopg O H. iop  O*H.

Ox Oy (0Pue—k2) 02 * (w?ue — k?) 9y?
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or
OE, OE, iop O H., ©H,
T z 8.
dx Oy (w*ue—Kk?) [8)(2 * 0y? (8:28)
Since from (8.14),
OE, OE. .
—_— - = H, .
Ee By iouH, (8.29)
then,
2
iop O H, O°H, .
= H_
(w?ue — k?) l ox2  9y? TR
or
OH, H., ,, 5
=7 +_6y2 + (w’pe —kK*)H. =0 (8.30)

Same procedure can be applied to find wave equation for TM waves. The solution
of the second order differential equation given in (8.30) takes the following form [1].

H.(x,y) = Acos(k,x) cos(kyy) (8.31)

Application of boundary conditions at x = 0,a and y = 0, b requires tangential
components of the magnetic field vectors to be zero, i.e. H, = 0. When the
boundary conditions are applied, we find from (8.31) that

mm

k===, m=0,12. (8.32)
ky:%, n=0,1,2.. (8.33)

So, (8.31) can be written as
H.(x,y) = Acos (?x) cos (%y) (8.34)

The other components of the electric field vectors are found from (8.22)—(8.25)

—iop  nm mn . (N

EX(X’y) = Am ? COoS (7.}() sin (7_)7) (835)
iop mn . /mx nrw

Ey(x,y) = Ai(wzlug — k2) 7 sSin (7X) Ccos (7)’) (836)
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—ik mm . /mmu nm

Halwoy) = A () eos () ®.37)
—ik nm mmn . /NT

Hy(03) = A s cos () sin(503) (8.38)

Substitution of (8.34) into (8.30) gives the dispersion relation for a rectangular
waveguide filled with isotropic medium as

e — k> = (ﬂ)z—k(ﬂ)z
a b

or

= olus — [(%)2 n (%)2] (8.39)

Hence,

k= \/ w?pe — {(%)2 + (%ﬂ (8.40)
Cut-off occurs when

e — {("ZT)Z n (rzrﬂ —0 (8.41)

The cut-off frequency, f, is found from (8.41) as

i 1)+ (]

The summary of the field components, cut-off frequency and dispersion relation
for rectangular waveguide filled with isotropic dielectric medium in Fig. 8.1 when
the wave is propagating in y-direction are given in Table 8.1.

8.1.2 Waveguide Design with Gyrotropic Media

Now, assume that the rectangular waveguide shown in Fig. 8.1 is filled with the
gyrotopic media in the existence of an external applied magnetic field, H,, in
y-direction. This is illustrated in Fig. 8.2.
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Fig. 8.2 (continued)

The permittivity and permeability tensors of the gyrotropic medium are given in
Chap. 3 as

81(7 — 1;0[;0) + iSz(Eo X i) + 831;0];0 (8.43)

,l:l = ,ul(i — 6050) + iﬂz(go X ;) + M36050 (8.44)

where b shows the direction of the external applied magnetic field. When the
external applied magnetic field is in y-direction, by can be written as

by = [0 1 O0]. Then, (8.43) and (8.44) take the following matrix forms
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Fig. 8.2 (a) Geometry of the rectangular waveguide filled with transversely magnetized gyrotopic
media. (b) Frequency response of the propagation constant for TE,,, modes. (¢) Permeability
parameters versus magnetic field intensity for various saturated magnetization levels at f = 6 GHz.
(d) Permeability parameters versus magnetic field intensity for various saturated magnetization
levels at f = 8 GHz. (e) Permeability parameters versus magnetic field intensity for various
saturated magnetization levels at f = 10 GHz. (f) Frequency response of the propagation constant
for TE,,, modes for a rectangular waveguide filled with magnetically gyrotropic medium. (g)
Frequency response of the propagation constant for TE,,, modes for sapphire. (h) Frequency
response of the propagation constant for TM,,,, modes for sapphire. (i) Frequency response of the
propagation constant for TE,,, modes for ceramic impregnated teflon. (j) Frequency response of
the propagation constant for TM,,, modes for ceramic impregnated teflon

€1 0 —i82
0 & 0 (8.45)
i82 0 &1

ol
Il
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and
B w0 =i
g=10 14 0 (8.46)
i 0

The elements of the permittivity and permeability tensors are given by (3.13)
and (3.14), respectively. The waveguide analysis will be given for general gyro-
tropic medium using the permittivity and permeability tensors given by (8.45) and
(8.46). The results can be simplified for gyromagnetic or gyroelectric medium by
just replacing one of the tensors with a unit tensor.

When the permeability and permittivity tensors given by (8.45) and (8.46) are
substituted into the wave equations given by (8.3)—(8.8), we obtain

E
OE. OE, _ i Hy — uH, (8.47)
dy 0Oz
OE, OE,
S iousHy (8.48)
OE, OE,
v = wu,H, + iouH. (8.49)
Ox Oy
and
H., H
OH: OH, _ —iwe Ey + werE, (8.50)
ady 0z
OH, OH, .
82. — —iwesE, (8.51)
H. H
OH, OH. _ —w&eEy — iwe E, (8.52)
Ox dy

The wave equations can be put in the following forms assuming that the wave is
propagating in z-direction with the form that is given by (8.9),

OE.
- —ikEy = iopH, — opyH, (8.53)
y
E.
IkE, — OE: = iousH, (8.54)

ox
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OE, OE )
(’9_xy - 8yx = wu,H, + iou H., (8.55)
and
H.
L — ikHy, = —iwe Ey + weE, (8.56)
Oy
. OH, .
lk[‘[x — W = —lU)83Ey (857)
OH, H.,
B A OH, = —w&eE, — iwe E, (8.58)
Ox Qy

The condition of no spatial dependence of the RF fields in the direction of the
external applied magnetic fields, i.e. (% = 0, leads to separation of the waves into
TE,o and TM,,,o modes for the rectangular waveguide when filled with the trans-

versely magnetized gyrotropic medium.

8.1.2.1 TE,, Modes

When the condition %: 0 is applied for the wave equations given by

(8.53)—(8.58), we obtain

—ikE, = iopH, — ou,H. (8.59)
OE
— = wp,H, + iopuH. (8.60)
Ox
. . OH,
—iwesEy = ikH, — ¥ (8.61)

The field components H, and . can be written in terms of E, as

Hy Ha dEv)
Ho=—"t" (g, +222 (8.62)
' w(u?—u%)( Yy dx
it 1o dEy)
H=—>™ (B2 +=2 (8.63)
w(u%—u%)( o dx

Substitution of (8.62) and (8.63) into (8.61) gives
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d’E, 2 (15— 113 2
—+E o |—=|es—k" | =0
dx? * y( My ’

d’E,
3 TEK =0

or

where

2,2
B =’ (L Hz) e — k2
M
Solution of the wave equation in (8.64) and (8.65) is
E, = Asin(k x)

Applying the boundary condition at x = 0, E, = 0 gives

k=" form=1,2,3,..
a

181

(8.64)

(8.65)

(8.66)

(8.67)

(8.68)

Hence, the dispersion relation for the rectangular waveguide filled with a
transversely magnetized gyrotropic medium can be obtained from (8.66) and

(8.68) as

2 _ 2
k= (’ul Hz) — k2 =] w? (—,u] — ,112)83 - (
M 1 a

The cut-off frequency is calculated from

(B, 2y

So,

e ()

2 B 15
T H =

@) ’ (8.69)

(8.70)

8.71)

The magnetic field components are found by substituting (8.67) into (8.62) and

(8.63) as
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H, = ﬁ <k sin (%x) B 25?) cos (?x)) (8.72)
HZ:-—;Ri?%%gj<kg%sm(%;x)4—(%;>am(%;x)) (8.73)

The table illustrating the results for the rectangular waveguide filled with
gyrotropic medium is given in Table 8.2.

8.1.3 Waveguide Design with Anisotropic Media

In this section, we assume the dielectric filling for the rectangular waveguide
illustrated in Fig. 8.1 is a uniaxailly anisotropic medium with the following
permittivity and permeability tensors

E11 0 0 _
e=10 ey 0|, n=upl (8.74)
0 0 £33

The optic axis of the anisotropic medium is assumed to be oriented in z-
direction. The dispersion relation for a vertically uniaxial anisotropic medium is
obtained using (2.17) as

Wp E=0 (8.75)

where

We=[k7 ki (8.76)

The characteristic values for ordinary and extraordinary waves are obtained
when (8.74) is substituted into (8.75).

ke = kgen — k2 8.77)
&
Iy = kgess — k_?f (8.78)

where

=l + k2 =k +k +k
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When (8.77) and (8.78) are substituted into (8.75), we obtain the corresponding
characteristic field vectors for the characteristic values given by (8.77) and (8.78).
The characteristic field vectors for ordinary and extraordinary wave are

_ k k
E, = %A cos (tan1 (k_y> ) + yBsin (tan1 <k_y) ) (8.79)

2 (3
€11 833k0 7/{2%

k, k
X [)2 cos (tan_] (k—)> )Ezz + yB sin (tan_1 (k_y> >E22} +2E,,  (8.80)

It is clear from (8.79) and (8.80) that ordinary wave, E|, represents TE waves
and extraordinary wave or E, represent TM waves. Application of boundary
conditions gives

kg = % for m; =1,2,3, ... (8.81)
ky = % forn; =0,1,2,3,... (8.82)

for TE or ordinary waves and

Table 8.3 Cut-off frequency, dispersion relation for rectangular waveguide filled with vertically
uniaxial anisotropic filling

Mode Dispersion relation f. — cut-off frequency
TE 0 2 2 1 mmy 2 nm 2
k= = | (57 + () = semmi Ga) + (5)
- \/ ofn |: a * b f 21\ /Hgén a + b
TMun ) ey [ rmomy 2 Ny 2 1 mm\ 2 nm\ 2
== | C0) ()| e G+ ()
€33 a b 2n Hoé€33 a b
Table 8.4 Standard rectangular waveguide dimensions
Waveguide standard Inside dimension — a (in) Inside dimension — b (in)
WR-2300 23 11.5
WR-2100 21 10.5
WR-1800 18 9
WR-1500 15 7.5
WR-1150 11.5 5.75
WR-1000 9.975 4.875
WR-770 7.7 3.385
WR-650 6.5 3.25

WR-430 4.3 2.15
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Table 8.5 TE,,, modes for WR-430
Waveguide standard TE,,n mode Calculated cut-off freq, f. (GHz)

WR-430 TE o 1.3727
TEo, 2.7455
TE,, 3.0696
TEso 27455
TEq» 5.4910
TE,, 3.8827
TEy, 5.6600
TEqy 6.1391
ko = % for my = 1,2,3, ... (8.83)
ky = % forny = 0,1,2,3, ... (8.84)

for TM or extraordinary waves. As a result, the substitution of (8.81) and (8.82) into
(8.77) gives the dispersion relation for TE waves as

mym\2 /nym\2
K2, = kgen — k2 = (71) +(17) (8.85)

or

k. = \/ K — [(%)2 n (%ﬂ (8.86)

The cut-off frequency for TE waves is

. w%¢ [y (2] 88

Similarly, substitution of (8.83) and (8.84) into (8.78) gives the dispersion
relation for TM waves as

2 2
k211 = k(2)833 - kzzeﬁ = (@) + (@) (888)

P €11 a

or

k. = \/ Ky — % [(%)2 n (%ﬂ (8.89)
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Table 8.6 TE,, modes for WR-430 waveguide filled with a magnetically
gyrotropic medium for 4nM = 1800 Gauss

Saturated Hy TE Calculated
magnetization (Oersted) mode cut-off freq,
f. (GHz)
4nM = 1800 Gauss 600 TE ;o 0.5040
f =10GH:z TE»o 1.0080
TE3o 1.5120
TE4o 2.0160
800 TE;o 0.5288
TE»o 1.0576
TE3o 1.5864
TE4o 2.1152
1,000 TE;o 0.5639
TE»o 1.1279
TE3o 1.6919
TE4o 2.2559
1,200 TE o 0.6187
TE»o 1.2375
TE30 1.8563
TE4o 2.4750

Table 8.7 TE,,, modes for WR-430 waveguide filled with a magnetically
gyrotropic medium for 4nM = 2200 Gauss

Saturated Hyp TEun Calculated
magnetization (Oersted) mode cut-off freq,
f. (GHz)
4nM = 2200 Gauss 600 TE o 0.594
f =10GH:z TE»q 1.189
TE4o 2.379
800 TE o 0.658
TE»q 1.316
TE4o 2.632
1,000 TE 0.772
TE»q 1.544
TE; 2.317
TE4o 3.089
1,200 TE, 1.067
TE»q 2.135
TE3q 3.203
TE4o 4.270

The cut-off frequency for TM waves is

B 2\/2—\/ [+ (2] 90)

The table giving all the design parameters for a rectangular waveguide filled
with uniaxially anisotropic medium is illustrated in Table 8.3.




186 8 Microwave Devices Using Anisotropic and Gyrotropic Media

Table 8.8 TE,, and TM,,, modes for WR-430 waveguide filled with positively
uniaxial anisotropic medium, sapphire

Waveguide TEmn Calculated TMn Calculated cut-off
standard mode cut-off freq, mode freq, f. (GHz)
f. (GHz)

WR-430 TEo 0.447 TM,o 0.403

TEo; 0.8954 TMy,; 0.806

TE |, 1.001 ™, 0.901

TE,g 0.895 TM,, 0.806

TEq, 1.791 TMy, 1.612

TE,; 1.266 TM,,; 1.14

TE» 1.846 T™,, 1.662

TE,, 2.002 TM,, 1.802

Table 8.9 TE,,, and TM,,, modes for WR-430 waveguide filled with negatively
uniaxial anisotropic medium, ceramic impregnated teflon

Waveguide TEn Calculated T™n Calculated
standard mode cut-off mode cut-off
freq, f. (GHz) freq, f. (GHz)

WR-430 TE o 0.380 TM;g 0.429
TE; 0.761 TMy, 0.859
TE; 0.851 T™M; 0.961
TE»q 0.761 TM,g 0.859
TE, 1.522 TMy, 1.719
TE,; 1.076 TM,, 1.215
TE» 1.569 T™;, 1.772
TE,, 1.702 TM,, 1.922

8.1.4 Design Examples

Some of the standard rectangular waveguide dimensions used in RF applications
are given in Table 8.4 below.

8.1.4.1 Isotropic Case

The calculated cut-off frequencies of the TE,,, modes for the rectangular wave-
guide WR-430 when filled with air are given in Table 8.5.

The frequency response of the propagation constant using (8.40) is illustrated in
Fig. 8.2b. It is obvious that the lowest cut-off frequency occurs for TE |y mode. The
cut-off frequencies in Fig. 8.2b match the calculated cut-off frequencies given in
Table 8.5 for all the propagating modes.

8.1.4.2 Gyrotropic Case

In this case, the standard rectangular waveguide, WR-430, is filled with a magnet-
ically gyrotropic medium, i.e. ferrite. The dispersion relation given by (8.69) is
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function of the term % This term is also referred as the effective permeability

constant of the ferrite material. The response of this term versus external magnetic
field intensity is given in Fig. 8.2c—e for various saturated magnetization levels at

6 GHz, 8 GHz and 10 GHz, respectively. The values of "iu;“; can be found from

the graph provided for the given saturated magnetization level, magnetic field
intensity and operational frequency. It can then be used in (8.69) to calculate the
frequency response of the propagation constant, k, and the corresponding cut-off
frequency.

At this point, we can obtain the frequency response of the propagation constant
with the design curves given in Fig. 8.2c—e. The ferrite material which has ¢, = 12
is used as a filling for the rectangular waveguide, WR-430, and biased with
Hy = 1200 Oersted at f = 8GHz with 1,800 Gauss saturated magnetization level.
The frequency response of k in the frequency range of 0—15 GHz for four TE modes
are obtained and illustrated in Fig. 8.2f. The calculated cut-off frequencies for the
TE modes for various values of the magnetic field intensities when saturated
magnetization levels are 1,800 Gauss and 2,200 Gauss and operational frequency
is 10 GHz are tabulated in Tables 8.6 and 8.7.

8.1.4.3 Anisotropic Case

The calculated cut-off frequencies for the ordinary waves, TE modes, and extraor-

dinary waves, TM modes, for the standard rectangular waveguide, WR-430, when

filled with positively uniaxial anisotropic medium, sapphire, are given in Table 8.8.
The permittivity tensor of the sapphire is given as
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The frequency response of the propagation constant using (8.86) and (8.89) are
given in Fig. 8.2g, h for TE and TM modes, respectively.

Now, we change the rectangular waveguide filling to negatively uniaxial aniso-
tropic medium, ceramic impregnated teflon, with the following permittivity tensor

13 0 0
e=|0 13 0
0 0 102

The calculated cut-off frequencies for the ordinary waves, TE modes, and extraor-
dinary waves, TM modes, for the standard rectangular waveguide, WR-430, when
filled with negatively uniaxial anisotropic medium, ceramic impregnated teflon, are
given in Table 8.9.

The frequency response of the propagation constant using (8.86) and (8.89) are
given in Fig. 8.2i, j for TE and TM modes, for WR-430 when filled with ceramic
impregnated teflon. The numerical and analytical values of the cut-off frequencies
given in Tables and Figures agree as illustrated.

8.2 Microstrip Directional Coupler Design

Symmetrical coupled line structures are commonly used as a directional coupler to
detect signal at the frequency of interest. The geometry of symmetrical structure is
illustrated in Fig. 8.3.

In this section, we give the detailed analysis of the coupled structures which are
used as directional couplers using isotropic, anisotropic, and gyrotropic media.

8.2.1 Microstrip Directional Coupler Design Using
Isotropic Medium

Design equations for the symmetrical coupler shown in Fig. 8.3 when the medium is
isotropic with the following parameters

Il

=¢ and p=p (8.91)

™l

can be obtained using the quasi-static analysis is given in [2]. The design procedure
begins with the identification of the coupling level, port impedances, and opera-
tional frequency. Once these three design parameters are known, the required
physical coupler dimensions can be calculated. The even and odd impedances of
the coupled lines are determined from

1+ 10¢/20

Zoe =2y 11— IOC/20

(8.92)
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1 — 10C/20
Zoo = ZOMW (8.93)

where C is the forward coupling level in dB. The spacing between the coupled lines
are found using

cosh {% (%)/m} + cosh [% (%)50:| —2
cosh5 (#),,] —cosh[5 (2),.]

(w/h),, and (w/h), are the shape ratios for the equivalent smgle case
corresponding to even-mode and odd-mode geometry, respectively. (w/ h)

2
s/h= Ecosh’l (8.94)

W !

(.= 07G)., 01 G, 899

(w/h) is the shape ratio for the single microstrip line and it is calculated from

oS/ ) TR
AT '
where
Z, Z,
R:% or R:% (8.97)
(w/h),, and (w/h),, are found from
h), = h 8.98
(/= O/, (5.98)
and
w/h)yy = W/h)\ o _ (8.99)

Zose and Zg, are the characteristic impedances corresponding to single micro-
strip shape ratios (w/h),, and (w/h),,, respectively. They are given by the follow-
ing relations.

50’

Zose =

Zoe
= 8.100
> ( )

Zoso =

| N

— (8.101)
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After the spacing ratio s/h for the coupled lines is calculated, w/h for the
coupled lines is found from

(Y) - %cosh’l(d) 1 (5) (8.102)

where

d= 8.103
. (8.103)
/S
—cosh|Z(7)] 8.104
g = cosh| (5 (8.104)
Finally, the physical length of the directional coupler is obtained using
A ¢
=== 8.105
4 Af [Jegr ( )

where ¢ = 3 * 10% m/ sec, f is operational frequency in Hz, and &qr 1s the effective
permittivity constant [3]. &4 is determined from the following relation.

Eeffe + Eeffo 2
b = {Vﬁz Vel (8.106)

&effe and e, are the effective permittivity constants of the coupled structure for
odd and even modes, respectively. & and .5 depend on even and odd mode
capacitances C, and C, as

Ce
Gefe = 1 (8.107)
G
Seffo = 8.108
‘ i Col ( )
The even mode capacitance C, is
Ce=Cp+Cr+C (8.109)

C, is the parallel plate capacitance, Cr is the fringing capacitance when the
microstrip is being taken alone as if it were a single strip. The equations defining

C,.Cy, and C}- are given as

C, = 808,.% (8.110)
Vo _ Cp 8.111)
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/ G & \/*
Cf:1+A(f)tanh(¥)( > (8.112)

Eseff
where
;) 1 . — 1
b = L = g (8.113)
2 2
and
(1+ 12h/w)”""> +0.041(1 — w/h)* for (% < 1)
F(w/h) = o (8.114)
- >
(1+ 12h/w)""" for (h > 1)
w
A = exp [—0.1 exp(2.33 — 1.55)} (8.115)
The odd mode capacitance C, is
Co=Cp+Cr+Coy+ Coa (8.116)

C,q is the capacitance term in odd mode for the fringing field across the gap in
the air region and C,4 represents the capacitance in odd mode for the fringing field
across the gap in the dielectric region. C,, and Cyy are given as

K(K)
K (k)

Coa = &0 (8.117)

O('S)Z\/s—,.+ <1—812>] (8.118)
h r

£06y TS
Coa = nfeoth (7 7) } +0.65¢;

¥
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Fig. 8.4 (a) Geometry of the symmetrical coupler on anisotropic substrate. (b) Geometry of the
symmetrical coupler after transformation to equivalent isotropic substrate
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where
, 1m21+vﬁyogwg05
K(k) T 1— VK
) _ - (8.119)
K (k) —  _05<K<1
In[21£7E]
()
k= : (8.120)
3+ 3
and

K=vV1-#k (8.121)

C,1 and C,; are calculated using the odd and even mode impedances as

1
Cop=——n 8.122
= ez (8.122)
1
= 12
C()l C2C0Z2 (8 3)

00

Equations given by (8.92)—(8.123) give the complete design equations to obtain
the physical dimensions of the directional coupler when the medium is isotropic at
the desired coupling level, operational frequency, and port impedances.

8.2.2 Microstrip Directional Coupler Design Using Anisotropic
Medium

The directional coupler design using anisotropic materials have attracted engineers
because of their benefits due to natural anisotropy. This feature can be used as a
knob to adjust some of the critical design parameters. The most practical method

&l
=l
=

—»

&

Fig. 8.5 Geometry of the
symmetrical coupler on A 4
gyrotropic substrate 0 X
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that can be used to design directional couplers on anisotropic substrates is given in
[4]. The method simplifies anisotropic directional coupler design to isotropic
directional coupler design with the transformations given by (8.124)—(8.128). The
geometry of the coupler is illustrated in Fig. 8.4.

¢ = \[ee8, (8.124)

w=w (8.125)
’ (k)
"= [(o> — 1)cos?(y) + 1] (8.126)
S = (8.127)
where
=i (8.128)
&¢

i= 30{85 O] (8.129)

in the ¢ — 7 plane. The permittivity tensor is obtained with rotating x — y plane by
an angle y. In the configuration illustrated in Fig. 8.4(a), the principles axis of the
anisotropic medium is defined by £ — 7. & and ¢, are the relative permittivity
constants of the anisotropic medium in the direction of principle axes. Once the
transformation is accomplished using (8.124)—(8.128), the complete design equa-
tions given by (8.92)—(8.123) are used to obtain the final physical dimensions of the
directional coupler with an anisotropic substrate.

8.2.3 Microstrip Directional Coupler Design Using Gyrotropic
Medium

The non-reciprocity effect in gyrotropic materials is one of the critical material
properties that make them superior to reciprocal counterparts. The analysis of the
directional coupler is based on the Galerkin’s method in the Fourier domain [5-7].
The geometry of coupler using gyrotopic medium is shown in Fig. 8.5.

When the applied external magnetic field is in y-direction, the permittivity and
permeability tensors are given by
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€1 0 —i82

e=1(0 & 0 (8.130)
ie; 0O &1
and
B w0 =i
a=10 1 0 (8.131)
iy, 0 18

When the boundary conditions are applied for the coupler illustrated in Fig. 8.5.,
we obtain
£]-
E.]

In (8.132), EE. are the Fourier transformed tangential electric field vectors and
J., J. are the Fourier transformed electric current density components. We assume
that the gyrotropic material in Fig. 8.5 is magnetically gyrotropic, i.e., ferrite, to
simplify our analysis. Then, the permittivity tensor takes the following form

XZ

QH Qu

:,u' ‘[_X
_ |: _ :| (8.132)
GZX JZ

i=¢ (8.133)

The elements of the dyadic Green’s functions in (8.132) are found and given by
using (8.134)—(8.137) as

Gy = —K [xl +§ XZ} (8.134)
G.—k%, + 8.135
Xz — OC)CI + /CZ ( . )
= o
G..=-K |:B/1 - Xz} (8.136)
= o
where
K= 2F _ (8.138)
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(coth(y(,1 h))
Yel

1 = (i0’e,) -
(80 +3 coth(yglh)) (% + coth(yhld))

4o = (wzlh)
70 (Z—; + COth(Vhld))

Vhl_&( 2+ﬁ2_k%)
U

va = (2 + 5 - K)
= (- K)
kg = 0 Uyeo

K= o’ uye

o<1
M

195

(8.139)

(8.140)

(8.141)

(8.142)

(8.143)

(8.144)

(8.145)

(8.146)

Propagation constants are found with the Parseval’s theorem and the application
of Galerkin’s method. Once the propagation constants are found, the physical
dimensions of the coupler with ferrite substrate can be determined by calculating

the odd and even mode impedances from

where

P= %Re{JJ (BH; - EyH;)dxdy}

Fig. 8.6 Layout of the directional coupler

(8.147)

(8.148)
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The desired coupling level is then found using (8.92) and (8.93) as described in

Sect. 8.2.1.

8.2.4 Design Examples

In this section, we give design examples for the directional couplers using
the analysis methods described in Sects. 8.2.1-8.2.3. The physical dimension of
the symmetrical directional coupler for 15 dB coupling level is designed based on
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the equations given in Sect. 8.2.1. The design parameters and physical dimensions
using the design (8.92)—(8.123) for 15 dB coupling level at 300 MHz are

Material = RO4003 = ¢, = 3.38
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Fig. 8.13 Layout of the IN —» |
spiral inductor for analysis A

\

Coupling Level = C = —15dB

f = 300MH:z
w
— =2.2426
h
s
- =0.3687
h

I = 6061.05mils

The physical dimensions given above used to simulate the coupler with method
of moment based planar electromagnetic simulator, Sonnet. The layout of the
coupler is given in Fig. 8.6.

The simulation results showing coupling level and directivity level are illu-
strated in Figs. 8.7 and 8.8, respectively.

As seen from the figures, the simulated results for the coupling and directivity
level at 300 MHz are —14.3 dB, and 11.25 dB, respectively. Now, we keep all the
design parameters same and replace the isotropic material, RO4003, with a posi-
tively uniaxial anisotropic material with the following permittivity tensor

338 0 0
e=| 0 338 0
0 0 538

We only change the permittivity of the material along the optic axis to see the
effect of anisotropy on the directional coupler response. The coupling and



200 8 Microwave Devices Using Anisotropic and Gyrotropic Media

directivity levels are illustrated in Figs. 8.9 and 8.10, respectively. The coupling and
directivity levels are found to be —15.6 dB and 3.1 dB, respectively. The directivity
of the coupler with the anisotropic medium gets worse drastically whereas the
coupling level is improved. When negatively uniaxial anisotropic medium is placed
as a dielectric material with the following permittivity tensor

ol
|
(e}
»
%Y
&
(e

the coupling and directivity levels are simulated and found to be —13.46 dB and
18.5 dB, respectively as shown in Figs. 8.11 and 8.12. This is a drastic improvement
in the directivity level of the coupler. As a result, it is shown that anisotropy can be
used to improve the directivity level and adjust the coupling level of the directional
couplers based on the applications.

8.3 Spiral Inductor Design

There is an increasing demand in the area of radio frequency applications to use
cost effective planar inductors. Spiral type planar inductors are widely used in the
design of power amplifiers, oscillators, microwave switches, combiners, and

o

ST W=10mils|

148.5mils

L=

L=148.5mils

Fig. 8.14 Geometry of the spiral inductor
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Fig. 8.16 Inductance value of the spiral inductor on an anisotropic substrate

splitters, etc. In this section, we give design examples for the spiral inductors using
isotropic media and anisotropic media and study the effect of anisotropy on the
inductance value and self resonant frequency. The design equations giving the
physical dimensions of spiral type inductors are given in [8] using the quasi-static
analysis. The equations take also into account of the mutual inductance that exists
in the spiral structure. The layout of the spiral inductor that is used in the analysis is
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Fig. 8.17 Inductance value of the spiral inductor on a negatively uniaxial anisotropic substrate

shown in Fig. 8.13. When the conductor length a is equal to b, spiral inductor takes
the square shape.
The inductance of a spiral inductor is found using

L:Lo—i—ZM (8.149)
where Ly represents the self inductance, and > M is the sum of all mutual
inductances. Mutual inductance is function of length of the conductors and the
geometric mean distance, GMD, between them. It is given by

M =20 (8.150)

M is in nH, 1 is the conductor length in cm, and Q is the mutual inductance

parameter expressed as
GMp\1"*  /GMD
_{H(_ﬂ )] +<_l ) &.151)

12 1/2
I[/GMD 1+ =——=
e+ ()|
An algorithm using the design equations is written to calculate the physical
dimension of a square spiral inductor on an Alumina substrate with ¢ = 9.8 to
obtain approximately 40 nH inductance at 500 MHz. The following physical
dimension are obtained with the algorithm using the method proposed in [8].

O=In

Conductor spacing = s = 3.3mils

Width of the trace = W = 10mils
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Fig. 8.18 Three section SIR

s, INJOUT SIR

=m—

Fig. 8.19 (a) Triple band bandpass filter using SIRs. (b) Inter-coupled segments

Material Type = Alumina = ¢, = 9.8
Substrate Thickness = 25mils
a = b = 148.5mils
L =42nH

The total inductance value for the square spiral illustrated in Fig. 8.13 is
calculated using the design equations in [8] as L = 42nH. Physical dimensions
obtained with the quasi-static analysis are used to simulate the spiral inductor with
Sonnet electromagnetic simulator.

The geometry used in Sonnet is illustrated in Fig. 8.14. The inductance value of
the spiral inductor at 500 MHz is found to be 42.05 nH as illustrated in Fig. 8.15.
The resonance occurs at 915 MHz. Now, the material is replaced with a positively
uniaxial anisotropic medium with the following permittivity tensor

98 0 0
e=[0 98 0
0 0 11.8

We only change the permittivity of the material along the optic axis to see the
effect of anisotropy on the spiral inductor response. The graph showing the induc-
tance value and self resonant frequency is given in Fig. 8.16.
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Fig. 8.20 Layout of the triple band bandpass filter simulated by Sonnet

Fig. 8.21 The constructed
triple band tri-section
bandpass filter using SIRs

It is seen that the change on inductance value is increased by 4.7% whereas the
self resonant frequency of the inductor using positively uniaxial anisotropic
medium is reduced by 6.56%. When the anisotropic medium becomes negatively
uniaxial anisotropic with the following permittivity tensor

98 0 O
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Table 8.10 Tabulation of measurement and simulation results

Frequency (GHz) Simulation (dB) Measurement (dB)
1 4 3

2.4 3 4.5

3.6 2 2

Simulated Insertion Loss

-10

-20

-30

AN |

—50 ——s21-g=10mil
—— s21-g=30mil

—60 s21-g=60mil

-70

dB

-80

0 0.5 1 15 2 2.5 3 3.5 4 4.5
GHz

Fig. 8.24 Coupling effect between SIRs on insertion loss up to 4 GHz

this characteristic reverses as expected. This is illustrated in Fig. 8.17. As a result,
anisotropy can be used the change the inductance value and the self resonant
frequency of the spiral inductor.

8.4 Microstrip Filter Design

Microstrip type filters are one of the indispensable components in RF systems due
to their several advantages. Some of these advantages include low cost, manufac-
turability, and repeatability. In this section, we give design example for a microstrip
filters by designing a microstrip triple band bandpass filter using isotropic and
anisotropic material. The design procedure will be developed for an isotropic
substrate and then will be adapted to anisotropic substrate.
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Fig. 8.26 Coupling effect between SIRs for return loss up to 4 GHz
The symmetrical tri-section SIR used in the bandpass filter design is shown in

Fig. 8.18.
The total electrical length of the SIR is 67 = 60° with impedance ratios
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Fig. 8.27 Insertion loss comparison of the filter for isotropic and anisotropic substrates

Z3
Ky == 8.152
=7 ( )
Z;
Ky =— 8.153
2=z ( )
Hence, the resonance occurs when the electrical length 0 is equal to
_ KK,
O=tan ' /——""— 8.154
( K+ K> + 1> ( )

as given in [9]. The proposed triple band tri-section bandpass filter using SIRs is
shown in Fig. 8.19a below. The wideband characteristic in the passband is obtained
by using coupling segments illustrated in Fig 8.19b. Each coupling segment in
Fig. 8.19a is capable of producing additional reflection zero (pole) within the band.
As aresult, inter-coupled open end stub segments in Fig. 8.19b are used to improve
the passband characteristics of the filter shown in Fig. 8.19a.

The filter that will be designed has three center frequencies which are located
at 1 GHz, 2.4 GHz, and 3.6 GHz. The insertion loss in the passbands is required to
be —3 dB or better. The return loss in the first and the second bands is desired to be
—20 dB or lower. The third band stopband attenuation is specified to —30 dB or
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Fig. 8.28 Return loss comparison of the filter for isotropic and anisotropic substrates

lower. The filter topology that will be used is chosen to be second order Chebychev
filter topology with 0.1 dB equal ripple in the passband. The dielectric material is
chosen to be RO4003 which has a relative dielectric constant of 3.38 and loss
tangent of 0.0021. The thickness of the material is 32mil. The physical dimensions
of the filter are found using an algorithm developed. The dimensions are then
substituted into electromagnetic simulator Sonnet V12 for simulation. The layout
of the structure that is simulated in Sonnet is illustrated in Fig. 8.20.

The filter in Fig. 8.20 is built using the dimensions shown on the figure. The final
version of the filter that is constructed is demonstrated in Fig. 8.21. The simulation
and measurement results for insertion loss, IS,;l, and return loss, IS{;l, showing
overall performance of the filter up to 4 GHz is illustrated in Fig. 8.22. Fig. 8.23
gives the closer look to the filter performance in each frequency band. Measured
and simulated results are found to be closely in agreement. The most deviation
between the simulated and measured results in the passband is observed in the
second band at 2.4 GHz. The simulated and measured results for insertion loss and
return loss are tabulated in Table 8.10. The effect of coupling between each
resonator is studied using planar electromagnetic simulator for three different
cases in each frequency band. These cases represent different coupling distances
which are designated by g between SIRs. The coupling distance, g, is set to be
10mil, 30mil, and 60mil.

The layout shown in Fig. 8.20 is simulated by varying g for the values specified
before. The simulation results up to 4 GHz are shown in Fig. 8.24. Figure 8.25 gives
closer look to see the effect of coupling in each frequency band for the insertion
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Fig. 8.31 Nonreciprocal
phase shifter y

loss. It has been observed that as the coupling distance between SIRs is increased,
wider bandwidth is obtained for each frequency band in the passband. The return
loss of the filter in the stopband for each frequency band when the coupling distance
is changed from 10 mils to 60 mils shows different characteristics. In the second
and third frequency bands, the return loss of the filter is improved as the gap
distance decreases whereas this phenomenon reverses in the first frequency band.

Figure 8.26 shows the return loss response of the filter versus gap distances up to
4 GHz. Based on the results, it is observed that the coupling distance between each
SIR can be used as a knob to achieve the desired bandwidth in the passband and
attenuation in the stopband for the filter topology used. This feature can be
enhanced further if the coupling segments of the SIRs are utilized. For instance,
adding a non-uniformity to the coupled lines can be used to set the bandwidth and
attenuation only in the desired frequency band without changing the response in the
other frequency bands. This is a unique feature for the filters that operate in multiple
frequency bands in wireless communication systems. At this point, we replace the
isotropic substrate with a positively uniaxial anisotropic medium with the following
permittivity tensor

™Il
Il
(e}
iy
2
&
[e]

As seen from the permittivity tensor structure, we only change the permittivity of
the material along the optic axis to see the effect of anisotropy on the filter response.
The filter response comparing the insertion loss of the bandpass filter for isotropic
and isotropic material is illustrated in Fig. 8.27.

It should be noted that the filter characteristics using anisotropic material as
substrate are maintained. However, there is a constant frequency shift in the
insertion loss across the bandwidth when an anisotropic substrate is used. The
range of the frequency shifts are 0.27 GHz, 0.37 GHz, 0.56 GHz, for the first,
second, and third bands respectively. One of the advantages of using anisotropic
material in the filter design as a substrate exposes itself in the stopband. In the
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stopband, it gives better than 10 dB improvement for all frequency bands in
comparison to the filter response using isotropic substrate. The filter response
comparing the return loss of the bandpass filter for isotropic and anisotropic
material is given in Fig. 8.28. The return loss using with anisotropic substrate is
again improved in each frequency band around 10 dB similar to the insertion loss
response. The range of the frequency shift that exists in the insertion loss response is
same for the return loss. This effect is reversed when negatively uniaxial aniso-
tropic substrate is used. The filter response confirming this characteristic is shown
in Figs. 8.29 and 8.30 for insertion loss and return loss, respectively. The response
of the filter in the stopband also reverses for return loss and insertion loss when the
anisotropic substrate is negatively uniaxial accordingly as illustrated.

8.5 Nonreciprocal Phase Shifter Design

Nonreciprocal phase shifters such as ferrite phase shifters have excellent electrical
performances and are commonly used as phasing elements in phased array antennas
and in many other RF/microwave systems due to their advantages of high Q value,
high power handling capability etc. The geometry of nonreciprocal phase shifter
using Ferrite as a thin slab in a rectangular waveguide is illustrated in Fig. 8.31.

TE,,c modes are derived in Sect. 8.1.2 for a rectangular waveguide filled with
gyrotropic medium. For this problem, we simplify the material to be magnetically
gyrotropic such as ferrite. This material is placed in region 2 of the rectangular
waveguide shown in Fig. 8.31. Regions 1, and 3 in the waveguide are assumed to be
filled with air. Then, following the same procedure described in Sects. 8.1.1 and
8.1.2, the field components for TE;o modes can be obtained. In the regions filled
with air, Region 1, and 3, the electric fields are

Ey1 = Csin(kgx) (8.155)
Ey3 = Dsin(k,(a — x)) (8.156)

The dispersion relation in these regions is defined as
K = o’ pgeo — K (8.157)

The magnetic field components are found following the procedure outlined
before and given as

H, = —ic cos(k,x) (8.158)
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Fig. 8.32 Two slab
nonreciprocal phase shifter
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D
Hs = — X in(ky(a - x)) (8.165)
Wl

Using the boundary conditions on the walls of the dielectric in the waveguide,

we can write

Ey =Ep, x=b (8.166)
Ey3 = Ey27 X=cC (8167)

Application of the boundary conditions given by (8.166) and (8.67) on the fields

given by (8.67), (8.155), and (8.156) leads to following equation

k.k
L fran(kyb) + tan ky(a — ¢)] cot(ky (b — ¢))—
Ko (#1 “2)

kattok

m [tan(k,b) — tank,(a — ¢)]—

2 2
ki kit ka )
=) 4 [ 2 | Jtan(kb) tan(ky(a — ¢)) + (%) =0 (8.157)
(ki — 123) (w — 13) Ho

The propagation constant or phase constant is found by solving the equation

given in (8.165) with an algorithm developed. The phase shift effect can be
extended to the symmetrical structure shown in Fig. 8.32. The analysis is similar
to what is presented for the single slab phase shifter.
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