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Preface

As technology matures, communication system operation regions shift from micro-

wave and millimeter ranges to sub-millimeter ranges. However, device perfor-

mance at very high frequencies suffers drastically from the material deficiencies.

As a result, engineers and scientists are relentlessly in search for the new types of

materials, and composites which will meet the device performance requirements

and not present any deficiencies due to material electrical and magnetic properties.

Anisotropic and gyrotropic materials are the class of the materials which are

very important in the development high performance microwave devices and new

types composite layered structures. As a result, it is a need to understand the wave

propagation and radiation characteristics of these materials to be able to realize

them in practice. This book is intended to provide engineers and scientists the

required skill set to design high frequency devices using anisotropic, and gyrotropic

materials by providing them the theoretical background which is blended with the

real world engineering application examples. It is the author’s hope that this book

will help to fill the gap in the area of applied electromagnetics for the design of

microwave and millimeter wave devices using new types of materials.

Each chapter in the book is designed to give the theory first on the subject and

solidify it with application examples given in the last chapter. The application

examples for the radiation problems are given at the end of Chap. 5 and Chap. 6 for

anisotropic and gyrotropic materials, respectively, after the theory section. The

application examples presented in the last chapter also present the comparison of

the device performance using isotropic, anisotropic, and gyrotropic materials. This

will help to see how material properties impact the device operation for the specific

application presented.

The scope of each chapter in the book can be summarized as follows. Chapter 1

introduces Maxwell’s equations and details dyadic analysis, k-domain techniques

for general anisotropic media. The derivation of the general dispersion and consti-

tutive relations, and detailed analysis of wave propagation and the dispersion

characteristics for uniaxially anisotropic, biaxially anisotropic, and gyrotorpic

media are given in Chap. 2 and Chap. 3, respectively. Dyadic Green’s function
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(DGF) method for general anisotropic media is discussed and DGFs for unbounded

and layered anisotropic and gyrotropic media are derived in Chap. 4. DGFs derived

in Chap. 4 find an application in Chap. 5 and Chap. 6. In Chaps. 5 and 6, the

radiation characteristics of the anisotropic and gyrotropic media are presented.

Chapter 7 discusses the wave theory of the layered composite structures. In the

final chapter, practical real word engineering application examples are given using

isotropic, anisotropic, and gyrotropic materials.

Fort Wayne, IN Abdullah Eroglu
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Chapter 1

Introduction

In this chapter, we will briefly discuss the evolution for the need of the novel

materials, what has been done so far, and what needs to happen in the future. We

will give Maxwell’s equations for general anisotropic media and discuss dyadic

techniques that can be used in the analysis of anisotropic medium. We will

introduce k-domain and detail how to use in the analysis of the general anisotropic

media.

1.1 History of Novel Materials

The ever expanding communication needs have led to the utilization of increasingly

higher frequency bands. Systems in use utilize the millimeter and optical bands.

Thus, much emphasis is placed today on the development of devices which will

perform, at high frequencies, parallel functions to those already available at lower

frequencies. Among these is the class of nonreciprocal components.

Using general anisotropic material instead of isotropic material introduces more

parameters due to tensorial behavior of permeability and permittivity. Furthermore,

an application of a static magnetic field can be used to dynamically control the

material parameters of gyrotropic materials. This will bring new degrees of freedom

by introducing more parameters to the design of the device. More specifically,

materials that are anisotropic and exhibit nonreciprocal behavior can be combined

with isotropic, reciprocal substrates in planar circuitry [1]. For example, magnetically

gyrotropic or gyromagnetic materials such as ferrites can be integrated with semi-

conductor substrates such as GaAs or Si to produce nonreciprocal antenna compo-

nents which are merged with microwave integrated circuit (MIC) structures [2].

Ferrites also have been widely used as the key elements in microwave devices such

as phase shifters, isolators and circulators [3–6].

The effect of non-reciprocity has also been observed in electrically gyrotropic or

gyroelectric materials such as cold plasma or some of the semiconductor material

under static magnetic field. For instance, a 35 GHz isolator using coaxial solid state

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media,
DOI 10.1007/978-1-4419-6024-5_1, # Springer ScienceþBusiness Media, LLC 2010
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plasma is proposed byMcleod andMay [7]. In their work, an InSb semiconductor at

77 K (mobility ¼ 48 m2

V: s , conductivity ¼ 1:5 � 103 s
m ) with a length ‘ ¼ 28:9mm

exhibits a 2 dB insertion loss and 30 dB isolation when the frequency is 35 GHz and

the magnetic field is 0.2 T. A design of a broadband slot-fed gallium arsenide

(GaAs) circulator operating at 77 K from 50 GHz up to 125 GHz is reported by

Sloan et al. [8]. Mok and Davis [9] analyzed GaAs phase shifters and isolators at

millimetric and sub-millimetric wavelengths.

There is a relentless research on the materials such as gyrotropic and anisotropic

to obtain better performing microwave devices. The trend is to use composite

structures involving isotropic and anisotropic materials to meet with stringent

criteria of military and industrial applications. As a result, it is a need to have the

required knowledge to be able analyze structures with anisotropic, gyrotropic and

composite structures. This book is intended to provide the knowledge to perform

the analysis of microwave devices using these materials.

1.2 Maxwell’s Equations

Maxwell equations in differential forms for general anisotropic medium in the

presence of an impressed magnetic current density �M and an electric current density
�J can be written as

r� �E ¼ � @ �B

@t
� �M Faraday’s lawð Þ (1.1)

r� �H ¼ @ �D

@t
þ �J Ampere’s lawð Þ (1.2)

r � �B ¼ 0 Gauss’ law for magnetic fieldð Þ (1.3)

r � �D ¼ r Gauss’ law for electric fieldð Þ (1.4)

where �E is electrical field intensity vector in volts/meter (V/m)
�H is magnetic field intensity vector in amperes/meter (A/m)
�J is electric current density in amperes/meter2 (A/m2)
�M is magnetic current density in amperes/meter2 (A/m2)
�B is magnetic flux density in webers/meter2 (W/m2)
�D is electric flux density in coulombs/meter2 (C/m2)

r is electric charge density in coulombs/meter3 (C/m3)

The continuity equation is derived by taking the divergence of (1.2) and using

(1.4) as

r � r � �Hð Þ ¼ r � @ �D

@t
þ �J

� �
(1.5)
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Since r � r � �Hð Þ ¼ 0, then

r � �J ¼ � @r
@t

(1.6)

Equation (1.6) also represents the fundamental law of physics which is known as

conservation of an electric charge.

In isotropic medium, the material properties do not depend on the direction of

the field vectors. In other words, electric field vector is in parallel with electric flux

density and magnetic field vector is in parallel with magnetic flux density.

�D ¼ e �E (1.7)

�B ¼ m �H (1.8)

e is the permittivity of the medium and represents its electrical properties and m is

the permeability of the medium and represents its magnetic properties. They are

both scalar in the existence of an isotropic medium.

However, when the medium is anisotropic this is no longer the case. The

electrical and magnetic properties of the medium depend on the direction of the

field vectors. Electric and magnetic field vectors are not in parallel with electric and

magnetic flux. So, the constitutive relations get the following forms for anisotropic

medium.

�D ¼ eo��e � �E (1.9)

�B ¼ mo��m � �H (1.10)

Permittivity and permeability of anisotropic medium are now tensors. They are

expressed as

��e ¼
e11 e12 e13
e21 e22 e23
e31 e32 e33

2
4

3
5 (1.11)

and

��m ¼
m11 m12 m13
m21 m22 m23
m31 m32 m33

2
4

3
5 (1.12)

Then, (1.9) and (1.10) takes the following form in rectangular coordinate system.

Dx Bxð Þ ¼ eo moð Þ e11 m11ð ÞEx Hxð Þ þ e12 m12ð ÞEy Hy

� �þ e13 m13ð ÞEz Hzð Þ� �
(1.13)
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Dy By

� � ¼ eo moð Þ e21 m21ð ÞEx Hxð Þ þ e22 m22ð ÞEy Hy

� �þ e23 m23ð ÞEz Hzð Þ� �
(1.14)

Dz Bzð Þ ¼ eo moð Þ e31 m31ð ÞEx Hxð Þ þ e32 m32ð ÞEy Hy

� �þ e33 m33ð ÞEz Hzð Þ� �
(1.15)

1.3 Boundary Conditions

Maxwell equations given in (1.1)–(1.4) accurately represent the electromagnetic

fields in a region when the material properties such as m, e, or s are continuous and

do not change. If the material’s properties vary across some surface, the field

vectors are expected to be changed accordingly. It then becomes necessary to

establish boundary conditions at the interfaces on field vectors when there is a

discontinuity and a change in the material properties. This way Maxwell equations

give unique and valid solutions everywhere for electromagnetic fields even there is

discontinuity at the interfaces. The boundary conditions can be obtained using the

integral form of Maxwell’s equations. Integral form of Maxwell equations can be

written using Stoke’s and divergence theorems. Using Stoke’s theorem it can be

shown that the integral of the curl of a vector over surface area S is equal to the line

integral of the same vector around the boundary as shown in (1.16) and illustrated in

Fig. 1.1.

ð
S

r� �Kð Þ:n̂ds ¼
þ
L

�K � l̂dl (1.16)

When it is applied to (1.1) and (1.2) in the absence of magnetic source current,

we obtain

þ
L

�E � l̂dl ¼ � @

@t

ð
S

�B � n̂ds (1.17)

ds

n̂
dl

l̂

L

s

Fig. 1.1 Illustration of the

Stoke’s theorem
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þ
L

�H � l̂dl ¼ I þ @

@t

ð
S

�D � n̂ds (1.18)

where I is the current and defined by

I ¼
ð
S

�J � n̂ds (1.19)

We can take the derivative outside of the integral because the surface area does

not change with time. Divergence theorem states that the integral of the diver-

gence of a vector over volume V is equal to the integral of the same vector over

surface area S which encloses volume V. This is shown by (1.20) and illustrated in

Fig. 1.2.

ð
V

r � �Kdv ¼
þ
S

�K � n̂ds (1.20)

When this is applied to (1.3) and (1.4) in the absence of magnetic source current,

we obtain

þ
S

�D � n̂ds ¼
ð
V

rdv (1.21)

þ
S

�B � n̂ds ¼ 0 (1.22)

At this point we can apply the integral form of Maxwell equations given by (1.17),

(1.18), (1.21) and (1.22) to obtain the final form of the boundary conditions when

there is discontinuity in the medium electrical or magnetic properties. Now, con-

sider two media separated by interface S as shown in Fig. 1.3.

n̂

V

S

Fig. 1.2 Illustration of the

divergence theorem
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If we apply (1.22) over the surface of the box shown above which is normal to

the interface and assume the height of the box to be infinitely short, then the field

may be considered constant over each face. It can then be shown that

�B1 � �B2ð Þ:n̂ ¼ 0 (1.23)

As a result, (1.23) indicates that the normal components of �B is continuous across

the boundary. If we apply same principle to (1.21), we obtain

�D1 � �D2ð Þ:n̂ ¼ rs (1.24)

where rs represents surface charge density. Equation (1.24) shows that the discon-

tinuity in the normal components of �D across the boundary is equal to the magni-

tude of surface charge density, rs.
Now, consider thin rectangular loop across the boundary of the two medium

shown in Fig. 1.4.

Applying (1.17) to sufficiently small rectangular loop shown above, then the

field components can be considered constant. Moreover, ff the shorter sides of the

loop are assumed to be infinitely small, then they don’t contribute to the loop

integral and as a result surface integral on the right hand side of the equation

vanishes. The result can be expressed as

�E1 � �E2ð Þ:l̂ ¼ 0 (1.25)

Equation (1.25) can also be written using normal vector as

n̂� �E1 � �E2ð Þ ¼ 0 (1.26)

Equations (1.25) or (1.26) simply states that the tangential components of �E are

continuous across the boundary. If we apply same principle to (1.18), we obtain

n̂� �H1 � �H2ð Þ ¼ �Js (1.27)

where �Js represents surface current density. Equation (1.24) shows that the dis-

continuity in the tangential components of �H is equal to surface current density.

n̂
Medium 1

Medium 2

S

Fig. 1.3 Illustration of

boundary conditions for

normal components
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If the current density is finite as it is the case in any medium, then (1.27) can be

written as

n̂� �H1 � �H2ð Þ ¼ 0 (1.28)

Equation (1.28) states that tangential components of �H across the boundary are

continuous when the surface current density is finite.

1.4 Tensors and Dyadic Analysis

Vectors are essential in mathematical study of physical phenomena. Tensors can be

considered as natural generalization of vectors. Consider (1.9) for isotropic

medium. It is written as

�D ¼ e �E (1.29)

Permittivity e is a constant in this instance. As a result, electric flux density and

electric field intensity might be different in the amplitude but they have the same

direction. They are both vectors. However, when the medium is anisotropic and

expressed as in (1.9),

�D ¼ e0��e � �E (1.30)

the direction of flux density and field intensity are no longer in the same direction.
�D and �E are still vectors although their dimensions changed. The permittivity of the

medium because is not constant anymore. It is in the form of a matrix and has nine

components as shown in (1.11). At this point, we introduce the term tensor and call
��e as permittivity tensor. We use double over bar over the symbol to signify that the

quantity is a tensor. In tensor notation, scalars are tensor of rank 0, vectors are

tensor of rank 1 and matrices are tensors of rank 2.

Medium 2

Medium 1
Fig. 1.4 Illustration of

boundary conditions for

tangential components
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Dyad is simply product of a two vectors. Not dot product nor a cross product. If

we consider two vectors �a ¼ a1x̂þ a2ŷþ a3ẑ and �c ¼ c1x̂þ c2ŷþ c3ẑ, then a dyad
formed by these vectors can be written as

�a�c ¼ a1c1x̂x̂þ a1c2x̂ŷþ a1c3x̂ẑþ a2c1ŷx̂þ a2c2ŷŷþ a2c3ŷẑ

þa3c1ẑx̂þ a3c2ẑŷþ a3c3ẑẑ
(1.31)

Here, vector �a is called antecedent and vector �c is called consequent. The scalar

components of all dyads can be written as a matrix as shown below.

a1c1 a1c2 a1c3
a2c1 a2c2 a2c3
a3c1 a3c2 a3c3

2
4

3
5

The sum of two or more dyads is called dyadic. It is important to note that all

tensors of rank 2 are either dyad or matrix.

We need to review some of the critical properties about tensors that will be used

in the following chapters:

l Dyad does not have commutative property, i.e.;

�a�c 6¼ �c�a (1.32)

l The product of a dyad and a scalar is written as

a �a�cð Þ ¼ �a�cð Þa ¼ a�að Þ�c ¼ �aað Þ�c ¼ �a a�cð Þ ¼ �a �cað Þ (1.33)

l If �e is a vector, then the inner product of a vector and dyad can be related as

�e � �a�cð Þ ¼ �e � �að Þ�c ¼ l�c (1.34)

where l is a constant. The result of inner product of a vector and a dyad is a scaled

vector.

l The trace of a dyad is basically dot product of vectors forming the dyad.

�a�cð Þt ¼ �a � �c (1.35)

l The determinant and adjoint of a dyad are zero.

�a�cj j ¼ 0 (1.36)

adj �a�cð Þ ¼ 0 (1.37)
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The following example will help to clarify the concept of dyad even further.

Consider (1.9) again. If we use the property given in (1.34), then we can express

it as

�D ¼ eo��e � �E ¼ eo �a�cð Þ � �E ¼ eo�a �c � �Eð Þ ¼ �al (1.38)

It is clear the direction of �D is independent of the direction of �E. It only depends on
the direction of vector �a.

The relation between matrices and dyads can be best understood by studying unit

matrix. Any unit matrix can be decomposed into sum of three dyads using com-
pleteness relation as

��I ¼ �a1�a2 þ �b1 �b2 þ �c1�c2 (1.39)

where �a1, �b1, and �c1 are three linearly independent, non-coplanar vectors and �a2, �b2,
and �c2 are three linearly independent vector set which are reciprocal to �a1, �b1, and
�c1. At this point we learned that we can express matrices in terms of dyads by

following certain rules. Matrices can be categorized based on the dyadic form that

they can be expressed. They can be zero, complete, planar, or linear:

l A matrix is considered to be a zero matrix if

�A ¼ 0 (1.40)

�Aj j ¼ 0 (1.41)

adjð �AÞ ¼ 0 (1.42)

l A matrix that maps a three dimensional vector into another three dimensional

vector is said to be complete. If �A is complete matrix, then it has the following

properties

�A ¼ �a1�a2 þ �b1 �b2 þ �c1�c2 (1.43)

adjð �AÞ ¼ �k1 �k2 þ �l1�l2 þ �m1 �m2 (1.44)

�Aj j 6¼ 0 (1.45)

l A matrix is planar if

�A ¼ �a1�a2 þ �b1 �b2 (1.46)

adjð �AÞ ¼ �a2 � �b2ð Þ �a1 � �b1ð Þ (1.47)
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�Aj j ¼ 0 (1.48)

l A matrix is linear if

�A ¼ �a1�a2 (1.49)

adjð �AÞ ¼ 0 (1.50)

�Aj j ¼ 0 (1.51)

1.5 Eigenvalue Problems

The understanding of the solution of the eigenvalue problems will greatly facilitate

the solution of electromagnetic problems involving anisotropic or gyrotropic

media. Assume, the matrix �A is a square matrix of order n and �c is an n dimensional

vector. Then, the eigenvalue problem is given by

�A:�c ¼ a�c (1.52)

where a is a constant. Equation (1.52) can be interpreted as follows. When a vector

is multiplied with a matrix, it results in a scaling of the same vector by a. In this

problem, vector �c is eigenvector of matrix �A, and a is an eigenvalue of �A for the

corresponding eigenvector �c. The eigenvalue problem in (1.52) can be re-written as

�A� a�Ið Þ:�c ¼ 0 (1.53)

�A� a�Ið Þ is called characteristic matrix of �A. Equation (1.53) is satisfied when

vector �c ¼ 0 for any value of eigenvalue a or when vector �c 6¼ 0 for the values of

eigenvalue a which will satisfy (1.53). This is the solution we are looking which is

nontrivial. This solution is given by the following equation.

�A� a�Ij j ¼ 0 (1.54)

�A� a�Ij j is called characteristic equation of matrix �A. The eigenvalues of this

characteristic equation is given by

DðaÞ ¼ �A� a�Ij j ¼
a11 � a a12 . . . a1n
a21 a22 � a . . . a2n
..
. ..

.

an1 � a an2 . . . ann � a

��������

��������
¼ 0 (1.55)
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DðaÞ is a polynomial of degree n in a. Equation (1.55) can be expanded as

DðaÞ ¼ v0an þ v1an�1 þ v2an�2 þ � � � þ vn�1aþ vn (1.56)

The coefficients vj in (1.56) are functions of �A. We have to note that although every

matrix of order n has n eigenvalues, it does necessarily have n linearly independent

eigenvectors. This happens when some of the eigenvalues are repeated more than

once. This is the case when (1.56) has two or more identical roots. If there are

p repeated eigenvalues, then the matrix has at most k linearly independent eigen-

vectors all corresponding to same eigenvalue. These eigenvectors are known as

degenerate eigenvectors. The rank of the matrix is then equal to r ¼ n � p. As a

result, the eigenvalue problem shown in (1.53) will have n � r linearly independent

solutions. In our applications, we will deal with 3 � 3 matrices. When the dimen-

sion of �A is 3 � 3, (1.55) can also be written in the form of

a3 � �Ata2 þ adj �Að Þta� �Aj j ¼ 0 (1.57)

There are four types of matrix �A that are important in our analysis. They are when �A
is isotropic, uniaxial, biaxial, and gyrotropic. When �A is symmetric, it can take

isotropic, uniaxial or biaxial form. Real symmetric matrix also has orthogonal
eigenvectors corresponding to distinct eigenvalues. When they are normalized by

dividing them with their magnitude, we obtain orthonormal eigenvectors. When the

matrix is Hermitan, it can take a gyrotropic form. Let’s assume �A is 3 � 3 real

symmetric matrix. Then, Isotropic form of �A is obtained when it has degeneracy of

three, and rank of 0. This is possible when eigenvalues are a1 ¼ a2 ¼ a3. It can be

shown that it can be written as

�A ¼ a�I (1.58)

l Uniaxial form of �A is obtained when it has degeneracy of two, and rank of 1. Its

eigenvalues are a1 ¼ a2 6¼ a3. It can be shown that �A can be expressed in dyadic

form as

�A ¼ a1 û1û1 þ û2û2ð Þ þ a3û3û3 (1.59)

û1; û2 and û3 are the orthonormal eigenvectors. Equation (1.59) can be put in the

following dyadic form.

�A ¼ a1�I þ a3û3û3 (1.60)

where �I ¼ û1û1 þ û2û2 þ û3û3. û3 refers the optic axis of the medium when �A is the

permittivity tensor of the anisotropic medium.
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l Biaxial form of �A is obtained when it has no degeneracy, and as a result has a

rank of 3. Its eigenvalues are a1 < a2 < a3. It can be shown that �A can be

expressed in dyadic form as

�A ¼ a2 û1û1 þ û2û2 þ û3û3ð Þ þ a3 � a2ð Þû3û3 � a2 � a1ð Þû1û1 (1.61)

Equation (1.61) can be further simplified and put in the following dyadic form.

�A ¼ a2�I þ 1

2
a3 � a1ð Þ ŝr̂ þ r̂ŝð Þ (1.62)

where ŝ and r̂ are unit vectors and related to the orthonormal eigenvectors with the

following equations

ŝ ¼ a3 � a2
a3 � a1

� �
û3 þ a2 � a1

a3 � a1

� �
û1 (1.63)

r̂ ¼ a3 � a2
a3 � a1

� �
û3 � a2 � a1

a3 � a1

� �
û1 (1.64)

l Gyrotropic form of �A is obtained when it is Hermitian. General dyadic form of �A
can be given as

�A ¼ a1û1û�1 þ a2û2û�2 þ a3û3û�3 (1.65)

where a1, a2, and a3 are the eigenvalues and û1; û2 and û3 are the orthonormal

eigenvectors. The symbol * indicates the complex conjugate.

1.6 k-Domain Method

For monochromatic plane waves in homogenous media, plane wave solutions have

the variation on space and time with ei
�k��r�otð Þ where �k is the wave vector. k-domain

analysis is obtained by assuming the plane wave solution is of the form

�Es;tð�r; tÞ ¼ �Eei
�k��r�otð Þ (1.66)

�E is a constant vector. Then, we can introduce the following relation which will

transform the problem under consideration into k-domain as

r ! i�k (1.67a)
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@

@t
! �io (1.67b)

Maxwell equations in the source free region will take the following forms under

the transformation shown in (1.67).

�k � �E ¼ o �B (1.68)

�k � �H ¼ �o �D (1.69)

�k � �B ¼ 0 (1.70)

�k � �D ¼ 0 (1.71)

For instance, the solution for vector �E in isotropic medium using the equations

given by (1.68)–(1.71) is easily obtained by cross multiplying (1.68) with vector �k
and use the constitutive relation given in (1.10) and the vector relation

�a� �b� �cð Þ ¼ �a � �cð Þ�b� �a � �bð Þ�c (1.72)

Then, we have

�k � �k � �Eð Þ ¼ om�k � �H (1.73)

and substitute (1.69) into (1.73) with constitutive relation (1.9) and use the vector

relation in (1.72) as

�k � �Eð Þ�k � �k � �kð Þ �E ¼ om �oe �Eð Þ (1.74)

Since �k � �E ¼ 0 from (1.71), then (1.74) can be simplified as

k2 � o2me
� �

�E ¼ 0 (1.75)

The non-trivial solution of (1.75) results in obtaining dispersion relation in

isotropic medium as

k2 ¼ o2me (1.76)

One of the tools that we will be using in the k-domain is n-dimensional Fourier
Convolution Theorem. This theorem will be used to relate spatial Green’s functions

and k-domain Green’s functions. Assume, we are convoluting two functions f ðxÞ
and gðxÞ. The convolution theorem for these two functions can be written as

= f � gðxÞ; x ! x½ � ¼ FðnÞðxÞGðnÞðxÞ (1.77)
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In (1.77), FðnÞðxÞ and GðnÞðxÞ are the Fourier transforms of f ðxÞ and gðxÞ. The
inverse of (1.77) has also major application. It can be written as

=ðnÞ
�1 FðnÞðxÞGðnÞðxÞ; x ! x
� � ¼ 1

2pð Þ0:5n
ð
En

f x� uð ÞgðuÞdu (1.78)

Equation (1.78) will be used in the derivation of dyadic Green’s functions in the

k-domain in Chap. 4.
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Chapter 2

Wave Propagation and Dispersion

Characteristics in Anisotropic Medium

In this chapter, the general dispersion and constitutive relations for anisotropic

medium are derived. The detailed analysis of wave propagation and the dispersion

characteristics of uniaxially, biaxially anisotropic medium is given. Plane waves in

anisotropic media are studied.

2.1 Dispersion Relations and Wave Matrices

The medium is called anisotropic when the electrical and/or magnetic properties of

a medium depend upon the directions of field vectors. The relationships between

fields can be written in the following form:

�D ¼ e0��e � �E (2.1)

�B ¼ m0��m � �H (2.2)

where ��e and ��m are relative permittivity and permeability tensors, respectively.

Anisotropic materials may be divided into two classes, depending on whether

the natural modes of propagation are linearly polarized or circularly polarized

waves. In the former, the permittivity and permeability components are symmetric;

that is eik ¼ eki and mik ¼ mki. For the latter, called gyrotropic media, the permitti-

vity or permeability components for lossless media are antisymmetric, having

eij ¼ �eji or mij ¼ �mji. In this chapter, we will be discussing the former class of

anisotropic where there exists symmetry in the permittivity tensor.

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media,
DOI 10.1007/978-1-4419-6024-5_2, # Springer ScienceþBusiness Media, LLC 2010
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2.2 General Form of Dispersion Relations and Wave Matrices

Let’s re-write Maxwell’s equations in the k-domain as

�k � �E ¼ o �B (2.3)

�k � �H ¼ �o�D (2.4)

�k � �B ¼ 0 (2.5)

�k � �D ¼ 0 (2.6)

By observing (2.1)–(2.6), it is seen that wave vector �k is perpendicular to both �B and
�D. In Chap. 1, we found the solution for a vector �E in isotropic medium. In this case,

we would like to find the solution for vector �E in the anisotropic medium. At this

point, we define an anti symmetric matrix, or a tensor, which will be used in our

derivation as

�k � �I ¼ ��k ¼
0 �kz ky
kz 0 �kx
�ky kx 0

2
4

3
5 (2.7)

��k has the following property because it is anti symmetric matrix

��k: �P ¼ ��k � �P (2.8)

where �P is an arbitrary vector. Then, repeating the same procedure in Chap. 1, we

obtain the following equations in anisotropic medium

��k � �E ¼ om0 ��m � �Hð Þ (2.9)

��k � �H ¼ �oe0 ��e � �Eð Þ (2.10)

From (2.9), we obtain

��m�1 � ��k � �E
m0o

¼ �H (2.11)

Substitution of (2.11) into (2.10) gives

��k � ��m�1 � ��k � �E
m0o

¼ �oe0 ��e � �Eð Þ
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or

��k � ��m�1 � ��k � �Eþ k20��e � �E ¼ 0

which can be simplified to give

��k � ��m�1 � ��k þ k20��e
h i

� �E ¼ 0 (2.12)

where k20 ¼ o2m0e0. We repeat the same technique to obtain the solution for vector
�H. Using (2.10), we obtain

� ��e�1 � ��k � �H
e0o

¼ �E (2.13)

Substitution of (2.13) into (2.9) gives

�
��k � ��e�1 � ��k � �H

e0o
¼ om0 ��m � �Hð Þ

or

��k � ��e�1 � ��k þ k20��m
h i

� �H ¼ 0 (2.14)

We let

��WE ¼ ��k � ��m�1 � ��k þ k20��e
h i

(2.15)

��WM ¼ ��k � ��e�1 � ��k þ k20��m
h i

(2.16)

and re-write (2.12) and (2.14) as

��WE � �E ¼ 0 (2.17)

��WM � �H ¼ 0 (2.18)

In (2.17) and (2.18), ��WE and
��WM are called electric wave matrix and magnetic wave

matrix, respectively. Non-trivial solutions of the field vectors, �E and �H, are obtained

only when

��WE

��� ��� ¼ ��k � ��m�1 � ��k þ k20��e
��� ��� ¼ 0 (2.19)
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��WH

��� ��� ¼ ��k � ��e�1 � ��k þ k20��m
��� ��� ¼ 0 (2.20)

Equations (2.19) and (2.20) are the dispersion relations for general anisotropic

medium. It is interesting to note the duality between the electric wave matrix and

magnetic wave matrix. If one of the wave matrix is known, the other one can be

simply obtained by using the following duality relations

��e ! ��m; m ! e; m0 $ e0: (2.21)

2.2.1 Disperison Relation and Wave Matrix for Uniaxially
Anisotropic Medium

The general wave matrices and dispersion relations can be used to obtain their

corresponding forms for uniaxially anisotropic medium by substituting the follow-

ing permittivity and permeability tensors into (2.15)

��e ¼ e11��I þ ðe33 � e11Þp̂p̂ (2.22)

��m ¼ ��I (2.23)

Please note that we are using double over bar to represent dyadics. p̂ shows the

direction of the optic axis exist in the uniaxially anisotropic medium and equals

p̂ ¼ ẑ. In matrix form, the permittivity tensor can be written as

��e ¼
e11 0 0

0 e11 0

0 0 e33

2
4

3
5 (2.24)

The wave numbers for uniaxially anisotropic medium is obtained by solving (2.17).

We are looking for non-trivial solution that will satisfy (2.17). That is the case when

��WE

��� ��� ¼ 0. Substituting (2.22)–(2.23) into general electric wave matrix given in

(2.15) gives the electric wave matrix for uniaxially anisotropic medium as

��WE ¼ k20e11 � k2
� ���I þ �k�k þ k20 e33 � e11ð Þẑẑ (2.25)

The adjoint matrix, adj ��WE

� �
in dyadic form can be obtained using the flowing

identities

18 2 Wave Propagation and Dispersion Characteristics in Anisotropic Medium



�A ¼ l��I þ �u�vþ �m�n (2.26)

�Aj j ¼ l l2 þ l �u � �vþ �m � �nð Þ þ �v� �mð Þ � �u� �mð Þ� �
(2.27)

adj �Að Þ ¼ l lþ �u � �vþ �m � �nð Þ��I � �u�v� �m � �n
h i

þ �v� �nð Þ �u� �mð Þ (2.28)

So, the dispersion relation for unaxially anisotropic medium can be obtained as

��WE

��� ��� ¼ k20 k2 � k20e11
� �

�k � ��e � �kð Þ � k20e11e33
� � ¼ 0 (2.29)

Since �k ¼ k̂k, then the wave numbers are obtained from (2.29) as

k2I ¼ k20e11 (2.30)

k2II ¼
k20e11e33
k̂ � ��e � k̂ (2.31)

Wave numbers k2I and k2II represent two types of wave numbers propagating in

uniaxially anisotropic medium. kI represents ordinary waves whereas kII repre-
sents extraordinary waves. kI does not depend on the direction of the wave

normal whereas kII does. This dependency is more clear when (2.24) is substi-

tuted into (2.31). We obtain

k2II ¼
k20e11e33

e33cos2yþ e11sin2y
(2.32)

where y represents the angle between the optic axis and wave vector �k as shown

below in Figs. 2.1 and 2.2.

The extraordinary wave turns into an ordinary wave when the medium is

isotropic and the equation given in (2.30)–(2.32) become identical because the

direction dependency of the wave normal for extraordinary wave is removed. In

that case, e11 ¼ e22 ¼ e33 and (2.32) reduces to (2.30).

θ

z,optic axis

k

,D E

Fig. 2.1 Direction of wave

vector and field vectors with

respect to optic axis for an

ordinary wave
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Equation (2.30) is an equation of a sphere with a radius k0
ffiffiffiffiffiffi
e11

p
. This is clearer

when this equation is expanded as

k2x þ k2y þ k2z ¼ k20e11 (2.33)

In analytical geometry, the equation for sphere is given as

x� x0ð Þ2 þ y� y0ð Þ2 þ z� z0ð Þ2 ¼ r2 (2.34)

where x0; y0; and z0 define center point of the sphere. The transformation to spheri-

cal coordinate system is accomplished by the following equations

x ¼ x0 þ r sin y cosf (2.35a)

y ¼ y0 þ r sin y sinf (2.35b)

z ¼ z0 þ r cos y (2.35c)

Where 0 < y < p and 0 < f < 2p. Hence, the wave normal surface for ordinary

waves in a uniaxial medium is defined by a sphere just like the waves in isotropic

medium. Equation (2.31) is an equation for an ellipsoid. Equation (2.31) can be re-

written as

k2x
o2me33

þ k2y
o2me33

þ k2z
o2me11

¼ 1 (2.36)

Ellipsoid in analytical geometry is defined as

x2

a2
þ y2

b2
þ z2

c2
¼ 1 (2.37)

θ

, z optic axis

k

D

E

Fig. 2.2 Direction of wave

vector and field vectors with

respect to optic axis for an

extraordinary wave
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where a and b are the radii along the x and y axes and c is the polar radius along the
z-axis. The more general form is obtained with the following relations.

xTAx ¼ 1 (2.38)

where A is a symmetric positive definite matrix and x is a vector. In that case, the

eigenvectors of A define the principal directions of the ellipsoid and the inverse of

the square root of the eigenvalues are the corresponding equatorial radii. If (2.31) is

carefully investigated, it can be put the following form.

�k � ��e � �k ¼ k20e11e33

or

�k � ��ec � �k ¼ 1 (2.39)

where

��ec ¼
1

k2
0
e33

0 0

0 1
k2
0
e33

0

0 0 1
k2
0
e11

2
664

3
775 (2.40)

Equation (2.40) is a symmetric positive definite matrix. The length of the principle

axis along the transverse direction is k0
ffiffiffiffiffiffi
e33

p
and k0

ffiffiffiffiffiffi
e11

p
along kz. Equations (2.30)

and (2.31) can be used to obtain the wave surfaces for ordinary and extraordinary

waves for negatively and positively uniaxially anisotropic media. The wave surface

for negatively uniaxial medium is illustrated in Fig. 2.3 whereas the wave surface

for positively uniaxial medium is illustrated in Fig. 2.4.

k0 e11

k0 e33

Ordinary Wave 
Surface

a b

Extraordinary Wave 
Surface

Fig. 2.3 Wave surface for negatively unaxial medium, e33 < e11. (a) 3D plot ordinary wave and

extraordinary wave surfaces (b) 2D plot of wave normal surfaces
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The phase velocity of the wave is defined by

vp ¼ o
k

(2.41)

The phase velocity of the ordinary wave is

vpo ¼ o
kI

¼ � 1ffiffiffiffiffiffiffiffiffi
me11

p (2.42)

where as the phase velocity for the extraordinary wave is equal to

vpe ¼ o
kII

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 yð Þ
me11

þ sin2 yð Þ
me33

s
(2.43)

The phase velocities for ordinary and extraordinary waves are plotted and shown

below. As it is illustrated, ordinary wave travels faster than the extraordinary wave

when the medium is positively uniaxial. If it is negatively uniaxially anisotropic

medium, this characteristic reverses and extraordinary wave travels faster than the

ordinary wave. At the instances, when the direction of wave normal coincides with

the optic axis, i.e., y ¼ 0�, 180�, etc., two waves degenerate into one and propagate
at the same velocity as shown in Fig. 2.5.

The dispersion relation for uniaxially anisotropic medium given in (2.29) was

expressed in terms of wave normals kI and kII. In the problems with the multilayer

structures where the stratification of the layers is perpendicular, it is practical to use

the wave number along that direction to simplify the analysis. For instance, if the

Extraordinary Wave 
Surface

a b

Ordinary Wave 
Surface

k0 e33

k0 e11

Fig. 2.4 Wave surface for positively unaxial medium, e33 > e11. (a) 3D plot ordinary wave and

extraordinary wave surfaces (b) 2D plot of wave normal surfaces
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stratification of the layers is in z-direction then it is practical to use kz as the wave

number variable. The dispersion relation and kz are obtained by using the following

relations

k2 ¼ k2x þ k2y þ k2z (2.44)

k2r ¼ k2x þ k2y ¼ k2sin2y (2.45)

k2z ¼ k2cos2y (2.46)

When (2.44)–(2.46) substituted into (2.29), we obtain the dispersion relation for

uniaxial anisotropic medium in terms of kz as

��WE

��� ��� ¼ k20 k2r þ k2z � k20e11
� �

k2re11 þ k2z e33 � k20e11e33
h i

¼ 0 (2.47)

Equation (2.47) has two positive roots in k2z . They are

k2zI ¼ k20e11 � k2r (2.48)

k2zII ¼ k20e11 � k2r
e11
e33

(2.49)

where

k2 ¼ k2r þ k2z ¼ k2x þ k2y þ k2z

The adjoint of (2.25) which will be used in the dyadic Green’s function derivation

in the following chapters is obtained using the identity given in (2.28) as

Fig. 2.5 Phase velocity response of ordinary and extraordinary waves for (a) positively uniaxial

medium (b) negatively uniaxial medium
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adj ��WE

� �
¼ k20e11 � k2

� �
k20e11

��I � �k�k � k20 e33 � e11ð Þẑẑ
h i

þ k20 e33 � e11ð Þ
� �k � ẑð Þ �k � ẑð Þ (2.50)

2.2.2 Disperison Relation and Wave Matrix for Biaxially
Anisotropic Medium

Biaxial medium is defined by the following permittivity and permeability tensors.

��e ¼ e22��I þ ðe33 � e22Þê3ê3 � ðe22 � e11Þê1ê1 (2.51)

��m ¼ ��I (2.52)

where ê1; ê2, and ê3 are the unit vector and defined as

ê1 ¼
1

0

0

2
4

3
5; ê2 ¼

0

1

0

2
4

3
5; ê3 ¼

0

0

1

2
4

3
5 (2.53)

The permittivity tensor in matrix form can be written as

��e ¼
e11 0 0

0 e22 0

0 0 e33

2
4

3
5 (2.54)

where e11<e22<e33. Equation (2.51) can be put in the following form.

��e¼ e22��Iþ e33� e11
2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e33� e22
e33� e11

r
 �
ê3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e22� e11
e33� e11

r
 �
ê1


 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e33� e22
e33� e11

r
 �
ê3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e22� e11
e33� e11

r
 �
ê1


 �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e33� e22
e33� e11

r
 �
ê3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e22� e11
e33� e11

r
 �
ê1


 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e33� e22
e33� e11

r
 �
ê3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e22� e11
e33� e11

r
 �
ê1


 �

8>>><
>>>:

9>>>=
>>>;

(2.55)

In (2.55), let

r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e33 � e22
e33 � e11

r
; r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e22 � e11
e33 � e11

r
; k1 ¼ e22; k2 ¼ e33 � e11

2
(2.56)
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and

ĥ ¼ r1ê3 þ r2ê1 (2.57)

ĝ ¼ r1ê3 � r2ê1 (2.58)

Hence, (2.55) can be written as

��e ¼ k1��I þ k2 ĥĝþ ĝĥ
� �

(2.59)

We substitute (2.59) into electric wave matrix given by (2.15) and obtain

��WE ¼ �k�k � k2��I þ k20 k1��I þ k2 ĥĝþ ĝĥ
� �� �

(2.60)

(2.60) can further be simplified as

��WE ¼ �k�k þ k20k1 � k2
� ���I þ k20k2 ĥĝþ ĝĥ

� �
(2.61)

Let

�A ¼ k20k1 � k2
� ���I þ k20k2 ĥĝþ ĝĥ

� �
¼ w1

��I þ w2 ĥĝþ ĝĥ
� � (2.62)

where

w1 ¼ k20k1 � k2
� �

(2.63)

w2 ¼ k20k2 (2.64)

Then, (2.61) can be re-written as

��WE ¼ �k�k þ �A (2.65)

We need to use following identities for ��WE ¼ �Aþ �m�n to obtain the dispersion

relation.

��WE

��� ��� ¼ �Aj j þ �k � adj �Að Þ � �k (2.66)

adj ��WE

� �
¼ adj �Að Þ þ �A� �At

�Ið Þ � �k � �Ið Þ � �k � �Ið Þ þ �k � �Að Þ � �I½ � � �k � �Ið Þ (2.67)
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In (2.62),

�Aj j ¼ w1 w1 þ w2ĥ:ĝ
� �2 � w22
h i

(2.68a)

�At ¼ 3w1 þ 2w2 ĥ:ĝ
� �

(2.68b)

adj �Að Þ ¼ w1 w1 þ 2w2ĥ:ĝ
� ���I � w2 ĥĝþ ĝĥ

� �h i
� w22 ĥ� ĝ

� �
ĥ� ĝ
� �

(2.68c)

Substituting (2.68) into (2.66) gives the final form of the dispersion relation for

biaxial medium as

��WE

��� ��� ¼ w1 w1 þ w2ĥ:ĝ
� �2 � w22
h i

þ �k � w1 w1 þ 2w2ĥ:ĝ
� ���I � w2 ĥĝþ ĝĥ

� �h i
� w22 ĥ� ĝ

� �
ĥ� ĝ
� �h i

� �k
(2.69)

2.3 Plane Waves in Anisotropic Medium

In the analysis of the plane wave propagation in anisotropic medium, we are

looking for the monochromatic uniform plane wave solution with space and time

dependence ei
�k��r�otð Þ. Maxwell’s equations expressed in (2.3) and (2.4) are re-

written below show the relations between vectors �k; �D and �H.

�k � �E ¼ o �B (2.70)

�k � �H ¼ �o�D (2.71)

It is seen from (2.70), (2.71) that the three vectors, �k; �D and �H are mutually

perpendicular to each other. Vectors �D; �E and �k are co-planar and perpendicular to
�H because �H is perpendicular to �E. The direction of power flow is perpendicular to

both �E and �H and found from

�S ¼ �E� �H (2.72)

The Poynting’s vector in isotropic medium is in the direction of wave vector �k.
This is not the case when the medium is anisotropic. However, �S is co-planar with
�D; �E and �k. In addition it is important to note that the angle between �D; �E and �k; �S are
equal. The relations between the field vectors, Poynthing’s vector and wave vector

can be illustrated in Fig. 2.6.

At this point, We introduce a refractive index vector �n to physically better

understand the analysis. It is defined as
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�n ¼
�k

k0
(2.73)

Substituting (2.73) into (2.70) and (2.71) gives

�n� �E ¼
ffiffiffiffiffi
m0
e0

r
��m � �H (2.74)

�n� �H ¼ �
ffiffiffiffiffi
e0
m0

r
��e � �E (2.75)

Eliminating vector �H from (2.74)–(2.75) and solving for vector �E gives,

�n� �n� �Eð Þ ¼ ���e � �E (2.76)

Using the vector identity

�a� �b� �cð Þ ¼ �a � �cð Þ�b� �a � �bð Þ�c (2.77)

we can re-write (2.76) as

n2 �E� �n: �Eð Þ�n ¼ �D ¼ ��e � �E (2.78)

Rearranging (2.78) gives the electric wave matrix in terms of refractive index

vector as

n2��I � �n�n� ��e
h i

� �E ¼ 0 (2.79)

For non-zero solution of electric field vector, the determinant of the wave matrix

above should be zero. It gives another general form of dispersion relation in terms

of refractive index vector. It is shown as

γ

γ

D

E

H

S

k

Fig. 2.6 The relations

between vectors in

aniostropic medium
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n2��I � �n�n� ��e
��� ��� ¼ 0 (2.80)

When (2.80) is expanded,

n2 n2xe11 þ n2ye22 þ n2z e33
� �

� n2xe11 e22 þ e33ð Þ þ n2ye22 e11 þ e33ð Þ
þn2z e33 e11 þ e22ð Þ

" #

þ e11e22e33 ¼ 0 (2.81)

Equation in (2.81) gives the wave vector surface for given permittivity tensor

components and defines the magnitude of the wave vector. The solution gives

two real values in n2 for given direction of �n. The group velocity in the medium

is given as

vg ¼ @o
@k

(2.82)

The direction of the group velocity vector defines the direction of the power flow in

the medium.
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Chapter 3

Wave Propagation and Dispersion

Characteristics in Gyrotropic Medium

3.1 Introduction

In this chapter, we derive the general dispersion and constitutive relations for a

gyrotropic medium. A detailed analysis of wave propagation in an electrically

gyrotropic or gyroelectric medium will be given. We then obtain the dispersion

relations in terms of angle y, which is the angle between the wave normal and the

external magnetic field, and in terms of the transverse component of the wave

vector, kr. We will analyze the plane waves in a gyroelectric medium and consider

the cut off and resonance conditions for the principle waves.We then use the results

to construct the Clemmow-Mually-Allis (CMA) diagram and tabulate the frequency

bands over which the wave can propagate in each region on this diagram.

3.2 Constitutive Relations

The medium is called anisotropic when the electrical and/or magnetic properties of

a medium depend upon the directions of field vectors. The relationships between

fields can be written in the following form.

�D ¼ e0��e � �E

�B ¼ m0��m � �H
(3.1)

where ��e and ��m are relative permittivity and permeability tensors, respectively. e0 and
m0 are defined as the permittivity and permeability of free space.

Anisotropic materials may be divided into two classes, depending on whether

the natural modes of propagation are linearly polarized or circularly polarized

waves. In the former, the permittivity and permeability components are symmet-

ric; that is eik ¼ eki and mik ¼ mki. For the latter, called gyrotropic media, the

permittivity or permeability components for lossless media are antisymmetric,

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media,
DOI 10.1007/978-1-4419-6024-5_3, # Springer ScienceþBusiness Media, LLC 2010
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having eij ¼ �eji or mij ¼ �mji. Gyrotropic behavior results from the application

of finite magnetic field to a plasma, to a ferrite, and to some dielectric crystals. In

the presence of constant magnetic field �B0, the tensor ��e or in index notation eik is
no longer symmetrical. The generalized symmetry of the kinetic coefficients

requires that

eikð �B0Þ ¼ ekið� �B0Þ (3.2)

The condition requires that there is no dissipation and the tensor should be

Hermitian:

eik ¼ eki� (3.3)

Equation (3.3) implies only that the real and imaginary parts of eik must be

respectively symmetrical and antisymmetrical:

eik 0 ¼ eki0; eik 00 ¼ �eki00 (3.4)

Using (3.2), we have

e0ikðB0Þ ¼ e0kiðB0Þ ¼ e0ikð�B0Þ
e00ikðB0Þ ¼ �e00kiðB0Þ ¼ �e00ikð�B0Þ

(3.5)

In a dissipationless or lossless medium e0ik is an even function of �B0, and e00ik is an
odd function. The inverse tensor eik�1 evidently has the same symmetry properties,

and is more convenient for use in the following calculations. To simplify the

notation we shall write

e�1
ik � �ik ¼ �ik

0 þ i�ik
00 (3.6)

Any antisymmetrical tensor of rank two is equivalent (dual) to some axial vector;

let the vector corresponding to the tensor �00ik be �G. Using the antisymmetrical unit

tensor eikl, we can write the relation between the components �00ik and Gi as

�00ik ¼ eiklGl (3.7)

or, in components, �xy
00 ¼ Gz; �zx

00 ¼ Gy; �yz
00 ¼ Gx: The relation Ei ¼ �ikDk

between the electrical field and the electric displacement becomes

Ei ¼ ð�0ik þ ieiklGlÞDk ¼ �0ikDk þ iðD� GÞi (3.8)
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A medium in which the relation between �E and �D is of this form is said to be

gyrotropic. Gyrotropic medium becomes electrically gyrotropic or gyroelectric if

the medium is characterized by the relative permittivity tensor in the following

dyadic form:

��e ¼ e1ð��I � b̂0b̂0Þ þ ie2ðb̂0 � ��IÞ þ e3b̂0b̂0; ��m ¼ m0
��I (3.9)

where b̂0 shows the direction of the applied magnetic field �B0. Gyrotropic medium

becomes magnetically gyrotropic or gyromagnetic if the medium is characterized

by the relative permeability tensor in the following dyadic form:

��m ¼ m1ð��I � b̂0b̂0Þ þ im2ðb̂0 � ��IÞ þ m3b̂0b̂0; ��e ¼ e0e��I (3.10)

When �B0 � b̂0B0 ¼ ẑB0, i.e., b̂0 ¼ ẑ ¼ ð0; 0; 1Þ, the relative permitivity tensor ��e
and the relative permeability tensor ��m in matrix notation are given by

��e ¼
e1 �ie2 0

ie2 e1 0

0 0 e3

2
4

3
5 (3.11)

and

��m ¼
m1 �im2 0

im2 m1 0

0 0 m3

2
4

3
5 (3.12)

It is assumed that the static magnetic field, �B0 ¼ ẑB0, is directed in the z

direction. For example, if the medium is a cold plasma which is a gyroelectric

medium, then the permittivity tensor parameters are given as

e1 ¼ 1� op
2

o2 � ob
2
; e2 ¼ � obop

2

oðo2 � ob
2Þ ; e3 ¼ 1� op

2

o2
(3.13a)

where

ob ¼ � eB0

m
; op ¼ N0e

2

me0

� �1=2

(3.13b)

ob is called the gyrofrequency or cyclotron frequency and op is called the

plasma frequency. N0 shows the number of free electrons per unit volume, m
represents the mass of each electron with charge e (a negative number). On the

other hand if the medium is a ferrite which is a gyromagnetic medium, then the

permeability parameters are defined as
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m1 ¼ 1þ ooom

o2
o � o2

; m2 ¼
oom

o2
o � o2

; m3 ¼ 1 (3.14a)

and

om ¼ gMo; oo ¼ gHo (3.14b)

om is defined as the Larmor precessional frequency of the electron in the applied

magnetic field H0 and oo is defined as the resonant frequency. M0 is the saturated

magnetization vector and is in the same direction as the applied magnetic field

H0. g is the gyromagnetic ratio and its correct value is given as

g ¼ 2:21� 105 rad
s

� �
m

A � turns
� �

in [1].

3.3 Dispersion Relations and Wave Matrices

We start our analysis by assuming e�iot dependence. The time-harmonic electro-

magnetic fields satisfy Maxwell’s equations

r� �Es;t ¼ iom0��m : �Hs;t

r� �Hs;t ¼ �ioe0��e � �Es;t þ �Js;t
(3.15)

We look for the solution of the monochromatic plane wave of the form

�Es;t ¼ �Eei
�k:�r (3.16)

�Hs;t ¼ �Hei
�k:�r (3.17)

where �k ¼ ðkx; ky; kzÞ is the propagation vector or the wave vector. In the source

free region (�Js;t ¼ 0), we find that

�k � �E ¼ o �B ¼ om0��m : �H (3.18)

�k � �H ¼ �o �D ¼ oe0��e � �E (3.19)

Eliminating �H from (3.18) and (3.19), we obtain the matrix equation for �E:

��WE : �E ¼ 0 (3.20)

where

��WE ¼ ��k��m�1��k þ k20��e (3.21)
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where

k20 ¼ o2m0e0

��k ¼
0 �kz ky
kz 0 �kx
�ky kx 0

2
4

3
5

We have used the following identity in (2.8):

�k � �E ¼ ��k : �E

We define ��WE as an electric wave matrix. A non-zero solution �E0 exists only if

the determinant of the electric wave matrix is zero, i.e.,

��WE

��� ��� ¼ ��k��m�1��k þ k20��e
��� ��� ¼ 0 (3.22)

The relation in (3.22) is known as the dispersion relation for the gyrotropic

medium. Equation (3.22) has two positive roots in k2. They represent two types of

waves – type I wave which is represented by the wavenumber kI, and type II wave

which is represented by the wavenumber kII. We assume that the static magnetic

field is directed in the z direction, and the angle between the magnetic field and

the wave vector is y. When this angle is y ¼ 0 or p
2
, the waves propagating inside

the medium will be called as principle waves. The wave propagation is called

longitudinal propagation (with respect to static magnetic field) when y ¼ 0, and

transverse propagation when y ¼ p
2
. For the longitudinal propagation, there exist

two circularly polarized waves. They are the right hand circularly polarized wave
and the left hand circularly polarized wave. For the transverse propagation, there

also exist two waves. They are the ordinary wave and the extraordinary wave.
Since gyroelectric and gyromagnetic media are dual of each other, we choose to

give a detailed analysis of wave propagation and dispersion characteristics in a

gyroelectric medium in the following sections.

An electron plasma becomes anisotropic under static magnetic field �B0. If this

medium is characterized by a Hermitian permitivity tensor which is given by (3.9)

or (3.11), then it is called a gyroelectric or electrically gyrotropic medium. In the

plasma, each electron is acted upon by a force e �E arising from the electric field of

the wave and a force eð�v� �B0Þ arising from the motion of the electron with average

velocity �v through the constant magnetic field �B0. For simplicity, we shall ignore the

collisions among particles by assuming that the medium is lossless. The equation of

motion of electron in this case can be written as

� iom�v ¼ eð �Eþ �v� �B0Þ (3.23)
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and yields the following expression for the velocity:

�v ¼ ie

mo
½��I � i

ob

o
ðb̂0 � ��IÞ��1 � �E (3.24)

where b̂0 is a unit vector in the direction of �B0 ¼ Bb̂0 and

ob ¼ � eB0

m
(3.25)

is the gyro-frequency of the electrons. Since the current density is

�J ¼ N0e�v ¼ ��s � �E (3.26)

it follows from (3.24) and (3.26) that the conductivity tensor of the plasma is given by

��s ¼ ioe0X½��I � iYðb̂0 � ��I��1
(3.27)

where

X ¼ op
2

o2
(3.28)

Y ¼ ob

o
(3.29)

and

op ¼ N0e
2

me0

� �1=2

(3.30)

is the plasma frequency. Since the complex dielectric tensor ��e is related to the

conductivity tensor ��s by

��e ¼ ��I þ i
1

oe0
��s (3.31)

carrying the inverse in (3.27) and substituting the result into (3.31) gives the

explicit form of the dielectric tensor of a gyroelectric medium in dyadic form as

��e ¼ e1ð��I � b̂0b̂0Þ þ ie2ðb̂0 � ��IÞ þ e3b̂0b̂0 (3.32)
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where

e1 ¼ 1� X

1� Y2
¼ 1� op

2

o2 � ob
2

(3.33)

e2 ¼ � XY

1� Y2
¼ � obop

2

oðo2 � ob
2Þ (3.34)

e3 ¼ 1� X ¼ 1� op
2

o2
(3.35)

When the direction of the constant magnetic field �B0 is taken parallel to the

z-axis in the Cartesian coordinate system, that is, b̂0 ¼ ð0; 0; 1Þ, then the matrix

representation of (3.32) takes the following form

��e ¼
e1 �ie2 0

ie2 e1 0

0 0 e3

2
4

3
5 (3.36)

Throughout the following analysis lossless gyroelectric medium is considered.

Hence e1; e2 and e3 are all real quantities and ��e is Hermitian.

3.3.1 Dispersion Relations for Gyrotropic Medium

In this section, we will give detailed analysis and derivation of dispersion relations

for electrically gyrotropic medium since there is duality between electrically and

magnetically gyrotropic media.

The constitutive relations for a homogeneous lossless gyroelectric medium are

�D ¼ e0��e � �E (3.37)

�B ¼ m0 �H (3.38)

where the relative permitivity or dielectric tensor ��e is given by (3.36). Using

Maxwell’s equations in the source-free region

r� �Es;t ¼ iom0 �Hs;t

r� �Hs;t ¼ �ioe0��e � �Es;t

(3.39)

and looking for the solution of the monochromatic plane wave solution of the form

given by equations (3.16)–(3.17).
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�Es;t ¼ �Eei
�k:�r (3.40)

Hs;t ¼ �Hei
�k:�r (3.41)

we obtain

�k � �E ¼ om0 �H (3.42)

�k � �H ¼ �o �D ¼ oe0��e � �E (3.43)

Eliminating �H from (3.42) and (3.43) and solving for �E gives

½k02��e� k2��I þ �k�k� � �E ¼ 0 (3.44)

where k2 ¼ �k : �k.
We define

��WE ¼ ½k02��e� k2��I þ �k�k� (3.45)

as an electric wave matrix. Equation (3.45) is the same as (3.21) when ��m ¼ m0
��I.

Hence (3.44) can be expressed as

��WE: �E ¼ 0 (3.46)

A non-zero solution �E0 exists only if the determinant of the wave matrix is zero,

i.e.,

��WE

��� ��� ¼ k0
2��e� k2��I þ �k�k

��� ��� ¼ 0 (3.47)

Here the wave vector �k is defined as

�k ¼ �kr þ ẑkz (3.48a)

�kr ¼ x̂kx þ ŷky (3.48b)

Then

k2 ¼ k2x þ k2y þ k2z (3.49)

Equation (3.47) defines the dispersion relation for a gyroelectric medium.

Equation (3.47) has two roots in k2. We will find the wave numbers or the roots

of (3.47) using two different methods. In the first method, we will represent the
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dispersion relation in terms of the angle y which is the angle between the wave

vector k̂ which represents the direction of the wave normal and the vector b̂0 which
represents the direction of the static magnetic field. The two roots kI and kII
represent the wave numbers for the type I and the type II waves. Then, we give

the solutions for the wave numbers kI and kII in term of y. In the second method, we

represent the dispersion relation in terms of kzI and kzII which represent the wave

numbers in the z-direction and then give the solutions for the wave numbers kzI and
kzII in terms kr which is the transverse component of the wave vector.

3.3.1.1 Method I: Dispersion Relation in Terms of k

Using the following identity,

Cj j ¼ Aj j þ �v: adjAð Þ:�u if C ¼ Aþ �u�v

whereC and A are matrices and �u and �v are vectors. Hence, (3.47) can be expressed as

k0
2��e� k2��I

� �
þ �k�k

��� ��� ¼ k0
2��e� k2��I

��� ���þ �k: adj k20��e� k2�I
� �

: �k ¼ 0 (3.50a)

Since

k0
2��e� k2��I

��� ��� ¼ k̂:��I:k̂
� �

k0
2��e� k2��I

��� ���
¼k̂: k0

2��e� k2��I
��� �����I� �

: k̂

¼k̂: k0
2��e� k2��I

� �
:adj k0

2��e� k2��I
� �h i

: k̂

(3.50b)

So,

k0
2��e� k2��I

� �
þ �k�k

��� ��� ¼ k̂: k20��e
� �

: adj k20��e� k2�I
� �

: k̂ ¼ 0 (3.50c)

where k̂ ¼ �k
k . If we use another identity,

adjC ¼ l2��I þ l At
��I � A

� �
þ adjA if C ¼ Aþ l��I

then, adjðk20��e� k2��IÞ can be written as

adjðk20��e� k2��IÞ ¼ k4��I þ k20k
2ð��e� ��et��IÞ þ k40adj��e (3.51)

The subscript t stands for the trace of the matrix. When we substitute (3.51) into

(3.50), we get
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k4ðk̂:��e: k̂Þ þ k2k̂: adj��e� adj��eð Þt��I
h i

: k̂ þ ��ej j ¼ 0 (3.52)

Performing the tensor-vector operation in (3.52) using (3.36) and

��ej j ¼ e3 e21 � e22
� �

(3.53)

adj��e ¼ e1e2��I � ie2e3 b̂0 � ��I
� �

þ e1 � e3ð Þb̂0b̂0 (3.54)

adj��eð Þt ¼ e21 � e22 þ 2e1e3 (3.55)

we obtain

k4 e1sin2yþ e3cos2y
	 
þ k2k20 e22 � e21 � e1e3

� �
sin2y� 2e1e3

	 

þ k40 e3 e21 � e22

� �� ¼ 0
	 (3.56)

Equation (3.56) has two roots in k2. The roots for the fourth order equation in

(3.56) are

kI
2

k0
2
¼

e12� e22ð Þsin2ðyÞþ e1e3 1þ cos2ðyÞð Þþ ðe12� e22� e1e3Þ2sin4ðyÞþ4e22e32cos2ðyÞ
h i1=2

2 e1sin2ðyÞþ e3cos2ðyÞ
	 


(3.57)

and

kII
2

k0
2
¼

e12 � e22ð Þsin2ðyÞþe1e3 1þcos2ðyÞð Þ� ðe12 � e22�e1e3Þ2sin4ðyÞþ4e22e32cos2ðyÞ
h i1=2

2 e1sin2ðyÞ þ e3cos2ðyÞ
	 


(3.58)

Equations (3.57) and (3.58) represent the two types of waves – type I wave

which is represented by kI, and type II wave which is represented by kII. The
dispersion relation in (3.47) then can be put in the following form:

�WEj j ¼ k20 ðe1sin2yþ e3cos2yÞðk2 � k2I Þðk2 � k2IIÞ
	 
 ¼ 0 (3.59)

38 3 Wave Propagation and Dispersion Characteristics in Gyrotropic Medium



3.3.1.2 Method II: Dispersion Relation in Terms of kz

When (3.36) and (3.48) are substituted into (3.47), we get

��WE

��� ��� ¼
k0

2e1 � ky
2 � kz

2 kxky � ie2k02 kxkz
kxky þ ie2k02 k0

2e1 � kx
2 � kz

2 kykz
kxkz kykz k0

2e3 � kx
2 � ky

2

������
������ ¼ 0 (3.60)

Expansion of ��WE

��� ��� leads to the fourth order equation in kz as follows:

��WE

��� ��� ¼ kz
4k0

2e3 þ kz
2 k0

2kr
2ðe1 þ e3Þ � 2k0

2e1e3
	 
þ

k0
6e3ðe12 � e22Þ � k0

4kr
2ðe12 � e22 þ e1e3Þ þ k0

2kr
4e1

	 
 ¼ 0
(3.61)

This equation has two roots in k2z as

kzI
2

k0
2
¼
½2e1e3 � kr

2

k0
2 ðe1 þ e3Þ� þ ½ kr4

k4
0

ðe1 � e3Þ2 þ 4e22e3ðe3 � kr
2

k0
2Þ�1=2

2e3
(3.62)

and

kzII
2

k0
2
¼
½2e1e3 � kr

2

k0
2 ðe1 þ e3Þ� � ½ kr4

k4
0

ðe1 � e3Þ2 þ 4e22e3ðe3 � kr
2

k0
2Þ�1=2

2e3
(3.63)

The wavenumbers given in (3.62) and (3.63) correspond to the type I and type II

waves, respectively. Now, (3.61) can be expressed as

j ��WEj ¼ k0
2e3ðkz2 � kzI

2Þðkz2 � kzII
2Þ ¼ 0 (3.64)

We note that when we define the angle between the wave vector �k and constant

magnetic field �B0 to be y, one can rewrite the components of the wave vectors in

terms of y as

kr ¼ k sin y (3.65)

kz ¼ k cos y (3.66)

If we substitute (3.65) and (3.66) into the (3.61), we obtain the dispersion

relation given by (3.56) which has the solutions for the two types of the wave

numbers given by (3.57) and (3.58).
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3.4 Plane Waves in Gyrotropic Medium

In this section, we will analyze the problem of finding the polarization of the plane

waves which is described by the vector �E0 in a gyroelectric medium (gyromagnetic

medium is dual) such as magnetically biased plasma. The electric field �E must

satisfy the Helmholtz equation

r�r� �Es;t ¼ o2m0e0��e : �Es;t (3.67)

which is derived from Maxwell’s equations

r� �Es;t ¼ iom0 �Hs;t (3.68)

r� �Hs;t ¼ �ioe0��e : �Es;t (3.69)

by taking the curl of (3.68) and using (3.69) to eliminate �H. Substituting (3.16) into
(3.67), we obtain

�E� k̂ðk̂ : �EÞ ¼ o2m0e0
k2

��e : �E

or

�E� k̂ðk̂ : �EÞ ¼ 1

ðk=k0Þ2
��e : �E (3.70)

If we write the propagation wave vector �k as

�k ¼ k̂
o
vp

(3.71)

where vp is the phase velocity of the wave, then we can express (3.70) as

�E� k̂ðk̂ : �EÞ ¼ v2p
c2
��e : �E (3.72)

where c ¼ 1=
ffiffiffiffiffiffiffiffiffi
m0e0

p
is the velocity of light in free space. Without loss of generality,

we choose the Cartesian coordinate system such that the z axis is parallel to �B0 and

the yz plane contains k̂. As shown in Fig. 3.1, the angle between k̂ and �B0 is denoted

by y.
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Accordingly, the x; y; z components of the vector equation (3.72) are given by

Ex
k2

k20
� e1

� �
þ ie2Ey þ 0 ¼ 0 (3.73a)

� ie2Ex þ Ey
k2

k20
cos2y� e1

� �
þ Ez

k2

k20
� cos y sin yð Þ

� �
¼ 0 (3.73b)

0þ Ey
k2

k20
� cos y sin yð Þ

� �
þ Ez

k2

k20
sin2y� e3

� �
¼ 0 (3.73c)

where Ex, Ey, Ez are the three components of �E. Since these three simultaneous

equations are homogeneous, they yield a nontrivial solution only when

k2

k2
0

� e1 ie2 0

�ie2 k2

k2
0

cos2y� e1 � k2

k2
0

cos y sin y

0 � k2

k2
0

cos y sin y k2

k2
0

sin2y� e3

��������

��������
¼ 0 (3.74)

When expanded, (3.74) gives the following relation

tan2y ¼ �
e3ðk2k2

0

� e1 � e2Þðk2k2
0

� e1 þ e2Þ
ðk2
k2
0

� e3Þðe1 k2

k2
0

� e21 þ e22Þ
(3.75)

Equation (3.75) gives the two values of the wave numbers given in (3.57) and

(3.58). This is also an alternative method to obtain the wave numbers using

Maxwell’s equations.

Fig. 3.1 Wave propagation

in a gyroelectric medium with

an arbitrary direction of �k and
applied external magnetic

field �B0
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3.4.1 Longitudinal Propagation, u ¼ 0	

When the direction of phase propagation coincides with the direction of the

imposed magnetic field (y ¼ 0	 or 180	), we have phenomenon known as longitu-
dinal propagation. When the propagation is parallel to �B0 ðy ¼ 0	Þ, (3.57) and
(3.58) reduce to

kI ¼ k0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1 þ e2

p
(3.76)

and

kII ¼ k0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1 � e2

p
(3.77)

Equation (3.73) can be written accordingly as

Ex
k2

k20
� e1

� �
þ ie2Ey ¼ 0 (3.78a)

� ie2Ex þ Ey
k2

k20
� e1

� �
¼ 0 (3.78b)

Ez �e3ð Þ ¼ 0 (3.78c)

From the third of the above equations, we see that Ez is zero. Hence for

longitudinal propagation, there is no electric field component in the direction of

propagation. Also, it can be shown that the magnetic field �H is transverse to the

direction of propagation. Consequently, the two waves that travel parallel to �B0 are

transverse electromagnetic (TEM) waves. When (3.76) is substituted into (3.78),

we obtain

Ex

Ey
¼ �i (3.79a)

which corresponds to a right-handed circularly polarized (RHCP) wave. If (3.77) is

substituted into (3.78), we obtain

Ex

Ey
¼ i (3.79b)

which corresponds to a left-handed circularly polarized (LHCP) wave. Therefore,

the electric field vectors of the two waves traveling parallel to �B can be written as

�EI ¼ ðx̂þ iŷÞAeikIz (3.80a)
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and

�EII ¼ ðx̂� iŷÞBeikIIz (3.80b)

where A and B are arbitrary amplitudes. It is clear that �EI represents an RHCP

wave, and �EII represents an LHCP wave. The sum of these two waves yields the

following composite wave

�EI þ �EII ¼ x̂ðBeikIIz þ AeikIzÞ þ ŷð�iBeikIIz þ iAeikIzÞ (3.81)

To determine the polarization of this composite wave, we consider the ratio Ex

Ey
.

From (3.81), we obtain

Ex

Ey
¼ �i

1þ ðB=AÞeiðkII�kIÞz

1� ðB=AÞeiðkII�kIÞz (3.82)

If the amplitudes of the waves �EI and �EII are chosen to be equal, then the

constants A and B become equal. As a result, (3.82) reduces to

Ex

Ey
¼ � cot

kII � kI
2

z

� �
when A ¼ B (3.83)

Because the ratio in (3.83) is real, the composite wave at any position z is

linearly polarized. However, the orientation angle of its plane of polarization (the

plane containing �E and �k) depends on z and rotates as z increases or decreases. In

other words, the composite wave undergoes Faraday rotation. The angle yF
through which the resultant vector �E rotates as the wave travels a unit distance is

given by

yF ¼ kII � kI
2

(3.84)

The rotation is clockwise because always kI>kII. Using (3.76), (3.77) with (3.33)
and (3.34), yF can be expressed as

yF ¼ k0
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o2

p

oðoþ obÞ

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� o2

p

oðo� obÞ

s2
4

3
5 (3.85)

It is clear that if a wave travels parallel to �B0 it undergoes a clockwise Faraday
rotation. On the other hand, if a wave travels anti-parallel to �B0 it undergoes

Faraday rotation of the opposite sense. That is, on reversing the direction of

propagation, a clockwise wave becomes counterclockwise, and vice versa. This

means that if the plane of polarization of a wave traveling parallel to �B0 is rotated
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through a certain angle, then upon a reflection it will be rotated still further, the

rotation for the round trip being double the rotation of a single crossing. This is one

of the properties of non-reciprocal materials such as gyroelectric medium.

3.4.2 Transverse Propagation, u ¼ 90	

When the direction of wave propagation is perpendicular to the direction of the

imposed magnetic field (y ¼ 90	), we have what is known as transverse propaga-
tion. When the propagation is perpendicular to �B0, (3.57) and (3.58) reduce to

kI ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e21 � e22

e2

s
(3.86)

and

kII ¼ k0
ffiffiffiffi
e3

p
(3.87)

Equation (3.73) can be written accordingly as

Ex
k2

k20
� e1

� �
þ ie2Ey ¼ 0 (3.88a)

� ie2Ex þ Ey �e1ð Þ ¼ 0 (3.88b)

Ez
k2

k20
� e3

� �
¼ 0 (3.88c)

After substituting (3.87) into (3.88), it follows that Ex and Ey are identically

zero, and the only surviving component of the electric vector is Ez. Since the

propagation constant kII given in (3.87) is independent of �B0 and equal to the

propagation constant of a wave in the isotropic plasma, this TEM wave, known

as an ordinary wave, is independent of �B0 in its propagation properties and behaves

as it was a TEM wave in isotropic plasma. Thus, we see that one of the two waves

traveling in the y direction is a linearly polarized TEM wave whose electric vector

is parallel to �B0 and has the form

�EII ¼ ẑAeikIIy (3.89)

where A is an arbitrary constant. When (3.86) is substituted into (3.88), it is seen

that Ez vanishes and that
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Ex

Ey
¼ i

e1
e2

(3.90)

The electric field vector of this wave, known as an extraordinary wave, can be

put into the following form

�EI ¼ ix̂
e1
e2

þ ŷ

� �
CeikIy (3.91)

where C is an arbitrary constant. The magnetic field vector �HI is obtained by

substituting (3.91) into the (3.69) as

�HI ¼ �iẑ
kI
om0

e1
e2
CeikIy (3.92)

From (3.91) and (3.92), we see that the extraordinary wave traveling perpendic-

ular to �B0 is a transverse magnetic (TM) wave with its magnetic vector parallel to
�B0.

Overall, the cases y ¼ 0	 and y ¼ 90	, which correspond to longitudinal and

transverse propagations, generate two uncoupled waves which are known as prin-
cipal waves.

3.5 Cut-off and Resonance Conditions

The term cut-off for any type of the wave occurs when k ¼ 0 or the phase velocity,

vp ¼ o
k ¼ 1 infinite, and the term resonance is used when k ¼ 1 or the phase

velocity vp ¼ o
k ¼ 0 [2]. Cut-offs and resonances separate values of the plasma

parameters in which the k2

k2
0

is positive or negative and hence the region of propaga-

tion and non-propagation. The attenuation
ffiffiffiffiffiffiffiffi
�k2

p
is small just beyond cut-off but

large just beyond resonance. The characteristics of cut-offs and resonances are

listed below in Table 3.1.

The dispersion relation given in (3.56) can be expressed as

��WE

��� ��� ¼ k4½e1sin2ðyÞ þ e3cos2ðyÞ� þ k2ok
2½ðe22 � e21 � e1e3Þsin2ðyÞ � 2e1e3�

þ k4oe3ðe21 � e22Þ¼ 0 (3.93)

Table 3.1 Characteristics of cut-offs and resonances

Cut-off Resonance

vp ¼ 1 vp ¼ 0

k ¼ 0 k ¼ 1
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or

��WE

��� ��� ¼ Ak4 þ Bk2 þ C ¼ 0 (3.94)

where

A ¼ ½e1sin2ðyÞ þ e3cos2ðyÞ� (3.95a)

B ¼ k2o½ðe22 � e21 � e1e3Þsin2ðyÞ � 2e1e3� (3.95b)

C ¼ k4oe3ðe21 � e22Þ (3.95c)

As seen from the above relations, if C ¼ 0 and either A 6¼ 0 or B 6¼ 0, at least

one root of the equation is zero. This represents then the cut-off condition. As C is

independent of y, the cut-off condition does not depend on the direction of propa-

gation.

Similarly, A ¼ 0 represents the resonance condition. This condition is defined

by

tan2ðyÞ ¼ � e3
e1

(3.96)

In contrast to cut-off condition, resonance condition depends on y.

3.6 Dispersion Curves and Propagation Characteristics

The expressions in (3.57) and (3.58) have always real values.

k2I;II
k20

¼ ðb� iaÞ2 (3.97)

When the value in (3.97) is positive, it is equal to b2; when it is negative it is

equal to � a2. Cold plasma is an example of a gyroelectric medium which satisfies

the dispersion relation (3.47) with the permittivity tensor given by (3.36). In the

magneto-ionic theory it is customary to use notations X and Y which are used to

describe the elements of permittivity tensor for the cold plasma in (3.36). They are

given by (3.28) and (3.29) as

X ¼ o2
p

o2
; Y ¼ ob

o
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where

op ¼ N0e
2

me0

� �1=2

; ob ¼ � eB0

m

So in our analysis, we will use X and Y to describe the dispersion curves in a

gyroelectric medium such as cold plasma for three different cases, namely, the

isotropic case, the longitudinal propagation and the transverse propagation.

3.6.1 Isotropic Case, No Magnetic Field, Y ¼ 0

It is conventional to represent the dispersion of electromagnetic waves by a plot of

the propagation constant k against o as shown in Fig. 3.2. For a field-free plasma,
�B0 ¼ 0, this gives a hyperbola which cuts off below the plasma frequency op.

Consequently, radio waves of frequency less than the plasma frequency op for the

ionosphere are reflected back to earth. This can be illustrated in Fig. 3.3.

When the external applied magnetic field is zero, i.e., Y ¼ 0, (3.57) and (3.58)

reduce to

k2I
k20

¼ k2II
k20

¼ e3 ¼ 1� X ¼ 1� op
2

o2
(3.98)
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Fig. 3.2 k � o diagram for isotropic plasma when wp ¼ 1:11 � 1012
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At this stage the plasma is known as isotropic plasma because there is no

distinction between the type I and type II waves.

3.6.2 The Longitudinal Propagation, u ¼ 0	

In this section we analyze the cut off and the resonance conditions of the type I and

type II waves for the longitudinal propagation. We will use X � Y2 diagram and

k � o diagram to illustrate the results that we obtain.

3.6.2.1 The Cut-off and Resonance Conditions for Type I Wave

When the cut off condition is met for the type I wave, by setting kI ¼ 0 in (3.76) we

obtain the cut off frequency as

ocIlong ¼
ob

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b

4
þ o2

p

r
(3.99)

For waves to propagate, the necessary condition is k2I > 0. This requires that

o>ocIlong or Y<1� X (3.100)

When the resonance condition is met for type I wave by setting kI ¼ 1 in (3.76),

we get

orIlong ¼ ob or Y ¼ 1 (3.101)

The results given by (3.100)–(3.101) can be plotted on the X � Y2 plane as

shown in Fig. 3.4.

IONOSPHERE

EARTH

ω> ωp

ω<ωp

Fig. 3.3 Wave propagation in the ionosphere-earth waveguide
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3.6.2.2 The Cut-off and Resonance Conditions for Type II Wave

When the cut off condition is met for the type II wave, from (3.77) we obtain the cut

off frequency as

ocIIlong ¼ �ob

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b

4
þ o2

p

r
(3.102)

For waves to propagate, the necessary condition is k2II > 0. This requires that

o>ocIIlong or Y>X � 1 (3.103)

No resonance occurs for the type II wave when there is longitudinal propagation.

The results can be plotted similarly on the X � Y2 plane as shown in Fig. 3.5.

The same information given by the X � Y2 diagram can be plotted by using the

k � o diagram shown in Fig. 3.6.

3.6.3 The Transverse Propagation, u ¼ 90	

In this section we analyze the cut off and the resonance conditions of the type I and

type II waves for the transverse propagation. We will use X � Y2 diagram and

k � o diagram to illustrate the results that we obtain.
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Fig. 3.4 X � Y2 diagram showing the resonance and cut off conditions for longitudinal propaga-

tion y ¼ 0	, for the type I wave
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3.6.3.1 The Cut-off and Resonance Conditions for Type I Wave

When the cut off condition is met for the type I wave, from (3.76) we derive the cut

off frequency as

ocItran ¼ 
ob

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b

4
þ o2

p

r
(3.104)

For waves to propagate, the necessary condition is k2I > 0. This requires that

o>ocItran (3.105)

or in terms of X and Y notation

Y<1� X when ocItran ¼
ob

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b

4
þ o2

p

r
(3.106)

Y>1� X when ocItran ¼ �ob

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b

4
þ o2

p

r
(3.107)

When the resonance condition is met for the type I wave, from (3.76) we get

orItran ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b þ o2
p

q
or Y2 ¼ 1� X (3.108)

The results given by (3.104)–(3.108) can be plotted on the X � Y2 plane as

shown in Fig. 3.7.

3.6.3.2 The Cut-off and Resonance Conditions for Type II Wave

When the cut off condition is met for type II wave, from (3.77) we obtain the cut off

frequency as

ocIItran ¼ op (3.109)

For waves to propagate, the necessary condition is k2II > 0. This requires that

o>ocIItran or X< 1 (3.110)

No resonance occurs for type II wave when there is transverse propagation. The

results can be plotted similarly on the X � Y2 plane as shown in Fig. 3.8.

The same information given by the X � Y2 diagram can be plotted by using the

k � o diagram shown in Fig. 3.9.
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tion y ¼ 90	 for the type II wave
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Table 3.2 Identification of the frequency bands and the corresponding propagating wave types in

each region

Frequency band Wave propagates

Region 1
o>o1;o1 ¼ ob

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b

4
þ o2

p

q
Type I, type II

Region 2 o1 >o>o2;o2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b þ o2
p

q
Type I

Region 3 o2 >o> maxðop;obÞ Type I, type II

Region 4
op >o> maxðob;o3Þ;o3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

b

4
þ o2

p

q
� ob

2

Type II

Region 5 o3 >o>ob No propagation

Region 6 ob >o>op Type I, type II

Region 7 minðop;obÞ>o>o3 Type I, type II

Region 8 minðo3;obÞ>o> 0 Type II
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Fig. 3.11 CMA diagram for a cold plasma
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3.7 CMA (Clemmow-Mullaly-Allis) Diagram

In Sect. 3.5, we identified the boundaries using principles waves on the X � Y2

plane. Overall, we can divide the X � Y2 plane into eight different regions using the

cut off and resonance conditions for the principal waves. When the eight regions

given in Sects. 3.5.2 and 3.5.3 are shown in a single diagram, we obtain our base

X � Y2 plane as shown in Fig. 3.10.

We obtained the frequency bands for each region over which wave can propa-

gate in Sects. 3.5.2 and 3.5.3. Hence, we not only constructed a single diagram

showing boundaries for the cut off and resonance conditions for the principle waves

but also identified the frequency bands in each region over which wave can

propagate with an arbitrary angle to the magnetic field.

This can be visualized in each region by plotting the wave normal surface which

is the polar plot of the phase velocity. The distance from the center to the point on

the curves denotes the magnitude of the phase velocity along that direction. When

the wave normal surfaces are plotted for each region, we obtain the diagram known

as the CMA diagram. The results shown in the CMA diagram can be tabulated in

Table 3.2 to show the frequency bands and the corresponding waves that can

propagate in each region.

As seen from Fig. 3.11 and the results of Table 3.2, both characteristic waves

propagate in Regions 1, 3, 6, and 7 while in Regions 4 and 8 only the type II wave

propagates and in Region 2 only the type I wave propagates. In Region 5, there is no

wave propagation.
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Chapter 4

Method of Dyadic Green’s Functions

4.1 Introduction

In this chapter, method of dyadic Green’s function (DGF) for electromagnetic wave

problems is introduced. A very practical method to obtain dyadic Green’s function

for general anisotropic medium is discussed. The duality relations between DGFs

are obtained and their application is illustrated. DGFs for unbounded and layered

uniaxially anisotropic, unbounded and layered gyrotropic medium are derived.

4.2 Dyadic Green’s Functions

In electromagnetic applications such as geophysical prospecting, remote sensing,

wave propagation, microstrip circuits and antennas, it is necessary to compute the

electromagnetic fields in the medium. Electromagnetic fields can easily be calcu-

lated if the Green’s function of the medium is known. Derivation of DGFs begins

from Maxwell’s equations. In the following section, DGFs in differential form will

be derived for an unbounded general anisotropic medium illustrated in Fig. 4.1.

4.3 Theory of Dyadic Differential Functions

Maxwell equations for the problem illustrated in Fig. 4.1 in the presence of

impressed magnetic current density �M and the electric current density �J can be

written as

r� �E ¼ iom0��m: �H � �M (4.1)

r� �H ¼ �ioe0��e: �Eþ �J (4.2)

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media,
DOI 10.1007/978-1-4419-6024-5_4, # Springer Science+Business Media, LLC 2010
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The linearity of Maxwell’s equations implies linear dependence of �E and �H on the

excitations �J and �M. Then, �E and �H in Fig. 4.1 at any point can be represented as

�Eð�rÞ ¼
ð
V0

��Geeð�r;�r0Þ:�Jð�r0Þd3�r0 þ
ð
V0

��Gemð�r;�r0Þ: �Mð�r0Þd3�r0 (4.3)

�Hð�rÞ ¼
ð
V0

��Gmeð�r;�r0Þ:�Jð�r0Þd3�r0 þ
ð
V0

��Gmmð�r;�r0Þ: �Mð�r0Þd3�r 0 (4.4)

or in matrix form

�Eð�rÞ
�Hð�rÞ

� �
¼

ð
V0

��Geeð�r; �r0Þ ��Gemð�r; �r0Þ
��Gmeð�r; �r0Þ ��Gmmð�r; �r0Þ

� �
:

�Jð�r0Þ
�Mð�r0Þ

� �
d3�r 0 (4.5)

where

�Jð�rÞ ¼
ð
V0
dð�r � �r0Þ��I:�Jð�r0Þd3�r 0 (4.6)

and

�Mð�rÞ ¼
ð
V0
dð�r � �r0Þ��I: �Mð�r0Þd3�r0 (4.7)

The dyadic Green’s functions ��Geeð�r; �r0Þ, ��Gmmð�r; �r0Þ are called electric type and

magnetic type and ��Gmeð�r; �r0Þ, ��Gemð�r; �r0Þ are called magnetic-electric type and

electric-magnetic type DGFs for a general anisotropic medium. The first and the

second subscripts show the type of the DGF Green’s function. The subscript ‘e’

Fig. 4.1 Geometry of an unbounded anisotorpic medium in the existence of current densities
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refers to an electric type and ‘m’ refers to a magnetic type DGF. Electric type and

magnetic-electric type dyadic Green’s functions are obtained by assuming �M ¼ 0

and the existence of the electric current density �J. The magnetic type and electric-

magnetic type dyadic Green’s functions are obtained by assuming �J ¼ 0 and the

existence of the magnetic current density �M.

We start our analysis by substituting (4.3), (4.4), (4.6) and (4.7) into (4.1) and

assuming �M ¼ 0. We obtain

r�
ð
V0

��Geeð�r; �r0Þ:�Jð�r0Þd3�r0
2
4

3
5 ¼ iom0��m �

ð
V0

��Gmeð�r; �r0Þ:�Jð�r0Þd3�r0

or

r� ��Geeð�r; �r0Þ ¼ iom0��m � ��Gmeð�r; �r0Þ (4.8)

Substituting (4.3), (4.4), (4.6) and (4.7) into (4.2) and assuming �M ¼ 0 gives

r�
ð
V0

��Gmeð�r; �r0Þ:�Jð�r0Þd3�r0
2
4

3
5 ¼ �ioe0��e:

ð
V0

��Geeð�r; �r0Þ:�Jð�r0Þd3�r0

þ
ð
V0
dð�r � �r0Þ��I:�Jð�r0Þd3�r0

or

r� ��Gmeð�r; �r0Þ ¼ �ioe0��e:��Geeð�r; �r0Þ þ dð�r � �r0Þ��I (4.9)

When we substitute (4.3), (4.4), (4.6) and (4.7) into (4.1) and assume �J ¼ 0, we

obtain

r�
ð
V0

��Gemð�r; �r0Þ: �Mð�r0Þd3�r0
2
4

3
5 ¼ iom0��m �

ð
V0

��Gmmð�r; �r0Þ: �Mð�r0Þd3�r0

�
ð
V0
dð�r � �r0Þ��I: �Mð�r0Þd3�r0

or

r� ��Gemð�r; �r0Þ ¼ iom0��m � ��Gmmð�r; �r0Þ � dð�r � �r0Þ��I (4.10)

In the same way, substituting (4.3), (4.4), (4.6) and (4.7) into (4.2) gives
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r�
ð
V0

��Gmmð�r; �r0Þ: �Mð�r0Þd3�r0
2
4

3
5 ¼ �ioe0��e:

ð
V0

��Gemð�r; �r0Þ: �Mð�r0Þd3�r0

or

r� ��Gmmð�r; �r0Þ ¼ �ioe0��e:��Gemð�r; �r0Þ (4.11)

Equation (4.10) can be re-written as,

��Gmmð�r; �r0Þ ¼ 1

iom0
��m�1 � r � ��Gemð�r; �r0Þ þ 1

iom0
��m�1dð�r � �r0Þ (4.12)

Taking curl of (4.12) gives

r� ��Gmmð�r; �r0Þ ¼ 1

iom0
r� ��m�1 � r � ��Gemð�r; �r0Þ þ 1

iom0
r� ��m�1dð�r � �r0Þ (4.13)

When we substitute (4.11) into (4.13), we get

� ioe0��e:��Gemð�r; �r0Þ ¼ 1

iom0
r� ��m�1 � r � ��Gemð�r; �r0Þ þ 1

iom0
r� ��m�1dð�r � �r0Þ

or

r� ��m�1 � r � ��Gemð�r; �r0Þ � k20��e:
��Gemð�r; �r0Þ ¼ �r� ��m�1dð�r � �r0Þ (4.14)

Equation (4.14) can be expressed in the following form

r� ��m�1 � r � ��I � k20��e
h i

� ��Gemð�r; �r0Þ ¼ �r � ��m�1dð�r � �r0Þ (4.15)

To find the second order dyadic differential equations for magnetic type DGF, we

re-write (4.11) as follows

��Gemð�r; �r0Þ þ 1

ioe0
��e�1:r� ��Gmmð�r; �r0Þ ¼ 0 (4.16)

Taking curl of (4.16) gives,

r� ��Gemð�r; �r0Þ þ 1

ioe0
r� ��e�1:r� ��Gmmð�r; �r0Þ ¼ 0
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or

r� ��Gemð�r; �r0Þ ¼ � 1

ioe0
r� ��e�1:r� ��Gmmð�r; �r0Þ (4.17)

When we substitute (4.10) into (4.17), we get the second order dyadic differential

equation for the electric-magnetic type DGF function as

1

ioe0
r� ��e�1:r� ��Gmmð�r; �r0Þ þ iom0��m � ��Gmmð�r; �r0Þ ¼ ��Idð�r � �r0Þ

or

r� ��e�1:r� ��Gmmð�r; �r0Þ � k20��m � ��Gmmð�r; �r0Þ ¼ ioe0��Idð�r � �r0Þ

which can be rewritten as

r� ��e�1:r� ��I � k20��m
h i

:��Gmmð�r; �r0Þ ¼ ioe0��Idð�r � �r0Þ (4.18)

We can obtain the second order dyadic differential equation for electric type dyadic

Green’s function by re-expressing (4.8) as

��Gmeð�r; �r0Þ ¼ 1

iom0
��m�1 � r � ��Geeð�r; �r0Þ (4.19)

Take the curl of (4.19) and obtain

r� ��Gmeð�r; �r0Þ ¼ 1

iom0
r� ��m�1 � r � ��Geeð�r; �r0Þ (4.20)

Substituting (4.20) into (4.9) gives

1

iom0
� r � ��m�1 � r � ��Geeð�r; �r0Þ þ ioe0��e:��Geeð�r; �r0Þ ¼ dð�r � �r0Þ��I

or

r� ��m�1 � r � ��Geeð�r; �r0Þ � k20��e:
��Geeð�r; �r0Þ ¼ iom0dð�r � �r0Þ��I

which can be rewritten as

r� ��m�1:r� ��I � k20��e
h i

:��Geeð�r; �r0Þ ¼ iom0
��Idð�r � �r0Þ (4.21)
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To find the magnetic-electric type DGF, we rewrite the (4.9) as

��Geeð�r; �r0Þ þ 1

ioe0
��e�1:r� ��Gmeð�r; �r0Þ ¼ 1

ioe0
��e�1:dð�r � �r0Þ

or

��Geeð�r; �r0Þ ¼ � 1

ioe0
��e�1:r� ��Gmeð�r; �r0Þ þ 1

ioe0
��e�1dð�r � �r0Þ (4.22)

Taking the curl of (4.22) gives,

r� ��Geeð�r; �r0Þ ¼ � 1

ioe0
r� ��e�1:r� ��Gmeð�r; �r0Þ þ 1

ioe0
r� ��e�1dð�r � �r0Þ (4.23)

Substituting (4.8) into (4.23) gives the second order dyadic differential equation for

the magnetic-electric type DGF function as

� 1

ioe0
r� ��e�1:r� ��Gmeð�r; �r0Þ þ 1

ioe0
r� ��e�1dð�r � �r0Þ � iom0��m � ��Gmeð�r; �r0Þ ¼ 0

or

r� ��e�1:r� ��Gmeð�r; �r0Þ � k20��m � ��Gmeð�r; �r0Þ ¼ r � ��e�1dð�r � �r0Þ

which can be rewritten as

r� ��e�1
:r� ��I � k20��m

h i
:��Gmeð�r; �r0Þ ¼ r � ��e�1dð�r � �r0Þ (4.24)

We can summarize the results of the complete set of dyadic first order and second

order differential equations for any type of anisotropic medium as follows.

The complete set of the first order dyadic differential equations are,

r� ��Geeð�r; �r0Þ ¼ iom0��m � ��Gmeð�r; �r0Þ (4.25)

r� ��Gmeð�r; �r0Þ ¼ �ioe0��e:��Geeð�r; �r0Þ þ dð�r � �r0Þ��I (4.26)

r� ��Gmmð�r; �r0Þ ¼ �ioe0��e:��Gemð�r; �r0Þ (4.27)

r� ��Gemð�r; �r0Þ ¼ iom0��m � ��Gmmð�r; �r0Þ � dð�r � �r0Þ��I (4.28)
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The complete set of the second order dyadic differential equations are,

r� ��m�1:r� ��I � k20��e
h i

:��Geeð�r; �r0Þ ¼ iom0
��Idð�r � �r0Þ (4.29)

r� ��e�1:r� ��I � k20��m
h i

:��Gmmð�r; �r0Þ ¼ ioe0��Idð�r � �r0Þ (4.30)

r� ��m�1 � r � ��I � k20��e
h i

� ��Gemð�r; �r0Þ ¼ �r � ��m�1dð�r � �r0Þ (4.31)

r� ��e�1:r� ��I � k20��m
h i

:��Gmeð�r; �r0Þ ¼ r � ��e�1dð�r � �r0Þ (4.32)

4.4 Duality Principle for Dyadic Green’s Functions

The symmetry that exists between electric and magnetic fields is also seen on the

dyadic Green’s functions that are obtained in the preceding section. We write

Maxwell’s equations below again to observe the symmetry between electric field,
�E, and magnetic field, �H.

r� �E ¼ � @ ��m � �Hð Þ
@t

� �M (4.33)

r� �H ¼ @ ��e � �Eð Þ
@t

þ �J (4.34)

r � �B ¼ rm (4.35)

r � �D ¼ re (4.36)

We introduced magnetic charge density rm to illustrate mathematical symmetry

although it does not exist in physical world. We write the following replacements to

see the symmetry.

�E ! �H; ��m ! ��e; �M ! ��J (4.37)

�H ! � �E; ��e ! ��m; �J ! � �M (4.38)

�B ! � �D; rm ! re (4.39)

�D ! �B; re ! rm (4.40)
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When (4.37) is applied to (4.33), we obtain (4.34), Ampere’s law. When the

replacement in (4.38) is applied to (4.34), we obtain (4.33), Faraday’s law. Simi-

larly, (4.39) and (4.40) can be applied to (4.35) and (4.36) to observe the existing

symmetry between Gauss’ law for magnetic and electric fields. If we study

(4.25)–(4.32), the first order dyadic differential equations and the second order

dyadic differential equations, the application of the duality transformation

��e ! ��m; ��m ! ��e

e0 ! m0; m0 ! e0
(4.41)

on the dyadic differential equations (4.25)–(4.32) transform one to its dual with the

replacements of

��Geeð�r; �r0Þ ! ��Gmmð�r; �r0Þ (4.42)

��Gmeð�r; �r0Þ ! ���Gemð�r; �r0Þ (4.43)

��Gmmð�r; �r0Þ ! ��Geeð�r; �r0Þ (4.44)

��Gemð�r; �r0Þ ! ���Gmeð�r; �r0Þ (4.45)

4.5 Formulation of Dyadic Green’s Functions

In this section, we’d like to formulate dyadic Green’s function in a general form that

can be used for any type of unbounded anisotropic medium. We start our analysis

by re-writing (4.5) as

�Eð�rÞ
�Hð�rÞ

� �
¼

ð
V0

��Gð�r; �r0Þ: �Jð�r0Þ
�Mð�r0Þ

� �
d3�r0 (4.46)

where

��Gð�r;�r0Þ ¼
��Geeð�r; �r0Þ ��Gemð�r; �r0Þ
��Gmeð�r; �r0Þ ��Gmmð�r; �r0Þ

� �
(4.47)

In (4.46), the integral is taken over all space, i.e.

ð
d3�r0 ¼

ð ð ð1

�1
dx0dy0dz0 (4.48)
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The Fourier transform pair of the field vectors can be expressed as

�Fð�rÞ ¼ 1

ð2pÞ3
ð
�Fð�kÞei�k:�rd3 �k (4.49a)

�Fð�kÞ ¼
ð
�Fð�rÞe�i�k:�rd3�r (4.49b)

where �F ¼ �E for an electric field vector and �F ¼ �H for a magnetic field vector.

Here the integration over �k is three dimensional as the integration over �r, i.e.,

d3 �k ¼ dkxdkydkz.
Similarly, the Fourier transform pairs for DGF ��Gð�r; �r0Þ can be written as

��Gð�r; �r0Þ ¼ 1

ð2pÞ3
ð
��Gð�kÞei�k:ð�r��r0Þd3 �k (4.50)

��Gð�kÞ ¼
ð
��Gð�r; �r0Þe�i�k:ð�r��r0Þd3ð�r � �r0Þ (4.51)

Translational invariance assumed in the use of ð�r � �r0Þ comes from the unbounded

nature of the problem. Substitution of (4.49a), (4.50) into (4.46) gives

1

ð2pÞ3
ð

�Eð�kÞ
�Hð�kÞ

� �
ei

�k:�rd3 �k ¼
ð

1

ð2pÞ3
ð
��Gð�kÞei�k:ð�r��r0Þd3 �k

" #
�Jð�r0Þ
�Mð�r0Þ

� �
d3�r0 (4.52)

where ��Gð�kÞ is given by

��Gð�kÞ ¼
��Geeð�kÞ ��Gemð�kÞ
��Gmeð�kÞ ��Gmmð�kÞ

� �
(4.53)

When we change the order of integration in (4.52), we obtain

ð �Eð�kÞ
�Hð�kÞ

� �
ei

�k:�rd3 �k ¼
ð
��Gð�kÞei�k:�r

ð
�Jð�r0Þ
�Mð�r0Þ

� �
e�i�k:�r0d3�r0d3 �k

¼
ð
��Gð�kÞ �Jð�kÞ

�Mð�kÞ
� �

ei
�k:�rd3 �k (4.54)

Using (4.54), we can relate the field vectors to dyadic Green’s functions in the

k-domain as

�Eð�kÞ
�Hð�kÞ

� �
¼

��Geeð�kÞ ��Gemð�kÞ
��Gmeð�kÞ ��Gmmð�kÞ

� �
�Jð�kÞ
�Mð�kÞ

� �
(4.55)
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Now, we assume the solutions for the fields in the form of ei
�k��r and use

�k � �E ¼ ��k � �E (4.56)

where

��k ¼
0 �kz ky
kz 0 �kx
�ky kx 0

2
4

3
5 (4.57)

Maxwell’s equations given by (4.1) and (4.2) can be transformed into the k-domain

and we can derive the matrix equations for �Eð�kÞ and �Hð�kÞ as

��k��e�1��k þ k20��m
h i

: �Hð�kÞ ¼ �i��k��e�1 �Jð�kÞ � ioe0 �Mð�kÞ (4.58)

��k��m�1��k þ k20��e
h i

: �Eð�kÞ ¼ �iom0 �Jð�kÞ þ i��k��m�1 �Mð�kÞ (4.59)

where k20 ¼ o2m0e0

��WH ¼ ��k��e�1��k þ k20��m
h i

(4.60)

is magnetic wave matrix and

��WE ¼ ��k��m�1��k þ k20��e
h i

(4.61)

is electric wave matrix. Equations (4.58) and (4.59) can be expressed using wave

matrices as

��WH: �Hð�kÞ ¼ �i��k��e�1 �Jð�kÞ � ioe0 �Mð�kÞ (4.62)

��WE: �Eð�kÞ ¼ i��k��m�1 �Mð�kÞ � iom0 �Jð�kÞ (4.63)

We can represent (4.62) and (4.63) in matrix form as

��WEð�kÞ 0

0 ��WHð�kÞ

� �
�Eð�kÞ
�Hð�kÞ

� �
¼ �iom0

��I i�k��m�1

�i�k��e�1 �ioe0��I

� �
�Jð�kÞ
�Mð�kÞ

� �
(4.64)

Equation (4.64) can be modified as

�Eð�kÞ
�Hð�kÞ

� �
¼ �iom0

��W
�1
E i ��W

�1
E
��k��m�1

�i ��W
�1
H
��k��e�1 �ioe0 ��W

�1
H

" #
�Jð�kÞ
�Mð�kÞ

� �
(4.65)
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Equation (4.65) relates the field vectors to the inverses of the wave matrices in the

k-domain. When (4.55) and (4.65) are compared, we obtain the following relation

��Geeð�kÞ ��Gemð�kÞ
��Gmeð�kÞ ��Gmmð�kÞ

� �
¼ �iom0

��W
�1
E i ��W

�1
E
��k��m�1

�i ��W
�1
H
��k��e�1 �ioe0 ��W

�1
H

" #
(4.66)

Equation (4.66) is the representation of DGFs in terms of the inverses of the wave

matrices in the k-domain for a general anisotropic medium. More explicitly,

��Geeð�kÞ ¼ �iom0
��W
�1
E (4.67a)

��Gemð�kÞ ¼ i ��W
�1
E
��k��m�1 (4.67b)

��Gmeð�kÞ ¼ �i ��W
�1
H
��k��e�1 (4.67c)

��Gmmð�kÞ ¼ �ioe0 ��W
�1
H (4.67d)

The relation between the inverses of the wave matrices is derived as

��W
�1
H ¼ 1

k20
��m�1 � ��m�1��k ��W

�1
E
��k��m�1

h i
(4.68)

Equations (4.67)–(4.68) clearly show that the knowledge of the inverse of one

type of wave matrix is sufficient to obtain the complete set of dyadic Green’s

functions in the k-domain. The final form of the dyadic Green’s functions, which is

valid everywhere but the source point, is obtained by substituting (4.67) into (4.50)

as follows.

��Gð�r; �r0Þ ¼ 1

ð2pÞ3
ð �iom0

��W
�1
E i ��W

�1
E
��k��m�1

�i ��W
�1
H
��k��e�1 �ioe0 ��W

�1
H

" #
ei

�k:ð�r��r0Þd3 �k (4.69)

4.6 Dyadic Green’s Functions for Uniaxially Anisotropic

Medium

We apply the general form of the DGF obtained in Sect. 4.4, (4.69) to find DGF of

an unbounded and layered uniaxially anisotropic medium. The problem of finding

the complete set of DGFs for any type of anisotropic medium is simplified by

(4.67)–(4.69) to finding the inverse of an electric wave matrix ��WE which is equal to
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��W
�1
E ¼

adj ��WE

� �
��WE

��� ��� (4.70)

adj ��WE

� �
is known as the adjoint and ��WE

��� ��� is known as the determinant of the

electric wave matrix.

4.6.1 Dyadic Green’s Functions for Unbounded Uniaxially
Anisotropic Medium

In this section, the method outlined in Sect. 4.4, using the results given in Chap. 2,

Sect. 2.2.1, is applied to obtain DGF for a uniaxially anisotropic medium.

The integral form of the electric type DGF for a uniaxially anisotropic medium is

given by (4.69) and equals to

��Geeð�r; �r0Þ ¼ �iom0
ð2pÞ3

ð
��W
�1
E ei

�k:ð�r��r0Þd3 �k (4.71)

When (4.70) is substituted into (4.71), we obtain

��Geeð�r; �r0Þ ¼ �iom0
ð2pÞ3

ð adj ��WE

� �
��WE

��� ��� ei
�k:ð�r��r0Þd3 �k (4.72)

The dispersion relation for a uniaxially anisotropic medium from Chap. 2 was

obtained as,

��WE

��� ��� ¼ k20 k2 � k20e11
� �

k2re11 þ k2z e33 � k20e11e33
h i

¼ 0 (4.73a)

or

��WE

��� ��� ¼ k20e33 k2z � k20e11 � k2r

� �� �
k2z � k20e11 � k2r

e11
e33

	 
� �
¼ 0 (4.73b)

The wave numbers for a uniaxially anisotropic medium in Chap. 2 were obtained as

k2zI ¼ k20e11 � k2r (4.74a)

k2zII ¼ k20e11 � k2r
e11
e33

(4.74b)
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where

k2 ¼ k2r þ k2z ¼ k2x þ k2y þ k2z (4.75)

Equation (4.73b) can be put in the following form using (4.74)–(4.75)

��WE

��� ��� ¼ k20e33 k2z � k2zI
� �

k2z � k2zII
� �

(4.76)

adj ��WE

� �
for a uniaxially anisotropic medium is obtained in Chap. 2 and equal to

adj ��WE

� �
¼ k20e11 � k2

� �
k20e11

��I � �k�k � k20 e33 � e11ð Þp̂p̂
h i

þ k20 e33 � e11ð Þ
� �k � p̂ð Þ �k � p̂ð Þ (4.77)

adj ��WE

� �
can be put in the following matrix form

adj ��WE

� �
¼

A11 A12 A13

A21 A22 A23

A31 A32 A33

2
4

3
5 (4.78)

The matrix elements of adj ��WE

� �
are derived as

A11 ¼ k2k2x � k20 k2x þ k2z
� �

e33 � k2rk
2
0e11 þ k40e11e33 (4.79a)

A12 ¼ A21 ¼ k2kxky � k20kxkye33 (4.79b)

A13 ¼ A31 ¼ k2kxkz � k20kxkze11 (4.79c)

A22 ¼ k2 k2y � k20e33
� �

þ k20 k2x e33 � e11½ � � k2ye11
� �

þ k40e11e33 (4.79d)

A23 ¼ A32 ¼ k2kykz � k20kykze11 (4.79e)

A33 ¼ k2 k2z � k20e11
� �� k20k

2
z e11 þ k40e

2
11 (4.79f)

When (4.76)–(4.78) are substituted into (4.72), we obtain electric type DGF as

��Geeð�r; �r0Þ ¼ �iom0
ð2pÞ3

�
ð

1

k20e33 k2z � k2zI
� �

k2z � k2zII
� � A11 A12 A13

A21 A22 A23

A31 A32 A33

2
4

3
5ei�k:ð�r��r0Þdkxdkydkz

(4.80)
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We perform the integration over kz to obtain the two dimensional form of the DGF

that is widely used in radiation and scattering problems. This form of the DGF is

useful especially for the layered structures when the stratification of the layers is in

the z-direction. The poles of the integrand occur at the zeros of j ��WEj denoted by

kz ¼ �kzI and kz ¼ �kzII. We assume the medium to be slightly lossy, i.e.

Imkz<<Rekz, Imkz>0. This guarantees that the radiation condition is satisfied at

z ¼ �1. When we perform the contour integration over kz, we obtain the following
result for z > z0

��Geeð�r; �r0Þ ¼ om0
4p2k02

ð1

�1

ð1

�1
dkxdky

adj ��WEI

2kzI k2zI � k2zIIð Þe33 e
i�kI �ð�r��r0Þ

(

þ adj ��WEII

2kzII k2zII � k2zIð Þe33 e
i�kII �ð�r��r0Þ

#)
; z>z0 (4.81)

In (4.81), adj ��WEI in matrix form can be obtained using (4.78)–(4.79) as

adj ��WEI ¼ adj ��WE

���
kz¼kzI

(4.82)

So,

adj ��WEI ¼
B11 B12 B13

B21 B22 B23

B31 B32 B33

2
4

3
5 (4.83)

The matrix elements are

B11 ¼ k20k
2
y e33 � e11ð Þ (4.84a)

B12 ¼ B21 ¼ k20kxky e11 � e33ð Þ (4.84b)

B13 ¼ B31 ¼ 0 (4.84c)

B22 ¼ k20k
2
x e33 � e11ð Þ (4.84d)

B23 ¼ B32 ¼ 0 (4.84e)

B33 ¼ 0 (4.84f)

Following the same procedure, adj ��WEII in matrix form can be obtained as

adj ��WEII ¼ adj ��WE

���
kz¼kzII

(4.85)
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So,

adj ��WEII ¼
C11 C12 C13

C21 C22 C23

C31 C32 C33

2
4

3
5 (4.86)

The matrix elements for adj ��WEII are

C11 ¼ k2xk
2
zII

e11 � e33
e11

	 

(4.87a)

C12 ¼ C21 ¼ kxkyk
2
zII

e11 � e33
e11

	 

(4.87b)

C13 ¼ C31 ¼ kxkzII
e11 � e33

e11

	 

�k2r

e11
e33

	 

(4.87c)

C22 ¼ k2yk
2
zII

e11 � e33
e11

	 

(4.87d)

C23 ¼ C32 ¼ kykzII
e11 � e33

e11

	 

�k2r

e11
e33

	 

(4.87e)

C33 ¼ e11 � e33
e11

	 

k2r

e11
e33

	 
2
(4.87f)

The final form of the DGF given in (4.61) check with the results given in [1] when

the optic axis is in the z-direction, i.e., tilt angle is zero c ¼ 0�. ��Gð�r; �r0 Þ for z< z
0

can be obtained assuming Imð�k�z Þ<0 and Imðkedz Þ< 0. The DGF given in (4.81)

can be written in terms of ordinary and extraordinary waves as

��Gð�r;�r0 Þ ¼ i

8p2

ð ð1
�1

dkxdky
1

k�z

�
o
_ðk�z Þo_ðk�z Þei�k

��ð�r��r
0 Þ

þ 2

keuz � kedz
�o

2mðeþ ezÞ�ðk2x þ k2y þ keuz
2Þ

o2me33
e
_ðkeuz Þe_ðkeuz Þei�ke�ð�r��r

0 Þ
)
; z>z

0

(4.88a)

and

��Gð�r;�r0 Þ ¼ i

8p2

ð ð1
�1

dkxdky
1

k�z

�
o
_ð�k�z Þo_ð�k�z Þei�k

��ð�r��r
0 Þ

þ 2

keuz � kedz
�o

2mðeþ ezÞ�ðk2x þ k2y þ keuz
2Þ

o2me33
e
_ðkedz Þe_ðkedz Þei�ke�ð�r��r

0 Þ
)
; z< z

0

(4.88b)
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where o
_ð�k�z Þ is a unit vector for the an ordinary wave and e

_ðkeuz Þ or e_ðkedz Þ is the
unit vector for an extraordinary wave and they are defined in the Appendix of Chap. 5.

The vectors are defined as

�k� ¼ �kr � k�z z
_

(4.89a)

�ke ¼ �kr þ kedz z
_

(4.89b)

�ku ¼ ��e � �ke (4.89c)

�ku ¼ ��e � �ke (4.89d)

�kr ¼ kxx
_ þ kyy

_
(4.89e)

4.6.2 Dyadic Green’s Functions for Layered Uniaxially
Anisotropic Medium

Dyadic Green’s function for a multilayered anisotropic medium can be obtained by

considering a source point located in Region 0 above a stratified medium that is

illustrated in Fig. 4.2 below.

The medium in Region l is assumed to be uniaxially anisotropic which is

characterized by permittivity tensor ��el, l ¼ 1,2,. . ..,n. The medium at the top and

bottom of the stratification are assumed to be isotropic with permittivities e0 and et.
The permeability m is common to all media. The first subscript l is used to denote

the region of the observation point �r and the second subscript j is used to denote the
region of the source point �r0for DGF ��Glj. The DGFs in each layer can be formulated

as follows [3,4].

��G00 ð�r; �r
0 Þ ¼ i

8p2

ð ð
dkxdky

1

k0z
h
_

0

hn
ð�k0zÞeið�ko��rÞ þ RHHh

_

0ðk0zÞeið�k0��rÞ

þ RHVv
_

0ðk0zÞeið�k0��rÞ�h
_

0ð�k0zÞþ v
_

0

h
ð�k0zÞeið�k0��rÞ þ RVVv

_

0ðk0zÞeið�k0��rÞ

þ RVHh
_

0ðk0zÞeið�k0��rÞ�v_0ð�k0zÞge�ið�k0��r0Þ

(4.90a)

��G l0ð�r; �r0 Þ ¼ i

8p2

ð ð
dkxdky

1

k0z
½AlHoo

_
n

ð�ko1zÞeið�k
o
l ��rÞ

þ BlHoo
_ðko1zÞeið

�ko
l
��rÞþBlHee

_ðkeu1z Þeið
�ke
l
��rÞ þ AlHee

_ðked1z Þeið�k
e
l
��rÞ� h_0ð�k0zÞ

þ AlVo½ o
_ð�ko1zÞeið�k

o
l
��rÞþBlVoo

_ðko1zÞeið
�ko
l
��rÞ þ BlVee

_ðkeu1z Þeið
�ke
l
��rÞ

þ AlVee
_ðked1z Þeið�k

e
l
��rÞ�v_0ð�k0zÞge�ið�k0��r0Þ l ¼ 1; 2; . . . :; n

(4.90b)
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��G t 0ð�r; �r0 Þ ¼ i

8p2

ð ð
dkxdky

1

k0z

h
XHHh

_

t

n
ð�ktzÞ þ XHVv

_

tð�ktzÞ
i
h
_

oð�k0zÞ

þ
h
XVVv

_

t:ð�ktzÞ þ XVHh
_

tð�ktzÞ
i
v
_

oð�k0zÞ
o
eið�kt��rÞe�ið�ko�~r0Þ (4.90c)

where h
_

and v
_
represent the horizontally and vertically polarized waves, respec-

tively. The particular form in (4.90) is based on the result of (4.88). The coefficients,

RHH , RHV , RVHRVV , AlHo, BlHo; AlHe; BlHe; AlVo; BlVo; AlVe; BlVe; XHH; XHV ; XVH

and XVV are related through boundary conditions.

4.7 Dyadic Green’s Functions for Gyrotropic Medium

In this section, the complete set of DGFs for unbounded electrically gyrotropic or

gyroelectric medium will be obtained following the steps outlined in Sect. 4.4.

4.7.1 Electric Type DGF ��Geeð�r; �r 0Þ for a Gyroelectric Medium

Electric type DGF, ��Geeð�r; �r 0Þ is the solution of the second order dyadic differential

equation given by (4.29). The integral form of the electric type DGF for a

gyroelectric medium can be written using (4.69) as

z

Region 0 e0, m

et, m

en, m

el, m

e1, mRegion 1

Region l

Region n

Region t

z = 0

z = −d1

z = −dl−1

z = −dl

z = −dn−1

z = −dn

Fig. 4.2 Geometric configuration of multi-layered anisotropic media
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��Geeð�r; �r0Þ ¼ �iom0
ð2pÞ3

ð
��W
�1
E ei

�k:ð�r��r0Þd3 �k (4.91)

or

��Geeð�r; �r0Þ ¼ �iom0
ð2pÞ3

ð adj ��WE

� �
��WE

��� ��� ei
�k:ð�r��r0Þd3 �k (4.92)

Electric wave matrix of gyroelectric medium in Chap. 2 was obtained as

��WE ¼ ��k��k þ k0
2��e

h i
(4.93a)

The dispersion relation for gyroelectric medium is

j ��WEj ¼ k0
2e3ðkz2 � kzI

2Þðkz2 � kzII
2Þ ¼ 0 (4.93b)

To facilitate the derivation of the adjoint of an electric wave matrix, we will operate

with dyadics as described in Chap. 1. When the relative permittivity tensor for a

gyroelectric medium is substituted into (4.93a), we obtain the electric wave matrix

in dyadic form as follows.

��WE ¼ ðk20e1 � k2Þ��I þ b̂0b̂0 k0
2ðe3 � e1Þ

� 
þ ik0
2e2ðb̂0 � ��IÞ þ �k�k (4.94)

Using the dyadic identity,

adj l��I þ ĉ� ��I þ âl̂þ b̂m̂
h i

¼ l2 þ ðâ � l̂þ b̂ � m̂Þlþ b̂� ĉ � m̂þ â� ĉ � l̂� 
��I
� ðlþ â � l̂þ b̂ � m̂Þðĉ� ��I Þ � lðâl̂þ b̂m̂Þ
þ ðl̂� m̂Þðâ� b̂Þþ ĉĉþðĉ� âÞl̂þ ðĉ� b̂Þm̂
þ âðl̂� ĉÞ þ b̂ðm̂� ĉÞ

(4.95)

The adjoint of ��WE or adj ��WE

� �
can be written as

adj ��WE ¼ ðk04adj��e� k2k0
2e3��IÞ þ k̂k̂ k2ðk2 � k0

2e1Þ
� 
þ b̂0b̂0 k2k0

2ðe3 � e1Þ
� 


þðk̂ � b̂0Þðk̂ � b̂0Þ k2k02ðe3 � e1Þ½ � þ ie2k2k02 k̂ðk̂ � b̂0Þ � ðk̂ � b̂0Þk̂
� 


(4.96)
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We can represent adj ��WE

� �
in matrix form as,

adj ��WE ¼
A11 A12 A13

A21 A22 A23

A31 A32 A33

2
4

3
5 (4.97)

The elements of the matrix in (4.97) are

A11 ¼ ðkr2 þ kz
2Þkx2 � k0

2½e1kr2 þ e3ðkx2 þ kz
2Þ� þ k0

4e1e3 (4.98a)

A12 ¼ ðkr2 þ kz
2Þkxky � k0

2½ie2kr2 þ e3kxky� þ ik0
4e2e3 (4.98b)

A13 ¼ ðkr2 þ kz
2Þkxkz � k0

2½e1kxkz þ ie2kykz� (4.98c)

A21 ¼ ðkr2 þ kz
2Þkxky � k0

2½�ie2kr2 þ e3kxky� � ik0
4e2e3 (4.98d)

A22 ¼ ðkr2 þ kz
2Þky2 � k0

2½e1kr2 þ e3ðky2 þ kz
2Þ� þ k0

4e1e3 (4.98e)

A23 ¼ ðkr2 þ kz
2Þkykz � k0

2½e1kykz � ie2kxkz� (4.98f)

A31 ¼ ðkr2 þ kz
2Þkxkz � k0

2½e1kxkz � ie2kykz� (4.98g)

A32 ¼ ðkr2 þ kz
2Þkykz � k0

2½e1kykz þ ie2kxkz� (4.98h)

A33 ¼ ðkr2 þ kz
2Þkz2 � k0

2½e1ðkr2 þ 2kz
2Þ� þ k0

4½e12 � e22� (4.98i)

where

kr
2 ¼ kx

2 þ ky
2 (4.99)

We perform the integration over kz after substituting (4.73), (4.97) into (4.92).

The poles of the integrand occur at the zeros of j ��WEj denoted by kz ¼ �kzI and
kz ¼ �kzII where kzI and kzII are defined by (3.62) and (3.63), respectively. Assum-

ing the medium to be slightly lossy, i.e. Imkz <<Rekz; Imkz > 0 and performing the

contour integration over kz, we obtain the following result for z > z0:

��Geeð�r;�r0Þ ¼�om0
8p2

ð1

�1

ð1

�1
dkxdky

1

k0
2e3ðkzI2� kzII

2Þ
adj ��WEðkzIÞ

kzI
ei�kI �ð�r��r0Þ

"

�adj ��WEðkzIIÞ
kzII

ei�kII �ð�r��r0Þ
#

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
; z< z0

(4.100)
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Similarly, when z < z0, ��Geeð�r; �r0Þ can be obtained by assuming Imð�kzIÞ< 0 and

Imð�kzIIÞ< 0 as

��Geeð�r;�r0Þ¼�om0
8p2

ð1

�1

ð1

�1
dkxdky

1

k0
2e3ðkzI2�kzII

2Þ
adj ��WEð�kzIÞ

kzI
ei�kI �ð�r��r0Þ

"

�adj ��WEðkzIIÞ
kzII

ei�kII �ð�r��r0Þ
#

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
; z<z0

(4.101)

where

�kI ¼ �kr þ ẑkzI (4.102a)

�kII ¼ �kr þ ẑkzII (4.102b)

�kI ¼ �kr � ẑkzI (4.102c)

�kII ¼ �kr � ẑkzII (4.102d)

�kI, �kII represent the wave vectors for the upward (þz) traveling waves of type I

and type II. �kI, �kII represent those for the downward (�z) traveling waves.

We can represent the DGFs given by (4.101) and (4.102) in dyadic form by

finding the eigenvalues and eigenvectors of the adjoint matrix for ��WE, i.e.,

adj ��WE

� �
. If we review the elements of the adjoint matrix adj ��WE

� �
given by

(4.98), we see that

adj ��WE

� �
¼ adj ��WE

� �� �y
: (4.103)

where y denotes the conjugate transpose of the matrix. This requires adj ��WE

� �
to be

a Hermitian matrix. The eigenvalues of a Hermitian matrix are real and the

eigenvectors corresponding to distinct eigenvalues are orthogonal in the sense

that the Hermitian dot product vanishes. In other words every Hermitian matrix

possesses a complete set of orhonormal eigenvectors. In this case, the completeness

relation [2] becomes

��I ¼ û1û
�
1 þ û2û

�
2 þ û3û

�
3 (4.104)

where

û�i 	 ûj ¼ dij (4.105)
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and û1, û2 and û3 are the orthonormal eigenvectors of the Hermitian matrix. Then

the dyadic decomposition of the matrix adj ��WE

� �
takes the form as

adj ��WE

� �
¼ l1û1û�1 þ l2û2û�2 þ l3û3û�3 (4.106)

Hence at this point we proved that we can write the DGFs given by (4.101)–(4.102)

in dyadic form. To simplify our analysis and find the eigenvalues and the

eigenvectors of the matrix adj ��WE

� �
, we will investigate the characteristic equation

of adj ��WE

� �
. The characteristic equation of adj ��WE

� �
, i.e., f ðlÞ can be expressed as

f ðlÞ ¼ lI � adj ��WE

��� ��� ¼ l3 � trðadj ��WEÞl2 þ trðadjðadj ��WEÞl� adj ��WE

��� ��� ¼ 0

(4.107)

where tr stands for the trace of the matrix. Using the following identities,

adj ��WE

��� ��� ¼ ��WE

��� ���2 (4.108)

adjðadj ��WEÞ ¼ ��WE

��� ��� ��WE (4.109)

f ðlÞ can be rewritten as

f ðlÞ ¼ l3 � tr adj ��WE

� �
l2 þ tr ��WE

��� ��� ��WE

� �
l� ��WE

��� ���2 ¼ 0 (4.110)

Since j ��WEðkzÞj is zero when kz ¼ �kzI or kz ¼ �kzII, then characteristic equation

for adjð ��WEÞ reduces to

f ðlÞ ¼ l3 � tr adj ��WE

� �
l2 (4.111)

Hence, the eigenvalues for adj ��WE

� �
are

l1 ¼ tr adj ��WE

� �
; l2 ¼ l3 ¼ 0 (4.112)

As a result, using (4.106) we can express adj ��WE as a single dyad in the following

form for the adjoint matrices of the type I and the type II waves as follows.

adj ��WE �kzIð Þ ¼ aI ênIð�kzIÞê�nIð�kzIÞ
� 


(4.113a)

adj ��WE �kzIIð Þ ¼ aII ênIIð�kzIIÞê�nIIð�kzIIÞ
� 


(4.113b)
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lI ¼ aI, lII ¼ aII are the eigenvalues and are defined as

aI ¼ k4I � k2I k0
2 e1 3� cos2y

� �þ e3 1þ cos2y
� �� 
þ k0

4 e12 � e22 þ 2e1e3
� �

(4.114a)

aII ¼ k4II � k2IIk0
2 e1 3� cos2y

� �þ e3 1þ cos2y
� �� 
þ k0

4 e12 � e22 þ 2e1e3
� �

(4.114b)

ênIð�kzIÞ and ênIIð�kzIÞ are the orthonormal eigenvectors representing two

characteristic electric fields for the type I and type II waves that exist in a gyro-

electric medium and they are defined as

ênIð�kzIÞ ¼ �eIð�kzIÞ
norm �eIð�kzIÞð Þ (4.115)

ênIIð�kzIIÞ ¼ �eIIð�kzIIÞ
norm �eIIð�kzIIÞð Þ (4.116)

where

�eIð�kzIÞ ¼

1

A13A21 þ A23aI � A23A11

aIA13 � A22A13 þ A23A12

�A12

A13

A13A21 þ A23aI � A23A11

aIA13 � A22A13 þ A13A12

� �
þ aI � A11

A13

2
6666666664

3
7777777775

(4.117)

�eIIð�kzIÞ ¼

1

A13A21 þ A23aII � A23A11

aIIA13 � A22A13 þ A23A12

�A12

A13

A13A21 þ A23aII � A23A11

aIIA13 � A22A13 þ A13A12

� �
þ aII � A11

A13

2
6666666664

3
7777777775

(4.118)

where the elements of �eIð�kzIÞ and �eIIð�kzIIÞ, Aij; ði; jÞ ¼ 1; 2; 3 are defined by

(4.98). The form of �eI, �eII given by (4.117), (4.118) are valid when the x component

of the electric field is not zero. The eigenvectors given by (4.117) and (4.118) are

found by solving the eigenvalue problem adj ��WE:û ¼lû. For each eigenvector, the

corresponding eigenvalues are given by (4.112).

78 4 Method of Dyadic Green’s Functions



Now, we can represent the DGF ��Geeð�r; �r0Þ given by (4.100) in dyadic form when

z > z0 as

��Geeð�r;�r0Þ¼�om0
8p2

ð1

�1

ð1

�1
dkxdky

1

k0
2e3ðkzI2�kzII

2Þ
aI
kzI

ênIðkzIÞê�nIðkzIÞei�kI �ð�r��r0Þ
�

aII
kzII

ênIIðkzIIÞê�nIIðkzIIÞei�kI �ð�r��r0Þ
�

8>>><
>>>:

9>>>=
>>>;
;

z< z0

(4.119)

Similarly, the DGF ��Geeð�r; �r0Þ given by (4.101) is written in dyadic form when

z < z0 as

��Geeð�r;�r0Þ ¼�om0
8p2

ð1

�1

ð1

�1
dkxdky

1

k0
2e3ðkzI2� kzII

2Þ
aI
kzI

ênIð�kzIÞê�nIð�kzIÞei�kI �ð�r��r0Þ
�

� aII
kzII

ênIIðkzIIÞê�nIIðkzIIÞei�kI �ð�r��r0Þ
�

8>>><
>>>:

9>>>=
>>>;
;

z<z0

(4.120)

The form of the DGFs given by (4.119) and (4.120) is specifically useful for the

problems which have planar stratification. It also gives a good physical interpreta-

tion by exposing the polarization of the waves. This type of feature is useful

especially for the radiation problems. It simplifies the analytical calculation by

using only one vector to operate on the source and the other vector to define the

polarization of the radiation field.

4.7.2 Magnetic Type DGF ��Gmmð�r; �r0Þ for a Gyroelectric Medium

Magnetic type DGF, ��Gmmð�r; �r0Þ, is the solution of the second order dyadic differen-
tial equation given by (4.30). Following the same steps, we can write

��Gmmð�r; �r0Þ ¼ �ioe0
2pð Þ3

ð1

�1

��W
�1
H ei

�k:ð�r��r0Þd3 �k (4.121)

or

��G
e
mmð�r; �r0Þ ¼

�ioe0
2pð Þ3

ð1

�1

adj ��WH

� �
��WH

��� ��� ei
�k:ð�r��r0Þd3 �k (4.122)
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where

��W
�1
H ¼

adj ��WH

� �
��WH

��� ��� (4.123)

Since

k20
��W
�1
H ¼ ��I � ��k ��W

�1
E
��k (4.124)

we can express ��W
�1
H as

��W
�1
H ¼ 1

k20

��WE

��� �����I � ��kadj ��WE
��k

h i
��WE

��� ��� (4.125)

We can now rewrite ��W
�1
H in matrix form as

��W
�1
H ¼

��B

��WE

��� ��� (4.126)

where

��B ¼
B11 B12 B13

B21 B22 B23

B31 B32 B33

2
4

3
5 (4.127)

The elements of the matrix ��B in (4.127) are given by

B11 ¼ k2z k
2
xe3 þ k40e3ðe21 � e22Þ � k20 k2xðe21 � e22Þ þ ðk2r þ k2z Þe1e3

h i
þ k2rk

2
xe1

B12 ¼ kxky e1k2r þ e3k2z
h i

� k20 kxkyðe21 � e22Þ � ie2e3k2z
� 


B13 ¼ kxkz e1k2r þ e3k2z
h i

� k20 kxkze1e3 þ ikzkye2e3
� 


B21 ¼ kxky e1k2r þ e3k2z
h i

� k20 kxkyðe21 � e22Þ þ ie2e3k2z
� 


B22 ¼ k2z k
2
ye3 þ k40e3ðe21 � e22Þ � k20 k2yðe21 � e22Þ þ ðk2r þ k2z Þe1e3

h i
þ k2rk

2
ye1

B23 ¼ kzky e1k2r þ e3k2z
h i

� k20 kzkye1e3 � ikxkze2e3
� 


B31 ¼ kxkz e1k2r þ e3k2z
h i

� k20 kxkze1e3 � ikzkye2e3
� 


B32 ¼ kzky e1k2r þ e3k2z
h i

� k20 kzkye1e3 þ ikxkze2e3
� 


B33 ¼ k4z e3 þ k40e3ðe21 � e22Þ � k20 k2rðe21 � e22Þ þ 2k2z e1e3
h i

þ k2rk
2
z e1

(4.128)
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We perform the integration over kz after substituting (4.97), (4.127) into (4.122).
The poles of the integrand occur at the zeros of j ��WEj denoted by kz ¼ �kzI and
kz ¼ �kzII where kzIand kzII are defined by (3.62) and (3.63). Assuming the medium

to be slightly lossy, i.e. Imkz <<Rekz; Imkz > 0 and performing the contour

integration over kz, we obtain
��Gmmð�r; �r0Þ in the following dyadic form for z > z0:

��Gmmð�r;�r0Þ¼�oe0
8p2

ð1

�1

ð1

�1
dkxdky

1

k0
2e3ðkzI2�kzII

2Þ
bI
kzI

ĥnIðkzIÞĥ�nIðkzIÞei
�kI �ð�r��r0Þ

�

�bII
kzII

ĥnIIðkzIIÞĥ�nIIðkzIIÞei
�kII �ð�r��r0Þ

�

8>>><
>>>:

9>>>=
>>>;
;

z>z0

(4.129a)

Similarly, when z < z0, ��Gmmð�r; �r0Þ can be obtained by assuming Imð�kzIÞ< 0

and Imð�kzIIÞ<0 and can be expressed as

��G
e
mmð�r;�r0Þ ¼

�oe0
8p2

ð1

�1

ð1

�1
dkxdky

1

k0
2e3ðkzI2� kzII

2Þ
bI
kzI

ĥnIð�kzIÞĥ�nIð�kzIÞei�kI �ð�r��r0Þ
�

� bII
kzII

ĥnIIð�kzIIÞĥ�nIIð�kzIIÞei�kII �ð�r��r0Þ
�

8>>><
>>>:

9>>>=
>>>;
;

z< z0

(4.129b)

�kI, �kII, �KI and �KII are defined by (4.102). ĥnIð�kzIÞ and ĥnIIð�kzIÞ are the

orthonormal eigenvectors representing two characteristic magnetic fields for the

type I and type II waves that exist in a gyroelectric medium and defined as

ĥnIð�kzIÞ ¼
�hIð�kzIÞ

norm �hIð�kzIÞð Þ (4.130a)

ĥnIIð�kzIIÞ ¼
�hIIð�kzIIÞ

norm �hIIð�kzIIÞð Þ (4.130b)

where

�hIð�kzIÞ ¼

1

B13B21 þ B23bI � B23B11

bIB13 � B22B13 þ B23B12

�B12

B13

B13B21 þ B23bI � B23B11

bIB13 � B22B13 þ B13B12

� �
þ bI � B11

B13

2
6666666664

3
7777777775

(4.131a)
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�hIIð�kzIÞ ¼

1

B13B21 þ B23bII � B23B11

bIIB13 � B22B13 þ B23B12

�B12

B13

B13B21 þ B23bII � B23B11

bIIB13 � B22B13 þ B13B12

� �
þ bII � B11

B13

2
6666666664

3
7777777775

(4.131b)

bI and bII are the corresponding eigenvalues for ĥnIð�kzIÞ and ĥnIIð�kzIÞ,
respectively. They are defined as

bI ¼ k4I e3cos2yþ e1sin2y
� 
� 2k2I k0

2

� e1e3 1þ cos2y
� �þ e21 � e22

� �
sin2y

� 
þ 3k0
4e3 e12 � e22

� �
(4.132a)

bII ¼ k4II e3cos
2yþ e1sin2y

� 
� 2k2IIk0
2

� e1e3 1þ cos2y
� �þ e21 � e22

� �
sin2y

� 
þ 3k0
4e3 e12 � e22

� �
(4.132b)

Electric-magnetic type DGF, ��Gemð�r; �r0Þ, magnetic-electric type DGF, ��Gmeð�r; �r0Þ
can now be easily obtained from the first order dyadic differential equations given

by (4.27) and (4.25), respectively.

4.8 Application of Duality Principle

In this section we apply duality transformation that is outlined in Sect. 4.3 to

develop the complete set of the DGFs for a magnetically gyrotropic or gyromag-

netic medium. The duality relations between the DGFs of gyromagnetic and gyro-

electric medium are obtained as

��e ! ��m; m ! e; m0 ! e0 (4.133)

on the problem of electrically gyrotropic medium transforms dyadic Green’s

functions into their dual ones for a magnetically gyrotropic medium as follows.

��G
e
eeð�r; �r0Þ ! ��G

m
mmð�r; �r0Þ (4.134)

��G
e
með�r; �r0Þ ! ���G

m
emð�r; �r0Þ (4.135)

��G
e
mmð�r; �r0Þ ! ��G

m
eeð�r; �r0Þ (4.136)
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��G
e
emð�r; �r0Þ ! ���G

m
með�r; �r0Þ (4.137)

At this point we introduce superscript e,m to distinguish DGFs for gyromagnetic

and gyroelectric medium. The superscript ‘e’ stands for an electrically gyrotropic

medium. The superscript ‘m’ stands for a magnetically gyrotropic medium.

4.8.1 Electric Type DGF ��Geeð�r; �r0Þ for a Gyromagnetic Medium

The electric type DGF ��G
m
eeð�r; �r0Þ for a magnetically gyrotropic medium can be

found by applying the duality transformation given by (4.133) and (4.136) as

��e ! ��m; m ! e; m0 ! e0

and

��G
e
mmð�r; �r0Þ ! ��G

m
eeð�r; �r0Þ

Hence, we obtain the following result for ��G
m
eeð�r; �r0Þ when z > z0:

��G
m
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�om0
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>>>>:
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>>>>;
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z> z0

(4.138a)

Similarly, the DGF ��G
m
eeð�r; �r0Þ when z < z0 can be found as

��G
m
eeð�r;�r0Þ ¼

�om0
8p2
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(4.138b)
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with the application of following transformations

kzi
�ki
�ki
bi
ĥni

2
66664

3
77775 !

k
0
zi
�k
0
i

�k
0
i

a
0
i

ê
0
ni

2
66664

3
77775
i¼I;II

(4.139)

where

e1 �ie2 0

ie2 e1 0

0 0 e3

2
4

3
5 !

m1 �im2 0

im2 m1 0

0 0 m3

2
4

3
5;

m ! e; e0 ! m0

4.8.2 Magnetic Type DGF ��G
m
mmð�r; �r0Þ for a Gyromagnetic Medium

We can find the magnetic type DGF ��G
m
mmð�r; �r0Þ for a magnetically gyrotropic

medium when we apply the following duality transformation given by (4.133)

and (4.134) as

��e ! ��m; m ! e; m0 ! e0

��G
e
eeð�r; �r0Þ ! ��G

m
mmð�r; �r0Þ

As a result, we obtain ��G
m
mmð�r; �r0Þ for z > z0 as

��G
m
mmð�r; �r0Þ ¼
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ĥ
0
nIðk

0
zIÞĥ
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(4.140a)
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Similarly, the DGF ��G
m
mmð�r; �r0Þ when z < z0 is found as

��G
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mmð�r;�r0Þ ¼

�oe0
8p2

ð1

�1

ð1

�1
dkxdky

1

k0
2m3 k

02
zI � k

02
zIIð Þ

b
0
I

k
0
zI

ĥ
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(4.140b)

with the application of following transformations
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(4.141)

where

e1 �ie2 0

ie2 e1 0

0 0 e3

2
4

3
5 !

m1 �im2 0

im2 m1 0

0 0 m3

2
4

3
5;

m ! e; e0 ! m0

Similarly, electric-magnetic type DGF, ��G
m
emð�r; �r0Þ, magnetic-electric type DGF,

��G
m
með�r; �r0Þ for gyromagnetic medium can now be obtained from the first order

dyadic differential equations.
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Chapter 5

Radiation in Anisotropic Medium

In this chapter, we will discuss the radiation characteristic of anisotropic medium

by studying specifically dipole radiation from a uniaxially layered anisotropic

media. We will calculate the far field radiation from an arbitrarily oriented Hertzian

dipole when the dipole is placed over or embedded in a layered uniaxially aniso-

tropic medium which is bounded above and below by isotropic media. The optic

axis of the uniaxially anisotropic medium is arbitrarily oriented, i.e., not necessarily

perpendicular to the plane of stratification. This leads to the cross-polarization

effect and coupling between the ordinary and the extraordinary waves that exist

in the anisotropic layer. The spectral domain approach is used to determine the far

field behavior of the dipole. For this purpose, the dyadic Green’s functions (DGFs)

derived in Chap. 4 will be used. The far-field approximated Green’s functions are

evaluated using the method of stationary phase and the analytical results for the

radiation fields are obtained for both horizontal (x̂� and ŷ� oriented) and verti-

cal (ẑ� oriented) dipoles. The physical interpretation of the analytical results will

also be discussed. In Sect. 5.5, numerical results are presented, including parameter

studies on radiation patterns. In particular, the effects of anisotropy, layer thickness

and dipole location on the radiation fields are discussed.

5.1 Formulation of the Problem

The anisotropic medium under consideration is uniaxial and characterized by a

permitivity tensor ��e of the following form when its optic axis is along the z-axis

��e1
ðoÞ ¼

e1 0 0

0 e1 0

0 0 e1z

2
4

3
5 (5.1)

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media,
DOI 10.1007/978-1-4419-6024-5_5, # Springer ScienceþBusiness Media, LLC 2010
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The medium is magnetically isotropic with permeability m0 ¼ 4p � 10�7 H/m.

When the optic axis of the anisotropic medium is tilted off the z-axis by angle C
on the yz plane as shown in Fig. 5.1, its permitivity tensor is transformed accor-

dingly as

��e1 ¼
e11 0 0

0 e22 e23
0 e32 e33

2
4

3
5 (5.2)

where

e11 ¼ e1

e22 ¼ e1cos2cþ e1zsin2c

e23 ¼ e32 ¼ ðe1z � e1Þ cosc sinc

e33 ¼ e1sin2cþ e1zcos2c

(5.3)

We first consider the problem of two-layered stratified medium as shown in

Fig. 5.2. The upper and lower media are isotropic and characterized by permitivities

e0 and e2, respectively. The medium in the middle is uniaxially anisotropic as

described above. The dyadic Green’s functions (DGF) of this structure when the

unit impulse source is located at z ¼ z0 in region 0, i.e., z0 > 0 satisfy

r�r� ��G00ð�r; �r 0Þ � o2m0e0
��G00ð�r; �r 0Þ ¼��Idð�r � �r 0Þ; z � 0 (5.4a)

r�r� ��G10ð�r; �r 0Þ � o2m0��e1 � ��G10ð�r; �r 0Þ ¼ 0; � d � z � 0 (5.4b)

r�r� ��G20ð�r; �r 0Þ � o2m0e2
��G20ð�r; �r 0Þ ¼ 0; z � �d (5.4c)

with the boundary conditions at z ¼ 0 and z ¼ �d and radiation condition at

z ¼ �1. The first subscript of the DGFs refers to the region of the field point

z

z' (optic axis)

y

y'
x

ψ

ψ

ψ

Fig. 5.1 Geometry of a

uniaxially anisotropic

medium
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and the second subscript to the region containing the source. Explicit solutions of

DGFs ��G00ð�r; �r0Þ for z< z’, ��G10ð�r; �r0Þ and ��G20ð�r; �r0Þ are obtained by Lee and Kong

[1] when the source is in region 0.

5.2 Far Field Radiation: Dipole Is Over Layered Uniaxially

Anisotropic Media

In order to determine the far field radiation from a dipole over a two-layered

anisotropic medium, the far field approximated DGF of the problem in Fig. 5.2

has to be found. In particular, we need to find the DGF ��G00ð�r; �r0Þ of the problem

when z > z0. Noting that the electric field �E0 in region 0 satisfies

r�r� �E0ð�rÞ � o2m0e0 �E0ð�rÞ ¼ iom0 �Jð�rÞ (5.5)

the radiation field can be calculated using the DGF as follows.

�E0ðrÞ ¼ iom0

ð ð ð
��G00ð�r; �r 0Þ � �Jð�r 0ÞdV0 (5.6)

where

�Jð�r 0Þ ¼ ûcdðx0Þdðy0Þdðz0 � hÞ (5.7)

when the source is the Hertzian dipole. In (5.7), c is the current moment of the

electric dipole and û is the orientation of the dipole. After evaluating the integral in
(5.6), it will be possible to express �E0ð�rÞ in terms of horizontally polarized and

vertically polarized components as

�E0ðrÞ ¼ ĥðkozÞEhðrÞ þ v̂ðkozÞEvðrÞ (5.8)

Uniaxially Anisotropic

z

ˆJ = ud (x)d (y)d (z–h)

m0,e2

m0,e1

m0,e0 z = 0

z = –d

d

h

Fig. 5.2 Geometry of the

problem when the dipole is

over two-layered anisotropic

medium
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The DGF ��G00ð�r; �r 0Þ when z < z0 is obtained in [1] and given by

��G00ð�r; �r0 Þ ¼ i

8p2

Z Z1

�1
dkxdky

1

k0z

�
ĥð�k0zÞ

�
ĥð�k0zÞeið�k0��rÞ þ RHHĥðk0zÞeið�k0��rÞ

þRHVv̂ðk0zÞeið�k0��rÞ
�
:þ v̂ð�k0zÞ

�
v̂ð�k0zÞeið�k0��rÞ þ RVVv̂ðk0zÞeið�k0��rÞ

þ RVHĥðk0zÞeið�k0��rÞ
��

e�ið�k0��r0Þ; z< z0 (5.9a)

To derive the DGF ��G00ð�r; �r 0Þ when z > z0, we employ the symmetric property

[2] of the DGF ��G00ð�r; �r 0Þ, and make use of the DGF ��G00ð�r; �r 0Þ for z < z0, as
follows.

��G00ð�r; �r0 Þ
���
z>z0

¼ ��G00ð�r0; �rÞ
h iT����

z<z0
(5.9b)

where the superscript T stands for the transpose. The new DGF for z > z0 is given by

��G00ð�r;�r0 Þ¼ i

8p2

Z Z1

�1
dkxdky

1

k0z

�
ĥðk0zÞ

�
ĥðk0zÞe�ið�k0��r0Þ þR

0
HHh

_ð�k0zÞe�ið�k0��r 0Þ

þR
0
HVv

_ð�k0zÞe�ið�k0��r0Þ
�
þ v̂ðk0zÞ

��
v
_
:ðk0zÞe�ið�k0��r0Þ þR

0
VVv

_ð�k0zÞe�ið�k0��r 0Þ

þR
0
VHh

_ð�k0zÞe�ið�k0��r0Þ
��

eið�k0��rÞ; z>z0

(5.10)

where

R
0
HH ¼ RHHðkx ! �kx; ky ! �kyÞ

R
0
HV ¼ �RHVðkx ! �kx; ky ! �kyÞ
R

0
VV ¼ RVVðkx ! �kx; ky ! �kyÞ

R
0
VH ¼ �RVHðkx ! �kx; ky ! �kyÞ

(5.11)

and all the vectors and coefficients including RHH;RHV ;RVV and RVH are defined in

Appendix. We note that ĥð�kozÞ is a unit vector in the direction of an electric field

for horizontally polarized wave and v̂ð�kozÞ is a unit vector for vertically polarized

wave where (þ) refers to upward propagating wave and (�) to downward
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propagating wave. Now under the far field approximation, the integral for ��G00ð�r; �r0 Þ
in (5.10) is evaluated with the method of stationary phase [3, 4] as r ! 1. The

result is

��G00ð�r; �r 0Þ ¼ eik0r

4pr
��g0ð�kr; �r 0Þ (5.12)

where

��g0ð�kr; �r 0Þ ¼ ĥðk0zÞ ĥðk0zÞe�ið�k0��r0Þ þ R
0
HHĥð�k0zÞe�ið�k0��r0Þ þ R

0
HVv̂ð�k0zÞe�ið�k0��r0Þ

h i

þ v̂ðk0zÞ v̂ðk0zÞe�ið�k0��r 0Þ þ R
0
VVv̂ð�k0zÞe�ið�k0��r 0Þ þ R

0
VHĥð�k0zÞe�ið�k0��r 0Þ

h i
(5.13)

�k0 ¼ �kr þ ẑk0z

�k0 ¼ �kr � ẑk0z
�kr ¼ x̂kx þ ŷky ¼ x̂k0 sin y cos’þ ŷk0siny sin’

(5.14)

and (y, f) are observation angles at the field point �r. Radiation fields can now be

found by substituting (5.12) into (5.6). The result is

�E0ð�rÞ ¼ iomo
��G00ð�r; �r 0Þ

����
x0¼0; y0¼0; z0¼ h

�ûc

¼ iom0c
eikor

4pr
��g0ð�kr; �r 0Þ

����
x0¼0; y0¼0; z0¼ h

�û (5.15)

When the dipole is oriented in ẑ direction, û ¼ ẑ, (5.15) can be written in the form of

(5.8) where

EhðrÞ ¼ om0c
i

ei
�k0:�r

4pr
kr
k0

R
0
HVe

ik0zd

� �
(5.16a)

EvðrÞ ¼ om0c
i

ei
�ko:�r

4pr
kr
ko

ðe�ikozd þ R
0
VVe

ikozdÞ
� �

(5.16b)

When the dipole is oriented in x̂ direction, û ¼ x̂, we obtain

EhðrÞ ¼ om0c
i

ei
�ko:�r

4pr
ky
kr

ðe�ikozd þ R
0
HHe

ikozdÞ þ kxkoz
krko

R
0
HVe

ikozd

� �
(5.17a)
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EvðrÞ ¼ om0c
i

ei
�ko:�r

4pr
� kxkoz

krko
ðe�ikozd � R

0
VVe

ikozdÞ þ ky
kr

R
0
VHe

ikozd

� �
(5.17b)

When the dipole is oriented in ŷ direction, û ¼ ŷ, we obtain

EhðrÞ ¼ om0c
i

ei
�ko:�r

4pr

�
� kx
kr

ðe�ikozd þ R
0
HHe

ikozdÞ þ kykoz
krko

R
0
HVe

ikozd

�
(5.18a)

EvðrÞ ¼ om0c
i

ei
�ko:�r

4pr

�
� kykoz

krko
ðe�ikozd � R

0
VVe

ikozdÞ � kx
kr

R
0
VHe

ikozd

�
(5.18b)

The formulas (5.16–5.18) give a complete set of radiation fields for arbitrarily

oriented dipoles when the dipole is at a height h above the anisotropic layer. We also

notice that in spherical coordinate system, ĥ component of the far field corresponds to

’̂ component, v̂ component of the far field corresponds to ŷ component.

5.3 Far Field Radiation: Dipole Is Embedded Inside

Two-Layered Anisotropic Medium

In this section, we will find the radiation from an arbitrarily oriented Hertzian

dipole when the dipole is embedded inside a uniaxially anisotropic medium as

shown in Fig. 5.3. All other parameters considered in Sect. 5.2 remain unchanged.

For this problem, we need to evaluate the far-field approximated dyadic Green’s

function ��G01ð�r; �r 0Þ. Namely, the source point is in region 1 and the observation

point is in region 0. When the impulse source is located at z ¼ z0 in region 1

(�d < z0 < 0), the DGFs ��G01;
��G11;G21 satisfy the following vector wave equations:

r�r� ��G01ð�r; �r 0Þ � o2m0e0
��G01ð�r; �r 0Þ ¼ 0; z � 0 (5.19a)

r�r� ��G11ð�r; �r 0Þ � o2m0��e1 � ��G11ð�r; �r0Þ ¼ ��Idð�r � �r 0Þ; � d � z � 0 (5.19b)

+

z

h

Uniaxially Anisotropic

z = 0

z = –d

d

m0,e0

m0,e1

m0,e2

ˆJ = ud (x)d (y)d (z   h)
Fig. 5.3 Geometry of the

problem when the dipole is

embedded inside two-layered

anisotropic medium

92 5 Radiation in Anisotropic Medium



r�r� ��G21ð�r; �r 0Þ � o2m0e2
��G21ð�r; �r 0Þ ¼ 0; z � �d (5.19c)

Instead of solving this new problem, we can again make the use of the results for

the DGF ��G10ð�r; �r 0Þ derived in [1] and given by

��G10ð�r; �r0 Þ ¼ i

8p2

ð ð
dkxdky

1

k0z
e�i�ko��r0

�
ĥð�kozÞ

�
AHoôð�ko1zÞeið�k

o
1
��rÞ

þ BHoôðko1zÞeið
�ko
1
��rÞ þ AHeêðked1z Þeið�k

e
1
:�rÞ þ BHeêðkeu1zÞeið

�ke
1
��rÞ
�

þ v̂ð�kozÞ
�
AVoôð�ko1zÞeið�k

o
1
��rÞ þ BVoôðko1zÞeið�k

o
1
��rÞ þ AVeêðked1z Þeið�k

e
1
:�rÞ

þ BVeêðkeu1zÞeið�k
e
1
��rÞ
��

; � d � z � 0

(5.20a)

which is the DGF when the source point is in region 0 and the observation point in

region 1. ��G01ð�r; �r0Þ and ��G10ð�r; �r0Þ satisfy the following symmetric property:

��G01ð�r; �r 0Þ
����

z>0

¼ ��G10ð�r 0; �rÞ
h iT ����

z<0

(5.20b)

The new DGF is then given by

��G01ð�r; �r0 Þ ¼ i

8p2

ð ð
dkxdky

1

k0z
ei

�ko��r
�
ĥðkozÞ

h
AoHôðko1zÞ:e�ið�ko

1
��r 0Þ

þBoHôð�ko1zÞe�ið�ko
1
��r 0Þ þ AeHêðkeu1zÞe�ið�ke

1
:�r 0Þ þ BeHêðked1z Þe�ið�ke

1
��r 0Þ

i

þ v̂ðkozÞ AoVôðko1zÞe�iðko
1
��r 0Þ þ BoVôð�ko1zÞe�ið�ko

1
��r 0Þ

h

þAeVêðkeu1zÞe�ið�ke
1
:�r 0Þ þ BeVêðked1z Þe�ið�ke

1
��r 0Þ

i�
; z > 0

(5.21)

where

AoH ¼ AHoðkx ! �kx;ky ! �kyÞ
BoH ¼ BHoðkx ! �kx;ky ! �kyÞ
AeH ¼ �AHeðkx ! �kx;ky ! �kyÞ
BeH ¼ �BHeðkx ! �kx;ky ! �kyÞ
AoV ¼ �AVoðkx ! �kx;ky ! �kyÞ
BoV ¼ �BVoðkx ! �kx;ky ! �kyÞ
AeV ¼ AVeðkx ! �kx;ky ! �kyÞ
BeV ¼ BVeðkx ! �kx;ky ! �kyÞ

(5.22)
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and all the vectors, variables and coefficients including AHo;BHo, etc. are defined in

Appendix. We note that ôð�ko1zÞ is a unit vector in the direction of an electric field

for an ordinary wave and êðkeu1z Þ or êðked1z Þ is a unit vector for an extraordinary wave

for an upward or downward propagating wave. Under the far field approximation,

the integral for ��G01ð�r; �r0 Þ in (5.21) is evaluated again with the method of stationary

phase. The result is

��G01ð�r; �r 0Þ ¼ eikor

4pr
��g1ð�kr; �r 0Þ (5.23)

where

��g1ð�kr; �r 0Þ ¼ĥðk0zÞ AoHôðko1zÞe�ið�ko
1
��r 0Þ þ BoHôð�ko1zÞe�ið�ko

1
��r 0Þ

n

þAeHêðkeu1zÞe�ið�ke
1
:�r 0Þ þ BeHêðked1z Þe�ið�ke

1
��r 0Þ

o

þ v̂ðk0zÞ AoVôðko1zÞe�iðko
1
��r 0Þ þ BoVôð�ko1zÞe�ið�ko

1
��r 0Þ

n

þAoVôðko1zÞe�iðko
1
��r 0Þ þ BoVôð�ko1zÞe�ið�ko

1
��r 0Þ

o
(5.24)

Radiation fields can be found by modifying (5.6) as follows:

�E0ð�rÞ ¼ iom0

ð ð ð
��G01ð�r; �r 0Þ � �Jð�r 0ÞdV 0 ¼ iomo

��G01ð�r; �r 0Þ
����

x0¼0; y0¼0; z0¼�h

�ûc (5.25a)

Substituting (5.23) into (5.25a) and evaluating the integral, we obtain the radia-

tion field:

�E0ð�rÞ ¼ iom0c
eikor

4pr
��g1ð�kr; �r 0Þ

����
x0¼0; y0¼0; z0¼�h

�û (5.25b)

When the dipole is oriented in ẑ direction, û ¼ ẑ, the components of the radiation

fields are

EhðrÞ¼om0c
i

ei
�k0:�r

4pr
AoHðkx sincÞeiko1zh

½ðko1z sinc�kycoscÞ2þkx
2	1=2

þ BoHkx since�iko
1zh

½ðko1z sincþkycoscÞ2þkx
2	1=2

8<
:

� AeH½ðe22kyþe23keu1z Þðkeu1z sinc�kycoscÞ�kx
2cosce11	eikeu1z h

½ðkeu1z sinc�kycoscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23keu1z Þ2þðe32kyþe33keu1zÞ2	

1=2

� BeH½ðe22kyþe23ked1z Þðked1z sinc�kycoscÞ�kx
2cosce11	eiked1z h

½ðked1z sinc�kycoscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23ked1z Þ2þðe32kyþe33ked1z Þ2	

1=2

9=
;

(5.26a)
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and

EvðrÞ¼om0c
i

ei
�k0:�r

4pr
AoVðkx sincÞeiko1zh

½ðko1z sinc�ky coscÞ2þkx
2	1=2

þ BoVkx since�iko
1zh

½ðko1z sincþky coscÞ2þkx
2	1=2

8<
:

� AeV ½ðe22kyþe23keu1zÞðkeu1z sinc�kycoscÞ�kx
2 cosce11	eikeu1z h

½ðkeu1z sinc�ky coscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23keu1z Þ2þðe32kyþe33keu1zÞ2	

1=2

� BeV ½ðe22kyþe23ked1z Þðked1z sinc�ky coscÞ�kx
2 cosce11	eiked1z h

½ðked1z sinc�kycoscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23ked1z Þ2þðe32kyþe33ked1z Þ2	

1=2

9=
;

(5.26b)

When the dipole is oriented in x̂ direction, û ¼ x̂,

EhðrÞ¼om0c
i

ei
�k0:�r

4pr
AoHðky cosc�ko1z sincÞeik

o
1zh

½ðko1z sinc�ky coscÞ2þkx
2	1=2

þ BoHðko1z sincþky coscÞe�iko
1zh

½ðko1z sincþky coscÞ2þkx
2	1=2

8<
:

� AeH½kx sincðe22kyþe23keu1z Þþkx coscðe32kyþe33keu1z Þ	eik
eu
1z
h

½ðkeu1z sinc�ky coscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23keu1z Þ2þðe32kyþe33keu1zÞ2	

1=2

� BeH½kx sincðe22kyþe23ked1z Þþkx coscðe32kyþe33ked1z Þ	eik
ed
1z
h

½ðked1z sinc�kycoscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23ked1z Þ2þðe32kyþe33ked1z Þ2	

1=2

9=
;

(5.27a)

and

EvðrÞ¼om0c
i

ei
�k0:�r

4pr
AoVðky cosc�ko1z sincÞeik

o
1zh

½ðko1z sinc�ky coscÞ2þkx
2	1=2

þ BoVðko1z sincþky coscÞe�iko
1zh

½ðko1z sincþky coscÞ2þkx
2	1=2

8<
:

� AeV ½kx sincðe22kyþe23keu1z Þþkx coscðe32kyþe33keu1z Þ	eik
eu
1z
h

½ðkeu1z sinc�ky coscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23keu1z Þ2þðe32kyþe33keu1zÞ2	

1=2

� BeV ½kx sincðe22kyþe23ked1z Þþkx coscðe32kyþ e33ked1z Þ	eik
ed
1z
h

½ðked1z sinc�kycoscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23ked1z Þ2þðe32kyþe33ked1z Þ2	

1=2

9=
;

(5.27b)

5.3 Far Field Radiation: Dipole Is Embedded Inside Two-Layered Anisotropic Medium 95



When the dipole is oriented in ŷ direction, û ¼ ŷ,

EhðrÞ¼om0c
i

ei
�k0:�r

4pr
�AoHðkx coscÞeiko1zh

½ðko1z sinc�kycoscÞ2þkx
2	1=2

þ �BoHðkxcoscÞe�iko
1zh

½ðko1z sincþkycoscÞ2þkx
2	1=2

8<
:

þ AeH½ðkeu1z sinc�kycoscÞðe32kyþe23keu1zÞþkx
2 since11	eikeu1z h

½ðkeu1z sinc�kycoscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23keu1zÞ2þðe32kyþ e33keu1zÞ2	

1=2

þ BeH½ðked1z sinc�kycoscÞðe22kyþe23ked1z Þþkx
2 since11	eiked1z h

½ðked1z sinc�ky coscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþ e23ked1z Þ2þðe32kyþ e33ked1z Þ2	

1=2

9=
;

(5.28a)

and

EvðrÞ¼om0c
i

ei
�k0:�r

4pr
�AoVðkx coscÞeiko1zh

½ðko1z sinc�ky coscÞ2þkx
2	1=2

þ �BoVðkx coscÞe�iko
1zh

½ðko1z sincþky coscÞ2þkx
2	1=2

8<
:

þ AeV ½ðkeu1z sinc�kycoscÞðe32kyþe23keu1zÞþkx
2 since11	eikeu1z h

½ðkeu1z sinc�kycoscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþ e23keu1zÞ2þðe32kyþe33keu1z Þ2	

1=2

þ BeV ½ðked1z sinc�ky coscÞðe22kyþ e23ked1z Þþkx
2 since11	eiked1z h

½ðked1z sinc�kycoscÞ2þkx
2	1=2½ðkxe11Þ2þðe22kyþe23ked1z Þ2þðe32kyþe33ked1z Þ2	

1=2

9=
;

(5.28b)

The formulas (5.26–5.28) give a complete set of radiation fields for arbitrarily

oriented dipoles when the dipole is embedded inside the anisotropic layer at a

distance h below the top surface. As before, in spherical coordinate system, ĥ
component of the far field corresponds to ’̂ component and v̂ component of the

far field corresponds to ŷ component.

5.4 Physical Interpretation of Dyadic Green’s Functions

for Radiation Fields

The physical interpretation of dyadic Green’s functions and the radiation fields

derived in the previous section carries importance to understand the physical

phenomenon that is occurring. This discussion is given in Sects. 5.4.1 and 5.4.2.

5.4.1 ��G00ð�r; �r0Þ: Dipole Is Placed Over the Anisotropic Layer

In the structure of the DGF, ��G00ð�r; �r0Þ in (5.10), there are two kinds of waves.

One of them is a direct wave from the source, which is represented by
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ĥðk0zÞe�ið�k0��r 0Þ or v̂ðk0zÞe�ið�k0��r 0Þ. Others are the reflected waves from an anisotropic

surface and accompanied with appropriate reflection coefficients. There exist the

cross-polarized waves, which are accompanied by the reflection coefficients,

R
0
HV or R

0
VH and they are due to isotropic-anisotropic interface. Because when the

dipole radiates a wave with either ĥ� or v̂� polarization, the reflected wave from

the isotropic-anisotropic boundary, will have both polarization components. For

instance, R
0
HV represents the case when the incident wave is v̂� polarized and the

reflected wave is ĥ� polarized. This is illustrated in Fig. 5.4. Upon observing

analytical results for far fields given by (5.16–5.18), it is seen that for the horizon-

tally oriented dipoles, each field component (ĥ or v̂) has terms associated with a

direct wave, a wave due to image of the dipole, and a wave due to cross polariza-

tion. Hence both ĥ component and v̂ component of the far fields for horizontal

dipole are equally excited. For the vertical oriented dipoles, mainly v̂ component of

the far fields are excited. The excitation of ĥ component is only due to cross

polarization, thus it is relatively small. This happens when there exists isotropic-

anisotropic boundary. All the contributions from stratified layer are embedded in

reflection coefficients.

5.4.2 ��G01ð�r; �r 0Þ: Dipole Is Embedded Inside the Anisotropic Layer

There exist two characteristic waves in the structure of the DGF, ��G01ð�r; �r 0Þ– an

ordinary wave ô and an extraordinary wave ê. Upon transmission from anisotropic

medium through the isotropic region, each transmitted wave will have ĥ and v̂
polarized components. AoH; AoV ; BoH; BoV are the transmission coefficients when

the radiated wave from the source is an ordinary wave and the transmitted wave is a

horizontally polarized wave or vertically polarized wave depending on the subscript

associated with it. The A’s represent the transmission coefficients for waves

radiated upward by a source and transmitted through isotropic region without any

reflection, whereas B’s represent the transmission coefficients for waves radiated

downward by a source and transmitted through isotropic region after reflection from

.P

z'

k0

k0 k0

z

Anisotropic

z = 0

z = – d

ˆĥ or v  wave  ˆ ˆh and v  wave  

.P

z'

z

Anisotropic
z = 0

z = – d

a b

Fig. 5.4 Geometry for the physical interpretation of DGF, ��G00ð�r; �r 0Þ (a) Direct wave,

ĥ (or v̂) wave. (b) The incident wave is ĥ� or v̂� polarized. The reflected wave has both

ĥ� and v̂� polarized components
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bottom layer. By the same token, AeH, BeH;AeV ;BeV are the transmission coefficients

when the radiated wave from the source is an extraordinary wave and the transmit-

ted wave is a horizontally polarized wave or vertically polarized wave. Figure 5.5

illustrates this discussion.

Observing the analytical results for the far fields (5.26–5.28) reveals that the

effects of orientation of the dipoles are carried by the coefficients which are in

multiplication with the transmission coefficients. All the contributions from the

stratified layer are embedded in the transmission coefficients.

5.5 Numerical Results

Section 5.5.1 includes discussion about analytical and numerical validation of the

results given in the previous sections. In Sect. 5.5.1 some special cases have been

investigated in the limiting cases and compared with existing results. In Sects. 5.5.2,

5.5.3and 5.5.4 new numerical results are presented and the effects of changing

parameters are discussed in detail.

5.5.1 Special Cases

In this section, three special cases are considered to confirm the validity of the

results obtained in the previous sections. Case I corresponds to the self-check of the

analytical results obtained in Sect. 5.2. Case II compares the far fields in the limiting

case for isotropic half space problem with the numerical results of King and Sandler

[5]. Case III compares the radiation fields for the two-layered anisotropic medium

when the dipole is at the interface with the numerical results of Tsalamengas and

Uzunoglu [6].

5.5.1.1 Case I

The dipole is placed right at the interface between region 0 and region 1. Region 1

is assumed to be an isotropic medium having the same permitivity as region 0.

z' ô(−k1z
o)

e(k1z
ed )

z

ˆ

ˆ

ˆh and v

Anisotropic

Fig. 5.5 Geometry for

physical interpretation of
��G01ð�r; �r 0Þ
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Region 2 is assumed to be a ground plane. Far fields are calculated using DGFs
��G00ð�r; �r 0Þ and ��G01ð�r; �r 0Þ. Figure 5.6(a) depicts the far field problem with DGF
��G00ð�r; �r 0Þ, whereas Fig. 5.6(b) represents the same problem with DGF ��G01ð�r; �r 0Þ.
When a vertically oriented dipole is placed at the interface (h ¼ 0), i.e., û ¼ ẑ,

the cross polarization coefficients R
0
HV ! 0;R

0
VH ! 0 in G00ð�r; �r0Þ. Hence, the

expressions in (5.16a) and (5.16b) reduce to

�EhðrÞ ! 0 (5.29a)

�EvðrÞ ¼ v̂ðkozÞom0c
i

ei
�ko:�r

4pr
kr
ko

f1þ RVVg (5.29b)

When the same problem is solved using DGF ��G01ð�r; �r 0Þ as depicted in Fig. 5.6

(b), the transmission coefficients, off-diagonal permitivities and wave numbers

reduce to

c ! 0;e22 ! 0; e23 ¼ e32 ! 0

AeV ! 1;AoH ! 1

BeV ! RVV ;BoH ! RHH

AeH ! 0;BeH ! 0;AoV ! 0;BoV ! 0

ked1z ! �ko1z;k
eu
1z ! ko1z
k1 ! k0

(5.30)

Hence, (5.26a) reduces to (5.29a) and (5.26b) reduces to (5.29b) which validates

the results in one special case. When the same procedure is repeated for the

horizontally oriented (x–oriented) dipole, the analytical results for the far fields

using the DGFs ��G00ð�r; �r 0Þ and ��G01ð�r; �r 0Þ both reduce to the same results as follows:

EhðrÞ ¼ om0c
i

ei
�ko:�r

4pr

n ky
kr

ð1þ R
0
HHÞ

o
(5.31a)

EvðrÞ ¼ om0c
i

ei
�ko:�r

4pr

n
� kxkoz

krko
ð1� R

0
VVÞ

o
(5.31b)

m0,e0 m0,e0

m0,e0

m0,e2

m0,e0

m0,e0 ® ¥ ® ¥

Region 0

Region 1

Region 2

Region 0

Region 1

Region 2

a b

Fig. 5.6 Geometry of Case I (a) with DGF ��G00ð�r; �r 0Þ (b) with DGF ��G01ð�r; �r 0Þ
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5.5.1.2 Case II

We consider the isotropic half space problem that is solved by King & Sandler [5].

Region 0 and region 1 are assumed to be air whereas region 2 in this problem is

considered to be a lossless or slightly lossy medium, i.e., dry sand or lake water. The

vertical electric dipole is placed at a distance h from medium 2 as shown in Fig. 5.7.

The far field radiation patterns are shown in Fig. 5.8 for two different cases, dry

sand and lake water, respectively. The numerical results for radiation patterns agree

well with the numerical results obtained in [5].

5.5.1.3 Case III

We consider the anisotropic two-layer problem when the dipole is located at the

interface h ¼ 0. The geometry of the problem is shown in Fig. 5.2 and Fig. 5.3. In

this problem region 1 is considered to be a weakly uniaxial anisotropic medium,

Polytetrafluoroethlene (PTFE, e1z ¼ 10:4e0;e1 ¼ 10:7e0), backed up with a perfect

ground plane (region 2). The far field in region 0 is calculated using our method and

shown in Fig. 5.9. The far field calculation is carried using dyadic Green’s functions
��G00ð�r; �r0Þ or G01ð�r; �r0Þ.
It is observed that for horizontally oriented dipoles, far fields obtained using

��G00ð�r; �r0Þ or G01ð�r; �r0Þ gave identical patterns. On the other hand, for vertically

h = 2 me0

ere0

Fig. 5.7 Vertical electric

dipole over an imperfectly

conducting plane. er ¼ 2 (dry

sand), s ¼ 0 or er ¼ 80 (lake

water), s ¼ 0.004. Dipole

height ¼ 2 m, f ¼ 100 MHz

Fig. 5.8 Far field radiation patterns for Case II, over an imperfect ground plane
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oriented dipoles, the far fields exhibited a difference in the amplitude, whose ratio is

approximately equivalent to relative permitivity of the anisotropic medium which is

weakly uniaxial and hence has a very similar characteristic to isotropic medium.

The difference seen in the amplitudes of the radiation �E fields for the vertically

oriented dipoles is due to the continuity of the normal component of the electric flux

density, �D across the boundary between two media. This same problem is solved by

Tsalamengas and Uzunoglu [6]. The radiation fields using ��G01ð�r; �r 0Þ gave identical
results to ones that are obtained in [6].

5.5.2 Effect of Anisotropy

In this section, the effect of anisotropy will be investigated on the radiation patterns

for varying anisotropy when dipole is located over or embedded inside the layered

anisotropic medium [7].

5.5.2.1 Dipole Is Placed Over

The geometry shown in Fig. 5.2 is used in calculation of radiation fields. We

consider region 2 to be a perfect ground plane, i.e., e2 ! 1, and the dipole is

placed at the interface, h ¼ 0, for practical applications. The radiation fields are

obtained by varying the anisotropy parameter of the medium in region 1, e1z/e1,
from 0.5 (negatively uniaxial medium) to 1.5 (positively uniaxial medium) where

e1 ¼ 10.7e0. The medium thickness d in region 1 is 0.01l where l is the free space

wavelength.

If the dipole orientation is in x-direction, the radiation field has a single beam

when 0
 < f � 90
 (180
 < f � 270
) for both h-polarized and v-polarized

Fig. 5.9 Far field radiation patterns for Case III, weakly uniaxially anisotropic medium over a

perfect ground plane. h ¼ 0 mm, d ¼ 1 mm, c ¼ 60
, f ¼ 0
 (180
), e1z ¼ 10.4e0, e1 ¼ 10.7e0
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components. The anisotropic effect on the radiation fields when the observation

point is on the f ¼ 90
 (270
) plane is minimal for the h-polarized component of

the radiation field. On the other hand, this effect is significant for the v-polarized
component for the same dipole orientation. As the observation point moves to the

f ¼ 0
(180
) plane, this effect is reversed for the h-polarized and v-polarized
components. For the v-polarized component, the radiation intensity is strongest

when the medium is positively uniaxial (e1z/e1 ¼ 1.5) and the weakest when the

medium is negatively uniaxial (e1z/e1 ¼ 0.5). Figure 5.10 shows the radiation

patterns for the v-polarized wave when the dipole is oriented in x-direction and

f ¼ 60
 for 0
 � y � 90
 or f ¼ 240
 for �90
 � y � 0
. As the anisotropy

becomes more positively uniaxial, the beamwidth gets broader with the maximum

beam at y ¼ 48.2
 and the directivity decreases for the v-polarized waves. As a

consequence of this effect, the beamwidth and the directivity of the antenna can be

controlled with the anisotropy parameter. When the medium is positively uniaxial,

i.e., e1z=e1 ¼ 1:5, the main beam shifts towards y ¼ 90
 as the observation plane

moves towards f ¼ 0
(180
) plane. This is similar to a change of radiation pattern

from an endfire antenna to a broadside antenna. This effect is reversed for the h-
polarized waves. It is important to note that when f ¼ 0
(180
), the v-polarized
component of the radiation field will be dominant. If the observation plane is shifted

to f ¼ 90
(270
) plane, the h-polarized component will be dominant. When

f ¼ 45
(225
), both components will contribute equally to the radiation field.

When the dipole is oriented in z-direction with f ¼ 60
(240
), both v-polarized
and h-polarized components of the radiation field has a double beam pattern. The

radiation field intensity changes in the same way for the h-polarized and v-polarized
components which was described for x-oriented dipoles when 0
 � f � 90
 (180


� f � 270
). Since the radiation field has a double beam pattern consistently, this

corresponds to change in the lobe height of the radiation pattern. The h-polarized

Fig. 5.10 Change in beamwidth and directivity as anisotropy is varied. |Ev| for x-directed dipole

when h ¼ 0 mm, d ¼ 1 mm, c ¼ 60
, f ¼ 60
(240
)
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component of the radiation field is zero when region 1 is isotropic since there is no

cross-polarized component.

5.5.2.2 Dipole Is Embedded Inside

Here, the geometry of Fig. 5.3 is considered in calculation of radiation fields.

The dipole is embedded in the middle of the anisotropic medium, h ¼ 0.05l. The
thickness of the medium, d, and the anisotropy parameter are kept the same. The

anisotropy parameter is varied in the same way as in Sect. 5.5.2.1 to calculate

the radiation fields. The h-polarized component of the z-oriented dipole has a single

beam when 0
 � f � 90
 (180
 � f � 270
). The numerical results show that

the radiation intensity and the maximum beam change by varying the anisotropy

parameter. This corresponds to main beam movement for the radiation pattern of an

antenna with a single beam. The v-polarized component of the radiation field

exhibits very interesting case. If we consider region 1 as an isotropic medium, the

radiation pattern has a double beam when 0
 � f � 90
 (180
 � f � 270
).
When the medium is negatively uniaxial or positively uniaxial, it has a single

beam pattern on the same observation plane except when f ¼ 90
(270
). This
corresponds to change in the radiation pattern. Figure 5.11 shows the numerical

results for v-polarized component of the radiation field when f ¼ 60
(240
).
In this figure, when the medium in region 1 is isotropic, the radiation pattern has

double beam which has null at y ¼ 0
 and maximum radiation at y ¼ �55.5
.
When the medium is negatively uniaxial (e1z=e1 ¼ 0:5) or positively uniaxial

(e1z=e1 ¼ 1:5), this double beam pattern switches to single beam pattern with higher

radiation intensity for the negatively uniaxial medium in comparison to the posi-

tively uniaxial medium and isotropic medium, respectively. The maximum radia-

tion occurs at y ¼ 19.1
 for negatively uniaxial case whereas this point changes to

y ¼ 51.8
 for positively uniaxial case.

Fig. 5.11 Change in pattern shape as anisotropy is varied. |Ev| for z-directed dipole when

h ¼ 0.05l, d ¼ 0.1l, c ¼ 60
, f ¼ 60
(240
)
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The change in the radiation fields for the x-oriented dipole by varying the

anisotropy parameter is similar when it is placed at the interface.

5.5.3 Effect of Layer Thickness

In this section, the effect of layer thickness will be investigated on the radiation

patterns for different thickness levels when dipole is located over or embedded

inside the layered anisotropic medium.

5.5.3.1 Dipole Is Over

The radiation fields are obtained when region 1 is a negatively uniaxial medium,

Epsilam 10 (e1z ¼ 10:2e0; e1 ¼ 13e0) or a positively uniaxial medium, Sapphire

(e1z ¼ 11:6e0; e1 ¼ 9:4e0). The dipole is assumed to be at the interface, h ¼ 0 mm,

with orientation in x-direction or z-direction. The layer thickness of the uniaxial

medium is varied from 0.1l to 1l.
If the dipole is oriented in the x-direction and the medium in region 1 is

Epsilam 10 with thickness 1l, the radiation pattern for h-polarized component in

the f ¼ 90
(270
) plane has one main lobe with max radiation at y ¼ 0.91
 and

two symmetrical minor lobes. If the observation point is taken such that 0
 < f
< 90
 (180
 < f < 270
), the radiation field has a single beam pattern. When

f ¼ 0
(180
) plane, although the intensity of the radiation field is smaller, the

radiation pattern becomes symmetrical with two lobes having maximum radiation

at y ¼ �50
. If layer thickness of the anisotropic medium is changed to 0.1l, the
radiation pattern has as a single beam when 0
 < f < 90
 (180
 < f < 270
)
with max radiation at y ¼ 0.909
 and switches to a symmetrical, double beam

pattern with maximum radiation at y ¼ �35.5 on f ¼ 0
(180
) plane. Hence, the
effect of varying the layer thickness can be used to control the main beam

movement of the radiation pattern for the h-polarized component of the x-oriented

dipole when 0
 < f < 90
 (180
 < f < 270
). This effect is shown in Fig. 5.12.

In this figure, the maximum radiation occurs at y ¼ �11.8
 or y ¼ �0.91
 for

layer thickness 1l or 0.1l respectively, when f ¼ 45
(225
). The radiation

patterns for the v-polarized component of the x-oriented dipole are almost sym-

metrical (with respect to f) to those for the h-polarized component of the radiation

field for x-directed dipole.

When the orientation of the dipole is changed to z-direction and the medium in

region 1 is Epsilam 10, the h-polarized component which has only a cross polariza-

tion term, has a double beam radiation pattern when 0
 � f � 90
 (180
 � f
� 270
) for 1l or 0.1l with different lobe heights. The v-polarized component of

the dipole has its maximum radiation when f ¼ 0
(180
) and it has double beam

pattern everywhere except f ¼ 90
(270
) and layer thickness is 1l. At this
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observation point with layer thickness 1l, it has additional two symmetrical minor

lobes. So, when the observation point is 0
 � f < 90
 (180
 � f < 270
), the layer
thickness can be used to control the relative lobe height of the radiation pattern.

When the medium in region 1 is replaced with Sapphire, the radiation patterns

change in the similar way with different intensities and maximum radiation points.

The relative lobe height control by changing the layer thickness is shown in

Fig. 5.13(a) when the medium 1 is Sapphire and in Fig. 5.13(b) when the medium 1

is Epsilam 10, for the h-polarized component of the radiation field for the z-directed

dipole. The maximum radiation occurs at y ¼ 42.7
 with magnitude of 0.49 when

d ¼ 1l for Sapphire. This maximum beam shifts to at y ¼ 60.9
 with magnitude

Fig. 5.13 (a) Relative lobe height control. |Eh| for z-directed dipole over the layer. h ¼ 0 mm,

c ¼ 60
, f ¼ 60
(240
), Sapphire, e1z ¼ 11.6e0, e1 ¼ 9.4e0. (b) Relative lobe height control.

|Eh| for z-directed dipole over the layer. h ¼ 0 mm, c ¼ 60
, f ¼ 60
(240
), Epsilam 10,

e1z ¼ 10.3e0, e1 ¼ 13e0

Fig. 5.12 Main beam movement as a result of change in thickness of the material. |Eh| for

x-directed dipole over the layer. h ¼ 0 mm, c ¼ 60
, f ¼ 45
(225
), e1z ¼ 10.3e0, e1 ¼ 13e0
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0.18 when d ¼ 0.1l. In the case of Epsilam 10, the maximum radiation occurs at

y ¼ 37.3
 with magnitude of 0.42 and y ¼ 59.1
 with magnitude of 0.13 when

d ¼ 1l and d ¼ 0.1l, respectively.

5.5.3.2 Dipole Is Embedded Inside

In this section, dipole is located in the middle of the uniaxial anisotropic medium,

Epsilam 10 or Sapphire, in region 1. The radiation fields are calculated when the

layer thickness of this medium is varied. When the dipole is oriented in z-direction

and region 1 is Epsilam 10 with layer thickness 0.1l or 1l, the radiation field has a

single beam pattern for h-polarized component with a reduced radiation field

intensitiy in comparison to Sect. 5.5.3.1 for 0
 � f � 90
 (180
 � f � 270
). It
is worth to mention that the directivity of the antenna improves on f ¼ 0
(180
)
plane when the anisotropic medium has a layer thickness 1l. The v-polarized

component of the radiation field for the same dipole orientation has a single beam

pattern when 0
 < f � 90
 (180
 < f � 270
) with layer thickness 0.1l or 1l.
As we approach to the f ¼ 0
(180
) plane the intensity of the radiation field

decreases. When f ¼ 0
(180
), the radiation field switches to a double beam

pattern. This behaviour differs for the same orientation in Sect. 5.5.3.1. Figure 5.14

represents the main beam movement for the v-polarized component of the

z-directed dipole in Epsilam 10 when f ¼ 60
 (240
). The maximum radiation

happens at y ¼ �39.1
 or y ¼ �53.6
 when the anisotropic medium has a layer

thickness 1l or 0.1l, respectively. When the medium in region 1 is changed to

Fig. 5.14 Change in relative lobe height. |Ev| for z-directed dipole inside the layer. c ¼ 60
,
f ¼ 60
(240
), Epsilam 10, e1z ¼ 10.3e0, e1 ¼ 13e0
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Sapphire, the observations made in Sect. 5.5.3.1 hold for the change in the radiation

fields for both h- and v-polarized components for this orientation.

The radiation fields of h-polarized component of the radiation field for the

x-oriented dipole when the anisotropic medium is Epsilam 10, have single lobe

except when the observation point is on the f ¼ 0
(180
) plane. On this plane

the pattern has a double beam pattern for the layer thickness 1l or 0.1l. For
h-polarized component, the change in the radiation fields on different observation

planes as a response to varying layer thickness is similar to the changes in

Sect. 5.5.3.1 for the same dipole orientation. The v-polarized component of the

radiation field for this dipole orientation has a single beam on all observation planes

unlike the v-polarized component of the same orientation in the previous section.

The radiation field intensity increases as observation point moves to f ¼ 0
(180
)
plane. When the medium in region 1 is Sapphire, similar observations in

Sect. 5.5.3.1 hold.

5.5.4 Effect of Dipole Location

In this section, the radiation fields are obtained by varying the dipole location

between 0.01l, which is a closer point to the region 1 – region 0 boundary, to

0.09l, which is a closer point to the region 1 – region 2 boundary, inside a uniaxial

medium, Epsilam 10 or Sapphire. The thickness of the medium is considered to

be 0.1l.
When the orientation of the dipole is in z-direction and the anisotropic medium

is Epsilam 10, the h-polarized component of the radiation field has a single beam on

the observation plane 0
 � f � 90
 (180
 � f � 270
) for two different dipole

location. The radiation intensity is stronger when the dipole location is closer to the

region 1- region 0 boundary, h ¼ 0.01l. The maximum radiation occurs at

y ¼ 11.8
 when the observation point is on y-z plane (f ¼ 90
), whereas it

happens at y ¼ 0.91
 if the observation point is on x-z plane (f ¼ 0
). The
maximum radiation is observed at y ¼ �39.1
 on both f ¼ 270
 plane and

f ¼ 180
 plane if the dipole location is at h ¼ 0.09l. The v-polarized component

of the radiation field has a single beam when the dipole location is closer to region

1- region 0 boundary between the observation planes f ¼ 90
(270
) and f ¼ 0


(180
), whereas the radiation pattern has a double beam symmetrical pattern when

the dipole location is closer to region 1-region 2 boundary. This change in the

radiation pattern is shown in Fig. 5.15 when f ¼ 60
 (240
).
If the orientation of the dipole is changed to x-direction for the same anisotropic

medium in region 1, the numerical results showed that both v- and h-polarized
components have single beams between observation planes f ¼ 90
(270
) and

f ¼ 0
(180
). Although the radiation intensity is small, h-polarized component

exhibits a double beam pattern on the f ¼ 0
(180
) plane.
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Appendix

The wave vectors used in the DGF ��G
00
ð�r; �r0Þ and ��G

01
ð�r; �r 0Þ are:

�k0 ¼ �kr þ k0zẑ (5.32)

�k0 ¼ �kr � k0zẑ (5.33)

�ko1 ¼ �kr þ ko1zẑ (5.34)

�ko1 ¼ �kr � ko1zẑ (5.35)

�ke1 ¼ �kr þ keu1z ẑ (5.36)

�ke1 ¼ �kr þ ked1z ẑ (5.37)

�kr ¼ x̂kx þ ŷky (5.38)

The unit vectors for the horizontally polarized and vertically polarized waves

are:

ĥðk0zÞ ¼ 1

kr
ẑ� �k0 (5.39a)

Fig. 5.15 Change from single to double beam. |Ev| for z-directed dipole inside the layer. c ¼ 60
,
f ¼ 60
(240
), e1z ¼ 10.3e0, e1 ¼ 13e0
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ĥð�k0zÞ ¼ 1

kr
ẑ� �k0 (5.39b)

v̂ðk0zÞ ¼ 1

k0
ĥðk0zÞ � �k0 (5.40a)

v̂ð�k0zÞ ¼ 1

k0
ĥð�k0zÞ � �k0 (5.40b)

The unit vectors for an ordinary and an extraordinary waves are:

ôðkoz Þ ¼
ẑ0 � �k

o

ẑ0 � �k
o�� �� (5.41a)

ôð�koz Þ ¼
ẑ0 � �ko

ẑ0 � �koj j (5.41b)

êðkeuz Þ ¼ ôðkeuz Þ � �ku
�ku
�� �� (5.42a)

êðkedz Þ ¼ ôðkedz Þ � �ku
�kuj j (5.42b)

where

�ko ¼ �kr þ koz ẑ (5.43a)

�ko ¼ �kr � koz ẑ (5.43b)

�ke ¼ �kr þ keuz ẑ (5.44a)

�ke ¼ �kr þ kedz ẑ (5.44b)

�ku ¼ ��e:�ke (5.45)

�ku ¼ ��e:�ke (5.46)

ẑ0 ¼ ŷ sincþ ẑ cosc (5.47)

The wave numbers are defined as

kiz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2i � k2r

q
; i ¼ 0; 2 (5.48)
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ko1z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 � k2r

q
(5.49)

keu1z
ked1z

� �
¼ � e23

e33
ky � 1

e33
k21e1ze33 � e1e33k2x � e1e1zk2y
h i1=2

(5.50)

ki ¼ o
ffiffiffiffiffiffi
mei

p
; i ¼ 0; 1; 2 (5.51)

The expressions for two-layer coefficients RHH;RHV ; RVV ;RVH; AHo;AVo; etc.

are:

Rba ¼ R01ba þ Xbo L1oo þM2eoð ÞXoa þ Xbo L1oe þM2eeð ÞXea

þXbe L2oo þM1eoð ÞXoaþXbe L2oe þM1eeð ÞXea
(5.52)

Abo ¼ XboL1 þ XbeL2 (5.53)

Abe ¼ XboM2 þ XbeM1 (5.54)

Bbg ¼ Xbo L1og þM2eg
� 	þ Xbe L2og þM1eg

� 	
(5.55)

Xba ¼ Xbo L1toa þM2teað Þ þ Xbe L2toa þM1teað Þ (5.56)

where

b; a ¼ H or V

g ¼ o or e

L1 ¼ 1� See
D

(5.57)

L2 ¼ Seo
D

(5.58)

M1 ¼ 1� Soo
D

(5.59)

M2 ¼ Soe
D

(5.60)

Soo ¼ ooRoo þ oeReo (5.61)

Soe ¼ ooRoe þ oeRee (5.62)
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Seo ¼ eoRoo þ eeReo (5.63)

See ¼ eoRoe þ eeRee (5.64)

D ¼ 1� Sooð Þ 1� Seeð Þ � SoeSeo (5.65)

XHe ¼ �Ud

De

2koz
kr

kx k2r þ kozk
o
1z


 �
sinc (5.66)

XHo ¼ � gd
De

2

koz þ ko1z
� 	 koz

kr

� k2r k21koz � k20k
ed
1z

� 	
coscþ ky k20k

o
1z
2 � k21kozk

ed
1z

� 	
sinc

n o
(5.67)

R01HH ¼ �1þ XHo

gd

1

kr
k2r coscþ kyk

o
1z sinc


 �
� k21
kr

kx sinc
XHe

Ud
(5.68)

R01HV ¼ �XHo

gd

k0kx
krkoz

ko1z sincþ XHe

Ud

k0
krkoz

k2rk
ed
1z cosc� ko1z

2ky sinc

 �

(5.69)

De ¼ cos2ck2r k21koz � k20k
ed
1z

� 	þ sin2c k21 koz � ked1z
� 	

k2x þ kozk
o
1z

� 	þ k2yk
o
1z k21 � k20
� 	n o

þ cosc sincky ko1z þ koz
� 	

ko1z � ked1z
� 	

k2r þ ko1zkoz


 �
(5.70)

Ud ¼ e1
e1 � e1z

k2x þ k2y þ ked
2

1z � o2me1

 �

k2x þ k2y þ ked
2

1z � o2m e1 þ e1zð Þ
h i� �1=2

(5.71)

gd ¼ k2x þ ky coscþ ko1z sinc
� 	2n o1=2

(5.72)

XVe ¼ Ud

De

2k0
kr

kozk
2
r coscþ kykozk

o
1z sinc


 �
(5.73)

XVo ¼ gd
De

2k0kozk
2
1kx

kr

koz � ked1z
koz þ ko1z

sinc (5.74)

R01VV ¼ 1� XVo

gd

k0kx
krkoz

ko1z sincþ XVe

Ud

k0
krkoz

k2rk
ed
1z cosc� ko

2

1zky sinc

 �

(5.75)

R01VH ¼ XVo

gd

1

kr
k2r coscþ kyk

o
1z sinc


 �
� k21
kr

kx sinc
XVe

Ud
(5.76)
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The coefficients oo; eo; oe; ee and toH; teH; toV ; teV are:

oo eo
oe ee

� �
¼ eik

o
1zdR12ooe

iko
1zd e�iked

1z
dR12eoe

iko
1zd

eik
o
1zR12oee

ikeu
1z
d e�iked

1z
dR12eee

ikeu
1z
d

� �
(5.77)

toH teH
toV teV

� �
¼ eik

o
1zdX12oHe

�ik2zd e�iked
1z
dX12eHe

�ik2zd

eik
o
1zX12oVe

�ik2zd e�iked
1z
dX12eVe

�ik2zd

� �
(5.78)

where

R12oo ¼ gu
gd

Ge

Fe

ko1z � k2z
ko1z þ k2z

(5.79)

R12oe ¼ Uu

gd

1

Fe
2kxk

o
1z k2z � ko1z
� 	

ky sincþ k2z cosc
� 	

sinc (5.80)

X12oH ¼ 1

gdkr
k2r coscþ kyk

o
1z sinc


 �
þ R12oo

gukr
k2r cosc� kyk

o
1z sinc


 �

� R12oe

Uukr
k21kx sinc

(5.81)

X12oV ¼ k2
k2zkr

1

gd
kxk

o
1z sinc� R12oo

gu
kx

�
ko1z

� sincþR12oe

Uu
kyk

o2

1z sinc� k2rk
eu
1z cosc


 �� (5.82)

Fe ¼ cos2ck2r k21k2z þ k22k
eu
1z

� 	þ sin2c k21 k2z þ keu1z
� 	

k2x þ k2zk
o
1z

� 	þ k2yk
o
1z k21 � k22
� 	n o

� cosc sincky ko1z þ k2z
� 	

ko1z þ keu1z
� 	

k2r þ ko1zk2z


 �
(5.83)

Ge ¼ cos2ck2r k21k2z þ k22k
eu
1z

� 	þ sin2c k21 k2z þ keu1z
� 	

k2x � k2zk
o
1z

� 	� k2yk
o
1z k21 � k22
� 	n o

þ cosc sincky k2z � ko1z
� 	

ko1z � keu1z
� 	

k2r � ko1zk2z


 �
(5.84)

Uu ¼ e1
e1 � e1z

k2x þ k2y þ ked
2

1z � o2me1

 �

k2x þ k2y þ keu
2

1z � o2m e1 þ e1zð Þ
h i� �1=2

(5.85)

gu ¼ k2x þ ky cosc� ko1z sinc
� 	2n o1=2

(5.86)
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R12ee ¼ �Uu

Ud

He

Fe
(5.87)

R12eo ¼ gu
Ud

1

Fe
k21kx keu1z � ked1z

� 	
ko1z � k2z
� 	

ky sinc� k2z cosc
� 	

sinc (5.88)

X12eV ¼ k2
k2zkr

1

Ud
ko

2

1zky sinc� k2rk
ed
1z cosc


 ��
� R12eo

gu
kxk

o
1z sinc

þR12ee

Uu
kyk

o2

1z sinc� k2rk
eu
1z cosc


 ��
(5.89)

X12eH ¼ 1

kr
� k21
Ud

kx sincþ R12eo

gu
� k2r cosc� kyk

o
1z sinc


 �
� R12ee

Uu
k21kx sinc

� �

(5.90)

He ¼ cos2ck2r k21k2z þ k22k
ed
1z

� 	þ sin2c k21 k2z þ ked1z
� 	

k2x þ k2zk
o
1z

� 	þ k2yk
o
1z k21 � k22
� 	n o

� cosc sincky ko1z þ k2z
� 	

ko1z þ ked1z
� 	

k2r þ ko1zk2z


 �
(5.91)

Roo ¼ gd
gu

Ee

De

ko1z � koz
ko1z þ koz

(5.92)

Roe ¼ Ud

gu

1

De
2kxk

o
1z ko1z � koz
� 	

ky sinc� koz cosc
� 	

sinc (5.93)

XoH ¼ 1

gukr
k2r cosc� kyk

o
1z sinc


 �
þ Roo

gdkr
k2r coscþ kyk

o
1z sinc


 �

� Roe

Udkr
k21kx sinc

(5.94)

XoV ¼ k0
kozkr

1

gu
kxk

o
1z sinc� Roo

gd
kx

�
ko1z

� sinc�Roe

Ud
kyk

o2

1z sinc� k2rk
eu
1z cosc


 ��
(5.95)

Ee ¼ cos2ck2r k21koz � k20k
ed
1z

� 	þ sin2c k21 koz � ked1z
� 	

k2x � kozk
o
1z

� 	� k2yk
o
1z k21 � k20
� 	n o

þ cosc sincky ko1z � koz
� 	

ko1z þ ked1z
� 	

k2r � ko1zkoz


 �
(5.96)
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Ree ¼ �Ud

Uu

Ie
De

(5.97)

Reo ¼ gd
Uu

1

De
k21kx ked1z � keu1z

� 	
ko1z � koz
� 	

ky sincþ koz cosc
� 	

sinc (5.98)

XeV ¼ � k0
kozkr

1

Uu
ko

2

1zky sinc� k2rk
eu
1z cosc


 ��
þ Reo

gd
kxk

o
1z sinc

þRee

Ud
kyk

o2

1z sinc� k2rk
ed
1z cosc


 ��
(5.99)

XeH ¼ 1

kr

� � k21
Uu

kx sincþ Reo

gd
k2r coscþ kyk

o
1z sinc


 �
� Ree

Ud
k21kx sinc

� �

(5.100)

Ie ¼ cos2ck2r k21koz � k20k
eu
1z

� 	þ sin2c k21 koz � keu1z
� 	

k2x þ kozk
o
1z

� 	þ k2yk
o
1z k21 � k20
� 	n o

þ cosc sincky ko1z þ koz
� 	

ko1z � keu1z
� 	

k2r þ ko1zkoz


 �
(5.101)
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Chapter 6

Radiation in Gyrotropic Medium

The electromagnetic radiation from an electric Hertzian dipole in an electrically

gyrotropic medium such as magnetically biased cold plasma, i.e. magnetoplasma, is

very important for radio propagation problem in the ionosphere and for some

problems in laboratory plasmas.

In this chapter, we study the far field radiation from an unbounded electrically

gyrotropic medium when the applied external magnetic field is in z-direction. We

use the method of dyadic Green’s functions in spectral domain. Since the dyadic

Green’s function is expressed in terms of a single dyad, this facilitates the analytical

calculation in comparison to the existing methods. The far field components are

analytically derived using the method of steepest descents. Derivation of the analyt-

ical results is based on the assumption that the angle between the wave normal and

the magnetic field B0 is known. It is shown that the acceptable range of these angles

corresponding to individual wave types arises from the saddle point evaluation and

can be determined from the transcendental equation numerically. The compact form

of the dyadic Green’s functions which involve a single dyad facilitates the analytical

derivation of the far fields. The analytical derivation for the evaluation of the far

fields for this type of medium is given in a systematic order. The investigation of the

radiation characteristics using the CMA diagram gives an insight to a designer

before the design for an antenna to determine the frequency of operation for

which radiation characteristics can be determined. Hence, for a dispersive medium

such as cold plasma or the ionosphere, the method outlined in this chapter can be

used to determine frequency bands acceptable for the radiation fields.

6.1 Formulation of the Problem

The medium under consideration is an electrically gyrotropic medium such as cold

plasma and is described by a relative permittivity tensor in dyadic form as

��e ¼ e1ð��I � b̂0b̂0Þ þ ie2ðb̂0 � ��IÞ þ e3b̂0b̂0 (6.1)

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media,
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or in the matrix form

��e ¼
e1 �ie2 0

ie2 e1 0

0 0 e3

2
4

3
5 (6.2)

where

e1 ¼ 1� X

1� Y2
¼ 1� op

2

o2 � ob
2

(6.3)

e2 ¼ � XY

1� Y2
¼ � obop

2

oðo2 � ob
2Þ (6.4)

e3 ¼ 1� X ¼ 1� op
2

o2
(6.5)

and b̂0 ¼ ẑ is the direction of the magnetostatic field. The geometry of the medium

is shown in Fig. 6.1 when the applied external magnetic field is in z-direction with

an arbitrary direction of a wave vector �k.
We consider the problem of far field radiation from an unbounded gyroelectric

medium such as cold plasma, when the dipole is located at the origin. The geometry

of the problem is shown in Fig. 6.2.

The dyadic Green’s function (DGF) of this structure when the impulse source is

located at z ¼ z’ satisfies the following wave equation

r�r� ��I � k20��e
h i

: ��G
e
eeð�r; �r 0Þ ¼ iom0

��Idð�r � �r 0Þ (6.6)

with the radiation condition at z ¼ �1. The superscript of the DGF, ��G
e
eeð�r; �r 0Þ,

refers to the type of the gyrotropic medium, which is electric type in this case, and

the first and the second subscripts show type of the DGF Green’s function. The

subscript “e” refers to the electric type and “m” refers to the magnetic type DGF.

z

y

kB0

q
Fig. 6.1 Wave propagation

in an electrically gyrotropic

medium with an arbitrary

direction of �k and applied

magnetostatic field �B0
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The DGF, ��G
e
eeð�r; �r 0Þ given by (6.6) is derived in Chap. 4 when z> z 0 as

��G
e
eeð�r; �r 0Þ ¼

�om0
8p2

�
ð1

�1

ð1

�1
dkxdky

1

k0
2e3ðkzI2 � kzII

2Þ
aI
kzI

ênIðkzIÞê�nIðkzIÞei�kI �ð�r��r 0Þ
�

� aII
kzII

ênIIðkzIIÞê�nIIðkzIIÞei
�kII �ð�r��r 0Þ

�

8>>><
>>>:

9>>>=
>>>;
z > z0

(6.7)

The two dimensional form of the DGF in (6.7) is obtained after performing

integral over kz by assuming that the medium to be slightly lossy, i.e.

Imkz << Rekz; Imkz > 0. This guarantees the radiation condition at z ¼ �1.

The parameters ai; êniðkziÞ; i ¼ I; II are derived in Chap. 4 and given by (4.114),

(4.115) and ki; kzi, i ¼ I; II are derived in Chap. 3 and given by (3.57), (3.58), (3.62)
and (3.63), respectively.

6.2 Analytical Solution of Far Fields

In order to determine the far field radiation from a dipole in an unbounded gyro-

electric medium, the far field approximated DGF of the problem in Fig. 6.2 has to be

found for z > z0. The electric field E in the same region satisfies

r�r� Eð�rÞ � k20��e:Eð�rÞ ¼ iom0Jð�rÞ (6.8)

The radiation field can be calculated by using the following relation between the

electric field and the DGF:

Eð�rÞ ¼
ð
V

��G
e
eeð�r; �r 0Þ: �Jð�r 0Þd3�r 0 (6.9)

. P ( Field Point)

z

y

θ
Θ

k̂ (Wave normal)

z   > z’ 
r

ˆJ = ud (x)d (y)d (z)

Fig. 6.2 The geometry of the problem when the dipole is located at the origin
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where

�Jð�r0Þ ¼ ûcdðx0Þdðy0Þdðz0Þ (6.10)

when the source is an electric Hertzian dipole. In (6.10), c is the current moment of

the electric dipole and û is the orientation of the dipole. Under the far field

approximation, the integral in (6.7) can be evaluated using the method of steepest

descent [1, 2] as r ! 1. We assume that the dipole is located at the origin, i.e.

�r 0 ¼ 0. We define the integral in (6.7) as

��Ge
eeð�r; �r 0Þ ¼ I1 � I2 (6.11)

where

I1 ¼
ð ð1

�1
ei

�kI ��r��FIð�krÞdkxdky (6.12)

I2 ¼
ð ð1

�1
ei

�kII ��r��FIIð�krÞdkxdky (6.13)

and

��FIð�krÞ ¼ �om0
8p2

1

kzI

1

k20e3ðk2zI � k2zIIÞ
aI ênIê�nIe

ikzIz
� �

(6.14)

��FIIð�krÞ ¼ �om0
8p2

1

kzII

1

k20e3ðk2zI � k2zIIÞ
aII ênII ê�nIIe

ikzIIz
� �

(6.15)

Please note that for simplicity in the notation we assumed �r for �r� �r0 and z for
z� z0. Since the calculations for I1 and I2 are similar, we will show only the

analytical calculations for I1. We first represent the integral in (6.12) in cylindrical

wave form by the following transformations.

kr ¼ x̂kr cos aþ ŷkr sin a (6.16)

�r ¼ x̂r cosfþ ŷr sinf (6.17)

dkxdky ¼ krdkrda (6.18)

This transformation can be graphically shown in Fig. 6.3. It is also clear from

Fig. 6.3 that

�kr:�r ¼ kr r cosða� fÞ (6.19)

118 6 Radiation in Gyrotropic Medium



Substituting (6.16)–(6.18) into (6.12) gives

I1 ¼
ð1

0

kr
��FIðkrÞdkr

ð2p

0

daeikrr cosða�fÞ (6.20)

Using the following integral identity for Bessel functions [3]:

J0ðkrrÞ ¼ 1

2p

ð2p

0

daeikrr cosða�fÞ (6.21)

The integral in (6.20) can be written as

I1 ¼ 2p
ð1

0

kr
��FIðkrÞJ0ðkrrÞdkr (6.22)

Using the relation between the Bessel functions [4], J0ðkrrÞ can be written as

J0ðkrrÞ ¼ 1

2
H

ð1Þ
0 ðkrrÞ þ H

ð2Þ
0 ðkrrÞ

h i
(6.23)

Substituting (6.23) into (6.22) gives

I1 ¼ p
ð1

0

kr
��FIðkrÞ H

ð1Þ
0 ðkrrÞ þ H

ð2Þ
0 ðkrrÞ

h i
dkr

or

I1 ¼ p
ð1

0

kr
��FIðkrÞ H

ð1Þ
0 ðkrrÞ

h i
dkr þ p

ð1

0

kr
��FIðkrÞ H

ð2Þ
0 ðkrrÞ

h i
dkr (6.24)

Consider the second part of the integral in (6.24) and change the variable of the

integration as

kr ¼ e�ipk
0
r (6.25)

y

x

α
φ

ρ

kr

Fig. 6.3 kr and r vectors on

the xy plane
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Then,

dkr ¼ e�ipdk
0
r ¼ �dk

0
r and as kr ! 1; k

0
r ! �1 (6.26)

Hence the second part of the integral can be written as

p
ð�1

0

kr0
��FIðkr0 Þ H

ð2Þ
0 ðe�ipkr0rÞ

h i
dkr0 (6.27)

Using the reflection formula to relate the first and the second kind Hankel

functions [5]

H
ð2Þ
0 ðe�iplÞ ¼ �H

ð1Þ
0 ðlÞ (6.28)

and substituting it back into (6.27) gives

�p
ð�1

0

kr0
��FIðkr0 Þ H

ð1Þ
0 ðkr0rÞ

h i
dkr0

or

p
ð0

�1
kr0

��FIðkr0 Þ H
ð1Þ
0 ðkr0rÞ

h i
dkr0 (6.29)

When we combine (6.29) and (6.24), we can express (6.20) in terms of the

Hankel function of the first kind which is chosen to represent an outgoing wave

using the “i” notation, as

I1 ¼ p
ð1

�1
kr
��FIðkrÞHð1Þ

0 ðkrrÞdkr (6.30)

Substituting (6.14) into (6.30) gives

I1 ¼
ð1

�1
gðkrÞeikzI z kr

kzI
H

ð1Þ
0 ðkrrÞdkr (6.31)

where

gðkrÞ ¼ �om0
8pk20e3

aI ênIê�nI
k2zI � k2zII

� �
(6.32)
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In (6.31) inside the integral, a plane wave propagating in the z- direction is in

multiplication with the Henkel function of first kind which represents a cylindrical

wave propagation in r direction. They are in multiplication with an amplitude

factor gðkrÞ. The integral in (6.31) has a branch point singularity at kr ¼ �kI since

kzI ¼ k2I � k2r

h i1=2
is a double valued function of kr. AlsoH

ð1Þ
0 ðlÞ has a branch point

singularity when l ¼ 0. Hence the integral in (6.31) is undefined unless we identify

the path of integration. The typical path of integration for the integral type in (6.31)

is shown in Fig. 6.4.

As seen from Fig. 6.4, the branch point singularities � kI have been displaced

slightly from the real axis to signify the presence of loss to satisfy the radiation

condition. The path of integration G is also known as Sommerfeld path of integra-

tion. To make a definition of a double valued function kzI unique, a two-sheeted

complex kr is necessary, with branch cuts providing the means of passing from one

Riemann sheet to the other. The selection of the branch cuts is arbitrary but

determines the disposition of those regions of the complex kr plane in which

ImkzI > 0 or ImkzI < 0. To identify the branch cuts that we need in the evaluation

of the integral in (6.31) we can consider the following. Let us define

kI � kr
� � ¼ kI � kr

�� ��eia and kI þ kr
� � ¼ kI þ kr

�� ��eib; a; b are real (6.33)

The angles a and b are selected such that a ¼ 0 and b ¼ 0 when kr is real and

kr
�� �� < kI on the top Riemann sheet. From (6.33)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2I � k2r

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2I � k2r

q��� ���eiðaþbÞ
2 (6.34)

When kr is real and kr
�� �� < kI where kI is assumed to be real, the wave along

z-direction is propagating and hence the propagation constant kzI is real and

positive. Thus we require a definition of kzI such that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2I � k2r

q
> 0;�kI < kr < kI (6.35)

kI−•

kI•

Imkr

Rekr

Γ

Fig. 6.4 The Sommerfeld

integration path on complex

kr plane
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With the requirements defined above and (6.33) and (6.34) and to satisfy (6.35),

it is required that

ðaþ bÞ ¼ 0 When � kI < kr < kI (6.36)

The selection of the branch cut is illustrated in Fig. 6.5 using the requirements

defined above.

With the angles of a and b defined as shown, it is clear that the requirement in

Equation (6.36) is met since a ¼ b ¼ 0 when � kI < kr < kI: Hence this

position of the branch cuts identifies the ranges of a and b on the top sheet to

� p < a < p and � p < b < p (6.37)

With the usual convention, we assumed that an angle is negative if it is

clockwise and positive if it is measured counterclockwise. As shown in Fig. 6.5,

in the 1st and 3rdquadrants of kr plane,

� p < aþ b < 0 (6.38)

hence

ImkzI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2I � k2r

q��� ��� sinðaþ b
2

Þ < 0 (6.39)

RekzI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2I � k2r

q��� ��� cosðaþ b
2

Þ > 0 (6.40)

While in the 2nd and 4thquadrants of kr plane,

0 < aþ b < p (6.41)

hence

ImkzI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2I � k2r

q��� ��� sinðaþ b
2

Þ > 0 (6.42)

Imkr

Rekr

kr

•
kI− kI

•

(kI − kr)

•

β

α

a = 0, a = p,

2nd Quadrant

4th Quadrant3rd Quadrant

b = −p b = 0

a = −p,b = 0

(kI + kr)

a = 0, b = p

Fig. 6.5 ImkzI > 0 in region

2 and region 4, ImkzI < 0 in

region 1 and region 3,

RekzI > 0 on the entire top

sheet
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RekzI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2I � k2r

q��� ��� cosðaþ b
2

Þ > 0 (6.43)

In the integral given by (6.31), the values of kzI have to be such that ImðkzIÞ > 0

over the path of integration in order to satisfy the radiation condition. In the above

discussion, we have assumed kI to be real. However, we can slightly displace � kI
from the real axis to signify the presence of loss to satisfy the radiation condition.

The branch cut is defined when ImðkzIÞ ¼ 0. This requirement also sets a boundary

between the quadrants since ImðkzIÞ > 0 in the 2nd and 4thquadrants of the kr plane
and ImðkzIÞ < 0 in the 1st and 3rdquadrants of the kr plane. To find such a branch

cut we assume,

kI ¼ krI þ ikiI and kr ¼ krr þ ikir (6.44)

Then

kzI ¼ k2I � k2r

h i1=2
¼ k2rI � k2iI þ i2krIkiI � k2rr þ k2ir � i2krrkir

h i1=2
(6.45)

For ImðkzIÞ ¼ 0 or in other words for kzI to be real,

krrkir ¼ krIkiI; and k2rr � k2ir < k2rI � k2iI (6.46)

Equation (6.46) defines hyperbolas that pass through the branch points � kI as
shown in Fig. 6.6. Hence we can construct our complete integration path in kr plane
as shown in Fig. 6.7 using the results that we obtained.

−kI

•

•

kI
2222krr − kir = krI −kiI

kir

krr

krr kir = krI kiI,
Im(kzI) = 0

krr kir = krI kiI,
Im(kzI) = 0

2222krr − kir = krI −kiI

Fig. 6.6 Construction of the branch cuts

6.2 Analytical Solution of Far Fields 123



To facilitate the solution for the integral in (6.31), at this point, it is convenient to

transform from the complex wavenumber variable kr to complex angle variable b.
The transformation can be done as follows.

kr ¼ kI sin b (6.47)

Then, we also have

kzI ¼ kI cos b (6.48)

where b is the complex angle between the wave normal and the z-axis and is

expressed as

b ¼ br þ ibi (6.49)

Also we introduce the following transformations to polar coordinates as follows.

r ¼ r sinY (6.50)

z ¼ r cosY (6.51)

This transformation can be illustrated in Fig. 6.8.

Substituting (6.47)–(6.51) into (6.31), we obtain

I1 ¼
ð
P

gðkI sin bÞ tan bHð1Þ
0 ðkIr sin b sinYÞðk0

I sin bþ kI cos bÞeikIr cos b cosYdb

(6.52)

where k
0
I ¼ @kI

@b . As seen in (6.52), the branch point pair at � kI is removed by the

transformation that we suggested in (6.47)–(6.51). The new integral path P due to

−

•

•

kI

Im(kr)

Re(kr)

Γ

kI

Fig. 6.7 The complete

integration path for the

integral in (6.29) in the

complex kr plane
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this transformation or mapping can be explained as follows. Substitute (6.49) into

(6.47) and separate (6.47) into its real and imaginary parts and assume that kI is real.
Then

krr ¼ kI sin br cosh bi and kir ¼ kI cos br sinh bi (6.53)

where

kr ¼ krr þ ikir and b ¼ br þ ibi (6.54)

The four quadrants in the complex kr plane map into corresponding regions in

the complex b plane as identified by (6.53) and (6.54) as shown in Fig. 6.9. Hence

the top sheet of the Reimann surface in the kr plane maps into the region

� p
2
< br <

p
2
in the b plane [6]. To identify the path P explicitly, we investigate

the convergence of the integral in (6.31) in the neighborhood of infinity by analyz-

ing the behavior of the term in the exponent ikzI in the b plane as follows.

ikzI ¼ ikI cos b ¼ kði cos br cosh bi þ sin br sinh biÞ (6.55)

Θ
r

z

ρ

Fig. 6.8 Polar

transformation

kir

krr••
− kI

R1R2

R4

a b

R3

βi

βr

R1R2

R4R3

2

π
−

2
πkI

Fig. 6.9 (a) Regions in kr plane. (b) Top Riemann sheet on kr plane is mapped to b plane
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As

bi ! 1, Real Part is positive, if sinbr > 0 ! 0 < br <
p
2

bi ! 1, Real Part is negative, if sin br < 0 ! � p
2
< br < 0

bi ! �1, Real Part is positive, if sin br < 0 ! � p
2
< br < 0

bi ! �1, Real Part is negative, if sin br > 0 ! 0 < br <
p
2

When the real part is positive, the integral diverges exponentially. They are shown

with the shaded areas in Fig. 6.10. These regions are the 1st and 3rd regions in the b
plane. For the integral in (6.31) to be convergent, the real part has to go to �1.

From (6.55)

sin br sinh bi ! �1when br ¼ � p
2
and bi ! 1 br ¼

p
2
and bi ! �1 (6.57)

Hence, the integral given by the (6.31) is convergent under the conditions

outlined above. The integration path P in Fig. 6.10 is constructed to meet the

requirements in (6.56) and (6.57).

When we combine the integral path that we constructed in this plane with the

branch cut requirements shown in Fig. 6.7, we obtain the complete integration path

P in the b plane as shown in Fig. 6.11.

From the condition that krr >> 1 it necessarily follows that kIr >> 1 in the

integral in (6.52). Then we can employ large argument approximation of H
ð1Þ
0 and

take its first asymptotic approximation as

H
ð1Þ
0 ðkIr sin b sinYÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p kIr sin b sinY

s
eiðkIr sin b sinY�p

4
Þ (6.58)

When (6.58) is inserted into the integral in (6.52), we obtain

I1 ¼ �om0
8p k20e3

� �
e�ip

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p r sinY

r ð
P

hðbÞeikIr cosðb�YÞdb (6.59)

βi

βr

R2

R4R3

2
π−

2
π

P
R1

Fig. 6.10 Construction of the

integral path P in the b plane
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where

hðbÞ ¼ ðk0
I sin bþ kI cos bÞ

cos b

ffiffiffiffiffiffiffiffiffiffi
sin b
kI

s
aI ênI ê�nI
k2zI � k2zII

� �
(6.60)

The integral in (6.59) can be solved by using the method of the steepest descent.

The integration path P can be deformed into the steepest descent path by setting the

imaginary part of the exponent to be equal to its value at the saddle point. The

integral given by (6.59) can be written in the following form.

Is1ðOÞ ¼
ð
P

hðbÞeOqðbÞdb (6.61)

where

O ! r (6.62)

qðbÞ ¼ ikI cosðb�YÞ (6.63)

The integration path P ends at infinity and the large parameter O is positive. The

functions hðbÞ and qðbÞ are analytic functions of b along the path of integration P.
We can transform the integral in (6.61) into a canonical form wherein the function

qðbÞ is replaced by another function, a polynomial that has the simplest form of the

relevant saddle point arrangement at bs [6]. The transformation will be phrased in

terms of a new variable s and the polynomial tðsÞ:

tðsÞ ¼ qðbÞ (6.64)

βI−

•

•

βI
Re(b )

2

π
−

2

π

Im (b )

P

Fig. 6.11 The complete integration path P for the integral in (6.46) in the b plane
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The point bs in the complex b plane is chosen to correspond to s ¼ 0 in the

complex splane. Hence, (6.61) leads to the transformed integral

Is1ðOÞ ¼
ð
P0

GðsÞeOtðsÞds (6.65)

where

GðsÞ ¼ hðbðsÞÞ db
ds

and
db
ds

¼ t0ðsÞ
q0ðbÞ (6.66)

In our case we are solving the problem, assuming that the saddle point is an

isolated saddle point. This requires that q0ðbÞ has a simple zero at bs and no other

zero near bs. When the saddle point is an isolated saddle point,

qðbÞ ¼ tðsÞ ¼ qðbsÞ � s2 (6.67)

or

�s2 ¼ qðbÞ � qðbsÞ (6.68)

The steepest descent path P0 in the s-plane, along which ImtðsÞ ¼ constant, is

clearly the real s-axis. Thus the integral in (6.62) becomes

Is1ðOÞ ¼ eOqðbsÞ
ð1

�1
GðsÞe�Os2ds (6.69)

where GðsÞ is given by (6.63). We assume that GðsÞ is a smooth function of s; then

the integral Is1 is dominated by the exponential e�Os2 , which possesses the maxi-

mum value at s ¼ 0 and decreases rapidly on both sides of s. Hence the saddle point
in the b plane corresponds to s ¼ 0 in the s plane. We expand GðsÞ into a powers

series near the saddle point s ¼ 0 as

GðsÞ ¼
X1
m¼0

Ams
m (6.70)

and obtain the asymptotic series for Is1ðOÞ, we use the formulas [2]

ð1

�1
s2mþ1e�Os2ds ¼ 0 (6.71)

ð1

�1
s2me�Os2ds ¼ ð�1Þm dm

dOm

ffiffiffiffi
p
O

r
¼ ð2mÞ!

m!22mOm

ffiffiffiffi
p
O

r
(6.72)
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When we substitute (6.70) and (6.72) into the (6.69), we obtain

Is1ðOÞ ¼ eOqðbsÞ
X1
m¼0

Am
ð2mÞ!

m!22mOm

ffiffiffiffi
p
O

r
(6.73)

We need to determine the expansion coefficient Am. For this, we first expand

bðsÞ and (6.68) around s ¼ 0 where the integral to be evaluated:

bðsÞ � bs ¼
X1
n¼1

ans
n (6.74)

and

�s2 ¼ 1

2!
q00ðbsÞðb� bsÞ2 þ

1

3!
q000ðbsÞðb� bsÞ3 þ

1

4!
q0000ðbsÞðb� bsÞ4 þ ::: (6.75)

When we substitute (6.74) into (6.75), we obtain

�s2 ¼ 1

2
q00ðbsÞ½a21s2 þ 2a1a2s

3 þ ða22 þ 2a1a3Þs4 þ :::�

þ 1

6
q000ðbsÞ½a31s3 þ 3a21a2s

4 þ :::� þ
(6.76)

To determine an, we compare the coefficients of s2; s3; s4, etc. on the left hand

side and the right hand side of (6.76). Hence, we find the coefficients as

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

q00ðbsÞ

s
(6.77)

a2 ¼ � q000ðbsÞ
6q00ðbsÞ

a21 (6.78)

From (6.66) and (6.74), GðsÞ can be written as

GðsÞ ¼ db
ds

X1
k¼0

1

k!
hðkÞðbsÞðb� bsÞk (6.79)

or

GðsÞ ¼
X1
m¼1

mams
m�1

" #X1
k¼0

1

k!
hðkÞðbsÞ

X1
n¼1

ans
n

" #k

(6.80)

6.2 Analytical Solution of Far Fields 129



Using the coefficients an given by (6.77) and (6.78), we can express GðsÞ as

GðsÞ ¼ hðbsÞða1 þ 2a2sþ 3a3s
2 þ :::Þ þ h0ðbsÞða1sþ 2a2s

2 þ :::Þ
ða1 þ 2a2sþ :::Þ þ ::::

(6.81)

Comparison of the coefficients in (6.81) and (6.70), we find the coefficients

Am as

A0 ¼ a1hðbsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

q00ðbsÞ

s
hðbsÞ (6.82)

A2 ¼ 3a3hðbsÞ þ 3a1a2h
0ðbsÞ þ

1

2
a31h

00ðbsÞ (6.83)

The odd numbered coefficients Am are zero from (6.71). Substituting (6.82) and

(6.83) into (6.73) and using (6.77) and (6.78), we obtain the integral Is1ðOÞ as

Is1ðOÞ ¼ hðbsÞeOqðbsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2p

Oq00ðbsÞ

s
1þ 1

2Oq00ðbsÞ
q000ðbsÞ
q00ðbsÞ

h0ðbsÞ
hðbsÞ

þ 1

4

q0000ðbsÞ
q00ðbsÞ

�
þ :::




� 5

2

q000ðbsÞ
q00ðbsÞ

� �2

� h00ðbsÞ
hðbsÞ

þ ::::

#)

(6.84)

Since the dominant term is the first term in the integral given by (6.84), it can be

approximated by

Is1ðOÞ � hðbsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2p

q00ðbsÞO

s
eOqðbsÞ;O ! 1 (6.85)

We need to identify the saddle point bs and q00ðbsÞ in (6.85). At the saddle point

b ¼ bs,

q0ðbÞ ¼ 0 (6.86)

q0ðbÞ
b¼bs

¼ k
0
IðbsÞ cosðbs �YÞ � kIðbsÞ sinðbs �YÞ ¼ 0 (6.87)

Then,

k
0
IðbsÞ
kIðbsÞ

¼ tanðbs �YÞ (6.88)
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Unfortunately, there is no analytical solution for bs in (6.88). However, the

values of bs satisfying (6.88) can be calculated numerically for the given observa-

tion angle Y. By using (6.63), we can find q00ðbsÞ as

q00ðbsÞ ¼ i cosðbs - Y)[k
00
I (bs) - kI(bs)] - 2k

0
IðbsÞ sinðbs �YÞ

h i
(6.89)

When (6.89) is substituted into (6.85) by replacing O ! r we obtain

Is1ðrÞ� hðbsÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p
cosðbs -Y)[k

00
I (bs) -kI(bs)] - 2k

0
IðbsÞsinðbs�YÞ½ � r

s
eikIrcosðbs�YÞei

p
4;r!1

(6.90)

Substituting (6.90) back into (6.59) gives,

I1 ¼ �om0
8p k20e3

� �
e�ip

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p r sinY

r
hðbsÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p
cosðbs - Y)[k

00
I (bs) - kI(bs)] - 2k

0
IðbsÞ sinðbs �YÞ½ � r

s
eikIr cosðbs�YÞei

p
4

or

I1 ¼ �om0
4p k20e3

� � ffiffiffiffiffiffiffiffiffiffiffi
1

sinY

r
hðbsÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

cosðbs - Y)[k
00
I (bs) - kI(bs)] - 2k

0
IðbsÞ sinðbs �YÞ½ �

s
eikIr cosðbs�YÞ

r

(6.91)

where hðbsÞ is defined by (6.60) as

hðbsÞ ¼
ðk0

IðbsÞ sin bs þ kIðbsÞ cos bsÞ
cos bs

ffiffiffiffiffiffiffiffiffiffiffiffi
sin bs
kIðbsÞ

s
aI ênIê�nI
k2zI � k2zII

� �
b¼bs

(6.92)

We can simplify (6.92) using (6.88) as

hðbsÞ ¼
cosY

cosðbsÞ cosðbs �YÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin bskIðbsÞ

p aI ênI ê�nI
k2zI � k2zII

� �
b¼bs

(6.93)
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From (3.62) and (3.63),

k2zI � k2zII
� � ¼ k4rðbsÞ

k40
ðe1 � e3Þ2 þ 4e22e3½e3 �

k4rðbsÞ
k20

�
" #1=2

k0
2

e33

or

k2zI � k2zII
� � ¼ k4I ðbsÞ

k40
sin4ðbsÞðe1 � e3Þ2 þ 4e22e3½e3 � k2I ðbsÞ

k20
sin2ðbsÞ�

� �1=2
k0

2

e3
(6.94)

Substituting (6.93), (6.94) into (6.91) gives

I1 ¼ �om0
4pk40

� �
eikIr cosðbs�YÞ

r

� cosYffiffiffiffiffiffiffiffiffiffiffi
sinY

p 1

cosðbsÞ cosðbs �YÞ aI ênI ê�nI
� �

b¼bs

� �


� sin bskIðbsÞ
cosðbs - Y)[k

00
I (bs) - kI(bs)] - 2k

0
IðbsÞ sinðbs �YÞ½ �

� �1=2

� k4I ðbsÞ
k40

sin4ðbsÞðe1 � e3Þ2 þ 4e22e3½e3 � k2I ðbsÞ
k20

sin2ðbsÞ�
� ��1=2

)
(6.95)

Repeating the same procedure for the integral I2 in (6.13), we obtain

I1 ¼ �om0
4pk40

� �
eikII r cosðbs�YÞ

r

� cosYffiffiffiffiffiffiffiffiffiffiffi
sinY

p 1

cosðbsÞ cosðbs �YÞ aII ênII ê�nII
� �

b¼bs

� �


� sin bskIIðbsÞ
cosðbs - Y)[k

00
II(bs)�kII(bs)]� 2k

0
IIðbsÞ sinðbs �YÞ½ �

� �1=2

� k4IIðbsÞ
k40

sin4ðbsÞðe1 � e3Þ2 þ 4e22e3½e3 � k2IIðbsÞ
k20

sin2ðbsÞ�
� ��1=2

)
(6.96)

Hence the far field approximated DGF ��Ge
eeð�r; �r0Þfor an electrically gyrotropic

medium is obtained by substituting (6.95) and (6.96) into (6.11).

The radiation fields can be found by substituting (6.11) into (6.9) as follows.

EðrÞ ¼
ð
v

G
e

eeðr; r0Þ:Jðr0Þdr0 ¼ G
e

eeðr; r0Þ j	ûc
x0¼0; y0¼0; z0¼0

(6.97)
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Hence, (6.97) can be written as

Eð�rÞ ¼ �om0
4p k40

� �
eikI;II r cosðbs�YÞ

r

� cosYffiffiffiffiffiffiffiffiffiffiffi
sinY

p 1

cosðbsÞ cosðbs �YÞ aI;II ênI;II ê�nI;II

 �

b¼bs

� �
:




� sin bskI;IIðbsÞ
cosðbs - Y)[k

00
I;II(bs) - kI;II(bs)] - 2k

0
I;IIðbsÞ sinðbs �YÞ

h i
2
4

3
5
1=2

� k4I;IIðbsÞ
k40

sin4ðbsÞðe1 � e3Þ2 þ 4e22e3½e3 �
k2I;IIðbsÞ

k20
sin2ðbsÞ�

" #�1=2
9=
;

	 ûcjx0¼0;y0¼0;z0¼0

(6.98)

We define the following variables to simplify the expressions for the radiation

fields.

E ¼ cosYffiffiffiffiffiffiffiffiffiffiffi
sinY

p 1

cosðbsÞ cosðbs �YÞ
� �

(6.99)

R =
sin bskI;IIðbsÞ

cosðbs - Y)[k
00
I;II(bs) - kI;II(bs)] - 2k

0
I;IIðbsÞ sinðbs �YÞ

h i
2
4

3
5
1=2

(6.100)

O ¼ k4I;IIðbsÞ
k40

sin4ðbsÞðe1 � e3Þ2 þ 4e22e3½e3 �
k2I;IIðbsÞ

k20
sin2ðbsÞ�

" #�1=2

(6.101)

< ¼ ERO (6.102)

When the dipole is oriented in ẑ direction, û ¼ ẑ, the components of the radiation

fields in the Cartesian coordinate system are

EiI;II ¼ �om0
4p k40

� �
eikI;II r cosðbs�YÞ

r
<ð ÞðAi3 Þb¼bs

i ¼ 1; 2; 3 or x; y; z (6.103)

The coefficients Aij; ði; jÞ ¼ 1; 2; 3 are evaluated at kz ¼ kzI; kzII and defined by

(3.62) and (3.63). When the dipole is oriented in ŷ direction, û ¼ ŷ, the components

of the radiation fields in the Cartesian coordinate system are

EiI;II ¼ �om0
4p k40

� �
eikI;II r cosðbs�YÞ

r
<ð ÞðAi2 Þb¼bs

; i ¼ 1; 2; 3 or x; y; z (6.104)
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When the dipole is oriented in x̂ direction, û ¼ x̂, the components of the radiation

fields in the Cartesian coordinate system are

EiI;II ¼ �om0
4p k40

� �
eikI;II r cosðbs�YÞ

r
<ð ÞðAi1 Þb¼bs

; i ¼ 1; 2; 3 or x; y; z (6.105)

The analytical results for the radiation fields given by (6.103)–(6.105) are

compared with Bunkin’s results [7]. Radiation fields given in [7] by (5.2) agrees

with the results given by (6.103)–(6.105). In [7], the tensorial Green’s function is

represented using index notation and differential operators are introduced and used

to solve the radiation problem. The derivation of the DGF presented here uses direct

notation and dyadic Green’s function is expressed as a sum of two single dyads in

the spectral domain. Hence, in our case, a straightforward use of DGF with (9) leads

to solution for the radiation fields. Besides, there are no numerical results given in

[7].

In radiation problems, Ey and Ef components are commonly used to plot the

radiation patterns. The expressions for Ey and Ef in terms of the electric field

components Ex; Ey; and Ez are

Ey ¼ Ex cos y cosfþ Ey cos y sinf� Ez sin y (6.106)

Ef ¼ �Ex sinfþ Ey cosf (6.107)

6.3 Numerical Results

This section consists of two sub-sections. Sect. 6.3.1 validates the results numeri-

cally with the existing results. Sect. 6.3.2 presents the radiation patterns in different

frequency bands. In Sect. 6.3.2, we analyze the radiation fields derived in the

previous section using the CMA diagram given in Fig. 6.12. The details of the

CMA diagram which represents the wave propagation characteristics are given in

Chap. 3. Both characteristic waves propagate in Regions 1, 3, 6 and 7.

6.3.1 Numerical Verification

The radiation patterns for the Ef component of the electric field when the dipole is

oriented in x-direction and when ob

op
¼ 1:8 and o

op
¼ 2:4 are given by Wu [8] on the

x–z plane and the y–z plane. Our numerical results are plotted and compared with
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Wu’s results in Figs. 6.13 and 6.14 below. The agreement is excellent. The given

frequency of operation corresponds to region 1 in CMA diagram. In this region both

type I and type II waves propagate.

The maximum radiation occurs at y ¼ 0
 for type I wave and y ¼ 90
 for type II
wave when the observation point is on the f ¼ 90
 plane (y–z plane), respectively.
On this plane of observation, type I wave does not radiate in the y ¼ 90
 direction.
On the other hand, type II wave radiates in all directions. When the observation

point is on the f ¼ 0
 plane (x–z plane), the maximum and minimum radiation

directions remain same for type I wave. However, the maximum direction of

radiation changes from y ¼ 0
 to y ¼ 90
 for type II wave. Type II wave again

radiates in all directions on this plane.
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Fig. 6.12 CMA diagram to represent wave propagation characteristics
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6.3.2 Radiation Patterns

In this section, the radiation patterns are obtained for ŷ and f̂ components of the

radiation field on the f ¼ 0
 plane for both type I and type II waves when the dipole
is oriented in the z-direction and in the x-direction. We analyzed the radiation

patterns in three different regions of the CMA diagram. The regions are chosen such

Fig. 6.13 (a) x-directed dipole Ef component on the y–z plane, Wu’s result. (b) x-directed dipole

Ef component on the y–z plane, our result X ¼ 0:1736;Y ¼ 0:75; Region 1 in CMA diagram

Fig. 6.14 (a) x-directed dipole Ef component on the x–z plane, Wu’s result. (b) x-directed dipole

Ef component on the x–z plane, our result X ¼ 0:1736;Y ¼ 0:75; Region 1 in CMA diagram
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that there exist wave propagation due to both type I and type II waves, due to only

type I wave and due to only type II wave. As described in Chap. 3, in Region 1 of

the CMA diagram both type I and type II waves propagate, in Region 2 only type I

wave propagates and in Region 4 only type II wave propagates. Hence, Regions 1,

2 and 4 of the CMA diagram are the regions for which we will investigate the

radiation characteristics of the waves.

6.3.2.1 Radiation in Region 1

The wave normal surface in this region is given in Fig. 6.15. This region corre-

sponds to a high frequency region. Based on the wave normal surface given in the

above figure, in this region both type I and type II waves propagate. Hence we

expect both waves to radiate in this region when the frequency of the operation falls

within the specified range above. The radiation pattern for the ŷ component and the

f̂ component of the E field for z-directed dipole on the x–z plane are shown in

Fig. 6.16a, b, respectively.

When the dipole is z-directed, the ŷ component of the radiation field for type I

wave has the maximum radiation at y ¼ 54:9
. It has one symmetrical major lobe

with respect to y ¼ 90
. The minimum radiation occurs at y ¼ 0
 for the type I

wave. Type II wave has two symmetrical lobes with respect to y ¼ 90
. The
maximum radiation happens at y ¼ 39:6
. The minimum radiation is at

y ¼ 0
; 90
 for the type II wave. When we compare maximum radiation fields

for both types of waves, the ratio of their magnitudes is
jEyI j
jEyII j ¼ 2:96. The f̂

component of the radiation field for type I wave has the maximum radiation at

y ¼ 39:6
. It has two symmetrical lobes with respect to y ¼ 90
. The minimum

radiation is at y ¼ 0
; 90
 for the type I wave. The type II wave has also two

symmetrical lobes with respect to y ¼ 90
. It has maximum radiation at y ¼ 47:1
.
The minimum radiation happens at y ¼ 0
; 90
. When we compare maximum

radiation fields for both types of waves, the ratio of their magnitudes is
jEfI j
jEfII j ¼ 1:79.

When the dipole is oriented in the x-direction, the radiation patterns for the ŷ
component and the f̂ component of the E field are shown in Fig. 6.17. The ŷ
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Fig. 6.15 Wave normal surface in Region 1 when X ¼ 0:44; Y ¼ 0:37
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component of the radiation field for both type I and type II waves have the

maximum radiation at y ¼ 0
. They have symmetrical radiation pattern with

respect to y ¼ 90
. The minimum radiation occurs at y ¼ 90
 for both the types

of waves. Along the direction of maximum radiation for both types of waves, the

ratio of their magnitudes is
jEyI j
jEyII j ¼ 1:02. The f̂ component of the radiation field for

both type I and type II waves have the maximum radiation at y ¼ 0
. They have

symmetrical radiation pattern with respect to y ¼ 90
. The minimum radiation for

both waves are at y ¼ 90
. While the type I wave does not radiate at y ¼ 90
, the
type II wave radiates in all directions. When there is a maximum radiation for both

types of waves, the ratio of their magnitudes is
jEfI j
jEfII j ¼ 1:01.

6.3.2.2 Radiation in Region 2

The wave normal surface in this region is given in Fig. 6.18.

In Region 2, only type I waves can propagate. Hence, we expect only radiation

due to type I wave in this region. The numerical plots for the radiation patterns

Fig. 6.16 (a) Ey component of the radiation field for z-directed dipole on the on x–z plane. (b) Ef

component of the radiation field for z-directed dipole on the x–z plane

Fig. 6.17 (a) Ey component of the radiation field for x-directed dipole on the x–z plane. (b) Ef

component of the radiation field for x-directed dipole on the x–z plane
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shown in Figs. 6.19 and 6.20 confirm this. The radiation pattern for the ŷ component

and the f̂ component of the E field for z-directed dipole on x–z plane are shown in

Fig. 6.19a, b, respectively. When the dipole is z-directed, the ŷ component of the

radiation field for type I wave has the maximum radiation at y ¼ 90
. It has one
major lobe and has no radiation at y ¼ 0
. The radiation pattern looks like the

radiation pattern of an antenna in the uniaxial plasma. The f̂ component of type I

wave has symmetrical lobes with respect to y ¼ 90
. The maximum radiation

occurs at y ¼ 17:1
. The minimum radiation for type I wave is at y ¼ 0
; 90
:
When the dipole is oriented in the x-direction, the radiation patterns for the ŷ

component and the f̂ component of the E field are shown in Fig. 6.20. The ŷ and f̂
components of the radiation field for type I wave has the maximum radiation at

y ¼ 0
. The minimum radiation occurs at y ¼ 90
 for both components. The

radiation patterns have narrow beamwidth and hence the antenna is very directive

in this region for ŷ and f̂ components of the radiation field for type I wave.

6.3.2.3 Radiation in Region 4

The wave normal surface in this region is given in Fig. 6.21. In Region 4, only type II

wave can propagate. So the radiation should be due to only type II wave in this region.

o
I

Frequency Range

Propagating Wave 

free space wavek0 ,
type I wavekI ,

22
221 , pb ωωωωωω +=>>

z0ˆBzB =
Type I

I

o

Fig. 6.18 Wave normal surface in Region 2 when X ¼ 0:6083 and Y ¼ 0.4386

Fig. 6.19 (a) Ey component of the radiation field for z-directed dipole on the x–z plane. (b) Ef

component of the radiation field for z-directed dipole on the x–z plane
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The numerical plots for the radiation patterns shown in Figs. 6.22 and 6.23 confirm

this. The radiation pattern for the ŷ component and the f̂ component of the �E field for

the z-directed dipole on x–z plane are shown in Fig. 6.22a, b, respectively. When the

dipole is z-directed, the ŷ component of the radiation field for type II wave has the

maximum radiation at y ¼ 24:1
. The f̂ component of type II wave has themaximum

radiation at y ¼ 27:5
. The minimum radiation is at y ¼ 0
; 90
 for both waves.

o

z 

0ˆBzB =

k0,frees pace wave
kII,type II wave

Frequency Range
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II

I

Fig. 6.21 Wave normal surface in Region 4 when X ¼ 1:5041 and Y ¼ 0.6897

Fig. 6.20 (a) Ey component of the radiation field for x-directed dipole on the x–z plane. (b) Ef

component of the radiation field for x-directed dipole on the x–z plane

Fig. 6.22 (a) Ey component of the radiation field for z-directed dipole on the x–z plane. (b) Ef

component of the radiation field for z-directed dipole on the x–z plane
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When the dipole is oriented in the x-direction, the radiation patterns for the ŷ
component and the f̂ component of the E field are shown in Fig. 6.23. The ŷ
component of the radiation field for type II wave has the maximum radiation at

y ¼ 31:6
. It has the symmetrical radiation pattern with respect to y ¼ 90
. The f̂
component of type II wave has one major lobe which has the maximum radiation

occurs at y ¼ 90
. The minimum radiation occurs at y ¼ 90
 and y ¼ 0
 for the

ŷ component and at y ¼ 0
 only for the f̂ component of the radiation field for the

type II wave. The antenna radiates in all directions for both components for

this case.
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Chapter 7

Wave Theory of Composite Layered Structures

The advances in microwave communication systems require material properties

which can give optimum device performance. New materials are being developed

in order to meet the requirements of design processes as technology matures. These

new materials are composite mixtures of isotropic, anisotropic or gyrotropic mate-

rials. The purpose of such materials is to obtain more desirable constitutive para-

meters through a design process that can predict the effective properties of such a

mixture. One such benefit, besides having the permittivity or permeability that

exactly fits the application, is to use materials with lower cost to create a composite

material that might otherwise be found in much more expensive bulk form. As a

consequence, the analysis of the wave propagation through multilayered composite

structures carries great importance in the development of the microwave devices

with the desired material properties. If the layered structure is considered to

be consisted of layered general anisotropic media, then composite mixture can be

obtained by setting the desired arbitrary layer to be isotropic, electrically, magneti-

cally gyrotropic, uniaxially or biaxially anisotropic material by changing the ele-

ments of permittivity and permeability tensors for the layered structure. In the

following sections wave propagation through multilayered composite structure

will be given using step by step procedure. General anisotropic medium in the

composite layered structure is defined with permittivity and permeability tensors, ��e
and ��m, respectively.

7.1 Wave Propagation in Multilayered Isotropic Media

The fundamental concept of wave propagation through layered general anisotropic

media can be better understood by first studying the wave propagation through

multilayered isotropic media. The reflected and transmitted waves from layered

isotropic media can be found using the wave matrix approach [1]. In Sect. 7.1.1, we

will first investigate wave reflection and transmission from single-layered isotropic

media. We will then extend this analysis to multilayered structure in Sect. 7.1.2.

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media,
DOI 10.1007/978-1-4419-6024-5_7, # Springer Science+Business Media, LLC 2010
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7.1.1 Single-Layered Isotropic Media

Consider a plane wave which is incident from Region 0 with a plane of incidence

parallel to the x–z plane as shown in Fig. 7.1. Plane of incidence is formed by the

incident wave vector �k and normal to the boundary surface. Incident wave can be a

horizontally polarized wave (E� wave), or TE wave, which is perpendicular to the

plane of incidence (POI) or vertically polarized wave (H � wave) which is parallel

to POI. We will study two cases of wave polarization for the isotropic single-

layered structure.

7.1.1.1 TE Wave

In the first case, we assume the incident wave is TE wave and linearly polarized in

the y-direction. The electric field can be written as

�Ei ¼ ŷE0e
i kixxþkizzð Þe�iot (7.1)

�Er ¼ ŷRTEE0e
i �krxxþkrzzð Þe�iot (7.2)

�Et ¼ ŷTTEE0e
i ktxxþktzzð Þe�iot (7.3)

Magnetic field vector, �H, can be found using Faraday’s law as

@ �H

@t
¼ � 1

m
r� �E (7.4)

as

�Hi ¼ �x̂kiz þ ẑkixð Þ E0

om0

� �
ei kixxþkizzð Þe�iot (7.5)

z

x
qi

qr

Region 0 Region 1 

m0,e0 m1,e1

qt

Fig. 7.1 Reflection and

transmission of waves in

isotropic single-layered

structure
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�Hr ¼ � x̂krz þ ẑkrxð ÞRTE E0

om0

� �
ei �krxxþkrzzð Þe�iot (7.6)

�Ht ¼ �x̂ktz þ ẑktxð ÞTTE E0

om1

� �
ei ktxxþktzzð Þe�iot (7.7)

In (7.1)–(7.7), R, and T are called reflection and transmission coefficients,

respectively. The superscript refers the type of wave, i.e. TE or TM. Using the

continuity of the tangential components of electric fields at the boundary where

x ¼ 0, we find

1þ RTE ¼ TTE (7.8)

kx
m0

� �
1� RTE
� � ¼ ktx

m1

� �
TTE (7.9)

with the phase matching condition

kiz ¼ krz ¼ ktz (7.10)

Please note the wave vectors in Region 0 and Region 1 are

�ki ¼ x̂kix þ ẑkiz (7.11)

�kr ¼ �x̂krx þ ẑkrz (7.12)

�kt ¼ x̂ktx þ ẑktz (7.13)

and corresponding dispersion relations are obtained as

k2i ¼ k2ix þ k2iz ¼ o2m0e0 (7.14)

k2r ¼ k2rx þ k2rz ¼ o2m0e0 (7.15)

k2t ¼ k2tx þ k2tz ¼ o2m1e1 (7.16)

Solving (7.8) and (7.9) for RTE and TTE, we find

RTE ¼
1� m0ktx

m1kix

� �

1þ m0ktx
m1kix

� � (7.17)

TTE ¼ 2

1þ m0ktx
m1kix

� � (7.18)
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RTE and TTE are called Fresnel reflection and transmission coefficients, respec-

tively for TE waves. The relation between angle of reflection and transmission are

obtained using the phase matching condition given in (7.10), (7.14), (7.15) as

ki sin yi ¼ kr sin yr ¼ kt sin yt (7.19)

ki ¼ kr (7.20)

(7.19) and (7.20) leads to

yi ¼ yr (7.21)

sin yt
sin yi

¼
ffiffiffiffiffiffiffiffiffi
m0e0

p
ffiffiffiffiffiffiffiffiffi
m1e1

p (7.22)

7.1.1.2 TM Wave

Now consider, incident wave is TM wave for the structure shown in Fig. 7.1.

Assume the incident magnetic wave is linearly polarized in y-direction. Then, the

magnetic field wave can be written as

�Hi ¼ ŷH0e
i kixxþkizzð Þe�iot (7.23)

�Hr ¼ ŷRTMH0e
i �krxxþkrzzð Þe�iot (7.24)

�Ht ¼ ŷTTMH0e
i ktxxþktzzð Þe�iot (7.25)

Electric filed vector, �E, can be found using Ampere’s law

@ �E

@t
¼ 1

e
r� �H (7.26)

as

�Ei ¼ x̂kiz � ẑkixð Þ H0

oe0

� �
ei kixxþkizzð Þe�iot (7.27)

�Er ¼ x̂krz þ ẑkrxð ÞRTM H0

oe0

� �
ei �krxxþkrzzð Þe�iot (7.28)

�Et ¼ x̂ktz � ẑktxð ÞTTM H0

oe1

� �
ei ktxxþktzzð Þe�iot (7.29)
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The Fresnel coefficients for TM waves are similarly calculated using boundary

conditions when x ¼ 0 as

RTM ¼
1� e0ktx

e1kix

� �

1þ e0ktx
e1kix

� � (7.30)

TTE ¼ 2

1þ e0ktx
e1kix

� � (7.31)

When (7.17), (7.18) and (7.26), (7.27) are compared, it is seen that Fresnel

coefficients of TM waves and TE waves can be obtained from each other with the

application of the duality following relations

�E ! �H; �H ! � �E; m $ e (7.32)

7.1.2 Multilayered Isotropic Media

In this section, the analysis of wave propagation for single-layered isotropic media

described in Sect. 7.2.1 will be extended to multilayered isotropic media using

wave matrices [1]. Consider the multilayered isotropic structure illustrated in

Fig. 7.2 which has its stratification in z-direction. Assume plane wave which

has POI parallel to x–z plane is incident from Region 0. The layered medium

has t ¼ n þ 1 isotropic layer with ml permeability and el permittivity where

l ¼ 0; 1; 2 ::: t:

7.1.2.1 TE Wave

Initially, we analyze the wave propagation for TE waves. The incident electric field

vector is linearly polarized in the y-direction and given as

�Ei ¼ ŷE0e
i kixx�kizzð Þe�iot (7.33)

Then, the total electric field in Region l can be written as

�El ¼ ŷ Ale
iklzz þ Ble

�iklzz
� �

eikxxe�iot (7.34)

In (7.34), Al is the amplitude of the all wave components traveling in (þ)

z-direction whereas Bl is the amplitude of the all wave components traveling in
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(�) z-direction. The corresponding magnetic field vectors in the same region are

found from (7.4) as

Hl ¼ �x̂
klz
oml

þ ẑ
kx
oml

� �
Ale

iklzz þ x̂
klz
oml

þ ẑ
kx
oml

� �
Ble

iklzz

� �
eikxxe�iot (7.35)

Application of boundary conditions for n þ 1 boundaries gives (2n þ 2) equa-

tions. Since there are total of (2n þ 2) unknowns, they can be determined using

matrix solution. Using (7.34) and (7.35) and continuity of the tangential compo-

nents of the field vectors along the boundary at z ¼ �dl, we relate the wave

components

Ale
�iklzdl þ Ble

iklzdl ¼ Alþ1e
�ik lþ1ð Þzdl þ Blþ1e

ik lþ1ð Þzdl (7.36)

m lþ1ð Þklz
mlk lþ1ð Þz

Ale
�iklzdl � Ble

iklzdl
	 
 ¼ Alþ1e

�ik lþ1ð Þzdl � Blþ1e
ik lþ1ð Þzdl

	 

(7.37)

Fig. 7.2 Reflection and transmission of waves in isotropic multilayered structure
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Equations (7.36) and (7.37) can be put in the following form

Alþ1e
�ik lþ1ð Þzdl ¼ 1

2
1þ m lþ1ð Þklz

mlk lþ1ð Þz

� �
Ale

�iklzdl þ R lþ1ð ÞBle
iklzdl

� �
(7.38)

Blþ1e
ik lþ1ð Þzdl ¼ 1

2
1þ m lþ1ð Þklz

mlk lþ1ð Þz

� �
R lþ1ð ÞAle

�iklzdl þ Ble
iklzdl

� �
(7.39)

where

R lþ1ð Þl ¼ �Rl lþ1ð Þ ¼
1� Ge

ðlþ1Þl
� �

1þ Ge
ðlþ1Þl

� � (7.40)

and

Ge
ðlþ1Þl ¼

m lþ1ð Þklz
mlk lþ1ð Þz

(7.41)

Ge
ðlþ1Þl is called the reflection coefficient at the boundary for TE waves between

regions l and lþ 1. The first subscript, shows that the incident wave region.

Equations (7.38) and (7.39) can now be put in matrix form as

Alþ1e
�ik lþ1ð Þzdlþ1

Blþ1e
ik lþ1ð Þzdlþ1

� �
¼ F lþ1ð Þl

Ale
�iklzdl

Ble
iklzdl

� �
(7.42)

F lþ1ð Þl is the forward propagating matrix and defined as

F lþ1ð Þl ¼
1

2
1þ Ge

ðlþ1Þl
� � e�ik lþ1ð Þz dlþ1�dlð Þ R lþ1ð Þle�ik lþ1ð Þz dlþ1�dlð Þ

R lþ1ð Þleik lþ1ð Þz dlþ1�dlð Þ eik lþ1ð Þz dlþ1�dlð Þ

� �
(7.43)

When the wave is in Region t ¼ n þ 1, there is only transmission coefficient, T,
because this is a semi infinite region and there are no reflected wave components.

Transmission coefficient, T, is found from (7.42) as by setting Alþ1 ¼ 0, and

Blþ1 ¼ T as

0

T

� �
¼ Ftn

Ale
�iklzdl

Ble
iklzdl

� �
(7.44)

where

Ftn ¼ 1

2
1þ Ge

tn

� � eiktzdn Rtne
iktzdn

Rtne
�iktzdn e�iktzdn

� �
(7.45)
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7.1.2.2 TM Wave

The Fresnel coefficients for TMwaves are simply obtained by application of duality

relation given in (7.32). So,

Ge
ðlþ1Þl ¼

m lþ1ð Þklz
mlk lþ1ð Þz

! Gm
ðlþ1Þl ¼

e lþ1ð Þklz
elk lþ1ð Þz

(7.46)

We can also represent the wave amplitudes in any region using the wave

amplitudes in other regions through wave propagation matrices in (7.43). The

transmission and reflection coefficients are determined from the elements of the

forward propagating matrix.

7.2 Wave Propagation in Multilayered Anisotropic Media

In this section, we will investigate the wave propagation through multilayered

anisotropic media using the theory outlined in Sect. 7.1. The analysis will be first

described using single, two-layered and then multilayered uniaxially anisotropic

media in Sect. 7.2.1–7.2.5. The analysis will then be extended to multilayered

general layered anisotropic media in Sect. 7.2.5.

7.2.1 Single-Layered Anisotropic Media:
Vertically Uniaxial Case

In this section, the analysis of the wave propagation for a single layer anisotropic

media is described. The anisotropic layer is unaxially anisotropic medium with its

optic axis oriented in z-direction (vertically uniaxially case). The wave is incident

from isotropic region which is designated by Region 0. The incident wave in

isotropic region can be either TE wave or horizontally polarized or TM wave or

vertically polarized as described in Sect. 7.1.2. The transmitted wave in anisotropic

region is an o� ordinarywave if the incident wave is TE wave and

e� ordinarywave if the incident wave is TM wave as described in Chap. 2. The

reflected wave in isotropic region is horizontally polarized wave when incident

wave is TE wave and vertically polarized wave when incident wave is TM wave. In

this section, we will introduce two unit vectors, ĥ and v̂, to represent horizontally

polarized (TE) and vertically polarized waves (TM), respectively [2]. The unit

vectors, ĥ and v̂, and the wave vectors illustrated in Fig. 7.3 are defined as

ĥ0 �k0zð Þ ¼ ẑ� �k0
kr

¼ �x̂ky þ ŷkx
� �

kr
(7.47)
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v̂0 k0zð Þ ¼ ĥ0 k0zð Þ � �k0
k0

¼ 1

k0

koz x̂kx þ ŷky
� �

kr
� ẑkr

� �
(7.48)

v̂0 �k0zð Þ ¼ ĥ0 �k0zð Þ � �k0
k0

¼ 1

k0
� koz x̂kx þ ŷky

� �
kr

� ẑkr

� �
(7.49)

ôð�ko1zÞ ¼
ẑ� �ko1
ẑ� �ko1


 

 ¼

�x̂ky þ ŷkx
� �

kr
¼ ĥ1 �k1zð Þ (7.50)

êðked1z Þ ¼
ĥ1ð�k1zÞ � �k1u

k1u
¼ 1

k1u

��krk
ed
1z e1z

e1kr
� ẑkr

� �
(7.51)

�k0 ¼ �kr þ ẑk0 (7.52)

�k0 ¼ �kr � ẑk0 (7.53)

�kr ¼ x̂�kx þ ŷky (7.54)

�ko1 ¼ �kr þ ẑko1z (7.55)

�ko1 ¼ �kr � k�1z z
_

(7.56)

�ke1 ¼ �kr þ ẑkeu1z (7.57)

�ke1 ¼ �kr þ ked1z z
_

(7.58)

�k1u ¼ ��e � �ke1 (7.59)

�k1u ¼ ��e � �ke1 (7.60)
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Fig. 7.3 Reflection and

transmission of waves in

single-layered anisotropic

slab
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The wave numbers are found from the dispersion relations as

k�0z ¼ k20 � k2r

h i1
2

(7.61)

k�1z ¼ k21 � k2r

h i1
2

(7.62)

k0;1 ¼ o
ffiffiffiffiffiffiffiffiffiffi
me0;1

p
(7.63)

keu1z
ked1z

� �
¼ � 1

e1z
k21e

2
1z � e1e1zk2r

h i1=2
(7.64)

7.2.1.1 TE Wave

Assume the incident wave from Region 0 is TE wave and given by

�Ei;0 ¼ ĥ0 �k0zð Þeið�ko��rÞe�iot (7.65)

The first subscript shows the wave type (incident, reflected, or transmitted in

Region 1).The reflected wave is

�Er;0 ¼ ĥ0 k0zð ÞR01HHe
ið�ko��rÞ

h i
e�iot (7.66)

R01HH is the reflection coefficient when incident and reflected waves are both

horizontally polarized. The transmitted wave in Region 1 can be expressed as

�Et;1 ¼ ô �ko1z
� �

THoe
ið�ko

1
��rÞ

h i
e�iot (7.67)

THo is the transmission coefficient when incident wave is horizontally polarized

and transmitted wave is an ordinary wave The reflection and transmission coeffi-

cients, Fresnel coefficients, are found using boundary conditions at z ¼ 0 as

described in the previous section. Application of boundary conditions z ¼ 0 gives

following equations

ẑ� �E0 ¼ ẑ� �E1 (7.68)

ẑ�r� �E0 ¼ ẑ�r� �E1 (7.69)

where

�E0 ¼ �Ei;0 þ �Er;0 (7.70)
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�E1 ¼ �Et;1 (7.71)

Substituting (7.65)–(7.67), and (7.70), (7.71) into (7.68) and (7.69) gives

R01HH ¼ koz � ko1z
koz þ ko1z

(7.72)

THo ¼ 2koz

koz þ ko1z
� � (7.73)

7.2.1.2 TM Wave

Now, assume the incident wave from Region 0 is TM wave and given by

�Ei;0 ¼ v̂0 �k0zð Þeið�ko��rÞe�iot (7.74)

The first subscript shows the wave type (incident, reflected, or transmitted in

Region 1). The reflected wave is

�Er;0 ¼ v̂0 k0zð ÞR01VVe
ið�ko��rÞ

h i
e�iot (7.75)

R01VV is the reflection coefficient when incident and reflected waves are both

vertically polarized. The transmitted wave in Region 1 can be expressed as

�Et;1 ¼ ê ked1z
� �

TVee
ið�ke

1
��rÞ

h i
e�iot (7.76)

TVe is the transmission coefficient when incident wave is vertically polarized and

transmitted wave is an extraordinary wave. Repeating the same procedure to find

reflection and transmission coefficients by applying boundary conditions at z ¼ 0

gives

R01VV ¼ e1koz � e0ke1z
e1koz þ e0ke1z

(7.77)

TVe ¼ 2e1koz
e1koz þ e0ke1z
� � (7.78)

7.2.1.3 Numerical Example

The Fresnel coefficients derived for the single layer uniaxially anisotropic medium

for a vertically oriented optic axis are numerically calculated for Taconic TLY-5A
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material and illustrated in Fig. 7.4. TLY-5A is a negatively uniaxial anisotropic

medium with dissipation factor of 0.0014 in (x, y)-direction and 0.00066 in

z-direction at 10 GHz. The Brewster angle numerically calculated to be 56.96� as
shown in Fig. 7.4.

The theoretical value of the Brewster angle is found from

yB ¼ a sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1z e1 � e0ð Þ
e1e1z � e20

s !

The theoretical value is also found to be 56.96� as shown in Fig. 7.4.

7.2.2 Single-Layered Anisotropic Media: Optic Axis Tilted
in One Direction

The cross polarization effect due to isotropic–anisotropic interface can be obtained

if the optic axis of the uniaxially anisotropic medium is tilted. Cross polarization

effect is very important in radiation and wave scattering problems. The geometry

of the anisotropic medium is shown in Fig. 7.5 when its optic axis is tilted around

Fig. 7.4 Fresnel coefficients for single layer uniaxially anisotropic medium with a vertically

oriented optic axis

154 7 Wave Theory of Composite Layered Structures



z-direction by angle c. The permittivity tensor of the anisotropic medium with

tilted optic axis becomes

��eoz ¼
eoz
11

0 0

0 eoz
22

eoz
23

0 eoz
32

eoz
33

2
4

3
5 (7.79)

The first and second superscripts of the permittivity tensor indicate the direction

where the optic axis is tilted. The matrix elements of the tensor in (7.79) are

eoz
11
¼ e1 (7.80)

eoz
22
¼ e1cos2cþ e1zsin2c (7.81)

eoz
23
¼ eoz

32
¼ e1 � e1zð Þ coscsinc (7.82)

eoz
33
¼ e1sin2cþ e1zcos2c (7.83)

The single layer structure with the direction of wave vectors is illustrated in

Fig. 7.6. We first analyze the wave propagation for TE wave incidence.

7.2.2.1 TE Wave

When the incident wave is TE wave, the electric field vector in Region 0 is

expressed as

�Ei;0 ¼ ĥ0 �k0zð Þeið�ko��rÞe�iot (7.84)

Figure 7.6 shows the wave vectors for the single layer structure when the incident

wave is horizontally polarized. Upon reflection from the isotropic–anisotropic

interface the reflected wave in Region 0 will have the cross polarized component

R01HV . Cross polarized components carries great importance in radiation and

ψ

z,z'

x'

x

y

y'

ψ
ψ

Fig. 7.5 Geormetry of a

unaxially anisotropic medium

with its optic axis tilted

around z-axis by an angle c
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scattering problems. The first subscript of the cross polarized component represents

the polarization of the incident wave whereas the second subscript represents

the polarization of the reflected wave. The reflected electric field vector can be

written as

�Er;0 ¼ ĥ0 k0zð ÞR01HHe
ið�ko��rÞ þ v̂0 k0zð ÞR01HVe

ið�ko��rÞ
h i

e�iot (7.85)

The transmitted wave also has the cross polarized component due to tilted optic

axis. THe is the transmitted cross polarized component and represents the transmit-

ted extraordinary wave when the incident wave is TE wave. The transmitted field

vector is

�Et;1 ¼ ô �ko1z
� �

THoe
ið�ko

1
��rÞ þ ê ked1z

� �
THoe

ið�ke
1
��rÞ

h i
e�iot (7.86)

Application of the boundary conditions given by (7.64) and (7.65) gives the

refection and transmission coefficients as

R01HH ¼ �1þ THo
ad

1

kr
k2r coscþ kyk

o
1z sinc

� �
� k21
kr

kx sinc
THe
bd

(7.87)

R01HV ¼ � THo
ad

kokx
krkoz

ko1z sincþ THe
bd

ko
krkoz

k2rk
ed
1z cosc� ky ko1z

� �2
sinc

� �
(7.88)

where

THe ¼ � bd
le

2koz
kr

kx k2r þ kozk
o
1z

� �
sinc (7.89)

THo ¼ � ad
le

2

koz þ ko1z
� � koz

kr

� k2r k21koz � k2ok
ed
1z

� �
coscþ ky k2o ko1z

� �2 � k21kozk
ed
1z

� �
sinc

h i
(7.90)
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(ĥ k0z) (v̂ k0z )

1
ok

1
ek

, R01HV01HHR

1

oz

oz

oz
oze =

Region 1 

m, e0

k0
k0

11

22

33

0 0

0
0

ε
ε

ε

oz
23

ε
oz

32
ε
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le ¼ cos2ck2r k21k
o
1z � k2ok

ed
1z

� �þ sin2c k21 koz � ked1z
� �

k2x þ kozk
o
1z

� �þ k2yk
o
1z k21 � k2o
� �h i

þ cosc sincky ko1z þ koz
� �

ko1z � ked1z
� �

k2r þ ko1zkoz

� �
(7.91)

bd ¼
e1

e1 � e1z
k2x þ k2y þ ked1z

� �2 � o2me1
� �

k2x þ k2y þ ked1z
� �2 � o2m e1 þ e1zð Þ

� �� �1=2

(7.92)

ad ¼ k2x þ ky coscþ ko1z sinc
� �2h i1=2

(7.93)

7.2.2.2 TM Wave

Figure 7.7 illustrates the single layer structure when the incident wave is vertically

polarized. The incident electric field vector can be written as

�Ei;0 ¼ v̂0 �k0zð Þeið�ko��rÞe�iot (7.94)

The reflected wave with the cross polarized term is R01VH is

�Er;0 ¼ v̂0 k0zð ÞR01VVe
ið�ko��rÞ þ ĥ0 k0zð ÞR01VHe

ið�ko��rÞ
h i

e�iot (7.95)

R01VH indicates that the incident wave is vertically polarized or TM wave, and

the reflected wave is horizontally polarized or TE wave. The transmitted wave in

Region 1 can be expressed as

�Et;1 ¼ ô �ko1z
� �

TVoe
ið�ko

1
��rÞ þ ê ked1z

� �
TVee

ið�ke
1
��rÞ

h i
e�iot (7.96)
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TVo and TVe are the transmission coefficients when the incident wave is TM wave

and transmitted wave ordinary wave or extraordinary wave, respectively. The

reflection and transmission coefficients are found using boundary conditions as

described before and given as

R01VV ¼ 1�TVo
ad

kokx
krkoz

ko
1z
sincþTVe

bd

ko
krkoz

k2rk
ed
1z cosc� ky ko1z

� �2
sinc

� �
(7.97)

R01VH ¼ TVo
ad

1

kr
k2r coscþ kyk

o
1z sinc

� �
� TVe

bd

k21
kr

kx sinc (7.98)

where

TVe ¼ bd
le

2ko
kr

k2rkoz coscþ kykozk
o
1z sinc

� �
(7.99)

TVo ¼ ad
le

2

koz þ ko1z
� � koz

kr
k21kxko koz � ked1z

� �
sinc

	 

(7.100)

The coefficients ad; bd , and ld are given by (7.91)–(7.93). The transmission and

reflection coefficients calculated for TE and TM waves given by (7.87)–(7.90) and

(7.97)–(7.100) check with the results given in [3].

7.2.2.3 Numerical Example

The Fresnel coefficients derived for the single layer vertically uniaxially anisotropic

medium with a tilted optic axis are numerically calculated for Taconic TLY-5A

material and illustrated in Fig. 7.8.

As illustrated, the cross polarization components exist because of the isotropi-

c–anisotropic interface. The magnitude of the cross polarized components varies

with the tilt angle and observation angle. The cross polarized terms are very

important due to their contribution on the electric and magnetic field intensities in

radiation and scattering problems.

7.2.3 Two-Layered Anisotropic Media: Vertically Uniaxial Case

The wave propagation in this case will be investigated when two-layered uniaxially

anisotropic media is placed between two isotropic regions. The uniaxially aniso-

tropic medium is assumed to have its optic axis oriented in z-direction.
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7.2.3.1 TE Wave

The two-layered anisotropic structure when the incident wave is horizontally

polarized is shown in Fig. 7.9. The electric field vector in Region 0 is

�E0 ¼ ĥ0 �k0zð Þeið�ko��rÞ þ ĥ0 k0zð ÞRHe
ið�ko��rÞ

h i
e�iot (7.101)

The reflected wave is also a horizontally polarized wave. RH is the reflection

coefficient which has the reflected wave components from isotropic–anisotropic

interface and anisotropic-isotropic interface when incident wave is horizontally

polarized. The transmitted wave in Region 1 is expressed as

�E1 ¼ ô �ko1z
� �

THo1e
ið�ko

1
��rÞ þ ô ko1z

� �
THo2e

ið�ko
1
��rÞ

h i
e�iot (7.102)

THo1 is the transmission coefficient for the downward propagating ordinary wave

and THo2 is transmission coefficient for upward propagating ordinary wave. In

Region 2, there is only downward propagating wave which is horizontally polari-

zed. The field vector in Region 2 can be expressed as

�E2 ¼ ĥ2 �ko2z
� �

TH2e
ið�ko

2
��rÞ

h i
e�iot (7.103)

Fig. 7.8 Fresnel coefficients for single layer uniaxially anisotropic medium with a tilted optic axis
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TH2 is the transmission coefficient in Region 2 when the incident wave in Region

0 is a horizontally polarized wave . The Fresnel coefficients RH; THo1; THo2 and TH2

are found by using the following boundary conditions at z ¼ 0;�d

ẑ� �E0 ¼ ẑ� �E1 (7.104)

ẑ�r� �E0 ¼ ẑ�r� �E1 (7.105)

ẑ� �E1 ¼ ẑ� �E2 (7.106)

ẑ�r� �E1 ¼ ẑ�r� �E2 (7.107)

The Fresnel coefficients after application of the boundary conditions (7.104) and

(7.105) are found as

RH ¼ RH01 þ RH12e
i2k1zd

� �
aH2

(7.108)

THo1 ¼ ð1þ RH01Þ
aH2

(7.109)

THo2 ¼ ð1þ RH01ÞRH12e
i2k1zd

aH2
(7.110)

TH2 ¼ ð1þ RH01Þ 1þ RH12ð Þei k1z�k2zð Þd

aH2
(7.111)
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Fig. 7.9 Reflection and transmission of TE waves in two-layered anisotropic structure
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where

RH01 ¼ k0z � k1z
k0z þ k1z

(7.112)

RH12 ¼ k1z � k2z
k1z þ k2z

(7.113)

aH2 ¼ 1þ RH01RH12e
i2k1zd (7.114)

The new unit vectors, wave vector and the dispersion relation in Region 2 are

ĥ2 �k2zð Þ ¼ ẑ� �k2
kr

¼ �x̂ky þ ŷkx
� �

kr
(7.115)

ôðko1zÞ ¼
ẑ� �ko1
ẑ� �ko1


 

 ¼

�x̂ky þ ŷkx
� �

kr
(7.116)

�ko2 ¼ �kr � k�2z z
_

k2 ¼ o
ffiffiffiffiffiffiffi
me2

p
(7.117)

7.2.3.2 TM Wave

Now, assume the incident wave in Region 0 is TM wave for the layered structure

shown in Fig. 7.10. The field vectors in Region 0, 1, and 2 can be expressed as

�E0 ¼ v̂0 �k0zð Þeið�ko��rÞ þ v̂0 k0zð ÞRVe
ið�ko��rÞ

h i
e�iot (7.118)

�E1 ¼ ê ked1z
� �

TVe1e
ið�ke

1
��rÞ þ ê keu1z

� �
TVe2e

ið�ke
1
��rÞ

h i
e�iot (7.119)

�E2 ¼ v̂2 �ko2z
� �

TV2e
ið�ko

2
��rÞ

h i
e�iot (7.120)

The reflection and transmission coefficients RV ; TVe1; TVe2 and TV2 are found

using the boundary conditions given by (7.104)–(7.107) by for the electric field

vectors given by (7.118)–(7.120). The Fresnel coefficients are found with applica-

tion of boundary conditions similar to TE wave and given as

RV ¼ RV01 þ RV12e
i2k1zd

� �
aV2

(7.121)
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TVe1 ¼ ð1þ RV01Þ
aV2

k0k1u
k21

e1
e1z

(7.122)

TVe2 ¼ ð1þ RV01Þ
aV2

k0k1u
k21

e1
e1z

ð1þ RV12Þei2ke1zd (7.123)

TV2 ¼ k0
k2

1þ RV01ð Þ
aV2

1þ RV12ð Þei ke
1z
�k2zð Þd (7.124)

where

RV01 ¼ e1k0z � e0ke1z
e1k0z þ e0ke1z

(7.125)

RV12 ¼ e2ke1z � e1k2z
e2ke1z þ e1k2z

(7.126)

aV2 ¼ 1þ RV01RV12e
i2ke

1z
d (7.127)

7.2.3.3 Application Example: Microstrip with Anisotropic Medium

Application of the electromagnetic wave propagation problem through composite

structure can be best illustrated with making the second region perfect conductor.

Z

x

Region 0

0,μ ε

Region 1

1
,μ ε

( )0 0
ˆ

zv k−

0κ
0k

1
eκ

1
ek1

ε =

2
μ ε

2
0κ

( )0 0
ˆ

z
v k

2 0
ˆ ( )z
v k−

0z =

z d= −

1

1

1

0 0

0 0

0 0 z

ε

ε
ε

( )1
ˆ ed

z
e k

( )1
ˆ eu

z
e k

,

Fig. 7.10 Reflection and transmission of TM waves in two-layered anisotropic structure
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When the permittivity of the second layer taken to be infinitely large, e2 ! 1, it

can be approximated with a perfect conductor.

The final configuration with this approximation can be considered as microstrip

structure as shown in Fig. 7.11. The dielectric layer in this microstrip structure is a

vertically uniaxial anisotropic medium. This configuration can be used for radiation

or scattering problems. The calculations for radiation and scattering require finding

Dyadic Green’s Functions (DGF) of the structure. DGF of the medium has the same

form as the electric field in that region as described in Chap. 5. As a result, Fresnel

coefficients in electric field vectors have to be used for the region under consider-

ation to be able to construct DGF. For the microstrip involving uniaxially aniso-

tropic medium shown in Fig. 7.11, the Fresnel coefficients for TE and TM waves

derived in Sect. 7.2.3 are modified with the substitution of e2 ! 1 into

(7.108)–(7.114) and (7.121)–(7.127). The modified Fresnel coefficients for TE

waves are

RH ! RH01 � ei2k1zd
� �

aH2
(7.128)

THo1 ¼ ð1þ RH01Þ
aH2

(7.129)

THo2 ! �ð1þ RH01Þei2k1zd
aH2

(7.130)

TH2 ! 0 (7.131)
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Fig. 7.11 Microstrip configuration with a vertically uniaxial anisotropic medium
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where

RH01 ¼ k0z � k1z
k0z þ k1z

(7.132)

RH12 ! �1 (7.133)

aH2 ! 1� RH01e
i2k1zd (7.134)

Similarly, the modified Fresnel coefficients for TE waves are found as

RV ! RV01 þ ei2k1zd
� �

aV2
(7.135)

TVe1 ¼ ð1þ RV01Þ
aV2

k0k1u
k21

e1
e1z

(7.136)

TVe2 ! ð1þ RV01Þ
aV2

k0k1u
k21

e1
e1z

2ei2k
e
1z
d (7.137)

TV2 ! 0 (7.138)

where

RV01 ¼ e1k0z � e0ke1z
e1k0z þ e0ke1z

(7.139)

RV12 ! 1 (7.140)

aV2 ! 1þ RV01e
i2ke

1z
d (7.141)

7.2.4 Two-Layered Anisotropic Media: Optic Axis Tilted
in One Direction

Let’s assume the optic axis of the two-layered uniaxially anisotropic medium is

tilted around z-direction by an angle c. The geometry of the anisotropic medium is

illustrated in Fig. 7.5. The permittivity tensor and its elements are given by

(7.79)–(7.81). We have seen in Sect. 7.2.2 that when the optic axis of the aniso-

tropic medium is tilted, it allows existence of the cross polarization components

across the isotropic–anisotropic interface. In the two-layered configuration, we have
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anisotropic-isotropic interface in addition to the isotropic–anisotropic interface

across the boundaries at z ¼ 0, and z ¼ �d. Although the calculation of the

Fresnel coefficients gets complicated and tedious, its straight forward with the

method proposed in this chapter by application of the boundary conditions as

described.

7.2.4.1 TE Wave

When the incident wave is TE wave or horizontally polarized wave, ĥo �kozð Þ, the
electric field vector in Region 0 will have both horizontally polarized and vertically

polarized components due to isotropic–anisotropic interface as discussed in

Sect. 7.2.2. The field vector in Region 0 can be expressed as

�E0 ¼ ĥ0 �k0zð Þeið�k0��rÞ þ ĥ0 k0zð ÞR01HHe
ið�ko��rÞ þ v̂0 k0zð ÞR01HVe

ið�ko��rÞ
h i

e�iot (7.142)

Upon transmission from Region 0 to Region 1, the transmitted horizontally

polarized wave is decomposed into downward propagating ordinary and extraordi-

nary wave components, ô �ko1z
� �

and ê ked1z
� �

, with transmission coefficients THo and
THe. The ordinary and extraordinary downward propagating wave components

will be reflected back from the anisotropic–isotropic interface as illustrated in

Fig. 7.12. The wave components reflected from anisotropic-isotropic interface

will be upward propagating and are designated by unit vectors ô ko1z
� �

and ê keu1z
� �
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Fig. 7.12 Reflection and transmission of TE waves in two-layered anisotropic structure with

a tilted optic axis
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with the transmission-reflection coefficients TRHo and TRHe. The electric field

vector in Region 1 can be written as

�E1 ¼
THoôð�ko1zÞeið�k

o
1
��rÞ þ TRHoôðko1zÞeið�k

o
1
��rÞ

þTHeêðked1z Þeið�k
e
1
:�rÞ þ TRHeêðkeu1zÞeið

�ke
1
��rÞ

" #
e�iot (7.143)

The transmitted wave in Region 2 has both horizontally and vertically polarized

waves due to anisotropic-isotropic interface. The transmitted wave is represented

with transmission coefficients T2HH and T2HV . The field vector in Region 2 is

�E2 ¼ ĥ2 �k2zð ÞT2HHeið�k2��rÞ þ v̂2 �k2zð ÞT2HHeið�k2��rÞ
h i

e�iot (7.144)

The Fresnel coefficients are found by application boundary conditions given

using (7.104)–(7.107) as described in the previous sections. TM wave analysis can

be carried out by considering the incident wave as vertically polarized wave.

7.2.5 Multilayered Anisotropic Media

Consider the following stratified general anisotropic medium shown in Fig. 7.13.

Assume that the principal axes of the medium are oriented parallel to the coordinate

axes. This configuration is practical and can be adjusted to have composite planar

multilayer circuit by changing the permittivity and/or permeability parameters of

the medium in each layer.

7.2.5.1 TE Wave

From continuity of the tangential components of the field vectors along the bound-

ary at x ¼ �dl, we relate the wave components as

Ale
�iklxdl ¼ 1

2
1þ mlzk lþ1ð Þx

m lþ1ð Þklx

 !
Alþ1e

�ik lþ1ð Þxdl þ Rl lþ1ð ÞBlþ1e
ik lþ1ð Þxdl

� �
(7.145)

Ble
�iklxdl ¼ 1

2
1þ mlzk lþ1ð Þx

m lþ1ð Þklx

 !
Rl lþ1ð ÞAlþ1e

�ik lþ1ð Þxdl þ Blþ1e
ik lþ1ð Þxdl

� �
(7.146)

The wave components can now be related through wave components in the

lþ 1ð Þ as

Alþ1e
�ik lþ1ð Þxdlþ1

Blþ1e
ik lþ1ð Þxdlþ1

� �
¼ F lþ1ð Þl

Ale
�iklxdl

Ble
iklxdl

� �
(7.147)
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where the forward propagation matrix is

F lþ1ð Þl ¼ 1

2
1þGe

ðlþ1Þl
� � e�ik lþ1ð Þx dlþ1�dlð Þ R lþ1ð Þle�ik lþ1ð Þx dlþ1�dlð Þ

R lþ1ð Þleik lþ1ð Þx dlþ1�dlð Þ eik lþ1ð Þx dlþ1�dlð Þ

� �
(7.148)

R lþ1ð Þl ¼ �Rl lþ1ð Þ ¼
1� Ge

ðlþ1Þl
� �

1þ Ge
ðlþ1Þl

� � (7.149)

and

Ge
ðlþ1Þl ¼

m lþ1ð Þzklx
mlzk lþ1ð Þx

(7.150)

The analysis and the structure of the forward propagation matrix is similar to the

one that is found for the multilayer isotropic structure. Once the forward propaga-

tion matrix is found, the reflection and transmission coefficients can be easily

calculated. TM wave analysis is done by applying the duality relations.

Fig. 7.13 Geometry of multilayered anisotropic media
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Chapter 8

Microwave Devices Using Anisotropic

and Gyrotropic Media

In this chapter, the theory that is introduced in the previous chapters for isotropic,

anisotropic and gyrotropic materials finds an application. Application examples

using isotropic, anisotropic and gyrotropic materials will be introduced with detail.

Most of the design examples have analytical stage involving theory of the opera-

tion, simulation stage for verification of the design and experimental stage for

implementation. The device performance using these three types of materials will

be compared to understand the effect of anisotropy or nonreciprocity. The devices

that will be analyzed, simulated and designed including waveguides, directional

couplers, microwave filters, and nonreciprocal phase shifters.

8.1 Waveguide Design

In this section, rectangular waveguide design procedure for isotropic, gyrotropic

and anisotropic media will be given. The wave propagation in waveguide can be

analyzed by using two curl equations given in Chap. 1 in the absence of electric and

magnetic current density as

r� �E ¼ io��m � �H (8.1)

r� �H ¼ �io��e � �E (8.2)

where r ¼ x̂ @
@x þ ŷ @

@y þ ẑ @
@z

� �
. Expansion of (8.1) and (8.2) for electric and mag-

netic field components give two sets of equations.

@Ez

@y
� @Ey

@z
¼ io m11Hx þ m12Hy þ m13Hz

� �
(8.3)

@Ex

@z
� @Ez

@x
¼ io m21Hx þ m22Hy þ m23Hz

� �
(8.4)

A. Eroglu, Wave Propagation and Radiation in Gyrotropic and Anisotropic Media,
DOI 10.1007/978-1-4419-6024-5_8, # Springer Science+Business Media, LLC 2010
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@Ey

@x
� @Ex

@y
¼ io m31Hx þ m32Hy þ m33Hz

� �
(8.5)

and

@Hz

@y
� @Hy

@z
¼ �io e11Ex þ e12Ey þ e13Ez

� �
(8.6)

@Hx

@z
� @Hz

@x
¼ �io e21Ex þ e22Ey þ e23Ez

� �
(8.7)

@Hy

@x
� @Hx

@y
¼ �io e31Ex þ e32Ey þ e33Ez

� �
(8.8)

The geometry of the rectangular waveguide is given in Fig. 8.1. The guide walls

are assumed to be perfect conductor with {sc} ¼ 1 . It is assumed that the wave

propagation is in the z-direction and the electric and magnetic field vector compo-

nents are functions of x and y. Then, the electric and magnetic field vector

amplitudes can be written in the following form

�F ¼ �F x; yð Þeikz (8.9)

where

�Fðx; yÞ ¼ Fxðx; yÞx̂þ Fyðx; yÞŷþ Fzðx; yÞẑ (8.10)

F represent electric field intensity E or magnetic field intensity H. The time

dependence e�iot is assumed as previously done. The analysis will be based on the

lossless dielectric filling.

z

x

y

a

b

,ε μ

Fig. 8.1 Geometry of the

rectangular waveguide
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8.1.1 Waveguide Design with Isotropic Media

Consider the rectangular waveguide illustrated in Fig. 8.1. Assume that the dielec-

tric filling inside the guide is isotropic with permittivity constant e and permeability

constant m. So that

��e ¼ e��I and ��m ¼ m��I (8.11)

When (8.11) is substituted into (8.3)–(8.8) with (8.9), they take the following

form

� ikEy þ @Ez

@y
¼ iomHx (8.12)

ikEx � @Ez

@x
¼ iomHy (8.13)

@Ey

@x
� @Ex

@y
¼ iomHz (8.14)

and

� ikHy þ @Hz

@y
¼ �ioeEx (8.15)

ikHx � @Hz

@x
¼ �ioeEy (8.16)

@Hy

@x
� @Hx

@y
¼ �ioeEz (8.17)

Now, we express transverse components of the field vectors, Ex, Ey, and Hx, Hy,

in terms of the longitudinal components, Ez, Hz, which are the field vectors in the

direction of propagation. By eliminating Hx from (8.12) and (8.16), and Hy from

(8.13) and (8.15), we obtain

Ey ¼ � 1

o2me� k2ð Þ ik
@ Ez

@ y
� iom

@ Hz

@ x

� �
(8.18)

Ex ¼ � 1

o2me� k2ð Þ ik
@ Ez

@ x
þ iom

@ Hz

@ y

� �
(8.19)
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and

Hy ¼ � 1

o2me� k2ð Þ ik
@ Hz

@ y
þ ioe

@ Ez

@ x

� �
(8.20)

Hx ¼ � 1

o2me� k2ð Þ ik
@ Hz

@ x
� ioe

@ Ez

@ y

� �
(8.21)

8.1.1.1 TEmn Modes

For TE modes, the longitudinal component of the electric filed should be zero,

Ez ¼ 0. Application of this constraint on the transverse components of the electric

and magnetic field vectors given by (8.18)–(8.21) reduces them to

Ey ¼ iom
o2me� k2ð Þ

@ Hz

@ x
(8.22)

Ex ¼ � iom
o2me� k2ð Þ

@ Hz

@ y
(8.23)

and

Hy ¼ � ik

o2me� k2ð Þ
@ Hz

@ y
(8.24)

Hx ¼ � ik

o2me� k2ð Þ
@ Hz

@ x
(8.25)

When we take the derivative of (8.23), and (8.24) with respect to y and x,

respectively

@Ey

@ x
¼ iom

o2me� k2ð Þ
@

2

Hz

@ x2
(8.26)

@Ex

@ y
¼ � iom

o2me� k2ð Þ
@2 Hz

@ y2
(8.27)

and subtract (8.27) from (8.26), we obtain

@Ey

@ x
� @Ex

@ y
¼ iom

o2me� k2ð Þ
@

2

Hz

@ x2
þ iom

o2me� k2ð Þ
@2 Hz

@ y2
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or

@Ey

@ x
� @Ex

@ y
¼ iom

o2me� k2ð Þ
@

2

Hz

@ x2
þ @2 Hz

@ y2

" #
(8.28)

Since from (8.14),

@Ey

@x
� @Ex

@y
¼ iomHz (8.29)

then,

iom
o2me� k2ð Þ

@
2

Hz

@ x2
þ @2 Hz

@ y2

" #
¼ iomHz

or

@
2

Hz

@ x2
þ @2 Hz

@ y2
þ o2me� k2
� 	

Hz ¼ 0 (8.30)

Same procedure can be applied to find wave equation for TMwaves. The solution

of the second order differential equation given in (8.30) takes the following form [1].

Hz x; yð Þ ¼ A cos kxxð Þ cos kyy
� 	

(8.31)

Application of boundary conditions at x ¼ 0; a and y ¼ 0; b requires tangential

components of the magnetic field vectors to be zero, i.e. Hz ¼ 0. When the

boundary conditions are applied, we find from (8.31) that

kx ¼ mp
a

; m ¼ 0; 1; 2::: (8.32)

ky ¼ np
b
; n ¼ 0; 1; 2::: (8.33)

So, (8.31) can be written as

Hz x; yð Þ ¼ A cos
mp
a

x
� �

cos
np
b
y

� �
(8.34)

The other components of the electric field vectors are found from (8.22)–(8.25)

Ex x; yð Þ ¼ A
�iom

o2me� k2ð Þ
np
b

cos
mp
a

x
� �

sin
np
b
y

� �
(8.35)

Ey x; yð Þ ¼ A
iom

o2me� k2ð Þ
mp
a

sin
mp
a

x
� �

cos
np
b
y

� �
(8.36)
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Hx x; yð Þ ¼ A
�ik

o2me� k2ð Þ
mp
a

sin
mp
a

x
� �

cos
np
b
y

� �
(8.37)

Hy x; yð Þ ¼ A
�ik

o2me� k2ð Þ
np
b

cos
mp
a

x
� �

sin
np
b
y

� �
(8.38)

Substitution of (8.34) into (8.30) gives the dispersion relation for a rectangular

waveguide filled with isotropic medium as

o2me� k2 ¼ mp
a

� �2
þ np

b

� �2

or

k2 ¼ o2me� mp
a

� �2
þ np

b

� �2� �
(8.39)

Hence,

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2me� mp

a

� �2
þ np

b

� �2� �s
(8.40)

Cut-off occurs when

o2me� mp
a

� �2
þ np

b

� �2� �
¼ 0 (8.41)

The cut-off frequency, fc, is found from (8.41) as

fc ¼ 1

2p
ffiffiffiffiffi
me

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mp
a

� �2
þ np

b

� �2� �s
(8.42)

The summary of the field components, cut-off frequency and dispersion relation

for rectangular waveguide filled with isotropic dielectric medium in Fig. 8.1 when

the wave is propagating in y-direction are given in Table 8.1.

8.1.2 Waveguide Design with Gyrotropic Media

Now, assume that the rectangular waveguide shown in Fig. 8.1 is filled with the

gyrotopic media in the existence of an external applied magnetic field, Ho, in

y-direction. This is illustrated in Fig. 8.2.
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The permittivity and permeability tensors of the gyrotropic medium are given in

Chap. 3 as

��e ¼ e1ð��I � b̂0b̂0Þ þ ie2ðb̂0 � ��IÞ þ e3b̂0b̂0 (8.43)

��m ¼ m1ð��I � b̂0b̂0Þ þ im2ðb̂0 � ��IÞ þ m3b̂0b̂0 (8.44)

where b̂0 shows the direction of the external applied magnetic field. When the

external applied magnetic field is in y-direction, b̂0 can be written as

b̂0 ¼ 0 1 0½ �. Then, (8.43) and (8.44) take the following matrix forms

z

x

y

a

b

ε,  μ

H0

b

a

c

d e

Fig. 8.2 (continued)
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��e ¼
e1 0 �ie2
0 e3 0

ie2 0 e1

2
4

3
5 (8.45)

f g

h i

j

Fig. 8.2 (a) Geometry of the rectangular waveguide filled with transversely magnetized gyrotopic

media. (b) Frequency response of the propagation constant for TEmn modes. (c) Permeability

parameters versus magnetic field intensity for various saturated magnetization levels at f ¼ 6 GHz.

(d) Permeability parameters versus magnetic field intensity for various saturated magnetization

levels at f ¼ 8 GHz. (e) Permeability parameters versus magnetic field intensity for various

saturated magnetization levels at f ¼ 10 GHz. (f) Frequency response of the propagation constant

for TEmn modes for a rectangular waveguide filled with magnetically gyrotropic medium. (g)

Frequency response of the propagation constant for TEmn modes for sapphire. (h) Frequency

response of the propagation constant for TMmn modes for sapphire. (i) Frequency response of the

propagation constant for TEmn modes for ceramic impregnated teflon. (j) Frequency response of

the propagation constant for TMmn modes for ceramic impregnated teflon
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and

��m ¼
m1 0 �im2
0 m3 0

im2 0 m1

2
4

3
5 (8.46)

The elements of the permittivity and permeability tensors are given by (3.13)

and (3.14), respectively. The waveguide analysis will be given for general gyro-

tropic medium using the permittivity and permeability tensors given by (8.45) and

(8.46). The results can be simplified for gyromagnetic or gyroelectric medium by

just replacing one of the tensors with a unit tensor.

When the permeability and permittivity tensors given by (8.45) and (8.46) are

substituted into the wave equations given by (8.3)–(8.8), we obtain

@Ez

@y
� @Ey

@z
¼ iom1Hx � om2Hz (8.47)

@Ex

@z
� @Ez

@x
¼ iom3Hy (8.48)

@Ey

@x
� @Ex

@y
¼ om2Hx þ iom1Hz (8.49)

and

@Hz

@y
� @Hy

@z
¼ �ioe1Ex þ oe2Ez (8.50)

@Hx

@z
� @Hz

@x
¼ �ioe3Ey (8.51)

@Hy

@x
� @Hx

@y
¼ �oe2Ex � ioe1Ez (8.52)

The wave equations can be put in the following forms assuming that the wave is

propagating in z-direction with the form that is given by (8.9),

@Ez

@y
� ikEy ¼ iom1Hx � om2Hz (8.53)

ikEx � @Ez

@x
¼ iom3Hy (8.54)
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@Ey

@x
� @Ex

@y
¼ om2Hx þ iom1Hz (8.55)

and

@Hz

@y
� ikHy ¼ �ioe1Ex þ oe2Ez (8.56)

ikHx � @Hz

@x
¼ �ioe3Ey (8.57)

@Hy

@x
� @Hx

@y
¼ �oe2Ex � ioe1Ez (8.58)

The condition of no spatial dependence of the RF fields in the direction of the

external applied magnetic fields, i.e. @
@y ¼ 0, leads to separation of the waves into

TEm0 and TMm0 modes for the rectangular waveguide when filled with the trans-

versely magnetized gyrotropic medium.

8.1.2.1 TEm0 Modes

When the condition @
@y ¼ 0 is applied for the wave equations given by

(8.53)–(8.58), we obtain

� ikEy ¼ iom1Hx � om2Hz (8.59)

@Ey

@x
¼ om2Hx þ iom1Hz (8.60)

� ioe3Ey ¼ ikHx � @Hz

@x
(8.61)

The field components Hx and Hz can be written in terms of Ey as

Hx ¼ m1
o m21 � m22
� 	 kEy þ m2

m1

dEy

dx

� �
(8.62)

Hz ¼ � im1
o m21 � m22
� 	 k

m2
m1

Ey þ dEy

dx

� �
(8.63)

Substitution of (8.62) and (8.63) into (8.61) gives
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d2Ey

dx2
þ Ey o2 m21 � m22

m1

� �
e3 � k2

� �
¼ 0 (8.64)

or

d2Ey

dx2
þ Eyk

2
? ¼ 0 (8.65)

where

k2? ¼ o2 m21 � m22
m1

� �
e3 � k2 (8.66)

Solution of the wave equation in (8.64) and (8.65) is

Ey ¼ A sin k?xð Þ (8.67)

Applying the boundary condition at x ¼ 0, Ey ¼ 0 gives

k? ¼ mp
a

for m ¼ 1; 2; 3; ::: (8.68)

Hence, the dispersion relation for the rectangular waveguide filled with a

transversely magnetized gyrotropic medium can be obtained from (8.66) and

(8.68) as

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

m21 � m22
m1

� �
e3 � k2?

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2

m21 � m22
m1

� �
e3 � mp

a

� �2s
(8.69)

The cut-off frequency is calculated from

o2 m21 � m22
m1

� �
e3 � mp

a

� �2
¼ 0 (8.70)

So,

fc ¼ 1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
1
�m2

2

m1

� �
e3

r mp
a

� �
(8.71)

The magnetic field components are found by substituting (8.67) into (8.62) and

(8.63) as
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Hx ¼ Am1
o m21 � m22
� 	 k sin

mp
a

x
� �

þ m2
mp
a

� 	
m1

cos
mp
a

x
� �� �

(8.72)

Hz ¼ � iAm1
o m21 � m22
� 	 k

m2
m1

sin
mp
a

x
� �

þ mp
a

� �
cos

mp
a

x
� �� �

(8.73)

The table illustrating the results for the rectangular waveguide filled with

gyrotropic medium is given in Table 8.2.

8.1.3 Waveguide Design with Anisotropic Media

In this section, we assume the dielectric filling for the rectangular waveguide

illustrated in Fig. 8.1 is a uniaxailly anisotropic medium with the following

permittivity and permeability tensors

��e ¼
e11 0 0

0 e11 0

0 0 e33

2
4

3
5 ; ��m ¼ m0

��I (8.74)

The optic axis of the anisotropic medium is assumed to be oriented in z-

direction. The dispersion relation for a vertically uniaxial anisotropic medium is

obtained using (2.17) as

��WE � �E ¼ 0 (8.75)

where

��WE ¼ ��k � ��m�1 � ��k þ k20��e
h i

(8.76)

The characteristic values for ordinary and extraordinary waves are obtained

when (8.74) is substituted into (8.75).

k2rI ¼ k20e11 � k2z (8.77)

k2rII ¼ k20e33 � k2z
e33
e11

(8.78)

where

k2 ¼ k2r þ k2z ¼ k2x þ k2y þ k2z
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When (8.77) and (8.78) are substituted into (8.75), we obtain the corresponding

characteristic field vectors for the characteristic values given by (8.77) and (8.78).

The characteristic field vectors for ordinary and extraordinary wave are

�E1 ¼ x̂A cos tan�1 ky
kx

� �� �
þ ŷB sin tan�1 ky

kx

� �� �
(8.79)

�E2 ¼ e33kz

e11
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e33k20 � k2z

e33
e11

q

� x̂ cos tan�1 ky
kx

� �� �
E2z þ ŷB sin tan�1 ky

kx

� �� �
E2z

� �
þ ẑE2z (8.80)

It is clear from (8.79) and (8.80) that ordinary wave, �E1, represents TE waves

and extraordinary wave or �E2 represent TM waves. Application of boundary

conditions gives

kx1 ¼ m1p
a

for m1 ¼ 1; 2; 3; ::: (8.81)

ky1 ¼ n1p
b

for n1 ¼ 0; 1; 2; 3; ::: (8.82)

for TE or ordinary waves and

Table 8.3 Cut-off frequency, dispersion relation for rectangular waveguide filled with vertically

uniaxial anisotropic filling

Mode Dispersion relation fc – cut-off frequency

TEmn

kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20e11 �

m1p
a

� �2
þ n1p

b

� �2� �s
fc ¼ 1

2p
ffiffiffiffiffiffiffiffiffiffiffi
m0e11

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mp
a

� �2
þ np

b

� �2� �s

TMmn

kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20e11 �

e11
e33

m2p
a

� �2
þ n2p

b

� �2� �s
fc ¼ 1

2p
ffiffiffiffiffiffiffiffiffiffiffi
m0e33

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mp
a

� �2
þ np

b

� �2� �s

Table 8.4 Standard rectangular waveguide dimensions

Waveguide standard Inside dimension – a (in) Inside dimension – b (in)

WR-2300 23 11.5

WR-2100 21 10.5

WR-1800 18 9

WR-1500 15 7.5

WR-1150 11.5 5.75

WR-1000 9.975 4.875

WR-770 7.7 3.385

WR-650 6.5 3.25

WR-430 4.3 2.15

8.1 Waveguide Design 183



kx2 ¼ m2p
a

for m2 ¼ 1; 2; 3; ::: (8.83)

ky2 ¼ n2p
b

for n2 ¼ 0; 1; 2; 3; ::: (8.84)

for TM or extraordinary waves. As a result, the substitution of (8.81) and (8.82) into

(8.77) gives the dispersion relation for TE waves as

k2rI ¼ k20e11 � k2z ¼
m1p
a

� �2
þ n1p

b

� �2
(8.85)

or

kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20e11 �

m1p
a

� �2
þ n1p

b

� �2� �s
(8.86)

The cut-off frequency for TE waves is

fc ¼ 1

2p
ffiffiffiffiffiffiffiffiffiffiffi
m0e11

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mp
a

� �2
þ np

b

� �2� �s
(8.87)

Similarly, substitution of (8.83) and (8.84) into (8.78) gives the dispersion

relation for TM waves as

k2rII ¼ k20e33 � k2z
e33
e11

¼ m2p
a

� �2
þ n2p

b

� �2
(8.88)

or

kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20e11 �

e11
e33

m2p
a

� �2
þ n2p

b

� �2� �s
(8.89)

Table 8.5 TEmn modes for WR-430

Waveguide standard TEmn mode Calculated cut-off freq, fc (GHz)

WR-430 TE10 1.3727

TE01 2.7455

TE11 3.0696

TE20 2.7455

TE02 5.4910

TE21 3.8827

TE12 5.6600

TE22 6.1391
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The cut-off frequency for TM waves is

fc ¼ 1

2p
ffiffiffiffiffiffiffiffiffiffiffi
m0e33

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mp
a

� �2
þ np

b

� �2� �s
(8.90)

The table giving all the design parameters for a rectangular waveguide filled

with uniaxially anisotropic medium is illustrated in Table 8.3.

Table 8.6 TEmn modes for WR-430 waveguide filled with a magnetically

gyrotropic medium for 4pM ¼ 1800 Gauss

Saturated

magnetization

H0

(Oersted)

TEmn

mode

Calculated

cut-off freq,

fc (GHz)

4pM ¼ 1800 Gauss

f ¼ 10GHz
600 TE10 0.5040

TE20 1.0080

TE30 1.5120

TE40 2.0160

800 TE10 0.5288

TE20 1.0576

TE30 1.5864

TE40 2.1152

1,000 TE10 0.5639

TE20 1.1279

TE30 1.6919

TE40 2.2559

1,200 TE10 0.6187

TE20 1.2375

TE30 1.8563

TE40 2.4750

Table 8.7 TEmn modes for WR-430 waveguide filled with a magnetically

gyrotropic medium for 4pM ¼ 2200 Gauss

Saturated

magnetization

H0

(Oersted)

TEmn

mode

Calculated

cut-off freq,

fc (GHz)

4pM ¼ 2200 Gauss

f ¼ 10GHz
600 TE10 0.594

TE20 1.189

TE30 1.784

TE40 2.379

800 TE10 0.658

TE20 1.316

TE30 1.974

TE40 2.632

1,000 TE10 0.772

TE20 1.544

TE30 2.317

TE40 3.089

1,200 TE10 1.067

TE20 2.135

TE30 3.203

TE40 4.270
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8.1.4 Design Examples

Some of the standard rectangular waveguide dimensions used in RF applications

are given in Table 8.4 below.

8.1.4.1 Isotropic Case

The calculated cut-off frequencies of the TEmn modes for the rectangular wave-

guide WR-430 when filled with air are given in Table 8.5.

The frequency response of the propagation constant using (8.40) is illustrated in

Fig. 8.2b. It is obvious that the lowest cut-off frequency occurs for TE10 mode. The

cut-off frequencies in Fig. 8.2b match the calculated cut-off frequencies given in

Table 8.5 for all the propagating modes.

8.1.4.2 Gyrotropic Case

In this case, the standard rectangular waveguide, WR-430, is filled with a magnet-

ically gyrotropic medium, i.e. ferrite. The dispersion relation given by (8.69) is

Table 8.8 TEmn and TMmn modes for WR-430 waveguide filled with positively

uniaxial anisotropic medium, sapphire

Waveguide

standard

TEmn

mode

Calculated

cut-off freq,

fc (GHz)

TMmn

mode

Calculated cut-off

freq, fc (GHz)

WR-430 TE10 0.447 TM10 0.403

TE01 0.8954 TM01 0.806

TE11 1.001 TM11 0.901

TE20 0.895 TM20 0.806

TE02 1.791 TM02 1.612

TE21 1.266 TM21 1.14

TE12 1.846 TM12 1.662

TE22 2.002 TM22 1.802

Table 8.9 TEmn and TMmn modes for WR-430 waveguide filled with negatively

uniaxial anisotropic medium, ceramic impregnated teflon

Waveguide

standard

TEmn

mode

Calculated

cut-off

freq, fc (GHz)

TMmn

mode

Calculated

cut-off

freq, fc (GHz)

WR-430 TE10 0.380 TM10 0.429

TE01 0.761 TM01 0.859

TE11 0.851 TM11 0.961

TE20 0.761 TM20 0.859

TE02 1.522 TM02 1.719

TE21 1.076 TM21 1.215

TE12 1.569 TM12 1.772

TE22 1.702 TM22 1.922
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function of the term
m2
1
�m2

2

m1
. This term is also referred as the effective permeability

constant of the ferrite material. The response of this term versus external magnetic

field intensity is given in Fig. 8.2c–e for various saturated magnetization levels at

6 GHz, 8 GHz and 10 GHz, respectively. The values of m2
1
�m2

2

m1
can be found from

the graph provided for the given saturated magnetization level, magnetic field

intensity and operational frequency. It can then be used in (8.69) to calculate the

frequency response of the propagation constant, k, and the corresponding cut-off

frequency.

At this point, we can obtain the frequency response of the propagation constant

with the design curves given in Fig. 8.2c–e. The ferrite material which has er ¼ 12

is used as a filling for the rectangular waveguide, WR-430, and biased with

H0 ¼ 1200 Oersted at f ¼ 8GHz with 1,800 Gauss saturated magnetization level.

The frequency response of k in the frequency range of 0–15 GHz for four TE modes

are obtained and illustrated in Fig. 8.2f. The calculated cut-off frequencies for the

TE modes for various values of the magnetic field intensities when saturated

magnetization levels are 1,800 Gauss and 2,200 Gauss and operational frequency

is 10 GHz are tabulated in Tables 8.6 and 8.7.

8.1.4.3 Anisotropic Case

The calculated cut-off frequencies for the ordinary waves, TE modes, and extraor-

dinary waves, TM modes, for the standard rectangular waveguide, WR-430, when

filled with positively uniaxial anisotropic medium, sapphire, are given in Table 8.8.

The permittivity tensor of the sapphire is given as

��e ¼
9:4 0 0

0 9:4 0

0 0 11:6

2
4

3
5

h

s

w
w

,ε μ

Fig. 8.3 Geometry of the symmetrical coupler
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The frequency response of the propagation constant using (8.86) and (8.89) are

given in Fig. 8.2g, h for TE and TM modes, respectively.

Now, we change the rectangular waveguide filling to negatively uniaxial aniso-

tropic medium, ceramic impregnated teflon, with the following permittivity tensor

��e ¼
13 0 0

0 13 0

0 0 10:2

2
4

3
5

The calculated cut-off frequencies for the ordinary waves, TEmodes, and extraor-

dinary waves, TM modes, for the standard rectangular waveguide, WR-430, when

filled with negatively uniaxial anisotropic medium, ceramic impregnated teflon, are

given in Table 8.9.

The frequency response of the propagation constant using (8.86) and (8.89) are

given in Fig. 8.2i, j for TE and TM modes, for WR-430 when filled with ceramic

impregnated teflon. The numerical and analytical values of the cut-off frequencies

given in Tables and Figures agree as illustrated.

8.2 Microstrip Directional Coupler Design

Symmetrical coupled line structures are commonly used as a directional coupler to

detect signal at the frequency of interest. The geometry of symmetrical structure is

illustrated in Fig. 8.3.

In this section, we give the detailed analysis of the coupled structures which are

used as directional couplers using isotropic, anisotropic, and gyrotropic media.

8.2.1 Microstrip Directional Coupler Design Using
Isotropic Medium

Design equations for the symmetrical coupler shown in Fig. 8.3 when the medium is

isotropic with the following parameters

��e ¼ e��I and ��m ¼ m��I (8.91)

can be obtained using the quasi-static analysis is given in [2]. The design procedure

begins with the identification of the coupling level, port impedances, and opera-

tional frequency. Once these three design parameters are known, the required

physical coupler dimensions can be calculated. The even and odd impedances of

the coupled lines are determined from

Zoe ¼ Z0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 10C=20

1� 10C=20

s
(8.92)
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Zoo ¼ Z0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 10C=20

1þ 10C=20

s
(8.93)

where C is the forward coupling level in dB. The spacing between the coupled lines
are found using

s=h ¼ 2

p
cosh�1

cosh p
2

w
h

� 	0
so

h i
þ cosh p

2
w
h

� 	
so

h i
� 2

cosh p
2

w
h

� 	0
so

h i
� cosh p

2
w
h

� 	
se

h i
2
4

3
5 (8.94)

w=hð Þse and w=hð Þso are the shape ratios for the equivalent single case

corresponding to even-mode and odd-mode geometry, respectively. w=hð Þ0so is
w

h

� �0
so
¼ 0:78

w

h

� �
so
þ 0:1

w

h

� �
se

(8.95)

w=hð Þ is the shape ratio for the single microstrip line and it is calculated from

w

h
¼

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp R

42:4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
er þ 1ð Þp� 	� 1

� � 7þ 4=erð Þ
11

þ 1þ 1=erð Þ
0:81

q
exp R

42:4

ffiffiffiffiffiffiffiffiffiffiffiffi
er þ 1

p� 	� 1
� � (8.96)

where

R ¼ Zoe
2

or R ¼ Zoo
2

(8.97)

w=hð Þse and w=hð Þso are found from

ðw=hÞse ¼ ðw=hÞ
R ¼ Zose






 (8.98)

and

ðw=hÞso ¼ ðw=hÞ
R ¼ Zoso






 (8.99)

Zose and Zoso are the characteristic impedances corresponding to single micro-

strip shape ratios w=hð Þse and w=hð Þso, respectively. They are given by the follow-

ing relations.

Zose ¼ Zoe
2

(8.100)

Zoso ¼ Zoo
2

(8.101)

8.2 Microstrip Directional Coupler Design 189



After the spacing ratio s=h for the coupled lines is calculated, w=h for the

coupled lines is found from

w

h

� �
¼ 1

p
cosh�1ðdÞ � 1

2

s

h

� �
(8.102)

where

d ¼
cosh p

2
w
h

� 	
se

h i
gþ 1ð Þ þ g� 1

2
(8.103)

g ¼ cosh
p
2

s

h

� �h i
(8.104)

Finally, the physical length of the directional coupler is obtained using

l ¼ l
4
¼ c

4f
ffiffiffiffiffiffieeff

p (8.105)

where c ¼ 3 � 108 m= sec; f is operational frequency in Hz, and eeff is the effective
permittivity constant [3]. eeff is determined from the following relation.

eeff ¼
ffiffiffiffiffiffiffi
eeffe

p þ ffiffiffiffiffiffiffiffi
eeffo

p
2

� �2
(8.106)

eeffe and eeffo are the effective permittivity constants of the coupled structure for

odd and even modes, respectively. eeffe and eeffo depend on even and odd mode

capacitances Ce and Co as

eeffe ¼ Ce

Ce1
(8.107)

eeffo ¼ Co

Co1
(8.108)

The even mode capacitance Ce is

Ce ¼ Cp þ Cf þ C
0
f (8.109)

Cp is the parallel plate capacitance, Cf is the fringing capacitance when the

microstrip is being taken alone as if it were a single strip. The equations defining

Cp,Cf , and C
0
f are given as

Cp ¼ e0er
w

h
(8.110)

Cf ¼
ffiffiffiffiffiffiffiffi
eseff

p
2cZ0

� Cp

2
(8.111)
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C
0
f ¼

Cf

1þ A h
s

� 	
tanh 10h

s

� 	 er
eseff

� �1=4
(8.112)

where

eseff ¼ er þ 1

2
� er � 1

2
Fðw=hÞ (8.113)

and

Fðw=hÞ ¼
1þ 12h=wð Þ�1=2 þ 0:041 1� w=hð Þ2 for

w

h
� 1

� �

1þ 12h=wð Þ�1=2
for

w

h
� 1

� �
8><
>:

9>=
>; (8.114)

A ¼ exp �0:1 exp 2:33� 1:5
w

h

� �h i
(8.115)

The odd mode capacitance Co is

Co ¼ Cp þ Cf þ Cga þ Cgd (8.116)

Cga is the capacitance term in odd mode for the fringing field across the gap in

the air region and Cgd represents the capacitance in odd mode for the fringing field

across the gap in the dielectric region. Cga and Cgd are given as

Cga ¼ e0
K k0ð Þ
KðkÞ (8.117)

Cgd ¼ e0er
p

ln coth
p
4

s

h

� �n o
þ 0:65Cf

0:02
s
h

� 	 ffiffiffiffi
er

p þ 1� 1

e2r

� �" #
(8.118)
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Fig. 8.4 (a) Geometry of the symmetrical coupler on anisotropic substrate. (b) Geometry of the

symmetrical coupler after transformation to equivalent isotropic substrate
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where

K k
0� 	

KðkÞ ¼

1

p
ln 2

1þ ffiffiffiffi
k0

p

1� ffiffiffiffi
k0

p
� �

; 0 � k2 � 0:5

p

ln 2 1þ ffiffiffi
k0

p
1� ffiffiffi

k0
p

h i ; 0:5 � k2 � 1

8>>><
>>>:

9>>>=
>>>;

(8.119)

k ¼
s
h

� 	
s
h

� 	þ 2w
h

� 	 (8.120)

and

k
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
(8.121)

Ce1 and Co1 are calculated using the odd and even mode impedances as

Ce1 ¼ 1

c2CeZ2
oe

(8.122)

Co1 ¼ 1

c2CoZ2
oo

(8.123)

Equations given by (8.92)–(8.123) give the complete design equations to obtain

the physical dimensions of the directional coupler when the medium is isotropic at

the desired coupling level, operational frequency, and port impedances.

8.2.2 Microstrip Directional Coupler Design Using Anisotropic
Medium

The directional coupler design using anisotropic materials have attracted engineers

because of their benefits due to natural anisotropy. This feature can be used as a

knob to adjust some of the critical design parameters. The most practical method

h

s
w

w

x

y

,ε μ

0

H0Fig. 8.5 Geometry of the

symmetrical coupler on

gyrotropic substrate
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that can be used to design directional couplers on anisotropic substrates is given in

[4]. The method simplifies anisotropic directional coupler design to isotropic

directional coupler design with the transformations given by (8.124)–(8.128). The

geometry of the coupler is illustrated in Fig. 8.4.

e0 ¼ ffiffiffiffiffiffiffiffi
exe�

p
(8.124)

W
0 ¼ W (8.125)

h
0 ¼ ahð Þ

a2 � 1ð Þcos2 gð Þ þ 1½ � (8.126)

s0 ¼ s (8.127)

where

a ¼
ffiffiffiffi
e�
ex

r
(8.128)

The permittivity tensor of anisotropic the medium is defined as

��e ¼ e0
ex 0

0 e�

� �
(8.129)

in the x� � plane. The permittivity tensor is obtained with rotating x� y plane by
an angle g. In the configuration illustrated in Fig. 8.4(a), the principles axis of the

anisotropic medium is defined by x� �. ex and e� are the relative permittivity

constants of the anisotropic medium in the direction of principle axes. Once the

transformation is accomplished using (8.124)–(8.128), the complete design equa-

tions given by (8.92)–(8.123) are used to obtain the final physical dimensions of the

directional coupler with an anisotropic substrate.

8.2.3 Microstrip Directional Coupler Design Using Gyrotropic
Medium

The non-reciprocity effect in gyrotropic materials is one of the critical material

properties that make them superior to reciprocal counterparts. The analysis of the

directional coupler is based on the Galerkin’s method in the Fourier domain [5–7].

The geometry of coupler using gyrotopic medium is shown in Fig. 8.5.

When the applied external magnetic field is in y-direction, the permittivity and

permeability tensors are given by
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��e ¼
e1 0 �ie2
0 e3 0

ie2 0 e1

2
4

3
5 (8.130)

and

��m ¼
m1 0 �im2
0 m3 0

im2 0 m1

2
4

3
5 (8.131)

When the boundary conditions are applied for the coupler illustrated in Fig. 8.5.,

we obtain

�Ex

�Ez

� �
¼

��Gxx
��Gxz

��Gzx
��Gzz

" #
�Jx
�Jz

� �
(8.132)

In (8.132), �Ex, �Ez are the Fourier transformed tangential electric field vectors and
�Jx, �Jz are the Fourier transformed electric current density components. We assume

that the gyrotropic material in Fig. 8.5 is magnetically gyrotropic, i.e., ferrite, to

simplify our analysis. Then, the permittivity tensor takes the following form

��e ¼ e��I (8.133)

The elements of the dyadic Green’s functions in (8.132) are found and given by

using (8.134)–(8.137) as

��Gxx ¼ �K w1 þ
b
a
w2

� �
(8.134)

��Gxz ¼ K
b
a
w1 þ w2

� �
(8.135)

��Gzx ¼ �K
a
b
w1 � w2

� �
(8.136)

��Gzz ¼ �K �w1 þ
a
b
w2

� �
(8.137)

where

K ¼ iab

o a2 þ b2
� 	 (8.138)
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w1 ¼ io2em2
� 	 coth ge1hð Þ

ge1

� �

e0 þ ego
ge1

coth ge1hð Þ
� �

m1
m3
þ gh1

g0
coth gh1dð Þ

� � (8.139)

w2 ¼
o2m1ð Þ

g0
m1
m3
þ gh1

g0
coth gh1dð Þ

� � (8.140)

g2h1 ¼
m1
m3

a2 þ b2 � k21
� 	

(8.141)

g2e1 ¼ a2 þ b2 � k22
� 	

(8.142)

g2o ¼ a2 þ b2 � k2o
� 	

(8.143)

k2o ¼ o2m0e0 (8.144)

k21 ¼ o2m0e (8.145)

k22 ¼ o2 m21 � m22
m1

� �
e (8.146)

Propagation constants are found with the Parseval’s theorem and the application

of Galerkin’s method. Once the propagation constants are found, the physical

dimensions of the coupler with ferrite substrate can be determined by calculating

the odd and even mode impedances from

Zo ¼ 2P

I2
(8.147)

where

P ¼ 1

2
Re

ð ð
ExH

�
y � EyH

�
x

� �
dxdy

� �
(8.148)

Fig. 8.6 Layout of the directional coupler
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and

I ¼
ðW=2

�W=2

JzðxÞdx (8.149)

Fig. 8.7 Coupling level for symmetrical directional coupler using isotropic medium

Fig. 8.8 Directivity level for symmetrical directional coupler using isotropic medium
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The desired coupling level is then found using (8.92) and (8.93) as described in

Sect. 8.2.1.

8.2.4 Design Examples

In this section, we give design examples for the directional couplers using

the analysis methods described in Sects. 8.2.1–8.2.3. The physical dimension of

the symmetrical directional coupler for 15 dB coupling level is designed based on

Fig. 8.9 Coupling level for symmetrical directional coupler using positively anisotropic medium

Fig. 8.10 Directivity level for symmetrical directional coupler using positively anisotropic

medium
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the equations given in Sect. 8.2.1. The design parameters and physical dimensions

using the design (8.92)–(8.123) for 15 dB coupling level at 300 MHz are

Material ¼ RO4003 ¼ er ¼ 3:38

Fig. 8.11 Coupling level for symmetrical directional coupler using negatively anisotropic

medium

Fig. 8.12 Directivity level for symmetrical directional coupler using negatively anisotropic

medium
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Coupling Level ¼ C ¼ �15dB

f ¼ 300MHz

W

h
¼ 2:2426

s

h
¼ 0:3687

l ¼ 6061:05mils

The physical dimensions given above used to simulate the coupler with method

of moment based planar electromagnetic simulator, Sonnet. The layout of the

coupler is given in Fig. 8.6.

The simulation results showing coupling level and directivity level are illu-

strated in Figs. 8.7 and 8.8, respectively.

As seen from the figures, the simulated results for the coupling and directivity

level at 300 MHz are �14.3 dB, and 11.25 dB, respectively. Now, we keep all the

design parameters same and replace the isotropic material, RO4003, with a posi-

tively uniaxial anisotropic material with the following permittivity tensor

��e ¼
3:38 0 0

0 3:38 0

0 0 5:38

2
4

3
5

We only change the permittivity of the material along the optic axis to see the

effect of anisotropy on the directional coupler response. The coupling and

Fig. 8.13 Layout of the

spiral inductor for analysis
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directivity levels are illustrated in Figs. 8.9 and 8.10, respectively. The coupling and

directivity levels are found to be�15.6 dB and 3.1 dB, respectively. The directivity

of the coupler with the anisotropic medium gets worse drastically whereas the

coupling level is improved. When negatively uniaxial anisotropic medium is placed

as a dielectric material with the following permittivity tensor

��e ¼
3:38 0 0

0 3:38 0

0 0 2:38

2
4

3
5

the coupling and directivity levels are simulated and found to be �13.46 dB and

18.5 dB, respectively as shown in Figs. 8.11 and 8.12. This is a drastic improvement

in the directivity level of the coupler. As a result, it is shown that anisotropy can be

used to improve the directivity level and adjust the coupling level of the directional

couplers based on the applications.

8.3 Spiral Inductor Design

There is an increasing demand in the area of radio frequency applications to use

cost effective planar inductors. Spiral type planar inductors are widely used in the

design of power amplifiers, oscillators, microwave switches, combiners, and

Fig. 8.14 Geometry of the spiral inductor
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splitters, etc. In this section, we give design examples for the spiral inductors using

isotropic media and anisotropic media and study the effect of anisotropy on the

inductance value and self resonant frequency. The design equations giving the

physical dimensions of spiral type inductors are given in [8] using the quasi-static

analysis. The equations take also into account of the mutual inductance that exists

in the spiral structure. The layout of the spiral inductor that is used in the analysis is

Fig. 8.15 Inductance value of the spiral inductor on isotropic substrate

Fig. 8.16 Inductance value of the spiral inductor on an anisotropic substrate
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shown in Fig. 8.13. When the conductor length a is equal to b, spiral inductor takes

the square shape.

The inductance of a spiral inductor is found using

L ¼ L0 þ
X

M (8.149)

where L0 represents the self inductance, and
P

M is the sum of all mutual

inductances. Mutual inductance is function of length of the conductors and the

geometric mean distance, GMD, between them. It is given by

M ¼ 2lQ (8.150)

M is in nH, l is the conductor length in cm, and Q is the mutual inductance

parameter expressed as

Q¼ ln l=GMDð Þþ 1þ l2

GMD2

� �� �1=2" #
� 1þ GMD2

l2

� �� �1=2
þ GMD

l

� �
(8.151)

An algorithm using the design equations is written to calculate the physical

dimension of a square spiral inductor on an Alumina substrate with er ¼ 9:8 to

obtain approximately 40 nH inductance at 500 MHz. The following physical

dimension are obtained with the algorithm using the method proposed in [8].

Conductor spacing ¼ s ¼ 3:3mils

Width of the trace ¼ W ¼ 10mils

Fig. 8.17 Inductance value of the spiral inductor on a negatively uniaxial anisotropic substrate
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Material Type = Alumina ¼ er ¼ 9:8

Substrate Thickness ¼ 25mils

a ¼ b ¼ 148:5mils

L ¼ 42nH

The total inductance value for the square spiral illustrated in Fig. 8.13 is

calculated using the design equations in [8] as L ¼ 42nH. Physical dimensions

obtained with the quasi-static analysis are used to simulate the spiral inductor with

Sonnet electromagnetic simulator.

The geometry used in Sonnet is illustrated in Fig. 8.14. The inductance value of

the spiral inductor at 500 MHz is found to be 42.05 nH as illustrated in Fig. 8.15.

The resonance occurs at 915 MHz. Now, the material is replaced with a positively

uniaxial anisotropic medium with the following permittivity tensor

��e ¼
9:8 0 0

0 9:8 0

0 0 11:8

2
4

3
5

We only change the permittivity of the material along the optic axis to see the

effect of anisotropy on the spiral inductor response. The graph showing the induc-

tance value and self resonant frequency is given in Fig. 8.16.

Fig. 8.18 Three section SIR

Fig. 8.19 (a) Triple band bandpass filter using SIRs. (b) Inter-coupled segments
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It is seen that the change on inductance value is increased by 4.7% whereas the

self resonant frequency of the inductor using positively uniaxial anisotropic

medium is reduced by 6.56%. When the anisotropic medium becomes negatively

uniaxial anisotropic with the following permittivity tensor

��e ¼
9:8 0 0

0 9:8 0

0 0 7:8

2
4

3
5

Fig. 8.20 Layout of the triple band bandpass filter simulated by Sonnet

Fig. 8.21 The constructed

triple band tri-section

bandpass filter using SIRs
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Fig. 8.22 Measured and simulation results for insertion loss and return loss up to 4 GHz

Fig. 8.23 Filter performance in each frequency band
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this characteristic reverses as expected. This is illustrated in Fig. 8.17. As a result,

anisotropy can be used the change the inductance value and the self resonant

frequency of the spiral inductor.

8.4 Microstrip Filter Design

Microstrip type filters are one of the indispensable components in RF systems due

to their several advantages. Some of these advantages include low cost, manufac-

turability, and repeatability. In this section, we give design example for a microstrip

filters by designing a microstrip triple band bandpass filter using isotropic and

anisotropic material. The design procedure will be developed for an isotropic

substrate and then will be adapted to anisotropic substrate.

Table 8.10 Tabulation of measurement and simulation results

Frequency (GHz) Simulation (dB) Measurement (dB)

1 4 3

2.4 3 4.5

3.6 2 2

Simulated Insertion Loss
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d
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s21-g =10mil

s21-g = 30mil

s21-g = 60mil

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Fig. 8.24 Coupling effect between SIRs on insertion loss up to 4 GHz
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The symmetrical tri-section SIR used in the bandpass filter design is shown in

Fig. 8.18.

The total electrical length of the SIR is yT ¼ 60	 with impedance ratios

Fig. 8.25 Effect of coupling in each frequency band for tri section triple band bandpass filter

Simulated Return Loss

–40

–35

–30

–25

–20

–15

–10

–5

0

GHz

d
B

s11 - g=10mil
s11 - g=30mil
s11 - g=60mil

0 0.5 1 1.52 2.5 3 3.5 4 4.5

Fig. 8.26 Coupling effect between SIRs for return loss up to 4 GHz
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K1 ¼ Z3
Z2

(8.152)

K2 ¼ Z2
Z1

(8.153)

Hence, the resonance occurs when the electrical length y is equal to

y ¼ tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K1K2

K1 þ K2 þ 1

r� �
(8.154)

as given in [9]. The proposed triple band tri-section bandpass filter using SIRs is

shown in Fig. 8.19a below. The wideband characteristic in the passband is obtained

by using coupling segments illustrated in Fig 8.19b. Each coupling segment in

Fig. 8.19a is capable of producing additional reflection zero (pole) within the band.

As a result, inter-coupled open end stub segments in Fig. 8.19b are used to improve

the passband characteristics of the filter shown in Fig. 8.19a.

The filter that will be designed has three center frequencies which are located

at 1 GHz, 2.4 GHz, and 3.6 GHz. The insertion loss in the passbands is required to

be �3 dB or better. The return loss in the first and the second bands is desired to be

�20 dB or lower. The third band stopband attenuation is specified to �30 dB or

Insertion Loss (dB)
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Fig. 8.27 Insertion loss comparison of the filter for isotropic and anisotropic substrates
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lower. The filter topology that will be used is chosen to be second order Chebychev

filter topology with 0.1 dB equal ripple in the passband. The dielectric material is

chosen to be RO4003 which has a relative dielectric constant of 3.38 and loss

tangent of 0.0021. The thickness of the material is 32mil. The physical dimensions

of the filter are found using an algorithm developed. The dimensions are then

substituted into electromagnetic simulator Sonnet V12 for simulation. The layout

of the structure that is simulated in Sonnet is illustrated in Fig. 8.20.

The filter in Fig. 8.20 is built using the dimensions shown on the figure. The final

version of the filter that is constructed is demonstrated in Fig. 8.21. The simulation

and measurement results for insertion loss, |S21|, and return loss, |S11|, showing

overall performance of the filter up to 4 GHz is illustrated in Fig. 8.22. Fig. 8.23

gives the closer look to the filter performance in each frequency band. Measured

and simulated results are found to be closely in agreement. The most deviation

between the simulated and measured results in the passband is observed in the

second band at 2.4 GHz. The simulated and measured results for insertion loss and

return loss are tabulated in Table 8.10. The effect of coupling between each

resonator is studied using planar electromagnetic simulator for three different

cases in each frequency band. These cases represent different coupling distances

which are designated by g between SIRs. The coupling distance, g, is set to be

10mil, 30mil, and 60mil.

The layout shown in Fig. 8.20 is simulated by varying g for the values specified

before. The simulation results up to 4 GHz are shown in Fig. 8.24. Figure 8.25 gives

closer look to see the effect of coupling in each frequency band for the insertion
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Fig. 8.28 Return loss comparison of the filter for isotropic and anisotropic substrates
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loss. It has been observed that as the coupling distance between SIRs is increased,

wider bandwidth is obtained for each frequency band in the passband. The return

loss of the filter in the stopband for each frequency band when the coupling distance

is changed from 10 mils to 60 mils shows different characteristics. In the second

and third frequency bands, the return loss of the filter is improved as the gap

distance decreases whereas this phenomenon reverses in the first frequency band.

Figure 8.26 shows the return loss response of the filter versus gap distances up to

4 GHz. Based on the results, it is observed that the coupling distance between each

SIR can be used as a knob to achieve the desired bandwidth in the passband and

attenuation in the stopband for the filter topology used. This feature can be

enhanced further if the coupling segments of the SIRs are utilized. For instance,

adding a non-uniformity to the coupled lines can be used to set the bandwidth and

attenuation only in the desired frequency band without changing the response in the

other frequency bands. This is a unique feature for the filters that operate in multiple

frequency bands in wireless communication systems. At this point, we replace the

isotropic substrate with a positively uniaxial anisotropic medium with the following

permittivity tensor

��e ¼
3:38 0 0

0 3:38 0

0 0 5:38

2
4

3
5

As seen from the permittivity tensor structure, we only change the permittivity of

the material along the optic axis to see the effect of anisotropy on the filter response.

The filter response comparing the insertion loss of the bandpass filter for isotropic

and isotropic material is illustrated in Fig. 8.27.

It should be noted that the filter characteristics using anisotropic material as

substrate are maintained. However, there is a constant frequency shift in the

insertion loss across the bandwidth when an anisotropic substrate is used. The

range of the frequency shifts are 0.27 GHz, 0.37 GHz, 0.56 GHz, for the first,

second, and third bands respectively. One of the advantages of using anisotropic

material in the filter design as a substrate exposes itself in the stopband. In the

z

x

y

a

b

,ε  μ

b c

H0

1 2 3

Fig. 8.31 Nonreciprocal

phase shifter
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stopband, it gives better than 10 dB improvement for all frequency bands in

comparison to the filter response using isotropic substrate. The filter response

comparing the return loss of the bandpass filter for isotropic and anisotropic

material is given in Fig. 8.28. The return loss using with anisotropic substrate is

again improved in each frequency band around 10 dB similar to the insertion loss

response. The range of the frequency shift that exists in the insertion loss response is

same for the return loss. This effect is reversed when negatively uniaxial aniso-

tropic substrate is used. The filter response confirming this characteristic is shown

in Figs. 8.29 and 8.30 for insertion loss and return loss, respectively. The response

of the filter in the stopband also reverses for return loss and insertion loss when the

anisotropic substrate is negatively uniaxial accordingly as illustrated.

8.5 Nonreciprocal Phase Shifter Design

Nonreciprocal phase shifters such as ferrite phase shifters have excellent electrical

performances and are commonly used as phasing elements in phased array antennas

and in many other RF/microwave systems due to their advantages of high Q value,

high power handling capability etc. The geometry of nonreciprocal phase shifter

using Ferrite as a thin slab in a rectangular waveguide is illustrated in Fig. 8.31.

TEm0 modes are derived in Sect. 8.1.2 for a rectangular waveguide filled with

gyrotropic medium. For this problem, we simplify the material to be magnetically

gyrotropic such as ferrite. This material is placed in region 2 of the rectangular

waveguide shown in Fig. 8.31. Regions 1, and 3 in the waveguide are assumed to be

filled with air. Then, following the same procedure described in Sects. 8.1.1 and

8.1.2, the field components for TE10 modes can be obtained. In the regions filled

with air, Region 1, and 3, the electric fields are

Ey1 ¼ C sin kaxð Þ (8.155)

Ey3 ¼ D sin ka a� xð Þð Þ (8.156)

The dispersion relation in these regions is defined as

k2a ¼ o2m0e0 � k2 (8.157)

The magnetic field components are found following the procedure outlined

before and given as

Hz1 ¼ �iC

om3
cos kaxð Þ (8.158)
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Hz2 ¼ �m1
o m21 � m22
� 	

�
Ak? cos k?xð Þ � i sin k?xð Þ½ � � Bk? cos k?xð Þ þ i sin k?xð Þ½ �þ
� ikm2

m1
cos k?xð Þ � i sin k?xð Þ½ � � Bk? cos k?xð Þ þ i sin k?xð Þ½ �

2
64

3
75
(8.159)

Hz3 ¼ iDka
om0

cos ka a� xð Þð Þ (8.160)

Hz1 ¼ �Ck

om0
sin kaxð Þ (8.161)

Hz2 ¼ � m1
o m21 � m22
� 	

�
�k? A cos k?xð Þ � i sin k?xð Þ½ � � B cos k?xð Þ þ i sin k?xð Þ½ �½ �þ
� ikm2

m1
A cos k?xð Þ � i sin k?xð Þ½ � þ B cos k?xð Þ þ i sin k?xð Þ½ �½ �

2
64

3
75
(8.162)

Hz3 ¼ iDka
om0

cos ka a� xð Þð Þ (8.163)

Hx2 ¼ m1
o m21 � m22
� 	

�
�k A cos k?xð Þ � i sin k?xð Þ½ � þ B cos k?xð Þ þ i sin k?xð Þ½ �½ ��
ik?m2
m1

A cos k?xð Þ � i sin k?xð Þ½ � � B cos k?xð Þ þ i sin k?xð Þ½ �½ �

2
64

3
75 (8.164)
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Hx3 ¼ � Dk

om0
sin ka a� xð Þð Þ (8.165)

Using the boundary conditions on the walls of the dielectric in the waveguide,

we can write

Ey1 ¼ Ey2; x ¼ b (8.166)

Ey3 ¼ Ey2; x ¼ c (8.167)

Application of the boundary conditions given by (8.166) and (8.67) on the fields

given by (8.67), (8.155), and (8.156) leads to following equation

kak?m1
m0 m21 � m22
� 	 tan kabð Þ þ tan ka a� cð Þ½ � cot k? b� cð Þð Þ�

þ kam2k
m0 m21 � m22
� 	 tan kabð Þ � tan ka a� cð Þ½ ��

k?m1
m21 � m22
� 	
 !2

þ km2
m21 � m22
� 	
 !2

� tan kabð Þ tan ka a� cð Þð Þ þ ka
m0

� �2
¼ 0 ð8:157Þ

2
4

The propagation constant or phase constant is found by solving the equation

given in (8.165) with an algorithm developed. The phase shift effect can be

extended to the symmetrical structure shown in Fig. 8.32. The analysis is similar

to what is presented for the single slab phase shifter.
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