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Preface

A significant research activity has occurred in the area of global optimization
in recent years. Many new theoretical, algorithmic, and computational contri-
butions have resulted. Despite these numerous contributions, there still exists a
lack of representative nonconvex test problems for constrained global optimiza-
tion algorithms.

Test problems are of major importance for researchers interested in the al-
gorithmic development. This book is motivated from the scarcity of global op-
timization test problems and represents the first systematic collection of test
problems for evaluating and testing constrained global optimization algorithms.
This collection includes problems arising in a variety of engineering applications,
and test problems from published computational reports.

We would like to thank our students A. Aggarwal, A.R. Ciric, Chi-Geun Han,
G.E. Paules IV, A.C. Kokossis, and V. Visweswaran, for their help in producing
and proofreading an earlier draft of this book.

C.A. Floudas and P.M. Pardalos
June 1990
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Chapter 1

Introduction

Constrained global optimization is concerned with the characterization and com-
putation of global minima or maxima of nonconvex problems. The general con-
strained global minimization problem has the following form:

MIN,ex  f(x)
Subject to

h(z) = 0
g(z) < 0

where f(z) is a real valued continuous function, X is a nonempty compact set in
R", h(x) represents a set of m equality constraints and g(z) represents a set of k
inequality constraints.

Such problems are widespread in the mathematical modeling of real world sys-
tems for a very broad range of applications. Such applications include structural
optimization, engineering design, VLSI chip design and database problems, nu-
clear and mechanical design, chemical engineering design and vcontrol, economies
of scale, fixed charges, allocation and location problems, quadratic assignment
and a number of other combinatorial optimization problems such as integer pro-

gramming and related graph problems (e.g. maximum clique problem).



From the complexity point of view global optimization problems belong to
the class of NP-hard problems. This means that as the input size of the prob-
lem increases the computational time required to solve the problem is expected
to grow exponentially. Furthermore, even for the case of quadratic nonconvex
programming it has been shown that the problem of checking if a given feasible
solution is a local optimum is NP-hard ([157], [175]). In addition, the problem of
determining an e-approximate global solution remains NP-hard.

Although standard nonlinear programming algorithms will usually obtain a
local minimum or a stationary point to a global optimization problem, such a
local minimum will only be global when certain conditions are satisfied (such as
f(z) is quasi-convex and the feasible domain is convex). In general, several local
minima may exist and the corresponding function values may differ substantially.
The problem of designing algorithms that obtain global solutions is very difficult,
since in general there is no local criterion for deciding whether a local solution is
global.

Active research during the past two decades has produced a variety of deter-
ministic and stochastic methods for determining global solutions to nonconvex
nonlinear optimization problems. Reviews and books on the subject of global
optimization include [59], [60], [171], [172], [80], [185], [48], [220], [152], [114].
An extensive list of references on deterministic global optimization approaches is
provided in the references section of this book,

Some of the proposed algorithms for global optimization have been imple-
mented and tested on certain problems. The efficiency of a global optimization
algorithm is based upon several criteria including its effectiveness with respect to
different problem classes, its speed, its capacity, and its accuracy. Since existing
theory cannot itself provide measurement for these criteria, empirical compu-
tational testing is necessary. Testing and benchmarking of global optimization
algorithms is a very difficult task. Three main approaches have been proposed
and used to address this problem :

1. Collections of randomly generated test problems with known solution.

2. Problem instances with certain characteristics that have been used to test

some aspects of specific algorithms.



3. Collection of real-world problems, that is, problems that model a variety of

practical applications.

The first test problem generator has been proposed in [193] for convex quadratic
programming. Later on, several such generators have been produced for linear
and network programming problems. The generation of nontrivial test problems
for global optimization programming algorithms seems to be difficult since very
few papers have been devoted to that problem. Methods for automatic test prob-
lem generators have been proposed in [12], [13], [164], [159], [1686], [93]. Automatic
test problem generators that are available in the literature generate concave or
indefinite quadratic problems, quadratic assignment problems and some classes
of integer and network programming.

Some of the key features of such automatic test problem generators are the
following :

1. Virtually limitless supply of test problems.
2. The ability of the user to control and know some solution characteristics.

3. The ability of the user to conduct computational experiments of parameter
variation.

4. The option to generate rather store the test problems (e.g. it is enough to

store the seeds of a random number generator).

In nonlinear optimization there are some excellent collections of test prob-
lems, such as the collections in [51], [567], [104], [196], [154]. Although there are
many test problems in global optimization, to our knowledge there is no such a
collection available in the literature. In this book a collection of test problems
for constrained global optimization is provided that can be used to experiment
with global optimization algorithms.

There exist different types of specific problem instances that are used to test
some aspects of an algorithm. Such types of test problems include :



1. Worst case test problems : For example a global optimization test problem
with an exponential number of local minima can be used to check the ef-
ficiency of an algorithm based on local searches or simulated annealing
methods ([166], [172]).

2. Standard test problems : A test problem becomes standard if it is used fre-
quently. Standard test problems are usually small dimension problems pub-
lished in papers to illustrate the main steps of a particular algorithm. Most
of the references listed at the end of this book contain standard test prob-
lems.

Up to this date, most of the reported computational experiments regard-
ing the performance of global optimization algorithms are using either randomly
generated or standard test problems. Using such test problems, reported compu-
tational experiments can be documented in a manner that allows checking and
reproducing the results.

However, as George B. Dantzig said :

The final test of a theory is ils capacity to solve the problems which
originated it.

It is therefore evident that the final testing of a global optimization algorithm is to
solve problems that model practical applications. Although random and standard
test problems are very useful, unfortunately it is difficult to construct them to
posses characteristics that resemble problems that arise in practical applications.

This book contains many nonconvex optimization test problems that model
a diverse range of practical applications. The main criteria in selecting such test
problems have been (a) the size (ranging from small to medium to large), (b) the
mathematical properties (exhibiting different types of nonconvexities), and (c)
the degree of difficulty (resulting from the wide range of applications).

At this point it should be emphasized that it is not easy to identify what
characteristics make a specific test problem difficult. It is generally agreed that
the size is very important in determining the difficulty of a test problem. Dimen-
sion and density are critical factors since many global optimization algorithms



take advantage of sparsity of large scale problems to reduce computational time
and storage requirements. Other characteristics include the distribution of the
data (e.g. symmetric versus nonsymmetric traveling salesman problem), and the
number of local optima. In addition, it should be mentioned that it is not ap-
parent whether the number of local optima is related to the complexity of the
global optimization problem or the complexity of the particular algorithm. Many
nonconvex problems remain NP-hard even if they have exactly one local (global)
optimum.

The availability of this collection of test problems will facilitate the efforts
of comparing performance and correctness of the numerous proposed global op-
timization algorithms. Regarding different issues on software testing and the
reporting of computational results on test problems see [52], [53].

Chapters 2 and 3 include standard and randomly generated test problems for
quadratic programming, and quadratically constrained problems, respectively.
These problems can be used to test correctness of an algorithm. Chapter 4
presents unconstrained and constrained nonlinear programming test problems.
Starting from Chapter 4, test problems are presented that arise in a variety
of applications such as distillation column sequencing, blending/pooling, heat
exchanger networks, phase and chemical reaction equilibrium, complex reactor
networks, reactor-separator-recycle systems, mechanical design, and VLSI design.
Most of these problems are difficult to solve and only the best known solution is
reported.



Chapter 2

Quadratic Programming test

problems

In this chapter several nonconvex quadratic programming test problems are con-
sidered. Quadratic programming has numerous applications ([172]) and plays a
key role in many nonlinear programming methods. In addition, a very broad
class of difficult combinatorial optimization problems such as integer program-
ming, quadratic assighment, and the maximum clique problem can be formulated
as nonconvex quadratic programming problems.

In the literature, several algorithms have been proposed and implemented for
the solution of large scale concave and indefinite quadratic programming prob-
lems. Computational results are reported in [248], [162], [168], [87], and [172].
Some of the following test problems have been solved by global optimization
algorithms presented in the above cited references.

2.1 Test Problem 1

2.1.1 Problem Formulation

MIN f(z) =Tz —0.52TQx



Subject to

20z, + 122, + 1125 + T2, + 4z, < 40
0<z, <1

2.1.2 Data
¢ = (42,44,45,47,41.5)

Q = 1001

I: identity matrix

2.1.3 Global Solution

-’I:* = (17170’1’0’)
f@*) = -17

2.2 Test Problem 2

2.2.1 Problem Formulation

MIN f(z,y) =Tz —052TQz +dTy
Subject to
6z, +3z,+3x3+2x,+ 25 < 6.5
10z, + 10z, +y < 20
y > 0



2.2.2 Data

¢ = (-10.5,—7.5,-3.5,-2.5,—1.5)

Q=1
-10

Qu
I

2.2.3 Global Solution

(z*,y") = (0,1,0,1,1,20)
f(x*,y*) = -213

2.3 Test Problem 3

2.83.1 Problem Formulation

MIN flz,y) =Tz —052TQz +dTy
Subject to

2z, + 22, + Yo + Y-
22, + 225+ Yo + Us
22, + 22+ Y + Us
—8xy + Ye
=8z, +

IAN IA IA A A
[ S s
[ SRR e BN e

-85 + Ys

IA A

=2z, — Y + Yo
=2y, — Ys + ¥s
=2y, — Ys + ¥s
0 <Lz,
0<w
0<y

IA

IA IA
e S Y - S - S~ - T T

1=1,2,3,4
i=1,2,3,4,5

IA A



0< ye

0Ly
0Ly
2.3.2 Data
¢ = (5,5,5,5)
Q = 101
d = (-1,-1,-1,-1,-1,-1,-1,-1,-1)

2.3.3 Global Solution

(z*’y*) = (1’171,1?1’171’1’1’3’373’1)

2.4 Test Problem 4

2.4.1 Problem Formulation

MIN f(z,y) = 6.5z — 0.5z — y; — 2y, — Bys — 24 — ys
Subject to
AX < b
0<X = (xsy)T
Y S 1 i=3a4
ys < 2
ZTER

y € R®
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2.4.2 Data

A is the following (5x6) matrix :

[ 1 2 8 1 3 5)
8 -4 -2 2 4 -1
2 05 02 -3 —1 —4
02 201 —4 2 2
\-01 -05 2 5 -5 3/

b = (16,-1,24,12,3)T

2.4.3 Global Solution

(z*,y*) = (0,6,0,1,1,0)
f(z*,y*) = —11.005

2.5 Test Problem 5

2.5.1 Problem Formulation

MIN f(z,y) = Tz —052TQzx + dTy
Subject to

AX
X = (z,9)"
0<X <1
z € R
y € R®

IN
o
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2.5.2 Data

A is the following (11x10) matrix :

[ 2 —6 -1 0 -3 -3 -2 —6 —2 -2 )

6 -5 -3 0 1 3 8 9 -3
-5 6 5 3 8 -8 9 2 0 -9
9 6 -9 1 -8 3 -9 -9 -3
-8 7 -4 -5 -9 1 -7 -1 3 -2
-7 -5 -2 0 -6 -6 -7 -6 7 7T
1 -3 -3 -4 -1 0 -4 1 6 0
1 -2 g 0 -7 -9 -6 4
-4 6 2 2 0 6 6 -7 4
1 1 1 1 1 1

b = (—4,22,-6,-23,-12,-3,1,12,15,9,—1)T
Q = 101
d = (10,10,10)

)
I

(—20,—80, —20, —50, —60, —90, 0)

2.5.3 Global Solution

(z*,9") = (1,0.907,0,1,0.715,1,0,0.917,1,1)
f(z*,y*) = 771.985

2.6 Test Problem 6

2.6.1 Problem Formulation

MIN f(z,y) = Tz —052TQz
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Subject to

e
8
IA
o

0<z, <1 i=1,2,..10
$€R10

2.6.2 Data

A is the following (5x10) matrix :

(-2 -6 -1 0 -3 -3 -2 -6 -2 -2
6 -5 8 -3 0 1 3 8 9 -3
-5 6 5 3 8 -8 9 2 0 -9

0 -9 1 -8 3 -9 -9 -3
\ -8 7 -4 -5 -9 1 -7 -1 3 -2}

b = (—4,22,-6,-23,—-12)T
Q = 100
¢ = (48,42,48,45,44,41,47,42,45,46)

2.6.3 Global Solution

* = (1,0,0,1,1,1,0,1,1,1)
f(:l:*) = -39
2.7 Test Problem 7

2.7.1 Problem Formulation

Let the polytope P be defined by :

P={z:Az <b, x>0} C R¥
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where A is a (10x20) matrix and b € R?0. The AT matrix and the vector b are :

(-3 7 0 -5 1 1 0 2 —1 1)\
7 0 -5 1 1 0 2 -1 -1 1

0 -5 1 1 0 2 -1 -1 -9 1

-5 1 1 0 2 -1 -1 -9 3 1
1 1 2 -1 -1 -9 3 5 1

1 0 2 -1 -1-9 3 5 01

6 2 -1 -1-9 3 5 0 01

2 -1 -1 -9 3 5 06 0 11

-1 -1 -9 3 5 0 0 1 71
-1 -9 3 5 0 0 1 7 -7 1
-9 3 5 0 0 1 7 -7 -4 1
3 5 0 0 1 7 -7 —4 —6 1

5 0 0 1 7 =7 —4 —6 -3 1

6 6 1 7 -7 —4 —6 -3 T 1

6 1 7 -7 —4 -6 -3 7 0 1

1 7 -7 -4 -6 -3 7 0 -5 1

7 -7 -4 -6 -3 7T -5 1 1

-7 -4 -6 -3 7T 0 -5 1 1 1
-4 -6 -3 7 0 -5 1 0 1
2 1

b = (-5,2,-1,-3,5,4,—1,0,9,40)7

Consider the separable concave quadratic programming problem given by :

20
MIN flm)= =053 Ai(zi — ai)?

i=1

Subject to
x€P

where A = (A1, ..., A20) > 0 is the set of eigenvalues and the vector & = (e, ey @20)
is the unconstrained maximum of f(z).
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2.7.2 Data

The following test problems are of the form described above (fixed P) with dif-
ferent values of A and a.

Case 1l :

20
f(@)=—-05) (z;—2)?

i=1

Best Known Solution

z* = (0,0,28.8024,0,0,4.1792,0,0,0,0,0,0,0,0,0.6188, 4.0933, 0, 2.3064, 0, 0)
f(z*) = —394.7506

Case 2 :

20
f(z)=-0.5) (z;+5)*
i=1
Best Known Solution

z* = (0,0,28.8024,0,0,4.1792,0,0,0,0,0,0,0,0,0.6187, 4.0933,0, 2.3064, 0, 0)
f(z*) = —884.75058

20
f(z) = =103 (2:)?

i=1

Best Known Solution

z* = (0,0,28.8024,0,0,4.1792,0,0,0,0,0,0,0,0,0.6187, 4.0933, 0, 2.3064, 0, 0)
f(z*) = —8695.01193
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Case 4 :

20
f(z) = —05> (z; — 8)?
i=1
Best Known Solution

z* = (0,0,28.8024,0,0,4.1792,0,0,0,0,0,0,0,0,0.6187, 4.0933,0, 2.3064, 0, 0)
f(z*) = —T754.75062

20
f(z) = —O.SZi(wi — 2)?
i=1
Best Known Solution

z* = (0,0,0,0.9949,0,0,0,0,0,0,0,0.9299,0,0,0,7.4117,0, 12.6736,0, 17.9899)
f(z*) = —4105.2779

Extensive computational experiments ([162], [87], [248], [172]) with concave quadratic
problems of the above form suggests that on the average, the difficulty of the
problem depends on the size of the eigenvalues (the curvature of the objective
function) and the location of the unconstrained maximum a of f(z). It has been
observed that if o belongs to the interior of P, then such problems are the most
difficult to solve. On the other hand, if « lies outside of P, then the corresponding
test problems are, on the average, easier.

2.8 Test Problem 8

An important class of global optimization problems is the minimum concave cost
transportatidn problems. A recent survey regarding complexity, algorithms, and
applications of minimum concave cost network problems is [92]. The general
formulation is given as follows :
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2.8.1 Problem Formulation

MIN f(z)= ZZ(Cijwij + dz'jwz?j)

=1 j=1
Subject to
m
inj =b j=1,.,n
i=1
n
Zx,'j =4qa t1=1,...m
Jj=1
zy; 2 0
where
m n
di; <0, za,’=2b]’
=1 i=1

This problem features n + m equality constraints and nm variables. There is
exactly one redundant equality constraint. When any one of the constraints is
dropped the remaining form a linearly independent system of constraints. Hence,
a basic vector for the transportation problem consists of n4+m — 1 basic variables.
In addition, if all a;, b; are positive integers, then every basic solution is an integer
solution.

2.8.2 Data

n=4,m=26
e = (8,24,20,24,16,12)7
b =(29,41,13,21)T

The C' = (¢;;) matrix is :
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( 300 270 460 800
740 600 540 380
300 490 380 760
430 250 390 600
210 830 470 680
\ 360 290 400 310 )

The D = (d;;) matrix is :

[ -7 -4 -6 -8)
12 -9 -14 -7
-13 -12 -8 -4
-7 -9 -16 -8
-4 -10 -21 -13
\ -17 -9 -8 -4

2.8.3 Global Solution

211 = 6,27y = 2,23 = 3,234 = 21,
T3 = 20,z = 24,25, = 3,255 = 13,
Tgy = 12

f(z*) = 15639

2.9 Test Problem 9

Given an undirected graph G(V, E) where V is a set of vertices and F is a set of
edges, a clique is defined to be a set of vertices that is completely interconnected.
The maximum clique problem consists of determining a clique of maximum car-
dinality.

The maximum clique problem can be stated ([169]) as a nonconvex quadratic
programming problem over the unit simplex, as follows :

MAX fl@y= Y wz;
(i,5)EE
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Subject to

Z.’Ei=1

v €V
z; >0 i=1,...,] V]

If £ is the size of the maximum clique of G, then f(z*) = 0.5(1 — (1/k)).
The global maximum z* is defined by =} = (1/k), if the vertex v; belongs to the

maximum clique, and zero otherwise.

2.9.1 Problem Formulation

9 8
MAX f(z) = Z»’vil‘iﬂ + in$i+2 + 2129 + 1210 + T2%10 + 125 + T4T7

i=1 i=1

Subject to

10

Z z; = 1

i=1
€T

v
o]
-,
Il
[
[
Lowel

2.9.2 Global Solution

z* = (0,0,0,0.25,0.25,0.25,0.25,0,0,0)
f(z*) = 0.375

2.10 Test Problem 10

2.10.1 Problem Formulation

10 10
MIN FXY)=-05> Ni(zi— @)? + 0.5 pi(wi — Bi)?
1 1
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Subject to

A X+AY <b
X,Y

X e RY®

Y € R

v
=]

The first summation represents the concave part of the objective function and

the second summation the convex part.

2.10.2 Data
A = (63,15,44,91, 45,50, 89, 58, 86, 82)
p = (42,98,48,91,11,63,61,61,38,26)
a = (—19,-27,-23, —53,—42, 26, —33, —23,41,19)
B = (-52,-3,81,30,-85,68,27,—81,97,—73)

A; is the following (10x10) matrix corresponding to the concave variables :

(3556 4 456 4 4)
545414425 2
1524731576
3263216173
6 6 6 45 2 2 43 2
5521355743
36631616 71
121787863587
8 5253813365
\1 111111111}
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Ay is the following (10x10) matrix corresponding to the convex variables :

\

"~
[e ]

= Ut W W Ut NN
= Ot Ot = N W 00N =
= O Ot R WO N R~
= S A = 00 OY W 00 N
NN O O R 00 R N

e U = TN T gy
= R W 00 N W N~ e
= =~ Ot O W Ut A Ut Ot =
= NN O N O N~
= 00 Wb 00 WO N = W

b = (380,415,385,405,470,415,400, 460, 400, 200)7

2.10.3 Best Known Solution

N*
M\*
fX5,Y7)

(0,0,0,0,0,4.348,0,0,0,0,)
(0,0,0,62.609,0,0,0,0,0,0,)
49318

I



Chapter 3

Quadratically Constrained

test problems

Very few global optimization algorithms have been proposed for nonconvex quadrat-
ically constrained problems [6]. The general problem is intrinsically difficult on
the grounds of the variety of potential nonconvexities that may occur. Separable
guadratic constraints, complementarity type constraints or integer constraints
may be involved. Notice that every simple integer constraint z € {0,1} can be

written as :
—2?+2<0,0<2<1
or
-z =0

Next, a few standard quadratically constrained problems are presented.

3.1 Test Problem 1

This test problem is taken from [104] (Problem 106). It features a linear objective
function subject to 6 inequality constraints (out of which 3 are nonconvex). For
the bounds on the eight variables, there are 16 additional inequality constraints.
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3.1.1 Problem Formulation
MIN I + 22+ 3

s.t. —1+40.0025(z4 + 76)

-1+ 0.0025(—z4 + z5 + 27)

-1+ 0.01(—25 + z3)

100z, — 2126 + 833.3325224 — 83333.333

IA IA IA A
o O o o o o

Toxy — Tox7 — 125024 + 12505
z3x5 — r32xg — 2500z + 1250000
100 < =4

1000 < z,

1000 < z3

16 < 24

10< z5

10 < z¢

10 < z7

10< g

IAIA A

10000
10000
16000
1600
1000
1000
1000
1000

IA IA IA IA IA IA A

3.1.2 Best Known Solution

z* = (579.31,1359.97,5109.97,182.02, 295.6, 217.98, 286.42, 395.60)
f(z*) = 7049.25

3.2 Test Problem 2

The second example consists of a nonconvex quadratic objective function subject
to 6 inequality constraints all of which are nonconvex quadratic. There are 10
inequality constraints representing the bounds on the five variables. This test
problem is taken from Colville’s collection [51].
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3.2.1 Problem Formulation

MIN 37.293239z; + 0.8356891z75 + 5.3578547x§ — 40792.141

s.t. — 0.0022053z3z5 + 0.0056858z25 + 0.0006262z,7, — 6.665593 < 0
0.0022053z 325 — 0.0056858z,75 — 0.0006262z, 74 — 85.334407 < 0
0.0071317x 225 + 0.002181323 + 0.0029955z 22 — 29.48751 < 0
—0.0071317zz5 — 0.0021813z3 — 0.0029955z; 25 + 9.48751 < 0
0.0047026z 325 + 0.00190852 3z 4 + 0.0012547z, 25 — 15.699039 < 0
—-0.0047026zx 325 — 0.0019085232,4 — 0.0012547z,25 + 10.699039 < O
78 <z < 102

33< 2y < 45

27<z3 < 45

27< x4 < 45

27 < z5 < 45

3.2.2 Best Known Solution

o* = (78,33,29.9953,45, 36.7758)
f(z*) = —30665.5387

3.3 Test Problem 3

This test problem is taken from [100]. It involves a minimization of a concave
quadratic function subject to linear and quadratic constraints. There exist 18
local minima. This problem can be easily decomposed into three smaller inde-
pendent problems.

3.3.1 Problem Formulation

min f(z) = —25(:1:1—2)2—(:1:2—2)2— (z3—1)°—(z4—4)? —(z5—1)2 = (zs—4)*



24

s.t. (z3—3)% + z4
(z5 — 3)* + z6

I — 3272

IA IAN IV

-+

zy + T2

IV IA
(S T S B R~ I VI TN N

z) + T2
1< z3
0< 2,y
1< z;5
0< ¢
0<m
0< zq

IA IA IA A
ju—
<D

3.3.2 Global Solution

z* = (5,1,5,0,5,10)
f(z*) = =310

3.4 Test Problem 4

This test problem is taken from [30]. It involves a minimization of a linear
function subject to a set of linear constraints and one reverse convex constraint.

3.4.1 Problem Formulation

min f(z)= -2z, + 22— 23
s.1. 1+ To+ 3 S 4
Il S 2
s < 3
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322+ z3

v IA
o o

I1,22,723

e’ BTBz — 2rTBe+ || r |12 —0.25 || b— v ||?

v
=)

where B is the following (3x3)matrix :

0 0 1

0 -1 0

-2 1 -1
b = (3,0,—4)

v = (0,—1,-6)
r = (1.5,-0.5,-5)

3.4.2 Global Solution

z* = (0.5,0,3)
f(=*) = —4
A procedure for constructing reverse convex test problems with known solution

is described in [30] and [31]. In addition, several medium size example problems
are given.



Chapter 4

Nonlinear Programming test

problems

In this chapter unconstrained and constrained general nonconvex nonlinear pro-
gramming test problems are presented. The unconstrained test problems are
of known global solution, while most of the constrained nonlinear programming
problems feature either separable concave terms (non-quadratic) in the objective
function or involve polynomial constraints, and only the best known solution is

reported.

4.1 Test Problem 1

This problem is taken from [244]. It features the unconstrained minimization of
a nonconvex polynomial function in one variable.

4.1.1 Problem Formulation

52 39 79 1
6 _ 24 5 z4 _ o 2 1
MIN =z 25:0 -I- + x 29 :c-l-lo

-2<z<11
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4.1.2 Problem Statistics
Number of Variables 1

Number of Linear Constraints

Number of Nonlinear Constraints 0

4.1.3 Global Solution
e Objective value = -29763.233

e Variable: z* = 10.

4.2 'Test Problem 2 : Goldstein and Price’s Function

This problem is taken from [88]. It features the unconstrained minimization of a
nonconvex function in two variables.

4.2,1 Problem Formulation

MIN f(z,y)

where

flz,y) = 14 (z +y+1)*(19 - 14z + 32? — 14y + 62y + 3y%)]
[30 + (22 — 3y)*(18 — 32z + 1222 + 48y — 362y + 274?)]

4.2.2 Problem Statistics

Number of Variables 2
Number of Linear Constraints

Lae}

Number of Nonlinear Constraints 0

4.2.3 Global Solution

e Objective value = 3.0

e Variables: z* =0, y* = ~1.
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4.3 Test Problem 3

This problem is taken from [211]. It features a nonconvex objective function
subject to three linear constraints, The bounds on the variables introduce six
linear inequality constraints.

4.3.1 Problem Formulation

MIN 17?'6 + .’Eg'6 — 6z — 4uq + 3u,

s.t. 29 —3x1—-3u; = 6
Ty +2u; < 4

T2 +2u; < 4

z; < 3

up <1

Z1,%, U1, Uz 2> 0

4,3.2 Problem Statistics

Number of Variables 4
Number of Linear Constraints 3
Number of Nonlinear Constraints 0

4.3.3 Best Known Solution
e Objective value = - 4.5142

s Variables : z* = (4/3,4), v* = (0,0).

4.4 Test Problem 4

This problem is also taken from [211]. It features a nonconvex objective function
subject to three linear constraints. The bounds on the variables introduce six
linear inequality constraints.



4.4.1 Problem Formulation

MIN .’E(l)'6 + 2.’1,‘3'6 + 2uy — 2z9 — ug

s.t. Ty — 3171 -3
1+ 2uy

2 + u2

IA A
(= X O O N

Iy

IA

U2

IA

L1,T2, U1, U2

v

4.4.2 Problem Statistics

Number of Variables 4
Number of Linear Constraints 3
Number of Nonlinear Constraints 0

4,4.3 Best Known Solution

e Objective value = - 2.07

o Variables : z* = (4/3,4), «* = (0,0).

4.5 'Test Problem 5

This problem is taken from [211]. It features a nonconvex objective function
subject to six linear constraints. The bounds on the variables introduce nine
linear inequality constraints.

4.5.1 Problem Formulation

MIN (E?'6 + (Eg'G + 1?%’4 + 2’11,1 “$ 5%2 - 4173 — U3



s.t. 9 —3z1 — 3wy =

x3 — 229 — 2u2

4U1 — U3

1 4+ 2w

IA A

$2+’U,2
173+’U,3

L1

IA

U2

IA IA
© A N W O BN~ A~ O O ©

I3

(AVARR VAN

T1,%2,T3, U1, U2,U3

4.5.2 Problem Statistics

Number of Variables
Number of Linear Constraints

Number of Nonlinear Constraints

4.5.3 Global solution
e Objective value = - 11.96

e Variables : z* = (0.67,2,4), u* = (0,0,0).

4.6 Test Problem 6

This problem features a linear objective function subject to two nonlinear in-
equality polynomial constraints. The bounds on the two variables introduce four
additional inequality constraints. The feasible region is almost disconnected.

4.6.1 Problem Formulation

MIN —z-y
y < 2z — 8234 8z 42
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42 — 3223 + 8822 — 962 + 36
r<3

o <
IA IA A

y<4

4.6.2 Problem Statistics

Number of Variables

Number of Linear Constraints

o

Number of Nonlinear Constraints 2

4.6.3 Best Known Solution

o Objective value = -5.5079

e Variables : z* = 2.3295, y* = 3.1783.

4.7 'Test Problem 7

This problem is taken from [208]. It features a convex objective function subject
to a nonlinear equality constraint. The bounds on the variables introduce four
additional linear inequality constraints.

4.7.1 Problem Formulation

MIN — 12z — Ty + ?

—2z'+2-y =0
0z < 2
0<y <3
4.7.2 Problem Statistics
Number of Variables
Number of Linear Constraints 0

Number of Nonlinear Constraints
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4.7.3 Best Known Solution

o Objective value = -16.73889

e Variables : z* = 0.71751, y* = 1.470.

4.8 Test Problem 8

This problem is taken from [241]. It features the optimal design of a heat ex-
changer network with one cold stream and two hot streams. The objective func-
tion is nonlinear, and there are four linear and four nonlinear equality constraints.
The bounds on the temperatures introduce four additional linear inequality con-

straints.

4.8.1 Problem Formulation

MIN & = 35426 4 35496

Q1
.. =
S A1 UIATzlm
Q2
A, =
' T GATE,

Q1 = FOC, (T3 —TC™)
Q2 = FOC,(TC —T3)
Q1 = FC(TH{"-T1)
Q: = Fy Cy(TH;" - T2)
(Ty — TC™) — (TH™ — T3)

ATy, =
In (Tf;zf;)
arz, = Bz T3)=(TH] - TC)
In (—ﬁ%)
THY ~TC
TC™ < Ty < TCO¥

T, < TH{", T, <TH"
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The problem variables are Ty, T3, T3, @1, @2, A1 and A.

4.8.2 Data
e Inlet Temperatures : 7'C;, = 100°, TH{" = 600°, THi" = 900°
e Outlet Temperature : 7C°** = 300°

Flow Rates : F¢ = Ff = FF = 10, 000.

Specific Heat of Streams : C, =1

Heat Transfer Coefficients : U; = Us = 200.

4.8.3 Problem Statistics

Number of Variables 7
Number of Linear Constraints 4
Number of Nonlinear Constraints 4

4.8.4 Best Known Solution

e Objective value = 189.3

e Temperatures : 77 = 600, 75 = 700, 73 = 100.

4.9 Test Problem 9

This problem is taken from [241]. It features a nonlinear objective function, six
linear equality constraints and three nonlinear equality constraints. The bounds

on the temperatures introduce seven additional linear inequality constraints.

4.9.1 Problem Formulation

MIN & = (—2L_

0.6 0.6 0.6
AT +(UAT2) +(UAT,§)
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st. @ = FC(Ty —T™)

Q2 = FC(T2 —Th)

Qs = FC,(T°" - T7)

Q1 = FC,(ti" - t1)

Q; = FC,(ti" —t2)

Qs = FC,(ti" —3)
(=T - (" = Th)

ATE =

Im ¢ _Tin
In (Jw———t;,,_Tl )
arz = BT - (" — T2)

to—Ty
In (tt;*—TQ)

3 (ts — Tp) — (tin — Tov)

ATy, =
to—T
1I1 (7'37‘3:717357)
™ < T, T, < T°%

W<, t <6, <

The problem variables are Ty, T3, 11, t2, t3, @1, Q2, and Q3.

4.9.2 Data
o Inlet Temperatures : Ti, = 100°, ti* = 300°, ti* = 400°, ti* = 600°
o Cold Stream Outlet Temperature : T°% = 500°

Heat Capacity of Streams : FC, = 10°

o Heat Transfer Coefficients : U; = 120, Uy = 80, Uz = 40

4.9.3 Problem Statistics
Number of Variables 11

Number of Linear Constraints 6
Number of Nonlinear Constraints 3
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4.9.4 Best Known Solution

o Objective value = 7049
e Intermediate Cold Stream Temperatures : 77 = 181.9°, T;f = 295°

o Hot Stream Outlet Temperatures : ¢} = 281.1°, 5 = 286.4°, t4 = 395.5°,



Chapter 5

Distillation Column

Sequencing test problems

Starting from this chapter several test problems that arise in a variety of engi-
neering applications are considered. The problems vary in the degree of difficulty

and only the best known solution is reported.

5.1 Problem Statement

Separation processes constitute a significant portion of the total capital invest-
ment and operating expense for a chemical plant and a lot of interest has been
generated in the development of systematic approaches that select an optimal
sequence of separation columns. The problem can be stated as :

A single multicomponent feed stream of known conditions (i.e. flowrate,
composition, temperature and pressure) is given which has to be sep-

arated into a number of multicomponent products of specified com-

positions. The problem is then to synthesize an optimal distillation

sequence, allowing the use of nonsharp separators, that separates the

single multicomponent feed into several multicomponent products and

satisfies the criterion of minimum total annual cost.
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Recent work on separation sequencing based upon optimization approaches
addressed the general separation problem with sharp columns ([72], [239], [75],
[78]), and the nonsharp distillation sequencing problem ([240], [4]). The mathe-
matical formulation of the nonsharp distillation problem for a given set of columns
corresponds to a non-convex NLP model [4] that involves a nonlinear objective
function (total annual cost) subject to a linear and nonlinear set of constraints
(total and component mass balances). If the set of columns is unknown then
the mathematical formulation results in a non-convex Mixed-Integer Nonlinear
Programming MINLP model [4].

The nonconvexities of the formulation result from the form of the objective
function (bilinear terms of flowrates and compositions) and the form of constraints
(equalities that involve bilinear expressions of flowrates and compositions). These
nonconvexities may result in a large number of local optimum solutions that can
differ significantly from each other as indicated in [4], which makes the search for

the global optimum of major importance.

5.2 Test Problem 1 : Propane, Isobutane, n-Butane

Nonsharp Separation

This test problem, which is a modified version of example 1 of [4], involves a
three component feed mixture that has to be separated into two three component
products. To avoid the distribution of nonkey components the recoveries of the
key components were set to be greater than 0.85. The problem is formulated as
a nonlinear programming problem NLP.

5.2.1 Problem Formulation

MIN o, + {a],l + @z, 7’{4":1 + a3, Tﬁ’fl +ba1Tas + bB,l-TB,s}Fs

Ik hk
+ G2+ {a1,2 + G2,2Tg + Q3.2Tc 2 + bA,2xA,13 + bB,ZxB,:lS}Fls

Subject to

F1+FQ+F3+F4 = 300
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F, - F, - F,
Fo—F,—-F, - F,
F\,—F,—F¢-Fy;

Fis — Fio — Fy
Fezpe — Ti’fl fags
Flizpq, — le;gfs,ls
Foxgo — T,’;ﬁfa,s
Flgtcs — rg,szc,m

Jfas— FiZags

fes— FiTps

fc,s — F5$C,5

fags— Fi3Taas

fBas — Fi32 513

feas— FlaZeqs

fas— Fetaeg— Fozas
fos— Fetpe— Foxp,
fos — Feoe — Foep
fans — Flazane — Fig% a1
fBas — Fluzp1s — FlsTp 1
feas — FluZcaa— FisZeas
0.333F, + FisZa14 — fas
0.333F, + Fis2p.s — fos
0.333F, + Fis2cas — fos
0.333F, + FioZao — fans
0.333F, + FioZp,0 — fB1s
0.333F, + Fiozcs — fous

Tce

o © O O o O o OO O © O O O O oo O o O oo o O o oo o o o o



39

5.2,.2 Data

Laig = 0
333F; + F7-'17A,6 + F, Tast FlﬁzA,14 + F]QxA,IS = 30
333F; + F7$B,6 + F11-73B[9 + F16$B,14 + F19-'EB,13 = 50
333F, + F'/il?c,e + Fuzc,g + mec,u + F19$c,1s = 30
Tas+ Tpst ey = 1
Taet+ TpetToe = 1
Tas+ Tpoet+ Toe = 1
Tai1s+Tpiat+ Toas = 1
Taist+Tprat Toae = 1
Tats+ TBis+ Tcase = 1
0.85 < rif rhk <
Coeflicient | Column I | Column II
Qo ; 0.23947 0.75835
a1, -0.0139904 | -0.0661588
ay, 0.0093514 | 0.0338147
Qs ; 0.0077308 | 0.0373349
bA,i -0.0005719 | 0.0016371
bB’, 0.0042656 | 0.0288996

5.2.3 Problem Statistics

No. of Continuous Variables | 48
No. of Binary Variables
No. of Linear Constraints 13
No. of Nonlinear Constraints | 25
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5.2.4 Best Known Solution

The best known solution for this Test Problem has an objective function value

of 1.5671. The values of the nonzero variables are shown below :

F,=F, = 85.714

F, = 77.143

F, = 137.143
F,=F,=F, = 51.143
F,=F, = 24.286
F,=F, = 32857
Fo=F, = 28571

fas = 28.571
fos = 24.286
fes = 4.286
fans = fe1a= fous = 28.571
Zas = 0.5
zps = 0.425
Zes = 0.075
Tae = 1.0
Tas = Tco = 0.13
Tpoe = 0.739
Tais = Tags = Taga = 0.333
Tags = 0.5
Ta14 = 0.425
Ta1sa = 0.075
Tars = 0.15
Tanse = 0.85
ik =l =Bk = 085
hk

’'pr = 1.0
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5.3 Test Problem 2 : Propane, Isobutane, n-Butane,
Isopentane Separation

In this test problem, a four component mixture has to be separated into two
multicomponent products (see example 3 of [4]). The resulting mathematical
formulation is a nonconvex NLP. The number of local optimal solutions increases
rapidly with the number of columns (in this example three columns exist) and
these solutions differ widely in structure and cost (variations of up to 25% in the
cost of nonsharp sequences).

5.3.1 Problem Formulation

ik hk
MIN Qo1 + {a],] + az, Taa + as, Tpa + bA,l Zaet bB,l Zge+ bC,l wc,e}Fa
Ik hk
+ Qo+ {a],2 + Q2,2Tp , + Q32T¢c 2 + bA,2xA,15 + bB,2wB,15 + bc,l-'Ec,ls}Fls

ik hk
+ ao3+ {al,s + Q2,3T¢c 3 + Q3,3Tp,3 + bA,s-'EA,u + bB,st,’M + bc,smc,n}Fn

Subject to

FE+F,+F,+F,+F, = 600
F,—F,—F, =
Fo-F,—-F,—-F,-F, =
Fe—F,—F,—-F, =
Fo—Fy—F,,— F,, =

Fyy— Fps— Fyy — Fyy — Fyy =
Fyw—-F, -F,, =

Figpy —rif fag =
FieZp10— T, fpas =

ik
Fzsxc,zs - rcyg.fCﬂi =

o O O o O O o o o o

hk
Floms,lo - TB,lfB,e =
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hk
Fhox c20 — Teoo fc,: 5

hk
FsoxD,so - rp,st,u

Jas— FeTag
fB,e - FG-TB,G
fc,e - Fs-”’c,a
Jpe— Fexpg

fA,15 - F1533AF15

fB1s— FisTpas

fc,ls — L15Tcas

fD,15 - FIS:ED,]B

fA,24 - F24-'EA,24

fB,24 - F24$B,24

fc,24 - F241'c,24

fD,24 - F2417D,24

fA,e - F7-'13A,7 — 10T 4,10
fB,s - F7$B,7 - FloiEB,m
fc,e - F7$c,7 - Flozc,lo
fD,G - F'/-TD,? - F10517D,10
fA,ls - F]G:EA,]G - FZOxA,20
fB,ls - Fla-TB,le - F20$B,20
fc,15 - EGzC,lﬁ - on-'l?c,zo
fD,ls - Flewp,:s - F20$D,2o
fA,24 - Fzs-TA,zs - Fso-'EA,ao
fB,24 - Fzst,zs — L30T 8,30
feza — F25$C,25 — L30T ¢,30
fD,24 - F25$D,25 - Fsomp,ao

0.250F, + FirZanr + FaeZTage — fage

©C o o O O o O O o © O o O O O 0o O O O oo oo o o oo o o o
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0.333F, + Fi:%p,17 + FoeZp e — foe = O
0.167F, + Fir2car + Foeczs — fee = 0
0.250F, + Fi7&pa17+ Foe®pae — fas = O
0.250F, + F11Z a0 + Fyr%agr — fazs = 0
0.333F, + Fi,2p11 + Farpor — fo1s = 0
0.167F, + Fyy2cy1 + ForZosr — fous = 0
0.250F, + Fiy2pa1 + Far%par — fass = 0
0.250F; + FioZ 410+ FiZap — faze = 0
0.333F; + Fi,2p12+ Fougpo — fpze = 0
0.167F; + Fiorcaz + ForZoon — fooe = 0
0.250F, + Fi,2p12 + Fo@poy — faze = 0
ey = 0
Tpy; = 0
Tpie = 0
Tpap = 0
Taze = 0
Tpa = 0
250Fs + Fyzar + FisTano + FisTane + FroTaz + Fosaos + Fuaz = 50

222F, + Fyazpr + Fis2p10 + FieTpi6 + Faa®poo + FosTops + FuTps = 100
A6TF + Fyzeqr + FlaToao + FisZope + Faropo + FasTons + Fuzos = 40
250F, + Fyapr + FisZpao+ FisZpae + Foo®p 20 + FasZpos + Fazpa = 100

Taet Tpe+ Toe+ Tps =
Tar+Zer+ Tor+Tpr =
Tagot Teao+ Zeao+ Tparo =
Tars+ Tpas+ Zeas + Tpas =

Zaiet Toie+ Tore+ Tpas =

g e ey

a0+ Tpo+ Zepot Tpoo =
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Zaps+ Lot Topat Tpos =

Il
S e S St

Zazs+ Tpos+ To2s + Tp2s
Zasot Tps0+ oo+ To,ao

0.85 < rlk phk <

% A

5.3.2 Data
Coefficient | Column I | Column II | Column III
Qo,; 0.31569 0.96926 0.40281
a,,; -0.0112812 | -0.0413393 | -0.0119785
Qs 0.0072698 | 0.0228203 0.0082055
Qs 0.0064241 | 0.0257035 0.009819
ba 0.0016446 | 0.0015625 -0.001748
bs 0.0018611 | 0.0091604 | -0.0002583
be,: 0.001262 0.0076758 | -0.0004691
5.3.3 Problem Statistics
No. of Continuous Variables | 86
No. of Binary Variables -
No. of Linear Constraints 22
No. of Nonlinear Constraints | 46

5.3.4 Best Known Solution

The best known solution for this Test Problem has an objective function value

of 2.9852, The values of the nonzero variables are shown below :

F, = 47.059
F,=F, = 85.714
F, = 117.647
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fBe

fe

foe

fA,15 = fD,]S
fB.s

feas

fA,24

fB,24

fe2a

fp 24

LTag
ITpe
Lce
Lpe
Tar

Tan0

180.084
169.496
94.916
28.214
66.702
47.857
37.857
155.504
112.290
43.214
33.193
39.972
9.986
11.765
21.479
28.571
14.286
29.412
43.501
31.751
50.840
0.35
0.421
0.105
0.124
1.0
0.075



ZB 10
Zcao
IDp,210
La1s = Tpas
Ipas
Tcas
Tanie
IB16
Tcas
TB,20
L2
I'Dp,20
T a,24
T B,24
L2
ITpo2a
T a2s
TB,2s
Le2s
Ip,2s
T'p,30

ik _ Ik _ _hk _ .hk
Tag =Tp2=Tc2=Tp,

hk _ Ik
Te1 = Tca

0.599
0.15
0.176
0.25
0.333
0.167
0.448
0.507
0.045
0.113
0.321
0.566
0.189
0.28
0.204
0.327
0.262
0.387
0.283
0.068
1.0
0.85
1.0
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5.4 Test Problem 3 : Blending/Pooling/Separation

Problem

This test problem is taken from [73] and involves a three-component feed mixture
that is to be separated into two multicomponent products by using separators and
splitting/blending/pooling. The cost of each separator depends linearly on the
flowrate through the separator, and the constraints correspond to mass balances

around the various splitters, separators and mixers.

5.4.1 Problem Formulation

MIN

Subject to

0.9979 4+ 0.00432F; + 0.01517F},

B+ F,+ F,+ F,

Fy— F, — F,

F,-F,-F, - F,
Fy—-F;-F¢- Fy

Fis — Fo— Fy

Foxps — Foae— Fozay
Foxp, — Fsape — Forp,
Foacy— Foxg e — Foag,
FiaZans — FlaZana — FisZa,s
Fazpis— Flizpa. — Fszps
Fszcas — 14Tc14 — L18%cas
0.333F, + Fisza14 — Fizas
0.333F, + Fiszpq4 — Fszps
0.333F, 4+ Fiszcps — Fizoy
0.333F, + Fiozap — FisTa1s
0.333F; + Fi2p,0 — Fia%ps

300

o O o O O O O O O O o o o o ©o
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o

0.333F, + Fioxce — Fia®cps =
B33F3 + Frrae+ FluZas + FieZans + FioZTass =
B33F, + Frxp e+ Fiizpo+ FieZpia + FloZpis =
B33F + Frace + FliZop + FleTeps + Frotois =

W Ot W
o o O

Tast Ips +Zeos =
Zae+ Tpet Tce =
Zaet Tpo+ Tee =
xA,13+xB,13+xC,13 =
Ta1e+ Tpaa+ Tcaa =
Tais+Tpis T Toas =
Tpe =

Tesg =

Tag =

Tcie =

Tais =

I
(=] e} o o o o e p—t Pt b b p—t

Ipis =

5.4.2 Problem Statistics

No. of Continuous Variables | 38
No. of Binary Variables —
No. of Linear Constraints 17
No. of Nonlinear Constraints | 15

5.4.3 Best Known Solution

The best known solution for this Test Problem has an objective function value
of 1.8639. The values of the nonzero variables are shown below :

F1=F5 = 60
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F, = 90
F4 = ].50
FG =F3 = 20

F,=F,=F, = 40
F14=F16=F13=F20 = 20

Tas =Tps=Tgs = 0.333
Tase = Tp1s = Tcas = 1.0
wB,g = zc)g = "L'B,13 = wc,la = 0.5

5.5 Test Problem 4 : Three Component Separation
- MINLP

In this test problem (example 1 of [4]), the same feed mixture as in test problem
1 has to be separated into a different set of products. The composition though,
of the desired products is different. The mathematical formulation involves the
existence or nonexistence of the columns as binary variables explicitly and corre-
sponds to a nonconvex MINLP.

5.5.1 Problem Formulation

MIN Qo1 + {al,l + a,, 7"14*':1 + a3, 7‘,’;',‘1 + bA,l-'EA,s + bB,l :EB,S}FS

ik hk
+ @0y + {1, + U22T 15 + G32Tga3 + 042 a5 + bp2Zpas}Fia

Subject to

F+F+F+F, = 300
F,-F,-F, =
Fo—Fy—F,—F, =
h,—-F;—-Fc—F,, =
Fig — Fig—Fy =

o O o © O

Ik
FﬁwA,G - rA,1fA,5 =
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Ik
F14$B,14 - 7’31ng,13 =

hk
Forgo— rB,1fB,5

hk
Flexcis — rc,zfc,m

fA,.s - Fs-TA,s
fB,s - Fs-'l?B,s
fc,s - Fsivc,s

fags — F1aZaas

fBas — F13%p s

Joas — Fiatoas

fas — Fotae— Foxap
fos— Fexpe — Foxpo
Jos— Fezog — Foxcy
Jags — FiaZaps — FigZ a5
fB1s— Fla%pas — Fls2 5
feas — Flutcaa — FleZeoas
0.333F, + Fiszans — fas
0.333F, + Fis2p14 — fos
0.333F, + Fiszc s — fors
0.333F, + Fio%as — fass
0.333F, + FioZpo — fp1s
0.333F, + FioZce — fous

Lce
Tazis
B33F 4+ Frxae+ Flizao+ FieT e+ Fioz 416
B33F, + Frzge+ Fluzpe + FieZpaa + FloZp16
B33F; + Frace + Fuzeo + Flexcas + FloTeas

Tas+Tos+ Zes

O O O ©O O O o O o O O O o o o oo o o o o o o

= N W 00
o o o
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5.5.2

5.5.3

5.5.4

The best known solution for this Test Problem has an objective function value
of 0.626. This solution involves only column I and the values of the nonzero

Data

Zaet Tpet Tee = 1

Tao+Tpo+Tce = 1

Taist Tpis+ Tcaiz = 1

Za1a T To1a+ Toaa = 1

Tas + Tpas + Tcas = 1

F5 - 300y1 S 0

Fi; —300y, <0

0.85 < rif et <1
Coefficient | Column I | Column IT

Qo 0.23947 0.756835

ay -0.0139904 | -0.0661588
ay, 0.0093514 | 0.0338147
a3, 0.0077308 | 0.0373349
bA,,- -0.0005719 | 0.0016371
bB,; 0.0042656 | 0.0288998

Problem Statistics

No. of Continuous Variables | 48
No. of Binary Variables
No. of Linear Constraints 13
No. of Nonlinear Constraints | 25

Best Known Solution
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variables are shown below :

y, = 1
F,=F, = 211.765
F, = 60

F, = 28.235
Fe=F, =170

F,=F, = 141.765
fas= fos= fcs = T0.588

Tas =Tas =Tug = 0.333
Tae = 0.857
rge = 0.143
Tae = 0.075
Tpe = 0.427
Toe = 0.498
rﬁfl = 0.85
rif = 0.858

5.6 Test Problem 5 : Four Component Separation -
MINLP

A four component feed stream is to be separated into two products (see example

4 of [4]). The problem is formulated as a mixed-integer nonlinear programme
MINLP.

5.6.1 Problem Formulation

Ik
MIN Qo 1Y + {a1,1 + a2 Tan +as, r,’;’fl + bA,l Taet bB,lzB,e + bc,1$0,6 }Fe
hk
+ o2y + {a1,2 + az,ﬂ‘ﬁfg 4 Qa2Tc o + bA,QxA,ls + bB,ﬂJB,]s + bc,lxc,ls}Fls

lk hk
+ aosys + {a15 + G2,3Tc3 + 833Tp 5 + bastaze+ bpaZp o+ bc,3$c,24}F24
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Subject to

Fi+ P+ Fy+ Fy+ Fy
F,—F, - F,

FlO_ 1 - 12_F13_F14
Fle - 17—F13_F19

Fyo — Fyy — Fo, — Fy

Fos — Fope — Fyy — Fyg — Fig
Fyo— Fy — Fy

FT-TA,'r - ri,f]fA,e

FleTp6 — rgfsz,ls
Foo s — Tf;-’fafc,u
F10-TB,10 - rgﬁfB,e

onwc,zo - T'g,szc,ls

hk
Fy02 p 30 — Tp,gfp,u

fA,s - FGzA,G
fB,G - sts,e
fc,s - Fewc,e
fD,a - Fs-TD,e

fA,]..') - Fls-TA,ls
fB,15 - F15-TB,15
fc,:s - Flst,IS
fD,15 - F15$D,15
fA,24 - F2433A,24
fB,24 - F24$3,24
fc,24 - Fuwc,u
Jp2se— FasZps

fA,B - F7-'17A,7 - FleA,IO

600

o © O o O o o0 O O o 0o 0o o o o o o o o o o o o o o
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fB,s - F7$B,7 — I'yoTB,10

fee — Frzcy — Fiozeao

Joe — Fzp,— FioZp 10

fA,ls - F]GwA,lﬁ - F20$A,20

fBas — FieTp 16 — FaoZ g 20

feas — FleZcae — Faoc 20

fD,ls - FlG:ED,IG - on-"ﬂp,zo

fA,24 - F25$A,25 — L30T 4,30

fo,20 — Py p o — Fyzp,30

fc,24 - Fzsxc,zs - Faowc,ao

fD,24 - F2517D,25 - F3037D,30

0.250F) + F11Z a7 + FasTape — fae

0.333F, + Fi72p.17 + Faepe — foe

0.167F, + Fir@car + FasTons — fee

0.250F, + Fi72p 17 + Fae%pos — fas
0.250F, + Fi1Z 001+ Fr® 00 — fans
0.333F, + Fuuzpy + FrZpar — fo1s
0167F, + Fuzca + ForZcar — fous
0.250F, + F11Zp 11 + Forp oy — faas
0.250F; + FioZ 415+ FnZao — fan
0.333F; + Fi2Zpa12 + FuZp oy — o
0.167F, + Fi3®8c12 + FuTcs — fo
0.250F; + Fi2%paz + FnTpor — fan

o O O O O O 0O 0O 0O 0O 0 o 0O oo o0 o0 0 o0 0 o oo 0 oo oo oo o o
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Taszo = 0

Ip,30 = 0

250F, 4+ Fozar + FiaZago + FlsZaie + Frozaze+ Fosags + FuZaz = 75
222F, 4+ Fozpr + FiaZpy0 + FisTpa6 + Fozp o0+ Fasxpos + FauZpge = 100
A6TF, + Fozor + FiaZcio + Fis®one + Faaopo + FasZops + FuaZoso = 40
250F, + Foxp s + Flazpio + FieZpae + Fro®pao + Foszpos + Fzp s = 100

Tae+Tpe+ Tos+ Tpe =
Tar+ Tpr+ Teor+ ITpr =
Tago+ oo+ Teao+Zpie =
Tags+ Tpis +Teas +Tpus =
Tage+ Toie+ Teae +Tpae =
Zaz0+ T2+ Zc20+ oo =

Tazat Tpos+ Le2q + Ip2s =

Tazs+ Tpos+ Topos + ZLp,os

Ta,30 * Tpao + Zoys0 + To 30
Fy — 600y,

Fi5 — 600y,

F,, — 600y,

0.85 < rik rhk

0,3 ;’J

IA IA A
[ = T = T = T e S S S S S S O )

IA

5.6.2 Data
5.6.3 Problem Statistics
5.6.4 Best Known Solution

The best known solution for this Test Problem has an objective function value of
2.579 and has only two columns (II and III). The values of the nonzero variables
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Coefficient | Column I | Column II | Column III
Qo,; 0.31569 0.96926 0.40281
@y, -0.0112812 | -0.0413393 | -0.0119785
Qs 0.0072698 | 0.0228203 | 0.0082055
s 0.0064241 | 0.0257035 | 0.009819
bas 0.0016446 | 0.0015625 | -0.001748
bs,; 0.0018611 | 0.0091604 | -0.0002583
bei 0.001262 | 0.0076758 | -0.0004691

No. of Continuous Variables | 86
No. of Binary Variables 3
No. of Linear Constraints 22
No. of Nonlinear Constraints | 46

are shown below :

Fe = Fis
Fy = Fy
Fys

Fps = Fy
Fy = Fy
faas = fpas
feas

fC,ls

fA,24

fB,24

=1

= 70.588
= 130.104
= 229.412
= 169.896
= 42.941
= 27.647
= 157.751
= 115.104
= 42.647
= 17.647
23.529
11.765
32.526
43.368
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fe2e = 31,684
fp2e = 50.173

Tais =Tpas = 0.25
Tpis = 0.333
ZToas = 0.167
Taze = 0.411
Tpie = 0.548
Teae = 0.041
Tce = 0.362
Tp2o = 0.638
Ta2e = 0.206
Tpa = 0.275
Tooe = 0.201
Zpae = 0.318
Tazs = 0.283
Tpa = 0.377
Zc,2s = 0.275
Tp2s = 0.065

Tpaso = 1.0

AL JPR J

hk hk
ree =Tps = 0.85



Chapter 6

Pooling/Blending test
problems

6.1 Problem Statement

In refinery and petrochemical processing problems it is generally necessary to
model not only product flows but also properties of the streams as well. When
streams are combined in a tank or pool, nonlinear relationships are often intro-
duced if the pool is to be used in downstream blending or processing. In a number
of blending problems, the qualities of the component streams contribute to the
qualities of the blended product in a nonlinear and nonconvex manner.

Successive Linear Programming (SLP) techniques have been widely used in
the industry for over 25 years. SLP algorithms solve nonlinear optimization
problems via a sequence of linear programs. In [89] the first such algorithm, the
Method of Approximation Programming (MAP), was presented. Recent work
on the pooling problem includes [131], [158] , [14], and [73] who proposed a
decomposition scheme that induces convex subproblems based on [74] and [3].
In his studies of the behaviour of linear programming LP models Haverly [99]
defined a simple pooling problem that exhibits a number of local solutions
that depend on the starting point.
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6.2 Test Problem 1 : Haverly’s Pooling Problem -

Case I

6.2.1 Problem Formulation

max Profit = 9z + 15y — 6A — 16B — 10(Cz + Cy)

subject to
Pr+Py—A-B =0
z—Pz—Czx =0
y—Py—Cy =0
pPr+2Cx—25z <0
pPy+2Cy—15y < 0
pPz+pPy—3A—-B =0
z < 100
¥y < 200

6.2.2 Problem Statistics

No. of Continuous Variables

No. of Linear Constraints

No. of Nonlinear Equality Constraints
No. of Nonlinear Inequality Constraints

N = WY

6.2.3 Global Solution

The best known solution for this Test Problem has an objective function value
of 400 and the values of the nonzero variables for this solution are :

p=1
B=Py=Cy = 100
y = 200



6.3 Test Problem 2 : Haverly’s Pooling Problem -
Case II

6.3.1 Problem Formulation

The formulation for this problem is the same as for Test Problem 1 except that
the upper bound on the product z is changed. The complete formulation is as
follows :

max Profit =9z 4 15y — 64— 168 — 106(Cz + Cy)

subject to
Pz+Py—~A—-—B =0
t—Px—Cz = 0
y—Py—Cy =0
p.Px +2Cx — 252 < 0
p.Py+2Cy—15y < 0O
p.Pz+pPy—3A—B =0
z < 600
y < 200

The problem statistics are the same as for Test Problem 1.

6.3.2 Global Solution

The best known solution for this Test Problem has an objective function value

of 600 and the values of the nonzero variables for this solution are :

p=3
A=Pz=Cz = 300
z = 600
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6.4 Test Problem 3 : Haverly’s Pooling Problem -
Case III

6.4.1 Problem Formulation

The forraulation for this problem is the same as for Test Problem 1 except that
in the objective function the cost of B is changed from 16 to 13. The new
formulation is :

max Profit =9z + 15y — 64— 13B — 10(Cz + Cy)

subject to
Px+Py—A-B =10
t—Pr—-Czx =0
y—Py—Cy = 0
p.Px+2Cx—25z < 0
p.Py+2Cy—15y < 0
p.Pr+pPy—3A—B =0
z < 100
y < 200

The problem statistics are again the same as for the previous two problems.

6.4.2 Global Solution

The best known solution for this Test Problem has an objective function value
of 750 and the values of the nonzero variables for this solution are :

p=15
A = 50
B = 150
Py = 200

y = 200



Chapter 7

Heat Exchanger Network
Synthesis test problems

7.1 Problem Statement

Heat exchanger network synthesis has been the subject of an intense research
effort in the last two decades. Mathematical programming approaches have been
developed and these procedures have been incorporated intoseveral approaches to
the heat exchanger network synthesis problem. Two classical subproblems of the
heat exchanger synthesis problem are (a) the network configuration optimization
problem and (b) the simultaneous matches-network optimization problem.

(i) Network configuration optimization problem

The optimization problem for the heat exchanger network configuration is
stated as follows :

Given are: (a) a set of hot process streams and hot utilities ¢ € H; (b) a set
of cold process streams and cold utilities, § € C; (c) the inlet and outlet tem-
peratures, the heat capacity flowrates, and individual heat transfer coefficients
of each stream; (d) a minimum temperature approach AT y;in; (e) the minimum
utility consumption and the location of pinch points; and (f) a set of matches
(25) € M A satisfying the minimum number of units criterion, their heat loads
Qjj and heat transfer coefficients Uj;. The objective is to determine the process



stream matches and the heat exchanger network configuration that provides the
globally minimum investment cost.

The network optimization problem can be formulated as a nonlinear math-
ematical programming (NLP) problem ([77]). Uncertainty arises because this
nonlinear problem is nonconvex, and thus may have several local optima. When
conventional solution techniques are used to solve this problem, the fina} solution
depends upon the starting point.

(11) Simultaneous matches-network optimization problem

The problem of determining simultaneously the best combination of process
stream matches and network configuration can be stated as follows:

Given are: (a) a set of hot process streams and hot utilities i € H, their inlet
and outlet temperatures Ti, To’i, and heat capacity flowrates Fi; b) a set of
cold process streams and cold utilities j € C, their inlet and outlet temperatures
Tj, TOJ, and heat capacity flowrates Fj; (¢) a minimum temperature approach
ATpin; d) the overall heat transfer coefficients Uj; of each potential match (¢5);
(e) the minimum utility consumption and the location of pinch points; and (f) a
maximum number of units Nyax-

The objective of this problem is to obtain the set of process stream matches
and their heat loads that provide the minimum cost heat exchanger network
configuration.

The simultaneous matches-network optimization problem is formulated as
a mixed integer nonlinear programming (MINLP) problem that selects the set
of matches, heat loads, and network configuration that feature the minimum
investment cost from among all possible process stream matches and network

configurations. The mathematical formulation is discussed in [76].

7.2 Test Problem 1: Two-Unit Heat Exchanger Net-
work - NLP

This problem involves determining the optimal heat exchanger network configu-
ration for a system of two hot streams and one cold stream. The problem is taken

from [76]. The objective of the problem is to obtain the optimal configuration of



the cold stream so as to minimize the heat exchanger area investment cost. The
formulation is based upon the heat exchanger network superstructure of [77].

7.2.1 Problem Formulation

0.6
) 1000
min 1300[0.05[§(AT11AT12)1/2+%—(AT11+AT12)] 06+
13 600 ] '
00 [0.05[%—(AT21AT22)1/2+ %-(ATn +AT22)]
subject to
i+ =10
H+i-rE =0
A+ fE-7F =0
2+ fB-fF =0

R+ - fF =
150f{ + 9 ff} — 11 f{° =
150 + ¢ fB — L fF =

R —1) = 1000
(88 - 13) = 600
ATy = 500 — 9
ATy =250 — ¢]
ATy = 350 — t9
ATy, =200 — ¢
ATy, ATy, ATy, ATy, > 10

0< fl, fi, fB, R, 10, ££ <10
2941 < fE <10
3.158< fF <10
150 < ] < 240



250 < t9 < 490
150 < t§ <190
210 < t§ < 340

7.2.2 Data

The stream data is given in Table 7.1, and information about the matches is given
in Table 7.2. There are two matches within the heat exchanger network.

Table 7.1: Stream Data for Test Problem 1

STREAM | T in(K) | T out(K) | FCo(L)

1 500 750 4

2 350 200 4

C1 150 310 10
Alpin = 10°K

Table 7.2: Match Data for Test Problem 1

MATCH [ Q(kW) [ U (ZFy [ A (m%)
HIC1| 1000 0.05 | 207.357
H2 C1 600 0.05 | 137.23

Cost of Heat Exchangers = $1300A4%¢

7.2.83 Problem Statistics

This problem involves a system of 16 variables and 13 equality constraints.
Bounds for each of the variables are also provided. Four of the constraints con-
tain bilinear terms, and the remaining nine constraints contain only linear terms.
The objective is a nonlinear but convex function.



7.2.4 Best Known Solution

The best known solution to this problem was reported in [76] . This solution
involves a series arrangement of the exchangers, and features a total investment
cost $56,825. The best known solution is shown in Figure 7.1, and the values of
the variables in the optimization problem are given in Tables 7.3 and 7.4.

Table 7.3: Flowrate and Temperature Levels at the Best Known Solution

fi=0] fi=10] ff=10| f£ =10
=10 fR=0| fP=10| f2=0
th =210 | £ =150 | tQ = 310 | t§ = 210

Table 7.4: Temperature Differences at the Best Known Solution

ATy =190 | ATy =40
AT21 = 140 AT22 = 50

H2 Hi

350° 500°
01150 ( ) 210 ( ) 310

200° 250°

Figure 7.1: Best Known Solution to Test Problem 1
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7.3 Test Problem 2 : Three-Unit Heat Exchanger
Network - NLP

This example is taken from [76]. It involves obtaining an optimal heat exchanger
network for a system of three hot streams and one cold stream. A nonlinear
optimization problem has been formulated by creating a superstructure [77] con-
taining all possible network configurations embedded within it. The nonlinear
programming problem has as an objective the investment cost of the network.
The goal of the optimization problem is to select from the superstructure the

network structure with minimum investment cost.

7.3.1 Problem Formulation

@1 06

minimize 1300
¢ | Ur(3(AT1,AT2,)Y2 + L(AT1, + AT2y)

+

Q2 0.6
1300
[ Us(3(AT1,AT2,)1/2 + L(AT12 + AT22)] *

1300[ Q3 ]0.6
U3(%(AT13AT23)1/2 + %(ATI:_:, + AT23)

subject to

.
%,

A+fi+fi =
A+B+-E =
+B+iB-fF =
A+B+8-fF =
PP+EB+rE-fF =
A+ B-fF =
E+iB+B-fF =

100ff +9fB +eSfB—tfF =
100f] + 0 f + 15 f—t3ff =
1005 + 69 f3 + 19 /5 — tifs =

o0 O 0 O O o o ©
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tlo,mi’n < tlo

IA

T — ATpmin
1™ <@ < T — ATpin
9™ <19 < T — ATpmin

It should be noted that in this formulation the index i corresponds to the
hot streams. T is the inlet temperature of hot stream i and TP is the outlet
temperature of hot stream 1, as listed in Table 7.5.

7.3.2 Data

Stream data is given in Table 7.5, and match data are given in Table 7.6.

Table 7.5: Stream Data for Test Problem 2

STREAM | T in(K) | T out(K) | FC,(%
Hi 210 130 25
H2 210 160 20
H3 210 180 50
C1 100 200 45

Table 7.6: Match Data for Test Problem 2

MATCH | Q; (kW) [ U; (5%
1 C1 2000 0.5
H2 C1 1000 1.0
H3 C1 1500 2.0

Cost of Heat Exchangers = $13004%6

In addition to the stream and match data given in Tables 7.5 and 7.6, the
model also requires the minimum temperatures approach, AT,;, = 10°, and
the parameters f™", the lower bound on the flowrate through exchanger ¢, and
t?’min, the minimum outlet temperature of the cold stream from exchanger i.
These parameters are given in Table 7.7.
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Table 7.7: Parameters for Example 2

i f_min t(_),mm
i) 1

1 20 | 144.444

2 10 | 122.222

3 45 1 133.333

7.3.3 Problem Statistics

This test problem is a nonlinear optimization problem with 27 variables and
19 equality constraints. Thirteen of the constraints are linear; the remaining
six constraints are bilinear. The objective is a nonlinear but convex objective
function.

7.3.4 Best Known Solution

The best known solution to this problem has been identified by [76]. The opti-
mal network, shown in Figure 7.2, features a series piping configuration and an
investment cost of $46,266. The variable levels are given in Tables 7.8 and 7.9.

Figure 7.2: Best Known Solution to Test Problem 2
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Table 7.8: Flowrate Variables at Best Known Solution

il P A7 fikiNk] 1] 2]3
145 45] © 1 00
2| 0]|45]| 0 2 45 0
13| o|45] 45 3 0|45

Table 7.9: Temperature Variable Levels for Test Problem 2

1 tf t? i| AT1; | AT?2;
1| 100 [1444 [[2 | 65.6 30
2]144.4 {166.7 [l 2 | 43.3 | 15.6
31667 200 ||| 3 10 | 13.3 ||

7.4 Test Problem 3 : 7TSP4 Heat Exchanger Network
Above the Pinch - NLP

Test problem 3 is taken from the literature problem 7SP4 ([180], [161]). This
problem involves a designing a heat exchanger network for a system of one cold
stream and six hot streams. The design problem has a pinch point at 430—410°F
that partitions the network into two independent subproblems. Test problem 3 is
a nonlinear optimization problem that identifies an optimal network configuration

above the pinch,

7.4.1 Problem Formulation

minimize 324

Q1

324

Q2

L U1(3(AT1,AT21)%5 + H(AT1, + AT2))]

L'

324

Q3

subject to

Up(3(AT1,AT2;)05 + LHAT1; + AT27)).

U3(3(AT13AT23)05 + L(AT1; + AT23)) ]

10.6

0.6

0.6
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7.4.2 Data

The stream data is given in Table 7.10. Note that the parameters 7¥ and 70
correspond to the inlet and outlet temperatures of the hot streams. Match data is
given in Table 7.11, and the lower bounds f/™" and t™" are given in Table 7.12,
Note that the minimum temperature approach, A7Tm;., equals 20°F.

Table 7.10: Stream Data for Test Problem 3

STREAM | T in(F) | T out(F) | FC,(*2X)
o1 675 430 15
H2 590 450 11
H3 540 430 4.5 |

H4 (boiler) 801 800
C1 410 710 47

Table 7.11: Match Data for Test Problem 3

MATCH | Q; 22 [ U; (25)
HICl | 3675 0.1
H2C1 | 1540 0.07
H3 C1 495 0.06

l H4C1 | 8390

Table 7.12: Flowrate and temperature lower bounds for Test Problem 3
firni'ﬂ. t;nzn
15 | 488.191
9.625 442 i
4.5 | 420.532
22.676 | 588.511

XN S
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7.4.3 Problem Statistics

This problem involves a system of 38 variables and 23 equality constraints. Of
these constraints, 15 are linear constraints and the remaining 8 constraints are
bilinear, The objective function is a nonlinear but convex function.

7.4.4 Best Known Solution

The best known solution to this problem involves piping the cold stream in a
series-parallel configuration. The optimum is at $34,633. This solution is shown
in Figure 7.3, and the variable levels are given in Table 7.13.

Table 7.13: Flowrate and Temperature Variables at the Best Known Solution of
Test Problem 3

i 11 1 2 3 fE 12 t 7 | AT | AT:
1| 24.348 24,348 410 | 560.933 | 114.067 | 2
2 | 14.882 14.882 410 | 513.482 | 76.518 | ¢
3| 7.770 7.770 410 | 473.709 | 66.2901 |
4 24.348 | 14.882 | 7.770 47 | 47 | 531.489 710

7.5 'Test Problem 4 : 7SP4 Heat Exchanger Network

Below the Pinch - NLP

Test problem 4 is taken from the literature problem 7SP4 ([180], [161]). This
problem involves a designing a heat exchanger network for a system of one cold
stream and six hot streams, with extra cooling provided by cooling water and
extra heating provided by a boiler. The design problem has a pinch point at
430 — 410° F' that partitions the network into two independent subproblems. Test
problem 4 is a nonlinear programming (NLP) optimization problem that identi-
fies the network configuration for the subnetwork below the pinch point without
considering the match between hot stream H5 and cooling water CW.
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Hi
24.348 560.933°
H2
14.882 513.482° 531.4° 710°
C1 410° H3
Boiler

7.770 / )
\ 473.709°

Figure 7.3: Best Known Solution to Test Problem 3



7.5.1 Problem Formulation

. Qll }0.6
min 324{ +
Ull(%(ATlllAT211)o‘5 + %(ATIII 4+ AT211))
394 QIW }0.6 N
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Qa1 }0-6 N
Us1(5(AT131AT23;)%5 + L(AT15 + AT231))
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{
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IA A IA A IA A DA A A IA IA IA IA IA IA IA IA A IA A

7.5.2 Data

The data for this problem consists of stream, matches and variable bounds. The
stream data is given in Table 7.14, and match data is given in Table 7.5.2. Lower
bounds on flowrates through exchangers are given in Table 7.5.2.
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Table 7.14: Stream Data for Test Problem 4

[ STREAM [ T in(F) | T out(F) | FC,(525%) ||
H1 430 150 15
H3 430 115 4.5
H4 430 345 60
Hé 300 230 125
C1 60 410 47 |
CW 80 140 11.03

Table 7.15: Match Data for Test Problem 4

MATCH | Q(kBtU/hr) | U (5%
H1 C1 1182.5 0.1
H1 CW 3017.5 0.08
H3 C1 1417.5 0.06
H4 C1 5100.0 0.07
Hé C1 8750.0 0.055

Table 7.16: Lower Bounds on Flowrates through Exchangers

" i f@'mm .] Hman
% 2
1 33719 || 1| 3.379 H
31 4050 }| 2| 9.144
4 | 14.571
6

39.773




82

7.5.3 Problem Statistics

This problem contains 54 variables and 36 constraints. 26 constraints are linear,
and the remaining 10 constraints are bilinear. The objective is a nonlinear but

convex function. Upper and lower bounds have been provided for each variable.

7.5.4 Best Known Solution

The best known solution is reported in [76]. It involves arranging the matches
of hot stream 1 in a series configuration, and the matches of cold stream 1 in a
series-paralle}l configuration. This network is shown in Figure 7.4. The value of
the objective function for this solution is $91,142. The levels of the variables at
this point are listed in Tables 7.17.

Table 7.17: Cold Stream 1 Flowrate Variable Levels

1 41.45 41.45
31 5.55| 5.55

4 47 47 | 41.45 | 5.55

6 | 41.45 | 41.45

Table 7.18: Cold Stream 1 Temperature Variable Levels

it e
1|271.1 | 299.6
3| 60]271.1
413015 | 410 |
6| 603154
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Table 7.19: Hot Stream 1 Flowrate and Temperature Variable Levels
il el W Wl 5l NGl Wl

1 15 15 430 | 351.2

2 15 15 15 351.2 150

Table 7.20: Temperature Differences
(2]) ATI,']' AT2,’j
(11) [ 1304 | 80.1

(12) | 211.2 70
(31) | 114.6 55
(41) 20 | 435

(61) | 289 | 170

Heé Hi
. 430°
300
41.45 H4
430°
l
301.5° 410°
C1
60° 5° o
11 150 345°
5.55 315.4°
430°
H3

Figure 7.4: Best Known Solution to Test Problem 4
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7.6 Test Problem 5 : Heat Exchanger Network Op-
timization - (MINLP)

This problem involves finding the optimal set of matches, heat load distribution,
and network configuration for a system of 3 hot streams, 3 cold streams, and one
cold utility (cooling water). This problem is taken from [76]. The mathematical
optimization model is a mixed integer nonlinear programming (MINLP) model
as it contains both integer and continuous variables, and involves a nonlinear
objective function and constraint set. The constraint set is composed of two
subsets; (a) the transshipment model of heat flow and (b) the hyperstructure
model for simultaneous match and network configuration optimization ([76]). It
should be noted that the objective function minimizes the investment cost of the
heat exchanger network.

7.6.1 Problem Formulation
min Y 1300A0°Y;;
(i5)eM(ij)

subject to

Y @i = Q% jeC; teT
i€ HCT (i)

Z Gijt + Riu—Ric1y = QF iecH, teT

JEHCT(ijt)
> Gt
te HCT (i5t)

Qi; (if) € M(i5)

Qii—UJYi; < 0 (if) € M(s5)
>, Y < 6
(i5)EM(ij)
Y. 1 = FEP jen
JEM(ij)

Ty > fEB = fHE (i) e M(35)
mEC; m#j
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n v IA Il
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FHE (i5) € M (i)
tHfHE  (i5) e M(35)

Qi; (i5) € M(if)
0 (i5) € M(ij)
Qij (i5) € M(3j)
chcp jec

f5E (i5) € M(35)
58 (i5) € M(s5)
3 f5F (i) € M(45)

Qi (if) € M(ij)

0 (ij) € M(ij)

Qi (i7) € M(i5)

thl - 150 (if) € M(ij)

10 — " (i7) € M(i5)
1/6(ATL s+ ATZY (i) € M(iy)

O—Si—@mﬁ (i) € M(ij)
0 (ijt) € HCT(ijt)

0 (if) € M(ij)

0 ¢:€H;, teT

FPF  (ij) € M(i5)

FHOP (i) € M(ij); (im) € M(ij);m # j
(i5) € M(ij)

(i5) € M(ij)

(9) € M(if); (k) € M(kj)k # 4

HCP
Fi

CCP
F;

CCP
F;



86

0< f5° < FPOF (if) € M(if)
AT1;;, AT25, LMTD;; > ATnin (37) € M(i5)

Yi; € [0,1] (i) € M(ij)

IA

7.6.2 Data

The data provided for this problem consists of (a) sets and (b) parameters. The

sets are as follows:

it € H The set of hot streams . Note that there are three hot streams in this

problem, and so the index ¢ = 1,...,3.

J € C The set of cold streams and cold utilities . Note that there are three cold
process streams, as well as cooling water, and so the index j = 1,...,4. The
index for cooling water is j = 4. Note that cooling water can be modelled
as a regular stream in this problem.

t € T The set of temperature intervals in the transshipment model. This set is
generated by partitioning the temperature range into a set of intervals with

the inlet temperatures of the streams. In this problem ¢ = 1,...,4.

(i7) € M(2j) The set of allowable matches between hot and cold process streams.
Note that the first index of the set denotes the hot stream of the potential
match, while the second index denotes the cold stream of the potential
match. There are no restrictions on stream matches in this problem, and
so M(ij)={i=1,..,3; j=1,...,4}.

HCT(ijt) Theset of temperature intervals ¢ where cold stream j can absorb heat
from hot stream s. This set is determined by the following rule: H(ijt) =
{(ijt) | j € tandiet't' <t}. Set HCT(ijt) is also shown graphically in
Figure 7.5,

In addition to the sets, several parameters are also required. These include
the minimum temperature approach, AT, which equals 10°K, as well as the
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(i5) t=1 t=2 t=3 t=4
(11) x X X X
(12) X X

(13) X X

(14) X
(21) X X X
(22) X X

(23) X X

(24) X
(31) X X
(32) X

(33) X

(34) X

Figure 7.5: Set HCT(ijt) for Test Problem 5

stream data (shown in Table 7.21), the heat duties of the streams within the
transshipment model, Qf{ and Q?;, given in Tables 7.22 and 7.23, and the max-
imum temperature changes for the streams, AT7'*%, is given in Table 7.24. It
should be noted that the parameters TH and ch refer to the inlet temperatures
T in(K) of hot stream i and cold stream j, while the parameters FZ°F and ch cp
refer to the heat capacity flowrates FC,(5) of hot stream i and cold stream 7,
as listed in Table 7.21.

Table 7.21: Stream Data for Test Problem 5

HSTRBAM T in(K) [ T out(K) | FC,(5F
H1 500 350 10
H2 450 350 12
H3 400 320 3
C1 300 480 9
C2 340 420 10
C3 340 400 8
CW 300 320 22
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Table 7.22: Parameter Q¥ in Test Problem 5
ift=1{t=2]t=3|t=4
1500 | 500 |500 "
2 600 | 600
3 400 | 240

Table 7.23: Parameter Qﬁ in Test Problem 5

TiTt=1t=2]t=3[t=4
1360 [ 450 [450 | 360 |
I 2 300 | 500
3 80 | 400
4

440

Table 7.24: Parameter AT/ in Test Problem 5

i=1lj=2]j=3]j=4
195 || 155 | 155 | 195
145 | 105 |105 | 145
95 55 55 {95

GO DN =] s
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7.6.3 Problem Statistics

This problem contains 268 variables and 242 constraints, excluding variable bounds.
Of the 268 variables, 12 are integer variables taking [0,1] values only. The re-
maining 256 are continuous variables. Of the 242 constraints, 170 are linear, 48
are bilinear, and the remaining 24 are more complexly nonlinear. The integer
variables appear linearly in 36 linear constraints, and nonlinearly in the objective
function, The objective function is a nonlinear, nonconvex function involving
both continuous and integer variables.

7.6.4 Best Known Solution

The best known solution to this problem had a value of $49,352. This solution is

shown in Figure 7.6, and selected variable levels are reported in Table 7.6.4.

Table 7.25: Values of Selected Variables for Test Problem 5
[Yi=1] Q5[ Ay

(11) | 1500 | 68.2

(21) | 120 | 3.1

(22) | 800 | 41.8

(23) | 280 |12.3

(33) | 200111

(34) 440 | 15.9
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Figure 7.6: Best Known Solution to Test Problem 5



Chapter 8

Phase and Chemical Reaction

Equilibrium test problems

8.1 Problem Statement

At the root of most chemical process design problems such as distillation column
design or alternative separation systems and reactor design, lies the fundamental
problem of phase and chemical equilibrium. This problem can be stated as:

Given a set of feed conditions for a reacting or non-reacting mul-
ticomponent system at a given temperature and pressure, determine
the number and state of phases ezxisting at equilibrium as well as the

composition and quantity of each.

Optimization approaches for the phase and chemical equilibrium problem be-
gan with the pioneering work of [242]. Selective pieces of research work are
described in [221], [148], [149], and [177]. The classical mathematical formula-
tion of phase and chemical equilibrium problems corresponds to a non-convex
NLP model which consists of a nonlinear objective function (Gibbs free energy)
subject to a linear set os constraints (mass and/or component balances). The
mathematical properties of the nonlinear objective function are completely de-
pendent on the mathematical form of the equation of state (EOS) and/or fugacity
correlations chosen to represent each of the phases that may exist at equilibrium.
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These functionalities can be relatively simple for the case of an ideal vapor state
or highly complex for systems in which the NRTL (Non-Random Two-Liquid
model) or UNIQUAC (UNlversal QU Asi-Chemical model) or EOS near the
critical region are used to represent nonideal liquid-liquid interactions.

The nonconvexities of the formulation arise due to the form of the objective
function and can lead to multiple meta-stable equilibria points or points whose
multiphase solution converges to a trivial solution. Trivial solutions can corre-
spond to a saddle point solution if the feed composition lies under the spinodal
curve or a local minimum if the feed is between the spinodal and binodal curves,
The globally optimal solution of the mathematical formulation corresponds to

the true equilibrium solution (i.e. the one found in nature).

8.2 Test Problem 1 : Ethanol-Acetic Acid Reaction
L-V Equilibrium

This test problem is a modification of example 2 of [177] and involves an equimolar
mixture of ethanol and acetic acid reacts reversibly according to the reaction :

EtOH + HAc = EtAc + H,;0

Simultaneous chemical and phase equilibria can lead to one or two phase solutions
(vapor only / liquid only / vapor-liquid). For this system, the Wilson equation
has been used to model the liquid phase and, the vapor phase is treated as ideal.
Conditions of 358K and 1 atm have been chosen for the study of simultaneous
phase and chemical equilibrium. A nonlinear optimization problem with linear

constraints and a nonconvex nonlinear objective function is formulated.

8.2.1 Problem Formulation

min G =

> ny*® (AG}’“”O/RT + {ln (n;*?) —In (Z n;f“p) }

iel, 7
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1-In (Z nj-*'qj\,-,-)
7

lig o .
7

lig lig® n]
+Y n"[AGT/RT + D IR i
i€l ' ( ' 7 ‘L;n,’quz
subject to
YD aunt = b ecl
i€l kely
nf >0 iel, kel
(1,5,0) € I, = {EtOH, HAc, EtAc, H20}
kel, = {Vap, Liq}
ecl, = {C, H, O}
8.2.2 Data
Parameter A;;
EtOH HAc EtAc H20
EtOH 1.000 2.282 0.767 0.153
HAc 0.276 1.000 0.618 0.268
EtAc 0.550 0.893 1.000 0.123
H20 0.920 1.226 0.149 1.000
Parameter AGY’
Vap Liq
EtOH -37.111 -36.764
HAc -87.326 -88.596
EtAc -72.848 -72.637
H20  -54.050 -54.453
Parameter a.;
EtOH HAc EtAe H20
C 2.000 2.000 4.000 0.000
H 6.000 4.000 8.000 2.000
O 1.000 2.000 2.000 1.000

+ (Innf%))
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Parameter b,
b(C) = 2.0
b(H) = 5.0
b(O) = 1.5

Other Data
Parameter RT = 0.711

8.2.3 Problem Statistics

Number of constraints = 4
Number of variables = 9
Implicit lower bounds = 9

8.2.4 Best Known Solutiop

Solution
G = —90.0521
Vap Liq
ngiog 0.086  0.007
NHAc 0.047 0.046
ngiac  0.388 0.019
ngo  0.335 0.071

8.3 Test Problem 2 : Toluene-Water-Analine L-L
Equilibrium
This example, which is a modified version of example 3 of [177], involves a liquid-

liquid non-reacting system with three components. It is desired to find the equi-
librium concentrations of the three components and whether the system is one or
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two liquid phases at equilibrium. This problem is treated as a nonconvex nonlin-
ear programming problem. This problem exhibits strong trivial solution behavior
in that two phases may be postulated but a homogeneous solution can be ob-
tained in which both phases contain a liquid of identical composition and thus
is equivalent to a single phase metastable solution. Convergence to the trivial

solution is highly dependent on the starting point.

8.3.1 Problem Formulation

minG = "ok
5 5 at (ac¥ T g [, R
nf (AGK JRT + { i Y it kL
i€l kel, z t ;gﬁnf ; %:glkj"f N %:glkj”f
+ lnnf—ln an ]
i€l,
subject to
an = n’f 1€,
kel,
nf >0 ielLkel,
(i,7,0) e I, = {C7H8, H20, Analine}
kel, = {Liql, Lig2}
8.3.2 Data

Parameter G;;

CTH8 H20 Analine
C7HS 1.000 0.294 0.619
H20 0.145 1.000 0.240
Analine 0.990 0.646 1.000
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Parameter ;;

C7TH8 H20 Analine

C7THS 0.000 4.930 1.598
H20 7.771  0.000 4.185
Analine 0.035 1.279 0.000

Parameter AGS’

Liql Lig2
C7HS 27.190 27.190
H20 -56.702 -56.702

Analine 35.630 35.630

Parameter n}
ngo = 0.1998
nﬁnaline = 0.4994

Other Data
Parameter RT = 0.592

8.3.3 Problem Statistics

Number of constraints = 13
Number of variables = 10
Implicit lower bounds = 10
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8.3.4 Best Known Solution

Solution
G = 24.3412
Liql Liq2
ncTHS 0.188 0.111
nH20 0.126 0.074
NAnaline 0.314 0.186

8.4 Test Problem 3 : Benzene-Acetonotrile-Water
L-L-V Equilibrium

This example, which corresponds to example 4 of [177] with the two liquid phase
solution, involves a three component non-reacting phase equilibria problem. The
liquid phase is modeled via the NRTL model. The vapor phase is treated as ideal.
At a set of intermediate conditions, (333K 0.769 atm), a three phase solution is
obtained. If the pressure is increased (333K, 1 atm) the vapor phase is eliminated
and a two-phase liquid-liquid system results. Finally if the temperature and
pressure are decreased (300K, 0.1 atm), a two-phase system with a vapor phase
and one liquid phase is the result. This system exhibits a number of local solutions

as well as a strong homogenous solution for the two-liquid phase systems.

8.4.1 Problem Formulation

minG =
z nf“p (AG’:-’QPO/RT + {ln{n;’“p) —In (z n;fap) }
iel; 7
k
. }: hGhnk Gink }; T:Gfnf
+ZZ (AG /RT + Zgz +Z ij_

k ok
iel. kel 2l 22Gi5m)

+ Innf-In (an))

i€l
subject to
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Sonb = a7 i€l
kEl,

-

>0 el kel

n
(1,5,) e I. = {C6H6, CH3CN, H20}
kel, = {Vap, Liql, Liq2}

keI, {Liq1, Liq2}

8.4.2 Data

Parameter G;;

C6H6 CH3CN H20
C6H6 1.000 0.413 0.383
CH3CN 0.943 1.000 0.878
H20 0.386 0.638 1.000

Parameter 7;;

C6H6 CH3CN H20
C6H6 0.000 0.998  3.883
CH3CN 0.066 0.000 0.364
H20 3.850 1.262  0.000

Parameter AG!’
Vap Liql Liq2
C6H6 32.236 31.793 31.793
CH3CN 25.367 24.889 24.889
H20 -54.285 -55.366 -55.366

Parameter n]
ngv H3CN = 0.3092
0.3472

T
0
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Other Data
Parameter RT = 0.662

8.4.3 Problem Statistics

Number of constraints = 10
Number of variables = 7
Implicit lower bounds = 7

8.4.4 Best Known Solution

Solution

G = —1.3523

Vap Liql Liq2

NCeH6 0.0 0.336 0.008
ncgsen 0.0 0.245 0.064
ng20 0.0 0.050 0.298




Chapter 9

Complex Chemical Reactor

Network test problems

9.1 Problem Statement

The reactor network optimization problem can be stated as follows:

Given a reaction mechanism and the kinetics that describe it, deter-
mine a reactor network that optimizes a prescribed performance indez.
The considered performance index will be in general a function of the
outlet stream compositions and the reactor volumes. The resulting
optimal reactor network should provide information about :

(i) the number of reactors ;

(i) the type of reactors ;

(iii) the volumes of the reactors ;

(iv) the appropriate feeding, recycling and bypassing strategy ; and

(v) the configuration of the reactor network (i.e. interconnection of
the reactor units) and the optimal values of the flowrates and compo-
sitions.
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Optimization based approaches for complex reactor networks have resulted
in nonconvex nonlinear programming NLP models ([107]; [1186]; [2]; [125]) and
nonconvex mixed-integer nonlinear programming MINLP models ([125]). The
objective function can be linear or nonlinear. The constraints represent a set of
nonlinear expressions in terms of the continuous variables. Although bilinearities
will always appear in the mass balances of the mixers, the mass balances around
each reactor unit will result in nonlinearities that depend on the specific kinetics
of the problem. Thus, bilinearities will appear for first order kinetics, trilinearities
for second order kinetics and so on. Because the set of constraints is of this type,

the feasible region of the problem is a nonconvex set.

9.2 Test Problem 1 : Van der Vusse reaction
This test problem is taken from [125] and involves the Van der Vusse reaction :

e reaction mechanism:

AL B (first order reaction ) (9.1)
B X (first order reaction ) (9.2)
242, (second order reaction ) (9.3)

o objective function: Maximization of yield of B.

9.2.1 Problem Formulation

MAX Ts5 B

h-F—-F3=0
Fy+Fr—Fg=0
Fs4+ Fg+Fg—Fi190=0
Fr+ Fg—F3—Fi12=0

Frozsa+Fs-z4a—Fr1-a54—Fra-254=0
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Fr; 23p+ Fy x4 — F11 258 — Fi2- 258 =0

Frozzc+ Fg-z4c — F11-250 — F12-250 =0

Froz3p+Fs-zap—Fri-2zsp—Fia-25p=0

Fps—F1—-F2=0

Fs+Fiu+F,—Fy=0

Fs zaa4+Fii-z54+F2-lg—Fg-21,4=0

Fs-zap+Fii-z58+F2-lp—Fy-213=0

Fsozac+Fiiasc+ Fa-lg—Fy-210=0

Fs-zap+F1-2sp+Fy-lp—Fg-23p=0

Fo-zy0—Fy-z34+yl-(na-a1+vea-bi+vsa-c1)=0
Fo.zyp—Fo-zap+yl-(hp-a1+vep-b1+vsp-¢1)=
Fy-zyo—Fy-a30+yl-(no-a1+vec-bi+rvsc-a)=
Fy-syp—Fy-2zap+yl-(np-ay+vep -by+vap-a) =

al—k1'$3A=0

Fiz—Fo1 + Fie+ Figs+ Fao— Fla— F22 =0
R4+ Fps— Fio=0

Fia-zo 4+ Fo1-274+ Fie-z34+ F1s- 14
+Fy 254 — Fla 234 — Fap-234=0

Fia-zop+ P 278+ Fie-z3p+ Fi1s - IB
+F50 - 258 — Fila-Tgp— Fp2- 238 =0

Fiz-zoc + Fa1- 270 + Fle- 3¢ + Fis - lc
+F x50 — Fra 280 — F22 280 =0

Fis-zsp+Fa-z7p+ Fie-z3p+ Fis-lp
+F20 x50 — Fla-z3p— Fa2 23 p =0

Fla-zs4+ Fog-2a4—Flo-244=0
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Fila-zgp+ Fag 245 — Fro-248 =0
Fig-zgo+ Foz x40 — Fro-z4c =0
Fla-zsp+ Foz-24p— Flo-T4p =0
Fs+ Fiyr+ Fig+ Fe— Fia— Fy1 =0
Fis zza+ Fir-la+Fo-z4a+ Fro 254 — F13- 224 — F21-224=0
Fiszap+ 7 lp+ Fe-z4p+ Flo 25— Fiz 228 — Fo1-228=10
Fis-xzc+7-lo+ Fs-z40+ Fro 250 — F13 230 — Fa1 220 = 0
Fis-z3p+ Fir-lp+ Fe-24p+ Flo-z5p — F13-22p — Fo1 - 22,p = 0
Fs—Fi7—Fg=0
Fy—Fi5—Fe=0
Fi2— Fig—Fp=0
Y2 —4.y3 =0
Fo1-2z2,4— Fo1-264+y3-(,a-a2+vea-ba+rvza-c)=0
Fy1 -z —F21 268+ y3- (1B a2 +va-ba+vsp-c2) =
Fo-z20—Fo1 260+ Y3 - (1o aa+vag by+rvsc-c) =0
Fai-z3p— Fa1-26p+y3-(v1,p a2 +vep-by+vap-c) =
Foi-z6a—Fo1-274+y3-(r14-a3+1v24-b3+v34-¢3) =0
Fn-z6p—Fa-278+y3-(V1,B-az+vap-batvsp-c3)=0
Fa-z6c— Fo1-z70+33-(nic-a3+vag -by+vsc-c3) =0
Fyp-zep—Fn-27p+y3-(n1,p-as+vep-bs+rvsp-e3)=0
az—k1-264=0
by —ky-z65 =0
cz—k3-xf25,A= 0
az—k1-z7.4 =
b3—k2-$7,B =0
ca—kz-z7,4=0

Fry 284 —Faa 204+ y3:- (V1,4 044+ Vo4 batvsa-cs)=0
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Fyy -z — Fag

Fy 250 — F22

- T9 B + Y3
~T9c + Y3

Fyy-23p— For-29p + y3

Fyy - To A — Fo2 - Taa+y3- (VI,A )

Fy-x9p — Fyy

Fy 290 — Fp3

-z4B + y3
-Z40 + Y3

Fy-x9p ~ Foa-24p+y3

9.2.2 Data

e inlet concentrations: [,

A
B
C

D

lm
5.8
0
0
0

: (V1,B
. (Vl,C

: (V1,D

. (1/1,B
y (VI,C‘

: (V1,D

e stoichiometric coefficients: v,pm

A B C
-1 1 0
0 -1 1
-1 0 0

¢ kinetic constants: k;

- o o O

‘a4 + V2,B
a4+ V20
‘a4 + V2. p
as + vz 4 -
‘a5 + V2.8
“as + Vo

‘a5 + V2 p

+by+v3p-cg) =0
‘by+vac-cy) =0
byt vap-cy) =90
bs +v34-¢c5) =0
bs +v3p-cs) =0
sbs+v3ce5) =0
vbs+v3p-cs)=0
as— k1 294 =0
by—ky-z9p =0
C4—k3-$§’A_O
as—k1-244=0
bs —ky-z45=0
cs—kg,-xiA_O
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k;
1 10
2 1
3 1

e prespecified streams

Value
F 100
Fi, 100

e Upper and lower bounds

Variable Lower | Upper
F; i=2,3,17,18 0.0 100
F, i=4,...,16,19,...,22 0.0 | 5,000
Tim m=A,B,C,D i=1,...,9 0.0 5.8
yl 01| 250
y3 0.001 4.0

9.2.3 Problem Statistics

Number of Variables 76
Number of Linear Constraints 23
Number of Nonlinear Constraints 45

9.2.4 Best Known Solution

e Objective value=3.5793

¢ Flowrates

F;=100 i=1,2,4,8,9,10,15,21,22
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¢ Concentrations

Var. | Level | Var. | Level || Var. | Level || Var. | Level
1,4 | 5.80 ) 224 | 2157 || w34 | 2.157 || 244 | 0.506
r1,B 00 |l z25 | 2631 || z3B | 2631 || z4p | 3.579
T10 0.0 | z2¢c | 0.365 || 3¢ | 0.365 || z4¢ | 0.908
T1,D 0.0 || z2p | 0.646 || 23p | 0.646 || z4 p | 0.807
z54 | 0.506 || 264 | 1.479 || 7,4 | 1.026 || 254 | 1.026
rsp | 3.579 || zep | 3.098 || z7p | 3.374 || g | 3.374
zs,c | 0.908 || zec | 0.489 || z7c | 0.624 || z3¢c | 0.624
Is5.D 0.807 Te,D 0.734 z7.D 0.776 Tg8,.D 0.776
Tga | 0.718 || zgp | 3.520 || zg¢ | 0.765 || zgp | 0.797

¢ Reaction rates and volumes

Var. | Level || Var. | Level || Var. | Level
ai 21.575 by 2.631 a 4.655
az 14.786 bs 3.098 Ca 2.186
as 10.261 bs 3.374 c3 1.053
aq 7.182 by 3.520 Cq 0.516
as 5.057 bs 3.579 Cs 0.256
yl | 13.887 || y2 16.0 y3 4.0

9.3 Test Problem 2 : Trambouze and Piret reaction

This test problem is taken from [125] and features the Trambouze reaction :

e reaction mechanism:

AL B (zero order reaction ) (9.4)
AX (first order reaction ) (9.5)
A (second order reaction ) (9.6)

e objective function: Selectivity of C over A
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9.3.1 Problem Formulation

£s5,0C

MAX ——
la—254

h-F—-F3=0
F4+F7—Fg=0

F5 + Fg+ Fg —
Fr + Fy — Fy3 —

Filo=0

Fr-z34+4+ Fg-x44—F11-254— F12-254=0

Fr-zap+ Fg-z4p—Fr1 25— F12-258 =10

Frozso+ Fyg x40 —Fri 250 — Fig 250 =0

F7-$3,D+F8-:I:4,D—F11':I:5,D—F12-.'E5,D =0
Fos—Fi3—Fi2=0
Fs+Fu+F—Fy=0

Fsozga+ Fui-zsa+Faly—Fy-
Fs-z4p+ Fi1-258+ Fy-lp— Fy-
Fs-z40+ Fr1-250+ F2-lc— Fy-
Fs-zyp+ Fui-asp+ Fp-lp— Fy-
Fo-zia—Fg-zaa+yl-(na-kr+vas -bi+vsy
Fo-zyp—Fo-z3p+yl- (1B ki +vep-b1+vsp

Fg-mieo—Fy-z30+yl-(ne -ki+rvec-bi+rvac

Forzyip—Fo-zap+yl-(ip-ki+v2p-bi+vsp
by — ks, -
¢ — k3 .

T1,4=0
r1,8=0
T1,0=0
z1.p =90
1) =0
cc1) =0
ce1)=0
-c1) =0
r34=0
wg,A=0

Fiz—Fy+ Fig+ Fig+ Foo— Fila— Fos =0
Fy+ Fpp—Fip=0

Rz zoa+ For-274+ Fle-x34+ Fis-1a

+Fy-x5,4— Firy 284 — Fap-284=0
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Fiz3-zop+ Fo1-278+ Fie-x3p+ Fis - lp
+F0- 25— Fla 18— Fa2 23 =0
Fi3-x00 4 Fo1- 270 + Fie-z3c + Fis - lc
+Fy-r50 — Fla-xsc— Fap 230 =0
R3-zop+ Fo1-z7p+ Fie-zap + Fis - lp
+Fy-a25p— Fiarzsp— Faa 25 p =0
Fla-zga+ Fo2-244—Fro-244=0
Ry 23+ Fo2 24— F10-24=0
Fiy-zsc+ Faz x40 — Fro r4c =0
Fy-z2sp+ Foz-z4p— Fro-z4p=0
Fis+ Fir+ Fo+ Fl9— Flz— F1 =0
Fis-z34+Fir-lg+Fe-zqa+ Fro w54 —Fia-234— Fo1-224=0
Fis-z3p+ 7 lp+ Fs-z4+ Flo 258 — F1a 228 — Fa1 228 =0
Fis-a3c+4+ Fir-loc+ Fe-z40 4+ Fro x50 — Fiz 230 — Fo1 - 220 =0
Fis-23p+ Fir-lp+ Fe-z4p+ Fig-asp— Fiz-z2p— Fo1 -x2p =0
F3—-Fi7—-Fig=0
Fs—Fs5—-Fe=0
F2—Fg—-Fy=0
y2—4.y3 =90
Fo1-23,4— Fo1 - 2644+ Y3- (1a-k1+1v24-b2+v3a-¢2)=0
Fyyczyp—Fo-zep+y3-(np-ki+vpp-br+vsp-e) =
Fo1-zo0—Fo1 260+ 43 (o k1420 ba+vsc-cg) =
Fa1-z3p—Fn-zep+y3-(vi,p-Fi+vap-b2+v3p-c2)=0
Fo1-264—Fo1 274+ y3- (1,4 kL +v2,4a-b3+v3a-c3) =
Fy-zep—Fn-z7p+y3-(np-k1+vep-bs+vap-c3) =0
Fo1-zec—Fo1 270+ Y3 (e b1+ vec-b3+vac-c3)=0

F21 *Te,p — le *XT7.D + y3 . (I/1,D . kl 4 1/2,1) . b3 + V3.p: 03) =9
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Fyy- 28 4 — Fop-294+ 33"

Fyy-z3p— Fos 298+ Y3+

Fyy-xg0 — Fo2-290 4+ y3-

Foy-zgp— Faz-z9p+y3-

Fay-204— Fop-244+y3-
Fyy-z9p— Fog-xap+y3-

Fy-290c— Fop x40 + y3-

Fy-z9gp— Foa-z4p+y3-

9.3.2 Data

e inlet compositions: [,
lm
1.0

0

0

0

OO W o

o stoichiometric coefficients: vyp

A B C

1 0
2 -1 0 1
0 0

(V1,A *

k1 +v2B

(v1,B
(V1 ,C

(n1,p

(VI,A .

(V1 ,B
(1/1 ,C

(V1,D :

- o o U

ki+wvya-

k1 + v
k1 +vep-
k14 vy
k1 4+ v2pB
k1 + v 0

ki +vep-

by —ky -
co — k3 -
by — ko -

c3— k3 -

by +v34 -
<by+v3p-
byt vac -
by+v3p-
bs +v3 4 -
+bs+v3p-
vbs +v3c -

bs + v3p -

by — ko -
C4—k3'
bs — k2 -

cs — k3

ze 4 =0
a;g,A—O
27,4 =
x%A—O
c4) =0
c4) =0
c4) =0
c4) =0
cs) =0
c5) =0
c5) =0
cs) =
r94=0
xg,A—O
T44=0
.7:2,‘4—0
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e kinetic constants: k;

k;
1 0.025
2 0.2
3 0.4

o prespecified streams

Value
j2) 100
Fis 100

o Upper and lower bounds

Variable Lower | Upper
F: i=2,317,18 00| 100
F; i=4,...,16,19,...,22 0.0 | 5,000
Tim m=ABC,D i=1,...,9 0.0 2.0
y1 1] 5,600
Y3 0.001 | 100.0

9.3.3 Problem Statistics

Number of Variables 71
Number of Linear Constraints 18
Number of Nonlinear Constraints 45

9.3.4 Best Known Solution

e Objective value=0.500

o Flowrates
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Var. | Level || Var. Level || Var. | Level || Var. | Level
Py 100.0 Fy 98.593 F5 1.407 Fy | 98.742
Fs 0.149 Fs 18.455 F7 0.0 Fs 100.0
Fo |98.742 || Fio | 93.461 | Fy 0.0 | Fis 0.0
Fis 0.0 || Fis 0.0 || Fis | 74.399 || Fie | 24.365
Fi7 0.629 || Fis 0.778 | Fie 0.0 || F2o 0.0
Fy | 93.461 || Foo | 118.604
o Concentrations
Var. | Level " Var. | Level || Var. | Level || Var. | Level
214 | 0999 || 224 | 0255 || 34 | 0.250 | 244 | 0.249
21,5 | 282 E-4 || 225 | 0.186 || z3p | 0187 || z4p | 0.188
210 | 565 E-4 || eac | 0373 | 250 | 0375 || 24 | 0.376
z1,p | 282 E-4 || 22 p | 0.186 || z3p | 0.188 || x4 p | 0.188
5.4 | 0.249 zea | 0252 | 274 | 0.254 || 25,4 | 0.251
5,5 | 0.188 v | 0.187 | z7p | 0.187 || 255 | 0.187
x50 | 0.376 zec | 0374 | z7c | 0.373 || 2s¢ | 0.374
zs5,p | 0.188 ze,p | 0.187 || z7,p | 0.187 |} g p | 0.187
ze4 | 0.249 o, | 0.188 " zoc | 0.376 || zop | 0.188
¢ Reaction rates and volumes

Var. | Level | Var. Level || Var. | Level

b1 0.050 by 0.050 b3 0.050

by 0.050 bs 0.050 a 0.025

C2 0.025 c3 0.025 C4 0.025

Cs 0.025 vl 739.405 y2 | 11.660

y3 | 2.915

9.4 Test Problem 3 : Fuguitt and Hawkins reaction

This test problem is taken from [125] and involves the Fuguitt and Hawkins
reaction :
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o reaction mechanism:

ABE (first order reaction ) (9.7)
A%BD (first order reaction ) (9.8)
2458 ¢ (second order reaction ) (9.9)
c&2p (first/second order reaction ) (9.10)
BEDp (firsi order reaction ) (9.11)
(9.12)

o objective function: Selectivity of C over D.

9.4.1 Problem Formulation

MAX €

Is5.D
FI—F—-F=0
Fy+ Fr—Fyg=0
Fs+Fg+Fs—Fi0=0
Fr+Fys—Fy;3—Fi2=0
Fr- 234+ Fs 244 —Fr1 254— Flag-254=0
Fr-z3p+ Fs-x4p—Fr1 258 — Fi2 255 =0
Fr 30+ Fy-240—Fri 250 — Fla 250 =0
Fr-z3p+Fs-z4p—Fui-z5sp— Fa-25p =0
Fr 235+ Fs-24p— Fui 25— Fla 255 =0
Fops3—Fu—-F2=0
Fs+ u+F,-Fy=0
Fs zaa+ P -osp+Fy-ly—Fyoz14=0
Fs-zap+Fuu-z5+ F lg—Fo-21,8=0
Fs-zac+ Py 2sc+ Fp-lg—Fy-210=0



113

Fs-zyp+Fy-asp+Fe-lp—Fg-21p=0

Fs-zyg+ Fun-asp+ P2 lg—Fo-21,5=0

Fo-z10—For234+yl-(1,4-a1+

v A tvsa-crtvaa-ditvsa-er+vea-fitvra

"q1)=0

Fg.zyp—Fy-z3p+yl-(1,B a1+

voB-bi+vap-ci+vyp-di+vsp-er+vep-fi+vrp

.gl)=0

Fyq- T10 — Fy- z3c +yl- (1/1,0 1

vac bi+vzc-atvc-ditvsc-ertvec- fi+vic

‘1) =0

Fo-zyp—Fg-2z3p+yl-(r1,p-ar+

vop-bi+vap-aat+wvap-di+vsp-ea+vepn: fi+vip

Fy-2wg—Fy-z3p+yl- (e o

mehtwvp-atwep - dit+vsg-er+veg-fi+vig-g1)=0

a; — k-
by — ks
¢ —kz-
dy —ky-
er — ks -
fi—ke-
g1 —k7-

T3 A =90
-x34 =0
I3.D =0
a:%,D =0
x%yA =0
.’E3,B =90
273’0 =9

Fia—Fy+ Fig+ Fis+ Foo— Fla— Fp2 =0
Fiy4+ Fpo—Fio=0

Flz-zoa+ Fo1 27,4+ Fi6 234+ Fis-la

+F0- 254 — F1a- 254 — Fag -

R3-zop+ Fo1-278+ Fie-zap+ Fis - lp
+Fy-x58— Fl4-z3B — Fa2

Fia-zoc+ Fo1-270+ File- 230 + Fis - lo

+Fy- 250 — Frqa w80 — Fa2-

T34 =0

zg,B =0

rgc =0
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Fis-zop+ Fan-27p+ Fie-z3p+ Fis-lp
+Fy-25,p— Fla-z3p— Fa2-23p =0
Fla 2o+ Fo1 275+ Fie- 235+ Fis - lE
+Fy-258— Fila 23 — Fag 255 =0
Fiy-z34+ F23-244—Fro-244=0
Fy-zsp+ Fp2 24— Flo-245=10
Fiy-zg0+ Foz2- 240 — Firo- 240 =0
Fiy-zsp+ Fa2-24p— Flo-2z4p =0
Fly-zsp+ Fo2 245 — Flo-248=0
Fis+ P+ Fig+ Fg— F13—Fy =0
1534+ Fir-la+ Fo-xqna+ Filo-z54— Fia 294~ Fa1-294=0
Fis-z3p+ Fi7-lg+ Fs-24p+ Flo-xs 3~ Fi3 238 — Fo1 228=10
Fis-z30+ Fir-lo+ Fs- 240+ Fig 250 — Fiz- 220 — F21 - 220 =0
Fis-zap+ Fr-lp+ Fs-z4p+ Flo-asp — Fiz-z9.p— Fo1-z2p =0
Fis-2sg+ Fir-lg+ Fo 245+ Fro 25,56 — Fiza-225— Fy1-225 =0
Fs—F7—Fg=0
Fs—Fs5—-Fe=0
Fi2—-Fig—F=0
y2—4-y3 =0
Fp-224—Fy1-z64+y3- (V1,4 02
+vg,a-botvsaccatvyga-datvsa-e2+vea-fotvia-g)=0
Fp1-228— Fo1-26B+y3-(11,B- 0y
+v2,B b2+ vaB-c2+vyp-dz+vsp-eatvgp-fotrvrip-g2) =0
Fyn-z20—Fa-rec+9y3:-(ic-a
+u20c-by+vzc- -t vic-datvsc-eatvge - fat+ vic-g2)=0
F21-29p—Fo1-z6p+y3: (v1,p- a2

+vo,p-ba+vap-catvap-da+vsp-eatvep-fatvip-g2) =0
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Fa1 235 —Fo1 265+ y3- (-

t+Eb2tvaE 2ot E-d2+vsE-e2+vsE- f2+ Vi E-
F-264—Fo1 274493 (11,4~
+vo4-batvza-eztvga-dstvsa-estves: fatvra
F21-z6p—Fo1-278+y3-(,B
+v2,B-b3+vap-cs+vyp-dstvspres+vep fa+vrp
Fnzec—Fann-2z70+y3- (o

‘v o bzt vsc-ca+vac-ds+vse ez + vec - fatvic
F-zep—Fa-z7p+y3 - (1,p-
+vo,pbs+vap-eatvap-dstvspres+vep- fatvip-
Fy 26— Fo 27+ y3- (e

‘o g-batvag-c3tvyp-datvsg-est e fatvig:

az —ky -
by — ks -
c3 — ks -
dy —ky-
e, — ks -
fa—ke-
g2 — k7 -
az—ky -
bz — kg
¢z —k3-
ds—ky-
ez — ks -
fa—ke:
g3 — k7 -

az
g92) =0
as
"g3) =0
- a3
"g3) =0
a3

+g3) =0

T7.c =

Fyy 284 —Fyy-woa+y3-(v1,4- 04
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+voa-bs+vza-catvga-ditvsa-es+vear fatvra-gs) =0
Fy-zsp— Faz-29p+y3: (V1,8 a4

+vop-bys+vsp-catvsp-dstvsp-estven:fatvrip-gs) =0
Fap 230 — Fap-zoc +y3+- (V1,0 04

tvoc ba+vaceatvac-ditvscestvec fatvric-gi) =0
Fyp-zsp—Faa-z9p+y3-(v1,p- a4

+vop-bs+vsp-catvap-di+vsp-es+vep: fat+vip-gs) =0
Fy-2sg—Fa-zop+y3 - (g a4

‘voE-bi+vsg-catvag-datvsE-es+veE-fatviE-ga) =0
Fpp-a294— Fog 244+ 93 (V1,4 a5

+voa-bs+vsaccstvsards+vsa-es+vearfs+vra-gs)=0
Fyy-xgp—Fay-24p+y3- (11,805

+vyp-bs+vap-es+vap-ds+vsp-es+veB-fs+vrp-gs) =0
Fy-x9c — Fpa 240+ 43+ (V1,005

tvoc bs+vacestvac - dstvsces+vec - fs+vrcgs) =0
Fyp-z9p—Faz-24p+y3-(v1,p- 05

+vap-bs+vap-cs+vyp-ds+vsp-es+vep-fs+vrp-gs) =0
Fyp-zop—Fa-245+y3-(V1,E- 05

+vo,g - bs +v3E-cs+ V4,E -ds+vsg-es+veE-fs+vig-gs)=0

as— k1294 =0

bis—kg 294 =0

¢4 — ks -z9gp=0

dy—ky-25p=0

e4—k5-z§,A =0

fa— ke - L9 B =
ga—k7-r90 =0

as —ky-z44 =
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bs —ky-244=0
cs—kz-z4p =0
&mlf.&w.bno
amlwm.awluc
fs—ke-z48=0

g5 —kr-240=0

9.4.2 Data

e inlet compositions: I,

Im
1.0
0

Ho Q%>

0
0
0

o stoichiometric coefficients: v,y m

A B c D E
1 1 0 0 0 1
2 1 0 0 1 0
3 0 1 0 -1 0
4 0 0 1 -2 0
5 -2 0 1 0 0
6 0 1 0 1 0
7 0 0 1 2 0

e kinetic constants: k;
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k;
0.333840
0.266870
0.149400
0.189570
0.009598
0.294250
0.011932

QS Wt v Lo D M

o prespecified streams

Value
131 100
, 100

o Upper and lower bounds

Variable Lower | Upper
F; i=2,3,17,18 0.0 100
F; i=4,...,16,19,...,22 0.0 | 5,000
Tim m=A,B,C,D,E :1=1,...,9 0.0 3.0
T5.D 0.01 3.0
yl 1| 5,000
y3 0.001 10.0

9.4.3 Problem Statistics

Number of Variables 105
Number of Linear Constraints 38
Number of Nonlinear Constraints 60

9.4.4 Best Known Solution

o Objective value=1.402
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e Flowrates

Var. | Level || Var. Level | Var. | Level || Var. Level
[y 100 §2) 0.0 I3 106.0 Fy 10.775
Fy 0.0 Fe 0.0 Fr 0.0 Fg | 169.084
Fo [10.775 || Fio | 69.084 || Fy; | 10.775 || Fy2 | 58.309
Fi3 0.0 || Fiq 0.0 | Fis {10.775 || Fis 0.0
Fir 0.0 | Fis 100.0 || Fio | 58.309 || Fho 0.0
Fy1 | 69.084 |} Fye | 169.084 || Fhs | 69.084
e Concentrations
Var. | Level || Var. | Level | Var. | Level || Var. | Level
z1,4 | 0903 || z2.4 | 0.763 (| z3 4 | 0.003 || =44 | 0.903
zy,B | 0.005 || 2,5 | 0.012 || 3 | 0.052 || x4 p | 0.005
z1c | 0.014 || 20 | 0.034 || z3¢c | 0.144 || x4 | 0.014
z1,p | 0.010 || z2,p | 0.024 || z3p | 0.103 || z4p | 0.010
21,E | 0.054 || 2, | 0.132 || z3 g | 0.554 || z4 g | 0.054
25,4 [ 0903 || 264 | 0.763 | @74 | 0.903 || 254 | 0.903
25,8 | 0.005 | zep | 0.012 | z75 | 0.005 || z55 | 0.005
z5,c | 0.014 || zgo | 0.034 || z7c | 0.014 )| z3¢ | 0.014
z5,p | 0.010 || z¢p | 0.024 || 27 p | 0.010 || zg p | 0.010
25,5 | 0.054 | 26 | 0132 | 275 | 0.054 || 255 | 0.054
zo,4 | 0.903 || z9p | 0.005 || zoc | 0.014 || z9p | 0.010
zo.p | 0.054

¢ Reaction rates and volumes
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Var. | Level || Var. Level || Var. Level || Var. Level
a; | 0.001 by |8.61 E-4 1 0.015 || d; 0.002
ay | 0.255 by 0.204 || c2 0.004 || d 1.3 E-4
a3 | 0.255 b3 0.204 ¢3 0004 || ds |113E-4
aqs |0.301 b4 0.241 c4 0.001 dy {189 E-5
as | 0.301 bs 0.241 Ccs 00014 ds |1.89E-5
er |0.000] fi 0015 | o 0.002 || y1 5,000
es | 0.006 | fa 0004 || g2 | 400 E-4f ¢2 0.004
ez |0.006 | f3 0004 || g3 |409E-4} 3 0.001
es | 0.008 | i 0001 | gs |1.67E-4
es | 0.008 fs 0.001 gs | 1.67 E-4
9.5 Test Problem 4 : Denbigh reaction
The Denbigh reaction is considered in this example (see [125]) :
e reaction mechanism:
Aty B (second order reaction ) (9.13)
B 2, (first order reaction ) (9.14)
A2 D (first order reaction ) (9.15)
B E (second order reaction ) (9.16)

e objective function: Selectivity of B over D.

9.5.1 Problem Formulation

T5 B
Ts5,C

MAX

Fi—-F,—-F3=0
Fo4+F7r—Fg=0
Fs+ Fg+ Fy—F0=0
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Frt+ Fg—Fy3—Fi2=0
Froz3a+ Fg-xya—Fr1-254—Fi2-254=0
F; z3p+ Fg-zyp—Fi1-258—Fra-258=0
Fr-z3c+ Fy-zac— Fr1 250 — F12-25¢c =0
Fr-zsp+ Fs-zyp—Fri-xsp—Fi2-250=0
Frozap+Fs-zyg—Fr1-25g— Fia-25 g =0
Fp3—Fii—~Fi2=0
Fs+Fiy+F,—F9g=0
Fsozga+Fri-asa+Fa-lgy—Fo-214=0
Fy-z4yp+ Fl1 255+ F3-lp—Fg-z;8=0
Fs zso+ Fri-asc+ Fo-lc—Fy-210=0
Fs-zyp+Fii-zsp+Fa-lp—Fo-z;p=0
Fs-zyg+Fuu-zsg+Fa-lg—Fy-235=0
Fo-zia—Fo-z34a+yl-(na a1+ 41 +vsa-c1+vaa-di)=0
Forxip—Fgr23p+yl-(n,p-er+vep-bi+vsp-e1+vap-di)=0
Fg-ayc—Fo-x3c+yl-(hgoc-a1+nc -bi+vag-c1+vsc-d)=0
Fo-zyp—Fo-z3p+yl-(np-a1+vep-bi+vsp-ei+vyp-d)=0
Fo-zyp—Fo-zsp+yl-(g-a1+vg-hi+vsg-c1+vag-di)=0
al—kl‘wg,A=0
by —ky-234=0
c1—k3-x§,3 =0
di—ky-235=0
Fi3—Fo1 4+ Fig+ Fig+ Foo— Fla— Fo2 = 0
Flat+ Fopa— F1o=0

Fa-zoa+Fo- 274+ Fre 734+ Fis-14
+Fo- 25,4 — Fr1a 234 — Fa2-234=0

Fi3-z2p+ Fo1-278+ Fie-z3p + Fis- 1B
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+Fy x5, — F14 23— Foy 255 =10

Rz -zyc+ For 270+ Fie-23¢c + Fis- lc
+F0 250 — Fig-230 — Fap-25¢c =0

Fiz-zop+ Fo-z7p+ Fie-z3p + Fis - Ip
+Fy- 25,0 — Fla-z3p— F23- 28D = 0

Fia 225+ Fo1 278+ Fle- 235+ Fis- lE
+F0- 25— Fla-235— Foz 25 =0
Fly-zga+Fop-244—Flo 244=0
Fiy-z3p+ Fo2 248 — Fro 248 =0
Fy-z3c+ F3-240— Flo 240 =0
Fiy-28p+ Foz-24p— Flo-24p =0
Fly-z3p+Fo-24p— Flo 245 =0
Fis + Fir 4+ Flo+ Fo— Fi3— Fy =0
Fis-zaa+ Fr-lg+ Fo-zaa+ Flg-a54— Fia T4 — Fp1 - 224=0
Fis-xz3p+ Fi7-lp+ Fs 248+ Fig- 253 — Fi3- 228 — Fo1-2283 =0
Fis-zsc+ Fir-lo+ Fs- 240+ Flo-Tsc — Fia- 220 — Fay ~ 220 =0
Fis-23p+ Fir-lp+ Fe-24p+ Flo-2sp— Fiz-z2p— Fo1-22p =0
Fis-23p+ Fir-lg+ Fo-24p5+ Fro 255 — F13- 205 — F31 - 2205 =0
F3—Fi7—Fg=0
Fy— Fi5—Fig=0
Fiz— Flo— F30=0
y2—4-y3=0
Fai-2o4a— Fo1-2a+y3-(Va-a2+vaa-ba+vsa-c2+vsa-d2)=0
Fo1 22— Fo1 26 +3y3-(,Brag+veB-by+vsp-ca+rvap-da) =0
Fa-zoc—Fa-zec+yd-(nc-ar+1ac -botvsc-ca+vac-d2)=0
Fn-zop—Fn-2p+y3-(i,p-a2+v2p-ba+vsp-ca+vap-dy)=0

Fn 25— Fon-26g+y3- (Vg a2+ vo,g-bo+vsg-co+Vag-d2) =0
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Foi-z64—Fon-x7,4+y3- (V1,4

Fy-2p— Fa1-278+ 93 (1,8
Fo-zec—Fo1-27c+ 93 (e

Fp1-26p — Fo1- 27,0+ 43 (1D

Fp-zeg—Fn-zre+y3-(nEe-

Fa-284—Fa2 294+ 4y3:(v1,4-

Fy-z38—Fy 9B+ y3-(11,B-

Fy-280 — Fa2 290 +y3- (110

Fa3-23p— Fa2 -9 p +y3- (11D

Fa-z3p — Fas 2o g+ y3- (B
Py 294 — Foa 2 pa+9y3: (V1,4

Fy-a9p—Faa-z4B+y3- (11,8 -

Fps-z90 — Faz- 240 +y3- (110

Fy-z9p—Fop-24p+ 43 (1,p-

Foy-z9p —Foy 24+ y3-(,E-

a3+ Va4

+a3+ V2B
a3+ v -

a3+ V2,p -

a3+ V2 E -

a4+ V2.4

a4+ v B -

‘g + 10 -

"4+ vep-

a4+ V2.E ¢

as + v 4 -

as+va B -

cas+ v -

as + v2.p -

as + V2,E *

bs + 3,4
bs + v3 B
bz + v3c

bs+ v3p

b3+ v3E-

by +v3 4 -

by + v3,B

by + 3¢

by +v3p -
bs+vsg-

bs + vz 4 -

bs + v3
bs + v3 ¢

bs + v3p

bs + va g -

cCc3+ V4,4
3+ V4B -
“C3+ Va0 -
*C3+vyp-

¢3+ V4E -

ay—kyp -
by — k3 -
¢y — k3
dy — kg -
az—ky -
bs — ks -
¢3— ks -
ds —ky-

€4+ Vg4
¢4+ V4B
4+ V40 ¢
¢4+ vyp -
C4+ Vs E -
C5 + V4,
“C5+ vypB -
“¢5+ Va0 -
s+ Vap-

¢5 + VAE *

ag — ki -
by— kg -
¢4 —k3-
dy —ky -

d3) =10
d3)=0
d3) =
d3)=0
d3)=10
xé,A =0
z6 A =0
a:?,-’B =0
z6,3 =0
a:g,A =0
T7,4 =
a:%B =0
T7,B =
dy) =
dy)=0
dy) =
dy) =0
dy)=0
ds) =
ds) =
ds)=0
ds) =
ds)=0
xg,A =0
T9.A4 =
mg,B =0
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as—ky-z3,=0
@mlwu.&»lﬂo
nmlwm.aw.muc

&ml@».ﬁ».w”c

9.5.2 Data

— inlet compositions: I,
Ns
5.8
6.0
0
0.6
0
~ stoichiometric coefficients: vyp
A B C
1 -1 0.5 0
2 -1 0 1
3 0 -1 0
4 0 -1 0
— kinetic constants: k;
k;
1 1.0
2 0.6
3 0.1
4 0.6
— prespecified streams
Value
R 100
Fig 100

HMo Qx>

-~ o o o U
o~ o o i
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— Upper and lower bounds

Variable Lower | Upper
F; i=2,3,17,18 0.0 100
F; i=4,...,16,19,...,22 0.0 | 5,000
Tim m=A,B,C,D,E i=1,...,9 0.0 6.0
yl 10.0 | 500.00
y3 01| 70.00

9.5.3 Problem Statistics

Number of Variables 90
Number of Linear Constraints 23
Number of Nonlinear Constraints 60

9.5.4 Best Known Solution

— Objective value=1.195

— Flowrates

F;=100 i=1,24,8,910,615,21,22

— Compositions
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Var. | Level | Var. | Level " Var. | Level | Var. | Level
T1,4 6.0 || 2,4 | 4.086 || w34 | 4.086 || w44 | 2.579
z1,B 00 || z25 | 0.782 )| zz3p | 0.782 || x4 p | 1.302
z1c 0.6 || z2¢c | 0845 || z3¢c | 0.845 || z4¢ | 1.090
Z1,D 0.0 l z2p | 0.047 || z3p | 0.047 || z4p | 0.139
T1.E 0.0 || z2,z | 0.006 || z3.£ | 0.006 || z4 5 | 0.024
T5.4 | 2579 || ze,a | 3.584 || z7.4 | 3.182 || zg 4 | 3.182
258 | 1.302 | 65 | 0.974 || 273 | 1.116 || zgp | 1.116
zsc | 1.090 | zec | 0.957 || z7c | 0.981 || zg¢ | 0.981
zsp | 0.139 || z¢p | 0.066 || z7p | 0.089 || z5p | 0.089
x5 | 0.024 || 26,z | 0.009 || z7.g | 0.013 || 2zg g | 0.013
Toa | 2853 || o { 1.223 || Toc | 1.038 || 29 p | 0.013
To g | 0.018

——|

— Reaction rates and volumes

Var. | Level || Var. | Level || Var. | Level || Var. | Level
ai 16.692 b1 2.451 C1 0.061 dy 0.469
as 12.848 b 2.151 c2 0.095 dy |0.584
a3 10.127 b3 1.909 c3 0.125 ds | 0.670
a4 8.140 b4 1.712 ¢4 | 0.150 dy |0.734
as 6.651 bs 1.547 cs 0.170 ds 0.781
yl1 | 100 v2 13367 y3 |3.342

9.6 Test Problem 5 : Levenspiel reaction

In this example, the interesting case of an autocatalytic reaction was con-
sidered, in which the reaction rate increases with increasing conversion up
to a point. This test problem is taken from [125].

— reaction mechanism:
~ A+ B-X2B (second order reaction )

— objective function: Maximization of yield of B
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9.6.1 Problem Formulation

MAX T5.B

Py—F,—F5=0
Fy+Fr—Fg=0
Fs+ Fs+ Fs— F10=0
Fr+Fs— Fp3—Fi12=0
Fr-zsa+Fg-agn—Fr1-254—F12-254=0
Fr-z3p+ Fg 24— Fr1-z56— Fi12 258 =10
Fap3—Fiu—Fi12=0
Fs+Fu+FR-F=0
Fs zqa+Fiy-as4+F2lg—Fy-214=0
Fy-z4p+ Fiy-25p+ Fy-lp—Fo-218=0
Fo 2y a—Fyg-x34+1v1,4-yl-al=0
Fo-2yp—~Fy-23p+11,B-yl-al=0
al—kl-z34-235=0
Fi3—Fy + Fig+ Fis+ Fao— Fiu— Fya =0
R+ F—Fi0=0

Fiz x4+ Fo1 274+ Flg- T34+ Fis- 14
+Fy0-T54 — F14-Tga— Fyy 254 =0

Fl3-2op+ F21 278+ Fi6- T3 + Fis - Ip
+Fy- 25,8 — Fla T8 — Fa2-235 =10
Fly-aga+ Fop-244— Fio-244=0
Fiy-z3p+ Fra-zap— Fro-245=0
Fis+ 7+ o+ Fo— Fiz3— Fp1 =0
Fis-z3 a4+ Fir-la+ Fg-z44+ Fro 54— F13- %24 — F21- 224 =0

Fs-z3p+ Fi7-lp+ Fs 24+ Flo 258 — Fiz- 22,8 — F21- 225 =0
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F3—Fi7—Fi3=0

Fy— Fi5—Fig=0

Fa—Fg—Fp=0

y2—4-33=0
Fpp-204—Fo1-%64+11,4-y3:02=0
Fa-298— Fn1-268+1v1,8-%¥3-02=0
Foy-z64a—Fo1-274+11,4-93:a3=0
Fy-z¢p—Fn-r7p+v18-y3-a3=0
a2 —kl-zga-268=0
a3—kl-z74-278=0

Fyy 284 — Fao-294+v14-y3-a4=0
Fy-zgp—Fyy-2op+vig-yd3-ad=0
Fy-294—Foa 24 pa+v1,4-y3-a5=0
Fyy-x9p— F22-24p+11,B-¥3-a5=0
a4 —kl-z94-298=0

a5 —kl-244-24p=10

9.6.2 Data
— inlet compositions: [,
lm
A 0.44
B 0.55
— stoichiometric coefficients: v,, m
A B
1 -1 1
— kinetic constants: k;

ki
1 1.0
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— prespecified streams

Value
12 100
Fis 100

— Upper and lower bounds

Variable Lower | Upper
F, i=23,17,18| 0.0 100
F; i=4,...,16,19,...,22 | 0.0 5,000
ZTiA i=1,...,9 0.0 0.45
i i=1,....9] 055] 1.00

9.6.3 Problem Statistics

Number of Variables

Number of Linear Constraints

Number of Nonlinear Constraints
9.6.4 Best Known Solution

— Objective value=0.761

— Flowrates

48
13
25

F;=100 i=1,2,4,8,9,10,15,21,22

— Compositions
Var, | Level 'I Var. | Level | Var. | Level || Var. | Level
1,4 | 0.450 || 24 [ 0.338 || 254 [ 0.338 [ 244 | 0.239
215 | 0550 || 2,5 | 0.662 || z35 | 0.662 || z45 | 0.761
z5.4 | 0.239 || 764 | 0.311 || 74 | 0.286 || 254 | 0.286
T5.B 0.761 Tg,B 0.689 x7.B 0.738 T8 B 0.738
Zg 4 | 0.262 || z9p | 0.761 .




130

— Reaction rates

Var. | Level || Var. | Level | Var. | Level

ay 0.224 as 0.214 as 0.204
aq [0.193 | a5 |0.182 |




Chapter 10

Reactor-Separator-Recycle

System test problems

10.1 Problem Statement

In most chemical processes reactors are sequenced by systems that separate
the desired products out of their outlet reactor streams and recycle the
unconverted reactants back to the reactor system. The reactor-separator-

recycle optimization problem can be stated as follows :

For a given chemical process in which a reaction system of known
kinetics is followed by a sequence of separation tasks that are re-
quired to extract the desired products and recycle the unconverted
reactants, the optimization problem consists of systematically de-
termining the reactor/separator/recycle system that operates so
that a given performance criterion ( e.g. total cost or profit of
the plant, yield or selectivity of desired products, conversion of
reactants) is optimized. The solution of such a problem should
provide information about:

a. the reactor network (types and sizes of reactors, feeding strat-

egy and interconnections among the reactors) ;
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b. the separator network (appropriate separation sequence and
sizes of separators) ;

c. the inlerconnection between the two networks via the alloca-
tions of the outlet streams from the reactors and the alloca-

tions of the recycles from the separators back to the reactors.

The mathematical formulation of the problem for a fixed number of reactors
and separators results in a nonconvex nonlinear programming NLP problem
and is described in [124].

10.2 Test Problem 1 : Benzene Chlorination sys-
tem

The design of a benzene chlorination process is considered as a first example
which is taken from [124].

— reaction process:

CeHe + Cla 2% CeHsCl + HCI (10.1)
CeHsCl + Cly *2 CeH,Cly, + HCI (10.2)

— separation process: the components to be separated consist of benzene
(A), monochloro benzene (B) and dichlorobenzene (C);

— recycled components: Benzene (A)
Further chlorination reactions can also take place but since they involve in-
significant amounts of reactants they have been considered to be negligible.

The chlorination of benzene(A), monochlorobenzene(B) and dichloroben-

zene(C) is in all cases first-order and irreversible.
10.2.1 Problem Formulation

MIN  s1+s2-yl+83-92+ F14-(84-Z11,4 + S5 T11,B)
+Fi5-(s6- 12,8+ 87 - 235.8) + 88 (g1 + 42)
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F—F—-F3=0

Fy+Fr—Fy=0

Fs+ Fg+ Fg— Fi0=10

F3—Fyo— Fy — Fp =0

Fy— F3p— F33— F34,=0

Fig— Foe— Fo7— Fp3 =0

Fs+Fn+F,—Fy=0

Fs-zys+ Fo+ Fi1-x134—For214=0
Fs-z4p+ Fi1 23— Fo-z18=0

Fe+ Fo9 + Faz + Faz + Fo1 + For — F3o— Fay =0
Fao+ Fog+ F3q + Fog + Fog— F31 — Fp5 = 0

Fay+ Fp5—Fio=0

Fog 254+ Fo3-T6 4+ Fa3 T34+ Fo1+ Fo7-T134+ Fo- 244
—Fs 274 — Foy-274=0

Fo-z55+ Fos 26 g+ Faz-x3p+ Far- 2138+ F6- T4 B
—Fy- 27— F24-278=0

Fao 274+ Foy-Tga+ Fa4- 234+ Fag+ Fog- 2134
—F3 294 — Fy5 294 =0

Fao-z7p+ Fay- 28+ F34 235+ Fog - 2138
—F31-%9p— Fy5-29p5 =0

F31 - 294+ Fo5- 2104 — F1o0-244=0

F31-298+ Fo5-210B— F1o0- 748 =0

Fs2 4 Fo+ F26 — Fa9— F23 =0

F33-234+ Fao+ Fas - T134— Fa3- 25,4 =0
F3-z38+ Fr6- %138 — Fo3 253 =0
y2—-3-393=0
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Fo-zyp—Fo-234+yl-(na-a1+v24-b)=
Fo-zyp—Fo-z3p+yl-(v1,p-a1+vep-b1)=0
Fyz-a54—Foz 264+ Y3 - (1 a-a2+v24-b2) =
Fys-z55—F3 268+ y3-(v1,p-a2+v2B-b2)=0
Fay-a74a—Fy-234+y3- (1 a-a3+v24-°b3)=0
F24-275— Fa4-238+¥y3-(v1,B- a3+ v, b3) =
Fys cxoa— Fas T10a+y3- (1,404 +voa-by) =
Fys-29p — Fo5-T108+ 43 - (V1,B-as+ vy B - by) =
a1 — ki1 24 =
az—ky- -2 4=
az—k1-234 =
ay—k1-24=0
by —k2-215=0
bo —ky-20=0
bs —ko-235=0
by—kz-24=0
Fr+Fg—Fiy—Fi9=0
Froz3a+ Fg-244— Fy-213,4— Flo-%11,4=0
Fr-z3p+ Fy 24— F4-211,— Flo-T11,8 =0
Fly—F5—F7=0
z12,B - (£11,B + *11,0) — 11,8 = 0
Fi7—-Fy-213,4=0
Fis— Fig—Fis=0
Fig—z125- F15=0
Fuu+Fia—Fig— P74+ F13=0
Fi1 %134+ Fi2- 2134 — Fio-21n,4— F7-tu,a+ Fiz- €134 = 0

Fu-zi3p+ F12 - 7138 — Fi9-%11,B+ Fi3- 135 = 0
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A+ 21 B+T10—-1=0

Ta.A+ T8+ T2c—1=0

34+ 3B+ 230 —1

TgAa+ T4+ 240 —1

=0

=0

s A+ 25+ Ts0—1=0

Ze,A+ TeB + Teo — 1
Trat+&7B+ 70— 1

Zg,A+ TgB + Tsc — 1

Z9,A+ o+ T9c — 1

Z10,4 + Z10,B + Z100 — 1
Tinatzustence —1

Z12B+ Z120 — 1

134+ %138+ 213¢c — 1

V1 —pP1 T34+ P2-T3B+P3-Tac
Vg —pP1-Te A+ P2-T6B+ P3-Tec
Us—p1-T8A+ P2 T8B + P3-Tsc
V4 — p1* Z10,4 + P2 * T10,B + P3 - T10,C
21,4V — T34

22,4 V2 — T, A

23,A° V3 — Tg,4

Z4.A V4 — T10,4

21,B"V1 — XT38

Z2,B " V2 — %¢,B

Z3B V3 — ¥3B

24.B * V4 — Z10,B

21,0 -V — T3

22,C U2 —Fs L

=0
=0
=0
=90
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
=0
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10.2.2 Data

230 v3—280c =0

240 04— Z100 =0

Fis—50>0

q1 — F14-(S9+510° T11,4 + 811 - 211,8) = 0

g2 — F15-(s12+ s13- T128) = 0

— stoichiometric coefficients: v,pm

A B C
1 -1 1 0
2 0 -1 1
— kinetic constants: k;
k;
1 0.412
2 0.055
— cost parameters
Parameter Value || Parameter Value
$1 10,317.702 || sg 19,0114
82 3,271.2252 | sg 3.003
83 19,729.086 | s10 36.106
84 147.62 || s11 7.706
Sy -445.544 || 8,4 26.212
S6 2,793.792 || 513 29.447
s7 -1,547.812

— molecular volumes p;

Pi
1 0.088
2 0.102

3 0.114
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— Upper and lower bounds

Variable Lower | Upper
F, i=23,2021,22| 00| 100
F; 1=4,...,19,20,...,34 0.0 500
Tim m=A,B,C i=1,...,13 0.0 1.0
2 A t1=1,...,4 0.0 | 11.031
% B 1=1,...,4 0.0 | 6.443
2ic i=1,...,4 0.0 0.531
yl 0.1 50
y3 0.1 4.0
10.2.3 Problem Statistics
Number of Variables 102
Number of Linear Constraints 38
Number of Nonlinear Constraints 43
10.2.4 Best Known Solution
-~ Objective value=339,833.412
— Flowrates
Var. Level || Var. Level " Var. Level || Var. Level
Py 52.707 || F3 0.0 | Fs 52.707 || Fy 0.0
Fy | 166.521 Fy 73.591 “ F7 | 166.521 Fg 0.0
Fo |166.521 || Fio | 218.284 || F1: 0.0 || F12 | 113.814
Fi3 0.0 || Fi4 | 166.521 || Fis 0.0 || Fis 2.707
Fi; | 113.814 || Fis 50.0 | Fig | 218.284 | Fy | 52.707
Fy 00 || Fpo | 91.986 || Fps | 21.828 || Fyy | 240.113
Fys 1 240.113 | Fye 0.0 || For 0.0 || Fys 0.0
Fyg 0.0 || F3o 0.0 | Fa 00 || Fis 73.591
Fs3 0.0 || Fay 0.0
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— Concentrations and molar fractions

Var. Level || Var. Level | Var. Level {| Var. Level
21,4 7.379 22,4 11.031 23 A 10.392 24,4 10.805
2B 3242 | zp 0.286 | z3p 0.370 || 2,5 0.479
21,0 0.176 || 2¢ 0.001 | z3¢ 0.002 || z4c 0.002
@1a.| 0957 | 24| 0986 zs4| 0683 wya| 0957
T1.B 0.042 | =z B 0.014 | z3B 0.300 | z4pB 0.042
210 | 197 E-4 || 220 |6.65E-4 | z30 | 0016 | z4c | 1.97 B4
T5.4 0.986 || 264 0.957 || 74 0.977 || 254 0.967
Ts5 B 0.014 || e B 0.025 z7,B 0.023 zs B 0.033
25c | 665 E-4 || z6c | 1.04 B4 || z70 |9.49E-5 | zsc | 1.39 E4
zoa | 0967 [ 04| 0957 || 214 | 0683 | 2124 0.00
zop | 0033 || ziop| 0042 2np| 0300 |z2p| 0949
z9c | 1.39 E-4 || z10¢c | 197 E-4 | z11¢ 0.016 || z12¢ 0.051
T13,4 1.000 || z13,B 0.00 || z13¢ 0.00
— Reaction rates, volumes and molecular volumes

Var. Level " Var. Level || Var. | Level " Var. | Level

a1 3.040 ’ a 4.545 az | 4.504 aqg | 4.452

by 0.178 by 0.016 bz | 0.020 by | 0.026

(i1 0.093 () 0.088 vz | 0.088 vy | 0.089

q1 | 4994.735 || ¢z | 2853.912 {| y1 15.0 | y2 | 1.579

v3 0.526

10.3 Test Problem 2 : Production of Ethylben-

zene system

In this example, which is taken from [124)], the alkylation of benzene with

ethylene for the production of ethylbenzene was studied. The process is an

intermediate stage of the production of styrene using the direct hydrogena-

tion method and is carried out in liquid phase. The following first order

reversible reactions were found to describe this process:
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— reaction process:

k
CeHe + CHy=CH, = CsHsCH,CHsz  (10.3)
k
Ce¢HsCH3;CHs+ CHy = CHy = CgHy(CH,CHs); (10.4)

In the alkylators liquid benzene (A) reacts with a gaseous stream of
pure ethylene to produce the desired ethylbenzene (B) and the co-
product diethylbenzene (C). In the separation level, B is obtained at
a minimum rate of 10 kmol/hr while both A and C have potential

recycles to the reactor network.

— separalion process:. the components to be separated consist of benzene
(A), ethylbenzene (B) and diethylbenzene (C);

— recycled components: benzene (A), diethylbenzene (C)

10.3.1 Problem Formulation

MIN  s1+52-(y1+y2) +s3-(r1 +1r2)

Fi—F,—F3=0

Fu+ Fr—Fy=0

Fs+Fg+ Fg— Fi0=0

F3s=Fo—Fy—Fpn=0

Fy—Fzy— Fa3—F3 =90

Fiog— Foe— For— Fog =0

Fyo— F36 — F37— F33 =0

Fs+Fii+Fag+ Fo—Fyg=0
Fs-zga+Fo+ F11-z13 4+ Fo0-T1ya—Fo 71,4 =0

Fs-z4p+ F11 2138+ Fao: T14B— Fo-T1,8 =0
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Fo+ Fao+ Fa3+ Faz+ Foy + Fog + Fzr — Fag— Fou =0
F3o+ Fay + F34 + Fao+ Fag + F3g — F31 — Fo5 = 0
F31 + Fo5 — F10=0

Fao-z5,4+ Foz-264a+ Faz 234+ Fo1+ Far - 2134
+F37 @144+ Fo-Tga— Fao 274 — Fpy- 274 =0

Fy 258+ F23-26p + F33- T3 + Far- %138
+F37- 2145+ Fo 24— F3o 278 — Fos-275 =0

Fo- 274+ F2q4-a84+ F34 %34+ Fog+ Fag-T13 4
+F3g-T144— F31 + 294 — Fo5 294 =0

Fso 278+ Foy-z8p+ F34- 23 + Fag- 2138
+F38-T144— F31 -To — Fo5 - o p = 0
F31 294+ Fa5 - T104 — Fl0- 244 =0
F31-295+ Fos - 2108 — Fio: 24 =0
Fi2 + Fo + Foe + F36 — Fog — Fa3 =0
F32 234+ Foo+ Fae- 7134+ Fa - 2144 — Faz- 25,4 =0
Fap-238+ F26- %138+ F36 2148 — Fa3- 255 =0
y2—3-y93=0
Fo-mia—Fo-a3a+yl-(rra-a1+vaa-bi+vza-ci+vga-d) =0
Fo-215—Fo-235+ yl- (mp-ar+vap-bi+vsp-c1+vap-d)) =0
Foz 54— Fa3 264+ y3-(vara2+vaa-bo+vsa-catvga-d2) =0
Fy3-z58— Fo3- 26+ y3- (B -az+ 125 -by+vsp-ca+vyp-dy) =0
Foa-274— Foa 284+ y3-(1a-a3+v24-b3+Vvaa-catvga-ds)=0
Fos-278—Foa-288+y3-(1B-a3+v2p-bs+vsp-ca+vap-ds) =0
Fys - 94— Fos -Z104+y3- (1,4 @ +v2 4 -ba+vza-catvaa-di) =0
Fos-zop— Fas- %108+ 93+ (1,B-a4+v2B-bs+vsp-ca+vyp-dy) =0
a1 —k1-214=0

az—k1'22,A=0
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az—ky-234=0

ay—k1-244=0

bi—ks-z18=0

bo—kz2-228=0

bs—ka-233=0

by—ky-z4p =0

c1—kz-z1p=0

c2—ks-22p=0

c3—kz-z3p=0

c4— k3 24 =0

di—ks-210=0

dy—ky-20=0

d3—ks-230=0

dy — ks 240 =0

Fr+Fs—Fy—F9g—F3=0

Fr-zaa+ Fs-244— Fla- 11,4 — Flo 11,4 — Fa5-211,4=0
Fr-z3p+ Fg-z4p— P14 T11,8— Flo- 211, — F35 - 2118 =0
Fy—Fis—F7=0

z12,B - (T11,B + T110) — 11,8 =0

Fir— R4 211,4=0

Fs - Fig—Fe=0

Fig—z12p-Fi5=0

Fu+FRA2—Fo—Fi7+ F13=0

F3o+ Fyo— F35 — Fig+ Fyu =0

Fii-zi3a+ F12 @134 — Fro- 11,4 — Fi7-211,4 + Fizs- 2134 =0
Fi-z13p+ F12- %133 — Flo- 2118+ Fi3- 138 =0

Fag-z144+ Fao-T14a— Fas 2114+ Fa1 - 2144 =0
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Fa9 - 2140 + Fao* 2140 — F3s - 2110 — Fle + Fay - 2140 =0

Tia+T1B+210—1=0

T4+ 22B+220—-1=0

z3a+rap+r3c—1=0

T44+24B+24c—1=0

54+ 25+ T50—1=0

T6, 4+ TeB+ Tec —1=0

TrAat+2rB+27c—1=0

T34+ r8B+28c—1=0

T9,A+ 2o+ Toc —1=0

Z10,4 + Z10,B + T10c —1 =10

Ziyatenp+rTuec—1=0

12,8+ 2120 —1=0

Z134+ 2138+ T13c—1=0

T4+ T14B+ T14c —1=0

V1 —Pp1:23A4+p2-2T3g+p3-r3c =0
V2—pi T at+P2T6Bt+Pp3-Tec =
V3—p1 T8 A+ P2-T8 B+ p3-Tygc =
Vs — P1° %104+ P2 T10B + P3 - Tr00 =

21,401 —234=0

22 4°V2— T4 =0

23,4 V33— 284 =0

244 V4 —T104=0

Z21,B*v1— 23 =0

22B V2 —Tep =0

238 v3—Zgp =0

24B*V4— %108 =10
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e —o3c =0
neo-v2—Tec =0
230 -v3— 280 =0
240 "4 — Tr0c =0

Fg—502>0

ri—8s— Fi4- (85 +86-211,4+ 87 211,8) =0

2
rg—ss— Fi5+(s9- 2128+ s10- 5512,13) =0

10.3.2 Data

— stoichiometric coefficients: v,pm

A B C
1 -1 1 0
2 1 -1 0
3 0 -1 1
4 0 1 1
— kinetic constants: k;
k;
1 0.4
2 0.4
3 0.4
4 0.4
— cost parameters
Parameter Value || Parameter Value
81 10,208.344 || s¢ 418.420
S2 5,623.912 || sy -152,456
83 0.4 | sg 54,966.389
84 41,357.32 || s9 748.609
85 432.709 || s10 -588.673

— molecular volumes p;
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pi
1 0.0885
2  0.0867
3  0.0862

— Upper and lower bounds

Variable Lower | Upper
F; i=2,3,20,21,22 0.0 100
F; 1=4,...,19,20,...,41 0.0 200
Tim m=A,B,C i=1,...,14 0.0 1.0
Zi A t=1,...,4 0.0 12.0
%i B i=1,...,4 0.0 12.6
Z;c i=1,...,4 0.0 6.0
yl 0.2 500
»3 0.001 4.0

10.3.3 Problem Statistics

Number of Variables 120
Number of Linear Constraints 52

Number of Nonlinear Constraints 43

10.3.4 Best Known Solution

— Objective value=85,426.965

— Flowrates
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Vaer. | Level || Var. | Level | Var. | Level | Var. | Level
I 2 22.00 2 0.0 F3 22.00 Fy 0.0
Fy | 50.451 “ Fy 0.0 Fr | 50.451 F3 0.0
Fy | 50.451 || Fio | 50.451 || F1; 0.0 || Fio |27.094
Fiz 110391 || Fi4 | 50.451 || F15 | 12.965 || Fie 2.965
Fy7 | 37.486 || Fis 10.0 || Fig 00| Fyo | 22.00
Fy 0.0 | Foo 0.0 || Fo3 | 50.451 || Fy4 | 50.451
Fys | 50.451 || Fae | 27.094 || Fyr 0.0 | Fs 0.0
Fog 0.0 || Fso 0.0 | Fxy 0.0 || Fxo 6.0
Fis3 0.0 || Fsy 0.0 || Fss 0.0 || Fsg 1.357
Fay 0.0 || Fss 0.0 || Fso 0.0 || Fyo 1.357
Fy 1.609
— Concentrations and molar fractions

Var. | Level || Var. | Level | Var. | Level || Var. | Level
21,4 | 8443 | 224 | 10.225 | 734 | 9551 | 744 | 8.964
21,8 | 2.252 Z2,B 0.759 z3p | 1.368 z4,B | 1.855
znc | 0668 | 20 | 0340 | 230 | 0.420 | 240 | 0531
21,4 [ 0790 || @24 | 0973 | 234 | 0.743 l 4.4 | 0.790
21,8 [ 0163 || 225 | 0.00 || 235 |0198 || 245 |0.163
z1c | 0.047 || =m0 | 0.027 || z3c | 0.059 | z4c | 0.047
z5.4 | 0973 || z64 | 0.903 || z74 | 0903 || z54 | 0.842
zsp | 0.00 || zep | 0.067 | z7p | 0.067 l' zgp | 0.121
zsc | 0.027 | zec | 0.030 | z7c | 0.030 | zsc | 0.037
Tg,A | 0.842 || 104 | 0.790 || T11,4 | 0.743 || 2124 | 0.00
o5 | 0.121 || 2108 | 0.163 || 2115 | 0.198 || 2155 | 0.771
zgc | 0.037 || Z100 0.047 [| 11,0 | 6.059 || z12c | 0.229
T13.4 1.00 || z13,B 0.00 || z13¢ 0.06 || z144 | 0.00
148 | 0.00 || z140 1.00

— Reaction rates, volumes and molecular volumes
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Var. Level " Var. Level || Var. | Level | Var. | Level
@ 3.377 “ a; 4090 || a3 |3.820 a4 |3.586
b1 0.901 bo 0.304 b3 0.547 by 0.749
¢l 0.901 Co 0.304 c3 | 0.547 C4 0.749
d1 0.267 ds 0.136 ds | 0.168 dy |0.213
n 0.088 V2 0.088 vz | 0.088 ve | 0.088
r 77,348.093 r9 57,912.119 yl |0.952 y2 | 2.803
v3 0.934




Chapter 11

Mechanical Design test

problems

In this chapter, a few test problems that arise in certain applications of
mechanical design are presented .

11.1 Test Problem 1 : Pressure Vessel Design

This test problem is taken from [136] and involves a horizontal pressure
vessel for storage of liquid butane mounted on two equidistant saddle sup-
ports that is to be sized so as to minimize the cost of manufacture using the
ASME code stipulations as constraints. The vessel has a hollow cylindrical
shell of 50 feet length and 5 feet diameter, and its thickness is assumed to
be small relative to other dimensions. Design variables are the thicknesses
for head Ty , shell T , saddle ring Tsg , vacuum ring 7y g , and wear plate
Twp . They are formed from plates available only on thickness increments
of (1/16) inch. The cost of manufacture varies linearly with Ts , Ty , and
Twp , a;ld quadratically with respect to Tsgr and Tvg .
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11.1.1 Problem Formulation

MIN  f = 19380 + 32154T5 + 13189Ty + 2376Twp + 5329(T%  + 2T25)

Subject to
) -
R QL |, 17 '*%Jr—m . <0
2T5 7FR2T5 1 + 9L 4=
P.R 3QL 1+ 27—72- L
2T, + 2 . A 1+ ya 32 ~Broa<0
s TR {TS+ gzl | &
-
PR QL, —‘f+—:41—5; BTy {2_200T5}<0
2Ts  0.603R?Ts 1+ & 29R 3R J =
PR 3QL [1+2W Li| BT {2_200T5}<0
" <
2Ts xR? {Ts + r%;’i‘} 1+ 4 3L 29R 3R
—H2
AR QL. |, _ —%Jr RE.r —0.50, <0
2T; 0.603R?T; 1+ 2 e =
PR 301 142824 1]
- — Q _ [ 1+12 5% —0.50,<0
= nr {7+ f28} iz 3L
K,Q
— — 0.50y < 0
(Ts + Twr)(B + 1.56VRTG) 0¥ =
K,Q 12L — 2L,
~0.80,<0
R(Ts + Twr) [121; + gﬂ] 743
H
K.wQRL: K.Q
- 1o~ 050, <0
I(]()QRLD IXQQ
Tom Asa — 050, <0
3K,Q 2
RTwon - ':‘3'0.45 <0
bms — 0.024L < 0
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B
4+ 5+ 0.78VRTs — Lo < 0
Ts — Ty —0.125 < 0

T5-Twp<0
1
- =R <
Ts z <0
1

Ivpy — Isn <0
2
PE_EY {__..Z}.I___} <0

16 L09DOH
0.93EyLRR { Ts }2'5
Py DOS DOS <0

where the intermediate variables are defined by the formulae below :

DOS = D + 2T

DOH = D + 2Ty

Lrn=0.5(12L) — L,

W,., = 1.1pg [121rDL(Tg 4+ Tea) +2.16D*(Ty + TCA)]
Wi, = po(3TD?L + 0.262D°)

Q= (Wyeo + Wyy)/2

X, = nTs(D + 2T5)%/®

W, = 2Q/(12L + 4H/3)

6ms = Wo(12L = 2L,)*{5(12L — 2L,)* - 24(2H/3 + L4)} /(384Ey X,,)
4, = (Tsn +1.56v/RT5)Ts

A, = 8T7,

Asr = A + A,

Lo = A\Ts[2 4+ Ay(Ts + 4Tsg) [ Asr

Lp=T548sr— L¢

H = Lo - Ts/2

H, =Ts+4Tsp — L¢
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ISR = Ale + AgHg + A1T§/12 + TSR(STSR)3/12

Ay = 1.56Tsv/RTs

Ay = 8T,

Avr = Ay + Aoy

Lev = AwTs[2+ Aoy (Ts + 4Tvr)/Avr
Loy =Ts+8Tyr— Loy

Hy = Loy - Ts/2

Hyy = Ts+4Tvr— Lev

Iy = Alvav + szHgv + Alng/lz + TVR(STVR)S/lz
IVRM = 0.12798D3(T5 + AVR/LRR)(TS/DOS)Ls

11.1.2 Data

The parameter values for this problem are :

o, =17500 FEr =0.85
O.r = 12700 E, = 29%10°
oas = 12700 H = 30

o, = 38000 K, = 0.319
o,r = 36000 K, = 0.880
ps =028 K, =0.760
py=0.0216 K, = 0.340
D =120 K., = 0.053

11.1.3 Problem Statistics

K,, =0.204
L =50
L,=50
P.=5

P; =50

R =60

Tea = 0.125
Twze = 0.5

The statistics for this Test Problem are given as follows :

No.ofContinuousVariables = 17

No.of LinearConstraints = 20

No.of NonlinearConstraints = 28
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11.1.4 Best Known Solution

The best known solution for this Test Problem has an objective function
value of 47,818. The values of the variables are shown below :

5
Ty
Ts“—“gé
TSRzE
TVR=I5€
TWP:IG_S

11.2 Test Problem 2 : Selection of bolts in stan-
dard sizes

This test problem is taken from [136] and involves the selection of stan-
dard size bolts to fasten flange joints of a pressure vessel undergoing rapid
pressure fluctuation. An even number of bolts are placed uniformly at di-
ameter distance of 350mm around a cylindrical pressure vessel of 250mm
internal diameter. Internal gage pressure fluctuates rapidly between 0 and
2.5MPA. The objective is to minimize the total cost which consists of the
price of bolts and the labor cost for drilling holes and installing the bolts.
Three discrete variables 1 , 23 , and z3 are introduced to describe the bolt
selection and one discrete variable z4 to represent the number of bolts.

11.2.1 Problem Formulation

MIN  f=12dn+ 19n

Subject to
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FK
P ———0 <
9 2nA 750
C
: —=10<0
% nd =
C
: 5——<90
gl nd_

where

n= 21:4
d=z,2,+(1-z,)z,
A = 2.857 — 1.0692d + 0.6562d?

K =0.3333
F = 245400
o =69

C = 3507

11.2.2 Problem Statistics

The statistics for this Test Problem are given as follows :

No. of Continuous Variables = 7
No. of Linear Constraints = 2

No. of Nonlinear Constraints = 5

11.2.3 Best Known Solution

The best known solution for this Test Problem has an objective function

value of 360. The values of the nonzero variables are shown below :
rG = 1

T2 = 3

r3 = 7
4

Tg =
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11.3 Test Problem 3 : Weight Minimization of a
Speed Reducer

This test problem is taken from [48], and involves the design of a speed
reducer for small aircraft engine. The resulting optimization problem has
the following form :

11.3.1 Problem Formulation

MIN f(z) = 0.7854z,22(3.33332% 4 14.9334z 3 — 43.0934)
—1.508z (22 + 2%) + 7.477(z3 + 23) +
0.7854(z42% + z572)

Subject to

v

27
397.5
1.93
1.93
1160

z x%x;;

z1ziz?

3

v IV

:vga:éxgx;

v

xzw‘71x3w5'3
A1 B1-1

IA

where

>
I

(7452425 231)? + 16.9110%]%5
0.1z3

850

= [(745zs27 231)? + 157.510%]0°
0.1z3

40

5

12

8 >
o
N O Y
= W » [ —
v IA | IA

8
—

8
[~
IA



154

-1.9
-1.9
3.6
0.8
28
8.3
8.3
3.9
5.5

1.5.’!76 — Ty

IA

1.5a27 — x5
26 <z
0.7 < z9
17 < z3
73 < 24
73 < z5
29 < zg
5 < z7

IA IA IA A A IA IA IA

11.3.2 Best Known Solution

The best known solution for this Test Problem has an objective function
value of 2994.47. The values of the nonzero variables are shown below :

r1 = 3.5
zo = 0.7
z3 = 17

Ty = 1.3
rs = 7.71
z¢ = 3.35

z7 = 5.287



Chapter 12

VLSI Design test problems

Many aspects of physical chip design can be formulated as global opti-
mization problems (in most cases quadratic problems with nonlinear con-
straints). For instance, the compaction problem can be stated as a global
minimization problem of a nonconvex function :

Determine the minimum chip area subject to linear or nonlinear
constraints

The constraints result from geometric design rules, from distance and con-

nectivity requirements between various components of the circuit, and from
user specified constraints.

The key feature of these problems is their large size. Next, a sample of
typical problem formulations is provided. Additional information can be
found in [138], [210], and [238]. For a more complete survey of optimization
techniques utilized in integrated circuit design see [38].
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12.1 Test Problem 1

Placement algorithms for integrated circuit layout which are optimal are
known to be NP-complete. As a result many heuristics and different mod-
eling techniques have been proposed. This example is taken from [36]. Us-
" ing a quadratic metric for placement the following nonconvex quadratically
constrained optimization problem arises :

12.1.1 Problem Formulation

MIN f(z,y)=2TBz+ yTBy

st ela= eTy =0
2Ty = yTy =1

a:Ty =0

z,y € RN

where the matrix B is positive semi-definite and its entries are given by :
N
Bij = 8i; ) Cix — Cij
k=1

where 6;; is the Kronecker’s delta, and Cj; is a symmetric matrix represent-
ing the connectivity between devices i and j. The variables z;, y; are the
coordinates of some reference point on device i, and N is the total number

of components.

12.2 Test Problem 2

The layout problem requires a combination of space and communication
costs to be minimized. The special problem of planar rectangular spaces
occurs, for example, in floor plans for electronic planar packages and for
buildings. This example corresponds to the rectangular dualization problem
and is taken from [138].
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12.2.1 Problem Formulation

MIN  zoya + Toyp + TeYe + Ta¥d + TelYe + T Y5

st —zg4+z. =
—Zo+Tp—Tg+ T =

Lo+ Te—Tat 2y =
—Ye + Y5

Yo~ Yo~ Yo+ Yd + Ye + Y5

AY
R~ =L T B SO & B N A L SO O N R~ A4 B =S = S R e R o

r—a

v

z—b

v

r—2cC

z—d

(VAR AV

z—e
z—f
y—a
y—>b

v IV IV IV

y—=c¢
y—d

AV AV

y—e
yv—f

wb_zc

v IV IV

—Yd+ Yo

v
o
o

Tale
Zplb

ZelYe

(VAR AVARN AV
NN
(ST = )

TdYd
Tele

ZTrlYs

v IV
Ju—y
%]

B
Lo}
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12.3 Test Problem 3

This test problem is taken from [194] and represents the linear placement
problem. The linear placement problem consists of determining a vector
z € R™ where each component z; is the position on the line of the module
i, such that the following objective function :

2.2 ciilzi— 25)?

i g

is minimized under the restrictions that no two modules can occupy the
same position and the values of z are constrained to be the legal positions,
that is the coordinates of the centers of the available slots.

12.3.1 Problem Formulation

min zlBzx

n n
s.t Za:i = ZIz
1=1 =1
n n
2 _ 2
2 et = )L
i=1 =1

n
2at = n
i=1 =1
where I;, i = 1,...,n are the legal positions, and B = D — C is a symmetric
matrix, C = Cjj;, and D is a diagonal matrix with di; = 3.7, Cij, i =

1,...,n.
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