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4. THE GREEDY METHOD
 Some problems have ‘n’ inputs and require us to obtain a subset that satisfies some constraints. Any subset that satisfies these constraints is called feasible solution. We need to find a feasible solution that either maximizes or minimizes a given objective function. A feasible solution that does this is called optimal solution.

The greedy method suggests that one can devise an algorithm that works in stages, considering one input at a time. At each stage, a decision is made regarding whether a particular input is in an optimal solution. This is done by considering the inputs in an order determined by some selection procedure. If the inclusion of the next input into the partially constructed optimal solution will result in an infeasible solution, then this input is not added to the partial solution. Otherwise, it is added. 

Subset Paradigm: If we are interested in generating a subset of inputs as the result with the help of some objective function, then this version of greedy technique is called the subset paradigm.

Ordering  Paradigm: If we are interested in generating a required sequence of inputs (appropriate order) as the result with the help of some objective function, then this version of greedy technique is called the ordering paradigm.

Algorithm Greedy(a, n)   // for Subset Paradigm
// a[1..n] contains  ‘n’ inputs.

{


solution = Ø   // empty set


for(i = 1 to  n ) do


{


     x = select(a)


     if feasible(solution, x) then



solution = union(solution, x)

     
}

    Return (solution)

}

4.2) Job Sequencing with deadlines

We are given a set of ‘n’  jobs. Associated with job ‘i'  is an integer deadline di ≥ 0 and a profit  pi>0. For any job  ‘i'  the profit  ‘pi’ is earned iff the job is completed by its deadline. To complete a job, one has to process the job on a machine for one unit of time. Only one machine is available for processing jobs. A feasible solution for this problem is a subset  ‘J’  of jobs such that each job on this subset can be completed by its deadline. The value of a feasible solution  ‘J’ is the sum of the profits of the jobs in  ‘J’. An optimal solution is a feasible solution with maximum value. Here, since the problem involves the identification of a subset, it fits the subset paradigm.

Example:  Let n = 4, (p1,p2,p3,p4) = (100,10,15,27) and (d1,d2,d3,d4) = (2,1,2,1). The feasible solutions and their values are: 



Feasible Sol.

Processing Sequence

Value

1.
     (1,2)


2, 1


  110


2.
     (1,3)


1,3  or 3,1

  115


3.
     (1,4)


4,1


  127


4.
     (2,3)


2,3


    25


5. 
     (3,4)


4,3


    42


6.
     (1)



1


   100


7.
     (2)



2


     10



8.
     (3)



3


     15


9.
     (4)



4


     27

 Solution:3  is optimal. In this solution, only jobs1 and 4 are processed and the value is 127. These jobs must be processed in the order job 4 followed by job 1, because, the deadline of job 4 is 1. Since the deadline of job 1 is 2, job 1 can be processed in the second unit of time also.

Abstract(Brief) Algorithm:

Algorithm GreedyJob(d, J, n)


//  J  is a set of jobs that can be completed by their deadline.


{



J = { i } ;



for ( i = 2  to  n ) do



{




if ( all jobs in J  U { i }  can be completed by their deadlines) then





J = J U { i };



}


}

4.3) Optimal Storage on Tapes

There are ‘n’  programs that are to be stored on a computer tape of length ‘L’. Associated with each program  i,  it’s length is Li . Clearly all programs can be stored on the tape if and only if the sum of the lengths of the program is at most  ‘L’. We assume that whenever a program is to be retrieved from the tape, the tape is initially positioned at front. Hence, if the programs are stored in the order I = p1,p2,p3,…pn, the time  TRj  needed to retrieve a program pj  is proportional to  ∑1≤k≤jLk . If all programs are retrieved equally often, then the expected or Mean Retrieval Time(MRT) is (1/N)* ∑1≤j≤nTRj. In the Optimal Storage on Tapes problem, we are required to find a permutation for the ‘n’ programs so that when they are stored in this order, the MRT is minimized. This problem fits the ‘Ordering Paradigm’. 

Example: Let n = 3 and (L1, L2, L3) = (5,10,3). There are n! = 6  possible orderings. These orderings and their respective TRT(Total Retrieval Time) are: 


Ordering (I)


TRT





    1,2,3

5+5+10+5+10+3 
= 38


    1,3,2

5+5+3+5+3+10
= 31


    2,1,3

10+10+5+10+5+3
= 43


    3,2,1

3+3+10+3+10+5
= 34


    3,1,2

3+3+5+3+5+10
= 29

Here the optimal ordering is : 3,1,2.


A greedy approach to build the required permutation would choose the next program on the basis of some optimization measure. One possible measure would be the TRT value of the permutation constructed so far. The next program to be stored on the tape would be one that minimizes the increase in TRT. If we have already constructed the permutation i1,i2,i3,..ir, then appending program ‘j’ increased the TRT by ∑1≤k≤rLk+Lj. Since ∑1≤k≤rLk is fixed and independent of ‘j’, we trivially observe that the increase in TRT is minimized if the next program chosen is the one with the least length from among the remaining programs.


The greedy method simply requires us  to store the programs in nondecreasing order of their lengths. This ordering can be carried out in O(n*log n)  time using an efficient sorting algorithm.

4.4) Optimal Merge Patterns  

Two sorted files containing ‘m’ and ‘n’ records respectively could be merged together to obtain one sorted file in time O(m+n). When more than two sorted files are to be merged together, the merge can be accomplished by repeatedly merging sorted files in pairs. Thus if sorted files  x1,x2,x3 and x4 are to be merged, we could first merge x1 and x2 to get a file y1. Then we could merge y1 and x3 to get a file y2. Finally we could merge y2 to x4 to get the desired sorted file. Otherwise, we can merge x1 and x2 to get y1,  x3 and x4 to get y2. Finally merge y1 and y2 to get the desired sorted file. If we have given ‘N’ sorted files, there are many ways in which to pairwise merge them into a single sorted file. Different pairings require different amounts of computing time. The problem we address now is to determine an optimal way(Requires minimum comparisons) to pairwise merge ‘N’ sorted files. Since this problem calls for an ordering among the pairs to be merged, it fits the ordering paradigm.

Example: The files x1,x2 and x3 and three sorted arrays of length 30,20 and 10 elements each. Merging x1 and x2 requires 50  moves. Merging the result with x3 requires another 60 moves. The total  number of moves required to merge the three arrays this way is 110. If, instead we first merge x2 and x3(taking 30 moves) and then x1(taking 60 moves), the total number of moves made is only 90. Hence, the second merge pattern is faster than the first.

A greedy attempt to obtain an optimal merge pattern is easy to formulate. Since merging an n-element array and m-element array requires possibly n+m  element moves, the obvious choice for a selection criterion is: at each step merge the two smallest size arrays together.
Algorithm to generate a two way merge tree:(Huffman Tree)

Struct treenode


{


      Integer weight;


      Struct treenode *lchild, *rchild;


};


Algorithm Tree(n)


// LIST is a global list
of ‘n’ single node binary trees as described above.


{


 
for( i = 1 to  n-1 ) do



{



    pt = new  treenode ;



    pt(lchild = Least(LIST);



    pt(rchild = Least(LIST);




  pt(weight = (pt(lchild(weight) + (pt(rchild(weight) ;



Insert(LIST,pt)



}


         Return   Least(LIST) ;


}

Note: 

1) If we can arrange the arrange the arrays in non-decreasing order based on the   

    array size, least two arrays can be selected easily and optimal merge pattern can     

    be obtained. The complexity involved here is for sorting. If we sort by any fast  

    sorting method, the worst case complexity is  O(n*log n).

2) From the above algorithm: The main FOR loop is executed n-1  times. If LIST 

    is kept in nondecreasing order according to the weight value in the roots, then

    Least(LIST) requires only O(1) time and Insert(LIST,pt) can be done in O(n)  

    time. Hence the total time taken is O(n2). In case LIST is represented as a 

    minheap in which the root value is less than or equal to the values of its 

    children, then Least(LIST) and Insert(LIST,pt) can be done on O(log n) time.    

    In this case the computing time for the above algorithm is O(n*log n).

4.5) Single Source Shortest Path Problem:

There are many paths from A to H.

For example length of path 
A  F  D  E  H  = 1 + 3 + 4 + 6 = 14

    




A  B  C  E  H  = 2 + 2 + 3 + 6 = 13

We may further look for a path with length shorter than 13 if exists.

Algorithm:

1. We start with source vertex A.

2. We locate the vertex closest to it.

 B F are adjacent vertices. Length of AF < length of AB so we choose F.


3. Now we look for all the adjacent vertices excluding the just earlier vertex of newly added vertex and the remaining adjacent vertices of earlier vertices, i.e., we have D,E and G (as adjacent vertices of F) and B (as remaining adjacent vertex of A).

	Vertices that may be attached
	Path from A
	Length

	D
	AFD
	4

	E
	AFE
	4

	G
	AFG
	6

	B
	AB
	2


We choose vertex B.

4) We go back to step 3 and continue till we exhaust all the vertices.

	Vertices that may be attached
	Path from A
	Length

	D
	ABD
	4

	
	AFD
	4

	G
	AFG
	6

	C
	ABC
	4

	E
	ABE
	6

	B
	AFE
	4


We may choose D, C or E.

We choose say D through B.


	Vertices that may be attached
	Path from A
	Length

	G
	AFG
	6

	C
	ABC
	4

	E
	AFE
	4

	
	ABE
	6

	
	BDE
	8


We may choose C or E, choose C.


	Vertices that may be attached
	Path from A
	Length

	G
	AFG
	6

	E
	AFE
	4

	
	ABE
	6

	
	ABDE
	8

	
	ABCE
	7

	H
	ABCH
	5


We choose E via AFE.

 

	Vertices that may be attached
	Path from A
	Length

	G
	AFG
	6

	
	AFEG
	11

	H
	ABCH
	5

	
	AFEH
	10


We choose H via ABCH.

 

	Vertices that may be attached
	Path from A
	Length

	G
	AFG
	6

	
	AFEG
	11


We choose path AFG.

Therefore the shortest paths from source vertex A to all the other vertices are



AB



ABC



ABD



ABCH



AF



AFE



AFG.

Note: Please verify our class notes for Deijkstraw’s algorithm to generate Single Source Shortest path array.

4.6) SPANNING TREE
Consider the following graph and some of the tree structures for the graph.




Spanning Trees

You may n
otice that all the spanning trees differ from each other significantly, however for each structure

i) The vertex set is same as that of graph G

ii) The edge set is a subset of G(E) and 

iii) There is no cycle.

Such a structure is called spanning tree of graph. Take any vertex V as an initial partial tree and add edges one by one so that each edge joins a new vertex to the partial tree.

Minimal spanning Tree:

Frequently we encounter weighted graphs and we need to build a subgraph that must include every vertex in the graph. To construct such a graph with least weight or least cost we must not have cycles in it.


Consider the above graph. The MST for this graph could be building a least cost communication network.  We begin by first selecting an edge with least cost, it can be in between any two vertices of graph G.

Subsequently from the set of remaining edges, we can select another least cost edge and so on.

Each time an edge is picked, we determine whether or not the inclusion of this edge into the spanning tree being constructed  creates a cycle. If it does this,  edge is discarded. If no cycle is created, this edge is included in the spanning tree being constructed.

The minimum cost is BA.


Now we have

Vertices that may be




Edge


Cost


Added


F





  BF


   8








  AF


   7


G





  BG


   9


C





  AC


   4


D





  AD


   5

The least cost is AC. Therefore we choose AC. Now we have


Vertices that may be




Edge


Cost


Added


F





  BF


   8








  AF


   7


G





  BG


   9








  CG  


 10


D





  AD


   5


E





  CE


   8

The least cost is AD. Therefore we choose AD now we have


Vertices that may be




Edge


Cost


Added


F





  BF


   8








  AF


   8








  DF


 10


G





  BG


   9








  CG  


 10


E





  CE


   8








  DE 


   9

AF is the minimum cost edge. Therefore we add it to the partial tree. Now we have


Vertices that may be




Edge


Cost


Added


G





  BG


   9








  CG  


 10


E





  CE


   8








  DE 


   9








  FE


 11

Obvious choice is CE.

  

The only vertex left is G and we have the minimum cost edge that connects it to the tree is BG. Therefore we add it and the minimal spanning tree constructed would be of costs 

9 + 3 + 7 + 5 + 4 + 8 = 36.


Prim’s algorithm to construct the MST:

Suppose  G = (V,E) is a connected graph(undirected) in which each edge (u,v)  in  E  has a cost  c(u,v) attached to it. A spanning tree for the graph G is a free tree   that connects all the vertices in   V. The cost of a spanning tree is the sum of the costs of the edges in the tree.

Use:  A typical application for Minimum Cost Spanning Trees(MSTs) occurs in the design of communication networks. The vertices of a graph represents cities,  and edges represents possible communication links between the cities. The cost associated with an edge represents the cost of selecting the link for the network. A minimum cost spanning tree represents a communication network that connects all the cities at minimum cost.

The MST property:  Let   G = (V,E) be a connected graph with a cost function defined on the edges. Let ‘U’ be some proper subset of the set of vertices  ‘V’. If (u,v) is an edge  of low costs, such that  ‘u’  belongs to  U  and   ‘v’ belongs to  V-U,  then there is a Minimum Cost Spanning tree  that includes   (u,v) as an edge.

Prime’s Algorithm:


Function PRIME( C[n][n], LOWCOST, CLOSEST)


//  Here C = Cost matrix


//  CLOSEST[i]  gives the vertex which is nearer to vertex[i]


// LOWCOST[i]  gives the cost of edge  e(i, CLOSEST[i])

      {


for( i  = 2  to  n ) do

a) LOWCOST[i] = c[1][i]

b) CLOSEST[i] = 1
for( i =  2 to n ) do

{

        min = LOWCOST[2]

        K = 2

        for( j = 3 to n ) do


 if( LOWCOST[j] < min ) then

a) min = LOWCOST[j]

b) k = j

     
         Write(k, CLOSEST[k])   // Printing the edge



LOWCOST[k] =  (      // k   is added to   U



for( j = 2 to  n ) do



      if((C[k][j] < LOWCOST[j])  and (LOWCOST[j] < ()

a) LOWCOST[j] = C[k][j]

b) CLOSEST[j] = k

}     

}



The worst case runtime complexity is  O(e * log n).  Here  'e' is the number of edges  and    'n' is the number of vertices.

Example:





4.7) Tree Vertex Splitting


Consider a directed binary tree each edge of which is labeled with a real number(called its weight). Trees with edge weights are called weighted trees. A weighted tree can be used, for example to model a distribution network in which electric signals or commodities such as oil are transmitted. Nodes in the tree corresponds to receiving stations and edges correspond to transmission lines. It is conceivable that in the process of transmission some loss occurs(drop in voltage in case of electric signals or drop in pressure in case of oil). Each edge in the tree is labeled with the loss that occurs in traversing that edge. The network may not be able to tolerate losses beyond a certain level. In places, where the loss exceeds the tolerance level, boosters have to be placed. Given a network and loss tolerance level, the Tree Vertex Splitting Problem(TVSP) is to determine an optimal placement of boosters. It is assumed that the boosters can only be placed in the nodes of the tree.

Note: Please verify our class running notes for detailed specification of TVSP and its solution by means of an algorithm.
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