APPENDIX A

Metric Spaces

For those readers not already familiar with the elementary properties of metric
spaces and the notion of compactness, this appendix presents a sufficiently
detailed treatment for a reasonable understanding of this subject matter.
However, for those who have already had some exposure to elementary point
set topology (or even a solid introduction to real analysis), then the material in
this appendix should serve as a useful review of some basic concepts. Besides,
any mathematics or physics student should become thoroughly familiar with
all of this material.

Let S be any set. Then a function d: S x S — R is said to be a metric on S
if it has the following properties for all x, y, z € S:

M1) d(x,y) =0;

(M2) d(x,y)=01if and only if x =y;
(M3) d(x,y) =d(y, x);

M4) d(x,y) +d(y, z) = d(x, z).

The real number d(x, y) is called the distance between x and y, and the set S
together with a metric d is called a metric space (S, d).

As a simple example, let S = R and let d(x, y) = |x — y| for all x, y € R.
From the properties of the absolute value, conditions (M1) — (M3) should be
obvious, and (M4) follows by simply noting that

RARN
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X-zl = x-y+y-zl < [x-yl+ly-2 .

For our purposes, we point out that given any normed vector space (V, I I)
we may treat V as a metric space by defining

dx,y) = Ix -yl

for every x, y € V. Using Theorem 2.17, the reader should have no trouble
showing that this does indeed define a metric space (V, d). In fact, it is easy to
see that R" forms a metric space relative to the standard inner product and its
associated norm.

Given a metric space (X, d) and any real number r > 0, the open ball of
radius r and center X is the set By(x,, r) C X defined by

Ba(xy, 1) = {xE€X: d(x,Xy) <1} .

Since the metric d is usually understood, we will generally leave off the sub-
script d and simply write B(X,, r). Such a set is frequently referred to as an r-
ball. We say that a subset U of X is open if, given any point x € U, there
exists r >0 and an open ball B(x, r) such that B(x, r) C U.
Probably the most common example of an open set is the open unit disk
D, in R? defined by
D, = {(X,y)EIRZ:X2+y2< 1} .

We see that given any point x, € D,, we can find an open ball B(x,, r) C D,
by choosing r = 1 — d(x,, 0). The set

Dy = {(x,y) ER* x> +y> < 1}

is not open because there is no open ball centered on any of the boundary

points x> + y> = 1 that is contained entirely within D».
The fundamental characterizations of open sets are contained in the
following three theorems.

Theorem A1 Let (X, d) be a metric space. Then any open ball is an open
set.

Proof Let B(Xx, r) be an open ball in X and let x be any point in B(x,, r). We
must find a B(x, r') contained in B(x,, r).
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B(xo, 1)

Since d(x, xg) < r, we define r' = r — d(x, Xg). Then for any y € B(x, 1) we
have d(y, x) <1’, and hence

d(y, xo) < d(y, x) +d(X,X9) < r'+d(x,X9) =1
which shows that y € B(x,, r). Therefore B(x, r') C B(x,, r). B

Theorem A2 Let (X, d) be a metric space. Then
(a) Both X and & are open sets.
(b) The intersection of a finite number of open sets is open.
(c) The union of an arbitrary number of open sets is open.

Proof (a) X is clearly open since for any x € X and r > 0 we have B(x, r) C
X. The statement that & is open is also automatically satisfied since for any
X € I (there are none) and r > 0, we again have B(x, r) C &.

(b) Let {Uj}, 1 €1, be a finite collection of open sets in X. Suppose {U;}
is empty. Then NU; = X because a point is in the intersection of a collection
of sets if it belongs to each set in the collection, so if there are no sets in the
collection, then every point of X satisfies this requirement. Hence NU; = X 1s
open by (a). Now assume that {U;} is not empty, and let U = NU;. If U = &
then it is open by (a), so assume that U # . Suppose x € U so that x € U; for
every 1 € 1. Therefore there exists B(x, r;) C Uj for each 1, and since there are
only a finite number of the r; we may let r = min{r;}. It follows that

Bxx,r) C B(x,r;)) C U

for every 1, and hence B(x, r) C NU; = U. In other words, we have found an
open ball centered at each point of U and contained in U, thus proving that U
is open.
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(c) Let {U;} be an arbitrary collection of open sets. If {U;} is empty, then
U = UU; = I is open by (a). Now suppose that {U;} is not empty and x €
UUj . Then x € Uj for some i, and hence there exists B(x, r;) C U; C UU; so
that UUj is open. B

Notice that part (b) of this theorem requires that the collection be finite. To
see the necessity of this, consider the infinite collection of intervals in R given
by (=1/n, 1/n) for 1 < n < «. The intersection of these sets is the point {0}
which is not open in R.

In an arbitrary metric space the structure of the open sets can be very
complicated. However, the most general description of an open set is con-
tained in the following.

Theorem A3 A subset U of a metric space (X, d) is open if and only if it is
the union of open balls.

Proof Assume U is the union of open balls. By Theorem A1 each open ball is
an open set, and hence U is open by Theorem A2(c). Conversely, let U be an
open subset of X. For each x € U there exists at least one B(x, r) C U, so that
Uxeu B, r) C U. On the other hand each x € U is contained in at least
B(x, r) so that U C Uyey B(x, r). Therefore U = UB(x, r). i

As a passing remark, note that a set is never open in and of itself. Rather, a
set is open only with respect to a specific metric space containing it. For
example, the set of numbers [0, 1) is not open when considered as a subset of
the real line because any open interval about the point 0 contains points not in
[0, 1). However, if [0, 1) is considered to be the entire space X, then it is open
by Theorem A2(a).

If U is an open subset of a metric space (X, d), then its complement U® =
X — U is said to be closed. In other words, a set is closed if and only if its
complement is open. For example, a moments thought should convince you

that the subset of R? defined by {(x, y) € R%: x> + y* < 1} is a closed set. The
closed ball of radius r centered at x, is the set B[x,, r] defined in the obvious
way by

Bx,, 1] = {x€X:d(Xg, X) <1} .

We leave it to the reader (see Exercise A.3) to prove the closed set ana-
logue of Theorem A2. The important difference to realize is that the intersec-
tion of an arbitrary number of closed sets is closed, while only the union of a
finite number of closed sets is closed.

If (X, d) is a metric space and Y C X, then Y may be considered a metric
space 1n its own right with the same metric d used on X. In other words, if we
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let d|Y denote the metric d restricted to points in Y, then the space (Y, d|Y) is
said to be a subspace of the metric space (X, d).

Theorem A4 Let (X, d) be a metric space and (Y, d|Y) a metric subspace of
X. Then a subset W C Y is open in Y (i.e., open with respect to the metric
dlY) if and only if W =Y N U where U is open in X.

Proof Let W C Y be open in Y and suppose x € W. Then there exists r > 0
such that the set

Bay(x,n) = {y €Y: (dY)(x,y) <r}
is a subset of W. But this is clearly the same as the open set
Ba(x,1) = {y EX: d(x,y) <1}

restricted to only those points y that are in Y. Another way of saying this is
that
Bgiy(x,1) = Ba(x,1)NY .

Since W = Uyew Byjy(X, 1), it follows that (see Exercise 0.1.1(b)) W =U N
Y where U = Uyew By(x, r) is open in X (by Theorem A2(c)).

On the other hand, let W =Y M U where U is open in X, and suppose x €
W. Then x € U so there exists r >0 with

Byx,1r) = {yeX:dx,y)<r} C U .

But Y N By(x, r) is just Bgjy(x, r) = {y € Y: dlY)(x, y) < r} C W which
shows that Wisopenin Y. i

Note that all of our discussion on metric spaces also applies to normed
vector spaces where d(x, y) = IIx — yl. Because of this, we can equally well
discuss open sets in any normed space V.

Let f: (X, dx) — (Y, dy) be a mapping. We say that f is continuous at
xo € X if, given any real number & > 0, there exists a real number d > 0 such
that dx(f(x), f(x,)) < € for every x € X with dy(x, X,) < 8. Equivalently, f is
continuous at X, if for each B(f(x,), &) there exists B(x,, &) such that
f(B(x,, 0)) C B(f(x,), €). (Note that these open balls are defined with respect
to two different metrics since they are in different spaces. We do not want to
clutter the notation by adding subscripts such as dx and dy to B.) In words,
“if you tell me how close you wish to get to the number f(x,), then I will tell
you how close x must be to X, in order that f(x) be that close.” If f is defined
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on a subset S C X, then f is said to be continuous on S if f is continuous at
every point of S.

For example, consider the mapping f: (0, ) CR — (0, ) C R defined by
f(x) = 1/x. For any x, € (0, ©) we have (using the absolute value as our
metric)

If(x) — f(x)l = 11/x = 1/x,] = [x¢ = xI/Ix X0l .

If x is such that |x — x,| < 0, then we see that
If(x) — f(x,)] < &/x x| = 8/(xX,) .

In particular, choosing & < x,/2, it follows that x > x,/2 (since |[x — Xo| < 0 =
Xo/2), and hence 8/(x x,) < 28/x,%. Therefore, given any ¢ > 0, if we pick 8 =
min{x,/2, €x,2/2} then we will have |f(x) — f(x,)| < €.

Fortunately one can usually tell by inspection (i.e., by drawing a picture if
necessary) whether or not a particular function is continuous without resorting
to clever calculations. The general definition is a powerful technique for prov-
ing theorems about classes of continuous functions satisfying given properties.
Moreover, there is an intrinsic way to characterize continuous mappings that
is of the utmost importance.

Theorem AS Let f: (X, dx) — (Y, dy). Then f is continuous if and only if
£7(U) is open in X for all open sets U in Y.

Proof Suppose f is continuous and U is an open subset of Y. If x € f(U),
then f(x) € U so there exists B(f(x), €) C U (since U is open). But the continu-
ity of f then implies that there exists B(x, ) such that

f(B(x, 8)) C B(f(x),e) C U .

Therefore B(x, ) is an r-ball centered on x and contained in f(U), and hence
£ (U) is open.

Conversely, assume that f(U) is open whenever U is, and let x € X be
arbitrary. Then the open ball B(f(x), €) is an open set, so its inverse image is
an open set containing x. Therefore there exists an open ball B(x, §) contained
in this inverse image, and it clearly has the property that f(B(x, 8)) C
B(f(x), €), hence proving that f is continuous. W

Corollary If f: (X, dx) — (Y, dy), then f is continuous if and only if f™'(F) is
closed in X whenever F is closed in Y.
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Proof It was shown in Exercise 0.2.1 that if A C Y, then f'(A°) = f'(A).
Therefore if F C Y is closed, then F = U for some open set U C Y and so by
Theorem AS, f(F) = f(U°) = f'(U)° must be closed if and only if f is con-
tinuous. N

Note that if f: X — Y is continuous and U C Y is open, then f”(U) is
open, but if A C X is open, then it is not necessarily true that f(A) is open. As

a simple example, consider the function f: R — R? defined by f(x) = (x, Xz). It

should be clear that the open ball U C R? shown below is an open set whose
inverse image is an open interval on R U {{J} (since some points of U are not
the image under f of any point in R), but that the image under f of an open

interval is part of the parabola y = x> which is not open as a subset of R?.

f(x)

Now suppose that (X, d) is a metric space, and let {U;} be a collection of
open subsets of X such that UU; = X. Such a collection of subsets is called an
open cover of X. A subcollection {V;} of the collection {U;} is said to be an
open subcover of X if UV, = X. A space (X, d) is said to be compact if every
open cover has a finite subcover. Similarly, given a subset A C X, a collection
{Ui} of open subsets of X with the property that A C UUj is said to be an
open cover of A. Equivalently, the collection {U;} of open subsets of X is an
open cover of A in X if the collection {U; M A} is an open cover of the subset
A in the metric d|A (i.e., in the subspace A). We then say that A is compact if
every open cover of A has a finite subcover, or equivalently, A is compact if
the subspace A is compact. While this is not a particularly easy concept to
thoroughly understand and appreciate without detailed study, its importance to
us is based on the following two examples.

Example A1 Consider the subset A = (0, 1) of the real line R. We define the
collection {U}, U,, ... } of open sets by
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Uy = (12" 1 = 1727+

Thus U, = (1/4, 3/4), U, = (1/8, 7/8) etc. The collection {U,} clearly covers A
since for any x € (0, 1) we can always find some U, such that x € U,,.
However, A is not compact since given any finite number of the U, there
exists € >0 (so that € € (0, 1)) which is not in any of the U,. /

Example A2 Let us show that the subspace [0, 1] of the real line is compact.
This is sometimes called the Heine-Borel theorem, although we shall prove a
more general version below.

First note that the points O and 1 which are included in the subspace [0, 1]
are not in the set (0, 1) discussed in the previous example. However, if we
have positive real numbers a and b with a < b < 1, then the collection {U,}
defined above together with the sets [0, a) and (b, 1] does indeed form an open
cover for [0, 1] (the sets [0, a) and (b, 1] are open by Theorem A4). It should
be clear that given the sets [0, a) and (b, 1] we can now choose a finite cover
of [0, 1] by including these sets along with a finite number of the U,. To
prove that [0, 1] is compact however, we must show that any open cover has a
finite subcover.

Somewhat more generally, let {O,} be any open cover of the interval
[a, b] in R. Define

A = {x & [a,b]: [a, x] is covered by a finite number of the O} .

We see that A # J since clearly a € A, and furthermore A is bounded above
by b. Therefore (by the Archimedean axiom) A must have a least upper bound
m=sup A <b. If A is to be compact, then we must have b € A. We will show
that this is true by first proving that m € A, and then that m = b.

Since {Oy} covers [a, b] and m € [a, b], it follows that m € O, for some
Om € {Oy}. Now, Oy, is an open subset of [a, b], and hence there are points in
O, that are less than m, and points in O, that are greater than m.

~~

Since m = sup A, there is an X < m with X € Oy, such that the interval [a, x] is
covered by a finite number of the Oy, while [x, m] is covered by the single set
Om. Therefore [a, m] is covered by a finite number of open sets so that m €
A.
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Now suppose that m < b. Then there is a point y with m <y < b such that
[m, y] C Op,. But we just showed that m € A, so the interval [a, m] is covered
by finitely many O, while [m, y] is covered by Op,. Therefore y € A which
contradicts the definition of m, and hence we must have m =b. /

An important property of metric spaces is the following. Given two dis-
tinct points x, y € X, there exist disjoint open sets U and V in X such that x €
U and y € V. That this does indeed hold for metric spaces is easy to prove by
considering open balls of radius d(x, y)/2 centered on each of the points x and
y. This property is called the Hausdorff property. We sometimes refer to a
metric space as a “Hausdorff space” if we wish to emphasize this property.

The following theorems describe some of the most fundamental properties
of compact spaces.

Theorem A6 Any closed subset of a compact space is compact.

Proof Let F C X be a closed subset of a compact space X. If {U;} is any
open cover of F, then (UU;) U F€ is an open cover of X. Since X is compact,
we may select a finite subcover by choosing F¢ along with a finite number of

the U,. But then F is covered by this finite subcollection of the U;, and hence F
is compact. il

Theorem A7 Any compact subset of a metric space is closed.

Proof Let F be a compact subset of a metric space X. We will show that F€ is
open. Fix any x € F¢ and suppose y € F. Since X is Hausdorff, there exist
open sets Uy and V, such that x € U,, y € V, and Uy N V, = J. As the point
y varies over F, we see that {V,: y € F} is an open cover for F. Since F is
compact, a finite number, say Vy,, ..., Vy  will cover F. Corresponding to
each Vy, there is a Uy, and we let U = N;Uy, and V = U;Vy,. By construction
xE€U,FCVand UNV =. But then U is an open set containing X such
that U N F = J, and hence F° is open. B

Theorem A8 Let (X, dx) be a compact space and let f be a continuous func-
tion from X onto a space (Y, dy). Then Y is compact.

Proof Let {U;} be any open cover of Y. Since f is continuous, each f™(U;) is
open in X, and hence {f"(U;)} is an open cover for X. But X is compact, so
that a finite number of the f”(Uj), say {f"(Uj), . . ., f'(Uj )} cover X.
Therefore {U;, . . ., Ui} form a finite subcover for Y, and hence Y is
compact. i
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Theorem A9 Let {K;} be a collection of compact subsets of a metric space
X, such that the intersection of every finite subcollection of {K;} is nonempty.
Then MK is nonempty.

Proof Fix any K, € {K;} and assume that K; N (N, K,) = <. We will show
that this leads to a contradiction. First note that by our assumption we have
(N;.;K;) CK;¢, and hence from Example 0.1 and Theorem 0.1 we see that

K; C mi#lKiC = Ui#lKiC .

Thus {K;°}, i # 1, is an open cover of K;. But K; is compact so that a finite

number of these sets, say K;,, . . ., Kj ¢ cover K;. Then
K, C (UE=1 Kiac) = (ﬂ§=1 Kia )¢

which implies
K, m(mgleia) = .

However, this contradicts the hypothesis of the theorem. W

Corollary If {K,} is a sequence of nonempty compact sets such that
Kn D Kn+], then mKn * @

Proof This is an obvious special case of Theorem A9. i

As a particular application of this corollary we see that if {I,} is a
nonempty sequence of intervals [a,, by] C R such that I, D I, then NI, #
. While this result is based on the fact that each I, is compact (Example A2),
we may also prove this directly as follows. If I, = [a,, by], we let S = {a,}.
Then S # & and is bounded above by b,. By the Archimedean axiom, we let
x =sup S. For any m, n € Z* we have a; < ap4n <bmn < by so that x <bgy,
for all m. Since a,, < x for all m, we must have x € [a;y, bm] = I, for each
m=1, 2,...so that NI, # &J. We now show that this result holds in R" as
well.

Suppose a, b € R™ where a' < b' for eachi =1, ..., n. By an n-cell we

mean the set of all points x € R™ such that a' < x! < b' for every i. In other
words, an n-cell is just an n-dimensional rectangle.

Theorem A10 Let {I,} be a sequence of n-cells such that I, D Iy,;. Then
NI, # A.
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Proof Foreachk =1, 2, ... the n-cell I, consists of all points x € R" with

the property that aki <x < bki for every 1 <1 <n, so we let Iki = [aki, bki].

Now, foreachi=1, ..., n the sequence {Iki} satisfies the hypotheses of the
corollary to Theorem A9. Hence for each i = 1, . . . , n there exists A=
[a,}, b,] for everyk =1,2,... .If we define z = (Z', ..., z") ER", we see
thatz€ I, foreveryk=1,2,... . 1

Theorem A11 Every n-cell is compact.

Proof Let I be an n-cell as defined above, and set 6 = [2%=(b; — ai)z]]/z.
Then if x, y € I we have Ix - yll <6 (see Example 2.9). Let {U;} be any open
cover of I and assume that it contains no finite subcover. We will show that
this leads to a contradiction.

Let ¢/ = (aj + bj)/2 for each j = 1, ..., n. Then we have 2" n-cells Q;
defined by the intervals [aj, Cj] and [cj, bj] such that UQ; = I. Since I has no
finite subcover, at least one of the Q;, which we call I,, can not be covered by
any finite number of the U;. Next we subdivide I, into another 2" n-cells and
continue in the same manner. We thus obtain a sequence {I,} of n-cells with
the following properties:

@ IDL[DL, D
(b) I 1s not covered by any finite subcollection of the Uy;

(c) x,y €I, implies IIx — yl <27% 4.

By (a) and Theorem A10, there exists z € NI, , and since {U;j} covers I,
we must have z € Uy for some k. Now, Uy is an open set in the metric space

R", so there exists ¢ > 0 such that |z — yl < ¢ implies that y € U,. If we

choose a sufficiently large that 27%0 < & (that this can be done follows from
Theorem 0.3), then (c) implies that I, C U, which contradicts (b). I

We are now in a position to prove the generalized Heine-Borel theorem.
Before doing so however, we first prove a simple result which is sometimes
taken as the definition of a compact set. By way of terminology, any open set
U containing a point x is said to be a neighborhood of x, and the set U — {x}
is called a deleted neighborhood of x. We say that a point x € (X, d) is an
accumulation point of A C X if every deleted neighborhood of x intersects
A.

Theorem A12 Any infinite subset A of a compact set K has a point of accu-
mulation in K.
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Proof Suppose every point x € K is not an accumulation point of A. Then
there exists a neighborhood Ux of x such that Ux contains at most a single
point of A, namely x itself if x € A. Then clearly no finite subcollection of
{Ux} covers A C K so that K can not possibly be compact. H

Theorem A13 A subset A of a metric space (X, d) is closed if and only if A
contains all of its accumulation points.

Proof First suppose that A is closed. Let x € X be an accumulation point of
A and assume that x ¢ A. Then x € A® which is an open set containing x that
does not intersect A, and hence contradicts the fact that x is an accumulation

point of A. Therefore x must be an element of A.
Conversely, suppose A contains all of its accumulation points. We show

that A€ is open. If x € A® and hence is not an accumulation point of A, then
there exists an open set U containing x such that A N U = . But then x €

U C A° which implies that A is open. &

We say that a subset A C R" is bounded if it can be enclosed in some n-
cell. The equivalence of (a) and (b) in the next theorem is called the
(generalized) Heine-Borel theorem, while the equivalence of (a) and (c) is a
general version of the Bolzano- Weierstrass theorem.

Theorem A14 Let A be a subset of R". Then the following three properties
are equivalent:

(a) A is closed and bounded .

(b) A is compact.

(c) Every infinite subset of A has a point of accumulation in A.

Proof (a) = (b): If (a) holds, then A can be enclosed by some n-cell which is
compact by Theorem A11. But then A is compact by Theorem A6.

(b) = (¢): This follows from Theorem A12.

(c) = (a): We assume that every infinite subset of A has an accumulation
point in A. Let us first show that A must be bounded. If A is not bounded,
then for each positive integer k = 1, 2, . . . we can find an xx € A such that
Ixll > k. Then the set {xy} is clearly infinite but contains no point of accumu—
lation in R", so it certainly contains none in A. Hence A must be bounded.

We now show that A must be closed. Again assume the contrary. Then
there exists xo € R" which is an accumulation point of A but which does not

belong to A (Theorem A13). This means that for each k =1, 2, . . . there exists
Xk € A such that [xx — xoll < 1/k. The set S = {xx} is then an infinite subset of
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A with x¢ as an accumulation point. Since xo & A, we will be finished if we

can show that S has no accumulation point in A (because the assumption that
A 1s not closed then leads to a contradiction with the property described in

(©)).
First note that if a, b € R", then Example 2.11 shows us that

la +bl = lla —(-b)l = llall—1bl .

Using this result, if y is any point of R" other than x¢ we have

x, =yl = llx, —xy + x5 =yl
= llxy -yl = lx; —x
> lxg -yl - Uk .

No matter how large (or small) Ixg — yll is, we can always find ak, € Z™
such that 1/k < (1/2)llxg - yll for every k > k, (this is just Theorem 0.3). Hence

Ix, =yl > (1/2)lxg - yl

for every k = k,. This shows that y can not possibly be an accumulation point
of {xx} = S (because the open ball of radius (1/2)lIxg — yl centered at y can
contain at most a finite number of elements of S). H

We remark that the implication “(a) implies (b)” in this theorem is not true
in an arbitrary metric space (see Exercise A.5S).

Let f be a mapping from a set A into R". Then f is said to be bounded if
there exists a real number M such that [f(x)l < M for all x € A. If f is a con-

tinuous mapping from a compact space X into R", then f(X) is compact
(Theorem AS8) and hence closed and bounded (Theorem A14). Thus we see

that any continuous function from a compact set into R" is bounded. On the
other hand, note that the function f: R — R defined by f(x) = 1/x is not
bounded on the interval (0, 1). We also see that the function g: R — R defined
by g(x) = x for x € [0, 1) never attains a maximum value, although it gets
arbitrarily close to 1. Note that both f and g are defined on non—-compact sets.

We now show that a continuous function defined on a compact space takes
on its maximum and minimum values at some point of the space.

Theorem A15 Let f be a continuous real-valued function defined on a com-
pact space X, and let M = supxex f(x) and m = infyex f(x). Then there exist
points p, q € X such that f(p) = M and f(q) = m.
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Proof The above discussion showed that f(X) is a closed and bounded subset
of R. Hence by the Archimedean axiom, f(X) must have a sup and an inf. Let
M = sup f(x). This means that given € > 0, there exists x € X such that

M-¢ < f(x) <M

(or else M would not be the least upper bound of f(X)). This just says that any
open ball centered on M intersects f(X), and hence M is an accumulation point
of f(X). But f(X) is closed so that Theorem A13 tells us that M € f(X). In
other words, there exists p € X such that M = {(p). The proof for the minimum
is identical. W

As an application of these ideas, we now prove the Fundamental Theorem
of Algebra.

Theorem A16 (Fundamental Theorem of Algebra) The complex number
field C is algebraically closed.

Proof Consider the non—constant polynomial
f(z) = ag+a;z+---+ayz" € Clz]

where a, # 0. Recall that we view C as the set R x R = IRZ, and let R be any
(finite) real number. Then the absolute value function |f|: C — R that takes
any z € C to the real number |f(z)| is continuous on the closed ball B[O, R] of
radius R centered at the origin. But B[O, R] is compact (Theorem A14) so that
[f(z)| takes its minimum value at some point on the ball (Theorem A15). On
the other hand, if we write f(z) in the form

f(z) = anz™(a/anz" + a,/anz™"!

+---+ap-1/apz+ 1)
we see that [f(z)| becomes arbitrarily large as |z| becomes large. To be precise,
given any real C > 0 there exists R > 0 such that |z| > R implies [f(z)| > C.

We now combine these two facts as follows. Let z, be arbitrary, and define
C = [f(z))|. Then there exists R, > 0 such that [f(z)| > |[f(z,)| for all z € C such
that |z - z,| > R, (i.e., for all z outside B[z, R,]). Since B[z, R,] is compact,
there exists a point z, € B[z, R] such that |f(z,)| < [f(z)| for all z € B[z,, R,].
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Blz;, Ro]

In particular, [f(z,)| < If(z,)| and hence we see that [f(z,)| < [f(z)| for all z € C.
In other words, z, is an absolute minimum of [f|. We claim that f(z,) = 0.

To show that f(z,) = 0, we assume that f(z,) # 0 and arrive at a contradic-
tion. By a suitable choice of constants c;, we may write f in the form

f(z) = co+ci(z—2y))+---+cn(z—29)" .

If f(z,) # O then c, = f(z,) # 0. By assumption, deg f = 1, so we let m be the
smallest integer greater than O such that ¢y, # 0. Defining the new variable w =
z -z, , we may define the polynomial function g by

f(z) = g(W) = co+cuw™ + wm*h(w)

for some polynomial h.

Now let w, be a complex number such that w,™ = —c,/c, and consider all
values of w = Aw, for real A with O <A < 1. Then

CmW™ = ¢ APw,™ = —c, A™

and hence

f(2)= g(}\'wl) =Cy— }meo + }LmHWlmHh()\.Wl)

=coll= A"+ 2w e h(Aw))] .

But A € [0, 1] which is compact, and hence |w,™*'c,"h(Aw,)| is a continuous
function defined on a compact set. Then the image of this function is a
compact subset of R (Theorem A8) and so is closed and bounded (Theorem
A14). This means there exists a number B > 0 such that

lw,™* ¢, "h(Aw,)| < B

for all A € [0, 1], and therefore (since 0 <A < 1 implies that 0 <A™ < 1)
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lg(Aw)| = lcol 1= A™ + A w, ™ e h(Aw))|
< leol {I=A"1 + A" w, " ey h(Aw))|}
< leol (1=A" + A™'B) .

Now recall that |c,| = If(z,)| < |f(z)| for all z € C. If we can show that

0 < 1-Am4pAmHB <

for sufficiently small A with O < A < 1, then we will have shown that [f(z)| =
lg(Aw )| < Icol, a contradiction. But it is obvious that A can be chosen so that

0<1-A™+A™B. And to require that I — A™ + A™*'B < I is the same as
requiring that AB < 1 which can certainly be satisfied for small enough A. R

Exercises
1. Show the absolute value function is continuous on R.
2. Show that the norm on a vector space V defines a metric on V.

3. Let (X, d) be a metric space. Prove:
(a) Both X and J are closed sets.
(b) The intersection of an arbitrary number of closed sets is closed.
(c¢) The union of a finite number of closed sets is closed.

4. Let A be the subset of [0, 1] consisting of all x € [0, 1] whose decimal
expansion contains only the digits 4 and 7. Explain whether or not A is
countable, dense in [0, 1], or compact.

5. Show that {x: Ixl, < 1} is closed and bounded but not compact in the
space [, (see Example 12.8).

6. A metric space is said to be separable if it contains a countable dense
subset. Prove that R" is separable. [Hint: Consider the set of all points in

R™ with rational coordinates.]



APPENDIX B

Sequences and Series

In this appendix we briefly go through all of the theory necessary for an
understanding of Section 10.6 and Chapter 12. Furthermore, as we mentioned
at the beginning of Appendix A, rather than being simply an overview, we
want the reader to understand this material even if it has not been studied
before. We do assume however, that the reader has studied Appendix A, and
part of this appendix is a direct extension of that material.

A sequence {x,} = {X, X,, ... } inaset S is any function from the set Z*
of positive integers into S. If (X, d) 1s a metric space, then a sequence {X,} in
X is said to converge to the limit x if for each B(x, ¢) there exists N € Z*
such that x,, € B(x, €) for every n = N. In other words, given € > 0, there exists
a positive integer N such that n = N implies d(x,, x) < €. This is usually
written as lim x, = x or X, — X. If a sequence {x,} does not converge, then it
is said to diverge. Furthermore, if for every real number M there exists an
integer N such that n = N implies x, = M, then we write x, — +. Similarly,
if for every real number M there exists an integer N such that n = N implies
X, < M, then we write x,, — —©,

(We remark that the small, always positive number ¢ will be used exten-
sively in many proofs, and it is important to realize that for proofs of
convergence there is no real difference between the number € and certain
simple functions of € such as 2e. For example, suppose we can show that
given g, there exists N such that n = N implies d(x,, X) < 2e. We claim this
also proves that x, — x. Indeed, let ¢’ = €¢/2. Then, by assumption, there exists

ROAR
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N’ such that n = N implies d(xy, x) < 2¢’ = ¢ which shows that x is the limit of
the sequence. It should be clear that the statement “given € > 0” is equivalent
to saying “given Ce > 0” for any finite C >0.)

The set of all points x, forn=1, 2, . . . is called the range of the sequence
{xn}. This may be either a finite or an infinite set of points. A set A C (X, d)
is said to be bounded if there exists a real number M and a point xg € X such
that d(x, xg) <M for all x € A. (The point X is almost always taken to be the
origin of any given coordinate system in X.) The sequence {x,} is said to be
bounded if its range is a bounded set. It is easy to show that any convergent
sequence is bounded. Indeed, if x, — X then, given 1, there exists N such that
n = N implies d(xy, x) < 1. This shows that {x,: n = N} is bounded. To show
that {x,:n=1,..., N -1} is bounded, let

r = max{l, d(x;, x),...,dxXN-1, X)} .

Since X, € X, it must be true that each d(x,, X) is finite, and hence d(x,, X) <r
foreachn=1,... ,N-1.

We now prove several elementary properties of sequences, starting with
the uniqueness of the limit.

Theorem B1 If {x,} is a sequence in a metric space (X, d) such that x, — x
and x;, =y, thenx =y.

Proof Given ¢ > 0, there exists N such that n = N implies d(x,, Xx) < € and
d(xp, y) < €. But then d(X, y) < d(xy, X) + d(Xp, y) < 2¢. Since this holds for all
€ >0, we must have x =y (see Appendix A, definition (M2)). i

Theorem B2 Lets, — s and t, — t be convergent sequences of complex
numbers. Then

(a) lim (sp +ty) =s +t.

(b) lim csy =cs and lim (¢ + sp) =c + s for any c € C.

(c) lim syt = st.

(d) lim 1/s, = 1/sif s # 0 and s, # 0 for all n.

Proof (a) Given ¢ > 0, there exists N and N> such that n = N, implies that
Isp, — sl < €/2 and n = N, implies that |t, — t| < /2. Let N = max{Nj, N,}. Then
n = N implies

l(sp=8)+(th =) < Isp—sl+ty,—t] < ¢ .

(b) This is Exercise B.1.
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(c) Note the algebraic identity
Sntn =St = (Sp = S)(ty —t) + sty —t) + t(Sp, —S) .

By parts (a) and (b) we see that lim s(t, — t) = 0 = lim t(s, — s). Now, given
€ > 0, there exists Nj and Nj such that n = Nj implies

Isp —s| < Ve
and n = N; implies

Ity -t < Ve .
If N = max{Ny, N>}, then n = N implies that
l(sn = S)(th =D < €

and hence lim (spt, — st) = lim (s, — s)(t, —t) =0.

(d) At the end of Section 0.4 we showed that |a] — |b|] < |a + b| for any a,
b € R. Reviewing the proof shows that this applies to complex numbers as
well. Letting b — —b then shows that |a| — [b| < |a - b|.

Given |s|/2, there exists m such that n = m implies |s, — s| < [s|/2 (this
follows from the fact that s, — s). But [s| — [sp| < [sy — s| < [s|/2 implies [sp| >
Isl/2 .

Alternatively, given € > 0, there exists N (which we can always choose
greater than m) such that n = N implies |s, — s| < |s|°e/2. Combining these
results, we see that for all n = N we have

s —s| |s —s| 2|s —s|
n =z < ”2 <e . 11
Isllsal 5]

S,

Intuitively, we expect that a sequence {x,} of points in R" converges to a

point in R" if and only if each of the n coordinates converges on its own. That
this 1s indeed true is shown in our next theorem.

Theorem B3 Suppose xi = (xk', ..., xk™) € R™ Then {x} converges to X
=xL,...,x"e IR“ifandonlyikai — x'foreachi=1,...,n.
Proof First note that for any j=1, ..., n we have

n
= = P -y = - y7)
i=1
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which implies [x/ - yI| < [x - y |. Now assume that x; — x. Then given & > 0,
there exists N such that k = N implies |x}) — y/| < |xi — x| < &. This shows that
Xk — X implies ij — xJ,

Conversely, assume ij — x for every j=1, ..., n. Then given € > 0,

there exists N such that k = N implies |xJ — xJ| < e/vn . Hence k = N implies

1/2

n
X, —Xx|= x, = x7)? <ne*/n)'? =¢
k k

=1

so that xxy — x. I

A sequence {xx} in a metric space (X, d) is said to be a Cauchy sequence
if given € > 0, there exists N such that n, m = N implies d(Xp, Xm) < €. It is
easy to see that every convergent sequence is in fact a Cauchy sequence.
Indeed, simply note that if xx — X, then given € > 0, there exists N such that
n = N implies d(x;, X) < €/2. Hence if n, m = N we have

d(Xp, Xm) < dXp, X) +d(Xm, X) < €/2+¢€/2 = ¢ .

However, it is not true that a Cauchy sequence need converge. For exam-
ple, suppose X = (0, 1] C R and let {xx} = {1/k} fork=1,2,....Thisisa
Cauchy sequence that wants to converge to the point O (choose N = 1/¢ so that
[1/n = 1/m| < |[1/n| + [1/m| < 2¢ for all m, n = N). But 0 & (0, 1] so that the
limit of the sequence is not in the space. This example shows that convergence
is not an intrinsic property of sequences, but rather depends on the space in
which the sequence lies. A metric space in which every Cauchy sequence
converges is said to be complete (see Appendix A).

We have shown that any convergent sequence is necessarily a Cauchy
sequence, but that the converse is not true in general. However, in the case of
R", it is in fact true that every Cauchy sequence does indeed converge, i.e., R"
is a complete metric space. This is easy to prove using the fact that any n-cell
in R" is compact (Theorem A11), and we outline the proof in Exercise B.10.
However, it is worth proving that R" is complete without using this result. We
begin by proving several other facts dealing with the real number line R. By
way of terminology, a sequence {x,} of real numbers with the property that
Xp < Xp+1 18 said to be increasing. Similarly, if x, = x4 then the sequence is
said to be decreasing. We will sometimes use the term monotonic to refer to
a sequence that is either increasing or decreasing.



700 APPENDIX B

Theorem B4 Let {xx} be an increasing sequence (i.e., Xy < Xy1) of real
numbers that is bounded above. Then the least upper bound b of the set {xy}
is the limit of the sequence.

Proof 1t should be remarked that the existence of the least upper bound is
guaranteed by the Archimedean axiom. Given € >0, the number b — €/2 is not
an upper bound for {xx} since b is by definition the least upper bound.
Therefore there exists N such that b — €/2 < xn < b (for otherwise b — €/2
would be the least upper bound). Since {xy} is increasing, we have

b-e2 <xy=Xp =D

for every n = N. Rearranging, this is just b — x,, < €/2 < € which is the same as
x,-bl<e. N

Since the Archimedean axiom also refers to the greatest lower bound of a
set of real numbers, it is clear that Theorem B4 may be applied equally well to
the greatest lower bound of a decreasing sequence.

Let (X, d) be a metric space, and suppose A is a subset of X. Recall from
Appendix A that a point x € X is said to be an accumulation point of A if
every deleted neighborhood of x contains a point of A. The analogous term for
sequences is the following. A number x is said to be a cluster point (or limit
point) of a sequence {x,} if given € > 0, there exist infinitely many integers n
such that [x,, — x| < €. Equivalently, x is a cluster point if given € >0 and given
N, there exists some n = N such that |x, — x| < €. Note that this does not say
that there are infinitely many distinct x,, such that [x, — x| < €. In fact, all the
Xy could be identical. It is important to distinguish between the indices n and
the actual elements x, of the sequence. It is also important to realize that a
limit point of a sequence is not the same as the limit of a sequence (why?).
Note also that a sequence in X may be considered to be a subset of X, and in
this context we may also refer to the accumulation points of a sequence.

Our next result is known as the Bolzano-Weierstrass Theorem.

Theorem BS (Bolzano-Weierstrass) Let {xy} be a sequence of real num-
bers, and let a, b € R be such that a < xi < b for all positive integers k. Then
there exists a cluster point ¢ of the sequence witha<c <b.

Proof For each n, the sequence {Xp, Xp+1, - - - } 1s bounded below (by a), and
hence has a greatest lower bound (whose existence is guaranteed by the
Archimedean axiom) which we denote by ¢, . Then {c,} forms an increasing
sequence cp < Cp4 < - - - which is bounded above by b. Theorem B4 now
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shows that the sequence {c,} has a least upper bound c (with a < ¢ <b) which
is in fact the limit of the sequence {c,}. We must show that c is a cluster point
of the sequence {xy}.

To say that c is the limit of the sequence {c,} means that given € > 0 and
given any N, there exists some m = N such that

lcm —cl < €/2 .

By definition, cy, is the greatest lower bound of the set {Xm, Xm+1, - . . } which
means there exists k > m such that ¢, < xXx <cp + €/2 or

Xk —cml < €/2 .
Therefore k > m = N and
Xk —¢l = [Xk—=Cm+em—cl < [Xk—cml+lem—cl < ¢
which shows that c is a cluster point of the sequence {xy}. W
Note that Theorem B5 also follows from Theorem A12.
Theorem B6 If {x,} is a Cauchy sequence of numbers, then it is bounded.
Proof By definition of a Cauchy sequence, given € = 1 there exists N such
that n = N implies |x, — xn| < 1. Hence [xp| — [xn| = Xy — xn| < 1 implies [xp| <
Ixn| + 1 for every n = N. Define B = max{|xil, . . ., [xnl, Ixn| + 1}. Then B is
clearly a bound for {x,}. B

Theorem B7 Any Cauchy sequence {x,} of numbers converges.

Proof From Theorem B6 the sequence {x,} has a bound B, and hence we
have -B < x, < B for all n. Hence by Theorem B35, the sequence {x,} has a
cluster point c. We claim that c¢ is the limit of the sequence. Since the
sequence is Cauchy, given € > 0 there exists N such that m, n = N implies
Ixm — Xnl < €/2. Using this €, we see that because c is a cluster point, there
exists m = N such that |xy, — c| < €/2. Combining these last two results shows

that for all n > N
Xp—cl < |Xp=Xml +Xm—cl < ¢ . N

We are now in a position to prove our principal assertion.
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Theorem B8 R" is a complete metric space. In other words, every Cauchy

sequence in R" converges to a point in R".

Proof Let {xx} be a Cauchy sequence in R". Then X = Xoll < X = Xal (see
the proof of Theorem B3) so that {x}/} is also a Cauchy sequence in R for

each j = 1, ..., n. Hence by Theorem B7 each of the sequences {x;/} also
converges in R. Therefore (by Theorem B3) the sequence {xy} must converge

inR™ N

We have seen that any convergent sequence is a Cauchy sequence and
hence bounded. However, the converse is not generally true. (For example,
the sequence {1, 2, 1, 2, . . . } is clearly bounded but does not converge to
either 1 or 2.) There is, however, a special case in which the converse is true
that will be of use to us.

Theorem B9 A monotonic sequence {x,} converges if and only if it is
bounded.

Proof We consider increasing sequences. The proof for decreasing sequences
is similar. It was shown above that any convergent sequence is bounded, so
we need only consider the converse. But this was proved in Theorem B4. |

Finally, accumulation points are useful in determining whether or not a set
is closed. The principal result relating these concepts is the following.

Theorem B10 A subset A of a metric space (X, d) is closed if and only if A
contains all of its accumulation points.

Proof This is also Theorem A13. B

Before continuing, we must make a digression to discuss some more basic
properties of metric spaces. If the reader already knows that a point x in a
subset A of a metric space X is in the closure of A if and only if every neigh-
borhood of x intersects A, then he/she may skip to Theorem B16 below.

Let (X, d) be a metric space, and suppose A C X. We define

(a) The closure of A, denoted by CI A, to be the intersection of all closed
supersets of A;

(b) The interior of A, denoted by Int A (or A°), to be the union of all
open subsets of A;
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(c) The boundary of A, denoted by Bd A, to be the set of all x € X such
that every open set containing x contains both points of A and points
of A=X-A;

(d) The exterior of A, denoted by Ext A, to be (Cl A)*=X -Cl A;

(e) The derived set of A, denoted by A’, to be the set of all accumulation
points of A.

Example B1 Let X = R? with the Pythagorean metric. Let A be the open unit

ball defined by A = {(x, y): x> + y?> < 1}. Then the following sets should be
intuitively clear to the reader:

CIA={(x,y):x*+y>=<1};
IntA=A;
BdA={Xxy):x>+y*=1};
ExtA={(x,y): x> +y>>1};
A'=ClA. /

Theorem B11 Let (X, d) be a metric space and suppose A, B C X. Then
(a) ACCIA.
(b) CI(CI A) =CI A.
(¢) CI(A UB)=(Cl A) U (CI B).
d Clg=0.
(e) Aisclosed if and only if A = Cl A.
(f) CI(A N B) C (C1 A) N (C1B).

Proof Parts (a), (b), (d) and (e) are essentially obvious from the definition of
Cl A, the fact that the intersection of an arbitrary number of closed sets is
closed (see Exercise A.3), the fact that the empty set is a subset of every set,
and the fact that if A is closed, then A is one of the closed sets which contains
A.

(c) First note that if S C T, then any closed superset of T is also a closed
superset of S, and therefore Cl1 S C Cl T. Next, observe that A C A U B and
B C A U B, so that taking the closure of both sides of each of these relations
yields

ClIA C CI(AUB)
and
CIB C CI(AUB) .

Together these show that (C1 A) U (Cl B) C CI(A U B). Since Cl A and C1 B
are both closed, (CI A) U (Cl B) must also be closed and contain A U B.
Hence we also have
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CI(AUB) C (ClA)U (CIB) .

This shows that CI(A U B) = (C1 A) U (Cl B).

(f) By (a) wehave ANBCACCIAand AN B CBCCIB, and hence
A N B is a subset of the closed set (C1 A) N (Cl B). But by definition of
closure this means that

C(ANB) C (ClIA)N(CIB) .

Theorem B12 Let (X, d) be a metric space and suppose A C X. Then
(a) CTA=AUA'"
(b) ClA=Int A UBdA.
(c) Bd A=BdA°“.
(d) IntA=ClA-BdA.

Proof (a) Assume x € Cl A but that x & A. We first show that x € A". Let U

be any open set containing x. If U N A = &, then U€ is a closed superset of A

which implies Cl1 A C U€. But this contradicts the assumption that x € U since
it was assumed that x € Cl A. Therefore, since x & A, we must have

U-XHNA % D

so that x € A". This shows that CTAC A U A"

Now assume that x € A U A". If x € A, then obviously x € Cl A (since
A CCl A), so suppose x € A'. We will show that x is contained in any closed
superset of A. Let F be any closed superset of A not containing x. Then F€ is
an open set containing x and such that (F¢ - {x}) N A = & which says that
x & A’, a contradiction. Thus x is contained in any closed superset of A so
that x € Cl A. Since this shows that A U A’ C Cl A, it follows that A U A’ =
Cl A.

(b) We first suppose that x € Cl A but x & Bd A. Since x & Bd A, there
exists an open set U containing x such that either U C A or U C A€, If it were
true that U C A€, then U® would be a closed superset of A (see Example 0.1)
so that C1 A C U° which contradicts the assumption that x € Cl A. We must
therefore have U C A, and hence x € Int A. Since the assumption that x € CI
A but x & Bd A led to the requirement that x € Int A, we must have

ClIA C IntAUBdA .
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Now assume x € Int A U Bd A, but that x & Cl A. Note Int AC ACCIA
so that x & Int A, and hence it must be true that x € Bd A. However, since

x & Cl A, (Cl A)¢ is an open set containing x with the property that (C1 A)° N
A = . But this says that x & Bd A which contradicts our original assump—
tion. In other words, we must have Int A U Bd A C Cl A, so that

ClIA = IntAUBdA .

(c) If x € Bd A and U is any open set containing x, then U N A # J and
UN A®#J. But A = (A°° so that we also have U N (A°)¢ # J. Together
with U N A® # ), this shows that x € Bd A°. Reversing the argument shows

that if x € Bd A€, then x € Bd A. Hence Bd A = Bd A€.
(d) This will follow from part (b) if we can show that Int A N Bd A = &.
Now suppose that x € Int A N Bd A. Then since x € Bd A, it must be true

that every open set containing x intersects A. But this contradicts the
assumption that x € Int A (since by definition there must exist an open set U
containing x such that U C A), and hence we must have Int A NBdA=J. 1

It should be remarked that some authors define Bd A as Cl A — Int A so
that our definition of Bd A follows as a theorem. This fact, along with some
additional insight, is contained in the following theorem.

Theorem B13 Let A be a subset of a metric space (X, d), and suppose x €
X. Then

(a) x €Int A if and only if some neighborhood of x is a subset of A.

(b) x € Cl Aif and only if every neighborhood of x intersects A.

(c) BAA=ClA - Int A.

Proof (a) If x € Int A, then by definition of Int A there exists a neighbor—
hood U of x such that U C A. On the other hand, if there exists an open set U
such that x € U C A, then x € Int A.

(b) By Theorem B12(a), C1 A=A U A". If x € Cl A and x € A, then
clearly every neighborhood of x intersects A. If x € Cl A and x € A’, then
every neighborhood of x also intersects A. Conversely, suppose that every
neighborhood of x intersects A. Then either x € A or x € A’, and hence x €
AUA'=CIA.

(c) By definition, x € Bd A if and only if every open set containing x
contains both points of A and points of A°. In other words, x € Bd A if and
only if every open set containing x contains points of A but is not a subset of
A. By parts (a) and (b), this is just BAA=ClI A-Int A.
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Example B2 An elementary fact that will be referred to again is the follow-
ing. Let A be a nonempty set of real numbers that is bounded above. Then by
the Archimedean axiom, A has a least upper bound b = sup A. Given ¢ > 0,
there must exist X € A such that b — € < x < b, for otherwise b — € would be an
upper bound of A. But this means that any neighborhood of b intersects A,
and hence b € C1 A. Thus b € A if A'is closed. /

Our next example yields an important basic result.

Example B3 Let X = R with the standard (absolute value) metric, and let
Q CR be the subset of all rational numbers. In Theorem 0.4 it was shown that
given any two distinct real numbers there always exists a rational number
between them. This may also be expressed by stating that any neighborhood
of any real number always contains a rational number. In other words, we
have CIQ=R. /

From Theorems B10 and B12(a), we might guess that there is a relation-
ship between sequences and closed sets. This is indeed the case, and our next
theorem provides a very useful description of the closure of a set.

Theorem B14 (a) A set A C (X, d) is closed if and only if for every
sequence {X,} in A that converges, the limit is an element of A.

(b) If A C (X, d), then x € CI A if and only if there is a sequence {x,} in
A such that x, — x.

Proof (a) Suppose that A is closed, and let x, — x. Since any neighborhood
of x must contain all x, for n sufficiently large, it follows from Theorem B10
that x € A.

Conversely, assume that any sequence in A converges to an element of A,
and let x be any accumulation point of A. We will construct a sequence in A
that converges to x. To construct such a sequence, choose x, € B(x, 1/n) N A.
This is possible since x is an accumulation point of A. Then given € > 0,
choose N = 1/¢ so that x, € B(X, €) for every n = N. Hence x,, — x so that x €
A. Theorem B10 then shows that A is closed.

(b) This is Exercise B.4. i

If (X, d) is a metric space, then A C X is said to be somewhere dense if
Int(Cl A) # J. The set A is said to be nowhere dense if it is not somewhere
dense. If C1 A = X, then A is said to be dense in X.
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Example B4 Let X = R with the usual metric. The set A = [a, b) has closure
Cl A = [a, b], and therefore Int(Cl A) = (a, b) # J. Hence A is somewhere
dense. Example B3 showed that the set Q is dense in R. Now let A = Z, the set
of all integers. Z° = R — Z is the union of open sets of the form (n, n + 1)
where n is an integer, and hence Z is closed. It should also be clear that Z' =
& since there clearly exist deleted neighborhoods of any integer that do not
contain any other integers. By Theorem B13(a), we also see that Int(Cl Z) =
Int Z = & so that Z is nowhere dense. /

Theorem B15 A subset A of a metric space (X, d) is dense if and only if
every open subset U of X contains some point of A.

Proof Suppose A is dense so that Cl A = X. If U C X is open, then the fact
that any x € U C CI A implies that every neighborhood of x intersects A
(Theorem B13). In particular, U is a neighborhood of x so that U N A # .
On the other hand, suppose that every open set U intersects A. If x € X, then
every neighborhood U of x must intersect A so that x € Cl A. Since x was
arbitrary, it must be true that CIA =X. i

After this topological digression, let us return to sequences of numbers.
Given a sequence {x,}, we may consider a sequence {nx} of positive integers
that forms a subset of Z* such that nj < np < - - - . The corresponding subset
{Xn,y of {xp} 1s called a subsequence of {x,}. If {x,,} converges, then its
limit is called a subsequential limit of {x,}. From the definitions, it should
be clear that any cluster point of {x,} is the limit of a convergent subse-
quence. It should also be clear that a sequence {x,} converges to x if and only
if every subsequence also converges to x (see Exercise B.5).

Theorem B16 The set of all subsequential limits of a sequence {x,} in a
metric space (X, d) forms a closed subset of X.

Proof Let S be the set of all subsequential limits of {x,}. If y is an accumu-
lation point of S, we must show that y € S (Theorem B10), and hence that
some subsequence of {x,} converges to y. Choose n; such that x,, #y (why
can this be done?), and let & = d(xy,, y). Now suppose that nj, np, . . . , ng—g
have been chosen. Since y is an accumulation point of S, there exists z € S,
z #y, such that d(z, y) < 27%5. But z € S implies that z is a subsequential

limit, and hence there exists nx > nk-; such that d(z, xp,) < 2-Ks. Therefore,
foreachk=1,2,...we have

d(Xp,., y) < d(Xp,,z) +d(z,y) < 2!7%8
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so that the subsequence {x,, } convergestoy. H

Given a sequence {a,} of complex numbers (which can be regarded as

points in R?), we may define the infinite series (generally called simply a
series)

Ean =a1+a2 + e

0
i=1

as the sequence {s,} where

n
k=1

If the sequence {s,} converges to a number s, we say that the series
converges and we write this as X;%1a, = s. Note that the number s is the limit
of a sequence of partial sums. For notational convenience, the lower limit in
the sum may be taken to be O instead of 1, and we will frequently write just
2ap when there is no danger of ambiguity and the proper limits are under—
stood.

The reader should note that 272 a, stands for two very different things.
On the one hand it is used to stand for the sequence {s,} of partial sums, and
on the other hand it stands for lim,_, . S,. This is a common abuse of notation,
and the context usually makes it clear which meaning is being used.

We have seen that any convergent sequence is Cauchy, and in Theorem
B8 we showed that any Cauchy sequence in R" converges. Thus, a sequence
in R" converges if and only if it is Cauchy. This is called the Cauchy
criterion. Since the convergence of a series is defined in terms of the
sequence of partial sums, we see that the Cauchy criterion may be restated as
follows.

Theorem B17 A series of numbers 2a, converges if and only if given ¢ >0,
there exists an integer N such that m = n = N implies

m
S <e .
k=n

Proof If the series Xa, converges, then the sequence {s,} of partial sums
Sy = 2§=1 a, converges, and hence {s,} is Cauchy. Conversely, if the sequence

of partial sums s, is Cauchy, then {s,} converges (Theorem B8). In either
case, this means that given € > 0, there exists N such that p = q = N implies
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p q P
s =SSl S al<e
k=1 k=1 k=g+1

The result now follows by choosingm=pandn=q+1. §

Another useful way of stating Theorem B17 is to say that a series Xa,
converges if and only if given € > 0O, there exists N such that k = N implies
that |ay + - - - + ay.pl < € for all positive integersp=0, 1,2, ... .

Corollary If Xa, converges, then given ¢ > 0 there exists N such that |a,| < €
for all n = N. In other words, if Xa, converges, then lim;_., , a, = 0.

Proof This follows from Theorem B17 by lettingm =n. i

While this corollary says that a necessary condition for Xa, to converge is
that a, — 0, this is not a sufficient condition (see Example B5 below).

If we have a series of nonnegative real numbers, then each partial sum is
clearly nonnegative, and the sequence of partial sums forms a non-decreasing
sequence. Thus, directly from Theorem B9 we have the following.

Theorem B18 A series of nonnegative real numbers converges if and only if
its partial sums form a bounded sequence.

One consequence of this theorem is the next result.

Theorem B19 Suppose Xa, is a series such that a, > a, > - - - = 0. Then Xa,
converges if and only if

[oe}

k
EZ a, =a +2a, +4a, +--
k=0

converges.

Proof Letsn=a1+a2+---+anandlettk=a1+2a2+---+2ka2k.Sinceall

terms in the series Ya, are nonnegative we may write for n < 2*

Sp=ap+(ay +azy)+(ay+as+ag+a;)+ -+ Ay + -+ Ay _ )

since this is just adding the nonnegative term a +- -+ a5kl 1O S,k = Sp.

2Ky
But {a,} is a decreasing sequence, so noting that the last term in parentheses

consists of 2K terms, we have
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k
Spsap+2ay+4ag+-+27a, =1 .

Similarly, if n > 2* we have

S,za;+a,+(az+ay)+-+(a +otay)

24 2
k-1
=(1/2)a; +ay +2a, +---+2" a,

=(1/2)t, .

We have now shown that n < 2K implies s, < tg, and n > 2k implies 2s; = ty.
Thus the sequences {s,} and {t } are either both bounded or both unbounded.
Together with Theorem B18, this completes the proof. W

The interesting aspect of this theorem is that the convergence of Xa, is
determined by the convergence of a rather “sparse” subsequence.

Example B5 Let us show that the series 2Xn~P converges if p > 1 and
diverges if p < 1. Indeed, suppose p > 0. Then by Theorem B19 we consider

the series
E ok .o=kp _ E 2k-p)
k=0 k=0

By the corollary to Theorem B17, we must have 1 — p <0 so that p > 1. In this
case, > 2K0-P) = F(2I-P)k is a geometric series which converges as in
Example B1, and hence Theorem B19 shows that Xn~P converges for p > 1. If
p <0, then X n~P diverges by the corollary to Theorem B17. /

If we are given a series 2a,, we could rearrange the terms in this series to
obtain a new series 2a'y. Formally, we define this rearrangement by letting
{kn} be a sequence in which every positive integer appears exactly once. In
other words, {k;} is a one-to-one mapping from Z* onto Z*. If we now define
a'n = ag, forn =1, 2, ..., then the corresponding series 2a’, is called a
rearrangement of the series 2a,,.

For each of the series Xa, and Xa’,, we form the respective sequences of
partial sums {sx} and {s'x}. Since these sequences are clearly different in
general, it is not generally the case that they both converge to the same limit.
While we will not treat this problem in any detail, there is one special case
that we will need. This will be given as a corollary to the following theorem.

A series Xa, is said to converge absolutely if the series XJa,| converges.

Theorem B20 If Xa, converges absolutely, then Xa, converges.
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Proof Note |ZP'=, ay| < 2=, layl and apply Theorem B17. 1

Corollary If Xa, converges absolutely, then every rearrangement of Xa,
converges to the same sum.

Proof Let 2a', be a rearrangement with partial sums s',. Since 2a, con-

verges absolutely, we may apply Theorem B17 to conclude that for every € >

0 there exists N such that m = n = N implies
m

E|ai|<s . (*)

i=n

Using the notation of the discussion preceding the theorem, we let p € Z* be

such that the integers 1, . . ., N are contained in the collection k, , . . . , kj
(note that we must have p = N). If for any n > p we now form the difference
Sn — S'n, then the numbers a,, . . ., an will cancel out (as may some other num-

bers if p > N) and hence, since (*) applies to all m = n = N, we are left with
Isp — s'nl < €. This shows that {s,} and {s',} both converge to the same sum
(since if s, — s, then |s'y — s| < [s'y = syl + Isp — s| < 2& which implies that
s'hn = s also).

We remark that Theorems B17 and B20 apply equally well to any com-
plete normed space if we replace the absolute value by the appropriate norm.

Before presenting any examples of series, we first compute the limits of
some commonly occurring sequences of real numbers.

Theorem B21 (a) If p >0, then lim,_, ,, 1/n? =0.
(b) If p >0, then limy_,  p'/™ = 1.
(c) limy_on'/M=1.
(d) If p>0 and r is real, then limy_, ., n"/(1 + p)" = 0.
(e) If x| < 1, then lim,_,  x" = 0.

Proof (a) Given ¢ >0, we seek an N such that n > N implies 1/nP < €. Then
choose N = (1/¢)"/P,

(b) If p = 1, there is nothing to prove. For p > 1, define x, = p"/" - 1 >0
so that by the binomial theorem (Example 0.7) we have

p=>U0+xy)" = 1+nx, .

Thus 0 < x, < (p — 1)/n so that lim x, =0, and hence lim p]/n =1.If0O<p<1,
we define y, = (1/p)"/" - 1 >0. Then
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p=~U+y)" = 1+nyy

so that y, — 0, and hence we again have lim p'/" = 1.

(¢c) Let x, =n!/™ = 1 =0, so that using only the quadratic term in the

binomial expansion yields

nn-1) an .
2

n=(1+x,)" = (’;)x,f _

Thus (for n = 2) we have 0 < x, < [2/(n — 1)]"? so that x, — 0. Therefore
limn'" = 1.

(d) Let k be any integer > O such that k > r. Choosing the k#h term in the
binomial expansion we have (since p > 0)

LepY =" k_nn-1)--(n-(k-1) .
(I+p) (p)p ! p

If we letn > 2k, thenk<n/2sothatn>n/2,n-1>n/2,...,n-(k-1)>n/2
and hence (1 + p)" > (n/2)*p*/k! . Thus (for n > 2k)

r k
n 2 k!nr_k

0< —<—
(I+p) p

Since r - k <0, it follows that "% — 0 by (a).
(e) Chooser=0in(d). i

Corollary If N >0 is any finite integer, then lim,_, , (n™)"/" = 1.

Proof (™M) =N/ = (n!/m)N 5o that (by Theorem B2(c))

lim@MN = dimn/MN = 1N =1 . 1
Example B6  The geometric series 2720 x" converges for x| < 1 and
diverges for [x| = 1. Indeed, from elementary algebra we see that (for x # 1)

1-x
l+x+x> 4+ +x" =

If x| < 1, we clearly have lim x"*!1 =0, and hence
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If [x| > 1, then |x|™*! — o and the series diverges. In the case that [x| = 1, we

see that x" - 0 so the series diverges. /

Let {x,} be a sequence of real numbers. In general this sequence may
have many cluster points, in which case it will not converge to a definite limit.
Now define the sequences

Un = supken Xk
and

Ln insz,l Xk -

Note that U, is a decreasing sequence and L, is an increasing sequence. If a is
the largest cluster point of {x,}, then clearly the U, will approach a as n
increases. Furthermore, no matter how large n gets, U, will always remain >
o.. Similarly, if  is the smallest cluster point of {x,}, then all the L, must be
< B. This situation is represented schematically in the figure below.

L, L, --- L, U, - U, U,
— e ‘ I I R

Let U = inf,U,. By Theorem B4 and the remarks following it we see that
U, converges to U. The limit U is called the upper limit (or limit superior)
of the sequence {x,} and will be denoted by X. In other words,

X = inf, supks>p Xx = limp_, & SUPk>p Xk -
The upper limit is frequently also written as lim sup x.
Similarly, L, converges to L = sup, L. The limit L is called the lower
limit (or limit inferior) of the sequence {x,}, and is denoted by x. Thus

X = suppinfysp Xk = limy_, & infyx>, Xk

which is also written as lim inf x,. Note that either or both X and x could be

*00,

Theorem B22 If x, <y, for all n greater than or equal to some fixed N, then
lim sup x, < lim sup y, and lim inf X, < lim inf y,,.
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Proof This is Exercise B.6. 1

We have already remarked that in general a sequence may have many (or
no) cluster points, and hence will not converge. However, suppose {x,} con-
verges to x, and let lim U, = U. We claim that x = U.

To see this, we simply use the definitions involved. Given ¢ > 0, we may
choose N such that for all n > N we have both |x — x,| < € and |[U - U,| < &.
Since UN = supx>N Xk , we see that given this €, there exists k = N such that
Uy - € <xg or Uy — Xk < €. But then we have

U -x| < |[U-=Unl+IUN =%kl +|xx = x| < 3¢

which proves that U = x. In an exactly analogous way, it is easy to prove that
L =1im L, = x (see Exercise B.7). We have therefore shown that x, — x
implies lim sup x, = lim inf x, = X. That the converse of this statement is also
true is given in the next theorem. It should be clear however, that all but a
finite number of terms in the sequence {x,} will be caught between U and L,
and hence if U = L it must be true that x, — x=U=L.

Theorem B23 A real-valued sequence {x,} converges to the number x if
and only if lim sup x, = lim inf X, = X.

Proof Let Uy = supg>y Xk and L, = infy>y Xk , and first suppose that lim U, =
lim L, = x. Given ¢ > 0, there exists N such that [U, — x| < € for all n > N, and
there exists M such that |L,, — x| < € for all n = M. These may be written as
(see Example 0.6) x —e < Uy, <x+eforalln=N,and x — e <L, <x + ¢ for
all n = M. But from the definitions of U, and L, we know that x, < U, and
L, <X, Hence x, <x + ¢ foralln =N and x - € < x;, for all n > M. Therefore
|xn — x| < € for all n > max{N, M} so that x, — X.
The converse was shown in the discussion preceding the theorem. W

Define S to be the set of all cluster points of {x,}. Since any cluster point
is the limit of some subsequence, it follows that S is just the set of all
subsequential limits of {x,}. From the figure above, we suspect that sup S =X
and inf S = x. It is not hard to prove that this is indeed the case.

Theorem B24 Let {x,} be a sequence of real numbers and let S, X and x be
defined as above. Then sup S =X and inf S = x.

Proof This is Exercise B.8. 1
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Example B7 Let x, = (-1)"/(1 + 1/n). Then it should be clear that we have
lim sup x, = 1 and lim inf x, = -1. /

Our next theorem will be very useful in proving several tests for the con-
vergence of series.

Theorem B25 Let {x,} be a sequence of real numbers, let S be the set of all
subsequential limits of {x,}, and let X = lim sup X, and x = lim inf x,,. Then
(a) xES.
(b) If r > X, then there exists N such that n = N implies x, <.
(c) X is unique.
Of course, the analogous results hold for x as well.

Proof We will show only the results for X, and leave the case of x to the
reader.

(a) Since S (the set of all subsequential limits) lies in the extended number
system, we must consider three possibilities. If —© < X < +o0, then S is
bounded above so that at least one subsequential limit exists. Then the set S is
closed (by Theorem B16), and hence X = sup S € S (see Example B2).

If X = 4+, then S is not bounded above so that {x,} is not bounded above.
Thus there exists a subsequence {Xxp, } such that x,, — +%. But then +© € S
so that X € S.

If X = —o, then there is no finite subsequential limit (since X is the least
upper bound of the set of such limits), and hence S consists solely of the
element —c. This means that given any real M, x, > M for at most a finite
number of indices n so that X, — —o, and hence X = -0 € S.

(b) If there existed an r > X such that x,, = r for an infinite number of n,
then there would be a subsequential limit X" of {X,} such that x" = r > X. This
contradicts the definition of X.

(c) Let X and y be distinct numbers that satisfy (a) and (b), and suppose
X <§. Letr be any number such that X <r < ¥ (that such an r exists was shown
in Theorem 0.4). Since X satisfies (b), there exists N such that x, <r for alln >
N. But then y can not possibly satisfy (a). H

We now have the background to prove three basic tests for the conver-
gence of series.

Theorem B26 (a) (Comparison test) If >b, converges, and if |a,| < b, for
n = N, (N, fixed), then Xa, converges. If 2c, diverges, and if a, > ¢, = 0 for
n = N, then Xa, diverges.

(b) (Root test) Given the series Xa,, let @ = lim supla,|'/™ If a < 1, then
2an converges, and if a > 1, then Xa, diverges.
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(c) (Ratio test) The series 2a, converges if lim sup |ay41/a| < 1, and
diverges if |ap41/ap] = 1 for n = N (N fixed).

Proof (a) Given ¢ > 0, there exists N = N, such that m = n = N implies that
|Zf=p be| < & (Theorem B17). Hence Xa;, converges since

<€ .

m
2
k=n

m m
sE|ak|sEbk=
k=n k=n

2 b
k=n

By what has just been shown, we see that if 0 < ¢, < a, and Xa, converges,
then Xc, must also converge. But the contrapositive of this statement is then
that if 2c, diverges, then so must Xay,.

(b) First note that a = 0 since |a,|'™ = 0. Now suppose that a < 1. By
Theorem B25(b), for any r such thata < r < 1, there exists N such that n = N
implies |ay|'/" < r, and thus |a,| < ™. But 31" converges (Example B5) so that
2a, must also converge by the comparison test.

Ifa > 1, then by Theorems B22(a) and B14(b), there must exist a sequence
{n} such that Iankll/ "k — @ . But this means that |ay| > 1 for infinitely many n

so that a, - 0 and Xa, does not converge (corollary to Theorem B17).
(c) If lim suplap41/an| < 1 then, by Theorem B25(b), we can find a number
r < 1 and an integer N such that n > N implies |a, 41/ay| < r. We then see that

2
P
‘amp‘ <r |aN| .
Therefore, letting n = N + p we have
lanl < 1" Nyl = r~Naylr
for n = N, and hence X2a, converges by the comparison test and Example B6.
If |ap 41l = lag| for n = N (N fixed), then clearly a, - 0 so that Xa, can not

converge (corollary to Theorem B17). i

Note that if a = 1 when applying the root test we get no information since,

for example, 21/n and >1/n” both have a = 1 (corollary to Theorem B21), but
the first diverges whereas the second converges (see Example B5).
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Example B8 Consider the function e* ( = exp x) defined by
2 © n

X
ex=1+x+—‘+---= —

where X may be real or complex. To test for convergence, we observe that
lay41/ap] = [x/(n+1)] so that

lim sup =1lim,,_,, sup;.,

=
a, k+1

X

=lim,_,,
n+l

=0

and hence the series converges by the ratio test.
It is of great use in both mathematics and physics to prove that

e =lim,_,, (1 + f) :
n

While this can be proved by taking the logarithm of both sides and using

I’Hospital’s rule, we shall follow a direct approach. Let x, = (1 + x/n)".
Expanding x, by the binomial theorem we have (for n > 2)

v Erwl)

3 n
=1+x+n(n—l)x_+n(n—l)(n—2)x_+m+x_'
! n? 3! n’ n"

If we write

I nl'l 1nn-1)(n-2)---(n-(n-1))

n

n! n

a2

then
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X, =1+x+i(1—l)x2+i(1—l)(l—%)x3
2! n 3! n n
+...+l(1_l)(1_%)...(1_E)xk
k! n n n
++l(1_l)(l_%)(l_n__l)xn .
n! n n n

We now treat each x, as an infinite series by defining all terms with k > n to
be zero, and we consider the difference

R S 8 T

Applying Theorem B17 to the convergent series e* = X[x|"/n!, we see that for
fixed x and € > 0, we can choose an integer m sufficiently large that

< Bl
E 7<€/2 .

k=m+1

Writing (*) in the form 2=, = 2= + 2X=m+ and noting that the coef-

ficient of x¥ in the (second) sum is = 0 but < 1/k!, we obtain (for n > m)

le* - x,| = §%[1—(1—%)(1—%)---(1—%)}|xk| +el2 .

k=2""

Since the sum in this expression consists of a finite number of terms, each of
which approaches 0 as n — o, we may choose an N > 0 such that the sum is

less than €/2 for n > N. Therefore, for n > N we have |e* - x,| < € which
proves that x, —¢e*. /

Exercises
1. Prove Theorem B2(b).

2. Let {x,} and {yn} be sequences of real numbers such that x, <y, for all
n = N where N is fixed. If x, — x and y, — y, prove that x <.

3. If A is a subset of a metric space X and x € X, prove that x € Ext A if
and only if x has some neighborhood disjoint from A.



10.

11.

12.

13.
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Prove Theorem B14(b).
Prove that any cluster point is the limit of a subsequence.
Prove Theorem B22.

If {x,} 1s a sequence of real numbers converging to x, and L, = infy>, Xk
converges to L, show that x = L.

Prove Theorem B24.
Let R denote the extended real number system, and let f: (a,b) CR — R.
Define
limy_, ysup f(x) = infs > supo<|x-y| < s f(X)
and suppose that limy_,y f(x) = L (i.e., limx_, y f(X) exists). Show
limy_,ysup f(x) = L .

[Hint: Let S§ = sup|x-y| < 5 f(x) and define S = infs S5 . Then note that

IS - LI < IS = Ssl + 1S5 - f(x)| + [f(x) = LI .]

(a) Let {xp} be a Cauchy sequence in R", and assume that {x,} has a
cluster point c. Prove that {x,} converges to c.

(b) Using this result, prove that any Cauchy sequence in R" converges to

a point of R™.
Show that Bd A=Cl AN Cl A°.

If UC (X, d)is open and A C X is dense, show that C1 U = CI(U N A).

If {xn} 1s a Cauchy sequence with a convergent subsequence {xy, }, show
that {x,} converges.
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Path Connectedness

In order to avoid having to define a general topological space, we shall phrase
this appendix in terms of metric spaces. However, the reader should be aware
that this material is far more general than we are presenting it. We assume that
the reader has studied Appendix A.

In elementary analysis and geometry, one thinks of a curve as a collection
of points whose coordinates are continuous functions of a real variable t. For

example, a curve in the plane R? may be specified by giving its coordinates
(x =1(t), y = g(t)) where f and g are continuous functions of the parameter t. If
we require that the curve join two points p and q, then the parameter can
always be adjusted so that t =0 at p and t = 1 at q. Thus we see that the curve
is described by a continuous mapping from the unit interval I = [0, 1] into the
plane.

Let X be a metric space, and let I = [0, 1] be a subspace of R with the
usual metric. We define a path in X, joining two points p and q of X, to be a
continuous mapping f: I — X such that f(0) = p and (1) = q. This path will be
said to lie in a subset A C X if f(I) C A. It is important to realize that the path
is the mapping f, and not the set of image points f(I). The space X is said to be
path connected if for every p, q € X there exists a path in X joining p and q.
If A C X, then A is path connected if every pair of points of A can be joined
by a path in A. (We should note that what we have called path connected is
sometimes called arcwise connected.)
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Let us consider for a moment the space R". If x;, x; € R", then we let TXJ

denote the closed line segment joining x; and x;. A subset A C R" is said to be
polygonally connected if given any two points p, q € A there are points x, =
P> Xi5 X2, - - ., Xm = q 1n A such that U'T-x-1x; C A.

A CR?

Just because a subset of R" is path connected does not mean that it is

polygonally connected. For example, the unit circle in R? is path connected
since it is actually a path itself, but it is not polygonally connected.

Example C1 The space R" is path connected. Indeed, if p € R" has coordi-
nates (x, . .., x") and q € R" has coordinates (y], ..., y", then we define the
mapping f: I — R™ by f(t) = (fi(t), . . . , f(t)) where fi(t) = (1 - t)x' + ty'.
This mapping is clearly continuous and satisfies f(0) = p and f(1) = q. Thus f

is a path joining the arbitrary points p and q of R", and hence R" is path con-
nected. /

The following is a simple consequence of Theorem A5 that we shall need
for our main result (i.e., Theorem C2).

Theorem C1 Let f: (X,, d)) = (X,, d,) and g: (X,, d,) = (X3, d3) both be
continuous functions. Then g o f: (X, d;) — (X3, d3) is a continuous function.

Proof 1f U C X3 is open, then the continuity of g shows that g7 (U) C X, is
open. Therefore (g o f)"(U) = (f o g™")(U) = (g™ (U)) is open by the con-
tinuity of f. W

Theorem C2 Let f be a continuous mapping from a metric space X onto a
metric space Y. Then Y is path connected if X is.
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Proof Let x', y' be any two points of Y. Then (since f is surjective) there
exist X, y € X such that f(x) = x" and f(y) = y'. Since X is path connected,
there exists a path g joining x and y such that g(0) = x and g(1) = y. But then
f o g is a continuous function (Theorem C1) from I into Y such that (f o g)(0)
=x"and (f o g)(1) = y'. In other words, f o g is a path joining x" and y’, and
hence Y is path connected. Wl

It is an obvious corollary of Theorem C2 that if f is a continuous mapping
from the path connected space X into Y, then f(X) is path connected in Y
since f maps X onto the subspace f(X).
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