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Preface

This book is targeted mainly to the undergraduate students of USA, UK and other
European countries, and the M.Sc of Asian countries, but will be found useful for the
graduate students, Graduate Record Examination (GRE), Teachers and Tutors. This
is a by-product of lectures given at the Osmania University, University of Ottawa
and University of Tebrez over several years, and is intended to assist the students in
their assignments and examinations. The book covers a wide spectrum of disciplines
in Modern Physics, and is mainly based on the actual examination papers of UK and
the Indian Universities. The selected problems display a large variety and conform to
syllabi which are currently being used in various countries. The book is divided into
ten chapters. Each chapter begins with basic concepts containing a set of formulae
and explanatory notes for quick reference, followed by a number of problems and
their detailed solutions.

The problems are judiciously selected and are arranged section-wise. The solu-
tions are neither pedantic nor terse. The approach is straight forward and step-by-
step solutions are elaborately provided. More importantly the relevant formulas used
for solving the problems can be located in the beginning of each chapter. There are
approximately 150 line diagrams for illustration.

Basic quantum mechanics, elementary calculus, vector calculus and Algebra are
the pre-requisites. The areas of Nuclear and Particle physics are emphasized as rev-
olutionary developments have taken place both on the experimental and theoretical
fronts in recent years. No book on problems can claim to exhaust the variety in the
limited space. An attempt is made to include the important types of problems at the
undergraduate level.

Chapter 1 is devoted to the methods of Mathematical physics and covers such
topics which are relevant to subsequent chapters. Detailed solutions are given to
problems under Vector Calculus, Fourier series and Fourier transforms, Gamma and
Beta functions, Matrix Algebra, Taylor and Maclaurean series, Integration, Ordinary
differential equations, Calculus of variation Laplace transforms, Special functions
such as Hermite, Legendre, Bessel and Laguerre functions, complex variables, sta-
tistical distributions such as Binomial, Poisson, Normal and interval distributions
and numerical integration.

Chapters 2 and 3 focus on quantum physics. Chapter 2 is basically concerned
with the old quantum theory. Problems are solved under the topics of deBroglie
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viii Preface

waves, Bohr’s theory of hydrogen atom and hydrogen-like atoms, positronium and
mesic atoms, X-rays production and spectra, Moseley’s law and Duan—Hunt law,
spectroscopy of atoms and molecules, which include various quantum numbers and
selection rules, and optical Doppler effect.

Chapter 3 is concerned with the quantum mechanics of Schrodinger and
Hesenberg. Problems are solved on the topics of normalization and orthogonality
of wave functions, the separation of Schrodinger’s equation into radial and angu-
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magnetic and weak, the conservation laws applicable to the three types of interac-
tions, Gell-mann’s formula, the properties of quarks and classification into super-
multiplets, the types of weak decays and Cabibbo’s theory, the neutrino oscillations,
Electro—Weak interaction, the heavy bosons and the Standard model.

Acknowledgements

It is a pleasure to thank Javid for the bulk of typing and suggestions and Maryam
for proof reading. I am indebted to Muniba for the line drawings, to Suraiya, Magq-
sood and Zehra for typing and editing. I am grateful to the Universities of UK and
India for permitting me to use their question papers cited in the text to CERN photo
service for the cover page to McGraw-Hill and Co: for a couple of diagrams from
Quantum Mechanics, L.I. Schiff, 1955, to Cambridge University Press for using
some valuable information from Introduction to High Energy Physics, D.H. Perkins
and to Ginn and Co: and Pearson and Co: for access to Differential and Integral
Calculus, William A. Granville, 1911. My thanks are due to Springer-Verlag, in
particular Claus Ascheron, Adelheid Duhm and Elke Sauer for constant encourage-
ment.

Murphy, Texas Ahmad A. Kamal
February 2010






Contents

1 Mathematical Physics........... ... . ... ... ... . i 1
1.1 Basic Concepts and Formulae .................... ... ........ 1
1.2 Problems. ..... ... 21

1.2.1 Vector Calculus. . ..., 21
1.2.2 Fourier Series and Fourier Transforms................. 22
1.2.3 Gamma and Beta Functions ......................... 23
1.2.4 Matrix Algebra . .......... . 24
1.2.5 Maximaand Minima ...............oouiviineenn .. 24
1.2.6 SEIICS .« v vttt et e 25
1.2.7 Integration . ........ ... o i 25
1.2.8 Ordinary Differential Equations ...................... 26
1.2.9 Laplace Transforms ............. ... ..., 29
1.2.10  Special Functions . ............oouiiiiiiiinneeennn.. 29
1.2.11  Complex Variables ............. ..., 30
1.2.12  Calculus of Variation ............ ..., 31
1.2.13  Statistical Distributions ............................. 32
1.2.14  Numerical Integration .............................. 33
1.3 SOIUtIONS . . oottt 33
1.3.1 Vector Calculus. . ...t 33
1.3.2 Fourier Series and Fourier Transforms................. 39
1.3.3 Gamma and Beta Functions ......................... 42
1.34 Matrix Algebra . ........... 44
1.3.5 Maxima and Minima . .............. .. ... ., 48
1.3.6 SEIICS .« v vttt ettt e 49
1.3.7 Integration . .........c.oouiuiin i 51
1.3.8 Ordinary Differential Equations ...................... 57
1.3.9 Laplace Transforms ........... ... ..., 67
1.3.10  Special Functions . .............ooiiiiiiinneeenn.. 68
1.3.11  Complex Variables ................ ... 72
1.3.12  Calculus of Variation ............... ... aa... 74
1.3.13  Statistical Distribution . ........... ... ... ... . ... .. 77
1.3.14  Numerical Integration .............................. 85

xi



xii Contents
2 Quantum Mechanics -1 ......... ... ... .. ... ... ... ... .. ... ...... 87
2.1  Basic Concepts and Formulae ............... ... .. ........ 87
22 Problems. .. ... ... 92
2.2.1 de Broglie Waves ........ ... ... i, 92
222 Hydrogen Atom ............. . .. ... ... 92
223 XeTAYS oot 95
224 Spin and p and Quantum Numbers — Stern—Gerlah’s
Experiment....... ... ... .ot 96
2.2.5 SPECITOSCOPY - v v ve ettt ettt 97
2.2.6 Molecules ..........oiiiiiiii 99
2.2.7 ComMMULALOTS ..o .v ettt e et e e 100
2.2.8 Uncertainty Principle ............... . ... .. ..., 101
2.3 SOIULIONS . . .ottt 101
2.3.1 de BroglieWaves ........ ... i, 101
2.3.2 Hydrogen Atom ..., 103
233 XeTAYS oot 108
234 Spin and p and Quantum Numbers — Stern—Gerlah’s
Experiment. ......... ...t 111
2.3.5 SPECIIOSCOPY .+« v v vttt e et et 115
2.3.6 Molecules . ...... ...ttt 120
2.3.7 CommMULALOTS ... \v et ettt 123
2.3.8 Uncertainty Principle .. ......... ... .. ... ... 128
3 Quantum Mechanics-II............... ... ... ... ... .............. 131
3.1 Basic Concepts and Formulae ..................... .. ........ 131
32 Problems. ... ... 137
3.2.1 Wave Function ............ ... .. ... .. 137
322 Schrodinger Equation. ................... ... ........ 138
323 Potential Wells and Barriers ......................... 140
324 Simple Harmonic Oscillator ......................... 146
3.2.5 Hydrogen Atom ......... ... cciiiiiiiiiiiinnin. 147
3.2.6 Angular Momentum . ..........cooviuineineinneen... 149
3.2.7 Approximate Methods .............. .. ... ... ... 152
3.2.8 Scattering (Phase-Shift Analysis) ..................... 153
329 Scattering (Born Approximation) . .................... 154
3.3 SOIUtIONS . ..ottt 156
3.3.1 Wave Function ............ . ... . i i, 156
332 Schrodinger Equation. . ........ ... ... ... . ... .... 162
333 Potential Wells and Barriers ......................... 168
334 Simple Harmonic Oscillator ......................... 199
3.35 Hydrogen Atom ..............coiiiiiiiiiiiinnaaan. 209
3.3.6 Angular Momentum . ..........c.ooviuineineenneen... 215
3.3.7 Approximate Methods ............. ... ... . ... ..., 229
3.3.8 Scattering (Phase Shift Analysis) ..................... 233
339 Scattering (Born Approximation) ..................... 240



Contents xiil

4 Thermodynamics and Statistical Physics .......................... 247
4.1 Basic Concepts and Formulae ............................. ... 247
4.2 Problems . . ... 251

4.2.1 Kinetic Theory of Gases ..............ccovvinneen... 251
422 Maxwell’s Thermodynamic Relations ................. 253
423 Statistical Distributions ................. ... 255
424 Blackbody Radiation ....................... ... ..... 256
4.3 SOIUHONS . . ot ettt 258
4.3.1 Kinetic Theory of Gases ...............ccovviunien... 258
432 Maxwell’s Thermodynamic Relations ................. 266
4.3.3 Statistical Distributions ......................cooa.... 279
434 Blackbody Radiation ....................... ... ..... 285

5 Solid State Physics .............. i 291
5.1 Basic Concepts and Formulae .............. ... ... ... ....... 291
5.2 Problems . ... ...t e 294

5.2.1 Crystal Structure . . ....... ... o i 294
5.2.2 Crystal Properties . ............ ... .. . o i it 294
523 Metals ... 295
524 Semiconductors ...........oiiiiiiii e 297
5.2.5 Superconductor. .. ... 298
5.3 SOIULONS . ..ottt 299
5.3.1 Crystal Structure . . ....... ... ... i 299
5.3.2 Crystal Properties . ..., 301
5.33 Metals ... 303
534 Semiconductors ...........iiiiiiii 309
5.35 Superconductor. ........... ... i 311

6 Special Theory of Relativity ..................... ... ............. 313
6.1  Basic Concepts and Formulae ............... ... .. ........ 313
6.2  Problems....... ... 319

6.2.1 Lorentz Transformations ............................ 319
6.2.2 Length, Time, Velocity .......... ... ... it 320
6.2.3 Mass, Momentum, Energy ............ ... ... ...... 323
6.2.4 Invariance Principle ........... . ... .. .. 326
6.2.5 Transformation of Angles and Doppler Effect .......... 328
6.2.6 Threshold of Particle Production ..................... 330
6.3 SOIULIONS . ..ottt 332
6.3.1 Lorentz Transformations ............................ 332
6.3.2 Length, Time, Velocity ............. . ... ... 338
6.3.3 Mass, Momentum, Energy .................. ... ..., 342
6.3.4 Invariance Principle .......... ... ... i 351
6.3.5 Transformation of Angles and Doppler Effect .......... 355

6.3.6 Threshold of Particle Production ..................... 365






Contents XV
8.3 SOIUtIONS . . ..ot 447
8.3.1 Atomic Massesand Radii ........................... 447
8.3.2 Electric Potential and Energy ........................ 449
8.3.3 Nuclear Spin and Magnetic Moment .................. 450
834 Electric Quadrupole Moment . ....................... 451
8.3.5 Nuclear Stability . .............o i, 454
8.3.6 Fermi GasModel ........... ... .. ... ... ... ......... 456
8.3.7 Shell Model . ........ .. ... ... 457
8.3.8 Liquid DropModel ......... ... ... o, 458
8.3.9 Optical Model . ....... .. .. i 460
8.3.10  Nuclear Reactions (General) . ........................ 462
8.3.11  CroSs-SeCtiONS . . ..ottt et e 468
8.3.12  Nuclear Reactions via Compound Nucleus . ............ 469
8.3.13 DirectReactions ............. ... 470
8.3.14  Fission and Nuclear Reactors ........................ 471
8.3.15 Fusion ........... ... 483
9 Particle Physics =T ....... ... ... .. 485
9.1 Basic Concepts and Formulae ..................... .. ........ 485
9.2  Problems . . ...t 488
9.2.1 Systemof Units ..., 488
9.2.2 Production........ ... .. .. .. . 489
9.2.3 Interaction . ........ ... ... i 489
924 Decay...... ... 491
9.2.5 Tonization Chamber, GM Counter and Proportional
COUNLETS .\ ottt et e e e e e et 493
9.2.6 Scintillation Counter ...............c.ccoiineunenn... 495
9.2.7 CerenkovCounter ................iiiiiinininan... 496
9.2.8 Solid State Detector . ............. ... ... 497
9.2.9 Emulsions ............ ... .. .. . 497
9.2.10  Motion of Charged Particles in Magnetic Field ......... 497
0211  Betatron . ..........oiinini ittt 498
9212  Cyclotron. ... 499
9.2.13  Synchrotron.............. .. ... ... il 500
9.2.14  Linear Accelerator ...................cciiineino... 501
9.2.15  Colliders ..........iiiniii 502
9.3 SOIUHONS . ..ot 503
9.3.1 System of Units ...t 503
9.3.2 Production...... ... .. .. ... . . . .. 504
933 Interaction . ......... ... ... i 505
9.34 Decay. ... 508
9.3.5 Ionization Chamber, GM Counter and Proportional
COUNLETS &+« ottt et et e e i et e e 512
9.3.6 Scintillation Counter .................ccirireennn.. 515



XVi Contents
9.3.7 Cerenkov Counter ..............couiiiiinneneennnn. 518

9.3.8 Solid State Detector . .......ovvineii i 520

9.3.9 Emulsions . ... 520

9.3.10  Motion of Charged Particles in Magnetic Field ......... 521

9311  Betatron...........oiiniini ittt 524

9312  Cyclotron. .. .....ovuiit 524

9.3.13  Synchrotron........... ..., 527

9.3.14  Linear Accelerator ............cuuiuneiineeinennn.n. 530

9.3.15  Colliders . ......vuirei e 531

10 Particle Physics —II ......... ... ... ... i, 535
10.1 Basic Concepts and Formulae ................................ 535
10.2 Problems. . ... ... e 544
10.2.1  Conservation Laws . .............ccoviiiiiiiinen... 544

10.2.2  Strong Interactions . ...........covuuieiinneneenn... 546

10.2.3 0 Quarks ...t 550

10.2.4  Electromagnetic Interactions. ........................ 551

10.2.5 Weak Interactions . . ..........coviineiinneinennn... 552

10.2.6  Electro-Weak Interactions .................ccoueunn... 556

10.2.7  Feynman Diagrams .................cc.coivveion... 556

103 SOIUtIONS . ¢ v ettt e e e e e 558
10.3.1  ConservationLaws . ......... ... ..., 558

10.3.2  Strong Interactions . ................ ... ... ... 563

1033  Quarks ... ... 572

10.3.4  Electromagnetic Interactions. ........................ 577

10.3.5 Weak Interactions . . ..........coviiiieinneneenn... 578

10.3.6  Electro-weak Interactions ........................... 590

10.3.7 Feynman Diagrams ................................ 592
Appendix: Problem Index ........... ... . ... ... ... 603



Chapter 1
Mathematical Physics

1.1 Basic Concepts and Formulae

Vector calculus

Angle between two vectors, cos§ = TAET ::I'III;I
Condition for coplanarity of vectors, A.B x C =0

Del
velip 9 i+ 9q
dax dy ad
Gradient
Vo = (z—fz + z—fj + %k)
Divergence
If Vix,y,2) = Vlf + VZ}' + V3IA<, be a differentiable vector field, then
V.V =gVitgVat Vs
Laplacian
a2 a2 a2
V = — 4+ — 4+ — (Cartesian coordinates x, ¥, 2)

ax2 9y 972

o 19 (,0 N 1 9 ing 9 N 1 92
= —— r —_— —_— 1 — S —
r2 or ar r2sin® 90 30 r2sin? 9 02

(Spherical coordinates r, 6, @)

92 18+182+82 (Cylindrical coordinates r. 6. 2)
- _— _— mdrical coordinates r, o,
ar2  ror r20602 972 Y ¢

Line integrals

@ [o¢dr
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(b) o A.dr

() cAxdr

where is a scalarA is a vector and = xi + yj + zK, is the positive vector.

Stoke’s theorem

A.dr = (x A).nds= (x A).ds
c s s

The line integral of the tangential component of a veédaken around a simple
closed curveC is equal to the surface integral of the normal component of the curl
of A taken over any surfacg havingC as its boundary.

Divergence theorem (Gauss theorem)

.Adv = A.n ds
\% S

The volume integral is reduced to the surface integral.

Fourier series

Any single-valued periodic function whatever can be expressed as a summation of
simple harmonic terms having frequencies which are multiples of that of the given
function. Let f(x) be de ned in the interval$ , ) and assume that(x) has

the period 2, i.e. f(x + 2 ) = f(x). The Fourier series or Fourier expansion
corresponding td (x) is de ned as

1 .
f(x) = 520+ __, (aocosnx+ bysinnx) (1.1)

where the Fourier coef cierd, andb,, are

a, = f (x) cosnx dx (1.2)

| =

b, = f (x) sinnx dx (1.3)

wheren= 0,1, 2,...
If f(x)is de ned in the interval§ L, L), with the period 2., the Fourier series
is de ned as

f(x)= %ao+ n:l(an cosfp x/L)+ bysin(h x/L)) (1.4)

where the Fourier coef cients, andb, are
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L

a, = l/ f(x)cos(nmwx/L) dx
LJ L
1 L

b, = —/ f(x)sin(nwx/L) dx
LJ .

Complex form of Fourier series

Assuming that the Series (1.1) converges at f(x),
_ o0 inmwx/L
fey=3" " Cue
with
1 C+2L )
Cn — _/ f(x)e—lﬂnx/L dx =
L Jc
2%

Fourier transforms

The Fourier transform of f(x) is defined as

S(f(x) = F(a) :/ fx)e* dx

and the inverse Fourier transform of F(«) is

I N f(@) = F(x) = . / ” F(a)e' ™ da

2

o]

%(an - ibn)
%(a_,, +ib_,)n <0
n=0

(1.5)

(1.6)

(1.7)

n>0

(1.8)

(1.9)

(1.10)

f(x) and F(«) are known as Fourier Transform pairs. Some selected pairs are given

in Table 1.1.
Table 1.1

f(x) F(a) f(x) F(a)

1 e —ax a
- e _°
x2 4+ a? a a? +a?

X 7@67%( efaxz 1 zefozz/éta
x2+a? a 2V a
l Z Xefaxz ﬁ aefaz/ém
x 2 4q3/?

Gamma and beta functions

The gamma function I'(n) is defined by
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I'(n) = foo e *x" 'dx (Ren > 0) (1.11)
0

TC(n+ 1) = nl(n) (1.12)

If n is a positive integer

C(n+1)=n! (1.13)
N (3o Y= (2) 23
r<§>_ﬁ,r(2>_ 5 ,F(z)_4ﬁ (1.14)
r<n+%) _ 1'3'5"'(§f_l)ﬁ n=1,23,..) (1.15)
1\ (—y2nyT B
Fn+1)=n!=ZV2rnn"e™ (Stirling’s formula) (1.17)
n— 0o

Beta function B(m, n) is defined as

['(m)I'(n)
B(m,n) = ——— (1.18)
I'm + n)
B(m,n) = B(n,m) (1.19)
/2
B(m,n) = 2/ sin?" 1 6 cos>~! 6 do (1.20)
0
o0 tm—l
B(m,n) = —— dr 1.21
(m, n) /0 e (1.21)
Special funtions, properties and differential equations
Hermite functions:
Differential equation:
y' —2xy 4+ 2ny =0 (1.22)

whenn =0, 1,2, ... then we get Hermite’s polynomials H, (x) of degree n, given
by

n

dxll

H,(x) = (—1)"6"2 (e_xz) (Rodrigue’s formula)
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First few Hermite’s polynomials are:

Hy(x) =1, Hi(x) = 2x, Hy(x) = 4x> =2
H;(x) = 8x° — 12x, Hy(x) = 16x* — 48x% + 12

Generating function:

QUx—® _ Z‘x’ H, (x)r"
N n=0  pn!

Recurrence formulas:

H)(x) = 2nH,(x)
Hyi1(x) = 20 H,(x) — 2nH, 1 (x)

Orthonormal properties:

/Oo e Hy()H,(x)dx =0 m #n

[ee}

/ T P H 0P dx = 2" iy

e}

Legendre functions:

Differential equation of order n:
(1 —x2)y" —2xy +n(n+1)y=0

whenn =0, 1,2, ... we get Legendre polynomials P, (x).

2 n
- _
e D

Pu(x)

First few polynomials are:

P(x) = 1, Py(x) = x. Py(x) = %(3)& — 1
Pi(x) = %(5x3 —3x), Ps(x) = %(35)&‘ —30x% 4+ 3)

Generating function:

1 oo
S P,(x)t"
V1—=2tx +1? Z"=0

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)
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Recurrence formulas:

XP)(x) = P,_(x) = nP,(x)
Py (x) = Pp_y(x) = 2n + D) Py(x)

Orthonormal properties:

1
f P,(x)P,(x)dx =0 m+#n
-1

1
2 _
menm_M+1

Other properties:

Py() =1, Py(=1) = (=1)", Py(=x) = (=1)" Py (x)

Associated Legendre functions:

Differential equation:

m2
(1 —x2)y" —2xy + {1+ 1) — y=0
1 —x2
dm
pm = (1 — 2\m/2
(X)) = (1 —x%) o

Pi(x)

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

where P;(x) are the Legendre polynomials stated previously, / being the positive

integer.

Pl (x) = P(x)

and P"(x) =0 ifm >n

Orthonormal properties:

1
/ P'(x)P"(x)dx =0 n#l
-1

! 2 (I+m)
m 2 _
/,I{P’ N A = T =,

Laguerre polynomials:
Differential equation:
xy"+ A —-x)y +ny=0

ifn=0,1,2,... we get Laguerre polynomials given by

(1.38)
(1.39)

(1.40)

(1.41)

(1.42)
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n

dx”

L,(x)=¢" (x"e™) (Rodrigue’s formula) (1.43)

The first few polynomials are:

Lox)=1,Li(x)=—x+1,Ly(x) = x> —4x +2

Li(x) = —x> +9x% — 18x + 6, La(x) = x* — 16x +72x* — 96x +24 (1.44)
Generating function:

efxs/(lfs) 00 Ln(x)sn
A Z (1.45)

Recurrence formulas:

Lys1(x) = 2n+ 1= x)Ly(x) +n° L, (x) =0
xL! (x) = nL,(x) —n*L,_(x) (1.46)

Orthonormal properties:
o0
/ e "Ly(x)L,(x)dx =0 m#n (1.47)
OOO
/ Ly () dx = (n!)? (1.48)
0

Bessel functions: (J,(x))

Differential equation of order n

X2y 4+ xy + @ =nPHy=0 n=0 (1.49)

Expansion formula:

oo (=Df(x/2)%"
J,(x) = - 1.50
®=2 KTk +1—n) (1.50)
Properties:
J,x)=(=D)"J,(x) n=0,1,2,... (1.51)
JI(x) = —Ji(x) (1.52)
2n

JnJrl(-x) = ;Jn(x) - ],171()6) (153)

Generating function:

x(s—1/s)/2 __ © n
e =D o (1.54)
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Laplace transforms:

Definition:

A Laplace transform of the function F(¢) is

/OO F(t)e™ dt = f(s)
0

1 Mathematical Physics

(1.55)

The function f(s) is the Laplace transform of F(¢). Symbolically, L{F (1)} =
f(s)and F(t) = L~'{f(s)} is the inverse Laplace transform of f(s). £~ is called

the inverse Laplace operator.

Table of Laplace transforms:

F() S(s)
aFi(t) + bF (1) afi(s) + bfa(s)
aF(at) f(s/a)
e F(1) f(s—a)
Ft—a)t>a —as
0 t<a e f(s)
1
1 Z
S
1
' 52
! 1
—_ —n=1,273,
(n—1)! s"
eat 1
s—a
sin at 1
a s2 4 a?
. S
cos a
5'2 +a2
sink at 1
a s2 —a?
s
cosh at T

Calculus of variation

The calculus of variation is concerned with the problem of finding a function y(x)
such that a definite integral, taken over a function shall be a maximum or minimum.
Let it be desired to find that function y(x) which will cause the integral

X2
I=/ F(x,y,y)dx

X1

(1.56)
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Poisson distribution

The probability that x events occur in unit time when the mean rate of occurrence
is m, is given by the Poisson distribution P(x).

—m X

e

P(x)= (x=0,1,2,...) (1.64)

x!

The distribution P(x) is normalized, that is

Z)‘:() px) =1 (1.65)

This is also a discrete distribution.

When N P is held fixed, the binomial distribution tends to Poisson distribution
as N is increased to infinity.

The expectation value, i.e.

(x) =m (1.66)
The S.D.,
o=m (1.67)
Properties:
Pm—1 = Pm (1.68)
Px1 = %pm and pyyy = mLpr (1.69)

Normal (Gaussian distribution)

When p is held fixed, the binomial distribution tends to a Normal distribution as N
is increased to infinity. It is a continuous distribution and has the form

1 2 2
fx)dy = ———e CTm/207 4 (1.70)
/ V2mo

where m is the mean and o is the S.D.
The probability of the occurrence of a single random event in the interval m — o
and m + o is 0.6826 and that between m — 20 and m + 20 is 0.973.

Interval distribution

If the data contains N time intervals then the number of time intervals n between t;
and 1, is

n=N(e " —e ") (1.71)

where a is the average number of intervals per unit time. Short intervals are more
favored than long intervals.
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Two limiting cases:
(a) t, = 00; N = N,e ™™ (Law of radioactivity) (1.72)
This gives the number of surviving atoms at time ¢.
)1y =0;N = Ny(1 —e™™) (1.73)

For radioactive decays this gives the number of decays in time interval 0 and 7.
Above formulas are equally valid for length intervals such as interaction lengths.

Moment generating function (MGF)
MGF = Ee* !

12
=E[1+(x—mt+(x—u)25+...]
12 3
—1+O+M2—+M3§ .. (1.74)

so that u,,, the nth moment about the mean is the coefficient of * /n!.

Propagation of errors

If the error on the measurement of f(x, y,...)is oy and that on x and y, o, and o,
respectively, and o, and o, are uncorrelated then

AN AT

Thus, if f =x £y, thenoy = (0 + o )1/2

2 o\ 12
Andiff:i—fthen”?z(”—;+—a)

X y

Least square fit

(a) Straight line: y = mx + ¢
It is desired to fit pairs of points (x1, y1), (X2, y2), ..., (xu, y,) by a straight line

Residue: § = Y/ (y; — mx; — C)?

Minimize the residue: 8‘ =0; gz =0

The normal equations are:

mZ X; +C2?_ Z:l: xiyi =0
m Zi:l x; +nC — Zi:l Vi =
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which are to be solved as ordinary algebraic equations to determine the best
values of m and C.
(b) Parabola: y = a + bx + cx?

Residue: S = Y7 (yi —a — bx; — cx?)?

Minimize the residue: & = 0; % =0; 2% =0
da ab dc

The normal equations are:
Zyi —na—bei —ch?:O
inyi —aZx,- —192:)ci2—c2xi3 =0
inzyi —ainz—be? —ch?:O

which are to be solved as ordinary algebraic equations to determine the best
value of a, b and c.

Numerical integration

Since the value of a definite integral is a measure of the area under a curve, it follows
that the accurate measurement of such an area will give the exact value of a definite
integral; [ = f;z y(x)dx. The greater the number of intervals (i.e. the smaller Ax is),
the closer will be the sum of the areas under consideration.

Trapezoidal rule

1 1
area = (5)’04’)’1 +yo 4 Yuoi +§)’n> Ax (1.76)

Simpson’s rule

Ax
area = T(yo 4+ 4y, 4+ 2y, +4y3 +2y4 + - - - y,), n being even. (1.77)

Fig. 1.1 Integration by
Simpson’s rule and
Trapezoidal rule
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Matrices
Types of matrices and definitions

Identity matrix:

10 100
12=<01>;13= 010 (1.78)
001
Scalar matrix:
(2581 0 O
(g“ u 0) 310 an O (1.79)
2 0 0 ass
Symmetric matrix:
ap ap ais
(aji = aij) 3| a2 ax ax (1.80)
a3 dzz dss

Skew symmetric:

arn app adp
(aji = —aij); | —an2 an ax (1.81)
—a13 —ax as;

The Inverse of a matrix B = A~! (B equals A inverse):
if AB = BA = I and further, (AB)™' = B~1A~!
A commutes with B if AB = BA
A anti-commutes with B if AB = —BA
The Transpose (A’) of a matrix A means interchanging rows and columns.

Further,(A+ B) = A"+ B’
(A = A, (kA) = kA’ (1.82)

The Conjugate of a matrix. If a matrix has complex numbers as elements, and if
each number is replaced by its conjugate, then the new matrix is called the conjugate
and denoted by A* or A (A conjugate)

The Trace (Tr) or Spur of a matix is the num of the diagonal elements.

Tr=>) a; (1.83)
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Equivalence

A and B are said to be equivalent (A ~ B) if one can be obtained from the other by
a sequence of elementary transformations.

The adjoint of a square matrix
If A = [a;;] is a square matrix and ¢;; the cofactor of a;; then
o o) ottt Qi
. o o
adj A = 12 an
ann
The cofactor o;; = (—1)" M;;

where M;; is the minor obtained by striking off the ith row and jth column and
computing the determinant from the remaining elements.

Inverse from the adjoint

.y _adj A
|Al

Inverse for orthogonal matrices

A=A
Inverse of unitary matrices

A71 — (Z)/
Characteristic equation

Let AX =X (1.84)

be the transformation of the vector X into A X, where A is a number, then A is called
the eigen or characteristic value.
From (1.84):

ay—A app -0 anp X
ay ap—A--- ay X2

Il
=

(A—1DX = (1.85)

an| ...ann_)\’ Xn
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The system of homogenous equations has non-trivial solutions if

an—A ap - apy
ay ap—A--- ay
[A— Al = . =0 (1.86)
anl .« .. “ e ann —A'

The expansion of this determinant yields a polynomial ¢(A) = 0 is called the
characteristic equation of A and its roots A, Ay, ..., A, are known as the charac-
teristic roots of A. The vectors associated with the characteristic roots are called
invariant or characteristic vectors.

Diagonalization of a square matrix

If a matrix C is found such that the matrix A is diagonalized to S by the
transformation

s=Cc'AC (1.87)

then S will have the characteristic roots as the diagonal elements.

Ordinary differential equations

The methods of solving typical ordinary differential equations are from the book
“Differential and Integral Calculus” by William A. Granville published by Ginn &
Co., 1911.

An ordinary differential equation involves only one independent variable, while
a partial differential equation involves more than one independent variable.

The order of a differential equation is that of the highest derivative in it.

The degree of a differential equation which is algebraic in the derivatives is the
power of the highest derivative in it when the equation is free from radicals and
fractions.

Differential equations of the first order and of the first degree

Such an equation must be brought into the form Mdx+Ndy = 0, in which M and N
are functions of x and y.

Type I variables separable

When the terms of a differential equation can be so arranged that it takes on the
form

(A) f(x)dx+ F(y)dy=0

where f(x) is a function of x alone and F(y) is a function of y alone, the process is
called separation of variables and the solution is obtained by direct integration.

(B) /f(x)dx+/F(y>dy=c

where C is an arbitrary constant.
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Equations which are not in the simple form (A) can be brought into that form by
the following rule for separating the variables.

First step: Clear off fractions, and if the equation involves derivatives, multiply
through by the differential of the independent variable.

Second step: Collect all the terms containing the same differential into a single
term. If then the equation takes on the form

XY dx+ XY dy=0

where X, X’ are functions of x alone, and Y, Y’ are functions of y alone, it may be
brought to the form (A) by dividing through by X'Y".
Third step: Integrate each part separately as in (B).

Type II homogeneous equations

The differential equation
Mdx + Ndy =0

is said to be homogeneous when M and N are homogeneous function of x and y
of the same degree. In effect a function of x and y is said to be homogenous in the
variable if the result of replacing x and y by Ax and Ay (A being arbitrary) reduces
to the original function multiplied by some power of A. This power of A is called
the degree of the original function. Such differential equations may be solved by
making the substitution

y =vx
This will give a differential equation in v and x in which the variables are sepa-

rable, and hence we may follow the rule (A) of type L.

Type III linear equations

A differential equation is said to be linear if the equation is of the first degree in the
dependent variables (usually y) and its derivatives. The linear differential equation
of the first order is of the form

dy
dx

where P, Q are functions of x alone, or constants, the solution is given by

yedeX :/ Qefpdx dx +C
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Type IV equations reducible to linear form

Some equations that are not linear can be reduced to the linear form by a suitable
substitution, for example

W Lipy= oy
dx y ==y

where P, Q are functions of x alone, or constants. Equation (A) may be reduced to
the linear form (A), Type III by means of the substitution x = y "+,
Differential equations of the nth Order and of the nth degree

Consider special cases of linear differential equations.

Type I — The linear differential equation

dny dnfly dn72y
(A4) dxn * Pldx"—1 T Pzdxn—z Tt Py =0

in which coefficients Py, P,, ... P, are constants.
Consider the differential equation of third order

ddy d’y dy
dxgdl_Pld 2+P2d—+P3Y—O

where P;, P, and P; are constants. The corresponding auxiliary equation is

(B)

PPt Pr+P=0

Let the roots be ry, ry, 3.
If 1, r, r3 are real and distinct,

y — Clerlx + Czerzx + C3er3x
If ry, rp, r3 are real and equal
y = Cre """ + Coxe ™ 4 C3x2e ™"

In case a + bi and a — bi are each multiple roots of the auxiliary equation occur-
ring s times, the solutions would be

Cre™ cosbx, Coxe®™ cosbx, Cix’e® cosbx, ...Csx*~'e™ cos bx

Cle* sinbx, Chxe™ sinbx, C%xze‘”‘ sinbx, ...Cix*~ L™ gin bx

Summary for the rule for solving differential equations of the type
dny n—1 y n—Zy
P P -+ Py=0
dx"+ e it zdx"*2+ +Eny

where Py, P», ... P, are constants.
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First step: Write down the corresponding auxiliary equation
Dn+p1Dn71+p2D1172+“_+pn =0

Second step: Solve completely the auxiliary equation.
Third step: From the roots of the auxiliary equation, write down the correspond-
ing particular solutions of the differential equation as follows

Auxiliary equation

Differential equation

(a) Each distinct real root r;

(b) Each distinct pair of imaginary
roots a & bi

(c) A multiple root occurring s times

Gives a particular solution ¢"*
Gives two particular solutions
e cosbx, e** sin bx
Gives s particular solutions obtained by

multiplying the particular solutions
@@or(b)by 1, x,x2,..., x""!

Fourth step: Multiple each of the n independent solutions by an arbitrary constant
and add the results. This gives the complete solution.

Type 11
dny dn—ly dn—2y
) dx” + P dxn—1 + P dxn—2 Tt hy=X
where X is a function of x alone, or constant, and Py, P», ... P, are constants.

When X = 0, (1) reduces to (A) Type L.

dr y dm— 1 y dn72 y
P P
dxn + 1 dxn—l + 2dxn—z
The complete solution of (J) is called the complementary function of (/).
Let u be the complete solution of (J), i.e. the complementary function of (), and

v any particular solution of (/). Then

) +o ot Py =0

d"v 4P dly 4P d"2v n 4P X
nv —
dxn 1 dxn—l 2dxn—2
d d"u 4P d"ly Lp d" 2y n L P 0
and — U=
dxn ldxnfl den72
Adding we get
d"(u+v d"Yu+v d"2(u+v

( )+P1 (_ )+P2 (_ )+---+Pn(u+v)=X
dxn dxn-1 dxn—2

showing that u + v is a solution of 1.
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Procedure:

First step: Replace the RHS member of the given equation (/) by zero and solve
the complimentary function of 7 to get y = u.

Second step: Differentiate successively the given equation (/) and obtain, either
directly or by elimination, a differential equation of a higher order of type I.

Third step: Solving this new equation by the previous rule we get its complete
solution

y=u-+v

where the part u is the complimentary function of (/) already found in the first step,
and v is the sum of additional terms found

Fourth step: To find the values of the constants of integration in the particular
solution v, substitute

y=u-+v

and its derivatives in the equation (/). In the resulting identity equation equate the
coefficients of like terms, solve for constants of integration, substitute their values
back in

y=u-+v
giving the complete solution of (7).
Type III
dy
dxn

where X is a function of x alone, or constant
Integrate n times successively. Each integration will introduce one arbitrary
constant.

Type IV

where Y is a function of y alone
Multiply the LHS member by the factor 2% dx and the RHS member by & equiv-
alent factor 2dy

4 & d
y—y —d<y> —2vdy
dx

Je(2) ~(2)'- froe
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Extract the square root of both members, separate the variables, and integrate
again, introducing the second arbitrary constant C,.

Complex variables

Complex number z = r(cos@ + i sin@), where i = +/—1
7" = cosnf + i sinn6

Analytic functions

A function f of the complex variable z is analytic at a point z,, if its derivative f’(z)
exists not only at z,, but at every point z in some neighborhood of z,. As an example
if f(z) = % then f'(z) = —Ziz(z # 0). Thus f is analytic at every point except the
point z = 0, where it is not continuous, so that f’(0) cannot exist. The point z = 0
is called a singular point.

Contour

A contour is a continuous chain of finite number of smooth arcs. If the contour
is closed and does not intersect itself, it is called a closed contour. Boundaries of
triangles and rectangles are examples. Any closed contour separates the plane into
two domains each of which have the points of C as their only boundary points. One
of these domains is called the interior of C, is bounded; the other, the exterior of C,
is unbounded.

Contour integral is similar to the line integral except that here one deals with the
complex plane.

The Cauchy integral formula

Let f be analytic everywhere within and on a closed contour C. If z, is any point
interior to C, then

1 d
f(z0) = =— w

271 Jeo 72— 20

where the integral is taken in the positive sense around C.

1.2 Problems

1.2.1 Vector Calculus

1.1 If ¢ = %, where r = (x% + y> 4+ z%)!/2, show that V¢ = -
1.2 Find a unit vector normal to the surface xy2 + xz = 1 at the point (—1, 1, 1).
1.3 Show that the divergence of the Coulomb or gravitational force is zero.

1.4 If A and B are irrotational, prove that A x B is Solenoidal that is div (A x B) =
0
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1.5 (a) If the field is centrally represented by F = f(x, y,z),r = f(r)r, then it
is conservative conditioned by curl F = 0, that is the field is irrotational.
(b) What should be the function F(r) so that the field is solenoidal?

1.6 Evaluate fCA.dr from the point P(0,0,0) to Q(1, 1, 1) along the curve
r=it+ 2 +krdwithx =t,y =12 z =13, where A = yi +xzJ + xyzk

1.7 Evaluate §, A .dr around the closed curve C defined by y = x* and y* = 8x,
with A = (x + y)i + (x — y)J]

1.8 (a) Show that F = (2xy + z2)i + x2J + xyzk, is a conservative force field.
(b) Find the scalar potential.

(c) Find the work done in moving a unit mass in this field from the point
(1,0, DHto (2,1, —1).

1.9 Verify Green’s theorem in the plane for fc (x + y)dx + (x — y) dy, where C is
the closed curve of the region bonded by y = x? and y? = 8x.
1.10 Show that f3 A.ds = %n R2, where S is the sphere of radius R and
A=ix*+ ]y’ + ke
1.11 Evaluate [ A.dr around the circle x> + y* = R? in the xy-plane, where
A =2yi —3x] +zk

1.12 (a) Prove that the curl of gradient is zero.
(b) Prove that the divergence of a curl is zero.

1.13 If ¢ = x2y — 2xz>, then:
(a) Find the Gradient.
(b) Find the Laplacian.

1.14 (a) Find a unit vector normal to the surface x’y 4+ xz = 3 at the point
1, -1, 1).
(b) Find the directional derivative of ¢ = x%yz + 2xz* at (1, 1, —1) in the
direction 2i — 2] + k.

1.15 Show that the divergence of an inverse square force is zero.

1.16 Find the angle between the surfaces x> + y> +z> =l and z = x> + y?> — 1 at
the point (1, +1, —1).

1.2.2 Fourier Series and Fourier Transforms

1.17 Develop the Fourier series expansion for the saw-tooth (Ramp) wave f(x) =
x/L,—L < x < L,asin Fig. 1.2.

1.18 Find the Fourier series of the periodic function defined by:
fx)=0,if —7 <x <0

fxX)=m, if0<x<nm



1.2 Problems 23

Fig. 1.2 Saw-tooth wave flx)

© —-m D mm e

3L 2L 1 L 2L 3L

1.19 Use the result of Problem 1.18 for the Fourier series for the square wave to

prove that:
1 1 n 1 1 P b4
35 7 4
1.20 Find the Fourier transform of f(x) = { (1)’ :i: i Z

1.21 Use the Fourier integral to prove that:

/°° cosaxdx mw _,
0

14+ a? _Ee

1.22 Show that the Fourier transform of the normalized Gaussian distribution

f@)=

2
-
ex?, —00 <t <O

T2

is another Gaussian distribution.

1.2.3 Gamma and Beta Functions

1.23 The gamma function is defined by:

o0
I'(z) = / e *x*ldx,(Rez > 0)
0

(a) Show that I'(z + 1) = zI'(2)
(b) And if z is a positive integer n, then I'(n 4+ 1) = n!

1.24 The Beta function B(m, n) is defined by the definite integral:

1
B(m,n) = / XN =) dx
0

and this defines a function of m and n provided m and n are positive. Show
that:

Bm.n) = T(m)T (n)

" T(m+n)
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1.25 Use the Beta functions to evaluate the definite integral fon/ 2(cos 6) do
1.26 Show that:
@Il —-n=-2=;0<n<1

sin(nr)’

(b) IDGmP =

nsinh(nm)

1.2.4 Matrix Algebra

1.27 Prove that the characteristic roots of a Hermitian matrix are real.

1.28 Find the characteristic equation and the Eigen values of the matrix:

1-11
03 -1
00 2

1.29 Given below the set of matrices:

V31
_(-10 (01 (20 Y )
A‘( 0 —1)’3—(10>’C—<02)’D— (__ _)
272
what is the effect when A, B, C and D act separately on the position vector

()

1.30 Find the eigen values of the matrix:

=

6 -2 2
-2 3 -1
2 -1 3

1.31 Diagonalize the matrix given in Problem 1.30 and find the trace (7, = A; +
Ay +A3)

1.32 In the Eigen vector equation AX = AX, the operator A is given by
A= 32
41
Find:

(a) The Eigen values A

(b) The Eigen vector X

(c) The modal matrix C and it’s inverse C ™!
(d) The product C"'AC

1.2.5 Maxima and Minima

1.33 Solve the equation x> — 3x + 3 = 0, by Newton’s method.

1.34 (a) Find the turning points of the function f(x) = x2e,
(b) Is the above function odd or even or neither?
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1.2.6 Series

1.35 Find the interval of convergence for the series:

X2 o3 Xt

tatynTe

1.36 Expand log x in powers of (x — 1) by Taylor’s series.

1.37 Expand cos x into an infinite power series and determine for what values of x
it converges.

1.38 Expand sin(a + x) in powers of x by Taylor’s series.

1.39 Sumthe series s = 1 +2x +3x2 +4x3 4+ -+ x| < 1

1.2.7 Integration

1.40 (a) Evaluate the integral:
/ sin’ x cos® x dx

(b) Evaluate the integral:
/ sin* x cos® x dx

1.41 Evaluate the integral:

1
f—————m
2x2 —3x =2

1.42 (a) Sketch the curve in polar coordinates r*> = a? sin 26
(b) Find the area within the curve between 8 = 0 and 6 = 7/2.

1.43 Evaluate:
@3 +x24+2)
(7 +27

1.44 Evaluate the definite integral:

/+00 4a3 d
— dXx
o x%+4a?

1.45 (a) Evaluate:
/ tan® x sec* x dx

(b) Evaluate:
/ tan® x sec® x dx
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1.46 Show that:

AE) 4
/ de:an—i—rr
» x2—4x+38

1.47 Find the area included between the semi-cubical parabola y?> = x> and the
linex =4

1.48 Find the area of the surface of revolution generated by revolving the hypocy-
cloid x*/* 4+ y?/3 = a*/3 about the x-axis.

1.49 Find the value of the definite double integral:
a pVa?=x?
/ / (x +y)dydx
0o Jo

1.50 Calculate the area of the region enclosed between the curve y = 1/x, the
curve y = —1/x, and the lines x = 1 and x = 2.

1.51 Evaluate the integral:

/ dx
x2 —18x + 34

1.52 Use integration by parts to evaluate:
1
/ x*tan~! x dx
0

1.53 (a) Calculate the area bounded by the curves y = x> 4+2and y = x — 1 and
the lines x = —1 to the left and x = 2 to the right.
(b) Find the volume of the solid of revolution obtained by rotating the area
enclosed by the lines x = 0,y = 0,x = 2 and 2x + y = 5 through 27
radians about the y-axis.

[University of Wales, Aberystwyth 2006]

[University of Wales, Aberystwyth 2006]

1.54 Consider the curve y = x sinx on the interval 0 < x < 2.

(a) Find the area enclosed by the curve and the x-axis.
(b) Find the volume generated when the curve rotates completely about the
X-axis.

1.2.8 Ordinary Differential Equations

1.55 Solve the differential equation:
dy x4y
dx — 3xy?
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1.56 Solve:
d3_y — 3(12_y + 4y = 0(Osmania University)
dx? dx?
1.57 Solve:
d*y ddy d’y dy . L
Fie 4@ + 10@ — 125 + 5y = 0(Osmania University)
1.58 Solve:
d2
J)z) + mzy = cosax
1.59 Solve:
¢y _dy
@ — Sa + 6y =X

1.60 Solve the equation of motion for the damped oscillator:

0 s
—_ JE— X =
dr? dr

subject to the condition, x =5, dx/dt = =3 att = 0.

1.61 Two equal masses are connected by means of a spring and two other identical
springs fixed to rigid supports on either side (Fig. 1.3), permit the masses
to jointly undergo simple harmonic motion along a straight line, so that the
system corresponds to two coupled oscillations.

Assume that m; = m, = m and the stiffness constant is k for both the
oscillators.

(a) Form the differential equations for both the oscillators and solve the
coupled equations and obtain the frequencies of oscillations.
(b) Discuss the modes of oscillation and sketch the modes.

Fig. 1.3 Coupled oscillator

1.62 A cylinder of mass m is allowed to roll on a spring attached to it so that it
encounters simple harmonic motion about the equilibrium position. Use the
energy conservation to form the differential equation. Solve the equation and
find the time period of oscillation. Assume k to be the spring constant.



28

1.63

1.64

1.65

1.66

1.67

1.68

1.69

1.70

1 Mathematical Physics

Solve:

d’y _dy

— —8—=—=-16
a2 dx Y
Solve:

d
xz—y + y(x + Dx = 9x?
dx

Find the general solution of the differential equation:
d?y d
ﬁ + ay — 2y = 2cosh(2x)
[University of Wales, Aberystwyth 2004]
Solve
xd—y —y=x>
dx

Find the general solution of the following differential equations and write
down the degree and order of the equation and whether it is homogenous or
in-homogenous.

@y —-32y=4%
(b) y"+5y' +4y =0
[University of Wales, Aberystwyth 2006]
Find the general solution of the following differential equations:
@ g +y=e”
(b) &2 + 4y = 2 cos(2x)

dx?

[University of Wales, Aberystwyth 2006]

Find the solution to the differential equation:
dy
= — )
dx + x+ 2y e
which satisfies y = 2 when x = —1, express your answer in the form y =
S ().
(a) Find the solution to the differential equation:
¢y dy
—— —4— 44y =8x>—4x —4
dx? dx Y
which satisfies the conditions y = —2 and % = 0 when x = 0.
(b) Find the general solution to the differential equation:
d2
&y + 4y =sinx

dx2
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1.71 Find a fundamental set of solutions to the third-order equation:

1.2.9 Laplace Transforms

1.72 Consider the chain decay in radioactivity A B) B ﬂi C, where A4 and Ap are
the disintegration constants. The equations for the radioactive decays are:
dNa(1) dNp(1)
dr

= —AaN4(), and
a ANA(?), an

= — M Np(t) + AaNa(D)

where N4(t) and Ng(t) are the number of atoms of A and B at time ¢, with
the initial conditions N4(0) = Ng; Ngp(0) = 0. Apply Laplace transform to
obtain N,(t) and Ng(t), the number of atoms of A and B as a function of time
t,in terms of N9, A4 and Ap.

1.73 Consider the radioactive decay:

A4 B2 C (Stable)

The equations for the chain decay are:

dNa _ N 1)
5 = b

dnN,

d_tB = —ApNp +AsNy )
dN¢

—— = +AgN, 3
” +ApNp (3)

with the initial conditions N 4(0) = Ng; Ng(0) = 0; Nc(0) = 0, where various
symbols have the usual meaning. Apply Laplace transforms to find the growth
of C.

1.74 Show that:
(@ £e™)=-L,ifs>a

(b) £(cosax) = =, 5 > 0
(c) £L(sinax) = 54

where £ means Laplacian transform.

1.2.10 Special Functions

1.75 The following polynomial of order n is called Hermite polynomial:
H'—2¢H +2nH, =0
Show that:
(a) H,; = ann—l
(b) Hn+l = 2§Hn —2nH,_
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1.76 The Bessel function J, (x) is given by the series expansion

(=D (x /2yt
k'T(n+k+1)
Show that:

(a) T X" () 1 = x" Ty (x)
(b) d‘i. [x 7" Ju ()] = —x " Jpp1(x)

1.77 Prove the following relations for the Bessel functions:

(@) Juo1(x) = Jpp1 (x) = 252 T (x)
() Ju—1(x) + Jug1(x) = 25 Ju(x)

1.78 Given that I' (1) = /7, obtain the formulae:

(a) Jl/z(x)_\/> sin x
(b) J_ipp(x) = \/>cosx

1.79 Show that the Legendre polynomials have the property:

Ju ()C) =

cifm=n

1
2
P,(x)P,(x)dx =
/4 ()P (x) 2n + 1
=0, ifm#n

1.80 Show that for large n and small 6, P,(cos 0) =~ Jy(n6)

1.81 For Legendre polynomials P;(x) the generating function is given by:
T(x,s) = (1 —2sx +s5°)"'/?

=37 P, s <1
_Zzzo (x)s', s <

Use the generating function to show:

(a) (l + 1)P1+1 = (21 + 1)XP1 —1 Py

(b) Pi(x)+2xP/(x) = P/, (x)+ P/_,(x), Where prime means differentiation
with respect to x.

1.82 For Laguerre’s polynomials, show that L,(0) = n!. Assume the generating

function:
,xs/(l —5) ZOO L ()C)S

1.2.11 Complex Variables

1.83 Evaluate A dezz where C is:

(a) The circle |z] = 1
(b) The circle |z +i| =3
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1.84 Evaluate ¢, 4Z(ZZ’_3IZ)§F1 dz when C is any simple closed curve enclosing z = 1.

1.85 Locate in the finite z-plane all the singularities of the following function and
name them:
473 — 2741
(z—=3*z—i)z+1—2i)

1.86 Determine the residues of the following function at the poles z = 1 and
z=-2:

1
(z —D(z+2)?

1.87 Find the Laurent series about the singularity for the function:

ex

(z—2)7

1.88 Evaluate I = Ooo )%

1.2.12 Calculus of Variation

1.89 What is the curve which has shortest length between two points?

1.90 A bead slides down a frictionless wire connecting two points A and B as in
the Fig. 1.4. Find the curve of quickest descent. This is known as the Brachis-
tochrome, discovered by John Bernoulli (1696).

Fig. 1.4 Brachistochrome A B
23

1.91 If a soap film is stretched between two circular wires, both having their planes
perpendicular to the line joining their centers, it will form a figure of revolution
about that line. At every point such as P (Fig. 1.5), the horizontal component
of the surface of revolution acting around a vertical section of the film will be
constant. Find the equation to the figure of revolution.

1.92 Prove that the sphere is the solid figure of revolution which for a given surface
area has maximum volume.
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Fig. 1.5 Soap film stretched
between two parallel circular
wires

1.2.13 Statistical Distributions

1.93 Poisson distribution gives the probability that x events occur in unit time
when the mean rate of occurrence is m.

P, =

x!

(a) Show that P, is normalized.

(b) Show that the mean rate of occurrence or the expectation value < x >, is
equal to m.

(c) Show that the S.D., o0 = \/m

(d) Show that P,,_ = P,

(e) Show that P,_; = %Pm and P,y = 2P,

x+1

1.94 The probability of obtaining x successes in N-independent trials of an event
for which p is the probability of success and ¢ the probability of failure in a
single trial is given by the Binomial distribution:

N!

B :—xN—x:CNxN—x
(x) A —oiP e P4

(a) Show that B(x) is normalized.

(b) Show that the mean value is Np

(c) Show that the S.D. is «/Npg

1.95 A G.M. counter records 4,900 background counts in 100 min. With a radioac-
tive source in position, the same total number of counts are recorded in
20 min. Calculate the percentage of S.D. with net counts due to the source.

[Osmania University 1964]

1.96 (a) Show that when p is held fixed, the Binomial distribution tends to a nor-
mal distribution as N is increased to infinity.
(b) If Np is held fixed, then binomial distribution tends to Poisson distribu-
tion as N is increased to infinity.

1.97 The background counting rate is » and background plus source is g. If the
background is counted for the time #, and the background plus source for a
time #,, show that if the total counting time is fixed, then for minimum sta-
tistical error in the calculated counting rate of the source(s), #, and #, should
be chosen so that 7, /1, = \/b/g
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1.98

1.99

1.100

1.101

1.102

1.103

The alpha ray activity of a material is measured after equal successive inter-
vals (hours), in terms of its initial activity as unity to the 0.835; 0.695; 0.580;
0.485; 0.405 and 0.335. Assuming that the activity obeys an exponential
decay law, find the equation that best represents the activity and calculate
the decay constant and the half-life.

[Osmania University 1967]

Obtain the interval distribution and hence deduce the exponential law of
radioactivity.

In a Carbon-dating experiment background counting rate = 10 C/M. How
long should the observations be made in order to have an accuracy of 5%?
Assume that both the counting rates are measured for the same time.

4C + background rate = 14.5 C/M

Make the best fit for the parabola y = ay + a;x + a,x?, with the given pairs
of values for x and y.

x =2 -1 0 +1 42 43
y 91 35 05 08 46 11.0

The capacitance per unit length of a capacitor consisting of two long concen-
tric cylinder with radii a and b, (b > a)is C = 1112(7;;2). Ifa =104+ 1 mm and
b = 20 £ 1 mm, with what relative precision is C measured?

[University of Cambrdige Tripos 2004]

If f(x) is the probability density of x given by f(x) = xe */* over the

interval 0 < x < 00, find the mean and the most probable values of x.

1.2.14 Numerical Integration

1.104
1.105

Calculate || 110 x2 dx, by the trapezoidal rule.

Calculate || 110 x? dx, by the Simpson’s rule.

1.3 Solutions

1.3.1 Vector Calculus

1.1

I BT B
VO = (i —+]—+hk— |G+ +57"
ox ay 0z
(Lol 2yf — Lok (2 4y 4 H72
2 2 2

r

=~ 3]+ b+ D= -5
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1.2

1.3

1.4

1 Mathematical Physics

0 0
Vixy? 4+ xz) = <za—+18— +k— )(xy + x2)

= (y> +2)i + (2xy)] + xk
=2 —2) —k,at(—1,1,1)
A unit vector normal to the surface is obtained by dividing the above vector

by its magnitude. Hence the unit vector is

i = 2] — IR 4+ (=2 + (= 1)*1? =

F x 1/r?
V. (r_3r) =r3V.or+r.vr3

N B B B A
ButV.r=(i—+4j—+k— ). (x+]jy+ke)
ox 9z

A 0

N A9
roVre =ity k) (=4 +k— &+ + D)
ox dy 0z

2 4 7 3 2 4 Ao 2 2, _2\-5/2
=(xi +yJj+ zk). —3 L2x1 42y +2zR)(x" + y 4+ z9)

=302+ D+ D) =3
Thus V. (r—3r) = 3r—3 — 3r=3 = 0

By problem V x A =0and V x B = 0, it follows that
B.(VxA)=

A.(VxB)=0

Subtracting, B.(Vx A)—A.(Vx B)=0
NowV.(AxB)=B.(VxA)—A.(VxB)
Therefore V. (A x B) = 0, so that (A x B) is solenoidal.

1.5 (@) Cutl {r f(r)} =V x {rf(nN} =V x {xfr)i + yfr)] + zf )k}

ik
a8 (af_ 8f> +<3f_ af>ﬁ+<af_ 8f>
T oax  dy  dz | @ y(T xaiz “ox J yﬁ a
xf(r) yf(r) zf(r)

af _ (af\ (or\ _ of dx2+y2+D'? _ xf’
But 5; = ((T) () =3""F—=%

Similarly % = % and g—f = sz” where prime means differentiation with
respect to r.

Thus,
curl{r f(r)} = (% — &) (xzf B ﬂ) i (yXf _xyf )l%:o

r r r r r
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4 2 d 2
[ () T (5-0)e  ongyt=sn
, \8 4 8

16
-3
1.8 (a) It is sufficient to show that Curl F =0
i j k
0 a 0 N " N
VxF = — — — | =i0—-j2z-22)+kQ2x —2x)=0
ox 8y 0z

2xy + 2% x? 2xz
(b) d® = F.dr = (2xy + z2)i 4+ x?j + 2xzk)).(idx + jdy + kdz)
= (2xy + z%) dx + x> dy + 2xzdz
= (2xydx + x% dy) + (z% dx + 2xzdz)

= d(x®y) +d(zx) = d(x’y + x2%)
Therefore ® = x?y + xz> + constant
(c) Work done = &, — &; =5.0

19 LetU =x+y;V=x—y
aU aVv
—=1—=-1

ox ay

The curves y = x? and y*> = 8x intersect at (0, 0) and (2, 4).

242x
/[(7——)dxdy—//(1—( 1>)dxdy—2f / dxdy
x=0 =x2
2 242x 37
=2/ [f } —2/(2fﬁ—x)dx—2|:4f 32 3} =§
0 x2 0

This is in agreement with the value obtained in Problem 1.7 for the line inte-
gral.

1.10 Use the divergence theorem

[[aws=[[[v.aa 8

ButV.A = ix3 + iy3 + =2
' dx dy 9z

=3x24+3y? +3z22 =3? + y* + %) = 3R?

//A.ds = f// 3R*dv = /(3R2)(4nR2 dR)

12
= 12n/R4 dR = ?nRS

1.11 /A.dr = /(zy? —3x] 4 zk).(dxi + dy] + dzk)
c

= /(Zydx — 3xdy + zdz)
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Putx = Rcos6, dx = —Rsinf df,y = Rsinf, dy = Rcos6,z =0,0 <
0 < 2w
A.dr = —2R? | sin’6 do —R2/00529 de
= —27R* - 7R*>= —37R?
i j k
9 9 @

e 00 00
dx dy 0z

(3D P (D 3D e 9o
=i — —j — +k{————— ) =0
dydz  0dzdy 0xdz  0z0x dxdy  Jydx
because the order of differentiation is immaterial and terms in brackets
cancel in pairs.

(b) To show V.(Vx V) =0

i j k
5 0 50 » 0 a9 0
l_+]_+k_)$3_ya_z
ox dy 0z v, V, V.,
. 0 a .0 22 R A
— R N k— dy 9z | — 7| ax 9z k dx dy
<lax+’ay+ az> [l vv. vt vxvy}
9 0 8 9 9 9
N i v BN B o B Fri
ax |V, V; ay | Vi V; iz | Vy Vy
9 9 2
ax dy 9z
_ 1% 9 5| _
= o 5 5 |=0
Vi Vy V2

The value of the determinant is zero because two rows are identical.

113 & = x%y — 2x7°
I B B
(@ VP =i—+]—+k— )&%y —2x2)
ox dy 0z

=2(xy — 22)i + x%] + 6xz%k

ax2 oy
=2y — 12xz

2 2 2
2 9 9 2 3
(b)VcD: —+—2+7 (xy—2xz)

dy
= (2xy 4+ 2)i +x%] + xk
=—i+j+k

T B B
114 (@) Vx2y+x) = [i— + ] — +k— | %y + x2)
0x 0z
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A unit vector normal to the surface is obtained by dividing the above
vector by its magnitude. Hence the unit vector is

itk 0k

(12 +124+12]2 3 /3 V3
LD A0 .0

b)Y VO =(i—+]— +k— ) (x®yz+2x7%)
ax ay 0z

= (2xyz 4+ 22)i + x°z) + 4xzk

=] —dkat(1,1,-1)

The unit vector in the direction of 2i — 27 + k, is
2 — 2]+ k

[22 + (—2)2 + 12]1/2

The required directional derivative is

N o (20 2] 2k 2 4 2
Von=(—j—4b). = -+ ] = =3

=20/3-2]/3+k/3

n=

3 3 3 3 3

Since this is negative, it decreases in this direction.
1.15 The inverse square force can be written as
r
a —_—
Jaz
V.f=Vr3r=r>Vor+r.vri

~ 0
ButV.r=1i
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1.3.2 Fourier Series and Fourier Transforms

L17 fx)= —ao~|—z (a,,cos( Z )—i—b sm( Zx))

a =(1/L)/ £(x) cos (””—x) dx
n . S L

by = (1/L) ’ in (71 q
w = (1/ /_Lf(x)sm(L) X

~

1y

~

2)

~

3)

As f(x) is an odd function, a,, = 0 for all n.

by _(l/L)/ f(x)sm( . )dx

= (2/L)/ X sin
0

= — <—) CcoSnT = — <i> (=D"= <i) (=t
T nim nm

Therefore,
fo=emy."
= (2/m)[sin (jTL—x)

()

U i (22

1

— —sin

2

() ()=(7) -

Figure 1.7 shows the result for first 3 terms, 6 terms and 9 terms of the
Fourier expansion. As the number of terms increases, a better agreement with
the function is reached. As a general rule if the original function is smoother
compared to, say the saw-tooth function the convergence of the Fourier series
is much rapid and only a few terms are required. On the other hand, a highly
discontinuous function can be approximated with reasonable accuracy only
with large number of terms.

[

|| .

l

Fig. 1.7 Fourier expansion of the saw-tooth wave
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1.18 The given function is of the square form. As f(x) is defined in the interval
(—m, ), the Fourier expansion is given by

fx) = %ao + Z:;(a,, cosnx + b, sinnx) (D
where a, = (1/m) i f(x)cosnx dx 2)
ap = (1/m) J(x) dx (3)
b

—V
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1.19

1.20

which is consistent with Dirichlet’s theorem. Similar behavior is exhibited at
x = m, £2m ... Figure 1.8 shows first four partial sums with equations

y=m/2

y=m/2+2sinx

y=m/2+ 2(sinx + (1/3) sin 3x)
y=m/2+2(sinx + (1/3)sin3x + (1/5) sin 5x)

By Problem 1.18,

1 1 1
y = % +2 <sinx + (5) sin3x + <§> sin5x + <?> sin 7x +)

Put x = 7/2 in the above series

The Fourier transform of f(x) is

a

1 )
Tu) = —— [ ™ f(x)dx
kY, 2 Ja

1 a ) 1 eiux a 1 eiua _ e*iua

= | tewdr= —°% — :
V2t J-a N2motu |_, 27w u

2 sinua
=,/ — ,u#0

T u

Foru =0,T(u) = \/gu

The graphs of f(x) and T (u) for u = 3 are shown in Fig. 1.9a, b, respec-
tively

Note that the above transform finds an application in the FraunHofer
diffraction.
f(w) = Asina/a

This is the basic equation which describes the Fraunhofer’s diffraction pat-
tern due to a single slit.

Jx) )

3

2 ]

A 2Btz 0 A
0 X
(@ (b)

Fig. 1.9 Slit function and its Fourier transform
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1.21 Consider the Fourier integral theorem

2 o0 o0
flx)=— / cosax da f e “cosau du
T Jo 0

Put f(x) = e~*. Now the definite integral
o0

—bu

e cos(au) du = ———

/O (au) du = =

o 1
Here / e “cosaudy = ——
0 1 =+ a2

2 /00 cos axdx £00) /Oo cos ax W _,
= ———dx = f(x)or — = —¢
T Jo 1+a2 0 1+a2 2

1.22 The Gaussian distribution is centered on ¢t = 0 and has root mean square
deviation t.

flw) = F()e ' dt

1 00
A/ 2 v/—oo
— 1 /OO 1 e—12/2rze—iwtdt

V2T J-—o TV 2T
—[f2+2rziwt+(r2iw)2—(rziw)2]/21:2dt

1 ]
= —— —e
V2 /;oo T/ 2

1 242 { 1 /oo —(+it2e?)? }
= e 2 e 2:2 dr
21 /27 J-oo
The expression in the Curl bracket is equal to 1 as it is the integral for a
normalized Gaussian distribution.

- 1 202
S fw) = e 2

21
which is another Gaussian distribution centered on zero and with a root mean
square deviation 1/t.

1.3.3 Gamma and Beta Functions

123 T(z + 1) = limy_ f, e “x%dx
Integrating by parts

T
'z+1= Tlim [—xze_"|g + z/ e x*ldx]
— 00 0

T
=7z llmT_)w/ e_"xz_ldx = ZF(Z)
0

because T?¢ ™7 — 0as T — oo
Also, since I'(1) = [ e™*dx = 1
If z is a positive integer 7,
I'nh+1)=n!
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1.24

1.25

Thus the gamma function is an extension of the factorial function to numbers
which are not integers.

1
B(m, n) = / 27N = x)dx (1)

0
With the substitution x = sin2¢@ (1) becomes

/2
B(m,n) =2 / (sin @)*" (cos @) 'd® )
0

Now I'(n) =2 ;* yn—le=’dy

o 2
I'(m) = 2/ y¥ e dx

0

- T(m)I(n) :4/00 /ooxz'"*lyz"*l exp —(x% + y?)dxdy (3)
0 0

The double integral may be evaluated as a surface integral in the first
quadrant of the xy-plane. Introducing the polar coordinates x = r cosf and
y = r sin 0, the surface element ds = rdrd6, (3) becomes

/2 poo 5
I'(m)['(n) =4 f / r?"(cos 0)*" (sin®)*" e~ rdrde
0 0

/2 o9 ;
I'(m)[(n) =2 / (cos 0)”"!(sin9)**~'1do.2 f pRomtm=l,=r" 4y 4)
0 0

In (4), the first integral is identified as B(m,n) and the second one as
I'(m + n). It follows that

r(m)l’
Bm.ny = LI
I'(m+ n)
One form of Beta function is
/2 rmr
2/ (cos )" (sin0)*"~'d6 = B(m,n) = Lm)Im (m >0,n > 0)
0 I'(m + n) n

Letting 2m — 1 = r, thatis m = % and 2n — 1 = 0, thatisn = 1/2, (1)
becomes

/2
/ (cosf) df =
0

r(=hr()

1
-z 2 2
2 T(5+1) ®
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Now I'(n) = fooo x"ledx, putx = yz, dx = 2ydy, so that
o0
F(n) =2 / y2-le=r' gy
0

r'(1/2) = 2f e Vdy = %E =T
0

So that
z r4l
/ (cosf) do = “/_EM
0 2 r(s+1)
1
1.26 (a) B(m, n) =/ 27N = x)dx )
0
Put x = % )
(o) n—1
Bm. n) :/ y'dy _ ImI(n)
o (I+yymtm  I'(m+n)
Lettingm =1—-n; 0 <n <1
/“ y'! r'(l—n)I(n)
dy =
o (I+y ra
But I'(1) = 1 and
00 n—1
/ Y dy = — il 0<n<l1
o (I+y) S;;l(mr) 3)
r(mI'd —n) = —
sin(nm)

() |I(in)|* = I'(in)I"(—in)
Now I'(n) = £t
I'(1—in)
 —in
Lin)I(1 —in)
—in(sin imn)

S rGn))? =

by (3)
Further sink(n) = i sinimn

) ()| cpp— —
nsinh(mn)

1.3.4 Matrix Algebra

1.27 Let H be the hermitian matrix with characteristic roots A;. Then there exists a
non-zero vector X; such that
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HX; =)\ X; (D
Now X'HX; = X1 X; = M X, X; )

is real and non-zero. Similarly the conjugate transpose

X HX; = 1 X/X; 3)
Comparing (2) and (3),
Ai = A

Thus A; is real

1.28 The characteristic equation is given by

1—2 —1 1
0 3—2 =1 |=0
0 0 2—2
(1-20)B-MN2—-AN+0+0=0 (1)
or A> — 61% + 11A» — 6 = 0 (characteristic equation) )

The eigen values are Ay = 1, A, = 3, and A3 = 2.

129 Letx =~

(1) ()=

It produces reflection through the origin, that is inversion. A performs the
parity operation, Fig. 1.10a.

Fig. 1.10a Parity operation
(inversion through origin)

#=(10)(3) - (2)

Here the x and y coordinates are interchanged. This is equivalent to a reflec-
tion about a line passing through origin at 0 = 45°, Fig. 1.10b

*=(32)()-(3)
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Fig. 1.10b Reflection about a Pxy)
line passing through origin at ™
45°

Fig. 1.10¢ Elongating a P'(2x,2y)
vector in the same direction

P(x,y)

Here the magnitude becomes double without changing its orientation.

1 y

px— | 2 ) x\ _ ( cos30° sin30° x\ 7 + 2
- 1 V3 y) =\ —=sin30°cos30° J \ y ] — x /3
172 2t

The matrix D is a rotation matrix which rotates the vector through 30° about
the z-axis,. Fig.1.10d.

3005

Fig. 1.10d Rotation of a

vector through 30°
6 =2 2
1.30 The matrix A =| -2 3 —1
2 -1 3

The characteristic equation is

6—-1 =2 2
|[A— Al = -23—-x —-1|=0

2 —13—-2A

This gives —A3 4+ 1242 — 361 +32=0
or(A—2)A—-2)(A—8)=0
The characteristic roots (eigen values) are
A,l =2,)\.2 =2andk3 =38
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1.31

1.32

6 -2 2
A=|-2 3 -1
2 -1 3

In Problem 1.30, the characteristic roots are found to be A = 2,2, 8. With
A = 2, we find the invariant vectors.

6—-2 =2 2 X1

—23-2 -1 x| =0
2 —-13-2 X3

The two vectors are X; = (1,1, —1) and X, = (0, 1, 1)’. The third vector
can be obtained in a similar fashion. It can be chosen as X3 = (2, —1, 1)". The
three column vectors can be normalized and arranged in the form of a matrix.
The matrix A is diagnalized by the similarity transformation.

S71 AS = diag A

1 2
7Y %
g oL
Sl A
B V2 Ve
As the matrix § is orthogonal, S~! = §'. Thus
11 1
BB A6 22 5 0 % 200
0 % > —2 3 -1 L L_Ll_lo020
2 L1 2 —1 3 ﬁ' \? f/g 008
NN V3 V2 Ve
- (au a12)
az) ax
32
A= [4 ]}
3—A 2 .. ..
(a) ‘ 41— A‘ = 0, characteristic equation is
B-MNDA-1)—-8=0
M —4r—=5=0,(L=5A+1)=0
The eigen values are Ay = S and A, = —1
(b) and (c) The desired matrix has the form
Cn Cn2
C =
(C21 sz)
The columns which satisfy the system of equations
(aij — 8ijM)Cjx =0, no sum on k (D

yielding

(a1 — M)Crx + a;pCoy = 0, no sumon k
a Cix + (a2 — A)Cox =0, k=1,2

Since a;; =3, a2 =4, a1p =2, a»n =1, we get
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onsettingk =1land Ay =5

—2C1 +2Cy =0 2)
4Cy; —4Cy;» =0 3)

Thus C21 = C11 =a=1
The substitution of k = 2 and A, = —1 yields

B+1)Ci+2C» =0

4C1p +2C» =0

or C22 = —2C12

We may set Ci, = 1 so that Cp, = —2

Thus C = } _12 (modal matrix)

The inverse of C is easily found to be

1
-1 3
c = ( .
3
. —A
Eigen vectors: an ar 1) =0
az ap—Ai)\x2

3—-5 2 X
Putk:k1:5;< 4 1_5><x;>:O—>—2x1+2x2:O—>x1:x2

W= WIN

1
. . . . 1
The normalized invariant vector is 7 < | )

— — 1 3—(=D 2 X1\ _ .
PutA =1 = l,< 4 1_(_1)><x2)_0—>4x1+2xz—0—>

Xy = —2)61

. . . . . . 1
The second invariant eigen normalized eigen vector is \/Lg < B 2)

e (23 173\ (32\(1 1) _(50
@c lAC‘(1/3 —1/3><41><1—2)_<0—1)

1.3.5 Maxima and Minima

133 Let f=y=x>—-3x+3=0

Let the root be a

fx=a=-2,y=+41

Ifx=a=-3,y=-15

Thus x = a lies somewhere between —2 and —3.
For x =a — 2.1, y = 0.039, which is close to zero.

Assume as a first approximation, the roottobea = v + h
Putv = -2.1
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f)
=——; = f(-2.1
) f) = f( )
d
fw) = d—ylu;f’(v) =10.23
X
h = _0039 —0.0038
10.23

To a first approximation the root is —2.1 — 0.0038123 or —2.1038123. As a
second approximation, assume the root to be

a =—2.1038123 + h,
Put v, = —2.1038123
hy = —f(v)/f'(v)) = —0.000814/6.967 = —0.0001163

The second approximation, therefore, gives a = —2.1039291.
The third and higher approximations can be made in this fashion. The first
approximation will be usually good enough in practice.

134 y(x) = x? exp(—x?) M
Turning points are determined from the location of maxima and minima. Dif-
ferentiating (1) and setting dy/dx = 0
dy/dx = 2x(1 —x¥)exp(—x?) =0

x =0, +1, —1. These are the turning points.
We can now find whether the turning points are maxima or minima.
dy

CA—) 3 —x?
i (x —x7)e

Y =20x" —5x2 4+ e

27 . .
For x = 0, &Y = 42 — minimum

k) dxl -
2 .
Forx = +1,, jx—{ = —4e~! - maximum
2y .
Forx = —1,, % = —4¢~! — maximum

v 2
y(x) = x2e~*" is an even function because y(—=x) = +y(x)

1.3.6 Series

X2 X3 X
1.35 Thegivenseriesisx—i—k?—4—2+~~- (A)
The series formed by the coefficients is
1 1 1
1—§+§—4—2+~-- B)

. Ap41 . I’l2 o0
lim =lim|—m | = —
n=00 a, n=00 (n =+ 1)2 (0.¢]

Apply L’Hospital rule.
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1.37
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Differentiating, lim,—s, (—2—”) = 2

2(n+1) 0
Differentiating again, lim,—o (—3) = —1(= L)
1 1
— | =l—| =1
L —1

The series (A) is

I. Absolutely convergent when |Lx| < 1 or |x| > |+]ie. —|+] < x <
1
+|z]
II. Divergent when |Lx| > 1, or |x| > ’H
III. No test when |Lx| =1, or |x| = |%|
By I the series is absolutely convergent when x lies between —1 and +1
By II the series is divergent when x is less than —1 or greater than 41
By III there is no test when x = +£1.
Thus the given series is said to have [—1, 1] as the interval of convergence.

f(&x)=logx; f(1)=0
1
flx)= ;;f’(l)zl

1
£ = == (1) = -
X
2
£ = S =2

Substitute in the Taylor series

(x (x (x

fx) = f(a)+ f( )+ f”( )+ f’”( )+ -
_ 1) (v — 1V (v — 1)2
logx =0+(x—1) 2()c 1) +3(x 1)
Use the Maclaurin’s series
X / xz " 'x3 1"
f(X)=f(0)+Ff(0)+§f(0)+§f O +--- (D

Differentiating first and then placing x = 0, we get

f(x)=cos x, f(0O)=1
f/(x) = —sin xf'(0) =
f'(x) = —cos x, f"(0) = —
f"(x)=sinx, f"(0)=0
fP(x) = cos x, f'(0) =1

etc.
Substituting in (1)

x2xt X6
COSX=1—5+4—!—5

The series is convergent with all the values of x.
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1.38 f(a + x) = sin(a + x)

Putx =0
f(a) =sin a
f'(a) =cos a
f"(a)=—sin a
f"(a) = —cos a
Substitute in
2 3
o=@+ T @+ C L @+ 2 @
x? x3

X
sin(a + x) = sina + —cosa — — sina — — cosa + - - -
( ) 1 2! 3!

1.39 We know that

y=l4+x+x>+x+x*+...=1/1 —x)
Differentiating with respect to x,
dy/dx =14+ 2x +3x2 +4x° + ... =1/1 —x)* =S

1.3.7 Integration

1.40 (a) [ sin’® x cos® xdx = [ sin® x cos® x sin xdx

= — [(1 — cos® x) cos® x d(cos x) = [ cos®x d(cosx) — [ cos® x d(cos x)

cos®x  cos’x

9 7

= +C
(b) / sin* x cos® xdx = /(sinx cos x)? sin” xdx

L., 1 1
= | —sin“2x(= — = cos2x)dx
4 2 2

1 .2 1 -2
:g sin 2xdx—§ sin” 2x cos 2x dx

1 1 1 1 .5
— | (= — =cos4x)dx — = | sin” 2x cos2xdx
8 2 2 8

X sindx  sin® 2x

=— - — - C
16 64 48 +
1.41 Express the integrand as sum of functions.
Let 1 3 1 A B A(x—-2)+BQx+1)
2x2—3x -2 2x+Dx—=2) 2x+1 x—-2  2x+Dx-=2)
B-2A=1
A+2B=0

Solving, A = —% and B = %

1_ Z/dx +1/dx+c
T o5) 2x+1 5) x=2
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1.42

Fig. 1

.1 1 V
:Sgln(2x+ 1)+ gIn(x82)+C
1 xS 2
= —In +C
5 2x+ 1
r’=a?sin2
Elementary area
1
dA= Zr?d
2
1 /2 a2 /2
A= = r’dd = — sin2d =
2 o 2 o
/2 a2 a2
2 ; oy = ; —
d = —si? |}1= =
a . sin d(sin ) 25| I5 5

.11 Polar diagram of

the curver2 = a?sin2

1.43

1.44

Sincex? + 2 occurs twice as a factor, assume
x3+ x2+2  Ax+ B , Cx+D

(x2+ 2)2 (x2+ 22 x2+2
On clearing off the fractions, we get
x3+ x2+ 2= Ax+ B+ (Cx+ D)(x®+ 2)
orx®+ x>+ 2= Cx®+ Dx?+ (A+ 2C)x+ B+ 2D
Equating the coef cients of like powers of
C=1D=1A+2C=0,B+2D=2
ThisgivesA=S2,B=0,C=1,D=1
Hence,

1 Mathematical Physics

X+xP+2 o & x 1
(P+22 T (@+ 2P x2+2 x2+2
(x3+ x2+ 2)d>(_é 2xdx . XX . dx
(x2+22 (x2+ 2)2 2t D v
_ 1 1., 1 o X
= —x2+2+ EIn(x + 2)+ _itarF = +C
4a_3dx ) b 4a3dX - * , . « + 5
At M = I 2t o

& b
= lim,.  2a%tar! — =23a%.—= &
b 2a 2









1.3 Solutions 55

Fig. 1.14 Area enclosed y

Z/ydx

21
Zf —dx=2In2
1 X

= 1.386 units

between the curves y = 1/x y =1/x

and y = —1/x and the lines 2 -
x=1andx =2

1.51 /
. 4 (x-3
= (1/5)tan (—5 )

1 1
/ x*tan™' x dx = (x*/3)tan"" x|} — 1/3f 5
0 o (x

1.52

1 1
. =
X2 18x 434" /(x—3)2+25

x3

————dx
+1?)

T 1f1 x
—_ == X — dx
12 3/, (x2+1)

L e
O—i— 6 n(x” +

1

2 6 .
SR
2 6 6"

1.53 (a) The required area is for the figure formed by ABDGEFA. This area is equal

to the area under the curve y = x2 42, that is ACEFA, minus ABCD, plus
ADGE (Fig 1.15a)

2 1 1
=/ ydx — =BC.CD + -DE.EG
| 2 2

2 1 1
=/ 2 +2)dx—=.224+=.1.1
. 2 2

= 7.5 units

(b) The required volume V = Volume of cylinder BDEC of height H and

radius r and the cone ABC. (Fig 1.15b)

) l ) ﬁ
V—nrH+3nrh_7rr H—i—3
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Fig. 1.15a Area bounded by ABGFA (see the text, Prob 1.53a)

Fig. 1.15b Volume of the
cylinder plus the cone
(See Prob 1.15b)

4 1
= .22 5+ — :255 units

3
2 2
1.54 (a) Area= ydx = X sinx dx + X sinx dx
0 0
=S xcosx + sinx|, S xcosx + sinx|> = +3 =4

The area refers to the magnitude
(b) Volume,V = 2 y2dx=2  xZsirfx dx
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w=w,
—> -
«— «— < 9
a Symmetricalmode b Antisymmetrical mode
(in phase)

(out of phase)

Fig. 1.16 Two modes of Oscillation

If initially x; = x,, the masses oscillate in phase with frequency w; (sym-
metrical mode) as in Fig. 1.16(a). If initially x, = —x; then the masses
oscillate out of phase (asymmetrical) as in Fig. 1.16(b)

1.62 Sum of translational + rotational 4 potential energy = constant

1.63

! 2+112+1k2 t
— mv — 1w — KX~ = const.
2 2 2

1
But/ = EmR2 and w = v/R

3,1 5
Therefore 7 mv- + 2 kx= = const.

3 L)
Zm(dx/dt) +§kx = const.

Differentiating with respect to time,

3 md%x dx+k dx_O
AN AT T

Cancelling dx /d¢ through and simplifying d?x/dt> + (2k/3m)x = 0. This
is an equation to SHM.

Writing o® = £-, time period T = <= = 27,/ 3¢

¢y o dy

02 de = —16y
Ey _ b
dx? dx
Auxiliary equation:
D*—8D+16=0
(D—4)D—-4)=0

The roots are 4 and 4.
Therefore y = Ce* + Crxe*

+16y=0

d
1.64 x2ﬁ + y(x 4+ Dx = 9x? (1)

Put the above equation in the form
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d

d—y +Py=0 )
+1

dy yx+D _g 3)

dx X

Lety = Uz “4)

dy Udz zdU

X, 5

dx dx + dx ©)

Substituting (4) and (5) in (3)

Ud dU Ux+1

_Z + < + L) =9 (6)

dx dx X

Now to determine U, we place the coefficients of z equal to zero. This gives

dU  Ux+1)
P T L Y
dx + X
dU 1
1 d
(1)
Integrating, InU = —x — Inx or
U=¢e"/x (7N

As the term in z drops off, Eq. (6) becomes

dz
— =9 8
o 3)

Eliminating U between (7) and (8)
dz =9x " dx
Integrating z = 9 / xetdx =9¢"(x — 1) ®

Substituting U and ziny = Uz,
_ 9x — 1)
N X

jiz -l-g—y—Zy—ZCosth )
The complimentary solution is found from

D?+D—2=0

(D—1)(D+2)=

D=1,-2

Y =U=Cie* + Cre > (2)
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1.66

Differentiating (1) twice

4 3 2
%+%—2%:800sh2x 3)
Multiply (1) by (4) and subtract the resulting equation from (3)
4 3 2
D*+ D*—6D*—4D+8=0
(D —1)(D—2)(D+2°=0
D=1,2,-2,-2

The complete solution of (4) is

y=Cie" + Cie™ + Cre > + Caxe ™
=U + C3¢™ + Cyxe >

=U+V

V = C3¢% 4 Cyxe ™™ (5)
Inserting (5) in (1), writing 2cosh 2x = e* + ¢~>* and comparing the

coefficients of e** and e=**, we find C3 = } and C4 = —%. Thus the complete

solution of (1) is

1 1
y=Cie* + Cre™ ™ + Zezx —3* e

xdy 2
2 y=x
dx Y
dy ¥y _
dx x
The standard equation is
d
T ypPy=0
dx
1
P=——0=x
X

seso( [ is) = [ [ 0w ([ i) o v
oo (= fo) = [ fron(-[Fa)+€
yexp (—Inx) = Uxexp(—lnx)} +C

yx ! = /xx_ldx—i—C

y=x>+Cx
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;o 2y 1
167 ()y — = = — )
x X
Lety = px,y' = p +xp’
Then (1) becomes
xp—p=1/x°

Now & (2) = 2

o () =ora(f) =3
Integrating

p 1
F___~ 1 ¢
X 4x4+

y 1

2 ___ . cC
0rx2 4x4+

1 2

y= i +Cx

It is inhomogeneous, first order.
(b) y"+5y" +4y =0

D*+5D+4=0

D+HD+1)=0

D=-4 -1

y=Ae ¥ 4 Be*

It is inhomogeneous, second order.

d
1.68 (2) > +y=e*
dx

Compare with the standard equation

Y py=0
dx py =
P=10=¢"*

soro( [ rae) = [ [ 0w ([ pas)ac v
son( [ 1) [ [ere ([ 105)Jac v

yve* =x+C
y=xe *+Ce™*

2
(b) % + 4y = 2cos(2x) ey

The complimentary function is obtained from y” 4+ 4y =0
y=U = C;sin2x 4+ C, cos 2x
Differentiate (1) twice
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1.69

dy 4y
dx*  dx?
Multiply (1) by 4 and add to (2),
d4_y n 8d2y

dx* = dx?
D*+8D*+16=0

(D*+4)*=0

D = +2i

y = C;8in2x 4 C3 x sin2x 4+ C, cos 2x + Cyx cos 2x
= U + Czxsin2x + Cgx cos 2x

=U+V

Y =V = Csxsin2x 4+ C4x cos 2x

= —8cos(2x)

+16y=0

65

2

3)

Use (3) in (1) and compare the coefficients of sin 2x and cos 2x to find

C3 = 1/2 and C4 = 0. Thus the complete solution is

1
y = C;sin2x 4+ C, cos 2x + Ex sin 2x

dy 3y
AT 2
dx+x~|—2 X

This equation is of the form
dy

— +ypx) = Q(x)

dx
withP:%andQ:x+2
The solution is obtained from

yexp (f px)dx = [/ O(x)exp </ p(x)dx):| dx+C

Now/ p(x)dx = 3/ S 42) = In(x 4+ 2)°
x+2
coyexp(In(x +2)%) = U(x +2)exp(In (x + 2)3)} dx +C

yx +2)° = /(x +2)%dx +C

(427
5
(42
5
y=2whenx = —1
Therefore C = g
The complete solution is

x+2? 9 x24+4x+13
y = —I— e —

5 5 5

+C

ory +C
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1.70 (1)

(ii)

171 y”
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d’y  4dy
o — <~ 44y =8x’—4x—4 1
dx?2  dx Ty * * 1

Replace the RHS member by zero to get the auxiliary solution.
D*—4D+4=0

The roots are D = 2 and 2. Therefore the auxiliary solution is

y = Ae* + Bxe* 2)
Complete solution is

y=(A+ Bx)e* +Cx*+Dx+E (3)

The derivatives are

d

d—y — (2A +2Bx + B)e¥ +2Cx + D (4)
X

d’y/dx? = 4(A + B + Bx)e® +2C (5)

Use (3), (4) and (5) in (1) and compare the coefficients of like terms. We
get three equations. Two more equations are obtained from the conditions
y=—2and $ =0 whenx = 0.

Solving the five equations we get, A = —3, B =3,C =2, D = 3 and
E = 1. Hence the complete solution is y = 3(x — 1)e?* 4+ 2x> +3x + 1

(12_y + 4y = sin (1)
e T

Replace the RHS member by zero and write down the auxiliary equation
D*>+4=0

The roots are +2i. The auxiliary solution is

Y = Acos2x + Bsin2x

The complete solution is

Y = Acos2x 4+ Bsin2x + C sinx 2)
d’y . .
e —4(Acos2x + Bsin2x) — Csinx 3)

Substitute (2) and (3) in (1) to find C = 1/3. Thus

1
y = Acos2x + bsin2x + gsinx

_y//+y/_y=0

Auxiliary equation is

D3

-D*+D-1=0

(D — 1)(D* + 1) = 0 The roots are D = 1, +i

The solution is

y = Asinx + Bcosx + ce’
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1.3.9 Laplace Transforms

1.72

1.73

dNa(?)
——— = —AaNa(t
& aNa@)
dN3(1)
dr
Applying Laplace transform to (1)

= —)\,BNB(t) + )\'ANA(t)

SL(Ng) — Na(0) = —A4L(Ny)
N M
s+xa s —(—ha)

or L(N,) =

o Na = NS exp(~rat)
Applying the Laplace transform to (2)
sL(Np) — Np(0) = —ApL(Np) + AaL(N4a)

Using (3) in (4) and putting N>(0) =0
AaN$

L(Np)(s + Ap) = S

67

(1

2

3)

“4)

®)

AaNO AaNO 1
or L(Ng) = A4 = A4 |:

(s +Aa)s +Ap)  Ap—Aa
AN [ 1 1 ]
A —a ls—(=2ra) s—(=Ap)
AaN$

_ pp— [e*“’ _ e*)\gt]

Np

dN4
dr
dNp
dr
dN¢
dr
Applying the Laplace transform to (3)

= —AaNy
= —ApNp +AsNy

= +)¥BNB

ApAaN$

SEWN) = Ne(0) = 25 £{Ng) = === =

Given N.(0) =0
AarpN§
s(s + Aa)(s + Ap)
_ hargNy 1 1
" (Ap — Aa)s |:s + s+/\3}

E{Nc} =

S+)\,A N

1
S+)\B

(D
2

3)
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_ aaAgNY 1 (1 1 1 (1 1
_()\B_)‘-A) )‘-A N S—{-)xA )‘-B N S+)\.B

=N0[1 As 1 i 1 }

==

+
s (Ap—Aa)(s+2rs)  (Ap—2a)(s+2Ap)

"N, =N} [1 + . (Aaexp(—Apt) — Ap eXp(—)»Al))}
A

o 00
1.74 (a) L{e™} = / e e™ dx = / e gy
0 0

= ,if s > a
s —a

(b) and (c). From part (a), L(e*™) = — Replace a by ai

L(e™) = L{cosax + i sinax}
= L{cosax} + iL{sinax}

1 s+ai s n ia
s—ai  s?4+a? s2+a>  s24a?
Equating real and imaginary parts:

L{cosax} = ; L{sinax} =

s
52 4 a? x2+a?

1.3.10 Special Functions

1.75 Express H,, in terms of a generating function T (€, s).

T(E s) = expl&? — (s — £)’] = exp[—s” + 2s&]

H, (S )s"
Z ()
leferentlate (1) first with respect to & and then with respect to s.
o7 = 2sexp(—s® + 2s&) =
T s exp(—s sE) =
ZS"HH &) s"H, (S)
Y T Z @)
Equating equal powers of s
H) =2nH,_, 3)
aT s "' H,(§)
Sy =E(=2s +26) exp(—s +zss>=;(—zs+2s>s"Hn<s>= Z =
“)
Equating equal powers of s in the sums of equations
Hyp = 26H, —2nH,_, %)

It is seen that (5) satisfies the Hermite’s equation
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H, —2tH +2nH, =0

( l)k( )n+2k
Lm@m:%kﬁaﬁiﬂ

(a) Differentiate
2 A (x)
P

dx
)n+2k nx! Z xX"(n 4 2k)(—1)kxnt2k-1

Z( DX (
h Kr(n+k+1) K\T(n + k + 1).2n+2k

i[x” Jy(0)] = J,onx""" +

_ Z( (2 )n+2k 1(n 4 _ Z( (2 )n+2k I

Kr(n+k+1) I'(n+k)

(b) A similar procedure yields

%[X‘”Jn(x)] = —x"Jpp1(x)

1.77 From the result of 1.76(a)

L g, 01 = om0 S g
—[x"J,(x)] = Ju(x)nx X—=x"J(x
dx dx :
Divide through out by x”
n dJ,(x)
—Ju(x) + = Jp1(x)
X dx
Similarly from (b)

dJ,(x)
__]( )+ dx = - n+l(x)

Add and subtract to get the desired result.

( l)k( )n+2k
178 Ju(x) = g KT+ k+1)

(a) Therefore, withn = 1/2
172 52 9/2
=07 07 )
2

- F(%) I (3) 2'1"(1)
Writing I (3) = 2, 7 (3) =2F. 1 () =2
L@ == —£+£+
R TR TR

2 .
= — Sinx

TX

(b) Withn = —1/2

I ) NN )
J_i(x) = r@) 1r@ +2!1“(5%)

69

= xn‘lnfl(x)
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_ 2 1 x2+x4
~ Vox 21 4!

2
=,/ —cosx
X

1.79 The normalization of Legendre polynomials can be obtained by [ — fold inte-

gration by parts for the conventional form
!

Pi(x) = ﬁﬂ(xz — l)l (Rodrigues’s formula)
Idx

+1 1 2 +1 dl(xZ _ 1)1 dl(x2 _ 1)1
2 — N
/_1 LR dx = <2ll!> /_1 [ dx! ] [ dx! ] d

1 20,2
=FU%L¥/%[QE;:2Lﬁ—D%x

an’ dx?
@nn\? [ 2
—(—1) [ 2 Ydy = =
( )<2m> T

Put ! = n to get the desired result.
The orthogonality can be proved as follows. Legendre’s differential equation

% [(1 - xz)dp”(x)} 4+ DPyx) =0 (1)
can be recast as

[(1 —x*)Py] = —n(n + 1)P,(x) 2)
[(1 =x*)Py) = —m(m + 1) P, (x) 3)
Multiply (2) by P,, and (3) by P, and subtract the resulting expressions.
Pul(1 =x)P)) = Po[(1 = x*)P,) = [m(m + 1) = n(n + DIP, P, (4)

Now, LHS of (4) can be written as

Pm[(l _XZ)PYZ]/E + €
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1.80 Legendre’s equation is

2
(1—x2)% 2 a};(”+ n(n+ 1)Py(x) = 0 (1)

Put x = cos @, Eq. (1) then beco