First Order Ordinary
Differential Equation
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Ordinary Differentail equation :
A Equation containing ordinary derivative .

NOTE : In this equation Number of Independent
variable is One.

For Example:

2
1. g+x2y=sinx 2. d Z’+5ﬂ+x y =sin’ X..
dx dx dx
3 2
3.d_z/+5d y+6dy+9y:ex.
dx d°x  dx




Partial Differentail equation :

A Equation containing Partial derivative:
NOTE : In this equation Number of Independent
variable are two or more.

For Example:

o°u 82
1. S+ =0
ox° oy’
Fu_o
ox*  ot°

2.C



Order of Differentail equation :

A ODE is said to be of nth order if thehighest
order derivative of unknown function y is n.
For Example:

3y+3y 5x  (First Order).
X

2
2. d Z/ 3dy+7y:eX (2nd order).
dx dx



Degree of Differentail equation :

A ODE is said to be of nth degree if power of
the highest order derivative of unknown function
y IS n when the power of each term In y and Its
derivative are free from radical sign.



For Example:

dy —+3y =5x (First Order, First degree).
X

2
2. d 2’ +3O|y+7y:eX (2nd order, 3rd degree).
dx dx

3. :y+3 y =5x (First Order, 2nd degree)
X

4. \/:—7 +3y =5x (First Order, 1st deg ree)
X



A solution of ordinary differential eguation
IS a functiony = f (x) which satisfy the given
differential equation.

Classification of solution:

1. General solution : A solution containing

arbitrary constants.



Note : (1) Number of arbitrary constants in a
general solution Is equal to the order of
diferential equation.

(2) Geoemtrically general solution Is the
family of curve.

For Example :

b _ 2X, its solution is y = x* +c, it is a

dx
family of parabolas symmetric about y —axis.




Classification of solution:

2. Particular solution : A solution obtained by
Assigning a particular values to arbitrary
constants in a general solution.

(2) Geoemtrically particular solution is the
a curve.

For Example: % =2X, y(0) =0, Its solution Is
X

y =x°, it is a parabola with vertex at 0, symmetric
about y —axis.



|. If The equation of family of curve is known.
To form the Differentail equation of Family of
curve given by f(x, y, c,¢C,, ..., ¢c,)=0....(01)
Method : Since given family contain n arbitrary
constants the required DE will be of nth order.

. Diferentaiting (01), n—timeswe get



f'(x,y,v¥,¢c,¢C,,..,C)=0
f'(x,y,y,y,¢,¢C,, .., C)=0

f'(x, vy, y,y...y",c,c,, .. c)=0
and eleminating ¢, c,, ..., c. from above (n+1)

equations we get the required differential equation.



Foramtion of a differentail equation from a Given physical
situation :We required the knowledge of Standard laws of physics
Examples:

1. Falling body. 2. Escape velocity

3.Simple harmonic motion. 4. Population dynamics

5. Simple electrical circuits 6. mass spring system.

7. Newtons Law of colling.

We willdiscuss in detail when we study the Applications

of ODE.




Example : Obtain the differentail equation of
family circles with fixed radius r and centre
at (h, k).
Solution : The family of circle is

(x—=h)* +(y—k)* =r=...(01)
since It contains 2 arbitrary constants
. differentaiting twice, we get



2(x=h)+2(y—-k)y'=0
and 1+ (y —k)y"+(y') =0
1+(y')

¥

y—k:

but (X—h)z—(y_k)y':]'_l_(y’)

"

substituting In (01), we get

(1+(y’)2)3 =r’(y")".



First Order Differential Equation

A Differentail equation of the form

dy
= f (X,
o~ 1Y)
or M(X, Y)dx+ N(X,y)dy =0

Is called first order differential equation.
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Variable Separable Method

If a given Differentail equation can be
exp ressed as

#(x)dx+y (y)dy =0
called as Variable Separable form
Its solution Is

| pOgdx+ [ (y)dy =c



Illustrative Examples

1. Solve yv/1— x2dy + x\/l— y*dx =0
ydy L XdX

NN

j (1— y? )_1/2 (2y)dy + j (1— X )_1/2 (2x)dx =0

2 12
i.e.\/1y+1x

1/2 1/2

Solution: =0

=C
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V1-x2 +1-y? =c.

f n+1(X)

Rule of integration used: j f(x) f'(x)dx = =
_|_

Solve:

y dy 2 02 w22
1) =— =1+ X"+ Yy +X
® == y? + X7y
ay —x?

(2) —=xe’" ,if y=0,when x=0.
dx

ay _
dx

e 72 4 x%e™.

(3)




Differential Equations solvable By Substitution

Differential Equation Substitution
1.%:f(ax+by+c) ax+by+c=v
X
dy
2. X—+Yy=f(xy) Xy =V
dx
3. A de containing terms X=rcosd, y=rsind

xdx + ydy, xdy — ydx, (x2 + yz)n X°+y°=r2, tanl(lj =0
X

. Xdx + ydy = rdr, xdy —ydx =r*dé.

Shailendra Bandewar
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Exercise

Solve
W

2. gy+y sec” (xy).

3. (xdx+ ydy )

=SIN(X+ V).

xdy —ydx

(X*+y®)




A Differentail equation of the form

%= f(xy) or M(x y)dx+N(xy)dy=0
X
y

IS homogeneous DE If f(x,y)=F (—j
X
l.e. f(X,Yy) Is homogeneous function of degree zero.

or M and N are homogeneous functions of same
degree.



Method of solving Homogeneous differential Equation

put L =v = y = VX
X
B
o) o)

Substitute In given de, It reduces to
variable separable form.

Example: Solve (x* — y?)dx = 2xydy
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dy (xX*—y?) 1(x vy _F[lj
dx 2 Xy 2ly x X )

.. Homogeneous d.e.

. Put sz:> y=vx:>d_y:\/+xﬂ
X dx dx

Substituting In given d.e

dv 1[1 j dv 1[1 j
dx 2\ Vv dx 2\ Vv

. 2
1.e xﬂ = 1—3v > Separable form
dXx 2V




2V dx
~dv =—
1-3v X

integrating oV

1—3V?

X

X =3yt ==

Shailendra Bandewar

dv——3j—+c

In(1—3v2):—3ln Xx+Inc
)

ie. In(1—3v2): In(X_

~1-3v° :% now put V=X:>1—3(X

X
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Exercise

1. (xzy—2xy2)dx—(x3 —3x2y)dy =0

2. y2+x2ﬂ:xyﬂ

dx dx
3. x°dx — y’dy = 3xy (ydx — xdy)

4. ydx — xdy :\/x2 + y2dx




Differential Equation reducible to Homogeneous de

A Differentail equation of the form
dy ax+by+c
dx a,x+h,y+c,

where
Case 1: If ﬁ:E, then
a'2 b2

put a,x+by=v
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Case 2:If i;tﬂ, then
a2 b2

put x=X +h, y=Y +k ,-,d_Y:dY dy dx _dy
dX dy dxdX dx

. Given d.e becomes
dY aX+bY+ah+bk+c

ax a,X +b,Y +a,h+bk +c,
choose h and k such that
ah+bk+c,=0and a,h+bk+c,=0
o dy  aX+bY
TdX  a,X +hY

> homogeneous d.e



Example : dy x+y+l here ﬁ=ﬁ:E
dx 2x+2y+3 a, b, 2
L put X+y= v:1+0Iy av
dx dx
dv v+1 dv v+1
. —-1= = —= +1
dx 2V+3 dx 2v+3
cdv v+l v+4

. +1=
dx 2V +3 2V +3

separating Variables




/3 44 9
V+4—-4+—
2V+3dv=dx:>2 2 dv = dx
3v+4 3 v+4

\ J
.'.Edv+1 3 dv = dx

3 93v+4

Integrating

6v+In(3v+4)=9x+c
6(x+Yy)+In(3x+3y+4)=9x+cC
6y —3x+In(3x+3y+4)=c.



Example:c—yzzx_y_4, here 2 2 21
dx y-3x+3 a, b,

Soput x=X+h, y=Y +k
. ﬂ:d_de_YZZX—Y+2h—k—4

dx dX dX Y-3X-3h+k+3
Choose h, k such that
2h—k—-4=0and —3h+k+3=0
solving simultaneously

h=-1 k=-6.




cdy dy 2X-Y T x
S dX  dX Y-=-3X Y

putY =vX =

v+Xﬂ -V Xﬂ:—z_v—v
dX v-— 3 dX v-3

dv. 2-v = 2+2v- V?

dX v-3 V—3
separating variables




V—3 dX 2V—2—4 20X

~dv=— .. ~dv=—+-
2+2V—V X 2+2V—V X
( 2V —2 4 j 2dX
== >~ |dV =——
2+2V—V° 2+2Vv—-V X
Integrating
j 2V_22dv+4j 12 dv=[29% L ¢
2+2V—V (v-1)°-3 X
In(2+2v—v2)+iln v-1-V3 =2In(X)+c.
2J3 [ v-1++/3

y+bo

X =x+1.
X+1

where v =



Exercise

1. (4x—6y)dx+(3y—2x—2)dy =0
2§X:X+2y_3_

dx 2x+y-3
3 dy _ X+ y—2

dx x-y-3
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Exact Differential Equation
A Differentail M (x, y)dx+ N(x, y)dy is said to
Exact or total differential if thereexists a function

u(x,y) such that
du=M (X, y)dx+ N(x, y)dy
ou ou

but du=—dx+—dy
OX oy

M= N

OX oy
oM 2u oN
0y oyox O




Condition for Exactness

A Differentail Equation

oM  oN
oy  ox
Solution of Exact Differentail Equation

If M (X, y)dx+ N(x,y)dy=0, then

Its solution Is

j I\/Idx+_[(Terms in N free from x)dy =c

y—constatnt

M (X, y)dx+ N(x,y)dy=0 Is Exact Iff

or J' Ndy+j(Terms in M free from y)dx=c

X—constatnt



Example:
Solve (yzexyz + 4x3)dx + (2xyexy2 —3y2)dy =0
Solution : Comparing with Mdx + Ndy =0

M = y2%e¥ +4x3, N = 2xye” —3y?

GM — 2yeXy2 n y2€xy2 _ a_N
oy OX

. Glven d.e. 1sexact



. Its solution Is
j de+I(Terms in N free from x)dy =c

y—constatnt

j (yzeXy2 +4x3)dx+j(—3y2)dy =C

y—constatnt

2
¥ +x' -y’ =c
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Differential Equations Reducible to Exact

Integrating Factor (IF)

If Mdx+ Ndy =0 Is not exact it may be reduced
to exact by multiplying 1tby some function R(X, y)
called as Integrating Factor.
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Methods of Finding Integrating Factor

Integrating Factor by inspection :
Study the Following differentials

1. ydx + xdy = d (xy) 2. xdy—zydx = (lj
X

3, Xy _ (m(ljj g SV (tanl(ljj
Xy X X“+y X

5. xd)Z/—yglx =£d(ln(x+yn,
X“—y 2 X—Y

4/15/2021
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Rule 1:For homogeneous diferential Equation

IF= L , XM +yN =0
XM + yN
Rule 2:If the differental equation is of the type
IF = L , XM —yN =0
XM —yN
Rule 3:(a) If LfoM _ON = f(x),
N\ oy OX
J-f(x)dx

then If =e



. 1 (M ON
Rule 3: (b) If = T (y),
(b) Y ( o 6)() (y)
then if el "O%

Rule 4:If the given d.e.can be expressed as
0

x*y” (mydx + nxdy )+ x“ y” (m'ydx + n'xdy)

then Assume if = x®y".



Exercise:

1.xdy — ydx + 3(x°+ y*) =0

a”(xdy — ydx)
Xy

2.Xdx + ydy =

3 ﬂ_ X3_|_y3
dx X%y
4 (x3y2+x)dy+(x2y3—y)dx=0

5.(x2y2 + Xy +1) ydx+(x2y2 — Xy +1) xdy =0
6.(x4eX — 2mxy2)dx+ 2mx°ydy =0



A Differentail equation which can be expressed as
d
L +P(x)y =Q(x)

dx
where P and Q are functions of X orconstant is called
first order linear differential equation.

Method of solving:

Integrating factor = IF = ol PO

Solution: y(IF) = jQ(x)(|F)dx+c
where C Is constant of integration.



1 dy X+ YCOSX
- dx 1+sin x
Obsevation: It contains single term of .

.. We can express It as %4— P(x)y =Q(x).
X

ﬂ+ cosx X
dx 1+sInXx 1+sIn X
COS X X
SoP(X) = ——, Q(X) =——
1+sIn X 1+sIn X



J‘ COS X dx

(x)dx 1+sin x _ eIn(1+sinx) :1—|—Sin X

if =l P _g

-. Solution 1s

y(if ) = j Q(x)(if )dx + ¢

y(1+sinx) = j1+sxin X(1+sin X)dx +c

y(1+sinx) = jxdx+c

X2

y(1+sinx) = > -C




2. Solve yeYdx = (y° + 2xe”)dy.
Obsevation : It contains single term of x.

.. We can express It as %‘F P(y)x =Q(y).
y

 P(y) = —3, Q(y) = ye

2
. P(y)d -~ 1
it =" g F =M = —

Y.



. Solution 1s

X(if ) = [ Q(y)(if )dy +c

1 , oy 1
X| - |=|ye’ —dy+cC
(yzj j Y’

x(%) = je‘ydy+ c=—e’+cC
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Bernaullies Diferential Equation:
A differential equationof the type
dy
dx
Bernaullies Diferential Equation

Method to reduce it to linear D.E.

+p(X)y =Q(x)y" is called



Dividing by y"

g % p(X)Y"" = Q(X)
X

L dy dv
dx dx

Let y'"=v=(1-n)y

.. glven d.e. reduced to

1 dv
POV =Q(x)

1.e Q +(1—n)p(x)v=>1-n)Q(X)
dx

This 1s linearinv.




dy _ X ‘+y°+1

Example : Solve —

dx  2xy
Rearranging It
2y dy 1 Y’ = x+1 (This is Bernaulies de)
dx X X
dy dv
ut y"=v=2 —
- puty’ Y i dx dx
dv 1

— v:x+1 (This is LDE)
dx X X



where p(x) = —%, Q(x) = x+%

<if zelPe g W oo _ 1
X
Solution 1s
v(if ) = j Q(x)(if )dx + ¢
ie. vizj(x+1)1dx+c
X X X
1 1

Vo=X—=4+Cc= Yy =x"-1+cx.
X X

Shailendra Bandewar
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Generalized Bernaullies Diferential
Equation :
A differential equationof the type

f’(y)%+ 0(x) f(y) = Q(x) is called

generalized Bernaullies Diferential
Equation
Method to reduce It to linear D.E.



Method of Solving:

put fly) =v = f/(y) L =
dx dx

.. glven de becomes

%+ p(X)v =Q(x) (This is LDE)
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d
Solve : tan yd—y +tan X = CoS y CoS” X
X

Dividing by cosy

d
secy tan yd—y +tan xsec y = cos” X
X

here f(y) =secy = v(say) = scytany gly gv
X

. given de becomes

ﬂ+tan xv =cos” X (This is LDE)

dx



OV 1 tan xv = cos? x (This is LDE)

dx

jtan Xdx In(sec x)

If =e =X = Sec X
. solution Is

vsec:x:jsecxcos2 X dX +C

SeC YSec X = jcos XdX +C

SecysecxX =SIin X+cC
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