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Introduction

" The theory of random processes was first developed in
connection with the study of fluctuations and noise in

physical systems.

" A random process is the mathematical model of an empirical

process whose development is governed by probability laws.

* Random processes provides useful models for the studies of
such diverse fields as statistical physics, communication and
control, time series analysis, population growth, and

management sciences.
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Definition of a Random Process

" A random process is a family of random variables {X(t), teT}
defined on a given probability space, indexed by the parameter

t, where t varies over an index set T.

" In a random process {X(t), teT}, the index set T is called the

parameter set of the random process.

" The values assumed by X(t) are called states, and the set of all

possible values forms the state space E of the random process.

" If the index set T of a random process is discrete, then the

process is called a discrete-time random process.
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Definition of a Random Process
Cont’d.....

A discrete-time random process is also called a random

sequence and is denoted by {X, ,n=1,2,3,...).

" If T is continuous, then we have a continuous-time random

pProcess.

" In fact, a random process {X(t), teT} is a function of two

arguments {X(t, w), teT, weQ}.
" For a fixed time t=t,, X(t,, w) = X,(w) is a random variable

denoted by X(t,), as w varies over the sample space Q.
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Definition of a Random Process
Cont’d.....

" On the other hand, for a fixed sample point w, eQ, X(t, w,)
= X.(t) is a single function of time t, called a sample
function or a realization of the process.

" The totality of all sample functions is called an ensemble.

" Of course if both w and t are fixed, X(t,, w,) is simply a
real number.

" In the following discussion, we use the notation X(t) to

represent X(t, w).
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Characterization of Random Processes

= If X(t) is a random process, then for fixed t=t,, X,=X(t,)
represents a random variable.
" Its distribution function is given by:

F.(x,t) =P{X(t) <x}
" Notice that Fy(x, t) depends on t, since for a different t,

we obtain a different random variable.

" The first-order probability density function of the
process X(t) is defined as:

dF, (x,t)
dx

fX (Xlltl) —
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Characterization of Random Processes
Cont’d.....

= Fort =t,and t = t,, X(t) represents two different random variables X, =
X(t,) and X, = X(t,) respectively.

" Their joint distribution is given by:

" The sega;(l)ql; 21; Elrlcﬁgz)bihp%q}lty gl&tls:clxh(%f }hg }‘(%I}dom process X(t) is:

" Similarly represents the nth order density
function of the process X{( t).2
: ) L0 FL 06, %, 1)
£ (4, %, 4.1) =
0X; 0X,

L (6%, X, o)
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Mean, Correlation, and Covariance
Functions

" As in the case of random variables, random processes are

often described by using statistical averages.

" The mean of X(t) is defined by:

where X/( t)u i$ (treateL random variable for a fixed value
of t.

" In general, py(t) is a function of time, and it is often called

the ensemble average of X(t).
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Mean, Correlation, and Covariance
Functions ......

" A measure of dependence among the random variables of

X(1) is provided by its autocorrelation function, defined by:

Ry (t ,t,) =B X)X (,))
" Note that:

R..(t ,t,) =R\ (t, ,t) andR.,(t,t) =E|X*(t)
" The a)ﬁ(tglcoxzfariaﬁgéezfu%ction of 5(( t) is déﬁne by:

Cxx (t,,1,) =CovX (1), X(t,)| =E|[ X (1) - ux &)X (&) - ux(®,)]
:Rxx(tl ’ tz) - Uy (tl)MX (tz)
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Mean, Correlation, and Covariance
Functions ......

" It is clear that if the mean of X (1) is zero, then:

Cyx (b, 1)) =R (t;,t,)
" Note that the variance of X (%) is given by:

2 2
o 2(8) =VatX®)| =E[X @) - tln
" IFX() is( c%. comll{ale(x)land[m( ;))rolé)e{s(s),]t en its autocorrelation

function R,,(T,, t,) and autocovariance function Cy(t,, t,)

are defined, respectively, by:

Ry (¢, ,t,) =E|X(t)X"(t,)| and

Coxlt ) =E[X(6) - 1y G)]X(E)- 1y )]
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Classification of Random Processes

i. Stationary Processes

" A random process {X(t), teT} is said to be stationary or strict-
sense stationary (SSS) if, for all n and for every set of time
instants (t,el,i=1,2,...,n),

«  Herlde Clive-distebdiion: v Stdtidfary prodeshivtify e -In +7)
unaffected by a shift in the time origin, and X (&) and X(i+1)
will have the same distributions for any T.

" Nonstationary processes are characterized by distributions
depending on the points t,, t,, ..., t

n.
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Classification of Random Processes
Cont’d......

ii. Wide-Sense Stationary Processes

" A random process X(t) is wide-sense stationary (WSS) if:

1. E|X(t)|=u, (constant

2. Ryt t,) =E[X ()X (5,)] =R (£, - £,])

" Note that a strict-sense stationary process is also a WSS
process, but, in general, the converse is not true.
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Classification of Random Processes
Cont’d......

" Other types of random processes include:
v" Independent Processes
v" Markov Processes
v Normal Processes
v" Ergodic Processes
v

Poisson Processes
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Power Spectral Densities of Random
Processes

" The autocorrelation function of a continuous-time

random process X (1) is defined as:
Ry (@) =E X)X (t+7)|
" Properties of R, (7):
1. Ry (-7) =Ry (7)
2. \RXX(r)\ <Ry (0)

3. Ry, (0) =E|X2(t)] 0
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Power Spectral Densities of Random
Processes......

" In case of a discrete-time random process X(n),

the autocorrelation function of X(n) is defined by:

Ry (k) =E[ X(MX(n+ k)|

" Properties of R, (k):
1. Ry (-Kk) =Ry (K)
2. \RXX(k)\ <Ry, (0)

3. Ry, (0) =E|X2(m)| =0
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Power Spectral Densities of Random
Processes......

" Two processes X(t) and Y(t) are called (mutually) orthogonal if:

R (r) =0, forallt

" Similarly, the cross-correlation function of two discrete-time
jointly WSS random processes X(n) and Y(n) is defined by:

= The varioﬁ%p(k@ett@[s}é( @X(lq)—rskl)ilar to those of R,,(T) can

be obtained by replacing T by k in the above equations.
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Power Spectral Densities of Random
Processes......

= The power spectral density (or power spectrum) S,,(w) of a

continuous-time random process X(t) is defined as the Fourier
transform of R, (T), i.e.,

Sew) = [ Ry (@)’ dr

= Thus, taking the invet'sé Fourier transform of S,(w), we obtain:

1 T
* The abovﬁm&ﬁgcﬁlﬁef glﬁxm(cé?g@ile &Wener-Khinchin

relations.

Semester-Il, 2013/14 By Welelaw Y.

18



Power Spectral Densities of Random
Processes......

" Properties of S, (w):

1. S;x(w)isreabndS,y (w) =0
2. Sy (-w) =Sy ()

3. EX2(t) =Ry, (0) :% [ Sy (@)de

= Similarly, the power spectral density §,,(Q) of a

discrete-time random process X(n) is defined as the
Fourier transform of R, (K):

S @)= YR, (ke "
k=
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Power Spectral Densities of Random
Processes......

" Thus, taking the inverse Fourier transform of

S..(Q), we optain: |
R (k) :025 S (@)ed

" Prdpéigies+af 553 00)
2. Sy (Q)isreahndS,, (2) >0

3. Sy (- Q) =5, (Q)

3. BX2(n)| =Ry, (0) :% [ Sy(@do
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Power Spectral Densities of Random
Processes......

" The cross power spectral density (or cross power spectrum)
S.v(w) of two continuous-time random processes X(t) and

Y(t) is defined as the Fourier transform of R, (T):

Sxy@)= [ Rey(®)e " dr

= Thus, taking the inverse Fourier transform of S,,(w), we get:

]- [T
RXY(T):Z waXY(w)e’ dw
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Power Spectral Densities of Random
Processes......

" Properties of S, (w):

= Unlike Sy4(w), which is a real-valued function of w, Syy(w), in general,

is a complex-valued function.

1. Sy (w) =S, (- w)

= Similarly,h & density §4,(Q) of two di te-ti
imilarly,phe Sg{c;_S(s_%ye_r S;{ey t(&)l) ensity S,,(Q) of two discrete-time
random processes X(n) and Y(n) is defined:

Sy (Q) = Y Ry (k)e 7
k=0
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Power Spectral Densities of Random
Processes......

= Taking the inverse Fourier transform of S,,(Q), we get:

Ry (K) - L J" S, (Q)e™ dQ

" Properties of S,,(w#:

= Unlike S, (€Q), which is a real-valued function of Q, S,,(Q), in general, is
a complex-valued function.

1. S,y (Q+27)=S,,(Q)
2. Sy (Q) =S, (- Q)
3. Sy (-Q) =S, (Q)
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Example on Random Processes

Example:

Consider a random process X(t) defined by
X(t) =Acosp,t+¢)

where, andA areconstanandy isauniform
randomariablever thmtervd0, 2r)
a. Findthemeanu, (t).
b. FindtheautocoregiorfunctioR,, (¢, t,).
c. Findtheautocovamncdunctio®,, (¢, t,).
d. DeterminehetheX(t) is WSSrandorprocessrnot
e. Findthepowespectrdensitgt X (t).
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Example on Random Processes

Solution:
a. uy(t) :E[X(t)J :E[Acos(uohqb)J =AE[COS(UOLL+ ¢)J

But cosf,t+ ¢) =cosl,t)cos - sinf,t)si
= uy (t) =E| X ()] = AFcost,t)cos - sinf,t)sin]|
:Acoséuot)E[Cosp] - Asin@ot)E[Sim?]

E[Cosyb] :% ft cospdg =0

. : 1 2
Szmllarl,yE[Slmﬁ] :Zf singdg =0
oy () =E X®)] =0
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Example on Random Processes

Solution:
b. Ry (t,,t,) =E|X(t)X(t,)]

=E{Acosbt; +¢$)Acosbt, +¢)]
= A’E|cosl,t, + $)cosb,t, + ¢)]|

2

:A?E[cosa)o (L, - ;) +cosl,(t, +t,) + 2¢)]

But, E[Co&uo(t2 - tl)] =cosw,(t, - t;) and
E[Cos(uo(t1 +1,)+ qu)] =0

2

SR (E L E) :A?Coswo(t2 - )
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Example on Random Processes

Solution:
C. Cyx(ty, b)) =Ry (t,t) - ux (t)uy (L)

2

A
Z?COEU)O(tZ -t)-0

2

CXX(tl ,tz) :A?COSCU()(’:Z - tl)

d. Sincéehaneansconstamndtheautocored¢lorfunction

dependm timdifferenomlyX (t)isaWSSandoiproces
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Example on Random Processes
Cont’d......

Solution:
e. SinceX (t)isaWSSandomrocesshautocoraedlon

functionanbesimply witerms:

Ry (1) :A?2 cosly,t)

Thepowespectrdensitgf X (t)isgiverby:
Sey (@) = waXX(T)e-JMdT

ButfronFourieramsformair tahlwehave
FT{cosbb)] =n6(w- wy) +7d(w +w,)

SSx (T) =
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Response of Linear Systems to Random

Inputs

= If a WSS random process X(t) with autocorrelation function R, (t) is applied

to a linear system with impulse response h(t), then the cross correlation

function R,,(T) and the output autocorrelation function R,,(T) are given as
follows.

X( —{ h@®) —Y@)
t)
R, (t) =R @)*h (-7)

And
Ryy(t) =Ry (z)* h(z)
=Ry (@)*h (-7)*h(r)
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Response of Linear Systems to Random

" Using properties of Fourier transform, we get:
f®—Y- F(w) and gt)—=- Gw)

" Then using the gpoYE(iBBp , L& g‘qss( (%r)@;?w;})ut power spectral

densities can be evaluated as:

Sy (@) =FT|Ryy (1) *h' (- 7)| =Sy (0)H' ()
And

Siv(®) =FT{Ry ()| =FT| Ry (r)*h(r)|
=Sy (0)H(w) =Sy (w)|H(w)"
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Example on Response of Linear Systems

Example:

Consider a WSS random process X(t) with
autocorrelation

function given by:
Ry, (t) =€ ae , whereisareabpositiveonstal

Let the random process X(t) be applied to the input
of an LTI system with impulse response given by:

h(t) =e "'u(t), wherbisareabositiveonsta:

Find the autocorrelation function of the output Y(t)
of the

system.
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Example on Response of Linear Systems

Solution:

Thefrequenagspondd(w) of thesystens:

1

H(w) =FT h(t)] = oy

Thepowespectrdensitgf X (t)is:

Sxx () :FT{RXX(T)} — 2261

w’ + a’

Thentheowespectralensitgf Y(t)isgiverby:
[ 2a

w’ +a’

1

w?’ + b?

Spy(@) =Syx ()| H(w)|* =
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Example on Response of Linear Systems

Solution:

da

= S0 =)

2b |\ b [ 2a
w?+b*) a*- bbbl w?+b’
TakinghanversEourierdmsformf botlsidesf theabove

equationyeobtain

R, (r) = (02 (ae el . pgar )
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Exercise on Random Processes

1. Consider a random process X(t) defined by

X (t) =Acosl,t+¢)
where), andy areconstanasndAisauniform

random

ariablever thmtervd0, 2)

a. Findthanean, (t).

b. Find

theautocoraiorfunctioR, (¢, t,).

c. Finc

theautocovamcdunctiott,, (t,, t,).

d. DetermineghetheX(t)is WSSrandomrocessrnot

e. Finc

thepowespectrdensitypf X (t).
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Exercise on Random Processes

2. Consider a random process X(t) defined by:
X(t) =Asinf,t + ¢)
wherd andpy arandependerandomariableshiclare

uniformlgistribudever thaterval§,1 ]an({- Tz

2" 2

respectiy@andy, isaconstant.
a. Findthemeanu, (t).
b. FindtheautocorelorfunctioR,, (¢, t,).
c. Findtheautocovamcedunctio®'y, (t,,t,).
d. DeterminehetheX(t)is WSSrandorprocessrnot
e. Findthepowespectrdensitpt X ().
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Exercise on Random Processes

3. Two random processes X(t) and Y(t) are given by:

X(t) =Acost+¢) andY(t) =Asinyt+¢)
wherd andy, areconstanésidp isa uniformandon
variablever thmtervdD,2r7).

a. Findthecrosgorrelandunctiont X (t) andy'(¢).
b. Verity thaR,, (-t) =R (7)
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Exercise on Random Processes

4. Consider a discrete-time WSS random process
X(n) with autocorrelation function given by:

R, (k) =2¢ X

Find the power spectral density of X(n).
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