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Introduction

We must all make important decisions in life-, and espegidithancial de-

cisions. Some of these decisions require the basic abilityse numbers. In
this course, we want to guide you to acquire some basic nayekals to use

when making decisions. We will guide you to apply these nameskills to

solve problems encountered in daily life and to make ratiand responsible
decisions.

Firstly, we will introduce you to the numeracy tools. Then wil let you
practise until you are proficient with these tools. Lastlg will show you
examples of where these tools can be applied in everydagideanaking.
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Chapter

Numbers and variables

On completion of this chapter, you will be able to
¢ identify the different kinds of numbers
e draw a number line
¢ round off numbers
e explain what a variable is
e Wwrite down an elementary expression or equation by usingivies

In this first chapter, we will explain some of the basic terahagy and nota-
tions you will need in this course.

1.1 Numbers

We use numbers to describe and measure quantities. A nusm@eribstract
entity, an idea we use to express a quantity. Various syndaode used to
represent the same number, for instance, “4”, “3+1”", “foant “I\V". Let us
tell you about the different kinds of numbers we will use irsttourse.

The most fundamental system of numbers is the seatfral numbersthat
we use to count things, starting with the number one. We cae wias a
set, which is a grouping or collection of similar things. urackets are
used to indicate sets.

9]




BNU1501 CHAPTER 1 NUMBERS AND VARIABLES

The set of natural numbers is

{1;2;3;4;5;..}.

(The three dots ... at the end indicate that the set continde$initely.)
The elements of the setare 1, 2, 3, 4,5 and so on.

Natural numbers can be used for counting (“there are twodg@kbé on the
table”) and for ordering or arranging in sequence (“thisesfourth (4th)
largest apple”).

Natural numbers are also callpdsitive integers

To indicate the absence of certain things (such as when gaun fails to
score), the number 0 was added. This gives us the setofting numbers

{0;1;2;3;4,;5;..}.

Counting numbers are also calledn-negative integers

Situations may arise in which positive numbers alone aresuafficient. For
example, we can subtract a larger number from a smaller dmen&gative
numbers are usually represented by a minus sign in fronteofitimber con-
cerned. The set afegative integerss

{...; =5;-4;-3;,-2;-1}.

When working with negative numbers, it is important to aigtiish between
the sign of an operation (addition and subtraction) anditireaf a number
(positive or negative). Thet/_], ((-)] or [NEG] key on different calcula-
tors is used to enter a negative number or to change its sigte the E] IS
used for subtraction.

Negative numbers are used to describe values below zetoasuemper-
ature and debt. Negative numbers provide a convenient wiangdmating
opposite direction with a minimum of words, for examplepstenside a
building (see figure 1.1).

The following example illustrates the positive and negaintegers. Let us
look at something we are all familiar with — steps inside ddng.

We indicate ground level, where there is no step, as 0 (z&h® .steps above
ground level are numberedl, 42,43, and so on. The plus sign does not
indicate the operation of addition; it is a sign of directionthis case mean-
ing aboveground level. In the basement, the steps are numbeled 2, —3
and so on, indicatingelowground level (the opposite direction).

Combining the negative integers and the non-negativeénse@r zero plus
the positive integers) yields the set of integers:

{+ =8;,-2;-1,0; 1; 2; 3;---}.

10
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Figure 1.1: Steps inside a building.

One property of this set is that for every positive integegsé is a corre-
sponding negative integer such that their sum is zero. leratlords, if we
add—3 and+3, the answer is zero (0).

The number line is one way to represent a set of numbers giaphiTo il-
lustrate the construction of a number line, we place the etgswof the inte-
ger set in one-on-one correspondence with points on a lireew & straight
horizontal line and mark a point near the middle as 0 (zera). dffe call
this point the origin. Since integers are equally spacedselect points
around 0 (zero) with equal distances between them. Thiardistbetween
any two points is called the scale, a familiar example belregstcale on a
thermometer. Certain conventions are usually followedmid@ng number
lines; positive integers are associated with points toitjie of O (zero) and
negative integers are associated with points to the left(a€fo). See figure
1.2 below.

5 -4 -3 -2 -1 0 1 2 3 4 5
Figure 1.2: The number line.

The arrows at each end of the number line mean that the nurotetisue
infinitely.

Thus far, we have not mentioned any numbers other than irgegbe num-
ber line also gives us a picture of the relationship betwategers and other
numbers. The integers are marked on the line, but each po#tiveen the
integer markings also represents a number. Examples apoihts repre-
senting the number%:(located halfway between 0 and 1) an@, 5 (located
halfway between-2 and—3) on the line. There are in fact an infinite num-

5
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ber of points between two integer markings. All these poimishe number
line (that is, the solid line) represent the setedl numbers Note that inte-
gers are real numbers. They are special real numbers.

( 1

T (See page 139 for the

Exercise 1.1 solutions.)

1. What kind of number is the following?
(@) -1
(b)

2. Indicate the two numbers in question 1 above on a number lin
L J

1.2 Rounding of numbers

Rounding is the process of reducing the number of digits inralver while
trying to keep the value similar. Rounded numbers are lesgrate, but eas-
ler to use.

In this course, we will be using the common method to do rougdi he
rule for applying this method is as follows:

e Decide which is the last digit that you want to keep.

e Increase this digit by one if theext digit to the right is “5” or more,
and discard the rest.

e Leave this digit the same if theext digit to the right is less than “5”,
and discard the rest.

Example 1.1
1. Round 4,36923 to three decimal digits.

You want to keep three digits, so the “9” will be the last didihe
next digit to the right of the “q” is “2”, which is less than 5.r@p the
“23” part to get 4,369.

2. Round 4,36923 to two decimal digits.

You want to keep two digits, so the “6” will be the last digithd next
digitis “9”, which is more than 5. Add 1 to the “6” and drop th@23”
part to get 4,37.
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3. Round 4,36923 to an integer.

You want to keep only integers, so the “4” is the last digiteTtext
digitis “3”, which is less than 5. Drop the “36923” part to gkt

Before rounding a number, you need to think carefully. Kéepfollowing
in mind:

e If ainterest rate is 16,25%, then you should not round it tsw1&here
is a big difference if you calculate interest on a loan usiig® inter-
est rate instead of a 16,25% interest rate!

e However, what does it mean if you calculate the price of aiclart
as R27,5394? When working with money, it makes more sense if w
round to two decimal digits.

e Do not round to integers unless it is obvious, or asked for.

e Do not round in the middle of a problem. Use all the digits, anty
round your final answer.

T (See page 139 for ther
solutions.) _
Exercise 1.2
1. Round the following numbers to three decimal digits:
(a) 4,57849
(b) 0,39887
(c) 10,0004
2. Round the following numbers to two decimal digits:
(a) 7,9747
(b) 10,495
(c) 8,998
3. Round the following numbers to integers:
(a) 12,034
(b) 9,8746
(c) 0,0342
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1.3 Variables

A variable is a symbol for a number we do not know. It can be s&em

place holder for an unknown number. Variables are usefidlmszthey al-
low us to write down unknown values in expressibasd equatior?s In the
expressionx+ 7, the symbok indicates a variable because we do not know
its value. We call an expression with variables in it an atgabexpression.
Algebra is basically a shorthand system.

For example, an expression for the area of a rectangulaopland of un-
known size can be constructed. Call the length of the rettaand its
width w. Then you can say that the area of the rectangle<isv. This will

be true for any value of andw. Once the values dfandw are specified we
can calculate the value of the expression. For examplegifethgth is 4 me-
tres and the width is 3 metres, we substitiiteith 4 andw with 3 to get the
area of the plot/ xw=4x 3= 12. The area is 12 square metres.

This is the great value of using variables — we can write doxpressions
which are completely general. To find the answer in a padrotése, all we
need to do is to substitute our particular values, as expibaiove.

Multiplication of numbers by variables can be represenmenore than one
way, for example:

e with a multiplication sign: 4« a
e with a dot: 4a
e with brackets: 44)

e Or straight: 4

Example 1.2

Make use of variables and write the following sentencesgebaic
expressions or equations:

(&) Add 7 to an unknown value.
X+7 (ora+7 orp+7, and so on)

(b) Subtract from b.
b—a

1An expression is a combination of numbers, operators, etacnd variables. Two
examples of expressions ane-36 and 2x 5.

2An equation is a statement that says that what is on the Iefisoéqual sign () is
equal to what is on the right of it. Two examples of equatialesia— 4 =1 and 2+ 4= 6.

14]
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(c) The sum ok andy is equal toz.

X+y=2

To summarise

e We can represent any unknown value by a symbol, and we call thi
symbol a variable.

e A variable can represent or assume any numerical value.

e The symbols most often used to represent variables are tager
letters of the alphabet, suchad, x andy.

e Acronyms are used as variables, for exampM for present
value.

e Choose a symbol that is short and that makes sense.

(Rosser 2003) Example 1.3

A biscuit manufacturer uses the following ingredients facte packet
of biscuits produced: 0,2 kg of flour, 0,05 kg of sugar and @ bk
butter.

One way to specify the total amount of flour used is: 0,2 kg sithe

number of packets of biscuits produced. However, it is easid sim-
pler if we let the letteq (for quantity) represent the number of packets
of biscuits produced.

We can then say that
¢ the total amount of flour required is @Rilograms
¢ the total amount of sugar required is Ogddlograms

e the total amount of butter required is ,Rilograms

( )
T (See page 141 for the
solutions.) Exercise 1.3

Make use of variables and write the following sentencesgeabahic
expressions or equations:

(a) Write an expression to subtract 4 from an unknown valae an
multiply this difference by 2.

15
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(b) If gis the number of loaves of bread you buy gnis the price
per loaf, write an equation for the total costwhen buying
bread.

(c) A cookery book recommends a cooking time of 30 minutes for
every kilogram of turkey plus another quarter of an hour.t&/ri
an equation for the total cooking time for turkey in termstef i
weight using your own variables

i. in minutes
ii. in hours

(d) The petrol consumption of your car is 10 kilometres peeliLet
X be the distance you travel in kilometres gmthe price per litre
of petrol in rand. Write an expression for

I. the amount of petrol you will use to travekilometres

ii. your total petrol cost

(e) You want to make a booking at a restaurant for a group of peo
ple. You are told that there is a set menu that costs R95 pér adu
and R50 per child. There is also a fixed service charge of R10
per adult. Write an equation for the total cost of the meal, in
rand, if there are adults andy children.




Chapter

Basic operations on numbers and
variables

On completion of this chapter, you will be able to
e perform basic operations on numbers and variables
e use basic powers and roots in calculations

e perform multiple basic operations in the correct order

2.1 Basic operations on numbers

You are already familiar with the basic rules for working mtumbers. We
are going to review them and let you practise them on youuéatior.

If you have not yet taken your SHARP EL-738FB calculator dutbox,
now is the time to do so! You will find notes on how to use the glator, on
the BNU1501 module site, undédditional Resources Work through it up
to “Financial calculator mode”.

The four basic operations are addition, subtraction, pligation and divi-
sion.

17
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2.1.1 Addition and subtraction

When numbers aradded the answer is called tteimor thetotal of the
numbers.

The sum of two real numbers is unique, that is, it does notenathich
number is placed first and which second — the result is the skoreex-
ample

6+2=2+6 (both are equal to 8).

The sum of three numbers also does not depend on which twaldesla
first; the result is unique. For example

2+ (5+4) = (2+5) +4 (both are equal to 11).

Try these two examples on your calculator and see if you cortieet same
conclusion.

When numbers arsubtractedthe result is called thdifferenceof the two
numbers.

Let us investigate if the difference of two real numbers igua. Again,
take the two numbers 6 and 2:

6-2=4
and
2—-6=-4

We see that 6-2 # 2— 6. (The sign# is read as “does not equal”.) Chang-
ing the order when subtracting leads to the negative of titialinesult,
therefore the difference is not unique. This result meaaswie need to
make very sure that the order is correct before we do anyastthn.

f 't (See page 142 for the
solutions.)

Exercise 2.1
1. Which of the following statements are true? Show yourudatons.
(@) 7+(34+2) = (7+3)+2
(b) 6+(-5+3)=(6+-5)+3
2. Write the following as an equation:
(a) Subtract 5 from 8 to get a difference of 3.

(b) Subtract-5 from —8 to get a difference of 3.
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Consider the following problem (Rosser 2003) involving tiplé operations
of addition and subtraction.

Example 2.1

1. Atrain leaves its terminus with 19 passengers on boartheitirst
station, 4 passengers get off and 9 get on. At the secondrstab get
off and 1 gets on. How many passengers remain on the train?

Most of you would probably answer this by saying-14 = 15 and
15+9=24. Then 24- 15= 9 and % 1 = 10 passengers remaining,
which is the correct answer. If you were faced with the proble

19-4+4+9-15+1 ="

you should simplify it in the same way, that fsgm the left to the
right. That means

19-4+9-15+1=10

When an expression contains only the two operationagddftion and
subtraction, without any brackets, the rule is to perform th&om
left to right .

2.1.2 Multiplication and division

Multiplication

When two numbers anmaultiplied the answer is called th@oductof the
two numbers. The numbers we multiply are calladtors

Again, the product of two real numbers is unique, that ispgginot matter
which number is placed first and which second — the resulEes#me. For
example

6x2=2x6 (bothare equal to 12).

The product of three numbers also does not depend on whichrsvaulti-
plied first; the result is unique. For example

2x (5x4)=(2x5) x4 (both are equal to 40).

Try these two examples on your calculator and see if you contteetsame
conclusion.
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When multiplying with plus and minus sigiise rule is as follows:

o If we multiply two numbers with the same signs, the answerpesi-
tive number, that is

+ x4+ =4+
and
—X—:+

¢ If we multiply two numbers with different signs, the answerinega-
tive number, that is

+ X —-—=—
and
—X+:—

Note that we usually do not write the positive sign, +. A numighout a
sign always indicates a positive number.

Example 2.2

1. 2x3=-6

2. 2x—-3=+46=6
Division
When one number idividedby another number, the answer is called the
guotient
The specific terminology we use divisionis

dividend-- divisor = quotient.

If we look at 62 = 3, 6 is thedividend 2 thedivisor and 3 thequotient

Let us investigate if the quotient of two real numbers is alsigue. Again,
take the two numbers 6 and 2:

6-2=3
and
. 1

We see that 6 2 # 2+ 6. Changing the order when dividing leads to the
inverse of the initial result (that i%, instead of 3); therefore, the quotient is
not unique.
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When dividing with plus and minus sigrtise rule is as follows:

¢ If we divide two numbers with the same signs, the answer iss#tipe
number, that is

+++=+
and
—r—=+4

¢ If we divide two numbers with different signs, the answer reegative
number, that is

Example 2.3
1. 12+ -3=-4
2. —12+--3=+4+4=4
When adding long rows of numbers, it does not matter whichberswe
add first and which last. A similar remark applies to multption, but when

we come to subtraction and division, we must be very carafithe follow-
ing examples show:

10— (5-2) #(10-5)—-2
and
B8+4)+-2#8+-(4+2)

This means that an expression like-8 + 2 is highly ambiguous because
the result depends on the order in which we perform the d@imisThe SHARP
EL-738FB interprets & 4 =~ 2 as (8+ 4) + 2, which is equal to

(2) + 2 =1, since it works from left to right. When an expressiontaors
only the two operations ahultiplication anddivision, without any brack-
ets, the rule is to perform the operation from left to rightteTefore

8+2x4=16.
You can enforce a specific order by using brackets, for exampl
8+(2x4)=8+8=1.

We can conclude that, although we can change the order ottnéers for
addition and multiplication, we cannot do it for subtraotend division.

21
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f 't (See page 142 for the
solutions.)

Exercise 2.2
1. Which of the following statements are true? Show yourudatons.
(@ —7x(2x—-3)=(-7x2)x -3
(b) 12+ (-4+2)=(12+—-4)=2
2. Write the following as an equation:

Divide 8 by —2 to get a quotient of-4.

Consider the following problem (Rosser 2003) involving tiplé operations
of multiplication and addition.

Example 2.4

1. Arestaurant catering for a large party sits 6 people tbketd&ach ta-
ble requires two dishes of vegetables. How many dishes aftabtes
are required for a party of 607?

Most people would answer this by saying-66 = 10 tables and
10x 2 = 20 dishes, which is correct.

If this problem is set as 686 x 2 =? then the left to right rule must be
used. If you did not use this rule, you might get

60+-6x2=60+-12=5

which isincorrect

f ' t (See page 142 for the
solutions.)

Exercise 2.3

1. 43—13+1="
2. 6+16—-7="
3. 66+3—-30—-4+12="7
4. 22x8+-4="7
5. 460:-5x4="
6. 200-25x8x3+-4="7
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2.2 Basic operations on variables

Before we proceed with the basic operations on variablesieed to dis-
Cuss some more terminology.

Let us look at the following expression:

Coefficient Variable
5X—-7
o hY
perator - constant

You already know that gariableis a symbol for an unknown number. In

this expression the variablexs An operatoris a symbol representing an

operation, in this case subtraction.cAnstantalways has the same value;
it is a fixed number, in this case 7. @efficientis the number in front of a
variable. In this case the coefficientxis 5.

If we look at the expressionx3t 7y + 2, we see that the constant is 2, the
coefficient ofy is 7 and the coefficient ofis 3.

Some basic rules must be followed when working with varigble lan-
guage, we put letters or sounds together to form words, amdsymut to-
gether make sentences. If we think of an expression as a mattval sen-
tence, the words could be seent@snsmade up of numbers and variables.
For example, in the expression

5X+ 4ab— 6y

there are three terms, namely, 8ab and—6y. The numbers and variables
we multiply together to produce a term are calfadtors In the term 4b,
the following are all factors of&h:

4, a, b, 4a, 4b andab

Take note of two more general notes concerning notation:

¢ Note that when we have more than one variable in a factor, veege
the variables alphabetically. For example, we wrid,4ather than
4ba.

o If the coefficient is 1, we usually do not write it. For examplgis
written asy, or 1Ixy is written asxy, and—1x is written as—x.

A special notation is also used when a factor is repeatedema, for exam-
ple, 4x 4 x 4. We first write down the factor that is repeated, in this case 4.
Then we count how many times the factor is repeated, 3, and Wwdown

to the right of and higher than the factor (superscript) to 4& We call the
“3” the exponent of the number 4, but we say “four to the povkeee¢” or

“the third power of four”. Similarly, 5< 5= 5% and we say “five to the power
two” or “the second power of five”.

23
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The repeated factor can also be a variable, soxthat x x x x x x = x> and
we say % to the power five” or “the fifth power of”.

We will discuss powers and exponents later again.

2.2.1 Addition and subtraction

The expressionXy+ 2x+ 5y — 3z has 4 terms, namelyx¥; 2x; 5y and—3z
We can say that terms are separatedHynd— signs. (Factors are sepa-
rated byx signs.)

When adding or subtracting, we only add or subtliketterms Terms are
alike when they have exactly the same combination of letieables. For
example, we can ad48a and 3, but we cannot addad 2b and &b.

We cannot simplify the expression 2 5y — 3z because 2 5y and—3z are
not like terms. We can, however, simplify the expressinr-25x — 3z by
adding the two like terms to gek# 3z

When adding or subtracting like terms, we add or subtractdedficients
and keep the letter variable part as it is. For example, wheeadd @ to 3a,
we add the 6 to the 3 to get 9 and keepdhe get the sum of &

6+3=9

N =

Example 2.5
Simplify the following expressions:
() x+x

2x (Remember that there is actually a coefficient of 1 in front of
X.)

(b) —7a—3a
—10a
(c) 3x°+4x

3x2 + 4x (The two terms are not like terms.)

Take note:

e xyandyxare like terms when ordered (and should be ordered) and
they can thus be added. That means

XY+ YX = Xy+ Xy = 2Xy

24]
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e x%y andxy? are not like terms. (The exponents must also be exactly the
same.) That means

Xy +Xy? = X%y +xy?
which is the simplest form of the expression.

e x2y3 andx®y? are not like terms, therefore

X2y2 43y = xy8 1+ 3y?

in its simplest form.

( 1

T (See page 143 forthe Eyarcise 2.4
solutions.) '

Simplify the following expressions:
(a) d+b
(b) 8y—5y
(C) 2¢° 4 4x2
(d) 7b?—4b
(e) 2ab—5ab
(f) 5x%4 2x+3x% +5x
(9) X+ 2y—4x
(h) x?4y?—3x% —5y? +xy
() x3y2 —3xy® + 53y — yvPx — 33

() 12wx+5— 3wy+ 4yw+ Xw+ wx-+ 3

2.2.2 Multiplication and division

We are familiar with the multiplication of two numbers, butmecessarily
with the multiplication of two variables or the multiplicah of a number
and a variable.

In section 1.3, we saw that®neans that 6 is multiplied by, In the term &
we say that both 6 anclare factors of 6.

When we want to multiply é with 8a, we first multiply the numbers (the
coefficients): 6<x 8 = 48. (Always keep the sign rule in mind.) Then multiply

25
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the variablest x a= ca= ac. (Always arrange the variables in the product
alphabetically.) Thus
6Cc x 8a=48ac

Now what about 6 x 6¢? We follow the same method as above and first
multiply the coefficients: 6« 6 = 36. Then multiply the variables and re-
member the special notation for repeated factossc = ¢. Thus

6C x 6C = 36¢2

Let us look at a few more examples.

Example 2.6
1. Simplify 6ax —2b

6x —2=-12
axb=ab

Thus
6ax —2b= —12ab

2. Simplify —5x x —4y
—5Xxx —4y = 20xy

3. Simplify —3xy x 4xy
—3xy x 4xy = —12%y?

Now it is your turn to do a few multiplications!

( 1

T (See page 144 for the

Exercise 2.5 solutions.)

Simplify
(a) &xx2x
(b) 3xyx 2xy
(c) 3x%x 3x
(d) 2abx 4ac
(e) xyxy
(f) Blpxp
(g) 17abx 10b
(h) —4kl x —5kp
(i) 14x—2cd




Note: The forward
strokes used in

—Bx
4.-8xy
over the numbers and

variables mean that we
cancel out factors.
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(j) 4ac(—5ad)

Let us look at examples for division of terms containing &akes and num-
bers.

Example 2.7
Simplify:
(@) 52
We divide the numbers6-+-2 = —3.
Thea’s cancel out, thatis+a=1.
Thus

—ba —6><1_
2a 2x1

6
- —_3
2

20x
(b) <
Divide the coefficients first, keeping the sign rule in mind:

20:--5=-4

Thex's cancel out, leaving only.

Thus
20>(y_20><x><y_20><1><y__4
“Bx ~ Bxx  —5x1 7
©) 75y
We get
—5x  —Bx
20xy  4-Bxy
_ 1
= %
18y
OF
We get
18%y  3-6:x:-X-y
Xy  3-x-y-y
_ &
y
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When you multiply or divide expressions, always use theofwihg order:
e Establish the sign of the answer by using the applicablersiign
e Multiply or divide the numbers (coefficients).

e Multiply or divide the variables.

It is time for some more exercises.

( 1

T (See page 145 for the

Exercise 2.6 solutions.)
Simplify:
(a) 56¢y° -+ 8x%y?
(b) —8lac--3ad
(c) 32p%+~—64p
(d) —10cd+ —d
(e) 1xy—+12xy
L J
2.3 Powers

In section 2.2, you were briefly introduced to powers. Hereawesit the
special notation and introduce you to the rules (laws) obeents.

A power consists of a base and an exponent for exampls,8power, the
second power of 8.

2.3.1 EXxponents

In the expression®g the base is 8, the exponent is 2, and the power is the

whole expression, 8

base nd
2 power of 8

exponent

The exponent tells you how many times the base is multipljedself. In
this example: 8= 8-8 = 64. In words, we would say “eight to the power
two” or “eight squared”. We can also say “the second poweigiité.

28
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Note that
2+24+2 = 3x2=6

and 2x2x2 = 23=8
Also: X+X+X = 3X
and Xxxxxx = x3

In general, we say that if a numbears multiplied by itselfn times, it is writ-

ten asa".

axaxax---xa=a"

ntimes
In this general cas@a, is the base and the exponent.

Note thata! = a, for example 4 = 4.

Remember that the value of any base¢he power oneis always just the
base. For example,

5! — 5 andx! = x.
What about a number or varialle the power zerag?

By definition, any number or variable to the power zero is coghat
1°=1,4°=1anda®=1.

See the notes on the module site, unddditional Resources on using
the calculator, to obtain the value of an exponential exgpo@sby using the

power ke.

( 1

Exercise 2.7
T (See page 146 for the

solutions.) 1. Identify the base and the exponent in the following
expressions/powers.

(a) 6
(b) F
(c) 10°
(d) 208
2. Calculate the value of the following expressions/powers
(a) 5
(b) 10P
(c) 3,12
(d) 208
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Now what abouhegative exponent8 If 10? = 100, what does 1¢ mean?

By definition,
1 _1
102 100

Note that 102 is nota negative number.

102 =

To deal with this, we use the concept of the inverse (or recil) of a num-
ber. The inverse or reciprocal of a number is the result wainbthen we
divide 1 with the number. For example, the inverse of 1@0lsl\low we can

P 1 1 1
write 15 as 10+, or 10 as{g-

Thus, for any base with an exponent, theerseis found by using the same
base, but changing ttegnof the exponent.

Therefore, by definition

1
al==C
a
and in general
1
-n __ -
a' = ~

1

We can write: 101 = ;572 = 2 X 2= % and so on.

Vice versa, we can writ¢ as 31, X—12 asx 2, etc.

The key on the calculator that we can use to calculate thesave

(1/X]. (On other calculators, it may .) See the notes on using the
calculator which show you how to obtain the value of an exptinkexpres-
sion with a negative exponent.

1

Exercise 2.8

T (See page 147 for the

Express the following powers with positive exponents angpsify as solutions.)

far as possible:
(@) 31

(b) 5°°

(c) 5 1x5?
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2.3.2 Laws of exponents

In this section, we will deduce the laws of exponents by usixamples.

1. (a)

a’xa’ = (axa) X (axaxa)
= axaxaxaxa
b
(b)
Bx22 = (2x2x2) X (2% 2)
= 2X2x2x2x2
5

(©)

b*xb? = (bxbxbxb) x  (bxh)
bxbxbxbxbxb
b6

Thus, we can deduce from the above that when we multiply two or
more terms wittsimilar bases we add the exponents.

m

a n

% g m+n

=a

Note: aM™xb"=a"" (It cannot be simplified further because the
bases ar@ot the same.)

2. ()
f _ axaxaxa
a2 axa
(b)
b”  bxbxBxBxBxBxH
> B x B xbxhbxb
= b?
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(c)
83 8x8x8

82 = 8x8
— 8

Thus, when we divide two powers wilimilar bases we sub-
tract the exponents from each other.

am m—n
E =
am
Note: o cannot be simplified because the bases differ.
3. (a)
(@)° = (8)x(a%) x ()
= axa X axa X axa

(b)

(33?2 = ()% (3
= (3x3x3)x(3x3x3)
36

Thus, when we raise a power (base with exponent) to a power, we
multiply the exponents with each other.

(ab)® = (ab)x (ab) x (ab)
= axbxaxbxaxb
= axaxaxbxbxb

_ a3 b3

(b)

(a%h?)2 = (a%b?) x (a%p?) x (a%b?)
aaabbaaabbaaabb
= ab®
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(©)

(2332>3 — (2332) > (2332>
2634

Thus, when we raise a product to a power, it is equal to theymtaaf
each factor raised to the same power.

(ab)™ = aMp™

Note: (a+b)™ = (a+b)™ (cannot be simplified further)

T (See page 147 for the 1
solutions.)

Exercise 2.9

Simplify the following by using the exponent laws:

4 2 U
(@) b*x b @ %
(b) 2 3x" (h) 6co?e? -+ 3cdé
(c) a%b® x a*b® (i) (x*?

) (3c*)?
(k) (4a%0%)
() (3xy2)*
X6
(f) g (m) 3Xy3

Ox2y?2

(d) 2xyx 4x3y3

(e) 2abx 4a? x 3ab?

2.4 Roots

2.4.1 Roots of numbers

In the previous paragraph, when we multiplied 8 by itselfwvete
8x 8=8
and in words, we said “eight squared”. More examples of sspiare

4 squared=4°=4x4=16
5 squared=5°=5x5=25
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6 squared= 6° = 6 x 6 = 36
A square roofgoes in the opposite direction:
3 squared is 9, so the square root of 9 is 3.

The square root of a number is the value that, when multifpiedself,
gives the number.

We not only have square roots, but also third roots, fourtitssand so on.

The symbol we use for roots in general\r/ig. Examples of specific roots are
as follows:

square root'\zf
third root: e
fourth root: Ve

Note: By convention, we do not write the small 2 in front of the syrhbo
for thesquare root, but only\f. If you come across a root sym-
bol without a small number in front, you know that it isquare
root. Most calculators have a square root I@y (See the notes
on using the calculator.)

Another example:
72 =49 andy/49=7
(We say “the square root of 49 is 7".)

By using the SHARP EL738FB calculator:

Example 2.8
1.
/49 =7
Calculator steps:
2ndF | Ve 49E|
The answeris 7.
2.
V216="

34
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Calculator steps:

3[2ndF Ve 216EI

The answer is 6.

T (You can use the ! )
calculator to get to the

answer directly, but you Exercise 2.10
should also be able to do

it without a calculator. Determine the following:
See page 148 for the

solutions.) (a) V16
(b) V25
(c) V16
(d) V125
1. Calculate:
(@) V196+ /144
(b) (v5)?
(c) (V64)?
(d) (V1)?

2.4.2 Roots of variables

When we multiplyx by itself, we have
XX X=X

In words, we say X squared”.
More examples of squares are

ysquared = yxy=Yy?

psquared = pxp=p?

(ab) squared = (ab) x (ab) = (ab)? = a’b?
(a®b®) squared = (a2b3)2 = (a?b®) x (a?b®) = a’b®

To find thesquare rootsof variables, we work in the opposite direction.
Therefore, in words

e the square root of? is x, because x x = x2
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e the square root of 36 is 4y, because ¥x 4y = 16y?
e the square root of 28 is 5x*, because B x 5x* = 25x8

If we write these in mathematics symbols, we write

° X2 =X

o \/16y2 =4y

o /25x8 = 5x*

Example 2.9

1 V1668 = | /(4x8yH) x (4xBy4)
' = Ay

) V100610 = /(10a%h%) x (10a3b°)
' = 10a%b?

( ' 1 (See page 149 for the
solutions.)

Exercise 2.11

Simplify the following expressions:
(a) V160816

(b) /36254

(c) \/25x36yL00

(d) v/36x3%

(e) v16a36p16

(f) /100ptq!o0

(9) V8InPn

2.5 Order of operations

When you see something liket32 x 5, which part should you calculate
first? Your instinct might be to start the operations fromléfeand go to
the right, as if you were reading. That might seem naturdlybu will get

a wrong answer in the case of® x 5. In problems involving more than
one operation (such as addition and multiplication in tlaisa) certain rules,
calledpriority rules , must be followed.

36
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It is essential that when we see an expression, we all urzahergtto mean
the same thing; then we will all obtain the same result. Maidugcians
agreed to perform the operations in a specific order. Thexefioecom-
monly accepted convention or rule for operations is the fobbwing:

Highest priority

Brackets

Powers and roots
Multiplication and division
Addition and subtraction

Lowest priority

Example 2.10
Calculate the value of the expressiorn 32— 4 x 546+ 3.

There are no brackets, powers or roots in the expressione shast
with the multiplication and division:

2x3—-4x5+6+-3
M~ O~
6 20 2
Now we have 6- 20+ 2, which is equal t-14+2 = —12.

Therefore, %« 3—-4x54+6+3=-12.

Exercise 2.12
T (See page 150 for the

solutions.) Calculate the value of the following two expressions. Deddfore-
hand on the order in which the operations will have to be peréal.

(@ 4x3+24+5%x6—20+4x%x2
(b) 3x7—v/9x8+22+4x%x3

Example 2.11

2x(34+4)x5

Brackets in an expression indicate that we must calculatexpres-
sion in brackets(3+4), first, and then do the other operations:

2x(3+4) x5
7
Now we have Z 7 x 5= 70 as the value of the expression.
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We call “(" the left or open bracket and “)” the right or closkdacket. The
number of open brackets and closed brackets must alway®sathe, oth-
erwise the expression is not uniquely specified.

( 1

T (See page 151 for the

Exercise 2.13 solutions.)

Calculate the value of the following expressions:
(@) 7x8+8x9
(b) 7x(8+48)%x9
(c) (7x8+8)x9
(d) 7x (84+8x9)
(e) 200+ 16° + 4

We now know that brackets within an expression have the Bigtreority
and should always be calculated first. But what about brackihin brack-
ets? Here we always work from the innermost bracket outwatdee that
inside a set of brackets, the usual priority rules apply. Apression under-
neath a root sign, should be seen as if in brackets.

Example 2.12

Calculate the value of the following expression:

\/3>< 424 32 1 (4+3)°

Step by step, we will do the calculation as follows:

Step Reduced expression

1 \/<3>< (42+32)+(4+3)2>

2 V(3% /(1619) +(7)?)

V(3 V254 72)
(3x5+149
(151 49)

V6
8

~N~ o o0~ W
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Let us look at the order of operations in the following exaenpl
e Do the brackets first:

3x(5+6)=3x11 = 33 (right)
3x(5+6)=15+6 = 21 (wrong)

e Powers and roots before multiplication, division, addition and sub-

traction:
5x22=5x4 = 20 (right)

5x22=10° = 100 (wrong)
e Multiplication or division before addition and subtractio n:
2+5x3=2+15 = 17 (right)
24+5x3=7x3 = 21 (wrong)
e Otherwise, just go from left to right:

30+-5x3=6x3 = 18 (right)
30+-5%x3=30+15 = 2 (wrong)

Exercise 2.14

solutions.)

(42— (6x3-80+5?) + (P -77)
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Chapter

More operations on numbers

On completion of this chapter, you should be able to
e list all the factors of a certain number
e determine the lowest common multiple (LCM)
¢ do basic operations on fractions and decimals

e do basic operations involving percentages and ratios

3.1 Factors

3.1.1 Whatis a factor?

All integers have factors. Some numbers have more factarsdthers.

A factor of a number is a number by which it can be divided wifleaving
a remainder.

1 and the number itself are always factors of a certain nuntletius look at
the following example.

Example 3.1
1. The factors of 6.
If 6 is divided by 1, the answer is 6.
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If 6 is divided by 2, the answer is 3.
If 6 is divided by 3, the answer is 2.
If 6 is divided by 6, the answer is 1.

Therefore, the factors of 6 are: 1, 2, 3 and 6, because ak th@sbers
divide exactly into 6, that is, without a remainder.

If we write 6= 2 x 3, we have factorised 6.
2. The factors of 8.
If 8 is divided by 1, the answer is 8.
If 8 is divided by 2, the answer is 4.
If 8 is divided by 4, the answer is 2.
If 8 is divided by 8, the answer is 1.
Therefore, the factors of 8 are 1, 2, 4 and 8.
If we write 8= 2 x 4, we have factorised it.
If we write 8= 2 x 2 x 2, we have factorised 8 in prime factors.

Note: Prime numbersall have only two factors, namely 1 and the
number itself, for example, 7 has no other factors than 1 a7
other such a number is 11. We can try to list the prime numbers:

1,2,3,5,7,11, 13,17, 19, 23, etc.

3.1.2 The lowest common multiple (LCM)

Firstly, we must know what a multiple of a whole number is. Altiple of
a number is found by taking th@oductof that number and any counting
number. For example, to find the multiples of 3, multiply 3 hyd3 by 2,
or 3 by 3, and so on. The multiples of 3 are thus 3, 6, 9, 12, £5,Tetfind
the multiples of 5 multiply 5 by 1, 5 by 2, 5 by 3, and so on. Thdtiples
of 5 are thus 5, 10, 15, 20, etc.

If we have two numbers and wish to determine the lowest commaltiple
(LCM) of the two numbers, we want the smallest number whichnsulti-
ple of both these numbers.
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Example 3.2
1. Determine the LCM of 6 and 8.
Method 1.

The multiples of 6 are

6; 12, 18;;

The multiples of 8 are

8; 16;;

It is clear from the above, that thewestcommon multiple of 6 and 8
is 24.

Method 2.
First we factorise 6 and 8 iprime factors:

6 = 2x3
8 = 2x2x2

Now to determine the LCM, we write down the prime factors @& th
first number (6), in factorised form, that is

2x3

Now see which prime factors of the second number have NOT been
written down yet. We see that the prime factors of the secomober
(that is the 8) are % 2 x 2. Only one 2 has been written down, so we
must add another two 2s, as factors of the LCM.

6 = 2x3
8 = 2x2x2
Therefore, LCM = 2x3x2x2
= 24

2. Determine the LCM of
(@) 30 and 45
Method 1.

30 = 2x15=2x3x5
45 = 5x9=5x3%3
Therefore, LCM = 2x3x5x%x3
90
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Method 2.

The multiples of 30 are 30: 6; 120: 150; ... etc.

The multiples of 45 are 4; ... etc.

Therefore, the LCM of 30 and 45 is 90.

(b) 3and 8 and 24

Method 1.
3 =3
8 = 2x2x2
24 = 3x2x2x2
LCM = 3x2x2x2
= 24
Method 2.

The multiples of 3 are 3; 6; 9; 12; 15; 18; ; 27; ... etc.

The multiples of 8 are 8; 1; 32; 40; ... etc.

The multiples of 24 ar; 48; ... etc.

Therefore, the LCM of 3, 8 and 24 is 24.

Exercise 3.1 T (See page 152 for the
solutions.)
Determine the LCM of

(@ 4and 6
(b) 6and 16
(c) 5and 30

(d) 14 and 20

[24]
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3.2 Fractions

3.2.1 Whatis a fraction?

A fraction is a numerical quantity that is not a whole number.

A fraction consists of a numerator and a denominator:

3 numerator
4~ denominator

The numerator tells us how many parts of the denominatoe tie. Thus,
there are 3 quarters in%a

3.2.2 Types of fractions

e Proper fractions:

A proper fraction is a fraction with a numerator that is smalhan the

denominator.

3.2 13
75 17

e Improper fractions

An improper fraction is a fraction with a numerator that igkx (big-
ger) than the denominator:

=
w

; = etc
2

Wi s
IR

[ —

¢ Mixed fractions

Consider the improper fractio% meaning “three halves”. We know that
three halves are equal t(% JIwhich we call a mixed fraction. How did we get
the 132 We did the following:

We divided the numerator by the denominator. This gave usitbger, with
the remainder being the numerator over the existing deratonn
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Example 3.3
1. Change the following improper fractions into mixed frans:
@) &

We divide 5 into 7, giving us 1 with a remainder of 2.

7 2
—=1=
5 5
b) ¥
We divide 6 into 17, giving us 2 with a remainder of
(17—-12) =5.
17 .5
—_ 2%
6 6

Can one change mixed fractions into improper fractions?artssver is
YES.

This is how we do it: Multiply the whole number (integer) bytdenomina-
tor and add this answer to the numerator, with the denomissging the
same:

5
25
2x6+5
6

1245
o 6
17

= 6

Alternative explanation:

N
olo
|
N
+
olul

RSN
+
oo

3.2.3 Simplification of fractions

If both the numerator and the denominator of a fraction artiptied or di-
vided by the same number, the fraction does not change, @riegresents
the same quantity.

(46]
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To have a fraction in its simplest form, we want the smallestsible num-
bers in the numerator and denominator and still have a fnaetith the

same value.
Example 3.4

(a)
& = % Divide both the denominator and the numerator by 3,
and % = % Divide both the denominator and the numerator by 2.

(b)
12 = ¢ Divide both the denominator and the numerator by 2,
and § = 2 Divide both the denominator and the numerator by 2.

(c)

%—2 = Divide both the denominator and the numerator by 2,

DO B

and then by 3.

The fractions in the examples above have been simplified.

T (See page 152 for the

solutions.) Exercise 3.2

1. Change the following improper fractions into mixed frans:
@) 3
(b) 3
() ¥
(d) 3
2. Change the following mixed fractions into improper fraos:
(a) 3
(b) 83
(c) 72
(d) 23

3. Simplify the following fractions:
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(@)
(b)
()
(d)

o &

Gia Koo 58 R~

3.2.4 Multiplication of fractions

Follow thesethree simple stepgo multiply fractions:
1. Multiply the numerators.
2. Multiply the denominators.

3. Simplify the fraction, if possible.

Example 3.5
1 2 s
377
_ 2x5
= 3x7
— 10
= 21
2. 3.2
473
— 6
= 1
— 1
= 3
OR:
We could first simplify the fractions by cross cancellatiamich is
allowed.
3 x 2 2divides into 4; and 3 divides inta 3
1
= 2
3. 6 5
15 X 1
= $x3 Divide 2into 4 and 6; and 5 into 15
1 1 « u .
= ﬁ We divided 3 into 3
1
= 2
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4. 2415
3%X5%X20
1x4x5 .. . . .. .
= 155510 Divide 2 into 20; and divide 3 into 15
_ 1x2x1 . . _ )
= XX Divide 5 into 5: and 2 into 4 and 10
— 2
= 5
5.
5 21
7 X 152
= % 2 Divide 5ainto 1532 and divide 7 into 21
_ 3 - .
= =3 Divide 3into 3
_ 1
a
6. .
5x =
5

Let us first change the 5 (an integer) into a fraction, withrtheera-
tor being 5 and the denominator 1. As we know that 5 divided sy 1
5, we will normally write “5” and not % Now,

3
X5

w ~io

3.2.5 Division of fractions

Follow thesehree simple stepdo divide fractions:

1. Invert (turn around) the second fraction, and make:tlsgn ax
sign.

2. Multiply the first fraction with the inverted second friaxt.

3. Simplify the resulting fraction, if possible.

5+3
_ 5.3
= 1-1
_ 5.1
= 1X3
_ 5
= 3
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Example 3.6

1. (@

X o
WIN ol o

(IE N NERENFNENTES
X

I
[EEN
Wl

(b)

WIN Rl AW
wIN ©lo

(©)

L LB\ V] I\)|H
« FPlo

X

B~

X
gl By

vl Rk R olw
X

(d)

X

|
oIy NI AW
X
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X
©loo
SN—

Only invert the term directly to the

right-hand side of the division sign.

Only invert the term directly to the

right-hand side of the division sign.

First do the brackets, and then

the division.

(e)
2.4. 12
39715
_ 2,4 15
= 3X9X1D
_1.4_5
= 1X9%%
_1.,2.5
= I179%3
_ 2x5
—  9x3
_ 10
= 27
()
5.1 3
6 12X 15
_ 5,12 3
= GXTX]_—S
= 2
(9
EE;(@
4a - \da
_ 13bb 3a
= =< (3
- 3%
- 8
(
t (See page 153 for the :
solutions.) Exercise 3.3
1. Simplify
3.1
@) 33
3.1
(0) 3+3
3.9
©) 7+ 7
5.01. 5
5.1 3
7 .14 3
() 22+3 %15
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3.2.6 Addition and subtraction of fractions

We know that if we adc% to % the answer iﬁ. How did we get to this an-

swer?

Follow thesehree simple stepgo add fractions:

1. Make sure thelenominatorsare the same (LCM).

2. Add the numerators of the fractions and put the answertbeetle-

nominator.

3. Simplify the fraction, if possible.

So, how do we adg to 1?

We get the denominator to be the same by determining the LCileodle-

nominators:
2 2
4 2% 2
LCM 2x2
= 4
Therefore L1
AT
1,2
= 3t+1%
_ 241
= 4
— 3
- 4
Example 3.7
1,5
1. 7+%

First determine the LCM of the denominators:

4 = 2x2
6 = 2x3
LCM = 2x3x2
= 12
1,5
aTe
_ 1Ix345x%x2
- 12
_3+10
= 12
_ 13
= 12
_ 1
— 11_2
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Alternative method:

1,5
ats
_ 1x3 , 5x2
= I3teo
_ 3,10
= 1TD
3+10
= 12
_ 13
=
_ 1
= 1%
3,4
2. 2+3
First determine the LCM of the denominators:
5 =25
7 = 7
LCM = 5x7
35
3,4
517
_ 3x74+4x5
= ~ 35
21120
= T35
_ 4
= 35
_ 6
= 1
Alternative method:
3,4
577
_ 3x7 , 4x5
= BT 78
_ 21,20
= FHBT35
— 4
- 35
_ 16
= 1
7,5
3. g+38
Determine the LCM:
9 = 3x3
6 = 2x3
LCM = 3x3x2
18
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7.5 7.5
916 9716
_ 7x2+5x3 _ 7x2, 5x3
o 18 T 9x2 ' 6x3
_ 14415 _ 14,15
- 18 OR 18 " 18
_ 2 _ 2
18 18
— 11 _ 11
= 13 = 13

To subtract one fraction from another, we basically takestdrae steps
as for addition.

o
B
ol

|
DIN

Determine the LCM:

15 = 3x5
6 = 2x3
LCM = 3x5x2
30
13_2
15~ 6
-3 _ 132 25
_ 13x2-2x5 15%x2 6x5
T30 26 10
_ 26-10 - 30 30
- 30 OR _ 26-10
_ 16 ~ 730
~ 30 16
_ 8 ~ 30
= 15 8
— 15
16a , 9
> B T
Determine the LCM:
LCM =bxc=bc
16a |, 9% 16a |, 9%
B T e B T¢
_ 1l6axc+9bxb _ 16ac+9_l3k)
- bc OR —  bc bc
_ l6act9r? _ l6act9n?
- bc - bc

ol
|
olw

Determine the LCM:

5 =5
6 = 2x3
30
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1.3 1.3
6~ 5 6~ 5
_ 1x5_3x6 _ 1x5_ 3x6
~ 6x5 5x6 ~ 6x5 b5x6
_ 1x5-3x6 — 5 _18
= 30 =~ 3030
_ 5-18 OR _ 5-18
= 23 =
= 30 = 30
_ _13 _ 13
- 30 - 30
2,3 1
1. 5+5 13
Determine the LCM:
5 =05
6 = 2x3
4 = 2x2
LCM = 5x2x3x2
60
2,3 1 2,.3_1
576 2 5762
— 2><12+ 3x10 _ 1x15 — 2><12+ 3x10 _ 1x15
5x12 7 6x10 ~ 4x15 5x12 T 6x10 ~ 4x15
_  24430-15 _ 24+30-15
= 60 OR - 60
— 39 - 3
~ 60 ~ 60
— 13 -
~ 20 = 20
8.
1,11
25+15
= 241+ % + % Separate the integers from the fractions.
= Sntl%1 Add the integers and then add the
3+3 two fractions.
3+1
= 4
NB: We know that
2_1
2
_ 2x2-1x1
= 2
_ 41
= Tz
— 3
- 2
= 1
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Note: We may only cross cancel ovenaultiplication sign, not
over a— or a+ sign.

Itis TOTALLY INCORRECT to do the following:

—21» Cancel the 2 in the numerator by the 2 in the denominator.

You may only cancel out factors!

T (See page 154 for the

Exercise 3.4 solutions.)

1. Simplify the following:
(@) 5+3
®) +3
© 5-35
@ 3-3
©§-3+4
M) f1+3-3

(9) 11 +43

3.3 Decimals

A decimal system involves counting in units of 10. A decinsahinumber
consisting of a comma, followed by one or more numbers wieghasent
tenths, hundredths, and so on.

To change a fraction into a decimal, we must divide the denator into the
numerator.
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Example 3.8

1. Write 1 as a decimal.

2[T We cannot divide 2 into 1; therefore, we add a zero to the 1.
; Because we have added the zero, we must write
21,0 a comma above the division line.
0,5 Now we can divide 2 into 10 to get 5. The answer is therefore 0,5
2[L,0 We usually write a zero in front of the comma.
Thus,2 =0,5.

2. Write 3 zasa decimal.

We must divide 4 into 3,000 ...

0,75
4l_o

28

4x7=28

Subtract 28 from 30 and add zero to the answer of 2.
4x5=20

Subtract 20 from 20 to get O.

Therefore,4 =0,75.

3. Write the following as decimals:

(@) 1

If we must divide the numerator by 10, we just shift the comma
in the numeratooneunit to the left. Note that 1 = 1,0.

Therefore 4 =0, 1.

We usually write a zero in front of the comma.
(b) 15,=0,01

If we must divide the numerator by 100, we shift the comma in
the numeratotwo units to the left.

Therefore X

50 = 0,01.

100 has 2 zeros; therefore, there, are two numbers aftepthema.

(C) 195=0,03.

Here again we shifted the comma in 3,0 two units to the left to
get 0,03.

(d) $3%,=0,017.

There ardhree zerosin the denominator 1 000; therefore, we
shift the comma in the numerator 1htee units to the left to get
0,017.

(€) 15o000=0,00004
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There ardive zerosin 100 000; therefore, we shift the comma
five units to the left to get 0,00004.

You can use your calculator to check the answers.
4. Write 2; as a decimal.
To change a mixed fraction into a decimal, we do the following

Write the%l as a decimal and add it to the integer (whole number).

1
2—- =225
4 Y

T (See page 156 for the

Exercise 3.5 solutions.)

1. Write the following as decimals:
(a)
(b)
(c)
(d)
2. Write the following as fractions:
(@) 025
(b) 0,3
(c) 1,45
(d) 2,6

ool glw WwIiN

w
Blw

3.4 Percentages

Percentage means per hundred. Five percent or 5% means brokzed,
which can be written as 5% g or 0,05.

33% means 33 out of a hundred or 0,33.

115% meangs3 or 1,15, etc.
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Example 3.9

1. Tim would like to buy a bicycle that costs R1 200. His graotmer
is prepared to give him 40% of the price of the bicycle as aday
present. How much money will she give him?

The amount received = 40% of 1200

40 1200
100X "1
480

His grandmother will give him R480.
2. John receives a commission of 2,5% on his sales. His mosaites
for December amounted to R175 000. Determine his commission

The amount of commission= 2= x 175000

— 437500

John’s commission for December was R4 375,00.

3. Kate bought a dress, priced at R1 800, at Elegant Boutisjue was
given a discount of 30%. How much did Kate pay for the dress?

; _ 30 _ 1800
Discount = 700 X 1
= 540

The amount paid for the dress is the original price of thegjnesnus

the discount:
Price paid = 1800—540

1260

Therefore, Kate paid R1 260 for the dress.

4. James received an increase of R1 200 per month on his njatlaky
of R9600. Determine the percentage increase in his salary.

_ 1200, 100
Increase = 5§50 X 71
= 125%
The percentage increase was 12,5%.

5. You obtained 12 out of 15 for your first assignment. Whabisry
mark as a percentage for this assignment?
Percentage= 12 x 1%

= 80%

You obtained 80% for the first assignment.
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6. Joseph bought a television set that normally costs R2f6O0&2 000.
Determine the percentage discount that Joseph received.

First determine the amount of discount that Joseph received
That is R(2500— 2000 = R500.

Remember that percentage is always calculated on the akigmount.

Percentage discount= 3% x 1%
— 20,00%
Joseph received 20% discount.
( )]
Exercise 3.6 t (See page 157 for the

. solutions.)
1. Sera bought a box of apples. There were 125 apples in tharitbghe

discovered that 4% of them were rotten. How many apples cshed
sell?

2. Peter's monthly salary is R9 000. An amount of R3 150 is destlifor
income tax. Determine the percentage income tax that Paigr p

3. A survey reveals that in the small town of Duncanville 4 f&filies
out of a total of 11 275 families own DVD players. What peregyet
of families own DVD players?

4. Mary bought a pair of shoes on which she had to pay 14% VADuata
ing to R216,60. Determine the price of the shoes.

5. The price of a loaf of bread, currently costing R5,12, s@ased by
9,5%. Determine the new price of a loaf of bread.

3.5 Ratios

A ratio is a way of comparing two or more quantities.

Suppose we have a pupil : teacher ratio of 40 to 1. Then we cabay
cally write that the pupito teacher ratio is 40:1, or alternative@. We read
40:1as40to 1.

The order in which the numbers is written is important. Theeférs to the
first object mentioned, namely the pupils, and the 1 refetedsecond,
namely, teachers.

60
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Example 3.10

1. Albert has R10 000 which he wishes to divide between hissiaters,
Alice and April, in the ratio of 6:4. How much will each of thesters
receive?

First, we determine the portion that Alice will receive, ahdn the
portion that April will receive. If the money must be dividedthe
ratio of 6:4, we divide the money into 10 equal pa®=6+4).

Then

Alice will receive =  x R10000

= 6000

T : _ 4  R10000
April willreceive = 15 x ==

= 4000
Alice will receive R6 000 and April R4 000.

Note: If you add the two amounts together, you get R10 000, which is
the original amount that had to be divided between the twiersis

2. Jerome picked 77 apples, and he wishes to divide them bat®pho
and Simon in the ratio of 3:8. Determine how many apples Siplo
receive.

The total number of parts in the ratio is 11.

: : e 3 .17
Sipho will receive = 33X 7
= 21

Sipho will receive 21 apples.

Exercise 3.7
1. There are 72 Smarties in a packet containing red and greantigs in

the ratio of 5:3. Determine the number of red Smarties in Heket.
T (See page 158 for the

solutions.) 2. The ratio of stone, sand and cement in a concrete mixt@&is.
Determine

(a) the percentage of stone
(b) the percentage of sand

(c) the percentage of cement in the mixture
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Chapter

Measurements

On completion of this chapter, you will be able to
e convert length units from one unit to another
e determine the perimeter of different figures

determine the area of different figures

determine the volume of different objects

convert litres to cubic units

convert cubic units to litres

apply measurements to assist in decision-making in dddypliob-
lems

Have you ever renovated the tiling in the bathroom or kitcbieyour home?
If yes, then you will know that in order to do that, you had tcide how
many tiles to buy. Were you able to determine the numberes tieeded or
did you ask someone else?

In this chapter, we will start off by showing you the basicsreasurement.
This will enable you to tackle problems similar to the onesaléed above
(and others) with confidence. It will place you in a positionese you can
do the calculations and make the decisions yourself.
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4.1 The international system

It is difficult to imagine a world without a system for measwgithings. You
would not know the distance to another town, the capacititried of a fuel
tank, whether your body mass is within limits, and so on.

The earliest measuring system originated in the barteesysind units cor-
responded with things like the length or the size of a handot. iMany
countries each had their own measuring system. In the modentd, which
is characterised by international trade and extended tnduand techno-
logical development, it became necessary to have a commasunieg sys-
tem. A modern international system, tBgstéme international d’unitéslso
known as Sl, was developed. South Africa was one of the fitstit@s to
accept this system.

The following table gives us a good indication of the S| syste

Factor Power | Common name| SI nhame | SI symbol
10 10t ten deca- D
100 107 hundred hecto- h
1000 103 thousand kilo- k
1000000| 10° million mega- M
0,1 101 | tenth deci- d
0,01 1072 | hundredth centi- c
0,001 1073 | thousandth milli- m
0,000001| 106 | millionth micro- u
4.2 Length

The Sl base unit for length imetre. The symbol used for this base unit is
m. Therefore, we write 10 metres as 10 m. Note the space betveerum-
ber and the unit.

Decimal multiples and submultiples in the Sl system are bavs:

10 millimetres (mm) = 1 centimetre (cm)
10 centimetres (cm) 1 decimetre (dm)
10 decimetres (dm) 1 metre (m)
10 meters (m) 1 decametre (Dm)
10 decametres (Dm) 1 hectometre (hm)
10 hectometres (hm) 1 kilometre (km)

In the Sl system, it is very easy to convert from one unit tatheobecause
we work in multiples of ten.

64]
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The rule is as follows:

¢ If you must convert to a greater unit, say from m to ldivideby the
appropriate multiple of 10.

e If you must convert to a smaller unit, say from m to mmyltiply by
the appropriate multiple of 10.

We normally use km, m, cm and mm.

1km=1000m and 1 m= 100 cm= 1000 mm

“Distance” is a length. Examples of units used for distarareshe follow-
ing:

e kilometres to measure long distances, like between caes63 km

e metres to measure medium-sized distances, like your heigitl,6 m

e centimetres to measure small lengths, like your body measents,
say your waist is 80 cm

¢ millimetres to measure very small lengths or thicknesslesthe
width of a paper clip, say 6 mm.

Example 4.1 Convert the length of a 2,5 km tunnel into centimetres.

The first step is to change 2,5 km into metres by multiplyirggribmber of
kilometres by 1 000:

25km=25x 1000m =2500m
Therefore,
2,5km =2500m.

The second step is to change 2500 m into centimetres by ryurigpthe
number of metres by 100:

2500 m =2500x 100cm =250000cm
The length of the tunnel is thus 250 000 cm.

T (See page 159 for the )

solutions.)

Exercise 4.1

Convert the following:

(@) 400 mto km (d) 5kmtom
(b) 18cmto mm (e) 124mtocm
(c) 4450m to km () 5246,3m to km




BNU1501 CHAPTER 4 MEASUREMENTS

(9) akmtocm (i) 246cm to km
(h) 246cmtom () 60m+0,5 km)tom

4.3 Perimeter

The perimeter C of a figure is the distance around the edgewrdaoy of

a figure (the length of the boundary). We know that distanoegasured as
a length, therefore, we would use the same Sl units for letogtheasure
perimeter.

A homeowner who wants to fence his or her property would, xaneple,
measure the perimeter of the property to know how much feneeor she
needs.

To measure the perimeter of a regular figure we usually makeiihe
properties of the specific regular figure to simplify the a#édtions. Let us
look at a rectangle, a square, a triangle and a circle.

4.3.1 Rectangles

A rectangle is a four-sided figure with all 4 angles equal to&td the op-
posite sides equal in length.

H L

1 [
[

The little squares in the corners of the figure above inditteiethe angles
are 90. Suppose the long sides of the rectangle are of lehgtid the short
sides are of lengttv. We call them the length and width of the rectangle.

The perimeter of the rectangle is the sum of all 4 sides:
C = l+w+l+w

= 2+2w
= 2(1+w)
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The formula for theperimeter of a rectangleis
C=2(l+w)

Therefore, to calculate the perimeter of the rectangle,ddetle long side
of the rectangle to the short side of the rectangle and niylifis sum by
two.

Example 4.2

Calculate the perimeter of a rectangle with a length of 10 tchawidth of 4
m.

The first step is to add the long side of 10 m to the short sidemftd get
the sum of 14 m. The second step is to multiply this sum by twgetahe
perimeter of 28 m.

Mathematically, we write it as follows:

C =2
= 2

(I+w)
(10+4)
(14)

8

I
NN

The perimeter is 28 m.

4.3.2 Squares

A square is a rectangle with all 4 sides equal in lenfyth,

[
o L]

1 [
[

The perimeter is the sum of all 4 sides:

C = I+1+1+lI
4
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The formula for theperimeter of a squareis

c=4

Example 4.3
Calculate the perimeter of a square with sides of 7.cm.
Multiply the side length by 4 to get the perimeter of 28 cm.

Mathematically, we write it as

C = 4l

The perimeter is 28 cm.

4.3.3 Triangles

A triangle is a three-sided figure.

r

Again, the perimeter is the sum of the lengths of the sides.

C=p+q+r

Example 4.4
Calculate the perimeter of a triangle with sides of 3cm, 5amd Acm.
Add the lengths of the three sides together to get the pegimo¢tl5 cm.

Mathematically, we write it as

C = 34547

The perimeter is 15cm.
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4.3.4 Circles

Note: We refer to the perimeter of a circle as ttiecumference of
the circle.

A circle is a perfectly round plane figure in which every pantits circum-
ference is equidistant from its centre. (“Equidistant” methe same dis-
tance from the centre of the circle.)

We call the distance from the centme)(to the circumference theadius (r)

of the circle. Thadiameter (d) is the straight line from side to side passing
through the centrenf). The diameterd) is two times as long as the radius
(r), therefored = 2r.

o The formula for thecircumference C) of a circle is
The irrational numbert

(pronounced “pie”) is
the ratio of the
circumference of a
circle to its diameter.

C=2mr

Note: We use thetkey on the calculator in calculations because it is more
accurate thas?.

Example 4.5
Calculate the circumference of a circle with a radius of 2cm.
Using the given formula, the circumference is calculated as
C = 2mr

2XTIX2
1257

Therefore, the circumference of the circle is 12,57 cm.
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4.3.5 lrregular figures

Here are some examples of irregular figures:

The perimeter is simply the sum of the lengths of all the sides

Example 4.6

Calculate the perimeter of an irregular figure with five sidelength 2 m,
4m,5m,6m and 3m.

Add the lengths of the five sides together to get the perinoét2d m.
Mathematically, we write it as
C = 24+4+4+5+6+3

20
The perimeter is 20m.

4.3.6 Composite figures

A composite figure is a combination of regular figures. Heeetano exam-
ples:

alf-circle

~—1+——Square

pal

Square
a 7

Triangle
Rectangle
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Again, the perimeter is the sum of the lengths of all the sides

( 1

t (See page 161 for the EXETCIS€ 4.2

solutions.)
1. Calculate the perimeter of each of the following figures:

(a) arectangle with a length of 1,2 km and a width of 375 m.
(b) a square with sides of 3cm.

(c) atriangle with sides of 30 mm, 25mm and 15 mm.

(d) acircle with a radius of 4,5m.

(e) afigure with 4 sides of lengths:
12m,35m, 7m and 13m.

2. Calculate the perimeter of the figure below:

1cm

2,5cm 2,5cm

3cm

0,5cm

3. Sam wants to obtain a quotation to fence his entire prepBaiow
is a plan of Sam’s property. Sam asks you to help him deterthme
total metres of fencing he needs.

50m

Sam’s property 25m
45 m

5m
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4.4 Area

Area (A) is the word for the size of a surface. To specify the size efstir-
face we calculate the area of the surface.

The basic Sl unit which is used for area is square metr9. One square
metre is the size of a square, where each side of a square me&inein
length.

4.4.1 Rectangles

Suppose we want to tile a rectangular surface area that isoghgnend 3 m
wide.

5m

Furthermore, suppose we want to use big square tiles wighlsijths 1 m.
The surface area of one tile is 11 m = 1 n?.
(Remember our rules of multiplication:x1 1 = 1 and mx m = n?.)

Now, how many of these tiles do we need to cover the surfagedre
5mx 3m? (We say 5nbby3m.)

5m

3m
Im

Im

Itis clear that we need 5 tiles in the length and 3 tiles in tidthv

The number of tiles needed is553 = 15.

72
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We can now say that the area is 15 square metres.
(Also, 5mx 3m=15nf%.)

Thus, to calculate the area of a rectangle, we multiply thgtleby the
width and give the answer as a “squaré€’. The unit following the “square”
will depend on the unit we are working with.

[
H L]

1 []
[

The formula for thearea (A) of a rectangleis

A = lengthx width
= Ixw

Instead of saying the lengthxsand the width i/, we talk about a rectangle
of sizex by y and writex x y.

When the numbers become large, it is convenient to convartdmer unit
as the next example shows.

Example 4.7

To calculate the area of a rectangle of size 10002000 m we do the fol-
lowing:

A = 1000mx 1000m
— 1000000"4.

The area is 1000000

Instead of working with 1000 000fnwe convert the 1 000 m to km. We
know that 1 000 m is equal to 1 km therefore:

A = 1000mx1000m
1 OOOkm " 1 OOOkm
~ 1000 1000
= 1kmx 1lkm

1 kn?

So we have 1000000%a= 1 kn?.
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Other units we use for area are square metres, square carBEicC.

1m? = 1Imx1m
— 100cmx 100cm
10000cm

and

lcn? = 1cmx lcm
= 10mmx 10mm
100mnf

When we are talking about land and its size, eveR it result in large
numbers. For this purpose, we use a hectare (ha).

A hectareis the area of a square, with each side of length 100 m.

100 m
H] |
100 m 1 ha 100 m
u i
100 m
Thus
lha = 100mx 100m
10000n%
(
Exercise 4.3

1. How many hectares are there in one square kilometre?
2. Calculate the area of a rectangle with size 24«<h8cm

3. Calculate the area of the following figure:

4m

im

[74]

T (See page 163 for the
solutions.)
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4.4.2 Squares

A square is a special type of rectangle with sides of equajtien

[
H L]

1 []
[

Therefore, the area of a square can easily be derived fromrdaeformula
for rectangles by substituting the width with lengith

The formula for thearea (A) of a squareis

A = lengthx length

= | xI
|2

4.4.3 Triangles

Calculating the area of a triangle is a little more compkcdatbut we can
make it easier by using a sketch. Use any triangle and caflittesa, b and
C.

IS

Now turn the triangle so that we can use any side as the basasluse side
b.

75)
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b

Draw a line from the top vertex (angular point) perpendictdahe basd,
and call ith (for height).

h

m

b

Now draw a rectangle over this triangle by drawing a line |paréo the base
b through the top of the triangle and two more lines paralldl so that we
have the following:

D E

c P b A
Call this rectangl&CDE. The original triangle is calleACBand is made
up of two trianglesPCBandAPB.

It is clear that the triangl®CBis exactly one half of the rectangBPC,
and the trianglé@PBis one half of rectanglBEAP. This means that the area
of the triangleACBis exactly one half that of the rectandd&DE.

The area of the rectangl&CDE = AC x CD.
ButCD = EA= h, therefore the area of the rectangldis h.
Therefore, the area &CDE = b x h.

We have already found that the area of the triangle is halfdhtne rectan-
gle ACDE.
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Therefore, the formula fahe area of a triangleis

A = %basex height

= %bxh

Example 4.8

Calculate the area of a triangle with base 9,3 mm and heighmim.
The area of a triangle is

A = %bxh

1
= -x93x7,6
2>< ) X?
~ 3534

The area of the triangle is 354 mnt.

(

Exercise 4.4

1. Calculate the area of the following shaded figure:

T (See page 165 for the

solutions.) 6 m

9m ]
14 m

2. Calculate the area of the following figure:

AN

4m




BNU1501 CHAPTER 4 MEASUREMENTS

4.4.4 Circles

The formula for thearea of a circleis

A=rT1Tr

How we have arrived at this formula is not important in thisdule. Let us
look at an example.

Example 4.9
Calculate the area of a circle with radius 3 m.

The area of the circle is:

I
=
© W

N

The area is 2827 n?.

( 1

Exercise 4.5
T (See page 167 for the

1. Calculate the area of the following circle: solutions.)

25 cm

q
A2

A
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2. Calculate the area of the following figure:
50 mm

30 mm

4.5 \Volume

Volume (V) is the word used for the capacity of a three-dimensiona b

The basic Sl unit for volume isubic metre (m?). The volume of a cube,
with length of each side 1 metre,ase cubic metre

Im

Im

45.1 Cubes

A cube is a block with sides all equal in length, that is, itsg#h, width and
height are all equal in length.
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The formula for thevolume (V) of a cubeis

V = IxIxl
|3

45.2 Prisms

In a rectangular prism, the length, width and height can laiftdrent lengths.

/

The formula for thevolume (V) of a prism is

V = area of the base perpendicular height
= Ixbxh

4.5.3 Cylinders

A cylinder is any object that has circles at its base and taphas a perpen-
dicular height that joins the top and base.

~— i
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The formula for thevolume of a cylinderis

V = area of basex perpendicular height
= m?xh
= m?h

4.5.4 Conversions and litres
Volume units other than fn(cubic metres) are also used. It is easy to convert
from one unit to another in the Sl system, as we work in mudsf ten.
To convert from cm to mne:
lcn® = lcmxlcmxlcm

= 10mmx 10mmx 10mm
1000 mnt

In words: One cubic centimetre is equal to a thousand culiomsires.

Therefore, to convert from cfrto mn? we mustmultiply by 1000, and to
convert from mm to cn?® we mustdivide by 1 000.

To convert from m to cnr:

1m = Imx1imx1im

— 100cmx 100cmx 100cm
— 1000000cr

In words: One cubic metre is equal to a million cubic centiat

Therefore, to convert frorm? to cm?® we mustmultiply by 1 000 000, and
to convert fromem? to m3 we mustdivide by 1 000 000

Another unit often used to measure volumétie . The abbreviation for
litre is /.

1/ = 10cmx 10cmx 10cm= 1000cn?

Therefore, to change frofitre to cm 2 we mustmultiply by 1 000. To change
from cmq to ¢ we mustdivide by 1 00Q
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1m® = Imx1mx1m
= 100cmx 100cmx 100cm

— 1000000cm

_ 1000 OOOg
- 1000

= 1000/

Therefore,

1m® = 1000/

To change fronm?3 to litre , we multiply by 1 000.

Example 4.10

1. Determine the volume of a cube with sides 50 mm long.

Give the answer in cfa

The volume of the cube is:
V = 50x50x50
125000
The volume is 125000 m#n
We know that

1000mm? = 10mmx 10mmx 10mm
= lcmxlcmxlcm

= lcm?

Therefore, to change the volume to$rdivide by 1 000.

Thus
V = 125000=1000

125
The volume is 125crh
Alternatively, first convert the side lengths from mm to cnyéd
V = 50mmx 50mmx 50mm

= 5cmx5cmx5cm  (10mm= 1cm)
= 125cn?
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2. Determine the volume of a prism wikh=2m, b = 3m andh = 3m.
Give the answer in litres.

The volume of the prism is:

V = Ixbxh
= 2x3x%x3

The volume is 18
To change the volume to litres, multiply by 1 000 because
1m® = 1000/, Thus

V = (18x1000
= 18000

The volume is 18 000 litres.

3. Determine the volume of a water pipe that is 2 km long withdius
of 25 cm. Give the answer in litres.

First convert all the measurements to the same units:

2km = 2000m
= (2000x 100 cm
= 200000cm

The volume of the water pipe, which is in the form of a cylindsr
V = mr’h
= 17(25)% x 200000
m-125000000
3926990817

The volume of the water pipe is thus 392 699 0BAN?.

To convert this volume to litres, we divide by 1 000. The vokiis
thus 392 6909 litres.

Exercise 4.6
T (See page 168 for the

solutions.) 1. How many cm do you get in half a litre?

2. The perpendicular height of a circular dam is 1,5m and thmeiter is
5m. What is the volume of the dam in litres?

3. Calculate the volume of a prism of size 12cm by 9cm by 4cm.
L J
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4.6 Summary of formulas

Perimeter

Rectangle: C=2(l +w)
Square: c=4l
Triangle: C=a+b+c
Circle: C=2m

Area

Rectangle: A=1 xw
Square: A=1?
Triangle: A= 3bh

Circle: A=
Volume

Cube; V=13
Prism: V=I|xbxh

Cylinder: V = mrh

4.7 Applications

Now that you have mastered the basics of measurement, wappily it to
problems encountered in our daily lives. These problemallysdemand
some type of decision from us, that is, how many tiles to bow bften to
phone the oil recycling company, and so on. From what you lear@ed,
you will be in a position to make such decisions confidentlye Tollowing
examples will illustrate different applications.

Example 4.11

1. You want to tile your lounge floor of size 5,0 m by 2,5 m. Hownya
tiles are needed if the tiles are 250 mm by 250 mm? Add 10% for
breakage.

The area of the floor is a rectangle, thus we can calculate it as
A = Ixw

= 2,5x50
125

The area of the lounge floor is 12,5m

Since we must use the same unit right through, we need tolatdcu
the area of one square tile irPniTo do that we convert the side length
of the tile frommm to m.
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Remember, 1000mm= 1m
250

1000
= 0,25m

Therefore, 250mm=

The area of one tile is

A = I?
— (0,25)
— 0,0625

The area of one tile is thus 0625 nf.

To get the number of tiles needed we divide the floor area bgrbe
of one tile. (Remember, the area of the floor and tile must llean
same units!)

12,5

0,0625
— 200

Number of tiles =

Thus, 200 tiles will cover the 5m 2,5m floor.

To provide extra tiles for possible breakage, we add 10%réfbee,

the total number of tiles= 200+ 10% of 200

10
= 200+ 100 x 200

= 200+ 20
= 220

The number of tiles we need to purchase is 220.

2. How much will it cost to fill your swimming pool to the brimihe
pool is in the form of a prism of size 6 m by 4 m by 2m? You can buy
water at R5 per kilolitre.

First, we calculate the volume of the swimming pool:

V = Ixbxh
= 6x4x%x2
48

The volume of the swimming pool is 48%rwhich is 48 kilolitre.

85



BNU1501 CHAPTER 4 MEASUREMENTS

As discussed in the section on volume, we know that

1m® = 1000/ = 1 kilolitre

1 kilolitre costs R5, therefore the cost to fill the pool is akdws:

cost = price per kilolitrex number of kilolitre used
5x48
= 240

It will cost R240 to fill your swimming pool to the brim. J

Exercise 4.7

1. You want to cover the walls of your bedroom with wall pagére ;ro(fjﬁgnpsa)ge 169 forthe

bedroom floor is 4,3 m by 3,4 m and the walls are 2,5m high. Olhe ro
of paper covers 4,5 fn How many rolls of wall paper will you need to
purchase? Ignore any doors and windows in your calculation.

2. You have moved into your newly built house and want to ctiver
whole garden with grass initially. Your garden budget is R@6. The
figure below shows the area you want to cover with grass. Aagard
contractor has quoted you R15 pef to plant kikuyu grass and R20
per n? to plant LM grass. Will you be able to use this contractor and
stay within your budget?

30 m

40 m




Chapter

Expressions, equations and
formulas

On completion of this chapter, you will be able to
e Mmanipulate equations
e solve equations

e change the subject of a formula in an equation

5.1 The difference between expressions, equa-
tions and formulas

An expressionis a combination of numbers, operators, brackets and vari-
ables, for example:
3x—6,2x5, and 2(3x—5)

An equation states that two expressions are equal to each other.
For example: 2+3=9
An equation always contains an equal sign.

A formula is a specific expression/equation which representssiaéion-
ship between different variableld is, in fact, a recipe for calculating the va-
lue of some desired variable, called thependentariable, from the values
of the relevanindependenvariables.
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You should be familiar with the use of formulas by now, beeaws have
used formulas in chapter 4.

In this chapter, you will learn how to manipulate given equea, to solve
them, and to change the subject of a formula.

5.2 Manipulation and solving of equations

What does it mean to solve an equation?

For example, what does it mean to solvexan the following equation?
2X+1=5

It simply means that we mufind the value that x should have to make
the equation true.

In other words, what number shoutde so that 2 times the number, plus 1,
is equal to 5?

By inspection, it seems thatshould be the number 2, because
2X+1=2xx+1=2x24+1=5
It means that if the number 2 is substitutedXpit makes the equation
2X+1=>5true.

In mathematics, we say
“the solution of the equation2+1=15,is 2,”

or

X=2.

Unfortunately, it is not always easy or even possible toselyuations by
inspection.

In these cases, we manipulate an equation step-by-steematically cor-
rect, to find the unknown variable alone on the left-hand fit#S) of the
manipulated equation. In other words, we end with

x="? (anumber)

To get the unknown variable alone on the left, we must maatpuhe LHS
with mathematics operations like addition, subtractionl|tiplication or
division, etc.
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Example 5.1
(a) To getrid of the 2 in 2(2timesx), we divide X by 2, that is

2x  2txx

2 21

(b) To getrid of the 2 ing, we muItipIyg by 2, that is

(c) To getrid of the 2 ik— 2, we add 2 tx— 2, that is

X—2+2=X

(d) To getrid of the 2 i+ 2, we subtract 2 from+ 2, that is

X+2—-2=X

Important note: The LHS of a given equation is equal to its RHS. There-
fore, to keep the equation true, the sides should stay equal
to each other after manipulation.

Therefore:

Whatever you do on the left-hand side (LHS) of an equationmaost
also do on the right-hand side (RHS) to keep the equation true

Let us go back to our original equation, and solve it with @dig-step
manipulation to have alone on the LHS.

Solve
2Xx+1 = 5

thatis X+1—-1 = 5-—1 Itiseasiestto getrid of the 1 on the LHS first
by subtracting 1 on both sides of the equation.

that is X = 4

thatis %X = g The only way to get rid of the 2 that is multiplied
by xis to divide X by 2.

that is X = 2 Solution!!
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Example 5.2
Solve the following equations:

1.
b+4=9

To solve forb we must subtract 4 on both sides of the equation. Thus

b+4-4 = 9-4
b =5

The value ob is 5. That means the equation

b+4=9
is true ifb = 5.
2.
p—4=9
To solve forp we must add 4 on both sides of the equation. Thus
p—4+4 = 9+4
p = 13
The value ofpis 13.
3.
4k =24
To solve fork we must divide by 4 on both sides. Thus
4 24
4 4
k = 6
The value ok is 6.
4. .
- =24
4

To solve fork we must multiply by 4 on both sides. Thus

l—<><4 = 24x4

4
k = 96

The value ok is 96.




CHAPTER 5 EXPRESSIONS, EQUATIONS AND FORMULAS BNU1501

Check all 4 of these answers by substituting the answer inrilgenal equa-
tion. Do you get the same answer on the LHS and RHS?

To summarise:

Apply the inverse basic operation both sides

The inverse operation for
e addition (+) is subtraction{)
e subtraction {) is addition ¢)
e multiplication (x) is division ()

e division (=) is multiplication (x).

Example 5.3
Solve the variable in each of the following equations:
1l.a+3=5

The operation on the left-hand side of the equation is andiflo
solve the equation we must apply the inverse operation afiadd
namely subtraction, on both sides and simplify:

a+3 =
a+3-3 =
a —=

N o1an
|
w

The value ofaiis 2.

2.b—-7=16

To solve the equation we must apply the inverse operatiodditian,
on both sides:

b—-7 = 16
b—7+7 = 16+7
b = 23

The value ob is 23.
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3.Xx—2=6

To solve the equation add 2 on both sides:

X—2 = 6
X—24+2 = 6+2
X = 8

The value ofx is 8.

. 3p=14

To solve the equation, divide by 3 on both sides:

3p = 14
3p _ 14
3 — 3
p = 43

‘e A2
The value ofpis 45,

=4

5
To solve the equation, multiply by 5 on both sides:

r
£ =4
é X Z_5L = 4x5
r = 20
The value of is 20.
f )
Exercise 5.1 T (See page 171 for the

solutions.)
Solve forx in the following equations:

(@) x+4=12
(b) 64+x=2
(c) x—7=-3
(d) 5x=23
() 5 =10
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Our next step will be to look at a combination of the basic afiens. Let us
look at some other examples.

Example 5.4

Solve forx.
2Xx—3=5

Add 3 on both sides and simplify.

2Xx—3+3 = 543

2X = 8
Divide both sides by 2.
2X B 8
2 2
X = 4
Thus,xis 4.
Check:

We look at the LHS and RHS separately:

LHS = 2x—3 (given)
= 2(4)-3
-3

|
(SIS, o)

RHS = (given)

Therefore, the LHS = RHS for= 4.

This indicates that the given equation is truexet 4.

Example 5.5
Solve forx. X
—+2=11
Subtract 2 on both sides.
X
—4+2-2 = 11-2
3 +
X
Z =9
3




BNU1501 CHAPTER 5 EXPRESSIONS, EQUATIONS AND FORMULAS

Multiply both sides by 3.
x. 3 _3.3
371 171
X = 27
Thus,x is 27.
Check:

LHS = 342 (given)
= 42
= 942
= 11

RHS = 11 (given)

Thus, LHS = RHS and the given equation is truexes 27.

Example 5.6

Solve forp.
7p+5=33

Subtract 5 on both sides and simplify.

p+5-5 = 33-5
P = 28

Divide by 7 on both sides and simplify.

P o_ 28
7 7
p = 4

Check: LHS =7p+5=7(4)+5=28+5=33=RHS.

Always remove the numbdurthestfrom the variabldirst.
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Exercise 5.2
T (See page 172 for the
solutions.) Solve the variables in the following equations. Always dhgour
answer.
(@ %+3=6
(b) 6x—4 =26

(c) —5x+4=19
X
@ 2 -2=9

Let us look at more complicated examples:

Example 5.7
Solve the following equations:

1. 4+4x-2 =7
Add the constants on the left:
AX+2 = 7
Subtract 2 on both sides:
4 = 5
Divide by 4 on both sides and simplify:
x = 5
The value ofis 3 or 1,25.

2. &+6 = 3x+26
Subtracting & on both sides and simplify:
8X—3x+6 = 3x—3x+26.

5x+6 = 26
Subtract 6 on both sides and simplify:
5 = 20
Divide by 5 on both sides and simplify:
X = 4
3. 2(x+3)=18

Let us look at the LHS separately:
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LHS: 2(x+3)

According to the order of operations (see 2.4 in section, 2v6)must
remove the brackets first. We cannot simplify what is in theckets:
Thex and the 3 are not like terms. What we do is to multiply what is
in front of the brackets by each term inside the brackets:

X

&)

We get 2xX+2x3
= 2X-+ 6.

Remember this simplification of a bracket, as you will usdtgmin
solving equations. In general, we have

a(b+c)=ab+ac

Now back to our example:

2(x+3) = 18

2Xx+6 = 18
2x = 18-6
2x = 12
X = 6

)
Exercise 5.3
Solve for the variable in the following equations: T (See page 174 for the

solutions.)
(@) 53—x) =4(5+5x)

(b) 6a+3+1=4a—8—3a
(c) X+1-2x=9—x—4

(d) 5x—3(x— (3x—4)) =2(5x—3(1—2x)) +5
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5.3 Changing the subject of a formula

In formulas, we usually have more than one variable. We campuéate
the formula to have another variable on the left. We call théipulation
“changing the subject”.

Consider the following formula:
v=u+at

(a) To change the subject of the formuwas u+ at, fromv to u, we want
to haveu alone on the left-hand side of the equation. Firstly, we swop
the LHS and the RHS of the equation around to get the sidearnnt
ing theu, on the LHS. After this step, the formula is still true.

That is, if
v=u+at

then
ut+at=v

Now, to get rid of the ternat on the left we must subtraet on the
left — and on the right-hand side.

Thus, from

ut+at = v
weget u+at—at = v—at
thatis u = v—at

Now we have changed the formula to havas the subject.

(b) To change the subject o= u+ at to a, we wanta alone on the left of
the equation.

We may switch the left-hand side and the right-hand siderat @t
any time, because they are equal to each other. We do that &mge

the left.
Thus

v=u+at
becomes

ut+at=v

Now, to get rid of thau on the LHS of the equation we must subtract
uon the left. However, to keep the sides of the equation eguadth
other we must subtracton the right-hand side as well.

Thus
ut+at—u = v—u

that is a = v—u
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Next, we must get rid of theon the LHS. We must divide both sides
of the equation by.

Thus,

at=v—u
becomes

at  v—u

t ot
thatis

v—u
a=——

The variable on the left is called thiependentvariable and those on
the right are thendependentvariable(s).

In the formulav = u+ at, v is the dependent variable anda andt are
the independent variables.

Example 5.8
Change the subject of the following formulas to the variahdékcated:

1. Change the subject tan
2y—3x = 4
Add 3x on both sides and simplify.
2y—3x+3x = 4+3X

2y = 4+3x
Divide by 2 on both sides and simplify.
y = 4+23x
= 2+3x

Thereforey = 3x+2
2. Change the subject tan

y—mx—c = 0

Add c on both sides and simplify.
y—mx—c+c = 0+4c

y—mx = ¢

Add mxon both sides and simplify.
y—MmMX+mx = Cc+mx
y = mx+c
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3. Change the subject toin

va=b

Square on both sides.
(vVa)? = (b)?
Simplify using the fact that,/a)? = a
a = b?
4. Change the subject toin
ab—c = d

Add c on both sides and simplify.
ab—c+c = d+c

ab = c+d
Divide by b on both sides and simplify.
ab _ cHd
b — b
a = ¢&td

b

5. Change the subject tan
xty _ t
z

Multiply by zon both sides and simplify.

Xty z _ L.z
z'1 T 1'1
X+y = 1z
Subtractx on both sides and simplify:
X—X+y = tz—x
y = tz—X

6. Change the subject toin
\/fi+b _ s

Multiply by t on both sides and simplify.

Vfi*bxti = sxt
Va+h = st

Square on both sides and simplify.
(Vat+h? = (st)?
at+b = (st)?
Subtracta on both sides and simplify.
a—a+b = (st)?—a
b = t?2—a
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7.

Change the subject toin
{ = V2

a

Multiply by a on both sides and simplify.

[xg = Y
at = +/2h
Switch the sides around.
v2h = at

Square on both sides and simplify.
(VZh? = (at)?
2h = (at)?
Divide by 2 on both sides and simplify.
2h _ (ap?

> =

212
a‘t
h = 5

Change the subject tan

X =y

Take the square root on both sides and use the factfkft= x.
V2 = \fy
X = Yy

Change the subject tan
2
A = I
Multiply by 4 on both sides and simplify.
4N = 2
Switch the two sides around.
m? = 4A

Divide by rTon both sides and simplify.

2 _ 4A
r_n

Take the square root on both sides and simplify.

2 — [ 4A
r - m
— /%A
r= m
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(
T (See page 176 for the
solutions.)

Exercise 5.4

Change the subject of the following formulas to the variaitkcated

in brackets:

(@ Xy—z=w
(b) 9=

(c) I'=(mk?
(d) rZ=xt+y?
(6) re=x+y?
(f) 1=Prt

(g9 S=P(1+rt)

(y)

(
(1)
... (k)
()

.(X)
N

At

)
)
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Chapter

Straight lines

On completion of this chapter, you should be able to
e draw a straight line on a system of axes
e determine the slope of a straight line
e determine the equation of a straight line

If a vertical and horizontal number line intersect perpeuatdirly, they form
right angles (of 90) with each other and eo-ordinate system of axess
formed. These two lines intersect to form 4 sections, cajleatrants.

2nd quadrant 1st quadrant

3rd quadrant 4th quadrant

The horizontal line is called theaxis, and the vertical line is called tlye
axis. These two axes MUST be clearly indicated wittxamd ay.
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The point at which the two axes intersect (cross each otheglied theori-
ginand is indicated by a zero.

AN
JV
X]

Both thex-axis (that is, the horizontal line) and thweaxis (that is, the verti-
cal line) must be divided into sections of equal length torfer scale.

Starting at the origin and moving to the right, we divide thésanto equal
parts. Note that the distance between the units (humbers§™Malways be
the same. The numbers on the right-hand side of the origip@s#ive num-
bers.
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Now moving to the left of the origin, we divide the axis intoitsn(numbers)
of exactly the same length as those on the positive side. Tihbars on
the left-hand side of the origin are negative numbers (dsi€ase with the
number line).

N
J

3 —2 1 1 2 3 X

We follow the same procedure on the vertigalxis. The numbers above the

origin are positive numbers and the numbers below the oagmegative
numbers.

A neat system (set) of axes is given in the sketch below.

a4
WV

How do we use the numbers on the set of axes?

If we look at the set of axes below, we see that in any point erbtioken
vertical line,x is equal to 2.
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N
\VV

|
w
|
N
|
=
=
——————————————N-————————————————
w
X

A specific point is indicated by two coordinates, written(&sy).

For example, to find the exact point at whi@y 3) lies on the system of
axes, we do the following: All the points on the dotted lin@abdhave an
x-coordinate of 2 and all the points on the horizontal dotied in the fol-
lowing sketch have g-coordinate of 3.

’ (2;3)
IO EECTTTPPRITTIRY " (X, y)

VV

1 2 3 X

The broken line and the dotted line intersect at a point atkwki= 2 and
y = 3, and we write it down a&; 3) — first thex-value and then thg-value.
The order in which the numbers are written is important.

Note: Onthe horizontak-axisthe value ofy is alwayszero. On the vertical
y-axisthe value ofx is always zero
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Looking at all 4 the quadrants, we see that in the first quadbathx and

y are positive. In the second quadrants negative ang is positive. In the
third quadrant, the values of batrandy are negative. In the fourth quad-
rant,y is negative and is positive.

y
3-.

=22 22
l-

3217 I 5 57X
—14

2% [ -2
-3+

If we wish to draw a straight line (also called a graph) on a$eixes, we
need two points.

Let us draw a straight line (line 1) through poitfts; y1) = (1; 3) and(xg; y2) =
(—1;—-1). We do it as follows:

1. Draw a neat set of axes and name the axes.
2. Divide the axes into equal suitable length units.
3. Plot the given points on the system of axes.
4. Join the points.
5

. Name the line.

~tinel
(1;3)

Let us draw another straight line through the points
(x1;¥1) = (—=3; 1) and(x; y2) = (1; —1) (line 2).
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If we look carefully at the two graphs above, we see that tisé diraight
line (line 1) runs from the third quadrant upwards (that ssemds from left
to right) to the first quadrant. The second line (line 2) startthe second
quadrant and runs downwards (that is, descends) to thénfquedrant. We
also see that the second line is “flatter” than the fist linas Téteepness”
with which straight lines ascend or descend is calledstbpeor gradientof
the line. The slope is the ratio of change in thealue from one point to the
other to the change in the correspondirgalue.

Let us look again to the line passing through the poftits8) and(—1; —1)
(thatis, line 1).
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The slope of this line=

The slope of this line is positive 2.

change in they-value

change in thex-value

Yi—Yo
X1—X2

Any straight line thatsurom the third
guadrant upwards (that is, ascends) from left to right hassitipe slope.

Let us draw a straight line going through the poif#s3; 3) and(1; —1).

y
3t

(—-3;3)

2.-

Y1—Y2

-3

r--

The slope of this line

| 1t
i

(1;,-1)

change in thg-value
change in the--value

Yi—Yo
X1—X2

3-(=1)
—3-(1)

4
4

-1

The slope of this line is negative. Any line that has a desicgndhat is
downwards) trend from left to right has a negative slope.
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Note: Almost all straight lines intersect thyeaxis.

Refer to the straight line passing through the poitts3) and(—1; —1)
(line 1) again.

Y y=2x+1
2.-
Z) =

-3 -2 - 1 2 3 X
_1__
—24
—3+

We have calculated that the slope of this line is 2. We see thegraph
that the line intersects the vertical axis, which is ykexis, at 1. Can this
information be represented in an equation?

Yes, there is a general functional equation that we can ussptesent this
information.

The equation for a straight line is

y=Dbx+a

whereb is the slope of the line analthey-intercept.

The equation for a straight line passing through the poiit8)(and(—1; —1)
is given by

y=2x+1

Let us determine the equation for the straight line passinguigh points
(=3;3) and(1; 1) (line 3).
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We have calculated that the slope of the line-lsand, looking at the graph,
we see that thg-intercept is zero.

The equation for this line is thus

y = bx+c
= —1x+0

Can we determine thequation for a straight line passing through two
points without drawing a graph? Yes, we can by using the followingaeq
tion:

y-Y1_Y2—%
X—X1 Xo — X1

Example 6.1
1. Determine the equation for the line through the two points

(x1;y,) = (1; 3) and(xg; y2) = (—1; —1) and draw this line.
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y=yi _ Y2V
X—X1 Xo—X1
y-3 _ -1-3
x-1 — ~1-1
y-3 _ -4
x-1 — =2
-3
o= 2
y—3 = 2(x-1)
y—3 = 2x-2
y = 2x—2+3
y = 2x+1

If one has the equation for a straight line, can one then dnatine?
Yes! This is how we do it:

Draw up a table, choosing three valuesxer the third point is to
check if the calculations are correct:

X 0l1|2
y

Now substitute the-values into the equation:

y = 2x+1
If x=0,theny = 2(0)+1
= 0+1
=1

If x=1,theny = 2(1)+1
= 2+1
3

If x=2,theny = 2(2)+1
= 441
5
Complete the table by filling in thgvalues, obtained above:

X 01]2
y 1135

This means that the point8; 1); (1; 3) and(2; 5) lie on the line for
which the equation is
y=2x+1
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Let us draw the graph by plotting tixe and the corresponding
values (points) on the graph and join the points. We then rthme
graph.

y=2x+1

2. Draw the graph of
y=-—-X+2
If x=0,theny=—(0)+2=2
If x=1,theny=—-(1)+2=1
If x=2,theny=—(2)+2=0.

Draw up a table and fill in thg values.

<
N
[EEN
o

The points(0; 2), (1; 1) and(2; 0) lie on the line of

y=—X+2

Draw a neat set of axes, name the axes and divide them up augord
to a suitable scale, plot the points, join the points, andentra graph.
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We can draw more than one graph on the same set of axes.
3. Draw the graphs for
(@ y=2x-1
(b) y=—-3x+2
on the same set of axes.
@ y=2x-1
If x=0,theny=2(0)—-1
If x=1,theny=2(1)—-1
If x=2,theny=2(2)—-1

-1

|
w

X 0|12
y -1{1|3

The points(0; —1), (1; 1) and(2; 0) lie on the line of

y=2x—1

(b) y=—-3x+2
If x=0, theny=—-3(0)+2=2
If x=1,theny=—-3(1)+2=-1
If x=2,theny=-3(2)+2=—-4
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x
o

1] 2
y 2| -1 -4

The pointg(0; 2),(1; —1) and(2; —4) lie on the line of
y=-3x+2
Draw a neat set of axes, name the axes and divide them intd equa

lengths according to a suitable scale, plot the points fefitist graph,
join the points and name the line. Do exactly the same forelsersd

equation.
y
—y=2x—-1
-3 -2 -1 3 X
-1
—Yy=—3X+2
—24
—3+
T (See page 178 for the )
solutions.)
Exercise 6.1

1. Draw a straight line through the poirts2; 4) and(3; —1).
2. Draw a straight line through the poirts1; —2) and(2; 3).

3. Determine the equation for the straight line going thtotige points
(2;3) and(—-2; —-2).

4. Determine the equation for the straight line going thiotige points
(—1;-2) and (2; 2).

5. Draw the following two straight lines on the same set ofsaxe

y = —X+2
y = 2x—1
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Chapter

Basic financial calculations

On completion of this chapter, you should be able to
e do basic simple and compound interest calculations
e do basic annuity calculations
e calculate the payments on a mortgage loan
e set up a basic amortisation schedule

Note: e Appendix A contains the solutions to all exercises by substi-
tuting into the relevant formulas and using ordinary cadton
keys, when necessary.

e Appendix B contains the solutions to the financial exercises by
using the ordinary ofinancial keyson the calculator.

7.1 Interest

Interest is money that you receive if you have invested a sumoney, or
money that you pay if you have borrowed money. The amounttefest

is calculated as a fraction of the amount borrowed or saved @period of
time. The fraction, also known as the interest rate, is Ugeapressed as a
percentage per year. The period of time should be expressezhrs.
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7.1.1 Simple interest

If you borrow money from the bank and the amount that you oveebtink
for the loan is calculated at the end of the period for which porrowed the
money, you pay simple interest — only one calculation is sgasy.

Example 7.1

1.

How much simple interest is payable on a loan of R20 000 placd
for a period of one year at a simple interest rate of 10% peryea

The interest payable per year is 10% of R20 000:
Interest payable= 10%x 20000
= {8 x20000
= 0,10x 20000
2000

The above means that at the end of the year (that is, after hehs)p
R2 000 interest is owed to the bank.

Can we formulate an equation for calculating simple inté&res
Yes! Let us try to do so:

The interestl) payable equals the original amount borrowed, also
called the principa(P) or present valug multiplied by the interest
rate(r) per year, multiplied by the time in yeafs for which we bor-
rowed the money.

The formula to calculate th@mple interestis

| =Prt

whereP is the principal amount borrowed or the present value of the
loan,r is the simple interest rate per year, dns the time in years for
which the principal is borrowed. Let us use this equation sewlif the
above calculation was correct.

| = Prt
= 20000x0,10x 1
= 2000
Now, let us create a formula for tHieture value or accumulated

amount (S) —that is, the total amount payable at the end qi¢hed
for which the money has been borrowed.

S = P(principal) + I (interest payable
= P+Prt (Replacd with Prt.)
= P(1+4rt) (Take outthe common factér)
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Thus, thefuture value formula forsimple interestis
S=P(1+rt)

Let us test our new formula:
S = P(1+rt)
= 20000(1+ 25 x 1)
= 200001+0,10x 1)

= 22000
See Appendix B (7.1) An amount of R22 000 must be paid back at the end of year 1.
for the method to enter ) )
this calculation on your We could also use our calculator to do this calculation.
caleulator. The answer is 22 000.
If we wish to borrow the money for a period of 3 years, the tatabunt
payable is
S = P(1+rt)
= 20000(1+ g x 3)
= 20000(1+0,10x 3)
See Appendix B (7.2). = 26000

2. Martha invests R1500 for 21 months. The applicable sinmpérest
rate is 9% per year. Determine the amount of interest thatiawill
receive in 21 months’ time.

In the formula, time has been defined in years, therefore thaénths
should be written in years and must be divided by 12:

I = Prt
= 1500% 135 X 53
236,25

See Appendix B (7.3).
Martha will receive R236,25 interest after 21 months.

3. Sera must pay Stephan an amount of R3500 in 6 years’ tim&, 34
simple interest rate is applicable. Determine the amouwatt3era bor-
rowed from Stephan 6 years ago.

S = P(1+rt)
125
3500 = P(1+ 15 x6)
P _ 3500
(l—i-llidgxfi)
— 2000

See Appendix B (7.4).

Sera borrowed R2 000 from Stephan.
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4. Jane borrowed R5 000 from John at a simple interest ratdb®8.7The
amount that she needs to repay is R7 500. Determine the tidex un
consideration.

First manipulate the formula to gebn the left-hand side of the equal
sign and the rest of the variables on the right-hand sideeoétiual

sign.
S = P(1+rt)
S = 1+t (Get rid of theP)
S-1 =nt (Get rid of the 1)
nt = S—1 (Switch around the terms.)

P
t = (§—-1)=r (Getridof ther.)

Now fill in the values of the variables:

_ 7500 . 75

t = (5000~ 1)~ 100

= (1,5-1)x 38
100
— O,SXﬁ
— 6,6667

See Appendix B (7.5).
Jane needs to pay Johan R7500 in 6,67 years’ time.

5. Temba borrowed R12 500 from Thabo. He must pay him R20 000
back 6 years from now. Determine the applicable simple éstenate
at which Temba borrowed the money.

From the question, we see that in 6 years’ time Temba must papd
R(20000— 12500) = R7 500 in interest. The following formula may
be used to find the interest rate,

| = Prt
ie. Prt = |
: Pt _ |
|.e. Pt T B
, o
l.e. r = Pt
, 7500
l.e. ' = 125006
le. r = 0,1
: _ 10
|.e. r = 100
i.e. r = 10% See Appendix B (7.6).

Themba borrowed the money at a simple interest rate of 10%qaar

120



CHAPTER 7 BASIC FINANCIAL CALCULATIONS BNU1501

T (See page 181 for the
solutions.) ( )

Exercise 7.1

1. James borrowed R2 000 from Tim at a simple interest rat&wp&r
year. Determine the amount that James must pay Tim afterrg.yea

2. Debbie must pay Douglas an amount of R6 400 in 4 years’ tidee.
termine the amount that she borrowed from Douglas if a sinmbée-
est rate of 15% per year is applicable.

7.1.2 Compound interest

In the case of simple interest, only one calculation of i¢érs done, namely
at the end of the contract or investment period.

In the case of compound interest, interest is calculateegatiar intervals,
without paying or withdrawing the interest, which meang theerest is also
calculated on interest during the following compoundingquis.

Example 7.2
1. Simple interest

Suppose you invest R1 000 for 3 years at a simple interesofdi@%
per year. At the end of the 3-year period, you will have eaineztest,

[, where
I = Prt

— 1000x 0,10x 3
— R300

and the accumulated amount will b¢ IF000+ 300) = R1300.
2. Compound interest

Suppose the interest is calculated at the end of each yeanstedd
of withdrawing the interest, you leave the interest in theoant. Then,
after one year, you will have earned

I = Prt
= 1000x0,10x 1
= 100

This R100 is added to the principal and at the end of year 2wjtbu
receive interest on the original principal of R1 000 plusititerest of
R100— thus on R1 100.
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The interest earned in the second year is

I = Prt
= 1100x0,10x 1
110

At the end of year 2 you will have a balance of
R(1100+110) = R1210 in your account.

The interest earned in the third year is

I = Prt
= 1210x0,1x1
121

and at theend of the third year, you will have a balance of
R(1210 + 121) = R1 331,00 in your account.

As you see, if interest is calculated more frequently andantit-
drawn, you earn RL331— 1300 = R31 more in interest than when
the calculation is done at the end of the investment timerést that
is calculated more frequently and not withdrawn is callechpound
interest.

The above implies an interest-on-interest situation. Gaumg inter-
est is just the repeated application of simple interesteégtimcipal,
which at each stage is increased by the simple interestearriee
previous period.

Instead of doing a separate calculation for every compoenic g,
we do only one calculation by using teempound interest formula,
namely as follows:

COMPOUND INTEREST

S=P(1+i)"
where
S = the accumulated amount or future value
P = the principal or present value

i = the given interest rate per year divided by the number
of compounding periods per year

n = the time in years multiplied by the number of compounding
periods per year.
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Let us use the formula to check our calculations above:
S = P(1+i)"
= 1000(1+ 9%
= 1000(1+0,10)° because 10% 2% = 0,10
= 13310000

)3x1

Ordinary calculator steps:
See Appendix B (7.7). 1ooo 1[+] 0,10 2ndF |3EI

The accumulated amount after 3 years, if R1 000 is invest&Q%t
compound interest, compounded annually, is R1 331,00.

For using the financial keys on the calculator, see Appendix B
(7.7).

Note: The prescribed financial calculator has been pre-
programmed to do these types of compound interest
calculations.

SeeAdditional Resourceson the module site for an explanation of
the use of the financial keys on the calculator. It is very ingd to
study the calculator examples in Appendix B, in this studiggu

3. Cheryl invested R2 000 at an interest rate of 12% per yearpounded
every 6 months for gyears. What will this investment amount to?

The above may be represented on a time line as

R2000
F%

now I 2 21 years

2

Nl
- +
=

By using the formula

S = P(1+i)"
whereP = 2000
I = 12%-+2 The interestis compounded every
6 months and that is twice a yeé%2 = 2)
n = 25x2

204\ 2,5% 2
S = 2000(1+ 12%)
5x2

2’
s = 2000(1+28)""" because 12% 2 =0,12
— 26764512

Ordinary calculator steps used for the calculation above:
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20000x] [ (J1[£] 0.12[x] 2[) ] [2ndF] [y] [ (] 25[x] 2]) ]
=]

Cheryl will receive R2676,45 after%zyears.

For using the financial keys on the calculator, see Appendix B
(7.8). See Appendix B (7.8).

4. Carl borrowed money from Daphne at an interest rate of 164 gar,
compounded quarterly. The total amount to be paid back iraésye
time is R5000. Determine the amount of money that Carl bogtbw
from Daphne.

| 7 R5 000
, i - +—+—+——tyears
now 1 2 5 6
By using the formula
S = P(1+i)"
with S = 5000
I = 16%+-4
n = 6x4

06\ 634
5000 = P(1+ 16%)>

6x4
5000 = P(1+24)

24
P = 5000+ (1+249)
P — 19506074

Ordinary calculator steps used for the calculation above:
5000(=] [(J 1[+] 0.26[=] 4 2ndF | 24[=]

Carl borrowed R1 950,61 from Daphne.

For using the financial keys on the calculator, see Appendix B7.9). See Appendix B (7.9).

5. Debbie invested R5 000 in an account earning 7,5% in{erest-
pounded monthly. She received R7 830,59. Determine the aumb
of periods under consideration.

R5 000 L R7830,59

now n
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By using the formula

S = P(1+i)"
S = 783059
P = 5000

i = 7,5%+12

75%\"
783059 = 5000(1+7%¢)

n
783059 — 5ooo<1+°’fz75) because B%= 13 = 0,075
n = 72 (Logarithms must be used.)

See Appendix B (7.10).
Debbie invested her money for 72 months, which is 6 years.

Note: One needs to knoveogarithms if the unknown is in the
exponent. Logarithms are not part of the syllabus of this
module, therefore it is advised that students uséditiza-
cial keyson the calculator in such a case. See Appendix B
(7.10).

Exercise 7.2

1. Sam borrowed R10000 at 7,5% per year, compounded moitély.

S 182 f :
T (See page 182 for termine the amount that Sam owes after 3 years.

solutions.)
2. Marcus must pay Mika R12 000 in 6 years’ time from now. Datee
T (See A(3), A(4), A(5) the amount of money that Marcus borrowed 4 years ago if angiste

and A(6) in Appendix B 0 '
for the solutions by rate of 11,5% per year, compounded weekly, was applicable.

3??3;2;23;??3' keys 3. Jillinvested R10 000 in an account earning 9,2% intecestpounded
' quarterly. If she received R24 832,78, determine the psniodier
consideration.

4. Abel invested R15000. After 10 years, he received R45 Defer-
mine the yearly interest rate (compounded yearly).

7.2 Annuities

In each of the above instances, only one amount was eithisoddrrowed.

In the case of simple interest, only one calculation was @donkthe interest
was added to the principal at the end of the whole period.
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In the case of compound interest, only one amount was egnéol bor-
rowed and the interest was calculated according to the nuafls®empound-
ing periods per year, which can differ from one investmerartother. After
each calculation, the interest was added to the principghtlaminterest for
the following compounding period was calculated on the nencgpal, and
so forth.

There are also situations in which the same amount of monggidsinto an
account at certain fixed equal time intervals. For example:

Every Monday morning, you deposit R100 into a bank accoutttout
withdrawing any money from this account. You could also depsay,

R1 000 into an account every 15th of a month, without withdngvany
money from this account. You could further deposit the sameuat ev-
ery year as long as the intervals between the payments artdyettee same.
This type of transaction is called an annuity.

An annuity is a sequence of equal (same amount) payments at «j
time intervals.

There are two types of formulas to determine different valfeannuities.

7.2.1 Future value of an annuity

Thefuture value of an annuity is the balance in an account after a series of
payments have been made at equal time intervals.

Example 7.3

1. Suppose Bert deposited an amount of R600 at the end of ggary
into an account earning 11,5% interest per year for 3 yeagternine
the accumulated amount at the end of year 3.

Let us do the calculations step-by-step first:
11,5%

R600
R600———
R600 ,
I’IO\IN I i I I2 I I3 years

The first deposit will earn interest f@years and will amount to

S = P(1+i)"
= 600(1+11,5%)?
= 600(1+0,115? because 15%= 1t = 0,115
745,94
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The second deposit will earn interest e year, and will amount to
S = P(1+i)"

600(1+11,5%)*

600(1+0,115*

669 00

The third R600 will earn no interest.
At the end of year 3, Bert will have a balance of
R(754 94+ 669 00-+ 600) = R2014,94 in the account.

Just think what it would be like if you had to do, say, 30 of thewe
calculations!

Instead, the following formula may be used for determinimgfuture
value of an annuity.

The formula for thduture value of an annuity is as follows:

FUTURE VALUE
S R((1+|i) 1)
whereS = the future value or accumulated amount
R = equal payments made at equal time intervals

I = the applicable interest rate divided by the number
of compounding periods per year

n = time inyears multiplied by the number of
payments per year

Let us check our previous example 7.3.
The values of the variables are as follows:
R = 600
i = 115%-+-1=0,115
n = 3 (years)x 1 (compounded yearly).
S = 201494

By substituting into the formula

|

1+0,115°%1-1
- 600(( 0,151)5 )
= 20149350

szR<<lL>"‘1
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Ordinary calculator steps used aboveﬁOO 1 E
0,115 2ndF 3] 1E| 0,115=]

What does this mean? It means that if you deposit an amouré@® R
at the end of every year into an account earning 11,5% iritpegs
year, there will be a balance of R2 014,94 in the account 3ffexars.

For using the financial keys on the calculator, see appendix B.11). See Appendix B (7.11).

2. Determine the accumulated amount of an annuity with eusirpay-
ments of R1 200, at an interest rate of 16% per year, compalunde
quarterly, made over a period of 10 years.

R1200 R1200 R1200 R1200 R1200 R1200 R1200 R1200

novlv 1 9 10

The values of the variables are as follows:

R = 1200
n = 10(years)x 4 (number of compounding periods per year)
P — 13%: O’iG

By using the formula

i (1+)"-1
s - (i
1,016 lO><4_1

_ 000 )2

i

— 1140306188

Ordinary calculator steps: 1 200 1 EI 0,16EI 4
] (2ndf] [y 4o 1Y [ 0e(z]4 =

The accumulated amount of R1 200 made every quarter for 118 yea
amounts to R114 030,62.

For using the financial keys on the calculator, see Appendix B7.12). See Appendix B (7.12).

7.2.2 Present value of an annuity

The present valueof an annuity is the amount of money (balance) in an ac-
countnow, which must be paid off in equal payments at equal time iatisrv
at a set interest rate to ensure that the balance will be z¢ne and of the
time period.
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Example 7.4

1. Determine th@resent valueof an annuity with yearly payments of

R600 made at the end of each year, at an interest rate of 1.6% p
year, for a term of 3 years.

If we do a step-by-step calculation, without a formula, wetdss fol-
lows:

The relevant time line is given below.

— 600
600

6|OO

now 1 | 2 | 3

!
}
!
|

years

We wish to determine the value of the annuityw. We must find the
present value of each payment of R600 now.

The present value of the first R600HRsn the formula

S = P(1+i)"
600 = P(1+11,5%)" (1 year discounted)

_ 600

P = (1+11,5%)!
_ 600

P = (1+0,115)*

5381166

53812

The present value of the second R60@ is the formula

S = P@Q+i)"
600 = P(1+11,5%)2 (2 years discounted)

_ 600

P = (1+11,5%)°
_ 600

P = (1+0,115)°
= 4826158
~ 48262

The present value of the third R600Rsn the formula
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S = P@a+i)"

600 = P(1+ 11,5%)3 (3 years discounted)

P 600
(1+11,5%)°

P — 600
(1+0,115°

4328393
432 84
The present value of the annuity is thus
R(53812+ 48262+ 432 84) = R1453,58.
We can use the following formula, however, to pl@sent value

annuities calculations:

PRESENT VALUE
(L+i)"—1
P=R|—= 7
{ i(1+i)"
whereP = the present value or principal
R = equal payments made at equal time intervals

i = the applicable interest rate divided by the number
of compounded periods per year

n = timeinyears multiplied by the number of
payments per year

Let us use the formula to check our example above, Example 7.4

The values of the variables are as follows:

R = 600

n = 3 (years)x 1(compounded yearlys 3
i = 115%=0,115

14535716

B
|

Note: There is a one cent difference because we rounded three times
in the step-by-step calculation and only once by using thadta.
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By substituting into the formula

o (1+0,115°—1
- 600(0,115(1+o,115)3>

— 14535716

Ordinary calculator steps used above.ﬁOO 1 |T
0,115 2ndF | 3] 1E| 0,115 1[x]o.115
]l2ndF[y]3 =]

This means that if you were to pay R600 every year for 3 yeaas at
interest rate of 11,5% per year, you would be able to pay oéla df
R1453,57.

For using the financial keys on the calculator, see Appendix B
(7.13).

. Determine theresent valueof R1 500 quarterly payments made into

an account earning 12,6% interest, compounded quartdrbytime
under consideration is 6 years.

First determine the value of the variables:

R = 1500
n = 6 x 4, the number of years multiplied

by the number of compounding periods per year
i = 126%

P = 249976658
By using the formula
_ (1+i)"-1
P = R(‘E)

(1+°’%26>2471 )

=1 500(4(1+ %426> 23 oszs

= 249976658

Ordinary calculator steps: 1 500 E 1El 0,126EI
4@|24E| 1E|1E| 0,126El4
24[x] 0,126 =] 4[=]

This answer means that you were able to pay off a debt (loaRp4f997,67
in 3 years’ time.
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For using the financial keys on the calculator, see Appendix B
(7.14). See Appendix B (7.14).

Every Friday, Sophie deposits R160 into an account egufi8% in-
terest per year, compounded weekly. Determine the balacethu-
lated amount) in the account after 2 years.

The values of the variables are as follows:

R = 160
I = 7,8%-=52 (compounded weekly) that is, 52 times per year
= (0,078+52)
n = 2(years)x 52
17 9935568

By substituting into the formula

S - R [(1+i)”—1}

i
1+M5 52x2_q
- 160[—< o }

52

— 179935568

Ordinary calculator steps used above:160 1 E
0,078 =] 52@|522E| 1E|
0,078 =] 52E|

Sophie’s account had a balance of R17 993,56 after 2 years.

For using the financial keys on the calculator, see Appendix B See Appendix B (7.15).
(7.15).

Neville wishes to buy a motor cycle that will cost him R4&00eter-
mine how much money he must deposit every month into an atcoun
earning 8,4% per year, compounded monthly, to be able tohmiy t
motor cycle in 3 years’ time.

The values of the variables are as follows:

S = 48000 (future value)
i = 48%-=12 (compounded monthly)
= (0,48+12)
n = 3(years)x 12=36
11770186
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By substituting into the formula
S — R[(1+i

|

R — S+[(l+i)n_l]

— 48000+ {—(”13084
12

OA,084)12X31:|

= 11770186

Ordinary calculator steps used above48 OOOEI 1 E

0,084 =] 12 2ndF 36| 1 EI 0,084 =] 12[=]

Neville must deposit R1 177,02 every month in order to havé 600D
available in 3 years’ time to buy his motor cycle.

For using the financial keys on the calculator, see Appendix B

(7.16).

. How long will it take Eva to save R55 000 if she deposits

R9 500 every year into an account earning 7,34% interestgaaf?y

The values of the variables are as follows:
S = 55000 (future value)

R = 9500 (payment)

i = 7.34%

= 0,0734 (compounded yearly)

n = 5.

By substituting into the formula

S

that is Si
that is ﬁ'

thatis (1+i)"

that is n

R [(1+i_)”—1}

RI(1+i)"—1]
(1+i)"-1
2+1

log(&+1)
log(1+i)

55000x0,0734
Iog( 9500 +1)

log(1+0,0734
4,9997 years

Eva will have to deposit R9 500 every year toyearsto save R55 000.
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6.

For using the financial keys on the calculator, see Appendix B
(7.17).

Note: Logarithms are not part of the syllabus of this module.
Therefore, it is advised that students use the financial cal-
culator keys in exercises where the time (in the exponent)
must be calculated. See Appendix B (7.17).

See Appendix B (7.17).

Harold must pay Rodney R12 500 every month for 5 years tdqray
the gym equipment he bought. The interest rate is 12,3% [zer ye

compounded monthly. Determine the price (present valut)eogym
equipment.

The values of the variables are as follows:

R = 125000
n = 5 (years)x 12 (compounded monthly)
= 60

i = 12,3%+12= (0,123 12)
p = 5581267996

By substituting into the formula

P =R [_(%ﬂ)i;_n_il]

_ 12500[ (1 24) "1 ]
(

o,123> 12x5 0,123
12 v

— 5581267996

The price of the gym equipment is R558 126,80.

For using the financial keys on the calculator, see Appendix B
(7.18). See Appendix B (7.18).

. Ronel owes llze an amount of R120 000. This debt must beqgstinl

6 years’ time. An interest rate of 13,6% per year, compou ropleal-
terly, is applicable. Determine Ronel’s quarterly paymsent

The values of the variables are as follows:
P = 120000 (present value)
n = 6 (years)x 4 (compounded quarterly)
i = 13,6%-=4=(0,136-+4)
R = 73944704
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solutions.)

T (See Appendix B,
A(7), A(8), A(9) and
A(10) for the solutions
by using the financial
keys on the calculator.)
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By substituting into the formula

P =R [(%Ifi:;il}

— 120000: [—(H%‘%)M—l ]

24
(H%ss) 0136

— 73944704

Ronel must pay llze R7 394,47 every quarter.

For using the financial keys on the calculator, see Appendix B
(7.19).

( 1

Exercise 7.3

1. Determine the future value of an annuity after 5 paymehi6a000
each paid annually at an interest rate of 10% per year.

2. Determine the present value of an annuity with semi-anrayaments
of R800 each at 16% per year, compounded half-yearly andawith
term of 10 years.

3. Determine the present and the future value of an annuitly,pay-
ments of R200 per month for 5 years at 8% per year, compounded
monthly.

4. Mapule needs R25000 in 5 years’ time to pay for a new lounge.s
She invests an amount of money monthly into an account egarnin
9,95% interest per year, compounded monthly. Determinenogthly
deposits into this account.

L J

7.3 Amortisation

When we buy a house, we usually borrow money from a bank to qané
house. The bank will then issue a mortgage loan that mustidépak over
a period of time. A mortgage loan is said to be amortised ifredlliabilities
(that is, the principal and the interest) are paid in equghpants at equal
time intervals.
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Note: We use theresent value formulato determine the monthly payment

and the outstanding principal.

Example 7.5

1.

A loan of R50000 is to be amortised at an interest rate of 16f6
year, compounded monthly, by means of equal monthly paysrear
a period of 10 years. The first payment is due at the end of tte fir
month. Determine the monthly payment.

The values of the variables are as follows:

P = 50000 (present value)

i = 15%- 12 (compounded monthly)
= (0,15+12)

n = 10 (yearsx 12=120

By using the present value formula
_ (L+)"-1
P = R

thatisR = P—[(“'i)n_l]

— 8066748

The monthly payment is R806,67.

For using the financial keys on the calculator, see Appendix B
(7.20). See Appendix B (7.20).

Note: An extra amount must be paid when a loan is amortised.
The monthly payment includes the interest on the out-
standing balance in the account. This may best be under-
stood by drawing up an amortisation schedule (table).

. A'loan of R5000 is to be repaid at an interest rate of 15% par y

over a 5-year period.
If a step-by-step calculation is done, it will have to be dasdollows:

Theyearly paymentsare as follows:
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The values of the variables are:
P = 5000 (present value)

i = 15%~ 1 (compounded yearlys 0,15
n = =5(yearsx1=5

By using the formula
.| @+i)"-1
R = PT[( ) i}
0

(3+i)n.

— 5000+ [(H;fl_l]

11
1
5
(1o o

= 14915778

For using the financial keys on the calculator, see Appendix B
(7.21).

At the end of year 1, the interest due is

I = Prt
= 5000x 15%x 1
= 5000x0,15x 1
= 75000

This amount must be subtracted from the payment of R1 494,58 t
have the amount of capital paid off with this payment. Thusa@ount
of only R(149158— 750) = R741,58 was paid off.

The outstanding balance at the beginning of year 2 is thus
R(5000— 741,58) = 4258 42.

Note: Before the total yearly payment can be deducted from
the outstanding balance, 15% interest is to be paid on the
above amount:

Interest due = Pr= 4258 42 x 15%= 638 76

Therefore, the actual amount that can be deducted from émeiso
R(1491 58— 638 76) = R852 82. The outstanding principal at the
beginning of year 3 is thus(®258 42— 852 82) = R340560.

The interest due is 15% 3 405,60 = R510,84. The loan is therefore
reduced by an amount of(R491 58— 510,84) = R98Q 74. The out-
standing amount at the beginning of year 4 is

R(340560—980,74) = R2424,86.

The interest due is 15% of R2 424,86 = R363,73 while the amioynt
which the loan is reduced is R(14%B— 363 73) = R1127,85. The
outstanding balance at the beginning of year 5 is
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R(242486—1127,85) = R1297,01.

The interest of 15% of R1 297,01 amounts to R194,55. If we diedu
this amount from the yearly payment of R1 491,58, it become2%,03,
which is 2 cent more than the outstanding principal at therimégg of
year 5. This is due to rounding errors.

The information above may be represented aneortisation sched-
ule as follows:

Payments| Outstanding | Interest Payment Principal
made principal (rand) (rand) repaid
(year) (balance in (rand)
rand)
500000
1 425842 750,00 1491,58 741,58
2 340560 638,76 1491,58 852,82
3 2424 86 510,84 1491,58 980,74
4 129701 363,73 1491,58 1127,85
5 —0,02 194,55 1491,58 1297,03

Note: Drawing up an amortisation table can be a tedious process,
therefore we would rather use our financial calculator to
assist us with these calculations.

For example, to determine the outstanding balance at thariag of
year 4, we will do the following:

For using the financial keys on the calculator, see Appendix B

(7.22).
First, we determine the yearly payment by using the finaraikula-
tor keys. For the whole procedure, see Appendix B (7.22). See Appendix B (7.22).
( )]
Exercise 7.4 T (See page 185 for the

1.

2.

olutions.
Mr and Mrs Smart bought a house for R750 000. They obtained aS Ltions.) .
T (See Appendix B,

mortgage loan at 11,6% per year, compounded monthly, wighra t A(12) and A(13) for the

of 20 years. Determine their monthly payments. solutions by using the

. . financial keys on the
Draw up an amortisation schedule for a loan of R12 000 waittkrest calculator.)

at 10% per year, compounded yearly, and a term of 5 years.
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Appendix

Solutions to exercises

Chapter 1. Numbers and variables
Exercise 1.1:1(a)
—1 is a negative integer (or a negative real number).

Exercise 1.1:1(b)

3 is a positive real number.

Exercise 1.1:2

|
-1: 2 -1 0 1 2 number line

number line

INIH
|
N
|
[ —
o
'_\__
N

Exercise 1.2:1(a)
4,578

Exercise 1.2:1(b)
0,399
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Exercise 1.2:1(c)
10,000

Exercise 1.2:2(a)
7,97

Exercise 1.2:2(b)
10,50

Exercise 1.2:2(c)
9,00

Exercise 1.2:3(a)
12

Exercise 1.2:3(b)
10

Exercise 1.2:3(c)
0

Exercise 1.3(a)

Take the unknown value to bgor any other variable).

Subtract 4 from an unknown valug=— 4

Multiply this difference by 2: 2 (x—4) or 2(x—4)

Exercise 1.3(b)
Total cost = Number of loaves< price per loaf
cC = gxp
= Pq

Exercise 1.3(c)

Let
TCT, = Total cooking time in minutes
TCT, = Total cooking time in hours

W = Weightin kilogram
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Exercise 1.3(c)

(i)
TCTn = 30xW+15 (7x60=15)
= 30W+15

Exercise 1.3(c)
(ii)
TCH = JxW+3
1 1
Exercise 1.3(d)

It is given that

x = distance in kilometre
p = price per litre in rand
(i)

For 10 km, your car uses 1 litre.
Thus, for 1 km, your car us&l% litre,

and forxkm, your car usegy x X litre
= {g litre.
The amount of petrol used to travekm is 7 litres.

Exercise 1.3(d)
(i)
Let c = total petrol cost
Petrol cost = Amount of petrolx price
C = 45XxXP

— Xp
— 10

Your total petrol cost will bd% rand.

Exercise 1.3(e)

Total cost of meal = Number of adults< (menu price per adul-

fixed charge) + Number of childrer

(menu price per child)
= Xx(954+10)+yx50
= 105«+ 50y
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Chapter 2. Basic operations on numbers and variables

Exercise 2.1:1(a)
7+(3+2) = 7+(5 = 12
(7+3)+2 = (10042 = 12

The statement is true.

Exercise 2.1:1(b)

6+(-5+3) = 6+(-2) = 4
(6+-5+4+3 = (1)+3 = 4
The statement is true.

Exercise 2.1:2(a)
8-5=3

Exercise 2.1:2(b)
—8— (-5 =-3

Exercise 2.2:1(a)
—7x(2x-3) = —7x(-6) = 442 = 42
(=7x2)x-3 = (-14x-3 = 442 = 42

The statement is true.

Exercise 2.2:1(b)
12+ (-4+2) = 12+(-2) = -6
(12+-4)+2 = -3+2 = —

The statement is not true.

NIlw

Exercise 2.2:2
8+—-2=-4

Exercise 2.3:1

43—-13+1=30+1=31

Exercise 2.3:2
6+16—7=22—7=15
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Exercise 2.3:3
66+3—-30—4+12

= 69-30—4+12

= 39-4+12

= 35412

= 47

Exercise 2.3:4

22x8+4=176+-4=44

Exercise 2.3:5
460+-5%x4=92x4 =368
Exercise 2.3:6
200+-25x8x3+-4

= 8x8x3=4

= 64x3+4

= 1924

= 48
Exercise 2.4(a)
4db+b=(4+1)b=>5b

Exercise 2.4(b)
8y—Sy=(8-5y=3y
Exercise 2.4(c)

2P +4x2 = (2+4)x° = 6x°

Exercise 2.4(d)
7b°—4b=7b?—4b  (b?andb are not like terms.)

Exercise 2.4(e)
20ab—5ab= (20— 5)ab= 15ab

Exercise 2.4(f)

B5x? 42X+ 3x2 + 5x
= 5x°4+3x%+2x+5x (Group like terms together.)
8x2 + 7x
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Exercise 2.4(g)

X+ 2y — 4X
= TX—4x+2y (Group like terms together.)
= 3X+2y

Exercise 2.4(h)

X2 +y? —3x% —5y? + xy
X% — 3x% +y? —5y% + xy
= (1-3)x2+(1-5)y?+xy
= —22 -4y +xy

Exercise 2.4(i)
x3y® — 3xy? 4 53y — yix — y3x3
= Xy —3xy3+ 53y —xy? —x3y®  (Rearrange factors alphabetically inside terms.)
= Xy +53y3 —x3y3 —3xy® —xy® (Group like terms together.)
5x3y — 4xy?
Exercise 2.4())

12wx+ 5 — 3wy + 4yw—+ Xw-+ wx+ 3
= 12wx+5-3wy+4wy+wx+wx+3 (Rearrange factors alphabetically inside terms.)
= 12wx+wx+wx—3wy+4wy+5+3 (Group like terms together.)

14wx+wy-+8

Exercise 2.5(a)
BX x 2X = (6x 2) X (Xx X) = 12x X2 = 12%?

Exercise 2.5(b)
XY X 2Xy = (3% 2) X (XyxXy) = B6x(XXXXYXY)

= 6x (X2 xYy?)
6X2y2
Exercise 2.5(c)
3P x3x=(3x3) x(X¥xX) = 9Ix (XXxXXX)
3
Exercise 2.5(d)
2abx 4ac=8x (abxac) = 8(axaxbxc)
= 8a’bc
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Exercise 2.5(e)
Xyxy=(1x1)x(Xxyxy)=1xy? = xy?
Exercise 2.5(f)

Blpxp=(3x1) x (I xpxp)=23lp?

Exercise 2.5(g)
17abx 10b = (17x 10) x (ax b x b) = 170ak?

Exercise 2.5(h)
—4kl x —5kp = (—4x—5)x (kx| xkxp)
= +20x (Kp)
= 20K%p
Exercise 2.5(i)

14x — 2cd is already in its simplest form.

Exercise 2.5())
4ac(—5ad) = —20a’cd

Exercise 2.6(a)
56x3y3 + 8x2y?
7

SOEX XXX xXxY XY Xy
?xxxx,yxy

TXXXY
- 1

= Xy

Exercise 2.6(b)
—8lac—+ 3ad
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Exercise 2.6(c)
32p? <+ —64p

Exercise 2.6(d)

—10cd -+ —d
_ Zod
~d

= 10c

Exercise 2.6(e)

12xy-+12xy
1
_ A2xy
I
1
=1 Note: The answer is 1 and not 0.

Exercise 2.7:1(a)
Base: 6
Exponent: 4
Exercise 2.7:1(b)
Base: 3
Exponent: 2
Exercise 2.7:1(c)

Base: 10
Exponent: 8

Exercise 2.7:1(d)
Base: 206

Exponent: O

Exercise 2.7:2(a)

54 —5x5x5x5=625
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Exercise 2.7:2(b)
10°=10x 10x 10x 10x 10= 100000

Exercise 2.7:2(c)
3,13=3,1x3,1x3,1=29791

Exercise 2.7:2(d)
208" =1

Exercise 2.8(a)

Exercise 2.8(c)
51x52=1x(5x5=2=5

(Check your answer W|th a calculator.)
Exercise 2.9(a)

b % b2 b4+2 b6

Exercise 2.9(b)
X2 x 3x* = 6x°T4 = 6x°

Exercise 2.9(c)

a2b3 % a4b5 — a2+4 b3+5 8.6 % b8 _ a6b8

Exercise 2.9(d)
2xy x 4x2y3 = 8x12y1+3 — g3y

Exercise 2.9(e)
2ab x 4a? x 3ab? = 24alt2+1plt2 — 245%H3

Exercise 2.9(f)

6
X — 463 _ 3

Exercise 2.9(g)

15/ 7—2 5
L%’ _ 3272 = 3a
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Exercise 2.9(h)

6cd’e? = 3cd€ = 2ct1d?1e2 2 = 2c%de? = 2d
Exercise 2.9(i)

(X2 = 11022 = 12,8 — 8

Exercise 2.9())

(304)2 =32 (c“)2 =9c®

Exercise 2.9(k)

(4a2b3)3 — 41><3a2><3b3><3 — 43a6b9 — 648.6b9
Exercise 2.9(1)

(3xy223)4 — LA IxARx43x4 _ g1yAyB 12

Exercise 2.9(m)

P _ WPy
ox2y2 T 31 T 3

Exercise 2.10

You can use the calculator to get to the answer directly, lmiwll also
show you how to do it without a calculator.

Exercise 2.10(a)
V16=A4x4=4
Calculator stepsl 2ndF | v 116[=]

Exercise 2.10(b)
V25=,5x5=5
Calculator stepsl 2ndF | v 125=]

Exercise 2.10(c)
V16=2x2x2x2=2
Calculator steps: | 2ndF | 7 116[=]

Exercise 2.10(d)
V125=/5x5x5=5

Calculator steps: 2ndF| v 1125=]
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Exercise 2.10:1(a)
V196++1/144= \/14x 14+ /12x 12=14+12=26
Calculator stepg 2ndF [/~ 196(+ | 2ndF ||,/ 144[=}

Exercise 2.10:1(b)

(V5) = vBx V5= y5x5=5
Exercise 2.10:1(c)

<\/6_4)2: V64x /64=8x8=64
Exercise 2.10:1(d)
<\/1>2:\/1><\/1:1><1:1
Exercise 2.11

Exercise 2.11(a)

= /(4b%B) x (4b%c8) Note that:b* x b* = b** = b8 and
—  4pc8 85 B — B8 — 16
Exercise 2.11(b)
V/36:2y54
= V(6xy%2) x (6xy32)
= 6xy*?
Exercise 2.11(c)
/250
= /(5T x (5%
= B5xi8y°0
Exercise 2.11(d)
V3638
= /(6x18) x (6x18)

= 6x18
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Exercise 2.11(e)
\/16a36p16
= /(4al8p®) x (4al8p8)

42188

Exercise 2.11(f)
1/100pt4q100
= /(10p7¢®) x (10p7q)
— 10p"q°

Exercise 2.11(g)
81men*

= /(9n*n2) x (9mn2)
= omr?

Exercise 2.12(a)

There are no brackets, powers or roots, therefore we will wigh x and-- from left to right:
4x3+2+5x6—-20+-4x%x2
= 12+-2+30-5x2
= 6+30—10 (Now+ and—)
= 26
Therefore, 4« 3+-24+5x6—-20+4x 2= 26.

Exercise 2.12(b)
Px7—-v/9x8+22:4x3
First, do the powers and roots:
O9x7—-—3x8+8+4x%x3

Then dox and--:

63—-2442x3
= 63-2446.

Lastly, do+ and—:
39+6
= 45
Therefore, 3x 7 —1/9x 8+ 23+ 4x3=45
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Exercise 2.13(a)

7x8+8x9
= 56+72
128

Exercise 2.13(b)
7x(8+8)x9

= 7x(16)x9

= 1008

Exercise 2.13(c)

(7x8+8)x9
= (56+8)x9
64x9
576

Exercise 2.13(d)
7x(8+8x9)
= 7x (8472
= 7x80
560
Exercise 2.13(e)

200+ 16° =4
200+4096+4
= 200+1024
= 1224

Exercise 2.14
(42 —(6x3-80= 5)2) + (92— 77)
— (#2-(18-167) = (81-77)
= (#-27)=@
= (16—4)=4
= 124
- 3
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Chapter 3. More operations on numbers

Exercise 3.1(a)

Method 1.
4 —

6 =
LCM =

2x2
2x3
2x2x3
12

Exercise 3.1(b)

Method 1.
6 —
16 =
LCM =

2x3
2X2x2x%x2
2x3x2x2x%x2
48

Exercise 3.1(c)

Method 1.
5 —

30 =
LCM =

5
5x2x3
2x3x5
30

Exercise 3.1(d)

Method 1.
14 =

20 =
LCM =

2x7
2x2x5
2XTx2x5
140

Exercise 3.2:1(a)

8 _ 52
3=235

Method 2.
Multiples of 4 are

4; 8;@; 16; 20; ... etc.

Multiples of 6 are

6;@; 18; 24; .. .etc.

Therefore, the LCM of 4 and 6 is 12.

Method 2.
Multiples of 6 are

6; 12; 18; 24; 30; 36; 4; ...etc.
Multiples of 16 are

16; 32;; 64;...etc.

Therefore, the LCM of 6 and 16 is 48.

Method 2.
Multiples of 5 are

5: 10: 15: 20: 25; 35: .. etc.
Multiples of 30 are

; 60; 90; ...etc.

Therefore, the LCM of 5 and 30 is 30.

Method 2.

Multiples of 14 are

14; 28; 42; 56; 70; 84; 98; 112; 12; 154;
168: ...etc.

Multiples of 20 are
20: 40:; 60; 80; 100; 12; 160; 180; .. .etc.
Therefore, the LCM of 14 and 20 is 140.
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Exercise 3.2:1(b)
9 1
1=23
Exercise 3.2:1(c)

14 _ ~4
5 =25

Exercise 3.2:1(d)

41 _ o5
12 = 312

Exercise 3.2:2(a)
3= 39—y
Exercise 3.2:2(b)
83 = 20— %

vi

Exercise 3.2:2(c)
4 _ 7(5+4 _ 39
8= 154 = 30
Exercise 3.2:2(d)
3_ 2(8)+3 _ 19
25 =202 10
Exercise 3.2:3(a)
7 _1x7_ 1
14~ 2x7 2
Exercise 3.2:3(b)

20 __ 2x2x5 _ 4
15— 3x5 T 3

Exercise 3.2:3(c)
8 _222_ 2
12~ 223 3
Exercise 3.2:3(d)
14 _ 27 _ 7
16~ 2222 8
Exercise 3.3:1(a)
3 1_1
173713
Exercise 3.3:1(b)
3.1_3.,3_9
473=4%X171

OR

OR

OR

OR
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Exercise 3.3:1(c)

3.0 3. 21
7721 7%X79
3 3x7
7 X 3x3

=1

Exercise 3.3:1(d)

5.1.5
674712
_ 5,112
= 58X3%%
_ 5 1 2X2x%3
= 237X 2x2X 75
_ 1
= 2

Exercise 3.3:1(e)

5.1 3
6 12715
_ 5 _2x2x3_ 3
= 2x3% 71 X35
= 2
Exercise 3.3:1(f)
7 .14 3
227 32" 16
_ 7 ><2><2><2><2><2>< 3
T 2x2x2x3 2x7T 2x2%x2x%x2
_ 1
— 8

Exercise 3.4:1(a)

Exercise 3.4:1(b)
1 2
513
— 1829  |cM=5x3=15

3+10
o 15

13
= 15
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Exercise 3.4:1(c)

2_1
376

_ 22~ LCM =3x2=6

4-1
- 6

NI

Exercise 3.4:1(d)
3_13
7728
_ 3(%513 LCM =7x4=28

12-13
- 28

-1
-~ 28

Exercise 3.4:1(e)

7
+ 23

olul
MW

_ 5(4)-3(6)+7 LCM =2x3x2x2=24

- 24

20-18+7
- 24

Exercise 3.4:1(f)

6 , 3_5
1mt273

— Y0339 522 | cM=11x2x3=66

36+99-110
66
135-110
66

25
66
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Exercise 3.4:1(9)
1,43
13+43
— 14442838 cM=3x2x2=12
13
= 1+4+ 3
1
1
= 6%
Exercise 3.5:1(a)
) .
$=0,66
0,66
312,00
18
20
18

2

(3x6=18)

Exercise 3.5:1(b)
3 _
£ =0,6

0,6
5[30
30

(6 x 5= 30)
0

Exercise 3.5:1(c)

2=0,833
0,838
6 [ 5,000
48 (6 x 8=48)

20 and (3x6=18)
18
20

Exercise 3.5:1(d)

32=375
0,75
43,00
28

(7x4=28)

20
20 (5x 4= 20)
0
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Exercise 3.5:2(a)
0,25= £

5x5
- 2x2x5x%x5

1

- 4

Exercise 3.5:2(b)

0,3=3
Exercise 3.5:2(c)
1,45 = 17>
Lytsises
= 1%

Exercise 3.5:2(d)
6
2,6 = 275

2x3
2535

3
25

Exercise 3.6:1

_ 4 125

Rotten apples = 355X =
_ 4 % 5x5x5
T 2x2x5x5 1
=5

Sera can sell 120 appl€$25—5).

Exercise 3.6:2

Percentage income tax paid

_ 3150
= 5000 X 100

= 35%

Peter pays 35% of his salary to income tax.

Exercise 3.6:3

4150 ., 100
Percentage DVD player owners= 1357 X =1

= 36,81%

The percentage of families who own a DVD player are 36,81.
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Exercise 3.6:4
114% of the price is R216,60
Thus, 1% of the price i%‘fo

and  100% of the price iE21880 » 100 _ R19000
The price of the pair of shoes was R190,00.

Exercise 3.6:5
The price of a loaf of bread is R5,12.
Increase in price= o x 22
= 0,4864

Therefore the price of a loaf of bread increased by 49 cents.
The new price of a loaf of bread is(R 12+ 0,49) = R5,61.

Exercise 3.7:1
The total number of parts in this ratio ist53 = 8.

Therefore, the number of red Smarties of 72

N oolor colon
\‘
N

The number of red Smarties is 45.

Exercise 3.7:2(a)
The total number of parts in this ratio ist64 +1 = 11.
The percentage stonefs x 120 = 54,55%

Exercise 3.7:2(b)

4 ., 100
The percentage sand= 17 X =

— 36,36%

Exercise 3.7:2(c)

1 . 100
The percentage cement 17 X =5

— 9,09%
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Chapter 4. Measurements

Exercise 4.1(a)

400 m to km:
We know that 1000 m = 1 km.
Therefore 400

400m is equal to 0,4 km.

Exercise 4.1(b)
18 cm to mm:

We know that 1 cm= 10mm.
Therefore
18cm=18x 10mm= 180 mm

18 cmis equal to 180 mm.

Exercise 4.1(c)

4450 m to km:
We know that 1000 m= 1km.
Therefore 4450

4450mis equal to 4,45 km.

Exercise 4.1(d)

5kmtom:
We know that 1km=1000m
Therefore
5km=5x1000m=5000m

5km is equal to 5000 m.

Exercise 4.1(e)

12,4mtocm:
We know that 1 m= 100cm.
Therefore
124m=124x100cm= 1240cm

12,4mis equal to 1240cm
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Exercise 4.1(f)
5246,3m to km:

We know that 1000 m= 1 km.

Therefore
52463

1000
5246,3m is equal to 5,2463 km.

52463m= km=5,2463km

Exercise 4.1(9g)

akm tocm:
We know that 1 km=1000m= (1000x 100)cm= 100000cm.
Therefore

axlkm=ax1000m=1000Gm= 1000 x 100cm= 10000@Gcm.
akm is equal to 100008cm.

Exercise 4.1(h)

246 cm to m:
We know that 100cm= 1 m.
Therefore
246cm= 246-+-100m= 2,46 m

246cm is equal to 2,46 m.

Exercise 4.1(i)

246 cm to km:
We know that 1 km= 1000 m= (1000x 100)cm= 100000 cm.
Therefore

246 cm= 246-- 100000 km= 0,00246 km

246cm is equal to 0,00246 km

Exercise 4.1())

(50m+ 0,5 km) to m:
We know that 1 km= 1000m
Therefore

(50m-+0,5km) = 50m+ (0,5 x 1000 m = 50 m+500m= 550m

(50m+0,5km) is equal to 550 m.
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Exercise 4.2:1(a)

Given: A rectangle with = 1, 2km andw = 375 m.
Convert the width also to kilometre by dividing it by 1 000:
375+1000= 0,375

The perimeter is calculated as
C = 2(l+w)
= 2(1,2+0,375
= 2(1,575
= 3,15

The perimeter of the rectangle is 3,15 km.

Exercise 4.2:1(b)

Given: A square with =3cm
The perimeter is calculated as

C = 4l
= 4x3
12

The perimeter of the square is 12 cm.

Exercise 4.2:1(c)

Given: A triangle with sides of 30 mm, 25mm and 15 mm.
The perimeter is calculated as

C = 30+25+15
70

The perimeter of the triangle is 70 mm.

Exercise 4.2:1(d)

Given: A circle withr =4,5m.
The circumference is calculated as

C = 2mr
= 2xmx45
28,27

Thecircumference of the circleis 28,27 m.
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Exercise 4.2:1(e)

Given: A figure with 4 sides of length 12m, 35m, 7m, and 13 m.
The perimeter is calculated as

C = 12+35+7+13
67

The perimeter of the figure is 67 m.

Exercise 4.2:2
Given: The following figure:

A B
lcm

H 25cm G [O 25cm ©

3cm

—
0,5cm
We see that the length of AB is equal to the sum of the lengti@yfEF
and GH. Therefore,

Length of AB = Length of CD+ Length of EF+ Length of GH
= 2,5+05+25
= 55
The length of AB is thus 5,5 cm.
The perimeter is calculated as
C = AB+BC+CD+DE+EF+FG+GH+HA

— 55+4+1+25+3+05+3+25+1
= 19

The perimeter of the figure is 19 cm.

Exercise 4.2:3

Given: The following figure:
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A 50m B
Sam’s property 25m
45 m
D C
F5mE

First calculate the lengths of CD and DE:

Length of CD = Length of AB— Length of EF
= 50-5
= 45

The length of CD is 45 m.

Length of DE = Length of AF— Length of BC
= 45-25
= 20

The length of DE is 20 m.
The perimeter is calculated as
C = AB+BC+CD+DE+EF+FA

= 50+25+45+4+20+5+45
190

Sam needs 190 m of fencing.

Exercise 4.3:1

We know that 1000m= 1km and 1 ha= 100mx 100 m= 10000 n7.
Therefore

1km? = 1000mx 1000m

— 100000014

= Mohectare
10000

= 100 hectare.

There are 100 hectare in one km
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Exercise 4.3:2

Given: A rectangle with = 24cm andv = 18cm.
The area is calculated as

A = Ixw
= 24x18
= 432

The area of the rectangle is 432€m

Exercise 4.3:3

Given: The following figure:

A B
4m
C 2m D
1m
F
4'm E

We can subdivide the figure into two rectangles ABGF and CD&@adke
calculations easier.

First calculate the length of AB:
Length of AB = Length of EF— Length of CD

= 4-2
2

The length of AB is 2 m.

The area is a composite area of two rectangles and it is eagxlihs

A = Area ABGF+ Area CDEG
= (AB xBG)+ (CDxDE)
= (2x4)+(2x1)
= 842
= 10

The area of the figure is 104
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Exercise 4.4:1

Given: The following figure:

6 m

9m [ ]

14 m

Calculate the length of BD.

Length of BD = Length of BC— Length of CD
= 14-9
5

The length of BD is 5m.

The area is calculated as

A = Area ABD

1
= ébh

1
= =BDxAD
> X

1
= Zx5x6
2><><

= 15
The area of the shaded figure is 15m

Exercise 4.4:2

Given: The following figure:
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55m

3m

The area is a composite area of one rectangle and one triangle
First calculate the perpendicular height of the triangleEAB
h = Total height— Length of BC
55-4
= 15
The perpendicular height of the triangle is 1,5m.

The area is calculated as

A = Area ABE+ Area BCDE

= %bh+(| X W)

= %BExh+(BC><CD)
1

= (§x3><1,5)+(4><3)

— 225412

— 14725

The total area of the figure is 14,2%m
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Exercise 4.5:1

Given: The following figure:

25 cm

The diameter of the circle is given as 25 cm. Therefore, tHaisas

r = d=2
= 25+2
= 125
The area is calculated as
A = 1m?
= m(12,5)?
= 1x15625
490,87. (using the calculator)

The area of the circle is 490,87 ém

Exercise 4.5:2

Given: The following figure:
A 50 mm

30 mm

D

The area is a composite area of one rectangle and one ha#;atso called
a semi-circle.

First, calculate the radius of the half-circle:
rr= d=2
= 30=+2
15

The radius of the half-circle is thus 15 mm.
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The area of the figure is calculated as

A = Area ABCD- Area of half-circle

1
— (I><W)+§nr2

— (ABxAD) +%(m2)
— (50%30)+ %(nx (15)%)

1500+ 353 43
18534292

The total area of the figure is 1858 mn?.

Exercise 4.6:1

We know that there are 1000 érim one litre.

Therefore, in half a litre, we havd 000+ 2) = 500cn?.

Exercise 4.6:2

The dam is in the form of a cylinder with diameter 5 m and pedi&riar

height of 1,5m. The volume is calculated as

V = m?h

= nmx(5+2)%x1,5
1% 9,375
~ 29,4524

The volume of the dam is 2852 n¥.
We know that 1 = 1000 litres.

Therefore, the volume of the dam(i89.452x 1000/¢ = 29452.

Exercise 4.6:3

Given: A prism of size 12cmx 9cmx 4cm
The volume is calculated as:

V = Ixbxh
= 12x9x4
= 432

The volume of the prism is 432cn

168}



APPENDIX A

BNU1501

Exercise 4.7:1

The total area of the walls is a compositdaiir rectangles, two sets of two

equal-sized rectangles. We can calculate it as

A = 2(I xh)+2(bxh)
= 2(4,3x2,5m)+2(3,4x2,5)
= 215+17
38,5
The total area of the walls is 38,¥m
Each roll of wallpaper covers, 8n¥.

Therefore, the number of rolls needed is as follows:

38,5
4,5
— 8,56

Number of rolls =

The number of wallpaper rolls needed is 8,56, but as we cambiyywhole

rolls, we round it off to 9 rolls.

Exercise 4.7:2

The area to be covered with grass must be calculated. Theséasto calcu-
late the area of the stand and then subtract the area of tlse hoaving and

pool.

30m

40 m
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The area of the stand is:

= 40x 30
1200

The area of the stand is 1206 m

The area of the house is area ABCI plus area DEHI.

Area ABCI = AB xBC BC=AlI =10

= 15x10
= 150
Area DEHI = DExHE DE = AH-AI
= 5X5 = 15-10
= 25 = 5
= 25

The area of the house= ABCI + DEHI
= 150+25
175

The area of the house is 175m

The area of the pool= Area of JKLM
6 x4
= 24

The area of the pool is thus 24m

The area of the paving= Area of EFGH
= 15x5
= 75

The area of the paving is thus 75m

The total area that will have to be planted with grass

Area of stand- Area of house- Area of pool- Area of paving
= 1200-175—-24-75
= 926
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The total area that will have to be planted with grass is tfA&&.

Thecostto plant with kikuyu grass= 15x 926
= 13890

It will cost you R13 890 to plant 926#f kikuyu grass.

The cost to plant with LM grass= 20x 926
= 18520

It will cost you R18520 to plant 926frof LM grass.

Your budget allows you to spend R15 000, therefore kikuysgvaill be
your choice.

Chapter 5. Expressions, equations and formulas

Exercise 5.1(a)

To solve forx subtract 4 on both sides and simplify:

Xx+4 = 12
Xx+4—-4 = 12—-4
X = 8.

The value ofx is 8.

Exercise 5.1(b)

To solve forx subtract 6 on both sides and simplify:

6+x = 2
6+x—6 = 2-6
X = —4

The value ofx is —4.

Exercise 5.1(c)

To solve forx add 7 on both sides and simplify:

X—7 = -3
X—7T+7 = -34+7
X = 4

The value ofx is 4.
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Exercise 5.1(d)

To solve forx divide by 5 on both sides and simplify:

5x = 23
5 _ 23
5 5

3
X = 4-

5
X = 4,6

The value ofx is 4,6.

Exercise 5.1(e)

To solve forx multiply by 4 on both sides and simplify:

= 10

= 10x4
= 40

MIXx
X N DIX

The value ofx is 40.

Exercise 5.2(a)

To solve forx remove the numbdurthestfrom thex first and simplify:

2X+3 = 6
2X+3—-3 = 6-3
2x = 3
2 _ 3
2 2
L _ 3
2
The value ofx is 5.
Check your answer:
RHS = 6
3 2 3
= 3+3
6

The RHS is equal to the LHS, therefore the answe} isfcorrect.
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Exercise 5.2(b)

Remove—4, which is the furthest froms, by adding 4 on both sides and
simplify:
6x—4 = 26
6x—4+4 = 26+4
6x = 30
Divide by 6 on both sides and simplify:
6X 30

6 6
X = 5

The value ofx is 5.

Check the answer:
RHS = 26
LHS = 6x—4
= 6(5)—-4
= 30-4
= 26

The RHS is equal to the LHS, therefore the answer of 5 is cobrrec

Exercise 5.2(c)

To solve forx: Subtract 4 on both sides, simplify, divide by 5 on both sides
and simplify:

—bx+4 = 19
—5Xx+4—-4 = 19-4
—b5x = 15
—bx 15
5 5
—-x = 3
x = -3 (Multiply or divide both sides by-1.)
Check the answer:
RHS = 19
LHS = -5x+4
= —-5(-3)+4
= 15+4
= 19

The RHS is equal to the LHS, therefore the answer 8fis correct.
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Exercise 5.2(d)

Add 2 on both sides, simplify, multiply by 7 on both sides amdify to
solve forx:

X
-2 =9
7
;—2+2 — 942
X
- = 11
7
X 7
=x- = 11x7
771 %
X = 77
Check the answer:
RHS = 9
X
LHS = =-2
7
77
= —-2
7
= 11-2
9

The RHS is equal to the LHS, therefore the answer of 77 is cbrre

Exercise 5.3(a)
5(83—x) = 4(5+5x%)
Remove the brackets by multiplying 4 by both terms insideaitaeket, to get
15—-5x = 20+20x
Subtract 15 on both sides of the equation.
15-15-5x = 20—15+20x
Simplify to get
—5x = 5+20x
Subtract 28 on both sides of the equation and simplify:
—5x—20x = 5+420x—20x
-25% =5
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Divide by —25 on both sides and simplify:

—2% 5
—25 25
x — _1

5

x = —-0,2

The value ofk = —0,2 or — 2.

Exercise 5.3(b)

6a+3+1 = 4a—8—-3a
Add the like terms on both sides.
6a+4 = a—8
Subtract 4 on both sides and simplify.
6a+4—4 = a—8-4

6a = a—12
Subtracta on both sides and simplify.
ba—a = a—a—12
S5a = —12
Divide by 5 on both sides and simplify.
5a _ _12
5 = 5
a = -

5
The value ofais —% or —2,4.

Exercise 5.3(c)
X+1-2x = 9—-x—4
Simplify the like terms on both sides.
X+1 = 5-—x
Subtract 1 on both sides and simplify.
3X+1-1 = 5-1-—x
X = 4—x
Add x on both sides and simplify.
X+X = 4—X+X
4 = 4
x =1

The value ofxis 1.
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Exercise 5.3(d)
5x—3(x—(3x—4)) = 2(5x—3(1—2x))+5
Remove the inner brackets first and simplify.
5x—3(x—3x+4) = 2(5x—3+6x)+5
5x—3x+9x—12 = 10x—6+12X+5
11x—12 = 22-1
Add 12 on both sides and simplify.
1Ix—12+12 = 2X%—1+12
1Ix = 2%+11
Subtract 22 on both sides and simplify.
1Ix—22x = 2X—22x+11
—11x = 11
x = -1

The value ofxis —1.

Exercise 5.4
() yXy—2z=w
To change the subject o we first addz on both sides of the equation
and simplify.
VXY—Z+Z = W+z
VY = w+z

To eliminate the, /~ we square both sides and simplify.

(V) = (w27

Xy = (w+2)?
Divide by x on both sides.
2
y = @ (Note that(w+2)? # w? + 72.)
b q=%

To change the subject towe start by getting rid of the fraction.
We multiply byt? on both sides and simplify.

qxt? = % xt?
qt? = 4r
To gett alone on the left, we divide by on both sides and simplify.
a® _ a4
q q
t?2 = &

q
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To eliminate the power, we take the square root on both sides
and simplify.

© ¢ = (mk?

To change the subject tQ we first get rid of the square on

the right, by taking the square root on both sides of the eguat

VI = mk

We switch the left-hand and right-hand sides around, to karethe left-hand side.

mk = V7
Then we divide both sides by.

mk _
m m
k = ¥

@ 12 = @ty

To change the subject to we take the square root on both sides.

= 2+y2

€ P = X4y
To change the subject o we switch the left-hand and right-hand sides
around.
R4y = 2
Then we subtragf? on both sides.
2 = r2_y?

Then we take the square root on both sides to nxake subject.

() Note: The formulas in (f) and (g) are the formulas used in simple in-
terest calculations, whetds the interestP the principal amount in-
vested or paid;, the interest rate anicthe time period.

I = Prt
To change the subject to we switch the left-hand and right-hand sides
around.
Prt = |

Then we divide byPt on both sides and simplify.
Pt _ |
Pt T Pt

_
r= g
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@ S = P@A+rt)
To change the subject tpwe first remove the brackets on
the right, by multiplyingP by both terms inside the bracket.
S = P+Prt
Then we subtrad? on both sides, simplify and
switch the left-hand and right-hand sides around.

Pt = S-P
Divide by Pr on both sides.
t = =P
= Pr

Chapter 6. Straight lines

Exercise 6.1:1
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Exercise 6.1:2

3t (2;3)

Exercise 6.1:3

Yy _ ewn

X—X1 Xo—X1

y-3 _  —2-3

2 = o2

y-3 _ -5

2 — 4

y—3 = 2 (x-2)

i

_ 5,52

y = 2X—73°'1
_ 5, 10

y = x—7+3
_ 5, 10, 12
= X=7+73
_ 5 2
= X+73

= %x+% (in ordinary fraction form)

= 1,25x+0,5 (in decimal form)
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Exercise 6.1:4

Exercise 6.1:5

N N
x S
i
5 wib
|
N

X
—+

Wh Wb wWh Wbk Wbk N
X
D
o |

+
[EEY

—~
X
_I_

=

~—

\
N
I~
w
R

D W

X
|
wIN

Points(0; 2), (1; 1) and(2; 0) lie ony = —x+ 2.

y = — xX+42
thatis y = —1x+2
= 0,then y = -1(0)+2 = 2
= 1, then y = —-1(1)+2 = 1
= 2, then vy -1(2)+2 = 0.
x|01]|2
y(2|1]0
y = 2x-1
= 0O,theny = 20 -1 = -1
= 1L theny = 2(1)-1 = 1
= 2,theny = 22)-1 = 3.
x| 012
y|—-1]1/|3

Points(0; —1), (1; 1) and(2; 3) lie ony = 2x— 1.

1,33%—0,667 (rounded to three decimal digits)

1,33x— 0,67 (rounded to two decimal digits)
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y=2x—1

Chapter 7. Basic financial calculations

Exercise 7.1:1
By using the Simple Interest Formula:
S = P(1+rt)
S = 2000(1+8%x7)
= 2000(1+0,08x 7) 8% = 35 = 0,08
312000

See Appendix B (A.1) James must pay Tim R3120 after 7 years.
for the method to enter

this calculation on your Exercise 7.1:2
calculator.

By using the Simple Interest Formula:
S = P(1+rt)
6400 = P(1+15%x 4)
See AppendixB (A.2). 6400 = P(1+0,15x4) 15%= % =0,15
p — _ 6400
— 1+0,15x4
= 400000

Four years ago, Debbie borrowed R4 000 from Douglas.
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Exercise 7.2:1

By substituting into the Compound Interest Formula:

S = P(1+i)"

o 3x12
— 10000(1+ %)

3x12
= 10000(1+ %)

= 125144614

For using the financial keys on the calculator, see Appendix BA.3).

Sam owes R12 514,46 after 3 years.

Exercise 7.2:2

By substituting into the Compound Interest Formula:

S = PL+i)
10x52
12000 = P(1+4%5%)
12000 = P( 0115>10X52
P = 1200?.0><52
(1+°55°)
— 38044689

For using the financial keys on the calculator, see Appendix BA.4).

Marcus borrowed R3 804,47 from Mika 4 years ago.

Exercise 7.2:3

By using the Compound Interest Formula:

S = P(1+i)"
2483278 =
n = 40,0000

That is 40 quarters, which are 10 years, because the numbemgfounding

periods per year is 4. Jill will receive R24 832,78 after 1@rge

For using the financial keys on the calculator, see Appendix BA.5).
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Exercise 7.2:4

By using the Compound Interest Formula:

S = P(1+i)"
45000 = 15000(1+i)°
290 = (1+i)10

V3 = 1+i
i = V3-1
i = 0,1161

Therefore,mterle%e: 0,1161 which means the interest rate = 11,61%.
See Appendix B (A.6). For using the financial keys on the calculator, see Appendix BA.6).

Abel invested R15 000 for 10 years at an interest rate of 24,6ér year.

Exercise 7.3:1

By using the present value formula

S = R[%}

|
~ 6o00[ 11047
= 366306000

See Appendix B (A.7). For using the financial keys on the calculator, see Appendix BA.7).

The future value of R6 000 payments for 5 years is R36 630,00.

Exercise 7.3:2

By using the future value formula

s — R{w}

(i+i)n-i

<1+°’716>M°—1]

= 800
(1+ %5)2“0. Oa_216

— 78545179

See Appendix B (A.8). For using the financial keys on the calculator, see Appendix BA.8).

The present value of an annuity with R800 payments made vargréhs
for 10 years, equals R7 854,52.
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Exercise 7.3:3
By using the present value formula
-\ N
s - r|it) -1
(i+)n-i
(1+ 01%8>12><5 1
(1+008>12X5 008

= 200

= 98636867

For using the financial keys on the calculator, see Appendix BA.9). See Appendix B (A.9).

The present value of an annuity, with monthly payments of(R2&ch made
for 5 years, is R9 863,69.

By using the future value formula

s _ R{(lwti.)”—l}

( _2>12><5
= 200 0.08
12
= 146953712
For using the financial keys on the calculator, see Appendix BA.10). See Appendix B (A.10).

The future value of an annuity of R200 monthly payments madé fyears
is R14 695,37.

Exercise 7.3:4

By using the future value formula

s R{(Hii)”—l]

Thus, R = S+ {w]

= 25000+ (1+ 77 )

O 0995

12

= 3232696
For using the financial keys on the calculator, see Appendix BA.11). See Appendix B (A.11).

Mapule needs to invest R323,27 every month for 5 years to R&s000
available to pay for her new lounge suite.
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Exercise 7.4:1

By using the present value formula

>~ R[]

50000 [ <1+&216> 12xzol]

240
0116\ %40 0.116
(1+ 17 ) 12

= 80499620
See Appendix B (A.12). For using the financial calculator keys, see Appendix B (A:1R
The monthly payments are R8 049,96.

See Appendix B (A.13).Exercise 7.4:2
Note:

Since drawing up an amortisation table step-by-step bygusirmulas is
a very tedious process, we use the financial keys on the a&dedior this
processSee Appendix B (A.13).
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Appendix

Key operations for the calculator:
Chapter 7

Calculator example 7:1

Enter into the calculator as 20000 1[+]0.10[x | 1])|[=]

The answer is 22 000.

Calculator example 7:2

Enter into the calculator as 20000 1[+]0.10[x | 3])|[=]

The answer is 26 000.

Calculator example 7:3

Enter into the calculator as 1508 |9 +]100[ x| 21[+]12[=]
The answer is 236.25.

Calculator example 7:4

Enter into the calculator as

3500[=[(JL 12.5[=]100[x]6[) [N |=]

The answer is 2 000.

Calculator example 7:5

Enter into the calculator 8§500[+|5000[— | 1[) |[<][(]7.5[+] 100) | [=]

6.6667 appears on the screen.
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Calculator example 7:6

Enter into the calculator as 7508 [ (] 12500 x| 6[) |[=]

0.1000 appears on the screen, and that is 10%.

Calculator example 7:7
What is given?
(i) The present value, PV is R1000.
(i) The interest rate, /Y, is 10,0% per year.
(i) Interest is compounded yearly, that is once a (1 timeg pear.
(iv) The time,n, of the investment is 3 years.
What is required?
The future value, FV, of the investment.
Enter into the calculator as

to clear the register of the calculator.

|2ndF|| P/Y|1|ENT] (Enter the number of compounding
periods per year first.)

+/— {1000/ PV
10[1/Y |
3[2ndA[x PIY][N]

FV =13310000

Calculator example 7:8
What is given?
() The present value, PV, is R2 000.
(i) The interest rate, /Y, is 12% per year.

(i) Interestis compounded every 6 months, that is twic2 arfes per)
year.

(iv) The time,n, of the investment is gyears.
What is required?

The future value, FV, of the investment.
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Enter into the calculator as

|2ndF||P/Y|2[ENT]
+/— (2000 PV
12[I7Y
25[2naA [ PIY][N]

FV =26764512

Calculator example 7:9

What is given?
(i) The future value, FV, of the loan is R5 000.
(i) The interestrate, I/Y, is 16% per year.

(i) Interest is compounded quarterly, that is, 4 times yestr.

(iv) The time of the loan is 6 years.
What is required?
The present value, PV, of the loan.

Enter into the calculator as

|2ndF|| P/Y] 4| ENT]
+/—|5000[FV]
16[I1Y

6]2ndF| | x P/Y|[N]

PV =19506074
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Calculator example 7:10
What is given?
(i) The present value of the investment, PV, is R5000.
(i) The interestrate, /Y, is 7,5% per year.
(i) Interestis compounded monthly, that is, 12 times peary
(iv) The future value of the investment, FV, is R7 830,59.
What is required?
The time periodn, of the investment.
Enter into the calculator as

| 2ndF|| P/Y] 12| ENT]|

+/—|5000[PV]
7830.59FV]
7.51Y |

N = 72,0001 appears on the screen, whiclizsmonths that is6 years

Calculator example 7:11
What is given?
() The yearly payment, PMT, is R600.
(i) The interest rate, /Y, is 11,5% per year.
(i) The time periodn, of the loan is 3 years.
What is required?
The future value, FV, of the annuity.
Enter into the calculator as

|2ndF|| P/Y|1|ENT]

+/—|600[PMT]
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11.5[1/Y |
3[2ndFA|| x PIY][N]

FV =20149350

Calculator example 7:12

Enter into the calculator as

|2ndF||P/Y|4[ENT]
+/— 1200 PMT]
10[zndF [ Y]]
16[I1Y

FV =114030.6188

Calculator example 7:13

Enter into the calculator as

|2ndF||P/Y]1|ENT]
+/— |600[ PMT]
3[2ndFA|| x PIY][N]
11.5(1/Y |

PV =1453.5716

Calculator example 7:14

Enter into the calculator as

2ndF|CA

|2ndF||P/Y|4|ENT|
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+/—|1500[PMT]
12.6[1/Y ]
6[2ndF [x PIV][N]

PV = 24 997.6658

Calculator example 7:15

Enter into the calculator as

| 2ndF|| P/Y]52[ENT]|

+/—|160[PMT]
2 [2nd|[ < PIY][N]
7.8|11Y |

FV =17 993.5568

Calculator example 7:16

Enter into the calculator as

| 2ndF|| P/Y] 12| ENT]|
+/— |48 000/ FV]
3[2ndF|| x PIY|[N]
8.4/17Y |

| COMP|[PMT|
PMT = 1177.0186

Calculator example 7:17

Enter into the calculator as
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|2ndF||P/Y|1[ENT]
+/—|55000 FV|
9 500/ PMT]
7.34[11Y |

N = 4,9997 years.

Calculator example 7:18

Enter into the calculator as

|2ndF||P/Y|12[ENT]
ON/C

+/— (12500 PMT]
12.3/1/Y |
5[2nd][  PIY][N]

PV = 558 126.7996

Calculator example 7:19

Enter into the calculator as

|2ndF||P/Y|4[ENT]

+/— 1120004 PV]
6| 2ndF|| x P/Y|[N]
13.6[1/Y |

| COMP|[PMT|
PMT = 7394.4704
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Calculator example 7:20

Enter into the calculator as

| 2ndF|| P/Y] 12| ENT]|
+/— 50000/ PV]
10[2ndF|| x P/Y|[N]
15]17Y |

| COMP|[PMT|
PMT = 806.6748

Calculator example 7:21

Enter into the calculator as

|2ndF|| P/Y|1[ENT]
+/—|5000[PV]

5| 2ndF|| x P/Y

15|1/Y

| COMP|[PMT|
PMT = 1 491.5776

Calculator example 7:22

Enter into the calculator as

|2ndF| | P/Y|1[ENT]

+/—|5000[PV]
5/2ndF|| x P/Y|[N]
15]17Y |
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| COMP|[PMT|
PMT = 1 491.5776

Now pres$ AMRT | (4th row, 1st key) 4ENT].

Presé ] 4[ENT]
Pressv |

BALANCE = —129701 appears on the screen, meaning that an amount of
R1 297,01 is still outstanding after 4 payments.

Press ¥ | again.

Y PRINCIPAL = 1127,85 is the amount paid off.
Press v ] again.

> INTEREST= 363.73 is the amount of interest paid.

To complete the schedule press
[v]5 twice and continue as above.

Calculator example A:1

Enter into the calculator as 2008][(]1[+]0,08[ x| 7[)|[=]

3120,0000 appears on the screen.

Calculator example A:2
Enter into the calculator as

64OQE| 1[+]0.15[ x| E

The answer is 4000000

Calculator example A:3
What is given?
() The present value of the loan, PV, is R10 000.
(i) The interest rate, /Y, is 7,5% per year.
(iii) Interest is compoundethonthly, that is, 12 times per year.
(iv) The time period of the loam, is 3 years.
What is required?
The future value, FV, of the loan is required.

Enter into the calculator as
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2ndF|| P/Y|12[ENT]

ON/C|

+/— {10000 PV|
7.5(1Y |

3[2ndF|| x P/Y|[N]

FV =12514.4614

Calculator example A:4
What is given?
() The future value, FV, is R12 000.
(i) The interest rate, /Y, is 11,5% per year.
(i) Interest is compoundedeekly, that is, 52 times per year.
(iv) The time period of the loam is 6 years.
What is required?
The present value, FV, of the loan is required.

Enter into the calculator as:

2ndF CA

2ndF|| P/Y|52|ENT]
ON/C]

+/—|12 000/ FV]
11.5[IY

10[2ndF|| x P/Y|[N]

PV = 3804.4689

Calculator example A:5
What is given?
(i) The present value, PV, of the investment is R10 000.
(i) The yearly interest rate, /Y, is 9,2%.
(i) Interest is compoundeduarterly, that is, 4 times per year.
(iv) The future value, FV, of the investment is R24 832,78.
What is required?

The time period of the investment is required.
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Enter into the calculator as

2ndF||CA |
2ndF||P/Y|4[ENT]
ON/C
+/—|10000 PV|
24832,78FV |
9.217Y |

N = 40,0000.

That is 40quarters, which is% = 10years

Calculator example A:6

What is given?

(i) The present value, PV, of the investment is R15 000.
(i) The future value, FV, of the investment is R45 000.

(i) The time period of the investment is 10 years.

(iv) Interestis compounded yearly, that is, once a (1 timg ypear.

What is required?

The yearly interest rate is required.

Enter into the calculator as

2ndF||CA|
2ndF||P/Y|1[ENT]
ON/C

+/—| 45000 FV
15000 PV

10[2ndF|| x P/Y|[N]

[COmP|[irY ]

Y =11.6123

Calculator example A:7
Enter into the calculator as

2ndF||CA|
2ndF||P/Y|1[ENT]
ON/C

+/—|6000[PMT
10[1/Y |
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5|2ndF|| x P/Y

FV = 36630.6000

Calculator example A:8
Enter into the calculator as

2ndF|| CA |

2ndF|| P/Y|2[ENT]
ON/C
+/—|800[PMT|
16/17Y |

10[2ndF|| x P/Y|[N]

[comP|[PV]

PV =7854.5179

Calculator example A:9
Enter into the calculator as

2ndF|| CA |

2ndF | P/Y|12[ENT]
ON/C
+/—|200[PMT|
8|lIY
5/2ndF | x P/Y|[N]
[COMP|[PV]

PV =9863.6867

Calculator example A:10
Enter into the calculator as

2ndF|| CA |

2ndF|| P/Y|12[ENT]
ON/C
+/—|200[PMT|
8|llY
5/2ndF|| x P/Y|[N]

[comP|[FV]

FV =14695.3712
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Calculator example A:11
Enter into the calculator as

2ndF|| CA|
2ndF|| P/Y|12[ENT]
ON/C

+/—|25000FV
9.95[I/Y

5/2ndF|| x P/Y

| COMP|[PMT|
PMT = 323.2696

Calculator example A:12

Enter into the calculator as

2ndF||CA |
2ndF||P/Y|12[ENT]
ON/C

+/— (750004 PV
11.6[1/Y

20/ 2ndA | x P/Y|[N]
| COMP|[PMT]

PMT = 8049.9620

Calculator example A:13

Note: We must always find the payment first (yearly, in this case).

Enter into the calculator as

2ndF||CA|
2ndF||P/Y|1[ENT]
ON/C

+/—|12 000 PV
10[1rY |
5/2ndF|| x P/Y

| COMP|[PMT|

PMT = 3165.568% 3 165,57

Enter this amount into thpayment column and keep it on the calculator.

Consequent steps to follow:
PressAMRT | 1| ENT]
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Pres§v]1
Pressv |

BALANCE = —-100344302 appears on the screen. The amount of R10 034,43
must be filled in unde®©utstanding principal at the beginning of year 2.

Press ¥ | again.

> PRINCIPAL = 1965.5698 appears on the screen. The amount of R1 965,57
must be filled in undePrincipal repaid.

Presg v ] again.

> INTEREST= 1200.0000 appears on the screen. The amount of R1 200,00
must be filled in undeinterest.

Presgv]2 twice.

Pressg v |

BALANCE = —78723034 appears.
Pressv |

> PRINCIPAL = 2162.1268 appears.
Presgv |

> INTEREST= 1003.4430 appears.
To continue to year 3:

Pres§v|3 twice.

Then pres§v | for the balance.
Press v | for the principal.

Presg v | for the interest.

For year 4:

Pres§v |4 twice.

Presg v ]to find the principal and the interest paid.
For year 5:

presgv]5 twice.

Continue as above.

The balance is 0.00. The principal repaid is R2 877,79 anthteesst due is
R287,78.

Fill all of this data into the amortisation schedule.

The amortisation schedule is as follow:
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Payments| Outstanding | Interest Payment Principal
made principal (rand) (rand) repaid
(year) (balance in (rand)

rand)
1200000
1 1003443 1200,00 3165,57 1965,57
2 787230 1003,44 3165,57 2162,13
3 549396 787,23 3165,57 2378,34
4 287779 549,40 3165,57 2616,17
5 —0,00 287,78 3165,57 2877,79
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