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CHAPTER 1

¥

ELEMENTARY SET THEORY AND
COUNTABILITY

1.1.  Definition

1.1.1.  Set .
A set is a well defined collection of distinct objects. By well defined we
mean there is no confusion regarding inclusion or exclﬁs’iog qf*bbjegts. Sets
are conventionally denoted with capital letters and- ,smali “letters “will
represent the members of the set. - ' \'

Note: This definition is widely accepted but not ab\soh‘ife.‘; :

Following notations will be used for some of the specific sets that are
commonly used.

N = The set of all natural numbers or all positive integers.
Z = The set of all integers. |

Q= The set of all rational numbers.

Q€ = The set of all Irrational numbers.
Note: No set is member of itself.
- 1e. 4¢ 4 foreveryset 4

Russell’s Paradox: There is no set of all sets.
Reason: Let if possible, X ‘be the set of all sets
ie. X ={A| Ais set}
By definition of set, X is set.
And By definition of X
XelX
Which is a contradiction.

1.1.2. Operations on Sets
Let 4 and B be two sets. Then

1. Union: The union of 4and B, denoted by 4u B, is defined as the set
{x|xe Aorxe B}.

While writing 44U B, elements common to 4 and B should be taken only

once in the union.
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Alsonotethat 4u A=4andifAcB,then 4UB=8 rmm— —
’ Put Your Own Notes
¥ A B e
Example:
(a) Take 4={1,2,3,4 =

B={3,4,5,6}
Then AU B={1,2,3,4,5,6}
®) If 4=Q N
e ™
Then 4AUB=R

2. Intersection: The intersection of 4and B, denoted by 4N B, is defined
as the set{x|x € Aand B both} . NS

Thus 4 B consists of all elements common. to'4 and B. Also note that
AnAd=Aandif4c Bthen4AnB=4.

If AnB=¢ , then the sets 4 and B'are called Disjoint.

4 B

ANB
Example:
(a) Letd4={1,2,34}
B={3,4,56}

Then AN B={3,4}

(b) IfA:{i, neN}andB={—l, neN}
n n
Then AnB=¢

3. Difference: The difference of 4 and B, denoted by 4 — B, is defined as
the set{x|x € Aandx ¢ B} .

Thus 4 - B is the set of all elements of 4 not belonging to B.

Similarly, we can define B - 4
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Note:

(a) 4-B=B-4 . e
¢
() A~-Bc AB-AcB

(©) A-B)n(B-4)=¢

Example: s ‘ - o

(@) If 4={1,2,3,4,5,6,7} and B={4,5,6,7,8} ~

Then A-B= {],2',3}

(b) If4=R
B=Q
Then A-B=R-Q=Q°
4. Complement: The complement ‘of A~in ;lime set U (universal set),

denoted by A°, is defined as the set{x|x<€Usuchthatx ¢ 4} . In other

notation we can see it'as U — 4 .

From  this  definition, it is easy to verify that

U=AUA ANA =$,(A) =4 and if 4,BcUanddc B then
B c A°.
Example:
(a) If 4={1,2,3,4,5}and
U={1,2,3,4,5,6,7,8,9,10}

Then A4S = {6, 7,8,9,10}

(b) If 4=0Q
U=R

Then 4°=Q°

5. Power Set: The power set of 4, denoted by P(4), is defined as a set
{X|X < 4}. Thus, P(A)is collection of all possible subsets of 4.

If |4|=n, Then |P(4)|=2"

(where, | 4| denotes the number of elements in the set 4. i.e, cardinality

of the set 4)
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If A={x,y,z}

Then ]

The cardinality of the set {x, y,z} , IS ;‘tﬁfee;:ﬁyhile there are eight
elements in its power set. Y

6. Cartesian Product: If 4 and B are nénemﬁt?’sgts, then the Cartesian
product AxB of 4 and B is the set of all-ordered pairs (a,b) with
ae 4 and p e B . That is,

AxB:z{(a,b):aeA,beB}.

Thus if 4={1,2,3} and B={1,5}, then the set 4xB is the set whose

elements are the ordered pairs

(L1), (L.5), (2,1), (2.5), (3.1), (3.,5)

We may visualize the set 4x B as the set of six points in the plane with
the coordinates that we have just listed.

Note: Ax B+ Bx Awhen 4= B and also if any of 4 and B is empty then
AxB=¢.

Relation: Any subset of 4x B defines a relation from 4 toB.
Example: Let A4=1{1,2,3} and B={4,5} define

R= {(x,y) x =] is even}

={(15).(2.4).3.5)}
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{.1.3. Functions And Their Properties R e e ——

1. Function on a set: A relation f from a non-empty set 4 to another non N e
empty set B ies said to be a function, if each element x ¢ 4 corresponds '
to a unique element y e B and the y which corresponds in this way to a

given x is denoted by f(x), and is called the value of x under 7.

Note: If f is a function from a set 4to set a B then we write it as

f:A—>B.

2. Graph: If fis a function frgﬁm Ato B, then set of all ordered pairs
(x, f(x)) s called the graph of the function f .

3. Domain, Co-domain & Range of a Function: For a ﬁlnctiq;i f-from
Ato B, the set Ais called the domain of f and:thégsetr ofvalues of f is
called the range of f and written as f(4), x;;hcreas,“B‘ is called the
Co-domain of f. Clearly f (A\)'gB . A]lthese se.t:s can be seen in

following figure easily.
: P ¥i . :
'; R ——— N
| [ e
' Domain®— ~——" | _\_/
omain A
~—""Co-domain

Equality of Two Functions: Two functions f and g are said to be

equal if

(a) Domain of f = Domain of g-
(b) Vx,f(x) = g(x)
Note: The terms ‘function’ and ‘mapping’ are synonyms.

4. Counting of Functions: Let 4 and B be two finite sets having m and
n elements. respectively. Then each element of 4 can be associated to
any one of nelements of setB. So, total number of functions from set

4 to set B is equal to ways of having m job where each job can be done

in n ways. Hence total number of function from Ato Bisn™ or |B|‘AI

Example: Let A4be the set containing 10 elements and B be the set
containing 5 elements. Then total number of functions from 4to Bis

10
> .
|
i
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1.1.4. Classification of Functions

1. One-One (Injective) Function: We say a function f:4— B is one-
one if f(x))=f(x;) = X =x3 Vx,x; € 4i.e. no two elements in the
domain correspond to the same element in the‘fange.

One-One ‘not One-One

A B A

7o)

/ A

Algorithm to Check Injectivity of Function

Stepl:  Take two arbitrdry elements x and x, mthedomam
StepII:  Put f(x)=f(x;)

Step III: Solve f(x)=f(x,) . If f(vx,\):_.;wf(xz)“ gives x =x, only,

then f:4— B isaone—one functlon :6t11érWise not.
Example: ~{0,1]= R defined by

f(x)= x? is a one-one function.

= x=y (v x,y20) Vx,ye[0,]

Remark:

(a) Injectivity of a function can also be checked from its graph. If any
straight line parallel to x-axis intersects the curve y = f(x)at most
at one point, then the function f(x) is one—one or an injection

otherwise it is not.

(b) If f:A— B then x; =xy= f(x)=f(x,) is true for all x;,x) € 4.
However f(x)=f(x;) = x=x, for all x;,x, €4 is true only
when f is an injective map.

(c) If 4and B are finite sets having m and n elements respectively then

n .
ifn>m
Prm> where

number of one-one functions from Ato B=
0 if n<m

np _ n!
1:;71 - (n_m)!
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2. Many-One Function: A function f:4 - B is said to be many-one

function if two or more elements of set 4 (if exists) have the same

imageinB. ¥

4 Many — one B

3

Example: Consider the function £[-L1]> R, defined by (x)=x2

then f is many to one function.

3. Onto (Surjective) Function: A function j: A—)B is said to. be an
onto function or a surjective function if every. eIement of Bis the f
image of some element of A41i.e. 1ff(A) B or range of f is the co-
domain of £ . \ ‘ R

Onto *._ notOnto,

Remark: It depends upon domﬁ‘ig 'and\;&g-domain respectively for a

function to be one-one and onto.

Example: The function /:[0,1] >R defined by /(x)= x?is a one-one
function where as function f :[—1,1]——) R defined by f (x) =x? is not a
one-one function. (= f{~1)=f(1)=1)

Also function [ : [0,1] - R defined by f (x) =x? is not an onto function,

but f:[0,1]—>{0,1] defined by f(x)=x 2 is an onto function.

Remark: If 4and B are two sets having mand n elements respectively

and let 1<n<m , then number of onto functions from A4 to B is

[nm —{é(—l)m ncr(n—r)mﬂ where n,_ :'(—n!_

r! n—r)l ‘

Example: If [Al =4,‘B| =3 then there are 36 onto maps from 4 to B.

4. Into Function: A function of f:4— B is an into function if there

exists an element in B having no pre-image in 4 .In other words,
f:A— B is an into function if f(4)c B .

|
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5. One—One Onto (Bijective) Function: The map f: 4 — B is bijective

if it is one-one as well as onto.

Example: The map f :N— Z defined as 'f (n) = (—1)" [%J

(Where [%] dénotes the greatest integer ﬁmctlon) is bijective function
Cantor’s 'Théﬂreﬁ}ﬁ fdr,any set A ,therclsno map from A onto the set
P(A), the power set of 4. |

Reason: Let ¢: 4—> P(4)is onto.

Since for everyxe 4, ¢(x)is a subset of 4. Then either x € ¢(x)or it

does not. Now considérX = {x €d:xg (’p(x)}

Since Xis a subset of 4 and ¢is onto, then X =¢(t) for somezse 4, so
either re X orze X . If re x and since X =¢(r) . We must have

t € ¢(t). Which is contrary to the definition of X .

Similarly, If re¢ x then te¢(¢) so that re x which is also a

contradiction.

So ¢ cannot be onto.

Remark: There is always exist a one-one map from 4 to P(4).
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1.2. Countable and Uncountable Sets B N ey |
‘ - Put Your Own Notes -

1. Similar/Equivalent/Equipotential Sets: Two set 4 and B are called ¥ y e i .‘.N' aih
Similar if and*only if there exists an bijective function between them and

then we write 4 ~ B

2. Finite Set: Consider S = {,2,3,4,..,n} .Then a non-empty set A is
said to be finite iff there existn ¢ N and a bijective function f from S (n)
to 4. (n gives the number of elements in the set 4)
If no such n exist, then set 4 is s4id to be infinite.
Example: Set of all vowels A< {a,e, i,o,u} is a finite set, since there
exist f:4—>S ) which is a bijection.
Note: o . \
(a) Two finite sets are similar if their cardmahty are equal

(b) Every set A4 is equivalent to 1tself as there eXIS[S an 1d€nt1ty map on
4. - ; :

(c) f4a~Band B~Cthen4~C.

(d) The main difference between a finite and an mﬁmte set is that every
infinite set is equivalent to at least one of i 1ts proper subset whereas a
finite set can never be equivalent to- any of i 1ts proper subset.

#It is so important that some of the authors use thls note as the
definition of finite and infinite sets

(e) Subset of a finite set is a finite seL

(f) Empty set is considered as a finite set.

3. Countably Infinite Set: A setSis said to be countably infinite if it is
similar to set of natural numbers i.e. if § ~ N .

Example: 7. is a countably infinite set.
Reason: Define ¢: N — Z as

=(=1)" ﬁ]
)= (1) |3
Clearly ¢ is bijective function from N to Z

". Z is a countably infinite set.

In Abstract: We say a set can be put under counting system or process
if a rule can be imposed over that set by which successor is defined.

4. Countable Set: A set § is called countable if it is either finite or
countably infinite. In case of countably infinite there is function f
which establishes a bijection between N and the elements of 5 .
Therefore the set 5 can be displayed as S ={f(1), f(2),..., f(n),...} . [f we
write {a),a3,..,a,,..} in place of {f(1),/(2),....f(n),.} then
S={a,0ay,...,a,,...}

5. Uncountable Set: A set which is not a countable set, called uncountable
set.
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Note: 1If every map from 4 to B fails to be onto. Then we say B is
larger than Ain the sense of cardinality. i.e. the go-domain has more
potential than the domain.

Or

If the domain has less potential then every map from 4 to B fails to be
onto.

Let 4 and B are finite set and |4|<|B|. Then 4 is similar to a subset of
B and B is not similar to any of the subset of 4.

Hence |4|=|B| iff 4~XcB andB~'YcA

Note: If we define cardinality of mﬁmte sets no matter how it is defined
but these cardinality will follow the above rules. :

Cardinality of infinite set:-For infinite sets we use symbols t0 denote
their cardinality - <

[N|=%; (Aleph naught)
|]R|—c (Continum) T

These symbols which are used to denote cardmahty of infinite sets are
known as transfinite numbers.

Arithmetic of Cardinal Numbers: N dgﬁOteéxghe cardinality of N and
¢ denotes the cardinality of R .

(@) NRg+Rg+....+X5=Ng

e
n times

(b) n+RXy=Ny,neN
(c) Ng+tc=c

(d ¢tct...+c=c

n times
(e) n-¥y=Ry,neN
) c-c-c-..... -c=¢
(g) No-c=c
() 2N =¢> N,
() RN =2 =
) No=2
k) Ny <c
1) n<Xy

For any transfinite number o,f,y

(m) aB of = aﬁﬂ’
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m (o) =(a)’”

(©) (aB)’ =a’ "
(p) of <p¥if a<p

@ v*<yPif a<p

8. There is no transfinite number bq;ween Np and c.

9. If 4and B are two sets with cardinality o and B respectively and
F={f|f:A4— B}then card|F|=p" | '

10. F={f| f:N—)NTJ , then card |}71|=N0‘\}‘°"%“235%é :>Flls
uncountable. ‘

11. By ={f1£:[0,]]=[0,1]} Then card|Fs}=c*=2" —F s uncountable

S

12. The set of all equivalence ciasses of an equivalenice relation on a set is
- _called Quotient set. L *”

(a) Quotient set of countable set is alwasfs' -cq@@ﬁle.
(b) Quotient set of uncountable set rgéy"be C(;untable or uncountable.
1.3.  Properties of Sets o : |
1. Two finite set are similar iff they have same number of elements.
2. Every countable set is equivalent to a subset of natural numbers.

Reason: Let 4be any countable set. Now if 4 is finite then it is similar

to S for some n.

Else if Ais countably infinite then 4 can be written as
‘_ A={a1,a2,a3,...}
Now define ¢: 4 > Nasd(ay )=k V keN

This ¢ is a bijective map and thus A4 is equivalent toN .

(U%)

Every set equivalent to finite/infinite set is finite/infinite set.
Reader should prove it themselves.

4. If 4is similar to a subset of Band Bis similar to subset of 4, then
A~B

Reason: As A1is similar to a subset of B

= A has less potential than B (1)

Also B is similar to a subset of 4

= B has less potential than 4 -(2)
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By (1) and (2)

A~B ¥
5. A setis infinite iff it contains a countabily infinite subset.

Reason: Let X be any infinite set.

Take xe x and name it asaand define 4 ={a;}
Again take another y € X — 4 and name it as a,

Define 4, ={ay} U 4

Proceeding in same way, we have
A, = Ay U{a,} VneN
Let4= U A, =4VAHU..= {al,az,...a,,,a,,+1;..’;}
neN
Clearly 4c X
This shows that every infinite set has countable ihﬁniie subset
Converse is obvious. \ :
Hence a set X is infinite iff it contains ra‘é’oun_ta‘bl‘y infinite subset.

6. Every infinite set is equivalent to at least one of its proper subset.

Reason: As done in above property construct 4 = U A,
o neN

Now take B=A—{a} and define Y =(X - 4)UB
Clearly a; ¢ Y — X thus ¥ is proper subset of X
Define g: X — Y such that

g(x) _ {am X=aq;

X else
Clearly g is one-one and onto.

‘ This shows that if we remove one element from an infinite set. Then its
i cardinality does not change.

{ By the same procedure if we remove finite number of elements from an
infinite set then its cardinality remains same.

7. A finite set is not equivalent to any of its proper subset.

Reason: Let Ais any finite set and B — A then clearly B has less number
of elements then 4and two finite set are equivalent iff they have same
number of elements so 4 and B can-not be equivalent. Thus no finite set
can be equivalent to its proper subset.

8. Countable union of countable set is countable.

9. If Bis an uncountable set and Ais a countable set then (B—4)is an
uncountable set.
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10.

Reason: Suppose that (B-4) is countable set and also

B=( B—A)u A (being a union of two cou&nable set) is countable thus

B is a countable set. But this is not possible as B is an uncountable set.
Thus B - 4 is uncountable set.

Family of all finite subsets of countable set is countable.
Reason: Let 4be any countable set.

If 4is a finite set then nothing to prove. Now, Suppose 4is countably
infinite set.

Then 4 ~ N .If we show that éollection of all finite subsets of N is
countable then we are done. ™

Now define 4; = union of all subsets of N having s’wivn“glen_' _é}ement ie.
A={}u{2}uBlw{4u..

Thus, 4 is countable.

Now Let 4, = Union of all subset-of.N_ havmg 2 elemems Then 4, is

- countable

11.

12.

In this manner 4, is countable vn e N

Thus if _# denotes the collection of all ﬁnj“t”ewéubset of N then #
= U 4, which is countable (being countable union of countable sets).
‘. n=l

The famlly of all infinite subsets of an 1nﬁmte set X is uncountable.

Reason: Let # denote the family of all subsets of the set X and 4
denote the family of all finite subsets of X. Then family of all infinite

subset of the set X is equal to & —_4. Which is uncountable.

_ (By Property 9)
Remark:
(a) The family of all subsets of countably infinite set is uncountable.

(b) P(N),P(Q),P(Z) all are uncountable set.

Finite Cartesian product of countable set is countable.

Application: N x N x...x N is countable set.

. The set of all positive rational numbers is countable.

Reason: Q" = {f—; p,q are co-prime positive integers}
q

Let A={(p,q); p,q are co-prime positive integers}

Clearly the elements of Q" and 4 are in one-one correspondence and

therefore Q" is countable iff 4 is countable. Since 4« NxN and
N x N is countable, therefore, A is countable. (being subset of countable
set)

Elementary Set Theory and Countablility
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Hence @~ is also countable

Note: ¥
(@) @Q=Q" U@ U{0} is countable

(b) By view of 12 & 13, we can say ZxZx...xZ, QxQx...xQ all are
~ countable sets.

14. Infinite Cartesian product of countable sets 4,4;,43,...4,... (where

|A,-| >2, for infinitely many values of i) is uncountable.

b3

15. Set of all polynomial with rational coefficients is a cQuntablg set.

Reason: Let P, = {ao +ax ot a,x" 1a; € @}

Then P, is countable YmeNU{0} as ‘there is-a bijection”
¢:P, > QxQx..xQdefinedas

¢(a0 +a1x+...+amx’”):(ao,al,...,am)
Now if P denote the class of all polynorrii"als 6ver Q then clearly

P= U B, which (being countable union of countable set) is countable.
n=l ’ ‘

16. Set of all circles whose Centreand radius are rational number is
countable.

Reason: Let X ={c|c= (x—a)2 +(y—b)2 =r*where a,b,reQ}

Define ¢: X -» QxQxQ asd(c)=(a,b,r).This¢ is a bijective map and
thus X a countable set.

R

Algebraic

Transcendental

%ef:-* e o . -
Algebraic number: A real number is called an algebraic number, if it is
a root of a polynomial P(x)=ay+ax+..+a,x" =0 (an #0) with
rational coefficient.

Transcendental number: A real number which is not Algebraic is
called a transcendental number.
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B Transcendental No.
I /algebraic Number

{} rational No.

Glrx ational No.

17. Set of all algebraic numbers and set of all transcendental numbers forms
a partitions of the setR.

18. Every rational number is algebraic.
19. Every transcendental number is irrational. v
20. Irrational number may be algebraic or transcendental. B ,

Example:

J2isan algebraic number and = is a transcendental number.

21. Set of all algebraic number is countable. " .
Reason: For a fixed ~ meNu{0} define

P, = {ao + a1x+a2x2 totax" | g GQ} Thls P.’” is countable.

Now take p = U P,, and being couﬁtqble union of countable sets it is
meN ‘

also countable. So, P is countable. ‘

Now ifa is any algebraic number then-there is a polynomial in P such

that whose root isa. .

Thus the set of all algebraic numbers is contained in the set of zeros of

polynomials in P .Now all we need to show is that the set of zeros of

these polynomials is countable.

Since every polynomial can have at most & real roots where & is degree

of that polynomial. Now we denote the set 4, as the set of zeros of

polynomials in P, . Since F,, has countable number of polynomial and

further all of those polynomial have finite number of zeros so 4,, will

have countable number of elements.

Now define 4 = U 4,, » the set of zeros of polynomials in P, being
meN

countable union of countable set is countable and set of algebraic

numbers being subset of this set.

- Set of algebraic numbers is countable.

22. Set of all transcendental numbers is uncountable.

Reason: Since R= 4 U7 where 4 is set of all algebraic numbers

and 7 is set of all transcendental numbers. Now since -4 is countable
and R is uncountable

.. 7 =R~ _4Is uncountable (By using the result 9)

23. Arbitrary collection of disjoint open intervals is countable.
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Reason: consider / to be the collection of disjoint open intervals. Now
if 7 is any interval then we can find a rational number which is not in
any other interval we denote that by g if we take any other interval there

we can find any other rational number a, in this way we can find a

sequence of rational numbers a;,a;,as,...,a, ... where each g;is from

different interval and thus we can generate.a set of rational numbers
having one—one correspondence with the set / and since that set of

rational number is countable so / is also countable.

24. There does not exist any onto functiofi' from a countable set to an

uncountable set.

.

25. There does not exist any one-one function from an unc

countable set.

o

26. Some special Sets

ountable set to a

Sets - éiﬁ'ntable /‘ "
0 ,,U?COuntable

Natural Numbers (N) Countable
Integers (7Z) Countable
Rational Numbers(Q) Countable
Non Empty , non-singleton Tntervals Uncountable
(Open, closed, semi-open, semi-closed)
Irrationals (@c) Uncountable
Real numbers (R) I-Jncountable
Algebraic numbers (4) Countable
Transcendental Numbers( 7 ) Uncountable

/ Algebraic Countable

Irrationals
\ Transcendent Uncountable

27. There exist intervals which are countable e.g. [a,a] VaeR

28. Every countably infinite set has cardinality X, (Aleph Naught)

29. ‘¢’ is the smallest cardinality of any uncountable set.

30. The unit interval [0,1] is uncountable set

{
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31
32.

33.

34.

3s.

Reason: Let us assume that [O,l] 1 countable.
= either [0,1] is finite or countably infinite .
Since every non empty, non singleton interval is an infinite set, [0,1] is

Countably infinite.

= There is an enumeration X;,X,,x3,.... of real numbers in [0,1].
Expanding each x; in the form of an infinite decimal, we have

X 20.(11 1(142(113(114 ..... aln .....

Xy = 0,(121022(123024 ..... a2n ..... :

where each a;; € {0,1,2,3,4,5, 6, 7,8,9}

Consider the number 5 with decimal  representation

where by is any integer from 0 to 9 such that by # ay;
b, is any integer from 0 to 9 such that b, #ay,

b, is any integer from ¢ to 9 suchthat b, #a,, and so on.

Clearly, b<[0,1] and b#x,, Vn since the decimal representation of 5

1s different from the decimal representation of x,, as b, #a,,. Thus »

escapes enumeration and we arrive at a contradiction.

Hence [0,1] is not countable.
(0,1) is uncountable set. (By property 6)
Any open interval (a,b) is uncountable where a = b

Any open interval (a,b) is equivalent to any other open interval (c,d)
where a#b & c#d

Reason: Let x (a,b). Consider a function f:(a,b)— (c,d) given by

(x—a).

[t is easy to verify that f is one-one and onto. Hence the result follows.

f(x):c+‘bi—c

-a

Any closed interval [a,b] is equivalent to any other closed interval
[c.d] where a#b & c#d

Any two non-trivial intervals are equivalent (non-empty, non-singleton
intervals are non-trivial)

Elementary Set Theory and Counta
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36. The set B of all real numbers 1s uncountable.

4

Reason: To prove thgiys, it is sufficient to show that (0,1) ~ R . Consider

the function f:(0,1)— R given by

2x—1 if0<x<%
= x
S@=0 0
if —<x<«l
1—x 2

Clearly, f define a one-to-one corresp‘tél’ﬂdence between (0,1) and R.
This proves that (0,1)~R. -

Geometrical Reason: Let (4,b) be an open interifal We bend(a,b)

into a semi-circle and rest this semi-circle tangentlally on the real line R
as shown in figure. T :

o] S

~ Let P be a point of (a,b). Then, by _]01{11110 P-with the centre of the
semi-circle and producing it to meet the real line at P', we can locate a
point on the real line correspondmg to. each point of (a,b); and
conversely. This establishes a one-to-one correspondence between the
sets (a,b) and R. Hence R is uncountable,

37. Any uncountable subset of R is similartoR .

38. R~(a, b) Or [a, b] or (a, b] or [a, b) Also R~R" Implies
R~C~R? = Setofall points of the plane is uncountable where a = b
. Also(0, 1)x(0, 1)~ (0, 1).

39. Let 4 be any set with card4 = n then|P(4)[=2" = [P(N)]|=2"0 =¢,
|P(R)[=2°.

40. Set of all functions having domain 4 (countably infinite) to the co-
domain B (containing at least two points) is uncountable set.

1.4. Cantor Set

For describing the Cantor set, we shall give the following preliminaries on
the ternary expansions of the real numbers in [0,1] which is needed for
the arithmetical characterization of the Cantor set.

In the ternary expansion of a real number x, we use the digits0,1and2 . Thus

a; a,
—+ —2 +—+... where
3 3

ay,a,,4a3, ..., will take any one of the values0,1and2 . Except for numbers

in the ternary scale, x =0.g,aya5... means that x= 3
bl

. 2 . L
hke%,g , etc. The ternary expansion of every real number is unique.
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| )
In the case of 3 , we have the following two expapsions:

¥
=0.1000 ..., %=0.0222

0o | —

In the case of’ % , we have the following two expansions
% =0.1222 ... and % =0.2000 ...

1 . .
The numbers % and 7 have the following expansion,

l=0.11111 ... and l=0.020202
2 4 w7

ek

L
t
0

1
. L { ! !
H i 1 i 1
l 0 1/3 2/3 1
‘ P— b —— |

0 1/9  2/9 /3 23 . 7/9  8/9 1

Now consider the closed interval[0,1]. ffc')m'[(),l], let us remove (léj

which the open middle third part is of [0,1]; Then we obtain the intervals
o]

[Oé} and {%,1} Now we shall remove the open middle thirds of each one

of these intervals. That is we take away (%,%) in {0,—1—} and

N
bl

l,§ in 2,1 and get these intervals. 0,l , %,l , 2,—7— , and §,1 .
9°9 3 911931139 9

At each one of the succeeding stage, we shall remove the open middle third
of each open of the remaining close intervals. If this process is carried for a
countable number of times, removing the middle thirds of the left out

intervals at each stage, the set of points left out in [0,1] is called the Cantor
ternary set or Cantor middie third.

First note that any number in (%,%) removed in the first stage has the
expansion of the form0.1a,a3ay.... For all numbers removed in the second

state in[é%} and {%,%], 1 will occur in the second place in the ternary

.2 .
scale on the assumption Ecan be represented as.011111 .... In a similar

manner, all the numbers removed in the nth stage will have 1 in the nth
position in the ternary scale. All the left out numbers will not have one in

their expansions. Hence the Cantor set X is the set of all numbers x in [0,1]
which have a ternary expansion without digit 1. Where we assume that if the
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end points like é and % have two expansions, we sha]l take that expansion
J .

without one’s. ¢

Note: From the construction, it may appear that only the end points.

l z l % Z —8- .. are left alone in the Cantor set. But this is not so. For

3’3°9°9°9°9"

; .1 o .
example 0.0202020... in the scale of 3 is Zand it is in the Cantor set, since 1

does not appear in the expansion.

Further it is interesting to note the sum of the lengths of the intervals
removed in [0,1] is one as seen below.

1 (1 1] (1 11 alj 1 2 4 &I
—t| =t [ ot =t == |
319 9 27 27 27 27 3.9 27 w33

1 1
The sum of this geometric series is —-—2— =]
==
3
Results on Cantor’s Set:
1. =x|x= Z— a, =0or 2 1s another exprés§‘io11 of Cantor set.

Cantor set contains no interior poiﬁtr-.
Cantor set doesn’t contain any opeﬂ' interval:
It is closed and bounded.

Each point of cantor set 4 is limit point of 4.

A

Cantor set is perfect.

Note: For definition of interior point, limit point, perfect set, closed and
bounded set See Chapter 2:

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
E-mail: info@dipsacademy.com: Website: www.dipsacademy.com




LA

1S AR
REGENERATING LOGICS
An ISO 9001 : 2008 Certified Institute

CHAPTER 2

POINT SET TOPOLOGY

2.1.  Definitions and Properties
I Archimedean Property Of Real Numbers

1. If x,y are two positive real numbers then ex1st a positive integer n
such that ny > x. “

‘1 . 2. If x is any posmve real number then there ex1st a posmve integer n
: such that n>x. R

3. For any real number x, there exist an integer n such that L
II Important Definitions

1. Upper bound: Let s be any subset of R then a real number M is
called an upper bound of s if every element ‘of s is less than or
equalto Mie x<M VxeS.

Example: S = {—— neN} NN

n

| ity A | |
1/2 1/3 1?4
-1 0 1 2

Then x<1 VxeS§

" upper bound of S is 1

2. Lower bound: Let s be any subset of R then a real number m is
called lower bound of s if every element of § is greater than or
equalto m i.e. m<x VxeS.

Example: S = {—l;n € N} -

n

i i f s : wl §

l 12 o [
_172 4713 -

-2 g2 0

Then —{<x ¥VxeS§

“Jower bound of S is -1

Bounded Set: A set SCR is called bounded if 3 two real numbers
mand M suchthat m<x<M VxeS§

2

|
Example: Sz{i;neN}U{-——;neN}
n n
} —t—t st ————+—+
9 513 WL .’3 f
_2 g2 13-4 o 12 1 144 " !

smebeers

Then -1<x<1 VxeS
.S 1s bounded .
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4.

Greatest Element: If an upper bound of a set belongs to the set then
it is called greatest element of the set.

Examples: y

1]

(a) S= {— ne N} 1 is the Greatest elemerit of s .

(b) S=(0,2], 2 is the Greatest element of s .

Smallest Element: If lower bound of a set belongs to the set then it
is called smallest element of the set.

Examples: -

(a) = {— n eN} {0}, 0 is the least element fo;

-

(b) S=[2,3],2is the least element of s .

Supremum of a set: Let SCR; then smallcst of all the upper
bounds of a set § is called the Supremum of the. set s or the least
upper bound (/ub.) of the set §°. :

~ Examples:

L1111
a) S=<L1+—l+—+— l+—+——++—+..
supS=2&2¢S§ . .

®) S={4n+3;11éN}

n

supS=7&7€S.

Infimum of the set: Let ScR, Then greatest of all the lower
bounds of a set s is called the Infimum of the set § or the
greatest lower bound (g/b)of the set s .

Examples:

(@) S={4n+2:neN}

n

mfS=4¢8§

(b) §= 1,1+1 1+1+— LI
22

mfS=1eS§

Interval: Let s be a subset of R then we say § is an interval if
whenever a,be § suchthat a#b.Then V a<x<b=>xeS.

Note:

(a) s is not an interval if there exist a,b€ S,a# b and there exist ¢
such that a<t<b but r¢ s .

(b) Empty Set and singleton Sets are intervals.
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(c) If s is an interval and supS =@, inf S=c then s is denoted by 7 - - ﬁ_ )
(0B).[e.B].[o.B).(c.B] (depending whether they are member | -~ y o A
of § ot not.)

(d) Length of interval =sup S—inf S .

(e) An interval s is called an opeﬂ interval if éups and intS both
does not belong to s .

(f) An interval s is called closed interval if sups and intS both
belongto s .

9. Order Completeness Property of R (O.C.P.): Every non empty
bounded Subset of R has Supremum and Inﬁmum inR.

10. Neighbourhood of a Point: Let S C]R,aeiR We. say $ 1s a
Neighbourhood of a , if there exist an open, 1nterval I such that
ael and ICS. -

Examples: -
(a) R is a neighbourhood of every real n'umber \
(b) N is not a neighbourhood of any real number

11. Adherent point: Leta e R and SCR then ais called Adherent
point of S, If for every § > 0’(a -3, a+6)mS¢¢

Examples:
(@) s=N, Then Set of all adherent pomts of s is s 1tself
(b) S=(0,1], Then Set of all adherent points of § is [0,1]

12. Isolated Pomt Let a e § and ScR, then a is called Isolated pomt
of S, if there exist 6> 0, such that (a—8,a+8)NS = {a}

Examples:
(a) s=N,thenevery ae S is an Isolated point of s .
(b) s=R,then no point of R is Isolated point of s .

13. Limit Point: Leta e R and S < R, then a is called Limit point of S,
if for every 8> 0,(a-8,a+8) NS —{a} = ¢

Examples:

(a) S= {— ne N} then 0 is only limit point of § .

(b) S=[0,1) then set of all limit points of s is [0,1]
14. Interior Point: Let SCR and s e R we say a is an interior point
of S if there exist > 0 such that (a—8,a+8)c§
Set of all interior points of § is denoted by S°
Examples:
(a) S=N, then no real number is an Interior point of S .

(b) S=R or S=(0,1) then every member of § is an interior point
of 5.

L
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15. Exterior Point: Let aeR and SR, we say a is an exterior point Cie

of $if it is an interior point of $° in R (where S means [:i*
complement of S in K ). Set of all exterior point of S is denoted by
ExtS .

Examples:

(a) S=Q then no real number which is Exterior point of Q
(b) S$=[0,1] then set of all exterior Point of S is (—0,0)U(1,)

16. Condensation Point: Let acR and ScR, then a is called
Condensation point of S if for evétyd>0,(a—5,a+3) must contain
uncountable members of S . Hence if S is not countable , then there
exists a pointin S such that x 1s condensation poin‘f'bf S

o

Example:

(a) §=QF then every Real number is a Condér?s"a'tionl};’\bint of §
~ (b). $=Q then no Real number is a-andéhsatidntisbint of §.

17. Frontier Point: acR is said to be a fr‘(;rhi‘tier;f?oint of ScRifitis
neither an interior Point of § nor an ekteriqrdPoint of §. Set of all
frontier point of § is denoted by FrS™

Example:
(@ S=R
C s eRs(s) =g
ExtS=¢= (ExtS)° =R
Now, Fr($)=(5") n(exts)" =onR =¢
(b) §=N
$°=¢=(5°F =R

ExtS=R-N= (ExtS) =N
FrS=RAN=N

18. Boundary Point: Frontier Point of § which are member of s are
referred as boundary point. Set of all boundary point of s is
denoted by O

Example:
(@ S=R
Then 8S=FSnS=¢nS=¢
(b) S=N '
0S=FtSnS=NnN=N

G

19. Open Set: A set s is called open, if it is neighbourhood of each of
its point.

20. Closed Set: A set s is called closed, if it contains all its limit point.
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2.2

2.3.

21. Derived Set: Collection of all limit point of a given set 5 is called Zmrm e e
E Your Own Notes -

derived setof S and it is denoted by §':

22. Perfect Sét: If s =5 then 5 1s called perfect set.

23. Dense Set: A set 5 is said to be Dense in any set X iff S=X .

—.

T T
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o .,
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\\ \\\ e m :

~— )
e

o

Bolzano Weierstrass Theorem N :
Every infinite bounded subset of R has a limit pomt .
Note: I '

(a) This is only a sufficient condition for @ set to have a limit point i.e.
unbounded infinite sets may have limit point * -

Example: s=R _
(b) Condition of infiniteness cannot be 'dmbﬁéﬁf{
Example: S ={0.1} does not have any;lin{i:’t iﬁt’)intl |
(c) Condition of boundedness cannot be felaXed.

Example: s = z does not have any limit point.

Properties

1. A set may or may not posses upper and/or lower bounds.

Example:

(@) S=(—,0) then upper bound of s is 0 and lower bound of s does

not exist

) S =[O, ») then upper bound of s does not exist and Lower bound

of s is0
() S =[0,1] then upper bound of § is 1 and lower bound of 5 is 0

2. Bounds of a set may or may not belong to the set.

|93}

If a set has one upper bound / lower bound then it has an infinite number

of upper bounds/lower bounds.

4. 1If Sis a bounded non-empty subset of R. Then inf § <supS
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5.

10.

11.

12.

13.

14.

15.

If ST < R where S#¢ then

(a) If 7 is a bounded above then sup S SsupT. (existence of sup is
followed by O.C.P.)

(b) If T is bounded below then inf § > inf 7 "

For any two non-empty bounded subsets S,7 of R such that ST,

inf7 <inf S <supS<supT

For any two non-empty subsets S, T "of AR such that s<t VseS,teT

then § is bounded above and T is bounded below and "'sup~(._;$‘ ) <infT.

IfSand T be arbitrary'nogiempty bounded{ subs“e”tspf.\ R .'t.‘he‘n “

(@) sup(SUT)=max{supS,supT} -

(b) inf(SuT):min{infS,inf];} i

If §$ and 7 are two non-empty sub,§e.t“ of: R ‘then sup(SNT)=#

min{supS,supT } N

Example:

S=[0,Ju{4 and T=[02] then \‘supS=4 and supl=2 and

min{sup S,sup7} =2 |

ST =[0,1] and sup(ST)=1. Thus sup(S ~T) = min{sup S,sup T}

Let S be any non-empty subset of R having Supremum and let

T={)x:xeS} then T is bounded above supT =AsupS V120

Let § be a non-empty set of R which has Supremum and let
T={kx: xeS} then T is bounded below and inf T'=Asup$ V1 <0
sup{xeQ:x<a}=a foreach ac R .

Finite union and arbitrary intersection of bounded subsets of R is

bounded.

A subset of boﬁnded set is bounded.

If s and T are two bounded sets Then
(a) sup{x+y:xeS,yeTy=supS+sup T
(b) inf{x+y:xeS,yeT}=inf S+inf T

(c) sup{x —~y:xeS,yeT}=supS—infT

L
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(d) infix — y:xeS,yeT}=inf S—supT

(e) supix:x §S.veTl,=supSsupT (where s and T are bounded
subset of positive real numbers)

(f) inf{xy:xeS,veT}=infSinfT (whére s and T are bounded subset
of positive real numbers)

16. Let\ § be a non—empty subset of R having supremum and

X +a

T={xeR:x —aeS} , %Cz{xe]R: eS}VaeR then

sup7 =a+supSand supC=2supS-a

o

Example:

Let $={1,2,3,4,5} thensups =5 and
T={reR:x-5e5}=1{6789,10)
Clearly supT=10=5+supS

Define

C={x €R :'%—Sv‘e'.s}={5,3,1,—1,—3} o

Cleéﬂy supC =5 =é supS-35
17. Every bounded subset of R is contained in an interval of finite length.
18. Countably infinite set is not a neighbourhood of any of its points.
19. Non-empty ﬁnité set is not a neighbourhood of any of its points.

20. Empty set ¢ is neighbourhood of each of its points.

21. Every neighbourhood of a point is uncountable.

22. Uncountability is necessary condition for a set to be neighbourhood of a
point but not sufficient.

Example: S=Q° then s is an uncountable set but not neighbourhood
of any of its points.
23. Superset of a neighbourhood is also neighbourhood of same point.

24. Subset of a neighbourhood may or may not be a neighbourhood of same
point.

Example: S=[-11] is neighbourhood of 0 but it’s subset

T:{—l—:neNl is not.
n J
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25.

26.

27.

28.

29.

30.

Arbitrary union of family of neighbourhood is also neighbourhood.
If s and T are two peighbourhoods of point peR, then S~ 7 isalsoa

neighbourhood of

Finite intersection of neighbourhoods of a point is also neighbourhood
of that point.

Arbitrary intersection of neighbourhoods need not be a neighbourhood
of a Point.

Example: S, =(—ll) “

nn

Then each S, is a neighbourhood of 0.

But () _,S, ={0} is not a neighbourhood of 0.

There exist a countable infinite set SCR, su,cﬁ that‘,s‘u’p'S € S¢ and inf
Sese N

Example: S = (\/—2_\/_3—)(\@ then sup S =+/3 € §° éi1d inf =2 5.
There exist a uncountable set S C R, such-that sup§ e $¢ and inf S §¢

Example: S=(0,1)then supS=1es8° and inf;S=0€SC

.

31. There exist countably infinite set SCR, such that sup Se S and inf
Ses
Example: S = {l ne N} then supS=1€S and inf S=0e 5S¢
n
32. There exist uncountable set S <R, such that supSeS and inf S eS¢
Example: S=(0,1] then supS=1€S and infS=0eS°
33. Intersection of the family of all neighbourhoods of a point x is singleton
set {x}
34. A finite set has no limit point
35. Limit point of a set may or may not belong to the set
Example: S=(0,1] then o is a limit point of §. But 0¢ § also 1 is a
limit pointof § and 1¢ S .
36. Infiniteness is the necessary condition for a set to have a limit point but
not sufficient.
1.e. Infinite set may not have a limit point
Example: s =N (Set of all Natural number),does not have a limit point.
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37. Uncountable set must have limit point.

38. Set of [solated epoints of a set 1s always countable.

39. Every limit point of a set is an adherent point of that set but converse

may not be true.
Example: s =N (Set of all Natural number)

Then every member of s is an Adherent Point of 5 . But no member of

s is a limit point of §

h S
40. Limit point of a set § cannot be interior point of $¢
Reason: Let peR be a limit point of the set S‘QREirid‘ pis éls‘o-a_n :

interior point of S¢

Then 3 £>0 such that (p-c¢, p+£) c §¢ tﬁen { p—e, p+ g)nS =¢ thus p
is not a limit point of S which contradicts tlllqe*h‘ypothésis.
41. Every interior point of a set is limit poi:h(,’o‘f fhat set. Conserve may not

be true.

Example: $=(0,1) then 0 is a limit ﬁ(‘)i{_l_t%‘of the sets but not an interior

point.

42. Every interior point of set is adherent point of a set. Converse may not
be true
Example: S=(0,1] then 0 is an adherent point of S but not an interior

| point of S.

43. Interior point of S¢ cannot be limit point of S.

44. Supremum of a set S (if exist) is either greatest member if S or a limit
point of §

45. Infimum of a set S (if exist) is either least member of § or a limit point
of §

46. For every set S S ° is an open set.

47. S° is the largest open set contained in S
48. § and T are two set. Then

(i) ScT=S8cr

< ‘ (i) (SNT)y=S8°NT°
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(i) (SUTY > SeuT?

49. For any subset s of, B, S°cS.

50. S'is open iff S=S°, for any subset S of R.

51. Forany set §; (§°)°=5°.

52. §°is equal to the union of all open subsets of S

53. A setis closed iff its complement is an open set.

54. The intersection of arbitrary family ofclosed sets is closed
55. Finite union of closed set is closed.

56. Arbitrary union of closed.sets may not be closed.
Example: S, = P,l —-l] vn>2 then each S, is closed set but |
n n

* S, =(0,1) is an open set. -

n=1°n
57. Every finite set is a closed set.
58. Derived set is always closed set T i R
59. Derived set of a bounded set is bounded»;et. .
60. If derived set (say) S is finite then S E“coupfable set.
61. Let s and T are two subset of re;z’lﬁnw_nbers. Then
(i) ScTr=S8'cT' ~
(i) (SuT)=8"uT’
(1) (SN T)' cS'NT' (where -S',T" denote the derived set of s and T
respectively )
62. Non-empty countable set cannot be open
63. Ifaset s isopenthen Sc S’ converse need not be true
Examplé: §=(0,1] then §c S'=[0,1] but s is not an open set.
64. If s is an open set and T is closed set. Then S—T is open and TS is
closed set.

65. Arbitrary intersection of open sets may not be open.

\ o«
Example: S, =(—l,—1—J then each S, is an open set. But (), ={0}
nn
n=1

which is not an open set.

66. Every non-empty open set is union of open intervals.

67. Closure of a set s is denote by § and S=SUS"’ i.e. closure is union of
s and set of limit points of §

Some Examples:
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Set Supremum Infimum Set of a.dher ent
! points
N ¢ | does not exist 1 N
. does not
Z does not exist - exist VA
. does not
Q does not exist st R
Q¢ does not exist d(zexsisrlot R
. does not
R does not exist, exist R
—;neN 1 0 S y
n ““ {7-;n’-§ N}U{O}
ne
[a,b);a¢b b a ’ [a,b]
1 ‘ 1
{x+—;neN} x+1 X {x+——;neN}
n “ n
{cosn;neN} 1 -1~ [-11]
Set of . ' )
Set | limi¢ | Frontier | Boundary Nbd. of
X points . points
points X
None of its
N ¢ N N Points
None of its
Z ¢ Z Z Points
None of its
Q R R Q Points
None of its
c C
Q R R Q Points
Each of its
R R 0 0 Points
1 ] 1 1 None of its
—neN 0 —neN —:neN .
e @] o) | e | Yo
a,b);
2 ) fan) | fay fo (@)
a#b
{x+l'ne {x} 1 (x+i'neN} None of its
n {x+—;neN} i n ] Points
n
. . None of its
{cosmne| [-1]] ! fcosnen) {cosn; neN} Poins

**Students are advised to extend this table by themselves**
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CHAPTER 3 '

SEQUENCES OF REAL NUMBERS

3.1. Definition

A map from N to R defines a sequence of'real numbers when the images
are arranged in the natural order of natural number i.e., starting with images
of n is followed by that of (n+c) ie,, f:N—>R is a sequence of real

numbers and <f(m)y>=<fQ),f(2),..> we write
<f(n)y>=<a,><b,> <u S, <v, > etc. .- "VneN,
<a, >=<a,ay,a3,...>. \ /

When f:N—C , then this function defines a sequence of complex

numbers.

Note: A map f:S,,)—R (). Define a finite seqUence of length n called
as string ( S,y denote the set of first » natural numbérs%Generally sequence

is always infinite (i.e., non-terminating) but if defined on finite set then it is
given by (1).

3.1.1. Range set of a Sequence

The range set of a sequence is the set consisting of all distinct elements of a
sequence and without regard to the position term. Thus the range may be
finite or infinite set i.e.the range set of sequence <u, > is given by

{u, :n e N} or simply by R(u).
Some Important Example of Sequence

l. <a,>=<n>

2. <a,>=<-n>
n
3. <a,>=(-1)"n

4. <a,>= (—l)"

1
5. <a,>=-—

n
(=1)"
6. a,=1-—1
n

2 n=1or prime
7. a,=

n else
g 2 n=1 or prime

L4y = . .
p p/n &pis the least prime
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9. a,,=a,+a,,, ay =1, ay=1

| 4 .
10. a,.y =E(a" #a,,) wherea; & a, given -

11. a,,, =+/2+a, where q; =0

12. <a,>=2012 VneN

13. <a, >=(-1)" +sin(’—?]

‘ | S -
-l—-— niseven
14. <a, >= | "
I+—  wisodd
n
15. <a, >=cosn
(1
16. <a, >=sin| —
n
17. <a, > = Last digit of 3" TR N - i

18. <a,>={-2,-3,-1,0,1,2,1,0,1,0,...}

1
19. an:1+—;-+§+...+’—1—logn

20. a,1:1+%+%+...+l
n

3.1.2. Bounded Sequence

A sequence <u, >is defined as bounded if its range set is bounded. Hence
<u, > 1s bounded if there exist real numbers k'and k such that
k'<u,<kVneN.

OR

If there exist K >0 such that lun| <KVneN.

Note:

(a) Supremum and infimum of the range set is the supremum and infimum
of the sequence.

(b) If the range of the sequence < a, > 1is finite then there exist o € R such
that a, = a for infinitely many values of n.however converse need not
be true.

4 n=1 or prime
Example: a, =
n else
Then a, =4 for infinitelymany values of » but range of the sequence

<a, > is not finite
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3.1.3.

3.14.

3.2.

Monotonic Sequence
Let <a, > be a sequenge of real numbers <a, > is monotonic if either
a, <a,., VneN (Then the sequence is called monotonically increasing or

non-decreasing).

a, 2 a,,; VneN (Then the sequence is called monotonically decreasing or

non-increasing).

If a,<a,, VneN, then <a, > is called stricly increasing or increasing
sequence. :
q -

If a,>a,, VneN, then <a, >is called stricly decreasing or decreasing

sequence.

-

Examples:

(a) <a, >=<n>Iis increasing sequence.
(b) <a, >=<-n>is decreasing s€quence. -
(¢) a,,;=+2+a, VneNismonotonically increasing sequence.

Eventual Nature of a Sequence

1. A sequence<a, >1is said to be eventually monotonically increasing if

3 meNsuchthata,,; 2a, Vn2m-

n+l

Example: <0,2,-5,3,7,8,9,10,11,12,...>

2. A sequence<a, >1is said to be eventually monotonically decreasing if

3 meNsuch thata,,; <a, Vn2m.

3. A sequence (an)is eventually constant sequence if 3 me N such that

n+l

Example: <0,2,0, 2,1,

N

1
)33

o | —

a,=c Vn>mwhere ceR.
Example: <0,2,0,2,0,3,8,5,7,7,7,7,7,...>
Limit Point of a Sequence

A real number p is said to be a limit point or a cluster point of a sequence
if every neighbourhood of p contains an infinite number of elements of the

given sequence.

In other words, a real number p is a limit point of a sequence. (a,,) if for

any ¢>0, a, €(p—¢,p+¢) for infinitely many values of #.

Remark: A real number p is not a limit point of a sequence (a,), if there
exists at least one neighbourhood of p which contains only finite number

of elements of <an) .

A!]D_S_” : 7 Sequences of Real Numbers
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3.2.1.

3.3.

Note:
(a) Limit point of a sequence need not be a limit'point of the range set.
¥
Example: <a, > =(-1)"
Then {1,-1} is a set of limit points of <a, >but neither 1 nor-1 limit
point of its range set.

(b) Limit point of the sequence can be obtained in three ways and they are
as follows :

(a) Representation on real line. -
(b) If the range set has a limit peint, then sequence has limit point.
(c) If the range set is finite.
= a,, = a for infinitely many values of nwhere a eR.
=> ot is a limit point of the sequece. |
Existence of A Limit Point
Bolzano Weierstrass Theorem: EVery“b'ouhded seq}ience has a limit point.

Reason: Since the sequence (<a, >say)is bounded thus Range set of

<a, > is bounded.

o —

Case I: If range set is infinite then by Bolg;inq Weierstrass Theorem for set,
range set must have limit point thus sequence < &, >has a limit pomt.

Case II: If range set is finite then 3 aeﬂi’éi;ch that a,, = a for infinitely
many values of n.Evidently,a isa linﬁft- pOi;lt of the sequence <a, >.
Hence, every bounded sequence has a limit point.

Application:

1. <a,>=(-1)" has limit points 1,-1

2. <p,>=x< 1 > has limit point 0
n

n
3. <¢,>= (1 +l) has limit point e
n

Subsequence

Subsequence of a sequence is defined with the help of sequence of natural
number. Consider a map f:N — N defined by f(k)=n; and let <n; >be a

strictly increasing sequence of natural numbers. Then for any sequence
<a, >, the sequence< a,; >1s defined as a subsequence of <a, >.

Example: let <a,> be any sequence of real number. Then

<ayp > <dgpo >, < g > <azg > all are subsequences of <a, > where
<ay > = <b" > = bl’b2’b33"' =4y,0a4,44,08,...
Similarly <a_; >=<c, > = ¢,6),¢3,¢4,... = 43,04,88,8¢,--

Thus <b, >1is a sub sequence of <a, >and <c, >1is a subsequence of

<b,>.

L
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3.3.1.

34.

Complementary Subsequences

Let <a, > and <a, > are subsequence of  <a,> then define

Sy={m | eN} and S) ={m|np €N}, then <a, >and <a, > are

complementary subsequences if

1. S5US; =N

2. §NS=¢ "
(S} U S, may not be complete N but éx:ept finite subset of N &S, 1 S,

may be a finite subset of N) . *

Example: If <a,> is a sequence of real numbers. Then <a2" > and

<a,  >are complementary $ubsequence of<a,, >.

Remark: Unbounded sequence may have limit point.
Limit of a Sequence

Let <a, > be a sequence of real number and /be a real number, (/ € R)then
we say /is the limit of the sequence <a,, > if for any. >0 3m e Nsuch that

la,—ll<e Vnzm.

Symbolically, we write it as lim a, =/or a, —1 asn—>%.
Con—e

Algorithm: To claim / is l'ir'nit'.t_).f a sequence(an)

1. Simplify |a, -] 0 get |a,,.;.l < ¢(r) , where (n) is function of n.

2. Solve the inequality ¢(n) <eto get n>y(e).

3. If y(e)is defined V e>0 then set m =[y(€)]+1 (where [y(e)] denote

the ceiling function)

=|a,_; ke Yn>m.

Result Based on the Definition:

Let lim a, =aand lim b, =b (a,b € R), then

H—x® n—>C

1. lim(a,+b,)=lima,+ limb, =a+b
n—>oc n—w n—cc

2. lim(a,-b,)=lima,-limb,=a-b
n—>0 n—x h—»c0

3. lim(a,.b,)= lim(a,) lim (b,)=ab

n—-m n—om n—w0
( lim a ) 4
~22% £ —— provided b, 20 VneNand b#0.

4 lim (ﬁ]:
nel by (lim bn)
n—>xC

5. lma,=a< lim(ka,)=k lim(a )=ka VkeR-{0}

>0 n—>90 -0
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Remarks:

(a) In view the results 1-5 we can say that_"’ the operation of limit is ,
compatible wigh addition subtraction muluplication divison and scaler
multiplication.

(b) Converse of the above results 14 is not true.
Examples:

(a) Take <a, >=<n>and <b, >=<-n>,then <aq, >,<b, >are not
convergent

(i) <a, +b,>=<0>,which is convergent.

“:

<a,> —
% =<-1>, which is convergent.

(i)

n
(b) Take <a, > =(£1)",< b,; >=(=1)""! | then <a, >',< b, > “bdth are
not convergent '
(1) <a,b,>=< (—1)2"+l >=<-1> Whicﬁ is convergent.
(i) <a, -=b,>=<0> Whichis convérgeht. -

(c) Every convergent sequence is bounded; however converse need not
be true. o L

Reason: Let lim a, =a (aeR)
n—aoc

Then for givene>0, 3 k € Nsuch that

la, —al<e Yn2k = a—e<a,<ate Vnk
Take M :max{al,az,...,ak_l,a+ e} andm:nﬁn{al,az,...,ak_l,a— e}
Then m <a, <M VneN. This implies< a,, > is bounded.

Note: Converse need not be true.

Example: Take <a,>=(-1)", then <a,> is bounded but not
convergent.

(c) Limit of a convergent sequence is unique.

Reason: Let < a, > be a sequence of real number such that lim a, =a
n—w

Let if possible, < a,, > also converges to a' (a'€ R)
Then for given >0, 3 m,m; € Nsuch that

la, —alke’2  Vnz2my

la, —a'lce 2 Vn>m,

Take M = Max{my,m,}
Now,|a—a'|=|-a,+a+a,—a’|

= ‘a—a'|${an—a[+|an—a'| Vn2m

<eR+el2=€e Vn>m

= |a-a|<e
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Since € was arbitrary small. So € >0, a=a’ 7~ o

K ’ Put Your Own Notes
Hence. limit of sequgnce (a,,) 1S unique. N ——————————
Note:

(i) lis a limit < every Neighbourhood of [ leaves out only finite
members of the sequence.

(ii) Limit of a sequence is limit point but converse need not be true.

(d) If lim u, == lim |u, |=|/|Converse geed not be true.
n—>e n—oc :

Example: Take (u,)=(~1)" then <|u:|> =(1), is convergent but <u, >
is not convergent.

() lim |u, —1|=0& limur=l. S
n—0 n-—»0 .

() If |u,|<|v,| Yn>mand lim |v,|=0thus lim |u,|=0 (where|u, |
: n—wx n—x

denotes the absolute value of u,, ).

(g) If lim a, =aanda, >b Yn>m meN.Then a>b (a,beR).

n—
n—x
(h) A bounded sequence < a, > is convergent ¢>,it_\hés’ unique limit point.
Note:

(1) The above statement of the result provides a second definition for a
' sequence to be convergent i.e., a“sequence is convergent if it is
bounded and has a unique limit peint.

(i1) Condition of the above result cannot be relaxed i.e., if a bounded
sequence have more than one limit point then it cannot be
convergent.

Example: A sequence <a, >=(-1)", is bounded having two limit
points 1 and —1 thus it is not convergent sequence.
Application: B f i
1. If asequence <an> have more than one limit point then <an> cannot
be convergent.
Example:

(@) <a,>=(-1)"is not convergent as 1 and —1 are two limit

points of (an> .

1.
(b) <b,>=<(-1)"+—>1is not convergent as 1 and -1 are two
n

limit points of (b, ).
2. Anunbounded sequence cannot converge to a real number.
Example:

(a) <a,>=<n> isnotconvergent.

(b) <b, >=<(-1)" +n>is not convergent.
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3. Ifasequence has limit point, then it may not be convergent.

Example: !

point of <a, >but <a, > is not convergent as it is unbounded.
(i) A monotonic sequence < a,, > is convergent <> it is bounded.
Remark:

(1) Convergent sequence may not be monotonic.

Example:

(_1)" "

n

4t

a = 1-
(i1) A bounded and monotonically increasing sequence converges to its
supremum. o ) '

(iii) A bounded and monotonically decreasing sequenée canverges to its’
infimum.

(1v) An eventually monotonic sequence is converges =51t is bounded
(v) If <a,><b,> be two sequences of real numbers such that

a, <ay, <by, <b,Vn>m and lim(a,-b,)=0 . Then
: n—oc

lim g, = lim b,.
n—x n—»x

(vi) Monotonic sequence can have at most one limit point.

Applications: ' L

(a) The sequence <a, >= <—>converges to 0 as it is monotonically
n :

decreasing sequence and 0 is its infimum.

(b) The sequence <a,>=<n> 1Is not convergent as it Iis
monotonically increasing sequence which is not bounded above.

(c) If a1=\/§ and a,,+1=,/3+\/a VneN | then <a,>
converges.

(d) The sequence <Sn) defined by the recursion formula
A\ =m Y =7 converges to the positive root of
xt—x=7=0
Solution: We have S| = J7and S, = m .

Then S, > §;. Let us suppose that S, ;> S, .

Then 7+ Sy, > 7+ S, = 7+ S > 7+ S5 = Spa > Sy -

Thus, by the principle of mathematical induction, S, ,; >S5, VneN
,and so (Sn) 1s monotonically increasing.

Again §) = J7<7. Letus suppose that

Sp <7 =T+585, <T+7<7 28, <7.

Thus, by the principle of mathematical induction, S, <7Vn, and so
(S,) is bounded above.

— " ) ™
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i

(e)

]

(2)

Since (S n) is monotonically increasing and bOL!mdcd above, s0 (5’,,)
1s convergent.

¥ .
Let lim S, =/, sothat lim S, =/ (1)

n—aoc n—>x

Clearly />0.

f 2
Now Sn+1 = 7+Sn = Sn+1 =1 * Sn
Taking the limit as n—>c and using (1), we get

=7+ =1*-1-7=0.

o't

Hence [ is a positive root of XX-x-7=0.
I 2
Let <an) be a sequence defined asq; >0, a,, =5 @t — | n 1.

Then <an> is a bounded-monotonic sequence.

. 1 2 . B
Solution: From a, =3 a, +a— we obtaina; —2a,a,,,+2=0,

n
which is quadratic in a, . Since this equation has real roots,

thereforea,%ﬂ =220 =a,42 J2VneN.
Thus the sequence (a, ) is bounded below by /2 .
Now \
* o)
2 1 24 1{a,-2
a, =, =4, __1' apt—|=7a, —— | =< n 20Vn
2 a,) 2

<a,Vn -

Loay 2 Ayy] O Gy

= <an) is a monotonically decreasing sequence.

Since <an> 1s a monotonically decreasing and bounded below

sequence, therefore, (an) is convergent.

. . L 1 2
Let lim g, =/, so that lim a,,, =/. Using ina, ; =—| a, +— |,
n—x n—x 2 a,

we get

Im a,_, :—;— lim a, + lim —2—J

H—»0 H—>0 n—x a,

i 2 2 /
= 1=; l+7 =1P2=2=1=42 (- 1>0)
Hence lim anzx/E.

n—0

N7
3+s;,

Let (s,l) be a sequence defined by s =1.5,,= 5

VneN, then <S,1> is a bounded and monotonically increasing
sequence and converges to /3.

Let x,y, , are two positive unequal numbers and

1
X, = E(xn_l +y,_1)and y, =./x,_1y,; V n=2Then the sequence

(x”> and ( yn> are monotonic and they coverge to the same limit.

-

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 n

E-mail: info@dipsacademy.com: Website: www.dipsacademy.com




Lad

1S acae
REGENERATING LOGICS
An 150 9001 : 2008 Certified Institute

quences of Real Nﬁ“mbie s,

L

Solution: Since x| and y, are unequal positive numbers, let x; >y} o —
/ _Put Your Own N
1 « P . -
= 5(.1‘1 @) ) > */xl)‘l (~AM.>GM,)
= X, >¥,.Similarly, x3 > y; and:so on.
Thus x, >y, Vn S (2)
1 1 ] ,
Also Xn+l :E(XIZ +¥n ) < E(XH +X, ) =Xy by (“)
X <X, Vn
n+l n « (3)
Thus <xn> is 2 monotonically decreasing sequence:
Again 1 =\ > Vs =, bY (D).
o Va1 Yy Vo ) (4)
Thus ( Yy ) is a monotonically increasing sequence. -]
- 1 1 v ]
Now Xn = ;(xn—l +.yn—1) > E(yn—l + yn—l) =1 = X 2 Vot s by
2)
= y, <X, <X, 1 <..<Xx,using (3)
= y,'<x Vnandso (y,)isbounded above.
Since '<xn) is monotonically decreasing and bounded below,
therefore, (x”) is convergent.
Let lim x, =/ (5)
n—x
Since < yn> is monotonically increasing and bounded above,
therefore ( yn) is convergent.
Let lim y, =I" (6)
=%
Now we shall show that / =/".
‘ 1 -~ -~ -
We have Xn = 3(111—1 + V-1 ) = 2*11 =Xy TV
= 2 lim x, = lim x,_; + lim y,
n—x0 n—>C n—r0
= 2=I1+I'=1=1",by(5) and (6).
Hence the sequences (xn) and < y,,) are monotonic and converge to
the same limit.
() Every sequence (an ) has a monotonic subsequence <a,,k > .
(k) Let (an) be a sequence converging to /. Then every sub sequence of
< a, > also converges to /.
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Reason: Let < g, > be a sequence of real number which converge to /.
I3

Let < a, >be a subsequence of <a, > N ———————
Since <a, >
So for given €>0, 3me N such that
|a, -1|<e Vnzm
= |ank —-lle  Vn,zm
=><a, >>1.
ny “
Applications:
(a) Let <a,>><—> ¥e a sequence then Ilima,=0.. No
n ERE . -
| | .
(b,,) ={— ,(cn>= — are  subsequences -.of <a,,> SO
2n 3n _
lim b, =0, lim ¢, =0 . (By above result)
n—x n—x ‘
e - .
(b) Let (a,)={sin|=|) be a sequence then lim a,=0. Now
n : n—x%
(b”> ={(sin : ) isa subseqﬁéﬁce '
2n+1
(a,) So by above result, lim b, =0.
n— .
(I) A real number /is a limit point of a sequence <a,,><:> there exist a
subsequence <a,,k> of <an> converges to /.
Remark: )
(a) Every bounded sequence has a convergent subsequence.
(b) If each of the two subsequence (azn_l> and <a2n> of a sequence
<an> converges to /. Then (a,,) also converges to /. (- (az,,_1>
and <a2n> are complementary subsequences of <an))
(c) If <a2,1_1> and (az,,) converges to different limit then (a”> cannot
converge.
Example: =
(a) Let <an>:<(—l)">,
Since (a,,)has two limit point —1 and 1.
. There must exist two different subsequences of (a,,)
Say <b,1> and (cn> such that lim 4, =1and lim ¢, =-1.
n—®0 1n—>0
Hence (a,,} 1s not convergent.
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(b) Let (a,) :<(_1 ) L_1>

n

N ——————
. 2 Ly
Since (b, ) :<(—1) ! +E> is a subsequence of (a, )and(b,) —> 1.
.. 1 is a limit point of (an>
L. 2n+l .
Similarly, (c,)=((-1 + 1s a subsequence of (g,
and (c,,) — -1 .
= -1 is a limit point of (an)
Hence (an) is ot convérgent
(c) Let (a"> be a sequence of positive real numbers such then
. 173
a, =.ja,_; a,_y for n>2 than(a,,)‘—) (alaf) .
2an—lan—,'l
(d) Let a;>0,ay>0 and define a, =—"="== n>2 _ then (a,)
a2yt ap)
3(11(12 ‘ h
converges to ————.
201 + a:
(e) The sequence (a”> , . where (an> is  defined as
1 1.
a, :1——+—+...+(—1)"+1— is convergent.
23 n
1 | n+l |
Reason: We have a, =1-—+=+..+(-1) .-
23 n
1 1 w1
Ay, =l——+—+..+(-1 —
2n 2 3 (=) 2n
-1
=1 l+—l-+...+( )
3 2n
o1 1 1
=l——t—+..+ -— (2)
23 2n—-1 2n
Let (b,)=(a3,)
Consider
11 1 1)
b,=b,=|1-——+=+..+ ——J—
2 3 2n—-1 2n
L1 1 1 \|
| 1==+—+..+ -
203 m-3 2n-2)
1 1
2n-1 2n
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= bn > bn—l

= <b,,> is monotgpically increasing sequence. ) N——————
= <a2n> is monotonically increasing sequence.
Now we show that (a2 ,l> is bouded above.

1 1 | 1 :
Ay, =l——+-+..+
2 3 2n—1 2n

rees

(11l L1 .»
=l-=-—=+—+..- +— .
2 3 4 2n-1 2n
oY laaa)
=l=(| === |+ === [+ .+ - +— |
2 3 4 59 2n—=2 2n-1,) 2n})-
=1-1, A>0wherel = 1—1)+..‘+- LA N R
2 3 2n=2_ 2n-1) 2n

= aanI

= (az,,) is convergent V n e N.
Similarly we can show that <a7,, +1) 18 convergent

Let lim a,, =/ and lim a,,,, l
n—0 n— .

. +1 1
Now considera,,; —a, =(-1)"" .=
n

Taking n »>oowehavel| -, =0 =1/ =1,.
Since <a2n +1>, <a2n> forms complementary sequences of (aJ,> and
converges to same limit

B (an > is convergent.

(f) Let yn:1+l+i+...+l—logn
23 n

Then lim y, =y

n—»
3.5. Advanced Analysis of A Sequence
3.5.1. Limit Superior

Let (an> be a sequence of real numbers which is bounded above.
Define by =sup{ay,aj,...a,.;,...}

b, =sup{ay,a3,ay,...}

bn = Sup{an)an+laan+2"“}

Then (bn> is defined which is monotonically decreasing.
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Then limit superior of (u,,) is denoted by lim a, or lim supa, and is

Ia

- - I B
nox Put Your Own Notes
deﬁnedasinf{bl,gz.b3.b4,...:. N ————
If <an) is not bounded above. Then limit superior of <an> is defined as
lim a, = lim supa,, =+oc.
n—w
Example:
(a) Let (an> = <n> Since it is not bounded above . lim a, =+w.
(b) Let (an) = (—n>
Clearly, (an) is bounded abovg
We have, by =sup{-1,-2,-3,.}=-1
sby=sup{-2,-3,-4, .} =2
b, =sup{-n,~(n+1),..} ==n
Nowinf {b;,b,,..} = —x
-, lima, =~
() Let (a,)=(-1)".n
Since (a,,) is not bounded above.
- Tim(a,)=+o.
() Let {a,)=(-1)" |
Clearly (an> 1s bounded sequence. (w-1<a,<1 VneN)
We have, by =sup{-1,1,-1,..} =1
by =sup{l,-1,..} =1
b, =sup {(—1)" ,(—l)n+1 ,} =1
Now inf {b,b,,..} =1
~ lim a,=1.
1
() Let (a,) =<—>
n
Clear {a,) is bounded sequence. (w0<a,<1 VneN)
We have, b =1
1
by =—
)
-
n
Nowinf {by,b,,...,b,,..} =0
~. lim a, =0.
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3.5.2. Limit Inferior

‘¢

Let <a,,> be a sequence of real numbers which is bounded below.
Definec| = inf{al,az,..‘,an,a,H_l,...}

Cy = inf{az,a3,‘..}

cy = inf{an,a,,+1,...}

Thene¢; <cy <c3<..ie, (c,,) is monotonicgily increasing sequence.

Now, limit inferior of (a,,) denoted by @ a, or lim inf (a,,) is defined to
h—0

be sup{c,cy,c3,...} and if (a,l_) is not bounded below. Then we define

lima, =—0

Examples:

(i) Let <an) = (n) , then (a") is bounded below by 1. \
¢ =inf{1,2,3,.} =1 |

¢y =inf{2,3,4,.} =2

¢, =inf{nn+l,.}=n
andsup{c;,cy,c3,...} = +0
o lima, =9,
(i) Let (a,)=(-n)
Since (a, ) is not bounded below _

- lima, = -0,

(iii) Let (a, )= {

Clearly (a,) is bounded below by 4.

4 n=1orprime

n else

¢ =inf{4,4,4,4,4,6,4,.} =4

¢y =inf{4,4,4,4,6,4,8,. .} =4

c, =inf{a,.a,,,...

j=4
= sup{cl,cz,...}=4

o lima, =4.
,when n is even

,whennis odd

~

[
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3.54.

3.5.5.

Then E}a,, =land lima, = -1

1

Note that [-1.l} ~ R(L') = ¢ (where R(L) denote the range set of the

sequence (a,,) )
Note:

1. If a and B are limit inferior and limit superior of a sequence (a,,)
respectively. Then [a,B] may not have any member of the
sequence. (above example)

2. If the sequence is bounded. Then

a. The Supremum of the set of limit points of the sequence is limit
superior.

b. The infimum of the set of limit points of the ée’qﬁence is limit

inferior. :

Application: If(a,)=(~1)". Then limit superior and limit inferior of (a,,)
are land —1respectively. Since set of limit points of {a,) is S={1,-1} and
supS=1,infS§=-1.

Convergent Sequence

A sequence <a”> is said to be convergent iff limit superior is equal to the
limit inferior and they exist finitely i.e. Eﬁan =lima, =/(/ e ]R) , then /1is
called the limit of the sequence(a, ). '
Examéle: Let (a”>:<20]2> Vv nelN, then (an> is convergent sequence
-+ lima, = lima, = 2012,

Divergent Sequence

A sequence <an> is said to be divergentlf lima, :Ha,, = oo (infinite) Or
lima,, = lima,, = —oo (infinite).

Examples:

1. Let (a,,)z(n)
2. Let (a">: <—n>

Note:
1. Divergent sequence is unbounded from one side.
2. Unbounded sequence may not be divergent sequence.

Example: Let (a,)=(-1)".n , then (a,) is unbounded below and

unbounded above both but it is not convergent sequence aslima, =—oo and

lima,, =+o0.
Oscillatory Sequence

A sequence (a,,) is said to be oscillatory sequence if lima, # lima, .

L
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3.5.6.

3.5.7.

3.6.

Finitely Oscillatory Sequence .
A sequence (a,)is said#to oscillate finitely if both lima, and lima, exist
finitely and lima, #lima,, .

Examples:
L (a,)=(-1)"

1 .
—l—— niseven

2. <a,l> = " -

1+l n isodd
n

Infinitely Oscillatory Sequente

A sequence (an> is said to be oscillate infinitely, if vb‘o't‘h ﬁn_’an‘ and Er;dn'
exist infinitely and lima,, # Hr;an . |

Examples: (a,)=(-1)".n

Properties on Limit Superior and Limit Inferior

PR

1. Let (an) be a bounded sequence and /e R . Then lim supa, =1 iff for

n—
each €>0

(1) a, >!-¢for infinitely many vafues of ‘nA.

(i1) a, <I+¢for all except finitely many values of 7.

[\

Let (a,,) be a bounded sequence and /e R . Then lim infa, =/ iff for

n—-

each e>0

(1) a, <I+¢for infinitely many values of n.
(1) a, >1-¢for all except finitely many values of n.

3. Let <an) be a bounded sequence and lim supa, =M . Then

H—>0

(1) There is a subsequence of (a,,) that converges to M .

(i1) The limit superior of no subsequence of (an> can exceed M .
(111) If a subsequence <ank> of <an> convergesto number/then /<M .

4. Let <a,,) be a bounded sequence and lim inf a, = m . Then
n—

(i) There is a subsequence of (an> that converges to m

(i1) The limit inferior of no subsequence of <a"> can be less than ™ .

(i) If a subsequence <a,,k> of (an) converges to a number / then

I>m.
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5. Let (a,) and (b,)are two bounded sequences. Then ! o —

(It a,<bh, T neN= limsupa, < lim supb, and  Ne——
! n— n—x i

lim infa, < lim inf b,

H—>X n—>%

(i) lim sup(a, +b,)< lim supa, + lim supb,
n—x n—x n—o0

. Equality hold when <a,,) 1s convergent.

(iii) Yim inf(a, +b,)> lim infa, + lim inf,
n—»0 X—>0 “ H—>C

Equality hold when (a,,) is convergent.

(iv) lim sup(a,.b,}< lim supa,.
n—x0

lim supb,
n—>0 1—>»00

n—

Equality hold when both (an), <bn)are sequences of positive real

numbers and (an> is convergent.

(v) lim inf(a,b,)> lim infa,. lim infb, -
n—->x n—x n—0

Equality hold when both <an>, (bn)\,glré sequences of positive real

numbers and <a”> is convergent.

3.7.  The Sequence of Natural Numbers -
A sequence (a,,)is said to be sequence of natural number if its range set
contains only natural numbers.
Results Based on Sequence of Natural Numbers

1. Every sequence of natural number has to be bounded below and has
infimum in the range set.

Reason: Obviously it is bounded below by 1.

2. If sequence of natural number has limit point p . Then this p has to be

natural number & a, = p for infinite many value of ni.e., there exist
subsequence <ank > which is a constant sequence such that a4, =pie.,

a sequence <an) of N has a limit point <> it has a constant

subsequence.

Reason: Since p is a limit point. So for e=—, (p-<, p+ e) contains

1
2
infinite member of N= a, = p for infinite many values of n=13 a

constant subsequence< ay, > = ( p) which convergesto p .

Conversely: If the sequence (an> of N has constant subsequence say
<a"k>:<p )

Then p is a limit point of <an>‘
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3. Sequence of natural number is convergent iff it is eventually constant. e SR
" Reason: Let (a,)rbe a sequence of natural numbers such that N ——————
lim a, =1.
n—>oc

So, for e=% 3 m e N Such that

|an —1|<—;— Y n2m

=a, =1 VYnzm.

= (an> is eventually sequence.

Conversely: Suppose that (an) is eventually con’étanf sequence. Then

there exist m e N such thata, =p Vnzm (pe N) -
s.forany >0
|a,,:p|<e ¥V nzm
= (an ) is convergent and convergesto p .
4. If a sequence of natural numbers.’i's".no’ti -'di’yérée_nt then it has constant
subsequence. B

Reason: Since sequence is not divergent then either it is convergent or
Oscillates. If sequence oscillates then it is either Oscillates finitely or
Oscillates infinitely .In both the cases, the sequence has limit point and

hence it has a constant subsequence.
If sequence is convergent then there exist a constant subsequence.
3.8.  Cauchy Sequence

A sequence (an) is said to be a Cauchy sequence if for any ¢ >0, there

exists a positive integer m such that]an —am| <g, whenever n2m.

Ll l> is a Cauchy sequence.

Example: The sequence (a,,} = <1E§
n

Reason: Let £>0 be given and if n>m , consider |a,-a,|=

1 1

n m

m-n 1 . 1
= <—<g, providedm >—.
nm n €

Let m be a positive integer greater thanl/¢ . Then|an - am] <e Vnzm

1\ .
Hence <-—> 1s a Cauchy sequence.

n
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Example: The sequence (a,,) = <Ll> is a Cauchy sequence. ’ myaur omg:}{‘oteg
n+ ) Ve L -

Reason: Let &> 0 be given and if n > m, Consider

l_ n__m ,: n—m <_l__
" nel m+| (n+)(m+1) m

a

|an -

1 . 1
= |a,7 - am| < - <g, provided m> -

Let m be a positive integer greater thatil /¢ .

Then |an —am|<s, for n>m. -

Hence <_n__> is a Cauchy sequence.
n+l =

o

Example: The sequence <a") = <112 ) is not a Cauchy séduence;

. 2 ’
Reason: Let n>m, consider|a, -a,,|= n* —m* =(n—m)(n+m)>2m>1,
whatever m may be. o

1

For ¢ =5 , we see that there is no positive integer_m such that 2

712 —-m

<g
forall n>m.

3.8.1. Algebra of Cauchy Sequences 7
Let <an >,<bn ) are two Cauchy sequence. Then

1. {a,)+(b,)=(a, +b,)is a Cauchy sequence.
2. (a,)-(b,)=(a, —b,)is a Cauchy sequence.
3. (a,).(b,)={a,.b,)is a Cauchy sequence.

4. Ifeach a,#20VneN and lim a, #0then <L> is Cauchy sequence.
al’l

n—»0

Remark: If lim a, =0and each a, #0where (an> is a Cauchy sequence.
n—0

Then <L> may not be Cauchy sequence.

an

Example: Let( an} = <l> . Then <an) is a Cauchy sequence but <—1-> = (n)
n ay

is not a Cauchy sequence.
Cauchy’s Criterion for Convergence
Statement: A sequence (an> of real numbers is convergent iff it is a
Cauchy sequence.
3.8.2. Cauchy’s General Principle of Convergence(CGPC)

A necessary and sufficient condition for a sequence (an> to be convergent
is that to each €>0, there corresponds a positive integer m such that

an+p—a”1<€ Vnxm,p2=0.

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near L.LT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 51
E-mail: info@dipsacademy.com: Website: www.dipsacademv.com




Lald

11OS acak
REGENERATING LOGICS
An iSO 9001 : 2008 Certified Institute

guess can be made of the same. This principle which involves only the terms
of the sequence is usefu} for determining whether a sequence convergent or
not.

Example:

1 1.
1. The sequence (an> , Wherea, =1+ % + 3 +...+— is not convergent.
n

Reason: Suppose that the given sequence is convergent.

L - 1 .
By Cauchy’s General Principal of Convergence, for € = > there exists a
R 3

e 1
positive integer m such that lan —aml <=Vnzm.
2

o

1
In particular for n=2m, Iazm - am| < 5 (D

Now quml_an1|:v(1+':l)j+...+i+ l +‘.‘+LJ~(1+%+...+LJ

ni m+17. 2m m
| |
= + +o
m+l m+2 2m
1 - 1 1 1
>—+—+..+—(m terms)=—.m=—
2m _ 2m 2m 2m 2

R 1 |
m+l<m+m= >—ocfc.
0 m+l 2m

N } 1
|a2m _am|>7

This contradicts (1).

Hence the given sequence is not convergent.

' 11 1.
2. The sequence <an) , Where an:1+i+5+...+—' iIs a convergent
: : n:
sequence.

Reason: By Cauchy’s criterion of convergence, a real sequence
converges iff it is a Cauchy sequence. We shall show that the given

sequence (an) is a Cauchy sequence, so that (a

n ) 1S convergent.

For n>m, we have

|a, —a,|= LI N SO L
oo 1! m! (m+1)! (m+2)! n!
)
44—+ +—
It m!
__ | + L + +i
(m+1)! (m+2)! 7 !

1 1 1
t T T
2m 2)711— 2}1—

( nl> 2" Vn)
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/1 n—m
-3 |
L \2 Ll
<

= o l—(l) - 2m—1 - 2/1—1 - 2/11—1
2

_ - 1 1
cnzmon—lem-1=2"sm o~ <
- 7/1—1 2»1—1

.

4 1
<gor 2™ 2

For any &> 0,|a, —a,,| <€, if —
om 1 c

or (m—1)log2 N log(1/€)orm> {log(l / ?,)(logZ)»ﬂ1 +‘\l}‘= N, (say)

Ia,, —-a

ml <e V n2>m,where m is a positive integer > N .

Hence <a,,) is a Cauchy sequence and so (a” ) is convergent.
3. Let <a,1> be a,sequence of real numbers and for each n e N, define
‘ S, =a+ay +...+an,t":lall+|a2|+...+|aniy (1)

If <tn> is a Cauchy sequence, then so is (s,,) :

Reason: Since (z,,) is a Cauchy sequence, for any &> 0, there exists a

positive integer m such that It" —tml <eVnzm

<egeVnzm

or ‘{]ali+...+|am|+|am+1|+,‘.+|an|}—{|a1|+|a3|+...+|am|}

or Hamﬂl+|am+2|+...+|a,,||<s vV nzm.

2)
Now |5, = | =|@ms1 + ames +-.+a,], by (1)
<|apir]|+|amsa] + -+ ]
<e ¥ n2m,by(2)
|sp=sm|<e ¥V n2m.
Hence (s,) is a Cauchy sequence.
Some Important Theorems

1. Cauchy’s First Theorem on limits: Let lima,=0 , then
n—>%0

n-—w n

i (‘11 +ay +...+an]:0

/
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[n General: Let lim a, =/. Then lim

n—x n—yoc
H

L/al +a+..+a, )

1
Example: lim i{l +—12-+-;~+ ...+—} =0.

n—x 1 n

‘ I . .1
Reason: Let ¢, =— . Then lim g, = lim —=0.
k n—» n—on

s

Since lim a, =0 , so by Cauchy’s first theorem on limits

H—>0C w

.1
lim —(a; +a, +...+an)=0.
n—>o 1

-

Hence lim l{l+l+%+...+l}=0

n—w N n
Note: Converse of the above thé“orefﬁ need not be true.
Example: <an> = (—l, 1,-1, 1,...) 1s not  convergent and
ay+ay=0,a,+ay+ay=-l,a)+a, +ay+a, =0, etc.

.y 0, if nis.even
a+ay+..+a : e
Now 1 2 no_ 1 ) )
n -, if nis'odd

: +ay+..+ .

Hence lim (u} =0,but lima, =0.
n—»C n n—0

Cauchy’s Second Theorem on Limits: If (an> converges to/(#0)and

1/n
a, >0thenlim(aya,..a,) =1

n—0 n
: 2(3)2(4]3 (n+1)”
Im|{—|=||—=]| ..]— =e.
n—x| 1 2 2 n

1Y’ :
Reason: Let a, =(1+—j ,thena, >0 VneN and lima,=e>0.
n n—y

n
Example: Let lim (1 +i) =e.Then

By  Cauchy’s second theorem on  limits, we  have

. v
lim (qaya3..a,) " =e.
N—»0
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Hence Iim
n—ix

[

3:
n

|

"‘IJ | ua

exist.Then lim (a, )1/"

2,/4\

'

3. If ali the terms of a sequence (a > are positive and if lim —2- ns

i \N
n-+13

n

I'n

=e, tising (1).

|

n—ow a,

also exist and the two limits are equal. i.e.,

n—>0
. 1n o o
lim (a,) " = lim 2= Intl provided the later limit exist.
n—x0 n—wo d, "
4. Cesaro’s Theorem: Let lima,=aand limb, —bwherea beR
H—>0 n—0 -

-

. ab,vab,_+..+ta
then lim =2 n-1 nb =a.b

n—»C

n

5. Sandwich Theorem: Let (a,,},(b,,),(éﬁ)are sequence of real number

such thata, <b, <c VneN

n -

and lim a, =1= lim ¢, then lim b, =1.

1-—>0 n—a n—>%
6. Ifa,20 VnENand lim a, =1, then /20.
TRy - ‘ '
7. If <a,,>,<b,,) be two Asequence such that a,<b, VneN then

lima, <limb,.

8 If < )be a sequence of positive real numbers such that lim —/—— Insl _ \

n—ox a,

where [ <1 then lim a, =0.
n—ow

Application:
() Let (,)=(27"n), then tim 2").n? =0
n—>C
2 (n+1)?
Reason: We have « 1
nt 2/z+l
2 2
T ) A 1("”)
n—o 4,  now ot 2 e n
e 2
lim (1+l) =l<1
n—o0 n

L
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= lima, = lim 27"\n" =0

n—x n—x
#
-1 =2).(m-n+l
(ii) If |x| <1 and m < N . Then lim mmZ)m=2)-mznel)

n—»x Son!

x" , so that

B m(m - l)..‘(m"— n+ 1)

Reason: Let g, ,
n.

_m(m——l)...(m—n+l)(m—ﬂ';) n+l
An+l = (n+1)! o

-

o a . m-—n
Now lim -2t = Jim ,(—l.n!.x

n—>x a, n—ro0? (n+1)!

)
— lim (’"‘”)x~ lim ~

= - — X=-X.
noow\ n+1 n—% H_(i
n
Ayt
lim = =-x, where]—x| =|x|<1.
1n—>0 a" 8
Hence lim a, =0,
H—>C
(i)If p>0,then lim L , k being a fixed real number.
n—x (1 + p)”
,11" (IZ+1)k
Reason: Let g, = ——, 50 that a,,; S
(1+p) (1+p)

k k
an+1:(l1+1 1 :(1+1J. 1
Coa, n l+p n) l+p

a 1 Y
Now lim L =— [im (1+—j =,
n—x 4, (I+p) n—»% n

Where

1er<l (1+p>lasp>0)

Hence lim a, =0.
n—C
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9.

11.

ay

If (a,,) be a sequence of positive real numbers such that ,,llr,ll afl =[>1
- n

¥
, then <a”> 1s not a bounded sequence and hence not convergent

. Let lim a,, =4, lim b, =b, and (S,,) & (Tn)are two sequences, where

n—o . N0

S, =max{a,,b,} an T, =min{a,,b,} . Then the sequences (S, ) and

(T, )are convergent and lim S, ='max{a,b}, lim T, =min{a,b} .
n—xC n—o0
RS

Reason: For any two real numbers x and y, we know_

L, w1
max{x,y}zg(x+f)+5|x—-);l NS ‘ (1
minfey=(een) 2o @

Taking x=a,, v=>b in (1), we obtain

1 1 L
S, =max{a,,b,} = E(a" +b,) +E|a" = by|, using (1).

lim S, - jim (a, +b,,)+% 11_?;o |a, =B,|

n—x n—>%
1(.. . [
=—( lim g, + lim b,,j+— lim ’cnl, ¢, =a,-b,
n—x n—»x 2 n—x
=l(a +b)+l lim |c,| (3)
2 2 n—>

We have lim ¢, = lim (a, —b,)= lim a, - lim b, =a-b
H—»0 n—>0 1n—C n—>C

limc,=a-b = lim |cn|=|a—b|,
n—C n—>C

1 1
From (3), lim S, :5(a+b)+—2-|a—b|:max{a,b}.

n—»C

Similarly, lim 7, = min{a,b}
n—x

Consider a sequence (a,,> , where a, =Jn (\/n+1 —n ) . Then <a”>

converges.

V(e )T+
(oo d7)

Reason: We have a, = (Rationalize)

!

Ne———————

L
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\/;(n+1—n)_ \/; | !

or a,

B Nn+ +\/§ -\ln+ +-\/;: /]‘.’_l":'l" Na

n

. 1 .
Hence lim a, = =— and so (a,) converges.

1
n—® NI+0+1 2 g

2 2

12. Let (an) be a sequence such that a,, — a . Then a,, —»a”.

o'

Reason: Since (a,,) is convergent, <f"> is bounded and so there exists

some k>0 such that |a,|<k VneN.

Now

ay ~a’|=|(a, - a)ta, +a)|=|a, ~aa, +d]

Slan—a|{|an|+|a|}
S|an—al{k+|a|}|an—-a| VneN ' @)

Let &> 0 be given. Since a,, — a, there exists a positive integer m such

that

|an -

a|<;;8'-7‘—| Y n>m ) (2)

From (1) and (2), we see that

a,%—a <g Vn>m

2‘

. 2 2
Hence lim a, =a”
n—®

However, the converse may not be true.

For example, let (g, ) = <(—1)”> . Then

<a§ > = (1,1,1,...) , which converges to 1.
but <an) does not converge to 1.

13. Let (a, ) be a sequence such that a, — a”, then |a,|—>|a| as n > .

n

L
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CHAPTER 4
SERIES OF REAL NUMBERS

4.1. Definition

We know about arithmetic and geometric series etc. A series of n terms is

o't

. n
denoted by the expression uj +u, +...+u, or Y u; . If the series has no last

" =l

term, then such series is called an infinite series.
4.1.1 Infinite Series:

o

. .

Let (a,,) be a sequence of real numbers, then Zan =a;+ay+..+a,, +..1.¢.
n=1 )

infinite sum of the members of the sequence, is defined as series of real

numbers. It is also denoted by Za" .

Example:

(a) z% , here (a,) = <l> VneN

n
(b) Zsin(%j . here (a,) = <sin(%)> VneN
n n
4.1.2 Sequence of Partial Sums

Suppose Za,, is an infinite series then we define a sequence (S,,) as
follows:

S] :al

52 :a1+a2

§,=a +a,+..+a,, and so on.
The sequence (S,,) is called the sequence of partial sums of the series Zan
4.1.3 Convergent Series

A series Za,, is said to be convergent, if the sequence (S,,) of partial sums

of Zan is convergent and if lim S, =S, then S is called the sum of the

n—x

oL
series ) a, and then we write itasS = a, .

n=1

4.1.4 Divergent Series ‘
The series Za,, is said to be divergent, if the sequence (S,1> of partial sums
of Zan is divergent.

4.1.5 Oscillatory Series
The series Zan is said to oscillatory, if the sequence (S"> of partial sums of

Zan oscillates.
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4.2.

Necessary condition for convergence of a series

If the series Za con\er;je then lima,=0.

n—x

Remark:
(a) Converse of the theorem need not be true.

Example: Let Za,, = Z then lim — —0 but Z— is not convergent.

n—on

(b) If lim a, #0 then Za cannot convergg.

n—>30
Examples: ' -

(a) The series 1+r+77 +..(r>0) converges if r<1 and diverges if ¥>1.
(Geometric Series) y ' ”
(b) The series Z(—l)"_] oscillates.
Solution: We see that
S =1, $=1-1=0, S;=1-1+1=1,
S4=1-1+1-1=0, S5 =1and so on.
= (S,)=(1,0,1,0,1,0,...) , which oscillates. .

Hence the given series oscillates.

(c) Test for convergence of the series :
(0 2(-1)
n=1
(11) Zsm( j

n=1

Solution: -

(i) Weseethat) (-1)"n=-1+2-3+4-5+6..

n=|
LS ==L, Sy =-142=1, S;=-1+2-3=-2,
Sg=-1+2-3+4=2, §;=-3, §=3etc.

= (Sn) =(-1,1,-2,2,-3,3,...), which is not bounded.

Hence (S,) is not convergent and so Y (~1)" n is not convergent.

(i) Z = if% 0—£—£ 0+ f \/3

The sequence (S,,) of partial sums of the above series is
<f AL 00L 5. >

Clearly, limsup S, =+/3 and liminf S, =0.

It follows that (S,) is not convergent. Hence the given series is not
convergent.
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4.3.  Telescopic Series iy b o
R . / - Put Your Own Notes
Let <a,,) be a sequence of real numbers. d P S AR
Define b, =, —a,,i, and ¢, =a,,,—a,
Then Zb,, and Zc,, are called telescopic series.
If (S,) denote the sequence of partial sum of the series Y b,
n
Then S, =) b,
r=1
=b +by +...+b,
:al_az +02—a3 +...+an'—a"+1 A
=ap—ay,
Similarly if (t,,) denote the sequence of partial sum of the series ch
Then ¢, =a,,, —a,.
Thus (S,,) and (t,,) are convergent iff (a,,) is convergent.
Thus Zb,, and ch are convergent iff <a,,> is convergent.
.1 1 1 .
Example: The series—+—+—+... is convergent.
1.2 23 34 . :
Solution: We have,
1 1 1 1
S —t—t— .t ————
1223 34 7 n(n+l)
(1)’11\[11 (11)
={1-= +[ ——— || == || ———
2) \2 3J 3 4 n o n+l
1
= 1 ——
n+1
- . {
lim §, = lim | 1- =1-0=1.
n—% n—% n+1 L
Hence the given series is convergent.
4.4. Cauchy’s General Principal of Convergence
A necessary and sufficient condition for a series Zan to converge is that
for each e>0 , there exists a positive integer m , such that
|@ps1 + iy +...+a,| <€, forall nzm.
Pringsheim’s Theorem: If a series Zu,, of positive monotonic decreasing
terms converges then not only u, —0 but also nu, ->0as n— .
Reason: We know that for a convergent series, for any € >0, a positive
. . £ .
teger N exists such thatlu,, | +u,,.» +...+ 1, ,| < > vm2=N,p21
fn A
Let us choose m+p=n>2N and m :F J', the greatest integer not greater
n €
than 5 Upag +llyyy +ooblly <
But Zun is positive monotonic decreasing SO
€ 1 1.
(n=m)u, <up g +uy,-+..+u, <—2- or > <58 le.nu,<g, VnzN.
Hence limmu, =0.
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Note: The condition nu, —0 is only a necessary one not sufficient condition g S g T
for the convergence of the present type of series. If nu, does not tend to vﬁa yaw -,},ﬂ;“u:\-‘{,N..,. F.,I,E,.!-f
zero then the series Zz}:, is certainly divergent, for example. the harmonic
series Z—- must diverge because it has positive monotonic decreasing
n :
1 :, .
terms and n.— does not tend to zero. However, nu, -0 does not imply
n
anything as to the possible convergence of Zu,, for example, Abel’s series
> 1 diverges although it has positive monotonic decreasing terms and
niogn
g A
nu, 0.
. n 1 23 .
Example: The series Z— =—+—+—+... IS nOt convergent.
n+l 2 3 4 :
. n 1
Solution: We have u, =——= —
n+l 144
n
. . 1 1
limu, = lim ——=——-=1%0
n—o nowy 1 1+0
n
Hence the given series is not convergent.
. 1 2 L
Example: The series 7 + % ot ... 18 not convergent.
Solution: We have
l n 1 ’ 1
u, = =7z :
V2(n+1) ﬁ\,Hl
n
© lim 1 %0
u, =— .
n—x " \/5
Hence, the given series does not converge.
. 1
Example: Test for convergence of the series ) cos (—) .
n
. . . 1
Solution: lim u, = lim cos—=1#0
n—o n—xo n
Hence the given series does not converge.
0 1/n
Example: The series Z(—] does not converge.
n=1 n
/ 1/n | |
Solution: Let u, :L—j , so that logu, :—log(—]
n n n
logl—logn —logn
=logu, = g —OBn 087
n n
. . logn L.
lim logu, = — lim ——, which is — form
n—»0 n—o R 0
. I/n -
=-lim — (by L'Hospital's Rule)
n—x l
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4.5.

1
=—lm-—-=0.
n—-xn

¥
Now lim logu, =0 = log( lim u, ) =0
n—x n—>%

= limu, =’ =1%0.
H—>X

Hence Zu,, 1s not convergent.

Series of Positive Real Numbers -

tay

Series with positive terms are the simplest and the most important type of
series one comes across. The simplitity arises mainly from the fact that the
sequence of its partial sums is monotonically increasing.

Let Zu,, be an infinite series of positive terms and {S,,} be the sequence of

its partial sums so that

Sﬂ =ul +u2 +‘..+u" 20, V"
Sn _Sn—l =up 20

= 5,25

n—=1s

Yn>1

Thus the sequence {S,} of partial sums of a series of positive terms is a -
monotonically increasing sequence. '
Since a monotonic increasing sequence can-either'converge, or diverge to o,

but cannot oscillate, therefore, there are-only two possibilities for a positive
term series, it may either converge or diverge to_+oo .

Remark:

(a) A positive term series converges iff the sequence of its partial sum is
bounded above.

(b) The sequence of partial sum of a series with negative terms can be
shown to be monotonic decreasing and hence a series with negative
terms converges iff the sequence of its partial sum is bounded below.

(c) It may similarly be seen that a series of negative terms can either
converge or diverge to —oo.

»
(d) A series ) u, whose terms are not necessarily positive may fail to be

n=l

convergent even if the sequence (5‘,,) is bounded above.

For  example consider u,=(-1)" so that we have

S (-1 if nisodd
" 10 if niseven

The sequence (S,), even though bounded above, is obviously not
convergent and as such the series is not convergent. The sequence (S,,)
has two limit points viz. -1 and 0.

It should be seen that, in general, boundedness of the sequence of partial
sums of a series is only a necessary but not a sufficient condition for the

convergence of the series Zun , and it is only for positive term series
that this condition of boundedness of the sequence of its partial sums is

L
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as well a sufficient condition for the convergence of the corresponding #= \
series. ;

4.5.1.  Test for Convergence of Positive Terms Series
1. First Comparision Test: If Zu,, and Zv,,;are positive terms series,

<kv > ’
k>0 and 3 me N such that“s Shy, Vonzm

(a) Zv,, converges = Zu,, converges.
(b) Zu,, diverges = Zv,, diverges.

Example: Test for convergence the sexies! + % FULEE LI

22 3 4 n"
Solution: Clearly, »" > 2" forn>2.
e Lfornso
n" 2"
Since ZL:-1-+—1—+L+... is a geometric series with common ratio
2 22 3 e ‘ -

%<l , SO ZI /2" is convergent.
. . 1 . )
Hence by First Comparison Test Z—; 1s‘convergent.
n .,

Example: The series Y e converges.
Solution: We know ¢* > x for x>0.. Thex'l_:“'_

2 1 | R .
ol s —<— e <— Vn.
<3 3 v

e" n n

N

Since Z% converges, so by First Comparison Test, Ze‘"' also
n-

converges.

Example: Test for convergence the series:

(@ 3

3
3 logn

|
) > —5—
a2 n"logn

Solution:

(a) Weknow logn<n forall n>2.

1
>1V n>20r l<
logn n n logn

VY nz2.

. I . . . s
Since ) — diverges, so by First Comparison Test,
n g P logn
n=2

diverges.
(b) Weknow ——<—L v >3,
n“logn n

Since )’ -1—2- converges, so by First Comparison Test,
h
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converges. ‘ Put Your Own Notes
=21 logn Lo R e
. ———
Example: Test'for convergence the series:
1
@) l+—+—+..+—+
21 3t n!
21
®) >+~
n=l1 n!
Solution: in
(a) We know thatn!>2"" v nz2.
1 l
— vV nz2.
n! 2n -1
Now ZTI=I+ +—+... being a geometric series. with common
22 NS
.1 . T e 1.
ratio 5 <1 is convergent. Hence, by First Comparison Test, Z—' is
) . kS n.
convergent.
l 1
(b) We know—< 1 vV onx2. ot
\/;i 25(71—1) -
The series on the Right Hand Side beinga geometric series with
common ratio —— <1 is convergent. Hence Z— is convergent.
2 Jn!
Example: Test for convergence the series Z , for all positive
= 13 +X
values of x.
Solution: Clearly3” + x > 3" | since x>0
1 1
= <— V neN
4x 3"
| . . . . .1 .
Now > — being a geometric series with common ratio —<I is
371 3
convergent. Hence, by First Comparison Test, the given series is
convergent for all x>0.
2. Second Comparison Test: If Y u, and Y v, are two positive term
. u
series such that—*—> YV n>mthen
Uy Vil
) Z"n converges = Zun converges.
(i1) Z”n diverges = Xvn diverges .
. . | .
3. pSeries Test: The series Z—; is convergent iff p >1
n '
4. Limit form Comparison Test: Let Zun and Zv,, be two positive term
series such that lim =2 2 =], (lis finite and non-zero). Then Zu and
n—o Vv,
Zvn converge or diverge together.
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Remark: If / =0or/=o , then the conclusion of the above test may not
hold good. ’

Example:
! sl
(a) Let Zu" = Zn—landZv” = Z .

. u .oon o1 )
Then lim —*= lim — = lim —=0"
n—xV, noop n—wo N

Thus / =0and in this case Zu" conVerges and Zv” diverges.

(b) Let Y, =Y —and T v, =3
n-

. u . n- o .. :
Then lim £ = lim —= lim n=o
n—x vn n—» n n—c

Thus /= and in this case Zun diverges and Zv,, chn‘Verges.

2 e . B e,
If Zag &Zb,% are convergent series of positive real numbers. Then
> aub, is convergent.

Proof: As (a,~b,)’ 20 =a’+b} ~2a,b,>0
= Zas +Zb§ > ZZ\/c:b,,‘
Za + Zb,, S Jab
By'-compariSOn teét, " Ja,b, is convergent. Hence proved.

If Za,, 1s convergent. Then Z— is convergent.
Proof: As [an —l] >0
" n

1 2a
:>a3+—2— 4
n n

1 2
= Za,% +Zn—222%

. i .
Since Zaﬁ and ) — are both convergent = Y a;+ ZL? is
n- n-

0

\%

convergent.

ap

Then by comparison test Z 2
n

is convergent

a, .
= Z—" 1s convergent. Hence proved.
n

Example: Test each of the following series for convergence:

1 3 5
+ +
1.23 234 345

1

"Bl

(a)

+...

1

Iz

N —
9%

Series of Real Numbe

- Put Your Own Notes

L
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Solution:
| 3 h)
(a) < > < -+
1.23 234 345

2n—1

The n th term of this series isu, = —=————.
: n(n+l)(n+2)

2n

For large values of »n, u, ~ = —%- .
n

n..n

Let v, = Then ﬁizM
TR v, n(n+l)(n+2)

B3
_( n J(2n—1}_ 1 2-(1/n)
RUEYE —l+(1/n)‘1+(2/n).

Now lim 21 -2 0 and finite.

n—>% v

So, by limit form comparison test Zu and Z converge or
diverge together. :

. 1 S
Since v, =) — converges, so Zu" converges.
n .

Jp—

1 !

(b)1+ + +
iz V23 a4

The nthtermis u, =

,/n(n+l m

n
Let v :— Then - ,]
" n n—+ 1 ’ 1 / ”
Now lim 22 =1+ 0 and finite.
- n->x v

So, ZM,, and Zv,, converges or diverge together by limit form
comparison test

. 1 .. i
Since Y v, = Z; diverges, so Y u, diverges.

Example: Test for convergence the series
1

1
NI NN R N

Solution: We haveu, =

1 1 1
Jn+l+An+2 \/;4-\/;— 2\/;.

Jn
Let v :__ Then =—
o Jn v, n+l++n+2

Now, lim B lim 1 L # 0 and finite

no® Y, % \/l+ 1/n +\/1+ 2/n) V2

So Zun and Zv,, converge or diverge together by limit form
comparison test,

Since ) v, = Z-\}: diverge, so Zun diverges.
n
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Example: Test for convergence the series Y u, =’
¥

N2n-1 \/EZ

(2n+2)(2n+4) - 2n.2n ’

Solution: We have, u, =

nn  p3?
Then lim = = lim 12”‘1( n J( ’_’;;-.]
no% vV, n—o0 n 2n+2 N\ 2n+4
.
= fim fz—l;z_lr
n—-x n(2+_)(2+_)
n n =

V2o

=——=0and finite

T22 22

So Yu, and Y v, converge or diverge together.(By limit form
comparison test)

. 1 ) . .
Since Y v, = Z‘W converges, so the given series.converges.
" h

.1 1 1 1
Example: Test for converges the series ~— +—+——

‘ +—t..
3.7 49 511 6.13

1 o L 1
(n+2)(2n+3) n2n 2

Solution: We haveu, =

Let v, = i)- .
n-

u, n n 1 1
Then 2 = . — = — —.
v, n+22n+5 1+(2/n) 2+(5/n)

.ou, 1 .
lim —*=—# 0and finite.
n—x v, 2

So, by limit form comparison test Zu,, and ZV,, converge or diverge
together.

Since Zv,,zZl/n2 converges, so the given series Zu,, also
converges.

Example: Test for convergence the series whose »n th term is

n
n

Jnrl—Anzi (VT =Nn=1)(Vns 11

Solution: We have u, = =

. (1 + 1)

(Rationalize)
2 2 1

Ca(Jnrtedim1) n(a i)

1

1
Let v, = —= ~7 50 that Zv,, converges.
n\n n

Put Your OwnNotes .
. >

L
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Now lim 2= | 2n Put Youw own .‘Notes
i m — m ———" ¢ our
nox v, n—»L‘ n+1 +,/"__ ’ .' T Tl e
#
2 .
lim =1=0and finite

n—m\/l-i— l/n +\/1 l/n

So Zu” and Zv,, converge or diverge together by limit form
comparison test.

Since Zv,, converges, so the given.series Zu,, also converges.

1

Z\/———«/——l

Example: The series diverges.

Solution: Take v, = L then im ¥ 1 # 0 and finite.
J; n—0 v, ~

By limit form comparison test, the given series diverges.

Example: Test for convergence the séries/zu,; (\in + —\/7 )

n=1

N 147
il

Solution: u, \/n + —\/n-

(113-i-1)~n3 o 1 1
_\/113+1+\/l—z?_\/‘n3+11-4—\/5 2 113‘
Let v, = L] so that Zv,, converges.

E
\/)13 n
N
ﬂ

Now lim -2 = lim ————
n—x v n—x ’n +1+ '
) 1 .
= lim —————=——=—=# 0and finite.

"—m\/1+(1/n)3+1

So, by limit form comparison test Zun and Z"n converge or diverge
together.

Since, ) v, converges, so the given series Y u, converges.

Example: Test for convergence the series whose n th term is

( 3 1173
un:{(n +1) -n;.
(173

. NNTE [roo1\?
Solution: Let u, :(‘nJ +l) -n= n“l+-—“j -1

3
nJ

1 1 ) 1 1
=n 1+—3——6—+... -1 =t
n® 9n 3n? 9’

Let v, = Lz, so that Zvn converges.
n
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. u
Now, fim &=

n—-x v
\'I

=0 and finite.

o |~

So, by limit form tomparison test Zun and Z“n converge or diverge
together.

Since ) v, converges, so » u, converges.
n > n f=)

. . +1
Example: Test for convergence the series >u, = ﬁp— peR
n

. n+l 1
Solution: Let u, =" andv, = "~ s — 5
n? n” n?
. u Con+l 1 - :
lim %= lim — = lim 1+-—] =10 and finite.
n0 Y, n—»x p n—»x n

So, by limit form comparlson test Zun and Zv converoe or.diverge
together by limit form comparison test.

= 1 - if p- je;-p>2 and diverges if
Now, Z"n“zn_pif converges, if p-1>1ie;p>2 and diverg

p—1<lie, p<2.

+ . . :
Hence 3 axl converges if p >2 and divergesif p<2.
p
n

-

e
Example: Test the convergence of the series Z—m
v e

: 1 1
Solution: We have u, = Let v, =—:
n ! ‘ n

Then lim X = lim 1 =1.

e U ”] n
Thus the two series Z”n and Zvn converge or diverge together by limit
form comparison test.

Since Zv,, = Zl / ndiverges, so the given series Zun diverges.

V2ol 3ot Na-i

Example: Test for convergence the series 3 3
-1 4 —1 5 —1

Nnrlel

(n+ 2)3 -

Solution: The » th term of the given series isu, =

Let Vn

V, = — =
3

n

u n+l 1 \
Now, lim - = lim{ —_—

n—x vn n—>a

”—m / n+ 2 1

L -4

= lim 1+(—l-). lim ——1——3= 1
H—>®0 n H—>X 2

n

So ZM,, and Zv,, converge or diverge together.

Since v, = Z—-Sl—z converges, so the given series converges. -
n'
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n

7. 1If Zan is a convergent series of positive terms thenz .
a

. n

convergent. ¢

Reason: Since Za,, is convergent so lim a, =0 .

-
a, ..a .
Let b, =—=— vn.Then lim = lim (1+4,)=1+0=1
+an n—x D, n—x

Hence, Za,, and Zb,, converge or diverge together by limit form

*

i 1 Y a .
comparison test. Since Za,, is convergent, so Y b, =y — s

“ l+a,

convergent.
: a, .-
Remark: If Zan, 1S convergent :>Z1 1S - convergent
e —-q ”
5, M N

(a,20 anda, #1 VneN)

Take b, =" then lim 2= lim (1-a,)=1%0 so, by limit form

- a” n— b" H—>GC

‘comparison test, Za,, & Zb,, converges & diverges together. Since
1

l-a,

Za,, is convergent , so > 1s convergent. .

8. D’ Alembert’s Ratio Test : Let Za,, be a positive term series such

ay

=] .Then

~ that lim

n—xa,
() Za,, converges if />1
(ii) D a, divergesif /<1
(iii) Test failsif /=1

Example: Test for convergence the series L+ L L,
227 32 42

. 1
Solution: We have u, =——,u,. =(

n. rl+1)2n+1 .

2{n+1
and lim 22— fim 20" ):ZIim(1+-l—]=2>1.

R Uy, n-—+x H n-—o n

By Ratio Test, the given series converges.

, (1Y (12Y (123Y
Example: Test for convergence the senes.b +L—- + +
/

Solution: We have

( 1.23..n . 1.2.3...11(n+1) ?
u, = sUpy =
" 357 (2n+1) L1357, (2n+1)(2n+3)

3
2 2+—
. u .| 2n+3 .
and lim —2= lim = lim nl_4>1.
noscy, ool 1+l noof g 1
N,

By Ratio Test, the given series converges.
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x b
. 1.23..n
Example: Test for convergence the series Z———!——4)

n—-

¢ n=1

1.23..n 1.23 . n(n+1)

Solution: We have " > Une ‘
olution u, 7‘10...(3,,+4),U7.| 7.0.. (3;1+4){ (n+1)+4}

. u . 3n+7 .
and lim —~= lim = lim —2&=3>1
n—x U n—»0 n+l a-ox 1+l

n+l
n

By Ratio Test, the given series converges.

b

. 2 .
Example: Test for convergence the series T + + +...

g 2 2 2

1 “(n+2

Solution: We have u, =m, u,, = (n+1)"(n+2)
n! (n+1)! '

5

+1)! -
and Tim 4 = fim U )( L J

n—x nox  n! n+2

Uyt

= lim (n+1). lim

n—% n—% ~
1+

n

Hence the series converges.

Example: Test for convergence the senes Z— where ris any positive
n=l1 n!

number.

Solution: We have u, =

NOW——"—:l(’Hl)!
ronl

and lim 22 =L Jim (n+1) =50 [ r>0]

n—% u”+] r n—x

By Ratio Test, the given series converges.

n

. .7
Example: Test for convergence the series whose n th term is —,r>0
n

n n+l
. v r r
Solution: We have u, =—, u  SE—
n \h+l
n (n+1)

n+l =

+1 n
1(n+1 " .

Uy ( ) _l(n+l (n+l)
Uy T n" r\n

4 n
:—1—£l+l] (n+1).
r n

Now lim
n—oy

1
=—.e.0=00
-

n+l

By Ratio Test, the given series converges.
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B

| e . I
Example: Test for convergence the series > —. Put Your Own Notes
= ’n o )

= Ne— /

‘ n! (n+1)!
Solution: We have u, =—, u,,, = L.
h (n+1)"

. u
lim —2
n—xo Yy

1 n
= lim (l+—] =e=2718>1.

ntl n—o n

=
By Ratio Test, the given series converges.
35

. X X "
Example: Test for convergence the series x ot for all positive
‘ 3r st

values of x .

Solution: u, =

1 (2n+1).2n.(2n-1)!

X2 (2n-1)!
2n(2n+1
. u o 2n(2n+
lim —— = lim ¥ =,
n—ws un+l n—x X~

Hence, by Ratio Test, Zu,, converges.

9. Rabbe’s Test: Let Za,, be a positive term series such that

lim n[ n —-1] =] .Then

n—x an+l

(1) Zan converges if />1

(i1) Za,, diverges if /<1

(ii1) Test fails if /=1

Z135.(2n-1) 1

Example: Test for convergence the series Z

n=l

135 ... (2n-1)
Solution: We have u, = #ll
246 ...2n n

135..(2n-1)(2n+1) 1

246.. 2n(2n+2) “n+l1

Lo Loedlonl) i, 1N 0on)

- B n (1+l/2n)

Uy (2n+1)n
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10.

Now lim —2_ = | means that the Ratio test fails. ,

" oI ll'h_]

So, we apply Rabbe¥ Test. We have

2

u, 1\ (II+1)(211+2) 1 3n+2 3+;

n| —2-—1|=n -1|= = .
J n(2n+1) 2n+l 5 1

n

Uy

3
and lim n[-i—1]=3> 1.

n—»» un+l
Hence, by Raabe’s test, the given series converges.
B

. & 1.35.(2n-1) 4
Example: Test for convergence the series Z 246( o ).2'”; s
.4.0...42n n+

n=1

15..(2n-1)(4n+1) " 13.(20+1).(4n+5)

24 2n(2m+3) T 24 (2n+2)(2n+5)

Solution: We have u, =

u, _2n+2 2n+5 2n+3
2n+1 4n+5 4n+1

Uy

. 222 1

lim —2 =222 2
n—% un-‘rl 244 4

By Raabe’s test, Zu,,. diverges.
Cauchy’s nth Root Test : Let Y a, be a positive term series such that

lim (a,) " =1. Then 4

n—
(1) Zan converges if /<1

(ii)r Za,, diverges if />1

(1ii) Test fails if /=1

Example: Test for. convergence the series whose n” term is

n”

—.
(n+l)"

u, =

5
2

Solution: We have u, = {L}

n+l
, n n 1
n+l) (1+1/n)
and lim (u,)" =——— =11 (e=2718).
o lim (1+1/n)" €
n—o

Hence, by Cauchy’s root test, the given series is convergent.

s}
. n
Example: The series Z(n” " —1) converges.
n=]

Solution: Let u =(n""" —1)", so that (u, )" =n'" -1.
n ) n

Now lim (u,)"" = lim #"" =1=1-1=0<1.
n—x% H—C

Hence, by Cauchy’s root test, the given series converges.

_
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Example: Test for the convergence the series whose »n™ term is ‘

R Put Your Own Notes
{ 1] . A . L /
! = ]-—
un l\ \/’;J ¥
Solution: We have u, = ———IT
[1+L\Jll
Jn
lin | |
Then (u,) :—w/_l::—'<1 (e=27182)
lim (1+1/4n)" %

n—x
Hence, by Cauchy’s root test, thégiven series converges.
Example: Test the convergence of the series

2 o) (¥ 3V (44 4’
i 4| —== +| ———
i’ 2 2) |33

Solution: The n th term of the given series is u, = (

my

n .

1+1
n+1Y n+l
n

] n+ 1V
m
Now, (u,) " = (—)

n

- ‘\—l

. - 1
lim (1, )" =1.(e-1)" =——<1(e=2.718). ]
n—x . e—
Hence, by Cauchy’s root test, the given series converges.
Example: Test for convergence the series whose » th term is YR

Solution: Let u, = SV _ =t}

1/n 1 1
and (un) = n = (_] -
{izm—(—-l)"} no (1)
2n 2 n
Y —1)" P
Now lim (u, )1' ' :l.——l—:l< L o lim ) =0
n—x 2 -n" 2 n—x N
lim2 ”
n—X

Hence, by Cauchy’s root test, the given series converges.
Some Important Definitions
1. The infinite integral f f(x)dx is said to be convergent (divergent),
i
1
if lim j £ (x) dx is finite (infinite).
1

t—x
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2. Let f(x)be areal valued function with domain [1,x<[. Then the "

function f(x)is said to be non-negative, if f(x)>0 Va1, N SR Ty 10
¢
The function f(x)is said to be monotonically decreasing, if

x<y=f(x)2f(y) ¥V x,yel,of.

w2

Example: Let f(x)=1/x* . Then f(x) is non-negative and

monotonically decreasing vV x > 1.

11. Cauchy’s Integral Test: If u(x) isa ngn-negative, monotonically

decreasing and integrable function suth that u(n)=u, VneN, then the

series Zu is convergent if and only if I x)dxis convergent
n=1 o 1

Example: The series Z—( p>0)is convergent 1f p >1 and divergent -
n= ln .

if p<1.

Example: The series Z——— is convergent if p>1and divergent if
n=2 n(logn) ’

o —

O0<p<l.

2O

Example: examine the convergence of the following series :
: : ael 1T +1

Solution: Let u(x)= ,s0 that u(n)=u, vneN.

X" +x

Forx>1, u(x) is non-negative, monotonically decreasing and integrable

function. Now

—lo ! —lool
°1+t 2 () Ea

!

lim [

=logl+log2 =1log2, which is finite.
l +Xx

Thus I u(x)dx is a convergent and so by Cauchy’s Integral Test, the
1
given series is convergent.
. s 1
Example: The series ) ,(p>0) converges p>1 and
»=3 nlogn(loglogn)?

diverges if 0< p<1.
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4.6.

4.6.1

4.7.

Alternating Series

A series of the form wu —u- +uy... where u,,,">0 YneN is called an
. . ¥ =
alternating series and is denoted by Z(—l)

n=1

n~|
n-

Example:

l

(C)Z l+l 1

oo logn 10g7 log3 log4 logS

o

R ]
Leibnitz’s Test for Alternating Series: If an alternating series » (-1 ",
: 7 n=l
satisfies
(1) Uy Sun Vn
(i) limu, =0
n—ao

. 1 .
Then, the series Z(—l)" u, converges.

Remark: The alternating series Z(—l)"_l u, will.not be convergent if either
Uy %, Ynor limu,#0. '

H—>0
: 3 4°5 .
Example: The series l—;+;——4—+ IS not convergent, as
Z J
. . n+l . 1)
lim u, = lim (—Jz lim (l+——l: 1=0.
n—x n—we\ N n—% n;
N
& (- 111
Example: Test for convergence the series Z—— =1 —E+§-—Z +.
n=1 n
. 1 1 11 1
Solution: We see that —<1,—<—,—<— and so on. Thus
2 3 24 3

(a) Ups) <Uy Vn

() limu, = lim~=0

H—X n—->w
Hence, by Leibnitz’s Test, the given series is convergent.
Absolute Convergence
If Zan is a series of real numbers such that Z]ani is'a convergent series.

Then Zan is called an absolutely convergent series.

Example:

-1 .
(a) Z% is absolute convergent series.
n=l 1

- R

1), .

(b) ZSm —J is absolute convergent series
n=l n

-1 n+l ‘ '
(c) Z( ) 1s not absolutely convergent series.
n

L
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Result: Let Zu,, be absolutely convergent series. Then Zu,, is also Mo i it )
L _ ‘ ; ~Put Your Own Notes
convergent. The converse of this 1s not true i.e.. a conyergent series may not v T TG
g g N ——————
be absolutely convergeng
. . 11
Example: Consider the series Y u, =1 2*t37a
We have seen that the givén series is convergent, by Leibnitz’s Test but
1 1 1. . . V
Z|u"|:1+5+§+...=2— is not convergent i.e., Y u, is not absolutely
n
convergent.
4.7.1 Conditional Convergence
.
A series Zun is said to be conditionally convergent, if
(1) Zu,, is convergent, and
(i1) Zu,, is not absolutely convergent. ‘\
Example: Test for convergence and absolute convergence the series
© (] n+l 1 1 1 ‘ : L
Z(—)—zl——+———+...f0r p>0.
w 1P 27 3P 4 '
Solution: Since p>0 and (n+1)” >n”, so
11
<— Du, <n, Vn
(n+1)?  n?
Also, lim u, = lim L=0, since p>0.
n—o n—x p :
% (_ ))H'l . N
Be Leibnitz’s Test, Y is convergent.
n=l I
» (_1)I1+1 -
Now, Z — = Z — 1s convergent if p>1 and divergent if p<I .
n=l1 n? n=] n?
Hence the given series is absolutely convergent if p>1and conditionally
convergentif 0< p<1.
Example: Test for convergence and absolute convergence the series
IR S Y
VI3 T
Solution: We have u,,; <u, for each n and
lim 4, = lim - 0
nox n—o~2n—1 ’
Thus Zu" is convergent, by Leibnitz’s test.
. 1
Now we show ) u, is not absolutely convergent. We have |u, |= ——.
Z " " -1
1 -, | n | .
Let v, =— = lim = lim =—=0 and finite
\/; n—se v, n—ow \ 21 —1 \/—2_
Since Zv,, is divergent, so Zl u, |is divergent. (by limit form comparison
test)
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. o : *
Hence Zu,, is not absolutely convergent. , R
' Put Your Own Notes
n SInna
3

Example: Test fot convergence the series Y (-1)
n=1 n

,a being real

number.

Solution: We have |u, |=

sinna| 1 .
I | <— Vn. ( 21/113 is convergent)
713 113

Thus Zu,, is absolutely convergent for all real values of aand so Zu,, is

convergent for all real valuesof a. i

.
. . . Sin nx + CoS nx
Example: Discuss the convergence of the series )’ ————

] n3/2
Solution: We have v
sin nx + cos ml 1< 1 2 . D '
|u ]=| < = { sinng <1, {cosnx| <1 V.x}
n | 32 | FETENETF R T l “4 > 1 ‘, |

Since Z? is convergent, so by First Comparison Test, Zl u,| is
n- . v -
convergent ie., Zu,, is absolutely convergent.

Hence Zun is convergent.

Example: Test for convergence and absolute convergence the series

i ) T R

= - +
log(n+1) log2 log3 log4

n=1

Solution: We have u, = 1 yneN
log(n+1)
. . 1
Clearly, lim u, = lim ————=0
n—% n—-nc]og(n-i-])

Since logx is an increasing function for all x>0, therefore
log(n+2)>log(n+1)  (n+2>n+l)

1 1

< Vn =
log(n+2) log(n+1) 5 :

1 <u, Vn

n+

Thus the two conditions of Leibnitz Test are satisfied and so the given series
is convergent.

Now we test the absolute convergence of the given series.

e} ac
1 c e
We have u, |=) ——, which is divergent.
S5 g

Hence Z"‘n is not absolutely convergent i.e., Zu,, is conditionally
convergent.

log2 log3 . 10%4

Example: The series —=
52

= —... converges.
J

log(n+1)

' 5~ YneN.
(n+1)

Solution: We have u,, =

Since, lim lo—g(—'ﬂ =0

n—w (n+1)2
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= limuwu,=0
n—-»x

Now we shall prove that w,,, <u,Vn.
¥

’ X (1/x)=2xlogx
Let f(x)= log; so that f'(x):—()4—°,
. }
= f'(x)=%<0 v x>l [ x>el” <:§10gx>—i—<:> 1—210gx<0)
x
= f(x)is decreasing function V x > ¢!/
= S(n+2)< f(n+1) Vn (4.‘n+2>n+l>em\/n)

log(n+}22) < log(n +21)
(n+2) (n+1)" &

n

= U, Su, Yn.

Thus both the conditions of Leibnitz test are satisfied and so the given series
is convergent. ‘

E-mail: info@dipsacademyv.com: Website: www.dipsacademv.com

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 n

e 2o



Lad

1S A4
REGENERATING LOGICS
An ISO 9001 : 2008 Certified Institute

ASSIGNMENT SHEET - 1

1. Let £ be the set of all functions from [0, 1]
0 {0, 1] itself. If card(F) = f then
(@) F is similar to [0, 1]
£0.) [ is less than the cardinality of [0, 1]
{#9 [ >c where cardnality of [0, 1]ds ¢
@) F is countable -

2. If f:4—> B is a one-one map and A4 is
countable. Then which is correct
(a.) B is countable. <

(b.) B is uncountable
Z) There exists a subset of B which is

countable e e

’l‘?/

(d.) None of these.

3. Let 4 be an infipite set of disjoint open sub
intervals of (@ Let B be the power set

of A. Then-

(a.) Cardinality of 4 & B are equal < /0
(b.) 4 similar to (0, 1)
\M B similar to (d, 1)
( d.)ﬁA & B both are uncountable
4. Match the following list-I with list-II and
choose the correct;
List-I
A. Countable
B. Uncountable
C. Empty set
List-I1
1. Set of transcendental elements of R over
Q

2. Setof all function from Z, ={0,1} to N

3. {{mesIN n+l -~ \/;; 1s rational}

Code:
A B C
(a)?2 3 1
(b1 2 3
{c)3 2 1
1 3

,\yjz

S.

Let A be the set of lines passing through the

—
Then
(a) Ais similar to R
) A is countably infinite
\/(,e’f A is similar to the set of months in ayear
(d) A is similar to the power set of R.

origin and slope is integral multiple of %

Consider the following statements:

I.. The set of all finite subsets of the natural
-numbers is countable

2. The set of all polynomials with integer
coefficients is countable

“Choose the correct answer:

(a;) Only 1 is true
Q‘l (b.) Only 2 is true

/) Both 1 and 2 are true
(d.) Both are false

Let 4 & B are infinite sets. Let f is a map

from A to B such that the collection of pre
images of any non-empty subset of B is non
empty. Then choose the incorrect

(a) If 4 is counable then B is countable
) Suchmap f isalways onto ’

) A & B are similar

(d.)y B may be countable even if 4 is not
countable

If f be a function with domain 4 and range
B then which of following is correct.

\/@f)

\@A /ugcountable = B uncountable
(d.) All of above

Which of the following is correct?

cbgggable =% countable

A .countable = B'countable

he set of rational numbers
interval of finite length is countable.

in any

(b.) The set of irrational numbers in any
interval of finite length is countable.

(c.) Every subset of uncountable set is
uncountable.
\)(\

(d.) All of above. ¢ \/

C
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/'l(]/ Read the following statements
[. Sisacountable set
2. There exists a surjection of Nonto S.
3. There exists an injection of Sinto N
Codes:
(a.) 1 implies 2 & 3 but not conversely
\j}af) 2 & 3 imply 1 but not conversely
(c.)A implies either of 2 & 3 but not both.
*(;X{l All the three statements are equivalent.-
11. Which set is countable

(a.) The set of all polynomials with " real
coefficients

(b.) The set of all subsets of a countably
infinite set

(c.) The set A—B where A4 is uncountable
but B is countable

@/)( The set of all finite subsets of N ( the.

set of natural number)
12. If F be set of all function defined on

,n};neN with range Bcl*

(seyof positive integer) Then
\4% F is countable.
(b.) F is uncountable
\AC) F is infinite
\WF is countable if B is finite
13. Select the correct statements

I+ Every countable set is smgl ar to N

2. The set of all disjoint intervals is not
similar to the set of real numbers

3. The power set of N is similar to the set
of real numbers.
Codes:

(a.) 1 and 2 only

-2 and 3 only

“ /@ | and 3 only

(d.) All of these
14. Let for each pair of natural numbers (m,n),
P, be the set of polynomials of degree n
with integral coefficients S.t.
lag|+|ay| + ... +|a,|=m ; where a;'s are

coefficients then

() A

(b.) B, , is finite for some m, n only

m.n 1S countably infinite

(c) P=U{P,,:mneN} is set of all
. algebraic number.

Ay
-/

, 1s finite Vm,ne N

16.

17.

18.

decimal

IS a recurring

T=ibeR: b= i for
q

number} some

distinct primes p & g} then

(a.) S is countable but T is not

(b.) T is countable but S is not
{c09) S & T both are countable sets

(d.) S & T are uncountable sets

Consider the following statements:

1. Every infinite set is equivalent to at least
one of its proper subset.

2. Ifa set is equivalent to one of its proper
subset then it is infinite set

Code:

(a.) 1 is correct and 2 is incorrect

(b.) 2 is correct and 1 is incorrect
.) Both are correct

(d.) Both incorrect

A, sets, where n be a fixed

Let Al . Az, caney
natural number. Consider following
statements:

n
1. If 4=() 4; countably infinite, then there
i=]

exist at least one 4; for i=1,2,...n which
is countable

2. If A=A x4yx.. countably
infinite. Then each 4; for i=1,2,...
countable

Code:

(a.) 1 is correct and 2 is incorrect

x4, 18

nis

. jb’.) 2 is correct and 1 is incorrect

" (c.) Both are correct
(d.) Neither 1 nor 2 are correct
How many statements is/are false?
1. Cardinality of[0,1]x[0,1] is the same as
cardinality of R

2. Cardinality of R is the same as the
cardinality of irrationals

3. Cardinality of R is the same as the
cardinality of C

&) Zero
(b.) One
(c.) Two
(d.) Three

L

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LL.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
E-mail: info@dipsacademy.com; Website: www.dipsacademy.com

T




LA d
TS AL
REGENERATING LOGICS

An ISO 9001 : 2008 Certified Institute

19. Let 4 be an uncountable subset of R and B
. Define
/B — 4 suchthat / is one-one, then

be a proper infinite subset of N

\(9/)/ 4 and A-B are similar

\éb/.)v 4 and A- f(B) are similar

~(2)) Rand R~ f(B) are similar

\o4d)) All of the above are correct

20. Let B, be the set of all polynomials ef degree

n with integral coefficients. The B, is

(a.) A finite set with n" eléments |
(b.) A finite set
(&) A countable set
(d.) An uncountable set .‘
21. Consider the following statements.

1. S be set of all straight line in a plane
each of which passes through at least two
different rational co-ordinate ‘

2. If S={x:xbea rationé_l point of Rz} (a

point xz(x,,xz)elléz called rational
point if each x;, x, € )
Then
Ne%4 { and 2 both countable.
\(}){5 1 countable and 2 uncountable
(c.) 2 countable and 1 uncountable
(d.) 1 and 2 both uncountable
22. Consider the following statements.

1. If every subset of a set is countable then
set is countable.

2. If every proper subset of a set 1s
countable then set is countable

Then

(a.) 1 correct 2 may or may not correct
(b.) 2 correct | may or may not correct
(c.) Both may or may not correct

\93() Both correct

23.

24.

25.

26.

Elementary Set Theory and Countablili

If F={4 ...} isa countable collection of
countable sets let G={By By...[ where
B, =4 and for n>1,

n-1

Bn = An - U Ak .
k=1

Then form the following statements which
is/are true

1. G isacollection of disjoint sets
D D

2 U4a=UsB
k=1 k=1

0
3. U By is countable
k=l

Code:

(a)Only 1
(b.)1and 3
(c)2and3

) All three

Which of the following is/are true?

(a.) The set {e* : x e R} is a countable set
(b.) The set {logx:x >0} is a countable set
(c.) {sin x:— /2 < x<m/2} is acountable set
\(¢0) The set of all solutions of the equation

z"=Ln=12,.. ,where z is a complex
number, 1s a countable set.

If A={(x,y):y=e"',xe R} and

B ={(x, v)iy=e xe R} then A

(@) AnB=¢

\'/é/b./YAﬁB¢¢

() 4UB=R
(d.) None of these

Let X denote the two-point set {0,1} and
write Xj:{(),l} for every j=1,2,3,.. Let

Y :HX j - Which of the following is/are
j=1
correct

(a.) Y is countable set
(P cardinality Y = cardinality of [0,1]

©J D(ﬁXj] is countable

n=1\_j=I
(dd/ Y is uncountable

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LL.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
E-mail: info@dipsacademy.com; Website: www.dipsacademy.com

o R



v
F FECENERATING LOGICS
An ISO 9001 : 2008 Certified institute

27.

28.

Which of the following subset of E” islare
NOT countable set?

(%] {(a,b)eR2 |a+beQ}
(c) {(a,b)e]R2 |abeZ}

() {(a,b)e R?|a,be Q}

For each J=123... let 4; be a finite set
containing at least two distinct element, then

D
NE%4 U 4; is countable set
Jj=1

o

fe o]
(b) U 4; 1s uncountable
j=1

\(/cx) HA ; 1S uncountable
Jj=1

s
(d) J]4; is countable
j=

29.

30.

Countablility

Which of the following sets of functions are
uncountable? ( X stands for the set of natural

numbers.)
sy

) {/1/:{L2} >N}

@ {/1/:{L2 >N (1)< f(2)}
S {1/ N {12, 1 (1)< £(2)}

Let 4=(0, 1) & B is the sets of all disjoint

opeh subintervals of A. then

(a) 4 &B are similar

(b.) There is no onto map from A to B hence

A & B are not similar.

\(}/) There is no onto map from B to 4
hence they are not similar.

v(d(f There is no one-one map from 4 to B,

hence they are not similar.
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Let G be the set &f all urrational numbers. 7.
The interior and the closure of G are denoted
by G andG, respectively. Then

(a) G° = G=G

(b) G = G=R

(c) G = G=R

d) G = G=R . .
The set {xeR x> x} is same as

(a.) the interval (0,0)

(b.) the complement of the interval (0,1)

(c.) the complement of the interval [0,1]

(d.) the interval [0,1].

The set of all boundary points of Q in R 15
(a) R

(b.) R\Q

(c) Q@

(d.) Empty set

-1
Lim superior {( 2n) :n:1,2,...}isv e 10.

(a)o

1
h) =
( )4

(c)1
d)-1

fy=
+lx|

xeR} then the set of all limit

points of ¥ is 11.

@) (-L 1)
(b)) (-1 1]
(c) [0, 1]

(dy[-1 1]

Which of these subsets of the plane is a

bounded set? 12.

{a.) {(x,y) eRMx +y < 10}
(b) l[(x,}) eR*[1< —4—+“—9—}

{c.) {(x
(d) {(x,y) eRY |y < 4x}

v)eR? |x =y}

ASSIGNMENT SHEET -2

The set

(x.v)eR
{(x, v)jeR X+ < 1} cRis

~ (a.) A bounded closed set

(b.) A bounded open set

(c.) An unbounded open set
(d.) An unbounded closed set

Tyt <l

1 1
The set j—sin— ‘ne T\\Tl has

lﬂ n J

(2.) One limit point and it is 0

~(b.) One limit point and it is |
(c.) One limit point and it is -1

(d.) Thrée limit points and these are -1, 0 and
l.

The set U = {.\' eR|sin x :—1—} is

(a.) open

(b)) closed

(c.) both open and closed

(d.) neither open nor closed

Let S be the set of all numbers of the form
;;lf ;a, =0or 2
true?

(a.) § iscountable
(b.) S is dense in [0, 1]

. Which of the following is

(c.) Sis closed in [0, 1]
(d) S=[0, 1]

Con51der the following subsets of R :

——-— neN$ :{— 0<x<1]Then
1-‘—1 I 1—x ,‘

(2.) Both Eand F are closed

(b.) Eis closed and Fis NOT closed

-{(c.) Eis NOT closed and F is closed

(d.) Neither £ nor F 1is closed.

How many subsets A of {1,2.3.4} are there
that (4U{1,2})-(4n{L,2}) has exactly one
point?

(a)l

«(b)2

(c)3
(d)4
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13. Let 4= {m + n\/r?j m.ne :: . where = stands
for the set of all integers
(a.) 4 isdensein R

(b.) 4 has only countable many limit point in
R

(c.) 4 has no limit point in R

(d.)Only irrational numbers can be limit

points of 4

14. Let Xz{%:nez, nZl} and let X be its
closure. Then
(a.) X\X is asingle point "
(b.) X\ X is open in R
(c.) X\ X is infinite but not open in R
d) T\X = ¢

15. Which of the following sets satisfy the
condition that for every positive integer n
there is some a in A such that a <n? '

(a) A=1{-1,5}

(b.) A4is er’npty set

(c) A=N

(d) A={xeR|x>10}

16. Let S be an infinite subset of R such that
SN Q=¢. Which of the following statements

1s true?

(a.) S must have a limit point which belongs

to Q

(b.) S must have a limit point which belongs
to R\Q

(c.) S cannot be a closed set in R

-(d) R/S must have a limit point which
belongsto S .

17. Let 4#R be a dense subset of R. If UcCR
is a non-empty open subset then

(@) UcAnU
(b) AnU=4¢
(c) AnUcU

(d) AnU=4nT

18.

19.

20.

21.

23.

If §= { A fl; mneN } then the derived

2m  3n

sets S'and S~ has the property
(a.) s'& S"both are finite
(b.) §'is finite & S" is empty

-(c.) §'is infinite & §* is singleton

(d.) s'& 5" both are infinite

Let A:{1+l:neN} and Bz{l—l:neN}

n n

then derived set of (AU B)

-(a)) Has cardinality 2
(b.) Has cardinality 1
(c.) Is empty set .

(d.) Is countably infinite set

Let S= {x 2:xe Q} then the derived set of
Sis

(a.) Empty set

(b.) Singleton set

(c.) Equivalent to the set of natural numbers

(d.) Uncountable set

Let S$= {(A vjeR:ixX +y° = 1} then,

« (a) Sisclosedin R*

(b.) Sisopenin R’
(c.) Sis neither closed nor open

(d.) Sis both closed and open.

In R, let £, =(—_—],1],n=1,2,3, ......... . Then
h n
NE. is
n=]
(a.) Empty
(b.) Open but not closed

(c.) Closed but not open

(d.) Both open and closed

If S be finite intersection of family of all
nbd of a point x then,

(a.) Sis infinite set.

(b.) Ssingleton

(c.) S finite but need not to be singleton

(d.) Can’t say
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24.  Let A be a non empty subset of * having a
supremum. Let B={x e 2: (x ~1)2=A! then . l
(a)sup B=2sup L

1 oo 1
) Sup §=— dinfS=—
(b.)Sup B=(sup 4 +1)/2 (a) Sup § = and inf $=-

(c.)SupB=sup A _ : () Sup S B and inf § 2—77
(d.) B does nothave supremum ' 4
25. Let 4 be any subset of R such that 41~ 4= 4 (c.) Sup S :% and inf § = —%
where 4' is set of all limit point of # " Then, (d.) None of these
(a.) 4 1s uncountable ™
(b) s finite 31. § be subset of R and inf S=sup S, Then
(c.) 4is countable ' v {a) s empty
(d.) None of these - _,/\‘/(b./)" § singleton
26.  Consider the set S={x+iv:x and y are real : (c.) s finite but may not be singleton
and x, y 6(0, l)} . Then v - (d.) Can’t say
(a.) S is uncountable and unbounded 32. S= [ (1 1 jSi” % ‘ne N}  Then correct
(b.) S is countable and bounded "
(c.) § is countable and unbounded statement.
(d.) S is uncountable and bounded : (a.) s has smallest element but not greatest
27.  The supremum of the set e element
g /I 1+l 1+l+ 1 L+ 11 1 } ' (b.) s has greatest element but not smallest
T T EET
: element
(a./) l (c.) s has both greatest & least element
L b)2
\i ; 3 (d.) s bounded but have not smallest and
c.
| greatest element both
d)—
(@) 2 33. Which of the following is not a nbd of each
28. Let 4= {x x= An+3 ne N% then sup 4 & ' of its pOlnt”
" ’ (a.) Set Q of rational numbers

inf 4 are respectivel o
* P y (b.) Set Q¢ of irrational number

\/(af) 7&4 ‘ )
<) Set Z of integers
(b.)0 &4
(d.) None of these
(c)3&4
34. Let S be an uncountable set and T be a set
(d.) None of these
29, Select the incorrect statement about the set of those real number x s.t. (x=38,x+5)NS
1 I 1 1 1 1 1 is uncountable then which of the statements
A= 1,1+:,] +—+T,...,1+:+:2—+—3‘...+—:..
L 33 33 3 3 1s/are correct
(a.) The set 4 is bounded. - () T is countable
“(b)Theinf 4 is 1 (b.) S-T is countable
(c.) The set 4 has its largest elements (c.) SAT is uncountable
(d.) None of these. (d.) All are correct
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3s. Let £ are subsets of Rs.t. £ ~E '=¢. Then 38. Let EcR,E+¢.Let (1), (2) and (3) denote
select the correct statement: the following conditions:
. ¢ .. .
(a.) Each E, 1s countable E 1s infinite
(b.) R—UE, is uncountable for i=1 70 n E is bounded
. ) E is closed
(c.) R-UE, i1suncountable Vie N . o
(a.) 1 is necessary for E to have a limit point
(d-) None of these. (b.)1 and 2 together are sufficient for E to
36. Choose the incorrect statement: have a limit point
(@) ScreS'cr (c.) 1 and 3 together are sufficient for E to
(b)xeS'exe (Su{x})' where S is any ‘ » have a limit point
subset of R A “?\(d) 3 is sufficient for every limit point of E
Lo o . tobelongto £
()If  §= {E“LE‘ m,n & N} » then 39" Which of the following subsets of R is
closed?
(57)'=1{0} ,,
(a) [0, 1JU[2, 3]U[4, 5]
1 1
d)(1,3)=u|1+—,3—~ N
@) (3) U[ » }‘ ®) [0, 1]
37.  Consider the following statements and (c) (L’ )
choose correct . (d.) The set of rational numbers in [0, 1]
(a.) Every infinite and bounded set must hayc’:“ 40. Which set is/are not open?

a limit point

(b.) Any finite set cannot have a limit péinp )

(c.) Any infimte but unbounded set can’t‘

have a limit point
(d.) None of these

(a) NG, where G = ]_-l_,l[
n=l non
(b.) The set Q of rational number

(c.) The union of arbitrary family of open set
(d.) All of above
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[ 22 ) : = 1
1. The sequence a, =y A'n” +n+l-n1s 5. Define a sequence s, by s, = » ——= Then
TN
(a.) convergent for all real values of A the limit of s, as n tends to infinity
(b.) divergent for all real values of A (a)is 0
(c.) convergent for exactly one real value of (b)is 1
A .
(c.)i1s©
(d.) Convergent for exactly two real values of )
A : (d.) doesn’t exist
The least upper bound of the 3equence 6. The sequence (S.), where
1 1 .
<l——>is S, =l+—+—+.+ ! 1S
n 4 .35 2n-1
(a)0 (a.) Convergent
(b)) (b.) Monotonically decreasing
c.) Not Cauch
(c)1 () y
d.) None of these
(d.) None of these @)
. , 7. Let {x| be a real sequence. If sequence of
Let {a,} and {b| be sequences of real - lf
bers defined U and even terms of {x,} converges to | and
efined as q =1 and for »>
numbers : Fezl, sequence of odd terms converges to —1. Then
a. =a+(-1)2", b= 20,74, 1o the sequence {x,} will
a
(a.) Converge to 0
(a.) {a,} converges to zero and {b,} is a (b.) Converge to 1
hy sequence
Cauchy seq (c.) Converge to ~1
(b.) {a,| converges to a non-zero number and (d.) None of these
{b,}is a Cauchy sequence . .
: . 8. Let Sy = 2~ . Then the sequence {S,
(c.) {a,} converges to zero and {b,}is not a ¢ ,,z:;‘n Inn q RY
convergent sequence (a.) converges to a finite number
(d.) {a,} converges to a non-zero number and (b.) diverges to o«
{b”} 1S not a convergent sequence (c.) diverges to -0
Which of the following sequence (a,) is (d.) oscillates
monotonic: 9. Consider a mapping f from the set of
1y natural numbers N to the set of integers 7
-1
=1— "1 .
(a.) <‘1,,> 1 B nT, when n is odd
defined by  f(n)=
1. \ n : .
(b.) a,.=-(a,+a,,) , where a <a, and - when nis even
a,, a, are given then, [ 1s
— (a.) One-one but not onto
_|ab” +a, I
(c) a,,= ] vn o, Wwhere a>90 (b.) Onto but not one-one
0O<a <b and q =a (c.) Bijective
(d.) None of the above (d.) Neither one-one nor onto
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10. Let a,, a» be positive real numbers and let

g#l_—_%(an+aw) for n>2  Then the

sequences 4., and {a,,|

(a.) are not bounded.

(b.) both diverge to o

(c.) both converge to the same limit.

(d.) both converge but to different limits.
11.  Consider the sequence o

4,0,4.1,0,4.11,0,4.111,0,.... -

Then

(a.) converges to 4-;- <

(b.) 1s divergent
(c.) is unbounded
(d.)is not convergent and has supremum

_4L
9

o —

12. Let x, =2 (I—COS(EI"—D for all neN. Then

the sequence {x,}

(a.) does NOT converge

{b.) converges to 0

1
(c.) converges to 5
- 1
(d.) converges to 1
13. Let p(x) be a polynomial in the real

p(n)
2"

is

variable x of degree 5. Then lim

(a) 5
(b)1
(c)0
(d.) o

I'n

14. If 0<c<aq, then the sequence o, = (c" + d")

(a.) is bounded and monotonically decreasing
(b.) is bounded and monotonially increasing

(c.) is  monotonically increasing, but
unbounded for 1<c<d

(d.) is  monotonically  decreasing, but
unbounded for 1 <¢ < d

16.

17.

18.

19.

Sequences of Real

The limit superior and the limit inferior of the

_ / S
following sequence {(-1) L]+~’ are

\ n
@) . -1
(b.) 2, -1
(c) 2,1
(d) 1,1

Let {a,}.{b,} and {c,} be sequences of real

n

numbers such that b, =a,, and ¢, =a,

2n+f 0

Then {a,,} is convergent

(a.) implies {b } is convergent but {c"} need

n

not be convergent

(b.) implies {C,,} is convergent but {b,,} need
not be convergent

(c.) implies both {b,}and {c, }are convergent

(d.) if both {b,,} and {c,} are convergent

For each positive integer n, let a, be the
number of points of intersection of the graph

. . . X
y=sinx with the line y==. The sequence
C . n

{a,,} is

(a) déc'reasi'ng -

(b.) constant

(c.) converging to zero
(d.) diverging to infinity

Ix 1/x pix \™
Cld"+d +.ta
The value of hm( L 2 z J

X% n

a,>0,Vi,1is

(b) ¢" et
(c.) g +a,+..+a,

(d) aa,,....a,

Let (x,)be a convergent sequence and (y,)
be a monotonic sequence. Then (xn . yn)

(a.) Always converges

(b.) Converges if (x,)is monotonic

(c.) Converges if (x,, y,,) is monotonic

(d.) Converges if < y,,) 1s bounded
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20. Consider the sequence ([ }neN with 25. The largest term n sequence
1000
I, UL Tlm sequence ==l 23
n+1 2n ¢ n:
(a.) is increasing and bounded () 18 x
(b.) increases to « (b.)is x,,
(c.) decreases to 0 (c) s x
° 1
d.) decreases to a positi .
(d.) decreases positive number (d.) does not exist
1 1
21. The sequence {S,}, where S, =l 26.  Let the sequence {x,} . of real numbers
1 converges to a non zero real number a and let
’ 3n-2 * ¥, =a-x, . Then maxne_\{ X, ! § converges
(a.) A Cauchy sequence to .
(b.) A convergent sequence (a)a always
(c.) Cannot converge (b.) 0 always
(d.) None of these () max{a, 0}
22.  The value of limZ—l—— is (d.) min{a, 0}
NN +hkn
@) 2 $2-1) 27.  Let {x,} be an unbounded sequence of non-
zero real numbers. Then,
(b) 2-1
(a.) {x,} must have a convergent subsequence
(c) 2=
| (b.) {x,} cannot have a convergent
(d.) ENE"I) subsequence
23. Consider the sequence {a,} of real numbers (c) {.l_} must have a  convergent
X
') n
where ¢, >1and q,,, = 2—0;, n21. Then the subsequence
sequence {an}' 18 (d) {—l—} cannot have a convergent
. X
(a.) bounded but not monotone. sub"sequence
(b.) not bounded but monotone
(c.) both bounded and monotone. 28. Let {a,} be a sequence of real nu.mbers. Let
(d.) neither bounded nor monotone. i’ :a"'+ a"f‘ » for n=1,2,... Which of the
following 1s always true:
24, Let (a,,) be a sequence of real numbers define .
b, and ¢, as (a)1If { }converge> then {a,, { converges.
. . . )] _ :
bn =pn" rauonal terms in (an) , €, = n" (b) If{ n CONVErges, then {bn} diver ges.
irrational terms in (g, ) (c.) If {a,} converges, then {b,} converges.
Then
(d.) {a,} is a subsequence of {b,}.
(a) (b”) and (cn) both are subsequence, of
3
(a,,> 29. Xy = X =1. The sequence {xn}
(b.) Both <b,,> and c,,) may fail to be (a.) diverges
subsequence, of (a,) (b.)x, is monotonically increasing and
. converges to 0
(c.) At least one of (b”)and (c,,>1s always a ° . .
(c)x, is monotonically decreasing and
subsequence of (an) converges to 0
(d.) None of the above (d.) none of the above
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30. Let {x,} be sequence of real numbers such 36. Which of the following is/are correct”
that lim(x, , —x,)=c. where ¢ 1s a positive (a) n logl/ 1 +% Slasn—>x
" ¥ o \on+l!
real number. Then the sequence {i—} ( I
n (b)) (n+1)long+—l-)—>las n—» o
(a.) is NOT bounded "
(b.) is bounded but NOT convergent (c) log(l +1] Slasn— o0
(c.) converges to ¢ "
(d.) converges to 0 e (d) n log(l +—l,-) —lasn—w
31.  If (a,) is a convergent sequence then n
limn(a,, -a,)= * 37.  If {x,} and {y,} are sequences of real
" numbers, which of the following is/are true?
a.) o Ry
(a) . - (a) limsup(x, +y,)<limsupx  +limsupy,
(b)1 ¥ &) Hmsup(x : :
(c) e (b)) limsup(x, 4y”)2 limsupx, +limsup y,
(d)o " " n
32. Suppose a>0. Consider the sequence (c.) limninf (x,+y,)< lim"inf x, +lim"inf v,
a, =n{3fea-4/a}, n21.Then (d.) liminf (x, +y,) 2 liminf x| +liminf y
! (a.) lima,does not exist )
no 38. If (a,)is a sequence of real numbers such
i (b) liha, =e that  for some JeR, define a set
(c.) lima, =0 K={neN:a, ¢ (l—g,1+£),V5>0} if K is
‘K% n—o .
'i (d.) None of the above. o bounded, then choose the incorrect
. 33.  There is bijection from the set of natural "~ (a.) 1 is a limit point of (a,) but (a,) may
* number to R fail to be convergent
(a.) The set of all sequences with entries as 0 (b.) {a,) is monotonic.
& 1 only ’
(b.) The set of all transcendental number (c.) (a,) is a Cauchy sequence
(c.) The set of all unit circles in the Cartesian (d){a) is bounded but need not be
plane convergent
(d.) None of these
. 39.  Let (a,) and (b,) are two sequences. Then
ioh 2 3 n{’ 3
o m [(E)(i) (i] .......... ( “j } - chaose the incorrect
i« n—sx 1 2 3
ii""; " (@)If {a,+b,) and (a,-b) are both
%{ @)1 convergent. Then (a,) and (b,) are
§! (b) -1 convergent
v d) e (b)If (a,-b,) and <%—> are  both
i 3s. Given ,a, & N ) ’
& : lal hEMRE convergent. Then (a,) and (b)) are
% a, =(1~l)an_, +—a,_,. Then lima, = convergent
n n noe
i c)If {(a+b) and {(a -b) are both
E’% (a~) 2(a2 _a1)+ale—l ( ) ( n n> ( n n)
5 convergent. Then (a,) and (b,) are
P4 ~1
k2 (b.) 2(a,~a,)e” +a, convergent
: (c.) 2(a,—a))e” +aq, (d)If (a,+b,) and (a,-b,) are both
’ ) 2(a,~a)e" +a, convergent. Then <a,.b, > convergent
ki
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40.

41.

42,

43.

44.

Which of the following are null sequences

()( 1 a>1
L@’ #

(b)) {lolgln}
(c.) {a"} ] <1

(d) (HEJ" ‘neN

Choose the correct statements

(a.) Every bounded sequence has a fimit point

(b.) There exist an onto map from any set to
its power set

(c.) Set of polynomials over R is a countable

set
(d.)Every sequence has a monotonic
subsequence

Which of following is/are Incorrect statement

(a.) Every sequence contains a monotonic
subsequence

(b.) Every limit point of the sequence is the
limit of the range set of sequence

(c.)If a sequence has a unique limit point

then it must be limit of the sequence ™

(d.) The set of disjoint intervals in Ris an

uncountable set.

! N

Let {x,}and {y,}
numbers such that x, <y, <x, ,, n=123,..

be two sequences of real

(a.) {,} is a bounded sequence.
(b.) {x,} is an increasing sequence.

(c.) {x,} and{y,} converge together.

(d.) {»,} is an increasing sequence.

Let (a,) be a sequence of real numbers

\ .
-1—— niseven
defined as q, = "

1+l nis odd
n

Then which of the following is correct:
(a.) (a,) is oscillatory

(b.)If lim inf (q,)=aand lim sup {(a,)=b
then a, ¢(a,b) for vneN

(¢) S={lima, :(a,) is a convergent
subsequent of (a, )} is finite
(d.) None of these

45.

46.

47.

48.

Which of the following is not possible about
(o)

(a) Za, is convergent but (a) is non

convergent

(b.) (]a,,|> is convergent but (a ) is mnon

convergent

(c.) (a,) is convergent but <|a|> is non

convergent
(d:) None of these
~ For - the  sequence {x,} where
1 1 \ .
x, =l+—+—+... + , which of
3 5 2n-1

following is/are incorrect statements

(a)) {x,} is a Cauchy sequence.
(b)) {x,}isa convergent sequence

(c.) {x,} is a bounded sequence

(d.)None of these,

A Cauchy sequence in Q which does not

have a limitin Q is

(a) 1,2+l,3+l,4+— .....
2 3 4

) {LHL, Lol }
I 2r 2 3

111 ¥

¢) L= —=.—

( ){ 272727
111 -1 )

d){L-L,= ==, —,.

( ){1‘ 1,2 T

If {a,} is a sequence of real numbers with

limsup a, =1, then

n—x

(a)) Set of values taken by {a,}is not a

finite set

(b.) {a,} is convergent
(c) {a,} is bounded

(d.) {a,} cannot diverge to +o
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49. If « is asequence of positive terms then 50. Let {al {p1&{c} be sequences of real
" 1 %n n nf
3
. numbers such that b, =a,, & ¢, =a,, . Then
U T U, ) - L
(a,) Im— L> lim &L {a,} is convergent
Yonor oy n—L
n n
(a.) implies {b,} is convergent but {c,} need
: U, : 1/ ’
(b)) lim =L > lim o " not be convergent
: n—x u n—ac N .
n . . .
(b.) implies {c,} is convergent but {b,} need
—u not be convergent
. 1/ -
(c.) limu,"™ < lim == .
—0 n—oc e . .
! u, (c.)implies both {b} and {c} are
" - convergent
‘ limz " < lim—L o .
; (d) 55 - g (d.)implies both {b,}and {c,} are divergent
¥ n T
il
3
il
i
i
i
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S . =2 1+2+3
L it n is odd 5. The sum of the senes L =
Jn TS 3
1. If b= equal
" - quals
- if niseven
n (@) e
Then (b) E
2
(a.) Both (b,)and )_b, are convergent
3e
. ' (c) —
(b.)Both (b,) and ) b, are divergent 2
¥
i i d)y1+<
(c.) (b,) is convergent but )" b, is not “ ( ) 5
(d) X b, is convergent but (a, ) is convergent 6. Let {a,} be an increasing sequence of
' _positive real numbers such that the series
1Y - n
2. Consider the sequence {u} and the ‘ 'Zak is divergent. Let S, 22‘% for
n pa Tl
" 4,
.o&(-1 =1,2,... and ¢, = i for n=2,3..
series Z( ) . Then AEL S AN, g: .S "
o Then limz, is equal to
(a.)the sequence comverges but not the ' -
series. ' (a) 1
(b.)the series converges but not the o “
sequence. : - (b)0
(c.) neither the series not the sequence ; (c) - 1
converges. 7 (a,+a,)
(d.)both the series and the sequence (d) a +a,
converge. _ .
7. In each of the following cases, which of the
-3 Which of the following conditions does NOT series is absolutely convergent.
ensure the convergence of a real sequence . |
al? a. -1
{ "} ( );( ) 2n+3
(a) |a,-a,.,| >0 as n > = "
‘ b. -1)’
o ) ,,2::‘( ) n+2
(®.) Z"a" -a,,| is convergent e nlogn
" (C.) z(_l) e"
o« n=|
(c) Zna" is convergent (d.) None of these
n=1
. 8. Let {x,} be a sequence of real numbers so
(d.) The sequence {a,,},{a,,.} and {a,} are {m”} 1
Convergen[. that z]x” —xl =cC, with Cc ﬁnite. Then
n=1
. 1 il .
4. The series Z{FH—I)” ‘} 1S (a) {x,} may not be bounded
(a.) Convergent (b.) {x,} must converge to x
(b.) divergent (¢.) {x,} must converge to x+c
(c.) oscillating infinitely (d) {x,} is bounded but not necessarily
(d.) oscillating finitely convergent.
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Let > a, and )b be two series, where
n=l

r=]
. ¥
- -1
4 :( 1) n-b,: (=1 for all n=N
" T [og(n+1)

Then

(a)both >a, and Y are absolutely
n=1

n=l

convergent

e

(b.) Za" is absolutely convergent but gbn

n=| n=|

is conditionally convergent

(c) Za” is conditionally Tzonvergent but

n=|

Db, is absolutely convergent

n=1

(d.)both > a, and Za" are conditionally

n=| n=l

convergent

n >
n=l

where a >0 for each n . Which of the
following correctly describes the behavior of

. < Ja
the series Z—p” 1<p<2?

w=l N
(a.) Diverges when p=1, but converges for

pe(,2]

(b.) Converges for every pe[l, 2]

: 5
(c.) Diverges when p e{l, ﬂ , but converges

5
f =2
el

(d.) Diverges for every pe]l,2]
Consider the series ZL and Z—Jl—, Then
n n-

(a.) both the series converge to the same
value.

(b.)both the series converge to different
values.

(c.) both the series are divergent.

(d.) first series is divergent and second series
is convergent.

13.

14.

15.

Let Jx !

X

be a sequence of positive real

numbers. A sufficient condition for {x !

ny

to

have no convergent subsequence is

(a) lehz —.\‘Ml > lx"?, —x"IVn eN

1] .
(b.) Vi, je N, the set {11eN:|_xi—x,,|<f} is
J
finite
(c) Y. x, == for every increasing
sequence {n;} of natural numbers.

(d.) None of the above.

If the terms of this oscillating series are
’ 2°+1 241 2'+1
— =+
2° 2
then the resulting series becomes

grouped pairwise 3-

(a.) Convergent

(b.) Divergent |

(c.) Oscillate finitely
(d.) Oscillate infinitely

Which of the following series is divergent?

() S usint
n=1 1

(b)) i\/ﬁ sin” (—17]

n=1 n

(c.) i n tan(%)

n=1 n

(d) i tan”' E}?j

n=1 n

The largest interval in which the series » x"
n=1

converges

(a.) For xwith —-1<x<1
. 1 1
(b.)For xwith ——<x<—
2 2

(c.)For xwith —2<x<2

(d)For x with —%stl

[

i
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16.

17.

18.

The series

N ’

72 2 3
7))

(a.) convergent

(b.) divergent
(c.) oscillating finitely
(d.) oscillating infinitely

27T BN 4ty
+ +—

The series x+ st .. 1S
21 3t 4!

convergent if

(@) 0<x<t
e

(b) x>+

) 2ax<l
e e

d)3<x<?
e e
Consider the following’s_tzitgrhgnts’; i

L. If > u, is a series.of positive terins, then

n=1

the convergence of Z(~1)” u, ilhplies the

n=1

convergence of » u, .

n=1

2. If > u, is a series of positive terms then

n=1

the convergence of Y u, implies the

n=l
convergence of Z(—l)" u,

n=1

ES
3. The convergence of Y u,

n=|

(u” > 0)

X
implies the convergence of ) u; .

n=1

Select the correct answer using the codes
given below

(a)2and3
(b.)1and 3
(c)land2
(d)1,2and 3

19.

20.

21.

22.

23.

R

- Series of Real Numbers

Let the series i"n has bounded partial

r=1

series, then the series Zunvn 1s convergent if

n=1

the sequence {v,} is

(a.) Monotonic and bounded
(b.) Monotonic and converges to zero
(c.) Bounded and converges to zero

(d.)Bounded and
converges to zero.

monotonic  which

If p is a real number, then the series

11 1 | .
+—+..... to o is convergent for

(@) p>0
(b)) p>1

(C) p>2

(d) p<1
. 1 1
The series — +—+—+
25 3.6
(a.) Convergent
(b.) Divergent
(c.) Oscillating

(d.) Converges conditionally

ES
n=1

1 .
— is convergent for
(n’ +1)

1
(a) k <3

1
(b)) k>;

]
(C.) k :-:-Z‘
(d.) All values of k

Let <a"> 1S a non-negative real number

x
sequence s.t. Zan is convergent. If p is a
n-1

\ ’a
real no. s.t. Z_T” diverges then
n

(a.) pe(0,1)
(b.) pel0,1]
(c.) pel01)
@) pe(0,1]

L
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25.

26.

27.

a a>0 &

(a.) Converges forall a>1
(b.) Converges for a>0
(c.) Converges for a>0
(d.) Div forall a

Which of the
convergent?

N2n' +3

st 47

following series = are

()Z

n+l)

(b)z

n=|

,-_

n

SH> sm( j

n=|

(d.) None of these

Consider the sequence of rational number
k

|
-07 i.e., the sequence

{ =
(g, }M where ¢, £

18 g, =.1, g, =.1001, ¢, =.100100001 etc.
Which of the following is true?

(a.) This sequence is bounded and convergent
in Q.

(b.) This sequence is not bounded.

(c.) This sequence is bounded, but not a
Cauchy sequence.

(d.) This sequence is bounded and Cauchy
but not convergent in Q

29.

30.

eries of Real Number:

Let lay,ay.a5...} be a sequence of real

N
numbers. For any k21 let s,=) ay
k=0

Which of the following statements are
correct?

(a)If hm s, exists, then Za exists.

m=0

(b)If llms exists, then Za need not

m=0

exist.

(c)If Za exists, then lim s, exists.

) n—oc
.
(d)If ) a, exists, then lims, need not
=0 n—>a0
exist.

PR

If Za is absolutely convergent, then which

n=|

of the following is NOT ture?

a.) Zam—-)O as n—oaw,

m=n

fos}
(b.) Y a,sinn is convergent.

n=1

(c) Y. is divergent.

n=]
(d.) Y a; is divergent.
n=1

€K 7[ <
Using the fact that Z———? z,:(zn?l)

equals

L
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31 Pick out the series which are absolutely _ = ,
convergent: , 3s. Let 2\ be a senies of real numbers. Which
) of the following 1S true?
,. a —_ . c.
(a.) Z COONEE here aeR is a fixed z
real number. (a)If ZA is divergent, then (x,) does not
,, n log n converge to 0
(b) Z < .
(b)If 3x, is convergent, then 3,
n=l n=l
(c) Z . absolutely convergent
po n+2 L
(d.) None of these - (c)If Y x, is convergent, then x} -0 as
n=1
. . = . - o
32. It is-given that the series ) a, is convergent, !
n=l . E2)
o = (d)If x, — 0, then ) x, is convergent
but not absolutely convergent and » a, =0. ' o
n=1 o .
36. If Xa, be a convergent series and a, >0,
Denote by s, the partial sum Z” k=132,. VneN then the correct statement:
n=l .
g Then : (@) *ya, a,., is convergent
(a.) s, =0 for infinitely many & -
(b.) Za; is convergent
(b.) s, >0 for infinitely many k, and s, <0
e v .
for infinitely many & ) 2\/ " s convergent
.(c.) Itis possible that s, >0 forall & "
. ) ) d.) None of the above
(d)1It is possible that s, >0 for all butva (@)
- finite number of values of 37.  Let (a,) and (b,) be two sequences of real
' . . .. . number such that a =b -b,, for neN .
33. If D a,is series of positive & negative term Then o
and Zq,,, > p, are series of negative & ! o
. . . (a.) Convergence of Ta, implies the
positive terms respectively and if zan 1S
.. convergence of (b, ) not conversely
conditionally convergent then = !
@) Y p, is convergent but g, not (b.) Convergence of o, implies the
convergence of b but not conversely
(b.) D p, is divergentbut Y g, not o o
(c.) Convergence of Za, implies and implied
¢.) 2., & 2.4, both are convergent by the convergence of (b )
(d) 2.p, & ) 4, both are divergent (d.) Convergence of b implies and implied
34.  Choose the correct answer, where a, >0 by the convergence of (a, )
@)If Za, is convergent then ¥a,’ is also 38.  The alternating series Y (~1)" u, converges
COHVCI‘gCI’l[ n=|
. ) if {u} isa/an
(b)If Za,is convergent then T.fa, is also o
convergent (a.) Decreasing sequence which converges to
zero
. a . . .
(c)If Xa,is convergent then EH" is also (b.) Increasing sequence which converges to
@ zero
convergent )
(c.) Monotone sequence which converges to
(d)If Za, is convergent then 21 Zero
ded < als e (d.) Strictly monotone sequence which
(provided a, #1) is also convergent. converges to zero
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39.

Which one of the following series is

convergent?
¥

1 1 1 1
b)l=-l—+l—=1=+... to
(b)15-13+17 *

1 1 1 .
(c) ———+l—— ...... to

2 3 45

-

(d) x+x*+x* +x*+.. toa « where |x|<1

 Series of Real Num

DN 5N i i L

Select the incorrect statements
(a.) Finite set has infinite number of limit
points

(b.) The sequence 1+r+r +..+r", where
-1<r<1 and neN is bounded above
but not bounded below.

1
(c)If  u,>0~n  then Zun & Z—
u'!

converge or diverge together

(d.) Set of real number except the integers
which are multiples of 2 is uncountable
~set

i
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